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Abstract: We introduce a formalism for constructing cohomological field theories (Co-
hFTs), inspired by Witten’s paradigm of “symmetries, fields, and equations”. We apply
this formalism to various first-order nonlinear PDEs and show that the resulting CohFTs
agree with those previously proposed by physicists. In particular, applying it to the gen-
eralized Seiberg—Witten equations provides a unified perspective on the supersymmetric
action functionals of the Donaldson—Witten, Seiberg—Witten, and Kapustin—Witten the-
ories.

1. Introduction

Gauge field theory has led to spectacular advances in geometry. It started with the ground-
breaking work of Donaldson [1] who used moduli spaces of anti-selfdual connections as
invariants for smooth structures on 4-manifolds. See also [2] for a systematic exposition
of the theory. The underlying gauge group here is non-abelian, for instance SU(2), and
the gauge functional is the Yang—Mills functional. Later, the Seiberg—Witten equations
were introduced [3-5]:

1
(Fa)s = S1+(0) =0, 2o =0. (1.1)

Here A is a connection on the determinant line bundle L of a spin® structure on a
Riemannian 4-manifold X, o is a section of the positive half-spinor bundle §* of the
spin€-structure, (F4)+ is the self-dual part of the curvature of A, D;} is the twisted Dirac
operator, and p; : §7 — iA?rT VX is a fiber-wise quadratic bundle morphism.

The resulting moduli space enabled a simpler approach than the original Donaldson
theory. Still another such functional, the Kapustin—Witten functional [6] relates its first-
order field equations to the geometric Langlands program and to non-abelian Hodge
theory. For some recent development in the latter direction, see, for instance [7]. Both
Seiberg—Witten and Kapustin—Witten equations/functionals can be derived from the
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supersymmetric Yang—Mills theories and can be unified by the generalized Seiberg—
Witten (GSW) equations/functionals [§—10]. The GSW equations are of the same form
as (1.1), except that one should interpret A as a connection on a principal G /Z,-bundle
associated with a spinG structure on X, and o as a section of some generalized Dirac
bundle of positive chirality on X.

In this situation, it seems desirable to develop a unified perspective within which to
situate these and possibly other gauge functionals. Naturally, this should be inspired by
the underlying supersymmetric physics. Let

Hr_>gt0t—>g

be a trivial G-equivariant Fréchet vector bundle, where G denotes the group of gauge
transformations, £ denotes the space of smooth sections of some fiber bundle over X,
and H denotes the space of smooth sections of some vector bundle over X. A first-order
nonlinear PDE on X can be often interpreted as a G-equivariant section

&Ly e..

Denoting by Sol(F) the zero locus of F, i.e., the solution space of the equation F = 0,
the moduli space M(F) = Sol(F)/G encodes essential information about the smooth
structure of X.

If H is equipped with a G-invariant inner product (-, -)7¢, one can define the following
action functional on &:

S = (F, F)p € CX(E). (1.2)

In certain cases, (1.2) admits a supersymmetric extension Se C°°(é~’ ) when ¥ = R".
Here, £ is a Fréchet supermanifold with underlying Fréchet manifold £. S can sometimes
be “twisted” to remain well-defined on a general Riemannian manifold X, though this
typically comes at the expense of breaking full supersymmetry. Specifically:

o the supermanifold & can be equlpped with a compatible Z-grading;
e S has degree 0 and a remaining “scalar” supersymmetry Q of degree 1, Q% =

3[0. 01=0.

The triple (5 , 0, §) is known as a cohomological field theory (CohFT) [11], with the first
example provided by Witten’s topological twist of N = 2 supersymmetric Yang—-Mills
theory to give a physical interpretation of Donaldson theory [12].

In this paper, we argue that the fundamental input for defining a CohFT is not the
Lagrangian action functional, but rather the equation of motion F = 0 together with its
symmetries. In particular, we show that a CohFT (&, Q, S ) can be constructed directly
from this data—namely, the (gauge) symmetry group G, the space &, and the first-
order nonlinear PDE 7 = 0O—along with additional geometric structures (such as a
Riemannian metric or a bundle metric), which are only needed to define the action
functional S. This perspective aligns with Witten’s paradigm of “symmetries, fields, and
equations” [11] and admits a natural mathematical interpretation: (£, Q) provides an
infinite-dimensional differential graded manifold that models the de Rham space of the
moduli space M (F).

We also provide a universal expression for the supersymmetric action functional S
within this framework. When applied to the GSW equations, our construction of S repro-
duces the full supersymmetric functionals of various CohFTs, including the Donaldson—
Witten, Seiberg—Witten, and Kapustin—Witten theories. Our approach is closely related to
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the Mathai—Quillen formalism for CohFTs [13, 14]. For excellent reviews of the Mathai—
Quillen formalism, we refer the reader to [15,16].

The organization of the paper is as follows. In Sect. 2, we review the geometric
and algebraic preliminaries of differential graded geometry and algebraic equivariant
cohomology. In Sect. 3, we introduce the minimal and standard constructions of CohFTs
and explain how their variants relate to the Mathai—Quillen formalism and the Atiyah—
Jeffrey formula. In Sect. 4, we apply these constructions to the trivial first-order PDE for
maps between manifolds, as well as to the generalized Seiberg—Witten equations. In Sect.
5, we provide mathematical definitions of symmetries and observables of a CohFT within
our framework. In particular, we discuss two classes of symmetries according to our
definitions and compare them with those in the physics literature, as well as the traditional
method of constructing CohFT observables via the topological descent equations. We
also argue that the classical observables of a CohFT form a prefactorization algebra
and establish a connection with the Costello-Gwilliam framework in the perturbative
setting. In Sect. 6, we briefly discuss possible directions for future work.

2. Geometric and Algebraic Preliminaries

In this section, we introduce the notion of a differential graded manifold equipped
with a compatible group action and discuss its algebraic equivariant cohomology in
the framework of Guillemin and Sternberg.

2.1. Differential graded manifolds with group actions. For us, a graded vector space
or algebra always means a Z-graded vector space or algebra over K, where K = R or
C. Let V = ;.5 be a graded vector space of finite total rank. Let us consider the
following descending filtration of the symmetric algebra Sym(V) of V:

Sym(V) = F’Sym(V) > F'Sym(V) > F?Sym(V) D> --- ,

where FPSym(V) = @qu
mial degree > p. Define S/yE(V) as the inverse limit of Sym(V)/FPSym(V) in the
category of graded vector spaces. More precisely, Sym(V) = ;. Sym(V);, where

Sym?(V), i.e., the ideal generated by elements of polyno-

Sym(V); = lim Sym(V);/(Sym(V); 0 FPSym(V)).
Here, Sym(V); denotes the degree i subspace of Sym(V).
Lemma 2.1. 1. There exists an isomorphism of graded commutative algebras:
Sym(V) = Sym(V")", @1

where VY denotes the dual space of V in the category of graded vector spaces.
2. Let Voyen and V,qq denote the even and odd parts of 'V, respectively. Then

Sym(V) = Sym(Voyen) ® Sym(Voaa)- 2.2)



5 Page4of44 S. Jiang, J. Jost

Proof. Let F,Sym(V") = Sym? (V) = Sym(V)/FPSym(V). We have

q<p
Sym(VY)¥ = l(ir_n(FpSym(Vv))v,
since Sym(VY) = lim F,Sym(V"). Furthermore, (F,Sym(V"))Y = F,Sym(V); be-
cause V is of finite total rank. This proves (2.1). It then follows that
Sym(V) = Sym(V,,,, & Vo) = (Sym(V,,.,) ® Sym(V,y )Y = Sym(Veven) ® Sym(Voga),
since V44 is of finite total rank. O

Remark 2.1. If V; = {0} foralli < 0ori > 0, then Sym(V); is of finite rank. (2.1) then
implies that

Sym(V) = Sym(V) = Sym(Veuen) ® Sym(Voda).
If there exists (i, j) Ez x Z such thati + j = 0, and V; and V; are of positive ranks,
then Sym(Veyen) © Sym(Veyen). In general,

SYM(Voda) = AVoaa),  SYm(Vewen) € SYym(Veven) < KI[Veven]: (2.3)

where A(V,44) denote the exterior algebra of V,44 viewed as an ordinary vector
space. K[[Veyen]] denotes the algebra of formal power series over Ve, also regarded
as an ordinary vector space.

Let R be a graded commutative algebra. Let V be a graded finitely generated pro-
Jjective R-module. Let Symz (V) denote the symmetric algebra of V over R. One can

define the completion S/ya (V) in a similar manner. If V is free over R, (2.1) still holds
since Symﬁ(V) is a graded free R-module of finite total rank for all p > 0.

Definition 2.1. A graded domain &/ = (U, Oy) is a topological space U together with
a sheaf of graded commutative algebras Oy, such that there exists a natural number n, a
graded vector space V of finite total dimension, and a graded ringed space isomorphism

(U, Oy) = R, Oy),
where Oy assigns an open subset U’ of R” the graded commutative algebra!
C®U',K) ® Sym(VY).

Let m and m» be two integers with m; < mj. We say that U/ is of amplitude [m, m;]
if V; = {0} foralli <m; andi > m,.

Definition 2.2. A graded manifold M = (M, O ) of amplitude [m, m>] is a manifold
M together with a sheaf of graded commutative algebras O o, which is locally a graded
domain of amplitude [m, my]. A graded manifold morphism is simply a morphism
between the corresponding graded ringed spaces.

We denote the space of global sections O (M) by C*°(M). We say that M is of
positive (resp., negative) amplitude, if m; > 0O (resp., m> < 0).

Example 2.1. A manifold M with the sheaf of smooth functions onitis a graded manifold.

' Our notion of graded domains is equivalent to the one in [17,18] if Vj = {0}. See [18, Lemma 3].
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Example 2.2. Let E = €, ., E; be a graded vector bundle over M of finite total rank.
E induces a graded manifold (M, Of), where OF assigns an open subset U of M the

graded commutative algebra S/yBCoo anT'(E Ylv)). Batchelor’s theorem tells us that
every graded manifold is non-canonically of this form.

Let M = (M, Opq) be a graded manifold. Let X ¢(U) denote the graded Lie
algebra of derivations of O ,((U), where U is some open subset of M. The assignment
U +— X (U) defines a locally free graded O-module over M. We denote the space of
global sections X o (M) by X(M). Anelement X € X(M) is called a vector field over
M.

Definition 2.3. A differential graded (dg) manifold is a graded manifold M together
with a vector ﬁ.eld O r of degree 1 such that Q%\/t = %[QM, Oaml =0. Qpgis called
the cohomological vector field over M.

For p € Z, we denote by K[p] the graded vector space with K in degree —p and
zero elsewhere. Let E be a (graded) vector bundle over M. We set E[p] := E ® K[p],
where K[ p] is interpreted as a trivial graded vector bundle over M.

Example 2.3. The shifted tangent bundle T'[1]M = (M, Or[1jm) of a manifold M is a
graded manifold of amplitude [—1, —1]. C*°(T[1]M) can be identified with the space
Q (M) of differential forms on M. The de Rham differential d; g of M can then be viewed
as a cohomological vector field over T[1]M.

Example 2.4. Let g be a Lie algebra, viewed as a vector bundle over a point. g[1] is
a graded manifold of amplitude [—1, —1], whose algebra of functions C*°(g[1]) can
be identified with A(g"). The Chevalley-Eilenberg differential dcg of g can then be
viewed as a cohomological vector field over g[1].

Example 2.5. Let E be an ordinary vector bundle over a manifold M. The shifted vector
bundle E[—1] is a graded manifold of amplitude [1, 1], whose algebra of functions
C*®(E[—1]) can be identified with T'(A(EY)), where A(E") is the exterior bundle of
EY.Lets € T'(E) be asection of E. The left contraction by s, denoted g, is a derivation
of C*°(E[—1]) of degree 1. The pair (E[—1], ¢s;) forms a dg manifold because L? =0.

In general, dg manifolds of negative amplitude correspond to higher Lie algebroids,
while those of positive amplitude correspond to derived manifolds [19-23]. To study
CohFTs, we must consider dg manifolds with mixed amplitudes, where the structure
becomes more intricate yet interesting.

Example 2.6. Let G be a Lie group with Lie algebra g. Let E be a G-equivariant vector
bundle over M. Consider the graded manifold

M = E[-1] @ g[1],

where we view g as a trivial vector bundle over M. Let {§,} be a set of basis vector
of g[1]. Let {6} denote the basis of (g[1])¥ induced by {&,}, and let fp. denote the
structure constants of g with respect to 6,. Let (x*, x%) be local coordinates on E[—1].
Let X, denote the fundamental vector field on E[1] corresponding to 6,. Locally, X,
takes the form

Xa = “(X)i+ a (X, 0)
a_pa ax“ pa aX 8)(“,
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where pl (x) and o5 (x, x) are local functions of degrees 0 and —1, respectively. We
consider the following vector field of degree 1 over M:

OMm=1s+0X,+dcE
0

= (0" pg YL

PX (x >—— —f;;i 0bo°

where s is a G-equivariant section of E. One can check that

as“(x) 0% (x, x) b
“a 5 sP(x ))—+29“9 (Xa, Xp] — = abe obx,.

