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OPEN A fast quantum algorithm

for solving partial differential
equations
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The numerical solution of partial differential equations (PDEs) is essential in computational physics.
Over the past few decades, various quantum-based methods have been developed to formulate and
solve PDEs. Solving PDEs incurs high-time complexity for high-dimensional real-world problems, and
using traditional methods becomes practically inefficient. This paper presents a fast hybrid classical-
quantum paradigm based on successive over-relaxation (SOR) to accelerate solving PDEs. Using the
discretization method, this approach reduces the PDE solution to solving a system of linear equations,
which is then addressed using the block SOR method. The block SOR method is employed to address
qubit limitations, where the entire system of linear equations is decomposed into smaller subsystems.
These subsystems are iteratively solved block-wise using Advantage quantum computers developed
by D-Wave Systems, and the solutions are subsequently combined to obtain the overall solution. The
performance of the proposed method is evaluated by solving the heat equation for a square plate with
fixed boundary temperatures and comparing the results with the best existing method. Experimental
results show that the proposed method can accelerate the solution of high-dimensional PDEs by using
a limited number of qubits up to 2 times the existing method.

Keywords Successive over-relaxation, Partial differential equations, D-Wave systems, Discretization method,
Heat equation

Differential equations are indispensable tools for modeling a wide range of phenomena in physics, engineering,
and other applied sciences as noted by'. Their practical applications extend to numerous industries, where
accurate modeling and prediction are crucial for innovation and efficiency as noted by There are two primary
approaches to solving differential equations: analytical methods and numerical methods. However, obtaining
an analytical solution for complex systems often presents significant challenges as noted by’, necessitating the
development of numerical methods as noted by*. One of the most widely recognized numerical methods for
solving linear differential equations is the finite difference discretization technique, which involves dividing the
domain into cells or volumes as noted by®. This technique transforms linear differential equations into a system
of linear equations, Az = b, where A is typically a sparse matrix as noted by®. As a result of this approach,
solutions can be approximated at specific points (center of cells or volumes) within the spatial domain. The most
time-consuming part of this method is solving a system of linear equations. The fastest classical algorithm for
solving these systems has a time complexity of O(N.1/k), where N is the dimension of the matrix A as noted
by’ and & is its condition number. As the number of cells increases in real-world applications, the size of the
linear equation system grows correspondingly, leading to increased computation time.

Quantum algorithms present a promising alternative to classical algorithms, enabling significant reductions
in computational complexity as noted by32. Among these, the Harrow, Hassidim, and Lloyd (HHL) algorithm
stands out as a well-known quantum algorithm specifically designed to solve systems of linear equations®. The
HHL algorithm achieves a time complexity of O(Poly(log(NN), x)) when the matrix A is sparse, offering an
exponential speedup compared to the fastest classical algorithms. This positions the HHL algorithm as a powerful
tool for solving large linear systems. Following its development, researchers have employed the HHL algorithm
as a subroutine in solving both ordinary and partial differential equations as noted by'>-17. More specifically, the
paper!® applied the HHL algorithm to solve steady-state heat equations derived from Sturm-Liouville problems.
Furthermore, the study presented in'® explored the application of the HHL algorithm to accelerate the solution
of PDEs, with a particular focus on aerospace applications. However, the output of the HHL-based methods is
a quantum state |x) proportional to the solution, necessitating very resource-intensive quantum tomography to
determine the complete solution . Additionally, the HHL algorithm needs a state preparation step to prepare
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the quantum state |b) proportional to b at the input of the algorithm, which is also challenging. Moreover, HHL-
based methods require extensive quantum resources, such as qubits and gates, making practical application
challenging in the era of NISQ (Noisy Intermediate-Scale Quantum) computers®!.

