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Abstract: We introduce a formalism for constructing cohomological field theories (Co-
hFTs), inspired by Witten’s paradigm of “symmetries, fields, and equations”. We apply
this formalism to various first-order nonlinear PDEs and show that the resulting CohFTs
agree with those previously proposed by physicists. In particular, applying it to the gen-
eralized Seiberg–Witten equations provides a unified perspective on the supersymmetric
action functionals of the Donaldson–Witten, Seiberg–Witten, and Kapustin–Witten the-
ories.

1. Introduction

Gauge field theory has led to spectacular advances in geometry. It started with the ground-
breaking work of Donaldson [1] who used moduli spaces of anti-selfdual connections as
invariants for smooth structures on 4-manifolds. See also [2] for a systematic exposition
of the theory. The underlying gauge group here is non-abelian, for instance SU(2), and
the gauge functional is the Yang–Mills functional. Later, the Seiberg–Witten equations
were introduced [3–5]:

(FA)+ − 1

2
μ+(σ ) = 0, /D+

Aσ = 0. (1.1)

Here A is a connection on the determinant line bundle L of a spinc structure on a
Riemannian 4-manifold �, σ is a section of the positive half-spinor bundle /S+ of the
spinc-structure, (FA)+ is the self-dual part of the curvature of A, /D+

A is the twisted Dirac
operator, and μ+ : /S+ → i�2

+T
∨� is a fiber-wise quadratic bundle morphism.

The resulting moduli space enabled a simpler approach than the original Donaldson
theory. Still another such functional, the Kapustin–Witten functional [6] relates its first-
order field equations to the geometric Langlands program and to non-abelian Hodge
theory. For some recent development in the latter direction, see, for instance [7]. Both
Seiberg–Witten and Kapustin–Witten equations/functionals can be derived from the

0123456789().: V,-vol 

http://crossmark.crossref.org/dialog/?doi=10.1007/s00220-025-05495-z&domain=pdf
http://orcid.org/0000-0003-4208-2772


    5 Page 2 of 44 S. Jiang, J. Jost

supersymmetric Yang–Mills theories and can be unified by the generalized Seiberg–
Witten (GSW) equations/functionals [8–10]. The GSW equations are of the same form
as (1.1), except that one should interpret A as a connection on a principal G/Z2-bundle
associated with a spinG structure on �, and σ as a section of some generalized Dirac
bundle of positive chirality on �.

In this situation, it seems desirable to develop a unified perspective within which to
situate these and possibly other gauge functionals. Naturally, this should be inspired by
the underlying supersymmetric physics. Let

H Etot E

be a trivial G-equivariant Fréchet vector bundle, where G denotes the group of gauge
transformations, E denotes the space of smooth sections of some fiber bundle over �,
and H denotes the space of smooth sections of some vector bundle over �. A first-order
nonlinear PDE on � can be often interpreted as a G-equivariant section

E Etot .F

Denoting by Sol(F) the zero locus of F , i.e., the solution space of the equation F = 0,
the moduli space M(F) = Sol(F)/G encodes essential information about the smooth
structure of �.

IfH is equipped with a G-invariant inner product 〈·, ·〉H, one can define the following
action functional on E :

S = 〈F ,F〉H ∈ C∞(E). (1.2)

In certain cases, (1.2) admits a supersymmetric extension ˜S ∈ C∞(˜E) when � = R
n .

Here, ˜E is a Fréchet supermanifold with underlying Fréchet manifold E .˜S can sometimes
be “twisted” to remain well-defined on a general Riemannian manifold �, though this
typically comes at the expense of breaking full supersymmetry. Specifically:

• the supermanifold ˜E can be equipped with a compatible Z-grading;
• ˜S has degree 0 and a remaining “scalar” supersymmetry Q of degree 1, Q2 =

1
2 [Q, Q] = 0.

The triple (˜E, Q,˜S) is known as a cohomological field theory (CohFT) [11], with the first
example provided by Witten’s topological twist of N = 2 supersymmetric Yang–Mills
theory to give a physical interpretation of Donaldson theory [12].

In this paper, we argue that the fundamental input for defining a CohFT is not the
Lagrangian action functional, but rather the equation of motion F = 0 together with its
symmetries. In particular, we show that a CohFT (˜E, Q,˜S) can be constructed directly
from this data—namely, the (gauge) symmetry group G, the space Etot , and the first-
order nonlinear PDE F = 0—along with additional geometric structures (such as a
Riemannian metric or a bundle metric), which are only needed to define the action
functional ˜S. This perspective aligns with Witten’s paradigm of “symmetries, fields, and
equations” [11] and admits a natural mathematical interpretation: (˜E, Q) provides an
infinite-dimensional differential graded manifold that models the de Rham space of the
moduli space M(F).

We also provide a universal expression for the supersymmetric action functional ˜S
within this framework. When applied to the GSW equations, our construction of ˜S repro-
duces the full supersymmetric functionals of various CohFTs, including the Donaldson–
Witten, Seiberg–Witten, and Kapustin–Witten theories. Our approach is closely related to
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the Mathai–Quillen formalism for CohFTs [13,14]. For excellent reviews of the Mathai–
Quillen formalism, we refer the reader to [15,16].

The organization of the paper is as follows. In Sect. 2, we review the geometric
and algebraic preliminaries of differential graded geometry and algebraic equivariant
cohomology. In Sect. 3, we introduce the minimal and standard constructions of CohFTs
and explain how their variants relate to the Mathai–Quillen formalism and the Atiyah–
Jeffrey formula. In Sect. 4, we apply these constructions to the trivial first-order PDE for
maps between manifolds, as well as to the generalized Seiberg–Witten equations. In Sect.
5, we provide mathematical definitions of symmetries and observables of a CohFT within
our framework. In particular, we discuss two classes of symmetries according to our
definitions and compare them with those in the physics literature, as well as the traditional
method of constructing CohFT observables via the topological descent equations. We
also argue that the classical observables of a CohFT form a prefactorization algebra
and establish a connection with the Costello–Gwilliam framework in the perturbative
setting. In Sect. 6, we briefly discuss possible directions for future work.

2. Geometric and Algebraic Preliminaries

In this section, we introduce the notion of a differential graded manifold equipped
with a compatible group action and discuss its algebraic equivariant cohomology in
the framework of Guillemin and Sternberg.

2.1. Differential graded manifolds with group actions. For us, a graded vector space
or algebra always means a Z-graded vector space or algebra over K, where K = R or
C. Let V = ⊕

i∈Z be a graded vector space of finite total rank. Let us consider the
following descending filtration of the symmetric algebra Sym(V ) of V :

Sym(V ) = F0Sym(V ) ⊃ F1Sym(V ) ⊃ F2Sym(V ) ⊃ · · · ,

where F pSym(V ) = ⊕

q≥p Symq(V ), i.e., the ideal generated by elements of polyno-

mial degree ≥ p. Define Ŝym(V ) as the inverse limit of Sym(V )/F pSym(V ) in the
category of graded vector spaces. More precisely, Ŝym(V ) = ⊕

i∈Z Ŝym(V )i , where

Ŝym(V )i = lim←− Sym(V )i/(Sym(V )i ∩ F pSym(V )).

Here, Sym(V )i denotes the degree i subspace of Sym(V ).

Lemma 2.1. 1. There exists an isomorphism of graded commutative algebras:

Ŝym(V ) ∼= Sym(V∨)∨, (2.1)

where V∨ denotes the dual space of V in the category of graded vector spaces.
2. Let Veven and Vodd denote the even and odd parts of V , respectively. Then

Ŝym(V ) ∼= Ŝym(Veven) ⊗ Sym(Vodd). (2.2)
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Proof. Let FpSym(V∨) = ⊕

q<p Symq(V ) ∼= Sym(V )/F pSym(V ). We have

Sym(V∨)∨ ∼= lim←−(FpSym(V∨))∨,

since Sym(V∨) = lim−→ FpSym(V∨). Furthermore, (FpSym(V∨))∨i ∼= FpSym(V )i be-
cause V is of finite total rank. This proves (2.1). It then follows that

Ŝym(V ) ∼= Sym(V∨
even ⊕ V∨

odd )∨ ∼= (Sym(V∨
even) ⊗ Sym(V∨

odd ))∨ ∼= Ŝym(Veven) ⊗ Sym(Vodd ),

since Vodd is of finite total rank. ��
Remark 2.1. If Vi = {0} for all i ≤ 0 or i ≥ 0, then Sym(V )i is of finite rank. (2.1) then
implies that

Ŝym(V ) ∼= Sym(V ) ∼= Sym(Veven) ⊗ Sym(Vodd).

If there exists (i, j) ∈ Z × Z such that i + j = 0, and Vi and Vj are of positive ranks,

then Sym(Veven) � Ŝym(Veven). In general,

Sym(Vodd) ∼= �(Vodd), Sym(Veven) ⊆ Ŝym(Veven) ⊆ K[[Veven]], (2.3)

where �(Vodd) denote the exterior algebra of Vodd viewed as an ordinary vector
space. K[[Veven]] denotes the algebra of formal power series over Veven , also regarded
as an ordinary vector space.

Let R be a graded commutative algebra. Let V be a graded finitely generated pro-
jective R-module. Let SymR(V ) denote the symmetric algebra of V over R. One can
define the completion ŜymR(V ) in a similar manner. If V is free over R, (2.1) still holds
since Sym p

R(V ) is a graded free R-module of finite total rank for all p ≥ 0.

Definition 2.1. A graded domain U = (U,OU ) is a topological space U together with
a sheaf of graded commutative algebras OU , such that there exists a natural number n, a
graded vector space V of finite total dimension, and a graded ringed space isomorphism

(U,OU ) ∼= (Rn,OV ),

where OV assigns an open subset U ′ of R
n the graded commutative algebra1

C∞(U ′, K) ⊗ Ŝym(V∨).

Let m1 and m2 be two integers with m1 ≤ m2. We say that U is of amplitude [m1,m2]
if Vi = {0} for all i < m1 and i > m2.

Definition 2.2. A graded manifoldM = (M,OM) of amplitude [m1,m2] is a manifold
M together with a sheaf of graded commutative algebras OM, which is locally a graded
domain of amplitude [m1,m2]. A graded manifold morphism is simply a morphism
between the corresponding graded ringed spaces.

We denote the space of global sections OM(M) by C∞(M). We say that M is of
positive (resp., negative) amplitude, if m1 > 0 (resp., m2 < 0).

Example 2.1. A manifold M with the sheaf of smooth functions on it is a graded manifold.

1 Our notion of graded domains is equivalent to the one in [17,18] if V0 = {0}. See [18, Lemma 3].
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Example 2.2. Let E = ⊕

i∈Z Ei be a graded vector bundle over M of finite total rank.
E induces a graded manifold (M,OE ), where OE assigns an open subset U of M the
graded commutative algebra ŜymC∞(U )(�(E∨|U )). Batchelor’s theorem tells us that
every graded manifold is non-canonically of this form.

Let M = (M,OM) be a graded manifold. Let XM(U ) denote the graded Lie
algebra of derivations of OM(U ), where U is some open subset of M . The assignment
U �→ XM(U ) defines a locally free graded O-module over M . We denote the space of
global sections XM(M) by X(M). An element X ∈ X(M) is called a vector field over
M.

Definition 2.3. A differential graded (dg) manifold is a graded manifold M together
with a vector field QM of degree 1 such that Q2

M = 1
2 [QM, QM] = 0. QM is called

the cohomological vector field over M.

For p ∈ Z, we denote by K[p] the graded vector space with K in degree −p and
zero elsewhere. Let E be a (graded) vector bundle over M . We set E[p] := E ⊗ K[p],
where K[p] is interpreted as a trivial graded vector bundle over M .

Example 2.3. The shifted tangent bundle T [1]M = (M,OT [1]M ) of a manifold M is a
graded manifold of amplitude [−1,−1]. C∞(T [1]M) can be identified with the space
�(M) of differential forms on M . The de Rham differential ddR of M can then be viewed
as a cohomological vector field over T [1]M .

Example 2.4. Let g be a Lie algebra, viewed as a vector bundle over a point. g[1] is
a graded manifold of amplitude [−1,−1], whose algebra of functions C∞(g[1]) can
be identified with �(g∨). The Chevalley–Eilenberg differential dCE of g can then be
viewed as a cohomological vector field over g[1].
Example 2.5. Let E be an ordinary vector bundle over a manifold M . The shifted vector
bundle E[−1] is a graded manifold of amplitude [1, 1], whose algebra of functions
C∞(E[−1]) can be identified with �(�(E∨)), where �(E∨) is the exterior bundle of
E∨. Let s ∈ �(E) be a section of E . The left contraction by s, denoted ιs , is a derivation
of C∞(E[−1]) of degree 1. The pair (E[−1], ιs) forms a dg manifold because ι2s = 0.

In general, dg manifolds of negative amplitude correspond to higher Lie algebroids,
while those of positive amplitude correspond to derived manifolds [19–23]. To study
CohFTs, we must consider dg manifolds with mixed amplitudes, where the structure
becomes more intricate yet interesting.