Q% =0 (ol (x)
The second and third terms cancel due to the group action property, while the first term
vanishes because s is G-equivariant. Hence, Q%vt = 0 and (M, Q) is a dg manifold
of amplitude [—1, 1].

Remark 2.2. Without loss of generality, let us assume that £ = M x K" is a trivial G-
equivariant vector bundle over M 2lets = (s;,...,s) bea G-equivariant section of
E. From a physical perspective, one can interpret M as the phase space, G as the gauge
group, and s1, . .., s, as the constraints imposed on the phase space. The corresponding
complex (C* (M), Q aq) associated with the dg manifold in Example 2.6 can then be
understood as the BRST complex of the system. Specifically, it is the total complex of
the double complex (C, dg, dcE):

dCET dCET

8_"> Ap+lgV®AqFV®C°°(M) 3_K> Ap+lgV®Aq_1FV®C°°(M) 5_K>

dCET dCET

LK APV @ AFY @ CO(M) —K s APgY @ ATTTFY @ COM) K ..

dCET dCET

where §g is the Koszul differential, and dcg is the Chevalley—Eilenberg differential.
In particular, if F = g, M is a symplectic manifold with a Hamiltonian G-action, and
s : M — FY is the moment map, then we reduces to the cases considered in [24]. It is
well known (see [25,26]) that if

0 is a regular value of s, 2.4)
then (C?-*, §k) is acyclic for all p and
H  (C¥(M)) = Hj (Ag” ® C®(s~' (0)).

2 If not, we can replace it with a trivial (G x H)-equivariant vector bundle over a principal H-bundle
P — M, where H is the structure group of E.
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Moreover, if
G is connected, and acts freely and properly on s710), (2.9)

one can deduce that HéM (C®(M)) = C>®(s~1(0)/G) @ H*(G), where H*(G) de-
notes the de Rham cohomology of G.

Let G be a Lie group with Lie algebra g, and let M be a graded manifold. A G-action
on M is a G-action on the corresponding ringed space that preserves the grading of the
structure sheaf.

Definition 2.4. Let (M, Q o) be a dg manifold.

1. A G-action on M is said to be compatible with Q x4 if, for each & € g, the corre-
sponding fundamental vector field X¢ on M is [Q a4, -]-closed.

2. A G-action on M is called homotopically trivial if, for each & € g, the fundamental
vector field X¢ is [Q A, -]-exact.

Example 2.7. Let (g[1], dcg) be the dg manifold defined in Example 2.4. The G-action
on g[1], induced by the coadjoint action of G on gV, is homotopically trivial. Indeed, let
Lie, denote fundamental vector field on g[1] corresponding to &,, we have

. ad
Lie, = — aChOb 25°

= [dCE’ La],

9

where ¢, = §° TR

Let E be a graded vector bundle over M, viewed as a graded manifold (M, Of). Itis
easy to see that a G-equivariant bundle structure of E induces a G-action on (M, OF)
via the universal property of the symmetric algebra.

Example 2.8. Let (E[—1], ts) be the dg manifold defined in Example 2.5. Supposing that
E is a G-equivariant vector bundle, then the induced G-action on E[—1] is compatible
with ¢, if and only if s is a G-equivariant section of E.

The construction in Example 2.6 is a special case of the following proposition.

Proposition 2.1. Let (M, Q aq) be a dg manifold (of positive amplitude) equipped with
a G-action. Consider the graded manifold

Mg = M xg[l],
endowed with the degree 1 vector field
OM; =0M®1+X,®0+1®dck,

where dcp = —%fé‘CQbQC aga is the Chevalley—Eilenberg differential of g, {60} is the
dual basis associated with a chosen basis {§,} of g, and X, is the fundamental vector
field on M corresponding to &,. Then the followings are equivalent:

1. Q%\/tg =0;
2. The G-action on M is compatible with O pq;
3. Q%\AG = 0, and the induced G-action on Mg is compatible with Q apm;

4. Q.ZMG = 0, and the induced G-action on Mg is homotopically trivial.
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Proof. First, observe that C*°(Mg) = C®(M) ® A(g") as dgcas, so O rq,, is well-
defined. Let X g, denote the fundamental vector field over M corresponding to &,. We
have

Xca =X, ®1+1Q®Lie,,

where Lie, = — aCbOb agf' A direct computation shows that

[QMg> XGal = [OM, Xal © 1, Qhyy, =[O, Xa] ® 67,

both of which vanish if and only if O rq commutes with X, for all a. The proof is
completed by noting that

XG(l = [QMgv 1 ® La]5

where (, = 83%. a

The shifted tangent bundle construction of Example 2.3 can also be generalized. Let
= (M, Opq) be a graded manifold. We set

Mag :=T[1IIM == M, Oprqyp,)s

where Oy, assigns an open subset U of M the graded commutative algebra

Symo, ) (B @)D,

where X\ (U)[1] = Xp((U) ® K[1], and (X a((U)[1])" is the dual of X (U)[1] in
the category of graded O (U)-modules. If (U, Oprq|y) is a graded domain which is
isomorphic to (R"*, Oy ), one can show that

Symo 0y @M@ = CX R, K) ® Sym(K"[1] @ V & V[1]).

Therefore, Mg is also a graded manifold. Moreover, it carries a canonical cohomolog-
ical vector field d;g. Let {x* }Zzl be a set of coordinate functions on U, and let {0¢ }31;“1 v
be a basis of VV. The functions x* and 6 serve as local coordinates on M, inducing
local coordinates y* and ¢ on T[1]M of degrees 1 and deg(6¢) + 1, respectively. In

these coordinates, d; g is locally given by
dar = xlf“ ¢”

Let X = XFym + X5 9(1 be a vector field of degree p over M. X induces the following
two vector ﬁelds over M g of degrees p — 1 and p respectively:

3 3
im(X) i= XHF—— + X ,
dyh dgpa
Liep(X) := [tpm(X), darl]
3 3
= Xt— +Xx“
dxh 304
X" 9 5D COCID CR I ) (O
+(=DP (g +yh +¢ +¢ b
dxi gy T T xk agb T 96° ayv T 96 0gP
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We refer to ¢t a4 (X) as the contraction by X and to Lie o4 (X) as the Lie derivative along
X. By Jacobi’s identity, we have

[dar, Liea(X)] =0, (2.6)
for all X € X p((M). It can also be verified that
M (X)), (M1 =0, [tam(X), Liea(V)] = (=D®EM (X, YD, Q2.7

which implies the desired relation

[Lierq(X), Liepq(Y)] = (= DX [[dyr, ipg(X)], Liea (V)]
= (= 1)*E® [dyp, [Lar(X), Liea(V)]]
= (—1)%ereeMg, o i (X, YD = Liepm([X, Y1),
(2.8)

forall X,Y € X q(M). In particular, if Q o is a cohomological vector field over M,
then

O Myp = Liepm Q)
is a cohomological vector field over Mg, and [dgr, O am, ] = 0.

Definition 2.5. Let (M, O a4) be a dg manifold. The Weil algebra (W (M), dw 1)) of
(M, Q\) is defined as the dgca (C*(Mgr), dar + QMyz)-

Example 2.9. The Weil algebra of the dg manifold (g[1], dcg) is the Weil algebra
(W(g), dw) of the Lie algebra g, where W (g) = Sym(g") ® A(g") and
ad
g’
Note that ggg = T[l]lg = g @ g[1] has a differential graded Lie algebra (dgLa)

structure. The graded Lie bracket of g4r is induced by the bracket of g and the adjoint
action of g on g[1]. The differential of g, is given by

1 . 0 :
dw = (@" = 3 150" 550 = f:0"¢°

0—>g[1]E>g—>0.

The pair (G, gqr), equipped with the adjoint action of G on g4r, forms a super Harish—
Chandra pair and can therefore be regarded as a graded Lie group, denoted by G4g.
However, in general, G4 is not a differential graded Lie group.

Definition 2.6. Let (M, Q o) be a dg manifold with a homotopically trivial G-action.
(M, Q p) is called a G4g-manifold if its G-action can be extend to a G 4g-action, that
is, one can find a vector field ¢, of degree —1 for each fundamental vector field X,, such
that

Xo =10M>tal, lta, 6] =0, [g, Xp] = facblcw

One can easily verify that the dg manifold (Mg, Q arq,;) constructed in Proposition
2.1 is a Ggr-manifold. In particular, (g[1], dcg) is a G4r-manifold.

Proposition 2.2. Let (M, Q rq) be a dg manifold equipped with a compatible G-action.
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1. (Mygr, dar+Q M) carries a G ggr-manifold structure, where the G-action on Mg
is determined by the G-actions on C*° (M) and X (M), and the g4g-action on Myg
is given by

gar = 8 @ gl1] > X(Mar)
(61, &2) > Liepm (Xg)) +im(Xgy), (2.9)
where X¢ denotes the fundamental vector field on M associated with & € g.
2. If (M, Q a) is itself a Gqg-manifold, then (Mgg, dagr + O M) admits an alterna-

tive G gg-manifold structure. In this case, the G-action remains unchanged, while the
gar-action on Mg is instead induced from the gqg-action on M via Lie derivatives.

Proof. This follows directly from applying (2.6) to (2.8). O

2.2. Algebraic equivariant cohomology. Let G be a Lie group with Lie algebra g. Let
us recall the definition of a G g-algebra. Such algebras are defined in [27, Definition
2.3.1], where they are referred to as G*-algebras.

Definition 2.7. A G g-algebra is a dgca (A, da), together with an action pg of G as
automorphisms of (A, d4) and an action pg,, of gggr as derivations of A which are
compatible in the sense that

d

776 (exp(t&))|i=0 = g (€), (2.10)
Adyge) (Pgar () = Pgyr(Adg (), 2.11)
Adpsg)(da) = da, (2.12)
[og.r (), da]l = pgur (dar (), (2.13)

forall¢ € g C gyr and g € G. The conditions (2.10) and (2.11) imply that the actions
of G and ggr on A induces a graded Lie group action of Gz on A. The conditions
(2.12) and (2.13) ensure that the induced G ;4 g-action is compatible with the differential
dy.

A Ggpr-algebra (A, dy) is called acyclic if it is an acyclic dgca with respect to d4.

Remark 2.3. By definition, the dgca of functions on a G4r-manifold (M, Q) is a
G g-algebra.

Example 2.10. The de Rham complex (2(P), dsg) of a principal G-bundle is a G4g-
algebra. The g,r-action on 2(P) is determined by the usual Lie derivatives and con-
tractions.

Example 2.11. The Weil algebra of g is an acyclic G r-algebra. The gsr-action on W(g)
is induced by the g,g-action on (g[1], dcg). More explicitly, it is given by

ad d p 0
. o g = 8‘1 anh
a00°¢ ¢ 90b
Definition 2.8. A morphism between G, r-algebras (A1, da,) and (A2, da,) is a dgca
morphism ¢ : A — A; which is compatible with the G;r-actions, i.e.,
[, 06(8)]1 =0, [¢,pg.r(61,62)]1=0,

forall g € G and (£1, &) € gar = g ® g[1].
A Ggr-algebra (A, dy) is called a Wyg-algebra if there exists a G4g-algebra mor-
phism ¢cw : W(g) — A.

Lie, = —f5,0° — — £5,¢°
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Example 2.12. Let P be a principal G-bundle endowed with a connection 1-form A =
A ®E&,. Let Fy = F{ ® &, denote the curvature 2-form of A. The Chern—Weil homo-
morphism

¢cw - W(g) — Q(P)
which maps 0 to A% and ¢“ to F§, is a G 4g-algebra morphism.

An element a € A is said to be basic if it is invariant under the G sg-action. Let Apqg
denote the subalgebra of basic elements in A. The conditions (2.12) and (2.13) imply
that Ap,; is preserved by the differential d4. The corresponding cohomology is denoted
by Hpas(A) and is called the basic cohomology of A.

Definition 2.9. The (algebraic) equivariant cohomology Hg (A) of a G jg-algebra (A, d4)
is defined as Hp,s(A ® E), where E is an acyclic Wy r-algebra.

The equivariant cohomology Hg (A) of (A, d4) has the following properties [27]:

1. If A is a Wyg-algebra, then
Hbas (A) = Hbus(A ® E) = HG (A) (214)

2. Hg(A) is independent of the choice of E. Indeed, let F be another acyclic Wyg-
algebra. Then, using (2.14), we obtain

Hbas(A ® E) = Hpus(AQE® F) = Hbas(A ® F)

since both A ® E and A ® F are W,g-algebras.
3. Let M be a G-manifold and A = Q(M). If both G and M are compact, then

Hg(Q(M)) = Hg(M), (2.15)

where Hg (M) denotes the topological equivariant cohomology of M.