An alternative approach for solving a system of linear equations is quantum annealing, where the solution
|z) corresponds to the ground state of the final Hamiltonian?2. Several studies?*~26 proposed a method to encode
Ax = b to a quadratic unconstrained binary optimization (QUBO) problem through a well-defined protocol
and implemented it on a D-Wave quantum annealing system?”. Moreover, Suresh et al. proposed a QUBO-based
approach for the computation of the Sparse Approximate Inverse (SPAI) of a matrix?®. Quantum annealing
addresses certain challenges associated with HHL-based methods, such as state preparation and tomography.
However, the limited number of qubits available on current D-Wave quantum systems (5000+ on the Advantage
quantum computer?’) restricts the dimensions of linear systems and, consequently, the practical application of
PDEs. In response to this limitation, Pollachini et al.® have adopted a hybrid block Gauss-Seidel method, which
decomposes large linear systems into smaller subsystems and solves each subsystem individually, facilitating
the solution of large-scale problems with limited quantum resources. Despite its utility, the block Gauss-Seidel
method suffers from a suboptimal convergence rate, making it an inefficient iterative approach®. This limitation
becomes particularly pronounced for high-dimensional or poorly conditioned problems, where the increased
number of iterations required significantly impacts computational performance.

The main purpose of this paper is to solve the steady-state 2D heat and Poisson equation by a fast hybrid
classical-quantum algorithm to decrease computational complexity and increase the convergence rate. Through
finite difference discretization, the resulting linear systems are formulated as QUBO problems and solved using
the Advantage system of the D-Wave. Accordingly, this paper proposes a fast paradigm based on the block
SOR to accelerate the solution of linear PDEs. This method has superior convergence speed with an optimal
choice of over-relaxation parameter®! to substantially reduce the number of iterations required for convergence
compared to the block Gauss-Seidel method. The experimental results validate that this method not only half
the convergence time compared to conventional techniques but also exhibits robustness against significant
perturbations under different noise conditions. The analysis further shows that the method consistently
outperforms Gauss-Seidel in iteration count for 1 < w < 1.8, highlighting its practicality even when wop: is
not precisely determined.

The rest of this paper is organized as follows. The following section provides a detailed explanation of the
proposed approach for solving differential equations, including discussions on finite difference methods, the
QUBO formulation of the problem, and the block SOR method. The third section presents two examples to
illustrate the applications of the methodology. The fourth and fifth sections discuss the experimental results and
offer concluding remarks.

Proposed method

A description of the proposed algorithm for solving linear PDEs is presented in this section. Linear PDEs are
used to model quantum mechanics as noted by*? and various physical processes, such as heat transfer as noted
by*, and wave propagation as noted by**. However, solving PDEs for real-world problems with high dimensions
remains challenging. Consequently, this paper proposes an efficient hybrid framework based on classical and
quantum methods to facilitate this problem. The proposed method follows the sequence shown in FIG. 1. A
linear PDE is specified as input to the system, and a heat map is generated as output. This algorithm has three
main stages.

First, a system of linear equations (Az = b) is generated by discretizing the domain and applying the finite
difference method. Secondly, the system of linear equations is fed into the hybrid solver stage. Due to the large
size of the system of linear equations in real-world problems, a hybrid solver based on block iterative methods
is used. Block iterative methods can decompose large linear equation systems into smaller, more manageable
subsystems that can be run on NISQ computers. First, the classical computer decomposes the system of linear
equations into smaller subsystems (the blocking stage), and then the quantum system solves these subsystems
using the quantum annealing algorithm. When the quantum computer provides solutions, the classical computer
consolidates these solutions and calculates the error to determine whether to terminate or continue the iterative
process. This process is repeated until convergence of all the subsystems is obtained. As a result of solving these
subsystems, we can approximate the desired function at discretized points within the domain. Finally, a heat
map of the solution is generated, and an error curve is plotted against the number of iterations to determine the
convergence rate.

Each phase of the proposed algorithm, the finite difference discretization technique, a fast iterative approach
using block SOR, and the quantum annealing algorithm for solving a system of linear equations using the QUBO
formula are explained in the following subsections.

Finite difference method

Solving a differential equation necessitates determining the value of an unknown function at every point within
a specified spatial domain. However, in a continuous space, there are an infinite number of such points. To
address this challenge, the finite difference discretization technique is employed. This technique discretizes the
space by dividing it into a finite number of points and then approximating the derivatives of the unknown
function values at these discrete points. The discretization of R? can be written as:

T—=z, y—y;, t€9{1l,...,n}, j€{1,...,m}. (1)

The steps in directions x and y can be defined as Egs. (2) and (3).
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Figure 1. Schematic of the flowchart of proposed method.

