Available online at www.sciencedirect.com

ScienceDirect NUGLEAR[Z]
PHYSICS

CrossMark

ELSEVIER Nuclear Physics B 912 (2016) 103-118
www.elsevier.com/locate/nuclphysb

BRST and supermanifolds

L. Bonora “"*

4 International School for Advanced Studies (SISSA), Via Bonomea 265, 34136 Trieste, Italy
b INFN, Sezione di Trieste, Italy

Received 1 March 2016; accepted 1 March 2016
Available online 7 March 2016
Editor: Hubert Saleur

Abstract

In this paper the subject of the BRST symmetry representation by means of superfields is resumed and
extended to N = 1 supersymmetric gauge theories. Then a new extension to diffeomorphisms is presented.
Finally some speculations of a possible global representation of BRST symmetric theories by means of
non-trivial supermanifolds are outlined.
© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The BRST symmetry, [1,2], has been a fundamental breakthrough in quantum field theory.
Not only did it provide an elegant and rigorous framework for the renormalization program of
quantum gauge theories, but it also opened the way to an amazing number of applications in
related fields. Suffice it to mention topological field theories and sigma models, string and su-
perstring theories and string field theories. Whenever there is a gauge symmetry in a classical
theory, at the quantum level a BRST symmetry appears that governs the quantum behavior of
the theory. It is not exaggerated to say that its basic property is nilpotence: a twice repeated
BRST transformation vanishes. This in turn, at least historically, has two origins: the first is the
group theoretical nature of the BRST transform, the second the anticommuting property of the
ghost and antighost fields, i.e. their wrong spin-statistic connection. The latter property is a con-
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sequence of the Faddeev—Popov quantization of gauge theories. If we perform two (classical)
gauge transformations on a row and then repeat the operation in reverse order, the results of the
two operations are related by a precise group theoretical rule. When, in the process of quantiza-
tion, the classical gauge parameters are replaced by ghost fields, this rule becomes the nilpotence
of the BRST transform.

In this paper in memory of Raymond Stora I would like to elaborate on these basic proper-
ties. The geometrical nature of the BRST transform was immediately sensed, [3.4]. However,
the geometry in question is not that of a classical gauge theory, that is the geometry of a prin-
cipal and associated fiber bundles, but rather that of a fiber bundle whose structure group is the
infinite dimensional Lie group of gauge transformations. This was explained in [5]. But such a
geometrical approach does not (or not yet) fit in the formalism of quantum field theory. A useful
and simple synthesis of geometry and quantum field theory language seems to be provided by
the supermanifold approach, [6,7]. One adds to spacetime additional anticommuting coordinates
which faithfully mimic the above mentioned infinite dimensional geometry For instance, for a
gauge field theory with Lie algebra valued potential form A, curvature F' and ghost field ¢, one
introduces an additional anticommuting coordinate ©#, a superconnection A = ¢ + ¥, where
¢ and V¥ are superfields, and a super-exterior derivative d = d + d© a%' Then the condition that

the supercurvature F = d A + AA equals F, horizontality condition, completely determines the
BRST ‘geometry’. It is enough to identify A with the lowest component of ¢ and ¢ with the
lowest component of .

Such a superfield formalism has been subsequently enriched and applied to various models,
see [8,9] and references therein. But altogether one can say that the superfield formalism for
BRST has been regarded so far as an elegant decoration, whereas, for instance, superspace has
been an important tool in the development of supersymmetric theories. In time supermanifolds
have grown in importance and, especially in superstring theories, they have become an essential
tool for the integration over the (super)moduli space, [10]. Therefore it is not beside the point
to wonder if also for BRST supermanifolds can play an analogous role. In this paper I resume
this subject. I would like to show that the superfield formalism is very flexible and applies also
to symmetries for which the formalism has not been implemented so far: to this end I will de-
velop the formalism for supersymmetric gauge theories in superspace formulation and, then, for
diffeomorphisms. Secondly I would like to discuss the prospects of BRST supermanifolds.

2. The superfield formalism in supersymmetric gauge theories. A proposal

In this section I will formulate the ‘BRST supergeometry’ of an N = 1 supersymmetric gauge
theory formulated in the superspace. To start with let me summarize the superspace presentation
of this theory.

