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Outline

In this habilitation thesis, we report on the development of macroscopic quantum electro-
dynamics as a coherent framework to study the electromagnetic field in environments and
its application to quantum vacuum effects such as dispersion forces.
An overview of these efforts and the central findings is provided in Part I. We briefly

introduce quantum electrodynamics, the quantum vacuum, and the resulting phenomena
with their context and relevance across sciences and technology (Chap. 1). This is followed
by a discussion of our main results in the areas of macroscopic quantum electrodynamics
(Chap. 2); dispersion forces, ranging from vacuum forces (Chap. 3) and interactions in media
(Chap. 4) to excited systems (Chap. 5), thermal (Chap. 6), non-additive and collective effects
(Chap. 7); quantum friction (Chap. 8); matter-wave scattering (Chap. 9); and resonance
energy transfer (Chap. 10); ending with some concluding remarks (Chap. 11).
Part II contains a selection of key original publications which are grouped and ordered

according to their discussion in Part I. The results reported in these publications were ob-
tained while I was a postdoctoral researcher in the groups of E. A. Hinds and S. Scheel at
Imperial College London and later junior group leader and Emmy Noether fellow at the
University of Freiburg. Some of the articles contain calculations that I have performed en-
tirely myself, sometimes in parallel with colleagues and PhD students from the same group
[S1, S2, S3, S4, S10, S11, S12, S13, S21, S22, S23, S26, S28]. For some of the later arti-
cles, my role has shifted to conceiving projects and supervising the work of postdocs, PhD,
MSc and BSc students while carrying out or checking the respective relevant key steps my-
self [S5, S6, S7, S8, S9, S14, S15, S16, S17, S18, S19, S20, S24, S25, S27, S29, S30]. In col-
laborations, experimentalists have complemented my theoretical analysis with experimen-
tal details [S8], measurements [S28], and simulations of matter-wave scattering [S28, S29],
while theorists have contributed expertise on Rayleigh coefficients [S4, S28], optical prop-
erties of topological insulators [S6, S7, S9] polymers [S8], Chern–Simons materials [S10],
media [S15], and (polar) molecules [S15, S21], Van der Waals interactions in free space
[S11, S12, S14, S19], and numerical computations of thermal Casimir–Polder forces [S23]. A
bibliography provides references for my findings that can only be mentioned in passing in
Part I. Of these, the publications [P1–P6, P8–P85] were written after my PhD.





Part I.

Perspective





1. Introduction

In the following, we will set the stage for the development of macroscopic quantum electrody-
namics and the investigations of some of its consequences, to be laid out in this habilitation
thesis. To this end, we introduce quantum electrodynamics as the fundamental theory of
light and matter as well as its nonrelativistic offspring quantum optics, molecular, cavity,
and macroscopic quantum electrodynamics. We discuss the quantum vacuum as an impor-
tant concept; its observable consequences such as dispersion forces; and their relevance in
physics and beyond.

1.1. Quantum electrodynamics

Quantum electrodynamics (QED) is the fundamental quantum theory of light and its in-
teraction with matter. Originated by Dirac [1], with key advances by Dyson, Feynman,
Schwinger, Tomonaga and others [2], it has become one of the most precisely tested theo-
ries in physics and a firmly established part of textbook canon [3, 4]. In its original fully
relativistically covariant form, it describes light and matter on an equal footing as bosonic
and fermionic particles—photons, electrons, protons and neutrons—that can be created,
destroyed and transformed in scattering events. Quantum optics [5, 6, 7] or molecular QED
[8, 9] is the nonrelativistic version of QED valid for small velocities and energies such that
the Coulomb gauge can be employed and matter can be regarded as conserved. Instead, the
focus is on the structure and dynamics of photons and their interaction with atoms.
QED in free space can be constructed from classical electrodynamics by means of canon-

ical quantisation (for a compact introduction, see [P3]). To this end, one solves Maxwell’s
equations by introducing vector and scalar potentials. These fundamental degrees of freedom
of the theory are governed by Helmholtz’s wave equation. Casting this equation of motion
into its equivalent Lagrangian and Hamiltonian forms, quantisation can proceed by means
of the correspondence principle upon replacing Poisson brackets of canonically conjugated
variables with commutators of their quantised counterparts. Explicit expressions for the
quantised electromagnetic field are constructed as superpositions of the classical plane-wave
solutions of Helmholtz’s equation, the normal modes, multiplied by bosonic creation and
annihilation operators. The field can thus be envisaged as an infinite collection of harmonic
oscillators, one for each normal mode, whose energies are quantised into discrete units: the
photons.
Normal-mode QED is valid in free space, but can easily accommodate for the presence of

nonabsorbing bodies whose surfaces enforce boundary conditions. In resonator geometries
formed by good conductors, this typically leads to discrete normal modes in the form of
standing waves which are the primary subject of cavity QED [10]. Its paradigmatic Jaynes–
Cummings model describes the resonant interaction of a single cavity mode with two-level
atoms [11]. The highly idealised conditions required for such a simplified description were
experimentally realised by coupling Rydberg atoms [12] to a Gaussian mode inside a micro-
wave Fabry–Pérot cavity [13] formed by two curved, highly-reflecting mirrors [14]. In this
way, reversible emission and absorption of individual photons by atoms in the form of
vacuum Rabi oscillations [15] were observed, accompanied by the formation of entangled
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atom–field states.
As shown by Glauber and Lewenstein, normal-mode QED can also be constructed for

an arbitrary arrangement of nondispersive non-absorbing dielectric bodies as characterised
by a real-valued, frequency-independent permittivity that varies with position [16]. The
normal modes in this case solve the wave equation both inside these bodies and in the
space between them and obey the boundary conditions of macroscopic electrodynamics [17]
governing reflection and transmission at their surface.
Complications arise when attempting to extend the normal-mode framework to absorbing

media. In this case, the electromagnetic field is no longer a closed system whose quantum
dynamics is governed by a unitary Hamiltonian evolution. Two main solutions to this prob-
lem have been developed. The first, phenomenological approach based on linear response
theory [18, 19] forgoes explicit field quantisation and instead relates commutators and cor-
relations of the quantised electromagnetic field in the presence of absorbing bodies to the
classical Green tensor [20] by virtue of the fluctuation–dissipation theorem [21, 22]. The
alternative is the Huttner–Barnett model [23] where a homogeneous absorbing medium is
explicitly taken into account in the form of a harmonic-oscillator polarisation field which is
coupled to an additional harmonic-oscillator bath responsible for dissipation. The fundamen-
tal, polariton-like field–matter excitations of the system emerge after a Fano diagonalisation
[24]. The Huttner–Barnett model has been generalised to inhomogeneous dielectric bodies
[25, 26, 27], including media with a nonlocal response [28].
Macroscopic QED [29] as developed and used throughout this thesis combines the versatil-

ity of the linear response approach with the rigor of the Huttner–Barnett model: it is valid for
arbitrary arrangements of linear bodies and media but includes the fluctuation–dissipation
theorem for the electromagnetic field as a derivable consequence. The point of departure is
Maxwell’s equations of classical macroscopic electrodynamics (hence the name macroscopic
QED) together with the constitutive relations in linear media. The latter include a respon-
sive component as well as a random noise term associated with material absorption. Solving
the resulting wave equation, one finds an electromagnetic field that is created by a fluctu-
ating noise polarisation inside the bodies as propagated by the classical Green tensor. The
noise polarisation is closely related to the fundamental polariton-like field–matter excita-
tions of the Huttner–Barnett model. The formalism has been extended to magnetodielectric
media where noise magnetisation features alongside noise polarisation [P98, P99]. A variant
directly employs the noise polarisation rather than polariton excitations and has been de-
veloped for dielectrics [30, 31] and magneto-electrics [32]. A further alternative implements
a dissipative bath via auxiliary fields [33] leading to a model whose equivalence has been
established explicitly [34]. It has recently been demonstrated that macroscopic QED can be
obtained by means of canonical quantisation [35] and can even be formulated for moving
and accelerated media [36].

1.2. The quantum vacuum

One of the most striking consequences of QED is the prediction of a nontrivial ground state:
the quantum vacuum. As the electric and magnetic fields are noncommuting operators,
the Heisenberg uncertainty principle [37] dictates that they cannot simultaneously assume
definite values. Instead, the vacuum fields vanish on average, but exhibit nonzero quantum
fluctuations. The energy of the quantum vacuum can be understood in close analogy with
the ground state of the harmonic oscillator: the energy of each mode of the electromagnetic
field is quantised according to En = (n+ 1

2
)~ω (n = 0, 1, . . .) with a nonvanishing ground-

state energy E0 = 1
2
~ω. The total vacuum energy of the electromagnetic field emerges as
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the (divergent) sum over all modes

Evac =
∑

ν

1
2
~ων . (1.1)

As the fluctuating vacuum field and its formally infinite energy cannot induce real transi-
tions in a photo detector, a number of indirect consequences have been proposed to illumi-
nate their relevance. These all arise from the interaction of the vacuum field with matter.
Its coupling with an electron leads to the anomalous magnetic moment [38, 39], while the
ground-state energy of one or two atoms interacting with the quantum vacuum can be used
to derive the famous Lamb shift [40, 41] or the interatomic Van der Waals (VdW) potential
[42, 43, 44], respectively. Spontaneous radiative decay of an excited atom [45] can be un-
derstood as decay which is stimulated by the fluctuating vacuum fields [46]. It has further
been speculated that the quantum vacuum might be relevant to cosmology with its energy
acting as a source for gravity [47].
Changes to the fluctuating vacuum fields brought about by macroscopic bodies and the

associated boundary conditions also lead to a host of observable effects. The Casimir force
is probably the prime example [48]: Casimir himself derived this effect by considering how
the above vacuum energy is affected by the introduction of two parallel perfectly conducting
plates. The modified vacuum energy depends on the separation between the plates, from
which he was able to derive the Casimir force by taking the gradient. Other signatures of
body-induced modifications of the quantum vacuum include the position-dependent Lamb
shift as well as the closely related single-atom Casimir–Polder (CP) potential [44]; the altered
spontaneous decay rate in an environment, commonly known as the Purcell effect [49, 50];
and the predicted environment-induced changes to the magnetic moment of the electron
[51].
More exotic, and to date largely unobserved, quantum vacuum effects have been predicted

for moving objects. Quantum friction is the postulated ultimate limit to friction: a contact-
less dissipative force between two perfectly smooth plates that move parallel to each other
[52]. A constantly accelerated object has been predicted by to perceive the quantum vac-
uum as a thermal electromagnetic field, a phenomenon known as the Unruh–Davies effect
[53, 54]. Periodic motion of the boundaries of a cavity leads to the creation of real photons
from the quantum vacuum according to the dynamical Casimir effect [55, 56]. The latter
two phenomena are intricately related to Hawking radiation [57] which involves photon-pair
creation from the vacuum in a curved or accelerated spacetime.
As a caveat, it should be noted that none of the mentioned indirect consequences are able

to confirm the existence of fluctuating vacuum fields and their modification in nontrivial
environments beyond any doubt. For instance, the Casimir force has alternatively been
derived by Lifshitz from interacting fluctuating polarisations inside the two plates rather
than fluctuating fields between them [58], a perspective that is shared by macroscopic QED
[S5]. Similarly, it has been shown that both Lamb shift and spontaneous decay can be derived
from fluctuating atomic dipoles and their radiation reaction onto themselves via emitted and
reabsorbed electromagnetic fields [46]. A detailed analysis has revealed that the attribution
of the two effects to vacuum fluctuations versus radiation reaction can be chosen at will by
performing the calculations with different operator orderings [59]. Symmetric ordering has
been advocated as the most physical choice, which would lead to the conclusion that atomic
fluctuations are responsible for the single-atom ground-state Casimir–Polder potential at
short distance while field fluctuations dominate in the far-field regime [60]. In any case, all
of the described effects arise from interactions of light with matter and are due to quantum
ground-state fluctuations, be they uncertainties of the positions of particles as described by
quantum mechanics or of electromagnetic fields as predicted by QED.
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Very recently, experimentalists have succeeded in directly probing the vacuum fluctuations
of the electromagnetic field via their effect on the propagation of an ultrashort laser pulse
though a nonlinear crystal [61, 62]. Setups of this kind open the perspective of investigating
body-induced modifications to the quantum vacuum and their relevance to the above effects
by direct experimental observation.

1.3. Dispersion forces

The effective electromagnetic forces between neutral polarisable objects that were brought
forward as possible consequences of the quantum vacuum in the previous section are often
subsumed under the general notion of dispersion forces. As these are the focus of a large part
of this thesis, it is worth discussing them in more detail (see the monographs and reviews
[8, 9, 46, 63, 64, 65, 66, 67, 68, 69, P1, P2, P3, P6, P7] for further information). We will
distinguish Casimir forces between bodies [48, 58], CP forces between atoms and bodies [44],
and interatomic VdW forces [42, 43, 44].
Dispersion forces are the electromagnetic interactions that always remain, even when

removing all isolated charges and (external) electromagnetic fields. Being so persistent, they
play a role in many areas of science. In physics and chemistry, they are one of the main
binding mechanisms for atoms and molecules, forming the long-range attractive part of
the Lennard-Jones potential [70] and modifying the ideal gas law to the Van der Waals
equation of state [42]. They are the origin of surface tension [71]; drive the adsorption of
atoms to surfaces [72]; and influence the structure and properties of liquids [73] and solids
[74]. The stability of colloids is described by Derjaguin–Landau–Verwey–Overbeek theory
[75, 76] which relies on dispersion forces as a central ingredient. In astrophysics, dispersion
forces have been found to govern the condensation of dust particle in the early stages of
planetary formation [77] and to be responsible for the stability of asteroids [78]. The most
prominent example of their role in biology is the demonstration that dispersion forces are
responsible for the sticky feet of geckos [79]. However, they also play an important role on
a cellular level, governing the interaction of molecules within cells, their transport through
cell membranes, and cell adhesion [64].
In the context of modern applications and experiments, Casimir forces play an ever-

increasing dual beneficial versus detrimental role in nanomechanics: they are responsible
for the unwanted effect of stiction, the permanent adhesion of mobile components [80, 81];
but are also the driving principle of the atomic force microscope [82]. Similarly, CP forces
limit the miniaturisation and near-surface operation of atomic traps [83], but can also be
exploited to guide atoms in matter-wave scattering experiments [84].
Roughly fifty years after the first prediction of the Casimir force, a series of experiments

on the basis of torsion pendulums [85], cantilevers [86] and micromechanical oscillators [87]
finally succeeded in their high-precision measurement. Subsequent experiments addressed a
range of materials [88] and geometries [89, 90], thermal [91, 92], repulsive [93], and lateral
Casimir forces [94] and, most recently, the Casimir torque [95]. CP forces have been studied
much earlier by atomic-beam deflection [96] and spectroscopic measurements [97], with
later findings being concerned with retardation [98], excited atoms [99] and thermal non-
equilibrium [100].
Following the original conception by Casimir and Polder, the theory of dispersion forces

has been extended to a range of materials and geometries. Theoretical developments of the
past two decades include studies of the proximity force approximation that is frequently
used in the analysis of the plane–sphere geometry common to most experimental setups
[101, 102, 103]; methods based on numerical solutions to Maxwell’s equations that can be
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used to study more complex geometries [104]; and considerations of new materials such as
metamaterials [105] or topological insulators [106]. In view of the complex interrelated de-
pendence of dispersion forces on geometric and material properties, some general principles
have been developed to guide, e.g. the search for repulsive dispersion forces to overcome the
stiction problem [80, 81]. Examples of such general rules include the opposites-attract theo-
rem according to which the Casimir force between two ground-state bodies in free space that
are mirror images of each other and whose response is purely electric is always attractive
[107]. This is supplemented by a generalised Earnshaw theorem stating that the dispersion
potential of an isotropic particle does not exhibit stable equilibrium points in the free space
between other electric bodies [108]. Loopholes to these no-go statements include repulsive
dispersion forces predicted for objects with a magnetic or chiral response (see also Chap. 3
of this thesis); for an anisotropic particle above a plate with a hole [109, P51]; or observed
inside liquid media (Chap. 4) and for excited objects (Chap. 5).
A number of fundamental questions have led to heated debates involving theorists and

experimentalists [P4]. The most prominent one is the discrepancy between measurements
and predictions of the Casimir force between metals at finite temperature [91, 92]; this is
often referred to as the Drude–plasma debate in honour of the prominent role that conduc-
tion electrons and their correct description seem to play [67, 110, 111]. A, at least to date,
purely theoretical issue is the Casimir energy of a single compact object [112, 113, 114]. A
range of theoretical questions regarding the correct description of Casimir forces in media;
the separation dependence of VdW forces between excited atoms; and the existence and
velocity-dependence of quantum friction will be addressed in detail in this thesis.





2. Macroscopic quantum
electrodynamics

Macroscopic quantum electrodynamics in dispersing and absorbing media forms the basis
for studying the impact of light ranging from the quantum vacuum to few and many photons
on microscopic and macroscopic matter. We have continuously developed and adapted this
theory to incorporate new developments in materials design and to answer new fundamental
questions. Major steps include the generalisation to media with a nonreciprocal response,
the establishment of duality as a powerful theoretical tool; and the determination of concrete
Green tensors and their symmetries.

2.1. Nonreciprocal media

Macroscopic QED in dispersing and absorbing media was originally conceived for isotropic
dielectric bodies [29] which can be described by a position- and frequency-dependent (rela-
tive) dielectric permittivity ε(r, ω). Motivated by successes in the design and fabrication of
metamaterials [115, 116] and electronic [117, 118] as well as photonic [119, 120] topological
insulators, we have extended the theory to arbitrary linear media with particular attention
to those exhibiting a nonreciprocal response [S1].
The coupling of the electromagnetic field to such media can be described via the nonlocal

conductivity tensor Q(r, r′, ω) according to Ohm’s law in frequency space

ĵ = Q∗Ê + ĵn (2.1)

(∗: spatial convolution), which gives the internal current density ĵ(r, ω) as a linear response
to the electric field Ê(r, ω) plus a noise current density ĵn(r, ω). With the aid of Maxwell’s
equations, one finds that the electric field is in turn generated by the noise currents,

Ê = iµ0ωG ∗ĵn , (2.2)

where the Green tensor G (r, r′, ω) plays the role of a propagator; it is the classical solution
to a Helmholtz equation. Following the approach developed in Ref. [121] for reciprocal
media, an explicit field quantisation can be achieved by invoking the fluctuation–dissipation
theorem [21, 22],

[
ĵn(r, ω), ĵ†n(r′, ω′)

]
=

~ω
π
ReQ(r, r′, ω)δ(ω − ω′) . (2.3)

Note that nonreciprocal media possess an asymmetric conductivity tensor which necessitates
the use of a generalised real part ReQ =

(
Q + Q†

)
/2. By taking a formal square root of

the right hand side of the above equation, one can finally identify bosonic creation and
annihilation operators f̂ †(r, ω) and f̂(r, ω) for the polariton-like fundamental excitations
of the field–matter system, whose Hamiltonian assumes the form of a collection of harmonic
oscillators:

ĤF =

∫
d3r

∫ ∞

0

dω ~ωf̂ † ·f̂ . (2.4)
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In particular when studying magneto-electric, chiral media, or topological insulators, it is
advantageous to use an equivalent alternative formulation of macroscopic electrodynamics
where linear constitutive relations

D̂ = ε0ε·Ê +
1

c
ξ ·Ĥ + P̂n +

1

c
ξ ·M̂n , (2.5)

B̂ =
1

c
ζ ·Ê + µ0µ·Ĥ + µ0µ·M̂n (2.6)

for the electric and magnetic fields Ê(r, ω) and B̂(r, ω) and excitations D̂(r, ω) and Ĥ(r, ω)
are used in place of Ohm’s law. The linear response is governed by the tensor-valued dielectric
permittivity ε(r, ω), magnetic permeability µ(r, ω) and two cross-susceptibilities ξ(r, ω)
and ζ(r, ω), which often feature in their above local forms. The noise current density has
been decomposed into a noise polarisation P̂n(r, ω) and magnetisation M̂n(r, ω) according
to ĵn = −iωP̂n + ∇×M̂n. As a consequence, one distinguishes fundamental electric from
magnetic field–matter excitations which are related to noise polarisation and magnetisation,
respectively. The emerging alternative formulation of macroscopic QED has the advantages
that electric and magnetic effects can be easily identified and that the present media are
described by response functions which are readily available from tabulated optical data.
Macroscopic QED in either of its above equivalent forms is valid for nonreciprocal media.

A reciprocal response is characterised by symmetric conductivity, permittivity and perme-
ability tensors and cross-susceptibilities which are related via ξT = −ζ. On the contrary,
nonreciprocal media carry an intrinsic arrow of time which may be imprinted onto the sys-
tem, e.g. via an applied magnetic field, as is the case for most topological insulators; or by
motion, with both magnetic field and velocity being odd with respect to time reversal. This
has profound consequences in optics as Lorentz reciprocity [122] is violated and sources and
fields can no longer be interchanged, viz. G (r, r′, ω) 6= GT(r′, r, ω). Despite this asymme-
try, we have been able to show that the Green tensor still satisfies the completeness relation
which is so vital for the construction of a workable field quantisation.
In quantum optics, nonreciprocal media can lead to an asymmetric coupling of emitters

which can be exploited to enforce unidirectional energy transfer in a chain of atoms [123]
or to induce a persistent heat current between three objects held at different temperatures
[124]. As we will see in Chap. 3, the directional properties of topological insulators affect
the attractive versus repulsive nature of dispersion forces and can even be used to induce
Casimir torques.
A number of applications of macroscopic QED to determine quantum vacuum effects

will be described in detail in the following chapters. In addition, we have shown that the
formalism provides a simple tool to calculate electrostatic Coulomb interactions in com-
plex geometries on the basis of the Green tensor [P28]; and have employed it to predict
environment-induced modifications to the electron magnetic moment [P18].

2.2. Duality

Macroscopic QED is primarily concerned with neutral bodies and media with no isolated
charges or currents being present. In this case, Maxwell’s equations assume their homoge-
neous form and are symmetric with respect to an exchange of electric and magnetic fields
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as can be made apparent by combining these into dual pairs,

∇·
(
Z0D̂

B̂

)
=

(
0
0

)
, (2.7)

∇×
(
Ê

Z0Ĥ

)
− iω

(
0 1
−1 0

)
·
(
Z0D̂

B̂

)
=

(
0
0

)
(2.8)

(Z0 =
√
µ0/ε0 : vacuum impedance). It then becomes obvious that a duality transformation

(
x
y

)
7→ D(θ)·

(
x
y

)
with D(θ) =

(
cos θ sin θ
− sin θ cos θ

)
(2.9)

applied to all dual pairs above leaves Maxwell’s equations invariant for arbitrary rotation
angles θ [17, 125].
We have developed duality into a powerful analytical tool within the context of macro-

scopic QED by deriving the transformation behaviour of the medium properties and result-
ing field propagation [S2, P78]. The constitutive relations (2.5)–(2.6) being linear, one finds
that the medium reponse functions transform as




ε
ζ
ξ
µ


 7→ D(θ)⊗D(θ)·




ε
ζ
ξ
µ


 . (2.10)

Due to the implied mixing of the purely electric or magnetic response functions with the
cross-susceptibilities, one finds a nontrivial interplay of duality and reciprocity. In particular,
duality transformations only conserve reciprocity for rotation angles θ = nπ/2 with integer
n, demonstrating that nonreciprocal media generically arise from duality transformations. A
prominent example is the perfect electromagnetic conductor [126] which is obtained from the
ordinary perfect conductor (ε→∞) by means of a duality rotation. One arrives at a gener-
alised ideal material with ε, µ→∞, ξ = ζ = ±√εµ→∞, and a finite ratio

√
ε/µ = ± cot θ,

which continuously interpolates between the perfect electric conductor (θ = 0) and an in-
finitely permeable medium (θ = π/2).
The practical virtue of duality symmetry is the ability to generate new solutions to

Maxwell’s equations for bodies with a given magneto-electric response from known solu-
tions for bodies with the dual response according to the above relation (2.10). To this end,
we introduce electric and magnetic Green tensors according to

G ee =
iω

c
G

iω

c
, G em =

iω

c
G×←−∇′ , (2.11)

Gme = ∇×G
iω

c
, Gmm = ∇×G×←−∇′ . (2.12)

One can then obtain new solutions by subjecting these to a duality transformation; in the
special case where the arguments r 6= r′ are situated in free-space regions, this is simply
achieved by applying the transformation (2.10) to (G ee,Gme,G em,Gmm)T. A simple example
is the generation of solutions of magnetostatics such as the magnetic field of a magnetic
dipole from the corresponding ones of electrostatics. As we will see in Chap. 3, one can use
duality in the context of dispersion forces both as a consistency check and as an elegant
means to obtain new dispersion potentials.
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2.3. Green tensor

The versatiliy of macroscopic QED is rooted in the use of the Green tensor as a central ingre-
dient: it encodes all relevant information about both the electromagnetic properties of the
present bodies and media and their geometry, i.e. their shapes, sizes, and relative positions.
General properties of the Green tensor may hence be used to make general statements about
QED phenomena such as dispersion forces. One such property is the behaviour with respect
to a rescaling of all sizes, distances, and wavelengths by a global factor a: r 7→ ar, ω 7→ ω/a.
We have derived the respective scaling behaviour of the Green tensor [S3] from the defining
Helmholtz equation which for isotropic media reads

∇× 1

µ(r, ω)
∇×G (r, r′, ω)− ω2

c2
ε(r, ω)G (r, r′, ω) = δ(r − r′) . (2.13)

Due to the dispersive nature of medium responses, we have to distinguish two regimes. In
the retarded far-field regime of distances and sizes which are much larger than the relevant
wavelengths of the electromagnetic field, dispersion can be neglected and the Helmholtz
equation implies a 1/a scaling of the Green tensor. In the opposite nonretarded regime, we
have to distinguish between the electrostatic limit for bodies with a purely electric response,
leading to a 1/a3 scaling, and the magnetostatic limit for purely magnetic bodies, where a
1/a scaling is observed.
When applying the results of macroscopic QED to concrete geometries, the respective

explicit Green tensor is required. For bodies with planar [127, 128], spherical [129] and
cylindrical symmetries [130] and simple magneto-electric media, analytical solutions are well
known and given in terms of vector wave functions [20]. We have generalised such solutions
for the paradigmatic case of a planar multilayer system to allow for more general media
and periodic surface structures. Such a system is a stack of homogeneous layers with plane
parallel interfaces and infinite lateral extension in the xy-plane. The intrinsic symmetry can
be exploited by performing a spatial Fourier transformation in this plane, leading to a Weyl
expansion [131]

G (r, r′, ω) =

∫
d2k‖ eik

‖·(r−r′)G (k‖, z, z′, ω) . (2.14)

Its components are given in terms of generalised Fresnel reflection and transmission coeffi-
cients [132] for plane waves which conserve the lateral wave vector k‖ due to the respective
translation symmetry. We have derived these coefficients for the perfect electromagnetic
conductor as introduced above [S5]; electronic topological insulators with isotropic cross-
susceptibilities ξ and ζ [P47]; and photonic topological insulators with a nonsymmetric
permittivity ε [S6]. In all these cases, we have found that reflection and transmission at
interfaces mixes the two linear polarisations of incident plane waves. In addition, photonic
topological insulators may exhibit a strong dependence of reflection and transmission on the
direction of the lateral wave vector. For surfaces with one-dimensional periodic corrugations
the continuous translational symmetry is broken, leading to Rayleigh reflection and trans-
mission coefficients [133] which mix lateral wave vectors with kx − k′x = 2πn/d for integer n
where d is the period of the corrugations [134, 135, S4].
The Fresnel and Rayleigh coefficients can assume very intricate forms in the above cases.

To alleviate the computational effort while at the same time verifying the consistency, we
have derived a set of symmetry relations [S4]. The most general symmetry relation follows
from the Schwarz reflection principle for the Green tensor G (r, r′,−ω∗) = G ∗(r, r′, ω) and is
valid for arbitrary causal media. In particular, it ensures that the Green tensor is real-valued
at purely imaginary frequencies, G (r, r′, iξ). Another set of symmetries for the coefficients
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follows from Lorentz reciprocity and hence only holds for reciprocal media. Further sym-
metries may follow from possible inversion symmetries of the media and interfaces in the
xy-plane and an isotropy in this plane, respectively.





3. Vacuum dispersion forces

Dispersion forces as originally conceived by Casimir and Polder [44, 48] are vacuum forces
in two respects: they arise when all interacting objects are in their ground state and the
electromagnetic field is in its vacuum state; and they refer to objects in free space. The
strength and direction of dispersion forces depend on both geometry, i.e. the shape, size,
orientation and distances between the objects, and spectral properties, i.e. their electromag-
netic response. We have studied both these dependences with a focus on new fundamental
effects that arise from nontrivial electromagnetic responses [69].
In the following, we shall describe how Casimir forces between two bodies, CP forces

between atoms and bodies, and VdW forces between atoms can be analysed within the
framework of macroscopic QED. After presenting specific results for variety of different
systems, we will formulate some general principles that govern the behaviour of dispersion
forces.

3.1. Casimir forces

As first proposed by Lifshitz [58], the Casimir force on an object is the vacuum expectation
value of all electromagnetic stresses acting on its surface ∂V ,

F =

∫

∂V

dA·〈σ〉 . (3.1)

In free space, the electromagnetic stress tensor is given by

σ = ε0Ê⊗Ê +
1

µ0

B̂⊗B̂ − 1

2

(
ε0Ê

2 +
1

µ0

B̂2

)
I (3.2)

(I : unit tensor). Its vacuum expectation value can be evaluated using either of the two
explicit field quantisations presented in Chap. 2 [S5, S6],

〈σ(r)〉 = −~
π

∑

λ=e,m

∫ ∞

0

dξ
[
SG (1)

λλ (r, r, iξ)− 1
2
trG (1)

λλ (r, r, iξ)I
]
. (3.3)

Note that we have discarded self-interactions by retaining only the scattering part of the
Green tensor G (1) which is associated with reflections of the electromagnetic field at the
surfaces of present bodies. We have thus generalised earlier findings for the Casimir force
[136] to arbitrary arrangements of bodies with a linear electromagnetic response. In par-
ticular, the symmetrisation SG =

(
G + GT)

/
2 is required in the presence of nonreciprocal

materials.
In the paradigmatic case of two infinite parallel surfaces at separation z, one may use the

multilayer Green tensor in Weyl decomposition to find a Casimir force per unit area [S5, S6]

f(z) = − ~
4π3

∫ ∞

0

d2k‖
∫ ∞

0

dξ κe−2κzTr
[
R1 ·

(
1−R2 ·R1e

−2κz)−1 ·R2

]
ez (3.4)

(κ = Im kz). This generalises Lifshitz’s theory [58] to the case of nonreciprocal materials.
The reflection matrices R1(k

‖, iξ) and R2(k
‖, iξ) of the two surfaces mix polarisations for
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anisotropic or bi-isotropic media. For isotropic media, they reduce to ordinary Fresnel co-
efficients [132]. Due to the high symmetry of the system, our result assumes the same form
as previously derived for the reciprocal case [137].
To demonstrate the scope of the theory, we have applied it to the highly idealised perfect

electromagnetic conductor; the recently emerged photonic topological insulator; and a poly-
mer film interacting with a solid substrate. Our investigation of the Casimir force for perfect
electromagnetic conductors [S5] was motivated by Boyer’s observation that the Casimir force
between a perfectly conducting plate and an infinitely permeable one is repulsive [138]. The
perfect electromagnetic conductor [126] as introduced in Chap. 2 continuously interpolates
between the two ideal materials. We consider two perfect electromagnetic conductor plates,
parametrised by duality angles θ1 and θ2, respectively. The reflection matrices can be de-
rived from that of a perfect electric conductor by means of a duality transformation. Being
independent of both lateral wave vector and frequency, they allow for an analytical solution
for the Casimir force [S5]:

f(z) = − ~c
8π2z4

[
π4

30
−∆θ2(π −∆θ)2

]
ez . (3.5)

As a signature of global duality invariance (cf. Sect. 3.4 below), the Casimir force only
depends on the difference ∆θ = θ1 − θ2 between the duality angles. Our result interpolates
between Casimir’s attractive force for two perfectly conducting plates [48] and Boyer’s repul-
sive result [138] as extreme cases. Remarkably, the integral

∫ π/2
0

d(∆θ)f vanishes, showing
that attractive and repulsive forces occupy equally large parameter spaces.
Photonic topological insulators exhibit a preferential direction which is imprinted by an

external magnetic field [119]. Their anisotropic permitivity ε assumes a block-diagonal form
with the components perpendicular to the preferred axis forming an antisymmetric 2× 2
matrix. We have studied the Casimir effect for two parallel plates made of such anisotropic
nonreciprocal dielectrics [S6]. Determining the reflection coefficients via the boundary con-
ditions for the electromagnetic field at interfaces of anisotropic media [137] and solving the
lateral wave vector and frequency integrals numerically, we have been able to show how
the strength of the Casimir force between photonic topological insulators can be tuned by
means of external magnetic fields. The field-induced enhancement is most pronounced in the
highly symmetric situation of magnetic fields pointing perpendicularly out of the surfaces
of the topological insulators. In the antisymmetric configuration of one field pointing out
of and one into the respective surface, we find a much weaker enhancement, which can be
interpreted as a reduction when compared to the average case.
When the external magnetic fields are oriented parallel to the surfaces, the guided plasmon

modes become strongly directional as evidenced by a dependence of the reflection coefficients
on the direction of the lateral wave vector k‖. In this case, a Casimir torque can arise between
the two topological insulator plates which depends on the relative angle φ between the two
in-plane magnetic fields. We have derived this torque by first integrating the above Casimir
force (3.4) to obtain the Casimir energy E per unit area A according to f = −∇E/A [S7].
The torque per unit area then follows by taking the derivative with respect to the angle,
τ/A = −(∂/∂φ)E/Aez. We find that the torque acts to align the two magnetic-field vectors
parallel to one another, hence displaying a 2π periodicity in its angle-dependence. This
feature distinguishes the Casimir torque between two photonic topological insulators from
all other Casimir torques, namely those between birefringent dielectrics [139, 140], electronic
topological insulators [141] or corrugated surfaces [142]. In the two latter cases, the surfaces
exhibit a distinguished axis (as opposed to a distinguished direction), so the torque has a
periodicity of π. The Casimir torque between two birefringent dielectrics has been observed
experimentally only very recently [95], see also Ref. [P8].
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As a last example, our investigation of the adhesion of polymer films on solid substrates
demonstrates that the Lifshitz’s macrosopic theory can be used in conjunction with inputs
from microscopic simulations. The study was motivated by the Van der Waals-based dry
adhesion of gecko feet to solid surfaces where a hierarchy of flexible hair establishes close
contact despite microscopic surface roughness [79]. In a biomimetic approach akin to the
recently constructed gecko tape [143], we showed that the flexible chemically inert polymer
ethylene-chlorotrifluoroethylene can similarly overcome surface roughness to ensure a large
adhesion force [S8]. To this end, we combine the above Lifshitz’s result (3.4) with density
functional theory calculations of the dielectric permittivity of the polymer film. The same
microscopic simulations also help us determine the equilibrium distance of the polymer from
the solid substrate. We find adhesion forces ranging from 1.48 kN/mm2 for silicon dioxide
to 2.22 kN/mm2 for steel. These values for perfectly smooth substrates serve as an upper
limit to the forces achievable on rough surfaces. To account for the latter effect, we have
alternatively used the proximity force or Derjaguin’s approximation which is based on a
decomposition into small parallel surface segments [144] and Hamaker’s approach which
calculates the dispersion force between two objects as a pairwise sum over their volumes
[145]. For one-dimensional periodic sawtooth corrugations, we find that the reduction due to
surface roughness depends on the opening angle between neighbouring peaks: for narrower
angles, the contact between substrate and polymer film is reduced, leading to a smaller
adhesion force.

3.2. Casimir–Polder forces

According to Casimir and Polder’s original idea, the CP potential can be derived from
the position-dependent energy of the atom–field system [44]. Starting from the uncoupled
product of the atomic ground state |0A〉 and the quantum vacuum |0F〉, with the latter
being the ground state of the field–matter Hamiltonian (2.4), this energy can be obtained
using perturbation theory. We have generalised this approach to nonreciprocal media and
to a range of atom–field interactions.
The interaction of a purely electric atom with the quantum vacuum in the presence of non-

reciprocal media can be described by means of an electric-dipole interaction Ĥint = −d̂·Ê(r)
[146, P96]. The leading contribution to the CP potential is of second order in this coupling
and involves the emission and reabsorption of one virtual photon. Using the field quantisa-
tion of Chap. 2 to evaluate the interaction matrix elements, one finds a ground-state CP
potential [S9, S10]

U(r) =
~µ0

2π

∫ ∞

0

dξ ξ2tr
[
α(iξ)·G (1)(r, r, iξ)

]
(3.6)

for a ground-state atom with polarisability

α(ω) = lim
δ→0+

1

~
∑

k

(
dk0⊗d0k

ω + ωk0 + iδ
− d0k⊗dk0
ω − ω0k + iδ

)
(3.7)

(d0k = 〈0A|d̂|nA〉: electric dipole matrix elements, ωk0 = (Ek − E0)/~: transition frequen-
cies) within an arbitrary environment of nonreciprocal bodies. As in the case of the Casimir
force, we have discarded self-interactions by retaining only the scattering part of the Green’s
tensor. In the special case of an isotropic atom at distance z from a perfectly conducting
plate, one recovers Casimir and Polder’s original result [44]. For a perfect nonreciprocal
plate (i.e. a perfect electromagnetic conductor with duality angle θ = π/4), the scattering
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Green’s tensor is completely antisymmetric and hence the potential of an isotropic atom
vanishes. We have shown that to obtain a nonvanishing interaction, one needs to consider
an atom with a nonsymmetric polarisability as induced, e.g. by circular dipole moments
[S9]. Similar results are obtained when generalising the perfect nonreciprocal plate to an
electronic topological insulator [S9] a Chern–Simons medium [S10].
More generally, the interaction of an atom with an electromagnetic and chiral response

with the electromagnetic field is described by a coupling [147, 148, P96]

Ĥint = −d̂·Ê(r)− m̂·B̂(r)− 1
2
B̂(r)·β̂dia ·B̂(r) (3.8)

that includes electric- and magnetic-dipole contributions as well as a diamagnetic interaction
(β̂dia: diamagnetic magnetisability). After collecting all contributions to the energy shift
which involve the emission and reabsorption of one virtual photon, the total ground-state
CP potential can be given as [S9, S10, S11, S12, S13, P64]

U(r) =
~

2πε0

∑

λ1,λ2=e,m

∫ ∞

0

dξ tr
[
αλ1λ2(iξ)·G (1)

λ2λ1
(r, r, iξ)

]
(3.9)

where we have introduced the electric/magnetic Green tensors (2.11)–(2.12). Here, αee is
the electric polarisability defined above which gives rise to the ordinary CP potential. The
magnetic polarisability αmm contains paramagnetic and diamagnetic contributions. The
former leads to a repulsive potential near a perfectly conducting plate [S11] in analogy with
Boyer’s repulsive Casimir force between an infinitely permeable and a perfectly conducting
plate [138]. The diamagnetic magnetisability being negative due to Lenz’s law [149], it is
associated with an opposing, attractive interaction [S12].
The electromagnetic cross-polarisabilities

αem(ω) = lim
δ→0+

1

~c
∑

k

(
dk0⊗m0k

ω + ωk0 + iδ
− d0k⊗mk0

ω − ωk0 + iδ

)
, (3.10)

αem(ω) = lim
δ→0+

1

~c
∑

k

(
mk0⊗d0k

ω + ωk0 + iδ
− m0k⊗dk0
ω − ωk0 + iδ

)
(3.11)

(m0k = 〈0A|m̂|nA〉: magnetic dipole matrix elements) only contribute in the case of re-
duced atomic or molecular symmetries. Chiral molecules with a broken parity symmetry
occur as two distinct right- and left-handed enantiomers which are mirror images of each
other. As these molecules are symmetric with respect to time-reversal, Lloyd’s theorem
states that their cross-polarisabilities are related according to αme = −αT

em [150]. We have
shown that the associated chiral CP potential is governed by the optical rotatory strength
Rk = Im(d0k ·mk0) which takes opposite signs for right- versus left-handed molecules [151].
The chiral CP force is hence attractive or repulsive, depending on the handedness of the
molecule [S13, P64]. The effect can be enhanced by means of dynamical self-dressing [P43].
We have shown how discriminatory CP interactions of chiral molecules with chiral surfaces
may be exploited for enantiomer separation [P12].
Charge–parity violating effects in atoms, on the contrary, lead to charge–parity-odd cross-

polarisabilities such that αme = αT
em [152]. We have shown that charge–parity violation thus

becomes manifest in the CP interaction of an atom with the surface of a medium whose
response is odd under time-reversal, such as a perfect electromagnetic conductor, a Chern–
Simons medium, or a topological insulator [S10].
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3.3. Van der Waals forces

Van der Waals forces between atoms can also be obtained from the ground-state energy
of coupled atom–field system following Casimir and Polder [44]. Based on this idea, we
have used macroscopic QED to develop a theory of VdW forces for a range of atom–field
interactions that agrees with the results of normal-mode QED in free space, but also accounts
for modifications induced by bodies and surfaces.
Point of departure is once more the factorised ground state of the system which now has

three components: the ground states |0A〉 and |0B〉 of the two atoms and the quantum vac-
uum |0F〉. The interaction in electric-dipole approximation Ĥint = −d̂A ·Ê(rA)− d̂B ·Ê(rB)
involves the coupling of each atom to the body-assisted field at the respective positions
[146, P96]. This interaction induces a shift to the ground-state energy that depends on the
positions of both atoms and can hence be identified as the VdW potential. The leading
contribution is of fourth order and involves the exchange of two virtual photons between
the atoms [8]. The calculation is hence considerably more complex than in the single-atom
case as it involves twelve distinct Feynman diagrams [153] instead of just one. Using the
quantisation scheme of Chap. 2, one finds [P90]

U(rA, rB) = −~µ2
0

2π

∫ ∞

0

dξ ξ4tr
[
αA(iξ)·G (rA, rB, iξ)·αB(iξ)·G (rB, rA, iξ)

]
. (3.12)

Unlike the single-atom case, the VdW potential contains the full Green tensor which acts as
a propagator for the virtual photons exchanged between the atoms. In free space, the above
expression reduces to the well-known result by Casimir and Polder [44].
The theory can be extended to atoms with a more general electromagnetic response by

using an interaction of the form (3.8) for each atom. The resulting VdW potential can be
expressed in terms of the electric/magnetic Green tensors (2.11)–(2.12) and the electromag-
netic polarisabilities of the two atoms [P87, S11, S12, S14],

U(rA, rB) = − ~
2πε20

∑

λ1,λ2,λ3,λ4=e,m

∫ ∞

0

dξ

× tr
[
αA
λ1λ2

(iξ)·Gλ2λ3(rA, rB, iξ)·αB
λ3λ4

(iξ)·Gλ4λ1(rB, rA, iξ)
]
. (3.13)

In free space, we again recover the normal-mode results for VdW potentials involving para-
[154, 155], diamagnetic [156], or chiral molecules [157] whose properties are encoded via the
respective polarisabilities. For anisotropic molecules, the VdW potential depends not only
on their distance, but also on their orientation as represented by polarisability tensors α. We
have developed a simplified description of this dependence in terms of effective molecular
eccentricities [P24]. Finite-size effects manifest themselves via higher-order multipoles in the
interaction Hamiltonian, as we have demonstrated [P21] by including electric quadrupole
and octupule transitions in the three-atom Axilrod–Teller potential [158].
The true benefit of the macroscopic-QED description lies in its ability to describe body-

induced modifications of the VdW potential. By using the respective Green tensors, we have
shown this effect for perfectly conducting, magneto-electric [P87, P90] or chiral plates [S14]
and spheres [S11, P85]. This can be understood in terms of image dipoles [17]: a given atom
A interacts with both a second atom B and its mirror image behind the surface, where
constructive or destructive interference can lead to enhancement or reduction of the VdW
potential with respect to the free-space value. This genuine many-body interaction depends
on the distances of both atoms from each other and the body as well as the orientation of
their line of sight with respect to the surface. For instance, the VdW potential of two electric
atoms is reduced by a factor of up to 2/3 in the vicinity of a perfectly conducting plate for
parallel alignment and enhanced by up to 8/3 for perpendicular alignment [P90].
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3.4. General principles

Our extensive studies of dispersion forces for a range of geometries and material properties
allow us to formulate some emerging general principles regarding their scaling behaviour;
duality symmetry; attractive versus respulsive nature; and potential use as a probe for
material properties.
The macroscopic-QED expressions (3.3), (3.6) and (3.12) for the Casimir, CP and VdW

interactions immediately reveal that these do not depend on distance in the form of simple
power laws in general. They are all given as integrals of the Green tensor along the positive
imaginary frequency axis, so that all frequencies contribute and spectral and geometric
dependences become intrinsically intertwined. With the aid of the scaling transformation
for the Green tensor derived in Sect. 2.3, we have nevertheless been able to formulate simple
scaling laws in two asymptotic regimes [S3]: In the far-field or retarded regime all distances
and sizes of the interacting objects are much larger than all characteristic wavelengths of
their spectral response such as those associated with the relevant medium resonance, plasma
or atomic transition frequencies. In this zone, a combination of our above results with the
scaling behaviour of the Green tensor implies that a resizing of all distances and sizes by a
factor a leads to a scaling of the Casimir force per unit area as 1/a4, of the CP potential as
1/a4 and of the VdW potential as 1/a7. In the opposite near-field or nonretarded regime,
one needs to distinguish whether only electric or only magnetic bodies are present: for
electric bodies, the Casimir force scales as 1/a3, the Casimir–Polder potential of an electric
atom scales as 1/a3 and the respective VdW potential as 1/a6, while for purely magnetic
properties, these interactions are governed by 1/a3, 1/a and 1/a6 power laws, respectively.
For configurations characterised by a single distance parameter such as the Casimir force
between two plates of infinite thickness, the CP force between an atom and a plate of infinite
thickness or the VdW force between two atoms in free space, these scaling laws immediately
imply simple power laws as given in Tab. 3.1. For more involved geometries, one can use
scaling laws to factorise the distance and size dependences into a power law with respect to
a chosen length times a scaling function that only depends on dimensionless parameters.
The above results for dispersion interactions can be combined with the transformation

laws of Sect. 2.2 for the Green tensor to prove that dispersion forces in free space are invariant
with respect to a global duality transformation [S2, P78]. One example of this is the Casimir
force between two perfect electromagnetic conductors [S5]: it depends only on the difference
of their duality rotation angles which remains unchanged under such a transformation. The
duality invariance can be used as a consistency check or to generate new results for dispersion
forces in a given arrangement of magneto-electric objects from known solutions by replacing
all electric response functions with their dual magnetic counterparts and vice versa. This is
illustrated in Tab. 3.1 where we list signs and power laws of a range of dispersion forces.
Note that duality transforms the permittivity to a paramagnetic permeability, which is why

Table 3.1.: Signs and power laws for dispersion forces
Interaction Retarded regime Nonretarded regime
objects elect.–elect. elect.–magnet. elect.–elect. elect.–magnet.
dual objects magnet.–magnet. magnet.–elect. magnet.–magnet. magnet.–elect.
Casimir force −1/z4 +1/z4 −1/z3 +1/z

CP potential −1/z4 +1/z4 −1/z3 +1/z

VdW potential −1/r7 +1/r7 −1/r6 +1/r4
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Table 3.2.: Opposites repel—contrary properties associated with repulsive forces
Symmetry and examples Property Opposite property
duality

magneto-electrics electric magnetic

parity
chiral enantiomers right-handed left-handed

time reversal
charge-parity violating molecules electric and magnetic electric and magnetic

dipoles parallel dipoles antiparallel
photonic topological insulators magnetic field magnetic field

out of surface into surface
electronic topological insulators positive axion coupling negative axion coupling

all asymptotes given in the table refer to para- as opposed to diamagnetic objects.
The attractive and repulsive forces shown in the table together with a host of further

findings mentioned in this chapter can be subsumed under a general heuristic law regarding
the sign of dispersion forces between ground-state objects in free space: opposites repel.
In other words, whenever the possible material properties of the interacting objects occur
in pairs that are related via a discrete symmetry (e.g. electric versus magnetic, as related
via duality), then two objects that share the same nature will be subject to an attractive
dispersion interaction while objects of opposite nature will repel each other. Examples for
this rule are listed in Tab. 3.2.
As dispersion forces sensitively depend on the material properties of the interacting ob-

jects, one can conversely use these forces as a sensor for the latter. To this end, Curie’s
symmetry principle needs to be taken into account [159]. Originally formulated for the
probing of crystal symmetries, it states that a symmetry of an object can only be probed
by means of a reference object serving as a detector which is also sensitive to the same sym-
metry. For instance, one finds that the chiral interaction of isotropic left- or right-handed
molecules with a nonchiral atom vanishes [157], so the VdW interaction with a nonchiral
atom can obviously not be used to discriminate enantiomers. One way to circumvent this
problem is the use of a second chiral molecule to act as a reference object where one finds
that the chiral–chiral VdW force is typically extremely small. We have proposed body-
induced interactions as an alternative [S14]: a surface with a chiral response can serve as
a reference object by inducing a discriminatory VdW force between a chiral molecule and
a nonchiral atom. Further examples for exploiting Curie’s symmetry principle are listed in
Tab. 3.3 where dispersion forces might serve as probes for material properties with respect
to time-reversal and charge–parity symmetries.