Ap="n"T0 Ay = Ym0 2)
n—1 m—1
Tit1 =T + Az, Yi+1 = y; + Ay (3)

For simplicity, it is assumed that Az = Ay = h. Following the discretization of the spatial domain, we apply
the finite difference method, which utilizes the Taylor series expansion to approximate the function values at
adjacent points z;—1 = x; — h and x;4+1 = x; + h as follows:

d 2 @2

floe=h) :f(w")_hé N ?dxé N — o), (4)
d 2 d?

flaith) =fla) + h% = + 2 d:EJ; . + O(h3)~ (5)

Accordingly, by subtracting and adding Egs. (4) and (5), the first and second-order derivatives are obtained with
an accuracy of h? by Egs. (6) and (7), respectively.

df

i+ h) = flwi—h
it~ fe-n =D pow) = L) SJ@ARJ@ED oz )
R R L A I B A B NG

Given the small value of h, the terms involving h* can be neglected. As a result, to approximate the partial
derivatives of f(x,y), Egs. (8) and (9) must be applied to all discretized points within the domain.

of L flwithy) = flei—hy;)  Of o flzi,yi+h) = flwiy; —h)

o (i Yi) o0 IS 2h ®
>*f @it hy) —2f (i, y) + f@i—hy)  Pf o f(@iy +h) = 2f (2, y5) + fwi,y — h)
922 (wi,y5) ~ h2 T By? (wi,y5) ~ h2 (9)
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This approximation yields a system of linear equations that, when solved, provide approximate values of the
desired function at discretized spatial locations within the domain.

Hybrid solver (block SOR)

A well-established approach to solving a system of linear equations is the use of block iterative methods™,
which improve the solution through a series of iterative approximations. Block iterative methods are useful in
numerical linear algebra and computational science when working with partitioned or structured matrices. A
block iterative method divides a system of linear equations into smaller blocks and solves each separately. The
results of all blocks are then combined to produce the overall solution. If the matrix A = [A; ;] in the linear
system Az = b has dimensions (m - Ny) X (m - Ny), it can be decomposed into blocks as Eq. (10). Where the
blocks A;,; have size m x m.

A1 Ax2 AL,
Apa | [Asz| o [As,

TN

Here, each vector x; and b; has dimensions m X 1. An important aspect of block iterative methods is to convert
Eq. (10) into a framework that can be implemented iteratively. As a result, the matrix A is splitedas A = E — F
31 In this equation, F and F have block form similar to the matrix A (i.e., matrices E=[F; ;] and F=[F; ;] have
dimension (m - Ny) X (m - Np)) and also E must be a non-singular matrix. When the system is divided into
Ny blocks, each smaller system has dimensions m X m compatible with NISQ computers. Consequently, the
linear system is transformed into the block iterative form as Eq. (11):

k+1 k
> Buga V=3 Rl + b (11)
J J

where, x; (k+1) represents the approximate solution of block j after k£ + 1 iterations which was computed using

the solution of the previous iteration (z;*)). The iterative procedure initiates with an initial approximation
:):j(o), which may be set to zero, i.e., a:j( ) = 0. The critical question then arises: what should the matrices £
and F'in Eq. (11) be?

Various selections of the matrices £ and F' lead to different block iterative methods. There are advantages
and disadvantages to each of these block iterative methods. Since the block SOR iterative method has a high
convergence rate, this paper employs it to solve each subsystem. In this way, the convergence rate of the hybrid
algorithm for solving linear PDEs is improved. In the block SOR method, the matrices E; ; and F; ; are defined
as Eqgs. (12) and (13) respectively.

1
Ei,j :*Di,j + Li,j (12)
w
1
Fij= (* - 1> Dij — Ui, (13)
w
where,
D 7{ 0, 7 otherwise. (14)
o Ai’j, ifi <j.
Ui _{ 0, otherwise. (15)
. Ai’]‘, if 7 > 7.
Li; _{ 0, otherwise. (16)

The parameter w is the over-relaxation parameter, which must be selected optimally to achieve a faster
convergence rate. In this method, the parameter w typically lies between 1 and 2 to ensure stability and improved
convergence’®. The term “optimal” signifies that the block SOR method achieves its most rapid convergence rate
when w is set to wg 5, is given by**:

opt 2

Wsor = H\/Tw 17)

where p(H ) denotes the spectral radius (i.e., the maximum absolute value of the eigenvalues) of the Jacobi
iteration matrix, which is defined as Eq. (18).
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H;=-D YL+7U) (18)

The number of iterations required for convergence is not predetermined but is determined by a convergence
criterion. Here, we monitor the relative error of the solution vector at the k-th iteration z*) asa convergence
criterion. The relative error is defined as Eq.(19). In this equation, 2*) is the approximate solution after k
iterations and « is the exact solution.

