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Leakage outside of the qubit computational subspace poses a threatening challenge to quantum error
correction (QEC). We propose a scheme using two leakage-reduction units (LRUs) that mitigate these
issues for a transmon-based surface code, without requiring an overhead in terms of hardware or QEC-
cycle time as in previous proposals. For data qubits, we consider a microwave drive to transfer leakage
to the readout resonator, where it quickly decays, ensuring that this negligibly disturbs the computational
states for realistic system parameters. For ancilla qubits, we apply a |1) <> |2) 7 pulse conditioned on the
measurement outcome. Using density-matrix simulations of the distance-3 surface code, we show that the
average leakage lifetime is reduced to almost one QEC cycle, even when the LRUs are implemented with
limited fidelity. Furthermore, we show that this leads to a significant reduction of the logical error rate.
This LRU scheme opens the prospect for near-term scalable QEC demonstrations.
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Quantum computing has recently reached the milestone
of quantum supremacy [1] thanks to a series of improve-
ments in qubit count [2,3], gate fidelities [4—15], and
measurement fidelities [16—18]. The next major milestones
include showing a quantum advantage [19—22] and demon-
strating quantum error correction (QEC) [3,23-31]. Errors
accumulate over time in a quantum computer, leading to
an entropy increase that severely hinders the accuracy
of its output. Thus, QEC is necessary to correct errors
and remove entropy from the computing system. If the
overall physical error rate is below a certain noise thresh-
old for a given QEC-code family, the logical error rate
decreases exponentially with the code distance d at the
price of a poly(d) overhead, thus allowing one to extend
the computational time. Recently, small-size instances of
error-detecting [29,30] and error-correcting [3] codes have
been experimentally realized. To further demonstrate fault
tolerance, it is crucial to scale up these systems and show
that larger distance codes consistently lead to lower logical
error rates than smaller distance codes [31].

Leakage outside of the computational subspace
[8-10,12,32—37], present in leading quantum-computing
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platforms such as superconducting qubits and trapped ions,
poses a particularly threatening challenge to fault tolerance
[23,38-48]. Leakage can increase entropy by making mea-
surement outcomes no longer point to the underlying errors
and can effectively reduce the code distance [46]. Further-
more, leakage can last for many QEC cycles [40], making
operations on a leaked qubit fail and possibly spread cor-
related errors through the code [31,39,46]. In particular,
leakage falls outside the stabilizer formalism of QEC as it
cannot be decomposed in terms of Pauli errors. Stabilizer
codes [49,50] and their decoders are thus typically ill-
suited to deal with leakage, leading to a significant increase
of the logical error rate [42,45,46]. If the average leakage
lifetime /5, that is, the average number of QEC cycles
that a qubit stays leaked (after leaking in the first place),
fulfills 25, = O(1) QEC cycles and I, < d then, for low-
enough error rates, a threshold is likely to exist [39] as
leakage would have a relatively local effect in space and
time. Because of a finite energy-relaxation time, leakage
does indeed last for /5 = O(1) QEC cycles. However,

avg
in practice, it is important how large lﬁ,g is, since, if it is
low, the noise threshold is expected to be higher. Shorten-
ing the relaxation time to reduce lfvg is not effective as this
increases the physical error rate as well.

A leakage-reduction unit (LRU) [38,39,41,42,47,48,51,
52] is an operation introducing a seepage mechanism
besides that of the relaxation channel. A LRU converts
leakage into regular (Pauli) errors and shortens the average
leakage lifetime, ideally to one QEC cycle. As discussed
above, this is expected to lead to a higher noise threshold,
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but not as high as for the case without leakage, since the
leakage rate effectively adds to the regular error rate thanks
to the LRU. As an alternative to the use of LRUs, postse-
lection based on leakage detection has been adopted [46] as
a near-term method to reduce the logical error rate. While
leakage detection could also be used to apply LRUs in a
targeted way, postselection is not scalable. By shortening
the lifetime to I, = O(1) < d, the use of LRUs is instead
a scalable approach.

In its imperfect experimental implementation a LRU can
either introduce extra Pauli errors or mistakenly induce
leakage on a nonleaked qubit. Furthermore, in the context
of the surface code the LRUs investigated so far [41,42,47]
introduce an overhead in terms of hardware and QEC-
cycle time. Specifically, these LRUs are variants of the
swap-LRU, in which the qubits are swapped at the end of
each QEC cycle, taking alternatively the role of data and
ancilla qubits. In this way every qubit is measured every
two QEC cycles. The core of the swap-LRU is the fact that
the measured qubits are reset to the computational sub-
space after the measurement. This can be accomplished
by a scheme that unconditionally maps |1) and |2) (and
possibly |3) [48]) to |0) [53—55], or conditionally using
real-time feedback [28,56]. Under the standard assumption
that the SWAP gates swap the states of two qubits only if
none of them is leaked (which does not necessarily hold
in experiment [48]), I, is ideally shortened to two QEC
cycles. On the downside, for the pipelined surface-code
scheme in Ref. [57], the pipeline is disrupted as qubits
cannot be swapped until the measurement and reset oper-
ations are completed, leading overall to an increase up to
50% of the QEC-cycle time depending on the reset time.
The extra controlled-Z (Cz) gates, needed to implement
the SWAP gates, can cause additional errors or leakage as
the Ccz gate is the major source of leakage in transmons
[8-10,12,32-35]. Moreover, in the surface code an extra
row of qubits is needed to perform all the SWAP gates [41],
which is a non-negligible overhead in the near term. All
these issues increase the physical error rate by a consider-
able amount, thus requiring an increase in the system size
to compensate for that (assuming that the error rates are
still below threshold).

In this work we propose two separate LRUs for data and
ancilla qubits that use resources already available on chip,
namely the readout resonator for data qubits (res-LRU) and
a |1) < |2)  pulse conditioned on the measurement out-
come for ancilla qubits (7-LRU). In particular, the use of
the res-LRU avoids the necessity to swap data and ancilla
qubits to be able to reset the data qubits. The res-LRU is
a modification of the two-drive scheme in Refs. [53—55]
to a single drive to deplete only the population in |2) but
not |1), making it a LRU rather than a reset scheme. We
additionally show that this negligibly affects the coherence
within the computational subspace in an experimentally
accessible regime, with a low probability of mistakenly

inducing leakage as long as the thermal population in the
readout resonator is relatively small. This allows us to
unconditionally use res-LRU in the surface code in every
QEC cycle. In the pipelined scheme [57] the res-LRU eas-
ily fits within the time in which the data qubits are idling
while the ancilla qubits are finishing being measured. As
the 7-LRU can be executed as a short pulse at the end of
the measurement time with real-time feedback, our LRU
scheme overall does not require any QEC-cycle time over-
head. Using density-matrix simulations [46,50,58] of the
distance-3 surface code (Surface-17), we show that the
average leakage lifetime is reduced to almost one QEC
cycle when res-LRU and m-LRU with realistic perfor-
mance are employed. Furthermore, compared to the case
without LRUs, the logical error rate is reduced by up to
30%. The proposed res-LRU and 7-LRU can be straight-
forwardly adapted to QEC-code schemes other than that
of Ref. [57] and the res-LRU is potentially applicable
to superconducting qubits with higher anharmonicity than
transmons. The demonstrated reduction serves as evidence
of scalability for our LRU scheme, even though we can-
not estimate a noise threshold as we have simulated only
one size of the surface code. To explore larger codes, it
is necessary to use less computationally expensive simula-
tions [23,39,42] that use a simplified version of our error
model at the cost of losing some information contained
in the density matrix. Furthermore, to optimize the noise
threshold, the LRUs can be supplied with a leakage-aware
decoder [23,39,42,59—61] that uses measurement infor-
mation about leakage to better correct leakage-induced
correlated errors.

I. READOUT-RESONATOR LRU

The readout resonator has been used [53—55] to reset a
transmon qubit to the |0) state, depleting the populations
in |1) and |2). Targeting the |20) <> |01) transition, with
the notation |transmon, resonator), those populations are
swapped onto the readout resonator, where they quickly
decay due to the strong coupling to the transmission-line
environment. Magnard et al. [53] used two drives simulta-
neously, while Zeytinoglu et al. [54] and Egger et al. [55]
used these drives in a three-step process. Here we adapt
these techniques to use a single drive in a single step to
deplete the population in |2) only.

A LRU is defined [38] as an operation such that (1) the
incoming leakage population is reduced after the applica-
tion of the LRU, (2) the induced leakage when applied to
a nonleaked state is ideally 0. We thus ensure below that
not only leakage is reduced but also that the effect that the
drive has on a nonleaked transmon is as small as possible.

A. Transmon-resonator Hamiltonian

We consider a transmon capacitively coupled to a
resonator and to a dedicated microwave drive line. The
resonator possibly employs a Purcell filter that we do not
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include explicitly. In a frame rotating at the transmon-drive
frequency wy for both the resonator and the transmon, the
Hamiltonian is time independent and is given by

H = Hy+ H. + H,, (D)
Hy=8"a'a+87b'b + %(b*)zbz, 2)

= g(ab" + a'b), (3)
H; = %(e"% + e ph, 4)

where a and b are the creation operators for the res-
onator and the transmon, respectively; §" = w, — w; and
89 = wy — wy with o, and w, the resonator and transmon
frequencies, respectively; o < 0 is the transmon anhar-
monicity; g corresponds to the capacitive coupling; €2 and
¢ are the transmon-drive amplitude and phase, respec-
tively. The phase is not relevant for the results in this work
and we fix itto ¢ = 0.

We can qualitatively understand [see Fig. 1(a)] that H
contains an effective coupling g between |20) and |01).
If w,; matches the transition frequency between the “bare”
|20) and |01), these two states are degenerate in the rotat-
ing frame and they are connected by two paths (at lowest
order) via either [11) or [10). If A:=w; — w, > g and
87 > Q then |11) and [10) are occupied only “virtually”
and one gets purely an effective |20) <> |01) coupling.
Modulo a constant term, in the two-dimensional subspace
S = span{|20), |01)} we can write H in Eq. (1) as H|s =
—n(wa)Z/2 4+ g(wy)X for an appropriate function n [an
approximation can be extracted from Eq. (A31)]. As a
function of w,, this Hamiltonian gives rise to a |20) <> |01)
avoided crossing centered at a frequency o} [see Fig. 1(b)]
where n(w}) = 0. The energy separation at the center of
the avoided crossing is then 2g(w}).

