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Since Lorentz invariance plays an important role in modern physics, it is of interest to test the possible
Lorentz invariance violation (LIV). The time-lag (the arrival time delay between light curves in different
energy bands) of Gamma-ray bursts (GRBs) has been extensively used to this end. However, to our best
knowledge, one or more particular cosmological models were assumed a priori in (almost) all of the
relevant works in the literature. So, this makes the results on LIV in those works model-dependent

and hence not so robust in fact. In the present work, we try to avoid this problem by using a model-
independent approach. We calculate the time delay induced by LIV with the cosmic expansion history
given in terms of cosmography, without assuming any particular cosmological model. Then, we constrain
the possible LIV with the observational data, and find weak hints for LIV.

© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

As is well known, Lorentz invariance plays an important role
in modern physics. Actually, it is one of the foundation stones
of special/general relativity and particle physics, which have been
well tested in solar system and colliders. If Lorentz invariance is
violated, the pillars of modern physics will be shocked and new
physics is needed. So, it is of interest to test the possible Lorentz
invariance violation (LIV) with various terrestrial experiments and
astrophysical/cosmological observations [1,2].

In the literature, there exist many theories inducing LIV. Here
we are interested in the possible violation of Lorentz invariance
induced by quantum gravity (QG). Commonly, most theories of QG
(e.g. string theory, loop quantum gravity, doubly special relativity)
predict that LIV might happen on high energy scales [3-17,49].
The propagation of high energy photons through the spacetime
foam might exhibit a non-trivial dispersion relation in vacuum
(which should be regarded as a non-trivial medium in QG). The
deformed dispersion relation for photons usually takes the form
p?c? = E?[1+ f(E/Egq)], where Eqg is the effective QG energy
scale, f is a dimensionless function depending on the particular
QG model, c is the limiting speed of light on low energy scales,
p and E are the momentum and energy of photons, respectively.
On low energy scales E <« Eqg, one can consider a series expan-
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sion of this dispersion relation, namely p?c? = E2[1+ £E/Eqc +
O(E?/E% )], where & = +1 is a sign ambiguity [3]. Such a se-
ries expansion corresponds to an energy-dependent speed of light,
v=20E/dp ~c(1—&E/Eqc) [3]. So, the high and low energy pho-
tons will not reach us at the same time. A signal of energy E
that travels a distance L acquires a time delay (measured with
respect to the ordinary case of an energy-independent speed c),
namely At~ &(E/Eqg)(L/c). Although the QG effect is expected
to be very weak (since Eq¢ is typically close to the Planck en-
ergy scale Ep ~ 1019 GeV), a very long distance L can still make it
testable. In the pioneer work [3], Amelino-Camelia et al. proposed
that Gamma-ray bursts (GRBs) at a cosmological distance can be
used to test the possible LIV, while time-lag (the arrival time de-
lay between light curves in different energy bands) is a common
feature in GRBs [18].

Following the pioneer work of Amelino-Camelia et al. [3], many
constraints on LIV have been obtained from the time-lag of GRBs
in the literature (e.g. [5-16]). It is worth noting that the cosmic
expansion history (characterized by the Hubble parameter H(z) as
a function of redshift z) should be taken into account when one
calculates the time delay At (see Sec. 2 for details), since photons
propagate through the expanding space. Thus, the cosmic expan-
sion history H(z) should be given in advance. Actually, a particular
cosmological model was assumed a priori in (almost) all of the
relevant works. For example, the well-known spatially flat ACDM
model H(z) = Hov/Qum(1 4+ 2)3 + Q4 is usually assumed in the lit-
erature (e.g. [5-15]), while all the values of the model parameters
Qu, QA =1 — Qp, and the Hubble constant Hg are fixed (typ-
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ically taken from the WMAP/Planck results). In a few of works,
some other cosmological models instead of ACDM model are also
considered. For instance, in e.g. [9], the dark energy models with
w = const. and w = wg + w1z, the generalized Chaplygin gas
(GCG) model, and the Dvali-Gabadadze-Porrati (DGP) braneworld
model are assumed, while all the values of the corresponding
model parameters have also been fixed. Different from the above
works, in [16], the corresponding model parameters are not fixed
a priori, and they are constrained together with the LIV parameters
by using the observational data. However, some particular cosmo-
logical models still should be assumed in [16], i.e. the flat ACDM
model, the wCDM model, and the Chevallier-Polarski-Linder (CPL)
model, although their model parameters are free. In summary, to
our best knowledge, one or more particular cosmological models
have been assumed a priori in (almost) all of the relevant works
in the literature. So, this makes the results on LIV in those works
model-dependent and hence not so robust in fact.