2.1. The supermanifold formulation of SYM

From ch. XIII of [11], a supersymmetric gauge theory can be introduced as follows. One starts
from a torsionful (but flat) superspace with supercoordinates zM = (2, 6, 6/*) and introduces
a supervielbein basis

A =dMen(2)
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where A = (a, o, &) are flat indices. The vielbein satisfy

8 0 0
eaMeu® =684 emteaV=0ou". Su"=[ 0 5 O
0 0 &
The vielbein are chosen to be
8a" 0 0 S 0 0
ea = doggft &M 0 | eyt=| —ict 0" 5, 0
0%’ 0 5% —ifVol e 0 8y
In such a type of supergeometry one has
de’ = dszzNaZiNeMA(z), ie.
de® = =2ie“0%yqe”,
de* =0,
de® = 0. 1)
The flat indices derivatives D4 = es ™)y correspond to
Dy = el 0y = 3y, Dy = a%a +i0" 45 0% m, Dy = —% — 090" 46O,
because in flat space e} = §;,. Moreover
{Dy, Dy} = —2i0™ 450, {Do, Dg} = {Ds, Dy} =0.
The superconnection is defined by
¢p=e'da.  Ga=iT'¢, ¢, =y, 2

o=9=0
where v], is the ordinary non-Abelian potential and 7" are the Hermitean generators of the gauge
Lie algebra.
The gauge curvature is given by the superform

1
F=d¢—p¢p = EeAeBFBA.

On the flat basis this becomes

F=depy+ 3ehe” (Dua — (1" Dag — d59a + ()" 9ads), G
where the torsion term is the first on the RHS. We have

Fably_g_o=iT V)

The dynamics is determined by the super-Bianchi identity, DF = dF — [¢, F] = 0. They are
solved by

Fap = Fyp = Fop =0, )
with further restrictions coming from:

Uaa}?Faﬂ+Uaﬁ7Faa=Ov aayﬁ'Fadt +0'0de51/§:0~ &)
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This allows us to write

Faa=—io,yWh, W= —25"F,,. (©6)
Similarly
Fao = —iWPo,p, W = _:_L a5 @

Moreover the W’s must satisfy
DW —DW =D W —D*W, =0,  DyWy=0,  DeW,=0. (8)
2.2. The ¥ superfield formalism

We introduce the coordinates ZM = (x™, 0, o, 19’1) = (zM , 19’2), with world indices M =
(m, u, 1, 1) together with flat ones A= (a,a, &, ). The new coordinates O will correspond to
new ‘ghost’ coordinates ¥, . These new coordinates commute with z¥ but anticommute with
each other: 92 =0,92=0and 90 + 59 = 0.

For pedagogical reasons I will discard for the moment ¢ and consider only ¥ and postpone to
the next subsection the more complete treatment.

Notation. In this section the square bracket notation [ , ] denotes a graded commutator, with
grading according to total Grassmannality € of the two entries

[A,B]=AB — (—1)¢WeBpa. 9)

The total Grassmannality € includes both the one related to supersymmetry and to the BRST
symmetry.

I will call supersuperfield (ss-field) a supersymmetric superfield that is a function also of the
coordinate 9. In terms of Z¥ = (x™, 01,0/, 9) = (zM, 9) we have

f2D)=Ff@=f@+08@),

where f(z) and g(z) are ordinary supersymmetric superfields. We introduce also d = d Z aZ'LM =

d+dv %. Next we can introduce the super—super-connection (ss-connection)

d=2"d;. (10)

So
d= (]3 + dl?d;ﬁ,
where

p=etda=et(pa+0Va), Py =ps + Vs, (11)
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dA, Va4, gy and Yy are ordinary superfields valued in the gauge Lie algebra with generators 7.
The BRST interpretation is:

g=10sf YA =308pda, Y9 =0p@y. (12)

The ss-curvature can be written

]_'

b-dd
v (09 = )¢ — (d = D)y ) + V2099 — o). (13)

the horizontality condition is F = F. Thus the terms proportional to d9 and d9? must vanish.
From

9Py — Py =0,
we get

Yy — @opy =0, Yoy — oy =0. (14)
The second equation is identically satisfied once we satisfy the first

Yy = 0oy (15)

This is a definition for . The lowest component of ¢y is an anticommuting scalar valued in
the gauge Lie algebra, and is to be identified with the ghost field c=c¢" (x) T".
From the term proportional to d¥ we get two conditions
VA =Dapy —[9a, p9]1=Dagy, (16)
Davy —[¥a, po]1=0, a7
where D 4 denotes the super-gauge-covariant derivative. Inserting the first into the LHS of the
second we get
DaWs —po9),

which is the covariant derivative of (15) and thus vanishes. Therefore the independent relations
are the first of (14) and (16). They define the BRST transform of ¢y and ¢4, respectively.
The surviving term in (13) is

F=F 40 (de"yya—e'gae®vp+e'vacos). (18)

The term de? is the superspace (super)torsion. The term linear in ¥ is the BRST transform
of the supercurvature. But some of the components of F actually vanish, so we have to verify
that their BRST transform also vanish. At this point we could easily write the Bianchi identity
DF =0 in a BRST-covariant form. Since this is a very cumbersome procedure we prefer to
BRST-covariantize the constraints extracted from it in chapter XIII of [11].