In order to quantitatively study the action of H, we
unitarily transform it using a Schrieffer-Wolff transforma-
tion e5 [62—65]. Let {|ij)p} be the basis of eigenvectors
of Hy + H, (the transmon-resonator “dressed” basis). In
the dispersive regime (g <« A), with respect to a first-
order Schrieffer-Wolff transformation S; in the perturba-
tion parameter g/A, such that e=5!|ml) ~ |ml)p, we get
(see Appendix A)

HP:=e’He™ ~ 5 He™S (5)
=HP +H) + HD, (6)

with
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FIG. 1. Concept of the readout-resonator LRU. (a) The state

|20) (with the notation |transmon,resonator)) is connected to
|01) by two main paths via either |11) or |10), due to the
capacitive coupling g or the transmon-drive amplitude €2, respec-
tively. This generates an effective coupling g that can be used
to swap |20) <> |01). The latter quickly decays to |00) due to
the typically high coupling « of the readout resonator to the
transmission-line environment, overall removing leakage from
a leaked transmon. (b) In the rotating frame of the drive, |20)
and |01) show an avoided crossing as a function of the drive
frequency wy, centered at w}j. The effective coupling g(w}) is
equal to half the energy separation at that point. (c),(e) The
values Aw):=w) — 2w, + a — w,) and g(w}) are respectively
evaluated either exactly by full numerical diagonalization of H
in Eq. (1), or by approximate analytical formulas (see Sec. IA
and Appendix A) for the parameters in Table I. The absolute
errors with respect to the exact curves are shown in (d) and (f),
respectively.

Qel®

D _
Hdl_

Qe'® > gA_
H}) = (aZ |m) (m|

b+Hec., (®)

2 -0 AmAmfl
00
+ gavm+ 1vVm+2 ) H
ta Z A Am—H mt | + o
m=0
©))

where A,,;:=A + am and {|m)} are transmon states. Here
HP is diagonal and contains the dispersive shifts, A1) is the
transmon drive now in the unitarily transformed frame, and
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HDE contains an indirect resonator drive and couplings of
the kind af|m) (m + 2|. In particular, for m = 0 in Eq. (9),
we get a lowest-order approximation of g:

Qgo

- 10
V2A(A + @) (10

g%

Note that at this order there is no dependence on w,. Fur-
thermore, g would vanish for @ = 0, since the two paths
in Fig. 1(a) fully destructively interfere in that case. Since
« is low for transmons, one can expect that 2 needs to be
relatively large for g to be substantial.

For the drive to be most effective, it is important that
wg matches w}. If g = 0 = Q, there is no avoided cross-
ing but |20) and |01) simply cross at wj = 20, + o« — o,
as can be straightforwardly computed from Hj in Eq. (2).
This value is shifted due to the capacitive coupling [as
can be seen from Eq. (7)], as well as due to the possi-
bly strong drive. For g # 0 and Q # 0, one can either
compute @} by full numerical diagonalization of A and
find the avoided crossing as a function of w,, or one can
find an (approximate) analytical expression. For the lat-
ter, we use another Schrieffer-Wolff transformation (rather
than the resolvent method in Ref. [54], which does not give
the full Hamiltonian) to account for the effect of the trans-
mon drive H% and to compute o’ up to order Q*/(87)3;
see Appendix A. We also use this transformation to com-
pute g up to order ©3/(89)%. Figures 1(c) and 1(e) compare
the analytical approach with the exact numerical results
for Awj = wy — wy, and g(wy), respectively, given the
parameters in Table I. We consider six energy levels for
the transmon and three for the resonator as we see that
the exact curves converge for such choice. In Figs. 1(c)
and 1(d) we see that the two approximations are both pretty
good, while in Figs. 1(e) and 1(f) we see that Eq. (10)
deviates by up to 1 MHz from the exact value at high Q
and that the absolute error with respect to the exact g(w})

TABLE I. Parameters used both in the analysis and Lindblad
simulations of the readout-resonator LRU, similar to the exper-
imental ones in Ref. [27]. The transmon parameters correspond
to the target parameters of a high-frequency data qubit in Sec. I1.

Parameter Transmon Readout resonator

Frequency w/2m 6.7 GHz 7.8 GHz

Anharmonicity —300 MHz Not applicable
a2

Coupling g/27 135 MHz

Average photon Not applicable 0.005
number 7

Relaxation time T 30 us 16 ns

(x/2m = 10 MHz)
Dephasing time 7, 30 us 32 ns

(flux noise)

scales in a seemingly quadratic way. Instead, the higher-
order approximation stays closer to the exact curve and
the error scales linearly. We expect that the remaining gap
would be mostly filled by also considering higher orders
in g/A in the first Schrieffer-Wolff transformation, since
increasing only the order of approximation in €2/87 does
not provide a significant improvement in Fig. 1(d).

B. Performance of the readout-resonator LRU

Given the theoretical understanding of the transmon-
resonator system, we devise a pulse to minimize the pop-
ulation in |2) on a leaked transmon. We consider the pulse
shape

Q sin® (JT

QO =1

) for 0 < ¢ < tie,
Lrise
for tise <t < tp — tises

. t, —t
Q sin® (zrp—) fort, — tise <t <t,,
rise

(11)

similarly to Ref. [54], where ¢, is the total pulse dura-
tion, at a fixed frequency w;(f) = w,. Hence, there are four
parameters to optimize over, i.e., 2, wg, t,, and .. We fix
tise = 30 ns since we observe that this strongly suppresses
nonadiabatic transitions out of the manifold of interest: for
example, |20) is coupled to |10) by the drive but they are
quite off-resonant, so only a fast pulse can cause “nonvir-
tual” transitions between them. Indeed, for s S 10 ns,
there appear ripples (for an example, see Ref. [54]) in,
e.g., the [20) and |10) populations when the drive is turned
on and off, leading to a reduction in performance. We
expect that an improved pulse shape can shorten ;5. How-
ever, we do not explore this given the long maximum ¢,
allowed in our surface-code scheme (7, < Tt = 440 ns;
see Sec. [1 A).

We use Lindblad simulations of the transmon-resonator
system to optimize over 2,wg, and #,. The Lindblad
equation is given by

1
o= —i[H?, p] + Z (K,pK]L - E{I(]‘TK}:/O}> (12)
j

with {K;} the quantum jump operators. We express (and
solve) this equation in the exact unitarily transformed
frame. That is, while in Sec. IA we have used a first-
order Schrieffer-Wolff transformation €51 [see Eq. (5)], in
the numerics we compute the full transformation &° [see
also Eq. (5)]. In this way we find the basis that exactly
diagonalizes Hy + H. and express H in this basis as well,
without any further Schrieffer-Wolff transformation like in
Sec. I A. In other words, the simulations reproduce the
dynamics under the Hamiltonian in Egs. (1) to (4) without
any approximation.
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The Hamiltonian parameters are the same as in Sec. [ A
and are reported in Table I, including the noise parameters.
In particular, while we neglect the transmon thermal pop-
ulation, we include it for the resonator since it determines
the leakage that the pulse induces when the transmon is not
leaked, as we discuss below. The resonator thermal state is
given by [67]

7 n
o ~ (1 _ H_zﬁ)wxm F a3

for low average photon number n. We consider dressed
relaxation and dephasing, as given below, assuming that
this is a good model in the dispersive regime. In the uni-
tarily rotated frame, the employed jump operators {Kj } are
explicitly given by

1 [ h [ 2
= ¥ —4f 14
ma Jka, 1_}_’_1\/;01, T;a a, (14)
1 2
——b, = b'p, (15)
/7 V75

where T, = (1/T, — 1/2T)~! and where we consider six
energy levels for the transmon and three for the resonator.
Note that, e.g., for a, going back to the original frame
it holds that e=Sae® = 3" I+ 1|l)p(l+ 1|p = ap by
the definition of e, corresponding indeed to relaxation in
the dressed basis. By considering dressed relaxation and
dephasing, the effective relaxation time 77 of the transmon
is not shortened by the fact that it is coupled to a lossy
resonator (Purcell effect). We assume that this is also a
good approximation during driving as the drive couples
eigenstates that mostly have the same number of excita-
tions in the resonator (except for |20) and |01) when the
drive is near resonant with this transition and causes a
strong mixing of these states). We thus mimic the use of
a Purcell filter but without including it in the simulations
since that would increase the Hilbert-space dimension in a
computationally expensive way.

For each choice of (2, wq), we optimize #, such that,
given the initial state |2)(2| ® ow, the leakage popula-
tion p? = (2| Tr,[p(Ty0)]12) at the end of the available
time slot is minimized [see Fig. 2(a)]. The states |20) and
|01) approximately form a two-level system with addi-
tional damping from |01) to |00); thus, the drive effectively
induces damped Rabi oscillations [68] between them.
Oscillations occur only for g > x/4 [68] (underdamped
regime), while for g = «/4 (critical regime) or g < k /4
(overdamped regime), the populations in |20) and |01)
simply decay in an exponential fashion without forming
any minimum. For the parameters in Table I, the critical
drive amplitude that gives ¢ = « /4 is Q. /27w ~ 143 MHz.
Thus, for Q < Q, the best strategy is to drive until p'?

(a) pl2) (c) pl2)
0.0 0.5 1.0 0.000 0.005 0.010
—

5.26
= 5.24
o
£ 5.22 1
S
=
3 520

’ pin = [2)(2| ® otn pin = [0){0] ® oen
T T

0 200 400 0 200 400
(b) Q/27 (MHz) d Q/2n (MHz)
1.00 (@) ]
I S
0.75 1 i 3
.5 ty | —Ig(l); 0.010 : " | |
= | | .
< 0.50 trise tp
= I =100 I
s I —IIO; 0005+~ M
[aF i
0.25 | ‘I
|
0.00 \4. =1 0.000 L .
0 200 400 0 200 400
Time ¢ (ns) Time ¢ (ns)

FIG. 2. Lindblad simulations of the transmon-resonator sys-
tem for the readout-resonator LRU. In (a),(b) the initial state is
12) (2| ® ow, while in (¢),(d) itis |0) (0] ® oy, where oy, is the res-
onator thermal state. (a),(c) Transmon leakage population p? =
(2| Tr,[p(T4ot)]12) at the end of the time slot of Ty = 440 ns.
For each choice of (2, w;), we optimize the total pulse duration
t, < Tqo to minimize p'? given the initial state |2)(2| ® oy, for
fixed #ise = 30 ns. The white star indicates the chosen operating
point (2/2m ~ 204 MHz, wy/2m ~ 5.2464 GHz, t, = 178.6 ns)
with plY ~0.5% in (a). The induced leakage in (c) is p/? ~
0.48% at the operating point. The purple line corresponds to
the higher-order estimate of the optimal drive frequency w]; as
a function of Q2 [see Fig. 1(c)]. The heatmaps are sampled using
the ADAPTIVE package [66]. (b),(d) Time evolution of the pop-
ulations in a few selected states for the operating point. The
vertical dashed line indicates the used 7,. The inset in (d) shows
a schematic of the pulse 2 (7).

reaches a (low) practically stable value (which is in gen-
eral not 0 when the full system is taken into account). Here,
with the given «, we find that this occurs in a time compa-
rable to Ty only from about Q2 = Q, so for Q < Q,
we drive for the entire Tyor. For Q > Q;, the optimization
has many local minima as a function of #,, correspond-
ing to the minima of the |20) <> |01) oscillations induced
by the drive. Here we choose to target the first mini-
mum as in Refs. [54,55] since it is the fastest approach.
For a sudden pulse, this minimum would occur around
7 /2g for sufficiently small x, whereas we find heuristically
that a good initial guess for the optimization is 77 /2ggamp
with Zgamp:=+/8% — (/4)2e™/"8 for larger «. Then, for
the optimization over t,, we use the bounds #, — 2t €
[0, 1.1 x 7/28g4amp] (using the bounded Brent method in
scipy; see [69] for the code). While using a longer 7, in the
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underdamped regime (possibly even greater than the allot-
ted Tyt) would eventually lead to an even lower leakage
population [53], it is not necessarily desirable as a longer
1, may mean that the disturbance to a nonleaked transmon
is greater as well (see Appendix B 2).