In the present work, we try to avoid this problem by using a
model-independent approach. As is well known, one of the pow-
erful model-independent approaches is the so-called cosmogra-
phy [19-29,50]. In fact, the only necessary assumption of cosmog-
raphy is the cosmological principle. With cosmography, one can
analyze the evolution of the universe without assuming any un-
derlying theoretical model. Essentially, cosmography is the Taylor
series expansion of the quantities related to the cosmic expan-
sion history, such as the scale factor a(t), the Hubble parameter
H(z) and the luminosity distance dj (z). Therefore, this makes cos-
mography model-independent indeed. We refer to e.g. [19-29,50]
and references therein for more details of cosmography. So, in the
present work, we can calculate the time delay At induced by LIV
with the cosmic expansion history given in terms of cosmogra-
phy, without assuming any particular cosmological model, unlike
the relevant works on LIV mentioned above. The results on LIV ob-
tained via the cosmographic approach will be model-independent
and robust.

The rest of this paper is organized as follow. In Sec. 2, we briefly
review the formalism of the time delay At induced by LIV. In
Sec. 3, we derive the cosmic expansion history in terms of cos-
mography with respect to redshift z at first. Then, we constrain
the LIV parameters together with the cosmographic parameters
by using the time delay data from GRBs, the observational data
from type Ia supernovae (SNIa) and the baryon acoustic oscillation
(BAO). Note that we adopt the Markov Chain Monte Carlo (MCMC)
technique in doing this. As is well known, there exists a divergence
problem in cosmography with respect to redshift z when z > 1.
Thus, another cosmography with respect to the so-called y-shift
¥y =1z/(1+ z) has been proposed in the literature, which alleviates
the divergence problem since y <1 in the range of 0 <z < c0. In
Sec. 4, we obtain the observational constraints on LIV via the cos-
mographic approach with respect to y-shift. The brief concluding
remarks are given in Sec. 5.

2. Time delay of GRB photons induced by LIV

As mentioned in Sec. 1, the deformed dispersion relation for
photons [3] usually takes the form p2c? = E?[1 + f(E/EEq)],
where Eq¢ is the effective QG energy scale, f is a dimensionless
function depending on the particular QG model, ¢ is the limiting
speed of light on low energy scales, p and E are the momen-
tum and energy of photons, respectively. On low energy scales
E < Eqg, one can always expand this deformed dispersion rela-
tion as a Taylor series (see e.g. [14]),

oo E n

where s = +1 is the “sign of LIV”, a theory-dependent factor
equal to +1 (—1) for a decrease (increase) in photon speed with
an increasing photon energy [14]. &, is a dimensionless parameter,
and Eqgn =é&Eqq is actually the effective energy scale where
LIV happens for the order n term [14]. For E <« Eqg, the low-
est order term in the series not suppressed by theory (usually the
n =1 term) is expected to dominate the sum. If the n =1 term
is suppressed (say, by a symmetry law), the next term n =2 will
dominate, and so forth. If the dominated LIV correction is of or-
der n, Eq. (1) can be approximated by

2_ 221 E \"
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which is the well-known form adopted in most of the relevant
works in the literature (e.g. [5-16]). Note that E in the right hand
side of Eq. (2) can be freely substituted with pc since we are only
interested in the leading order correction [6]. Keeping this in mind
and using Eq. (2), the energy-dependent speed of photons is given
by (see e.g. [11,12,14,15])

JE n+1 E \"
V:%:C[]—Si 5 (SnEQG) ] (3)

Following the standard procedures given in e.g. [6] (calculating
the comoving path in the expanding universe is the key), one can
finally get the LIV-induced time delay between photons with ener-
gies Enigh and Ejow as (see e.g. [11,12,14])

z
1+n Eﬁigh - E?ow (1+2)"dz
2Hyg EEG’n hz)

(4)

Atpjy =S+

where h(z) = H(z)/Hy is the dimensionless Hubble parameter, and
z is the redshift of GRB. Following most of the relevant works in
the literature (e.g. [5-14,16]), we only consider the case of n =1,
s+ =+1 and & =1 in the present work. In this case, Eq. (4) be-
comes

AE /Z(l—i—Z)dE'

Aty = =
Lv HoEQG h(Z)

(5)
0

Note that Aty in the original published version of [5] lacked the
factor (1 + z) in the integration, and it has been corrected in the
Erratum while the conclusion was modified accordingly.