For instance

Fop = Fup + 0 (Davp — Dpia) -
Since Fyg =0 due to (4), it must be that

Do+ Dppe =0. (19)



108 L. Bonora / Nuclear Physics B 912 (2016) 103-118

This can be verified using (16),

Davp + Dp¥a = —[Fup. p91=0,

thanks again to (4).
In the o, B case we must have instead

faﬁ=Fa3+ﬁ(2ia§ﬁx/fa+®a&ﬁ~+®,gt/fa)=0. (20)
We notice that

DoV +Dyvha =F,; — 2ia5Das ¢o].
Thus

Foup = Fop = OF 5. 05). 1)

Therefore the BRST transform is consistent with the constraint F, p= 0. In fact one must notice
that, for all indices,

Fap=Fap+9[Fap, 0] (22)

Thanks to this equation also the constraints (5) can be written in a BRST-covariant form (that is,
for instance, with F replaced by F).
So far the constraints (4) are consistently satisfied. Next we have to satisfy the analog of (8).
We can introduce the BRST covariant definitions for W¢ and W¢:
- i oy i
WO[ — _ZFadO_aCUOl’ WCZ — _Zo—aaaFaop

The BRST covariant analogs of (8) can be written as follows:

DaWe,  DgWe=0,.... (23)
where we define
Da=Ds+I[da. 1. (24)
Using these definitions we find

=

DaWa = 700up (Da (F7 + 0L 091) + 01, F1)
=D Wa = [DgWa 91 =0, (25)
consistently. The other constraints can be rewritten in the same way.

2.3. The 9, O superfield formalism

Now I will switch on the second ‘ghost’” coordinate ¥ and I will call supersuperfield (ss-field)

a superfield that is a function also of the coordinate 9. In terms of ZM = (x™, 01,61, 9, %) =
(zM, 9, 9) we have

f(2)=Ff@z,0,9) = f2) +98() +Dg(2) +00h(2),
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where f(z), g(z), g(z) and h(z) are ordinary supersymmetric superfields. The BRST—anti-BRST

interpretation is

g§=908f. g§=908/. h=68pg=—0p3. (26)
We introduce also the ss-exterior derivative d = d ZM BZLM =d+dv 3% +dv %.
The super—super-connection (ss-connection) is
b= 27)
We choose
o ez 0 0
e'(Z)= 0 g 0
0 0 dv
So
o= (]3 +d19¢~>19 +dl_9¢~>1§,
where
p=epa=e (pa+0Va+DYa+0074),
by = @9 + Vg + Dy + Dy,
b5 =05 + V5 + Y5 + 90w, (28)
A, Va4, ..., w5 are ordinary superfields valued in the gauge Lie algebra with generators 7.
The ss-curvature can be written
F=dd—od
=F+d9 (09 = )b — @ = D)y ) +dd (05 — 5)¢ — (d — D)3 )
+dvdv (89Gy — dodo ) +dddd (0565 — 6365
+dvdd (9565 + 0360 — dod; — $5do ). 29)
and the horizontality condition is
dd — dd=F. (30)
It gives rise to the following set of equations
F=F, (31)
By — $2)¢ — (d — Py =0, (32)
85 — 93)¢ — (d — $)d; =0, (33)
o — do o =0, (34)
0505 — ¢35 =0, 35)
b5 + 0509 — b9 d5 — P3ds =0. (36)
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Egs. (34), (35) yield the identification

Vo =pop, V5 =P505, (37)
@y =[Vo,00), @5 =—[¥5, 05l (38)

The remaining equations

Yoy = o, V505 =93¥5
@y Py + oy + Yo Ps — Yoy =0, @505 T3y + Vs — vy =0, (39)
are identically satisfied.

The lowest component of ¢ is an anticommuting scalar valued in the gauge Lie algebra, and
is to be identified with the ghost field ¢ = ¢"(x) T". Its BRST transform is 3. ¢y is the BRST
transform parameter. The lowest component of ¢ is to be identified with the dual ghost field
¢=c"(x)T". Its anti-BRST transform is .

Eq. (36) gives the relation

Vo + V5 = eow5 + 0500, (40)
which is to be interpreted as the Curci—Ferrari relation, [12], and vy + 1/75 are the Lautrup—
Nakanishi superfields. Using (40) the remaining relations

@y =g, U351+ 95, Vo),
wﬁ = _[‘Pz% 1#15] - [(pﬁs ¢§]s
Vo, ¥31+ W5, Yol + @9, 051 + (@5, 991 =0, (4D

turn out to be identically verified.
Let us come next to the constraint (32). It implies the definitions

Va=Dapy —[pa, 991 =Daps, (42)
wa=Davy —[Va, el (43)

and the identities

DA‘Z‘Z? - [&Aa 7(1017] =0

Dawy —[ma, 0ol +[Va,, Yol — [Va,, Yol =0, (44)

while from (33) we get the definitions
Ya=Daps — (b4, 051 =Dags, (45)
TA = _‘DA‘(;ﬁ + [&Av ¢1§]7 (46)

and the identities

Davy —[Wa,031=0
Dawy — [wa, 051+ [Ya,, Y31 — [¥a,, ¥5]1=0. (47)

The superfield ¥4, ¥4, 4 are easily recognized (anti)BRST transform. The equivalence of (43)
and (46) can be proven by means of the CF condition.
Next let us come to (31). In general, using (3), one can show that

Fap=Fap —[Fag, 091 — O[Fap, 031 — 90 ((Fap. ¥o1—[[Fap, 051, 091).  (48)
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In proving this a particular attention must be paid to the (A, B) = («, ,3) case. The definition (3)
includes in this case also a contribution from the supertorsion; but this contribution is exactly
canceled by an analogous term coming from the first commutator (2).