While the procedure above optimizes #, given a cer-
tain pair (2, w,), we use the package ADAPTIVE [66] to
choose the next pair to sample and we iterate this pro-
cess. This package searches a given parameter space (here
Q/2m €[0,500 MHz], wy/27 € [5.19,5.26 GHz]) in a
finer way where the given cost function changes faster.
Here we use (log p!?')? as the cost function since it changes
faster where p'? is small, allowing us to get both a high-
resolution heatmap (see Fig. 2) and a good first estimation
of the p' minima in a single run. Then we run a local opti-
mization with tight bounds around some of these candidate
points for fine tuning.

In Fig. 2(a) one can observe a band with low p'?, as
desired. This band occurs at drive frequencies slightly
above w};(€2), which one would expect to be optimal based
on Sec. | A. We attribute this to the fact that a signifi-
cant share of the time is taken by the rise and fall of the
pulse, where €2(¢) is smaller than the maximum. We find
that one can choose a broad range of Q2 values to achieve
a p? > 0.5%, from 130 MHz (slightly below the criti-
cal point) to deep in the underdamped regime. However,
other considerations apply, namely, on the high end using
a very high Q poses strong experimental requirements on
the drive, while on the low end the pulse takes much longer
and it is not a priori given that driving at the critical point
would be best. Actually, note that driving at the critical
point with good performance is possible only due to the
relatively high Ty for the given «. In the following we
choose the point marked by a star in Fig. 2 as the oper-
ating point (2/2m ~ 204 MHz, w,;/2n ~ 5.2464 GHz,
t, = 178.6 ns). This point reaches p(lﬁ ~ 0.5% while least
affecting the coherence within the computational subspace
(see Appendix B 1). We attribute the fact that this mini-
mum does not reach 0 to reheating from |00) to |01), as
well as transmon decoherence (resonator pure dephasing
would contribute as well but here 77, = co) and interac-
tions with higher-energy levels. We note that in Fig. 2(a)
we find good p'? < 5% up to /27 = 100 MHz, which
could be used to further ease the requirements on the drive
(see Sec. II).

The time evolution for a few selected states is shown
in Fig. 2(b) for the operating point, given the initial state
[2)(2| ® owm. The first few nanoseconds make |20) rotate
into |01), while the latter decays relatively fast to |00)
due to the large relaxation rate « of the readout res-
onator. Already after approximately 220 ns the remaining
|01) population has practically returned to the thermal
state. The repetition of the pulse, such as in the sur-
face code (see Sec. II) at every QEC cycle, does not
thus lead to heating of the resonator with these system

parameters (see Sec. I1I for a discussion about other param-
eter regimes).

We now evaluate the effect of the pulse on a nonleaked
transmon [see Figs. 2(c) and 2(d)]. There should ideally be
no effect, except for an acquired single-qubit phase that can
be easily determined and corrected by either a real or vir-
tual Z rotation. First, if the transmon is in |0) and there
is some thermal population in the resonator, part of the
state is supported on |01), which rotates into |20) in the
same way as the opposite process by unitarity. Figure 2(c)
shows that indeed the induced leakage is greater where p'?
is lower in Fig. 2(a). However, due to the low #» = 0.005,
the induced leakage is also overall low [p'* ~ 0.48% in
Fig. 2(c) at the operating point, which is comparable to
state-of-the-art Cz leakage rates; see Sec. IIB] and can
be made even lower by engineering colder resonators. If
the initial state is |1){1| ® oy, there is little induced leak-
age (p'¥ ~ 0.02% at the operating point and p? < 0.04%
across the whole landscape) as the drive is off-resonant
with transitions from this state. Second, the pulse might
affect the coherence times of the transmon by driving tran-
sitions within or outside the computational subspace (and
back), as the small but non-negligible transitory population
in |10) in Figs. 2(b) and 2(d) seems to suggest. How-
ever, we find that both the effective Tf and Tg are only
marginally affected as a function of Q2 (see Appendix B 1).
This is because stronger pulses cause a somewhat stronger
disturbance to the qubit, but they are shorter so that in total
the effect is small.

II. SURFACE CODE WITH LRUS

A. Layout and operation scheduling

We study the distance-3 rotated surface code [see
Fig. 3(a)], nicknamed Surface-17, in the presence of leak-
age and LRUs. We follow the frequency and pipelined
scheme in Ref. [57], in which the nine data qubits are sub-
divided into three high- and six low-frequency ones. The
four X and the four Z ancilla qubits have an intermedi-
ate frequency. We consider the flux-pulse implementation
of the cz gate [9,10,32—34] for tunable-frequency trans-
mons, in which the transmon with the greater frequency
is lowered towards the other one with a flux pulse. With
this technique, fluxed transmons are prone to leakage.
This means that the high-frequency data qubits and all the
ancilla qubits can leak. As shown in Ref. [46], leakage can
last for many QEC cycles and can be quite detrimental to
the logical performance of the code. Here we address these
issues with the res-LRU for high-frequency data qubits and
with the 7-LRU for ancilla qubits, as described below. If,
due to a different implementation of the Cz gates (or due to
leakage mobility [46,48]), the low-frequency data qubits
can also leak, one can apply the res-LRU to them as well,
but we do not explore this here.
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FIG. 3. (a) Schematic overview of the Surface-17 layout
[46,57]. Pink (red) circles with D labels represent low-
(high-)frequency data qubits, while blue (green) circles with
X (Z2) labels represent ancilla qubits, which have an intermedi-
ate frequency. Ancilla qubits and high-frequency data qubits are
prone to leakage during the Cz gates. (b) The quantum circuit
for a single QEC cycle employed in simulation for the unit-cell
scheduling defined in Ref. [57], in which we insert the LRUs.
The res-LRUs (orange) are applied unconditionally on the high-
frequency data qubits after the Cz gates, while the w-LRUs (teal)
are applied on the ancilla qubits depending on the measurement
outcome. Gray elements correspond to operations belonging to
the previous or the following QEC cycle. The duration of each
operation is given in Appendix C 1. The arrow at the bottom
indicates the repetition of QEC cycles.

The circuit executed for each QEC cycle is shown in
Fig. 3(b). The X -type and Z-type parity-check units are
implemented in an interleaved way, with the Cz gates for
one unit being applied while the other ancilla-qubit type
is measured. The duration of each operation is summa-
rized in Appendix C 1, with a total QEC-cycle duration
of 800 ns. The data qubits are idling for a considerable
amount of time, namely 7y, = 440 ns, while the ancilla
qubits are measured. We choose this time slot as the ideal
place to apply the res-LRUs, introduced in Sec. I, to the

high-frequency data qubits. Note that the optimal pulse
selected in Sec. I B, which was simulated for the target
parameters of the high-frequency data qubits, takes about
1, = 180 ns and thus easily fits within this time slot (see
Sec. III for a discussion about other parameter regimes).

For the ancilla qubits, there is no available time slot to
apply the res-LRU. A possibility would be to make the
QEC-cycle time longer by inserting these LRUs when the
measurement is completed. However, this approach would
lower the logical error rate of the code by a non-negligible
amount. On the other hand, ancilla qubits are measured and
the (analog) measurement outcome contains information
about leakage [46]. We choose to use a different type of
LRU altogether that uses this information. Specifically, we
consider a |1) <> |2) 7 pulse, conditioned on the measure-
ment outcome reporting a |2). Below we discuss further
details of the implementation of this 7-LRU.

B. Implementation of the LRUs in the density-matrix
simulations

We use density-matrix simulations [50] using the open-
source package QUANTUMSIM [58] to study Surface-17
with res-LRUs and w-LRUs. We include relaxation and
dephasing (7} and T3), as well as flux-dependent 7, and
leakage rate L; during the CZ gates, following the same
error model as in Ref. [46]. We define L, as the average
leakage from the computational to the leakage subspace
[70]. The state of the art is L; ~ 0.1% [9,10], although
the actual L, is expected to be higher when operating a
multitransmon processor [30,71]; thus, here we consider
up to L; = 0.5%. We assume that single-qubit gates do
not induce any leakage as their leakage rates are typi-
cally negligible compared to the cz gates [5,36,37]. The
noise parameters used are reported in Appendix C 1. Fur-
thermore, during a CzZ gate with a leaked transmon, the
nonleaked transmon acquires a phase called the leakage
conditional phase [46]. We select these phases uniformly
at random (see Appendix C 3) and, in contrast to Ref. [46],
we then keep them fixed for every Surface-17 simulation
in this work. This makes it easier to recognize trends as a
function of the LRU parameters. In Appendix C 3 we dis-
cuss the variability of the logical error rate depending on
the leakage conditional phases. We do not consider further
leakage from |2) to |3) in subsequent CZ gates [46] as we
expect it to be negligible when LRUs make |2) short lived.

1. res-LRU for data qubits

In the simulations, leakage-prone transmons are mod-
eled as three-level systems and nonleakage-prone trans-
mons as two-level systems, leading to an already com-
putationally expensive size for the density matrix. As a
consequence, we do not include the readout resonator
explicitly in these simulations. The resonator is initially
in the ground state and is returned to it at the end of the
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time slot, approximately. We can thus trace the resonator
out and model the res-LRU on the transmon qubit as an
incoherent |2) — |0) relaxation (see Appendix C1a for
details). Furthermore, in Sec. IB we have observed that
the res-LRU can also cause a nonleaked transmon to par-
tially leak, so we include that as an incoherent |0) — |2)
excitation.

Calling piU ! pr1> the populations before and after the res-
LRU, we define the leakage-reduction rate 0 < R <1 as
R=1- p}z ! conditioned on an initially fully leaked trans-

mon, i.e., for pi‘z) = 1. Furthermore, we define the average
res-LRU leakage rate LRV as the average of the induced
leakage starting from either |0) or |1) (consistently with
the definition for Cz gate [70]), with probability 1/2 each.
Since almost all induced leakage comes from |0) (see
Sec. IB), this means that pf‘2> ~ 0 for pi|1> =1 and that

p}2> ~ 2LMRY for pl” = 1 (neglecting relaxation effects as
the used 77 = 30 us is relatively long). Combining these
two definitions one gets the expression

pP ~ (1= Rp? +20Rp” (16)

for an arbitrary incoming state. Note that, given these def-
initions, Figs. 2(a) and 2(c) respectively show a heatmap
of 1 — R and 2L}RY for the considered transmon-resonator
parameters. In particular, the operating point achieves R ~
99.5% and LYRY &~ 0.25%. The achieved leakage reduction
can be compared with that given purely by relaxation dur-
ing Tyor, namely Ry, =1 — e T80/(T1/2 = 2.9%_ which
shows that the LRU provides a much stronger additional
seepage channel.