For a cosmic transient source (e.g. GRB), the observed time
delay between two different energy bands should include five
terms [30,31],

Atops = Aty + Atine + Atspe + Atpm + Alhgra\ ) (6)

where Aty is the LIV-induced time delay as mentioned above.
Atine is the intrinsic (astrophysical) time delay, which means that
photons with high and low energies do not leave the source simul-
taneously. This term is difficult to predict because we have no good
understanding on the physics of source evolution. As in the litera-
ture (e.g. [5,9,16]), one can write it as Atjp; = b (1 + z) while the
cosmic expansion has been taken into account, and the constant
parameter b characterizes our ignorance. Atspe represents the po-
tential time delay due to special relativistic effects if photons have
a non-zero rest mass. Since modern experiments have provided the
upper limits for the photon rest mass as mp, < 10718 eV/c? [32],
this term is negligible in fact [31]. Atpy is the time delay contribu-
tion from the dispersion by the line-of-sight free electron content,
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which is also negligible for GRB photons [30]. Atg, represents the
effect of gravitational potential along the propagation path of pho-
tons if the Einstein’s equivalence principle (EEP) is violated. This
term can be dropped since EEP is preserved in our case. Substitut-
ing Eq. (5) and Atine = b (1 + z) into Eq. (6), and neglecting other
terms, we obtain [5,7,9,11,12,16]

Atops
14z

where ariy = AE/(H()EQG), and

=ayvK+b, (7)

1 [A+5d:

“1+z hQ) (®)
0

Obviously, if a;jy = 0, there is no LIV. On the other hand, if the
evidence of ajjy # 0 is found, LIV happens on the energy scales
above Egg.

3. Constraints on LIV via the cosmographic approach
with respect to redshift z

3.1. Cosmographic approach with respect to redshift z

For convenience, we recast Eq. (7) as

Atops =ariyK+b(1+2), (9)
where
Z (1+2)dz
ICE(1+Z)K:/$ (10)
h(2)
0

In order to constrain the possible LIV, one should calculate the
theoretical time delay induced by LIV, Aty, = ay v K +b(1+2),
and then confront it with the observed one, Aty,s. From Eq. (10),
it is easy to see that the cosmic expansion history (charac-
terized by h(z)) should be given in advance. As mentioned in
Sec. 1, we will present it via the cosmographic approach which
is model-independent, rather than assuming a particular cosmo-
logical model (e.g. ACDM) as in the literature.

The only necessary assumption of cosmography is the cosmo-
logical principle, so that the spacetime metric is the one of the
Friedmann-Robertson-Walker (FRW) universe,

ds? = —c?dt? + a* (1) [ +r? <d92 +sin’ 9d¢>2)} ., ()

1 —kr2
in terms of the comoving coordinates (t, r, 6, ¢), where a is the
scale factor. Motivated by the inflation paradigm and the observa-
tional results from e.g. Planck 2015 data [33], in this work we only
consider a spatially flat FRW universe with k = 0. Introducing the
so-called cosmographic parameters, namely the Hubble constant
Hy, the deceleration qq, the jerk jo, the snap sg,

HOE 1d_a qu _Ldz_a
adt|_,’ aH? dt?|,_,,
) 1 d3a 1 d*a
=, T at |, (12)

one can expand the scale factor a in terms of a Taylor series with
respect to cosmic time t [19,20],

at) = a(to)[l + Ho(t —to) — "2—°H5(t —to)® + %Hg(t —to)?

+%H%=mf+om—mﬂ] (13)

One of the most important quantities in cosmology is the luminos-
ity distance d; = (c/Ho) D1, where the dimensionless luminosity
distance D; is defined by [19]

dz

Wz)' (14)

DLE(1+Z)/
0

We can also expand the dimensionless luminosity distance Dj
(equivalent to d;) in terms of a Taylor series with respect to red-
shift z (see e.g. [19-21,29] for details),

N R S ST SO g
DL(Z)—Z+2(1 qo) z 61 qo— 39+ Jjo)z

1 ) .

+ 2 (2 —2qo — 15g2 — 15¢3 + 5o -+ 10go o +so) P
+0(2). (15)

Differentiating Eq. (14), we get

1+Z_dDL Dy

=— — . 16
h(z) dz 1+z (16)
Substituting Eqs. (16) and (15) into Eq. (10), we obtain
2 .
do » qo dp Jo\ 3
K@z)=z— =z —+—-—=]z
@ 2 + ( 3 + 2 6)
G 3, 53 Jjo 5 . S0\ 4
—— ——q5— = — 4+ — — |z
+< 4 g% glt iyt ot oy
+0(2) . (17)

In this approach, one can calculate the theoretical time delay
Aty = ary KK + b (1 + z) by using Eq. (17), without assuming any
particular cosmological model. The LIV parameters a;jy and b, to-
gether with the cosmographic parameters, will be determined by
using the observational data. Note that one can also obtain h(z) or
1/h(z) by using Eq. (16) with D; given in Eq. (15). This is useful
when one calculates other quantities (e.g. Dy (z) used below).