Let (M, Q aq) be a dg manifold with a compatible G-action. By the first part of
Proposition 2.2, the Weil algebra (W (M), dwaq)) of (M, QO aq) has a Gyg-algebra
structure. We then define the equivariant cohomology of (M, Q o¢) as

Hg (M) := Hg(W(M)) = Hpas(W(M) ® W(g)).
The differential of W (M) ® W(g) is
The g4g-action on W (M) ® W(g) is given by

Pgar (a4, 0)) = Liep(Xy) ® 1+ 1 ® Lie,,
Pgar (0,8) =t mX) @1 +1Q 14,

where (, and Lie, are as defined in Example 2.11.
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Remark 2.4. On the other hand, the dg manifold (Mg, O a4,;) defined in Proposition
2.1 is a G4r-manifold. By the second part of Proposition 2.2, (Mg, dar + QMGdR)
is a G4 g-manifold, where

MGy = Mglar = T[LIMG.  QMq,, = QMerar = Liems (QMg)-
The corresponding Weil algebra (W (M), dw(amg;)), where
W(MG) = COO(MGdR)v dW(MG) = ddR + QMG(IR’

has a corresponding G ;g-algebra structure. Note that W(Mg) = W(M) ® W(g) as
dgcas. It is easy to show that

dwMg) = dwm) ® 1 + Liep(Xa) @ 09 —ip(Xo) @ 97 +1 @ dw. (2.16)

When M is an ordinary G-manifold, dw ;) reduces to the usual Kalkman differential
[28]. The g4g-action on W (M) is given by

Paar((€as 0)) = Liep(X,) ® 1+1 @ Lieg,
,Ong((O, £)) =1® 14,

where ¢, and Lie, are as defined in Example 2.11.

Proposition 2.3. There exists a G jg-algebra isomorphism:

dmo : WMg) —> WM) ® W(g)
J e exp(—im(Xa) ® 0%) f.

dm is called the Mathai—Quillen isomorphism.
Proof. The proof is essentially the same as in [28], where M is a G-manifold. O
It follows that Hg (M) = Hpes (W (Mg)).

Example 2.13. Let E be a G-equivariant vector bundle over M, equipped with an G-
equivariant section s. Let (M, Q oq) = (E[—1], t5). Then (Mg, dar + QMGdR) isa
G 4r-manifold, where

MGy = THIE[-1 @ g[1D), CF(Mgy,e) = CE(TIE[-1D) @ W(g),
and

dar+Q Mg, = (dar+Liep—11(t))@1+Liep—1)(Xa) ®0“ —tE[-11(Xa) @9 +1@dw .

This construction can be interpreted as a de Rham version of the construction in Example
2.6. Under the same assumptions 2.4 and 2.5, it is natural to expect that

Hg(M) = Hpas(W(Mg)) = H*(s71(0)/G),

where H*(s~1(0)/G) denotes the de Rham cohomology of s~1(0)/G.
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3. Finite Dimensional Geometric Constructions

In this section, we define a 0-dimensional cohomological field theory in the language of
G 4r-manifolds. We present two constructions for 0-dimensional CohFTs: the minimal
construction and the standard construction, and discuss how they relate to the Mathai—
Quillen formalism of CohFTs.

3.1. O-dimensional cohomological field theories. Let G be a connected (compact) Lie
group with Lie algebra Lie(G).

Definition 3.1. A 0-dimensional cohomological field theory of amplitude [m1, m2]is a
triple (£, Q, V), where:

1. (E, Q) is a Ggg-manifold of amplitude [m, mz], m; < 0;
2. W is a degree —1 basic function on &, i.e., it is Ggg-invariant.

We refer to & as the configuration space, Q as the scalar supersymmetry, and W as the
gauge fixing fermion of the CohFT. The degree 0 basic function

S=0w)

is called the action functional of the CohFT. In general, a (homogeneous) Q-closed basic
function O on £ is called an observable of the CohFT.

We will only consider CohFTs (éN‘, 0, V) of small amplitudes [m1, my] € [—2, 2].
To further simplify our discussion, we assume that

£ = (EXxV)ar =T[IE x V) =TI[11E€ x (V & V[1]),

where £ is an ordinary G-manifold and V is a graded G-representation (viewed as a
graded manifold) with Vy = {0}. Let

~

Eoven ' =E X (VB V[1Deven and &pr :=E x H,

where H = V;[1]. Wereferto &,; and geven as the body and even body of E ,respectively.
Note that there are canonical inclusions

&0t = &, teven : Eeven = E.

Let us regard Easa Z-graded supermanifold and equip it with a Berezinian u. (We
refer the reader to [29] for the notion of Berezinians on a (Z-graded) supermanifold.)
Let O be an observable of the CohFT (£, Q, W). We define

Z:(0) = f~“ exp(it$)0,
&

where f & 1(-) denotes the Berezin integral over & with respect to u. Z;(0) is called the
expectation value of O, and Z;(1) is called the partition function of the theory.
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Remark 3.1. If u is compatible with Q, i.e.,
div,(Q) =0,

where div, (Q) denotes the divergence of Q withrespect to u, then Z;(O) is independent
of the parameter ¢ and of the data (such as inner products on V or Riemannian metrics
on &) used to define the gauge fixing fermion W, since S is Q-exact. One can evaluate
the integral by taking either the limit # — 0 or # — oo. The latter typically leads to
localization on - ~ ~

Crit(Seven) N Szp6n(0) C Eeven

via the stationary phase approximation, where
Seven 1= ‘Zvens € Coo(geven)

is the bosonic part of the action functional, and Crit(geven) denotes its critical locus.

3.2. The minimal and standard constructions. Let F be a G-equivariant section of &,
i.e., a G-equivariant map £ — H.

Construction 3.1. Consider the following CohFT (&, Q, Winin) of amplitude [—1, 2]:

e The configuration space &,,;, is given by
Emin = Eror[—1lg, = T[11(Eror[—1]1 @ Lie(G)[1]),

where the cohomological vector field on &,:[—1] is given by the contraction ¢r.

e The scalar supersymmetry Q is defined by (2.16). Let (x*, x*, 6%) be local coordi-
nates on & [—1] @ Lie(G)[1], and let (¥*, b, ¢*) denote the corresponding local
coordinates of the shifted tangent space. Then Q acts as follows:

1 .
00" = ¢“ — Ef,,“c9”9‘, 09 = — 674",
n
Ox = YH — 9 XM (x), oyt = —6" B? 0 v 4 gaxt (),
xU
0% = b — 09X (x, ) 4+ (1), b = 09 KX pp | gaya oy BT
axP axH

Here, the fundamental vector field X, on &, [—1] & Lie(G)[1] is given by

d
Ixe’

" 9 a
X=X} (X)Bx_“ + X, (x, x)

The Lie(G)4g-action is explicitly given by
1,07 = (SZ, @’ = tax” = 1P = 1 x% = 1,b% =0,

and Lie, = [0, t4].
elet h = (-, -) be a G-invariant inner product on H. We define the gauge fixing
fermion as

Winin = haﬂxabﬁ-

Since h is G-invariant and W,,;,, does not depend on 8¢, it follows that W,,;, is
G g-invariant.
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‘We refer to this construction as the minimal construction for CohFTs, as it involves the
essential data needed to define a CohFT.

The dg manifold (&:[—1], tr) provides a concrete model for the derived zero locus
Sol(F) of the section F [30]. By our previous discussion (see Examples 2.6 and 2.13),
an observable O in the minimal CohFT may be interpreted as a “closed differential
form” on the moduli space M (F) := Sol(F)/G. We use quotation marks here because
M(F) is not necessarily smooth. However, under the following assumptions:

1. The intersection of F with the zero section is transverse;
2. The action of G on Sol(F) is free and admits local slices,

the moduli space M (F) is a smooth manifold. In the infinite-dimensional setting, one
needs to impose an additional condition: for each x € Sol(F), the deformation complex

Lin, (F)
—5

0 — Lie(G) =5 T, H—0

is elliptic. Here, R, is the infinitesimal action of Lie(G) on T, &, and Liny (F) is the
linearization of F at x, i.e., the tangent map of JF at x. This condition, together with the
previous assumptions, follows the standard approach in mathematical gauge theory (see
e.g., [31, Theorem 183]).

In short, one may say that: In favorable cases, the observables of the minimal CohFT
(Emins O, Smin) correspond to representatives of de Rham cohomology classes of the
moduli space M (F).

Let us omit the indices of the coordinates and introduce the following shorthand
notations:

1
Q0 =¢— 5[9,9], Q¢ =—[0,¢],
QXZW—QX» Q¢:_9w+¢xv
Ox=b—0x+F, Ob = —6b+ ¢px — Lin, (F) Y,

and V,,,;,, = (x, b). Henceforth, we will work with this new index-free notation, as it is
more convenient for computations. The reader should find it not difficult to recover the
original notation from the new one.

Definition 3.2. We define the first-order formulation of the action functional S = | F|?
to be the smooth function

Sto i=|bI* + (F,b) € C®(Eror), (3.1)
where |b|> = (b, b) = h*’bybg.
It is straightforward to verify that
crit(Sro) = crit(S), crit(Sro) N S;ol (0) = Sol(F).
A direct computation shows that
Smin = Q(Wpin) = b]* + (F, b) + (x, Liny(F)) — (x, x), (3.2)
It follows that the pullback of S, to & is simply the first-order formulation Sz, of S.
Construction 3.2. Consider the following CohFT (&4, O, Ws;q) of amplitude [—2, 2]:
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e The configuration space &4 is given by
Esta = (Lie(G)[=2] @ Eor[—1D g, = T[11(Lie(G)[-2] @ Eor[—11 & Lie(9)[1D),

where Lie(G)[—2]® & [—1] is equipped with the cohomological vector field 1 ® ¢ £.

e The scalar supersymmetry Q is again defined by (2.16). Let (A, x, x, 6) be lo-
cal coordinates on Lie(G)[—2] ® &o:[—1] @ Lie(G)[1], and let (n, ¥, b, ¢) denote
the corresponding local coordinates of the shifted tangent space. The Q-action on
(x, x,0, ¥, b, @) is the same as in the Minimal Construction 3.1, and the Q-action
on (A, n) is

Or=n—1[0,1], QOn=—[0,n]+[¢, 2]

The Lie(G)4r-action is also the same as in the Minimal Construction 3.1. It is deter-
mined by setting

gh =§,

with t¢ acting trivially on all other coordinates, [Q, t¢] = Lieg, & € Lie(G).
e We define the gauge fixing fermion as

Wsia = (X, b) + (¥, Ax) + (0, [p. A]). (3.3)

Here, (-, -) represents either an G-invariant inner product 2 on H, an G-invariant
Riemannian metric g on &, or an G-invariant inner product « on Lie(G). Since the
index-free notation here may cause confusion, let us reexpress (3.3) using the original
notation:

Wra = hap X®bP + g0 OV AT XY (x) + kap® 2007

Since (-, -) is G-invariant and Wy;; does not depend on 0, it follows that Wy, is
Gar-invariant.

We refer to this construction as the standard construction for CohFTs, as it recovers the
usual form of CohFT obtained by applying twisting to supersymmetric gauge theories.

A direct computation shows that

S.S‘td = Q("Ijstd) = Smin + <¢X, )\.X) + |[¢7 )":”2 - (1,0» '7x) - (1//7 )"x> - <77’ [¢7 77]>,
(3.4)

where S, is given by (3.2). The underlying even manifold of E;4 is Lie(G)[2] x & or X
Lie(G)[—2]. Since n and A have nonzero degrees, t*S;;4 still takes the form (3.1), but
(Sstd)even NOW has two more terms:

(Sstd)even = Spo + (9x, 2x) + (¢, A%, (3.5)

where S, is given by (3.1).
Let us drop the Z grading and view (3.5) as a function depending smoothly on x, ¢,
and A. Let us denote by

Sol(F) := Crit((Ssta)even) N (Sstd)pon (0)
the critical locus of (3.5) of value 0. It is easy to see that

Sol(F) = {(x, ¢, MIF(x) =0, Ax =0, ¢px =0, [¢, 2] = 0}.
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Fig. 1. A picture of S/ol\(?)

Sol(F) has an interesting structure. (See Fig. 1.)
There exists a canonical projection

pr : Sol(F) — Sol(F)

defined by sending ¢ and X to 0. Let Sol(F),.q denote the subspace of Sol(F) on which
G acts non-freely. The fiber Uy := pr’1 (x) at x € Sol(F) is nontrivial if and only if
x € Sol(F);eq. Indeed, we have

U ={(P, MIpx =0, Ax =0, [¢, 2] = 0} = ker[-, ‘l|Lie(G,) xLie(Gy)>

where Lie(G,) denotes the Lie algebra of the isotropy group G, of x, and [-, -] denotes
the Lie bracket of Lie(G).

3.3. Mathai—Quillen formalism and the Atiyah—Jeffrey formula. If the G-action on £
is free and proper, then £ becomes a principal G-bundle and can be equipped with a
connection I-form Avy. In this case, the following construction provides a simplification
of the Minimal Construction 3.1.