Example 2.6. Let G be a Lie group with Lie algebra g. Let E be a G-equivariant vector
bundle over M . Consider the graded manifold

M = E[−1] ⊕ g[1],
where we view g as a trivial vector bundle over M . Let {ξa} be a set of basis vector
of g[1]. Let {θa} denote the basis of (g[1])∨ induced by {ξa}, and let f abc denote the
structure constants of g with respect to θa . Let (xμ, χα) be local coordinates on E[−1].
Let Xa denote the fundamental vector field on E[1] corresponding to θa . Locally, Xa
takes the form

Xa = ρμ
a (x)

∂

∂xμ
+ ρα

a (x, χ)
∂

∂χα
,
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where ρ
μ
a (x) and ρα

a (x, χ) are local functions of degrees 0 and −1, respectively. We
consider the following vector field of degree 1 over M:

QM = ιs + θa Xa + dCE

= (θaρα
a (x, χ) + sα(x))

∂

∂χα
+ θaρμ

a (x)
∂

∂xμ
− 1

2
f abcθ

bθc
∂

∂θa
,

where s is a G-equivariant section of E . One can check that

Q2
M = θa(ρμ

a (x)
∂sα(x)

∂xμ
− ∂ρα

a (x, χ)

∂χβ
sβ(x))

∂

∂χα
+

1

2
θaθb[Xa, Xb] − 1

2
f cabθ

aθbXc.

The second and third terms cancel due to the group action property, while the first term
vanishes because s is G-equivariant. Hence, Q2

M = 0 and (M, QM) is a dg manifold
of amplitude [−1, 1].
Remark 2.2. Without loss of generality, let us assume that E = M × K

r is a trivial G-
equivariant vector bundle over M .2 Let s = (s1, . . . , sr ) be a G-equivariant section of
E . From a physical perspective, one can interpret M as the phase space, G as the gauge
group, and s1, . . . , sr as the constraints imposed on the phase space. The corresponding
complex (C∞(M), QM) associated with the dg manifold in Example 2.6 can then be
understood as the BRST complex of the system. Specifically, it is the total complex of
the double complex (C, δK , dCE ):

...
...

· · · �p+1g∨ ⊗ �q F∨ ⊗ C∞(M) �p+1g∨ ⊗ �q−1F∨ ⊗ C∞(M) · · ·

· · · �pg∨ ⊗ �q F∨ ⊗ C∞(M) �pg∨ ⊗ �q−1F∨ ⊗ C∞(M) · · ·

...
...

δK δK

dCE

δK

dCE

δK δK

dCE

δK

dCE

dCE dCE

where δK is the Koszul differential, and dCE is the Chevalley–Eilenberg differential.
In particular, if F = g, M is a symplectic manifold with a Hamiltonian G-action, and
s : M → F∨ is the moment map, then we reduces to the cases considered in [24]. It is
well known (see [25,26]) that if

0 is a regular value of s, (2.4)

then (C p,•, δK ) is acyclic for all p and

H•
QM(C∞(M)) ∼= H•

dCE
(�g∨ ⊗ C∞(s−1(0))).

2 If not, we can replace it with a trivial (G × H)-equivariant vector bundle over a principal H -bundle
P → M , where H is the structure group of E .
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Moreover, if

G is connected, and acts freely and properly on s−1(0), (2.5)

one can deduce that H•
QM(C∞(M)) ∼= C∞(s−1(0)/G) ⊗ H•(G), where H•(G) de-

notes the de Rham cohomology of G.

Let G be a Lie group with Lie algebra g, and let M be a graded manifold. A G-action
on M is a G-action on the corresponding ringed space that preserves the grading of the
structure sheaf.

Definition 2.4. Let (M, QM) be a dg manifold.

1. A G-action on M is said to be compatible with QM if, for each ξ ∈ g, the corre-
sponding fundamental vector field Xξ on M is [QM, ·]-closed.

2. A G-action on M is called homotopically trivial if, for each ξ ∈ g, the fundamental
vector field Xξ is [QM, ·]-exact.

Example 2.7. Let (g[1], dCE ) be the dg manifold defined in Example 2.4. The G-action
on g[1], induced by the coadjoint action of G on g∨, is homotopically trivial. Indeed, let
Liea denote fundamental vector field on g[1] corresponding to ξa , we have

Liea = − f cabθ
b ∂

∂θc
= [dCE , ιa],

where ιa = δba
∂

∂θb
.

Let E be a graded vector bundle over M , viewed as a graded manifold (M,OE ). It is
easy to see that a G-equivariant bundle structure of E induces a G-action on (M,OE )

via the universal property of the symmetric algebra.

Example 2.8. Let (E[−1], ιs) be the dg manifold defined in Example 2.5. Supposing that
E is a G-equivariant vector bundle, then the induced G-action on E[−1] is compatible
with ιs if and only if s is a G-equivariant section of E .

The construction in Example 2.6 is a special case of the following proposition.

Proposition 2.1. Let (M, QM) be a dg manifold (of positive amplitude) equipped with
a G-action. Consider the graded manifold

MG := M × g[1],
endowed with the degree 1 vector field

QMG := QM ⊗ 1 + Xa ⊗ θa + 1 ⊗ dCE ,

where dCE = − 1
2 f abcθ

bθc ∂
∂θa

is the Chevalley–Eilenberg differential of g, {θa} is the
dual basis associated with a chosen basis {ξa} of g, and Xa is the fundamental vector
field on M corresponding to ξa. Then the followings are equivalent:

1. Q2
MG

= 0;
2. The G-action on M is compatible with QM;
3. Q2

MG
= 0, and the induced G-action on MG is compatible with QMG ;

4. Q2
MG

= 0, and the induced G-action on MG is homotopically trivial.
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Proof. First, observe that C∞(MG) ∼= C∞(M) ⊗ �(g∨) as dgcas, so QMG is well-
defined. Let XGa denote the fundamental vector field over MG corresponding to ξa . We
have

XGa = Xa ⊗ 1 + 1 ⊗ Liea,

where Liea = − f cabθ
b ∂

∂θc
. A direct computation shows that

[QMG , XGa] = [QM, Xa] ⊗ 1, Q2
MG

= [QM, Xa] ⊗ θa,

both of which vanish if and only if QM commutes with Xa for all a. The proof is
completed by noting that

XGa = [QMG , 1 ⊗ ιa],
where ιa = δba

∂
∂θb

. ��
The shifted tangent bundle construction of Example 2.3 can also be generalized. Let

M = (M,OM) be a graded manifold. We set

MdR := T [1]M := (M,OMdR ),

where OMdR assigns an open subset U of M the graded commutative algebra

ŜymOM(U )((XM(U )[1])∨),

where XM(U )[1] = XM(U ) ⊗ K[1], and (XM(U )[1])∨ is the dual of XM(U )[1] in
the category of graded OM(U )-modules. If (U,OM|U ) is a graded domain which is
isomorphic to (Rn,OV ), one can show that

ŜymOM(U )(XM(U )[1]) ∼= C∞(Rn, K) ⊗ Ŝym(Kn[1] ⊕ V ⊕ V [1]).
Therefore, MdR is also a graded manifold. Moreover, it carries a canonical cohomolog-
ical vector field ddR . Let {xμ}nμ=1 be a set of coordinate functions onU , and let {θa}dim V

a=1
be a basis of V∨. The functions xμ and θa serve as local coordinates on M, inducing
local coordinates ψμ and φa on T [1]M of degrees 1 and deg(θa) + 1, respectively. In
these coordinates, ddR is locally given by

ddR = ψμ ∂

∂xμ
+ φa ∂

∂θa
.

Let X = Xμ ∂
∂xμ + Xa ∂

∂θa
be a vector field of degree p over M. X induces the following

two vector fields over MdR of degrees p − 1 and p respectively:

ιM(X) := Xμ ∂

∂ψμ
+ Xa ∂

∂φa
,

LieM(X) := [ιM(X), ddR]
= Xμ ∂

∂xμ
+ Xa ∂

∂θa

+ (−1)p
(

ψμ ∂Xν

∂xμ

∂

∂ψν
+ ψμ ∂Xb

∂xμ

∂

∂φb
+ φa ∂Xν

∂θa

∂

∂ψν
+ φa ∂Xb

∂θa

∂

∂φb

)

.
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We refer to ιM(X) as the contraction by X and to LieM(X) as the Lie derivative along
X . By Jacobi’s identity, we have

[ddR, LieM(X)] = 0, (2.6)

for all X ∈ XM(M). It can also be verified that

[ιM(X), ιM(Y )] = 0, [ιM(X), LieM(Y )] = (−1)deg(Y )ιM([X,Y ]), (2.7)

which implies the desired relation

[LieM(X), LieM(Y )] = (−1)deg(X)[[ddR, ιM(X)], LieM(Y )]
= (−1)deg(X)[ddR, [ιM(X), LieM(Y )]]
= (−1)deg(X)+deg(Y )[ddR, ιM([X,Y ])] = LieM([X,Y ]),

(2.8)

for all X,Y ∈ XM(M). In particular, if QM is a cohomological vector field over M,
then

QMdR := LieM(QM)

is a cohomological vector field over MdR , and [ddR, QMdR ] = 0.

Definition 2.5. Let (M, QM) be a dg manifold. The Weil algebra (W (M), dW (M)) of
(M, QM) is defined as the dgca (C∞(MdR), ddR + QMdR ).

Example 2.9. The Weil algebra of the dg manifold (g[1], dCE ) is the Weil algebra
(W (g), dW ) of the Lie algebra g, where W (g) ∼= Sym(g∨) ⊗ �(g∨) and

dW = (φa − 1

2
f abcθ

bθc)
∂

∂θa
− f abcθ

bφc ∂

∂φa
.

Note that gdR = T [1]g = g ⊕ g[1] has a differential graded Lie algebra (dgLa)
structure. The graded Lie bracket of gdR is induced by the bracket of g and the adjoint
action of g on g[1]. The differential of gdR is given by

0 → g[1] Id−→ g → 0.

The pair (G, gdR), equipped with the adjoint action of G on gdR , forms a super Harish–
Chandra pair and can therefore be regarded as a graded Lie group, denoted by GdR .
However, in general, GdR is not a differential graded Lie group.

Definition 2.6. Let (M, QM) be a dg manifold with a homotopically trivial G-action.
(M, QM) is called a GdR-manifold if its G-action can be extend to a GdR-action, that
is, one can find a vector field ιa of degree −1 for each fundamental vector field Xa , such
that

Xa = [QM, ιa], [ιa, ιb] = 0, [ιa, Xb] = f cabιc.

One can easily verify that the dg manifold (MG , QMG ) constructed in Proposition
2.1 is a GdR-manifold. In particular, (g[1], dCE ) is a GdR-manifold.

Proposition 2.2. Let (M, QM) be a dg manifold equipped with a compatible G-action.
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1. (MdR, ddR+QMdR ) carries a GdR-manifold structure, where the G-action onMdR
is determined by the G-actions on C∞(M) andX(M), and the gdR-action onMdR
is given by

gdR = g ⊕ g[1] → X(MdR)

(ξ1, ξ2) �→ LieM(Xξ1) + ιM(Xξ2), (2.9)

where Xξ denotes the fundamental vector field on M associated with ξ ∈ g.
2. If (M, QM) is itself a GdR-manifold, then (MdR, ddR + QMdR ) admits an alterna-

tive GdR-manifold structure. In this case, the G-action remains unchanged, while the
gdR-action onMdR is instead induced from the gdR-action onM via Lie derivatives.

Proof. This follows directly from applying (2.6) to (2.8). ��

2.2. Algebraic equivariant cohomology. Let G be a Lie group with Lie algebra g. Let
us recall the definition of a GdR-algebra. Such algebras are defined in [27, Definition
2.3.1], where they are referred to as G�-algebras.

Definition 2.7. A GdR-algebra is a dgca (A, dA), together with an action ρG of G as
automorphisms of (A, dA) and an action ρgdR of gdR as derivations of A which are
compatible in the sense that

d

dt
ρG(exp(tξ))|t=0 = ρgdR (ξ), (2.10)

AdρG (g)(ρgdR (·)) = ρgdR (Adg(·)), (2.11)

AdρG (g)(dA) = dA, (2.12)

[ρgdR (·), dA] = ρgdR (ddR(·)), (2.13)

for all ξ ∈ g ⊂ gdR and g ∈ G. The conditions (2.10) and (2.11) imply that the actions
of G and gdR on A induces a graded Lie group action of GdR on A. The conditions
(2.12) and (2.13) ensure that the induced GdR-action is compatible with the differential
dA.

A GdR-algebra (A, dA) is called acyclic if it is an acyclic dgca with respect to dA.

Remark 2.3. By definition, the dgca of functions on a GdR-manifold (M, QM) is a
GdR-algebra.

Example 2.10. The de Rham complex (�(P), ddR) of a principal G-bundle is a GdR-
algebra. The gdR-action on �(P) is determined by the usual Lie derivatives and con-
tractions.

Example 2.11. The Weil algebra of g is an acyclic GdR-algebra. The gdR-action on W (g)
is induced by the gdR-action on (g[1], dCE ). More explicitly, it is given by

Liea = − f cabθ
b ∂

∂θc
− f cabφ

b ∂

∂φc
, ιa = δba

∂

∂θb
.