3.2. Observational data

Ellis et al. [4] have developed the systematic analysis of statis-
tical samples of GRBs at a range of different redshifts, and they
have introduced techniques from signal processing such as wavelet
analysis to identify and correlate genuine features in the intensities
observed in different energy bands. Later, using these techniques,
Ellis et al. [5] compiled a time delay dataset from 35 GRBs with
known redshifts from z=0.168 to z = 6.29. The numerical dataset
can be found in Table 1 of [5]. To constrain the possible LIV, we
perform the x? statistics. The x? from the time-lags of GRBs is
given by

35 2
At i) — Atops(zi
XCZ;RB=Z|: th(2i) b (Z)] , (18)

P
i=1 !

where Atyps and o; are the observed time delay and the corre-
sponding uncertainty given in Table 1 of [5], and Aty =ap v K +
b (1 + z) is the theoretical time delay, while /C is given in Eq. (17).

Clearly, the cosmographic parameters (characterizing the cos-
mic expansion history) cannot be well constrained by using only
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the time delay data from GRBs. So, the other observational data
are needed. Here, we consider the JLA (joint light-curve analysis)
dataset [34] consisting of 740 SNIa obtained by the SDSS-II and
SNLS collaborations. The theoretical distance modulus is defined
by [19,34]

dp
=51 — 4+ 25, 19
Hth 0819 Mpc + (19)

where the luminosity distance d; = (¢/Hp) Dy, and D; is given in
Eq. (15). On the other hand, in the JLA dataset, the observed dis-
tance modulus is given by [34]

Mobs =Mp — (M —aX; + BC) , (20)

where mp corresponds to the observed peak magnitude in rest
frame B band. o and B are both nuisance parameters. X; and C
are the stretch measure and the color measure of SNIa, respec-
tively. M is a nuisance parameter representing some combination
of the absolute magnitude of a fiducial SNIa and the Hubble con-
stant Ho. The x2 from JLA SNIa reads [34]

Xfa=ARTCAL, (21)

where A = ops — fen, and C is the covariance matrix of fi. It is
equivalent to [35] (see also e.g. [36])

Xfa=am"CAm, (22)
where Am =mpg — Mpyod, and

Mmoed = 510819 DL — a X1 + BC + M, (23)

while Hg in d; can be absorbed into M. The numerical data of
mg, X1, C, and the covariance matrix C can be found from the JLA
dataset [34,37]. The nuisance parameters M, o« and g could be
marginalized (note that Hy is also a nuisance parameter and it can
be absorbed into M, and hence the JLA SNIa dataset is Hubble-
free in fact). It is worth noting that since March 2014, the JLA
likelihood plugin is included in the official release of the MCMC
code CosmoMC [38,39].

We can further consider the observational data from BAO. Here
we use the data Dy (0.35)/Dy (0.2) =1.736+0.065 from SDSS Col-
laboration [40], where Dy (z) is related to the angular diameter
distance d4 and the luminosity distance d; or D; according to [40,
41]

3 ) 1/3
_ 2g2 2 17 _| 4z
Dv(z)=[(1+2) dAH(Z)] _|:(1+z)2 H(z):|

5 1/3
_c|_ b z (24)
" Ho | 14+22h(2) ’

in which we have used the well-known relation dg =d;/(1 +
2)% (see e.g. [19,22,24]) and d; = (c/Ho) D;. Note that the fac-
tor ¢/Hp will be cancelled in Dy (0.35)/Dy(0.2) and hence it is
also Hubble-free. One can calculate Dy (z) by using D; given in
Eq. (15), and z/h(z) = [z/(1 + 2)] - [dD;/dz — D; /(1 + z)] from
Eq. (16). The x?2 from BAO is given by

2 |:Dv(0.35)/DV(0.2) — 1.736]2

_ 25
Xao 0.065 (25)

Note that actually there exist other BAO data in the literature,

such as the observational data of A = ern/Oz HoDy (z)/z [41-43], and
d; =r1s(zq)/Dy (z) [40,44,45]. However, they will introduce one or

more free model parameters such as 0, €25, while the Hubble
constant Hg is no longer a nuisance parameter. This is a draw-
back, and makes the constraints loose. So, we do not consider such
types of BAO data in this work. Similarly, we also do not consider
the observational data from cosmic microwave background (CMB),
since one or more free model parameters, e.g. Qmo, and/or 5, Ho,
should be introduced.

3.3. Constraints on LIV

Here, we constrain the LIV parameters a;jy and b, together
with the cosmographic parameters, by using the observational data
mentioned in Sec. 3.2. Note that we use the MCMC code Cos-
moMC [38,39] in doing this. The cosmographic formulae for D;
and K are given in Egs. (15) and (17) respectively, while one
can calculate Dy (z) by using D; given in Eq. (15), and z/h(z) =
[z/(1+4+2)]-[dD;/dz— D;/(1+2z)] from Eq. (16).