Table 3.3.: Use of dispersion interactions for probing for symmetries
Symmetry Sample Detector
parity chiral molecule chiral molecule, chiral plate
time reversal electronic topological insulator circularly polarised atom

photonic topological insulator photonic topological insulator
charge–parity charge–parity violating atom electronic topological insulator





4. Dispersion forces in media

Dispersion forces in free space are typically only observed under highly idealised laboratory
conditions, whereas the forces relevant to physical chemistry or colloid science often act on
objects embedded in liquid media. In the following, we will discuss how the theory of the
previous chapter can be generalised to address the very specific problems that arise when
calculating CP and VdW forces on the one hand or Casimir forces on the other within such
settings.

4.1. Casimir–Polder and Van der Waals forces

Macroscopic QED crucially relies on the assumption that all present bodies and media
can be modelled via a continuum description that does not resolve their atomic structure.
This assumption is intrinsically incompatible with placing a microscopic atom within such a
medium. The problems that arise when combining point particles with a continuum theory
are most plastically illustrated by the behaviour of spontaneous decay within a medium.
The spontaneous decay rate of an excited atom from state |n〉 to a lower state |k〉 in an
abritrary environment can be calculated by means of macroscopic QED where it turns out
to be proportional to the imaginary part of the Green tensor [P6],

Γnk(r) =
2µ0

~
ω2
nkdnk ·Im G (r, r, ωnk)·dkn . (4.1)

The result agrees with the well-known Einstein rate [45] in free space and becomes modified
within a non-absorbing medium. For an absorbing medium however, one finds an unphysical
divergent decay rate that stems from the near-field interaction of the atom with the medium
in its immediate neighbourhood. This interaction is unphysical as the medium atoms will
never occupy the exact same position as the guest atom due to Pauli repulsion. A solution
to this problem was given by Onsager’s real-cavity model [160]: he proposed to surround the
guest atom with a finite spherical free-space cavity that prevents immediate contact with
the medium.
Our expressions for CP and VdW forces can formally be applied to atoms embedded

in media without encountering any divergences where one finds that the interactions are
reduced due to screening. However, the result is not realistic as it neglects the local-field
effects associated with the real cavity model. Such a naïve application of macroscopic QED
to atoms in media is also not very satisfying on a formal level as it leads to forces that are
not duality-invariant. To address these problems, we had shown earlier how the real-cavity
model can be implemented within the framework of macroscopic QED by determining the
respective Green tensor for the modified setting including spherical cavities around each
atom [P88]. Applying this local-field corrected Green tensor to CP and VdW forces, we find
that Eqs. (3.6) and (3.12) apply in a medium of permittivity ε provided that the free-space
electric polarisability α is replaced with the correct effective polarisability [S15]

α∗ =

(
3ε

2ε+ 1

)2

α . (4.2)



26 4. Dispersion forces in media

Determining CP and VdW interactions in water, we find enhancements due to local-field
effects within the theoretical upper limits of factors 9/4 or 81/16 for the two cases. We
have compared these results with alternative descriptions such as the virtual cavity model
or the hard-sphere and finite-size models presented in the next two sections. Our results for
dispersion forces in planar multilayer systems [P80] have been used to study the effect of salt
ions on the thickness of wetting films on melting ice [P44] and to investigate the potential
use of silica [P46] or cellulose [P52] for carbon dioxide capture.
We have generalised the real-cavity model to magnetic atoms where the magnetic polar-

isability αmm must be replaced by its effective counterpart [S11]

α∗mm =

(
3

2µ+ 1

)2

αmm (4.3)

where µ is the permeability of the surrounding medium. With these modifications, CP and
VdW forces in media obey duality symmetry.

4.2. Casimir forces

The Casimir force in a medium is fraught with ambiguities, because it has been debated
whether the Maxwell (3.3) or the Abraham stress tensor [161]

σ = ε0D̂⊗Ê +
1

µ0

Ĥ⊗B̂ − 1

2

(
ε0D̂ ·Ê +

1

µ0

Ĥ ·B̂
)
I (4.4)

should be used for its derivation. Dzyaloshinkii, Lifshitz and Pitaesvkii’s use of the Abraham
stress tensor [162] had been criticised by Raabe and Welsch [136] who argued that only the
Maxwell stress tensor is compatible with a derivation on the basis of the Lorentz force. This
had led to a lively debate [163, 164, 165] where canonical quantisation [166] and arguments
from classical electrodynamics [167] had been invoked in favour of the Abraham stress tensor,
but Raabe and Welsch insisted on the Lorentz force as the more fundamental concept.
To avoid the potentially problematic definition of the stress tensor in a medium altogether,

we have developed a microscopic test of the two approaches, showing that only the Casimir
force derived by Dzyaloshinkii, Lifshitz and Pitaesvkii on the basis on the Abraham stress
tensor correctly accounts for three-particle VdW interactions between the interacting bodies
and the intervening medium [S16]. We have derived the Casimir forces for one or two small
spheres inside a medium and shown that they can be given by the CP and VdW expressions
(3.6) and (3.12) when replacing the atomic polarisability with the excess polarisability of a
dielectric sphere of radius R and permittivity εs [17],

α∗s = 4πε0εR
3 εs − ε
εs + 2ε

. (4.5)

The excess polarisability becomes negative when the medium is more optically dense than
the sphere. This can lead to repulsive forces which are akin to the rising of an air bubble
in water in an apparent reversal of gravity. We have predicted that early stages of ice
condensation take place below the water surface due to such repulsive Casimir forces [P23];
and that gas hydrates in freezing water may be coated with a thin ice layer, depending on
their species [P9].
Introducing the magnetic polarisability of a sphere, we have shown that the Casimir

force in a medium as based on the Abraham stress tensor is duality-invariant. As a further
application of the Casimir force in a medium, we have pointed out that the interaction
between objects embedded in a plasma [P54] bears a striking resemblance to the Yukawa
potential [168].
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4.3. Synthesis: particles of arbitrary size

The CP and VdW forces determined by the effective polarisability (4.3) of point particles in-
side cavities seem to be conceptually very different from Casimir forces between macroscopic
spheres of polarisability (4.5). To bridge this apparent discrepancy, we have developed the
generalised model of a particle of radius R inside a cavity of radius Rc. Its effective polar-
isablity reduces to those given in the previous two sections in the extremes R� Rc (point
particle) and R = Rc (macroscopic sphere). Using this model for one [S17] or two such finite-
size particles [S15], we find realistic CP and VdW potentials where the particle and cavity
radii are obtained from microscopic simulations.





5. Forces on excited systems

The notion of dispersion forces as vacuum forces can be relaxed further by considering
excited atoms and bodies, such that real photons contribute. To draw the line between
dispersion versus optical forces, we require that only fields emitted by the interacting objects
themselves are present. We will discuss the new phenomena that arise when allowing for
excitations, including spatially oscillating CP and VdW forces; lateral photon recoil forces
on circularly polarised atoms; and repulsive Casimir forces on amplifying bodies.

5.1. Excited and lateral Casimir–Polder forces

An atom in an excited state |n〉 can spontaneously undergo a downward transition to a state
|k〉 upon emission of a real photon. This is accompanied by a resonant CP potential which
selectively depends on the atomic downwards transition frequency ωnk [S9],

Un(r) = −µ0

∑

k<n

ω2
nk Re

[
dnk ·G (1)(r, r, ωnk)·dkn

]
. (5.1)

In the special case of reciprocal media (such that the Green tensor is symmetric) and real
dipole moments (associated with linearly polarised transitions), the real part can be applied
to the Green tensor alone and one recovers previous results [169]. The resonant CP poten-
tial exhibits spatial oscillations [170] that are analogous to the Drexhage oscillations of the
spontaneous decay rate [50] and which have been observed experimentally [171, 172]. For
the simple case of an atom in front of a perfectly conducting plate, these can be understood
from the behaviour of the electomagnetic field of frequency ωnk that is emitted by the atomic
dipole and reflected by the plate: depending on the atom–plate separation z, the reflected
plate is either in phase with the dipole, leading to attraction, or out of phase, leading to re-
pulsion. As the total optical path is 2z, the potential exhibits oscillations between attractive
and repulsive regions with a period of half the transition wavelength λnk. The phase of these
oscillations depends on the reflective properties of the plate; we have shown that it is shifted
when replacing the perfectly conducting plate with a magneto-electric metamaterial [P76]
or a perfectly reflecting nonreciprocal mirror [S9]. The narrow frequency dependence of the
resonant CP potential can be exploited in conjunction with a metamaterial superlens [115]
to achieve a strong attraction towards the focal plane [P83]. Excited-state CP potentials can
further be enhanced by dynamical self-dressing [P39], nonperturbative effects [P50, P53],
and resonant coupling to surface polaritons [P56].
Spontaneous decay has recently been demonstrated to acquire a directionality under cer-

tain conditions [173, 174, 175]. For instance, an atom undergoing a circularly polarised
transition in the vicinity of an optical fibre was found to emit preferentially towards one of
the fibre ends [176]. Such directional emission is due to spin–orbit coupling of the electro-
magnetic field where its spin (as addressed via the circular dipole transition) controls the
orbital angular momentum (and hence its spatial structure and emission direction). The
effect generally requires a setup with three well-defined mutually perpendicular directions,
such as the dipole moment, the atom–fibre separation, and the fibre axis [177]. The question
naturally arises whether the recoil associated with directional photon emission could lead to
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lateral forces perpendicular to the atom–body separation and whether these are connected
to the above resonant CP force. Using earlier methods based on the Lorentz force [P96], we
have shown that a resonant lateral CP force [S18]

Fn(r) = 2µ0

∑

k<n

ω2
nk∇Re

[
dnk ·G (1)(r, r, ωnk)·dkn

]
(5.2)

indeed arises in the presence of directional emission. This force is not a potential force, as
the gradient only acts on the first argument of the Green tensor; it instead has the nature
of a curl force [178]. The lateral force results from an imbalance of recoil due to photons
with momentum ~k‖ emitted with a directional rate Γn(r,k‖) [S18],

Fn(r) = −
∫

d2k‖ ~k‖Γn(r,k‖) . (5.3)

We have applied the formalism to predict recoil forces for a circularly polarised atom in front
of a plate [S18] or a fibre [P48]. The former is analogous to the recently proposed lateral
force on an excited rotating sphere [179].

5.2. Excited Van der Waals forces

While the spatial oscillations of the CP potential due to interference of emitted and re-
flected fields mentioned above have been firmly established both theoretically and experi-
mentally, the behaviour of the excited-state VdW potential in the far zone has been subject
to controversies until very recently. Some authors had predicted an oscillating potential
[180, 181] in close analogy with the CP interaction [182], while others had advocated a
strictly monotonous interaction [183, 184]. Alongside others [185, 186, 187], we have ad-
dressed this very fundamental problem which had led Power, one of the founding fathers
of nonrelativistic QED, to predict his own previous work. Using our approach based on the
Lorentz force that is able to address the forces acting on the two atoms individually [P96],
we have found a surprising resolution to the puzzle [S19]: the force on an excited atom A
in the vicinity of a ground-state atom B oscillates as a function of interatomic separation,
while the corresponding force on atom B is monotonous. This answer is in agreement with
the observed oscillatory CP potential of an excited atom near a plate, as the corresponding
monotonous force on the plate is never detected due to its smallness.
At a first glance, these different separation dependences of the forces between two atoms

in free space seem to imply a violation of Newton’s third law. The apparent contradiction
is resolved when taking into account the recoil of the photon emitted by the excited atom.
The presence of atom B induces an asymmetry in the emission of atom A. In close analogy
to the mechanism described in the previous section, the oscillating force on the excited atom
is then a photon recoil force due to this asymmetric emission, so that the total momentum
of the atom–atom–photon system is conserved [188].

5.3. Casimir forces on amplifying media

Inversion-type amplifying media with linear gain that are continuously repumped to a quasi-
stationary state can be characterised by a permittivity with a positive imaginary part in
some frequency window, Im ε(ω) < 0, such that electromagnetic waves grow exponentially
upon propagation. The quantum statistics of the electromagnetic field in this state can be
accounted for within macrosocpic QED by exchanging the roles of creation and annihilation
operators in the respective frequency region [189, 190].
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We have exploited this to determine the Casimir force in the presence of amplifying me-
dia by evaluating the electromagnetic stress tensor (3.2) [S20]. One finds that an additional
resonant force component arises which is due to fields emitted by the amplifying bodies and
hence expressed as an integrals over their volume as well as their emission spectrum. The
volume integral is potentially problematic for the idealised infinitely thick plates paradig-
matically considered in Casimir physics [191]. We have hence considered an amplifying plate
of finite thickness interacting with a perfectly conducting plate [P68], finding a force that
oscillates as a function of separation due to the interference of electromagnetic waves emit-
ted by the amplifying medium and reflected by the conducting plate. The amplitude of these
oscillations is reduced as the thickness of the amplifying plate increases due to imperfect
phase matching. Our results confirm the possibility of realising repulsive Casimir forces by
means of amplifying media that had been conjectured earlier [192].
To illuminate the physical origin of resonant Casimir forces on amplifying media, we have

established their connection to CP forces on excited atoms discussed in the previous Sect. 5.1
[S20]. To this end, we have considered an optically dilute amplifying medium consisting of
a gas of excited atoms with number density η. In this case, the imaginary part of the
permittivity which governs resonant Casimir forces can be related to the polarisability (3.7)
of the atoms in an excited state |n〉 via a linearised Clausius–Mossotti law [17]

Im ε(ω) =
η Imαn(ω)

ε0
=

πη

3ε0~
∑

n

|dnk|2
[
δ(ω + ωnk)− δ(ω − ωnk)

]
. (5.4)

One then finds that the Casimir force is simply the sum of the resonant CP forces (5.1)
acting on the excited atoms constituting the amplifying medium:

F = −
∫

d3r η∇Un(r) . (5.5)





6. Thermal fluctuations

Quantum vacuum forces in a strict sense would require the environment to be prepared
at zero kelvin. At finite temperatures, thermal fluctuations of the electromagnetic field
complement the zero-point fluctuations. We will discuss how these can lead to a heating of
molecules; show that they induce thermal dispersion forces; and discuss in which regimes
these play a role.

6.1. Surface-induced heating

An atom prepared in a single ground or excited state and placed in a finite-temperature
environment will emit and absorb thermal photons until its internal-state population reaches
equilibrium. This non-equilibrium dynamics and its modification due to bodies and surfaces
can be studied by means of macroscopic QED. Assuming the electromagnetic field to be in
a thermal state of uniform temperature T and considering its interaction with an atom, we
have shown that the dynamics of its internal-state populations pn is governed by the rate
equations [S21]

ṗn(t) = −
∑

k

Γnkpn(t) +
∑

k

Γknpk(t) (6.1)

with transition rates

Γnk(r) =





2µ0

~
ω2
nk[n(ωnk) + 1]dnk ·Im G (r, r, ωnk)·dkn for k < n ,

2µ0

~
ω2
knn(ωkn)dnk ·Im G (r, r, ωkn)·dkn for k > n

(6.2)

for stimulated emission by and absorption of thermal photons as determined by the Bose–
Einstein distribution n(ω) = 1/

[
e~ω/(kBT ) − 1

]
[193, 194]. In free space, one recovers the well-

known Einstein A- and B-coefficients [45]. These processes eventually lead to an equilibrium
where the atom assumes a thermal state which only depends on the relation between its
transition frequencies and the ambient temperature: for kBT � ~ωnk, the final state of
the atom is essentially its ground state and thermal photons do not play any important
role. In the opposite case, the thermal equilibrium state exhibits appreciable excited-state
populations of the atom as maintained by the thermal environment.
The dynamics towards the equilibrium state depends crucially on the material environ-

ment as encoded via the Green tensor. We have investigated this Purcell modification of
thermal dynamics for polar molecules in the vicinity of metal or dielectric surfaces [S21].
Such molecules exhibit rovibrational excitations that can be excited even at room tem-
perature [195], so that heating becomes a severe obstacle to their coherent manipulation.
We have shown that the surface can become the dominant source of heating for distances
comparable to the molecular transition wavelength.
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6.2. Thermal dispersion forces

Dispersion forces at finite temperature have, for the equilibrium case, traditionally been
studied on the basis of Lifshitz theory [162], where one starts by evaluating the finite-
temperature expectation value of the stress tensor (3.2). We have pointed out that the
resulting Casimir force can only be used to derive the corresponding CP potential

U(r) = µ0kBT

∞∑′

j=0

ξ2j tr
[
αT (iξj)·G (1)(r, r, iξj)

]
(6.3)

by taking the dilute-gas limit for one of the interacting bodies if the thermal-equilibribium
polarisability αT =

∑
n pnαn is used rather than the ground-state polarisability [S22]. Note

that the impact of thermal photons has led to a replacement of the imaginary-frequency
integral by a Matsubara sum [196] whose frequencies ξj = 2πkBTj/~ are the poles of the
Bose–Einstein distribution.
Even more importantly, Lifshitz theory is unable to describe the transient resonant CP

potentials [197, S22, P75]

Un(r) = −µ0

∑

k<n

[n(ωnk) + 1]ω2
nk Re

[
dnk ·G (1)(r, r, ωnk)·dkn

]

+ µ0

∑

k>n

n(ωkn)ω2
kn Re

[
dnk ·G (1)(r, r, ωkn)·dkn

]
(6.4)

which are associated with stimulated emission and absorption, respectively. Weighted with
the time-dependent internal-state populations, they arise even for a ground-state atom
within a thermal environment. As the atom reaches equilibrium, the resonant contributions
mutually cancel and only the equilibrium interaction (6.3) persists. We have studied the full
dynamics of the CP force on ground-state polar molecules near a gold surface, showing how
an initial resonant potential with Drexhage-type spatial oscillations eventually gives way
to the strictly attractive equilibrium potential [P77]. Such oscillations can be considerably
enhanced when placing the molecules inside a planar [P74] or cylindrical cavity [P65].
The described non-equilibrium between a single molecule and its uniform thermal envi-

ronment is in contrast to another possible thermal non-equilibrium which arises if different
parts of the environment are held at different temperatures. The latter situation has been
predicted [198] and experimentally demonstrated [100] to give rise to strongly enhanced CP
forces. We have shown that the two different non-equilibrium scenarios can be subsumed
within a single framework where an atom in an arbitrary state interacts with an environment
of non-uniform temperature [P71].

6.3. Asymptotics of the Casimir–Polder potential

The dependences of the equilibrium CP potential (6.3) on distance, temperature, and tran-
sition frequencies are intrinsically intertwined. Focussing on the distance dependence for
a given temperature, one can nevertheless identify distinct asymptotic regimes [S23]. The
ambient temperature and the atomic spectrum define two characteristic wavelengths λT and
λnk, respectively. For atoms, λnk � λT typically holds at room temperature and below. One
can then show that the CP potential near a plane surface scales as −C3/z

3 in the electro-
static near-field regime z � λnk, falls off more strongly as −C4/z

4 in the far-field regime
λnk � z � λT , and resumes a −C3T/z

3 power law in the thermal regime z � λT with a
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reduced coefficient C3T < C3. We have shown that these three asymptotes can also be ob-
served for the CP interaction of fullerene molecules with surfaces, which is dominated by
electronic transitions [P60]. The situation is fundamentally different for systems dominated
by long-wavelength transitions such as polar molecules [S23] or Rydberg atoms [P40, P66].
Here, the order of thermal and transition wavelengths can become reversed, λnk � λT and
as a result, the near-field and thermal asymptotes cover a single −C3/z

3 = −C3T/z
3 regime

that is valid at all separations, such that a far-field −C4/z
4 behaviour never arises.

The large transition wavelengths of polar molecules and Rydberg atoms have a similarly
striking effect on the temperature-dependence of the CP interaction at a given position. For
such systems in the near-field regime z � λnk, one can show that the CP potential near
a metal plate becomes approximately independent of temperature due to strong mutual
cancellations of resonant and nonresonant contributions [S23]. We have generalised this
finding to arbitrary geometries [P63] and applied it to a metal sphere [P62].





7. Non-additive and collective
phenomena

Starting from vacuum dispersion forces in Chapter 3, we have increasingly widened this
notion to include the effects of media, excitations and thermal fluctuations. Most of these
led to new force components that could simply be added to the previous results. Qualitatively
new, non-additive effects arise when the interactions of atoms with the quantum vacuum
are combined with external laser fields or coherently enhanced via collective effects in an
ensemble.

7.1. Laser-induced Casimir–Polder force

Atoms in free space can be trapped in an offresonant external monochromatic laser field
EL(r, t) =

[
EL(r)eiωLt +E∗L(r)e−iωLt

]
/
√

2 [199]. This can be easily shown by calculating
the mean energy of the atomic dipole moment interacting with this field according to
Ĥint = −d̂·EL(r, t) within second-order perturbation theory, leading to an optical potential
[S24]

UL(r) = −1
2
α(ωL)|EL(r)|2 . (7.1)

For a negative detuning ∆ = ωL − ωnk < 0, the atomic polarisability α(ωL) is positive and
hence the optical potential is attractive towards regions of high intensity. This has been
exploited in order to optically trap atoms in a strongly focussed Gaussian laser beam [200].
Optical forces also arise in evanescent fields that emerge on the surface of dielectrics as

a result of total internal reflection of a laser beam [201]. In this case, the exponentially
decaying repulsive optical force for positive detuning can combine with the attractive CP
force (3.6) of the surface to form a potential barrier whose position and height can be
controlled via the laser beam. Probing this barrier by means of quantum reflection, it was
possible to sensitively measure the CP potential [202, 203].
However, in all these setups, it is generally assumed that the optical and CP potentials,

which are due to the interaction of the atomic dipole moment with the laser and surface-
assisted vacuum fields, respectively, can be simply added. We have used perturbation theory
simultaneously for both these interactions to show that this is not always the case [S24]:
an additional laser-induced CP potential arises that is quadratic in both couplings. In the
near-field limit and for a two-level atom, this potential can be given as

ULCP(r) = UL(r)UCP(r)
Re rp
~∆

, (7.2)

where rp is the Fresnel reflection coefficient of the surface for p-polarised waves. The latter
can become very large due to surface-plasmon resonances, leading to a strong short-range
repulsive potential that dominates over the attractive CP potential near the surface. This
can lead to the formation of a stable trapping potential very close to the surface. We have
confirmed our results, which generalise [204] and correct earlier findings [205] in the far-
field case, by means of a nonperturbative calculation [P19] and an alternative derivation on
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the basis of normal-mode QED [P13]. The laser-induced CP potential is analogous to the
optical binding potential of nanoparticles [206, 207]. It could be observed in experiments
using optically levitated nanoparticles close to a surface. Our initial investigations on the
basis of a macroscopic-QED analysis of CP and Coulomb potentials [P28] have shown that
the latter dominate the setup at present due to residual charges [P16].

7.2. Collective atom–field interactions

As shown by Dicke, an ensemble of N identical two-level atoms i with transition dipole
moment d and individual Pauli operators σ̂+

i , σ̂
−
i may collectively and coherently interact

with the electromagnetic field, provided that they are confined to a region that is much
smaller than its relevant wavelengths [208, 209]. In this case, the atom–field interaction may
be approximated via

Ĥint = −
N∑

i=1

d̂i ·Ê(ri) = d̂·Ê(ri) (7.3)

where the collective dipole d̂ =
∑N

i=1(dσ̂
−
i + d∗σ̂+

i ) = dĴ− + d∗Ĵ+ is governed by the al-
gebra of an angular momentum operator Ĵ with eigenvalue J = N/2. The corresponding
collective eigenstates of the ensemble, the Dicke states |J,M〉 (M = −J, . . . , J) have tran-
sition matrix elements

〈J,M |d̂|J,M − 1〉 =
√

(J +M)(J −M + 1)d . (7.4)

When the atoms initially coherently share N excitations, then the accelerated spontaneous
decay between these Dicke states as induced by the collective dipole operator leads to a
pronounced burst of the emitted radiation on short timescales, which is commonly known
as superradiance. The total energy is of course the same as that emitted by an incoherent
ensemble of atoms. It has been predicted that the Purcell effect can enhance superradiance
further by means of an environment [210].
In parallel with, but independent of the group of Meystre [211], we have shown that super-

radiance can also be used to collectively enhance atom–surface interactions [S25]. The effect
can be understood from our observation in Chap. 5 that the resonant CP potential (5.1) is
a recoil force due to spontaneous emission. By combining it with the above collective dipole
moment, we find a time-dependent total potential

U(r, t) =
J∑

M=−J
pM(t)(J +M)(J −M + 1)Un(ri) (7.5)

that closely follows the superradiance dynamics and whose peak height shows an N2 scaling
with respect to the number of atoms. This increase with respect to the N scaling of the
total CP interaction of an incoherent ensemble could be exploited to sensitively detect weak
quantum vacuum forces, such as the quantum friction to be discussed in the next Chap. 8,
on short time scales, thus decreasing the required interaction length. We have determined
the conditions for observing a superradiant enhancement of CP forces, finding that the
ensemble must be confined to a region whose veticall extent is smaller than the atomic
transition wavelength in the far-field regime or smaller than the atom–surface separation in
the near-zone.
In further studies of collective effects, we have shown how the super- and subradiant decay

of two coherent emitters near a perfectly conducting plate depends on both the orientation of
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their dipole moments and their positions with respect to each other as well as to the surface
[P32]; and that strong coupling in a planar cavity can lead to enhanced VdW interactions
governed by collective vacuum Rabi frequencies [P11, P25].





8. Quantum friction

The quantum vacuum effects considered so far have all been obtained by averaging the
fluctuating field and charge distributions for a given centre-of-mass position of the interacting
objects in the spirit of a Born–Oppenheimer approximation. When allowing for uniform
motion, quantum friction is expected to arise as a dissipative dispersion force. We will
discuss the contributions to and behaviour of Casimir–Polder quantum friction on atoms
moving with respect to a body; and propose that this elusive phenomenon might be verified
indirectly in the form of velocity-dependent shifts and broadenings of atomic transitions.

8.1. Casimir–Polder forces on moving atoms

Quantum friction was originally proposed for a setting that is an immediate generalisation
of the Casimir geometry: two infinite parallel plates that move in the lateral direction with
constant velocity [52]. The effect being very small, it has not been observed to date, al-
lowing theoretical controversies regarding its existence and velocity dependence to flourish
[212, 213, 214].
The closely related CP friction is predicted to arise when an atom moves parallel to a

plane surface [215, 216, 217]. We have studied this effect by considering the Lorentz force
on a moving atom that arises from the coupled atom–field dynamics [S26]. In a nonrela-
tivistic calculation to leading order in the atomic centre-of-mass velocity v, we have found
that velocity-dependent forces arise via three distinct contributions. Firstly, the plate in-
duced shifts and broadenings of the atomic transitions which feature in the CP potential
acquire a velocity dependence, as will be discussed in the next section. Secondly, the atomic
polarisation couples to its centre-of-mass motion via the Röntgen current [8] which are a
part of the electric dipole interaction, with the electric field having been transformed to
the atom’s co-moving frame: Ĥint = −d̂·Ê′ = −d̂·

(
Ê + v×B̂

)
. The Röngten contribution

is only relevant in the far field and becomes negligible for the near-zone distances where
quantum friction is most likely to be detectable. Thirdly, the delay between the emission of
electromagnetic fields by the atomic dipole and their back-action onto the atom means that
these events takes place at slightly different positions in the case of motion. This delay is
responsible for the dominant contribution to CP friction and it has a simple interpretation
in terms of image dipoles: the atom interacts with its own image dipole behind the plate
which lags slightly behind due to the motion, leading to a dissipative backwards force.
Concentrating on the delay contribution, we have determined quantum friction for ground-

and excited-state atoms. For ground-state atoms, we predict a tiny force linear in v that
agrees with findings of time-dependent perturbation theory [218], but is at odds with the
cubic velocity dependence obtained on the basis of linear response theory [219]. It was later
shown that the perturbative result depends very sensitively on the precise trajectory of
the moving atom prior to the constant motion [P49] and that the Markov approximation
made in our calculation is not always appropriate in the quantum friction setting [220]. We
have performed a detailed comparison of the Markovian and perturbative approaches for
lateral and normal motion, finding agreement to second order in the atom–field coupling,
but discrepancies for higher orders [P34].



42 8. Quantum friction

For excited atoms interacting with the plasmon mode of a surface, we find resonant
quantum friction versus acceleration forces [S26] that are closely analogous to cavity cooling
[221]. For an atom whose transition energy is larger than the plasmon energy absorbed by
the surface, the excess energy is transformed into kinetic energy, accelerating the atom.
In the opposite case of the atomic transition energy being slightly too small, we predict a
decelerating quantum friction force.

8.2. Spectroscopic signatures

The motion-induced atomic line shifts and broadenings do not suffer from any ambigui-
ties caused by different model assumptions. We have used the Markov approximation to
determine these for arbitrary motion with respect to a plane surface [S27] and our results
are in agreement with those from time-dependent perturbation theory [P34]. These indirect
signatures of quantum friction have the advantage that they could potentially be measured
by means of very sensitive spectroscopic methods [222]. To pursue this prospect, we have
analysed the dependence of the level shifts and widths on velocity, atomic and material
parameters. Rather surprisingly, their magnitude is not governed by v/c as expected for a
relativistic effect, but by the much larger v/(zγ) where γ is the width of the relevant medium
resonance. Furthermore, we find that the shifts and widths are quadratic in v/(zγ) for the
original quantum friction setting involving parallel motion, but exhibit a linear scaling for
normal motion towards the surface that is much more favourable with regard to detection.



9. Matter-wave diffraction

In the previous chapter, we have studied the impact of motion on dispersion forces. Con-
versely, these forces influence the motion of atoms. Staying firmly in the quantum realm, we
will apply our results regarding Casimir–Polder and optical potentials by showing that they
can be combined to facilitate matter-wave interference at a one-dimensional periodic grat-
ing; and how Casimir–Polder interactions imprint a phase on atomic matter waves diffracted
at compact objects, influencing the Poisson-spot interference pattern that forms behind the
scatterer.

9.1. Reflective matter-wave grating

Matter-wave interference at transmissive material or optical gratings [223] is at the heart
of current endeavours to push the quantum–classical divide by demonstrating the wave
nature of matter for ever more massive and complex particles [224]. We have shown how
the ground-state CP potential of Chap. 3 and the optical potential encountered in Chap. 7
can be combined to form a reflective grating for matter-wave interference [S28].
Our setup involves ultracold rubidium atoms incident on a sapphire surface with a periodic

array of gold nanowires of rectangular cross-section. The resulting CP potential (3.6) for
this geometry can be obtained by using the Green tensor for a plane surface with periodic
corrugations in Rayleigh decomposition as described in Sect. 2.3. The potential is attractive
and periodic in the lateral direction, being strongest above the gold wires. To achieve a
reflective grating, we use a laser beam with negative detuning that is totally internally
reflected inside the sapphire substrate and emerges as an evanescent field. The corresponding
optical potential (7.1) can be determined using Rayleigh transmission coefficients [134, S4].
One finds a repulsive potential that exponentially decays away from the surface and is
periodically modulated in the lateral direction, with weaker optical forces above the gold
wires due to shielding. As neither substrate nor wires exhibit any resonances near the laser
frequency, the laser-induced CP potential (7.2) can be neglected and one can simply add
CP and optical potentials. The result is a complex landscape of alternating attractive CP-
dominated potentials above the wires and repulsive regions above the space between them.
An incident matter wave will be classically reflected from regions where the repulsive

potential exceeds the initial kinetic energy. This gives rise to a reflective periodic grating
for matter-wave interference where atoms attracted to the wires do not contribute to the
signal. We have simulated the resulting interference pattern using Fraunhofer diffraction
theory [225]. The effective slit width of the matter-wave grating can be tuned by changing the
intensity of the repulsive evanescent, where an increase leads to broader reflective strips. The
simulations are in good agreement with the experimental observations, so the experiment
constitutes a measurement of a lateral CP force above a periodically structured surface.
For high laser intensities, the reflective strips become so large that they overlap and

cover the whole area. Our simple description would then imply that no grating-interference
pattern can form. The experiment shows that this is not the case. The persisting interference
pattern is due to phase imprinting, which has been intensely studied for CP potentials in the
context of transmissive gratings [223, 226, 227]. We consider the impact of phase imprinting
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on matter-wave diffraction in the next section for a different geometry.

9.2. Poisson spot

The Poisson spot is a bright spot due to constructive interference in the centre of the classical
shadow region behind a compact scatterer. Unobserved at the time, it was originally brought
forward by Poisson [228] as an argument against Fresnel’s wave theory of light [132]. In a turn
of events unforeseen by Poisson, the spot now bearing his name was later experimentally
demonstrated by Arago [229] and has since become paradigmatic evidence for the wave
nature of light and matter.
In the case of light, a compact object simply blocks part of the wave, thus generating

the interference pattern. For matter-wave scattering, an additional effect arises: even the
transmitted matter waves are affected via the CP potential (3.6) between the scattered
atoms and the body. For sufficiently fast atoms, one can use the Wentzel–Kramers–Brillouin
approximation [230, 231, 232] to determine the phase shift imprinted on the matter wave
along a trajectory at distance ρ from the optical axis [233],

∆φ(ρ) = − 1

~v

∫ ∞

−∞
dz U(ρ, z) . (9.1)

We have calculated the CP potential of ground-state indium atoms in the presence of a
silicon dioxide sphere by means of the spherical Green tensor [P97] to analyse its impact
on the Poisson-spot signal [S29]. We find that the Poisson spot is mainly due to matter
waves propagating so close to the sphere surface that we can neglect both retardation and
curvature effects, with the latter result confirming the assumptions of previous simulations
[234]. One can then find a simple analytical expression for the above phase. Combining this
with Fresnel diffraction theory, we find that the CP-imprinted phase leads to a pronounced
increase of the Poisson-spot signal. This shows that the CP interaction needs to be taken
into account when using the Poisson spot as evidence for the wave nature of matter [235]
and that conversely, the Poisson spot can be used as a probe for the former.
We have performed similar investigations for matter-wave scattering of indium atoms

or deuterium molecules at silicon nitride and silicon dioxide disks [P33], with the latter
observed in recent experiments [236]. Here, curvature effects are again negligible and edge
effects mutually cancel, so that the CP potential experienced by the traversing atoms can
be approximated with that of an infinite plane surface.
A different environment-induced phenomenon arises when a coherently split beam of elec-

trons passes close to a metal surface [237]. This induces image currents inside the metal, so
that the associated which-path information reduces the interference contrast. We have used
macroscopic QED to quantify this effect in terms of the conductivity of the metal, showing
that path decoherence requires material absorption [P61]. Our theory was later generalised
to account for environment-mediated interactions across the two interfering beams [238].



10. Resonance energy transfer

As seen in Chapter 5, the emission of a real photon can lead to spatially oscillating VdW
forces for excited atoms. In such scenarios, the photon can also mediate an irreversible energy
transfer, changing the internal states of both atoms. We discuss the impact of retardation
and environments on the efficiency of a particular resonance energy transfer phenomenon,
interatomic Coulombic decay; and describe the effect of a third, mediator atom on the
transfer rate.

10.1. Interatomic Coulombic decay

Interatomic Coulombic decay is a recently predicted [239] and experimentally verified [240]
fast dissipation channel whereby a highly excited donor ion relaxes and transmits its energy
to a neighbouring acceptor atom which becomes ionised. Being a source for slow electrons,
this process is believed to be a major contributor to radiation damage in biological tissue
[241]. As the name suggests, the process has traditionally been studied in free space on the
basis of nonretarded Coulomb interactions [242].
In the mentioned relevant biological scenarios as well as in current experiments with

nanodroplets [243], interatomic Coulombic decay takes place in a nontrivial dielectric en-
vironment consisting of liquid media and surfaces. Their impact on the efficiency of the
process can be described by means of macroscopic QED. To show this, one can determine
the rate for the process by means of Fermi’s golden rule where the initial state involves the
donor ion in an excited state |mA〉, an acceptor ion in state |nB〉 and the electromagnetic
fields in its vacuum state |0F〉; while the final state comprises the donor in a lower state |kA〉,
the ionised acceptor with one electron in a continuum state |pB〉 and the field again in the
vacuum. The matrix element for this process is of second order in the atom–field coupling
Ĥint = −d̂A ·Ê(rA)− d̂B ·Ê(rB) and it involves the exchange of a photon between donor
and acceptor. Using the field quantisation of Chap. 2, we find that the rate for interatomic
Coulombic decay can be given as [S30]

Γmn(rA, rB) = −2π2
∑

k<m

Γmkσn(~ωmk)tr
[
G (rA, rB, ωmk)·G ∗(rB, rA, ωmk)

]
. (10.1)

This shows that the process depends on the ability of the donour to emit a photon as
encoded via the single-atom rate Γmk (4.1); the progagation of the photon from donor to
acceptor as represented by the Green tensor; and the ability of the acceptor to absorb the
photon as contained via the absorption cross section σn.
When applied in free space by using the respective Green tensor, our formalism demon-

strates that the rate exhibits the 1/r6 distance scaling in the near zone as known from
electrostatic simulations [242]. For distances larger than the wavelength of the exchanged
photon, interatomic Coulombic decay becomes a true QED effect with a 1/r2 scaling due
to the influence of the retarded electromagnetic far field. Interatomic Coulombic decay can
thus have a much larger range than previously thought. By using the real-cavity model
introduced in Sect. 4.1, we have further been able to show how the rate can be enhanced
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or suppressed in a medium such as water or liquid helium due to a combination of screen-
ing and local-field effects. Finally, interatomic Coulombic decay near a surface exhibits a
modification that sensitively depends on the positioning of both donor and acceptor.

10.2. Three-body effects

Interatomic Coulombic decay is formally closely analogous to resonance energy transfer
[244, 245], where the donor becomes ionised rather than excited. This process, which can
also be described within the framework of macroscopic QED [246], is known to be sensitive
to the presence of a third, mediator atom [247, 248, 249]. A similar three-body phenomenon
has very recently been predicted for interatomic Coulombic decay [250]. In this so-called
superexchange, a mediator placed in the vicinity of the donor–acceptor pair affects the rate.
We have used the above QED description to analyse the geometry dependence of three-

body interatomic Coulombic decay. To this end, one can use a Born expansion of the Green
tensor in the presence of a single mediator of polarisability αC [P92],

G (r, r′, ωmk) = G (0)(r, r′, ω) + µ0ω
2αC(ω)G (0)(r, rC, ω)·G (0)(rC, r

′, ω) (10.2)

with G (0) denoting the free-space Green tensor. Combining this with the above general
formula (10.1), we find a three-body rate that agrees with the predictions of molecular
dynamics simulations in the near-field regime in the absence of wave-function overlap [250],
but extends them to the far-field regime while allowing to study the position dependence
analytically [P10].



11. Conclusions

With the research presented in this thesis, we have developed a modern and integrated anal-
ysis of the quantum vacuum and some of its consequences. The central tool is macroscopic
quantum electrodynamics, an effective nonrelativistic theory of the electromagnetic field in
its various states and its interactions with matter in the form of macroscopic objects (bodies,
surfaces, media, . . . ) and microscopic particles (electrons, ions, atoms, molecules, . . . ) that
is consistent with free-space quantum electrodynamics and combines inputs from classical
optics in the form of the Green tensor; from atomic and molecular physics in the guise of
polarisabilities; and from solid-state physics via material response functions. We have con-
tinuously developed this theory in line with current developments and requirements from
modern experiments and materials design, including an extension to nonreciprocal media as
constituted by topological insulators. We have introduced duality as an important symmetry
of the theory and uncovered a deep relation between this symmetry and nonreciprocity.
Starting from dispersion forces as pure quantum vaccum forces in free space, we have suc-

cessively extended this notion to include intervening media, excited objects, finite temper-
ature, collective phenomena, and centre-of-mass motion. Along the way, very fundamental
questions concerning the correct stress tensor to be used for calculating Casimir forces in
media or the oscillating nature of the Van der Waals force between excited atoms have been
answered and general principles such as an opposites-repel rule for Casimir repulsion and
the application of the Curie symmetry principle for using dispersion forces as a probe for
optical properties have been uncovered.
Surprising findings include the facts that spin–orbit coupling can lead to lateral disper-

sions force driven by spontaneous emission; that Casimir–Polder forces may become entirely
independent of temperature under certain conditions; and that optical and Casimir–Polder
forces can sometimes not be simply added. We have proposed that amplifying could be used
to realise repulsive Casimir forces as required to overcome stiction; pointed out that Casimir
and Van der Waals forces can be utilised for the separation of chiral enantiomers; and shown
how atom–surface interations must be accounted for in order to unambiguously establish
the wave nature of matter. Our effective description of atom–light interactions in media has
applications in colloid physics and for spectroscopy in the liquid phase.
Our investigations show that a clever combination of ideas and techniques from various

fields can be used to predict new quantum effects such as a superradiant enhancement
of atom–surface interactions or to facilitate the detection of elusive and exotic phenomena
such as quantum friction. Major breakthroughs have been achieved by applying macroscopic
quantum electrodynamics beyond its comfort zone and within realms traditionally described
by other methods such as interatomic Coulombic decay. Potential for future developments
thus lies in the extension of the theory to more exotic quantum phenomena such as the
Unruh effect; in its application at the interfaces with other theories such as quantum optics,
physical chemistry, attosecond science, Bose–Einstein condensation or colloid physics; and
in the monitoring of new developments in atomic, molecular, and materials physics.
A particularly exciting prospect has recently opened with the advent of nonlinear crystal-

based scenarios to directly probe the quantum vacuum. This presents new challenges to
macroscopic quantum electrodynamics and inspires dreams of one day directly witnessing
the fluctuating zero-point electromagnetic field and its role in fuelling what we have been
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referring to as vacuum effects. This would turn a mainly mathematic-philosophical concept
into a tangible physical phenomenon and would enable us to address the question: how real
is a virtual photon?
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1. Introduction

The linear response of a macroscopic material to externally applied electromagnetic fields
can go beyond the scope of simple descriptions via electric permittivities and magnetic
permeabilities [1]. In particular, cross-susceptibilities naturally arise in chiral (meta-)
materials [2], topological insulators [3] or moving media [4]. In the latter case nonlocal
responses arise [5] with the additional complication that Onsager reciprocity [6] fails to hold.
Onsager reciprocity, the electrodynamic manifestation of time-reversal symmetry, would also
be violated in Tellegen media [7], including the recently proposed perfect electromagnetic
conductor that continuously interpolates between a perfect conductor and an infinitely
permeable material [8].