(19)

This error is due to both classical and quantum sources. The classical error is due to the PDE’s discretization, as
seen from Egs. (6) and (7). For example, h = 0.1, the discretization error is about 0.01, so results are meaningful
up to two decimal places. There are two significant sources of quantum errors in D-Wave, which are linked. As
a result, the total error cannot be split into partial contributions.

1. Precision limitations Since each element of the solution vector is described by a finite number of bits, R, the
quantization error arises.

2. Device noise Intrinsic noise in an Advantage QPU -or any other present quantum device- adds inaccura-
cy to the computed solutions of the above problems.Recognizing that iterative methods do not universally
guarantee convergence for every matrix A is essential. The conditions under which convergence occurs are
fundamental to the theoretical framework of iterative methods. Specifically, an iterative method for solving a
system of linear equations Az = b will converge from any initial guess ) if and only if the spectral radius
of the iteration matrix is less than one?”. Consequently, for the block SOR method, we have:

p(Hsor) <1, (20)

Hsor(w) =(D —wL) " [(1 —w)D + wU]. (21)

Hybrid solver (quantum annealing)

Obtaining the ground state of a Hamiltonian, particularly in quantum chemistry®® and quantum biology®,
is an important aspect of quantum mechanics. It is generally not feasible to calculate the ground state of an
arbitrary Hamiltonian analytically due to its algebraic complexity as noted by*°. A popular method for obtaining
the ground state is quantum annealing as noted by*!. The concept of quantum annealing is derived from the
Hamiltonian in Eq. (22). The total evolution time is represented by 7. The Hamiltonian is H; at ¢t = 0, and at
t = T, it transitions to H ;.

H(t) = (1 - %) Hi+ 7 Hy (22)

The adiabatic theorem*? states that if the evolution time T is sufficient and the initial state of the system is the
ground state of H;, then the state of the system at time 7" will, with a high probability, be H¢. In general, an
evolution time 7" is considered sufficient when it is on the order of g2, where gmin represents the minimum
energy gap between the ground state and the first excited state as noted by*>**.

D-Wave has successfully implemented quantum annealing based on the Ising Hamiltonian model**. In this
model, the initial and final Hamiltonians are expressed as Eqs. (23) and (24), respectively. In these equations,
os” and 02" are spin operators in the 2 and z directions on the i-th particle, respectively. The coefficients o; and
Bi; are arbitrary real numbers. Since the objective is to find the ground state of the final Hamiltonian, the initial
state must be the ground state of the initial Hamiltonian, which is given by |g) = |4)®". The final Hamiltonian
represents the Ising model, whose eigenstates can be easily calculated, but determining its ground state remains
challenging. The primary objective of the D-Wave quantum system is to find the ground state of the Ising model
using quantum annealing®.

Hi==} o (23)
=1
n n
H =3 o+ Y uoldot) ”
i=1 i,j=1

Moreover, the Ising model’s algebraic structure corresponds to the objective function of the QUBO problems.
The QUBO problems constitute a significant class of optimization problems, characterized by binary decision
variables, a quadratic objective function, and the absence of constraints on the variables®®. Consequently, a
QUBO formulation can be employed to solve a system of linear equations on a D-Wave quantum system. A
linear system Az = b can be formulated as an optimization problem by Eq. (25).
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Toor = argmin (Az — b)' (Az — b) (25)

T

It is clear that the objective function of Eq. (25) is quadratic, and by expressing the elements of a in binary
form, it conforms to the QUBO framework, making it solvable using a D-Wave quantum system. However,
the elements z; of « are arbitrary real numbers since it is impossible to represent them in binary form. So, the
algorithm starts by converting the real-valued number x; into an R bits binary format as Eq. (26). Where z;
is scaled and shifted such that z; € [—di,2¢; — d;), where ¢; and d; can be selected depending on the specific
problem. In this equation g;. is the r-th bit of z:; with an R-bit approximation. When d; > 0 and ¢; > d;/2, the
value of z; may be positive or negative. This reduces the qubits required for a given floating-point accuracy of
x;. There is great benefit in reducing the number of required qubits in the NISQ era systems, where only a few
thousand qubits are available.