As mentioned above, the Hubble constant Hg (which is also the
first cosmographic parameter) has not been involved in the time
delay data from GRBs and the Dy (0.35)/Dy (0.2) data from BAO,
while it is a nuisance parameter in the JLA SNIa dataset and can be
marginalized. On the other hand, if one consider the cosmographic
formulae only up to 2nd order, the corresponding Taylor series
cannot be enough general to include many cosmological models
as its special cases, and hence the conclusions become not so ro-
bust. However, if one consider the cosmographic formulae up to
very high order, too many cosmographic parameters will be in-
volved and hence the constraints become very loose. On balance,
here we consider the cosmographic formulae up to 3rd and 4th
orders one by one.

In the case of 3rd order cosmography with respect to redshift z
(labeled as “z — j”), namely we only consider the Taylor series for
Di(z), K(z), Dy (2) ... up to 3rd order and ignore all the higher or-
der terms (O(z*), there are only two free cosmographic parameters
qo and jo besides the nuisance parameter Hy. So, the free parame-
ters under consideration are {qo, jo, aijv, b}. The total x2 is given
by xi: = xégp + XJZLA + Xgao- By fitting the cosmographic for-
mulae to the combined GRB + JLA + BAO observational data, we
obtain the 10 and 20 constraints on the LIV parameters (ajy, b)
and the cosmographic parameters (qo, jo), which are presented in
the 2nd column of Table 1. We also present the 2D marginalized
1o and 20 contours and the 1D distributions of the LIV parame-
ters and the cosmographic parameters in Fig. 1. From Fig. 1 and
the 2nd column of Table 1, we find a fairly weak hint for LIV
with a non-zero ajjy (slightly beyond 1o confidence region), while
arry =0 is still consistent with the observational data within 2o
confidence region.

In the case of 4th order cosmography with respect to redshift z
(labeled as “z — s”), namely we only consider the Taylor series for
D1 (2), K(2), Dy (2) ... up to 4th order and ignore all the higher or-
der terms (O(z°), there are three free cosmographic parameters qo,
jo and sg besides the nuisance parameter Hg. So, the free param-
eters under consideration are {qo, jo, So, arjv, b}. By fitting the
cosmographic formulae to the combined GRB + JLA + BAO ob-
servational data, we obtain the 10 and 20 constraints on the LIV
parameters (arjy, b) and the cosmographic parameters (qo, jo, So),
which are presented in the 3rd column of Table 1. We also present
the 2D marginalized 10 and 20 contours and the 1D distributions
of the LIV parameters and the cosmographic parameters in Fig. 2.
From Fig. 2 and the 3rd column of Table 1, we find again a weak
hint for LIV with a non-zero a;;y (beyond 1o confidence region),
while a;;y = 0 is still consistent with the observational data within
20 confidence region.

So, in both cases of cosmography with respect to redshift z, LIV
with a non-zero ayjy is slightly favored by the observational data.
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Table 1

The mean with 1o and 20 uncertainties of the LIV parameters and the cosmographic parameters for the cases of 3rd
order (labeled as “z — j”, the 2nd column) and 4th order (labeled as “z —s”, the 3rd column) cosmography with respect
to redshift z, respectively. Note that ajjy and b are given in units of seconds, while qo, jo, So are all dimensionless. See
the text for details.

Parameters Casez—j Case z—s
10.0032712 £0.0073291 10.0236884 400367396
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+0.0018053 +0.0041510 +0.0098136 +0.0214681
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Fig. 1. The 2D marginalized 10 and 20 contours and the 1D distributions of the LIV parameters and the cosmographic parameters for the case of 3rd order cosmography
with respect to redshift z (labeled as “z — j"). Note that a;;y =0 is also indicated by a dashed line in the a;;y — b panel, and qo, a;;v, b are given in units of 10~1, 1072,
1072, respectively. See the text and Table 1 for details.
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Fig. 2. The 2D marginalized 10 and 20 contours and the 1D distributions of the LIV parameters and the cosmographic parameters for the case of 4th order cosmography
with respect to redshift z (labeled as “z — s”). Note that a;;y = 0 is also indicated by a dashed line in the a;;y — b panel, and qo, a;v, b are given in units of 10~!, 102,

1072, respectively. See the text and Table 1 for details.

On the other hand, from Figs. 1, 2, and Table 1, it is easy to see
that in both cases, the deceleration parameter qo is negative be-
yond 20 confidence region, and the jerk jg is positive also beyond
20 confidence region. Thus, from the definitions in Eq. (12), this
means that an accelerating universe (qo < 0) is strongly favored,
while the acceleration is still increasing (jo > 0).