From (48) it this evident that the constraints (4) can be covariantly implemented in the BRST
formalism. Also here instead of solving the ss-Bianchi identity, we prefer to covariantize the
constraints extracted from it in chapter XIII of [11]. In the same way as (4) also (5) can be
covariantly implemented in the BRST formalism. Moreover, using (6), (7), we can introduce the
ss-field expressions for W,

Wo = Wy — 0 [Wa, 991 — [ Wa, 51 — 09 ((Wa, Y] — [[Wa. 031, 991) (49)

and an analogous one for V~Vd. The next issue is now to BRST-covariantize the constraints (8).
Let us use the compact notation ¢ to denote both « and & and introduce the BRST super-
covariant derivative

Dy Wp = Dy W — [dar Wp1. (50)
then it is lengthy but straightforward to prove that
®QWEZ QQWE — ﬁ[DgWE, o] — ;,[DQWE’ 03]

— 09 (1D Wp. o1~ [DeWp. 031, 051) . (51)

This allows us to write down the constraints (8) in a BRST covariant form.

Of course this is only the beginning of the story when quantizing an N = 1 supersymmetric
Yang-Mills theory. Then one has to fix the gauge and show that the overall action can be writ-
ten in an invariant way in the enlarged superspace. Finally one should not forget that concrete
calculations are carried out in the Wess—Zumino gauge. But at least this section shows that the
BRST formalism can be consistently embedded in a supermanifold that encompasses also the
supersymmetric spinorial directions.

3. Diffeomorphisms and the superfield formalism

A first proposal of a superfield formalism for diffeomorphisms was made by [7]. Here I present
another approach to the same problem, closer in spirit to the standard (commutative) geometrical
approach and to the discussion in the next section.

Diffeomorphisms, or general coordinate transformations, are defined by means of a local pa-
rameter £#(x): x* — x* 4+ £*(x). In a quantized theory this is promoted to an anticommuting
field. The BRST transformation are

Sep=E"0. 0 (52)
S A, =EM0, A, + 0,804, (53)
Seguv = £ 0ruv + 0uE o + 0E g (54)
SeEM =E 8", (55)

for a scalar field, a vector field, the metric and &. These transformations are nilpotent. We will
introduce another anticommuting field, &, and a (Sg transformation, which transforms a scalar,

vector, the metric and 5 in the same way as J¢, and, in addition,

ScEM =YD EN,  pEM =E"0,EM. (56)
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The overall transformation &z + &z is nilpotent:

(8 +85)° =0.
Introducing this additional field seems to be completely unmotivated, but in fact it is needed if
we want an invertible supermetric.

3.1. The superfield formalism

One introduces the superspace X¥ = (x*, 9, #), where 9, ¥ are anticommuting. A diffeo-
morphism is represented by a superspace transformation X = (x#, 9) — XM = (x# — 9N —
1_95 mo, f}), where &, 5 and 99, anticommute. The horizontality condition is formulated by se-
lecting appropriate covariant expressions in ordinary spacetime and identifying them with the
same expressions extended to the superspace. Below we work out explicitly the case of a scalar,
a vector field and the metric.

3.1.1. The scalar
For instance, a scalar field ¢ is embedded in the superfield

®(X) = (x) +9b(x) + Db(x) + ¥ Dc(x),
and gets transformed into
D(X) = p(x) — (P& +9€) - dp(x) + ¥ (b(x) — DEX) - b(x)) + T (b(x) — ¥b(x))
+ 09 (c(x) — §1£79,0,p(x))
=90 + 0 (b(x) =& - 99(x)) + I (b(x) — & - Ip(x))
+ 099 (c(x) —E-9b(x)+E- ab(x)) . (57)
Horizontality means
(XM = (), (58)
which implies
b(x)=§-9¢p(x),  bx)=§-dp(x)
c(x)=§&-0b(x) — & - 9b(x) + E"E"9,0,0(x). (59)
It is easy to prove that
Sgw(x) = b(x), Sep(x) =b(x), 858§(p = —8§8g(p =c(x). (60)

That is the diffeomorphism transforms of ¢ are its superpartner in the superfield.