Chiral metamaterials with cross-susceptibilities have been constructed based on nanoscale
chiral objects, such as a helix [9]. This leads to a discriminatory response of the medium to
left- and right-circularly polarized light. This central feature of chiral media is important in
biological systems due to the prevalence of left-handed objects in the processes crucial to
life [10]. Furthermore, chiral meta-materials have been discussed as candidates for repulsive
Casimir forces [11]. It should be noted that repulsive forces for magnetoelectric media were
originally discussed for dielectric plates interacting with magnetic plates [12]. To implement
these effects with metamaterials, the anisotropic response of the medium needs to be taken into
account [13].

Topological insulators are a novel class of materials which behave as insulators in their bulk
phase but allow for conduction on the surface [14, 15]. Time reversal symmetry is an important
feature which ensures an extremely high stability of the surface currents. The latter make
topological insulators a promising candidate for quantum computing [16]. It has recently been
predicted that topological insulators [3] (or materials with a Chern–Simons interaction [17])
could be used to realize repulsive Casimir forces. A related phenomenon is the fractional
quantum hall effect where the Hall current takes fractional values due to electron–electron
interactions [18]. This medium can be nonlocal [19] and in contrast to topological insulators
it can violate time-reversal symmetry [20] and hence Onsager reciprocity.

The impact of electric versus magnetic material properties can be studied in a systematic
way by means of a duality transformation [21]. It has recently been shown that macroscopic
QED [22] in isotropic magnetoelectrics obeys a discrete duality symmetry [23]. This has
immediate consequences for dispersion forces in free space.
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The successes in the realization of the above mentioned novel materials open the
perspective on a range of new quantum phenomena related to photon-induced matter
interactions, quantum dynamics and (possibly irreversible) quantum-light propagation. To make
such studies possible, we will construct a quantum theory of the electromagnetic field in the
most general linear absorbing media, including nonlocal, bianisotropic and Onsager reciprocity
violating materials. A recent theory based on canonical quantization is a valuable step in this
direction [24], which does not yet consider the most general nonlocal media (apart from the
above mentioned moving media).

In addition, our theory shall answer the question under which circumstances duality can be
realized as a continuous symmetry of the Maxwell equations in media; and it will shed light on
the generalizations necessary to discuss moving media and quantum friction.

2. Field quantization in nonlocal media

We begin by recalling a quantization procedure of the electromagnetic field in the presence of
an absorbing medium. For alternative methods for the quantization procedure, see [25–27] and
references therein. In a linearly responding medium, the effect of an external electromagnetic
field on the matter can be given by Ohm’s law in its most general form

jin(r, t)=
∫
∞

−∞

dτ

∫
d3r ′Q(r, r′, τ ) ·E(r′, t − τ) + jN(r, t). (1)

Here, Q(r, r′, τ ) is the conductivity tensor and jN(r, t) is the random noise current required
to fulfil the fluctuation–dissipation theorem (17) as given below. Causality requires that
Q(r, r′, τ )= 0 for cτ < |r− r′|, in particular for all τ < 0 [28]. In frequency space, Ohm’s law
takes the simpler form

jin(r, ω)=

∫
d3r ′Q(r, r′, ω) ·E(r′, ω) + jN(r, ω) (2)

with

Q(r, r′, ω)=

∫
∞

0
dτ ei ωτ Q(r, r′, τ ). (3)

As a result of the causality requirement the conductivity obeys the Schwarz reflection principle,

Q∗(r, r′, ω)= Q(r, r′,−ω∗) ∀ r, r′, ω. (4)

Quantization is achieved by specifying the commutator

[ĵN(r, ω), ĵ†
N(r′, ω′)]=

h̄ω

π
Re[Q(r, r′, ω)]δ(ω−ω′), (5)

where we have introduced generalized real and imaginary parts of a tensor field according to

ReT(r, r′)= 1
2

[
T(r, r′) + T†(r′, r)

]
, (6)

ImT(r, r′)=
1

2i

[
T(r, r′)− T†(r′, r)

]
. (7)
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They reduce to ordinary real and imaginary parts for orthogonal tensor fields that are reciprocal,
i.e. TT(r′, r)= T(r, r′). The other nontrivial current commutators follow alternatively via the
rules [b̂, â]=−[â, b̂] or [â†, b̂†]=−[â, b̂]†;[

ĵ†
N(r, ω), ĵN(r′, ω′)

]
=−

h̄ω

π
Re[Q∗(r, r′, ω)]δ(ω−ω′)

=−
h̄ω

π
Re[QT(r′, r, ω)]δ(ω−ω′). (8)

The fact that the right-hand side of this expression is a Hermitian tensor field guarantees the
consistency of the commutation relations.

Combining Ohm’s law with Maxwell’s equations [ i ωρ̂ in(r, ω)=∇ · ĵin(r, ω)]

∇ · Ê(r, ω)=
ρ̂ in(r, ω)

ε0
, ∇ × Ê(r, ω)− i ωB̂(r, ω)= 0, (9)

∇ · B̂(r, ω)= 0, ∇ × B̂(r, ω) +
i ω

c2
Ê(r, ω)= µ0ĵin(r, ω), (10)

one finds that the electric field obeys a generalized inhomogeneous Helmholtz equation of the
form[
∇ ×∇ ×−

ω2

c2

]
Ê(r, ω)− i µ0ω

∫
d3r ′Q(r, r′, ω) · Ê(r′, ω)= i µ0ωĵN(r, ω). (11)

With the help of the Green function G(r, r′, ω) of the Helmholtz equation, defined by[
∇ ×∇ ×−

ω2

c2

]
G(r, r′, ω)− i µ0ω

∫
d3s Q(r, s, ω) ·G(s, r′, ω)= δ(r− r′), (12)

where G(r, r′, ω)→ 0 for |r− r′| →∞, the formal solution to the integro-differential
equation (11) reads

Ê(r, ω)= i µ0ω[G(ω) ? ĵN(ω)](r). (13)

Here, [G ? ĵN] is an abbreviation denoting the spatial convolution

[G ? ĵN](r)≡
∫

d3r ′G(r, r′) · ĵN(r′).

By virtue of its definition (12), the Green tensor inherits the Schwarz reflection principle
from the conductivity tensor (4),

G∗(r, r′, ω)= G(r, r′,−ω∗) ∀ r, r′, ω. (14)

However, as a major departure from previous treatments, we do not require the conductivity
to obey reciprocity, i.e. the relation QT(r′, r, ω)= Q(r, r′, ω) does not necessarily hold. As a
consequence, the Green tensor will not obey the Onsager principle, i.e. the relation

GT(r′, r, ω)= G(r, r′, ω) (15)

will not hold in general. Recall that the Onsager principle, applied to electromagnetic field
propagation, states a reversibility of optical paths [6]. According to (13), the Green tensor
governs the relation between a source current j at r′ along a direction e2 and the generated
electric field E at r along a direction e1. If (15) holds, then the Onsager principle states that the
roles of source and field can be reversed. A source current j at r along a direction e1 would
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then give rise to an electric field E at r′ along a direction e2. In a configuration involving
nonreciprocal media, this is not necessarily the case. Despite the extension to nonreciprocal
media, it is still possible to derive the useful integral relation (appendix)

µ0ω[G(ω) ?ReQ(ω) ? G†(ω)](r, r′)= Im G(r, r′, ω). (16)

It generalizes the result from [29] to the case where Onsager reciprocity does not hold.
The theory thus far is analogous to classical electromagnetism in an absorbing medium

under the assumption of classical fluctuating current sources, ĵN 7→ jN. Their strengths are
governed by the fluctuation–dissipation theorem in the classical (high-temperature) limit [30].

Introducing the ground state |{0}〉 of the medium-field system according to
ĵN(r, ω)|{0}〉 = 0, the currents satisfy the fluctuation–dissipation theorem as an immediate
consequence of (5),

〈{1ĵN(r, ω),1ĵ†
N(r′, ω′)}〉 =

h̄

π
Im[i ωQ(r, r′, ω)]δ(ω−ω′). (17)

Combining (5) and (13), one finds that the fluctuations of the electric field are also consistent
with the fluctuation–dissipation theorem, as required:

〈{1Ê(r, ω),1Ê†(r′, ω′)}〉 =
h̄

π
Im
[
µ0ω

2G(r, r′, ω)
]
δ(ω−ω′). (18)

In order to verify the canonical equal-time commutation relations, we introduce the
vector potential for the electromagnetic field in the Coulomb gauge, Â(r, ω)= Ê⊥(r, ω)/(i ω)

(⊥: transverse part). Using (5) and (13), one finds[
Ê(r, ω), Â†(r′, ω′)

]
=

ih̄µ0ω

π
Im[G⊥(r, r′, ω)]δ(ω−ω′) (19)

and hence [
Ê(r), Â(r′)

]
=

h̄µ0

2π

∫
∞

−∞

dω ω
[
G⊥(r, r′, ω) + ⊥GT(r′, r, ω)

]
, (20)

where the Schwarz reflection principle (14) has been used. Use has been made of the left- and
right-sided transverse projections, which are defined, respectively, as

⊥T = δ⊥ ? T , T⊥ = T ? δ⊥. (21)

Closing the integration contour in the upper half of the complex ω plane, where the Green’s
function is analytic, and using the asymptote (ω2/c2)G(r, r′, ω)→−δ(r− r′) for |ω| →∞,
one finds the canonical commutation relation from free-space QED,[

Ê(r), Â(r′)
]
=

ih̄

ε0
δ⊥(r− r′), (22)

as required. We now introduce the bosonic creation and annihilation operators of the matter-field
system, f̂† and f̂ according to the prescription

ĵN(ω)=

√
h̄ω

π
R(ω) ? f̂(ω), (23)

where R is a square root of the positive definite tensor field Re[Q],

R(ω) ? R†(ω)=Re[Q(ω)]. (24)
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This solution is only unique up to a unitary matrix which does not affect the physical results [29].
Together with equation (5), this ensures bosonic commutation relations,

[f̂(r, ω), f̂†(r′, ω′)]= δ(r− r′)δ(ω−ω′). (25)

The Hamiltonian of the medium-field system is then

ĤF =

∫
d3r

∫
∞

0
dω h̄ω f̂†(r, ω) · f̂(r, ω). (26)

It leads to the free evolution of the dynamical variables as f̂(r, ω, t)= f̂(r, ω) e−i ωt ; hence
Maxwell’s equations for the electromagnetic-field operators in the Heisenberg picture are valid
by construction.

3. Field quantization in terms of electric and magnetic response functions

The properties of media with spatially nonlocal or local responses can alternatively be described
by their permittivity, permeability and magnetoelectric susceptibilities. To begin, it is convenient
to cast the inhomogeneous Maxwell equations (10) into the forms (we drop the spatial and
frequency arguments from now on)

∇ · D̂= 0, ∇ × Ĥ + i ωD̂= 0 (27)

with

D̂= ε0Ê + P̂, Ĥ=
1

µ0
B̂− M̂. (28)

The polarization and magnetization fields respond linearly to the electric and magnetic fields,

P̂= ε0(ε− ξ ? µ−1 ? ζ − I) ? Ê + Z−1
0 ξ ? µ−1 ? B̂ + P̂N, (29)

M̂= Z−1
0 µ−1 ? ζ ? Ê + µ−1

0 (I−µ−1) ? B̂ + M̂N. (30)

The medium is characterized by its permittivity, ε(r, r′, ω), its permeability, µ(r, r′, ω)

and its magnetoelectric susceptibilities, ξ(r, r′, ω) and ζ (r, r′, ω). P̂N(r, ω) and M̂N(r, ω)

denote the noise polarization and noise magnetization, respectively, and Z0 =
√

µ0/ε0 is
the vacuum impedance. In the case of nonlocal media the permittivity, permeability and
magnetoelectric susceptibilities are functions of two independent spatial variables, whereas in
a locally responding media they read ε(r, r′, ω)= ε(r, ω)δ(r− r′), µ(r, r′, ω)= µ(r, ω)δ(r−
r′), ξ(r, r′, ω)= ξ(r, ω)δ(r− r′) and ζ (r, r′, ω)= ζ (r, ω)δ(r− r′). By combining (28)–(30),
the constitutive relations can be given in the more familiar form (see [31] for the nonconducting
case)

D̂= ε0ε ? Ê + c−1ξ ? Ĥ + P̂N + c−1ξ ? M̂N, (31)

B̂= c−1ζ ? Ê + µ0µ ? Ĥ + µ0µ ? M̂N, (32)

where the notational distinction between locally and nonlocally responding media as given
above applies.

In order to distinguish reciprocal magnetoelectric susceptibilities from nonreciprocal ones,
as previously discussed in the nondispersive case [32], one commonly writes ξ = χT

− iκT and
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ζ = χ + iκ . The chirality tensor κ = (ζ − ξT
)/(2i) represents the reciprocal magnetoelectric

response; whereas the nonreciprocal magnetoelectric tensor χ = (ζ + ξT
)/2 vanishes for a

reciprocal medium.
By combining Maxwell’s equations with the constitutive relations (31) and (32), we note

that the respective Green tensor is the solution to equation (12) with

Q= (i µ0ω)−1
∇ × (µ−1

− I)×
←−
∇ + Z−1

0 ∇ ×µ−1 ? ζ + Z−1
0 ξ ? µ−1

×
←−
∇

−iε0ω(ε− ξ ? µ−1 ? ζ − I) (33)

and

ĵN =−i ωP̂N +∇ × M̂N, (34)

where [T×
←−
∇ ]i j(r, r′)= ε jkl∂

′

l Tik(r, r′) denotes a derivative acting on the second argument of
a tensor function. The Green tensor for the electric field (13) solves[
∇ ×µ−1 ?∇ ×−

i ω

c
∇ ×µ−1 ? ζ +

i ω

c
ξ ? µ−1 ?∇ −

ω2

c2
(ε− ξ ? µ−1 ? ζ )

]
? G= δ. (35)

The commutation relations for P̂N and M̂N can be deduced by substituting the real parts of (33)
and (34) into (5),[
P̂N(r, ω), P̂†

N(r′, ω′)
]
=

ε0h̄

π
Im

{
ε(ω)− [ξ(ω) ?µ−1(ω) ? ζ (ω)]

}
(r, r′)δ(ω−ω′), (36)

[
P̂N(r, ω), M̂†

N(r′, ω′)
]
=

h̄

2π iZ0

{
[ξ(ω) ?µ−1(ω)]− [ζ †(ω) ?µ−1†(ω)]

}
(r, r′)δ(ω−ω′), (37)

[
M̂N(r, ω), P̂†

N(r′, ω′)
]
=

h̄

2π iZ0

{
[µ−1(ω) ? ζ (ω)]− [µ−1†(ω) ? ξ †

(ω)]
}
(r, r′)δ(ω−ω′), (38)[

M̂N(r, ω), M̂†
N(r′, ω′)

]
=−

h̄

πµ0
Im[µ−1(r, r′, ω)]δ(ω−ω′). (39)

We now introduce the bosonic creation and annihilation operators with commutation relations[
f̂λ(r, ω), f̂†

λ′(r
′, ω′)

]
= δλλ′δ(r− r′)δ(ω−ω′), (λ, λ′ = e, m) (40)

according to (
P̂N

M̂N

)
=

√
h̄

π
R ?

(
f̂e

f̂m

)
, (41)

where the (6× 6)-matrix R is a root of

R ?R†
=

ε0Im[ε− ξ ? µ−1 ? ζ ]
ξ ? µ−1

− ζ † ? µ−1†

2iZ0
µ−1 ? ζ −µ−1† ? ξ †

2iZ0
−
Im[µ−1]

µ0

. (42)

The Hamiltonian of the body–field system is again quadratic and diagonal in the bosonic
variables,

ĤF =

∑
λ=e,m

∫
d3r

∫
∞

0
dω h̄ω f̂†

λ(r, ω) · f̂λ(r, ω). (43)
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Note that (28)–(30) imply a separation of the internal current density into electric and magnetic
parts, ĵin =−i ωP̂ +∇ × M̂. This separation and the resulting explicit field quantization is not
unique in spatially dispersive (i.e. nonlocal) media, as the magnetization field can be absorbed
into the transverse part of the polarization field [28]. While a local magnetoelectric medium
can always be described in terms of a (nonlocal) conductivity without reference to magnetic
properties, the equivalent description in terms of a local permittivity, permeability and cross-
susceptibility is much more accessible. These parameters are often known experimentally and
they allow for a classification of electromagnetic responses.

4. Duality invariance

An electromagnetic system separated into distinct electric and magnetic causes and effects can
be subject to a duality transformation operation, that is, a global exchange of the electric and
magnetic properties. A system invariant under such an operation is said to possess duality
invariance as a symmetry [21]. This symmetry can be exploited in order to simplify the
computation of dispersion forces involving, say magnetizable media, from known dispersion
forces between polariable media [23].

By introducing dual-pair notation (ÊT, Z0ĤT)T, (Z0D̂T, B̂T)T, we may write the Maxwell
equations (9) and (27) in the compact form

∇ ·

(
Z0D̂

B̂

)
=

(
0

0

)
, (44)

∇ ×

(
Ê

Z0Ĥ

)
− i ω

(
0 1

−1 0

)(
Z0D̂

B̂

)
=

(
0

0

)
. (45)

The constitutive relations (31) and (32) in condensed form read(
Z0D̂

B̂

)
=

1

c

(
ε ξ

ζ µ

)
?

(
Ê

Z0Ĥ

)
+A ?

(
Z0P̂N

µ0M̂N

)
(46)

with

A=

(
I ξ

0 µ

)
. (47)

Maxwell’s equations are invariant under duality transformations(
x
y

)~
= D(θ)

(
x
y

)
, D(θ)=

(
cos θ sin θ

− sin θ cos θ

)
, (48)

because D(θ) is a symplectic matrix. From the constitutive relations, as shown in (46), we find
the transformed medium response functions

ε

ζ

ξ

µ


~

=D(θ)


ε

ζ

ξ

µ

 (49)

with

D(θ)= D(θ)⊗ D(θ) (50)
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as well as (
Z0P̂N

µ0M̂N

)~
=A

~−1 ? D(θ)A ?

(
Z0P̂N

µ0M̂N

)
, (51)

where

A
−1
=

(
I −ξ ·µ−1

0 µ−1

)
. (52)

It is worth discussing a few special cases of bianisotropic media, their characteristic features
and behaviour under duality transformations:

Local media [ε(r, r′, ω)= ε(r, ω)δ(r− r′), similarly for the other response functions]:
Convolution operators reduce to ordinary matrix products, compatible with all other special
cases below.
Isotropic media (ε = εI, µ= µI, ξ = ζ = 0): Onsager reciprocity (15) holds; P̂N and M̂†

N
commute; generalized real and imaginary parts reduce to ordinary ones; discrete duality
symmetry.
Bi-isotropic media (ε = εI, µ= µI, ξ = ξ I, ζ = ζ I): generalized real and imaginary parts
in (36) and (39) reduce to ordinary ones; continuous duality symmetry.

Anisotropic media (ξ = ζ = 0): P̂N and M̂†
N commute; discrete duality symmetry.

Reciprocal media (εT
= ε, ξ T

=−ζ , µT
= µ): (15) holds; generalized real and imaginary

parts reduce to ordinary ones; discrete duality symmetry.

Here, discrete duality symmetry means that the rotation angle is restricted to values θ =

nπ/2 with n ∈ Z. Note that duality is only realized as a continuous symmetry when Onsager-
violation is allowed for. Notably, a reduction in reciprocity symmetry leads to an enhancement
of duality symmetry.

In order to derive transformation laws for the Green tensor, we combine (9), (11), (28), (30)
and (34) to write(

Ê
Z0Ĥ

)
=−cB ?G ?

(
Z0P̂N

µ0M̂N

)
, (53)

B=

(
I 0

−µ−1 ? ζ µ−1

)
, (54)

G=

(
Gee Gem

Gme Gmm + µ

)
, (55)

where we have introduced the shorthand notations Gee = (i ω/c)G(i ω/c), Gem = (i ω/c)G×
←−
∇
′, Gme =∇ ×G(i ω/c) and Gmm =∇ ×G×

←−
∇
′. The transformed Green’s tensors follow by

applying duality transformations on both sides of this equation,

G
~
= B

~−1 ? D(θ)B ?G ?A−1 ? D−1(θ)A~, (56)

where

B
−1
=

(
I 0

−µ−1 ? ζ µ−1

)
. (57)
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In the special case of r and r′ being in free space, we have A,B= I, so that G~ = D(θ)G ?

D−1(θ) and hence
Gee

Gem

Gem

Gmm + δ


~

=D(θ)


Gee

Gem

Gem

Gmm + δ

. (58)

The Green tensors then transform like the medium response functions with (50).

5. Conclusion

Based on the general Ohm’s law, we have quantized the electromagnetic field in the presence of
nonlocal, nonreciprocal media which satisfies (i) the canonical commutation relations from free-
space QED; (ii) the linear fluctuation–dissipation theorem; and (iii) the macroscopic Maxwell
equations. A key feature of the scheme is the symmetrization of tensor fields via generalized
real and imaginary parts, which is necessary whenever Onsager reciprocity does not hold. Their
presence in the fluctuation–dissipation theorem is the key to avoiding restrictions on the allowed
medium response.

For nonlocal and local bianisotropic media we have shown that quantization can
alternatively be performed by the introduction of permittivity, permeability and magnetoelectric
susceptibilities. When the latter do not vanish, the noise polarization and magnetization
do not commute. We have explicitly determined the behaviour of the fields and response
functions under duality transformations. The full continuous transformation group applies
for bianisotropic and bi-isotropic media, but reduces to a discrete symmetry for isotropic,
anisotropic and/or reciprocal media.

The scheme lays the foundation for exact studies of quantum phenomena such as dispersion
forces, Förster energy transfer or environment-assisted molecular transition rates in the presence
of motion or novel media with chiral or nonreciprocal properties. Moving media are a
prime example for the occurrence of nonreciprocal material properties [28] which have to be
thoroughly accounted for in order to understand, e.g. quantum friction. CP violation in atoms or
molecules is manifest in their nonreciprocal cross-polarizability. The Curie principle, stating
that certain interactions between two partners (atoms, molecules, bodies, etc) require them
to possess similar properties, then allows for a detection of CP violation via atom–surface
interactions provided the surface exhibits a corresponding nonreciprocity.
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Appendix. Integral relation for the Green tensor

To derive the integral relation (16) for the Green tensor, we write the Helmholtz equation (12)
as

Ĥ · Ĝ= Î, (A.1)
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where 〈r|Ĝ|r′〉 = G(r, r′, ω) and 〈r|Ĥ|r′〉 = [∇ ×∇ ×−ω2/c2]δ(r− r′)− i µ0ωQ(r, r′, ω). The
Green operator is the right-inverse and, within any group of invertible operators, also the left-
inverse of the Helmholtz operator,

Ĝ · Ĥ= Î. (A.2)

From this relation and its Hermitian conjugate we find that

Ĝ · (Ĥ− Ĥ†) · Ĝ†
= Ĝ†

− Ĝ. (A.3)

In coordinate space this relation reads

µ0ω

∫
d3s

∫
d3s ′G(r, s, ω) · ReQ(s, s′, ω) · G†(r′, s′, ω)= Im G(r, r′, ω) (A.4)

which in convolution notation takes the form of equation (16).
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We discuss under what conditions the duality between electric and magnetic fields is a valid symmetry

of macroscopic quantum electrodynamics. It is shown that Maxwell’s equations in the absence of free

charges satisfy duality invariance on an operator level, whereas this is not true for Lorentz forces and

atom-field couplings in general. We prove that derived quantities such as Casimir forces, local-field

corrected decay rates, as well as van der Waals potentials are invariant with respect to a global exchange of

electric and magnetic quantities. This exact symmetry can be used to deduce the physics of new

configurations on the basis of already established ones.
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In the past, studies of phenomena of quantum electro-
dynamics (QED) have often been restricted to purely elec-
tric systems, because effects associated with magnetic
properties are considerably smaller for materials occurring
in nature. Two developments have recently triggered an
increased interest in such magnetic effects: The first was
the suggestion [1] and subsequent fabrication [2] of artifi-
cial metamaterials with controllable electric permittivity "
and magnetic permeability �, where left-handed materials
(LHMs) with negative real parts of " and � are of particu-
lar interest. As had been pointed out already in 1968 [3],
the basis vectors of an electromagnetic wave propagating
inside such a medium form a left-handed triad, implying
negative refraction. Motivated by the progress in metama-
terial fabrication, researchers have intensively studied their
potentials, leading to proposals of a perfect lens with
subwavelength resolution [4] as well as cloaking devices
[5] and predictions of an unusual behavior of the decay of
one or two atoms in the presence of LHMs [6,7].

Another, closely related motivation for considering
magnetic systems was due to the fact that dispersion forces
[8] have gained an increasing influence on micromechan-
ical devices where they often lead to undesired effects such
as stiction [9]. The question naturally arose whether LHMs
could be exploited to modify or even change the sign of
dispersion forces. Forces on excited systems might indeed
be influenced by LHMs [10]. Ground-state forces are not as
easily manipulated because they depend on the medium
response at all frequencies, whereas the Kramers-Kronig
relations imply that LHMs can only be realized in limited
frequency windows. However, the controllable magnetic
properties available in metamaterials can still have a large
impact on dispersion forces: The dispersion forces between
electric and magnetic atoms [11] or bodies [12] differ both
in sign and power laws from those between only electric
ones. Searching for repulsive dispersion forces, interac-
tions of electric or magnetic atoms [13], plates [14,15]
and atoms with plates [16,17] have been studied; more
complex problems such as atom-atom interactions in the

presence of a magnetoelectric bulk medium [18], plate [19]
or sphere [20] have also been addressed. Reductions or
even sign changes of the forces have been predicted for
such scenarios and have been attributed primarily to large
permeabilities rather than left-handed properties.
Metamaterials have thus considerably increased the pa-

rameter space at one’s disposal for manipulating phe-
nomena of QED. An efficient use of this new freedom
requires the formulation of general statements of what
might be achieved and what is impossible in principle.
Working in this direction, upper bounds for the strength
of attractive and repulsive Casimir forces have been for-
mulated [15] and it has been proven that the force between
two mirror-symmetric purely electric bodies is always
attractive [21]. In the present Letter, we establish another
such general principle on the basis of the duality of
Maxwell’s equations under an exchange of electric and
magnetic fields [22,23], also known as electric or magnetic
reciprocity within a generalized framework of classical
electrodynamics [24]. In particle physics, duality has
been discussed as a symmetry of the N ¼ 4 supersym-
metric Yang-Mills theory [25]. We will prove its validity in
the context of macroscopic QED [6,8] and show that under
certain conditions, quantities such as decay rates and dis-
persion forces are invariant with respect to a global ex-
change of electric and magnetic properties. The parameter
space to be considered in the search for optimal geometries
and materials will thus be effectively halved.
We begin by verifying duality for macroscopic QED in

the absence of free charges and currents. We group the
fields into dual pairs (
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Maxwell’s equations are invariant under the general SO(2)
duality transformation

x
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which may equivalently be expressed as a U(1) transfor-
mation when introducing complex Riemann-Silberstein
fields [22]. The invariance of Maxwell’s equations under
this rotation can be verified by multiplying Eqs. (1)–(3) by
Dð�Þ and using the fact that Dð�Þ commutes with the
symplectic matrix in Eq. (2). Note that the grouping into
dual pairs is solely due to the mathematical structure of the

equations and is in contrast to the fact that Ê, B̂ and D̂, Ĥ
are the pairs of physically corresponding quantities.

For it to be a valid symmetry of the electromagnetic
field, duality must also be consistent with the constitutive
relations. In the presence of linear, local, isotropic, dis-
persing and absorbing media, the constitutive relations in
frequency space can be given asffiffiffiffiffiffi
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where " ¼ "ðr; !Þ and � ¼ �ðr; !Þ denote the relative
electric permittivity and magnetic permeability of the me-

dia and P̂N and M̂N are the noise polarization and magne-
tization which necessarily arise in the presence of
absorption. Invariance of the constitutive relations (5)
under the duality transformation requires that
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0 �?

� �
¼Dð�Þ " 0

0 �

� �
D�1ð�Þ

¼ "cos2�þ�sin2� ð�� "Þ sin� cos�
ð�� "Þ sin� cos� "sin2�þ�cos2�

� �
:

(6)

This condition is trivially fulfilled if " ¼ � (including
both free space and the perfect lens, " ¼ � ¼ �1 [4]),
where duality is a continuous symmetry. For media with a
nontrivial impedance, the condition (6) only holds for � ¼
n�=2 with n 2 Z. The presence of such media thus re-
duces the continuous symmetry to a discrete symmetry
with four distinct members, whose group structure is that
of Z4. For � ¼ n�=2, Eqs. (5) and (6) imply the trans-
formations
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Maxwell’s equations (1) and (2), together with the con-
stitutive relations (5) for the electromagnetic field in the

absence of free charges and currents, are thus invariant
under the discrete duality transformations � ¼ n�=2, n 2
Z given by Eqs. (4), (7), and (8). This is not only true for
the equations of motion, but clearly must also hold on a
Hamiltonian level. To see this explicitly, recall that the

Hamiltonian of the medium-assisted field is given by ĤF¼P
�¼e;m

R
d3r

R1
0 d!@!f̂y�ðr;!Þ � f̂�ðr;!Þ [6] where the

fundamental bosonic fields f̂� are related to the noise
terms via
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Combining Eqs. (7)–(9), one finds that the fundamental
fields transform as

f̂e

f̂m
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for � ¼ n�=2, so that Ĥ?
F ¼ ĤF. It is sufficient to focus on

the single duality transformation � ¼ �=2 as summarized
in Table I, which is a generator of the whole group.
Let us next turn our attention to Lorentz forces and the

coupling of the medium-assisted field to charged particles:
We recall that the operator Lorentz force on a neutral body
occupying a volume V can be given as [8]

F̂ ¼
Z
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Z
V
d3rÊðrÞ � B̂ðrÞ (11)

(I: unit tensor), while that on a neutral atom with polar-

ization P̂A and magnetization M̂A reads [8,26]

F̂ ¼ rA

Z
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� _̂rA � B̂ðrÞ� þ d

dt

Z
d3rP̂AðrÞ � B̂ðrÞ: (12)

The coupling of one or more atoms to the medium-assisted
electromagnetic field can in the multipolar coupling
scheme be implemented via [8,19]

TABLE I. Effect of the duality transformation with � ¼ �=2.

Partners Transformation

Ê, Ĥ: Ê? ¼ c�0Ĥ, Ĥ? ¼ �Ê=ðc�0Þ
D̂, B̂: D̂? ¼ c"0B̂, B̂? ¼ �D̂=ðc"0Þ
P̂, M̂: P̂? ¼ M̂=c, M̂? ¼ �cP̂
P̂A, M̂A: P̂?

A ¼ M̂A=c, M̂?
A ¼ �cP̂A

d̂, m̂: d̂? ¼ m̂=c, m̂? ¼ �cd̂
P̂N , M̂N: P̂?

N ¼ �M̂N=c, M̂?
N ¼ �cP̂N="

f̂e, f̂m: f̂?
e ¼ �ið�=j�jÞf̂m, f̂?

m ¼ �iðj"j="Þf̂e

", �: "? ¼ �, �? ¼ "
�, �: �? ¼ �=c2, �? ¼ c2�
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Ĥ AF ¼ �
Z

d3r½P̂AðrÞ � ÊðrÞ þ M̂AðrÞ � B̂ðrÞ

þm�1A P̂AðrÞ � p̂A � B̂ðrÞ�; (13)

when neglecting diamagnetic interactions. Using the trans-
formation behavior given in Table I, it is immediately clear
that neither the Lorentz forces on bodies or atoms nor the
atom-field interactions are duality invariant on an operator
level. Even for atoms and bodies at rest with time-
independent fields, duality invariance is prohibited by the
unavoidable noise polarization and magnetization in the
constitutive relations (5).

That said, we will now show that effective quantities
derived from the above operator Lorentz forces and atom-
field couplings do obey duality invariance when consider-
ing atoms and bodies at rest not embedded in a medium. In

particular, we will consider the Casimir force [27]
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the single- and two-atom van der Waals (vdW) potentials
[8,17,28]
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(�, �: atomic polarizability, magnetizability) and the
atomic decay rate [6,29]
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(17)

(jni: initial atomic state, !nk: atomic transition frequen-
cies; dnk, mnk: electric, magnetic dipole matrix elements).
Here, Gð1Þ is the scattering part of the classical Green
tensor, where a left index e, m indicates that G is multi-
plied by i!=c ¼ ��=c or r� from the left and a right
index e, m denotes multiplication with i!=c ¼ ��=c or

�r 0 from the right. The Casimir force and the single-atom
vdW force are the ground-state averages of the above
operator Lorentz forces, while the atomic potentials and
rates follow from the atom-field coupling.

To prove the duality invariance of the above quantities
(14)–(17), we note that the Casimir force depends solely on
the classical Green tensor�
r� 1

�ðr; !Þr��
!2

c2
"ðr; !Þ

�
Gðr; r0; !Þ ¼ �ðr� r0Þ;

(18)

while vdW forces and decay rates also depend on �, �, d̂
and m̂. While the transformation behavior of the latter
quantities under duality follows immediately from that of

", �, P̂A and M̂A (see Table I), the transformed Green
tensor, which is the solution to Eq. (18) with " and �
exchanged, can be determined as follows: We first note that
Maxwell’s equations (1) and (2) together with the con-
stitutive relations (5) are uniquely solved by [6]

Êðr; !Þ ¼ �"�10
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(22)

The invariance of Maxwell’s equations implies that this
solution remains valid after applying the duality transfor-
mation. Taking duality transforms of Eqs. (19) and (20),
the unknown transformed Green tensor appears on the
right-hand side of these equations, whereas the transfor-
mations of all other quantities occurring in the equations
can be determined with the aid of Table I. After using
Eqs. (19)–(22) to express the resulting fields on the left-

hand side in terms of P̂N and M̂N and equating coefficients,
one obtains the following transformation rules:
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G ?
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The duality invariance of dispersion forces and decay
rates follows immediately. Using Eqs. (23) and (26) and
noting that the � function does not contribute to the scat-
tering part of the Green tensor, it is seen that the Casimir
force (14) on a body is unchanged when globally exchang-
ing " and�, provided that the body is located in free space.
The duality invariance of the vdW potentials (15) and (16)
also follows from the transformation rules (23)–(26). This
invariance with respect to a simultaneous exchange "$ �
and �$ �=c2 again only holds if "ðrA=BÞ ¼ �ðrA=BÞ ¼ 1.
In contrast to the Casimir force, this does not mean that the
atom has to be located in vacuum, but merely implies that
for atoms embedded in media, local-field corrections must
be included via the real-cavity model in order to insure
invariance [30].

Duality invariance can be used to obtain the full func-
tional dependence of dispersion forces in given scenarios
on the atomic and medium parameters from knowledge of
the respective dual scenario. For instance, it has recently
been shown that in the retarded limit the vdW potential of
two polarizable atoms reads UðrABÞ ¼ �1863@c�A�B"

2=
½64�3"20

ffiffiffiffiffiffiffi
"�
p ð2"þ 1Þ4r7AB� when including local-field

corrections [30]. Making the replacements �! �=c2,
"$ �, one can immediately infer UðrABÞ ¼
�1863@c�2

0�A�B�
2=½64�3 ffiffiffiffiffiffiffi

"�
p ð2�þ 1Þ4r7AB� for mag-

netizable atoms. The utility of this principle becomes even
more apparent for complex problems like the interaction of
two atoms in the presence of a magnetoelectric object
[19,20]. Finally, using the fact that two purely electric,
mirror-symmetric bodies always attract [21], we can im-
mediately conclude that so do two purely magnetic ones.

In addition, Eqs. (23) and (26) imply the duality invari-
ance of the decay rate (17) since the � functions do not
contribute to the imaginary part of the Green tensor; again,
local-field corrections have to be included for atoms em-
bedded in media. This symmetry can be exploited, e.g., to
obtain magnetically driven spin-flip rates of atoms in spe-
cific environments from known electric-dipole driven de-
cay rates.

In conclusion, we have shown that dispersion forces on
atoms and bodies as well as decay rates of atoms are
duality invariant, provided that the bodies are located in
free space at rest and that local-field corrections are taken
into account when considering (stationary) atoms em-

bedded in a medium. The established symmetry operation
of globally exchanging electric and magnetic body and
atom properties is a powerful tool for obtaining new results
on the basis of already established ones. The invariance can
easily be extended to other effective quantities of macro-
scopic QED such as frequency shifts, heating rates or
energy transfer rates.
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We study the scaling behavior of dispersion potentials and forces under very general conditions. We

prove that a rescaling of an arbitrary geometric arrangement by a factor a changes the atom–atom and

atom–body potentials in the long-distance limit by factors 1=a7 and 1=a4, respectively, and the Casimir

force per unit area by 1=a4. In the short-distance regime, electric and magnetic bodies lead to different

scaling behavior. As applications, we present scaling functions for two atom–body potentials and display

the equipotential lines of a plate-assisted two-atom potential.
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Scaling laws play a prominent role in the formulation of
many physical problems and occur naturally when study-
ing critical phenomena in particle physics, condensed mat-
ter, and statistical mechanics. One example is percolation
theory [1], which has found applications in understanding
forest fires, oil-field extraction, and even measurement-
based quantum computing [2].

Dispersion forces are effective quantum electromagnetic
forces between neutral, but polarizable objects [3,4].
Casimir and Polder found that dispersion forces are gov-
erned by simple power laws in the long-distance limit [5]:
The potential of a ground state atom at a distance zA from a
perfectly conducting plate and that of two ground state
atoms separated by a distance rAB are proportional to 1=z4A
and 1=r7AB, respectively, while the force per unit area
between two perfectly conducting plates at separation z
follows a 1=z4 law. Dispersion forces have since been
studied for various bodies of simple shapes such as semi-
infinite half spaces [6], plates of finite thickness [7,8],
cylinders [9], and spheres [10,11]. In all of these cases,
simple scaling laws have been found for the long- and
short-distance limits.

For electrostatic or gravitational interactions, power
laws for the forces between extended objects follow im-
mediately by a volume integration of 1=r potentials.
Dispersion forces, on the contrary, are due to an infinite
hierarchy of microscopic N-point potentials [12], leading
to a nontrivial geometry dependence. Many-body effects
and the nontrivial dependence on geometry are at the heart
of current endeavors to gain a thorough theoretical [13] and
experimental understanding [14] of the Casimir effect and
to exploit it in nanotechnology applications [15]. The lack
of simple analytical solutions for dispersion forces in
complex scenarios necessitates general qualitative laws
for what is achievable. Along these lines, it has been

proven that mirror-symmetric arrangements always lead
to attractive Casimir forces [16], and duality invariance has
been established as a tool to study magnetoelectric effects
[17]. Scaling laws of the kind observed for simple objects
would be a powerful addition to this toolbox of general
laws, provided that they can be formulated beyond the
special cases mentioned above.
With this in mind, we will demonstrate in this Letter that

for objects of arbitrary shapes, dispersion interactions in
the long- and short-distance limits obey scaling laws, and
we will identify the respective scaling powers. Our proof
relies on the known dependence of dispersion potentials on
the atomic polarizability �ð!Þ, body permittivity "ðr; !Þ,
and permeability �ðr; !Þ, where the latter determines the
electromagnetic Green tensor

�
r� 1

�ðr; !Þr��
!2

c2
"ðr; !Þ

�
Gðr; r0; !Þ ¼ �ðr� r0Þ:

(1)

In terms of these quantities, the Casimir–Polder (CP) po-
tential of a single electric ground state atom and the
van der Waals (vdW) potential of two such atoms read

UðrAÞ ¼ @�0

2�

Z 1
0

d��2�Aði�ÞTrGð1ÞðrA; rA; i�Þ (2)

(G ¼ Gð0Þ þGð1Þ; bulk and scattering parts) and

UðrA; rBÞ ¼ � @�2
0

2�

Z 1
0

d��4�Aði�Þ�Bði�Þ
� Tr½GðrA; rB; i�Þ �GðrB; rA; i�Þ�; (3)

respectively, and the Casimir force on a body of volume V
is given by F ¼ R

@V dA � TðrÞ with

T ðrÞ ¼� @

�

Z 1
0

d�

��
�2

c2
Gð1Þðr;r; i�Þþr�Gð1Þðr;r; i�Þ�r

 0�� 1

2
Tr

�
�2

c2
Gð1Þðr;r; i�Þþr�Gð1Þðr;r; i�Þ�r

 0�
I

�
(4)
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(I: unit tensor) [4]. We will first define the general scaling
problem and then solve it separately in the long- and short-
distance cases.

The scaling problem.—Consider an arbitrary arrange-
ment of linearly responding bodies characterized by their
permittivity "ðr; !Þ and permeability �ðr; !Þ, with one or
two atoms at positions rA and rB [Fig. 1(i)]. The scaled
arrangement (scaling factor a � 0) is described by the
permittivity and permeability

�"ðr; !Þ ¼ "ðr=a;!Þ; ��ðr; !Þ ¼ �ðr=a;!Þ; (5)

with the atomic positions being scaled accordingly: �rA ¼
arA, �rB ¼ arB [Fig. 1(ii)].

Interactions for long distances.—We speak of the long-
distance regimewhen all distances are much larger than the
wavelengths of the atomic and medium response functions.
In this case, we can approximate the latter by their static
values, �ð!Þ ’ �, "ðr; !Þ ’ "ðrÞ, �ðr; !Þ ’ �ðrÞ, so the
Green tensor is determined by

�
r� 1

�ðrÞr��
!2

c2
"ðrÞ

�
Gðr; r0; !Þ ¼ �ðr� r0Þ: (6)

The Green tensor of the scaled arrangement obeys

�
r� 1

��ðrÞr��
!2

c2
�"ðrÞ

�
�Gðr; r0; !Þ ¼ �ðr� r0Þ: (7)

By renaming r � ar, ! � !=a and using Eq. (5) and
�ðarÞ ¼ �ðrÞ=a3, we find that

�
r� 1

�ðrÞr��
!2

c2
"ðrÞ

�
a �Gðar; ar0; !=aÞ ¼ �ðr� r0Þ:

(8)

Comparison with Eq. (6) reveals the scaling

�Gðar; ar0; !=aÞ ¼ ð1=aÞGðr; r0; !Þ: (9)

Substitution into the CP potential (2) leads to

�UðarAÞ ¼ @�0�A

2�

Z 1
0

d��2Tr �Gð1ÞðarA; arA; i�Þ

¼ @�0�A

2�

Z 1
0

d�

a

�2

a2
Tr �Gð1ÞðarA; arA; i�=aÞ

¼ ð1=a4ÞUðrAÞ: (10)

The CP force thus scales as �FðarAÞ ¼ ð1=a5ÞFðrAÞ.
Analogously, Eq. (9) can be used to derive the following
scaling laws for the vdW potential (3) and the Casimir
force per unit area (4),

�UðarA; arBÞ ¼ ð1=a7ÞUðrA; rBÞ; (11)

�TðarÞ ¼ ð1=a4ÞTðrÞ; (12)

so the total Casimir force behaves as �F ¼ ð1=a2ÞF.
Interactions for short distances.—In the short-distance

or nonretarded regime, all distances are much smaller than
the characteristic atomic and medium wavelengths. A sim-
ple example shows that here no universal scaling law exists
in the general case: The nonretarded CP potential of an
atom at distance zA from a magnetoelectric half space reads
[8]

UðzAÞ ¼ �C3

z3A
þ C1

zA
; (13)

which is incompatible with a relation of the form (10).
However, scaling laws can still be formulated by distin-

guishing between purely electric and purely magnetic en-
vironments. For purely electric bodies, the Green tensor (1)
can be given by the Dyson equation [4]

G ðr; r0; !Þ ¼ Gð0Þðr; r0; !Þ þ!2

c2

�
Z

d3s�ðs; !ÞGð0Þðr; s; !Þ �Gðs; r0; !Þ
(14)

(� ¼ "� 1) where

Gð0Þðr;r0;!Þ¼�c2ei!�=c

4�!2�3

��
1� i

!�

c
�
�
!�

c

�
2
�
I

�
�
3�3i

!�

c
�
�
!�

c

�
2
�
e�e�

�

� c2

3!2
�ð�Þ (15)

(� ¼ r� r0) is the free-space Green tensor. In the short-
distance limit !�=c� 1, the latter reduces to

G ð0Þðr; r0; !Þ ¼ � c2½I� 3e�e��
4�!2�3

� c2

3!2
�ð�Þ: (16)

Starting from the analogous Dyson equation for the scaled
Green tensor, we make the substitutions r � ar, r0 � ar0,
and s � as. After using Eq. (5) and the scaling

FIG. 1. (i) Original and (ii) scaled configurations of bodies and
atoms (a ¼ 1:4).