Definition 2.8. A morphism between GdR-algebras (A1, dA1) and (A2, dA2) is a dgca
morphism φ : A1 → A2 which is compatible with the GdR-actions, i.e.,

[φ, ρG(g)] = 0, [φ, ρgdR (ξ1, ξ2)] = 0,

for all g ∈ G and (ξ1, ξ2) ∈ gdR = g ⊕ g[1].
A GdR-algebra (A, dA) is called a WdR-algebra if there exists a GdR-algebra mor-

phism φCW : W (g) → A.
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Example 2.12. Let P be a principal G-bundle endowed with a connection 1-form A =
Aa ⊗ ξa . Let FA = Fa

A ⊗ ξa denote the curvature 2-form of A. The Chern–Weil homo-
morphism

φCW : W (g) → �(P)

which maps θa to Aa and φa to Fa
A, is a GdR-algebra morphism.

An element a ∈ A is said to be basic if it is invariant under the GdR-action. Let Abas
denote the subalgebra of basic elements in A. The conditions (2.12) and (2.13) imply
that Abas is preserved by the differential dA. The corresponding cohomology is denoted
by Hbas(A) and is called the basic cohomology of A.

Definition 2.9. The (algebraic) equivariant cohomology HG(A)of aGdR-algebra (A, dA)

is defined as Hbas(A ⊗ E), where E is an acyclic WdR-algebra.

The equivariant cohomology HG(A) of (A, dA) has the following properties [27]:

1. If A is a WdR-algebra, then

Hbas(A) ∼= Hbas(A ⊗ E) = HG(A). (2.14)

2. HG(A) is independent of the choice of E . Indeed, let F be another acyclic WdR-
algebra. Then, using (2.14), we obtain

Hbas(A ⊗ E) ∼= Hbas(A ⊗ E ⊗ F) ∼= Hbas(A ⊗ F)

since both A ⊗ E and A ⊗ F are WdR-algebras.
3. Let M be a G-manifold and A = �(M). If both G and M are compact, then

HG(�(M)) ∼= HG(M), (2.15)

where HG(M) denotes the topological equivariant cohomology of M .

Let (M, QM) be a dg manifold with a compatible G-action. By the first part of
Proposition 2.2, the Weil algebra (W (M), dW (M)) of (M, QM) has a GdR-algebra
structure. We then define the equivariant cohomology of (M, QM) as

HG(M) := HG(W (M)) ∼= Hbas(W (M) ⊗ W (g)).

The differential of W (M) ⊗ W (g) is

dW (M) ⊗ 1 + 1 ⊗ dW .

The gdR-action on W (M) ⊗ W (g) is given by

ρgdR ((ξa, 0)) = LieM(Xa) ⊗ 1 + 1 ⊗ Liea,

ρgdR ((0, ξa)) = ιM(Xa) ⊗ 1 + 1 ⊗ ιa,

where ιa and Liea are as defined in Example 2.11.
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Remark 2.4. On the other hand, the dg manifold (MG , QMG ) defined in Proposition
2.1 is a GdR-manifold. By the second part of Proposition 2.2, (MGdR , ddR + QMGdR

)

is a GdR-manifold, where

MGdR := (MG)dR = T [1]MG, QMGdR
:= Q(MG )dR = LieMG (QMG ).

The corresponding Weil algebra (W (MG), dW (MG )), where

W (MG) = C∞(MGdR ), dW (MG ) = ddR + QMGdR
,

has a corresponding GdR-algebra structure. Note that W (MG) ∼= W (M) ⊗ W (g) as
dgcas. It is easy to show that

dW (MG ) = dW (M) ⊗ 1 + LieM(Xa) ⊗ θa − ιM(Xa) ⊗ φa + 1 ⊗ dW . (2.16)

When M is an ordinary G-manifold, dW (MG ) reduces to the usual Kalkman differential
[28]. The gdR-action on W (MG) is given by

ρgdR ((ξa, 0)) = LieM(Xa) ⊗ 1 + 1 ⊗ Liea,

ρgdR ((0, ξa)) = 1 ⊗ ιa,

where ιa and Liea are as defined in Example 2.11.

Proposition 2.3. There exists a GdR-algebra isomorphism:

φMQ : W (MG) → W (M) ⊗ W (g)

f �→ exp(−ιM(Xa) ⊗ θa) f.

φMQ is called the Mathai–Quillen isomorphism.

Proof. The proof is essentially the same as in [28], where M is a G-manifold. ��
It follows that HG(M) ∼= Hbas(W (MG)).

Example 2.13. Let E be a G-equivariant vector bundle over M , equipped with an G-
equivariant section s. Let (M, QM) = (E[−1], ιs). Then (MGdR , ddR + QMGdR

) is a
GdR-manifold, where

MGdR = T [1](E[−1] ⊕ g[1]), C∞(MGdR ) ∼= C∞(T [1]E[−1]) ⊗ W (g),

and

ddR+QMGdR
= (ddR+LieE[−1](ιs))⊗1+LieE[−1](Xa)⊗θa−ιE[−1](Xa)⊗φa+1⊗dW .

This construction can be interpreted as a de Rham version of the construction in Example
2.6. Under the same assumptions 2.4 and 2.5, it is natural to expect that

HG(M) ∼= Hbas(W (MG)) ∼= H•(s−1(0)/G),

where H•(s−1(0)/G) denotes the de Rham cohomology of s−1(0)/G.
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3. Finite Dimensional Geometric Constructions

In this section, we define a 0-dimensional cohomological field theory in the language of
GdR-manifolds. We present two constructions for 0-dimensional CohFTs: the minimal
construction and the standard construction, and discuss how they relate to the Mathai–
Quillen formalism of CohFTs.

3.1. 0-dimensional cohomological field theories. Let G be a connected (compact) Lie
group with Lie algebra Lie(G).

Definition 3.1. A 0-dimensional cohomological field theory of amplitude [m1,m2] is a
triple (˜E, Q, �), where:

1. (˜E, Q) is a GdR-manifold of amplitude [m1,m2], m1 < 0;
2. � is a degree −1 basic function on ˜E , i.e., it is GdR-invariant.

We refer to ˜E as the configuration space, Q as the scalar supersymmetry, and � as the
gauge fixing fermion of the CohFT. The degree 0 basic function

˜S = Q(�)

is called the action functional of the CohFT. In general, a (homogeneous) Q-closed basic
function O on ˜E is called an observable of the CohFT.

We will only consider CohFTs (˜E, Q, �) of small amplitudes [m1,m2] ⊆ [−2, 2].
To further simplify our discussion, we assume that

˜E = (E × V )dR = T [1](E × V ) = T [1]E × (V ⊕ V [1]),

where E is an ordinary G-manifold and V is a graded G-representation (viewed as a
graded manifold) with V0 = {0}. Let

˜Eeven := E × (V ⊕ V [1])even and Etot := E × H,

whereH = V1[1]. We refer to Etot and ˜Eeven as the body and even body of ˜E , respectively.
Note that there are canonical inclusions

ι : Etot ↪→ ˜E, ιeven : ˜Eeven ↪→ ˜E .

Let us regard ˜E as a Z-graded supermanifold and equip it with a Berezinian μ. (We
refer the reader to [29] for the notion of Berezinians on a (Z-graded) supermanifold.)
Let O be an observable of the CohFT (˜E, Q, �). We define

Zt (O) :=
∫

˜E
μ exp(i t˜S)O,

where
∫

˜E μ(·) denotes the Berezin integral over E with respect to μ. Zt (O) is called the
expectation value of O , and Zt (1) is called the partition function of the theory.
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Remark 3.1. If μ is compatible with Q, i.e.,

divμ(Q) = 0,

where divμ(Q) denotes the divergence of Q with respect to μ, then Zt (O) is independent
of the parameter t and of the data (such as inner products on V or Riemannian metrics
on E) used to define the gauge fixing fermion �, since ˜S is Q-exact. One can evaluate
the integral by taking either the limit t → 0 or t → ∞. The latter typically leads to
localization on

Crit(˜Seven) ∩ ˜S−1
even(0) ⊂ ˜Eeven

via the stationary phase approximation, where

˜Seven := ι∗even˜S ∈ C∞(˜Eeven)

is the bosonic part of the action functional, and Crit(˜Seven) denotes its critical locus.

3.2. The minimal and standard constructions. Let F be a G-equivariant section of Etot ,
i.e., a G-equivariant map E → H.

Construction 3.1. Consider the following CohFT (Emin, Q, �min)of amplitude [−1, 2]:
• The configuration space Emin is given by

Emin = Etot [−1]GdR = T [1](Etot [−1] ⊕ Lie(G)[1]),
where the cohomological vector field on Etot [−1] is given by the contraction ιF .
• The scalar supersymmetry Q is defined by (2.16). Let (xμ, χα, θa) be local coordi-
nates on Etot [−1] ⊕ Lie(G)[1], and let (ψμ, bα, φa) denote the corresponding local
coordinates of the shifted tangent space. Then Q acts as follows:

Qθa = φa − 1

2
f abcθ

bθc, Qφa = − f abcθ
bφc,

Qxμ = ψμ − θa Xμ
a (x), Qψμ = −θa

∂Xμ
a (x)

∂xν
ψν + φa Xμ

a (x),

Qχα = bα − θa Xα
a (x, χ) + Fα(x), Qbα = −θa

∂Xα
a (x, χ)

∂χβ
bβ + φa Xα

a (x, χ) − ∂Fα(x)

∂xμ
ψμ.

Here, the fundamental vector field Xa on Etot [−1] ⊕ Lie(G)[1] is given by

Xa = Xμ
a (x)

∂

∂xμ
+ Xα

a (x, χ)
∂

∂χα
.

The Lie(G)dR-action is explicitly given by

ιaθ
b = δba , ιaφ

b = ιax
μ = ιaψ

μ = ιaχ
α = ιab

α = 0,

and Liea = [Q, ιa].
• Let h = 〈·, ·〉 be a G-invariant inner product on H. We define the gauge fixing
fermion as

�min = hαβχαbβ.

Since h is G-invariant and �min does not depend on θa , it follows that �min is
GdR-invariant.
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We refer to this construction as the minimal construction for CohFTs, as it involves the
essential data needed to define a CohFT.

The dg manifold (Etot [−1], ιF ) provides a concrete model for the derived zero locus
Sol(F) of the section F [30]. By our previous discussion (see Examples 2.6 and 2.13),
an observable O in the minimal CohFT may be interpreted as a “closed differential
form” on the moduli space M(F) := Sol(F)/G. We use quotation marks here because
M(F) is not necessarily smooth. However, under the following assumptions:

1. The intersection of F with the zero section is transverse;
2. The action of G on Sol(F) is free and admits local slices,

the moduli space M(F) is a smooth manifold. In the infinite-dimensional setting, one
needs to impose an additional condition: for each x ∈ Sol(F), the deformation complex

0 → Lie(G)
Rx−→ TxE

Linx (F)−−−−→ H → 0

is elliptic. Here, Rx is the infinitesimal action of Lie(G) on TxE , and Linx (F) is the
linearization of F at x , i.e., the tangent map of F at x . This condition, together with the
previous assumptions, follows the standard approach in mathematical gauge theory (see
e.g., [31, Theorem 183]).

In short, one may say that: In favorable cases, the observables of the minimal CohFT
(Emin, Q, Smin) correspond to representatives of de Rham cohomology classes of the
moduli space M(F).

Let us omit the indices of the coordinates and introduce the following shorthand
notations:

Qθ = φ − 1

2
[θ, θ ], Qφ = −[θ, φ],

Qx = ψ − θx, Qψ = −θψ + φx,

Qχ = b − θχ + F , Qb = −θb + φχ − Linx (F)ψ,

and �min = 〈χ, b〉. Henceforth, we will work with this new index-free notation, as it is
more convenient for computations. The reader should find it not difficult to recover the
original notation from the new one.

Definition 3.2. We define the first-order formulation of the action functional S = |F |2
to be the smooth function

S f o := |b|2 + 〈F , b〉 ∈ C∞(Etot ), (3.1)

where |b|2 = 〈b, b〉 = hαβbαbβ .

It is straightforward to verify that

crit(S f o) ∼= crit(S), crit(S f o) ∩ S−1
f o (0) ∼= Sol(F).

A direct computation shows that

Smin := Q(�min) = |b|2 + 〈F , b〉 + 〈χ, Linx (F)〉 − 〈χ, φχ〉, (3.2)

It follows that the pullback of Smin to Etot is simply the first-order formulation S f o of S.

Construction 3.2. Consider the following CohFT (Estd , Q, �std) of amplitude [−2, 2]:
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• The configuration space Estd is given by

Estd = (Lie(G)[−2] ⊕ Etot [−1])GdR = T [1](Lie(G)[−2] ⊕ Etot [−1] ⊕ Lie(G)[1]),
where Lie(G)[−2]⊕Etot [−1] is equipped with the cohomological vector field 1⊗ιF .
• The scalar supersymmetry Q is again defined by (2.16). Let (λ, x, χ, θ) be lo-
cal coordinates on Lie(G)[−2] ⊕ Etot [−1] ⊕ Lie(G)[1], and let (η, ψ, b, φ) denote
the corresponding local coordinates of the shifted tangent space. The Q-action on
(x, χ, θ, ψ, b, φ) is the same as in the Minimal Construction 3.1, and the Q-action
on (λ, η) is

Qλ = η − [θ, λ], Qη = −[θ, η] + [φ, λ].
The Lie(G)dR-action is also the same as in the Minimal Construction 3.1. It is deter-
mined by setting

ιξ θ = ξ,

with ιξ acting trivially on all other coordinates, [Q, ιξ ] = Lieξ , ξ ∈ Lie(G).
• We define the gauge fixing fermion as

�std = 〈χ, b〉 + 〈ψ, λx〉 + 〈η, [φ, λ]〉. (3.3)

Here, 〈·, ·〉 represents either an G-invariant inner product h on H, an G-invariant
Riemannian metric g on E , or an G-invariant inner product κ on Lie(G). Since the
index-free notation here may cause confusion, let us reexpress (3.3) using the original
notation:

�std = hαβχαbβ + gμν(x)ψ
μλa Xν

a(x) + κabη
a f bcdφ

cφd .