4. Constraints on LIV via the cosmographic approach
with respect to y-shift

4.1. Cosmographic approach with respect to y-shift

It is easy to see that the key of cosmography is to expand the
quantities under consideration as a Taylor series. In the original

version of cosmography, the relevant quantities are expanded with
respect to redshift z. However, it is well known that such a Taylor
series converges only for small z around O, and it might diverge
at high redshift z > 1. A possible remedy is to replace z with the
so-called y-shift, y =2z/(1+42) (see e.g. [22-24,26,29]). In this case,
¥ <1 holds in the whole cosmic past 0 <z < oo, and hence the
Taylor series with respect to y-shift converges. So, here we also
consider the cosmographic approach with respect to y-shift, y =
z/(1+ 2).

We can expand the dimensionless luminosity distance Dj
(equivalent to d;) in terms of a Taylor series with respect to y
(see e.g. [21,23,29] for details),

N N S T 2 i) ,3
DL(y)—y+2(3 qo) y +6 11 —5q0 +3q5—Jjo )y
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Table 2

The mean with 10 and 20 uncertainties of the LIV parameters and the cosmographic parameters for the cases of 3rd
order (labeled as “y — j”, the 2nd column) and 4th order (labeled as “y — s”, the 3rd column) cosmography with re-
spect to y-shift y =z/(1 + z), respectively. Note that a;;y and b are given in units of seconds, while qo, jo, So are all

dimensionless. See the text for details.

Parameters Casey—j Case y —s

00839179 SR (1) OSR 0) 00045945 S8R (1) A (o)

b 0038403570 516835 (10) *50336507 (20) —0.0063665” 50632315 (1) 756155087 (20)

% 06736552/ S350 1) SEEI 0o) 08314270 03B (10) "0 T 20
jo 257710793 35252 (1) *S 5053 20 87896032 1982107 1) * B3 (o)
50 1367073059135 7195650 (10) 158 310813 (20)

1 5 3 .
+ ﬁ(50—26q0+21q0— 15q3 — 7Jo

+10g0jo +50)y* + O (¥°) - (26)
Alternatively, one can derive Eq. (26) by substituting z = y/(1 —
Y =y+y*+y>+y*+ O@°) into Eq. (15) and then rearrang-
ing it as a series in terms of y. Similarly, we can also substitute
z=y/(1—-y)=y+y*+y>+y*+ Oy’ into Eq. (17) and then
rearrange it as a series in terms of y,

2 @
IC(y)=y+(1—q—o)y2+<1——qo+—°—J—°>y3

2 3 2 6
3 3 5 jo 5 So
1-2 22 23 Jo 2 S0\ 4
+( 4CI0+4q0 8q° 2 +12¢JO]0+24>}’
+0(y) . (27)

Of course, one can also expand Dy as a Taylor series in terms of
y by substituting z=y/(1 —y) =y + y*> + y> + y* + O(y°) into
Eq. (24) and then rearranging it as a series in terms of y. Note that
Eq. (16) is still useful in doing this.

4.2. Constraints on LIV

Again, we constrain the LIV parameters a;jy and b, together
with the cosmographic parameters, by using the observational data
mentioned in Sec. 3.2. This is similar to Sec. 3.3 actually, but the
cosmographic formulae for Dy, K, Dy .. should instead use the
ones with respect to y-shift y =z/(1 + z) given in Sec. 4.1.

In the case of 3rd order cosmography with respect to y-shift
¥y =2z/(1+ z) (labeled as “y — j”), namely we only consider the
Taylor series for Dy (y), K(y), Dy (y) ... up to 3rd order and ignore
all the higher order terms O(y*), there are only two free cosmo-
graphic parameters qo and jo besides the nuisance parameter Hy.
So, the free parameters under consideration are {qg, jo, arjv, b}.
The total x* is given by X&: = Xérp + Xjia + X3a0- BY fitting
the cosmographic formulae to the combined GRB + JLA + BAO
observational data, we obtain the 10 and 20 constraints on the
LIV parameters (ajv, b) and the cosmographic parameters (qo, jo),
which are presented in the 2nd column of Table 2. We also present
the 2D marginalized 10 and 20 contours and the 1D distributions
of the LIV parameters and the cosmographic parameters in Fig. 3.
From Fig. 3 and the 2nd column of Table 2, we find a notable hint
for LIV with a non-zero a;;y (around 20 confidence region).