PRL 104, 070404 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

19 FEBRUARY 2010

070404-2

72 2. Macroscopic quantum electrodynamics



Gð0Þðar; ar0; !Þ ¼ ð1=a3ÞGð0Þðr; r0; !Þ of Eq. (16), a com-
parison with (14) reveals the scaling

�Gðar; ar0; !Þ ¼ ð1=a3ÞGðr; r0; !Þ (17)

for the full Green tensor. Substitution into Eqs. (2)–(4)
immediately implies the scaling laws

�UðarAÞ ¼ ð1=a3ÞUðrAÞ; (18)

�UðarA; arBÞ ¼ ð1=a6ÞUðrA; rBÞ; (19)

�TðarÞ ¼ ð1=a3ÞTðrÞ (20)

where we have used the fact that Gð1Þ dominates over r�
Gð1Þ � r

 0
in the short-distance limit.

For an arrangement of purely magnetic bodies, the non-
retarded Green tensor obeys the Dyson equation

G ð1Þðr; r0; !Þ ¼
Z

d3s�ðs; !Þ½Gð0Þðr; s; !Þ � r
 

s� � ½rs

�Gð0Þðs; r0; !Þ þ rs �Gð1Þðs; r0; !Þ�
(21)

(� ¼ 1=�� 1) with nonretarded free-space Green tensors

r �Gð0Þðr; r0; !Þ ¼ �Gð0Þðr; r0; !Þ � r
 0 ¼ � e� � I

4��2
:

(22)

We read off (1=a2) scalings for r�Gð0Þ and Gð0Þ � r
 0
, so

following similar steps as above, the Dyson Eq. (21) to-
gether with Eq. (5) implies

�G ð1Þðar; ar0; !Þ ¼ ð1=aÞGð1Þðr; r0; !Þ: (23)

Using Eq. (2), the nonretarded CP potential scales as

�UðarAÞ ¼ ð1=aÞUðrAÞ (24)

for purely magnetic bodies. The vdW potential (3) contains
contributions from the bulk and scattering Green tensors
with different scalings. We separate it into a free-space part

Uð0Þ that contains only Gð0Þ and scales according to

Eq. (19) and a body-induced part Uð1Þ. The latter is domi-

nated by the mixed terms Gð0ÞGð1Þ for purely magnetic
bodies in the short-distance limit; it scales as

�U ð1ÞðarA; arBÞ ¼ ð1=a4ÞUð1ÞðrA; rBÞ: (25)

The Casimir force (4) is dominated by r�Gð1Þ � r
 0

with
its (1=a3) scaling for purely magnetic bodies, so that

�TðarÞ ¼ ð1=a3ÞTðrÞ: (26)

Applications.—In the simplest situations where disper-
sion forces depend on a single distance parameter, the
scaling laws directly determine the dependence on that
parameter. For instance, the long-distance scaling laws

(10)–(12) imply the power laws for dispersion interactions
involving atoms and perfectly conducting plates mentioned
above.
For a class of geometries involving a distance parameter

z and a single size parameter d, the scaling laws can be
employed to write potentials and forces in the form
ðCk=z

kÞfðd=zÞ, all relevant information being contained
in the scaling function fðxÞ. In Fig. 2, we display the
scaling functions for the potential of an atom at distance
zA from a Si plate of thickness d (x ¼ d=zA) in the long-
distance limit [8] and for the nonretarded potential of a
perfectly conducting sphere of radius R (x ¼ R=zA) [11].
The plate potential reaches its half-space limit with

associated 1=z4A asymptote already for x ¼ d=zA * 0:5,
showing that finite thickness effects can be neglected for
moderately thick plates even for dielectrics. For very thin
plates with x ¼ d=zA & 0:1, the scale function of the plate
is linear for small x, implying a x=z4A / 1=z5A potential. A
rather abrupt change between the two power laws occurs
between the two extremes.
The scale function of the sphere saturates much more

slowly to its large-x asymptote where a 1=z3A half-space

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0

0.2

0.4

0.6

0.8

1.0

FIG. 2. Scale functions for the potential of an atom in front of a
Si plate (solid line) and near a perfectly conducting sphere
(dashed line).

FIG. 3. Retarded vdW potential next to a perfectly conducting
plate. Atom B is held at different fixed positions (large dot). The
thick contour denotes U=Uð0Þ ¼ 1, values are increasing towards
the exterior of this contour in steps of 0.02.
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potential is observed. This indicates that proximity force
approximations [18] should be used with care. The scale
function of the sphere potential is cubic for small x, cor-
responding to a x3=z3A / 1=z6A asymptote.

As a more complex example, we consider the vdW
potential of two atoms A and B in front of a perfectly
conducting plate in the long-distance limit [19]. In
Fig. 3(i), we show the plate-induced enhancement of the
potential with respect to its free-space value for a given
distance of atom B from the plate. The results for a differ-
ent distance can then be obtained from a scaling trans-
formation cf. Fig. 3(ii). The plate is seen to enhance the
interatomic interaction in two lobe-shaped regions to the
left and right of atom B. This implies that for a thin slab of
an atomic gas at distance z from the plate, the atom–atom
correlation function will be enhanced at interatomic dis-
tances r ’ 2:5z corresponding to the centers of the lobes.
By virtue of scale invariance, this holds for all z that are
compatible with the long-distance limit.

Summary and perspective.—By considering the scaling
behavior for the respective Green tensors, we have derived
universal scaling laws for dispersion interactions in the
long- and short-distance limits as summarized in Table I.
Scaling laws indicate the absence of a characteristic length
scale of the system. For dispersion potentials, the typical
interatomic distances and the wavelengths of atomic and
body response functions give two such characteristic
length scales. The nonretarded scaling laws are hence
only valid for distances well between these two length
scales while the long-range one is restricted to distances
well above the latter.

The scaling laws may be used to deduce the functional
dependence of dispersion forces in the case where they
depend on only a single parameter. In more complex cases,
the knowledge of a potential for a body of given size can be
used to infer the potential for a similar body of different
size. In particular, equipotential lines are invariant under a

scale transformation. More complex applications include
bodies with surface roughness. The duality invariance of
dispersion forces [17] can be used to extend our results to
magnetic atoms.
This work was supported by the Alexander

von Humboldt Foundation, the UK Engineering and
Physical Sciences Research Council, the SCALA pro-
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Bodies Magnetoelectric Electric Magnetic
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Uð0ÞðrA; rBÞ 1=a7 1=a6 1=a6

Uð1ÞðrA; rBÞ 1=a7 1=a6 1=a4

TðrÞ 1=a4 1=a3 1=a3
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We study the interaction of an atom with a one-dimensional nano-grating within the
framework of macroscopic QED, with special emphasis on possible anisotropic contri-
butions. To this end, we first derive the scattering Green’s tensor of the grating by
means of a Rayleigh expansion and discuss its symmetry properties and asymptotes. We
then determine the Casimir–Polder potential of an atom with the grating. In particular,
we find that strong anisotropy can lead to a repulsive Casimir–Polder potential in the
normal direction.
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1. Introduction

Dispersion forces such as the Casimir–Polder interaction between microscopic par-

ticles (atoms and molecules) with macroscopic bodies are prototypical forces that

result from quantum vacuum fluctuations of a physical quantity, in this case the

electromagnetic field.1,2 Their magnitude depends sensitively on the geometry of

the macroscopic body and the optical response of both particle and medium. In the
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simplest case of flat surfaces and isotropic optical response the Casimir–Polder force

is usually attractive and perpendicular to the surface. However, in more complex

geometries this force can be modified to a large extent. For example, surfaces with

gratings can induce force components that are parallel to the (spatially averaged)

interface. This has been shown for Casimir forces between corrugated surfaces3–6

as well as for Casimir–Polder forces.7–11

Moreover, the sign of the dispersion force can be reversed. A repulsive force with

associated equilibrium, at least in the form of a saddle point, has been predicted

for objects above a metal plate with a circular hole12–15 and near wedges.16 Apart

from geometry, non-equilibrium situations such as resonant Casimir–Polder inter-

actions of excited atoms can provide transient repulsion.17,18 In this article, we will

show how a strong anisotropic optical response of an atom can lead to a repulsive

Casimir–Polder force normal to a one-dimensional grating structure.

From a theoretical point of view, to compute an electromagnetic dispersion

force means to determine the scattering properties of a surface, typically in terms

of reflection matrices that enter a mode expansion3,19 or, equivalently, a Green’s

tensor construction.20 Here we use the dyadic Green’s tensor expansion in terms of

Rayleigh reflection coefficients to investigate the interaction of an anisotropic atom

with a one-dimensional periodic surface.

2. Green’s Tensor of a Surface with One-Dimensional Periodic Profile

We require the scattering Green’s tensor G(1)(r, r′, ω) for source point r′ and field

point r being situated in the vacuum half space above a nano-grating (y, y′ > 0)

(see Fig. 1). The grating displays a periodic surface profile f(x) ∈ [−h, 0] in the x-

direction with period d, f(x + d) = f(x) and height h while being translationally in-

variant in the z-direction. To construct the Green’s tensor, we employ a plane-wave

x

y

d
2

d1
2

-h

Fig. 1. An atom (black ellipse) at position (0, y, z) above a one-dimensional rectangular grating.
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basis which is adapted to the symmetry of the system. Wave vectors for upward

(+) and downward (-) moving waves are parametrized as k± = (km
x , ±km

y , kz).

Their x-components are decomposed according to km
x = kx + mq into a continuous

part kx ∈ [−q/2, q/2] that lies within the first Brillouin zone and a discrete part

comprised of integer multiples m ∈ Z of the reciprocal lattice vector q = 2π/d. The

z-component takes arbitrary continuous values kz ∈ R while the y-component then

follows from the dispersion relation:

km
y = km

y (kx, kz , ω) = lim
δ→0+

√
ω2

c2
(1 + iδ) − (km

x )2 − k2
z with Im km

y > 0. (1)

For each such wave vector k± = km±(kx, kz, ω), we choose two perpendicular po-

larisation vectors eE
m± and eH

m± such that only the respective electric and magnetic

fields exhibit non-vanishing y-components, respectively:

eE
m±(kx, kz, ω) =

c

ω
√

ω2/c2 − k2
z




−km
x kz

∓km
y kz

ω2/c2 − k2
z


 , (2)

eH
m±(kx, kz, ω) =

1√
ω2/c2 − k2

z




∓km
y

km
x

0


 . (3)

These vectors are obviously normalized, eE
m± ·eE

m± = eH
m± ·eH

m± = 1 and orthogonal

to each other, eE
m± ·eH

m± = 0, as well as to the unit wave vector ek± = k±/|k±|,
eE

m± ·ek± = eH
m± ·ek± = 0. The three orthonormal vectors form a right-handed

triad, eH
m±×eE

m± = ek±.

With these preparations at hand, the required scattering Green’s tensor can be

given as

G(1)(r, r′, ω) =
i

8π2

∫ q/2

−q/2

dkx

∞∑

m,n=−∞

∫ ∞

−∞
dkz

∑

σ,σ′=E,H

× ei[km
x x−kn

xx′+km
y y+kn

y y′+kz(z−z′)]

kn
y

eσ
m+Rσσ′

mneσ′
n−. (4)

The Rayleigh reflection coefficients Rσσ′
mn = Rσσ′

mn(kx, kz , ω) conserve kx and kz of

the incident wave, but they mix polarizations σ, σ′ as well as diffraction orders

m, n.21,22 In general, they have to be calculated numerically by integrating the

Maxwell equations within the grating (−h < y < 0) and imposing conditions of

continuity at its upper and lower boundaries.3–5,9 For a rectangular grating (Fig. 1),

the formalism for computing the Rayleigh coefficients is presented in Appendix

A. Before we proceed, let us derive some symmetry properties of the reflection

coefficients as well as consider the asymptotes of small and large grating periods.
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2.1. Symmetry properties

Schwarz reflection principle. Like every causal response function, the scat-

tering Green’s tensor obeys the Schwarz reflection principle G(1)(r, r′, −ω∗)
= G(1)∗(r, r′, ω).1 Applying this to Eq. (4) leads to

Rσσ′
−m−n(−kx, −kz, −ω∗) = Rσσ′∗

mn (kx, kz, ω). (5)

Onsager reciprocity. Provided that the grating consists of a medium which obeys

time-reversal symmetry,23 the scattering Green’s tensor fulfils Onsager reciprocity

G(1)(r′, r, ω) = G(1)T(r, r′, ω). This implies

Rσσ′
−n−m(−kx, −kz, ω)

km
y

= ±Rσ′σ
mn(kx, kz , ω)

kn
y

for σ = σ′, σ 6= σ′. (6)

Grating symmetries. Finally, we consider symmetries imposed by the geometry

of the grating. The invariance of the grating with respect to an inversion of the z

coordinate implies that the diagonal/off-diagonal Rayleigh coefficients are even/odd

functions of kz, respectively:

Rσσ′
mn(kx, −kz, ω) = ±Rσσ′

mn(kx, kz , ω) for σ = σ′, σ 6= σ′. (7)

For a symmetric grating with f(−x) = f(x), we further have

Rσσ′
−m−n(−kx, kz, ω) = ±Rσσ′

mn(kx, kz, ω) for σ = σ′, σ 6= σ′ (8)

by virtue of the x-inversion symmetry.

Further symmetries can be obtained by combining the above. For instance,

Eqs. (5) and (6) imply Rσσ′∗
nm (kx, kz, iξ)/km

y = ±Rσ′σ
mn(kx, kz, iξ)/kn

y for σ = σ′,
σ 6= σ′ at purely imaginary frequencies ω = iξ.

2.2. Asymptotes

The exponential factors eikm
y y and eikn

y y′
become either exponentially damped or

rapidly oscillating whenever |km
y |y > 1 or |kn

y |y′ > 1, respectively. In the limit where

the grating period is small with respect to the distances of source and field points

from the grating, d ≪ y, y′, this implies that the Rayleigh sums in Eq. (4) are

effectively limited to small values. To leading order m = n = 0, we have

G(1)(r, r′, ω) =
i

8π2

∫ q/2

−q/2

dkx eikx(x−x′)
∫ ∞

−∞
dkz

eik0
y(y+y′)+ikz(z−z′)

k0
y

×
∑

σ,σ′=E,H

eσ
0+Rσσ′

00 eσ′
0−

=
i

8π2

∫ q/2

−q/2

dkx

∫ ∞

−∞
dkz

e2ik0
yy

k0
y

∑

σ,σ′=E,H

eσ
0+Rσσ′

00 eσ′
0− (9)

in the coincidence limit r = r′. This asymptote of the scattering Green’s tensor

is thus translationally invariant along the x-direction and it is described by the
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effective properties of the grating averaged over one period. The leading correction

to this x-independent Green’s tensor is a harmonic variation in qx which is due to

terms m = 0, n = ±1 and n = 0, m = ±1. In particular for a symmetric grating,

this correction is proportional to cos(qx) in the coincidence limit.

In the opposite extreme of the grating period being very large with respect

to the distances of source and field points from the grating, d ≫ y, y′, very

large Rayleigh reflection orders m, n ≫ 1 contribute. We thus have km
x ≈ mq,

km
y (kx, kz, ω) ≈ km

y (0, kz , ω), so that the polarization unit vectors and reflec-

tion coefficients can be approximated by eσ
m±(kx, kz, ω) ≈ eσ

m±(0, kz, ω) and

Rσσ′
mn(kx, kz, ω) ≈ Rσσ′

mn(0, kz, ω). Carrying out the remaining kx-integral, the scat-

tering Green’s tensor assumes the asymptotic form

G(1)(r, r′, ω) ≃ i sin[π(x − x′)/d]

4π2(x − x′)

∞∑

m,n=−∞
eiq(mx−nx′)

×
∫ ∞

−∞
dkz

ei(km
y y+kn

y y′)+ikz(z−z′)

kn−
y

∑

σ,σ′=E,H

Rσσ′
mneσ

m+eσ′
n−. (10)

3. Casimir–Polder Potential Above a Surface with

One-Dimensional Periodic Profile

Within leading-order perturbation theory, the CP potential of a ground-state atom

within an arbitrary structure is given as24

U(r) =
~µ0

2π

∫ ∞

0

dξ ξ2Tr[α(iξ)·G(1)(r, r, iξ)], (11)

where

α(ω) = lim
ǫ→0+

1

~
∑

k

(
dk0d0k

ω + ωk + iǫ
− d0kdk0

ω − ωk + iǫ

)
(12)

is the ground-state polarisability of the atom as given in terms of its transition

frequencies ωk = (Ek − E0)/~ and dipole matrix elements dmn. Using the Green’s

tensor (4) from the previous section, we find the CP potential of an atom above a

one-dimensional grating as

U(r) =
~µ0

16π3

∫ ∞

0

dξ ξ2

∫ q/2

−q/2

dkx

∞∑

m,n=−∞
eiq(m−n)x

∫ ∞

−∞
dkz

e−(κm+κn)y

κn

×
∑

σ,σ′=E,H

Rσσ′
mneσ

m+ ·α(iξ)·eσ′
n− (13)

with Rσσ′
mn = Rσσ′

mn(kx, kz , iξ) and

κm = κm(kx, kz, iξ) =

√
ξ2

c2
+ (km

x )2 + k2
z . (14)
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In the limit d ≪ y of small grating period, we use the asymptote (9) of the

Green’s tensor to find the x-independent potential

U(r) =
~µ0

16π3

∫ ∞

0

dξ ξ2

∫ q/2

−q/2

dkx

∫ ∞

−∞
dkz

e−2κ0y

κ0

∑

σ,σ′=E,H

Rσσ′
00 eσ

0+·α(iξ)·eσ′
0−.

(15)

For large grating period d ≫ y, Eq. (10) leads to

U(r) =
~µ0

8π2d

∫ ∞

0

dξ ξ2
∞∑

m,n=−∞
eiq(m−n)x

∫ ∞

−∞
dkz

e−(κm+κn)y

κn

∑

σ,σ′=E,H

Rσσ′
mn

× eσ
m+ ·α(iξ)·eσ′

n− (16)

with kx = 0 taken in all expressions inside the integrand.

4. Casimir–Polder Potential Above a One-Dimensional

Rectangular Grating

We study a ground-state Rb atom above a rectangular Au grating as shown in Fig. 1.

The grating consists of a periodic array of rectangular bars of height h = 20 nm

and width 2 µm with separation d1 = 2 µm, so that the grating period is d = 4 µm.

The atom–grating potential is derived by numerically integrating Eq. (13) with

the Rayleigh coefficients as given in Appendix A. To study the effect of possi-

ble anisotropies on the potential, we separate the latter into contributions from

αxx(ω) = αyy(ω) = αzz(ω) = α(ω) where α(ω) is the ground-state polarizability

0 200 400 600 800 1000 1200 1400 1600 1800 2000
−4.5

−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0x 10
−32

y [nm]

U
(r

)[
J
]

 

 

Uxx

Uyy

Uzz

Fig. 2. Contributions to the Casimir–Polder potential of a ground-state Rb atom above an Au
grating as shown in Fig. 1.
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of the Rb atom: U(r) = Uxx(r) + Uyy(r) + Uzz(r). The resulting potentials at

x = 0 are shown in Fig. 2. We find that the component Uyy leads to a repulsive

Casimir–Polder potential in normal direction at separations y . 700 nm. This is the

first demonstration of a repulsive Casimir–Polder potential for a grating geometry.

In many cases of interest, a full numerical calculation of the potential is neither

desirable nor needed. For short atom-grating separations, the asymptotic expression

(16) gives reliable results. In Fig. 3, we show a comparison of the full numerical cal-

culation according to Eq. (13) (thick lines) with the short-distance asymptote (16)

(thin lines) at a fixed atom-grating distance of y = 700 nm. The obvious appear-

ance of a non-sinusoidal lateral force across the grating implies in particular that

the repulsive Uyy component at x = 0 leads to an unstable, saddle-point equilibrium

in accordance with the generalized Earnshaw theorem.25 One further notices that

the short-distance (or large grating) approximation already provides very accurate

results already at y = 700 nm. At smaller separations of y = 300 nm, the difference

between exact and approximate potentials are within the thickness of the lines.

For the components of a Rb atom potential at a distance y = 700 nm from a flat

Au 20 nm width slab one gets Uxx = Uzz = −2.04 · 10−31J , Uyy = −2.22 · 10−31J ,

which is also the proximity force approximation26,27 result for the components of

a potential of a Rb atom located above grating Au bars. At very small distances

the Casimir-Polder potential of the atom is oscillating between the values given by

a proximity force approximation, i.e. between zero (above the slits) and the value

for a thin gold plate (above the bars). This picture remains qualitatively valid up

to distances of the order of the grating period.

0 1 2 3 4 5 6 7
−2.5

−2

−1.5

−1

−0.5

0x 10
−31

2πx/d

U
(r

)[
J
]

 

 

Uxx

Uyy

Uzz

Fig. 3. Casimir–Polder potential of a ground-state Rb atom at fixed distance y = 700 nm above
an Au grating as a function of lateral position. Thick lines: exact numerical results from Eq. (13).
Thin lines: asymptotes from Eq. (16).
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5. Conclusions

We have shown that it is possible to generate repulsive Casimir–Polder forces above

material gratings using anisotropic atoms. Our calculation was based on the Green’s

tensor expansion of the electromagnetic field which, using a Rayleigh expansion,

yields both a numerically exact result as well as analytically tractable asymp-

totes for small and large gratings. Surprisingly, the short-distance (or large grating)

asymptote becomes already accurate at a distance of 700 nm above a grating with

a 4 µm period.

Acknowledgments

SYB was supported by the DFG (grant BU 1803/3-1) and the Freiburg Institute

for Advanced Studies. VNM was partially supported by grants of Saint Petersburg

State University 11.38.237.2015 and 11.38.660.2013. VNM thanks the participants

of the 9th Friedmann Seminar for interesting discussions; it is a pleasure to thank

the organizers for an excellent Seminar.

Appendix A. Rayleigh Reflection Coefficients for a

Rectangular Grating

In the following, we determine the Rayleigh reflection coefficients for the rectangular

grating depicted in Fig. 1. To this end, we express the electromagnetic fields above

and below the grating for incident waves of polarisation σ′ according to Eqs. (2)

and (3) as (the factor e−iωt+ikzz is omitted for brevity)

Ez(x, y) = eikm
x x−ikm

y yδEσ′ +
∞∑

n=−∞
REσ′

nm eikn
xx+ikn

y y, (A.1)

Hz(x, y) = eikm
x x−ikm

y yδHσ′ +

∞∑

n=−∞
RHσ′

nm eikn
xx+ikn

y y (A.2)

for y > 0 and

Ez(x, y) =

∞∑

n=−∞
T Eσ′

nm eikn
xx−ikn

y y, (A.3)

Hz(x, y) =
∞∑

n=−∞
T Hσ′

nm eikn
x x−ikn

y y (A.4)

for y < −h, respectively. For simplicity, we take c = 1 throughout this Appendix.

In the region −h ≤ y ≤ 0 one can write Ez(x, y) =
∑∞

n=−∞ En
z (y) exp(ikn

xx),

analogous decompositions hold for the other components of the electromagnetic

field. It is convenient to denote by [E] the 2N+1-component vector with components

EN , EN−1, . . . , E0, . . . , E−N+1, E−N . We further introduce a diagonal (2N + 1) ×
(2N + 1)-matrix

Λ = diag(kN
x , kN−1

x , . . . , k0
x, . . . , k−(N−1)

x , k−N
x ). (A.5)
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The Maxwell equations in the region −h ≤ y ≤ 0 can then be written as22

∂[Ez]

∂y
− ikz[Ey] = iω[Hx],

∂[Hz]

∂y
− ikz [Hy] = −iω[Dx], (A.6)

ikz [Ex] − iΛ[Ez] = iω[Hy], ikz[Hx] − iΛ[Hz] = −iω[Dy], (A.7)

iΛ[Ey] − ∂[Ex]

∂y
= iω[Hz], iΛ[Hy] − [Hx]

∂y
= −iω[Dz]. (A.8)

Writing [D] = Q[E] and using the results of Ref. 28, one has for a rectangular

grating:

Q =




‖ 1
ε‖−1 0 0

0 ‖ε‖ 0

0 0 ‖ε‖


 . (A.9)

Here, ‖ε‖ is a Toeplitz matrix defined as

‖ε‖ =




ε0 ε1 ε2 . . . ε2N

ε−1 ε0 ε1 . . . ε2N−1

ε−2 ε−1 ε0 . . . ε2N−2

. . . . . . . . . . . . . . .

ε−2N ε−2N+1 ε−2N+2 . . . ε0




, (A.10)

where εn is a Fourier coefficient of the periodic function ε(x + d) = ε(x):

ε(x) =
+∞∑

n=−∞
exp

( i2πnx

d

)
εn. (A.11)

In order to solve the above system of equations, we proceed as follows. Equa-

tion (A.7) implies [Ey] = ‖ε‖−1(Λ[Hz] − kz [Hx])/ω, which can be substituted

into equations (A.6) and (A.8) to eliminate [Ey]. Similarly, Eq. (A.7) leads to

[Hy] = (kz [Ex]−Λ[Ez])/ω, which can be substituted into equations (A.6) and (A.8)

to eliminate [Hy]. As a result, the Maxwell equations in the region −h ≤ y ≤ 0 can

be rewritten as

∂

∂y




[Ex]

[Ez ]

[Hx]

[Hz ]


 = M




[Ex]

[Ez]

[Hx]

[Hz]


 , (A.12)

where the matrix M is defined as

M = i




0 0 −kz

ω Λ‖ε‖−1 1
ω Λ‖ε‖−1Λ − ωI

0 0 −k2
z

ω ‖ε‖−1 + ωI kz

ω ‖ε‖−1Λ
kz

ω Λ ω‖ε‖ − 1
ω Λ2 0 0

k2
z

ω I − ω‖ 1
ǫ ‖−1 −kz

ω Λ 0 0


 . (A.13)

Knowing the transmitted fields (A.3) and (A.4) at y = −h, one can determine

the fields at y = 0 by integrating Eq. (A.12) from −h to 0. Imposing the continuity

conditions on all Fourier components of [Ex], [Ez], [Hx], [Hz ] at y = 0, one then

determines the Rayleigh reflection and transmission coefficients.
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Abstract
Wediscuss the Casimir effect for boundary conditions involving perfect electromagnetic conductors,
which interpolate between perfect electric conductors and perfectmagnetic conductors. Based on the
corresponding reciprocal Green’s tensorwe construct theGreen’s tensor for two perfectly reflecting
plates withmagnetoelectric coupling (non-reciprocalmedia)within the framework ofmacroscopic
quantumelectrodynamics.We calculate the Casimir force between two arbitrary perfect electro-
magnetic conductor plates, resulting in a universal analytic expression that connects the attractive
Casimir forcewith the repulsive Boyer force.We relate the results to a duality symmetry of
electromagnetism.

1. Introduction

Nonvanishing zero-point energies are a pervasive feature of quantummechanics and quantum field theory. The
fact that energy fluctuations of the vacuum lead to physically observablemacroscopic forces wasfirst discovered
byHendrik Casimir in [1], who calculated the attractive force between two unchargedmetallic plates due to the
fluctuations of the electromagnetic field, which turned out to be given by the simple expression

f
c

d240
1attr

2

4

 p
= - ( )

for plates separated by a distance d. The origin of this force is the non-vanishing expectation value of the squared
electric andmagnetic fields in the vacuum state, which is thenmodified by the presence of surfaces. These
vacuumfluctuations give rise to various forms ofmatter-vacuum interaction. The inverse fourth-power
distance-dependence leads to negligibly small forces on large distance scales. However, in the nanometre regime
theCasimir effect and other vacuum fluctuation induced forces can become significant or even dominant. In
particular, the Casimir force poses a challenge for constructingmicroelectromechanical systems [2]. It causes
effects such as stiction [3, 4], which is the permanent adhesion of two nano-structural elements. In order to
remove such impeding effects, possible ways ofmanipulating theCasimir force between bodies have been
pursued.

Of particular interest are repulsive Casimir forces [5]. Thefirst result in thisfieldwas obtained by Boyer in
[6], who considered an assembly of two parallel plates, one of themperfectly conducting, the other one perfectly
permeable.He found theCasimir force to be repulsive in this case and showed that the ratio of his result to the
attractive force calculated byCasimir reads

f f
7

8
. 2rep attr= - ( )

It has also been theoretically shown that themagnitude of theCasimir force between two plates of any
magnetodielectric properties has to fall between the result of Casimir and the result of Boyer [7], whichwe shall
confirmhere.

Due to the difficulty of realisingmaterials whose permeability is perfect or nearly perfect, other ways of
implementing repulsive Casimir forces have been considered. Kenneth andKlich [8]have discussed the
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opportunities ofmaterials with non-trivial butfinitemagnetic susceptibilities for instance. As another approach
theCasimir forces onmaterials with polarisation-twisting effects have been studied. In particular the vacuum
interaction properties of topological insulators [9, 10] and of chiralmetamaterials [11, 12], have been
investigated for generalised boundary conditions [13]. For the case of a scalar field confined byRobin boundary
conditions, the Casimir force has been obtained to be either repulsive or attractive [14], as is also the case for thin
films described as Chern–Simons boundaries [15, 16]. Here wewill study perfect electromagnetic conductors
(PEMCs) as introduced by Lindell and Sihvola [17], which are an idealised class of nonreciprocal polarisation-
mixingmaterials whose response is characterised by a single parameterM.Wewill calculate theCasimir force
between twoPEMCplates in terms of this parameter, whichwill allow us to continuously vary theCasimir force
between the two extremal values.

From amore fundamental point of view, theCasimir force in PEMCmedia is of interest because of its close
relation to duality invariance. It has been shown [18, 19] that a linearmagnetodielectricmediumbreaks the
duality invariance that holds for the freeMaxwell equations, causing them to instead have a discrete

4 -symmetry. Allowingmaterial response that violates Lorentz-reciprocity restores duality invariance [20]—
PEMCmedia provide these properties. For this reasonwewill determine the relation between the PEMC
parameterM and the duality angle of a perfect conductor to obtain a coherent picture of the impact of duality
transformations onCasimir forces.

2. TheCasimir force onnonreciprocal bodies

TheGreen’s tensor r r, ,  w= ¢( ) ofMaxwell’s equations in a regionwith tensor-valued permittivity
r,e e w= ( ), permeability r,m m w= ( ) and cross-polarisabilities r,z z w= ( ) and r,x x w= ( ) (discussed in

detail in section 3) is defined to satisfy [20]:

c c c
r r

1 i i
3

2

2
 

m
w z

m
w x
m

w
e

xz
m

d ´  ´ -  ´ +  ´ - - = - ¢
⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥ ( ) ( )

subject to appropriate boundary conditions, andwhere  is the three-dimensional identitymatrix. Then,
quantised electromagnetic fields can be constructed via [21]

E r r r r j r, i d , , , 40
3

Nòw m w w w= ¢ ¢ ¢ˆ ( ) ( ) · ˆ ( ) ( )
where jN

ˆ is a noise-current source, and herewe have takenω>0, but the corresponding negative frequency
fields can be constructed by hermitian conjugation. The noise current jN

ˆ is given explicitly in terms of noise

polarisation PN
ˆ and noisemagnetisation MN

ˆ by

j r P M, i 5N N Nw w= - +  ´ˆ ( ) ˆ ˆ ( )
with
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where Z0 0 0m e= denotes the impedance of free space.Here and throughout we use the convention that
3×3matrices in position space (tensors) are represented by ‘open-face’ symbols ( ,  etc), while 2×2
matrices acting in polarisation or duality space are represented by ‘calligraphic’ symbols ( ,  etc). The
quantities fl̂ are bosonic quasiparticle excitations satisfying:

e mf r f r r r, , , , , 7w w d d d w w l¢ ¢ = - ¢ - ¢ =l l ll¢ ¢[ ˆ ( ) ˆ ( )] ( ) ( ) ( ) ( )†

with all other commutators being zero. From amacroscopic point of view theCasimir force F between arbitrary
bodies can be interpreted as the ground-state expectation value of the Lorentz force, or equivalently by an
integral over theMaxwell stress tensor ̂:

F dA 8
V

ò= á ñ
¶

· ˆ ( )
with∂V being the boundary of a volume enclosing the body onwhich the force is to be calculated, and the stress
tensor is

E E B B E B
1 1

2

1
, 90

0
0
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2 e
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e
m

= Ä + Ä - +
⎛
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⎞
⎠⎟

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ( )

where thefields are obtained from equation (4) together with B Ei 1w=  ´-ˆ ( ) ˆ .We can now evaluate the
expectation value in the vacuum state 0 ñ∣{ } of the noise current quanta fl̂ by using f 0 0ñ =l̂∣{ } and the
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commutator (7) above.Wewill also use an integral relation that can be derived from the definition (3) of the
Green’s tensor [20, 22]

r r s r s r s, , d , , i , i , , , , 100
3 T T*   òw m w w w w¢ = ´

¬
´ ¢[ ( )] ( )( ) · · · ( ) ( ) ( )†Im

where

1

2i
11  º -[ ] ( ) ( )†Im

is the generalised imaginary part of a tensor. Employing equation (10) as well as the electric field given by
equation (4), one obtains in agreementwith [11] the vacuum expectation values of the dyadic products
appearing in equation (9) in Fourier space:

E r E r r r, , , , . 120
2 w w

m w
p

w d w wá Ä ¢ ¢ ñ = ¢ - ¢ˆ ( ) ˆ ( ) [ ( )] ( ) ( )Im

This relation is essentially a formof the fluctuation–dissipation theorem, asfirst shownunder very general
conditions in [23]. Its role is to link thefield correlations required for evaluation of the quantum stress tensor
and the classical Green’s function of themedium.Using similar relations for the remaining terms in equation (9),
transforming back to position space and rotating to imaginary frequencies u yields

du dA
c
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fromwhich the force can be computed bymeans of equation (8). In this formula theGreen’s tensor has been
replaced by its scattering part 1( ) defined via

, 140 1  = + ( )( ) ( )

where 0( ) is the bulk part of theGreen’s tensor, which does not contribute to theCasimir force regardless of the
system’s geometry. In additionwe exploit the fact that [20]

r r r r r rlim , lim , 150  d¢ = ¢ = - - ¢
w w¥ ¥

( ) ( ) ( ) ( )
∣ ∣

( )
∣ ∣

which functions as a cutoff for high frequencies, allowing one to obtain a finite result. Note in particular thatwe
did not assume the validity of the Lorentz reciprocity condition r r r r, , , ,T w w¢ = ¢( ) ( ), which is connected
with time reversal invariance [20].We hence have derived an expression for theCasimir force of arbitrary
nonreciprocal bodies, which can also be obtained as a particular case of results for generalmagneto-dielectrics
(see, for example, [24, 25]).

3. Bi-isotropicmedia andPEMCs

In order to obtain a tuneable Casimir forcewewill consider a class ofmaterials whose reflection behaviour is in
some sense intermediate between the extreme cases of the perfect electric conductor (PEC) and perfectmagnetic
conductor (PMC), which are respectively characterised by infinite permittivity ε or infinite permeabilityμ.
Thesematerials are known as bi-isotropic (see, for example, [18]), and inmacroscopic quantum
electrodynamics the response of such amedium is conveniently described by fourmaterial constants; the
familiar ε andμ, as well as two cross-polarizabilities ξ and ζ. In principle all these quantities are permitted to be
tensor-valued, which leads to themore general case of bi-anisotropicmedia.Wewill confine ourselves to bi-
isotropicmedia, inwhich thematerial response shows no direction-dependence. Thismeans that the four
material constants are scalar (or pseudo-scalar) valued and fulfil the constitutive relations

c
D E H

1
, 160e e x= +ˆ ˆ ˆ ( )

c
B H E

1
, 170m m z= +ˆ ˆ ˆ ( )

wherewe have chosen our definitions in such away that all fourmaterial constants are dimensionless. For a
fundamental theory of linearmaterial response see [26].
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3.1.Duality transformation
By allowing for nonzero (or even infinite) cross-polarisabilities ξ and ζwe achieve an interpolation between
PECs and PMCs. To do this we note thatMaxwell’s equations for classical fields inmedia in the absence of free
charges of currents can be arranged in the followingway

Z D

B
0, 180 =

⎛
⎝⎜

⎞
⎠⎟· ˆ ( )

Z
ZE

H
D

B
i 0 1

1 0
0. 19

0

0w ´ +
-

=⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ( )

These equations are invariant under an SO(2) transformation, i.e. they remain validwhen the vectors offields are
multipliedwith amatrix of the form

cos sin
sin cos

. 20
q q
q q

=
-

⎛
⎝⎜

⎞
⎠⎟

( ) ( )
( ) ( ) ( )

Thefields forming a vector in this formalism are called dual partners. The constitutive relations for the quantised
fields then read [19]

Z
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where the noise polarisation PN
ˆ andmagnetisation polarisation MN

ˆ are related to the noise current jN
ˆ . Note that

in case of reciprocalmaterials the reduced number of degrees of freedom stemming fromhaving ξ=−ζ leads to
the constraint that θhas to be a integermultiple ofπ/2, inwhich case the continuous symmetry of duality
invariance hence reduces to a discrete 4 -symmetry [19]. The consideration of polarisation of polarisation-
mixingmaterial constants ξ and ζ, however, restores the continuity of duality invariance [20].

3.2. Perfect electromagnetic conductors (PEMC)
Wewill now focus on PEMCs as a special case of bi-isotropicmaterials. The concept of PEMCs has been
introduced by Lindell and Sihvola [17, 27, 28], finding applications inwaveguide and antenna engineering [29].
At a boundarywith normal vectorn the PEMC reflection properties are defined via

Z Mn D B 0, 220 - =· ( ) ( )
Z Mn H E 0. 230´ + =( ) ( )

They show a transmission-free, polarisation-mixing reflection behaviour [17]. The pseudoscalarmaterial
parameterM interpolates between PEC (M  ¥) and PMC (M=0 boundaries).We can now relateM to the
magnetoelectricmaterial constants introduced in the previous section by comparing equations (22) and (23)
with the general constitutive relations (21). One arrives at

, 24x z me= =  ( )
M 25

x
m

e
m

= =  ( )

in the limit ,m e ¥  ¥, withM beingfinite. In otherwords, a PEMC is a very specific limiting case of a bi-
isotropicmediumwith a strong response. Though it is not obvious from equations (24) and (25), these equations
are consistent with reciprocalmedia for the PEC ( , ,e z x e ¥  ) and PMC ( , ,m z x m ¥  ) limits, as
detailed in [17]. As pointed out byDzyaloshinskii [30] and further investigated in [31], Cr2O3 is a naturally
occurring crystal with aweak nonreciprocal cross-polarisability. The close analogy of such an electromagnetic
responsewith that of the PEMCaswell as the Tellegenmedium and the axion field in particle physics is also
discussed in [32]

PEMCmaterials can be seen as the dual transformof a PECby afinite duality transformation angle θ.
Transforming the PEC-boundary conditions

Zn B n D Bsin cos 0, 260* q q= - + =· · [ ( ) ( ) ] ( )
Zn E n H Esin cos 0 270* q q´ = ´ + =[ ( ) ( ) ] ( )

directly gives equations (22) and (23) if the identification

M cot 28q= ( ) ( )
ismade and the positive sign in equations (24) and (25) is taken. Thismeans that the PEC case corresponds to
θ=0 and the PMCcase to θ=π/2, with all other cases appearing for intermediate angles in the range (0,π/2).
If the negative signwere included in equations (24) and (25), the angle θwould instead be equal to−π/2 for the
PMC, running to θ=0 for the PEC.
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4. TheGreen’s tensor of twoPEMCplates

In order to apply our general result (13) to two PEMCplates, wefirst need tofind the respectiveGreen’s tensor
for the setup specified infigure 1.

4.1. General structure of theGreen’s tensor
The reflection properties of a nonreciprocal plate are described by four reflection coefficients rss, rsp, rps, rpp
corresponding to all possible combinations of the polarisation directions (s or p) of the incoming and outgoing
light. Here the index p denotes an electric field polarisation parallel to the plane of incidence (transverse-
magnetic (TM) polarisation), while s indicates perpendicular polarisation (transverse-electric (TE) polarisation).
The reflectedwave vrefl corresponding to a general incident wave vinc at a boundary described by these four
coefficients can therefore be represented as amatrixmultiplication:

r r
r r

v
vv v . 29

ss sp

ps pp

s

prefl inc= = ⎜ ⎟⎛
⎝

⎞
⎠ ( )· · ( )

A setup consisting of two plates is considered as a three-layer system, wherewe require theGreen’s tensor for all
positions in themiddle layer. This consists of waves travelling from r to r¢ and being reflected any number of
times, which can be elegantly taken into account bymeans of aNeumann series, as is well-known (see, for
example, [33]). Formatrices representing two plates being located at z=0 (- ) and z=L (+ )
respectively we define

e e 30
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n k L n k L

0
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withσi,σj denoting the polarisation directions s and p and  is the two-dimensional identitymatrix. Using the
general formof theGreen’s tensorwe obtain the result
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Note that thematrixmultiplication is performed in (s, p)-space. TheGreen’s tensor’s spatial components are
obtained by the outer product of the respective polarisation vectors. In this expression thefirst two terms
account for an even number ofmultiple reflections between r and r¢, while odd numbers of reflections
contribute to the final two terms. Similarly to the case of reciprocalmaterials [21], it turns out that the terms
representing an odd number of reflections do not contribute to theCasimir force.

Figure 1.Three-layer systemwith perfectly reflecting, cross-polarising boundary surfaces at z=0 and z=L.
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4.2. PEMC reflectionmatrices
The boundary conditions (22) and (23) for thefields lead to polarisation-mixing effects at a PEMCboundary. In
terms of themagnetoelectric constants these reflection coefficients for radiation incident frommedium1 onto
medium2 are given by [10]

r
k k k k

k k k k
, 33ss

1 2 1 2
2
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^ representing the component of thewave
vector perpendicular to the interface. In the PEMC-limit, with all response functions going to infinity and
M e m= , one obtains inmatrix form:
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which is independent of the incomingwave vector.
Introducing the corresponding duality transformation angle θ via equation (28), one obtains for two plates:
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with q being the respective duality transformation angle that defines the properties of each plate.We can now
also calculate the correspondingmultiple-reflection contributions to obtain
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5. Casimir force between twoPEMCplates

In order to solve theGreen’s tensor integral we introduce polar coordinates k , j( ) for the two-dimensional
integral over kP. This simplifies the calculation considerably because the reflectionmatrices aswell asD±and
Dmdo not depend onj, the angular dependence appears only in the dyadic product of the polarisation vectors,
whichmay be straightforwardly integrated.

We can compute a force dF/dA per unit area from the stress tensor via equation (8).Making use of the fact
that dAPez, we have
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where á ñ is given by (13). The symmetry of the problem requires that f has no x- or y- components which can
indeed be seen from the fact that no combination of the polarisation vectors yields a x–z- or y–z-component
when integrated overj.Wewill hence suppress the fact that f is a vector and just calculate its absolute value.

