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Abstract. We present a non-minimal renormalizable SUSY SU(5) model where the flavour
sector exhibits a Qg flavour symmetry, and R-parity is conserved. We find that the CKM
matrix has an NNI and a Fritzsch texture for the down and up sectors respectively, both
of which are known to be compatible with the experimental CK M values. At the same time,
in the leptonic side, the model predicts a strong inverted hierarchy spectrum and a sum rule
among the neutrino masses. As main results, the atmospheric (95;’1 = 46.1879:8%) and solar
(9{; = 36.62 + 4.06.) mixing angles are found to be consistent with the experimental data.

.. th P . .
However, the reactor mixing angle value, 6{; = 3.38":8:8‘;, is small and not in good agreement

with the global experimental fits, but it is consistent with the MINOS experiment and fairly
large in comparison to the tribimaximal scenario.

1. Introduction

The Qg flavour symmetry group has been proposed as responsible for the textures in the quark
as well as in the leptonic sectors [1-5]. This appealing flavour symmetry allows the appearance
of the NN textures in the quark mass matrices [6,7], so that the mixing can be accommodated
in good agreement with the experimental data [1,5]. The rich phenomenology Q¢ provides in
supersymmetry (SUSY) scenarios is remarkable, such as prohibiting the dangerous terms that
mediate fast proton decay [2,3]. Thus, an immediate question that arises is how to combine the
Qe flavour symmetry with a GUT framework, in particular, with the SUSY SU(5) model. Here
we will address this problem and we will see that it is possible to accommodate the masses and
mixings of fermions in such a framework.

2. SUSY SU(5) @ U(1) ® Q¢ MODEL

The assigned matter content under SUSY SU(5) ® U(1) ® Q¢ is displayed on Table 1. Let us
comment on our notation and the matter content: ¢ and ¢ are singlet scalars under the gauge
group, the former gives mass to the right-handed neutrinos and the latter is introduced in order
to cancel anomalies in the U(1) abelian group. In addition, ¢ breaks the SUSY SU(5)®U (1)®Qs
gauge group into SUSY SU(5) ® Q¢; ®f stands for the 24 adjoint scalar representation which
breaks the SUSY SU(5) gauge group to the MSSM; there are three families of Higgs type H}*
and de. On the other hand, we do need to include Hys and H; scalar representations so as to
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SUG) | Qs | U()
(HY, HS) 5 2, —x
Héi 5 1+72 —Zx
(HY, HY) 5 2, x
HY 5 112 x
(F1, FQ) 5 22 371
Fs 5 13 &
(T, T») 10 2, -z
T 10 13 —z
(Nf, N5) 1 2, | -%
N3 1 1, | =%
¢ 1 1:2 5z
o 1 1io —5x
Hs 45 1, —z
Hys 45 1,2 x
P 24 140 0

Table 1. Matter content in the SUSY SU(5) ® U(1) ® Qg model.

fix the incorrect relation My = MY, this can also be achieved by means of higher dimensional
operators [8-10]. Regarding the fermion sector, N denotes the right-handed neutrino, which is a
singlet under the SU(5) gauge group; F; and Tj stand for the 5-plets and the 10 antisymmetric-
plet, respectively. Here, a, b, c are SU(5) indices, and i, j are family indices. More explicitly,

Fo = (d°L); T;"= Z(uc,q,fc); L= (?); q= <Z> (1)

wa H® Hd " h—i—u hOd
H = <Hu> ; ngl = <Hd> ; HY = <h0u> ; Hd = (h—d> :

Here, H* and H? are the coloured triplet scalars; H? and H" are identified as the weak doublets
of the MSSM group. Since we are only interested in studying the masses and mixings, we do
not dwell on the details of the full gauge symmetry breaking from SUSY SU(5) ® U(1) ® Q¢ to
the MSSM group. We assume that the coloured Higgs triplets are very heavy, in order to avoid
fast proton decay. Such subtle issues are part of a wider study of this particular model, that is
still in progress. For the scalars fields, we use the following vacuum expectation values (vev’s)