3.1.2. The vector
Let us extend this to a vector field. In order to apply the horizontality condition we have to
identify the appropriate expression. This is a 1-superform:

Au(X)dXM = A, (X)dx" + Ay (X)d® + Az (X)dD, (61)
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and
Au(X) = Ay (x) + 0 ¢p(x) + 0¢,(x) + 00 B, (x), (62)
A (X) = x(x) + 9C(x) + 0C(x) + 99 (x), (63)
A5 (X) = 1(x) + 9D (x) + ¥ D(x) + 99 p(x). (64)
Horizontality means that
Au(X)dXM = A, (x)dx", (65)

where d = gl dx/* + F5dd + LdD. Thus

dXM = (dx" — 9 B, & dx* — § 9,6"dx" — EMdy — EFAD, dv, dD).
Expanding we find

A (R)dxM = (AM C(9F 4+ BE) DA, +9DEE 0P Ay + 0§ — DE-04,)

+ 0 (¢ — & - 9¢y) + 90 By, (x)> (dx" — 9 3, dx" — O 36" dx" — EFdY — £1dD)
+ <X(x) — (& +0&) - dx(x) + 99 - 9% x (x)

+ 9 (C(x) — & -9C(x)) + 9 (C(x) —¥& - 0C(x)) + ﬁfhp(x))dﬂ

+ (x(x) — (9€ +DE) - IA(x) + 09 - 97A(x)

+ 0 (D(x) — %€ - dD(x)) + ¥ (D(x) — 9€ - 9D (x)) + ﬂép(x)>dz§ = A, (x)dx", (66)

where £& - 92 = £#£"9,,0,. The commutation prescriptions are: x*, &, 9, £/ commute with dx",
dv; &* anticommute with 9. Working out (66) we obtain the following identifications:

bu=E-0A, + 3,84 A;, (67)
bu=E-0A, + 8,84 A;, (68)
B,=& -3¢, —& -3¢, —EE-0%A, +8,E - 0A; — 9,68 04,

+ uE gy — 9uE ¢, (69)
x =AuE", (70)
C=—&-0A,E" +¢ &M +&- 3y, (71)
C=—E 0AE" + . E" +E-0x, (72)
Y =EE-0PALE" — £ 0puE" +E - 0¢uEN + B EN —8E- 0P +£-0C—E-0C, (73)

and

A= AME# (74)
D:—g-aAMs“+¢M§“+s-ax, (75)
D=—£-0A," + ¢ E" +E-0n, (76)
p=EE-DPAuEN — & 0puE" +E - 0guE" + B EN —§E- 0% +E-0D—E-9D. (77
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One can prove that
bu=8:A,, bu=08:Au, By =08:¢u=—8:¢y. (78)
D =68:A, D = 8z2, p=—8;D=05D. (79)
In particular
p=§-05-0A,E" —&-05-0A,8" +E-0ME-0A,E"
— & QEME - DALEN L EE- DA EN (80)
Analogously
C =8x, C=8x, Y =—8;C =5C. (81)

3.1.3. The metric
In the same way we can treat the metric g, (x). We embed it in a supermetric Gy (X) and
form the symmetric 2-superform

Gun(X)dxM vdx™, (82)
where V denotes the symmetric tensor product and

G v (X) = guv(x) 4+ 0 Tpup (0) + 0T 10 (x) + 99 Vi (x),

Gy (X) = yu(x) + 9 8 (x) + 98 (x) + 99T (x) = G (X),

G5 (X)=7,(x) + 0 fu(x) + 9 fu(x) + 90T, (x) = G5, (X), (83)

Gy5(X)=gx) + D7) + Dy x) +90G(x) = =G5, (X), (84)

while Gyy(X) =0 = G55(X), because the symmetric tensor product becomes antisymmetric
for anticommuting variables: d¥ vV d¥ =0=dv Vv dv,dv Vv dv = —dv v dv.
The horizontality condition is obtained by requiring

Gun(X)dXM v dX"N = g,,(x)dx" v dx”, (85)
which is explicitly rewritten as
guv(x)dx" v dx"”
=GunX)dXM v axV
= (8 = (9 +98) - 90 + 9D £E - 0%,
+ O (Tpy — & - 0T ) + 0 (T — 9 - 9T y)
+ 09 V/w(x)) (dx" — 9 ,E dx* — B dy£"dx* — EdD — £4dD)
V (dx” — 9 3,E%dx" — 9 3,E"dx" — EVdD — £V dD)
+ 2(7/“ — (9F +DE) -y + 0D EE - 92y + 9 (3 — DE - 92,)
+ B (g — 0€ - 08,) + 9D Tu())
x (dx" — 9 & dx" — § 6" dx" — EFdY — EFAD) v do
+2(;7M — (PE + D) - 07, + 0D EE - 02 + 0 (fu — DE- 1)



L. Bonora / Nuclear Physics B 912 (2016) 103-118 115
+ 8 (fu— 0€-0) + 09 Tuv))
x (dx” — 9 ,EVdx" — ¥ 3,6 dx" — E'd9 — £°dD) v dv

+(g—(ﬁ§+5s)-ag+m§§§-azg+ﬁ(;7—z§g-a;7)

+z§(y—ﬁs-y)+ﬁ§G)dﬂvdz§, (86)

where all the fields in the RHS are function of x. From this it follows that
F;w =£ ‘aguv+au§)\gku+av§)\gu)»=5§guw (87)
f;w =§ '8guu+8u§)hgku+8u§)hgp)»=8§guv» (88)