Since 〈·, ·〉 is G-invariant and �std does not depend on θ , it follows that �std is
GdR-invariant.

We refer to this construction as the standard construction for CohFTs, as it recovers the
usual form of CohFT obtained by applying twisting to supersymmetric gauge theories.

A direct computation shows that

Sstd := Q(�std) = Smin + 〈φx, λx〉 + |[φ, λ]|2 − 〈ψ, ηx〉 − 〈ψ, λx〉 − 〈η, [φ, η]〉,
(3.4)

where Smin is given by (3.2). The underlying even manifold of Estd is Lie(G)[2]×Etot ×
Lie(G)[−2]. Since η and λ have nonzero degrees, ι∗Sstd still takes the form (3.1), but
(Sstd)even now has two more terms:

(Sstd)even = S f o + 〈φx, λx〉 + |[φ, λ]|2, (3.5)

where S f o is given by (3.1).
Let us drop the Z grading and view (3.5) as a function depending smoothly on x , φ,

and λ. Let us denote by

S̃ol(F) := Crit((Sstd)even) ∩ (Sstd)
−1
even(0)

the critical locus of (3.5) of value 0. It is easy to see that

S̃ol(F) ∼= {(x, φ, λ)|F(x) = 0, λx = 0, φx = 0, [φ, λ] = 0}.



Cohomological Field Theories and First-Order Nonlinear PDEs Page 17 of 44     5 

Fig. 1. A picture of S̃ol(F)

S̃ol(F) has an interesting structure. (See Fig. 1.)
There exists a canonical projection

pr : S̃ol(F) → Sol(F)

defined by sending φ and λ to 0. Let Sol(F)red denote the subspace of Sol(F) on which
G acts non-freely. The fiber Ux := pr−1(x) at x ∈ Sol(F) is nontrivial if and only if
x ∈ Sol(F)red . Indeed, we have

Ux ∼= {(φ, λ)|φx = 0, λx = 0, [φ, λ] = 0} = ker[·, ·]|Lie(Gx )×Lie(Gx ),

where Lie(Gx ) denotes the Lie algebra of the isotropy group Gx of x , and [·, ·] denotes
the Lie bracket of Lie(G).

3.3. Mathai–Quillen formalism and the Atiyah–Jeffrey formula. If the G-action on E
is free and proper, then E becomes a principal G-bundle and can be equipped with a
connection 1-form A∇ . In this case, the following construction provides a simplification
of the Minimal Construction 3.1.

Construction 3.3. Consider the following CohFT (EMQ, Q, �MQ)of amplitude [−1, 1]:
• The configuration space EMQ is given by

EMQ = Etot [−1]dR = T [1]Etot [−1].
• Let (x, χ) be local coordinates of Etot [−1]. Let (ψ, b) be the corresponding coordi-
nates of the shifted tangent space. The scalar supersymmetry Q takes the following
form:

Qx = ψ, Qψ = 0,

Qχ = b − A∇χ + F , Qb = −A∇b + R∇χ − ∇F ,

where ∇ = d + A∇ , with d being the de Rham differential of E , and R∇ is the
curvature 2-form of A∇ . The Lie(G)dR-action is explicitly given by

ιξ x = 0, ιξψ = −ξ x,
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ιξχ = 0, ιξb = 0,

and Lieξ = [Q, ιξ ], ξ ∈ Lie(G).
• Let h = 〈·, ·〉 be a G-invariant inner product on H. We consider a gauge fixing
fermion of the same form as in the Minimal Construction 3.1:

�MQ = 〈χ, b〉.
It is easy to verify that �MQ is GdR-invariant. A direct computation shows that

SMQ := Q(�MQ) = |b|2 + 〈F , b〉 + 〈χ,∇F〉 − 〈χ, R∇χ〉. (3.6)

We now explain how (3.6) recovers Mathai and Quillen’s representative of the Eu-
ler class. Let H = R

2m , G = SO(2m), E be the frame bundle Fr(N ) over an 2m-
dimensional Riemannian manifold N , and ∇ be the Levi-Civita connection. The Fresnel
type Berezin integral

eF∇ (t) := 1

(2π)2m

∫

dχdb exp(i SMQ)

= 1

(2π)2m

∫

db exp(i t (|b|2 + 〈F , b〉))
∫

dχ exp(i t (〈χ,∇F〉 − 〈χ, R∇χ〉))

= 1

(2π)m
Pf(R∇) exp(− i t

4

(

|F |2 + 〈∇F , (R∇)−1∇F〉
)

)

defines a closed basic 2m-form on Fr(N )[13]. The partition function of our 0-dimensional
minimal CohFT is then reduced to the integral

∫

Fr(N )

eF∇ (t).

However, there is an issue because

eF∇ (t) is not a top form on Fr(N ).

There are two possible ways to address this. The first is to recognize that the “gauge
group” G in this case is artificially introduced and represents redundant data. One
can “quotient out" the GdR-action on EMQ and instead work with the dg manifold
(T [1]T [−1]N , Q), where Q is locally given by

Qxμ = ψμ, Qψμ = 0,

Qχμ = bμ − �μ
νρψνχρ + Fμ, Qbμ = −�μ

νρψνbρ +
1

2
Rμ

νρσ ψνψρχσ − ∂Fμ

∂xν
ψν − �μ

νρψνFρ,

where �
μ
νρ denotes the Christoffel symbols, Rμ

νρσ denotes the Riemann curvature tensor,
and F is now regarded a vector field over N . Proceeding in this manner yields eF∇ (t) in
the same form, but now as a top form on N .

Since d
dt e

F∇ (t) is exact3, and

lim
t→0

eF∇ (t) = Pf

(

R∇
2π

)

,

3 This can be proven either by using the fact that SMQ is Q-exact, or simply by observing that |F |2 +

〈∇F , (R∇ )−1∇F〉 = d〈F ,∇−1F〉.
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eF∇ (t) forms a representative of the Euler class of N . For a transversal F , a proof of the
Poincaré–Hopf theorem can be obtained by letting t → ∞. More precisely, we have

χ(N ) = lim
t→∞

∫

N
eF∇ (t) = lim

t→∞

∫

N
Pf

(

R∇
2π

)

exp

(

− i t

4
|F |2

)

=
∑

x∈F−1(0)

indx (F),

(3.7)

where χ(N ) is the Euler characteristic of N , and indx (F) is the degree of the vector
field F at x . In the last equality of (3.7), we use the stationary phase approximation.

The second approach is to consider the following construction, which is a variant of
the Standard Construction 3.2.

Construction 3.4. Consider the following CohFT (EAJ , Q, �AJ ) of amplitude [−2, 2]:
• The configuration space EAJ is the same as in the Standard Construction 3.2:

EAJ = T [1](Lie(G)[−2] ⊕ Etot [−1] ⊕ Lie(G)[1]).
• Let (λ, x, χ, θ) be local coordinates on Lie(G)[−2]⊕Etot [−1]⊕Lie(G)[1], and let
(η, ψ, b, φ) denote the corresponding local coordinates of the shifted tangent space.
The scalar supersymmetry Q takes the following form:

Qθ = φ − 1

2
[θ, θ ], Qφ = −[θ, φ],

Qx = ψ, Qψ = 0,

Qχ = b − θχ + F , Qb = −θb + φχ − (d + θ)F ,

Qλ = η − [θ, λ], Qη = −[θ, η] + [φ, λ].
The Lie(G)dR-action is explicitly given by

ιξ θ = ξ, ιξψ = −ξ x,

with ιξ acting trivially on all other coordinates, and Lieξ = [Q, ιξ ], ξ ∈ Lie(G).
• The gauge fixing fermion is

�AJ = 〈χ, b〉 + 〈ψ + θx, λx〉.
A direct computation shows that

SAJ := Q(�AJ ) = |b|2 + 〈F , b〉 + 〈χ, (d + θ)F〉 − 〈χ, φχ〉 + Sproj , (3.8)

where
Sproj := 〈φx, λx〉 − 〈ψ, λψ〉 − 〈ψ + θx, ηx〉.

(3.8) recovers the Atiyah–Jeffrey formula [14, Equation (2.12)]. Let C : so(2m) →
TpFr(N ) denote the tangent map of the SO(2m)-action at p ∈ Fr(N ). It is not hard to
see that

Sproj = 〈C(φ),C(λ)〉 + 〈dC∗, λ〉 − 〈C∗, η〉 − 〈C(θ),C(η)〉
= 〈φ +

dC∗

C∗C
,C∗C(λ)〉 − 〈θ +

C∗

C∗C
,C∗C(η)〉,
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where C∗ : TpFr(N ) → g is the adjoint of C . C∗ can be viewed as a Lie algebra valued
vertical 1-form on Fr(N ). The Berezin integral

γ∇(t) :=
∫

dφdλdθdη exp(i t Sproj )

=
∫

dφdλ exp(i t〈φ +
dC∗

C∗C
,C∗C(λ)〉

∫

dθdη exp(−i t〈θ +
C∗

C∗C
,C∗C(η)〉)

defines a vertical top form over Fr(N ). γ∇(t) is independent of t and is called as the
projection form in [32]. One can interpret it as

γ∇(t) =
∫

dφdθδ(φ +
dC∗

C∗C
)δ(θ +

C∗

C∗C
)volπ(p),

where δ is the Dirac delta function, volπ(p) is a volume form on the fiber of Fr(N ) at
π(p) satisfying

∫

π−1(π(p)) volπ(p) = 1. When being evaluated on horizontal vectors,

one can replace A∇ with C∗
C∗C , and R∇ with dC∗

C∗C . It follows that

χ(N ) =
∫

Fr(N )

eF∇ (t) ∧ γ∇(t).

3.4. A perturbative perspective via L∞ algebras. Let us recall the definition of an L∞
algebra.

Definition 3.3. Let L be a graded vector space. An L∞ algebra structure on L is specified
by a collection of graded skew-symmetric multi-linear maps

ln : �n(L) → L

of degree 2 − n, for n ≥ 1, such that

n
∑

i=1

(−1)i(n−i)
∑

ε

(−1)εln−i+1(li (xε(1), . . . , xε(i)), xε(i+1), . . . , xε(n)) = 0, (3.9)

where x1, . . . , xn are homogenous elements in L , and ε ranges over (i, n− i)-unshuffles.
(3.9) is called the Jacobi identity of L [33]. In particular, it implies that l1 ◦ l1 = 0.

Let M = (M,OM) be a graded manifold. Let QM be a cohomological vector field
onM. Fix an point p ∈ M and choose local coordinates zi forM around p. The tangent
space TpM of M at p can be identified with the span of ∂

∂zi
over R. Consider the Taylor

expansion of Q at p:

Q =
∞
∑

k=0

1

k!Q
i
i1...ik (p)z

ik · · · zi1 ∂

∂zi

It is well known (see [34,35]) that if Qi
0(p) = 0, then the graded symmetric multi-linear

maps

Q(n)
p : Symn(TpM) → TpM
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defined by Q(n)
p ( ∂

∂zi1
, · · · , ∂

∂zin
) = ±Qi

i1...in
(p) ∂

∂zi
, induce an L∞-structure onTpM[−1]

via the décalage isomorphism:

�n(TpM[−1]) ∼= Symn(TpM)[−n].
Let us consider the L∞ algebra associated with our Minimal Construction 3.1 of

CohFTs. Recall that the cohomological vector field Q is locally given by

Qθa = φa − 1

2
f abcθ

bθc, Qφa = − f abcθ
bφc,

Qxμ = ψμ − θa Xμ
a (x), Qψμ = −θa

∂Xμ
a (x)

∂xν
ψν + φa Xμ

a (x),

Qχα = bα − θa Xα
a (x, χ) + Fα(x), Qbα = −θa

∂Xα
a (x, χ)

∂χβ
bβ + φa Xα

a (x, χ) − ∂Fα(x)

∂xμ
ψμ.

For any p ∈ Sol(F), the leading-order components Qi
0(p) in the Taylor expansion of Q

vanish. Consequently, the shifted tangent space TpEmin[−1] inherits an L∞-structure.
The presence of higher brackets lk reflects the nonlinearity of F and the nontriviality of
the G-action on E .

Note that

TpEmin[−1] ∼= Lie(G)[1] ⊕ (TpE ⊕ Lie(G)) ⊕ (H ⊕ TpE)[−1] ⊕ H[−2].
The underlying complex of this L∞ algebra is:

deg −1 0 1 2

Lie(G) TpE H

Lie(G) TpE H

Rp Linp(F)

Rp

Id

Linp(F)

Id Id

The two rows correspond precisely to the (shifted) deformation complex of F at p.

Remark 3.2. In particular, if E is an affine space with an affine G-action and F is
quadratic, the resulting structure is a dgLa. This will be the case later when we ap-
ply the minimal construction to generalized Seiberg–Witten equations.

