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A NON-RESORANT PERTURZATION THECORY

1. Introduction

This paper provides a theory for a non-resonant perturbestion technigue
for meesuring the electric field at various poinis within a device, t is
adspied specifically to a study-state field with a sinuscidsl time varia-
ticn. Its value will be found primarily in microwave devices. The device
can be a transmission line, waveguide, or, in fact, any object that has the
following properties. |

{1} Basieally, the device consists of a cavity that contelns an electro-
magnetlc fleld.

{2) Electromagnetic power is permitted to enler the cavity only at o
gingle port while perturbation measurenents are being made. {This is the
port at which reflection coefficient measuremenis are made. )

(3) 1In that port of the input waveguide where reflection coefficient
measurements are mede, e single wavegulde mode is contained.

(4} The cavity walls very greatly attenuate the electromagnetic flelds
at the operating frequency; the fields are impressed upon them from either
the inside or thée outside. ({In most practical cases these walls ave made of
highly conducting metals. )

(5) ‘The cavity walls and the medium inside the cavity are assumed to
nave elesctrical paramelers that are linear and isotropic.

Mallory® has also yresentéd a non-resonant perturbation technique. 'fhis
peper is presented in addition to the Mallory paper, since it provides a more
rigorous justification for the measurement’techniqueo Hon-regonant yperiturba-
tion measurements have been made by & number of workers for several years.
The principal value of this paper is that it provides a rigorous, general,
underlying theory.

I1. ‘“heory

POSHETRE.- <

Pigure i shows a cross sectional view of the cavity. It has just one
waveguide {or transmission line) port through which eleciromagnetic energy
is permitted to pass into its interior. It can have any size or shepe. The

1K, Mellory, "A perturbation technique for impedance measurements,"
Conference on Microwave Measurement Technique, Institute of Electrical

Engineering (London, September 1961).
. | L
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FIG. 1--Cavity in which perturbaticn measurementz of field strength are made.
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cavity can be either lossy (in its walls, its interior, or both) or lossless.
Suppose, now, that Field measuvements are required within a device {such

as an accelerator section or.a wavequide valve) that has one or more oubput

X

ports. . The cavity, ag defined in the introduction and in the theoretical de-
velopment given below,. is considered to include. these output ports, thai is,
the output waveguides and the losds to which they conneet. Bince the cavity
well then inciudes. the wells of the oubput wavequides and loads, these walls
must very greatly sttenuste the eleciromsgnetic fields. ot the operating Ire-
quency. ‘This concept is illustrated with one cubput waveguide and load in
Fig. 1.

Consider now the region R, of volume V, inside the clogsed surface 8
in Fig. 1. As shown, the suwrface £  lieg enbtirsly within ihe cavity walls,
except where it crosses the input waveguide in o plane normal to The wave-

guide axis,
The besic formulation Ffor this theory is similar to that of the Lorentz

ielde are congidered

g

. . . a1 , ‘.
Reciprocity Theorem. Two diffarent electromegnedic
within region K. One field, in the absence of a periurbing object, is desig-

(]
nated by the sleciric and magnetic field componentis EF and W raspectd
The other field, in the presence of a pariurbing ngecé within region K, is
degignated by the electric and magnetic Tield components ¥ ;p and H respsac
ively. hese twe fields heve the sume freouency. We emplby ‘the vecuar 5

defined by

throughout region B S5. Yhe first step in the deri-
e > N . 5
vation is o relate p over the surface 8 to » throughout vol Voby
the divergence theorem,”
o piis = | (¥ - g?d‘f (2]
Y !,i:
5 v

:ﬁ 1

“J.A, Stratton, Electromagnetic Theory (McGraw-Hill Book Co., 1G41); B
*H,B. Phillips, Vector Anaiyeis (dohn Wiley end Soms, Inc., 1933); p. 68,
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vhere n is the unit vector, normally cutward from surface $.. In Bg. {21
the integral on the left is over the entire closed surface, 5, and the inte~
gral on the right is throughout.all of the volume V, contained.in region R.
In the paragraphs to follow, the integrals in Eq. (2) are developed into forms
suitable Tor use in perturbstion measurements.