Viw = —8& - 9%guy + & - 0Ty + 88" Ty + 00 Ty — & - 3Ty — 8,8 Ty — 0,E T,
+ 0,848 - dgay + 0vEME - Dgua — 0t E - Dgay — EME - Dgu
+ 0,87 00E g1y + ,EMD,E 83
= &P 0,E"gup + 0051 01E gy

=8¢y = —8:T . (89)
Moreover,

Y :guvé‘)s (90)

Su=0uE" GnE" + 06" g€  + & - 0gunE” + guvk - 9EY =8¢y, 1)

g/t =§ : agp_vév + 3,uékg)»véu = Séyu, (92)

U, =—£E-9%y, +&-08, — 8,& g, —E-0g, + 0,8 8. + 8,86 - 9y, — 3,6"E -9y,
+ axspavékgupév + BUEASAéngpEU

= —8:8u = S&8u 93)
and
Vi = guvé", (94)
fu=0,E" 208" + 0,5 88" +& - 0g,0E" + g€ - 08" =87, (95)
fu=€-0guk" + 0, 818" =87y, (96)
Tu=08fu = =8¢ fu- 97)
Finally
g =gu (M€Y —ENEY) =2g,,E E", (98)
y =2k - 08, E"EY + 28 (- 08" —E - 0&M) E” =8¢y, (99)
Y =2€ 085" E" + 2,0 (6 - 36 — € - 9EM) EY = 8z¢, (100)
G =57y =—68v. (101)

This completes the verification that the horizontality condition leads to identifying the ¥ - and
v-superpartners of the metric as BRST transforms with the rule (26). It is easy to see that if we
switch off @, the supermetric cannot be inverted.
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4. Speculations

The two previous sections are meant to make evident the fact that the superfield formalism can
encompass all the BRST symmetries which characterize various different field theories. On the
other hand, apart from the details which are sometimes thorny, there is a priori very little doubt
that this should be the case given the isomorphic algebraic structures of BRST symmetry and
the geometry of the supermanifolds considered above. The two previous sections, on the other
hand, concern the general algebraic structure of the BRST symmetry, and are independent of
the particular gauge fixing which one may choose (and which, when inserted in the action, with
possible appropriate auxiliary terms, must respect this symmetry). In terms of supermanifolds
this corresponds to the fact that all our previous supergeometries were in fact local, that is limited
to a local (super)patch. To make this point more clear it is worth summarizing a few definitions
concerning supermanifolds, see for instance [13] and references therein.

Supermanifolds are defined, in analogy with manifolds, by atlases of local patches. For sim-
plicity let me start from a simple-minded superspace spanned by even and odd (anticommuting)
coordinates x*, 9%, u=1,...,d and a = 1, 2, where ol=v, 92 =19.Thena supermanifold M
is given by local patches U, with supercoordinates x4, ¢, each one being a local copy of the
previous superspace, with transition functions in the overlap U, N Ug

= frglp, 94,95, 05 =Yg, .. 105, 07), (102)

o

and compatibility conditions on triple overlaps. This is the generic definition of a supermanifold.
Notice that since the transition functions I/fgﬂ are odd, if we set 9% =0 we get \[’3,3 =0.Asa

consequence what remains are the transition functions fOZS (x /]3 ... |0, 0) of an ordinary manifold
Mq. To be more precise I should specify whether M is complex or real. But for my needs here
the notion of split supermanifold is going to be enough. M is split if the even transition functions
) 0’;3 do not depend on the odd variable and the odd transition functions depend linearly on ¥,
ie.

Yig(xh. . |04, 95) = Qg (xh. ... xDh + Qg (xh. ... x§)DF. (103)

In this case M is a vector bundle over M., with a fiber determined by the odd directions 9! and
®2. A split supermanifold seems to be the notion of supermanifold instrumental to the BRST
superfield formalism in the case of a gauge theory. In this case in fact one uses the condition of
‘horizontality’, i.e. the fact that the gauge supercurvature in the supermanifold must equal the
curvature in M,.q. This idea comes from the Weil horizontality in the theory of fiber bundles,
whereby the geometric curvature of the bundle is actually a basic form, that is it depends only
on the points in the base space, not on the fiber. It would seem at first sensible to associate the
notion of horizontality for the BRST formalism in gauge theories to the fact that the relevant
supermanifold is split. But, in fact, the solution may not be so simple (see below).

In the case of gauge supersymmetry in superfield formulation the relevant coordinates are
(x™, 0", or 9, f?), SO M, is itself a supermamifold.l So M in this case is an odd vector bundle
over a supersymmetric supermanifold. If diffeomorphisms are concerned the notion of hori-
zontality I have used may not be globally valid. It is a recent acquisition that, in the case of

1 The spinorial variables o™ and 99, although all odd, are of different nature and should not be mixed. For instance
we cannot sum the former with the latter ones.
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superstring theory in the RNS formulation, the relevant supermanifold is generally not holomor-
phically split (a refinement of the previous notion of split supermanifold).