2. t-LRU for ancilla qubits

The dispersive readout of a transmon qubit is in general
performed by sending a pulse to the readout resonator, inte-
grating the reflected signal to obtain a point in the in-phase
and quadrature (IQ) plane and depleting the photons in the
resonator (either passively by relaxation or actively with
another pulse) [16—18]. The measured point is compared
to one or more thresholds to declare the measurement out-
come. These thresholds are determined as to optimally
separate the distributions for the different outcomes, which
have a Gaussian(-like) form. Here we assume that the dis-
tribution for |2) is sufficiently separated from |0) and |1)
[16]. This is generally expected to be possible thanks to the
different dispersive shift. Then one uses three thresholds
in the IQ plane to distinguish between |0), |1), and |2) (or
two if |2) is well separated from, e.g., |0)). We also assume
that an outcome can be declared during photon depletion,
thus enabling real-time conditional feedback. This is chal-
lenging to perform in 200300 ns in experiment due to
the classical-postprocessing requirements, but it has been
previously achieved [28,56]. We can then apply the 7-
LRU immediately at the end of the depletion time. The
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FIG. 4. Average leakage lifetime laﬁVg [(a),(c)] and leakage
steady state ﬁsﬁs [(b),(d)] as a function of the leakage-reduction
rate R for data qubits [(a),(b)] and as a function of the readout
probability p,,(2|2) for ancilla qubits [(c),(d)]. Here we fix the
Cz leakage rate to L; = 0.5%. The insets in (b) and (d) show
that ﬁsﬁs tends to approximately NauxLi (Naux = 4 for Dy, 3 for
Ds, Ds, 1 for Zy, Z3, and 2 for the remaining ancilla qubits). The
vertical dashed lines correspond to the values used in Sec. II D.
These results are extracted from 2 x 10* runs of 20 QEC cycles
each per choice of parameters. Error bars are estimated using
bootstrapping and are mostly smaller than the symbol size.

[1) <> |2) & pulse is expected to be implementable as a
simple pulse in the same way and time as single-qubit gates
(20 ns) and with comparable, coherence-limited fidelity.

If conditional feedback is not possible in the allotted
time, one can either increase the QEC-cycle duration (at
the cost of extra decoherence for all qubits, scaling as
1 — efexa/T2 per qubit per QEC cycle) or postpone the
conditional gate to the next QEC cycle. In the latter case,
one source of error corresponds to the ancilla qubit already
seeping before the application of the 7-LRU, which then
causes it to leak instead. The probability of this error is
already low and is expected to become even lower with
longer 7; times and lower-leakage Cz gates. The other
errors are the Z rotations (depending on the leakage con-
ditional phases) that the leaked ancilla qubit spreads for
at least one extra QEC cycle, as well as the fact that the
parity-check stays disabled. We do not simulate these vari-
ants and we expect a relatively low logical-performance
loss, corresponding to an average leakage lifetime of about
two QEC cycles (see Figs. 4 and 9).

Readout-declaration errors are expected to affect the per-
formance of the w-LRU. On the one hand, an incorrect
declaration of |1) as a |2) makes the 7 pulse induce leak-
age. On the other hand, declaring a |2) as a |1) would
lead to leakage not being corrected and lasting for at least
one extra QEC cycle. We define the readout matrix M
with entries M;;=:py(i|j) being the probability that the
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actual state |j ) resulting from the projective measurement
is declared as an |i). In the simulations we use

1 0 0
M=10  pyud[)  1—=pydfl)|. (17)
0 1-puQ2i2)  pu(2]2)

In particular, this means that we do not consider declara-
tion errors within the computational subspace. While that
would change the value of the logical error rate since the
error syndrome gets corrupted, it is not relevant for evalu-
ating the performance of the 7-LRU since a |0) mistaken
for a |1) or vice versa does not trigger the 7-LRU anyway.
Furthermore, we assume that a |0) cannot be mistaken as
a |2) since their readout signals are often much more sep-
arated than the signals of |1) and |2). Note that if a |0)
(rather than a |1), as we assume in this work) could be
mistakenly declared as a |2) then a |1) <> |2) & pulse does
not induce leakage, so here we consider the worst-case
scenario for the w-LRU.

C. Average leakage lifetime and leakage steady state

Once a qubit leaks, it tends to remain leaked for a signif-
icant amount of time, up to 10—15 QEC cycles on average
[46]. Starting from an initial state with no leakage, the
probability that a qubit is in the leaked state tends towards
a steady state within a few QEC cycles. It was shown in
Ref. [46] that this evolution is well captured by a classical
Markov process with leakage (seepage) rate I'c_, o (I'z—c)
per QEC cycle, where C (£) is the computational (leakage)
subspace. Note that here £ is one dimensional, correspond-
ing to |2). In our error model, without accounting for
LRUs, these rates are approximately given by

FC—>L %NﬂuxLla (18)
Troc & NawLy + (1 — e /T2y, (19)

where Ngyy 18 in how many CZ gates the transmon is fluxed
during a QEC cycle, ¢, is the duration of a QEC cycle, and
Ly (L) is the average leakage (seepage) probability of a czZ
gate [70]. Thus, the two native mechanisms that generate
seepage are the CZ gates themselves and relaxation.

The major effect of a LRU is to effectively increase
I's_.c in Eq. (19) by introducing an extra seepage mecha-
nism. Hence, we expect that TERY, ~ I'z,c + R for data
qubits and F%EPC ~ T, c+pu(2]2) for ancilla qubits,
preventing leakage from accumulating and lasting long for
large R or py(2]2).

The average leakage lifetime lﬁ,g is the average duration

of leakage and, for a Markov process, it is calculated as

oo
£ = Z nP(stay in L for n QEC cycles)

avg
n=1

oo

=Y n(l=Troe) 'Troc

n=1

1
= , (20)
| RN

thus assuming that the qubit starts in £. The evolution of
the leakage probability 5* (n), averaged over surface-code
runs, as a function of the QEC-cycle number n is well
approximated by [46]

e
ﬁﬁ(n) — C=L (11— e—(Fc—>£+FL—>c)n)_ (21)

FC—>L + Fﬁ—)C

The steady state is the long-time limit and is given by

les
L 22)

=L S =L
pss = lim p=(n) ro o
For ancilla qubits, p(n) can be computed directly from
the “true” measurement outcomes (i.e., without declaration
errors on top). For data qubits, it can be computed from the
density matrix. Specifically, for data qubits, we evaluate
p*(n) immediately after the Cz gates.

Figure 4 shows 7, and p§; extracted from the Surface-

17 simulations by fitting 5~ (n) to Eq. (21) for each qubit.
We can indeed observe that these quantities drop substan-
tially for both data and ancilla qubits. The decays follow
an inverse proportionality as, e.g., for data qubits

1 1 1
laLVg = TFrU ) (23)
F£—>C e +R R
ﬁﬁ — FIéR—>UC FéR—>U£ ~ FéiUﬁ (24)
ST R, R

for sufficiently large R and small I'5RY... For ancilla qubits,

we expect, similarly, a 1/py(2]2) dependence. The life-
time drops from values = 10 to approximately 1, which
is the minimum value it can achieve (some points drop
below 1 within error bars as it is difficult for the fit to esti-
mate such a short lifetime). As of course the LRUs do not
prevent leakage from occurring during the CZ gates in the
first place, one cannot expect the steady state to reach 0
even for a perfect LRU (R = 1), but rather p& ~ TERY, ~
NauxL1 (+L5RY if the LRU can mistakenly induce leakage).
Figures 4(b) and 4(d) show that this is indeed the case.

Figure 4 also demonstrates that both lfvg

P& get close to their minimum values already for

and
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R,py(212) 2 80%. This suggests that res-LRU and 7-
LRU may not necessarily need to be perfect to provide
a good logical performance in Surface-17. This means
that one could use, e.g., a weaker pulse to implement the
res-LRU or that the readout of |2) may not need to be
particularly optimized in practice.

D. Logical performance

In the simulations the logical qubit is initialized in |0),
and the logical fidelity F;(n) is computed at the end of
each QEC cycle as the probability that the decoder cor-
rectly determines whether a logical error has occurred or
not. We do not perform a similar analysis with initial state
|[4+), or other states as the density-matrix simulations are
computationally expensive and we expect a similar per-
formance. The logical error rate ¢, per QEC cycle can be
extracted by fitting F; (n) = [1 + (1 — 2¢,)"~"0]/2, where
ny 1s a fitting parameter (usually close to 0) [S0]. We evalu-
ate g for the upper bound (UB) decoder that uses the com-
plete density-matrix information to infer a logical error,
and for the minimum-weight perfect-matching (MWPM)
decoder. Detailed information about these decoders can
be found in Refs. [50,72] and an overview is given in
Appendix C 1b.

By mapping a leaked qubit back to the computational
subspace, a LRU does not fully remove a leakage error but
can at most convert it into a regular (Pauli) error. Hence, it
is not to be expected that ¢; in the presence of leakage can
be restored to the value at L; = 0. We consider realistic
parameters for the LRUs. Specifically, we use R = 95%,
LRV = 0.25%, pup(212) = 90%, and py(1]1) = 99.5%.
We have shown in Sec. 1B that the first two parameters
can be attained with realistic parameters for the transmon-
readout system, while the last two are close to achievable
in experiment [14,53]. In particular, while the operating
point has R = 99.5%, we conservatively choose R = 95%
here. Note that py,(1]1) = 99.5% is quite high. We argue
that the state of the art can be squeezed as the threshold to
distinguish between |1) and |2) in the IQ plane could be
moved towards |2), rather than placing it in the middle as
is common practice. In this way one would slightly reduce
Ppm(212) in favor of py, (1]1) if pa,(1]1) is not high enough.
A broader study of the logical performance as a function
of the LRU parameters can be found in Appendix C 2.

Figure 5 shows the reduction in ¢, as a function of the Cz
leakage rate L; when LRUs with the given parameters are
employed. Using only the res-LRU or the 7-LRU lowers
eMWPM by basically the same amount, while e}'® is lower
for the 7-LRU than for the res-LRU. We attribute this to
the fact that the UB decoder directly uses the information
in the density matrix, while the MWPM decoder relies on
the measured syndrome, thus being more susceptible to
ancilla-qubit leakage. When both LRUs are used, we see
that ¢; is reduced by an amount that is close to the sum

—&— UB, no LRUs =—¢—MWPM, no LRUs
—¥-TUB, res-LRU =¥ = MWPM, res-LRU
—& - UB, m-LRU —& - MWPM, n-LRU
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FIG. 5. Logical error rate ¢, per QEC cycle for the upper

bound (red) and minimum-weight perfect-matching (green)
decoders versus the Cz leakage rate L;, in the cases with no
LRUs, only res-LRU, only 7-LRU, and both LRUs (the point
without leakage at L; = 0 is always without LRUs as well).
These results are extracted from 2 x 10* runs of 20 QEC cycles
each per choice of parameters. Error bars are estimated using
bootstrapping and are smaller than the symbol size.

of the reductions when only one kind of LRU is used. As
expected, &; is not restored to the value at L; = 0, but the
reduction is overall significant and can reach up to 30%
for both MWPM and UB decoders compared to the case
without LRUs.