We now insert our obtainedGreen’s tensor (31) into (13) and observe that the contributions from the terms
containing curls equal the contributions from thosewithout. After settingκ=ik⊥, transforming to polar
co-ordinates k u ccos , sink f k f= = ( ) ( ) and carrying out the trivial angular integrationwe get
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This generalisation of Lifshitz’s formula for planar systems [34] agrees with results for reciprocal polarisation-
mixing plates such as gratings [35–37], which is itself a consequence of the general validity of the fluctuation–
dissipation theorem. Remarkably, the result is hence insensitive to the fact that the plates are non-reciprocal at
this level.
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Substituting x=κL and performing thematrixmultiplicationswe find the following integral
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which can be analytically integrated tofinally obtain ourmain result
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wherewe havemade use of the polylogarithm function z z kLin k
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¥( ) . Our result (42) immediately

demonstrates an invariance of theCasimir force under duality transforms ofmaterial parameters; it only
depends on the difference of the PEMCangles, so a simultaneously applied duality transformation does not
change theCasimir force. Thuswemaywrite f f f,q q q q d= - =+ - + -( ) ( ) ( ).We can easily check that this is
indeed compatible with the results of Casimir andBoyer via

k

k
Re Li e

cos

90 12 12 48
, 43

k

k

4
i

1
4

4 2 2 3 4

å f p p f pf f
= = - + -f

=

¥

( ) ( ) ( )

wherewe used deMoivre’s identity followed by formula (27.8.6(3)) of [38] (see also [39], (25.12(ii))), giving
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Thenwe obtain the special cases of Casimir (δ=0, corresponding to any choice of identical plates)
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We show the results for intermediate angles infigure 2. It is seen that there is some value δcrit for which there is no
Casimir force, solving equation (44) for this gives
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In the case of a scalar field under Robin boundary conditions, it has previously been shownnumerically that such
a ‘zero-force’ parameter exists between the extreme cases of attraction and repulsion [14], here we extend this to
the electromagnetic field aswell as finding an analytic value for δcrit. It is also interesting to notice that the
following holds

Figure 2.Casimir force between twoPEMCplates normalised to the original result of Casimir in terms of their duality phase shift
δ=θ+−θ−.
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so even though the force is not symmetric around the central angle δ=π/4, the enclosed areas to the left and the
right of the zero-force angle δcrit are equal. Thus our result represents a sum rule for theCasimir force for
PEMCs; the sumofCasimir forces over the entire PEMCparameter space is zero.

6. Conclusion

In order to calculate theCasimir force between twoPEMCplates we have constructed theGreen’s tensor for two
nonreciprocal plates in terms of their reflection properties. The result is duality invariant aswell as it is
compatible with the theoremderived byKenneth andKlich that the Casimir force between identical bodies is
always attractive [8]. It also verifies for a certain class of local nonreciprocalmedia described in section 2 the
prediction that theCasimir force between twoplates of any possiblematerial will fall in between the results of
Casimir and Boyer [7], which had thus far only been shown formagnetodielectrics. The derivedGreen’s tensor is
hence also applicable for different losslessmaterial classes. In particular the focusmight go to perfectly reflecting
chiralmaterials (ξ=−ζ in terms ofmaterial constants) to explore the full parameter space of theCasimir effect.

Formore realistic scenarios of course the corrections due to imperfect reflection or non-zero temperature
are of high interest. For these cases the derived PEMC case can be viewed as a theoretical upper limit for the
Casimir force sincewe assumed the reflection coefficients as well as the PEMCparameter to be frequency
independent, and calculated the force at zero temperature. In less idealised cases onewould expect the resulting
Casimir force to lie somewhere ‘under the curve’ for the respective value of θ.

Acknowledgments

Wewould like to thank FHehl for inspiring this work and S Fuchs, F Lindel, A Sihvola, CHenkel andMBordag
for stimulating discussions. The authors would like to thank an anonymous referee for a large number of
constructive comments.We acknowledge financial support from theDeutsche Forschungsgemeinschaft via
grants BU1803/3-1 andGRK2079/1. RB and SYB additionally acknowledge support from theAlexander von
Humboldt foundation, and SYB acknowledges support from the Freiburg Institute of Advanced Studies
(FRIAS).

References

[1] CasimirHBG1948On the attraction between two perfectly conducting plates Proc. K.Ned. Akad. 360 793–5
[2] Serry FM,WalliserD andMaclayG J 1995The anharmonic Casimir oscillator (ACO)-theCasimir effect in amodel

microelectromechanical system J.Microelectromech. Syst. 4 193–205
[3] TasN, Sonnenberg T, JansenH, Legtenberg R and ElwenspoekM1996 Stiction in surfacemicromachining J.Micromech.Microeng. 6

385–97
[4] Buks E andRoukesML 2001 Stiction, adhesion energy, and theCasimir effect inmicromechanical systems Phys. Rev.B 63 033402
[5] Woods LM,Dalvit DAR, TkatchenkoA, Rodriguez-Lopez P, Rodriguez AWandPodgornik R 2016Materials perspective onCasimir

and van derWaals interactionsRev.Mod. Phys. 88 045003
[6] Boyer TH1974Van derWaals forces and zero-point energy for dielectric and permeablematerials Phys. Rev.A 9 2078–84
[7] Henkel C and JoulainK 2005Casimir force between designedmaterials: what is possible andwhat not Europhys. Lett. 72 929–35
[8] KennethO,Klich I,MannA andRevzenM2002Repulsive casimir forcesPhys. Rev. Lett. 89 033001
[9] GrushinAG andCortijo A 2011Tunable Casimir repulsionwith three-dimensional topological insulators Phys. Rev. Lett. 106 020403
[10] Fuchs S, Crosse J A andBuhmann S Y 2017Casimir–Polder shift and decay rate in the presence of nonreciprocalmediaPhys. Rev.A 95

023805
[11] ButcherDT, Buhmann SY and Scheel S 2012Casimir–Polder forces between chiral objectsNew J. Phys. 14 113013
[12] Rosa F S S,Dalvit DAR andMilonni PW2008Casimir–Lifshitz theory andmetamaterials Phys. Rev. Lett. 100 183602
[13] AsoreyMandMuñoz-Castañeda JM2013Attractive and repulsive Casimir vacuum energy with general boundary conditionsNucl.

Phys.B 874 852–76
[14] RomeoA and SaharianAA 2002Casimir effect for scalarfields under Robin boundary conditions on plates J. Phys. A.Math. Gen. 35

1297–320
[15] MarkovVNandPis’makYM2006Casimir effect for thinfilms inQED J. Phys. A.Math. Gen. 39 6525–32
[16] MarachevskyVN2017Casimir effect for Chern–Simons layers in the vacuumTheor.Math. Phys. 190 315–20
[17] Lindell I V and Sihvola AH2005 Perfect electromagnetic conductor J. Electromagn.Waves Appl. 19 861–9
[18] SerdyukovA, Semchenko I, Tretyakov S and Sihvola A 2001 Electromagnetics of Bi-AnisotropicMaterials: Theory andApplications

(Amsterdam:Gordon andBreach Science)
[19] Buhmann SY and Scheel S 2009Macroscopic quantum electrodynamics and dualityPhys. Rev. Lett. 102 140404
[20] Buhmann SY, ButcherDT and Scheel S 2012Macroscopic quantum electrodynamics in nonlocal and nonreciprocalmediaNew J.

Phys. 14 083034
[21] Buhmann SY 2012Dispersion Forces I—Macroscopic QuantumElectrodynamics andGround-state Casimir, Casimir–Polder and van der

Waals Forces (Springer Tracts inModern Physics vol 247) (Berlin: Springer)
[22] EckhardtW1982 First and second fluctuation–dissipation-theorem in electromagnetic fluctuation theoryOpt. Commun. 41 305–9

8

New J. Phys. 20 (2018) 043024 SRode et al

92 3. Vacuum dispersion forces



[23] AgarwalG S 1975Quantum electrodynamics in the presence of dielectrics and conductors: I. Electromagnetic-field response functions
and black-bodyfluctuations infinite geometriesPhys. Rev.A 11 230–42

[24] Kheirandish F, SoltaniM and Sarabadani J 2010Casimir force in the presence of amedium Phys. Rev.A 81 052110
[25] Philbin TG 2011Casimir effect frommacroscopic quantum electrodynamicsNew J. Phys. 13 063026
[26] Hehl FWandObukhov YN2003 Foundations of Classical Electrodynamics: Charge, Flux, andMetric (Basel: Birkhäuser)
[27] Lindell I V and Sihvola AH2005Transformationmethod for problems involving perfect electromagnetic conductor (PEMC)

structures IEEETrans. Antennas Propag. 53 3005–11
[28] Lindell I V and Sihvola AH2005Realization of the PEMCboundary IEEETrans. Antennas Propag. 53 3012–8
[29] Sihvola AH andLindell I V 2008 Perfect electromagnetic conductormediumAnn. Phys. 17 787–802
[30] Dzyaloshinskii I E 1960On themagneto-electrical effect in antiferromagnets J. Exp. Theor. Phys. 37 881
[31] Hehl FW,Obukhov YN, Rivera J-P and SchmidH2008Relativistic analysis ofmagnetoelectric crystals: extracting a new

4-dimensional P odd andT odd pseudoscalar fromCr2O3 dataPhys. Lett.A 372 1141–6
[32] ZhangRY, Zhai YW, Lin SR, ZhaoQ,WenWandGeML2015Time circular birefringence in time-dependentmagnetoelectricmedia

Sci. Rep. 5 13673
[33] ChewW1995Waves and Fields in InhomogeneousMedia (Piscataway,NJ: IEEE)
[34] Lifshitz EM1956The theory ofmolecular attractive forces between solids J. Exp. Theor. Phys. 2 73–83
[35] Lambrecht A andMarachevskyVN2008Casimir interaction of dielectric gratings Phys. Rev. Lett. 101 160403
[36] Contreras-Reyes AM,Guérout R,MaiaNeto PA,Dalvit DAR, Lambrecht A andReynaud S 2010Casimir–Polder interaction between

an atom and a dielectric grating Phys. Rev.A 82 052517
[37] BenderH, Stehle C, ZimmermannC, Slama S, Fiedler J, Scheel S, Buhmann SY andMarachevsky VN2014 Probing atom-surface

interactions by diffraction of Bose–Einstein condensatesPhys. Rev.X 4 011029
[38] AbramowitzM and Stegun IA 1970Handbook ofMathematical Functions:With Formulas, Graphs, andMathematical tables (NewYork:

Dover)
[39] Olver FW J et al NISTDigital Library ofMathematical Functions, http://dlmf.nist.gov/, (Release 1.0.16 of 2017-09-18)

9

New J. Phys. 20 (2018) 043024 SRode et al

[S5] Casimir effect for perfect electromagnetic conductors 93



94 3. Vacuum dispersion forces



PHYSICAL REVIEW A 96, 062505 (2017)

Casimir-Lifshitz force for nonreciprocal media and applications to photonic topological insulators

Sebastian Fuchs,1,2 Frieder Lindel,1,2 Roman V. Krems,2 George W. Hanson,3 Mauro Antezza,4,5 and Stefan Yoshi Buhmann1,6

1Physikalisches Institut, Albert-Ludwigs-Universität Freiburg, Hermann-Herder-Straße 3, 79104 Freiburg, Germany
2Department of Chemistry, University of British Columbia, Vancouver, British Columbia V6T 1Z1, Canada

3Department of Electrical Engineering, University of Wisconsin-Milwaukee, 3200 North Cramer Street, Milwaukee, Wisconsin 53211, USA
4Laboratoire Charles Coulomb, UMR 5221 Université de Montpellier and CNRS, F-34095 Montpellier, France

5Institut Universitaire de France, 1 rue Descartes, F-75231 Paris Cedex 05, France
6Freiburg Institute for Advanced Studies, Albert-Ludwigs-Universität Freiburg, Albertstraße 19, 79104 Freiburg, Germany

(Received 14 July 2017; published 14 December 2017)

Based on the theory of macroscopic quantum electrodynamics, we generalize the expression of the
Casimir force for nonreciprocal media. The essential ingredient of this result is the Green’s tensor between
two nonreciprocal semi-infinite slabs, including a reflexion matrix with four coefficients that mixes optical
polarizations. This Green’s tensor does not obey Lorentz’s reciprocity and thus violates time-reversal symmetry.
The general result for the Casimir force is analyzed in the retarded and nonretarded limits, concentrating on the
influences arising from reflections with or without change of polarization. In a second step, we apply our general
result to a photonic topological insulator whose nonreciprocity stems from an anisotropic permittivity tensor,
namely InSb. We show that there is a regime for the distance between the slabs where the magnitude of the
Casimir force is tunable by an external magnetic field. Furthermore, the strength of this tuning depends on the
orientation of the magnetic field with respect to the slab surfaces.

DOI: 10.1103/PhysRevA.96.062505

I. INTRODUCTION

The Casimir force in its original meaning is an attractive
force between two parallel, uncharged, and conducting plates
in vacuum. In quantum field theory this effect can be traced
back to vacuum fluctuations of the electromagnetic field.
Thus, Casimir [1] originally computed the force between two
perfectly conducting plates based on vacuum field fluctuations.
This force scales as 1/z4, where z is the distance between the
plates. Here, we explore how the Casimir force is modified
for nonreciprocal medium and if, in the case of topological
insulators, it can be tuned by a magnetic field. This work is
stimulated by recent progress of the experiments aimed at the
study of the quantum Hall effect, topological insulators, and
nonreciprocal materials in general [2]. The unusual optical
properties of nonreciprocal materials have, to the best of our
knowledge, not been taken into account in previous treatments
of dispersion interactions. Yet, they may change the sign and/or
the scaling of the Casimir force. The theory derived here
provides a general framework for the analysis of the Casimir
force in a variety of experimentally relevant setups.

We compute the Casimir force as the ground-state expec-
tation value of the Lorentz force between two bodies charac-
terized by the charge density and the current density [3]. The
electric field and the charge density are mutually correlated
since a fluctuating charge density induces fluctuating electric
fields and vice versa. This process intertwining the fluctuating
charge density and the electric field is responsible for the
occurrence of a nonvanishing net force between two bodies,
namely the Casimir force. The same applies to the current
density and the magnetic field. The Lifshitz approach [4]
considers two dielectric half spaces, which show randomly
fluctuating polarizations. It is noteworthy that the ground-state
expectation values of the electric field, the magnetic field, the
charge density, and the current density vanish. In the absence of
correlations, the expectation value of the Lorentz force would
vanish and there would be no net force.

We apply the theory of macroscopic quantum electrody-
namics (QED), which incorporates the influence of material
properties by a permittivity and a permeability [3,5,6] to
compute the Casimir force. The Green’s tensor represents
the propagator between the fluctuating noise currents and the
quantized electric and magnetic fields. Using this theory, the
Casimir force for magnetodielectric bodies has been computed
in Ref. [7]. The theoretical extension of macroscopic (QED)
for arbitrary nonlocal and nonreciprocal linear media was
carried out in Refs. [8,9]. In the case of nonreciprocal media,
the electric and magnetic fields are coupled in a way that
violates time-reversal symmetry [9]. In QED this means that
the electric field fluctuations and their source, namely noise
currents, are not interchangeable. Thus, the Green’s tensor
violates Lorentz’s reciprocity principle [10,11].

We consider two semi-infinitely extended plates with a
separation of length L and the respective Green’s tensor
contains four contributions from an even and an odd number
of reflections for outgoing waves to the right and the left
direction [12,13]. This result for the Green’s tensor is extended
to nonreciprocal materials. After deriving a general expression
for the Casimir force in nonreciprocal media, we apply the
result to a photonic topological insulator. Whereas the axion
topological insulator, cf. Refs. [2,14–16], couples electric
and magnetic fields by a quantized axion coupling, which
is usually much smaller than the electric and magnetic
properties of the material, the photonic topological insulator
[17] shows an anisotropic permittivity, which is responsible
for the nonreciprocity of the material. According to Ref. [9],
a dielectric material is reciprocal if the permittivity is a
symmetric tensor. This is not typically given in case of the
anisotropic permittivity of a photonic topological insulator
which hence violates Lorentz’s reciprocity principle. To cal-
culate the Casimir force, we compute the reflection coefficients
for the material with a general approach for biaxial, anisotropic
magnetodielectrics [18]. We also analyze the dependence of a
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static magnetic field on the Casimir force. In this context, the
influence of the surface phonon and surface plasmon polaritons
on the heat transfer has been studied for aluminum in Ref. [19]
and for InSb in Ref. [20].

This paper is structured as follows: The basic principles
and expressions of macroscopic QED for nonreciprocal media
are outlined in Sec. II. Due to the violation of Lorentz’s
reciprocity principle, new definitions for the real and imaginary
parts of the Green’s tensor are introduced and a generalized
Helmholtz equation containing a conductivity tensor is pre-
sented. Section III generalizes the concept of Casimir force
based on the Lorentz force for nonreciprocal media, where
Lorentz’s reciprocity does not hold anymore. Section IV is
dedicated to the derivation of the Green’s tensor for two
semi-infinite and nonreciprocal half-spaces. The final result is
given in terms of reflection matrices comprising four types of
reflection coefficients with equal and alternating polarization.
Afterwards, the Green’s tensor is used to compute the Casimir
force for this geometry. Section V explains the anisotropic
structure of the permittivity of the photonic topological
insulator and outlines the material properties of the permittivity
for InSb. Moreover, it provides the reflection coefficients for
the photonic topological insulator. Finally, Sec. VI shows
analytical results for the Casimir force in the nonretarded limit
and analyzes the retarded limit for a medium with anisotropic
permittivity. In the second part the dependence of the Casimir
force on the magnetic field is studied. The impact of the
diagonal and off-diagonal elements of the reflection matrix on
the force as well as the change of sign of the field is discussed.
It is pointed out how the external magnetic field changes the
main contributions of the Casimir force from surface phonon
and surface plasmon polaritons to hyperbolic modes.

II. MACROSCOPIC QED FOR NONRECIPROCAL MEDIA

The theory of macroscopic QED, cf. Refs. [3,21], incor-
porates material properties in terms of the macroscopic
permittivity and permeability. This theory is consistent with the
classical theory of macroscopic electrodynamics and satisfies
Maxwell’s equations, the fluctuation-dissipation theorem and
free-space quantum electrodynamics. In contrast to the case of
a reciprocal material, time-reversal symmetry is not preserved
in nonreciprocal media. To account for this, the mathematical
framework has to be adjusted [9].

Lorentz’s reciprocity principle for tensors, e.g., the Green’s
tensor G, does not allow for the violation of time-reversal
symmetry, which can be expressed as

GT(r′,r,ω) �= G(r,r′,ω). (1)

Physically, this means that in a nonreciprocal material a source
at r′ does not create the same field at r that a source at r would
create at r′. A consequence of the breaking of this essential
principle is the new definition of real and imaginary parts of a
tensor,

�[G(r,r′,ω)] = 1

2
[G(r,r′,ω) + G∗T(r′,r,ω)],

(2)

�[G(r,r′,ω)] = 1

2i
[G(r,r′,ω) − G∗T(r′,r,ω)].

In the following, the expressions for Ohm’s law, the Helmholtz
equations, and the electric and magnetic field terms have to
be redefined to account for the peculiarities of nonreciprocal
materials.

Ohm’s law describes the linear response of matter in an
external electromagnetic field and reads in frequency space

ĵin(r,ω) =
∫

d3r ′Q(r,r′,ω) · Ê(r′,ω) + ĵN(r,ω). (3)

This term is a convolution of the conductivity tensor Q(r,r′,ω)
and the quantized electric field Ê(r′,ω). ĵin represents the
internal current density and ĵN(r,ω) is the noise current density.
Broken reciprocity now states that QT(r′,r,ω) �= Q(r,r′,ω).
By making use of Ohm’s law (3), the continuity relation in the
frequency domain combining the noise charge density ρ̂in and
the noise current density ĵin, iωρ̂in(r,ω) = −→∇ · ĵin(r,ω), and
Maxwell’s equations in the frequency domain,

−→∇ · Ê(r,ω) = ρ̂in(r,ω)

ε0
,

−→∇ · B̂(r,ω) = 0,
(4)−→∇ × Ê(r,ω) − iωB̂(r,ω) = 0,

−→∇ × B̂(r,ω) + iω

c2
Ê(r,ω) = μ0 ĵin(r,ω),

we find the inhomogeneous Helmholtz equation for the electric
field,[−→∇ × −→∇ × −ω2

c2

]
Ê(r,ω)

− iμ0ω

∫
d3r ′Q(r,r′,ω) · Ê(r′,ω) = iμ0ωĵN(r,ω).(5)

The formal solution to this inhomogeneous differential equa-
tion,

Ê(r,ω) = iμ0ω

∫
d3r ′G(r,r′,ω) · ĵN(r′,ω), (6)

combines the Green’s tensor with the properties stated in
Eqs. (1) and (2). The Green’s tensor fulfills the relation
G(r,r′,ω) → 0 for |r − r′| → ∞ and the Schwarz reflection
principle,

G∗(r,r′,ω) = G(r,r′, − ω∗) ∀ r,r′,ω. (7)

The respective equation for the magnetic field reads according
to Eq. (4)

B̂(r,ω) = μ0
−→∇ ×

∫
d3r ′G(r,r′,ω) · ĵN(r′,ω). (8)

The conductivity tensor Q from Eq. (3) and the Green’s tensor
from Eq. (6) are related by

μ0ω

∫
d3s

∫
d3s ′G(r,s,ω) · �[Q(s,s′,ω)] · G∗T (r′,s′,ω)

= �[G(r,r′,ω)], (9)

where the definitions of the real and imaginary parts (2) are
applied. The noise current ĵN from Ohm’s law (3) and the
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expression of the electric field (6) is defined as

ĵN(r,ω) =
√

h̄ω

π

∫
d3r ′R(r,r′,ω) · f̂(r′,ω), (10)

with the connection between the conductivity matrix Q and
the R-tensor given by∫

d3r ′R(r,r′,ω) · R∗T (r′′,r′,ω) = �[Q(r,r′′,ω)]. (11)

The definition in Eq. (11) ensures that the fluctuation-
dissipation theorem is obeyed. The noise current ĵN (10)
contains the creation and annihilation operators f̂† and f̂, which
satisfy the commutation relation,

[f̂(r,ω),f̂†(r′,ω′)] = δ(r − r′)δ(ω − ω′). (12)

The ground-state expectation value of the creation and annihi-
lation operators is given by

〈f̂(r,ω)f̂†(r′,ω′)〉 = δ(r − r′)δ(ω − ω′). (13)

Equation (13) will be used to derive an expression for the
Casimir force for nonreciprocal material in Sec. III. Afterwards
we apply this general formula to the specific geometry of
two semi-infinite slabs and derive the corresponding Green’s
tensor as solution of the Helmholtz equation (5) with Eq. (6)
in Sec. IV.

III. CASIMIR FORCE FOR NONRECIPROCAL MEDIA

Based on the results from Sec. II the Casimir force can
be derived by using the Lorentz force acting on the internal
charge ρ̂in and current densities ĵin of a body,

F̂ =
∫

V

d3r(ρ̂inÊ + ĵin × B̂). (14)

By using Maxwell’s equations (4), these quantities can be
expressed in terms of the electric and magnetic fields Ê (6)
and B̂ (8), where the frequency components of the electric field
Ê(r,ω) and the total field Ê(r) are connected by the expression

Ê(r) =
∫ ∞

0
dω[Ê(r,ω) + Ê†(r,ω)]. (15)

A similar expression also holds for the magnetic field compo-
nents B̂(r,ω). The Casimir force is the ground-state expecta-
tion value of the Lorentz force [3]. We apply the relation for
vectors such as the electric and magnetic fields, exemplified
for the electric field as

−→∇ E2 = 2(E · −→∇ )E + 2E × (
−→∇ × E)

and note that the time-derivative of the ground-state average of
the term Ê(r) × B̂(r) vanishes. Thus, we obtain an expression
for the Casimir force

F =
∫

∂V

dA · 〈ε0Ê(r)Ê(r′) + 1

μ0
B̂(r)B̂(r′)

− 1

2

[
ε0Ê(r) · Ê(r′) − 1

μ0
B̂(r) · B̂(r′)

]
1〉r′→r, (16)

where 1 represents the unit matrix. The transition r′ → r is
necessary because we must not include self-forces. Equation
(16) holds both for reciprocal and nonreciprocal material and
serves as a starting point for the following calculations.

We compute the expectation values of the electric and
magnetic field components by making use of Eqs. (6), (8),
(9), (10), (11) and use the results for the expectation values of
the creation and annihilation operators (13),

〈Ê(r)Ê(r′)〉 =
∫ ∞

0
dω

h̄μ0ω
2

π
� [G(r,r′,ω)],

〈B̂(r)B̂(r′)〉 = −
∫ ∞

0
dω

h̄μ0

π

−→∇ × � [G(r,r′,ω)] × ←−∇ ′.

(17)

The frequency integrals over the Green’s tensor expressions
can be evaluated further in the complex plane. By using the
Schwarz reflection principle (7) and neglecting the values of
the Green’s tensor for large frequencies, lim|ω|→∞ ω2

c2 G = 0,
the expression for the Casimir force (16) at the frequency
ω = iξ yields

F = − h̄

2π

∫ ∞

0
dξ

∫
∂V

dA ·
{

ξ 2

c2
G(1)(r,r′,iξ

)
+ ξ 2

c2
G(1)T(r′,r,iξ ) + −→∇ × G(1)(r,r′,iξ

) × ←−∇ ′

+−→∇ × G(1)T(r′,r,iξ ) × ←−∇ ′ − Tr

[
ξ 2

c2
G(1)(r,r′,iξ )

+−→∇ × G(1)(r,r′,iξ ) × ←−∇ ′
]
1
}

r′→r
. (18)

This is the first main result of this paper because Eq. (18)
generalizes the expression for the Casimir force to nonrecip-
rocal media and holds for arbitrary geometrical properties. It
differs from the respective result for reciprocal material by the
presence of the transposed Green’s tensor. In case of reciprocal
material, Lorentz’s reciprocity (1) holds and there is no need
for using the transposed version of the Green’s tensor.

In Sec. IV, the Green’s tensor for the specific geometry of
two semi-infinite plates, which are isotropic on the surface,
is derived. Afterwards, Eq. (18) is applied to this specific
geometry.

IV. GREEN’S TENSOR AND CASIMIR FORCE
FOR TWO PLANAR SURFACES

Having derived the general equations for the extension of
the Casimir force to nonreciprocal materials, the scattering part
of the Green’s tensor for a setup consisting of two infinitely
extended slabs separated by a distance L is analyzed in this
Section. The scattering part of the Green’s tensor G(1) of one
planar surface is the integral over k‖ and contains the sum over
the polarizations σ of the incoming plane waves,

ak±σ = eσ±ei(k‖·r±k⊥z), (19)

and the respective sum over the polarizations σ ′ of the outgoing
wave,

ck±σ ′ = i

8π2k⊥ eσ ′±e−i(k‖·r′±k⊥z′). (20)

Here we split the total wave vector k into its parallel component
k‖, consisting of its x (kx) and y components (ky), and its z

component k⊥. The unit vectors of perpendicular polarization
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FIG. 1. Sketch of the two semi-infinite half spaces with their
boundaries at z = 0 and z = L. The left half space is denoted by a
minus sign and the right one by a plus sign. Moreover, the vectors
dA− and dA+ are orthogonal to the interfaces. The source point is
located at r′ and the field point at r. There are three reflections in
total. The outgoing wave goes in the left direction and the incoming
one goes to the right.

es± and parallel polarization ep± are expressed in terms of
the part of the wave vector parallel to the interface (ek‖) and
perpendicular to it (ez),

es± = ek‖ × ez = 1

k‖

⎛
⎝ ky

−kx

0

⎞
⎠,

ep± = 1

k
(k‖ez ∓ k⊥ek‖) = 1

k

⎛
⎜⎝

∓ k⊥
k‖ kx

∓ k⊥
k‖ ky

k‖

⎞
⎟⎠. (21)

The indices ± in the unit vectors in Eq. (21) refer to the
directions of incoming and outgoing waves. In principle we
can distinguish between four different possibilities which
contribute to the final expression of the Green’s tensor: odd
or even number of reflections and an outgoing wave going
to the left or right. A reflection coefficient r±

σ,σ ′ is added
for each reflection at the left and the right boundary, where
the polarizability can be switched. The index +(−) refers
to a reflection at the right (left) boundary. All combinations
contribute to the final expression of the Green’s tensor.

The sketch in Fig. 1 shows three reflections, which appear in
the Green’s tensor beginning at the right. The Green’s tensor is
computed in the gap between the two semi-infinite plates with

the boundaries at z = 0 and z = L and contains the unit vectors
eσ+eσ ′−. The source of the wave is located at position r′ and
the field point is situated at r, respectively. When the outgoing
wave starts at the source at z′ and ends at 0, the direction
of the wave vector k⊥ is negative leading to a contribution
of eik⊥z′

. A reflection with possible change of polarizability
takes place at the left boundary. The subsequent path from
0 to L in the positive direction gives eik⊥L and so does the
following negative path from L to 0 after another reflection at
the right boundary again. After the third reflection on the left
side the final part from 0 to z is positive again giving rise to the
factor eik⊥z.

The following expression contains the terms for one and
three reflections,

eik⊥(z+z′)r−
σ,σ ′ +

∑
σ1,σ2

r−
σ,σ1

r+
σ1,σ2

r−
σ2,σ ′e

2ik⊥Leik⊥(z+z′) + · · ·
(22)

By introducing the reflection matrices for the right boundary
R+ and the left boundary R−,

R+ =
(

r+
s,s r+

s,p
r+

p,s r+
p,p

)
; R− =

(
r−

s,s r−
s,p

r−
p,s r−

p,p

)
. (23)

Equation (22) for an infinite number of reflections can be
rewritten as

eik⊥(z+z′)

[
R− ·

∞∑
n=0

(R+ · R−e2ik⊥L)n
]

σ,σ ′

. (24)

Analogous to the geometric sum for scalars, we define the
infinite Neumann series under the assumption |r±

σ,σ ′ | � 1 as

(D+)−1 =
∞∑

n=0

(R+ · R−e2ik⊥L)n

= [1 − R+ · R−e2ik⊥L]−1,

(D−)−1 =
∞∑

n=0

(R− · R+e2ik⊥L)n

= [1 − R− · R+e2ik⊥L]−1. (25)

After carrying out the same steps for the three other combina-
tions, the Green’s tensor eventually reads

G(1)(r,r ′,ω) = i

8π2

∫
d2k‖ 1

k⊥ eik‖·(r−r ′)
[
eik⊥(z+z′)(es+, ep+) · R− · (D+)−1 ·

(
es−
ep−

)

+ e2ik⊥Le−ik⊥(z+z′)(es−, ep−) · R+ · (D−)−1 ·
(

es+
ep+

)

+ e2ik⊥Leik⊥(z−z′)(es+, ep+) · R− · (D+)−1 · R+ ·
(

es+
ep+

)

+ e2ik⊥Le−ik⊥(z−z′)(es−, ep−) · R+ · (D−)−1 · R− ·
(

es−
ep−

)]
. (26)

The scattering Green’s tensor for a multilayer system for recip-
rocal media was derived in Ref. [13]. Equation (26) is the most
general expression of the scattering part of the Green’s tensor

for the setup shown in Fig. 1. The first two terms in Eq. (26)
represent the contributions from an odd number of reflections
containing one reflection coefficient apart from the infinite
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series. The last two terms are the contributions stemming
from an even number of reflections showing two reflection
coefficients apart from the series expression. Equation (26)
contains several sums over polarizations allowing for a change
of polarization at each boundary. The unit vectors show the
direction of the outgoing and incoming waves.

To express the Green’s tensor (26) in Cartesian coordinates,
the two-dimensional integral over the parallel component of
the wave vector is transformed to∫

d2k‖ =
∫ ∞

0
dk‖k‖

∫ 2π

0
dφ. (27)

If the reflection coefficients show a specific symmetry, depend
only on the absolute value of the parallel component of the
wave vector rσ,σ ′ = rσ,σ ′(k‖) and are independent of the angle
φ, then the angular contribution can be evaluated using the
relations∫ 2π

0
dφes±es± =

∫ 2π

0
dφes±es∓ = π [exex + eyey],

∫ 2π

0
dφep±ep± = π

k2
[(k⊥)2(exex + eyey) + 2(k‖)2ezez],∫ 2π

0
dφep±ep∓ = π

k2
[−(k⊥)2(exex + eyey) + 2(k‖)2ezez],∫ 2π

0
dφes±ep± = πk⊥

k
[∓exey ± eyex],

∫ 2π

0
dφes±ep∓ = πk⊥

k
[±exey ∓ eyex]. (28)

In Sec. V, the Casimir force is applied to a photonic topological
insulator with a magnetic field pointing in the z direction, for
which Eq. (28) and rσ,σ ′ = rσ,σ ′(k‖) hold. For a magnetic field

in the xy plane, this expression would not hold anymore and
one would need to use the more general expression in Eq. (26).

From these relations, it is apparent that the final expression
of the Green’s tensor shows diagonal contributions and a xy

component. There are no off-diagonal contributions involving
the z component, which is essential for the calculation of the
Casimir force for the setup in Fig. 1.

Equation (18) is evaluated for the case of two semi-infinite
planes by inserting the expression for the Green’s tensor (26).
In contrast to the respective result for reciprocal material [3]
this expression includes the transposed Green’s tensor. This
is a consequence of the specific definition of the real and
imaginary parts for nonreciprocal media (2). Since only the
diagonal elements of the Greens tensor are nonzero due to
the geometry consisting of two nonreciprocal planar infinite
surfaces separated by vacuum, the expression of the Casimir
force (18) does not differ in form from the respective reciprocal
one. The nonreciprocity of the Casimir force arises from the
specific expressions for the diagonal elements of the Green’s
tensor, containing the reflection matrices (23).

To compute the contribution of the Casimir force (18)
stemming from the magnetic field (8), one has to apply the
operators

−→∇ and
←−∇ to the unit vectors (21) from the left and

the right, respectively, with
−→∇ × → ik± and ×←−∇ → −ik±.

The unit vectors are related as the following:

ik± × es± = ξ

c
ep±, ik± × ep± = −ξ

c
es±. (29)

After the substitution k⊥ = iκ⊥ we finally obtain

−→∇ × G(1)(r,r ′,iξ ) × ←−∇ ′ = ξ 2

8π2c2

∫
d2k‖ 1

κ⊥ eik‖·(r−r ′)
[
e−κ⊥(z+z′)(ep+, −es+) · R− · (D+)−1 ·

(
ep−

−es−

)

+ e−2κ⊥Leκ⊥(z+z′)(ep−, −es−) · R+ · (D−)−1 ·
(

ep+
−es+

)

+ e−2κ⊥Le−κ⊥(z−z′)(ep+, −es+) · R− · (D+)−1 · R+ ·
(

ep+
−es+

)

+ e−2κ⊥Leκ⊥(z−z′)(ep−, −es−) · R+ · (D−)−1 · R− ·
(

ep−
−es−

)]
. (30)

The Casimir force for the setup in Fig. 1 is the force on the
right plate situated at z = L. Due to our geometry the surface
vector of the right plane points ourwards dA = −dAez. Since
the surface has infinite extensions in the x and y directions,
the total Casimir force F diverges. Thus, we restrict ourselves
to the calculation of the surface force density f, which is
equivalent to the Casimir pressure. Due to this geometry, the
resulting term of the Casimir force only contains contributions
in the z direction. Since the z contributions of the Green’s
tensor (26) do not show any mixing terms with the x or y

components (28), the zz component of the Casimir force is the
only relevant one.

Since the term of the Casimir force (18) shows the trace over
the Green’s tensor, one has to use the xx and yy components of
the Green’s tensor (26) beside its zz component. After making
use of the relation ξ 2 = (κ⊥)2 − (k‖)2, the Casimir force per
unit area eventually reads

f = − h̄

4π2

∫ ∞

0
dξ

∫ ∞

0
dk‖k‖κ⊥e−2κ⊥L

× Tr[R− · (D+)−1 · R+ + R+ · (D−)−1 · R−]ez. (31)

Since f always points in the z direction, it is convenient to
work with the scalar Casimir force f defined by f = f ez. It
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contains only terms that have their origins in an even number
of reflections at the boundaries. Besides, the polarizations of
the outgoing and incoming wave are the same, which does not
necessarily mean that there is no polarization change between
the first and the last reflection at the boundaries.

Carrying out both sums over polarizations, one can find a
more explicit form of Eq. (31),

f = − h̄

2π2

∫ ∞

0
dξ

∫ ∞

0
dk‖k‖κ⊥

× e−2κ⊥L a − 2e−2κ⊥Lb

1 − e−2κ⊥L a + e−4κ⊥L b
ez, (32)

with

a = r−
s,sr

+
s,s + r−

p,pr
+
p,p + r−

p,sr
+
s,p + r−

s,pr
+
p,s,

(33)
b = (r+

s,pr
+
p,s + r+

s,sr
+
p,p)(r−

s,pr
−
p,s + r−

s,sr
−
p,p).

In the following, this general expression of the Casimir force
for nonreciprocal material (31) or (32) is evaluated for the
case of the photonic topological insulator InSb. Besides, it
can also be used to reproduce the well-known results for the
Casimir force for two perfectly conducting reciprocal mirrors
with reflection coefficients r±

s,s = −1, r±
p,p = +1 and r±

p,s =
r±

s,p = 0 and two perfectly reflecting nonreciprocal mirrors
with r±

s,p = r±
p,s = −1 and r±

s,s = r±
p,p = 0. In both cases, we

obtain the final result,

f = − π2h̄c

240 L4
ez. (34)

The Casimir force between one perfectly conducting and one
perfectly permeable plate with the reflection coefficients r−

s,s =
r−

p,p = −1, r−
p,p = r−

s,s = 1, and r±
s,p = r±

p,s = 0 reads

f = 7π2h̄c

1920 L4
ez (35)

and is repulsive, cf. Ref. [22]. The sign of the Casimir force
thus depends on the material used. The Casimir force for a
perfect electromagnetic conductor (PEMC) is computed in
Ref. [23] and the two cases described above can be seen as
limitting cases for PEMC-angles of 0 and π/2, respectively.

The central result (31) can be applied to all kinds of
nonreciprocal materials as long as their reflection coefficients
are independent of the angle φ. Both axion topological
insulators, cf. Refs. [2,24], and photonic topological insulators
with perpendicular bias fulfill this property. The Casimir
force between axion topological insulators with frequency-
dependent permittivity and permeability and frequency-
independent axion coupling was studied in Ref. [14], leading
to the prediction of repulsive Casimir forces. A later treatment
with a more involved material model [16] incorporates a
frequency dependent axion coupling.

Similar to the topological insulators, the Casimir force
between two parallel planar Chern-Simons layers with a
vacuum gap in between is studied in Refs. [25,26]. The
boundary conditions for the electromagnetic fields are derived
in Ref. [26] leading to reflection and transmission coefficients
which mix the polarizability. The resulting Casimir force can
be switched from attractive to repulsive.

In Sec. VI, Eq. (31) is applied to a photonic topological
insulator (PTI), whose material model is outlined in Sec. V.

V. THEORETICAL MODEL OF THE PHOTONIC
TOPOLOGICAL INSULATOR

A photonic topological insulator (PTI) shows a mixing of
polarizations, cf. Eq. (23), which stems from the PTI’s
anisotropic permittivity ε, cf. Sec. V A. A specific material
model for the permittivity is based on InSb and is explained in
Sec. V B. Afterwards, the reflection coefficients (23) needed
for the calculation of the Casimir force are derived in Sec. V C.

A. Antisymmetric Permittivity

The mixing of polarizations stems from the PTI’s
anisotropic permittivity ε, which has the form of a nonsym-
metric tensor,

ε =
⎛
⎝ εxx εxy 0

−εxy εxx 0
0 0 εzz

⎞
⎠. (36)

We assume a constant unit permeability μ = 1. Furthermore,
all magnetoelectric cross susceptibilities are zero (ζ = ξ = 0).
The permittivity tensor (36) of such materials is antisymmetric
and thus violates Lorentz’s reciprocity principle (1) and
consequently time-reversal symmetry.

This model is studied in the Voigt configuration, where the
surface is perpendicular to the bias magnetic field B [17]. The
normal vector of the interface is parallel to the z axis. In this
particular case we find that the system is symmetric in the xy

plane because its ε tensor (36) is rotationally invariant around
the z axis for an arbitrary angle φ,

RT · ε · R = ε, with R =
⎛
⎝ cos (φ) sin (φ) 0

− sin (φ) cos (φ) 0
0 0 1

⎞
⎠.

(37)

A particular challenge is the fact that in a PTI neither
solely perpendicularly (s) nor solely parallelly (p) polarized
waves are solutions of Maxwell’s equations. Thus, a more
general approach is needed to find the electric field in the
PTI. Mathematically this procedure is similar to the one for
biaxial, anisotropic magnetodielectics [18] and is presented in
Sec. V C.

B. Material model for the Permittivity based on InSb

We compute the Casimir force of the PTI for a specific
material model, which is based on n-doped InSb with an
external static magnetic field pointing in z direction, B = Bez.
As was already mentioned in Sec. IV, the magnetic field
pointing in the z direction is an essential condition for using
Eq. (31). This material has been investigated in Ref. [27], and
more recently with a higher doping in Ref. [28]. It has been
used to study the near-field heat transfer by various authors,
cf. Refs. [20,29,30]. The entries of the permittivity tensor (36)
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for this specific model read

εxx = εinf

{
ω2

p(ω + iγ )

ω
[
ω2

c − (ω + iγ )2
] + ω2

L − ω2
T

−i�ω + ω2
T − ω2

+ 1

}
,

εzz = εinf

{
− ω2

p

ω(ω + iγ )
+ ω2

L − ω2
T

−i�ω − ω2 + ω2
T

+ 1

}
, (38)

εxy = iεinfωcω
2
p

ω
[
ω2

c − (ω + iγ )2
] .

The plasma and cyclotron frequencies are given by

ωp =
√

nq2
e

εinfm�ε0
, ωc = Bqe

m�
, (39)

where qe is the electron charge and m� its reduced mass. �

represents the phonon damping constant and γ is the free
carrier damping constant. Throughout this paper we will
use the following values for the material constants which
have been measured in Ref. [27]: ωL = 3.62 × 1013 rad/s,
ωT = 3.39 × 1013 rad/s, � = 5.65 × 1011 rad/s, γ = 3.39 ×
1012 rad/s, n = 1.07 × 1017 cm−3, m� = 0.022 me, where me

is the electron mass. Additionally, Ref. [27] used εinf = 15.7,
but since we are integrating over all frequencies equally we
have to set εinf = 1 to ensure convergence. Physically this
means we are neglecting certain resonances of ε(ω) and only
take contributions from the ones at ωT and ωc into account.
Since we are interested in the influence of the off-diagonal
elements of ε on the Casimir force this seems to be a
reasonable simplification, because the other resonances are
not contributing to εxy .

Note that the cyclotron frequency ωc is proportional to the
external magnetic field, so by changing its direction from +ez

to −ez one can change the sign of ωc. This results in a sign
change of the offdiagonal elements of ε as one can see in
Eq. (38) and this is equivalent to applying the time reversal
operator.

The permittivity model for InSb (38) with Eq. (39) is
closely related to the one for a single-component magnetic
plasma biased with an external static magnetic field B = Bzez,
which is examined in Refs. [17,31]. By setting the damping
constants γ and � equal to zero and if ωL = ωT, Eq. (38)
reduces to the model of the magnetic plasma. One could
consider different parameter ranges with this material, e.g.,
for ωp. This model often applies to gas plasmas, because
phonon contributions are ignored, but it is considered to be
the simplistic model of a free-carrier material subject to a
bias field.

C. Reflection coefficients

We consider a single interface, where the half space z < 0
is vacuum and the half space z > 0 is a PTI. In Ref. [18] the
field in the vacuum is described by general amplitudes e, where
the indices i and r refer to the incoming and reflected waves
and the indices s and p specify the polarization. We define a
s-polarized wave by E ‖ ey and a p-polarized one by B ‖ ey .
Using Maxwell’s equations in cgs-units,

−→∇ × E = −1

c

∂

∂t
H,

−→∇ × H = 1

c

∂

∂t
(ε · E), (40)

and setting ε = 1 in the vacuum the equations for a general
incoming wave with k = (kx,0,k⊥

i )T read

Ei =
[
es,iey + ep,i

c

ω
(k⊥

i ex − kxez)
]
ei(kxx+k⊥

i z−ωt),

Hi =
[
ep,iey − es,i

c

ω
(k⊥

i ex − kxez)
]
ei(kxx+k⊥

i z−ωt),

Er =
[
es,rey − ep,r

c

ω
(k⊥

i ex + kxez)
]
ei(kxx−k⊥

i z−ωt),

Hr =
[
ep,rey + es,r

c

ω
(k⊥

i ex + kxez)
]
ei(kxx−k⊥

i z−ωt). (41)

Since our setup is xy symmetric we assumed without loss of
generality k‖ = kxex and we have used k⊥

i = −k⊥
r .