But let us return to the previous case of a (non-supersymmetric) gauge theory, and let us sup-
pose that the gauge has been fixed and a BRST invariant action is at hand. In order to compute
a given amplitude one has further to integrate over the moduli space M, i.e. over the space of
gauge orbits. In this case the relevant geometry is that of a family of superspaces, that is a fibered
superspace over M where each fiber is a copy of M. The problem is well-known and not yet
satisfactorily solved for 4d gauge theories, see for instance [14,15]. The difficulty is related to
the nonexistence of a continuous section over the moduli space, i.e. of a continuous choice of a
representative for each orbit. When fixing the gauge-slice locally, for instance the Landau gauge,
the problem manifests itself with the appearances of Gribov copies at the horizon. These are
global aspects of the problem and they certainly signal the lack of a global gauge-slice, but also
the failure of BRST symmetry in foliating the space of gauge connections in a regular way. At
this point it is illuminating to look at Ref. [16]. In this paper the authors analyze the observable
of 2d topological gravity. The local correlators they compute come from integrating over the su-
permoduli space of the Riemann surfaces with punctures, and turn out not to be globally defined
and simultaneously to violate the BRST Ward identities. It is by using these BRST anomalies
(cocycles) and the Ceck—De Rham complex that it is possible to construct globally defined cor-
relators which locally reduce to the previous ones. Although this problem is different (in some
sense more complicated but in general far simpler) than the gauge theory one, it teaches us an
important lesson. The appearance of Gribov copies at the horizon can be seen as a breakdown
of the local BRST symmetry. This symmetry should be ‘bent’ or ‘deformed’ in some way in
order to provide a regular foliation of the connection space and avoid copies. But this means that
the linear vector space structure of the odd fibers of M breaks down, and, as a consequence, M
cannot be anymore split. On the other hand, the example of [16] tells us that it may be possible to
‘repair’ these fractures of the gauge theory texture by a more complicated construction, hopefully
a nontrivial supermanifold with non-split structure. If the above conjecture makes any sense it
would mean that the superfield formulation (of any theory) can store very significant information
about its quantum structure.

Acknowledgements

I would like to thank Luiz Alvarez-Gaumé and Camillo Imbimbo for inviting me to participate
in the workshop in memory of Raymond Stora. I would also like to thank Rudra P. Malik for
reading the manuscript.

References

[1] C. Becchi, A. Rouet, R. Stora, The abelian Higgs Kibble model, unitarity of the S-operator, Phys. Lett. B 52 (1974)
344;
C. Becchi, A. Rouet, R. Stora, Renormalization of the abelian Higgs—Kibble model, Commun. Math. Phys. 42
(1975) 127;
C. Becchi, A. Rouet, R. Stora, Renormalization of gauge theories, Ann. Phys. 98 (1976) 287.

[2] I.V. Tyutin, 1975, Lebedev Institute Preprint, Report No.: FIAN-39, (unpublished).

[3] S.J. Thierry-Mieg, Geometrical reinterpretation of Faddeev—Popov ghost particles and BRS transformations,
J. Math. Phys. 21 (1980) 2834,
J. Thierry-Mieg, Explicit classical construction of the Faddeev—Popov ghost field, Nuovo Cimento A 56 (1980) 396;
L. Baulieu, J. Thierry-Mieg, The principle of BRS symmetry: an alternative approach to Yang—Mills theories, Nucl.
Phys. B 197 (1982) 477.


http://refhub.elsevier.com/S0550-3213(16)00083-3/bib425253s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib425253s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib425253s2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib425253s2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib425253s3
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib544Ds1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib544Ds1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib544Ds2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib544Ds3
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib544Ds3