(H") = (<I_(I)u>> ; <Hd> = <<I_(I)d>> o (His)® =gy (Has)y® = —3vas,
(H)% = v (Hp)s = —3vm (6)=vs (8) =05 aB=123. (2)
The superpotential, invariant under the Qg discrete group, is
W = V2l(RT, — BT)HS + V23 (M T3HS — BT3HY) + V295 (T HS — ToHY)

u u U
VYL BT HS + UL (0T, — ToT3) Hy + 22 (T Hy — TyTyHY) + 2215 (1 — ToHY)
u
+%4T3T3H§j + V21 (1T — FoT)) Hiy + V2Yo FsTsHis + V2Y1 (1T — ToTy) Hys
+\/§}72T3T3H45 -+ y? (Nlch — NQCFl) Hg —+ yg (]VlchI{éJ — NQCFng)
+yy N3 (F1HY + Fo HY') + 91" (NfoNT + N5oN3) + y3' N5oN3. (3)
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There is a missing term which is invariant under SUSY SU(5) ® U(1) ® Qg, namely yijNngz_bN]?,
however, it is not allowed by the U(1) symmetry. From the above superpotential, using the
scalar vev’s given in Eq.(2), one must obtain the mass terms; working in the SU(5) basis the
Lagrangian for the mass terms is

L1 = —El_m (Ma);; dji. — UiR (My),; uir + h.c., W
L= —~tir (M) 4z~ Nin (Mb),; vir — 3 Nir (MRg);; Njg + h.c.,

where the fermion mass matrices have the following structures:

0 y‘lihgd + 2Y1vgs yghgd 0 —2)71?145 guhgu
Md = _yiihgd - 2)/1'0475 0 —ygh?d 5 Mu = 2}711]45 0 _—uh?u
y3hy? —ysh3 Yih3" + 2Yaugs gUhst =y hi"  yihg"
0 — (y{h3* — 6Y1v,3) y3ho? 0 yrhs  yhhy"
M, = |yind—6Yivg 0 —y§h? s Mp = | —yrhg" 0 —y5hd"
y3h3 —yshi yihs? — 6Yzu 5 yihs"  yyhi" 0

()

and g* = (y§ + vy§)/2. At the same time, we get Mg = diag(MRg,, Mg,, MR,). Therefore,
after the type I see-saw mechanism one obtains the M, = MIT)M;M p effective neutrino mass
matrix.

3. Masses and mixings

3.1. Quark and lepton masses

If we suppose that hJ* = A% = A% and h9? = KY? = R in Eq. (5), then one realizes
that the My, and M, mass matrices contain implicitly the NNI and Fritzsch textures
respectively, which appear explicitly as follows: the above mass matrices are diagonalized by
Uy (g, unitary matrices according to Eq.(4), thus one obtains, Mf = U}RMfoL, in general.

Here, M ; = diag(ny,,my,, 1) and My = M;/mj, are dimensionless mass matrices.

Then, taking Usg 1) = Uy /quf(pg 1), one can easily get Mf = u}Rmfqu where

S

. 0~ +Ay 0 ~ ﬁ
my = U£/4MfUTr/4 = :FAf 0 R —\/~§Bf s and Uﬂ-/4 = = 0 (6)
0 —\/§Cf Dy \?

Here, &+ the upper (lower) sign corresponds to the my (my and m,,) mass matrices. In addition,
the my dimensionless coefficients can be read directly from Eq. (5), and we have to keep in
mind that B, = C, for the up quarks. The degeneracy in the vev’s for two scalar fields modifies
the effective neutrino mass matrix which is given explicitly as

A% + B? B2 AC,
M, =

B? A2+ B2 AC,| with A, =zylhl", B, = Jyysh" and C, = aysh" (7
A,C, A,C,  2C2

3.2. Quark and lepton mizings
We will describe briefly how to diagonalize the mass matrices, m(g ) and m,, respectively. Let
us focus on the former one which has the NNT texture [6,7]. We will follow the prescription
applied to m,, in the case of Fritzsch mass textures [11,12]. For a pedagogical review on how to
diagonalize this type of matrices see ref. [13].