4. Field Theory Applications

The geometric constructions for 0-dimensional CohFTs in the previous section can be
extended to construct CohFTs in dimensions d ≥ 1. The immediate complication is that
both E and H become infinite-dimensional, and one must specify their topologies and
the algebra of functions considered on them. Here, we proceed at a formal level and do
not treat the mathematical details; these are supplied in [36] in terms of constructions
involving infinite jet bundles, local forms, and evolutionary vector fields.
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4.1. Nonlinear sigma models. Let (�, g) (the source) and (M, h) (the target) be Rie-
mannian manifolds of dimensions d and 2m, respectively. Define

E = C∞(�, Fr(M))

as the space of smooth maps from � to the frame bundle Fr(M) of M . Next, consider
the space

Etot = C∞(T�, Fr(M) × R
2m),

consisting of smooth bundle maps from the tangent bundle T� over � to the trivial
vector bundle Fr(M) × R

2m over Fr(M). The group G = C∞(�, SO(2m)) acts freely
on E and Etot in canonical ways. This makes Etot an infinite-dimensional G-equivariant
trivial vector bundle over E . The fiber of Etot can be identified with

H = �(T∨� ⊗ R
2m),

where T∨� denotes the cotangent bundle of �. The spaceH is equipped with a canonical
G-invariant inner product 〈·, ·〉H given by

2m
∑

i=1

∫

�

volg g
μν(x) siμ(x) t iν(x),

where si and t i are sections of T∨�, and volg denotes the volume form associated
with the metric g on �. The G-equivariant section F is defined by sending φ ∈ E to
θM ◦ dφ ∈ Etot , where:

• dφ : T� → TFr(M) is the tangent map of φ,
• θM is the solder form of Fr(M), interpreted as a bundle map:

θM : TFr(M) → Fr(M) × R
2m .

The CohFT construction is of the same form as in Construction 3.3. We set

ENSM = T [1]Etot [−1].
The field content of the theory consists of

φ ∈ C∞(�, Fr(M)), ψ ∈ �(φ∗TFr(M))[−1],
χ ∈ �(T∨� ⊗ R

2m)[1], b ∈ �(T∨� ⊗ R
2m).

The scalar supersymmetry Q is given by

Qφ = ψ, Qψ = 0,

Qχ = b − (φ∗A∇ )(ψ)χ + F(φ), Qb = −(φ∗A∇ )(ψ)b + (φ∗R∇ )(ψ,ψ)χ − φ∗∇F(φ).

Let us explain the notation and the objects involved. Here, A∇ is the connection 1-
form on Fr(M) corresponding to the Levi-Civita connection, and R∇ is the curvature
2-form of A∇ . The pullback φ∗A∇ can be regarded as a section of φ∗T∨Fr(M)⊗so(2m).
Composing it with ψ yields a section (φ∗A∇)(ψ) of the trivial bundle �×so(2m). This
section acts canonically on sections of T∨�⊗R

2m , allowing us to write expressions like
(φ∗A∇)(ψ)χ . Similarly, the notation (φ∗R∇)(ψ,ψ) should now be self-explanatory.
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Finally, ∇ = dFr(M) + A∇ is a connection on the trivial bundle Fr(M) × R
2m , where

dFr(M) is the de Rham differential of Fr(M). Its pullback via φ can be expressed as:

φ∗∇ = d� + φ∗A∇ ,

where d� is the de Rham differential on �. The term φ∗∇F(φ) should be understood
as:

φ∗∇F(φ) = d�(φ∗θM (ψ)) + φ∗A∇(ψ)F(φ) ∈ �(T∨� ⊗ R
2m)[−1],

where φ∗θM is a section of φ∗T∨Fr(M) ⊗ R
2m . Consequently, φ∗θM (ψ) is a section of

the trivial bundle � × R
2m .

The Lie(G)dR-action is given by

ιξψ(x) = ξ(x)(φ(x)), x ∈ �,

with ιξ acting trivially on all other fields, [Q, ιξ ] = Lieξ , ξ ∈ Lie(G). Here, we identify
Lie(G) with C∞(�, so(2m)) and ξ(x) ∈ so(2m) with its corresponding fundamental
vector fields over Fr(M).

The CohFT gauge fixing fermion is also of the same form as in Construction 3.3:

�NSM = 〈χ, b〉H =
2m
∑

i=1

∫

�

volg g
μν(x) χ i

μ(x) biν(x),

A direct computation shows that

SNSM = Q(�NSM ) = 〈b + F(φ), b〉H + 〈χ, φ∗∇F(φ)〉H − 〈χ, φ∗R∇(ψ,ψ)χ〉H.

As in the finite-dimensional case, the gauge symmetry group G introduces redundant
data. We can simplify the whole discussion by “quotienting out" GdR and working with
E = C∞(�, M), Etot = TE = C∞(T�, T M), and the section:

F : C∞(�, M) → C∞(T�, T M)

φ �→ dφ.

The CohFT configuration space is:

T [1]T [−1](C∞(�, M)).

The field content of the new theory consists of:

φ ∈ C∞(�, M), ψ ∈ �(φ∗T M)[−1],
χ ∈ �(T∨� ⊗ φ∗T M)[1], b ∈ �(T∨� ⊗ φ∗T M).

Fix a point x ∈ �. After choosing local coordinates xμ around x and yi around y = φ(x),
the scalar supersymmetry Q is given by:

Qφi (x) = ψ i (x), Qψ i (x) = 0,

Qχ i
μ(x) = biμ(x) − �i

jk(y)ψ
j (y)χk

μ(x) +
∂φi

∂xμ
(x),

Qbiμ(x) = −�i
jk(y)ψ

j (y)bkμ(x) +
1

2
Ri
jkl(y)ψ

j (y)ψk(y)χ l
μ(x) − ∇ ∂

∂xμ
ψ i (x),
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where �i
jk are the Christoffel symbols of the metric h on M , Ri

jkl are the components of

the Riemann curvature tensor of h, and ∇ ∂
∂xμ

ψ i (x) := ∂ψ i

∂xμ (y) + �i
jk(y)ψ

j (y) ∂φk

∂xμ (x).

The gauge fixing fermion is

�NSM =
∫

�

volgg
μν(x)hi j (φ(x))χ i

μ(x)b j
ν (x).

And the action functional is

SNSM = Q(�NSM ) =
∫

�

volg g
μν(x)hi j (φ(x))

(

(biμ(x) +
∂φi

∂xμ
(x))b j

ν (x)+

χ i
μ(x)(

∂ψ j

∂xν
(φ(x)) + �

j
kl(φ(x))ψk(φ(x))

∂φl

∂xν
(x))

−1

2
χ i

μ(x)R j
klm(φ(x))ψk(φ(x))ψ l(φ(x))χm

ν (x)

)

.

Remark 4.1. Note that

Sol(F) = {Constant maps from � to M} ∼= M.

To obtain a more interesting moduli space than the space of constant maps, one can
consider the following section of Etot :

Fα�,XM (φ) = dφ − α� ⊗ φ∗XM ,

where α� is a 1-form on � and XM is a vector field over M . Note that φ∗XM is not
a vector field over �, but a section of the pullback bundle φ∗T M . It is straightforward
to write down the scalar supersymmetry and action functional for the corresponding
CohFT, which we leave as an exercise for the reader.

4.1.1. N=2 supersymmetric quantum mechanics Restricting the previous discussion to
the d = 1 case yields N = 2 supersymmetric quantum mechanics. Here, the choice of
source manifold � is limited: if � is connected, it must be either the circle S1 in the
compact case or the real line R in the non-compact case. Let us assume that � = S1

and equip it with the standard Riemannian metric. Since T∨S1 is a trivial line bundle,
the field content of the theory consists of:

φ ∈ C∞(S1, M), ψ ∈ �(φ∗T M)[−1],
χ ∈ �(φ∗T M)[1], b ∈ �(φ∗T M).

The section F can be identified as the map sending φ to φ̇ := dφ
dt . The scalar supersym-

metry Q acts on the fields as

Qφi = ψ i , Qψ i = 0,

Qχ i = bi − �i
jkψ

jχk + φ̇i , Qbi = −�i
jkψ

j bk +
1

2
Ri
jklψ

jψkχ l − ∇ d
dt

ψ i ,

where ∇ d
dt

ψ i := ψ̇ i + �i
jkψ

j φ̇k .
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The gauge fixing fermion is

�SQM =
∫

S1
dt hi jχ

i b j .

The supersymmetric action functional is

SSQM = Q(�SQM ) =
∫

S1
dt hi j

(

(bi + φ̇i )b j + χ i∇ d
dt

ψ j − 1

2
χ i R j

klmψkψ lχm
)

.

Remark 4.2. One can replace � with R and F with

F f (φ) = dφ − dt ⊗ grad( f ),

where f is a Morse function on M and grad f is the gradient of f with respect to the
Riemannian metric h on M . The corresponding CohFT recovers N = 2 supersymmetric
quantum mechanics with a potential.

4.2. Generalized Seiberg–Witten theory. Let Cl(n) denote the Clifford algebra of R
n

and End(m) denote the algebra of m × m matrices over R or C. Let G ⊂ End(m) be a
(compact) matrix group containing −1. Let Spin(n) denote the spin group of R

n .

Definition 4.1. The spinG -group SpinG(n) is the subgroup of the unit group of Cl(n) ⊗
End(m) generated by Spin(n) ⊂ Cl(n) and G ⊂ End(m).

There exists a canonical group homomorphism

Spin(n) × G → SpinG(n) ⊂ Cl(n) ⊗ End(m),

explicitly given by sending (a, g) ∈ Spin(n) × G to a ⊗ g ∈ SpinG(n), whose kernel
consists of (1, 1) and (−1,−1). It follows that there exists a short exact sequence

Id → Z2 → SpinG(n) → SO(n) × (G/Z2) → Id.

At the Lie algebra level, one has the following Lie algebra isomorphism

spinG(n) = spin(n) ⊕ g ∼= so(n) ⊕ Lie(G/Z2),

where spinG(n), spin(n), g, so(n), and Lie(G/Z2) denote the Lie algebras of SpinG(n),
Spin(n), G, SO(n), and G/Z2, respectively.

Remark 4.3. Recall that there exists an explicit Lie algebra identification:

�2(Rn) ∼= spin(n) → so(n) ∼= �2(Rn), ϕ �→ 2ϕ.

The Lie algebra Lie(G/Z2) of G/Z2, however, does not have an explicit identification
with the Lie algebra g of G in general. Let π : G → G/Z2 denote the canonical quotient
map. We have an abstract isomorphism dπId : g → Lie(G/Z2), which is the differential
of π at the identity. If G is abelian, one can consider the isomorphism defined by sending
[g] ∈ G/Z2 to g2 ∈ G. dπId can then be identified with the automorphism of g defined
by multiplying the factor 2.
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Let (�, g) be an (oriented) Riemannian manifold of dimension d. Let L be a vector
bundle over M of rank m with structure group G/Z2. The frame bundle of T� ⊗ L
admits a SO(d) × (G/Z2)-subbundle

P(L , �) = PSO(d) ×� PG/Z2 ,

where PSO(d) is the special orthogonal frame bundle of � and PG/Z2 is the principal
G/Z2-bundle encoding the G/Z2-structure of L .

Definition 4.2. A spinG -structure on � is a Z2-equivariant lift of P(L , �) to a principal
SpinG(d)-bundle PSpinG (d) with respect to the double covering SpinG(d) → SO(d) ×
(G/Z2).

Remark 4.4. We require the vector bundle L to be part of the data for defining a spinG -
structure on �. For G = U(1) ⊂ End(2), a spinG-structure reduces to a spinc-structure.
In this case, L is a hermitian line bundle, which is known as the determinant line bundle
of the spinc-structure.

We define the Clifford bundle of the pair (L , �) to be the algebra bundle

Cl(L , �) = P(L , �) ×ρd,G (Cl(d) ⊗ End(m)) ,

where ρd,G is the SO(d)× (G/Z2)-action on Cl(d)⊗ End(m) induced by the canonical
action of SO(d) on R

d and the adjoint action of G on End(m). Note that there exists a
vector bundle isomorphism:

γ : �(�) ⊗ End(L) ∼= Cl(L , �). (4.1)

The Levi-Civita connection ∇ of � together with a connection 1-form A on PG/Z2

determines a connection on Cl(L , �), which we denote by ∇A.
Let /S be a vector bundle over � equipped with a bundle metric 〈·, ·〉. With a slight

abuse of notation, we use ∇A once again to denote a metric connection on /S.

Definition 4.3. /S is called a (twisted) Dirac bundle of the pair (L , �) if it is a bundle of
left modules over Cl(L , �), such that at each x ∈ �,

〈(e ⊗ g)σ1, (e ⊗ g)σ2〉 = 〈σ1, σ2〉 (4.2)

for all σ1, σ2 ∈ /Sx and all unit vectors e ∈ Tx� and g ∈ G ⊂ End(Lx ), and

∇A(ϕσ) = (∇Aϕ)σ + ϕ(∇Aσ) (4.3)

for all ϕ ∈ �(Cl(L , �)) and σ ∈ �(/S). The (twisted) Dirac operator of a Dirac bundle
is a first-order differential operator /DA : �(/S) → �(/S) defined by

/DAσ : =
n

∑

μ=1

(eμ ⊗ 1)∇A,eμσ

at x ∈ M , where {eμ}nμ=1 is an orthonormal basis of Tx�.
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Example 4.1. Let � be equipped with a spinG-structure PSpinG (d). We define

S(L , �) = PSpinG (d) ×μd,G S,

where S is a left module of Cl(d) ⊗ End(m), and μd,G is the induced left action of
SpinG(d) on S. Similarly, we define

V (L , �) = PSpinG (d) ×Ad V,

where V is a bimodule of Cl(d) ⊗ End(m), and Ad is the induced adjoint action of
SpinG(d) on V . Both S(L , �) and V (L , �) are bundles of left modules over Cl(L , �).