In the case of 4th order cosmography with respect to y-shift
y =2z/(1 + z) (labeled as “y — s”), namely we only consider
the Taylor series for Dy(y), K(y), Dy(y) .. up to 4th order
and ignore all the higher order terms ((y®), there are three
free cosmographic parameters qg, jo and sg besides the nuisance
parameter Hg. So, the free parameters under consideration are

{qo, jo, So, arrv, b}. By fitting the cosmographic formulae to the
combined GRB + JLA + BAO observational data, we obtain the 1o
and 20 constraints on the LIV parameters (ajy, b) and the cos-
mographic parameters (qo, jo, So), which are presented in the 3rd
column of Table 2. We also present the 2D marginalized 10 and
20 contours and the 1D distributions of the LIV parameters and
the cosmographic parameters in Fig. 4. From Fig. 4 and the 3rd
column of Table 2, we find that a;;y = 0 is fully consistent with
the observational data, namely there is no evidence for LIV.

Although the results about LIV are quite different in both the
cases of cosmography with respect to y-shift y =z/(1 + z), from
Figs. 3, 4, and Table 2, it is easy to see that in both cases, the de-
celeration parameter qo is negative beyond 2o confidence region.
Thus, from the definition in Eq. (12), this means that an accelerat-
ing universe (qo < 0) is strongly favored.

5. Concluding remarks

Since Lorentz invariance plays an important role in modern
physics, it is of interest to test the possible LIV. The time-lag
(the arrival time delay between light curves in different energy
bands) of GRBs has been extensively used to this end. However, to
our best knowledge, one or more particular cosmological models
were assumed a priori in (almost) all of the relevant works in the
literature. So, this makes the results on LIV in those works model-
dependent and hence not so robust in fact. In the present work, we
try to avoid this problem by using a model-independent approach.
We calculate the time delay induced by LIV with the cosmic ex-
pansion history given in terms of cosmography, without assuming
any particular cosmological model. Then, we constrain the possi-
ble LIV with the observational data from GRBs, SNIa and BAO, and
find weak hints for LIV with non-zero a;;y in 3 of 4 cases of cos-
mography considered in the present work.

It is of interest to compare the 4 cases of cosmography consid-
ered here. As mentioned above, they are labeled as “z — j”, “z—s",
“y — j” and “y —s”, respectively. Since they have different free pa-
rameters and the correlations between model parameters are fairly
different, it is not suitable to directly compare their confidence
level contours. Instead, it is more appropriate to compare them
from the viewpoint of goodness-of-fit. A conventional criterion for
model comparison in the literature is anﬂn/clof, in which the de-
gree of freedom dof = N — k, while A/ and « are the number of
data points and the number of free model parameters, respectively.
On the other hand, there are other criteria for model comparison
in the literature. The most sophisticated criterion is the Bayesian
evidence (see e.g. [46] and references therein). However, the com-
putation of Bayesian evidence usually consumes a large amount
of time and power. As an alternative, one can consider some ap-
proximations of Bayesian evidence, such as the so-called Bayesian
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Fig. 3. The 2D marginalized 1o and 2o contours and the 1D distributions of the LIV parameters and the cosmographic parameters for the case of 3rd order cosmography with
respect to y-shift (labeled as “y — j”). Note that a;;y =0 is also indicated by a dashed line in the a;;y — b panel, and a;;y, b are given in units of 10~!, 1072, respectively.

See the text and Table 2 for details.

Information Criterion (BIC) and Akaike Information Criterion (AIC).
The BIC is defined by [47]

BIC = —21InLpex + k InN, (28)
where Lnax is the maximum likelihood. In the Gaussian cases,
xrﬁm = —2In Lyax. So, the difference in BIC between two models

is given by ABIC = Axnz“.n + Ak InN. The AIC is defined by [48]

AIC = —2 ln ;Cmax + 2K . (29)

The difference in AIC between two models is given by AAIC =
A)(r?“.n + 2Ak. In Table 3, we present X%m/dof, ABIC and AAIC
for the 4 cases of cosmography considered in this work. Note that
“z —s” has been chosen to be the fiducial model when we calcu-
late ABIC and AAIC. Clearly, from the viewpoint of all the three

criteria X,,21,-n/d0f- BIC and AIC, “z — s” is the best, and “y — s” is
the worst. Together with the fact that we find no evidence for LIV
only in the case “y —s” while there are weak hints for LIV in the
other three cases “z—s", “y — j” and “z — j”, we conclude that LIV
with non-zero ayjy is slightly favored by the observational data.
In the literature, there exist many relevant works on the pos-
sible LIV. In addition to the weak evidence for LIV found in [5]
(its Erratum should be seriously considered), some further works
(e.g. [9,11,12,15]) supported this conclusion of [5]. In particular,
a strong evidence for LIV was claimed in [11,12]. Our results ob-
tained in the present work could be regarded as a new support.
On the other hand, one should also be aware of the contrary claim
that there is no evidence for LIV (see e.g. [16]). Besides, most of
the relevant works in the literature kept silence and just put a
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Fig. 4. The 2D marginalized 10 and 20 contours and the 1D distributions of the LIV parameters and the cosmographic parameters for the case of 4th order cosmography
with respect to y-shift (labeled as “y — s”). Note that a;;y = 0 is also indicated by a dashed line in the a;;y — b panel, and sg, a;;v, b are given in units of 102, 1072, 1072,

respectively. See the text and Table 2 for details.