Going back to the expression M P = u} pMyuyr, we are interested in obtaining the uyy, left-
handed matrices necessary to construct the C KM matrix, for this we must build the bilineal
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form: 1\~/IJ}1\~/I r= u}Lm}mfqu. From this relation, we can factorize the CP phases that come

from m}mf = Qf(m}mf)Q} see [13], such that, Qs = diag (1, exp(—iny, ), exp(—iny,)). Thus,

we appropriately choose uyr, = QO where Oy, is the real orthogonal matrix that diagonalizes
the (m}mf) matrix which we have not written here. Notice that Osr, = (| f1),]| f2),| f3)), where
the three eigenvectors have the following form

(m3, — |As|? = |1Cs[?)| Ay || By (1—|As12 = |Cs )| Af]| By
| fi) = Ny, (3, — [A¢|*)ICl| Dyl | fs) = Ny, (1= [Af[*)[Cy[| Dy . (8)
(m%, — |Af[P)(mF, — [Af|* = [C[?) (L= A2~ [Af* = [Cs]?)

Here, Ny, (i = 1,2) and Ny, stand for the normalization factors whose definition must be read
directly from the above expression. Three dimensionless free parameters can be fixed in terms

of the physical masses and ]Df] = y]%, which is the only dimensionless free parameter [6, 7].
Explicitly, these are given by
- _ 1+P;—yt—R A\2Z 1+Pr—yi+R 2
_ U B r =Yy~ By <qf). _\/ r Yy iy (qf)
Al =3 1By = | — L () 516y = — (4 9
1Ay yff|\/ 5 I ie 5 u (9)
where
2
Py =}, + b, qr = {/m3 w2, Ry = \/(1 P y;) —4 (Pf + q;) + 8q2y2. (10)

Hence, there are two free parameters, yr (f = d,¢), in the leptonic sector. So far, we have found
the U(q )1 left-handed matrices.

Let us now focus on m,, where we must remember that |B,| = |C,|. In this case, one can
fix the three free parameters in terms of the physical masses. FExplicitly, we obtain

1 ~u”c >, 1_~c 1 ~u ~c_~u ™ ~ ~
Au| =y — e ,IBu\:\/( me) (L M) (e =) |\ j 1y, i (11)
17mc+mu 17mc+mu

Following the analysis previously described, the O,; orthogonal matrix that diagonalizes
(mlmu) is fixed in terms of the above mentioned parameters. Thus, using the expression
given in Eq. (8), we get

_ me(l —me) 7\/ My (1 + M) My Me(Me — My)
(1 = 7y) (e 4 M) (1 — e + M) (A + M) (e + Mu)(d = Me + M) (1 = M) (1 + M) (1 — e + M)
o My (1 — M) Me(l + M) (e — M)
ul = R ¥ A — T - = = P s——
(A = M) (e + Mu) A+ me) (e + M) (A =My )(1 + me)

\/ v (1 + ) (e — 7w _\/ D) \/ (U + ) (1 = 7ie)
(1 — M) (Me + My ) (1 — me + 1hy) (1 + ) (Mme + My ) (1 — me + 1hy) (1 — M) (1 + ) (1 — e + my) (12)
12

Therefore, the full left-handed unitary matrices are given, in general, by Uy, = U, 4uyr,
where uy;, = QfOyr. Then, the CKM matrix may be completely determined by Veogy =
U Uy = 07,Q,041, where we have defined Q, = QI,Q . In this way, the C K M matrix can
be obtained either analytically or numerically. However, in here we are just interested in getting
a numerical expression for it.

In the leptonic sector, we have that Uy;;, = Uﬂ./4QzOgL, but we need to obtain the
neutrino mixing contribution in order to have a complete PM NS matrix which is defined as
Vpyuns = UZLUVLK7 we shall neglect the K Majorana phases. The M, mass matrix given
in Eq. (7) is diagonalized by U, = uﬂ/4PJ,LOV, that is, M, = diag (my,, Myy, My,) = OZM,,OV
where P, = diag(exp in,, , €Xp iny,, €Xpin,, ), and

1 1
0 -——
V2 i/i X [A® +2[B,° V2IA|IC] 0
uepp= Lo L[5 M= Vv24lC| 2/C, |2 o |. (13)
V2 V2 0 0 |A,|?
0 1 0
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A necessary condition to factorize the phases in a similar way to the quark sector, is that the A2
and B2 phases must be aligned [13]. On the other hand, |A,|, |B,|? and |C,|? are determined
by the physical masses