The Levi-Civita connection 1-form on PSO(n), together with a connection 1-form
A on PG/Z2 , determines a connection 1-form on PSpinG (d). This induces a covariant
derivative ∇A on S(L , �) or V (L , �). If G is compact, S or V can be equipped with a
SpinG(d)-invariant inner product, defining a bundle metric 〈·, ·〉 on S(L , �) or V (L , �)

that satisfies (4.2). Moreover, ∇A is a metric connection with respect to 〈·, ·〉 and satisfies
(4.3) by construction. Thus, both S(L , �) and V (L , �) are Dirac bundles of (L , �).

From now on, we consider Dirac bundles /S constructed as either S(L , �) or V (L , �).
We define the following quadratic bundle map

μ : /S → �2(�) ⊗ ad L , (4.4)

where ad L is the adjoint bundle of PG/Z2 , by setting

μ(σ) =
∑

a

〈(eμeν ⊗ ξa)σ, σ 〉(eμ ∧ eν) ⊗ ξa,

for σ ∈ /Sx , where {eμ} is an (orthonormal) basis of T∨
x �, {ξa} is an orthonormal basis of

(ad L)x
4, and the action of (eμeν ⊗ ξa) on σ is given by the Cl(L , �)-module structure

of /S.
Let A be a G/Z2 connection on L . Note that curvature FA of A is also a section of

�2(�) ⊗ ad L . We define the generalized Seiberg–Witten (GSW) equations on � as

FA − 1

2
μ(σ) = 0, /DAσ = 0, (4.5)

where σ ∈ �(/S). If /S is complex, we define the chirality operator � ∈ End(/S) as

� = id/2γ (volg ⊗ 1),

where volg ∈ �(�d(T∨�)) is the volume form of �. � has the following properties:

1. �2 = 1;
2. /DA ◦ � = −� ◦ /DA.

4 We put the standard inner product 〈ξ1, ξ2〉 = Tr(ξ1ξ2) on (ad L)x ∼= Lie(G/Z2).
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This implies that /S admits a decomposition /S = /S+ ⊕ /S− such that �|/S± = ±1, and the

Dirac operator /DA decomposes as /DA = ( /D+
A, /D−

A), mapping sections of /S+ ⊕ /S− to
sections of /S− ⊕ /S+.

In dimension 4, � can also be defined for a real /S, and it induces a decomposition of
the quadratic bundle map (4.4):

μ± : /S± → �2±(�) ⊗ ad L ,

where �2±(�) denote the selfdual and anti-selfdual subbundles of �2(�) with respect
to the Hodge star operator of g.

From now on, we fix � to be a compact oriented Riemannian 4-manifold. And we
consider a selfdual version of the GSW equations (4.5):

(FA)+ − 1

2
μ+(σ ) = 0, /D+

Aσ = 0, (4.6)

where σ is a section of /S+. To apply our CohFT construction to (4.6), we define

E = A(L) × �(/S+
),

where A(L) denotes the affine space of G/Z2 connections on L , and define

Etot = E × H,

with H = �2
+(�, ad L) × �(/S−

). The gauge symmetry group G = Aut(L) acts on E
and Etot , making Etot an infinite-dimensional G-equivariant trivial vector bundle over E .
The space H is equipped with a canonical G-invariant inner product 〈·, ·〉H given by

〈(α1 ⊗ ξ1, s1), (α2 ⊗ ξ2, s2)〉H =
∫

�

volg
(

〈α1, α2〉�2
+(�)〈ξ1, ξ2〉ad L + 〈s1, s2〉/S−

)

,

where α1, α2 ∈ �2
+(�), ξ1, ξ2 ∈ �(ad L), s1, s2 ∈ �(/S−

), 〈·, ·〉�2
+(�) is the bundle

metric on �2
+(�) induced by the Riemannian metric g on �, 〈·, ·〉ad L is the canonical

bundle metric on ad L induced by taking trace, and 〈·, ·〉/S− is a bundle metric on /S−,
which is part of data defining the Dirac bundle structure of /S. Finally, the G-equivariant
map F : E → H is given by

F(A, σ ) = ((FA)+ − 1

2
μ+(σ ), /D+

Aσ).

The CohFT construction is of the same form as in Standard Construction 3.2. We set

EGSW = T [1](Lie(G)[−2] ⊕ Etot [−1] ⊕ Lie(G)[2]),
where Lie(G) can be identified with �0(�, ad L). The field content of the theory consists
of

θ ∈ �0(�, ad L)[−1], φ ∈ �0(�, ad L)[−2],
A ∈ A(L), ψ ∈ �1(�, ad L)[−1],
σ ∈ �(/S+

), ρ ∈ �(/S+
)[−1],

χ ∈ �2
+(�, ad L)[1], b ∈ �2

+(�, ad L),
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ζ ∈ �(/S−
)[1], h ∈ �(/S−

),

λ ∈ �0(�, ad L)[2], η ∈ �0(�, ad L)[1].
The scalar supersymmetry Q is given by

Qθ = φ − 1

2
[θ, θ ], Qφ = −[θ, φ],

QA = ψ + dAθ, Qψ = −[θ, ψ] − dAφ,

Qσ = ρ − θσ, Qρ = −θρ + φσ,

Qχ = b − [θ, χ ] + (FA)+ − 1

2
μ+(σ ), Qb = −[θ, b] + [φ, χ ] − d+

Aψ + μ+(σ, ρ),

Qζ = h − θζ + /D+
Aσ, Qh = −θh + φζ − /D+

Aρ − ψσ,

Qλ = η − [θ, λ], Qη = −[θ, η] + [φ, λ].
Let us explain the notation and objects involved. Here, dA is the exterior covariant
derivative corresponding to the connection 1-form A on L . Locally, we can write dA =
d + A, where d is the exterior derivative of �. The term d+

Aψ denotes the projection of
dAψ onto its selfdual part. Since /S is a left Cl(L , �)-module, we use ασ to denote the
action of an ad L-valued differential form α on σ via the identification (4.1). Finally,
μ+(·, ·) represents the bilinear form associated with μ+(·).

The Lie(G)dR-action is given by

ιξ θ = ξ,

with ιξ acting trivially on all other fields, [Q, ιξ ] = Lieξ , ξ ∈ Lie(G).
The minimal gauge fixing fermion is

�GSW
min = 〈(χ, ζ ), (b, h)〉H =

∫

�

volg〈(χ, ζ ), (b, h)〉,

where, for simplicity, we omit the subscripts of the bundle metrics involved.
The minimal CohFT action functional is

SGSW
min = Q(�GSW

min )

=
∫

�

volg

(

〈b + (FA)+ − 1

2
μ+(σ ), b〉 + 〈h + /D+

Aσ, h〉

+ 〈χ, d+
Aψ − μ+(σ, ρ) − [φ, χ ]〉 + 〈ζ, /D+

Aρ + ψσ − φζ 〉
)

. (4.7)

The standard gauge fixing fermion is

�GSW = �GSW
min +

∫

�

volg (〈(ψ, ρ), (dAλ,−λσ)〉 + 〈η, [φ, λ]〉) .

The standard CohFT action functional is

SGSW = Q(�GSW )

=
∫

�

volg

(

〈b + (FA)+ − 1

2
μ+(σ ), b〉 + 〈h + /D+

Aσ, h〉 − 〈dAφ, dAλ〉
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− 〈φσ, λσ 〉 + |[φ, λ]|2
+ 〈χ, d+

Aψ − μ+(σ, ρ) − [φ, χ ]〉 + 〈ζ, /D+
Aρ + ψσ − φζ 〉

− 〈ψ, dAη + [ψ, λ]〉 + 〈ρ, ησ + λρ〉 − 〈η, [φ, η]〉
)

. (4.8)

Remark 4.5. Let G = U(2) and S = C
4 ⊗ C

2 be an irreducible left-module of Cl(4) ⊗
End(2). We have

U(2)/Z2 ∼= U(1) × PU(2) ∼= S1 × SO(3),

and the connection A on L splits as

A = a + A0.

Fixing a, the resulting GSW equations of (A0, σ ) are known as the SO(3) monopole
equations [37]. Its moduli space contains both the moduli space of SO(3) anti-selfdual
connections and the moduli space of U(1) monopoles. In this case, the CohFT action
functional (4.8) coincides with the supersymmetric action functional of the twisted N =
2 SO(3) supersymmetric Yang–Mills theory with massless matter fields [38, Subsection
5.5.].

4.2.1. Donaldson–Witten theory Restricting the previous discussion to the case G =
SU(2) and /S = {0} yields Donaldson–Witten theory. In this case, F = 0 yields the
anti-selfdual equations:

(FA)+ = 0.

The field content of the theory consists of

θ ∈ �0(�, ad L)[−1], φ ∈ �0(�, ad L)[−2],
A ∈ A(L), ψ ∈ �1(�, ad L)[−1],
χ ∈ �2

+(�, ad L)[1], b ∈ �2
+(�, ad L),

λ ∈ �0(�, ad L)[2], η ∈ �0(�, ad L)[1].
The scalar supersymmetry Q is given by:

Qθ = φ − 1

2
[θ, θ ], Qφ = −[θ, φ],

QA = ψ + dAθ, Qψ = −[θ, ψ] − dAφ,

Qχ = b − [θ, χ ] + (FA)+, Qb = −[θ, b] + [φ, χ ] − d+
Aψ,

Qλ = η − [θ, λ], Qη = −[θ, η] + [φ, λ].
The gauge fixing fermion is

�DW =
∫

�

volg(〈χ, b〉 + 〈ψ, dAλ〉 + 〈η, [φ, λ]〉).

The CohFT action functional is

SDW =
∫

�

volg

(

〈b + (FA)+, b〉 − 〈dAφ, dAλ〉 + |[φ, λ]|2
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+ 〈χ, d+
Aψ − [φ, χ ]〉 − 〈ψ, dAη − [λ,ψ]〉 − 〈η, [φ, η]〉

)

,

which coincides with the supersymmetric action functional of the twisted pure N = 2
supersymmetric Yang–Mills theory. See [12, Equation 2.13.] and [39].

4.2.2. Seiberg–Witten theory Restricting the previous discussion to the case G = U(1)

and /S being the hermitian vector bundle associated with the irreducible complex repre-
sentation S = C

4 of Cl(4) ⊗ C yields the ordinary Seiberg–Witten theory. In this case,
μ+ is explicitly given by

μ+ : /S+ → i�2
+(�)

σ �→ 2σσ ∗ − |σ |2,
where i denotes the imaginary unit, σ ∗ denotes the hermitian dual of σ , and we identify
the skew-hermitian part of End(/S+

) with i�2
+(�). F = 0 yields the ordinary Seiberg–

Witten equations

(FA)+ = σσ ∗ − 1

2
|σ |2, /D+

Aσ = 0.

The field content of the theory consists of

θ ∈ i�0(�)[−1], φ ∈ i�0(�)[−2],
A ∈ A(L), ψ ∈ i�1(�)[−1],
σ ∈ �(/S+

), ρ ∈ �(/S+
)[−1],

χ ∈ i�2
+(�)[1], b ∈ i�2

+(�),

ζ ∈ �(/S−
)[1], h ∈ �(/S−

),

λ ∈ i�0(�)[2], η ∈ i�0(�)[1].
The scalar supersymmetry Q is given by:

Qθ = φ, Qφ = 0,

QA = ψ + dθ, Qψ = −dφ,

Qσ = ρ − 1

2
θσ, Qρ = −1

2
θρ +

1

2
φσ,

Qχ = b + (FA)+ − 1

2
μ+(σ ), Qb = −d+ψ + μ+(σ, ρ),

Qζ = h − 1

2
θζ + /D+

Aσ, Qh = −1

2
θh +

1

2
φζ − /D+

Aρ − ψσ,

Qλ = η, Qη = 0.

Here, θσ simply denotes the scalar multiplication of σ by θ . See Remark 4.3 for an
explanation of the appearance of the factor 1/2.

The gauge fixing fermion is

�SW =
∫

�

volg (〈(χ, ζ ), (b, h)〉 + 〈(ψ, ρ), (dλ,−λσ)〉) .
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The CohFT action functional is

SSW =
∫

�

volg

(

〈b + (FA)+ − 1

2
μ+(σ ), b〉 + 〈h + /D+

Aσ, h〉 − 〈dφ, dλ〉 − 〈φσ, λσ 〉

+ 〈χ, d+ψ − μ+(σ, ρ)〉 + 〈ζ, /D+
Aρ + ψσ − φζ 〉 − 〈ψ, dη〉 + 〈ρ, ησ + λρ〉

)

,

which coincides with the supersymmetric action functional of the twisted N = 2 U(1)

supersymmetric Yang–Mills theory with massless matter fields [38, Subsection 5.5.].