Due to the structure of the ε-tensor the s- and p-polarized
contributions cannot be separated from each other any longer.
Thus in a more general approach plane waves are assumed

E =
⎛
⎝ex(z)

ey(z)
ez(z)

⎞
⎠ei(kxx−ωt), H =

⎛
⎝hx(z)

hy(z)
hz(z)

⎞
⎠ei(kxx−ωt). (42)

kx is conserved across the interface. The z components of
Maxwell’s equations (40) read

hz = c

ω
kxey, ez = − c

ωεzz

kxhy, (43)

and can be inserted into the x,y contributions. For these
components we introduce the vector u with u1 = ex , u2 = ey ,
u3 = hx , and u4 = hy . By assuming the ansatz uj = uj (0)eik⊥z

for the single components with k⊥ as the z contribution of the
wave vector in the PTI one obtains again from Eq. (40),

L · u = − c

ω
k⊥u, (44)

with

L =

⎛
⎜⎜⎝

0 0 0 −1 + c2

ω2εzz
(kx)2

0 0 1 0
−εxy εxx − c2

ω2 (kx)2 0 0
−εxx −εxy 0 0

⎞
⎟⎟⎠. (45)

To find nontrivial solutions one has to solve the equation
det(L + ωk⊥

c
1) = 0 leading to the dispersion relations,

k⊥(m) = ±ω

c

1√
2

√
A + B ±

√
(A − B)2 + 4C, (46)

with

A = εxx

[
1 − c2

ω2εzz

(kx)2

]
,

B = εxx − c2

ω2
(kx)2, (47)

C = −
[

1 − c2

ω2εzz

(kx)2

]
ε2
xy,

for the four mathematical solutions m = 1,2,3,4, correspond-
ing to the four possible combinations of signs in Eq. (46).
Since solutions with Re(k⊥(m)) < 0 would result in waves
propagating in negative z direction we can neglect these
solutions for the transmitted wave propagating in the positive z

direction. Let k⊥(1) and k⊥(2) be the two solutions with positive
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real parts and neglect the other two ones and we finally arrive
at the expression for the transmitted components of E and H
parallel to the surface,(

Et

Ht

)
= ei(kxx−ωt)

∑
m=1,2

u(m)(0)eik⊥(m)z. (48)

According to the continuity relations, the parallel components
of the electric and magnetic fields E and H, i.e., the x,y com-
ponents, at the interface between vacuum and the topological
insulator are continuous. Since this set of four equations is
under-determined we start by expressing ey , hx , and hy in
terms of ex using Eq. (45),

α(m) ≡ e(m)
y (0)

e
(m)
x (0)

= L23L31

c2(k⊥(m))2

ω2 − L23L32

,

β(m) ≡ h(m)
x (0)

e
(m)
x (0)

= − ω

ck⊥(m)
L31 − ω

ck⊥(m)
L32α

(m), (49)

γ (m) ≡ h(m)
y (0)

e
(m)
x (0)

= − ω

ck⊥(m)
L41 − ω

ck⊥(m)
L31α

(m).

These equations are inserted into the boundary conditions and
one obtains⎛
⎜⎜⎜⎝

−1 0 α(1) α(2)

ck⊥
i

ω
0 −β(1) −β(2)

0 ck⊥
i

ω
1 1

0 −1 γ (1) γ (2)

⎞
⎟⎟⎟⎠

︸ ︷︷ ︸
≡M

·

⎛
⎜⎜⎜⎝

es,r

ep,r

e(1)
x

e(2)
x

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

es,i

ck⊥
i

ω
es,i

ck⊥
i

ω
ep,i

ep,i

⎞
⎟⎟⎟⎟⎠. (50)

We now assume the incoming wave separately for s- (ep,i = 0,
es,i �= 0) or p-polarization (es,i = 0, ep,i �= 0) and solve for the
reflected amplitudes to finally obtain the reflection coefficients
by help of Kramers rule,

rs,s = es,r

es,i
= det(M1)

det(M)
,

rp,s = ep,r

es,i
= det(M2)

det(M)
,

(51)

rs,p = es,r

ep,i

= det(M3)

det(M)
,

rs,s = ep,r

ep,i

= det(M4)

det(M)
,

with the matrices

M1 =

⎛
⎜⎜⎜⎝

1 0 α(1) α(2)

ck⊥
i

ω
0 −β(1) −β(2)

0 ck⊥
i

ω
1 1

0 −1 γ (1) γ (2)

⎞
⎟⎟⎟⎠,

M2 =

⎛
⎜⎜⎝

−1 1 α(1) α(2)

ck⊥
i

ω

ck⊥
i

ω
−β(1) −β(2)

0 0 1 1
0 0 γ (1) γ (2)

⎞
⎟⎟⎠,

M3 =

⎛
⎜⎜⎝

0 0 α(1) α(2)

0 0 −β(1) −β(2)

ck⊥
i

ω

ck⊥
i

ω
1 1

1 −1 γ (1) γ (2)

⎞
⎟⎟⎠,

M4 =

⎛
⎜⎜⎜⎝

−1 0 α(1) α(2)

ck⊥
i

ω
0 −β(1) −β(2)

0 ck⊥
i

ω
1 1

0 1 γ (1) γ (2)

⎞
⎟⎟⎟⎠. (52)

Since det(M2) = det(M3), the off-diagonal reflection co-
efficients are equal, rs,p = rp,s. According to Ref. [32], a
medium obeys Lorentz’s reciprocity, which is called Onsager
reciprocity in Ref. [32], if and only if rσ,σ (−k‖,) = rσ,σ (k‖)
and rσ,σ̄ (−k‖,) = −rσ̄ ,σ (k‖) with σ = s, p and σ̄ = p, s, re-
spectively. This condition is not fulfilled since we instead have
rs,p = rp,s.

Moreover, by changing the sign of εxy , which is equivalent
to applying the time-reversal operator, we obtain: rσ,σ̄ →
−rσ,σ̄ and rσ,σ → rσ,σ . By setting εxy = 0 we find that the
reflection coefficients simplify to the case of a uniaxial out
of plane metamaterial [18], where rp,s = rs,p = 0 and the
nonreciprocity vanishes. By assuming the model described
by Eq. (38) for InSb we can change the sign of rσ,σ̄ simply
by changing the sign of the magnetic field and moreover, by
switching the magnetic field on and off we can switch between
a reciprocal and a nonreciprocal case.

Furthermore, we consider the case where we exchange
the positions of the TI and the vacuum which is equivalent
to changing the z coordinate to −z. We still consider the
incoming wave to propagate in the vacuum but this time in
the −z direction before it is reflected by the TI. So in this case
we have to exchange k⊥ → −k⊥ and k⊥(m) → −k⊥(m), which
causes rσ,σ̄ → −rσ,σ̄ and rσ,σ → rσ,σ . This is exactly the same
result as the one we obtained by exchanging B → −B. This
can be understood by analyzing a rotation by angle π around
an arbitrary axis in the x-y plane of our whole system. This
rotation should leave the reflection coefficients invariant and
is carried out by exchanging k⊥ → −k⊥, k⊥(m) → −k⊥(m),
and B → −B. We conclude that the parameter governing the
reflection coefficients is the projection of the magnetic field
onto the outward normal vector of the TI surface, cf. Fig. 1.

VI. RESULTS

In Sec. VI A we first find general characteristics of the
Casimir force between two infinite PTI half spaces separated
by vacuum with a general permittivity tensor (36) and a
permeability of μ = 1. Second, in Sec. VI B we calculate and
analyze the Casimir force for the InSb model (38).

A. Analytical results in the retarded and nonretarded limits

In this subsection the near field (nonretarded) and the
far field (retarded) limits are analyzed. In the retarded limit
we assume that ωresL/c � 1 and find that the term e−2ξL/c

restricts the frequency dependence: 0 � ξ � c/(2L) � ωres.
ωres stands for the smallest relevant plasma or resonance
frequency associated with the medium. So we can approximate
ε(iξ ) � ε(0). We insert different static values for εij (iξ = 0)
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FIG. 2. Numerically calculated Casimir force density for differ-
ent static values of εii as a function of εxy at a fixed gap distance of
L = 10 mm. The dashed lines correspond to εxx = 3 and εzz → ∞,
the solid lines to εxx = εzz = 3 and the dotted ones to εxx = εzz = 1.
Lines with (without) circles correspond to the case with B+ = B−

(B+ = −B−) in each case.

into Eq. (31) and calculate the Casimir force density at
a fixed distance L = 10 mm. We obtain for the reflection
coefficients rs,p = rp,s → 0 and rs,s = −rp,p → −1 if εxx →
±∞ or εxy → ±∞ and for iξ → 0. Thus, the material behaves
like a perfect conductor in the retarded limit and its Casimir
force is given by Eq. (34). Especially for materials with a
frequency dependence of εxy or εxx similar to the Drude model
we find this divergence at iξ = 0.

Figure 2 shows the Casimir force for several static values
of the permittivity tensor with εxx , εxy �= ±∞ for iξ = 0.
We further distinguish between the two cases ε+

xy = ±ε−
xy ,

where ε+
xy , ε−

xy are the xy entry of the permittivity tensor in
the left and right half space, respectively. We can see that we
only find repulsive Casimir forces if |εxy | � 5, ε+

xy = −ε−
xy and

εxx = εzz
∼= 1 in the retarded limit. The reason is that εxy does

not only contribute to rσ,σ̄ but also to rσ,σ . Especially for higher
values of εxy it contributes more to rσ,σ than to rσ,σ̄ , which
results in an attractive Casimir force density. Nevertheless,
there is a strong dependence of fret on the relative sign and
magnitude of ε±

xy(0). So the Casimir force of a PTI in the
retarded limit fret can be tuned by changing the external
magnetic field if εxx , εxy �= ±∞ for iξ = 0.

In the nonretarded limit one cannot neglect the frequency
dependence of the permittivity. Instead one can assume that
k‖ � ω/c. In this case one obtains the simplified disper-

sion relations k⊥
i

∼= ik‖, k⊥(1) ∼= i

√
εxx (iξ )
εzz(iξ )k

‖ and k⊥(2) ∼= ik‖.

Taking only the highest-order terms in k‖ into account one
finds rs,s ∝ 1/(k‖)2 ∼= 0 and rs,p,rp,s ∝ 1/k‖ ∼= 0. This is in
accordance with the reciprocal case in which one finds rs,s

∼= 0
in the nonretarded limit as well. So the only remaining term is
rp,p and its expression to highest order in k‖ is given by

rp,p =
√

εxx(iξ )εzz(iξ ) − 1√
εxx(iξ )εzz(iξ ) + 1

. (53)

The Casimir force in the nonretarded limit fnret reduces to a
much simpler expression,

fnret = − h̄

8π2L3

∫ ∞

0
dξ Li3

[(√
εxx(iξ )εzz(iξ ) − 1√
εxx(iξ )εzz(iξ ) + 1

)2
]
.

(54)

Interestingly, this short-distance approximation is independent
of εxy and closely related to the case of an isotropic material
where now the geometric mean

√
εxxεzz appears in place of the

isotropic permittivity. Similar results have first been found for
the Casimir-Polder interaction between an atom and a uniaxial
material, which is isotropic on the interface plane and where
the optic axis coincides with the anisotropic direction [33–35].

Since applying the time-reversal operator only changes the
sign of εxy , the solution in the nonretarded limit is unaffected
by changing the direction of the external magnetic field B±.
This does not mean, that fnret does not change as well by
tuning the external magnetic field, because εii can still depend
on, e.g., B2 as in the model of InSb. Furthermore, we find
that fnret is proportional to 1/L3 for short distances as in the
reciprocal case.

B. B-dependence of the Casimir force

After exploring the general characteristics of the Casimir
force between two semi-infinite half spaces of the PTI
separated by a layer of vacuum with thickness L, we analyze
the force for the material model of InSb (38). We especially
want to concentrate on how the force depends on the bias
magnetic fields applied to the right B+ and left B− half spaces
where B± is always perpendicular to the interfaces between
PTI and the vacuum. Furthermore, let us note that we found in
Sec. V C that the sign of rσ,σ̄ depends on the projection of the
applied magnetic fields onto the outward normal vector of the
surfaces. So we define the projected external magnetic field
of the left (−) and the right (+) interface as B± = B± · dA±.
Here dA± is the normal vector of the right and left half space
with dA+ = −ez and dA− = ez, cf. Fig. 1. That means that
with this definition the signs of r+

σ,σ̄ and r−
σ,σ̄ are the same for

B+ = B− and they are opposite for B+ = −B−. So we will
further differentiate between B+ = ±B− because we expected
different results for the Casimir force in the two cases after the
previous discussion.

The problem of realizing magnetic fields with opposite
directions in the two half-spaces in an experiment has been
described in Ref. [36]. One can cover the PTI with a thin
ferromagnetic layer on which the influence on the Casimir
force is negligible. Another way is to dope the PTI with
magnetic impurities [37], although the material response
tensor would need to be modified. Figure 3 shows the
numerical results for the Casimir force as a function of the gap
distance L for the two cases B = 0 T and B+ = −B− = 20 T.
It can be seen that the influence of the bias magnetic field
is small on this logarithmic scale. Nevertheless we find here
that the influence vanishes for large values of L because the
two graphs overlap in that region but they split at interme-
diate distances and stay separated even in the nonretarded
limit.
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FIG. 3. The Casimir force density f has been calculated using
Eq. (31) for the InSb model (38) as a function of the gap distance L in
the main plot without applied magnetic field (solid line) and for the
case B− = −B+ = 20 T (dashed line). Additionally, f was plotted
only considering contributions from reflections with foff (solid line)
or without fdiag (dashed line) change of polarization in the inset for
the case B− = −B+ = 20 T. Since foff < 0, the negative value −foff

was plotted.

Furthermore, we analyze which one of the reflection
coefficients is responsible for the main contribution of the
Casimir force density. The contributions of the off-diagonal
(diagonal) terms foff (fdiag) are depicted in Fig. 3, which
has been calculated by setting rs,s = rp,p = 0 (rs,p = rp,s = 0).
Therefore, only reflections where the polarization does change
(does not change) are considered. As expected for the case of
B+ = −B−, foff is purely repulsive, whereas fdiag is attractive.
But since |fdiag| > |foff| the total Casimir force is attractive
and mainly dominated by contributions from rs,s, rp,p. At
intermediate distances the influence of rs,p = rp,s is probably
not negligible because the yellow and green graphs are getting
close to each other at around 10−5 m. So at this point we
expect to find differences for B+ = ±B− because for the
case B+ = B−, foff would have the same absolute value but a
different sign as for B+ = −B− as explained at the beginning
of this section.

To analyze the B-dependence in greater detail, Fig. 4 shows
the relation f (B = 0)/f (B) as a function of the gap distance.
As expected we find a constant value of 1 in the retarded limit
and f (B = 0)/f (B) �= 1 at intermediate distances and in the
nonretarded limit. Here the fraction f (B = 0)/f (B) increases
if B increases. Interestingly, there is a peak at around 10−5 m
where we find a reduction of the Casimir force by a factor
of up to 2.3 for B = 20 T. The height of that peak depends
additionally on whether the two magnetic fields are pointing in
the same direction or not. So at intermediate distances we can
see clearly the effect of nonreciprocity. Now the question arises
if that peak is only caused by rs,p and rp,s. From the dotted
and dashed lines in Fig. 4 one can see a sensitive region at
around L = 10−5 m, even if rs,p = rp,s = 0 and it is enhanced
or reduced depending on sgn(B+) = −sgn(B−) (solid lines) or
sgn(B+) = sgn(B−) (dashed lines), respectively, if rs,p, rp,s �=
0 again.

In particular, the case sgn(B+) = −sgn(B−) can be at-
tributed to a repulsive Casimir force component (the force

10−8 10−6 10−4 10−2
0.8

1.0

1.2

1.4
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1.8

2.0

2.2
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FIG. 4. Numerically calculated ratio between the Casimir force
density with and without external magnetic field f (B = 0)/f (B) as
a function of the gap distance L and for different magnetic fields
B = 1 T (triangles), 5 T (diamonds), 10 T (squares), 20 T (bullets).
Furthermore, we distinguished between the cases with B+ = B−

(dashed lines) and B+ = −B− (solid lines). For B = 20 T we also
plotted the numerical result in case of rs,p, rp,s = 0 (dashed and dotted
line) and so here the only nonvanishing contributions arise from rs,s,
rp,p.

being reduced), while sgn(B+) = sgn(B−) corresponds to
an attractive force. There is an analogy to the attractive
Casimir force between two perfectly conducting or two
perfectly permeable plates and the repulsive Casimir force
between one perfectly conducting and one perfectly permeable
plate, cf. Sec. IV. Reference [22] connects this behavior
to the attractive Van-der-Waals force between two purely
electrically polarizable particles or two purely magnetically
polarizable particles and the repulsive force between one
purely electrically polarizable and one purely magnetically
polarizable particle. This can be extended to the attractive
Casimir-Polder force of an electrically polarizable particle to a
perfectly conducting wall and the repulsion of the magnetically
polarizable particle from the wall [22]. Moreover, there is
a similar feature in the Casimir-Polder potential between a
circularly polarized atom and an axion topological insulator,
where the axion contribution stemming from a coupling
between the electric and the magnetic field decreases the effect
of the ordinary Casimir-Polder potential [38].

In the nonretarded limit f is reduced by a constant factor
depending on the strength of the magnetic field only. That
can be understood analytically by noting that fnret does not
depend on εxy and thus is invariant under a sign change
of one of the magnetic fields. Using Eq. (54) we can plot
f̃nret = fnret(B = 0)/fnret(B) as a function of the magnetic
field, which is shown in Fig. 5 for a gap distance of L = 10−9

m. f̃nret increases with increasing bias magnetic field until it
saturates at around 40 T where the reduction factor has almost
reached 2.

To understand the shifting of f in the nonretarded limit
for an increasing magnetic field we can analyze the Casimir
force as a function of k‖ and ω in the nonretarded limit. The
result is very similar to the one obtained for the near field heat
transfer discussed in Ref. [20]. The Casimir force density does
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FIG. 5. The Casimir force in the nonretarded limit approximation
fnret has been evaluated numerically for a fixed gap distance of L =
1 nm as a function of the magnetic field B = B±. Afterwards the
ratio f̃nret = fnret(B = 0)/fnret(B) has been computed and plotted. As
one can see here this reduction factor f̃nret increases with increasing
magnetic field until it saturates at around B ∼= 40 T at f̃nret

∼= 2.

not depend on εxy for kx � ω/c, cf. Eq. (54), and the only
nonvanishing reflection coefficient is rp,p. So one finds the
following relation between kx and ω in the nonretarded limit
for surface phonon (SPhPs) and surface plasmon polaritons
(SPPs), cf. Ref. [20],

kx = 1

L
ln

(√
εxx(ω)εzz(ω) − 1√
εxx(ω)εzz(ω) + 1

)
, (55)

if Re(εxx), Re(εzz) < 0. This equation can also be found by
setting the denominator of the multiple reflections in the
nonretarded limit 1 − r+

p,pr
−
p,pe

2κ⊥L equal to zero.
Furthermore, the general dispersion relations simplify to

k⊥
1 =

√
εxx

ω2

c2
− (kx)2,

(56)

k⊥
2 =

√
εxx

ω2

c2
− εxx

εzz

(kx)2,

where the second equation can also be brought to the form

ω2

c2
= (k⊥

2 )2

εxx

+ (kx)2

εzz

. (57)

This describes hyperbolic modes for Re(εxx)Re(εzz) < 0,
where one can further distinguish between hyperbolic modes
with Re(εxx) > 0 and Re(εzz) < 0 (HMI) and modes with
Re(εxx) < 0 and Re(εzz) > 0 (HMII). Interestingly, these
modes are therefore propagating within the material and
evanescent in the vacuum and therefore frustrated internal
reflections.

Figure 6 shows f (ω,k‖) for different values of B. At B = 0
the main contribution of the Casimir force is due to SPPs and
SPhPs. By increasing the magnetic field this contribution gets
less intense and is shifted to lower kx values. Furthermore, the
region Re(εxx), Re(εzz) < 0, where these modes are allowed,
becomes smaller until it vanishes completely at around
B = 16 T.

On the other hand, there are increasing contributions from
hyperbolic modes with stronger magnetic fields, which can be
found at a broad range of ω and kx values equally and which
are restricted to Re(εxx)Re(εzz) < 0. In summary, we found
that the Casimir force is dominated by SPPs and SPhPs for
small magnetic fields in the nonretarded limit, whereas the
main contributions stem from hyperbolic modes for bigger
values of B. So the decrease of f is due to the fact that the
contributions of hyperbolic modes at high fields are smaller
than the ones of SPPs and SPhPs at small magnetic fields.

To see all the effects described in this section one needs
large magnetic fields up to 20 T. In the following we investigate
if the necessary value of the magnetic field is smaller if we
used different values for the parameters [especially n and m�

and so ωp in our material model, cf. Eq. (38)]. Therefore, we
plot the Casimir force at a fixed distance L = 10 nm in the
nonretarded limit for different magnetic fields as a function of
ωp. The result is shown in Fig. 7. It can be seen that there are
mainly two limits for the Casimir force which are independent
of B. One is reached at high values of ωp. In this case ωp � ωc

and there is no difference whether there is a magnetic field or
not. Whereas in the other limit for small values of ωp and so
for ωc � ωp the Casimir force has reached a minimal value,
which is different from f (B = 0). It depends on the value of
ωp, where the transition from one limit to the other happens.

FIG. 6. The Casimir force density in the nonretarded limit approximation is plotted as a function of ω and kx for different magnetic fields
B = B± and with L = 10 nm, similar to Ref. [20]. Additionally, the dispersion relations for surface cavity modes are plotted with black
solid lines in the ω-k‖ plane. Furthermore, one can find different regions I, II, III, in each figure separated by black dotted lines. In region
I we have Re(εxx),Re(εzz) < 0, and so this is the region with surface phonon and surface plasmon polaritons. In regions II and III there is
Re(εxx)Re(εzz) < 0 and we can find the hyperbolic modes HMI (II) and HMII (III), respectively.
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FIG. 7. Casimir force density in the nonretarded limit fnret for a
fixed gap distance L = 1 nm as a function of the plasma frequency
ωp for different fixed values of B± = 0 T (solid line), 1 T (dashed
line), 5 T (dotted line), and 20 T (dashed and dotted line).

The dotted vertical line shows the value of ωp, which we used
in all of our calculations so far. For smaller values of ωp a
weaker magnetic field would influence the Casimir force in
the same way.

C. Casimir repulsion for a model inspired by Iron Garnet

The second model inspired by iron garnet, was introduced
in Ref. [39] and examined in Ref. [17]. The respective elements
of the permittivity tensor (36) read

εxx = 1 − ω0ωe

ω2 − ω2
0

,

εzz = 1, (58)

εxy = −εyx = ωωe

ω2 − ω2
0

.

In this model, |ω0| is the resonance frequency and ωe is
the resonance strength. According to Ref. [39], the condition
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FIG. 8. The different contributions from reflection with (−foff)
(solid line) or without (fdiag) (dashed line) a change of polarization at
the interface are plotted separately for the parameters ωe = ±7.7 ×
1012 2π/s and ω0 = ±1.3 × 1010 2π/s and additionally ω0ωe < 0 in
both half spaces. Since foff < 0 we plotted −foff. There is a region
where |foff| > |fdiag| (see inset) and so that is where we expect to find
a total repulsive Casimir force, cf. Fig. 9.
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FIG. 9. The Casimir force density of a PTI for the model similar
to iron garnet as a function of the gap distance. We used in both
half spaces ωe = ±7.7 × 1012 2π/s and ω0 = ±1.3 × 10m2 2π/s and
different values for m2 = 10 (dashed), 11 (dotted), and 12 (solid).
Additionally, we distinguished between the two cases where first
ω0, ωe > 0 in both half spaces (without circles) and second ω0, ωe < 0
in only one of the half spaces and ω0, ωe > 0 in the other one (with
circles).

ωeω0 > 0 has to be fulfilled. One finds from Eq. (58) that by
changing the sign of ωe and ω0 one can achieve εxy → −εxy ,
whereas the diagonal elements εii do not change their signs.

So far there is no experimental evidence for a real material
with such a permittivity. The exact B-field dependence of ε

is unknown. Nevertheless, we consider it as an alternative
hypothetical model which can be compared to the one of InSb
and which shows a different aspect concerning the Casimir
force.

Similar to Sec. VI B, we calculate the Casimir force
numerically by using the permittivity values similar to iron
garnet (58) and insert them into Eq. (31). First we have a look
at the different contributions only from reflections with (foff) or
without (fdiag) change of polarizations, for the case where ω0,
ωe < 0 in both of the half spaces. The result is shown in Fig. 8.
We find that in the retarded and nonretarded limit |foff| < fdiag

for InSb, whereas the reflections with a change of polarization
dominate at intermediate distances. So we expect the force to
be repulsive in that region. This assumption is confirmed in
Fig. 9. So there is a region at around 2 × 10−7 m < L < 10−4

m, where we can switch between a repulsive and an attractive
force simply by changing the sign of ω0 and ωe in one of the
half spaces.

VII. CONCLUSION

We have derived a general expression for the Casimir
force density between two nonreciprocal semi-infinite half
spaces. This derivation is based on an extension of the theory
of macroscopic quantum electrodynamics for nonreciprocal
material.

This general expression is applied to a photonic topological
insulator with a permittivity tensor with off-diagonal elements.
First we have derived the reflection coefficients and inves-
tigated the Casimir force based on the general expression
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of the permittivity tensor. The reflection coefficients with a
polarization flip at the interface change signs by switching
from a positive to a negative magnetic field in only one of
the half spaces. Whereas the material behaves like a perfect
conductor in the retarded limit if εxx → ±∞ or εxy → ±∞
for iξ → 0, the reflection coefficient for parallel polarization
dominates in the nonretarded limit and we give an analytical
result for the Casimir force.

We then applied the Casimir force formalism to the material
model of InSb. We found a dependence of the Casimir force
on the magnitude of the magnetic field at small distances.
The polarization changing reflection coefficients were shown
to be responsible for a repulsive force only if the signs of
the magnetic fields in the two half spaces differ, whereas the
other components cause an attractive force regardless of the
sign. Nevertheless, this model never allows for a repulsive
net force. Only a reduction of the magnitude of the Casimir
force can be observed if an external magnetic field is applied.
This can be explained by studying the force in the nonretarded
limit. In this case the Casimir force is dominated by surface
phonon and surface plasmon polaritons at small magnetic
fields, whereas they are outperformed by hyperbolic modes
at larger magnetic fields. The ratio between the Casimir force

without applied field and the force with magnetic field shows
a maximum at a critical distance of L = 10−5 m where the
Casimir force for the InSb model is reduced by a factor of
about 2 at 10 T. Additionally in this regime of intermediate
distances the magnitude of the Casimir force strongly depends
on the relative sign of the magnetic fields in the two half spaces.

Finally, the Casimir force was studied for a model inspired
by iron garnet. In this case the impact of the polarization
changing reflection coefficients is stronger than the terms
which do not change the polarization at intermediate distances.
This makes it possible to achieve repulsive Casimir forces.
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Photonic topological insulator plates violate Lorentz reciprocity, which leads to a directionality of surface-
guided modes. This in-plane directionality can be imprinted via an applied magnetic field. On the basis of
macroscopic quantum electrodynamics in nonreciprocal media, we show that two photonic topological insulator
surfaces are subject to a tunable, magnetic-field-dependent Casimir torque. Due to the directionality, this torque
exhibits a unique 2π periodicity, in contradistinction to the Casimir torques encountered for reciprocal uniaxial
birefringent media or corrugated surfaces which are π periodic. Remarkably, the torque direction and strength
can be externally driven in situ by simply applying a magnetic field on the system, and we show that this
can be exploited to induce a control of the rotation of small objects. Our predictions are relevant for nano-
optomechanical experiments and devices.

DOI: 10.1103/PhysRevB.98.144101

I. INTRODUCTION

The Casimir force was originally proposed as an attractive
force between two perfectly conducting plates due to a re-
duced virtual photon pressure in the space between the plates
[1,2]. Subsequently, the Casimir force for objects consisting
of anisotropic materials or possessing anisotropic surfaces
like birefringent plates [3], magnetodielectric metamaterials
[4], and corrugated metals [5] was studied. Since all those
materials have a distinguishable axis in the plane of the plates,
it is natural to ask whether the Casimir energy depends on
the relative angle between the two axes when bringing two
anisotropic surfaces together. It turns out that, indeed, one
obtains a Casimir torque [3,5–9]. There have been successful
measurements of the lateral Casimir force, which is closely re-
lated to the Casimir torque [10–14]. More recently, there also
have been several promising proposals for experiments with
the goal to measure the Casimir torque between birefringent
materials [15–17].

A material which is able to break rotational symmetry and
which is of great interest at the moment is the topological
insulator (TI) [18]. Topological insulators behave like regular
insulators in their bulk but possess conducting surface states.
Originally proposed for electronic states, it was shown more
recently that they also exist in so-called photonic topological
insulators (PTIs) [19–22] such as magnetized plasma [23–
25]. One of the most striking features of TIs is that there
exist unidirectional waves on the surfaces of these materials
which turn out to be immune to backscattering [26,27]. Due
to this directionality of the edge states PTIs not only have
a distinguishable axis like, e.g., birefringent materials, but
their axes also possess a distinguished direction. This feature
has been of great interest and was used to construct de-
vices like directional wave guides [27], optical isolators, and
circulators.

Now the natural question arises regarding what quantum
optical effects emerge when exploiting the directionality or
nonreciprocity in PTIs. This question has been addressed by
previous authors before: they studied the influence of the
presence of a PTI on the entanglement of a two-level system
[28]. In Refs. [29–31] the normal and lateral Casimir-Polder
force acting on an atom close to a vacuum/PTI interface
was analyzed; a huge anisotropic thermal magnetoresistance
was obtained in the near-field radiative heat transfer between
two spherical particles consisting of a PTI in Ref. [32]. A
persistent unidirectional heat current was found between three
objects at thermal equilibrium [33,34]; also the Casimir force
has been studied for two infinite half-spaces consisting of PTIs
in Ref. [35]. All those works showed that there exist interest-
ing new features in quantum optics arising from the interplay
of the quantized electromagnetic field with PTIs. However, the
unidirectional features of PTIs have not yet been seen to man-
ifest in Casimir torques between two macroscopic objects.

II. CASIMIR TORQUE

In this paper, we want to show how the unidirectionality and
nonreciprocity of PTI plates manifest in the Casimir force and
torque. To this end, we will show in the following that, in
addition to a normal component of the Casimir force, there
exists a non-negligible Casimir torque whose magnitude and
direction are tunable by the external magnetic fields. Fur-
thermore, due to the directionality of the topological surface
states, we find that this torque is 2π periodic with respect to
the relative angle between the two bias magnetic fields, in
sharp contrast to the π periodicity occurring for reciprocal
bianisotropic media. We also discuss how the tunability of the
Casimir torque can be exploited in nanomechanical schemes
to induce rotation.
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FIG. 1. In (a) we show the setup under the consideration consist-
ing of two semi-infinite half-spaces filled with a PTI. Additionally,
in each half-space there is an applied external magnetic field B+ and
B−. The fields are in the xy plane and are parametrized by the angles
�+ and �− between B+ and B− and the x axis, respectively. In (b)
we plot the dimensionless Hamaker constant H as a function of ��

for different values of B = 1, 2, 3, 4, 5 T (dots, squares, diamonds,
triangles, and upside-down triangles, respectively). In (c) we again
use the ε tensor in Eq. (1) with the only exception being that we
set εyz = 0 to obtain a description of a normal anisotropic medium
(B = 5 T). The Casimir torque T (��) is plotted in (d) for different
magnetic fields, where the same shapes correspond to the same
values of B as in (b). Additionally, we plot the Casimir torque for
the material model in (c) (dotted line) and for a setup where the two
PTI half-spaces are replaced by one barium titanate and one quartz
half-space (dashed line). In (b) and (c) we use L = 100 nm.

A. Setup

We study a setup consisting of two semi-infinite half-
spaces separated by a vacuum with separation L and filled
with PTIs where a bias magnetic field is applied to each half-
space [see Fig. 1(a)]. The PTI is implemented by a magnetized
plasma with an applied bias magnetic field B as an example
of a gyrotropic material which is described by a permittivity

tensor of the form [36]

ε =
⎛⎝εxx 0 0

0 εzz εyz

0 −εyz εzz

⎞⎠,

εyz(ω) = iωcω
2
p

ω
[
ω2

c − (ω + iγ )2
] ,

(1)

εzz(ω) = 1 + ω2
L − ω2

T

−i�ω + ω2
T − ω2

+ ω2
p(ω + iγ )

ω
[
ω2

c − (ω + iγ )2
] ,

εxx (ω) = 1 + ω2
L − ω2

T

−i�ω + ω2
T − ω2

− ω2
p

ω(ω + iγ )

if B points in the x direction. This is easily generalized for
arbitrary directions of the magnetic field by simply rotating
ε. The plasma and cyclotron frequencies are given by ωp =√

nq2
e /(m�ε0) and ωc = Bqe/m�, respectively, where qe is

the electron charge, m� is its reduced mass, n is the free-
electron density, and γ is the free-carrier damping constant.
Furthermore, � represents the phonon damping constant, and
ωL and ωT are the longitudinal and transverse optic-phonon
frequencies, respectively. Throughout this paper we will use
the following values for the material constants of InSb which
have been measured in Ref. [36]: ωL = 3.62 × 1013 rad/s,
ωT = 3.39 × 1013 rad/s, � = 5.65 × 1011 rad/s, γ = 3.39 ×
1012 rad/s, n = 1.07 × 1017 cm−3, m� = 0.022me, where me

is the electron mass. Although we choose a specific PTI model
here, our findings are general and can be applied to other
specific PTI realizations.

B. Basic formulas

We first have to derive a general expression for the Casimir
torque T of our system which is usually obtained from the
Casimir energy E of the system. To build on previous results
we use the intermediate result in Eq. (18) of Ref. [35] as
obtained using macroscopic QED in nonreciprocal media
[37]:

F = − h̄

2π

∫ ∞

0
dξ

∫
∂V

dA
{

2ξ 2

c2
S [G(1)(r, r′, iξ )] + 2∇ × S [G(1)(r, r′, iξ )] × ←−∇ ′

−Tr

[
ξ 2

c2
G(1)

(
r, r′, iξ

) + ∇ × G(1)
(
r, r′, iξ

) × ←−∇ ′
]

I
}

r′→r
. (2)

Here we have introduced the symmetrization S of
a tensor defined by S [G(r, r′, ω)] = (1/2)[G(r, r′, ω) +
GT(r′, r, ω)]. Furthermore, ξ = −iω, where ω is the fre-
quency of the electromagnetic wave, I is the unit tensor, ∂V

is any infinite planar surface in the vacuum gap between the
two planar bodies, dA is its surface element, and r and r′ are
arbitrary points on the surface of body 1. Most importantly,
G(1)(r, r′, iξ ) is the scattering Green’s tensor [38] of our
setup. It can be expressed using the reflection coefficients of
the vacuum/PTI interfaces calculated in Appendix A and the
different components of the wave vector k = (k‖,T , kz = iκ )T

satisfying k2 = −ξ 2/c2, where c is the speed of light in vac-
uum. The full expression of G(1)(r, r′, iξ ) and its derivation
can be found in Appendix A.

Using these results, we find first of all, as expected, that
there is no lateral force in the ground state of the system,
and thus the x and y components of F are zero. Furthermore,
in Appendix B we find a general expression for the normal
component of F per unit area A which we define as f ≡ Fz/A,
where Fz is the z component of F. This result is not shown
here since we are interested only in the near-field behavior
of our system. Thus we want to analyze f further under
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the assumption ξ/c 	 k‖, which is often referred to as the
nonretarded limit and becomes valid for small separations
L 	 c/ωch, where ωch is the highest characteristic frequency
of the permittivity tensor (compare Ref. [38]). To estimate
the value of ωch for our specific material model in Eq. (1)
we take a closer look at the monotonically decreasing func-
tion χij (iξ )/[χij (iξ ) + 2], with χij (iξ ) = εij (iξ ) − δij . The
condition

χij (iωch)

χij (iωch) + 2
= 1

2
(3)

gives a good estimate of the characteristic frequency ωch.
Neglecting absorption effects and phonon contributions. one
obtains from Eq. (3)

ij = xx, zz ⇒ ωch � ωp√
2
, (4)

ij = yz ⇒ ωch � 3
√

ωpωc, (5)

where we also assumed ωc 	 ωp, which is true for magnetic
fields B of the order of a few teslas. Therefore we conclude
that the nonretarded limit approximation is valid for distances
L 	 c

√
2/ωp = 3.4 μm. Note, however, that this estimation

for the validity of the nonretarded limit approximation is true
only for our specific material model as given in Eq. (1), which
includes only two medium resonances.

Under this assumption the reflection coefficients simplify
significantly to r±

s,s � r±
s,p � r±

s,p � 0 and

r±
pp(ω) � −2 + D ∓ 2iεyz sin(�± − ϕ)

2 + D ∓ 2iεyz sin(�± − ϕ)
,

D =
√

2εzz{εzz + εxx + (εxx − εzz) cos [2(�± − ϕ)]}.
(6)

Here ϕ is defined by k‖ = k‖( sin(ϕ), cos(ϕ))T, with k‖ ≡
|k‖| [compare Fig. 1(a)], and the ± symbol indicates the
reflection at the lower and upper half-spaces, respectively.
Note that this reflection coefficient is not real even when
evaluated at imaginary frequencies ω = iξ due to the terms
proportional to εyz. But since this term also flips sign under
k‖ → −k‖, the Schwarz reflection principle G(1)(r, r′, iξ ) =
G(1)�(r, r′, iξ ) is obeyed, which, according to [39], implies
r�

pp(k‖, iξ ) = rpp(−k‖, iξ ). Thus it is ensured that the Green’s
tensor and therefore the Casimir force are real.

Finally, using the previous result of the reflection coeffi-
cients in the nonretarded limit, f simplifies to

f = − h̄

16π3L3

∫ ∞

0
dξ

∫ 2π

0
dϕ Li3[r+

pp(iξ )r−
pp(iξ )], (7)

where Li3 is the polylogarithm of order 3. As in the reciprocal
case [38] and for a magnetized plasma with a bias magnetic
field perpendicular to the interface [35], we find a simple
f ∝ 1/L3 behavior in the nonretarded limit. Therefore we
can easily calculate the Casimir energy E per unit area in
the nonretarded limit from Eq. (B19) by integrating f with
respect to L and eventually find E = Lf/2. From this result
we can now calculate the Casimir torque T = −∂E/(∂��),
where �� = �− − �+.

III. RESULTS AND DISCUSSION

Next, we want to analyze our previous results for the
Casimir force, energy, and torque. To this end, in Fig. 1(b), we
display the dimensionless Hamaker constant defined by H ≡∫ ∞

0 (dξ/ωp )
∫ 2π

0 dϕLi3[r+
ppr

−
pp] at a fixed gap distance L =

100 nm. Note that one can easily retrieve f, E, and T from H

via f = −ωph̄H/16π3L3, E = −ωph̄H/32π3L2, and T =
(ωph̄/32π3L2)∂H/(∂��). Before discussing the qualitative
features of these results let us discuss the magnitude of the
torque. As depicted in Fig. 1(d), the Casimir torque at zero
temperature for two semi-infinite PTI half-spaces reaches the
same order of magnitude as the one for quartz or calcite
half-spaces kept parallel to a barium titanate half-space. Those
examples for birefringent plates were studied in Ref. [15], and
we have used the same model for the permittivity, including
the same values for the constants measured in Ref. [40] to
reproduce these results. More concretely, this means that the
torque for the PTI setup reaches a maximal torque of about
67 pN/m with B = 5 T, whereas the quartz (calcite)–barium
titanate setup reaches 22 pN/m (317 pN/m). Nevertheless,
the Casimir torque between two corrugated metals is three
orders of magnitude larger [5]. Note that these torques are
all periodic under a rotation of π of one of the plates around
its normal component since their distinguished axes are not
directional. On the contrary, we see in Fig. 1(b) that H (��)
is 2π periodic with a maximum (minimum) when the two
magnetic fields B± point in the same (opposite) direction.
This result is therefore qualitatively different from the ones
observed when dealing with birefringent half-spaces with one
in-plane optical anisotropy [15] [compare the dashed line in
Fig. 1(d)] or corrugated metals [5]. Heuristically, this new
periodicity can be explained by the fact that not only does our
material model have a distinguished axis, but this axis also has
a direction.

The angle dependence of the Casimir energy can be under-
stood in more detail by studying the contributions of different
surface-plasmon polaritons (SPPs) which dominate in the
nonretarded limit [41]. To this end, we take a closer look at
the spectral decomposition of the Casimir energy evaluated
at real frequencies H̃ (ω) ≡ ∫ 2π

0 dϕ Im{Li3[r+
pp(ω)r−

pp(ω)]},
which allows us to see which surface modes contribute the
most to the Casimir energy. The total Casimir energy is
simply the integral over this spectral energy density, H =∫ ∞

0 (dω/ωp )H̃ (ω), and therefore E, f ∝ ∫ ∞
0 dω H̃ (ω), as

can be seen from contour-integral techniques.
The central ingredient to the spectral Casimir energy den-

sity is the SPPs of the individual plates, which are resonances
of the respective reflection coefficients r+

pp(ω) and r−
pp(ω).

The frequencies of the SPPs are easily found by setting the
denominators in the reflection coefficients (6) to zero, which
upon using Eq. (1) and neglecting the photon contribution
leads to the dispersion relations

�±(�± − ϕ) = 1
4

{√
6ω2

c + 8ω2
p + 2ω2

c cos[2(�± − ϕ)]

± 2ωc sin[�± − ϕ]
}

(8)

in the lossless limit, as also found in Ref. [29]. The single-
plate SPPs are illustrated by the dotted and dashed lines in
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FIG. 2. Contributions of surface-plasmon polaritons (SPPs) to
the Casimir energy. (a)–(c) Single-plate SPPs Re[r±

pp(ω)] (dotted
lines) and Im[r±

pp(ω)] (dashed lines) and angle-resolved spectral
energy density H̃ (ω, ϕ) (solid lines) with �+ − ϕ = π/2 and �� =
0, π/2, π , respectively. Re[r+

pp(ω)] and Im[r+
pp(ω)] correspond to the

curves with the resonance at higher frequencies, whereas Re[r−
pp(ω)]

and Im[r−
pp(ω)] correspond to the ones with a lower resonance fre-

quency (�+ > �− in this case); the two single-plate SPP frequencies
�±(�± − ϕ) as given by Eq. (8) are indicated as vertical lines. (d)
Total spectral energy density H̃ (ω) with �� = 0, π/4, π/2, π (dots,
triangles, diamonds, and squares, respectively). For all plots we have
used B = 3 T.

Figs. 2(a)–2(c) for selected combinations of magnetic field
and wave vector directions. In particular, we see that the SPP
frequencies of the two plates coincide in the special case
�� = π [Fig. 2(c)].

When the two plates are brought in close proximity, as
is the case in the nonretarded limit considered, the single-
plate SPPs combine to form symmetric and antisymmetric
coupled SPPs [41]. Mathematically, this can be seen from
the Casimir spectral energy density. Using Li3[z] ≈ ζ (3) z for
z 	 1, where ζ is the Riemann zeta function, we find H̃ (ω) ≈
ζ (3){Im[r+

pp(ω)]Re[r−
pp(ω)] + Im[r−

pp(ω)]Re[r+
pp(ω)]}. We can

clearly see how H (ω, ϕ) is built up from the products
Im[r±

pp(ω)]Re[r∓
pp(ω)] in Figs. 2(a)–2(c). As illustrated by the

solid lines in Figs. 2(a)–2(c), the symmetric coupled SPPs
give the dominant positive contribution to the Casimir energy
(left peak), while the antisymmetric coupled SPPs give a
smaller negative contribution (right dip). As further seen in
the figures, the difference between the positive and negative
contributions is quite pronounced for �� = 0 [Fig. 2(a)],
leading to a large net Casimir energy. The splitting is reduced
for larger angles [Fig. 2(b)] until, eventually, the single-plate
SPPs coincide for �� = π and the two coupled SPPs become
very close in frequency and similar in magnitude. For this
case, we have a smaller Casimir energy.

Our observations remain valid for general combinations
of magnetic field and wave vector directions and thus also
when integrating over all wave vector directions ϕ ∈ [0, 2π ]
to obtain the total spectral energy density H̃ (ω). As seen
from Fig. 2(d), this energy density has quite a complex profile
as it is the sum over contributions from many SPPs with
different resonant frequencies. Nevertheless, we again find

that positive and negative contributions are the most different
in magnitude for �� = 0 (dots), leading to a large total
Casimir energy. As the angle difference increases towards
�� = π (squares), the positive and negative contributions be-
come more similar in magnitude, and the total Casimir energy
decreases.