Table 3
Comparing the four cases of cosmography considered in the present work, namely
3rd order (labeled as “z — j”) and 4th order (labeled as “z — s”) cosmography with
respect to redshift z, as well as 3rd order (labeled as “y — j”) and 4th order (labeled
as “y —s”) cosmography with respect to y-shift y = z/(1 + z). See the text for
details.

Cosmography z—] z—s y—1j y—s
x,f”-n 871.3198 860.0310 868.3670 871.9442
K 4 5 4 5
X2in/dof 11287 11155 11248 11309
ABIC 4.6346 0 1.6818 119132
AAIC 9.2888 0 6.3360 119132
Rank 3 1 2 4

lower bound on the possible LIV energy scale Eq¢. Therefore, the
debate on LIV has not been settled so far. More and better obser-
vational data from e.g. GRBs are needed. New ideas to test LIV are
also desirable.

In the present work, we consider the cosmographic approaches
with respect to redshift z and y-shift y = z/(1 + z). The first
one might diverge at high redshift z > 1, while the second one
can alleviate this problem since y < 1 in the whole cosmic past
0 <z < 0o, and hence the Taylor series with respect to y con-
verges. However, there still exist several serious problems in the
case of y =2z/(1 + z). The first is that the error of a Taylor ap-
proximation throwing away the higher order terms will become
unacceptably large when y is close to 1 (say, when z > 9). The
second is that the cosmography in terms of y =z/(1 + z) cannot
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work well in the cosmic future —1 < z < 0. The Taylor series with
respect to y =z/(1+ z) does not converge when y < —1 (namely
z < —1/2), and it drastically diverges when z — —1 (it is easy
to see that y — —oo in this case). So, the y-shift cosmography
fails to predict the future evolution of the universe. In [29], two
new generalizations of cosmography inspired by the Padé approxi-
mant have been proposed, which can avoid or at least alleviate the
problems of ordinary cosmography mentioned above. The model-
independent constraints on LIV via these two new cosmographic
approaches proposed in [29] deserve further investigation.

In most of the relevant works on LIV (including the present
work), the intrinsic time-lag of GRBs is actually oversimplified by
assuming Atin = b (14 z). Noting that the factor (1 4+ z) comes
from the cosmic expansion, this assumption means that all GRBs
have the same intrinsic time delay (characterized by the constant
parameter b) in the source frame. In e.g. [15], an energy-dependent
time-lag was proposed. We consider that a more realistic assump-
tion for the intrinsic time-lag of GRBs is important to robustly
constrain the possible LIV in the future work. Deeper understand-
ing on the observed time-lag of GRBs is also desirable (nb. Eq. (6)),
especially the ones other than LIV-induced time delay.

As mentioned in Sec. 1, the possible LIV is commonly accom-
panied with a non-trivial dispersion relation. A signal of energy
E that travels a distance L acquires a time delay (measured with
respect to the ordinary case of an energy-independent speed c),
namely At~ &(E/Eq¢)(L/c). Although the QG effect is expected
to be very weak, a very long distance L can still make it testable.
This point can be clearly seen from Eq. (5), namely a large time
delay Atyy follows a high redshift z. GRBs are among the most
powerful sources in the universe. Their high energy photons in
the gamma-ray band are almost immune to dust extinction, and
hence they have been observed up to redshift z~ 8 — 9 [51,52],
while the maximum redshift of GRBs is expected to be 10 or even
larger [53,54]. Therefore, GRBs at high redshift can be used to test
the possible LIV which induces a large time delay. In the present
work, we find weak hints for LIV by using the time delay dataset
from 35 GRBs with redshifts up to z=6.29 [5] via the cosmo-
graphic approach. Our results suggest that the possible LIV should
be taken seriously. The physical mechanism for LIV might be the
spacetime foam predicted in most of the quantum gravity theo-
ries (e.g. string theory, loop quantum gravity, and doubly special
relativity). In addition, we would like to mention the so-called
Standard-Model Extension (SME) [49], which also provides a field
theory framework for LIV. The deep physics behind LIV deserves
serious consideration.
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