4.2.3. Kapustin–Witten theory Let G = SU(2) and /S = �T∨� ⊗ ad L . The Dirac
operator on /S is given by

/DA = dA + d∗
A,

where d∗
A is the formal adjoint operator of dA. For our purpose, we restrict σ to be an

ad L-valued homogeneous 1-form on �. One can check that

μ(σ) = [σ, σ ].
Consequently, we consider the equivariant map F defined by

F(A, σ ) = ((FA−1

2
[σ, σ ])+, d−

A σ, d∗
Aσ) ∈ �2

+(�, ad L)⊕�2−(�, ad L)⊕�0(�, ad L).

Restricting the previous discussion to this case yields the Kapustin–Witten theory. The
filed content of the theory consists of

θ ∈ �0(�, ad L)[−1], φ ∈ �0(�, ad L)[−2],
A ∈ A(L), ψ ∈ �1(�, ad L)[−1],
σ ∈ �1(�, ad L) ˜ψ ∈ �1(�, ad L)[−1],
χ ∈ �2

+(�, ad L)[1], b ∈ �2
+(�, ad L),

χ̃ ∈ �2−(�, ad L)[1], ˜b ∈ �2−(�, ad L),

η̃ ∈ �0(�, ad L)[1], ˜λ ∈ �0(�, ad L),

λ ∈ �0(�, ad L)[2], η ∈ �0(�, ad L)[1].
(Note that the fields λ and˜λ have different ghost degrees.)

The scalar supersymmetry Q of the theory takes the following form.

Qθ = φ − 1

2
[θ, θ ], Qφ = −[θ, φ],

QA = ψ + dAθ, Qψ = −[θ, ψ] − dAφ,

Qσ = ˜ψ − [θ, σ ], Q˜ψ = −[θ, ˜ψ] + [φ, σ ],

Qχ = b − [θ, χ ] + (FA − 1

2
[σ, σ ])+, Qb = −[θ, b] + [φ, χ ] − d+

Aψ + [˜ψ, σ ]+,
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Qχ̃ = ˜b − [θ, χ̃ ] + d−
A σ, Q˜b = −[θ,˜b] + [φ, χ̃ ] − d−

A
˜ψ − [ψ, σ ]−,

Qη̃ =˜λ − [θ, η̃] + d∗
Aσ, Q˜λ = −[θ,˜λ] + [φ, η̃] − d∗

A
˜ψ + 〈[ψ, σ ]〉,

Qλ = η − [θ, λ], Qη = −[θ, η] + [φ, λ],
where

〈[ψ, σ ]〉 :=
4

∑

μ=1

[ψμ, σμ],

with ψ = ψμeμ, σ = σμeμ, and {eμ}4
μ=1 being a local orthonormal coframe.

The gauge fixing fermion is

�KW =
∫

�

volg(〈(χ, χ̃, η̃), (b,˜b,˜λ)〉 + 〈(ψ, ˜ψ), (dAλ,−[λ, σ ])〉 + 〈η, [φ, λ]〉).

The CohFT action functional is

SKW =
∫

�

volg

(

〈b + (FA − 1

2
[σ, σ ])+, b〉 + 〈˜b + d−

A σ,˜b〉 + 〈˜λ + d∗
Aσ,˜λ〉

− 〈dAφ, dAλ〉 − 〈[φ, σ ], [λ, σ ]〉 + |[φ, λ]|2
+ 〈χ, d+

Aψ − [˜ψ, σ ]+ − [φ, χ ]〉 + 〈χ̃ , d−
A

˜ψ + [ψ, σ ]− − [φ, χ̃ ]〉
− 〈ψ, dAη − [σ, η̃] − [λ,ψ]〉 − 〈˜ψ, dAη̃ + [σ, η] − [λ, ˜ψ]〉
− 〈̃η, [φ, η̃]〉 − 〈η, [φ, η]〉

)

.

which coincides with the supersymmetric action functional of the twisted pure N = 4
supersymmetric Yang–Mills theory [6].

Noting that on R
4, SKW is invariant under the following operation:

χ → −χ̃ , χ̃ → χ, ψ → −˜ψ, ˜ψ �→ ψ, η → −η̃, η̃ �→ η.

This suggests that the CohFT is the complexification of another CohFT. Let us define
the complexified fields as follows:

Ac = A + iσ, ψc = ψ + i˜ψ, χc = χ + i χ̃ , ηc = η + i η̃, bc = b + i˜b,

and define
λc = i˜λ + [φ, λ].

(Note that λc is of degree 0 and should not be confused with the complexification of the
field λ.) Ac can be interpreted as a SL(2, C) connection on L ⊗C. Its curvature FAc can
be decomposed as

FAc = FA − 1

2
[σ, σ ] + idAσ.

It is easy to check that χc and bc are both complex selfdual 2-forms.5 Moreover, the
G-equivariant section F can be reformulated as

5 A complex 2-form T over a 4-dimensional manifold is said to be selfdual if T− = 1
2 (T − �T ) = 0,

where T is the complex conjugate of T .
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F(Ac) = ((FAc)+, id∗
Ac

Im(Ac)) ∈ �2
+(�, ad L ⊗ C) ⊕ �0(�, ad L ⊗ C),

where d∗
Ac

Im(Ac) = d∗
Aσ + i〈[σ, σ ]〉 = d∗

Aσ .
The expression of Q can be simplified as follows.

Qθ = φ − 1

2
[θ, θ ], Qφ = −[θ, φ],

QAc = ψc + dAcθ, Qψc = −[θ, ψc] − dAcφ,

Qχc = bc − [θ, χc] + (FAc )+, Qbc = −[θ, bc] + [φ, χc] − d+
Ac

ψc,

Qηc = λc − [θ, ηc] + id∗
Ac

Im(Ac), Qλc = −[θ, λc] + [φ, ηc] − iIm(d∗
Ac

ψc),

and Qλ = Re(ηc) − [θ, λ].
The expressions of �KW and SKW can be simplified as follows.

�KW =
∫

�

volg(〈χc, bc〉 + 〈ψc, dAcηc〉 + 〈ηc, λc〉),

SKW =
∫

�

volg

(

〈bc + (FAc)+, bc〉 + 〈˜λ + d∗
Aσ,˜λ〉 − 〈dAcφ, dAcλ〉 + |[φ, λ]|2

+ 〈χc, d
+
Ac

ψc − [φ, χc]〉 − 〈ψc, dAcηc − [λ,ψc]〉 − 〈ηc, [φ, ηc]〉
)

.

This suggests that one may interpret the Kapustin–Witten theory as the complexification
of the Donaldson–Witten theory with an imaginary gauge fixing condition [40].

Remark 4.6. The CohFT configuration space has a U(1)-action, given by

θ → θ, φ → φ, Ac → Ac, ψc → eiϕψc, χc → eiϕχc, bc → eiϕbc,

ηc → eiϕηc, λc → λc, λ → λ.

One can check that the action functional SKW is invariant under this action, along with
the replacement

F → eiϕF := ((eiϕFAc )+, id∗
Ac

Im(Ac)).

Note that eiϕF = 0 yields exactly the family of Kapustin–Witten equations [41]:

(cos(ϕ)(FA − [σ, σ ]/2) − sin(ϕ)dAσ)+ = 0,

(sin(ϕ)(FA − [σ, σ ]/2) + cos(ϕ)dAσ)− = 0,

together with the imaginary gauge fixing condition: d∗
Aσ = 0.

5. Symmetries and Observables

In this section, we discuss the spacetime symmetries and observables of CohFTs in the
context of our Minimal Construction 3.1. The term ‘spacetime symmetries’ is used to
distinguish these symmetries from the gauge symmetries described by the group G. We
show that minimal CohFTs are de Rham translation invariant. Additionally, we argue
that the classical observables of a (minimal) CohFT form a prefactorization algebra over
the spacetime manifold. This can be made precise perturbatively using the language of
elliptic L∞ algebras.
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5.1. Spacetime symmetries. Let us assume that Lie(G), E , and the fiber of Etot can be
identified with the spaces of sections of some (gauge) natural bundles over �. (We refer
the reader to [42] for the notion of (gauge) natural bundles.) Since the diffeomorphism
group Diff(�) has a natural action on the space of sections of a natural bundle, we have
a X(�)-action on the CohFT configuration space Emin = T [1](Etot [−1] ⊕ Lie(G)[1]):

Lie : X(�) → X(Emin)

X �→ LieX

where X(Emin) denotes the graded Lie superalgebra of derivations of C∞(Emin), LieX
denotes the Lie derivative of X ∈ X(�) on Emin determined by the natural bundle
structures.

Definition 5.1. An element X ∈ X(�) is said to be an (infinitesimal) spacetime sym-
metry of the CohFT (Emin, Q, Smin) if

1. LieX (Smin) = 0;
2. LieX is homotopically trivial, i.e., there exists a degree −1 derivation ιX ∈ X(Emin)

such that LieX = [Q, ιX ].
If X1 and X2 are both spacetime symmetries of the theory, then there exists ιX1 and

ιX2 in X(Emin)−1, such that

Lie[X1,X2] = [LieX1 , LieX2 ] = [[Q, ιX1 ], LieX2 ] = [Q, [ιX1 , LieX2 ]].
Moreover, we have

Lie[X1,X2](Smin) = [LieX1 , LieX2 ](Smin) = 0.

Thus, [X1, X2] is also a spacetime symmetry of the theory. We conclude that

Proposition 5.1. The spacetime symmetries of (Emin, Q, Smin) form a subalgebra s of
X(�).

Definition 5.2. We say that the CohFT (Emin, Q, Smin) is de Rham s-invariant if the
s-action on the CohFT configuration space Emin can be extended to a sdR-action. That
is,

[ιX1 , ιX2 ] = 0, [ιX1 , LieX2 ] = ι[X1,X2],
for all X1, X2 ∈ s, and

ιX (Smin) = 0,

for all X ∈ s.

Example 5.1 (Vector supersymmetries). Let us assume that � = R
d , s is the Lie algebra

of infinitesimal translations of �, and the CohFT is de Rham s-invariant. This is often the
case if the CohFT comes from a topological twisting of a supersymmetric field theory
on R

d . Fixing a basis {∂μ}dμ=1 of s, we denote ι∂μ by Kμ. (Kμ are called as the vector
supersymmetries of the theory by physicists [43–45].) By definition, we have

QKμ + KμQ = ∂μ, KμKν + KνKμ = 0, Kμ∂ν − ∂νKμ = 0. (5.1)

One can also organize Kμ into a single 1-form symmetry K := Kμdxμ. It follows
that QK + K Q = d, where d is the de Rham differential of �. Under some techni-
cal assumptions, one can show that K forms a homotopy operator of the GdR-algebra
�(M)⊗C∞(Emin) [36]. For a modern mathematical treatment of the vector supersym-
metries, we refer the reader to [46,47].
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Example 5.2. Let us assume that � = CP
1, s is the Witt algebra, and the CohFT is de

Rham s-invariant. This is often the case if the CohFT comes from a topological twisting
of a superconformal field theory. Fixing a basis {Ln}n∈Z of s, we denote ιLn by Gn . By
definition, we have

QGn + GnQ = Ln, GnGm + GmGn = 0, GnLm − LmGn = (m − n)Gm+n .

The generator G−1 together with its complex conjugate can be interpreted as the vector
supersymmetries of the theory. For an application of the extended Witt algebra sdR , we
refer the reader to [48].

Indeed, due to the shifted tangent bundle structure of our CohFT configuration space
Emin and the specific form chosen for the minimal gauge fixing fermion �min , one
can always construct a (Rd)dR-action on Emin to make the theory de Rham translation
invariant. Let us illustrate this idea through the minimal construction of generalized
Seiberg–Witten theory. We define

Kμθ = 0, Kμφ = ∂μθ,

KμA = 0, Kμψ = ∂μA,

Kμσ = 0, Kμρ = ∂μσ,

Kμχ = 0, Kμb = ∂μχ,

Kμζ = 0, Kμh = ∂μζ.

It is straightforward to verify that Equations 5.1 hold, and that

Kμ(�GSW
min ) = Kμ

∫

R4
d4x(〈χ, b〉 + 〈b, h〉) = −

∫

R4
d4x(〈χ, ∂μχ〉 + 〈ζ, ∂μζ ) = 0,

where we use the assumption that all fields are compactly supported on R
4. It follows

that

Kμ(SGSW
min ) = [Q, Kμ](�GSW

min ) = 0.

However, there is a minor issue with this (Rd)dR-action: it is not compatible with the
GdR-action [36]. That is,

[Kμ, ιξ ] �= 0. (5.2)

In fact, one can verify that the condition (5.2) fails only for the φ field:

[Kμ, ιξ ]φ = ∂μξ �= 0.