IV. APPLICATION

The advantage of having an in situ tunability of the torque
can be exploited for nanomechanical schemes. For instance,
we consider a setup of two nanodisks as depicted in Fig. 3(a).
This system is an example of a new mechanism (compare
Ref. [47]) to generate a motor with small moving parts. As
shown, the relative angle between the two applied magnetic
fields is given by ��(t ) = �−(t ) − θ (t ). The dependence of
the torque T on the relative angle between the applied mag-
netic fields is well approximated by T (��) ∼= T0 sin(��)
[compare Fig. 1(d)], where T0 = 67 pN/m if B+ = B− = 5 T.
Thus the equation of motion for the rotation of the upper disk
neglecting finite-size effects, retardation, and friction is given
by

d2θ

dt2
= 2T0

lr2ρInSb
sin[�−(t ) − θ (t )]. (9)

The result of the numerical solution of Eq. (9) can be found
in Fig. 3(b). As we can see, if we let the tunable magnetic
field B− rotate with an angular velocity of up to 0.75 rad/s,
the upper plate will follow the direction of B− and start to
rotate with the same angular velocity of almost one full 2π

rotation per second. If B− rotates faster than 0.75 rad/s, the

0 5 10 15 20 25 30
0

4

8

12

16

20

24

t/s

(t)

�b��a�

FIG. 3. (a) Scheme for inducing rotation via Casimir torques.
As shown, there are two disks with the same size as considered in
Ref. [16], namely, with radius r = 20 μm and thickness d = 20 μm
consisting of InSb, which has a mass density of ρInSb = 5.59 g/cm3

[42]. They are held at a distance of L = 100 nm from each other so
that the nonretarded limit assumption and the assumption of having
two semi-infinite half-spaces apply for the idealized medium re-
sponse assumed. Furthermore, B+ is a static magnetic field which is
attached to the disk, i.e., via magnetic coating [43–46]. Thus its angle
with the x axis �+ only changes if the whole disk rotates and the
rotation of the upper disk is described by the angle θ (t ) ≡ �+(t ). In
the lower disk there is a magnetic field B− whose direction described
by the angle �−(t ) may change over time, although the plate is fixed.
In (b) we show the numerical solution to Eq. (9) with B+ = B− =
5 T for the cases �−(t ) = 0.75πt, 0.4πt, 0.1πt, 2πt, 0 (dot, square,
diamond, triangle, and upside-down triangle, respectively) with solid
lines. Additionally, we plot �−(t ) = 0.75πt, 0.4πt, 0.1πt, 2πt, 0
(also indicated by the dot, square, diamond, triangle, and upside-
down triangle, respectively) describing the rotation of B− with dot-
dashed lines.
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upper disk cannot follow the direction of B−, and therefore
it barely rotates (triangle). Here r and l are the radius of the
upper disk and its thickness, respectively.

V. SUMMARY

To summarize, we have found a Casimir torque between
topological-insulator plates whose direction and magnitude
are tunable by an external bias magnetic field. We have further
shown that in the nonretarded limit this torque is dominated
by SPPs which are directional, and therefore it is symmetric
only under a rotation of 2π of one of the plates around its
normal component. This unique periodicity, in contrast to the
typical π periodicity for ordinary birefringent media, is a clear
signature of nonreciprocity. We have shown how the tunability
of the torque between two InSb disks can be exploited to set
one of the disks into rotation, which offers new possibilities
for measurements and nanomechanical applications of the
Casimir torque on small objects.
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APPENDIX A: GREEN’S TENSOR FOR TWO
SEMI-INFINITE HALF-SPACES OF PTI

In this appendix, we derive an expression for the Casimir
force between two half-spaces filled with photonic topological
materials separated by vacuum and with distinct in-plane bias
magnetic fields in each of the half-spaces [see Fig. 1(a)].
To this end, we first calculate the Green’s tensor for this
setup here as the essential ingredient for the Casimir force
calculated in Appendix B.

The following derivation of the Green’s tensor
G(1)(r, r ′, ω) is very similar to the ones given in Refs. [4,35].
As a starting point we can use the intermediate result of
Ref. [35] in their Eq. (26):

G(1)(r, r ′, ω) = i

8π2

∫
d2k‖ 1

kz

eik‖·(r−r ′ )
[
eikz (z+z′ )(es+, ep+) · R− · (D+)−1 ·

(
es−
ep−

)
+ e2ikzLe−ikz (z+z′ )(es−, ep−) · R+ · (D−)−1 ·

(
es+
ep+

)
+ e2ikzLeikz (z−z′ )(es+, ep+) · R− · (D+)−1 · R+ ·

(
es+
ep+

)
+e2ikzLe−ikz (z−z′ )(es−, ep−) · R+ · (D−)−1 · R− ·

(
es−
ep−

)]
. (A1)

Here we have split the wave vector k = (k‖,T , kz)T into its
components parallel (k‖) and perpendicular (kz) to the plates,
and the polarization vectors es±, ep± and the multiple reflec-
tion matrices D± are defined by

es± = ek‖ × ez = 1

k‖

⎛⎜⎝ ky

−kx

0

⎞⎟⎠, (A2)

ep± = 1

k
(k‖ez ∓ kzek‖ ) = 1

k

⎛⎜⎜⎝
∓ kz

k‖ kx

∓ kz

k‖ ky

k‖

⎞⎟⎟⎠, (A3)

(D±)−1 =
∞∑

n=0

(
R± · R∓e2ik⊥L

)n = [
1 − R± · R∓e2ik⊥L

]−1
.

(A4)

We are left with the task of calculating the reflection matrices

R± =
(

r±
s,s r±

s,p

r±
p,s r±

p,p

)
(A5)

to find G(1)(r, r ′, ω). Here r+
σσ ′ (r−

σσ ′) is the reflection coeffi-
cient for a σ ′-polarized incoming wave which is reflected off

body 1 (body 2; see Fig. 1 in the main text) as a σ -polarized
wave.

We are going to calculate R+ first and retrieve R− from
symmetry considerations. To find R+ we first find appropriate
expressions for the electric and magnetic fields in vacuum and
in the PTI by making use of Maxwell’s equations. Afterwards,
we can obtain R+ from the continuity relations at the inter-
face.

We start with the permittivity tensor for body 1, which is
given by

ε =

⎛⎜⎝εxx 0 0

0 εzz εyz

0 −εyz εzz

⎞⎟⎠ (A6)

if the external magnetic field B+ points in the x direction.
Note that we have εyy = εzz and εyz = −εzy . We generalize
this expression to arbitrary directions �+ of B+ (see Fig. 1
in the main text) in the xy plane by rotating ε by an angle of
�+ around the z axes. Furthermore, we consider a general
wave vector k = (k‖ cos ϕ, k‖ sin ϕ, kz)T , but by rotating
ε by an angle of −ϕ we get without loss of generality
k = (k‖, 0, kz)T , which simplifies the following calculation
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significantly. So the permittivity tensor eventually reads

ε̃ =

⎛⎜⎝
1
2 {εxx + εzz + (εxx − εzz) cos[2(�+ − ϕ)]} 1

2 (εxx − εzz) sin[2(�+ − ϕ)] −εyz sin[�+ − ϕ]
1
2 (εxx − εzz) sin[2(�+ − ϕ)] 1

2 {εxx + εzz + (εzz − εxx ) cos[2(�+ − ϕ)]} εyz cos
[
�+ − ϕ

]
εyz sin[�+ − ϕ] −εyz cos[�+ − ϕ] εzz

⎞⎟⎠ (A7)

in the rotated frame. As expected, it depends on only the relative angle between the magnetic field and the wave vector. Note
that this form of the permittivity tensor is different from the one considered in Ref. [35]. Nevertheless, the general procedure to
find R± is analogous.

Now we make a plane wave ansatz for the field in the vacuum layer given by

Ei =
[
es,iey + ep,i

c

ωε
(kz,iex − k‖ez)

]
ei(k‖x+kz,iz−ωt ),

Hi =
[
ep,iey − es,i

c

ω
(kz,iex − k‖ez)

]
ei(k‖x+kz,iz−ωt ),

(A8)
Er =

[
es,rey − ep,r

c

ωε
(kz,iex + k‖ez)

]
ei(k‖x−kz,iz−ωt ),

Hr =
[
ep,rey + es,r

c

ω
(kz,iex + kxez)

]
ei(k‖x−kz,iz−ωt ),

which satisfies Maxwell’s equations

∇ × E = −1

c

∂

∂t
H, ∇ × H = 1

c

∂

∂t
(ε · E), (A9)

with ε = I since the wave propagates in vacuum. In Eq. (A8) eσ,i and eσ,r are unknown complex-valued amplitudes of the fields,
where the subscripts i and r indicate the incident and reflected waves, respectively. To eventually find the reflection coefficients
we also need to find a way to describe the field within the PTI. Due to the structure of ε̃ in Eq. (A7) Maxwell’s equations in
Eq. (A9) mix s- and p-polarized waves within the PTI. Therefore an ansatz as in Eq. (A8) is not possible, and thus in a more
general approach plane waves are assumed in the form

E =
⎛⎝ex (z)

ey (z)
ez(z)

⎞⎠ei(k‖x−ωt ), H =
⎛⎝hx (z)

hy (z)
hz(z)

⎞⎠ei(k‖x−ωt ). (A10)

Note that k‖ is conserved across the interface. The z components of Maxwell’s equations (A9) read

hz(z) = c

ω
k‖ey (z), (A11)

ez(z) = 1

εzz

[
− c

ω
k‖hy (z) + ε̃xzex (z) + ε̃yzey (z)

]
(A12)

and can be inserted into the x, y contributions. For these components we introduce the vector u with u1 = ex, u2 = ey, u3 = hx ,

and u4 = hy . By assuming the ansatz uj = uj (0)eik
(m)
z z for the single components with k(m)

z as the z contribution of the wave
vector in the PTI one obtains again from Eq. (A9)

L · u = − c

ω
k(m)
z u, (A13)

with

L =

⎛⎜⎜⎜⎜⎝
−k‖c̃εxz/(ωε̃zz) −k‖c̃εyz/(ωε̃zz) 0 −1 + (ck‖/ω)21/̃εzz)

ε̃xy + ε̃yz̃εxz/̃εzz ε̃yy + ε̃2
yz/̃εzz − (ω/ck‖)2 0 −ωε̃yz/(ck‖̃εzz)

−ε̃xy ε̃xx − c2

ω2 (k‖)2 0 0

−ε̃xx − ε̃2
xz/̃εzz −ε̃xy − ε̃yz̃εxz/̃εzz 0 ωε̃xz/(ck‖̃εzz)

⎞⎟⎟⎟⎟⎠. (A14)

To find nontrivial solutions one has to solve the relation det[ L + I ωk(m)
z /c] = 0, leading to the dispersion relations

k(m)
z = ±ω

c

1

2l
√

εzz

√
U1 + U2 cos [2(�+ − ϕ)] ±

√
1

2
{U3 + U4 cos [2(�+ − ϕ)] + U 2

2 cos[4(�+ − ϕ)]},

U1 = −3εzz + εxx (2l2εzz − 1) + 2l2
(
ε2
yz + ε2

zz

)
, U2 = εzz − εxx,

U3 = 6ε2
zz − 8l2 εzz

(
ε2
yz + ε2

zz

) + 8l4
(
ε2
yz + ε2

zz

)2 + 8l2 ε3
zz(εzzl

2 − 1) − 2εxx

[
3εzz + 4l2

(
ε2
yz − 2ε2

zz

) + 8l2 εzz

(
ε2
yz + ε2

zz

)]
,

U4 = 4
{
ε2
xx (1 − 2l2 εzz) − 2εxx

[
εzz + l2(ε2

yz − 2ε2
zz

)] + εzz

[
εzz − 2l2(ε2

yz + ε2
zz

)]}
(A15)
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for the four mathematical solutions m = 1, 2, 3, 4, corre-
sponding to the possible combinations of signs in Eq. (A15)
with the dimensionless quantity l = ω/(c k‖). Note that these
dispersion relations agree with the ones found in Ref. [29].
Since solutions with Im[k⊥(m)] > 0 would result in waves
propagating in the negative z direction, we can neglect these
solutions for the transmitted wave propagating in the positive
z direction. Let k⊥(1) and k⊥(2) be the two solutions with a
positive real part; then neglecting the other two, we finally
arrive at the expression for the transmitted components of E
and H parallel to the surface,(

Et

Ht

)
= ei(k‖x−ωt )

∑
m=1,2

u(m)(0)eik⊥(m)z. (A16)

According to the continuity relations, the parallel components
of the electric and magnetic fields E and H, i.e., the x, y com-
ponents, at the interface between vacuum and the topological
insulator are continuous. To simplify this set of four equations
we start by expressing ey, hx , and hy in terms of ex using
Eqs. (A13) and (A14),

α(m) ≡ e(m)
y (0)

e
(m)
x (0)

= (ck⊥(m)/ω + L11 − L31)L44/L14

L32 − L12 L34/L14 − (k⊥(m)c/ω)2
,

β (m) ≡ h(m)
x (0)

e
(m)
x (0)

= −−ck⊥(m)

ω
α(m), (A17)

γ (m) ≡ h(m)
y (0)

e
(m)
x (0)

= −ck⊥(m)/ω − L11 − L12α
(m)

L41
.

These equations are inserted into the boundary conditions, and
one obtains⎛⎜⎜⎜⎜⎜⎝

−1 0 α(1) α(2)

ck⊥
i

ω
0 −β (1) −β (2)

0 ck⊥
i

ω
1 1

0 −1 γ (1) γ (2)

⎞⎟⎟⎟⎟⎟⎠
︸ ︷︷ ︸

≡ M

⎛⎜⎜⎜⎜⎝
es,r

ep,r

e(1)
x

e(2)
x

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
es,i

ck⊥
i

ω
es,i

ck⊥
i

ω
ep,i

ep,i

⎞⎟⎟⎟⎟⎟⎠.

(A18)

We now assume the incoming wave to be s (ep,i = 0, es,i �= 0)
or p polarized (es,i = 0, ep,i �= 0) separately and solve for the
reflected amplitudes to finally obtain the reflection coefficients
with the help of Cramer’s rule:

r+
s,s = es,r

es,i
= det

(
M1

)
det

(
M
) , (A19)

r+
p,s = ep,r

es,i
= det

(
M2

)
det

(
M
) , (A20)

r+
s,p = es,r

ep,i
= det

(
M3

)
det

(
M
) , (A21)

r+
s,s = ep,r

ep,i
= det

(
M4

)
det

(
M
) , (A22)

with the matrices

M1 =

⎛⎜⎜⎜⎜⎜⎝
1 0 α(1) α(2)

ck⊥
i

ω
0 −β (1) −β (2)

0 ck⊥
i

ω
1 1

0 −1 γ (1) γ (2)

⎞⎟⎟⎟⎟⎟⎠, (A23)

M2 =

⎛⎜⎜⎜⎜⎝
−1 1 α(1) α(2)

ck⊥
i

ω

ck⊥
i

ω
−β (1) −β (2)

0 0 1 1

0 0 γ (1) γ (2)

⎞⎟⎟⎟⎟⎠, (A24)

M3 =

⎛⎜⎜⎜⎜⎝
0 0 α(1) α(2)

0 0 −β (1) −β (2)

ck⊥
i

ω

ck⊥
i

ω
1 1

1 −1 γ (1) γ (2)

⎞⎟⎟⎟⎟⎠, (A25)

M4 =

⎛⎜⎜⎜⎜⎜⎝
−1 0 α(1) α(2)

ck⊥
i

ω
0 −β (1) −β (2)

0 ck⊥
i

ω
1 1

0 1 γ (1) γ (2)

⎞⎟⎟⎟⎟⎟⎠. (A26)

Having found the reflection coefficients for waves reflected
at body 1 (R+), we can easily derive the ones reflected by
body 2 (R−). To this end one simply has to invert the direction
of the z coordinate (z → −z) and therefore replace εyz →
−εyz, kz → −kz, and k(m)

z → −k(m)
z . Thus we have

r−
σσ ′ = r+

σσ ′ |εyz→−εyz, kz→−kz, k
(m)
z →−k

(m)
z

. (A27)

We also want to calculate the reflection coefficients in the
nonretarded limit by assuming k‖ � ω/c. In this limit we find
from Eqs. (A19), (A20), (A21), (A22), and (A27)

r±
s,s � r±

s,p � r±
p,s � 0, (A28)

r±
pp(ω) � −2 + D ∓ 2iεyz sin(�± − ϕ)

2 + D ∓ 2iεyz sin(�± − ϕ)
, (A29)

D =
√

2εzz{εzz + εxx + (εxx − εzz) cos [2(�± − ϕ)]}.
(A30)

Finally, we can insert the results for the reflection coef-
ficients found in Eqs. (A19), (A20), (A21), (A22), and (A27)
into Eq. (A1) to find a fully analytic expression for the Green’s
tensor of our setup. In the next section we want to use this
result to calculate the Casimir force.

APPENDIX B: CASIMIR FORCE BETWEEN TWO
INFINITE HALF-SPACES OF A PTI

The starting point for the calculation of the Casimir force
between two infinite half-spaces of a PTI separated by a layer
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of vacuum of thickness L can be found in Eq. (18) of [35]:

F = − h̄

2π

∫ ∞

0
dξ

∫
∂V

dA ·
({

2ξ 2

c2
S [G(1)

(
r, r′, iξ

)
] + 2∇ × S [G(1)

(
r, r′, iξ

)
] × ←−∇ ′

}
r′→r︸ ︷︷ ︸

≡ S(1)
(r,iξ )

− Tr

[
ξ 2

c2
G(1)

(
r, r′, iξ

) + ∇ × G(1)(r, r′, iξ ) × ←−∇ ′
]

r′→r
I
)

. (B1)

Here ∂V is any infinite planar surface in the vacuum gap between the two planar bodies, and dA is its surface element, whose
sign depends on the body on which F acts. First, we want to calculate the 3 × 3 tensor S(1)(r, iξ ) from whose entries S

(1)
ij (r, iξ )

we obtain the surface force density f acting on body 1 using Eq. (B1) via

f = h̄

2π

∫ ∞

0
dξ

1

2

[
S (1)

zz (r, iξ ) − S (1)
xx (r, iξ ) − S (1)

yy (r, iξ )
]
ez + S (1)

zx (r, iξ )ex + S (1)
zy (r, iξ )ey, (B2)

where we used dA = −dAez. To find S(1)(r, iξ ) we are going to calculate its different components step by step. That
means, in the following, we are going to calculate G(1)T (r′, r, ω), G(1)(r, r′, ω) + G(1)T (r′, r, ω), and ∇ × [G(1)(r, r′, ω) +
G(1)T (r′, r, ω)] × ←−∇ ′ subsequently.

First, we rewrite the Green’s tensor given in Eq. (A1) by inserting the reflection matrices as found in Eq. (A5) and expanding
the scalar products to obtain

G(1)(r, r′, ω) = 1

8π2

∫
d2k‖ eik‖·(r−r′ )

κ

∑
σ,σ ′

[
eσ
+eσ ′

− ee−κ (z+z′ )
∑
σ1

r−
σσ1

D+
σ1σ ′︸ ︷︷ ︸

≡Iσσ ′ (k‖)

+eσ
−eσ ′

+ eκ (z+z′ )e−2κL
∑
σ1

r+
σσ1

D−
σ1σ ′︸ ︷︷ ︸

≡IIσσ ′ (k‖)

+ eσ
+eσ ′

+ e−κ (z−z′+2L)
∑
σ1,σ2

r−
σσ1

r+
σ2σ ′

D+
σ1σ2︸ ︷︷ ︸

≡IIIσσ ′ (k‖)

+eσ
−eσ ′

− e−κ (z′−z+2L)
∑
σ1,σ2

r+
σσ1

r−
σ2σ ′

D−
σ1σ2︸ ︷︷ ︸

IVσσ ′ (k‖)

]
. (B3)

Here we have replaced kz = iκ , and the polarization indices are σ, σ ′, σ1, σ2 = s, p. Furthermore, D±
σ1σ2

= (D±)σ1σ2 refers to
components of the matrix D± defined in Eq. (A4).

To obtain S(1)(r, iξ ), in the second step, we calculate G(1)T(r′, r, iξ ). Because of the switching of r′ and r we have to
substitute k‖ → −k‖ to ensure that the term eik‖·(r−r′ ) stays the same. Using the fact that e±

p → e∓
p and e±

s → −e±
s = −e∓

s for
k‖ → −k‖, we therefore get

G(1)T(r′, r, iξ ) = 1

8π2

∫
d2k‖ eik‖·(r−r′ )

κ

∑
σ,σ ′

{(−1)σσ ′
[eσ

+eσ ′
− e−κ (z+z′ ) Iσ ′σ (−k‖) + eσ

−eσ ′
+ eκ (z+z′−2L) IIσ ′σ (−k‖)

+ eσ
−eσ ′

− e−κ (z′−z+2L) IIIσ ′σ (−k‖) + eσ
+eσ ′

+ eκ (z′−z−2L) IVσ ′σ (−k‖)]}. (B4)

Here we also relabel σ ↔ σ ′ and introduce (−1)σσ ′
, given by

(−1)σσ ′ =
{

1 if σ = σ ′,
−1 if σ �= σ ′. (B5)

As a side note, we want to mention here that by comparing Eqs. (B3) and (B4), one finds that Onsager’s reciprocity, i.e.,
G(1)T(r′, r, iξ ) = G(1)(r, r′, iξ ), holds if

(−1)σσ ′
Rσ ′σ (−k‖) = Rσσ ′ (k‖), R = I, II, III, IV. (B6)

Note that a similar expression has also been found in Ref. [39] for one-dimensional nanogratings. Nevertheless, in the setup
considered here Eq. (B6) is not satisfied, and hence Onsager reciprocity is violated. Continuing with finding an expression for
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S(1)(r, iξ ), we combine Eqs. (B3) and (B4) and obtain

G(1)(r, r′, iξ ) + G(1)T(r′, r, iξ ) = 1

8π2

∫
d2k‖ eik‖·(r−r′ )

κ

∑
σ,σ ′

{eσ
+eσ ′

− e−κ (z+z′ ) [(−1)σσ ′
Iσ ′σ (−k‖) + Iσσ ′ (k‖)]

+ eσ
−eσ ′

+ eκ (z+z′−2L) [(−1)σσ ′
IIσ ′σ (−k‖) + IIσσ ′ (k‖)]

+ eσ
−eσ ′

− e−κ (z′−z+2L) [(−1)σσ ′
IIIσ ′σ (−k‖) + IIIσσ ′ (k‖)]

+ eσ
+eσ ′

+ eκ (z′−z−2L) [(−1)σσ ′
IVσ ′σ (−k‖) + IVσσ ′ (k‖)]}. (B7)

Next, we need to evaluate the curls. This can be done by realizing that the operators ∇ and
←−∇ reduce to ∇ → ik± and

←−∇ →
−ik±, where k± = k‖ ± iκez. Using ik± × es± = ξ

c
ep±, ik± × ep± = − ξ

c
es±, we find that ∇ × S [G(1)(r, r′, iξ )] × ←−∇ ′ is

obtained from S [G(1)(r, r′, iξ )] by simply replacing all eσσ ′
± → eσ̄ σ̄ ′

± ξ 2(−1)σσ ′
/c2, where σ̄ is defined by s̄ = p and p̄ = s. We

can combine this result with Eq. (B7) to find

S(1)(r, iξ ) = ξ 2

8π2c2

∫
d2k‖ eik‖·(r−r′ )

κ

∑
σ,σ ′

{[eσ
+eσ ′

− + eσ ′
− eσ

+ + (−1)σσ ′
(eσ̄

+eσ̄ ′
− + eσ̄ ′

− eσ̄
+)︸ ︷︷ ︸

≡ Q(1)

][e−2κzIσσ ′ (k‖) + e2κ (z−L)IIσ ′σ (k‖)]

+ e−2κL[eσ
−eσ ′

− + eσ ′
+ eσ

+ + (−1)σσ ′
(eσ̄

−eσ̄ ′
− + eσ̄ ′

+ eσ̄
+)︸ ︷︷ ︸

≡ Q(2)

][IIIσσ ′ (k‖) + IVσ ′σ (k‖)]}. (B8)

Here, in the last step, we substituted k‖ → −k‖ back in some of the terms to find the two tensor valued prefactors Q(1) and
Q(2) corresponding to terms with odd and even numbers of reflections, respectively. To eventually be able to evaluate Eq. (B2)

we need to calculate the outer products in Q(1) and Q(2) in Cartesian coordinates. With the help of Eq. (A2) we find

ep
∓ep

± = c2

ξ 2(k‖)2

⎛⎜⎝ −κ2k2
x −κ2kxky ±i(k‖)2κkx

−κ2kxky −κ2k2
y ±i(k‖)2κky

∓i(k‖)2κkx ∓i(k‖)2κky −(k‖)4

⎞⎟⎠, (B9)

ep
±ep

± = c2

ξ 2(k‖)2

⎛⎜⎝ κ2k2
x κ2kxky ±i(k‖)2κkx

κ2kxky κ2k2
y ±i(k‖)2κky

±i(k‖)2κkx ±i(k‖)2κky −(k‖)4

⎞⎟⎠, (B10)

es
±es

± = es
±es

∓ = 1

(k‖)2

⎛⎜⎝ k2
y −kxky 0

−kxky k2
x 0

0 0 0

⎞⎟⎠, (B11)

es
+ep

± = es
−ep

± = (es
±es

+)T = (ep
±es

−)T (B12)

= c

ξ (k‖)2

⎛⎜⎝∓κkxky ∓κk2
y i(k‖)2ky

±κk2
x ±κkxky −i(k‖)2kx

0 0 0

⎞⎟⎠. (B13)

Comparing Eq. (B8) with Eq. (B2), we see that we need to evaluate the terms (Q(i)
zz − Q(i)

xx − Q(i)
yy )/2, Q(i)

zx , and Q(i)
zy . Using

Eqs. (B9)–(B13) and the dispersion relation (k‖)2 − κ2 = −ξ 2/c2, we eventually find(
Q(1)

zz − Q(1)
xx − Q(1)

yy

)/
2 = Q(1)

zx = Q(1)
zy = 0, (B14)

Q(2)
zx = Q(2)

zy = 0, (B15)

(
Q(2)

zz − Q(2)
xx − Q(2)

yy

)/
2 = −2c2

ξ 2
κ2. (B16)

Equation (B14) shows that all terms with an odd number of reflections do not contribute to the Casimir force, whereas Eq. (B15)
tells us that there is no lateral Casimir force, i.e., a nonzero x or y component of f . Finally, using Eqs. (B2), (B8), and
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(B14)–(B16), we find the final result for the Casimir force density acting on body 1:

f = − h̄

8π3

∫ ∞

0
dξ

∫
d2k‖ κe−2κL[IIIpp(k‖) + IVpp(k‖) + IIIss (k‖) + IVss (k‖)]ez (B17)

= − h̄

8π3

∫ ∞

0
dξ

∫ 2π

0
dϕ

∫ ∞

0
dk‖ κe−2κLTr[R− · (D+)−1 · R+ + R+ · (D−)−1 · R−]ez. (B18)

Note that this result differs from the one obtained in Ref. [35] only by the fact that in Eq. (B18) we cannot carry out the dϕ

integral due to the ϕ dependence of the reflection coefficients, whereas in Ref. [35] the media were isotropic in the plane of the
surfaces and hence this integral simply gave a factor of 2π .

In the nonretarded limit the reflection coefficients simplify significantly according to Eqs. (A28) and (A30), and thus Eq. (B18)
reduces to

f = − h̄

16π3L3

∫ ∞

0
dξ

∫ 2π

0
dϕ

∫ ∞

0
dκ κ2

r+
pp(iξ )r−

pp(iξ )e−2κL

1 − r+
pp(iξ )r−

pp(iξ )e−2κL
ez

= − h̄

16π3L3

∫ ∞

0
dξ

∫ 2π

0
dϕ Li3[r+

pp(iξ )r−
pp(iξ )]ez. (B19)
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*S Supporting Information

ABSTRACT: We propose that chemically inert polymeric films
can enhance van der Waals (vdW) forces in the same way as
nanofabrication of biomimetic adhesive materials. For the vdW
adhesion of an ethylene-chlorotrifluoroethylene (ECTFE) film
on rough metal and dielectric substrates, we present a model
that combines microscopic quantum-chemistry simulations of
the polymer response functions and the equilibrium monomer−
substrate distance with a macroscopic quantum-electrodynamics
calculation of the Casimir force between the polymer film and
the substrate. We predict adhesive forces up to 2.22 kN/mm2,
where the effect is reduced by substrate roughness and for dielectric surfaces.

The discovery that van der Waals (vdW) forces are
responsible for the remarkable sticking properties of

gecko feet on dry surfaces1 has inspired the nanofabrication of
biomimetic adhesive materials. Organorods2 and nanopillars3

exhibit the flexibility of gecko-feet setae, hence providing close
contact with the substrate in order to enhance the vdW
attraction. Fundamentally, vdW forces are caused by quantum
charge-density fluctuations and arise whenever two neutral, but
polarizable, objects are brought in proximity. Unlike chemical
binding forces, they do not require immediate contact to ensure
notable attraction. However, their strong power-law decay with
increasing distance makes them most effective in micro- to
nanoranges. They have not only been measured with high
accuracy,4 but have also been found responsible for stiction in
nanofabrication.5 Measurements of Casimir−vdW forces
typically involve well-separated solid-state objects at distances
where a correct theoretical description requires accounting for
the retarded quantum electromagnetic field.6 For plane metal
or dielectric surfaces, this is achieved by the Lifshitz theory.7

The effect of surface roughness on the interaction has been
studied experimentally and theoretically, both for obtaining a
more realistic understanding8,9 and in view of potential
applications of the lateral Casimir force arising between two
periodically corrugated surfaces.10 A very recent study of the
force between corrugated surfaces has revealed discrepancies
between experiment and theory that remain unresolved to
date.11 In all of the mentioned studies, the surfaces are well
separated, so that their corrugations are not intertwined and

their interaction due to electromagnetic field fluctuations can
be studied by means of scattering theory.12,13

We propose to exploit the flexibility of a polymer film to
ensure close contact and hence high adhesive force on a solid
substrate. In particular, ECTFE is a partially fluorinated
polymer whose semicrystalline films have been experimentally
demonstrated to exhibit a resistance against permeation of
water14 and also high chemical resistance.15 Wettability
measurements of ECTFE in polar liquids have revealed a
considerable influence of vdW forces on the ECTFE−liquid
interaction.16 Our proposed setup of a such a polymer film
sticking to a solid surface operates in a very different regime
than the traditional Casimir setups. The polymer is expected to
come into close contact with the substrate so that effects of
retardation are negligible. The adhesion force per unit area
between two smooth surfaces separated by a distance z is hence
given by the nonretarded limit of the Lifshitz formula: f(⃗z) =
−(C3/z

3)ez⃗ with a coefficient7

∫π
ω

ε ω
ε ω

ε ω
ε ω

= ℏ −
+

−
+

∞ ⎡
⎣⎢

⎤
⎦⎥C

i
i

i
i8

d Li
( ) 1
( ) 1

( ) 1
( ) 13 2 0

3
1

1

2

2 (1)

Here, Li3(x) = ∑k=1
∞ xk/k3 is the polylogarithm and ε1(ω) and

ε2(ω) are the dielectric permittivities at angular frequency ω of
polymer film and substrate, respectively. The Lifshitz formula is
originally expressed as an integral over real frequencies with the
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permittivities being strongly oscillating functions. For mathe-
matical convenience, we have used a Wick rotation to
equivalently express the C3 coefficient as an integral over
purely imaginary frequencies Iω with ω > 0. The integrand is
then much easier to evaluate numerically, as it is a
monotonously decreasing function. To illustrate the use of
such imaginary-frequency integrals, we first quote the formula
for the closely related van der Waals potential between two
ground-state atoms

∑
π ε

= − | | | |
+ ≡ −U

r E E
C
r

r
d d

( )
1

24 k l

k l

k l
AB 2

0
2

AB
6

,

0
A 2

0
B 2

0
A

0
B

6

AB
6

(2)

Here, rAB is the distance between the atoms, and the sum
represents virtual transitions of atoms A and B from their
ground states to excited states l, k with transition energies E0k

A

and E0l
B, respectively. The respective dipole-matrix elements are

denoted as d0k
A and d0l

B. The potential U(rAB) can be expressed
as an integral over frequency

∫
π ε

ωα ω α ω= − ℏ ∞
U

r
i ir( )

3
16

d ( ) ( )AB 3
0
2

AB
6 0

A B
(3)

where

α ω
ω

= | |
+ ℏi

E
E

d
( )

2
3 ( )

k k

k
A

0
A

0
A 2

0
A 2 2 2

(4)

describes the polarizability of atom A at imaginary frequencies
(similarly for atom B).
In eq 1 we have neglected the effect of thermal fluctuations

of the electromagnetic field and that of spatial dispersion. The
assumption of a spatially local response implies the use of
dielectric functions ϵ1(ω) and ϵ2(ω), which depend on the
wave vector k only via its absolute value |k| = ω/c. A spatially
nonlocal response and thermal effects combined have been
shown to modify the Casimir force by a factor of 2 at distances
larger than the thermal wavelength.17 At room temperature, the
thermal wavelength assumes a value of about 48 μm and is,
hence, much smaller than the distances considered here. The
effect of nonlocal responses has also been studied at smaller
distances where it was found that, depending on the model
used, the force may be increased or decreased on a percent
level.18 Finally, we note that, for moderate roughness, one may
expect the polymers to adapt to the surface profile of the
substrate, so that the corrugated surfaces of the interacting
objects intertwine (see Figure 1).

While the optical properties of common solid substrates are
well studied and tabulated,19 those of polymer species require
microscopic simulations. Periodic simulations of long polymer
chains packed in a box have been performed, see, for example,
ref 20. However, in order to reproduce vibrational frequencies,
polarizabilities, and polymerization mechanisms, careful inves-
tigations of monomeric or dimeric units are often applied
instead, where the molecular properties are evaluated by
quantum chemical methods21,22 or via combined quantum and
molecular mechanical approaches.23 In the following, we will
estimate the total adhesive force of ECTFE films on different
substrates by combining macroscopic Lifshitz theory with
microscopic simulations of the polymer response function. We
begin by determining the polarizability of the polymer and the
equilibrium distance of its monomers from different substrate
media. Combining this information, we will determine the
maximum total adhesive force for perfectly smooth substrates
and finally study the effect of surface roughness on this force.
Let us start by determining the dielectric response of

ECTFE. Microscopically, it is encoded in the dynamical
polarizability α(iω) at imaginary frequencies. We are interested
in the average dielectric properties of a large ensemble of
ECTFE chains of various lengths and resort to a simple model:
we study the polarizability of simple ECTFE monomers and
represent the ensemble as a set of such monomeric units with
random orientations. We calculate the monomer polarisibilities
by means of combining quantum chemical methods24−27 as
described in Supporting Information, A. To check the validity
of the assumption that the polarizability of the polymers can be
decomposed into those of single monomers, we compare
monomer and dimer polarizabilities. After averaging over
orientations, the isotropic polarizability of the dimer is almost
equal to twice that of the monomer (Figure 2), justifying our
model.
As a second microscopic ingredient, we require the

equilibrium distance between the ECTFE polymer and the
substrate, as determined from a competition between local
chemical binding and long-range dispersion forces. We evaluate
the covalent interactions between ECTFE monomers and
substrate surfaces by means of quantum chemistry, as described
in the Supporting Information.28−31 Beginning with the case of
a (001) silicon surface with 2−1 reconstruction, three starting
positions of monomer relative to the surface are chosen, leading
to three different optimal structures for each case. The
corresponding equilibrium distances are displayed in Figure 2.
They range from 2.6−3.7 Å for all cases, justifying the use of a
single parameter for further modeling: a rotationally averaged
value for the equilibrium surface−monomer separation, given as

= + +a r r r
1
6

(4 )orientation 1 orientation 2 orientation 3 (5)

Due to sterical reasons and possible surface defects, the
monomer units in the polymer chain will have a certain
distribution of distances to the silicon surface. To account for
this effect, the dependence of the binding energy on the
distance between monomer and cluster has been studied. We
find that the interaction in all cases is weak, with binding
energies being close to zero, because no stable chemical bonds
are formed. The binding energy rapidly decreases with the
increase of distance between the monomer unit and the surface.
We conclude that the total adhesion force is dominated by
dispersive binding. We assume the presence of similar
orientations for surface−monomer complexes with other

Figure 1. Setup: One-dimensional periodic sawtooth corrugations.
The roughness is characterized by the mean distance between peaks,

2L, and their average height, h, related via the angle θ = ( )arctan L
h
.

Langmuir Article

DOI: 10.1021/acs.langmuir.7b01381
Langmuir 2017, 33, 5298−5303

5299

122 3. Vacuum dispersion forces



substrate materials. To transfer our results to different
substrates, a correction accounting for size-effects is introduced
(see Supporting Information, B). The obtained equilibrium
distances for all substrates are summarized in Table 1.

We chose to study four different substrate materials that are
widely used: silicon, silicon dioxide, gold and steel. To obtain
the required permittivities at imaginary frequencies as featured
in eq 1, we start from optical data, as tabulated in ref 19, and
apply a Kramers−Kronig transformation. For the two metals,
the hence-obtained curves are well fitted with an asymmetric
two-resonance product model that combines a Drude term for
the response of the conduction electrons with a Drude-Lorentz

term for that of the valence electrons. For the dielectrics, we
use additive single- or two-resonance Drude-Lorentz models
instead. The obtained fit parameters can be found in Table III
of section C of the Supporting Information. For the ECTFE
film, we use the Clausius-Mosotti formula32 that relates its
permittivity ε to the simulated polarizability: αη/ε0 = 3(ε − 1)/
(ε + 2), where η is the number density of particles. In Figure 3,
we display the dimensionless polarizability 3(ε − 1)/(ε + 2) for
all materials under study.
The figure reveals that the polarizabilities of the dielectrics

ECTFE and silicon dioxide show a similar response in terms of
the imaginary-axis polarizabilities. On the other hand, the
metals gold and steel and the metalloid silicon all display a high
static polarizability, with the polarizability of gold dropping
fastest with increasing frequency. As the dispersive adhesion
force depends on the integrated polarizabilities, one may hence
expect this force to be significantly smaller for gold than for
steel and silicon.
Using the optical data, we can now evaluate the dispersion

force coefficients (eq 1) for ECTFE films on each of the four
substrate materials. Using the equilibrium separations a
between ECTFE monomers and the various substrates, we
can hence determine the respective adhesive dispersion force f ⃗
= f(⃗a). The results are shown in Table 1, where for comparison,
we have also given the approximate values obtained from a
pairwise-additive approach. The findings are illustrated in
Figure 3 which displays the dispersion force as a function of
separation with the respective equilibrium separations
indicated. One notes that silicon dioxide, which has the
weakest force coefficient, has the smallest equilibrium distance,
thus, enhancing the total force. As a result, the series silicon
dioxide−silicon−gold−steel of increasing adhesive dispersion
forces retains its order, but the relative differences between the
substrates are less pronounced than they are for the force
coefficients. The difference between forces for silicon dioxide
and steel is a factor of 1.5. In addition, we note that the large
equilibrium separation of gold has had the effect of reducing its
total adhesion force, which is now more similar to that of
silicon rather than that of steel. To summarize, the force
coefficient and equilibrium separation are both equally relevant
in determining the strength of the total adhesion force.
Realistic substrates exhibit roughness. We here address the

question how this influences the adhesive force. As a model
system, we study the one-dimensional periodic sawtooth
corrugations as depicted in Figure 1. The roughness is
characterized by the mean distance between peaks, 2L, and
their average height, h, related via the angle θ = arctan(L/h).
We assume the polymer film to be sufficiently elastic such that
its shape adapts to the substrate surface. The effect of
roughness will be cast into a correction factor λ which relates
the average force per unit area of a rough surface to that of a
perfectly smooth one via f(⃗a,L,θ) = λ(a,L,θ)f(⃗a,L,π/2). The
roughness exhibited by real materials can be accounted for via
the proximity force approximation (PFA).33 Here, irregular
geometries are approximated by piecewise parallel ones, each
subject to the Lifshitz force per unit area for infinitely extended
plates. One way to treat the peaks of our model is to
approximate their profile by small plane-parallel steps. The
effective Casimir force is then obtained from eq 1 and it carries
a correction factor

λ θ θ= ≤( ) sin 13
(6)

Figure 2. ECTFE monomers: Upper panel: Dynamical polarizabilities
α(iω) of ECTFE monomer and dimer units at imaginary frequencies.
After averaging over orientations, the isotropic polarizability of the
dimer is almost equal to twice that of the monomer. This justifies the
assumption that the polarizability of the polymers can be decomposed
into those of single monomers. Lower right panel: Three-dimensional
structures corresponding to the two conformers of the ECTFE
monomer and the dimer. Lower left panel: Three starting positions of
monomer relative to a (001) silicon surface with 2−1 reconstruction
and corresponding equilibrium distances. The latter are in a of 2.6−3.7
Å for all cases, justifying the use of a single parameter.

Table 1. Adhesion Forces: Equilibrium Distances, C3
Coefficients, and Casimir Forces per Unit Area (Obtained
from Exact Theory and Pairwise Approximation) for ECTFE
Films on Various Substratesa

substrate a (Å)
C3

(mP μm3)
C3
pw

(mP μm3) f (kN/mm2)
f pw

(kN/mm2)

silicon
dioxide

2.48 22.5 26.5 1.48 1.74

silicon 2.95 38.2 50.9 1.49 1.98
gold 3.16 51.2 68.4 1.62 2.17
steel 2.93 55.9 76.1 2.22 3.03
aSilicon dioxide, which has the weakest C3 coefficient, has the smallest
equilibrium distance, thus, considerably enhancing the total force.
Also, the fairly large equilibrium separation of gold has had the effect
of reducing its total adhesion force, which is now more similar to that
of silicon rather than that of steel. Therefore, both the force coefficient
and equilibrium separation are equally relevant in determining the
total force.

Langmuir Article

DOI: 10.1021/acs.langmuir.7b01381
Langmuir 2017, 33, 5298−5303

5300

[S8] Strong Van der Waals adhesion of a polymer film on rough substrates 123



In this simple treatment, λ only depends on θ and becomes
arbitrarily small for very rough surfaces. This may be
understood from a reduced contact due to enhanced distance
in the z-direction as the ECTFE film gets pushed away from the
substrate for steep corrugations. An alternative way of
employing the PFA is to decompose the model peaks into
their tilted parallel sections. The length of such sections equals
L/sin θ − a/tan θ. Combined with the tilting factor, sin θ this
leads to

λ θ θ= − ≤L a
a
L

( , , ) 1 cos 1
(7)

For strong roughness, the effective force does not necessarily
vanish but rather depends on the ratio of equilibrium distance a
to mean separation of peaks 2L. In this model, the roughness-
reduction of the force is due to a reduction of contact area. The
angle-dependence of λ for both models is illustrated in Figure 4.

As an alternative method, we study the effect of roughness via
the Hamaker approximation,34 which reproduces the two-body
contribution to the geometry-dependence (see Supporting
Information, D). The corresponding result, also displayed in
Figure 4, agrees with the tilted-surface PFA for small values of
a/L. For large values of a/L, it lies in between the predictions
from the stepwise-profile PFA and the tilted-surface PFA. We
note that λ ⩽ 1 in all cases, meaning that roughness always
reduces the adhesion force.
Finally, we want to address the assumption of complete

contact between the ECTFE film and the substrate, which was
made throughout this work. As depicted in Figure 5, complete
contact means that the ECTFE film is perfectly pulled into the
substrate’s asperities by the adhesion force and hence is
nowhere separated further than its respective equilibrium
distance a from the roughness peaks of the substrate, regardless

Figure 3. Adhesive force: Left: Dimensionless polarizabilities of all materials studied. From top to bottom: steel (blue), gold (orange), silicon
(green), silicon dioxide (red), and ECTFE (black). The polarizabilities of the dielectrics ECTFE and silicon dioxide show a similar response. On the
other hand, the metals gold and steel and the metalloid silicon all display a high static polarizability. Right: Total adhesive forces f per unit area as a
function of the ECTFE−substrate separation. Solid and dashed lines correspond to exact theory and pairwise approximation, respectively. Diamonds
indicate the respective equilibrium separations for the various substrates. Colors: steel (blue), gold (orange), silicon (green), silicon dioxide (red).

Figure 4. Surface roughness: Roughness correction λ which relates the average dispersion force per unit area of a rough surface to that of a perfectly
smooth one via f(⃗a,L,θ) = λ(a,L,θ)f(⃗a,L,π/2). Shown in the figure are three different approximations: first, the Hamaker approximation (solid lines),
with the parameter a/L = 0.01 (green, uppermost solid line), 0.1 (red, middle solid line), and 1 (blue, lowest solid line); second, we show the tilted-
surface proximity force approximation (dashed lines) with the same choices of a/L; and third, we include the stepwise proximity force approximation
(dot-dashed line).