118 L. Bonora / Nuclear Physics B 912 (2016) 103-118

[4] M. Quiros, FJ. de Urries, J. Hoyos, M.L. Mazon, E. Rodrigues, Geometrical structure of Faddeev—Popov fields and
invariance properties of gauge theories, J. Math. Phys. 22 (1981) 1767.
[5] L. Bonora, P. Cotta-Ramusino, Some remarks on BRS transformations, anomalies and the cohomology of the Lie
algebra of the group of gauge transformations, Commun. Math. Phys. 87 (1983) 589-603;
L. Bonora, R.P. Malik, BRST, anti-BRST and their geometry, J. Phys. A 43 (2010) 375403, arXiv:0911.4919.
[6] L. Bonora, M. Tonin, Superfield formulation of extended BRS symmetry, Phys. Lett. B 98 (1981) 48;
L. Bonora, P. Pasti, M. Tonin, Extended BRS symmetry in non-Abelian gauge theories, Nuovo Cimento A 63 (1981)
353;
L. Bonora, P. Pasti, M. Tonin, Superspace approach to quantum gauge theories, Ann. Phys. 144 (1982) 15.
[7] R. Delbourgo, P.D. Jarvis, Extended BRS invariance and OSp (4/2) supersymmetry, J. Phys. A, Math. Gen. 15
(1981) 611;
R. Delbourgo, P.D. Jarvis, G. Thompson, Local OSp(4/2) supersymmetry and extended BRS transformations for
gravity, Phys. Lett. B 109 (1982) 25;
R. Delbourgo, P.D. Jarvis, G. Thompson, Extended Becchi—Rouet—Stora invariance for gravity via local OSp(4/2)
supersymmetry, Phys. Rev. D 26 (1982) 775.
[8] P.M. Lavrov, P.Y. Moshin, A.A. Reshetnyak, Superfield formulation of the Lagrangian BRST quantization method,
Mod. Phys. Lett. A 10 (1995) 2687,
P.M. Lavrov, P.Y. Moshin, A.A. Reshetnyak, JETP Lett. 62 (1995) 780, arXiv:hep-th/9507104;
P.M. Lavrov, Superfield quantization of general gauge theories, Phys. Lett. B 366 (1996) 160, arXiv:hep-th/9507105;
B. Geyer, P.M. Lavrov, P.Y. Moshin, On gauge fixing in the Lagrangian formalism of superfield BRST quantization,
Phys. Lett. B 463 (1999) 188, arXiv:hep-th/9906183;
P.M. Lavrov, P.Y. Moshin, Superfield Lagrangian quantization with extended BRST symmetry, Phys. Lett. B 508
(2001) 127, arXiv:hep-th/0102106.
[9] R.P. Malik, Augmented superfield approach to exact nilpotent symmetries for matter fields in non-Abelian theory,
Eur. Phys. J. C 47 (2006) 219;
R.P. Malik, Unique nilpotent symmetry transformations for matter fields in QED: augmented superfield formalism,
Eur. Phys. J. C 47 (2006) 227;
R.P. Malik, Abelian 2-form gauge theory: superfield formalism, Eur. Phys. J. C 60 (2009) 457,
A. Shukla, S. Krishna, R.P. Malik, Supersymmetrization of horizontality condition: nilpotent symmetries for a free
spinning relativistic particle, Eur. Phys. J. C 72 (2012) 2188.
[10] E. Witten, Superstring perturbation theory revisited, arXiv:1209.5461 [hep-th].
[11] J. Wess, J. Bagger, Supersymmetry and Supergravity, Princeton University Press, Princeton, 1992.
[12] G. Curci, R. Ferrari, Slavnov transformations and supersymmetry, Phys. Lett. B 63 (1976) 91.
[13] E. Witten, Note on supermanifolds and integration, arXiv:1209.2199.
[14] N. Vandersickel, D. Zwanziger, The Gribov problem and QCD dynamics, Phys. Rep. 520 (2012) 175, arXiv:1202.
1491 [hep-th].
[15] O. Lechtenfeld, On the Gribov problem in Yang—Mills theory, Phys. Part. Nucl. Lett. 11 (7) (2014) 830, arXiv:1312.
6308 [hep-th].
[16] C.M. Becchi, C. Imbimbo, Gribov horizon, contact terms and Cech-De Rham cohomology in 2-D topological
gravity, Nucl. Phys. B 462 (1996) 571, arXiv:hep-th/9510003.


http://refhub.elsevier.com/S0550-3213(16)00083-3/bib517569726F73s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib517569726F73s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib424352s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib424352s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib424352s2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4254s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4254s2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4254s2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4254s3
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib44656C626F7572676Fs1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib44656C626F7572676Fs1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib44656C626F7572676Fs2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib44656C626F7572676Fs2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib44656C626F7572676Fs3
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib44656C626F7572676Fs3
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4C6176726F76s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4C6176726F76s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4C6176726F76s2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4C6176726F76s3
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4C6176726F76s4
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4C6176726F76s4
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4C6176726F76s5
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4C6176726F76s5
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4D616C696Bs1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4D616C696Bs1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4D616C696Bs2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4D616C696Bs2
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4D616C696Bs3
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4D616C696Bs4
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4D616C696Bs4
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib57697474656E31s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib5742s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib434631s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib57697474656E32s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib5A77616E7A69676572s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib5A77616E7A69676572s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4C65636874656E66656C64s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4C65636874656E66656C64s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4265636368693935s1
http://refhub.elsevier.com/S0550-3213(16)00083-3/bib4265636368693935s1

	BRST and supermanifolds
	1 Introduction
	2 The superﬁeld formalism in supersymmetric gauge theories. A proposal
	2.1 The supermanifold formulation of SYM
	2.2 The ϑ superﬁeld formalism
	2.3 The ϑ, ϑ̄ superﬁeld formalism

	3 Diffeomorphisms and the superﬁeld formalism
	3.1 The superﬁeld formalism
	3.1.1 The scalar
	3.1.2 The vector
	3.1.3 The metric


	4 Speculations
	Acknowledgements
	References