Construction 3.3. Consider the following CohFT (Ey¢, Q, W o) of amplitude [—1, 1]:

e The configuration space £y ¢ is given by
Emo = Erot[—1ar = T[11E i [—1].
e Let (x, x) be local coordinates of &,,[—1]. Let (1, b) be the corresponding coordi-

nates of the shifted tangent space. The scalar supersymmetry Q takes the following
form:

Ox =1, Qy =0,

Ox=b—Avx+F, Ob=—-Ayb+Ryx —VF,

where V = d + Ay, with d being the de Rham differential of £, and Ry is the
curvature 2-form of Ay. The Lie(G)4g-action is explicitly given by

tex =0, g =—&x,
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tex =0, 1eb=0,

and Lies = [Q, t¢], § € Lie(9).
elet h = (-, -) be a G-invariant inner product on H. We consider a gauge fixing
fermion of the same form as in the Minimal Construction 3.1:

Wyo = (x,b).
It is easy to verify that Wy, is G4g-invariant. A direct computation shows that
Smo = QW) = b + (F.b) + (x. VF) — (x. Rvx). (3.6)

We now explain how (3.6) recovers Mathai and Quillen’s representative of the Eu-
ler class. Let H = R2™, G = SO(2m), £ be the frame bundle Fr(N) over an 2m-
dimensional Riemannian manifold N, and V be the Levi-Civita connection. The Fresnel
type Berezin integral

e%—(t) = fdxdb exp(iSp o)

(2 )2m

1
(27r)2m /dbexp(ztﬂbl2 (F, b))/d)( exp(it({x, VF) — (x, Rvx)))

2 -1
— G PR exp(= (177 + (V7 (Re) V)

defines a closed basic 2m-form on Fr(/N)[13]. The partition function of our O-dimensional
minimal CohFT is then reduced to the integral

/ el ().
Fr(N)

e%:(t) is not a top form on Fr(N).

Howeyver, there is an issue because

There are two possible ways to address this. The first is to recognize that the “gauge
group” G in this case is artificially introduced and represents redundant data. One
can “quotient out" the Gyr-action on £y and instead work with the dg manifold
(T[1]T[—1]N, Q), where Q is locally given by

oxt =y, oyt =0,
dFH

Ox" =b" —TLy"x” +F*, Qb = —ThL y"b’ + - Rgpnl// YPxo — P Y =T gV FP,
where I’ ffp denotes the Christoffel symbols, ffpa denotes the Riemann curvature tensor

and F is now regarded a vector field over N. Proceeding in this manner yields eg, (1) in
the same form, but now as a top form on N.
Since %e%— (¢) is exact®, and

hm ev (t) =Pf <2n>

3 This can be proven either by using the fact that Sys g is Q-exact, or simply by observing that || 12+
(VF, (R ™IVF) = d(F, v~ F).
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e%: (t) forms a representative of the Euler class of N. For a transversal F, a proof of the
Poincaré—Hopf theorem can be obtained by letting t — oo. More precisely, we have

. . Ry it .
X(N)=tl_1)r&/zve§(t)=tl_1)rgo/IVPf<E> exp (—Zmz): > indo(F).
xeF~10)
(3.7)

where x (N) is the Euler characteristic of N, and ind, (F) is the degree of the vector
field F at x. In the last equality of (3.7), we use the stationary phase approximation.

The second approach is to consider the following construction, which is a variant of
the Standard Construction 3.2.

Construction 3.4. Consider the following CohFT (€4, Q, W4 ) of amplitude [—2, 2]:
e The configuration space €4 is the same as in the Standard Construction 3.2:
Eay = T[1](Lie(G)[-2] ® &or[—1] @ Lie(G)[1]).

e Let (A, x, x, 6) be local coordinates on Lie(G)[—2] ® &o: [— 1] @ Lie(G)[1], and let
(n, ¥, b, ¢) denote the corresponding local coordinates of the shifted tangent space.
The scalar supersymmetry Q takes the following form:

1
00 =¢ — 5[9,0], Q¢ = —1[0, 9],
Ox =1, Oy =0,
Ox=b—0x+7F, Ob=—0b+¢x —(d+0)F,
Or=n—1[0,21], On=—[0,n]+[¢, 7]

The Lie(G)gg-action is explicitly given by

g0 =&, sy = —&x,

with (¢ acting trivially on all other coordinates, and Lies = [Q, t¢], § € Lie(G).
e The gauge fixing fermion is

Was = (X, D)+ (¥ +0x, Ax).
A direct computation shows that

Sar = QWay) = B>+ (F,b) + (x, (d + ) F) — (X, $x) + Sproj» (3.8)

where
Sproj = (¢x, Ax) — (¥, M) — (¥ +0x, nx).

(3.8) recovers the Atiyah—Jeffrey formula [14, Equation (2.12)]. Let C : so(2m) —
T,Fr(N) denote the tangent map of the SO(2m)-action at p € Fr(N). It is not hard to
see that

Sproj = (C(¢), CW)) +(dC*, 1) — (C*, ) —(C(), C())

c* c*
L C*C(W)) — (6 +

9 C*C El
rlla rla (m)

= (¢
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where C* : T,Fr(N) — g is the adjoint of C. C* can be viewed as a Lie algebra valued
vertical 1-form on Fr(/N). The Berezin integral

y(t) = /dd)dkd@dnexp(itSproj)

* *

/d(j)dk exp(it (¢ + — dc ,C*C(n))

C
et C*C(A))/d@dn exp(—it(0 +

c*C

defines a vertical top form over Fr(N). yv(¢) is independent of ¢ and is called as the
projection form in [32]. One can interpret it as

* *

C
)8 (6 + )voln(p),

dC
ro) = [ dpdos+ cor

where § is the Dirac delta function, voly(p) is a volume form on the fiber of Fr(N) at
m(p) satisfying f “1(x( p)) VOlﬂ(p) = 1. When being evaluated on horizontal vectors,

and Ry with &= dC” Tt follows that

one can replace Ay with oc-

C*C’

X(N)=/ () Ay o).
Fr(N)

3.4. A perturbative perspective via Lo algebras. Let us recall the definition of an L
algebra.

Definition 3.3. Let L be a graded vector space. An L, algebra structure on L is specified
by a collection of graded skew-symmetric multi-linear maps

I, s A"(L) — L

of degree 2 — n, for n > 1, such that
n
Z(—l)l(nﬂ) Z(_l)eln—iﬂ(li(xe(l)v ces Xe(@)) Xe(ial)s - - Xe@) =0, (3.9)
=l €

where x1, .. ., x, are homogenous elements in L, and € ranges over (i, n — i )-unshuffles.
(3.9) is called the Jacobi identity of L [33]. In particular, it implies that /; o [y = 0.

Let M = (M, O ) be a graded manifold. Let Q a4 b§: a cohomological vector field
on M. Fix an point p € M and choose local coordinates z for M around p. The tangent
space T, M of M at p can be identified with the span of - over R. Consider the Taylor
expansion of Q at p:

o0
1 . . 9
2—(:) k! Qi i (P2 -2 azi

It is well known (see [34,35]) that if Qf)( p) = 0, then the graded symmetric multi-linear
maps

Qg’) : Sym"(Ty M) — T, M
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defined by Q(") U az'n) = :i:Qﬁ1 iy (p)8 7»induce an Lo-structure on 7, M[—1]

91
via the décalage isomorphism:

AT, M[—1]) = Sym" (T, M)[—n].

Let us consider the L, algebra associated with our Minimal Construction 3.1 of
CohFTs. Recall that the cohomological vector field Q is locally given by

a a 1 a nbpc a a nb ,c
Q0% = ¢ _Efbce 0%, 9% =—f,.07¢
w
0¥ = Yt — 69XL (x), e AR )
0x% = b —0°X%(x, x) + F¥(x), Qb = —QGMbﬂ +¢9X% (x, x) — 077X u.
axP dxh

For any p € Sol(F), the leading-order components Qf) (p) in the Taylor expansion of Q
vanish. Consequently, the shifted tangent space T, Epin[—1] inherits an Lo-structure.
The presence of higher brackets /; reflects the nonlinearity of F and the nontriviality of
the G-action on £.

Note that

TpEmin[—1] = Lie(G)[1] & (T,E€ ® Lie(G)) & (H & T,E)[—11 @ H[-2].

The underlying complex of this L, algebra is:

deg -1 0 1 2

Lin, (F) .

Li AN
ie(G) > T,E

Lie(G) %, > TpE T ) > H

The two rows correspond precisely to the (shifted) deformation complex of F at p.

Remark 3.2. In particular, if £ is an affine space with an affine G-action and F is
quadratic, the resulting structure is a dgla. This will be the case later when we ap-
ply the minimal construction to generalized Seiberg—Witten equations.

4. Field Theory Applications

The geometric constructions for 0-dimensional CohFTs in the previous section can be
extended to construct CohFTs in dimensions d > 1. The immediate complication is that
both £ and ‘H become infinite-dimensional, and one must specify their topologies and
the algebra of functions considered on them. Here, we proceed at a formal level and do
not treat the mathematical details; these are supplied in [36] in terms of constructions
involving infinite jet bundles, local forms, and evolutionary vector fields.
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4.1. Nonlinear sigma models. Let (X, g) (the source) and (M, h) (the target) be Rie-
mannian manifolds of dimensions d and 2 m, respectively. Define

E=C®(Z,Fr(M))

as the space of smooth maps from X to the frame bundle Fr(M) of M. Next, consider
the space

Eiot = CX(TE, Fr(M) x R?™),

consisting of smooth bundle maps from the tangent bundle TX over X to the trivial
vector bundle Fr(M) x R2™ over Fr(M). The group G = C*°(%, SO(2m)) acts freely
on & and & in canonical ways. This makes & an infinite-dimensional G-equivariant
trivial vector bundle over £. The fiber of & can be identified with

H=T(T"E ®R>™),

where TV X denotes the cotangent bundle of X. The space H is equipped with a canonical
G-invariant inner product (-, )3y given by

2m
Z/ vol, g’“’(x)sfl(x) té(x),
i=1Y%

where s’ and ¢ are sections of TVY, and volg denotes the volume form associated
with the metric g on ¥. The G-equivariant section F is defined by sending ¢ € £ to
Oy o do € &, Where:

e dp : TY — TFr(M) is the tangent map of ¢,
e 0Oy is the solder form of Fr(M), interpreted as a bundle map:

Oy : TFr(M) — Fr(M) x R*™.
The CohFT construction is of the same form as in Construction 3.3. We set

Ensm = T[11Eor[—1].
The field content of the theory consists of

¢ € C*(Z, Fr(M)), ¥ € T (¢*TFr(M))[—1],
x € T(TVE @ R¥™M)[1], be(TVE @ R™).

The scalar supersymmetry Q is given by

Q¢ =, 0y =0,
Ox =b— (" AW x +F(P), Qb= —@"Av)()b+ @ RV, ¥)x — " VF(9).

Let us explain the notation and the objects involved. Here, Av is the connection 1-
form on Fr(M) corresponding to the Levi-Civita connection, and Ry is the curvature
2-form of Avy. The pullback ¢* Ay can be regarded as a section of 9* T VFr(M) ®s0(2 m).
Composing it with ¥ yields a section (¢* Ay ) () of the trivial bundle ¥ x s0(2 m). This
section acts canonically on sections of 7V ¥ ® R>™, allowing us to write expressions like
(¢*Av) () x. Similarly, the notation (¢* Rv) (v, ¥) should now be self-explanatory.
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Finally, V = dp;m) + Av is a connection on the trivial bundle Fr(M) x R2" where
drr(mr) 1s the de Rham differential of Fr(M). Its pullback via ¢ can be expressed as:

¢*V =dx +¢* Ay,

where dy is the de Rham differential on X. The term ¢*V . (¢) should be understood
as:

P*VF(¢) = ds(¢*0m (W) + ¢* Av () F($) € T(TVE @ R*™)[—1],

where ¢*0) is a section of ¢*TVFr(M) @ R2". Consequently, ¢*0ys (1) is a section of
the trivial bundle ¥ x R2".
The Lie(G)4r-action is given by

ey (x) =£(x)(@X), xekX,

with t¢ acting trivially on all other fields, [Q, tg] = Lieg, & € Lie(G). Here, we identify
Lie(G) with C*° (X, so(2m)) and &£(x) € so(2m) with its corresponding fundamental
vector fields over Fr(M).

The CohFT gauge fixing fermion is also of the same form as in Construction 3.3:

Wysm = (X, bYn Z / volg g (x) X/, (x) b, (x),

A direct computation shows that

Snsm = Q(Wnsyu) = (b +F(9), by + (X, " VF (@) — (X, "Ry (Y, ¥) X )1

As in the finite-dimensional case, the gauge symmetry group G introduces redundant
data. We can simplify the whole discussion by “quotienting out" G4z and working with
E=C®E,M),Ep =TE =C®(TE, TM), and the section:

F:C®(Z, M) — C(TZ, TM)
¢+ do.

The CohFT configuration space is:
TIT[-11(C®(Z, M)).
The field content of the new theory consists of:

¢ € CP (2, M), ¥ e D(¢*TM)[-1],
X €D(TVEQ*TM[1], bel(TVEQ*TM).