Consider first the integral on the left of Bg. {2). Suppose.that surface
$ «o-nsists entirely of two paris: Sx’ the part that crosses the waveguide

input port; and S_, the part contained within the cavity wsll. We sssume

22
that the cavity wall atienuates electiromagnetic waves so effectively that,

over surface 5, {which lies between the inner and outer cavity walls),

> - - 3
B, =H =B =H =p=0

Thus

)

Fow over surface S,, using Eq. (i),

-+ 3 B = 3 -t -+ -
o = o * ;\" b oz Ty e ™ .
ne°p=n (Ea $ Hp) n (up * da)
-> -+ ;o > e > -
oo = (NXE } o H ~{axXE o H 4
P & a} - (n X E_) i, (&)
-+ -> - > -3 - -
7 7
n e 2= 0 x E ©° H o Yoo N °
=3 as> ps T B R Lpg) Hos
In BEg. {4), the subscript s denotes those components of the iields that
lie in the pleane surface Slo Suppose, now, that over ﬁl, %é and E
8 L2
are composed entirely of a single waveguide mode, and that §D and H_ are
I »
composed entirely of the same waveguide mode. A%t each point on Jl, than,
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the result is

e
n-p=(r, -T,) (& ) (10}

H o+ B _JH
asipsi psiasi

From Poyating’s Theorem,* and the fact that the E and H {ield com-

ponents in Bq. (10) are perpendiculasr to each other, it is apparent that

P
I . et } P . . «.:, hY
‘} <Easinsi 4 Epsiﬁasi>ds 2 algpl (JL)
s
* J

In Bq. (11) the brackets around the integral denote taking the maguitude,
and Pﬂi and Ppi are the power levels in the incident waves that pass
£
through Sl, in the absence of, and in the presence, of the perturbing object,

respectively. When Eqs. (3), (10), and (11) are combined, the result is

o

[ = .
f (n > pls| =2

aiPPi T, - PP ‘ (12)

Siunce, in common practice, the incident wave power levels sre equal in the

rresence and absence of the perturbing object,

and Eg. (12) becomes

S - - . )
(nopids| =2P | -7 {13)
& ]

“W.R. Smythe, Static snd Dynamic Electricity (MeGraw-Hill, Second Edition,
1950); p. 443,
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Consider now the term on the right of Bg. (2). From Eq. (1),
vuﬁmv-(ﬁaxﬁy)—vo(ﬁ % B_) (14
By means of a vector identity, Eq. {14) becomes

{ 4 T ‘): 1 ) o -.}) S " <
- (v x HP); « E_ - {7 % E,P} H, + {7 % Ha} B

L (15)

Mavem 1l e RWonpdin
4o g K s 10

Far e -1 Sps

thege equations are wribtten

X E = - jopld (16}

L e bed * o
*JusE = 1w I o= 1 (117

i

g g s ; 3 . s 5 5
where 1a2 1y and i are the conduction; displscement, and total current

densities, respectively. With these substitutions, Bqa. [18) becomes

Vep=egofp ~p M o B +EB T -F .0 (18)
¥ “Ca JLRaE ) g © ta  Ta tp :

Tn Eg. (18), Hy and b, axe the magnetic permeabilities in region R
in the absence of, and in the presence of, the perburbing object. Within

this region, but outside the perturbing object,

w4 19%
By Ty (19}

If the perturbing object is e simple dielsciric material, 1t is parmamsgnetic,

4

and these permesbilities are also equal inside the space it ccouples. If the

-6 -



perburbing object is & conductor, the two vermeabilities may not te equal
ingide the stace. it cceupies. However, with a good.conductor, ﬁé .is very
small within this space. On the asgumpticn that the periurbing object is
aither porsmagmebtic or a good condueior or both, the-first term on the right

side of Hg. (18) is neglected. This equaticn then becomes

o . F . :1.7: ~ ¥ > I Framy
d % B - 75—' o \I(::‘l\

T P v

How

g s VE

i = (g e

ta ( a ”&ra)ﬁé
and

5 5

i, = {0 % Jwz }B

(o, + Jue JE,

whaere O aml © are the conductances, and ¢ anfi € are the respective
P s a )

om

permittivities in the absence of and in the presence of the perturbing object.

With these equations, BEg. (20) becomes
o g = be o # N PR
Gepxl o B {{o - )+ dole -« 21
P ‘*‘p “'& a P ) ) ( a v } 4 )
g

From Eq. (2;) one can see that in rezion R, outside the perturbing object,
Vep=0 {22)
and inside the space ccoupied by the perturbing object,

-3,
Vepfo (23)



Prom Egs. (22) and (23), one csn see that

f(% . i‘t)d\r =
v

(2h)

[ % . Dy
v
P

whare V 1s the volume throughoutb region R, and v& ig only the volume

=

oceupiad by the perturbing object.
P j2

When Eqe. (2), {13}, (20), and (24) are combined, the result is

s P i P 5
2P I =T i = (B . i - E . 1, Yav {2
i P . kEp Lo = By 4o’ (25)
Hp

When Eqe. (23, {13}, (21), and (2%) are combined, the result is

et

r o.r ! = B e R 0 -0 jole - & G 26
a LP@ \/\PP i ( B p’ T IBEL CP) i (26)