To resolve this issue, note that Kμ is not necessarily unique. One can always perturb it
to Kμ + δKμ, provided that δKμ satisfies

[Q, δKμ] = 0, [δKμ, Kν] + [Kμ, δKν] + [δKμ, δKν] = 0, [δKμ, ∂ν] = 0.
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In our case, we can perturb the old vector supersymmetries to obtain the following:

K θ = A, Kφ = −ψ,

K A = 0, Kψ = 2FA,

Kσ = 0, Kρ = dAσ,

Kχ = 0, Kb = dAχ,

K ζ = 0, Kh = dAζ,

which is compatible with the GdR-action. There also exists other more complicated
perturbations. The following one is closely related to the physics literature, as it arises
from the twisting of the original supersymmetries:

K θ = A, Kφ = −ψ,

K A = 2χ, Kψ = 2(FA)− − 2b + μ+(σ ),

Kσ = −eμ ∧ (eμζ ), Kρ = eμ ∧ (eμh),

Kχ = 0, Kb = 3dAχ − eμ ∧ μ+(eμζ, σ ),

K ζ = 0, Kh = −eμ ∧ χμν(e
νσ ),

where {eμ}4
μ=1 denotes an orthonormal basis of R

4. One can check that the desired
formula [Q, K ] = d holds. Indeed, we have

[Q, K ]θ = Q(A) + K (φ − 1

2
[θ, θ ])

= dAθ − [A, θ ] = dθ,

[Q, K ]A = Q(2χ) + K (ψ + dAθ)

= 2(b − [θ, χ ] + (FA)+ − 1

2
μ+(σ )) + 2(FA)− − 2b + μ+(σ ) − d A − [A, A]

= 2FA − d A − [A, A] = d A,

[Q, K ]σ = Q(−eμ ∧ (eμζ )) + K (ρ − θσ )

= −eμ ∧ (eμ(h − θζ + /DAσ)) + eμ ∧ (eμh) − Aσ − eμ ∧ (eμθζ )

= −eμ ∧ (eμ /DAσ) − Aσ

= dAσ − Aσ = dσ,

[Q, K ]χ = K (b − [θ, χ ] + (FA)+ − 1

2
μ+(σ ))

= 3dAχ − eμ ∧ μ+(eμζ, σ ) − [A, χ ] − 2dAχ − eμ ∧ μ+(−eμζ, σ )

= dAχ − [A, χ ] = dχ,

[Q, K ]ζ = K (h − θζ + /DAσ)

= −eμ ∧ χμν(e
νσ ) − Aζ + eμ ∧ χμν(e

νσ ) − eμ ∧ /DA(eμζ )

= dAζ − Aζ = dζ.

The computation for the superpartners of the fields above follows similarly. Moreover,
one can check that

Kμ(�GSW
min ) = Kμ

(∫

R4
dx4 (〈b, χ〉 + 〈h, ζ 〉)

)
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=
∫

R4
dx4〈Dμχ,−〈μ+(eμζ, σ ), χ〉 − 〈χμν(e

νσ ), ζ 〉

=
∫

R4
dx4〈Dμχ, χ〉 = 0,

where Dμ := ιeμdA, and we use the definition (4.4) of μ to get to the third line. It
follows immediately that Kμ(SGSW

min ) = 0, which is not surprising, because the original
untwisted action functional is supersymmetric, and the twisting has no effect on R

4.

Remark 5.1. Another wonderful consequence of these Kμ is that they can be used to
give an elegant reformulation (see (5.3) below) of the minimal CohFT action functional
SDW
min of Donaldson–Witten theory on R

4. To see this, let

θK := exp(K )θ =
4

∑

p=0

1

p!K
pθ, φK := exp(K )φ =

4
∑

p=0

1

p!K
pφ.

For Donaldson–Witten theory, a direct computation shows that

θK = θ + A + χ, φK = φ − ψ + (b − (FA)−) + dAχ +
1

2
[χ, χ ].

We define [36]
∫

R4

1

2
(exp(K )Tr(φ2))top =

∫

R4
Tr(φ2

K )top

=
∫

R4
Tr

(

1

2
φ[χ, χ ] − ψ ∧ dAχ +

1

2
b ∧ b

+
1

2
(FA)− ∧ (FA)−

)

.

where Tr is the negative Killing form of the Lie algebra su(2). Recall that the minimal
CohFT action functional of the Donaldson–Witten theory is

SDW
min =

∫

R4
d4x

(

|b|2 + 〈(FA)+, b〉 + 〈χ, d+
Aψ〉 − 〈χ, [φ, χ ]〉

)

.

We have

SDW
min −

∫

R4
Tr(φ2

K )top =
∫

R4
d4x

(

1

2
|(FA)−|2 +

1

2
|b|2 + 〈b, (FA)+〉

)

.

“Integrating out" the auxiliary field b, or equivalently, setting b = −(FA)+, we get

SDW
min

∣

∣

∣

∣

b=−(FA)+

= 1

2

∫

R4
Tr(FA ∧ FA) +

∫

R4
Tr(φ2

K )top
∣

∣

∣

∣

b=−(FA)+

. (5.3)

(5.3) can be explained by the holomorphicity of the supersymmetric gauge theories
involving only the vector multiplet. For more details, we refer the reader to [38, Chapter
4.].
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5.2. Observables. Let us move forward to discuss the algebra of classical observables
within our minimal construction of CohFTs. Since both Lie(G) and Etot are defined as
spaces of smooth sections of bundles over �, it is natural to consider their restrictions,
Lie(G|U ) and Etot |U , to an open subset U ⊂ �, and accordingly, the restriction of Emin
to Emin|U . In other words, we obtain a contravariant functor from the category Open� of
open subsets in �, to the category GraFréchetMan of graded Fréchet manifolds. On the
other hand, taking the complex of functions on Emin yields another contravariant func-
tor from GraFréchetMan to the category DGCA of differential graded commutative
algebras. Composing these two functors gives us a covariant functor

ObsclF : Open� → DGCA,

which assigns to each open subset U of � the differential graded commutative algebra

(C∞(Emin|U ), Q|Emin |U ).

Under some reasonable locality assumptions on F , one can expect that ObsclF forms
a prefactorization algebra on �. We call it the algebra of classical observables of the
minimal CohFT.

A standard method for constructing CohFT observables is to integrate local forms
over submanifolds of the spacetime manifold. Consider the prefactorization algebra
PreObsclF defined by

U �→ (�cp(U ) ⊗ C∞(Emin|U ), d + (−1)•Q|Emin |U )

where�cp(U ) is the de Rham complex of compactly supported differential forms onU ⊂
�, d is the de Rham differential of �cp(U ). Let O be a closed element in PreObsclF (U )

of total degree dim �. One can decompose O as O = ∑dim �
p=0 O(p), where O(p) is of

bidegree (p, dim � − p) and satisfies

QO(p) = dO(p−1), p = 1, . . . , dim �, (5.4)

and QO(0) = 0. The equations (5.4) are called as the topological descent equations [12].
Picking a k-dimensional closed submanifold γk inside U ⊂ M , one can define a map

evγk |U : Hdim �(PreObsclF (U )) → Hdim �−k(ObsclF (U ))

[O] �→ [
∫

γk

O(k)],

where we use H•(A) to denote the cohomology groups of a dgca A, and use [a] to
denote the cohomology class of a closed element a in A. It is not hard to see that this
map only depends on the homology class of γk .

Example 5.3. In Donaldson–Witten theory, one starts with

O(0) = Tr(φ2).

O(0) is Q-closed and is of the correct bidegree (4, 0). To solve the descent equations
(5.4), we define

A(θ) = θ + A, F(φ) = φ − ψ + FA.
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One can check that [39]

F(φ) = (d + (−1)•Q)A(θ) +
1

2
[A(θ), A(θ)], (d + (−1)•Q)F(φ) + [A(θ), F(φ)] = 0.

Let O = Tr(F(φ)2), which satisfies

(d + (−1)•Q)O = 0

by virtue of the second Bianchi identity: (d+(−1)•Q)F(φ)+[A(θ), F(φ)] = 0. Expand-
ing O and integrating its components over the submanifolds of M gives the standard
CohFTs observables in the physics literature.

In order to make the discussion related to the algebra of functions on an infinite-
dimensional graded manifold mathematically precise, we shift from a nonperturbative
to a perturbative perspective, where the framework developed by Costello and Gwilliam
[49–51] provides a rigorous foundation for classical field theories and their perturbative
quantization. The construction in this subsection can be seen as an infinite-dimensional
generalization of the one in Subsection 3.4.

Let us first recall the definition of an elliptic L∞ algebra.

Definition 5.3. Let � be a manifold. A local L∞ algebra on � consists of the following
data:

1. A graded vector bundle L on �, whose space of smooth sections will be denoted L.
2. A differential D : L → L of cohomological degree 1, satisfying D2 = 0.
3. A collection of poly-differential operators:

ln : L⊗n → L

for n ≥ 2, which are alternating, are of cohomological degree 2 − n, and endow L
with the structure of L∞ algebra.

A local L∞ algebra is called an elliptic L∞ algebra if (L, D) is an elliptic complex.

The definition of an elliptic L∞ algebra on � is formulated to study the sheaf of
derived moduli problems on � associated with the field equations of certain classical
Lagrangian field theory T on �. For more details, see [51, Subection 3.1]. One can
define the observables with support in the open subset U as the dgca:

ObsclT (U ) = CE•(L(U )),

where CE•(L(U )) denote the Chevalley-Eilenberg cochains of L(U ). This assignment
defines a factorization algebra on � [51, Subsection 5.1]. ObsclT is called the factorization
algebra of classical observables of T .

Remark 5.2. In the case of CohFTs, we have argued that the Lagrangian action functional
should not be treated as the fundamental object. Instead, we begin with a first-order non-
linear PDE F = 0 and provide various constructions of a Lagrangian action functional
whose first-order field equation coincides with the given equation.
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Example 5.4 (Perturbative generalized Seiberg–Witten theory). Fix an solution (A0, σ0)

to the GSW equation. Let us construct an elliptic dgLa LGSW . The local graded Lie
algebra structure on LGSW is given by6

LGSW := �0(�, ad L)dR � (�1(�, ad L)[−1] ⊕ �(/S+
)[−1] ⊕ �2

+(�, ad L)[−2]
⊕ �(/S−

)[−2])dR,

where � denotes the semidirect product.
The underlying elliptic complex is

deg −1 0 1 2

�(/S+) �(/S−)

�0(�, ad L) ⊕ ⊕

�1(�, ad L) �2
+(�, ad L)

�(/S+) �(/S−)

�0(�, ad L) ⊕ ⊕

�1(�, ad L) �2
+(�, ad L)

R(A0,σ0) Lin(A0,σ0)(F)

R(A0,σ0)

Id

Lin(A0,σ0)(F)

Id Id

where
R(A0,σ0)(ξ) = (dA0ξ,−ξσ0), ξ ∈ �0(�, ad L),

and

Lin(A0,σ0)(F)( Ȧ, σ̇ ) = (d+
A0

Ȧ − μ+(σ0, σ̇ ), /DA0 σ̇ + Ȧσ0), ( Ȧ, σ̇ ) ∈ �1(�, ad L) ⊕ �(/S+).

Since the zero-order piece of the differential does not matter, the ellipticity of this
complex follows from the ellipticity of both of its rows. We define the factorization
algebra of classical observables of the GSW theory ObsclF by setting

ObsclF (U ) = CE•(LGSW (U )).

Example 5.5. (Perturbative nonlinear sigma model) Fix a constant map φ0 from � to
M . One can construct a local L∞ algebra LNSM . As a graded vector space,

LNSM = (C∞(�, R
2m)[−1] ⊕ �(T∨� ⊗ R

2m)[−2])dR .

The higher brackets of LNSM are determined by the Taylor expansion of the Christoffel
symbols and the components of the Riemann curvature tensor in local coordinates around
φ0 ∈ M . (If one chooses normal coordinates, the first nontrivial higher bracket is l3.)

The underlying complex of LNSM is

deg 0 1 2

C∞(�, R
2m) �(T∨� ⊗ R

2m)

C∞(�, R
2m) �(T∨� ⊗ R

2m)

d�

d�

Id Id

6 Recall that for a graded vector space V , VdR denotes V ⊕ V [1]. A Lie algebra action of g on V extends
naturally to a graded Lie algebra action of gdR on VdR .
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Here, d� denotes the de Rham differential on �. Unfortunately, this is not an elliptic
complex for dim � > 1. In dimension one, it reduces to the following elliptic complex

deg 0 1 2

C∞(S1, R
2m) C∞(S1, R

2m)

C∞(S1, R
2m) C∞(S1, R

2m)

d
dt

d
dt

Id Id

The corresponding elliptic L∞ algebra fully encodes the structure of perturbative N = 2
supersymmetric quantum mechanics.

6. Concluding Remarks

We have proposed a mathematical framework for cohomological field theories, which
provides a uniform description of various theories in the physics literature. Our primary
focus is the application of this framework to the generalized Seiberg–Witten equations.
However, as demonstrated in Subsection 4.1, the framework can also offer a consistent
treatment of sigma-model-type theories. In dimension 1, this application recovers N = 2
supersymmetric quantum mechanics.

In this context, it would be interesting to explore the framework’s applications to
first-order nonlinear PDEs in higher dimensions. For instance, in dimension 2, applying
the framework to the J-holomorphic curve equation should recover the A-model [52,
53], while applying it to the Euler–Lagrange equations of the Poisson sigma model
[54,55] could yield new insights. For further applications, there is no reason for one to
restrict his or her attention to ordinary first-order nonlinear PDEs – he or she may also
consider supersymmetric first-order nonlinear PDEs, such as the super J-holomorphic
curve equations, which were introduced in [56] with the aim to define a theory of super
quantum cohomology [57].
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