R
XT; = C4 Z qi27r — d¢ (26)
r=1

After substituting =; from Eq. (26) into the objective function in Eq. (25), the objective function can be rewritten
approximately as Eq. (27).

R N R N
H=Y "3 algi+ > Y pigd (27)
r=1 i=1 rs=114,j=1

In this equation, the coefficients are calculated as Eqs. (28) and (29). Here, A;; denotes the ij-th element of
matrix A and b; are components of the vector b.

N N
ai S 2_T+1 Z AkiAijid]’ —+ Z Ajicib]- (28)
j k=1 =1
N
g :2_(T+S) ZAkiAkjcicj (29)
k=1

D-Wave has developed a software development interface known as Ocean?’ to facilitate communication with
quantum hardware. Accordingly, the coefficients ;s and /3;; must be provided to the D-Wave Ocean program
to solve a system of linear equations. The solution of a system of linear equations on a D-Wave quantum system
requires a bit string of N - R logical qubits. As a result, a substantial number of qubits is necessary when dealing
with large matrices (large N) or when high accuracy is required (large R). This emphasizes the importance of
hybrid block iterative methods.

Table 1 shows the comparative resources achieved by the iterative and non-iterative QUBO. The columns of
Table 1 contain the names of the iterative methods, the number of qubits for representing the solution, and run-
time respectively. The variable Tn,r in Table 1 represents the time required to run a single QUBO algorithm
for solving a linear system of size N, with R qubsits for representing the solution. In contrast, T/, , denotes
the time needed to solve a system of size N/ Nj. The variable niter in the table specifies the number of iterations
in the iterative QUBO method, which is decreased in our proposed method. Both Tv r and Ty, Ny p are
dependent on the annealing time and the number of runs necessary to achieve the solutions.

Example

The performance of the proposed method is evaluated using one of the most important PDEs in physics, namely
the heat equation. For example, the heat transfer problem within a given region requires the solution of the heat
equation. The heat equation is expressed as Eq. (30).

a’u 2«2
== — PV (30)
ot

Method Number of qubits | Time

Original QUBO | N . R TN,rR

Iterative QUBO lb ‘R TNn/Ny, R - No - Diter

Table 1. Comparison between original QUBO and iterative QUBO methods.
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The proposed method is detailed for a square region of length L, with fixed temperatures at the edges. For the
stationary case, where the temperature u is independent of time, the heat equation simplifies to Eq. (31). Where
u = u(z, y, t) denotes the temperature at the point (x, y) at time ¢.

Viu =0 (31)

While this study primarily focuses on the heat equation, the methodology is inherently general and applicable to
a wide range of linear PDEs. For instance, the approach has been extended to the Poisson equation by analyzing
the heat equation (Eq. 30) with a source term, which, under steady-state conditions, modifies to the Poisson
equation (Eq. 32). As a result of this extension, the versatility of the proposed method can be demonstrated.
Crucially, the convergence of the proposed method depends on the properties of the coefficient matrix
formed after discretization-a condition preserved across this transformation-thus demonstrating the broader
applicability of the technique.

ou 22 .. Ou 9 f
_ = —— = Viu = -+ 32
e a’Viu=f if o 0 = U o2 (32)

The initial phase of the proposed method involves spatial domain discretization. The region is discretized into
a grid consisting of 11 x 11 cells. The discretized spatial points are depicted in Fig. 2. In this illustration, green
points represent the domains boundaries, while yellow points represent its interior. Discrete points are the
centers of each cell, where each point corresponds to a number. It is possible to use different numbering schemes
for discrete points. As illustrated, we offer snake numbering?®. This special numbering yields advantages, such
as facilitating access to points during programming. For example, each pair of vertically aligned points has an
index difference of 9. Furthermore, this numbering results in a sparse tridiagonal matrix when applied to the
finite difference method®.