P

For the purposss of the discussion below, it is convenient %o define & gquan-
by

he o g s >
tity K

- T = B2 (27}

where B
8

ing object. X

is taken at the center of the spece to be cccupied by the perturb-

hag the dimengions of admititencs times area. When one combines

Egs. (25) and {26) with Bq. {27), the results sre

?.m}

i

]
2V

- \J/_\ (%}) [ 1@& w E& o i,

v

Jav

(28)



and

l et . - -z
Koo | | B o F iﬂd o Y+ gole - e ) [dv | {29)
#iJ P Ta e Tp Fa " Tp! .
a |t L
B

Equations {27}, (28), and (29) ere those to be employed below in the develop-

ment of the neasuremant technigue.

IT¥. Mesgurement Technique

For use in perturbation measurements, Bq. (27) is written in the form

5 etp -r |
i'p

LY SN (30}
P, K

Usually one wishes Lo evaluate the term on the left of Eqg. (30) at a number

of peints in reguun B, It is only necessary, then, to measure PD - Pa for
the perturbing cbject placed at these poinis, and to evaluate K, Often it

ig necessary to obtain anot only the magnitude of Ea’ but its direction as
wall., This is done by using a perturbing object that is much longer than it

is wide. For such en object, K is a function ¢f the angle bebtween its axis
and E; {as well as being a funeiion of its sizs, shape, and campégition)o
Thue, when the periturbing object is rotated about a given point, the measursd
is greatest vhen its axis is parallel o Eac

Generally,; there are three circumsbances in which ;PP - P&l is measured.

value Qfl F& -

H

1. If the cavity is lossy, one may choose to match the input impedence

in the ebsence of the perturbing object. In this case,



2., If the cavity is lossless, then- f% and Fﬁ are both unity in
megnitude. In this situation we messure the phase angle, ¢, between tham,

and

1

o

Iy hd = 2 Sin =
i Pa | ;

5

3. Finelly, the cavily may be lossy, but both r? and I may be grester

a
r o - is to
T a

plot the two reflection coefficients on & Smith Chart. The desired difference

than zero. Tn this case, a siraightforward way to evaluate

is then the ratio of the disiance between the two points on the chart, to the
chart radius,

The guantity ¥ is ususlly a fupction only of the size, shape, and coum-
posibion of the perturbing object, its orientation rslative to the elsctric
field, the electrical properiies of the medium in region R, and the opersting
frequency. ‘That is, K is usually independent of the locatior and orienta-
tion of the perturbing objlect. This is trus 1f the perturbing object is kept
far enough from the cavity walls to prevent cross coupling. Irn most applics-
tions this is true, and the electrical medium (outside the perturbing cbject)
ig uniform throughout R,

By placing the perburbing object in & cavity for which the term on the
lePt of Bq. (30) is known, K can be measwed. Such a cavity might be a
waveguide of uniform cross section, in which the stavding-wave patiern is
known, The input reflection ccefficients would be messured with apd without
the perturbing object in the cavity. The term on the left side of Eg. {30)
would be caleulated from the waveguide meode and standing-wave patisrn. Finally,
K would be caleulated from Eq. {30).

For perturbing objecis of certain simple shapes and compos tions, ¥ ocan
be caleulated. Formulas for X Ffor small conducting and dislsctric prolate
spherolds and spheres sre presented below. The derivations of these formulias
are ouvblined in the Aprendixr., These derivations assume thet the perturbing
cbject is introduced into a uniform electric field, In addition, they employ

the guasi-sbtetie approximeaticns; that is, the interaciion betwsen the electrie

4

=10 -



and wagnetic fields is neglected. As a resull, these formuila
only to perturbing objects that are small compared to a wavelength. For

+he conducting prolate spheroid‘

broe a®] 1 Lo2¥yl -1
K = & cos“o - -
37 | Q,n) n,a; (n,) ;

where
Ql{ql) is & Legendre Tunction ¢f the second kind

Qi(nl) is an essociated Legendrs function of the second kind

e Aodp AL
L) = dndn g -
S SRR - o BN T SR
QlUl} = \/Ti 1 5w n 1 - nE -1
o 1
1

T giﬁf~zb7aig
2a is the length of the prolate spherold
b is the radius of the prolate spharoid

-p

& is the angle between the axis of the prolate spheroid snd XK

<

The prolate spheroid degenerates to a sphere as iy approaches infinity. By

taking this limit with Eq. (31), one finds the formula for a conducting sphere

3

Py

L
M

S

K o= byoe a
C &a

where a is its radins. For a small dielectric prolate spheroid®

VOue that in Egs. (31) and (33) th e sign is negative for terms that con-
tain Q (Q‘ . This results from the fact that Qi{nl} is negative for values
of 71 *reater than unity. ’



d & EB 3 P 7 S
1+ P Lfn] -1 QlaﬂL}
2

and for s small dielectric sphere

hxm{ﬁp - eﬁ)a

a ¢
3 4 EE‘“ 1
a “

It is interesting to compare dielectric and conducting prolalte spheroids

by examining Egs. (31) and {33}). The following observations can be made:

L. For a dielectric prolate sphercid of a given size, shape, and angl

o

with respect to the elecirlic field, K{1 inecreases with its dielectric

constant.