I11. DISCUSSION

In this work we have introduced a leakage-reduction
scheme using res-LRUs and w-LRUs that does not require
any additional hardware or a longer QEC cycle. Further-
more, while the scheme in Ref. [48] is applicable only to
ancilla qubits, our combination of res-LRU for data qubits
and 7-LRU for ancilla qubits enables us to significantly
reduce leakage in the whole transmon processor. We have
shown with detailed simulations using realistic parame-
ters that the reset scheme in Refs. [53—55] can be adapted
to be a LRU without significantly affecting the states in
the computational subspace, allowing us to uncondition-
ally apply the res-LRU in the surface code. The use of
the res-LRU for data qubits, as well as the use of the -
LRU for ancilla qubits, leads to a substantial reduction of
the average leakage lifetime and leakage steady state, pre-
venting leakage from lasting more than approximately one
QEC cycle on average, even when the LRUs are imperfect
and can introduce leakage themselves. Using full density-
matrix simulations of Surface-17, we have demonstrated
that this leads to a significant reduction of the logical error
rate for both the UB and MWPM decoders.
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Regarding the practical implementation of the res-LRU,
the required drive amplitude is relatively strong, simi-
larly to that used in the experiments in Refs. [S3-55]. It
is thus important that the microwave crosstalk is mini-
mized by careful engineering of the drive lines. Further-
more, in a multitransmon processor it is relevant that the
drive frequency does not accidentally match any two-qubit
or neighboring single-qubit transitions. For example, in
the original scheme in Ref. [57] that we followed, the
target frequencies are 6.7, 6.0, and 4.9 GHz for high-,
mid-, and low-frequency qubits, respectively, and 7.8 GHz
for the readout resonator [27]. In particular, the mid-
frequency qubits (the ancilla qubits) are parked around
5.4-5.5 GHz during measurement, with their |1) <> |2)
transition around 5.1-5.2 GHz. This is close to the opti-
mal drive frequency found in Sec. 1B (approximately
5.25 GHz), which can lead to an indirect ancilla-qubit
drive mediated by the bus resonator, albeit weaker. The
difficulty of precise frequency targeting in fabrication can
further lead to undesired frequency collisions. These issues
can be alleviated by choosing slightly different transmon
and resonator frequencies and anharmonicities to make the
drive more off-resonant with that transition (combined with
better frequency targeting [73]), or they can be mitigated
altogether by using tunable couplers [1,11,14]. The res-
LRU is compatible with tunable-coupler schemes and their
possibly different operation scheduling than in Ref. [57],
as well as potentially applicable to superconducting qubits
that use a resonator for dispersive readout other than the
transmon. Tunable couplers would also be advantageous
to fully protect the res-LRU performance from residual ZZ
crosstalk, even though we find that a cumulative ZZ inter-
action up to about 2 MHz can be tolerated with fixed cou-
plers (see Appendix B 3). Beside this, if the low-frequency
data qubits can leak depending on the implementation of
the Cz gate, the res-LRU can be applied to them in the same
time slot as the high-frequency ones. If the thermal popu-
lation in the readout resonator is relatively high in a given
experiment, the effect of a correspondingly high LII“RU can
potentially be mitigated by applying res-LRU condition-
ally on the detection of leakage by a set of hidden Markov
models [46].

Regarding the viability of inserting the res-LRU in the
surface-code time scheduling, the necessary condition is
that #, < Tqor. We can express Tyor as Tsior = b — 41z,
where ¢, is the measurement time for the ancilla qubits.
Slower Cz gates might make T too short, although cz
gates even faster than 40 ns (as assumed here) have been
realized in 15 ns [12]. The measurement time can be
further broken down into readout-pulse time and photon-
depletion time, #,, = tread + tdepl- Both of these would be
reduced by a larger «; however, assuming that the x of
ancilla- and data-qubit resonators are comparable, #, would
be reduced as well. Even if we keep 1, and #cz fixed
to the values in this work, we get #,, > 340 ns, which is

significantly lower than #,, = 580 ns, as considered here.
A desirable, additional condition to the necessary one is
that Tgo — #, > 4/k, i.e., that there is enough leftover time
in Ty to allow for the data-qubit resonator to return the
thermal state, where we estimate that four decay constants
would suffice (together with the fact that the resonator is
already relaxing during #,). Assuming similar depletion
time for data- and ancilla-qubit resonators, this roughly
means that the res-LRU is easily applicable if #, is smaller
or similar to #,q. Note that in this work we have Ty —
t, ~ 16/k and 1, < freqq. If the additional condition above
is not satisfied, one could demand that at least the resonator
has returned to the thermal state before the res-LRU in the
following QEC cycle, i.e., Tgot — t, + 8tcz + 2ty > 4/k.
In this case the disadvantage would be that the presence of
a fraction of a photon in the resonator would cause addi-
tional data-qubit dephasing, especially during the first few
CZ gates. As the extra photon is present only when the
qubit was previously leaked, we expect this disadvantage
to be small as long as the overall leakage rate is small. If
even the relaxed additional condition is violated, on top of
the additional dephasing the resonator would also heat up,
effectively leading to a higher LI®Y in the QEC cycle(s)
following that in which the qubit leaked. As this effect also
scales with L;, we expect that it would not be an issue
as long as « is not very low (allowing for at most one
extra QEC cycle to thermalize we get x/27 > 1 MHz).
Otherwise, leakage would not really be removed from the
system but would be largely moved back and forth from
the transmon to the resonator.

The demonstrated reduction in the average leakage life-
time and in the logical error rate is expected to lead to a
higher noise threshold for the surface code in the presence
of leakage, compared to the case without LRUs. Further-
more, for error rates below threshold (both regular and
leakage), we believe that the logical error rate would be
exponentially suppressed with increasing code distance
when employing LRUs. Without LRUs, this might hold
only when the code distance is sufficiently larger than the
average leakage lifetime (d > lfvg). For smaller distances,
the relatively long correlated error chains induced by leak-
age might lead to a subexponential scaling. To study the
noise threshold and subthreshold behavior, it is necessary
to implement simulations of large code sizes that use a
simplified error model, such as a stochastic error model
for leakage and Pauli errors [23,39,42]. We expect that
the demonstrated MWPM logical error rate can be fur-
ther lowered by the use of decoders [23,39,42,59—61] that
use information about leakage extracted directly or indi-
rectly (e.g., with hidden Markov models [46]) from the
measurement outcomes.

The data underlying this work, as well as the code to
analyze it, are available online [74]. The code used to
generate the data is available upon request to the corre-
sponding author.
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APPENDIX A: APPROXIMATE
TRANSMON-RESONATOR HAMILTONIAN

1. Schrieffer-Wolff transformation

In this appendix we explain the concept of the
Schrieffer-Wolff transformation (SWT) [62—64] and derive
the equations that we use in the following sections.

Consider a Hamiltonian

H=Hy+eV, (Al)

expressed in a certain basis {|1,)}, where Hj is block diag-
onal with respect to this basis and the perturbation V' can
be taken as block off-diagonal without loss of generality
(block-diagonal terms can be included in the definition of
Hy). Furthermore, we assume that ||V]| = O(1) and € <
Ajj, where we set A;; as the minimum energy separation
between blocks i and ;.

The SWT corresponds to finding an anti-Hermitian
matrix S such that

H':=5He™s (A2)

is block diagonal. In other words, calling {|¥,)} the basis
of eigenstates of H, 5 =Y, |¥,)(¥,|. The matrix S can
be expanded in a series

(A3)

S = i ek Sy,
k=1

where each S; is block off-diagonal. If € < Aj;, one can
expect the first order (5) to provide a good approximation;
otherwise, one needs to consider higher orders depend-
ing on € (although the series does not always converge
for extensive systems [63]). Using the Baker-Campbell-
Hausdorff formula, one gets

o0

1
H' =éHe™s =) —[S,[S,....[S,H],...]]
—0 k! ——— —

(A4)

k times

The procedure for the SWT is to group terms of the same
order in € in this formula and set the block off-diagonal
part of H' to 0, thus getting equations for {S;}, in the usual

case with rwo blocks [63]. One uses the relationships

[diagonal, diagonal] = diagonal, (AS)
[diagonal, off-diagonal] = off-diagonal, (A6)
[off-diagonal, off-diagonal] = diagonal. (A7)

However, the last line only holds for the case with two
blocks. In the following we consider the generalization of
the SWT to the case with an arbitrary number of blocks
[64]. We use the notation Op and Ogp for the block diag-
onal and off-diagonal parts of an operator O = Op + Ogp,
respectively.

Here we expand H and S up to k=3 in Eq. (A4),
assuming that the fourth-order block off-diagonal term is
negligible. We get the following pieces:

Hy at the zeroth order, (A8)

V+[S1,Hy] atthe first order, (A9)

[Si, V] + %[Sl,Sl,Ho] + [S»,Hy] at the second order,
(A10)

[S2, V1 + 5 ([S2, 81, Hol + [S1, 81, V] + [S1, S2, Ho))

+ L1181, 81,81, Hol + [S3, Ho]  at the third order,
(Al1)

[S3, Y1+ 5 ([S1, S35, Hol + [S2, 82, Hol + [S3, S1, Hol
+ [S1, 82, V1+ [S2, 1, VD) + £ ([S1, 81,81, V]
+ [82, 81, 81, Ho] + [S1, 82, 81, Hol + [S1, 51, 82, Ho))
+ 5;[51,81,81,81, Ho] at the fourth order. ~ (A12)

Setting the block off-diagonal parts at first, second, and
third orders to 0 we get

[Ho,S1] =7, (A13)
[Ho, 2] = 3[S1, Vo, (A14)
[Ho, S3]1 = [S2, Vlop + 2[S1,S1, Vplop

T ﬁ[Sl,Sl, Voblop, (A15)

where we have used the first equation to simplify the fol-
lowing ones. These equations can be solved iteratively for
Sy (given knowledge of the eigenstates of Hy). The Hamil-
tonian H' is then block diagonal up to fourth order and is
explicitly given by

2
) €
H' = Hy + 7[51, Vb + € (3182, Vb + [S1. 51, Vopb)

+e* (5085 VIp — 5581, 81,81, Vpoplp

— 18,81, Voplp + 15[S1.82, Voplp) - (A16)
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This expression has been simplified using Egs. (A13) to
(A15), together with the fact that, e.g., [Sk,...,...plp =0
since Sy is block off-diagonal.

2. SWT of the capacitive coupling

We consider the Hamiltonian H = Hy + H. + H; of a
driven transmon capacitively coupled to a resonator, as
given in Eqgs. (1) to (4).