Dirichlet boundary conditions determine the values of a desired function in the boundary. These boundary
conditions are defined in Eq. (33). Based on the known temperature values at the boundaries, excluding these
cells yields a 9 x 9 internal cells grid. Due to this, 81 grid points need to be solved for the heat equation.

w(0,y) = u(z,0) =0 °C, w(L,y) = % x 100 °C, u(z,L) = % x 100 °C (33)

To approximate the heat equation, it is necessary to approximate the Laplacian operator using the finite difference
method, as shown in Eq. (9), leading to the approximation given in Eq. (34).

0%u 0%u w(xi + h,y;) +u(x; — h,y;) +u(zi,y; + h) + u(zi, y; — h) — du(zi, y;
VQU(JIL{,;I/J):@(ftuyj)+67y2(:ﬂ,,yj)% (@i Yi) (@i Ys) ( IthJ ) (i, Y5 ) (@i, y5) (34)

731747576 | 77|78 |79 | 80 | &1
64| 65|66|67|68|69|70| 71|72
5515657585960 61]|62|63
46 |47 |48 |49 |50 51 |52 |53 | 54
3713839 40 | 41 | 42|43 |44 |45
28129 (30(31(32|33|34|35]|36
19 | 20 218 22 |23 | 24 | 25|26 |27
10 11"--13 141516 | 17|18

> X

Figure 2. The discretization of the spatial domain (R?) to a grid of cells is depicted. It shows that the
approximation of the Laplacian at point 12 requires the function values at points 3, 11, 13, and 21.
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It is evident that to approximate the Laplacian operator at a specific point (z;,y;), the values of the function
at four neighboring points and the point itself are required. For example, in Fig. 2, the Laplacian operator
approximation at point 12 is obtained from Eq. (35).

—4
V2| & U8 + u11 + U1z + u21 U12 (35)

h2
12

Applying the approximation of the Laplacian operator (Eq. 34) to all interior points within the domain results in
a sparse system of linear equations.

Ar+b.=0 — Ax=—-b, (36)
In this system, the vector & represents the solution vector = (u1,uz, - - - ,usl)T, and the vector b, contains
information regarding the boundary function values. The matrix A has structure as shown in Eq. (37).
¢ I 0 --- 0
I ¢ 1 --- 0
A= S (37)
0 I C 1
0 0 1 C

This matrix has a sparse tridiagonal block form, where [ is the identity matrix, and the matrix C'is obtained as
in Eq. (38).

-4 1 0 0
1 -4 1 0
C = . (38)
0 1 —4 1
0 0 1 —4

Consequently, solving the heat differential equation is reduced to solving a system of linear equations, which is
then addressed using the block SOR method.

Discussion and experimental results

The performance of the proposed method has been evaluated by solving the heat and the Poisson equation
for a square plate with fixed temperatures using the Advantage D-Wave system with over 5000 qubits. The
computational implementation of the proposed hybrid classical-quantum algorithm utilized both classical and
quantum resources. The classical components were developed in Python. These experiments were conducted
on a computer with an Intel Core i7 processor and 8 GB RAM. To assess efficiency and accuracy, the problem is
numerically addressed through the finite difference method, partitioning the domain into N, segments of equal
length. This approach allows for solving larger linear systems of equations, thus overcoming the constraints
posed by the limited number of qubits in D-Wave quantum processing units.

The efficiency of this extension highlights the versatility of the proposed method. Crucially, the convergence
of the method depends on the properties of the coefficient matrix formed after discretization-a condition
preserved across these transformations-thus demonstrating the broader applicability of the technique.

The validation of the proposed method is integrated with the initial implementation of the block Gauss—Seidel
method, as suggested by®, due to its close resemblance to our proposed algorithm and its proven effectiveness
in addressing challenges associated with high-dimensional problems. To address the limitations of the block
Gauss-Seidel method, particularly its slow convergence, our proposed method was introduced, demonstrating
faster convergence with fewer iterations and reducing overall execution time. The iterative process in the block
SOR method is conceptually analogous to that of the block Gauss-Seidel method; for w = 1, the block SOR
method transforms into the block Gauss-Seidel method.