2. Yor a dielectric prolate spheroid of a given shape, the ratic of
meximuwr to minlwmm values of Kd (with varietion of 8} increases with
increasing dielectric constant.

3. As the dielectric constant of the prolate sphercid approaches in-
finity, the limiting value of K, is just equal to K , for & conducting
prolate sphercid of the same size, shape, etc.

These observatlons tend to indicate that, other factors belng equal
conducting prolate spheroids are betber than dielectric prolate spheroids

for use as pertwrbing cobjects.



R AR T

4
¢
4

ric
Db

- £, B
: . £
d Oy
%
2 N
j2)
5
' |
PO
A e
oy .
5
ol

. e

X 4

: =

s

=]

>

=5

sy o
2 « -
- oy o
e o oW
= = R—
. . - S
B
53 2
o . O
) At
5 ,7
B w3
@ P




field, V, outside the prolate spheroid 1s found, by choosing the appro-
priate solutions to Laplace's Bauation and matching the boundary condi-.

tiong, to be

1 Q{n) :
VeBat| . 2| (37)
g ’
R

In Eq. {33),

~q is the dimensicnless coordinate that defines
the confocsl prolate spheroids

M, is the value of 17 that defines the shape of
the conducding prolate spheroid

g is the dimensionlese coordinate that defines
the confocal hyperboloids

anf all other terms have the zame definitions as given above.
Hext, the surface charge densiiy on the surface of the conducting pro-

late spheroid, ¢, ig caleulated from the equetion

¢ =e¢e B
&
it
where the electric field Eq yis calculated from Eq. {37) and %he result is
eaﬂa &
¢ P S
g = - = e (39}
RSN LV ‘

The total charge 4 1is caloulated over that portion of The prolats

betwesn one of its ends and o plane 2 = 21¢ Yhis is done by im




Fq. (39) over the required area, with the result that

- ne B
a

B

n2Q, (1, )

(2% - 22) (%0)

The total current that flows axially along the length of the prolate spheroid,
IZ’ is then

~Jmoe aEa ) v
~2 {a® - ) (41)
2 1

%9 ()

I, = JuR =
Finally, when Eq. (41) is combined with Bq. (36), and the integration is
performed, the resulf is

hﬁ&ﬁaa3
© §
3n§Qlfnl)

2. Dielectric Prolate Spheroid

To derive Eq. {33}, the componenis of Ky» for electric fields oriented
parallel and perpendicular to the axis of the prolate spheroid, were taleulated
separately. The derivation of the comporents of Kﬁ for ¢{he elecitric field
parallel to this axis is presented below. The derivation of the other com-
ponent follows an identical approsch. Bgain, the quasi-static approximations
are used.

It is most convenient to start with Eq. (29). In this case, the conduc-
tivity will be assumed to be zero, both in region R and in the perturbing
object. The permittivitvies in the absence of, and in the preseﬁce of, the

periurbing object are'assumed to be uniform over the space occupled by the

-15 -



perturbing object. Equation (29) then becomes

1

i g -
K, = — {§a - g E B av 133
a = (e »‘p) p By & (437
B

a Y

P

How vhen this dielectric prolate sphercoid is placed in a wniform eleciric
Tield that is ordented either parallel %o, or perpendicular %o, i%ts axis,
the electric field inside the prolate spheroid is alsc uniform, and is

oriented in the same direciion as the external fleld. In this case, Bg. (43)
becomes

E
- - 2y N
Ky u%ep ea) . VP { by

where V? 1s the volunme of the prolate spheroid, given by
V. = % neb? (hs)

The ratio Ep/Ea 1s obtained simply by solving the electrosistic problem
of this prolate spheroid immersed in a uniform electric field, The result

is

B 1
5 T e )
E, 1+ | E&/Ea - 1§Q31 - 134, {9, )

Now when Eqs. (44}, (45), and (46) arve combined, the result is

I
m<€p - @&) ﬁtﬁaba |
K = e, _ e
1 E; - 1 (723,: - l)Ql(“’?l)
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