Fixapointx € X. After choosing local coordinates x* around x and y’ around y = ¢ (x),
the scalar supersymmetry Q is given by:

Q¢ (x) =¥'(x), Q¥'(x) =0,
0x},(0) = B, (0) = Y k(0 + 22 o),

. . . 1 .
Qb (x) = —F}k(y)lﬂ’(y)bk )+ = lel(y)W(y)W (y)XM(X) at Y'(x),
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where F; 1 are the Christoffel symbols of the metric £ on M, R; 1 are the components of

the Riemann curvature tensor of 4, and VL/ W (x) = gxlli(y) + F;k (y)l//j ) gfi (x).
axk
The gauge fixing fermion is

sy = /Z Vol (¥)hi; (6 (1)) . (1) (x).
And the action functional is
; 90! .
Snsm = Q(¥Nsm) = /2 volg g (x)hij (¢ (x)) ((bL(x) + M—M(x))b,’, ()+

Y/ ; dep!
'ﬁv @)+ TLG NI G0 L (x))

0x daxV

1 . .
=3 X CORY, NV (G ()Y (6 () ! (x)) :

X (0)(

Remark 4.1. Note that
Sol(F) = {Constant maps from X to M} = M.

To obtain a more interesting moduli space than the space of constant maps, one can
consider the following section of & ;:

faz,XM((b) = d¢ - 052 ®¢*XM7

where ay is a 1-form on ¥ and X, is a vector field over M. Note that ¢* X, is not
a vector field over X, but a section of the pullback bundle ¢*7T M. It is straightforward
to write down the scalar supersymmetry and action functional for the corresponding
CohFT, which we leave as an exercise for the reader.

4.1.1. N=2 supersymmetric quantum mechanics Restricting the previous discussion to
the d = 1 case yields N = 2 supersymmetric quantum mechanics. Here, the choice of
source manifold ¥ is limited: if & is connected, it must be either the circle S! in the
compact case or the real line R in the non-compact case. Let us assume that ¥ = !
and equip it with the standard Riemannian metric. Since TV S! is a trivial line bundle,
the field content of the theory consists of:

¢ € C(S', M), W e T(¢*TM)[—1],
x € T(¢*TM)[1], b e T (¢ TM).

The section F can be identified as the map sending ¢ to ¢ := ‘2—?. The scalar supersym-
metry Q acts on the fields as

¢’ =y, oy’ =0,
Qx' = b —Tip/x" +4', Qb = —T5u/b" + SRy w v X' = Ve y,

where Va4 ¢! := §f + T ) k.
a J
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The gauge fixing fermion is
\I]SQM = / dt hij)(lb].
st
The supersymmetric action functional is

Ssom = Q(¥som) = /S dt hij ((b’ +0) + x'V gyl — Ele,{lmw"Wx"’) :

Remark 4.2. One can replace ¥ with R and F with

Fr(@) =d¢ —dr ® grad(f),

where f is a Morse function on M and grad f is the gradient of f with respect to the
Riemannian metric # on M. The corresponding CohFT recovers N = 2 supersymmetric
quantum mechanics with a potential.

4.2. Generalized Seiberg—Witten theory. Let Cl(n) denote the Clifford algebra of R”
and End(m) denote the algebra of m x m matrices over R or C. Let G C End(m) be a
(compact) matrix group containing —1. Let Spin(n) denote the spin group of R".

Definition 4.1. The spin®-group Spin® (n) is the subgroup of the unit group of Cl(n) ®
End(m) generated by Spin(n) C Cl(n) and G C End(m).

There exists a canonical group homomorphism
Spin(n) x G — Spin® (n) C Cl(n) ® End(m),

explicitly given by sending (a, g) € Spin(n) x G to a ® g € Spin® (n), whose kernel
consists of (1, 1) and (—1, —1). It follows that there exists a short exact sequence

Id — Z, — Spin%(n) — SO(n) x (G/Z>) — 1d.
At the Lie algebra level, one has the following Lie algebra isomorphism
5pinG(n) = spin(n) & g = so(n) @ Lie(G/Zy),

where 5pinG (n), spin(n), g, so(n), and Lie(G/Z,) denote the Lie algebras of SpinG (n),
Spin(n), G, SO(n), and G/Z,, respectively.

Remark 4.3. Recall that there exists an explicit Lie algebra identification:
A% (R") = spin(n) — so(n) = A2(R"), ¢ 2¢.

The Lie algebra Lie(G/Z,) of G/Z;, however, does not have an explicit identification
with the Lie algebra g of G in general. Let 7 : G — G/Z; denote the canonical quotient
map. We have an abstract isomorphism dmyg : g — Lie(G/Z;), which is the differential
of 7 at the identity. If G is abelian, one can consider the isomorphism defined by sending
[gl € G/Z, to g2 € G. dmyg can then be identified with the automorphism of g defined
by multiplying the factor 2.
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Let (X, g) be an (oriented) Riemannian manifold of dimension d. Let L be a vector
bundle over M of rank m with structure group G/Z;. The frame bundle of 7YX ® L
admits a SO(d) x (G/Z;)-subbundle

P(L,X) = Psow) Xz Pc/z,

where Pso(q) is the special orthogonal frame bundle of ¥ and Pg,z, is the principal
G /Z;-bundle encoding the G /Z,-structure of L.

Definition 4.2. A spinG—structure on X is a Zp-equivariant lift of P(L, X) to a principal
SpinG (d)-bundle PSpinG( ) with respect to the double covering SpinG (d) — SO(d) x

(G/Za).

Remark 4.4. We require the vector bundle L to be part of the data for defining a spin®-
structure on X. For G = U(1) C End(2), a spinG—structure reduces to a spin‘-structure.
In this case, L is a hermitian line bundle, which is known as the determinant line bundle
of the spin®-structure.

We define the Clifford bundle of the pair (L, ¥) to be the algebra bundle
CI(L, %) = P(L, ) Xp, ; (Cl(d) ® End(m)),

where p4 ¢ is the SO(d) x (G /Zy)-action on Cl(d) ® End(m) induced by the canonical
action of SO(d) on R¥ and the adjoint action of G on End(m). Note that there exists a
vector bundle isomorphism:

y : A(X) ® End(L) = CI(L, ). “4.1)
The Levi-Civita connection V of ¥ together with a connection 1-form A on Pg/z,
determines a connection on CI(L, X), which we denote by V4.

Let § be a vector bundle over ¥ equipped with a bundle metric (-, -). With a slight
abuse of notation, we use V4 once again to denote a metric connection on §.

Definition 4.3. § is called a (twisted) Dirac bundle of the pair (L, X) if it is a bundle of
left modules over CI(L, X), such that at each x € X,

((e ®g)o1, (e ® g)or) = (01, 02) (4.2)
for all o1, on € § and all unit vectors e € T, X and g € G C End(Ly), and
Valpo) = (Vap)o +¢(Va0) (4.3)
forall ¢ € T'(CI(L, ¥)) and o € I'($). The (twisted) Dirac operator of a Dirac bundle
is a first-order differential operator D4 : I'(§) — I'($) defined by

n
Dao:=)Y (eu® HVac,0
n=1

at x € M, where {eu}Z=1 is an orthonormal basis of T X.
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Example 4.1. Let ¥ be equipped with a spin®-structure PSpinG(d)' We define
S(L, ) = PgpinG gy Xpag S

where S is a left module of Cl(d) ® End(m), and g g is the induced left action of
Spin® (d) on S. Similarly, we define

where V is a bimodule of Cl(d) ® End(m), and Ad is the induced adjoint action of
SpinG(d) on V.Both S(L, ¥) and V (L, ) are bundles of left modules over CI(L, X).
The Levi-Civita connection 1-form on Pso(y), together with a connection 1-form
A on Pg;z,, determines a connection 1-form on PSpinG @) This induces a covariant
derivative V4 on S(L, ¥) or V(L, ¥). If G is compact, S or V can be equipped with a
SpinG (d)-invariant inner product, defining a bundle metric (-, -) on S(L, X) or V(L, X)
that satisfies (4.2). Moreover, V 4 is a metric connection with respect to (-, -) and satisfies
(4.3) by construction. Thus, both S(L, ¥) and V (L, ¥) are Dirac bundles of (L, X).

From now on, we consider Dirac bundles § constructed as either S(L, X)or V(L, X).
We define the following quadratic bundle map

w:f—> A(Z)®adl, (4.4)

where ad L is the adjoint bundle of Pg,z,, by setting

w(e) =Y ((eper ® )0, o)(e" Ae”) ® &a,

a

foro € §, where {e/} is an (orthonormal) basis of 7\’ =, {£,} is an orthonormal basis of
(ad L)%, and the action of (epey ®&,) on o is given by the CI(L, X)-module structure
of §.

Let A be a G/Z; connection on L. Note that curvature F4 of A is also a section of
A*(X) ® ad L. We define the generalized Seiberg—Witten (GSW) equations on ¥ as

1
Fa— EM(G) =0, DPaso =0, 4.5)
where o € T'($). If § is complex, we define the chirality operator I' € End(§) as
I =iy (vol, ® 1),

where vol, € ['(AY(TVY)) is the volume form of ¥. T has the following properties:

1.2 =1;
2. Ppol =—To Dy

4 We put the standard inner product (§1, &) = Tr(§1&2) on (ad L)x = Lie(G/Zy).
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This implies that § admits a decomposition § = §* @ §~ such that I'| g+ = £1, and the

Dirac operator )4 decomposes as P4 = (I, Ip;), mapping sections of §* & §~ to
sections of §~ @ §7.

In dimension 4, T" can also be defined for a real £, and it induces a decomposition of
the quadratic bundle map (4.4):

pe 85 - AL(D)®adL,

where Ai(E) denote the selfdual and anti-selfdual subbundles of A%(X) with respect
to the Hodge star operator of g.

From now on, we fix ¥ to be a compact oriented Riemannian 4-manifold. And we
consider a selfdual version of the GSW equations (4.5):

1
(Fa)+ = S1+(0) =0, Do =0, (4.6)

where o is a section of §*. To apply our CohFT construction to (4.6), we define
£=AL) xT($h,
where A(L) denotes the affine space of G/Z; connections on L, and define
Etor =E X H,

with H = Q2(Z,ad L) x T'(§7). The gauge symmetry group G = Aut(L) acts on £
and &, making &, an infinite-dimensional G-equivariant trivial vector bundle over £.
The space H is equipped with a canonical G-invariant inner product (-, -)7; given by

(a1 ® &1, 51), (@2 ® &2, 82)) 1 = L volg ((061, @2) A2(x) (1, E2)ad L + (51, S2)$—) ;

where a1, ar € QE(Z), £1,& e I'(ad L), 51,50 € T'(§7), (-, '>A3(2) is the bundle
metric on AE(E) induced by the Riemannian metric g on X, (-, -)aq 1 is the canonical
bundle metric on ad L induced by taking trace, and (-, -) ¢ is a bundle metric on 5,

which is part of data defining the Dirac bundle structure of §. Finally, the G-equivariant
map F : £ — H is given by

1
F(A,0) =((Fa)s — §u+(0), Dho).
The CohFT construction is of the same form as in Standard Construction 3.2. We set

Egsw = T[11(Lie(9)[-2] & Eor[—1]1 @ Lie(G)[2]),

where Lie(G) can be identified with Q°(Z, ad L). The field content of the theory consists
of

0 € Q'(T,ad L)[—1], ¢ € QU(Z,ad L)[-2],
A e AL), Ve QYT ad L)[—1],
oel($h, p € T($H[-1],

X € (T, ad L)[1], beQX(S,adl),
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¢ el ($H1], hel($),
1 e Q%Z, ad L)[2], ne Y=, adL)[1].

The scalar supersymmetry Q is given by

1
QA =1 +dab, Oy = —[0,¥] —dag,
Qo = p —fo, Qp = —0p + ¢o,
1
QX = b - [97 X] + (FA)+ - 5M+(a)v Qb = _[6’ b] + [¢’ X] - d;w + M+(G3 p)v
Q¢ =h —6¢ + Do, Qh = —6h+¢¢ — Dp — Vo,
Or=n—1[6,A], On=—[0,n]+[¢,A].

Let us explain the notation and objects involved. Here, d4 is the exterior covariant
derivative corresponding to the connection 1-form A on L. Locally, we can write d4 =
d + A, where d is the exterior derivative of . The term d{ s denotes the projection of
d s onto its selfdual part. Since § is a left C1(L, X)-module, we use oo to denote the
action of an ad L-valued differential form « on o via the identification (4.1). Finally,
U+ (-, -) represents the bilinear form associated with p4.(-).