The heat equation example demonstrates the effectiveness of the proposed methodology with three studies.
These studies examine the effect of the number of qubits for representing the solution. The convergence criterion
was selected by the method of® relative error = 0.08. That is done to keep the evaluation framework consistent
and to provide a fair comparison with similar hybrid quantum-classical methods. Moreover, the selected
criteria reflect the current capabilities of quantum hardware, particularly the D-Wave system, whose precision is
influenced by hardware constraints such as the finite number of qubits and inherent noise. Using more stringent
convergence criteria may be possible as quantum technology advances, potentially enhancing the accuracy and
applicability of the proposed method. Figure 3a and b show the temperature distribution in the square plate after
convergence.

The sensitivity of the proposed method concerning an over-relaxation parameter w was investigated in
simulations using a D-Wave quantum computer. Figure 4 shows the experiment results, where the vertical axis
indicates the number of iterations required to achieve an error of 0.08. In contrast, the horizontal axis displays
the different values of w. This figure illustrates that the number of iterations is the least for wop¢ ~ 1.53 and gives
the best performance at its neighborhood value. For w = 1, the scheme reduces to Gauss—Seidel. It is clear from
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Figure 3. The solution of heat and Poisson equations with boundary condition in Eq. (33) with hybrid block
SOR algorithm in the square plate.
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Figure 4. Independence of the over-relaxation parameter (w) to the number of iterations needed to reach the
relative error (see Eq. 19) equal to 0.08.

this graph that for any 1 < w < 1.8, the number of iterations is less than that for Gauss-Seidel. This analysis
underlines that the newly proposed method is not sensitive to small perturbations in the choice of w. Even
without an optimum choice of wopt, the procedure converges faster than Gauss-Seidel.

Stability is a fundamental property of numerical methods. It reflects the ability of the methods to provide
reliable solutions when perturbations in input data are present. To investigate the stability of the proposed
method, we added Gaussian noise with zero mean and different standard deviations to the right-hand side vector
b in the system Ax = b. Noise variance was given as a percentage of the magnitude of b to simulate real-world
data imperfections. It follows from Table 2 that the method is highly stable; for noise variances as significant as
40%, the relative error in the solution does not exceed 13%, which is considerably smaller than the noise level
itself. Moreover, it can be noticed that the algorithm’s convergence rate is affected only slightly with an increase
in noise. These results confirm that the proposed method is robust and capable of handling noisy input data
effectively, which is appropriate for practical applications where imperfections in the data are unavoidable.

Figure 5 illustrates the relationship between the relative error, as defined in Eq. (19), and the number of
iterations of the Block Gauss-Seidel and Block SOR methods, comparing their performance across varying
quantities of qubits used in the numerical representation of the solution. We discussed the influence of the
number of qubits for representing the solution (set to 3, 5, 7) on the convergence rate. This example shows the
minimum error when seven qubits are utilized within the Advantage system.

The computation time of QUBO-based algorithms is primarily influenced by factors such as annealing time,
readout time, embedding time, and others, which remain challenging to optimize*’. Due to this, demonstrating
computational time on small-scale examples may not effectively convey the advantages of the proposed approach.
This quantum advantage in computational time is expected to become more pronounced with the development
of quantum hardware incorporating a significantly more significant number of qubits. In this respect, its real
application is anticipated to be substantially enhanced with the advent of next-generation quantum computers.
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Noise variance (%) | Relative error (%) | Number of iteration
5 7.2 8
10 6.9 8
15 9.8 7
20 10.2 8
25 10.4 7
30 11.1 8
35 13.1 8
40 12.1 8

Table 2. Error relative to the noise-free solution for various noise levels.

As a result, the efficiency of the proposed method was illustrated by comparing it with the best existing method
based on the number of iterations required to achieve convergence.

The experimental results indicate that the proposed method outperforms the block Gauss-Seidel method
in all studied scenarios. The results show that our hybrid quantum-classical method accelerates the solution
of PDEs by up to two times compared to the block Gauss-Seidel method. While the Gauss—Seidel method
achieves an accuracy of 0.09 after 15 iterations, the proposed method reaches the desired accuracy by the 7th
iteration. Unlike in classical algorithms, we observed that the error does not consistently decrease, partly due
to the limited floating-point accuracy of the variables x;, which prevents further improvement after a certain
number of iterations. Moreover, the relative error reduces as the number of qubits for representing the solution
increases since R determines the significant figures of the elements in .