The SWT of H, up to first order in the perturbation
parameter € = g/A, where A = w, — w,, is implemented
using the matrix [65]

ZAHM )(a|m)(m—1|—H.c.), (A17)

where {|m)} are transmon states and where we have
absorbed ¢ in the definition of S;. The Hamiltonian in the
unitarily transformed frame as defined in Sec. I A is then
given by

HP ~ ST He™1 = &5\ (Hy + H,)e 5! + &S Hye™
(A18)

with
&S\ (Hy + H,)e™
= Ho + 5[S1, H,]

) ] + S Z gavm~+ 1/m+2

~ 8 ata+ Z (qu + %m(m -1+

2
Agmrill ) |m> <m|

(A19)

where we define A, =A+am=A—|a|m as a <0
for transmons. The second term above contains a Stark
shift of the transmon frequency and the last term is the
state-dependent dispersive shift. The approximation in
Eq. (A19) is due to the fact that we have ignored a double-
excitation exchange term coming from [, H.], since it is
proportional to gor/(A,;A—1). This is negligible for low
anharmonicity and also for w, > w, as then A <0 and
| A, | increases with m. If instead @, < wy, A > 0and |A,,]
decreases with m, so even if the approximation is good for
the two lowest levels, there can be some higher level that
does not sit well within the dispersive regime. However, in
this work we consider a system with w, > w,; hence, we
do not need to take this into account.

The drive Hamiltonian in the unitarily transformed
frame takes the form

2 H.c. A20
A m+ |)+ c. (A20)

The last term contains a first-order approximation in g/A
of the |20) <> |01) effective coupling g, which is linear in
Q. However, the “pure” drive term H?) can be quite strong,
so we need to evaluate how it affects g and the rest of the
Hamiltonian.

3. SWT of the pure drive Hamiltonian

Summarizing, in the unitarily transformed frame the
original Hamiltonian H takes (approximately) the form

HP ~ H{ + H)) + HJ, (A21)
where HP is given in Eq. (A19) and HY), HL are given in
Eq. (A20).

We now want to find an additional SWT transforma-
tion §' =S| + 8, + S5, with H% taking the role of V in

Appendix A 1, defining a “double-dressed” Hamiltonian

HPP:=¢S HP ™S
=& HP +HD)e S + 8 HDe ™S, (A22)

_.yDD
=H}

_.yDD
=H}

such that HPP is fully diagonal up to third order in the
perturbation parameter € = ©2/89. Then HPP gives the
couplings within the manifold of interest (]20), |01)) and
outside of it. We absorb € in the definition of S, so it does
not explicitly appear below.
Following Appendix A 1, to find S}, we need to solve
Eq. (A13),1i.e.,
[Hy, 5]

= Hy, (A23)
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in this specific case. Bracketing it with the eigenstates {|ml/)} of HOD , with the notation [transmon, resonator), we get the
matrix elements of S} as

(ml|H}} |nk)
(mi|S) nky = AL (A24)
1 Eyy — Epy

where {ED} are the eigenenergies of H{, which can be easily inferred from Eq. (A19). We neglect the dispersive shift
since it is proportional to o/ A. Then

vm—+ 18,,,,,1_181,;( ot \/n_16m,n+181,k
89 +am + g*A_1/(Ap-14m) 894+ a(m—1)+g*A_1/(Ap—2An-1)

(ml|S}|nk) = %( - e-f¢), (A25)

where §;; is the Kronecker delta. From this equation one can infer that

=__e’¢2 Im (m+ 1| — H.c., (A26)

where we have defined 87, = 89 + am + g>A_1/(Ap_1Ay).

Having derived S}, we can compute S, from Eq. (A14), i.e.,
[Hy . $51 = 5[}, Hiilop (A27)
with
, D Qz > (Sq 2ip
[S), H])l = ‘725454 |m) (m| — —ZJ +1vm - 5[, (@®|m)(m+2| +He),  (A28)
m=0 m—1 m+1

where 8 = 87 — o + A1 A3/ (A A1 A,_2). Clearly, the first term is the diagonal part while the second term is the
off-diagonal part. With a similar procedure as that used for S}, it follows that

5, = SE o Vm+1ym+2 < 1 )|m><m
= - + 2| —H.c. (A29)
Z 8q + 8m+1 83” 5;In+1
We can then compute S from Eq. (A15), i.e.,
[Hy', S5 = 5085 Hyloo + 3181, 51, Hiiplop + 5181, 81 Hij oplob- (A30)

The result is

m Sf]n 8t 448 1 1
_ O3, m+1 m+1
S Qe E |m)(m + 1|{ ( — ) 9657 |:(m+2)\/ —( )

m=0 12 (Sq)3 S Bfn—l m+1(8q +8q+1) 54

m+1 m+1
487 | + 55 1 1 1 2 3
_,/m_’_lmq m—ql mq <q __q)]} HC—|— 31¢Z|m +3|\/m:_ \/q’n+ \{Im"_
(Sm—l (Sm—l + 8”’) (Sm—l 5"7 8 + 5m+1 + 3m+2

3831—0—2 5Z1+1 a'q” 1 1 3821 531+1 8;1n+2 1 1
x - - = | = - — —— || - He. (A31)
m+2((S + 5m+1) 8”” 5m+1 5 (5m+1 + 5m+2) m+1 5m+2
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We can eventually use Egs. (A26), (A29), and (A31) together with Eq. (A16) to obtain HPP [defined in Eq. (A22)]:

g’m Q254 ot [m +1 (8fn+1 5a )

o0
D _ ¢r 7 q o
=4 E 8 - -1
a'a+ |m)(m|(m + 2m(m )+

— Apor 48587 (853 5
m (8, & 1)] 94{1[ 8+ 581 1 1
-——=-Z=])-—= (m+2)(m+1)—’”+< )
(84 )3 (5q 81 192 84 (G + 3;;+1) S8
580+ 6m 1 1 1 1+ 58 1 1
— +1 m— — - +1 —
(m )m 1((S -1 + 5 ) ( m 1 831):| (an— |:(m ) 3‘1 (Sm 1 ) < m 1 8’?’!>
= 1y s ( Lt )}+ W(__;f
m—2 (8m—2 + 5m—l) 531 2 Sq 96 (Sq + 6m+l 8[1 8;1”—0—1
m(m —1) 1 1 g> A
- —d'a : A32
S T80 (‘Srqn_z S 1) :|> Z ApAp- 1 m (A32)

We note that this expression implicitly contains all cross terms between the perturbative parameters g/A and /87 up
to the chosen orders. The approximate coupling Hamiltonian H, C?D [defined in Eq. (A22)] up to second order in 2/87 is
instead given by

HYP = HJ) + [S), H)1 + [Sh, Hpl + (S [S1, HRD

H eff. coupl. + Hr]e);?d ’ (A33)
where
oo
) QP m+3 m+2 m+1 m
HRP = e%al |m><m+2|{ém[1 - ( + + + >]
eff. coupl. = mZ;) (3q+2)2 (5q+1)2 (5"11)2 (31_1)2
~m+1/m+3 m+2 Q2
+_ m+1 \/_ m—1 +_Vm+1Vm+2
4\ s, A 4
mYpy 42 m+1
Emi2 Eni1 &m ) }
X + + H.c. (A34)
<8q (3(] + 8m+1) 8q 831-&-1 m+1 (3‘1 + 8m+1)
with
Q
| _gaQym+ 1ym (A35)
2A Am—O—l
’ gRA_,

Ll N A36

Em 2AmAm—] ( )
and

oo 2 2
) QL m+1 m Q(m+1 m
H2 “a+He. W1 == + +— i1+
resia, = (€72 C)Z'm><m'{g’"[ I ((852)2 (6:2_1)2)] <<6q>2 Smit T T ozg’” ‘)

m=0
+92<«/m+ Vm+2 m+fVM+ G- Ly vm —1mg,_» )}
4\ shsh+ol. ) Sy w1 (B a + 80 1)

(gm+1 glln) +Hec.

2’¢c12:|m m+1|——
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Qe Vm+1 Vm¥2.  Jm

- 5a*2|m><m+1|<8—q(gin+1 — &)+ & — 57 —&n1 | +He.
m=0 m m+1 m—1

+ Q—ze3l¢ai|m)(m+2| /m+1 /m+2< - :Ig;n+2q _ <qg;n;-1 + g;n - >+HC

4 m=0 8 (3 + 8 +1) 8 8m+1 +1((S +8m+1)

Q St <\/ Vm+3 >
- ! m){m+3 - + Hc

D I\ &1 7

& : ~m 1~m 3 ~m

+_esl¢aTZ|m><m+4|<\/m;|— «/m#; g +2_vm+ ;/;;H— gm+1 vqm+qv qg )+H.c. (A37)

All terms in HPD, are relatively small and off-resonant
with the |20) <> |01) transition so we expect them to have
a small effect and we do not proceed with higher orders of

SWT s.

4. Analysis of the |20) < |01) avoided crossing

In this appendix we give the methods used to calculate
the curves in Figs. 1(c) and 1(e).

We define ) as the drive frequency corresponding to
the center of the |20) <> |01) avoided crossing of the full
Hamiltonian H as given in Eq. (1). Then the exact value
of the effective |20) <> |01) coupling g is given by half
the energy separation at that point. The avoided crossing
can be found numerically by exact diagonalization as a
function of w,.

In the subspace S = span{|20),|01)} we can write
H as H|s = —n(wa)Z/2 + g(wa)[cos(P)X + sin(¢)Y] =
—n(w)Z/2 + g(wy)X for ¢ =0 as in Sec. IA. As we
want to implement a |20) <> |01) 7 rotation, we note that
the choice of ¢, i.e., the choice of rotation axis in the
equator of the Bloch sphere, is irrelevant. We have also
ignored a term proportional to the identity /, which gives a
phase difference with respect to states outside of S, in par-
ticular between the computational and leakage subspaces
of the transmon. However, this phase is irrelevant if |20)
is swapped entirely onto |01) since the latter decays and
dephases fast, thus suppressing any phase coherence. As
demonstrated in Sec. I B, the res-LRU can reach a very
high R, for which the effect of this phase is then mini-
mal. Assuming that H2D in Eq. (A37) is negligible, an
analytical approx1mat10n of n is given by

n(wa) ~ (20Hy® (@q)[20) — (011Hg P (@2)]01), (A38)

where we have made the dependence of H® in Eq. (A32)
on wy explicit. This holds since then HP® accounts for all
the Stark shifts of |20) and |01) due to the capacitive cou-
pling and the drive (up to the given orders). The center

(

of the avoided crossing is found by imposing the con-
dition n(wy) = 0. As the explicit expression that can be
extracted from Eq. (A32) is not analytically solvable, we
use the secant method available in scipy to find w); that
fulfills this condition in Eq. (A38). It is then straightfor-
ward to compute the (approximate) analytical estimate for
the effective coupling as g(w)) = |<01|Hffcoup1 (@})]20)]
from Eq. (A34), which is plotted in Fig. 1(e).