The Lie(G)4g-action is given by

g =§,

with t¢ acting trivially on all other fields, [Q, tg] = Lieg, & € Lie(G).
The minimal gauge fixing fermion is

WOSW — (4, 0). (b W)y /2 volg((x. £, (b. b)),

where, for simplicity, we omit the subscripts of the bundle metrics involved.
The minimal CohFT action functional is

SGSW Q(IIJGSW)

min min

:/Evolg<(b+(FA)+— l/,L+(G) by + (h + lo, h)
+ (X, A3y — pa(o, p) — [, x1) + (&, Dap + Yo —¢>§)>- 4.7)
The standard gauge fixing fermion is
Wasw = Wi + /E volg (¥, ). (dak, —0)) + {1, [$, 2])) -
The standard CohFT action functional is

Sesw = Q(WGsw)

:/ v01g<(b+(FA)Jr ;/LJr(U) by + (h+ Do, h) — (dap, dar)
b
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— (¢o, ro) +|[#, A1
+{x,diy — pui(o, p) — (o, x1) + (&, Php + Yo — ¢¢)

— (Y, dan + ¥, Al) + {p, no + Ap) — (n, [dw]))- 4.8)

Remark 4.5. Let G = U(2) and § = C* ® C? be an irreducible left-module of Cl(4) ®
End(2). We have
U(2)/Z> Z U(1) x PU2) = S! x SO(3),

and the connection A on L splits as
A=a+ A().

Fixing a, the resulting GSW equations of (Ag, o) are known as the SO(3) monopole
equations [37]. Its moduli space contains both the moduli space of SO(3) anti-selfdual
connections and the moduli space of U(1) monopoles. In this case, the CohFT action
functional (4.8) coincides with the supersymmetric action functional of the twisted N =
2 SO(3) supersymmetric Yang—Mills theory with massless matter fields [38, Subsection
5.5.1.

4.2.1. Donaldson—Witten theory Restricting the previous discussion to the case G =
SU(2) and § = {0} yields Donaldson—Witten theory. In this case, F = 0 yields the
anti-selfdual equations:

(Fa)+ = 0.
The field content of the theory consists of
0 € Q(T,ad L)[—1], ¢ € QU(Z,ad L)[-2],
A€ A(L), v e QU(T,ad L)[-1],
x € Q3(X,ad L)[1], beQ2(T,adl),
1 e QOZ, ad L)[2], ne QY= adL)[1].

The scalar supersymmetry Q is given by:

1
QA =y +dab, QY =—[0,¥]—dag,
Ox =b—10, x1+ (Fa)+, Ob = —[60,bl+1¢, x]1 —d, ¥,
Or=mn—1[6,1], On=—[0,nl+[¢, Al

The gauge fixing fermion is
Wpw = / Vol (X, B) + (¥, dak) + {n, [, A1),
=
The CohFT action functional is

Spw = /Evolg((b+ (Fa)s, b) — (dag, dad) + g, 11
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+{x, d3y — [, x1) — (¥, dan — [1, 1) — (0,9, 77]>>,

which coincides with the supersymmetric action functional of the twisted pure N = 2
supersymmetric Yang—Mills theory. See [12, Equation 2.13.] and [39].

4.2.2. Seiberg—Witten theory Restricting the previous discussion to the case G = U(1)
and § being the hermitian vector bundle associated with the irreducible complex repre-
sentation S = C* of C1(4) ® C yields the ordinary Seiberg—Witten theory. In this case,
W+ is explicitly given by

s T = iA2(D)

o 200% — |o|?,

where i denotes the imaginary unit, o* denotes the hermitian dual of o, and we identify
the skew-hermitian part of End($") with iA%(E). F = 0 yields the ordinary Seiberg—
Witten equations

1
(Fp)y = 00 — §|0|2, Do =0.

The field content of the theory consists of

0 ciQ(D)[-1], ¢ €iQ(D)[-2],
A € A(L), v eiQ(D)[-1],
o eT($), p €T ($H[-1],
x €iQ2(D)[1], b eiQ(%),

¢ e (S, hel($),

1 eiY(D)[2], n €iQ’(D)[1].

The scalar supersymmetry Q is given by:

Q0 = ¢, 0¢ =0,
QA =y +d6, oy = —d¢,

1 1 1
QU=P—§9<7’ Q10=—§9,0+§¢0,

1

Ox =b+(Fa)+— §M+(0), 0b = —d"y + j14.(a, p),

1 . 1 1 .
Q;:h—§9§+DAc7, Qh=—§9h+§¢§— AP — VYo,
O =1, On=0.

Here, 60 simply denotes the scalar multiplication of o by 6. See Remark 4.3 for an
explanation of the appearance of the factor 1/2.
The gauge fixing fermion is

WSWZLVOIg(<(X’§)7(b’ ) +{(, p), (dA, —r0))) .
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The CohFT action functional is

Ssw = / volg(w +(Fa)s — %m(a), by + (h + Do, h) — (dg. dX) — (o, 1o)
M)

+(x,d*Y — (o, p)) + (¢, Bhp + Yo — @) — (Y, dn) + (p, no +kp>>,

which coincides with the supersymmetric action functional of the twisted N = 2 U(1)
supersymmetric Yang—Mills theory with massless matter fields [38, Subsection 5.5.].

4.2.3. Kapustin—Witten theory Let G = SU(2) and § = ATYX ® ad L. The Dirac
operator on § is given by

Dy =dy+d},

where d is the formal adjoint operator of d4. For our purpose, we restrict o to be an
ad L-valued homogeneous 1-form on X. One can check that

p(o) =lo,ol.
Consequently, we consider the equivariant map F defined by
1
F(A,0)= (Fa=5l0, 0D, dyo, dio) € QX(2,ad L)®QA(Z, ad L)®Q’(Z, ad L).

Restricting the previous discussion to this case yields the Kapustin—Witten theory. The
filed content of the theory consists of

0 € Q(2,ad L)[-1], ¢ € QU(,ad L)[-2],
Ae A(L), ¥ € QU(T,ad L)[-1],
ceQ(T,adl) U e QY(S,ad L)[-1],
x € Q2(2,ad L)[1], beQi(,adl),

¥ € Q% (2, ad L)[1], beQ?(T,adl),
7eQz,ad L)[1], % ez, adL),

1 e QY(x,ad L)[2], ne Q% adL)[1].

(Note that the fields A and A have different ghost degrees.)
The scalar supersymmetry Q of the theory takes the following form.

1
QA =¥ +dab, QY = —[0, ¥1 — dao,
Qo =y —1[6,0], oY = —[0,¥1+[9, 01,

1 ~
Qx =b—10.xI+(Fa— Jlools. Qb =—[0.b]+[¢. x] - Ay + ¥, ol
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0% =b—10,%1+d;o0, Qb = —[60,b] +[¢, X1 —d; ¥ — [, 01—
07 =% — [0, M +do, Ok = 10, 1] +1¢, M — d5¥ + (¥, o),
Ol =n—1[0,A1], On=—[0,n]+[¢, 7],

where

[y, ol) : Z[w,m

n=1
with ¢ = 1//,‘8“,‘0 = O’M?M, z.md {e“}i:] being a local orthonormal coframe.
The gauge fixing fermion is

Wiy =/Evolg(<(x,>7, M, (b, b, 0)) + (W, ), (dak, =[x, o D) + (1, [§, A)).
The CohFT action functional is

1 ~ -~ -
Skw = / volg((b+ (Fa = 310,014, b) + (b +d;yo.b) + (A +djo.7)
D)

—(dag, dar) — ([$, 0], A, o) + [, A1*
+ (A5 — [, ol — (¢, x]) + (X, d‘%w ol- — [, X
— (Y, dan — [0, 7] — [\, Y1) — (¥, daTi + [0, 1] =[x, ¥1)

=, [¢.01) — (n, [¢, n]))-

which coincides with the supersymmetric action functional of the twisted pure N = 4
supersymmetric Yang—Mills theory [6].
Noting that on R*, Sk is invariant under the following operation:

X_)_)?v)?ﬁxv W*_Wv‘ﬁﬁiﬁa 77_>_7~7:’77'_>77

This suggests that the CohFT is the complexification of another CohFT. Let us define
the complexified fields as follows:

Ac=A+io, Ye=Y+iV, Xe=x+iX. Nc=n+il, be=Db+ib,
and define
Ae =ik +[p, Al

(Note that A, is of degree 0 and should not be confused with the complexification of the
field 1.) A, can be interpreted as a SL(2, C) connection on L ® C. Its curvature F4, can
be decomposed as

1
Fy, = Fy — E[o, ol +idyo.

It is easy to check that x. and b, are both complex selfdual 2-forms.> Moreover, the
G-equivariant section F can be reformulated as

SA complex 2-form T over a 4-dimensional manifold is said to be selfdual if 7— = %(T —*T) =0,
where T is the complex conjugate of T
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F(Ae) = (Fa)s, id} Im(Ap)) € Q4(2,ad L® C) ® Q°(T,ad L ® ),

where d;‘;(‘lm(Ac) =djo +i{lo,0]) =d}o.
The expression of Q can be simplified as follows.

1
Q9=¢—§[9,9], Q¢ =—[0, ¢l
QAC = wc +dA697 QWC‘ - _[97 WC] - dAc¢v
Oxe=be—10, xc1+ (FAC)+» Ob. = —[0,bc] + [, xc] — dj\-cwc’

One = e —[0,nc] + idZCIm(Ac)a Ohre = —[0, Al + ¢, ne] — iIm(dfgclﬂc),
and QA = Re(n.) — [0, A].

The expressions of Wgw and Sgw can be simplified as follows.

Wiy = /E volg ((xe: be) + (Wes da,1e) + (s Ae)),
Scw = L Volg<(bc+(FA[,)+,bc)+(X v d30.7) — (dad. dai) + 116 1112

+ {Xe» dzcl//c —[¢, xcl) — (Yo, dACnc =[x, ¥el) — (ne, [, 77c]>>-

This suggests that one may interpret the Kapustin—Witten theory as the complexification
of the Donaldson—Witten theory with an imaginary gauge fixing condition [40].

Remark 4.6. The CohFT configuration space has a U(1)-action, given by

0—>0,¢—> ¢, Ac = A¢, Yo —> ei(prv Xe — ei(pxu b — ei(pbu
Ne — eiwﬂc, Ae = Aey, A — AL

One can check that the action functional Sk is invariant under this action, along with
the replacement

F — €9F i= (¢! Fa)+, id} Im(A,).
Note that ¢/¢ F = 0 yields exactly the family of Kapustin—-Witten equations [41]:

(cos(@)(Fa — [0,0]/2) —sin(p)dpo), =0,
(sin(@)(Fq — [0,0]/2) + cos(p)dao)_ =0,

together with the imaginary gauge fixing condition: djo = 0.

5. Symmetries and Observables

In this section, we discuss the spacetime symmetries and observables of CohFTs in the
context of our Minimal Construction 3.1. The term ‘spacetime symmetries’ is used to
distinguish these symmetries from the gauge symmetries described by the group G. We
show that minimal CohFTs are de Rham translation invariant. Additionally, we argue
that the classical observables of a (minimal) CohFT form a prefactorization algebra over
the spacetime manifold. This can be made precise perturbatively using the language of
elliptic L, algebras.
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5.1. Spacetime symmetries. Let us assume that Lie(G), &€, and the fiber of &, can be
identified with the spaces of sections of some (gauge) natural bundles over X. (We refer
the reader to [42] for the notion of (gauge) natural bundles.) Since the diffeomorphism
group Diff (2) has a natural action on the space of sections of a natural bundle, we have
a X(X)-action on the CohFT configuration space &y, = T[1]1(E0:[—1] @ Lie(G)[1]):

Lie : X(Z) — X(&Emin)
X — Liey

where X(&,,i,) denotes the graded Lie superalgebra of derivations of C*°(&,;,), Liex
denotes the Lie derivative of X € X(X) on &, determined by the natural bundle
structures.

Definition 5.1. An element X € X(X) is said to be an (infinitesimal) spacetime sym-

metry of the CohFT (Epin, Q, Smin) if

1. Liex (Smin) = 0;

2. Liey is homotopically trivial, i.e., there exists a degree —1 derivation ty € X(Ein)
such that Liex = [Q, tx].

If X and X» are both spacetime symmetries of the theory, then there exists tx, and
tx, in X(Epin)—1, such that

Liex, x,) = [Liex,, Liex,] = [[Q, tx,], Liex,] =[O, [tx,, Liex,]].
Moreover, we have

Lie(x,,x,1(Smin) = [Liex,, Liex, [(Snin) = 0.
Thus, [ X1, X>] is also a spacetime symmetry of the theory. We conclude that

Proposition 5.1. The spacetime symmetries of (Emin, O, Smin) form a subalgebra s of
X(2).

Definition 5.2. We say that the CohFT (&, O, Smin) is de Rham s-invariant if the
s-action on the CohFT configuration space &£, can be extended to a s, g-action. That
is,
[tx,,tx,1 =0, [ix,,Liex,] = (x,,x,1,
for all X{, X, € s, and
tx (Smin) =0,
forall X € s.