Conclusion

This paper presents a fast hybrid classical-quantum approach to solving PDEs using a combination of quantum
annealing and the block SOR method, significantly reducing the computational complexity of solving PDEs.
The proposed method addresses the challenge of high-dimensional PDEs, which are computationally intensive
to solve using traditional methods, by leveraging the capabilities of quantum computing within a hybrid
framework. Through finite difference discretization, the solution of PDEs is reduced to the solution of a system
of linear equations, which is then solved using the block SOR method. This block-wise decomposition allows for
efficiently handling larger systems by partitioning them into smaller subsystems that can be processed within the
constraints of current quantum hardware. The quantum component of the approach, implemented on D-Wave’s
Advantage quantum computers, solves these systems at a subsystem level. In contrast, the classical component
integrates the solutions to achieve the overall result.

The performance of the proposed hybrid method was evaluated by solving the heat equation for a square
plate with fixed boundary temperatures. The experimental results indicate that the proposed hybrid quantum-
classical method is a promising approach to solving PDEs more efficiently, particularly in high-dimensional
scenarios. The method not only accelerates the computation but also achieves comparable accuracy to classical
methods, highlighting its potential for practical applications in computational physics and beyond.

The proposed method enables a substantial reduction in the number of logical qubits, from N - R to
N - R/Njy, though this reduction comes at the cost of an increased number of iterations required to achieve
the desired accuracy. Our results demonstrate that the block SOR method significantly outperforms the block
Gauss-Seidel method, achieving convergence up to two times faster. It was observed that increasing the number
of qubits used in the numerical representation of the unknown variables enhances the accuracy of the solution.

The proposed method employs a hybrid quantum-classical approach that is inherently sequential due to its
block SOR structure, which restricts its potential for parallelization. As a result, implementing this algorithm
on high-performance classical systems, such as parallelized SOR solvers running on GPUs or CPUs, is not
feasible for the current approach. In contrast, implementing the proposed algorithm on the D-Wave system
harnesses quantum computational power and demonstrates notable energy efficiency. While quantum annealers
require cryogenic cooling, their energy consumption per computation is significantly lower than that of classical
solvers, with GPUs using approximately 100 times more power as noted by*®. In the hybrid approach, classical
systems handle pre-and post-processing, reducing energy costs and optimizing scalability. D-Wave’s power
consumption, primarily for cryogenic refrigeration, has remained constant since 2011, and advancements in
quantum hardware are expected to enhance computational power per watt, solidifying their energy-efficient
potential for large-scale problems*s.

The proposed method shows promise for solving linear systems, but future research may explore its
application to more complex, nonlinear systems. It is possible to extend the hybrid method by integrating it
with Newton’s method to solve nonlinear problems*’. Newton’s method, widely used for its rapid convergence
in solving nonlinear equations, could benefit from quantum annealing by enhancing the performance of each
algorithm iteration. Combining Newton’s method’s robustness and speed with quantum annealing’s optimization
capabilities provides a powerful tool for solving large-scale nonlinear systems. This method is widely used in
fluid dynamics, material science, and machine learning. Moreover, incorporating preconditioning techniques is
proposed to further enhance the method’s stability and convergence under noisy conditions. These techniques
are designed to mitigate error propagation and improve the robustness of the solution, thereby increasing the
algorithm’s resilience to imperfections commonly encountered in real-world data. Additionally, future research
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Figure 5. The relative error is analyzed as a function of the number of iterations for the Block Gauss-Seidel
and Block SOR methods and a comparison of them, considering varying qubit counts in the numerical
representation of the solution vector x. The dashed horizontal line represents the error value at which the
method has approximately stabilized.
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will examine the method’s applicability to more complex PDEs, such as the wave equation, focusing on its
convergence properties and assessing its computational efficiency. As a result of these efforts, the method is
robust and versatile in solving various challenging mathematical problems.

Data availibility
Data cannot be shared openly but are available on request from corresponding authors.
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