1 1
= — (Myy + My, — My F Ry); ‘CVEl: =1 (Myy + My —myy £ Ry),  (14)

|AV|2 = My \B,,EF 1

where R, = \/ (my, +my, — m,,3)2 —4my,m,,. A straightforward analysis on the inverted and
normal hierarchies among the neutrino masses rules out the latter one. For the inverted case
(mw, > my, > my,), |By|*> and |C,|% turn out to be real and positive, if and only if, m,, is
tiny. Actually, from R, we obtain the following sum rule, m,; < (\/Mw, — /My, )2, where the
equality in the above expression means an upper bound for the m,, mass. Having fixed |B,|%
and |C,|% in terms of the physical neutrino masses, the O, matrix is well determined by them.
Explicitly, we obtain

mu3 (mu2 + mul - mu3 + Ry) mu3 (777/1/2 + mul - mu3 + Rl/) 0
(mV2 mVl ml’z My + Mg — RV) sz mVl) (mvz My — Mg + RV)
OV = \/muz muy, + My; — RV \/ml/2 My, — M3v + RV 0 ) (15)
mU2 mul) sz m’/l)

1

Therefore, Vpyns = UJU, = 0%, QlS23P} 0,1, where Sy3 = UL J4tnss- Comparing this
matrix with the standard parametrization given in [14], we find that the reactor, atmospheric
and solar mixing angles are completely determined as follows

|O22¢]

V1= 10912

There is a remarkable coincidence between the above formulas and those presented in refs. [15,16].

|01100120 + 0310022, exp (if3e) |

tan 615|? :
| 12l = |0110011, + 0310021, exp (if3¢) |

‘Sin913‘ = |0215|; ‘Sin923‘ =

(16)

4. Results

4.1. CKM mizing matrix

As we showed before, the CK M matrix is defined as Vogy = ULLUdL = OZLQquL, where
the orthogonal matrices depend on the physical quark masses, to be more explicit, they depend
on their ratios, that is on m,/m¢, me/m; and mg/my, ms/my for the up and down quarks,
respectively. Then, knowing those ratios, we just need to tune the free parameters y,; and the
two CP-violating phases to get a reliable CKM matrix. This numerical analysis is still in
progress.

4.2. PMNS mixing matriz

In order to fix the g, free parameter, we performed a y? analysis using the theoretical expressions
for the reactor and atmospheric angles given in Eq. (16) and the following experimental values:
sin? 20{; = 0.076 4 0.068 [17] and sin? %, = 0.52 & 0.06 [18]. Also, we consider the following
values for the charged lepton masses values: m, = 0.51099 MeV, m, = 105.6583 MeV and
m,; = 1776.82 MeV [14]. As a result, we obtain that y. = 0. 8478+8 88112 is the best fit at 1o,
moreover, the best theoretical values (at 1o) for the reactor and atmospheric angles that come
out from this analysis are

04y = 4618705 and 6fy =3.387005 where X%, =0.85 (17)
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The solar angle, which now depends on the neutrino masses and one Dirac phase, can be
determined using the neutrino mass sum rule. This is written in terms of the observables Am%
and Am%p,, as

2
My, < <</m§3 + Am2 + AmZ .y, — {‘/m,%s + Am%TM) ) (18)

Using the experimental results on AmZ and Am?,, [18], we obtain, 0 < m,, <4 x 1079 eV.
As a result, the m,, and m,, neutrino masses are easily calculated taking m,, = 3.9 x 1076 eV.
Therefore, m,, = 0.05080 eV and m,, = 0.04987 eV.

Having done that, the neutrino masses are not any more free parameters in the solar mixing
angle expression given in Eq. (16). As consequence, it is easy to calculate the solar mixing angle
with a particular value for the 73, = m Dirac phase and using the y. value at 90% at C.L, we
obtain
gth

0ty = 36.62 + 4.06. (19)

Although, the atmospheric and solar angle are in good agreement with the experimental data,
the reactor angle is not consistent with the global fits, although it is not completely negligible
and it is large in comparison to the tribimaximal scenario, 9{? = 3.38f8:8§. This value may be
enhanced to the current experimental one by considering that the first and second right-handed
neutrinos are not degenerate in mass, that is, Mg, # Mpg, in the right handed neutrino mass

matrix. These results will be presented very soon.
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