APPENDIX B: FURTHER CHARACTERIZATION
OF THE READOUT-RESONATOR LRU

1. Effective 77 and T, due to the drive

In this appendix we discuss the effects of the readout-
resonator LRU within the computational subspace when
applied to a nonleaked transmon. As pulses at different
(wq, 2) points have a different duration #,, it would not
be fair to report an effective 7y and 75 during ¢,. That is,
stronger pulses potentially produce lower 7} and 75, but
they also take less time to implement the LRU. However,
the overall disturbance to the qubit is a combination of
these two factors. We thus report an effective 77 and T3
during the whole time slot of Ty,s = 440 ns, leading to a
uniform metric for the whole (w4, 2) landscape. Specif-
ically, to estimate 77, we prepare the state |1)(1]| ® o,
we simulate the Lindblad equation in Eq. (12), and we
evaluate the remaining population p'! in |1) at the end
of the time slot after tracing out the resonator. Assuming
that p!) = e~Tslo/T1 we then compute 77 by inverting this
formula. To estimate 75, we prepare |+)(+| ® oy, and we
evaluate the decay of the off-diagonal transmon matrix ele-
ment |0) (1] as this is directly available in simulation (rather
than simulating a full Ramsey experiment). We then invert
01 Tr [0 (Tyon]1 1) = e~ ot/ T2 /2 to get To.

Figure 6 shows the resulting effective 7; and 73. In
Fig. 6(a) one can see that 7} decreases by at most 15% as
a function of 2, showing that a short 7, mostly counterbal-
ances the effect of a strong 2. In particular, 7 ~ 27.1 us
at the operating point. On the other hand, one can note that
T dips around 2.,/27w = 143 MHz, where the pulses are

030314-16



HARDWARE-EFFICIENT LEAKAGE-REDUCTION...

PRX QUANTUM 2, 030314 (2021)
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FIG. 6. Effective T} (a) and 7, (b) that account for the extra
decoherence caused by the drive during the time slot Ty =
440 ns. We can see that the variation is small as a function of
the drive amplitude compared to the values at 2 = 0. The white
star indicates the chosen operating point (2/27 ~ 204 MHz,
wq/2m ~ 5.2464 GHz, t, = 178.6 ns; see Sec. I B). The purple
line corresponds to the higher-order estimate of the optimal drive
frequency } as a function of 2 [see Fig. 1(c)]. The heatmaps are
sampled using the ADAPTIVE package [66].

very long, suggesting that driving slightly into the under-
damped regime is favorable. In Fig. 6(b) one can see that
the value of T, is about 7.7 us at Q = 0, i.e., when no
pulse is applied. This has to be contrasted with the input
T, parameter of 30 us inserted in the Lindblad equation
(see Table I). We assume that that implicitly accounts for
dephasing caused by flux noise only. Photon-shot noise
from the resonator is a further dephasing source that is
explicitly included in these simulations. The combination
of flux and photon-shot noise leads to the actual effective
T, reported in Fig. 6(b). We note that if # = 0 then the
effective 7, at Q = 0 would exactly match the input of
30 us. While the effective 7, can be restored from 7.7 to
30 us with colder resonators or by engineering different
system parameters altogether, the important information
from Fig. 6(b) is that T, barely changes as a function of
Q2. Combined with the similar result for 7;, this means
that the drive causes only a marginal effect within the
computational subspace. Note that in the region where the
readout-resonator LRU is most effective [just above the
purple line in Fig. 6(b)], 7> is even slightly higher than at
Q = 0(7.9 versus 7.7 us). We attribute this to the fact that
the pulse temporarily reduces the excited-state population
in the resonator [see Fig. 2(d)]. In this way photon-shot
noise is reduced until the resonator rethermalizes, but at
the cost of some leakage of the transmon.

In Fig. 2(d) one can note that a non-negligible amount
of population ends up in |10) from the initial state [0) (0] ®
ow. This corresponds to an excitation rate T IT ~ 256 us at
the operating point. We backtrack this source of error to a
combination of the drive and the jump operator a', corre-
sponding to the drive inducing a transmon excitation rate

based on the resonator excitation rate. However, as here
TlT > max{T}, T»}, it is not a limiting factor and we have
not included it in the Surface-17 simulations.

2. Long-drive limit in the underdamped regime and its
drawbacks as a LRU

In this appendix we compare the reset schemes in
Refs. [54,55] versus Ref. [53] in terms of their perfor-
mance as a LRU in the underdamped regime. The approach
in Refs. [54,55], which we have adopted in Sec. I B, aims
at swapping |20) and |01) by targeting the first minimum
of the oscillations induced by the drive (switching the
drive off afterwards). As shown in Sec. I B, this approach
allows for a residual leakage population p(ljf,? ~ 0.5% at the
operating point [see Fig. 2(a)], given our parameters (see
Table I). While this already reaches thermal-state levels
(here n = 0.5%) with the considered system parameters,
the approach in Ref. [53] could be used in general to
achieve an even lower or similar p/? (in particular for
lower k).

The approach in Ref. [53] keeps the drive on for a
much longer period of time (at least one more oscillation),
allowing both the populations in [20) and |01) to decay
to almost 0, modulo thermal excitations. Figure 7 shows
that it is indeed possible to suppress these populations to
thermal-state levels, where we use the same (€2, w,) as at
the operating point (see Sec. I B). However, we see that,
for the operating point, there is almost no gain by using
this approach. Furthermore, this approach costs much more
time and could exceed Tyt = 440 ns if « is not as high
as assumed here. In particular, in that case the first few
minima after the first one could be slightly higher, due to
transmon decoherence, and one would need to wait even
longer to overcome this effect.

1.0
=
0.8 1 G
0.015
o 0.6 trise Tslot
S 0.6 1
E 0,010 — 120y
=}
2 N |01)
ﬁc.i 0.4 1 0.005 —_— \ee |00>
—|10)
0.000 T T
02 \ 0 200 400
0.0 T T T T
0 100 200 300 400
Time ¢ (ns)
FIG. 7. Time evolution from the initial state |2)(2| ® oy for

tise = 30 ns and for an otherwise always-on drive during 7.
This is simulated with the same 2 /27 &~ 204 MHz and w; /27 ~
5.2464 GHz as at the operating point in Fig. 2.
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Another disadvantage of the approach in Ref. [53] is that
the disturbance to the qubit is stronger as the drive is kept
on for a longer period of time. For example, in Fig. 7 one
can see that |00) and |10) reach an equilibrium thanks to
the drive (even in the presence of relaxation), where the
population in [10) is higher than in Fig. 2(b). By evalu-
ating 77 we find that 73 ~ 23 us instead of 27 us (see
Appendix B 1). Furthermore, if one would have to use a
t, > Tqot when k is lower than here, then the QEC cycle
would get longer, affecting the coherence of all qubits,
not only of the high-frequency data qubits to which the
res-LRU is applied.

3. Sensitivity to residual ZZ crosstalk

In a multitransmon chip, each transmon is coupled to
one or more neighbors. In general, if the coupling is not
tunable, there can be some residual ZZ crosstalk, i.e., a
shift of the transmon frequency by an amount ¢{ based on
whether each neighboring transmon is in |1) instead of |0).
In this appendix we study the effect of this ZZ coupling on
the readout-resonator LRU, which we assume being tuned
up when all neighbors are in |0). We do not include neigh-
boring transmons in our simulations, so we mimic it by
shifting the transmon frequency (while keeping the drive
parameters fixed).

In Fig. 8 we perform the analysis for the operating
point (see Sec. IB), which resides in the underdamped
regime, and for the critical point. In both cases the leakage-
reduction rate R scales seemingly quadratically. In the
underdamped regime the pulse targets the first minimum
of the damped Rabi oscillations, so it is more sensitive to
a variation in frequency than in the critical regime. How-
ever, we can observe that, for |¢| /27 < 2 MHz (note that
this is the cumulative ZZ coupling over all neighbors), R

100

(a) (b)
99 | | /\
98 A 1
X 97 A -
& 96 1
95+ fmmm————— e
949 Underdamped 7 Critical
T T T T T T T T T T T T T T
-3 -2-10 1 2 3 -3 -2-10 1 2 3
Residual ZZ, {(/2r (MHz) Residual ZZ, (/27 (MHz)
FIG. 8. Sensitivity of the leakage-reduction rate R of the

readout-resonator LRU as a function of the overall residual ZZ
coupling ¢. (a) Underdamped regime, specifically at the oper-
ating point (2/27 ~ 204 MHz, w,;/2m ~ 5.2464 GHz, t, =
178.6 ns; see Sec. I B). (b) Critical regime (2/27 ~ 143 MHz,
wg/2m ~ 5.252 GHz, t, = 440 ns).

stays above 95%, which is the conservative value we used
in Sec. I D and for which the logical error rate is already
close to optimal in Surface-17 (see Appendix C 2). Regard-
ing other performance parameters of the LRU, we find that
LMRU scales in the same relative way as R by unitarity,

whereas Ti, T», and TIT vary by < 1%.

APPENDIX C: FURTHER SURFACE-17
CHARACTERIZATION

1. Details about the density-matrix simulations

The parameters used in this work are reported in
Table II.

a. res-LRU in QUANTUMSIM

A comprehensive review of the density-matrix simu-
lations and the use of the QUANTUMSIM package [58] is
available in Refs. [46,50]. In this appendix we explain the
specific implementation of the newly introduced res-LRU,
expressed in the Pauli transfer matrix formalism.

We construct a “phenomenological” Lindblad model
with input parameters R,LIfRU, and terru. We use the
Pauli transfer matrix Sies. L ru = S4S), where S| is the Pauli
transfer matrix of the superoperator S| = ees1RULL and
the Lindbladian £ has the quantum jump operator

1
K, = 0@l (€l
\/lres-LRU/[_ log(l - Rsim)]
TABLE II. The parameters for the qubit coherence times and

for the gate, LRU, measurement, and QEC-cycle durations used
in the density-matrix simulations. The interaction point cor-
responds to the frequency to which a transmon is fluxed to
implement a CZ gate, whereas the parking point corresponds
to the frequency at which the ancilla qubits are parked during
measurement [57].

Parameter Value

Relaxation time 7 30 us

Sweetspot pure-dephasing time T max 60 us

High-frequency pure-dephasing time at 8 us
interaction point 7g iy

Mid-frequency pure-dephasing time at 6 us
interaction point T jnc

Mid-frequency pure-dephasing time at parking 8 us
point Tg park

Low-frequency pure-dephasing time at parking 9 us
point Tt park

Single-qubit gate time g 20 ns

Two-qubit interaction time iy 30 ns

Single-qubit phase-correction time fpc 10 ns

Readout-resonator LRU time f.e. rU 100 ns

|1) <> |2) m-pulse time ;. gy 20 ns

Measurement time 7, 580 ns

QEC-cycle time ¢, 800 ns
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with Rgm to be determined. Besides this, £ has the stan-
dard qutrit jump operators for relaxation and dephasing
[46]. On the other hand, S, is the Pauli transfer matrix of
the superoperator Sy = ¢“* and the Lindbladian £, has a
single jump operator

1

Ky =
JU/=log(1 — 2147V

12)(01, (C2)

since relaxation and dephasing during #.sryu are already

accounted for by S, . In this way, calling pim, pr  the pop-
ulations before and after the res-LRU, if we apply Sies.LrU
on a nonleaked transmon, we get p‘2> = ZL%RUp,.‘()), con-
sistently with Sec. IIB 1. Instead, if we apply Siesrru
to a leaked transmon (piI2> =1), we get p}z) ~1-—
Rsim + 2L1LRU. By fixing Rgm = R + ZL}RU we match the
definition of R in Sec. II B 1 as well. The approximation is
very good for large R and low LRV, which is precisely the
interesting regime for res-LRU that we have explored.

b. Decoding

In this appendix we provide additional information on
the UB and MWPM decoders [50,72].