Example 5.1 (Vector supersymmetries). Let us assume that ¥ = R?, s is the Lie algebra
of infinitesimal translations of X, and the CohFT is de Rham s-invariant. This is often the
case if the CohFT comes from a topological twisting of a supersymmetric field theory
on RY. Fixing a basis {E)M}ﬁ=1 of s, we denote ¢, by K,. (K, are called as the vector
supersymmetries of the theory by physicists [43—45].) By definition, we have

0K, +K,0=0,, K.K,+K,K,=0, K,d,—8,K,=0.  (5.1)

One can also organize K, into a single 1-form symmetry K := K,dx*. It follows
that QK + KQ = d, where d is the de Rham differential of X. Under some techni-
cal assumptions, one can show that K forms a homotopy operator of the G;g-algebra
QM) ® C*°(Epin) [36]. For a modern mathematical treatment of the vector supersym-
metries, we refer the reader to [46,47].
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Example 5.2. Let us assume that ¥ = (C]P’l, 5 is the Witt algebra, and the CohFT is de
Rham s-invariant. This is often the case if the CohFT comes from a topological twisting
of a superconformal field theory. Fixing a basis {L,},cz of s, we denote (7, by G,. By
definition, we have

0G6,+G,0=L,, G,Gyu+G,G,=0, GuLy — LGy =(m—n)Gpyp.

The generator G_ together with its complex conjugate can be interpreted as the vector
supersymmetries of the theory. For an application of the extended Witt algebra s, r, we
refer the reader to [48].

Indeed, due to the shifted tangent bundle structure of our CohFT configuration space
Emin and the specific form chosen for the minimal gauge fixing fermion W,,;,, one
can always construct a (Rd)d g-action on &, to make the theory de Rham translation
invariant. Let us illustrate this idea through the minimal construction of generalized
Seiberg—Witten theory. We define

K0 =0, Kup =09,0,
K,A=0, Ky =9,A,
K, o =0, K,up=0,0,
K,x =0, Kub=29,x,
K.t =0, K, h =0d,¢.

It is straightforward to verify that Equations 5.1 hold, and that

K,(wGWy =k, /w d*x((x,b) + (b, h)) = —f

d*x((x, dux) + (£, 8,8) =0,
R4

where we use the assumption that all fields are compactly supported on R*. It follows
that
Ku(Spin) =10, Kul(wn) = 0.

min min

However, there is a minor issue with this (R?),z-action: it is not compatible with the
Gir-action [36]. That is,

[Kpu, ] # 0. (5.2)
In fact, one can verify that the condition (5.2) fails only for the ¢ field:
[Ky. e = 3,6 # 0.

To resolve this issue, note that K, is not necessarily unique. One can always perturb it
to K, + 8K, provided that § K, satisfies

[Q.8K,] =0, [8K,, K,J+[Ku 0K,]+[6K,,8K,]=0, [5K,,d,]=0.
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In our case, we can perturb the old vector supersymmetries to obtain the following:

Ko =A, K¢ =—1,
KA =0, K =2F,,
Ko =0, Kp =djo,
Ky =0, Kb =day,
Kt =0, Kh =da¢,

which is compatible with the G r-action. There also exists other more complicated
perturbations. The following one is closely related to the physics literature, as it arises
from the twisting of the original supersymmetries:

K6 = A, Ko =—v,
KA =12y, Ky = 2(Fa)- —2b + p+(0),
Ko = —e" A (eu?), Kp = e A (e h),

Kyx =0, Kb=3dax —e" A uileus, o),
K¢ =0, Kh=—e"* A xuv(e'o),

where {eu}i=1 denotes an orthonormal basis of R*. One can check that the desired
formula [Q, K] = d holds. Indeed, we have

1
[Q. K10 = Q(A) + K(¢ — 510.6])
=ds0 —[A,0] =dO,
[Q. K]A = QQ2x) + K(V +dab)

1
=210, x]1+ (Fa)+ — §M+(0)) +2(Fp)- —2b+pi(o) —dA —[A, A]

=2F4—dA—[A,A]l =dA,
[Q.K]o = Q(—e" A (epl)) + K(p —00)
—e A(ep(h — 07 + Ppao)) + et A(eyh) — Ao — e A (e,00)
= —e" A(eyPao) — Ao
=djso — Ao = do,

1
[Q.K]x = K& — 1[0, x]+ (Fa)+ — §M+(0))

=3dax —e" Aps(eps, o) —[A, x1 —2dax — e A pus(—eut, o)
=dax —[A, x]=dx,

[0, K] = K(h—0¢ + Ds0)
=—e' A Xuv(evg) — At +el' A Xuv(eva) —e' A IDA(eug)
=da¢ — AL =dg.

The computation for the superpartners of the fields above follows similarly. Moreover,
one can check that

K, (vSS"y =K, </R4 dx* (b, x) + (h, ;“)))
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= [ s Dt ~stent. )20 = (€.
=/ dx"{Dyx. x) =0,
R4

where D, := t,,da, and we use the definition (4.4) of u to get to the third line. It
follows immediately that K, (S"(fisnw) = 0, which is not surprising, because the original
untwisted action functional is supersymmetric, and the twisting has no effect on R*.

Remark 5.1. Another wonderful consequence of these K, is that they can be used to
give an elegant reformulation (see (5.3) below) of the minimal CohFT action functional
Sn?i‘/: of Donaldson—Witten theory on R*. To see this, let

4 4
1 1
Ok = exp(K)0 = ) E1(1’9, ¢k =exp(K)p = Y —K’¢.

p=0"" p=0 P

For Donaldson—Witten theory, a direct computation shows that

1
Ok =0+ A+, ¢K=¢—Iﬂ+(b—(FA)—)+dAX+§[X’X]-

We define [36]
/ L fexp(K)Tr(g?)y” = f Tr(pg)'”
R4 2 R4
=/ Tr<l¢[x,x]—wAdAx+lb/\b
]R4 2 2
1
+§(FA)— A (FA)—) .

where Tr is the negative Killing form of the Lie algebra su(2). Recall that the minimal
CohFT action functional of the Donaldson—Witten theory is

S = /R d'x (1612 + ((Faye, b) + (. d5w) = (O I, X)) -
We have
1 1
Smin f Tr(¢x)'” = / d*x ( S1FD-1 + S IBI” + (b, (Fa)s) )
R R4 2 2
“Integrating out" the auxiliary field b, or equivalently, setting b = —(F4)+, we get

sow (5.3)

- 1/ Tr(Fy4 /\FA)+/ Tr(¢x)'?
R4 R#

b=—(F), 2 b=—(Fp)s

(5.3) can be explained by the holomorphicity of the supersymmetric gauge theories
involving only the vector multiplet. For more details, we refer the reader to [38, Chapter
4].
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5.2. Observables. Let us move forward to discuss the algebra of classical observables
within our minimal construction of CohFTs. Since both Lie(G) and &, are defined as
spaces of smooth sections of bundles over ¥, it is natural to consider their restrictions,
Lie(G|y) and & |y, to an open subset U C X, and accordingly, the restriction of &y
to Enin|u - In other words, we obtain a contravariant functor from the category Openy of
open subsets in X, to the category GraFréchetMan of graded Fréchet manifolds. On the
other hand, taking the complex of functions on &, yields another contravariant func-
tor from GraFréchetMan to the category DGCA of differential graded commutative
algebras. Composing these two functors gives us a covariant functor

Obs% : Opens — DGCA,
which assigns to each open subset U of X the differential graded commutative algebra

(C®Eminlv), Clgmly)-

Under some reasonable locality assumptions on JF, one can expect that Obs;_l- forms
a prefactorization algebra on X. We call it the algebra of classical observables of the
minimal CohFT.

A standard method for constructing CohFT observables is to integrate local forms
over submanifolds of the spacetime manifold. Consider the prefactorization algebra
PreObs?. defined by

U (Qcp(U) b Coo(gmin|U)’ d+ (_1).Q|5m,-n\y)

where Q. (U) is the de Rham complex of compactly supported differential formson U C
%, d is the de Rham differential of Q.,(U). Let O be a closed element in PreObsC}l-(U )

of total degree dim X. One can decompose O as O = Z‘;ifoz O where OP) is of
bidegree (p, dim ¥ — p) and satisfies

00" =go®b  p=1,.. . dimE, (4

and QO® = 0. The equations (5.4) are called as the topological descent equations [12].
Picking a k-dimensional closed submanifold y; inside U C M, one can define a map

evy, lu : H™ = (PreObs-(U)) — HY™ =X (0bs(U))

(Ol [| OW],
Yk

where we use H®(A) to denote the cohomology groups of a dgca A, and use [a] to
denote the cohomology class of a closed element a in A. It is not hard to see that this
map only depends on the homology class of yj.

Example 5.3. In Donaldson—Witten theory, one starts with
0O = Tr(¢?).

0O is O-closed and is of the correct bidegree (4, 0). To solve the descent equations
(5.4), we define

AO)=60+A, F(@p)=¢ —V+Fy.
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One can check that [39]
1
F(¢) = (d+(=1)*Q)A@®) + §[A(0)’ A@)], (d+(=1)*Q)F(¢)+[A®),F(p)] = 0.

Let O = Tr(F(¢)?), which satisfies
d+(=D)*Q)0=0

by virtue of the second Bianchi identity: (d+(—1)* Q)F(¢)+[A(0), F(¢)] = 0. Expand-
ing O and integrating its components over the submanifolds of M gives the standard
CohFTs observables in the physics literature.

In order to make the discussion related to the algebra of functions on an infinite-
dimensional graded manifold mathematically precise, we shift from a nonperturbative
to a perturbative perspective, where the framework developed by Costello and Gwilliam
[49-51] provides a rigorous foundation for classical field theories and their perturbative
quantization. The construction in this subsection can be seen as an infinite-dimensional
generalization of the one in Subsection 3.4.

Let us first recall the definition of an elliptic L, algebra.

Definition 5.3. Let ¥ be a manifold. A local L, algebra on X consists of the following
data:

1. A graded vector bundle L on X, whose space of smooth sections will be denoted L.
2. A differential D : £ — L of cohomological degree 1, satisfying D?> = 0.
3. A collection of poly-differential operators:

" Lo

for n > 2, which are alternating, are of cohomological degree 2 — 7, and endow £
with the structure of Lo, algebra.

A local L, algebra is called an elliptic Lo, algebra if (£, D) is an elliptic complex.

The definition of an elliptic Lo, algebra on ¥ is formulated to study the sheaf of
derived moduli problems on X associated with the field equations of certain classical
Lagrangian field theory 7 on X. For more details, see [51, Subection 3.1]. One can
define the observables with support in the open subset U as the dgca:

Obs%.(U) = CE*(L(V)).

where CE®*(L(U)) denote the Chevalley-Eilenberg cochains of £(U). This assignment
defines a factorization algebraon X [51, Subsection 5.1]. Obs# is called the factorization
algebra of classical observables of 7.

Remark 5.2. In the case of CohFTs, we have argued that the Lagrangian action functional
should not be treated as the fundamental object. Instead, we begin with a first-order non-
linear PDE F = 0 and provide various constructions of a Lagrangian action functional
whose first-order field equation coincides with the given equation.
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Example 5.4 (Perturbative generalized Seiberg—Witten theory). Fix an solution (Ag, op)
to the GSW equation. Let us construct an elliptic dgl.a Lgsw. The local graded Lie
algebra structure on Lgsw is given by®

Losw = QT ad L)gr x (1, ad L)[-11® T($7)[—1]1 ® Q3(T, ad L)[-2]
® TS )[-2Dar,

where x denotes the semidirect product.
The underlying elliptic complex is

deg -1 0 1 2
rh L)
R Lin (F)
(Ag.00) (A9.00)
Q0(z,ad L) AL N 0% > @
1 2
" " Ql(z,adL) " Q(T,ad L)
INC) INCE]
Q0(z,ad L > - >
(X,ad L) R(A()JT()) 7 @ Lln(AO.UO)(]:) 7 @
Ql(z,adL) Q2(%,ad L)
where

R(ag.00) () = (dagk, —Eop), & € Q(Z,ad L),
and
Lin(ag,00) (F)(A, 6) = (df A — 14(00, 6), Bao6 + Aop), (A,6) € Ql(z,adL) ®T($7).

Since the zero-order piece of the differential does not matter, the ellipticity of this
complex follows from the ellipticity of both of its rows We define the factorization
algebra of classical observables of the GSW theory Obs by setting

Obs< F(U) = CE*(Lgsw (U)).

Example 5.5. (Perturbative nonlinear sigma model) Fix a constant map ¢o from X to
M. One can construct a local L, algebra Ly sas. As a graded vector space,

Lysy = (CP(E, RZM[-11® T(TVE @ R2™)[=2])ar.

The higher brackets of Ly sy are determined by the Taylor expansion of the Christoffel

symbols and the components of the Riemann curvature tensor in local coordinates around

¢o € M. (If one chooses normal coordinates, the first nontrivial higher bracket is /3.)
The underlying complex of Lygsy is

deg 0 1 2
C®(Z,R*™) —— I'(TVS @ R™)
/ /
Co(z, Ry &5 n(1Vs @ R™)

6 Recall that for a graded vector space V, Vg denotes V @ V[1]. A Lie algebra action of g on V extends
naturally to a graded Lie algebra action of ggg on V g.



5 Page42of44 S. Jiang, J. Jost

Here, dx,. denotes the de Rham differential on X. Unfortunately, this is not an elliptic
complex for dim ¥ > 1. In dimension one, it reduces to the following elliptic complex

deg 0 1 2

d
COO(Sl,RZm) di y CW(SI,Rz’")

/ /
d

CW(SI,RZ'") W} C“(SI,RZ’”)

The corresponding elliptic L, algebra fully encodes the structure of perturbative N = 2
supersymmetric quantum mechanics.

6. Concluding Remarks

We have proposed a mathematical framework for cohomological field theories, which
provides a uniform description of various theories in the physics literature. Our primary
focus is the application of this framework to the generalized Seiberg—Witten equations.
However, as demonstrated in Subsection 4.1, the framework can also offer a consistent
treatment of sigma-model-type theories. In dimension 1, this application recovers N = 2
supersymmetric quantum mechanics.

In this context, it would be interesting to explore the framework’s applications to
first-order nonlinear PDEs in higher dimensions. For instance, in dimension 2, applying
the framework to the J-holomorphic curve equation should recover the A-model [52,
53], while applying it to the Euler-Lagrange equations of the Poisson sigma model
[54,55] could yield new insights. For further applications, there is no reason for one to
restrict his or her attention to ordinary first-order nonlinear PDEs — he or she may also
consider supersymmetric first-order nonlinear PDEs, such as the super J-holomorphic
curve equations, which were introduced in [56] with the aim to define a theory of super
quantum cohomology [57].

Acknowledgement The first author would like to thank Owen Gwilliam for numerous inspiring discussions
during his visit to UMass Ambherst in May 2024. He would also like to thank Alberto Cattaneo, Chris Elliott,
Andriy Haydys, Pavel Mnev, Alexander Schenkel, and Konstantin Wernli for their valuable communications.
This material is based upon work supported by the Max Planck Institute for Mathematics in the Sciences, and
by the Swedish Research Council under grant no. 2021-06594 while Shuhan Jiang was in residence at Institut
Mittag-Leffler in Djursholm, Sweden during the year of 2025.

Funding Open access funding provided by University of Zurich.

Data Availability Data sharing is not applicable to this article as no new data were created or analyzed in
this study.

Declarations

Conflict of interest The authors declare that there is no Conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give

appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the



Cohomological Field Theories and First-Order Nonlinear PDEs Page 43 of 44 5

article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

References

1.

10.

11.

13.

14.
15.

16.

18.

20.

21.

22.
23.

24.

25.

26.

217.
28.

29.

30.

Donaldson, S.: An application of gauge theory to four-dimensional topology. J. Differ. Geom. 18(2),
279-315 (1983)

Donaldson, S., Kronheimer, P.: The Geometry of Four-Manifolds. Oxford University Press (1990)
Seiberg, N., Witten, E.: Electromagnetic duality, monopol condensation, and confinement in N = 2
supersymmetric Yang-Mills theory. Nucl. Phys. B 431(B), 581-640 (1994)

Seiberg, N., Witten, E.: Monopoles, duality and chiral symmetry breaking in N = 2 supersymmetric
QCD. Nucl. Phys. B 431, 581-640 (1994)

Witten, E.: Monopoles and four-manifolds. Math. Res. Lett. 1(6), 769-796 (1994)

Kapustin, A., Witten, E.: Electric-magnetic duality and the geometric Langlands program. Commun.
Number Theory Phys. 1, 1-236 (2007)

Liu, C.-C., Rayan, S., Tanaka, Y.: The Kapustin-Witten equations and nonabelian Hodge theory. Eur. J.
Math. 8(Suppl 1), 23-41 (2022)

Pidstrigach, V.Y.: Hyper-Kdahler Manifolds and Seiberg-Witten Equations. Tr. Mat. Inst. imeni VA
Steklova 246, 263-276 (2004)

Haydys, A.: Generalized Seiberg—Witten equations and hyper-Kéhler geometry, PhD in Mathematics,
Georg-August-Universitit Gottingen, (2006). Available at https://ediss.uni-goettingen.de/handle/ 11858/
00-1735-0000-0006-B381-C?locale-attribute=en

Ai, W, Jiang, S., Jost, J.: variational aspects of the generalized Seiberg-Witten functional. Calc. Var. 63,
178 (2024)

Witten, E.: Introduction to cohomological field theories. Int. J. Mod. Phys. A 6(16), 2775-2792 (1991)
Witten, E.: Topological quantum field theory. Commun. Math. Phys. 117(3), 353-386 (1988)

Mathai, V., Quillen, D.: Superconnections, Thom classes, and equivariant differential forms. Topology
25(1), 85-110 (1986)

Atiyah, M.E, Jeffrey, L.: Topological Lagrangians and cohomology. J. Geom. Phys. 7(1), 119-136 (1990)
Blau, M.: The Mathai-Quillen formalism and topological field theory. J. Geom. Phys. 11(1-4), 95-127
(1993)

Ye, S.: Mathai—Quillen Formalism (2005), available at arXiv:hep-th/0505003

Felder, G., Kazhdan, D.: The classical master equation (2012), available at arXiv:1212.1631

Kotov, A., Salnikov, V.: The category of Z-graded manifolds: what happens if you do not stay positive.
Differ. Geom. Appl. 93, 102109 (2024)

Theodore, T.: Voronov, Q-manifolds and higher analogs of lie algebroids. AIP Conf. Proc. 1307(1),
191-202 (2010)

Sheng, Y.: Zhu, Chenchang: Higher extensions of Lie algebroids. Commun. Contemp. Math. 19(03),
1650034 (2017)

Carchedi, D., Steffens, P.. On the universal property of derived manifolds (2019), available at
arXiv:1905.06195

Carchedi, D.: Derived manifolds as differential graded manifolds (2023), available at arXiv:2303.11140
Behrend, K., Liao, H.-Y., Ping, X.: Differential graded manifolds of finite positive amplitude. Int. Math.
Res. Not. 2024(8), 7160-7200 (2024)

Kostant, B., Sternberg, S.: Symplectic reduction, BRS cohomology, and infinite-dimensional Clifford
algebras. Ann. Phys. 176(1), 49-113 (1987)

Figueroa-O’Farrill, J.M.: A topological characterization of classical BRST cohomology. Commun. Math.
Phys. 127, 181-186 (1990)

Figueroa-O’Farrill, J.M., Kimura, T.: Geometric BRST quantization, I: prequantization. Commun. Math.
Phys. 136, 209-229 (1991)

Guillemin V.W., Sternberg S.: Supersymmetry and Equivariant de Rham Theory. Springer (2013)
Kalkman, J.: BRST model for equivariant cohomology and representatives for the equivariant Thom class.
Commun. Math. Phys. 153(3), 447-463 (1993)

Mneyv, P.: Quantum field theory: Batalin—Vilkovisky formalism and its applications, vol. 72, American
Mathematical Soc (2019)

Vezzosi, G.: Basic structures on derived critical loci. Differential Geom. Appl. 71, 101635 (2020)


http://creativecommons.org/licenses/by/4.0/
https://ediss.uni-goettingen.de/handle/11858/00-1735-0000-0006-B381-C?locale-attribute=en
https://ediss.uni-goettingen.de/handle/11858/00-1735-0000-0006-B381-C?locale-attribute=en
http://arxiv.org/abs/hep-th/0505003
http://arxiv.org/abs/1212.1631
http://arxiv.org/abs/1905.06195
http://arxiv.org/abs/2303.11140

5 Page 44 of 44 S. Jiang, J. Jost

31. Haydys, A.: Introduction to gauge theory (2019), available at arXiv:1910.10436

32. Cordes, S., Moore, G.W., Ramgoolam, S.: Lectures on 2D Yang-Mills theory, equivariant cohomology
and topological field theories. Nucl. Phys. B, Proc. Suppl. 41(1-3), 184-244 (1995)

33. Lada, T., Markl, M.: Strongly homotopy Lie algebras. Comm. Algebra 23(6), 2147-2161 (1995)

34. Alexandrov, M., Schwarz, A., Zaboronsky, O., Kontsevich, M.: The geometry of the master equation and
topological quantum field theory. Int. J. Mod. Phys. A 12(07), 1405-1429 (1997)

35. Voronov, T.: Higher derived brackets and homotopy algebras. J. Pure Appl. Algebra 202(1-3), 133-153
(2005)

36. Jiang, S.: Mathematical structures of cohomological field theories. J. Geom. Phys. 185, 104744 (2023)

37. Pidstrigach, V.Y., Tyurin, A.: Localisation of the Donaldson’s invariants along Seiberg—Witten classes
(1995), available at dg-ga /9507004

38. Labastida, J., Marino, M.: Topological Quantum Field Theory and Four Manifolds. Springer, Dordrecht
(2005)

39. Baulieu, L., Singer, I.M.: Topological Yang-Mills symmetry. Nucl. Phys. B, Proc. Suppl. 5, 12-19 (1988)

40. Baulieu, L.: N = 4 Yang-Mills theory as a complexification of the N = 2 theory. Nucl. Phys. B-Proc.
Suppl. 192, 27-39 (2009)

41. Gagliardo, M., Uhlenbeck, K.: Geometric aspects of the Kapustin-Witten equations. J. fixed point theory
appl. 11(2), 185-198 (2012)

42. Fatibene, L., Francaviglia, M.: Natural and Gauge Natural Formalism for Classical Field Theories: A
Geometric Perspective including Spinors and Gauge Theories, Springer (2003)

43. Sorella, S.P, Vilar, L.C.Q., Ventura, O.S., Sasaki, C.A.G.: Algebraic characterization of vector super-
symmetry in topological field theories. J. Math. Phys. 39(2), 848—-866 (1998)

44. Baulieu, L.: Guillaume, Bossard, Alessandro, Tanzini: Topological vector symmetry of BRSTQFT, topo-
logical gauge fixing of BRSTQFT and construction of maximal supersymmetry. J. High Energy Phys.
2005(08), 037 (2005)

45. Piguet, O., Sorella, S.P.: Algebraic Renormalization: Perturbative Renormalization, Symmetries and
Anomalies, vol. 28. Springer (2008)

46. Elliott, C., Safronov, P.: Topological twists of supersymmetric algebras of observables. Commun. Math.
Phys. 371, 727-786 (2019)

47. Beem, C., Ben-Zvi, D., Bullimore, M., Dimofte, T., Neitzke, A.: Secondary products in supersymmetric
field theory. Ann. Henri Poincaré 21(4), 1235-1310 (2020)

48. Losev, A.S., Mnev, P., Youmans, D.R.: Two-dimensional abelian BF theory in Lorenz gauge as a twisted
N = (2, 2) superconformal field theory. J. Geom. Phys. 131, 122—-137 (2018)

49. Costello, K.: Renormalization and Effective Field Theory. American Mathematical Society, Mathematical
surveys and monographs (2011)

50. Costello, Kevin, Gwilliam, Owen: Factorization Algebras in Quantum Field Theory, vol. 1. Cambridge
University Press (2017)

51. Costello, K., Gwilliam, O.: Factorization Algebras in Quantum Field Theory, vol. 2. Cambridge University
Press (2021)

52. Witten, E.: Topological sigma models. Commun. Math. Phys. 118(3), 411-449 (1988)

53. Baulieu, L., Singer, .LM.: The topological sigma model. Commun. Math. Phys. 125(2), 227-237 (1989)

54. Ikeda, N.: Two-dimensional gravity and nonlinear gauge theory. Ann. Phys. 235(2), 435-464 (1994)

55. Schaller, P., Strobl, T.: Poisson structure induced (topological) field theories. Mod. Phys. Lett. A 09(33),
3129-3136 (1994)

56. Jost, J., KeBler, E., Tolksdorf, J.: Super Riemann surfaces, metrics and gravitinos. Adv. Theor. Math.
Phys. 21(5), 1161-1187 (2017)

57. KeBler, E., Sheshmani, A., Yau, S.-T.: Super quantum cohomology I: Super stable maps of genus zero
with Neveu—Schwarz punctures (2021) Available at arXiv:2010.15634

Communicated by C. Schweigert


http://arxiv.org/abs/1910.10436
http://arxiv.org/abs/2010.15634

	Cohomological Field Theories and First-Order Nonlinear PDEs
	Abstract:
	1 Introduction
	2 Geometric and Algebraic Preliminaries
	2.1 Differential graded manifolds with group actions
	2.2 Algebraic equivariant cohomology

	3 Finite Dimensional Geometric Constructions
	3.1 0-dimensional cohomological field theories
	3.2 The minimal and standard constructions
	3.3 Mathai–Quillen formalism and the Atiyah–Jeffrey formula
	3.4 A perturbative perspective via Linfty algebras

	4 Field Theory Applications
	4.1 Nonlinear sigma models
	4.1.1 N=2 supersymmetric quantum mechanics

	4.2 Generalized Seiberg–Witten theory
	4.2.1 Donaldson–Witten theory
	4.2.2 Seiberg–Witten theory
	4.2.3 Kapustin–Witten theory


	5 Symmetries and Observables
	5.1 Spacetime symmetries
	5.2 Observables

	6 Concluding Remarks
	Acknowledgement
	References