The UB decoder considers the 32 computational states
that differ by a purely X error on top of |0); and that are
independent (i.e., they cannot be obtained from each other
by multiplication with an X -type stabilizer). At the end
of each QEC cycle n, each possible final Z syndrome is
compatible with a pair of these states, where one can be

associated with |0); and the other with |1); as they differ
by the application of any representation of X;. The largest
overlap of these two states with the diagonal of the den-
sity matrix at QEC cycle n corresponds to the maximum
probability of correctly guessing whether a X; error has
occurred or not upon performing a logical measurement
of Z;. The latter is assumed to be performed by measur-
ing all data qubits in the {|0), 1), |2)} basis and computing
the overall parity. To compute the parity, we assume that
a |2) is declared as a |1) since decoders usually do not
use information about leakage (and since measurements
often declare |2) as a |1) rather than as a |0)). Then the
UB decoder computes F7(n) by weighing this probability
with the chance of measuring the given final Z syndrome
(conditioned on the density matrix) and by summing over
all possible syndromes. In other words, the UB decoder
always finds the correction that maximizes the likelihood
of the logical measurement returning the initial state, here
|0) ... As the UB decoder uses information generally hidden
in the density matrix, it gives an upper bound to the perfor-
mance of any realistic decoder, which can at most use the
syndrome information extracted via the ancilla qubits.
The MWPM decoder tries to approximate the most
likely correction by finding the lowest weight correc-
tion, which is a good approximation when physical
error rates are relatively low. As the ancilla qubits can
be faulty, the decoding graph is three dimensional. In
particular, we allow for spacelike edges corresponding
to data-qubit errors, timelike edges corresponding to
ancilla-qubit errors, and spacetimelike edges correspond-
ing to data-qubit errors occurring in the middle of the

(a) (b) FIG. 9. Logical error
4.0 I I - rate ¢, per QEC cycle
35_“\‘__ I i I _'______v—--"""— as a function of various

: ¥y y-- -YV ¥ Y' LRU parameters. In (a)
$ 3.0 { res-LRU ¥-UB [ . I res-LRU ¥-UB and (b) we use only the

~— — - I — - . .

| LLRU — gy —¥ = MWPM i R — 95% —¥ - MWPM res-LRU, while in (¢) and

S5 ‘ ¥ o MWPM | ‘ ¥oMw (d) we use the w-LRU.

2.0 WP — —_ 1 . 1 W m = ———— 4 We fix L; =0.5% for
M S etk dtets 4 D AR all. Vertical dashed lines

15 ' ' ' ' ' ' ' ' ' ' indicate the values consid-
0 20 40 60 80 100 0.0 0.5 LRll.jO 1.5 2.0 ered in Sec. IID. These

R (%) L (%) results are extracted from

(c) (d) 2 x 10* runs of 20 QEC

4.0 cycles each per choice of
‘i-‘_ I I - —h
. 1 1 —_——— arameters. Error bars are
3.5 _— . . b par :
A —A—- +— A Ak f A estimated using bootstrap-
& 3.0 1 mLRU - UB [ . I mLRU —&-UB ping and are smaller than
2 9.5 4 Pu(1]1) =100% —k - MWPM : i : pm(2[2) =90%  —k - MWPM the symbol size.
| |
2.0 A | 4 |
A —A | |
—— P — P S . —_— e — —A
15 T T T ‘- T -‘ T L* _m ‘I_ _f. I* T T
0 20 40 60 80 100 0.0 0.5 1.0 1.5 2.0 2.5 3.0

P (2[2) (%)

1—pa(11) (%)
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parity-check circuit. The weights are extracted with the
adaptive algorithm in Ref. [75] from a simulation (10°
runs of 20 QEC cycles each) without leakage and an oth-
erwise identical error model. Similarly to the UB decoder,
for decoding, we assume that a |2) is declared as a |1) since
the standard MWPM decoder does not account for leakage.

2. Logical error rate as a function of the LRU
parameters

We study the variation in the logical error rate &; per
QEC cycle as a function of the performance parameters of
the LRUs. Here we fix L; = 0.5% as it is easier to visualize
variations in g, with a relatively large L;. The leakage-
reduction rate R and the readout probability p,,(2]2) play
similar roles for the res-LRU and 7-LRU, respectively. In
Figs. 9(a) and 9(c) one can see that this is the case and
that the values of ¢, at the parameters used in Sec. [ID
[R = 95% and py,(2|2) = 90%] are very close to their best
values (at least for this system size). This shows that the
advantages of a larger R or py,(2]|2) are marginal. We
attribute this to the fact that leakage is exponentially sup-
pressed with an already quite large exponent. Furthermore,
the parameters LIRY and 1 — py/(1]1) = py(2[1), regu-
lating the induced leakage, play similar roles as well, as
Figs. 9(b) and 9(d) show. We see that &; is more sensitive
to L;"RY and 1 — py,(1|1) compared to R and py;(2]2). In
particular, we see that ¢; is slightly larger at the parame-
ters used in Sec. IID [LYRY = 0.25% and 1 — py(1]1) =
0.5%] rather than at 0, although the difference is small.

4.0 A

(a)

<
<%

Logical error rate €, (%)

0.5 T T T T T

0.000 0.125 0.250 0.375

Leakage rate L1 per ¢z (%)

0.500

3. Effect of the leakage conditional phases on the
logical error rate

As defined in the main text, the leakage conditional
phases are the phases that a nonleaked transmon acquires
when interacting with a leaked one during a Cz gate. Here
we denote them as ¢f and @5, depending on whether
the lower- or the higher-frequency transmon of the pair is
leaked, respectively, and we use ¢* to indicate either of
them. Furthermore, in this appendix we use the notation
[low-frequency transmon, high-frequency transmon). Note
that, for a Cz gate between two qutrits, in principle, there
are nine phases (@oo, o1, P10, P11, P02, D20, P21, P12, P22),
where the first four are fixed to 0,0, 0, 7, respectively. Of
the five phases containing a |2) we consider only two of
them here, i.e., p5, = doo — ¢p12 and @ = P20 — P21 as
defined above. This is because in our leakage model [46]
we set to 0 the coherence between the computational and
leakage subspaces of each qutrit, motivated by the fact
that leakage is projected relatively fast and that the stabi-
lizer measurements ideally prevent any interference effect.
This means that the individual phases are global phases,
whereas their difference cannot be gauged away when the
nonleaked qubit is in a superposition of |0) and |1).

For a flux-based Cz gate with conditional phase 7 for
[11), ideally one should have ¢§ux =0 and ¢%, = 7 [46]
as |02) acquires a conditional phase equal and opposite
to |11). If only |12) and |21) are coupled in the three-
excitation manifold, it holds that ¢5, = 7 — ¢ . The
strength of the repulsion times the €z duration gives, e.g.,

oy e
— [ J
q o
=
El )
w °
0 d° o
R =95% T T T
-1 0 1
LYRU — 0.25%
cos(q5£)

pm(2[2) = 90%
pu(1]1) = 99.5%

UB, 0, no LRUs MWPM, 0, no LRUs

UB, 0, both MWPM, 0, both
+UB, random, no LRUs +MWPM, random, no LRUs
--® - UB, random, both @+ MWPM, random, both
—4—UB, 7/2, no LRUs —4$—MWPM, 7/2, no LRUs
@+ UB, 7/2, both @+ MWPM, 7/2, both

FIG. 10. Variation of the logical error rate ¢; for different choices of leakage conditional phases ¢~ . (a) The logical error rate &, per
QEC cycle for the UB (shades of red) and MWPM (shades of green) decoders versus L, in the cases with no LRUs and both LRUs,
each for all ¢~ set to 0, 77/2, or uniformly random in [0, 7r]. These results are extracted from 2 x 10 runs of 20 QEC cycles each per
choice of parameters. Error bars are estimated using bootstrapping and are mostly smaller than the symbol size. (b) The random values
for ¢ used across this work. These values are extracted from a uniform distribution in [0, 7]. We have excluded negative values as
+¢~ corresponds to the same chance of spreading a Z error under the twirling action of the parity-check measurements.
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¢§ux ~ 1 /4 for the parameters in Ref. [46]. However, |03)
interacts with [12) and |21) and breaks the relationship
above, for which we can consider ¢5 and @5, as effec-
tively unconstrained. The randomized values used across
the main text are reported in Fig. 10(b). We use 14 val-
ues, of which three for ¢%, and three for ¢% when each
high-frequency data qubit is leaked or interacts with a
leaked ancilla qubit, respectively, and eight only for ¢4,
when each ancilla qubit is leaked and interacts with a low-
frequency data qubit (as low-frequency data qubits cannot
leak themselves).

In this appendix we study the dependence of the logi-
cal error rate &7, on the leakage conditional phases, without
discussing how one would engineer the system to tune
them to certain values. The best-case scenario to minimize
gy is to set all ¢* = 0, since no Z rotations are spread
then. Instead, the worst-case scenario corresponds to all
¢~ = 1 /2, since, under the twirling effect of the parity-
check measurements, this corresponds to spreading a Z
error with 50% chance. Note that, if all ¢~ = 7, over-
all the spread errors amount to a stabilizer (except in the
QEC cycle in which leakage occurs), so it is close to the
best-case scenario.

Figure 10(a) compares the logical performance for both
UB and MWPM decoders in the cases where ¢* =0,
¢* = /2 and when they are random as in Fig. 5 and in the
rest of this work. First, one can note that the performance
of random ¢* is very close to the worst-case scenario
(¢* = m/2). This is due to the fact that it is not neces-
sary to spread an error on every qubit with 50% chance
each to cause a logical error with high probability. One can
also note that just tuning all ¢* = 0 without implement-
ing LRUs is almost as good (or even better) as using the
LRUs when the ¢* are random. We attribute this to the
fact that one of the major effects of the LRUs is to prevent
correlated errors being spread by a leaked qubit for many
QEC cycles. Tuning ¢* = 0 achieves this as well, but it
still does not address the fact that the code distance is effec-
tively reduced if a data qubit stays leaked and that the full
stabilizer information is not accessible as long as an ancilla
qubit is leaked. Indeed, using LRUs even when ¢* = 0
always allows for a lower logical error rate [see Fig. 10(a)].
Furthermore, the reduction in distance and the corruption
of the stabilizer information suggest that a threshold would
still likely be low without using LRUs.
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