Figure 5. Complete, partial, and no contact. The left panel depicts the ideal of a perfectly elastic polymer film, which is completely pulled into the
substrate’s asperities by the adhesive force and hence is in perfect contact with the substrate. The middle panel instead depicts partial contact while
the right panel depicts the extreme of a perfectly inelastic film, which does not give in to the substrate’s asperities at all and therefore has only
pointlike contact with the latter.
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of the roughness profile. This corresponds to the ideal case of a
perfectly elastic polymer film. The opposite extreme of a
perfectly inelastic film would instead not adjust at all to the
substrate’s roughness and hence have only point-like contact
with it. This effect evidently affects the strength of the van der
Waals adhesion between the ECTFE film and the substrate.35

Our predictions for such forces as presented in Table 1 only
hold for the case of complete contact. This is motivated by the
process of applying the ECTFE film to the substrate, during
which the film is actually heated, causing it to adopt the shape
of the roughness of the substrate as its zero-stress configuration.
Nevertheless, one may consider the situation in which no

heating is performed. Whether the ECTFE then adjusts to the
shape of the substrate depends on the elastic modulus σ of
ECTFE on the one hand and the adhesive force per area f
between ECTFE and the respective substrate on the other
hand. The elastic modulus is defined as the ratio between the
applied stress f and the resulting strain δl/l of the material to
which the stress is applied,

σ
δ

= f
l l/ (8)

Here, δl refers to a change in length. Now, at any point at a
lateral distance x from a roughness peak of the interface, there
is the competition between elastic energy lost,

σ
θ

= ⎜ ⎟⎛
⎝

⎞
⎠E

x
2 tanel

2

(9)

and adhesive energy gained,

θ
θ

= − +
⎛
⎝⎜

⎞
⎠⎟E C

a x a
3 sin

1 1
( cos )adh 3 2 2

(10)

when bending into the substrate’s asperities. Depending on
which of the two dominates, ECTFE at a lateral distance x from
a peak does or does not stick to the substrate. For the simplified
geometry considered here, this leads to a correction or filling
factor κ = x ̃2/L2, with x ̃ being the distance x from a peak at
which loss and gain balance. Such filling factors are given in
Figure 6 for the elasticity modulus σ = 1655 MPa of ECTFE36

and micron-scale roughness, L = 10−6 m. Such filling factors
depend on the respective C3 coefficient, the equilibrium
distance a, roughness angle θ, and absolute roughness scale
L. This figure illustrates that from θ = 10° onward, perfect
contact may be presupposed for all substrates considered here.

To conclude, we have shown that chemically inert polymer
films such as ECTFE can be used to achieve high van der Waals
adhesion forces on dielectric or metallic substrates. We have
predicted these forces by combining quantum-chemistry
simulations of the polymers microscopic properties with a
macroscopic quantum electrodynamics calculation of the
Lifshitz force between polymer film and substrate. A simple
model of one-dimensional corrugations implies that substrate
roughness will diminish the adhesion force. This model
operates in a new regime of distances being comparable to or
even smaller than the length scales characterizing the
corrugations. The predicted forces are based on the assumption
that the polymer film is sufficiently flexible to follow the
substrate surface profile and achieve contact distances equal to
those found for monomers. They thus have to be regarded as
an upper bound to the forces found on practical implementa-
tions. To get a more precise estimate of the latter, further
simulations of the microscopic structure of the polymer film
will be necessary.
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We calculate the Casimir–Polder frequency shift and decay rate for an atom in front of a nonreciprocal medium
by using macroscopic quantum electrodynamics. The results are a generalization of the respective quantities
for matter with broken time-reversal symmetry which does not fulfill the Lorentz reciprocity principle. As
examples, we contrast the decay rates, the resonant and nonresonant frequency shifts of a perfectly conducting
(reciprocal) mirror with those of a perfectly reflecting nonreciprocal mirror. We find different power laws for the
distance dependence of all quantities in the retarded and nonretarded limits. As an example of a more realistic
nonreciprocal medium, we investigate a topological insulator subject to a time-symmetry-breaking perturbation.
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I. INTRODUCTION

The Casimir–Polder force [1], like the van der Waals
and the Casimir forces [2], is a dispersion force [3,4]. This
weak electromagnetic force was studied by using a variety
of different methods. The lifetime and the frequency shift of
an atom in its ground state or excited state near a flat surface,
which causes the Casimir–Polder force, are analyzed by using a
quantum-mechanical linear-response formalism in Refs. [5,6].
This is exemplified for a perfect conductor and a metal plate.

The Casimir–Polder force can also be viewed as result
of noise currents composed of noise polarization and noise
magnetization in matter, which act as a source for a quantized
electromagnetic field. These fields can be expanded in terms of
the classical electromagnetic Green’s tensor for the Helmholtz
equation [7–12]. By computing the interaction of an atom
with this field one can compute the effect of material bodies
on the internal properties of the atom. The Casimir–Polder
force is a result of the level shift of the atom induced by this
field. In this theoretical framework, materials are described
macroscopically by electromagnetic physical quantities and
therefore this approach is known as macroscopic quantum
electrodynamics (QED) [3,4,13]. Casimir–Polder potentials
have been investigated for graphene [14], metamaterials
[15,16], and Rydberg atoms near metallic surfaces [17].

In bi-isotropic media electric and magnetic fields are
coupled to each other and the general expressions of the
constitutive relations read D = ε0ε � E + 1

c
ξ � H and B =

1
c
ζ � E + μ0μ � H (where � denotes a spatial convolution)

with the cross susceptibilities ξ and ζ. If a material shows
imaginary cross susceptibilities, the material is called chiral
[18,19]. The radiation of a dipole in proximity to a thin [20] and
a thick chiral layer [21] has already been studied. References
[22,23] study the interaction between a chiral molecule in
front of a chiral half space [23] and a chiral nanosphere [22].
The decay rate of spontaneous emission is computed in a
direct way by using the electric and magnetic dipole moments,
their induced counterparts, and the respective fields.

A bi-isotropic medium is called nonreciprocal if the mixing
parameters have a real-valued contribution, e.g., a topological
insulator which breaks time-reversal symmetry. In the theory
of macroscopic QED, Lorentz’s reciprocity principle stating

the reversibility of optical paths, i.e., the symmetry with
respect to an exchange of positions and orientations of
sources and fields, holds for reciprocal material (Lorentz
reciprocity being a particular case of the Onsager reciprocity
from statistical physics [24]). Thus these materials preserve
time-reversal symmetry. To study Casimir–Polder potentials
for nonreciprocal media, which violate Lorentz’s reciprocity
relation [25], the theory of macroscopic QED was generalized
to include these cross susceptibilities [26]. In this paper, we
investigate the Casimir–Polder frequency shift and decay rate
for a nonreciprocal medium.

Topological insulators [27–29] are time-symmetric ma-
terials which are characterized by an insulating bulk and
protected conducting surface states and have been observed
in three-dimensional (3D) materials which exhibit sufficiently
strong spin-orbit coupling to induce band inversion [30]. These
materials can be used to realize axion media. To do this
one needs to introduce a time-reversal-symmetry-breaking
perturbation to the surface, either via ferromagnetic dopants
[31,32] or an external static magnetic field [33]. Such a
perturbation opens a gap on the surface, converting the surface
conductor into a full insulator and leads to a nontrivial
electromagnetic response—in particular the electric and the
magnetic fields E and B are able to mix [31].

This magneto-electric effect can be described by adding an
axion Lagrangian density term Laxion = α/(4π2)θ (r,ω)E · B
to the usual electromagnetic Lagrangian density [34]. Here,
α is the fine-structure constant and θ (r,ω) is the space- and
time-dependent axion coupling. The axion coupling θ vanishes
in a trivial insulator but takes odd integer values of π in
a time-reversal-symmetry-broken topological insulator, with
the value and sign of the integer related to the strength
and direction of the time-symmetry-breaking perturbation.
Physically, this describes a quantum Hall effect on the surface
of the topological insulator [31]. The lowest Hall plateau
leads to an axion coupling of ±π . Changing the size of the
perturbation will not change the axion coupling until the next
Hall plateau is reached, whereupon the axion coupling will
increase to ±3π . Further changes to the perturbation would
result in even higher axion couplings as the relevant Hall
plateaus are reached. It has been previously shown that the
mixing of the electric and magnetic fields by the axion coupling
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has a significant effect on the Casimir force [35] and, as we
will show in Sec. IV, it also modifies the Casimir–Polder shift.

Optical properties, e.g., reflective and transmissive proper-
ties, Fresnel formulas, Brewster angle, and the Goos–Hänchen
effect of these materials have been studied theoretically in
Refs. [36,37]. Reference [38] derives electric fields and dipole
moments for stratified isorefractive Tellegen media (purely-
real-valued coupling parameter between electric and magnetic
field) with the Green’s tensor method. One consequence
of isorefractive media is the parallelism of the incident
and transmitted beam. As for layered topological insulators
with a time-reversal-symmetry-breaking perturbation, poten-
tial applications are broad; for example, a waveguide that
induces polarization rotations due to the magneto-electric
effect and mixes the electric and magnetic induction fields
at the material’s surface [39].

In our context, Casimir repulsion is of specific interest, e.g.,
the Casimir repulsion for magnetodielectric metamaterials
predicted in Refs. [40–42]. Specifically, repulsive dispersion
forces for a setup containing topological insulators are dis-
cussed in Ref. [35], such as Casimir forces between three-
dimensional topological insulators. Based on this approach, it
is shown in Ref. [43] that there is a critical band gap where
the Casimir force switches from attractive to repulsive. The
influence of unusual material properties, such as those of the
topological insulator, on dispersion forces is emphasized in
the recent review [44]. The Casimir–Polder interaction be-
tween an atom and a graphene surface with an applied magnetic
field is studied in Ref. [45]. The authors observe plateau-like
discontinuities of the Casimir–Polder interaction energy for
specific values of the magnetic field and at low temperatures.
This effect is traced back to the quantum Hall effect and is
thus closely connected to our approach. We are going to apply
the extended theory of macroscopic QED for nonreciprocal
media to calculate frequency shifts and atomic decay rates of
an atom in front of a topological insulator by directly using
the electromagnetic properties derived in Ref. [46].

This paper on the Casimir–Polder shift and decay rate in the
presence of nonreciprocal media is organized as follows: The
time-dependent electric field is calculated in the framework
of macroscopic QED for nonreciprocal media in Sec. II.
This result is reached alternatively by a direct quantization
of the noise current or by expressing noise polarization and
magnetization through electromagnetic response functions
and is needed for studying the internal atomic dynamics.
This is described in Sec. III where the modified equations
for the frequency shift and decay rate for nonreciprocal
media are presented. In Sec. IV, the results are applied to
a perfectly reflecting nonreciprocal mirror and a topological
insulator described by an axion coupling. In this context, we
distinguish between a pure nonreciprocal topological insulator
and material properties similar to Bi2Se3. Finally, we discuss
the possibility of switching between an attractive and a
repulsive force.

II. THE TIME-DEPENDENT ELECTRIC FIELD

A nonreciprocal medium violates time-reversal symmetry
and, hence, the Lorentz reciprocity principle for the Green’s

tensor [25] does not hold

GT(r′,r,ω) �= G(r,r′,ω). (1)

This necessitates new definitions for the real and imaginary
parts of the Green’s tensor G

R[G(r,r′)] = 1

2
[G(r,r′) + G∗T(r′,r)], (2)

I[G
(
r,r′)] = 1

2i
[G(r,r′) − G∗T(r′,r)]. (3)

Thus the violation of Lorentz’s principle calls for a modi-
fied mathematical description of macroscopic quantum elec-
trodynamics (QED) for nonreciprocal media. Whereas the
framework of macroscopic QED is described in Refs. [3,13],
the modified approach for nonreciprocal media is outlined in
Ref. [26]. The internal dynamics of an atom with reciprocal
media is discussed in Refs. [4,8].

The general expression for the electric field reads

Ê(r) =
∫ ∞

0
dω[Ê(r,ω) + Ê†(r,ω)], (4)

with frequency components in Fourier space

Ê(r,ω) = iμ0ω[G � ĵN](r,ω)

= iμ0ω

∫
d3r ′G(r,r′,ω) · ĵN(r′,ω), (5)

where � denotes a spatial convolution. The noise current
density ĵN is governed by the quantum fluctuations occurring
in the medium and its average vanishes 〈ĵN〉 = 0. ĵN can either
be quantized directly, as is outlined in Sec. II A, or it can be
represented by noise polarization P̂N and magnetization M̂N

and the respective electric and magnetic fields are quantized
separately yielding creation and annihilation operators for each
field. We dedicate Sec. II B to the second method using electric
and magnetic response functions.

To obtain an expression for the time-dependent electric field
(4), we have to find a solution for the time-dependent creation
and annihilation operators first. This procedure is carried out
both for a noise-current-based schema and a polarization-
magnetization-founded method. The Hamiltonian Ĥ for the
atom-field system is composed of the atomic part ĤA, the field
part ĤF, and a contribution for the atom-field interaction ĤAF:
Ĥ = ĤA + ĤF + ĤAF. The atomic part ĤA,

ĤA =
∑

n

EnÂnn, (6)

incorporates the eigenenergy En for each atomic energy level
and the atomic flip operator Âmn = |m〉〈n|. Resembling a
harmonic oscillator, ĤF comprises the integral over all the
frequency-dependent number operators of the field-medium
system and can be cast in the two aforementioned ways; cf.
Secs. II A and II B. The interaction Hamiltonian ĤAF, which
couples the atomic dipole to the electromagnetic field, reads

ĤAF = −d̂ · Ê(rA) = −
∑
m,n

Âmndmn · Ê(rA) (7)

and contains the electric-dipole operator d̂ = ∑
m,n dmnÂmn.

rA is the position of the atom. Since ĤA commutes with the
field operators, only the commutation relations for the field
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Hamiltonian ĤF and the interaction Hamiltonian ĤAF have to
be studied to find the expression for the electric field (4). The
field operators’ equations of motion will be solved in the two
different ways and inserted into Eq. (5), thus giving a final
expression for the electric field in the presence of an atom.

A. Electric field in noise-current-based schema

In this first approach, the noise current is quantized directly
by expressions for the field operators. Ohm’s Law in frequency
space,

ĵin(r,ω) = [Q � Ê](r,ω) + ĵN(r,ω), (8)

describes the effect of the electric field Ê(r,ω) on a linearly
responding medium where Q is the conductivity matrix.
Hence, the Helmholtz equation reads[−→∇ × −→∇ × −ω2

c2

]
G(r,r′,ω) − iμ0ω[Q � G](r,r′ω)

= δ(r − r′). (9)

This equation is formally solved by the Green’s tensor G with
G → 0 for |r − r′| → ∞.

We quantize the noise-current density ĵN in Eq. (5) directly
by writing it in terms of creation and annihilation operators f̂†

and f̂

ĵN(r,ω) =
√

h̄ω

π
[R � f̂](r,ω), (10)

where R is related to the real part of the conductivity tensor Q

[R � R∗T](r,r′,ω) = R[Q(r,r′,ω)]. (11)

The Heisenberg equation of motion for the annihilation
operator f̂

˙̂f(r,ω) = 1

ih̄
[f̂(r,ω),Ĥ ], (12)

upon using the field Hamiltonian ĤF,

ĤF =
∫

d3r

∫ ∞

0
dωh̄ωf̂†(r,ω) · f̂(r,ω), (13)

and the interaction Hamiltonian ĤAF (7) by using Eq. (5),

ĤAF = −
∑
m,n

∫ ∞

0
dωiμ0ω

√
h̄ω

π
Âmndmn

×{[G � R � f̂](rA,ω) − [G∗
� R∗ � f̂†](rA,ω)}, (14)

gives the solution of the annihilation operator f̂

f̂(r,ω,t) = e−iω(t−t0) f̂(r,ω) + μ0ω

h̄

√
h̄ω

π

∑
m,n

∫ t

t0

dt ′

× e−iω(t−t ′)[G � R]∗T(rA,r,ω) · dmnÂmn. (15)

Substituting the results into Eq. (10) and using Eq. (11) and
the expression

I[G(r,r′,ω)] = μ0ω[G � R[Q] � G∗T](r,r′,ω), (16)

leads to an expression for the electric field in nonreciprocal
media

Ê(r,ω,t) = e−iω(t−t0)Ê(r,ω) + i
μ0ω

2

π

∑
m,n

∫ t

t0

dt ′

× e−iω(t−t ′)I[G(r,rA,ω)] · dmnÂmn, (17)

which differs from the usual expression for reciprocal media
only by the definition of the imaginary part of the Green’s
tensor (3) [4].

B. Electric field in polarization-magnetization-based schema

The components of the electric field Ê(r,ω) can also be cal-
culated in terms of electric and magnetic response functions,
i.e., polarization and magnetization [26]. The constitutive
relations for the electric displacement field D̂ and the magnetic
induction field B̂ are given by [26]

D̂ = ε0ε � Ê + 1

c
ξ � Ĥ + P̂N + 1

c
ξ � M̂N, (18)

B̂ = 1

c
ζ � Ê + μ0μ � Ĥ + μ0μ � M̂N, (19)

where the tensor ε is the permittivity, μ is the permeability and
ξ and ζ represent the magneto-electric cross susceptibilities.
The noise polarization P̂N and noise magnetization M̂N form
the noise current ĵN

ĵN(r,ω) = −iωP̂N(r,ω) + −→∇ × M̂N(r,ω)

= (−iω,
−→∇ ×) ·

(
P̂N(r,ω)

M̂N(r,ω)

)
. (20)

The noise polarization and noise magnetization can be ex-
pressed in terms of the creation and annihilation operators for
the electric and the magnetic fields f̂e, f̂†

e, f̂m, and f̂†
m(

P̂N

M̂N

)
=

√
h̄

π
R �

(
f̂e

f̂m

)
. (21)

The Green’s tensor G from Eq. (5) solves the respective
Helmholtz equation

−μ0(−iω,
−→∇ ×) � M �

(
iω−→∇ ×

)
� G = δ, (22)

with the matrix

M =
(

ε0(ε − ξ � μ−1 � ζ) ξ�μ−1

Z0

μ−1�ζ
Z0

−μ−1

μ0

)
. (23)

The Helmholtz equation reduces to the standard form [3] if all
cross susceptibilities are set to 0. The tensor R is related to
the matrix M via

R � R∗T = I[M ]. (24)

The conductivity matrix Q can also be expressed in terms of
M

Q = 1

iω
(−iω,

−→∇ ×) �

[
M−

(
ε0 0
0 − 1

μ0

)]
�

(
iω

− × ←−∇
)

.

(25)
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Calculations of the equations of motion of the creation and
annihilation operators require the field Hamiltonian ĤF,

ĤF =
∑

λ=e,m

∫
d3r

∫ ∞

0
dωh̄ωf̂†

λ(r,ω) · f̂λ(r,ω), (26)

and the interaction Hamiltonian ĤAF (7). Inserting Eqs. (4),
(5), (20), and (21) into Eq. (7) enables us to solve the linear
and inhomogeneous differential equation of the field operators(

f̂e(r,ω,t)
f̂m(r,ω,t)

)
= e−iω(t−t0)

(
f̂e(r,ω)
f̂m(r,ω)

)
+ μ0ω

h̄

√
h̄

π

∑
m,n

∫ t0

0
dt ′

× [G � (−iω,
−→∇ ×) � R]∗T(rA,r,ω)

× e−iω(t−t ′) · dmnÂmn, (27)

which can be inserted into Eqs. (21), (20), and (5) again. After
using Eqs. (25) and (16) again, the final expression for Ê(r,ω)
yields

Ê(r,ω,t) = e−iω(t−t0)Ê(r,ω) + i
μ0ω

2

π

∑
m,n

∫ t

t0

dt ′e−iω(t−t ′)

× I[G(r,rA,ω)] · dmnÂmn (28)

and agrees perfectly with the result from Sec. II A [Eq. (17)].

III. INTERNAL ATOMIC DYNAMICS: FREQUENCY
SHIFT AND DECAY RATE

The internal atomic dynamics can be described by the
Heisenberg equations of motion for the atomic flip operator

˙̂Amn = 1

ih̄
[Âmn,Ĥ ] = 1

ih̄
[Âmn,ĤA] + 1

ih̄
[Âmn,ĤAF], (29)

which includes only the atomic Hamiltonian ĤA and the
interaction Hamiltonian ĤAF because the field Hamiltonian ĤF

commutes with the atomic flip operator. This approach follows
the procedure for a reciprocal surface outlined in Ref. [4] and
is now extended to nonreciprocal media [26].

This leads to

˙̂Amn = iωmnÂmn + i

h̄

∑
k

∫ ∞

0
dω

× [(Âmkdnk − Âkndkm) · Ê(rA,ω)

+ Ê†(rA,ω) · (dnkÂmk − dkmÂkn)]. (30)

Âmn is dominated by oscillations with frequencies ω̃mn =
ωmn + δωmn, where ωmn is the atom’s eigenfrequency and
δωmn is the shift owing to interaction with nearby material
bodies (Casimir–Polder shift). The electric field is given in
Eqs. (17) or (28). The time integral in the electric field can be
formally evaluated in the Markov approximation where we ne-
glect the slow nonoscillatory dynamics of the atomic flip oper-
ator Âmn during the time interval t0 � t ′ � t and set Âmn(t ′) �
exp[iω̃mn(t ′ − t)]Âmn(t), where we have anticipated the re-
sult ω̃mn = −ω̃nm. In the long-time limit t → ∞ the time
integral reduces to Âmn(t)

∫ t

t0
dt ′ exp[−i(ω − ω̃nm)(t − t ′)] �

Âmn(t)[πδ(ω − ω̃nm) − iP/(ω − ω̃nm)], where P is the

Cauchy principle value and the limits of the frequency integral
will lead to the appearance of the Heaviside step-function 	.

By defining the coefficient

Cmn = μ0

h̄
	(ω̃nm)ω̃2

nmI[G(rA,rA,ω̃nm)] · dmn

− i
μ0

πh̄
P

∫ ∞

0
dω

1

ω − ω̃nm

ω2I[G(rA,rA,ω)] · dmn,

(31)

Eq. (30) can be cast into the form

˙̂Amn(t) = iωmnÂnm(t) + i

h̄

∑
k

∫ ∞

0
dω

× {e−iω(t−t0)[Âmk(t)dnk − Âkn(t)dkm] · Ê(rA,ω)

+ eiω(t−t0)Ê†(rA,ω) · [dnkÂmk(t) − dkmÂkn(t)]}
−

∑
k,l

[dnk · CklÂml(t) − dkm · CnlÂkl(t)]

+
∑
k,l

[dnk · C∗
mlÂlk(t) − dkm · C∗

klÂln(t)], (32)

where we have used the identity I[G∗(rA,rA,ω)] =
I[GT(rA,rA,ω)], which can be derived from Eq. (3).

Next, we take expectation values of Eq. (32) and assume
the electromagnetic field to be prepared in its ground state
at initial time t0 which implies Ê(r,ω)|{0}〉 = 0. Therefore,
the free terms of the electric field Ê(r,ω) and Ê†(r,ω) do not
contribute to the dynamics of the average value of the atomic
flip operator and are discarded.

Since we assume the atom to be free of quasidegenerate
transitions, the set of differential equations for the atomic flip
operator’s expectation value can be decoupled. Moreover, the
atom is unpolarized in each of its energy eigenstates, d̂nn =
0, which is guaranteed by atomic selection rules [4]. As a
result of these assumptions, the fast-oscillating off-diagonal
flip operators decouple from the nonoscillating diagonal ones
as well as from each other [4].

By making use of Eq. (3) we find that the two terms dnk ·
I[G(rA,rA,ω)] · dkn = I[dnk · G(rA,rA,ω) · dkn] and dkn ·
I[GT(rA,rA,ω)] · dnk = I[dnk · G(rA,rA,ω) · dkn] are equal
and real.

With the help of these relations we identify the decay rate


nk = 2μ0

h̄
ω̃2

nkI[dnk · G(rA,rA,ω̃nk) · dkn] (33)

and the frequency shift

δωnk = −μ0

πh̄
P

∫ ∞

0
dω

1

ω − ω̃nk

ω2

× I[dnk · G(1)(rA,rA,ω) · dkn]. (34)

Here, the Green’s tensor G has been split into a bulk part G(0)

and a scattering part G(1). The Lamb shift due to the free-
space Green’s tensor G(0) is already included in the transition
frequency ωmn, which refers solely to the atom and does not
take the material properties of surrounding matter into account.
The remaining frequency shift stems from the presence of
electromagnetic bodies around the atom.
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Finally, the expectation value for the atomic flip operator
for the nondiagonal terms yields

〈 ˙̂Amn(t)〉 = iωmn〈Âmn(t)〉 +
∑

k

(
−1

2

nk−iδωnk

)
〈Âmn(t)〉

+
∑

k

(
−1

2

mk + iδωmk

)
〈Âmn(t)〉. (35)

We define δωn = ∑
k δωnk and 
n = ∑

k<n 
nk—the 	

function in Eq. (31) determines the order of summation
indices—and the shifted transition frequency as

ω̃mn = ωmn + δωm − δωn, (36)

which verifies our previous assumption ω̃mn = −ω̃nm. Thus
Eq. (32) for the diagonal terms has the simple form

〈 ˙̂Ann(t)〉 = −
n〈Ânn(t)〉 +
∑
k>n


kn〈Âkk(t)〉. (37)

Since the shifted frequency ω̃nk appears in δωnk itself, the
frequency shift is given as a self-consistent result from the
implicit equation.

The frequency shift (34) can be simplified further by making
use of the definition of the imaginary part (3), the Schwarz
principle which is still valid for nonreciprocal media,

G∗(rA,rA,ω) = G(rA,rA,−ω∗), (38)

and a substitution ω → −ω in the second integral having its
origin in Eq. (3). The integral contours along the positive and
negative real axes have one pole each and are evaluated in
the complex plane. The path along the quarter circle does not
give a contribution because lim|ω|→0 G(1)(r,r′,ω)ω2/c2 = 0.
The part along the imaginary axis leads to the nonresonant
frequency shift

δωnres
nk = μ0

πh̄

∫ ∞

0
dξ

ξ 3

ξ 2 + ω̃2
nk

I[dnk · G(1)(rA,rA,iξ ) · dkn]

− μ0

πh̄

∫ ∞

0
dξ

ξ 2ω̃nk

ξ 2 + ω̃2
nk

× R[dnk · G(1)(rA,rA,iξ ) · dkn], (39)

with a Green’s function G with imaginary frequency ω →
iξ . This expression resembles the frequency shift of the
Casimir–Polder force for an atom in its ground state [3].
It comes from the exchange of virtual photons between the
atom and the material body. This entirely quantum-mechanical
interpretation can be extended for an atom in an arbitrary state.
The matrix-vector product of the Green’s tensor and the dipole
moments is real for a reciprocal medium and therefore only
the second contribution remains in this case.

The evaluation of the poles gives the resonant contribution
associated with real-photon emission and a real-frequency
expression ω̃nk

δωres
nk = −μ0

h̄
ω̃2

nkR[dnk · G(1)(rA,rA,ω̃nk) · dkn]. (40)

In case of the resonant frequency shift, the Green’s tensor G
in Eq. (40) contains discrete frequencies for the real atomic
transitions to a lower energy state, which can only occur for
excited atoms and is related to real exchange photons.

FIG. 1. Sketch of an atom in front of a medium with electric and
magnetic properties and an axion coupling. The direction of incoming
parallely polarized light ep and perpendicularly polarized light es are
shown.

The sum of the resonant and nonresonant frequency shifts
δωnk over all indices k can be identified with the total position-
dependent Casimir–Polder potential. Its derivative with respect
to position is the Casimir–Polder force between the atom and
the nonreciprocal medium, which is caused by the atom’s level-
shift due to the body’s presence.

IV. APPLICATIONS AND RESULTS

Having derived expressions for the atomic rate of spon-
taneous decay (33) and nonresonant and resonant frequency
shifts [Eqs. (39) and (40)], we contrast a perfectly reflecting
nonreciprocal mirror with a perfectly conducting mirror.
Afterward we compare this to a topological insulator from
Ref. [46]. Figure 1 shows a sketch of an atom in front of
a medium having electric, magnetic properties and an axion
coupling. The scattering part of the Green’s tensor G(1) of a
single planar surface has the form [46]

G(1)(r,r′,ω) = i

8π2

∫
d2k‖ 1

k⊥
∑
σ=s,p

∑
σ ′=s,p

rσ,σ ′

× eσ+eσ ′−eik‖(r−r′)eik⊥(z+z′), (41)

with the two unit vectors eσ+ and eσ ′− representing the
polarizations of incident (σ ′) and reflected waves (σ ). The
reflective coefficient rσ,σ ′ takes the mixing of the incoming and
outgoing polarizations σ ′ and σ into account. The indices p and
s refer to parallel or perpendicular polarization, respectively.
k‖ represents the parallel component of the wave vector, k⊥ is
its perpendicular component, and z is the vertical distance to
the surface.

According to Curie’s principle a system consisting of a
crystal and an external influence, each having a specific sym-
metry, only maintains the symmetries that are shared by both
the crystal and the external influence [47]. Hence our choice of
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dipole moments must be such that the atom is sensitive to the
violated time-reversal symmetry of a perfectly reflecting non-
reciprocal mirror. To study possible effects of nonreciprocity,
we assume circularly polarized dipole moments

d10 = d√
2

⎛
⎝1

i

0

⎞
⎠, d01 = d√

2

⎛
⎝ 1

−i

0

⎞
⎠, (42)

which are not invariant if the direction of time is reversed
t → −t .

A. Perfectly conducting mirror

Let us first investigate the atomic decay rate (33) and
the nonresonant and resonant frequency shift (39), (40) for
a perfectly conducting mirror. The energy shift of a hydrogen
atom between two conducting plates has been studied in
Refs. [48,49] and one can obtain the interaction between an
atom and a single plate if one plate is shifted to infinity.
Reference [50] shows the radiative decay rate of an atom in
front of a perfect mirror, where the dipole is either parallel or
perpendicular to the mirror. These approaches are based on
perturbation theory.

The reflective coefficients for a perfectly conducting mir-
ror are rp,p = 1, rs,s = −1, and rs,p = rp,s = 0. This set of
coefficients is obtained from the reflective coefficients for a
general material in the limit ε → ∞, which is explained in
greater detail in Sec. IV C. In this case the Green’s tensor (41)
contains only diagonal terms with G(1)

xx = G(1)
yy

G(1)
xx (r,r,ω) =

(
− 1

8πz
− i

c

16πωz2
+ c2

32πω2z3

)
e

2iωz
c .

(43)
The nondiagonal elements of the Green’s tensor vanish. The
atomic decay rate (33) for circularly polarized dipole moments
(42) hence reads



(1)
10 = μ0ω̃

2
10d

2

4πh̄

[
−1

z
sin

(
2ω̃10z

c

)
− c

2ω̃10z2
cos

(
2ω̃10z

c

)

+ c2

4ω̃2
10z

3
sin

(
2ω̃10z

c

)]
. (44)

Figure 2 shows the atomic decay rate (44) scaled by the free-
space decay rate



(0)
10 = μ0ω̃

3
10d

2

3πh̄c
. (45)

Moreover we study the asymptotic behavior of the
decay rate and distinguish between the retarded limit
(ω̃10z/c � 1) and the nonretarded limit (ω̃10z/c � 1). The
decay rate decays asymptotically in the retarded limit with
−[μ0ω̃

2
10d

2 sin(2ω̃10z/c)]/[4πh̄z].
At z = 0, in the nonretarded limit, the decay rate has a

value of −

(0)
10 (Fig. 2). The total decay rate 
10 of a dipole

parallel to a perfectly conducting mirror is a sum of the free-
space part 


(0)
10 and the body-induced part 


(1)
10 and is equal to


10 = 

(0)
10 + 


(1)
10 = 0 on the surface of the mirror at z = 0.

This can be explained by an image dipole with equal strength
and opposite direction induced by the original one so that the
two dipoles cancel, leading to vanishing radiative decay.

FIG. 2. Atomic decay rates 
(1) scaled by the free-space decay
rate 
(0) (45) for a circularly polarized two-level atomic dipole in
front of a perfectly conducting mirror (green line) and a perfectly
reflecting nonreciprocal mirror (blue line).

The frequency shift is composed of a resonant and a
nonresonant contribution

δω10 = δωres
10 + δωnres

10

= μ0ω̃
2
10d

2

8πh̄

[
1

z
cos

(
2ω̃10z

c

)
− c

2ω̃10z2
sin

(
2ω̃10z

c

)

− c2

4ω̃2
10z

3
cos

(
2ω̃10z

c

)]

+ μ0d
2

8π2h̄

∫ ∞

0
dξ

ω̃10ξ
2

ω̃2
10 + ξ 2

(
1

z
+ c

2ξz2
+ c2

4ξ 2z3

)
e− 2ξz

c ,

(46)

FIG. 3. Frequency shifts δω scaled by the free-space decay rate

(0) (45) for a circularly polarized two-level atomic dipole in front of
a perfectly reflecting nonreciprocal mirror and a perfectly conducting
mirror. The resonant frequency shift δωres of the perfectly conducting
mirror (green line) and the resonant frequency shift of the perfectly
reflecting nonreciprocal mirror (blue line) show oscillations. The
nonresonant frequency shift δωnres of the perfectly conducting mirror
(dashed green line) and the perfectly reflecting nonreciprocal mirror
(dashed blue line) decay monotonically with distance.
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FIG. 4. Double-logarithmic plot for the nonresonant frequency
shift δωnres of the perfectly conducting mirror (green line), its retarded
limit (green dashed line), and its nonretarded limit (green dotted line).
The perfectly reflecting nonreciprocal mirror (blue line), its retarded
limit (blue dashed line), and its nonretarded limit (blue dotted line)
are depicted in the same figure.

which are shown in Fig. 3. The retarded and nonretarded limits
of the nonresonant frequency shift (46) read

δωnres
10 =

⎧⎪⎪⎨
⎪⎪⎩

d2c

16π2ε0h̄ω̃10z4
,

ω̃10z

c
� 1

d2

64πε0h̄z3
,

ω̃10z

c
� 1,

(47)

and are depicted in a double-logarithmic plot in Fig. 4. The
asymptotic limits of the resonant frequency shift (46) read

δωres
10 =

⎧⎪⎪⎨
⎪⎪⎩

μ0ω̃
2
10d

2

8πh̄z
cos

(
2ω̃10z

c

)
,

ω̃10z

c
� 1

− d2

32πε0h̄z3
,

ω̃10z

c
� 1

(48)

and are shown in Fig. 3 as well.

B. Perfectly reflecting nonreciprocal mirror

The reflection coefficients for incoming perpendicular or
parallel polarization and outgoing perpendicular or parallel
polarization rs,s and rp,p are set equal to 0, whereas the
mixing terms rs,p and rp,s can be chosen to be either 1
or −1 thus generating a perfectly reflecting nonreciprocal
mirror. In this section, we restrict ourselves to the case
rs,p = rp,s = −1. These reflective coefficients are the specific
case of a perfect electromagnetic conductor (PEMC) with
parameter M = 1 [51–53], which is explained in Sec. IV C.
The Green’s tensor (41) is antisymmetric under these condi-
tions: G(1)T(r,r′,ω) = −G(1)(r′,r,ω). Thus the diagonal terms
of the Green’s tensor vanish and only the nondiagonal terms
remain. By interchanging the indices of the nondiagonal terms,
G(1)

xz (r,r′) = G(1)
zx (r,r′) and G(1)

yz (r,r′) = G(1)
zy (r,r′) keep their

signs, whereas G(1)
xy (r,r′) = −G(1)

yx (r,r′) shows a sign change.
This behavior is exactly opposite if the arguments of the
nondiagonal terms are interchanged. Therefore G(1)

xz and G(1)
yz

have to vanish by setting r = r′ and only G(1)
xy = −G(1)

yx has

finite values. The final result after integrating yields

G(1)
xy (r,r,ω) =

(
− 1

8πz
− i

c

16πωz2

)
e

2iωz
c . (49)

By using the circularly polarized dipole moments (42), we
obtain for the atomic decay rate



(1)
10 = μ0ω̃

2
10d

2

4πh̄

[
1

z
cos

(
2ω̃10z

c

)

− c

2ω̃10z2
sin

(
2ω̃10z

c

)]
, (50)

which is shown in Fig. 2. The decay rate of a per-
fectly reflecting nonreciprocal mirror is equal to zero for
small values of ω̃10z/c (nonretarded limit). The func-
tion decays asymptotically in the retarded limit with
[μ0ω̃

2
10d

2 cos(2ω̃10z/c)]/[4πh̄z].
The frequency shift is shown in Fig. 3 and consists of a

resonant and a nonresonant contribution

δω10 = δωres
10 + δωnres

10

= μ0ω̃
2
10d

2

8πh̄

[
1

z
sin

(
2ω̃10z

c

)
+ c

2ω̃10z2
cos

(
2ω̃10z

c

)]

+ μ0d
2

8π2h̄

∫ ∞

0
dξ

ξ 3

ξ 2 + ω̃2
10

(
1

z
+ c

2ξz2

)
e− 2ξz

c . (51)

In the retarded and nonretarded limits the nonresonant part has
the asymptotic behavior,

δωnres
10 =

⎧⎪⎪⎨
⎪⎪⎩

d2c2

16π2ε0h̄ω̃2
10z

5
,

ω̃10z

c
� 1

d2

16π2ε0h̄z3
,

ω̃10z

c
� 1,

(52)

which is shown in a double-logarithmic plot in Fig. 4. The
resonant part has the limits

δωres
10 =

⎧⎪⎪⎨
⎪⎪⎩

μ0ω̃
2
10d

2

8πh̄z
sin

(
2ω̃10z

c

)
,

ω̃10z

c
� 1

μ0ω̃10d
2c

16πh̄z2
,

ω̃10z

c
� 1.

(53)

By comparing both the decay rates and the resonant frequency
shifts in Figs. 2 and 3, a phase shift by π/2 between the
respective curves of the perfectly conducting mirror and the
perfectly reflecting nonreciprocal mirror is apparent, as can
also be read off from the first terms in Eqs. (44), (46), (50),
and (51). This is the additional phase shift implied by the
reflection of s- into p-polarized waves. The scaling behavior
of the decay rates and the resonant frequency shifts in the
retarded limit is the same. The decay of the resonant frequency
shift in the nonretarded limit is proportional to z−3 for the
perfectly conducting mirror and z−2 for the perfectly reflecting
nonreciprocal mirror. As for the nonresonant frequency shift
(46) and (51), the perfectly reflecting nonreciprocal mirror
decays with z−5 in contrast to z−4 for the perfectly conducting
mirror in the retarded limit. The scaling behavior in the
nonretarded limit is z−3 for both media.

The term z−1 of the total frequency shift, the sum of
the resonant and the nonresonant part, will dominate in the
retarded limit both for the perfectly conducting mirror and

023805-7

[S9] Casimir–Polder shift and decay rate in the presence of nonreciprocal media 133



FUCHS, CROSSE, AND BUHMANN PHYSICAL REVIEW A 95, 023805 (2017)

the perfectly reflecting nonreciprocal mirror. As for the total
frequency shift in the nonretarded limit, there is a dominant
z−3 scaling behavior for both ideal materials.

C. Topological insulator

Reference [46] studies the electromagnetic behavior of
a topological insulator. Permittivity, permeability, and the
magneto-electric cross susceptibilities for this material men-
tioned in Eq. (23) are assigned according to

ε − ξ � μ−1 � ζ → ε, ξ � μ−1 → α

π
θ (r,ω),

μ−1 � ζ → α

π
θ (r,ω), μ−1 → μ−1, (54)

so that Eq. (19) takes the form

D̂ = ε0εÊ + α

π

θ (r,ω)

μ0c
B̂ + P̂N, (55)

Ĥ = −α

π

θ (r,ω)

μ0c
Ê + 1

μ0μ
B̂ − M̂N. (56)

Reflective coefficients rσ,σ ′ mentioned in Eq. (41) for bi-
isotropic media are shown in Ref. [54] and are applied to
the specific case of a topological insulator with time-reversal-
breaking symmetry in Ref. [46] by making use of the relations
in Eq. (54)

rs,s = (μk⊥
1 − k⊥

2 )μ(εk⊥
1 + k⊥

2 ) − k⊥
1 k⊥

2 �2

(μk⊥
1 + k⊥

2 )μ(εk⊥
1 + k⊥

2 ) + k⊥
1 k⊥

2 �2
,

rp,s = 2k⊥
1 k⊥

2 μ�

(μk⊥
1 + k⊥

2 )μ(εk⊥
1 + k⊥

2 ) + k⊥
1 k⊥

2 �2
,

rp,p = (μk⊥
1 + k⊥

2 )μ(εk⊥
1 − k⊥

2 ) + k⊥
1 k⊥

2 �2(
μk⊥

1 + k⊥
2

)
μ

(
εk⊥

1 + k⊥
2

) + k⊥
1 k⊥

2 �2
,

rs,p = 2k⊥
1 k⊥

2 μ�(
μk⊥

1 + k⊥
2

)
μ(εk⊥

1 + k⊥
2 ) + k⊥

1 k⊥
2 �2

. (57)

In these equations, k⊥
1 and k⊥

2 refer to the perpendicular part
of the wave vector in medium 1 and 2 and � is given by

� = α
1

π
(θ2 − θ1), (58)

where α represents the fine-structure constant and θ1 and
θ2 are the axion coupling constants in the two media. The
first medium is assumed to be vacuum (μ1 = ε1 = 1,θ1 = 0)
and only the second medium has specific electromagnetic
properties μ, ε, and θ .

The reflective coefficients (57) reduce to the respective ones
for the perfectly conducting mirror in Sec. IV A by setting
the axion coupling to � = 0 and the other parameters to
μ1 = μ2 = 1 and ε1 = 1. In the limit ε2 → ∞, the reflective
coefficients for a perfect electrical conductor (rp,p = 1, rs,s =
−1, and rs,p = rp,s = 0) are obtained.

The reflective coefficients of the perfectly reflecting non-
reciprocal mirror from Sec. IV B can also be generated from
Eq. (57) with the help of Eq. (54). Medium 1 is treated as
vacuum and in medium 2 the cross susceptibilities ζ and ξ are
treated as scalars and are set equal to each other, ζ = ξ . The
boundary conditions for the perfect electromagnetic conductor

FIG. 5. Atomic decay rates 
(1) for a circularly polarized two-
level atomic dipole in front of a topological insulator with θ = π (45)
(green line) and θ = −π (blue line) and ε = μ = 1 scaled by the free-
space decay rate 
(0). The difference between the decay rate for Bi2Se3

with axion contribution (ε = 16, μ = 1) and the respective decay rate
without axion contribution is depicted for an axion coupling of θ = π

(green dotted line) and θ = −π (blue dotted line).

(PEMC) read [51–53]

n ·
[√

μ0

ε0
D̂ − MB̂

]
= 0,

n ×
[
MÊ +

√
μ0

ε0
Ĥ

]
= 0, (59)

where we have introduced the PEMC parameter M = ξ/μ and
n represents a unit vector perpendicular to the interface. These
conditions imply reflection coefficients

rs,s = 1 − M2

1 + M2
, rp,s = rs,p = −2M

1 + M2
, rp,p = M2 − 1

1 + M2
,

(60)

showing that the perfectly reflecting nonreciprocal mir-
ror (rs,s = rp,p = 0 and rs,p = rp,s = −1) is a PEMC with
parameter M = 1. The general PEMC reflection coefficients
are recovered from Eq. (57) with Eq. (54) in the limit ε,μ, ξ →
∞ while imposing the PEMC condition ξ 2 − εμ = 0.

In Ref. [55], the rate of spontaneous decay for an atom
close to a topological insulator with axion coupling is also
considered. In that work, a linear dipole transition is chosen
which is perpendicular or parallel to the surface. In this case,
the general expression for the decay rate, unlike Eq. (33), is
identical to that for reciprocal material without making use
of the definition of the imaginary part of the Green’s tensor
(3). As a result, the phenomenon is insensitive to the specific
time-reversal-symmetry-breaking properties of the topological
insulator, as explained above.

Due to the small value of the fine-structure constant α and
the small effect on the reflection coefficients (57), we first
study a purely axion medium by setting ε = 1 and μ = 1.
Figure 5 shows the atomic decay rate for θ = π and θ = −π .
Figure 6 depicts the respective resonant part of the frequency
shift. The results for the decay rate and the resonant frequency
shift resemble the respective curves of the perfectly reflecting
nonreciprocal mirror in Figs. 2 and 3, but are scaled by �/2.
This ratio can be easily read off in the retarded and nonretarded
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FIG. 6. Resonant frequency shift δωres for a circularly polarized
two-level atomic dipole in front of a topological insulator (45) with
θ = π (green line) and θ = −π (blue line) and ε = μ = 1 scaled by
the free-space decay rate 
(0). The difference between the resonant
frequency shift for Bi2Se3 with axion contribution (ε = 16, μ =
1) and the respective frequency shift without axion contribution is
depicted for an axion coupling of θ = π (green dotted line) and
θ = −π (blue dotted line).

limits. The reflective coefficients (57) in the retarded limit read

r ret
s,s = (1 − ε) − �2

(1 + n)2 + �2
,

r ret
p,s = −2�

(1 + n)2 + �2
,

r ret
p,p = −(1 − ε) + �2

(1 + n)2 + �2
= −r ret

s,s,

r ret
s,p = −2�

(1 + n)2 + �2
= r ret

p,s, (61)

with the refractive index n = √
ε. The decay rate and resonant

frequency shift with the purely axion contribution in the
retarded limit are given by



(1)ret
10 (ε = 1,θ = π ) = μ0ω̃

2
10d

2

4πh̄z
cos

(
2ω̃10z

c

)
�

2
,

δω
res,ret
10 (ε = 1,θ = π ) = μ0ω̃

2
10d

2

8πh̄z
sin

(
2ω̃10z

c

)
�

2
. (62)

The same procedure is carried out in the nonretarded limit and
the respective reflective coefficients (57) are

rnonret
s,s = −�2

2(ε + 1) + �2
,

rnonret
p,s = −2�

2(ε + 1) + �2
,

rnonret
p,p = 2(ε − 1) + �2

2(ε + 1) + �2
,

rnonret
s,p = −2�

2(ε + 1) + �2
= rnonret

p,s . (63)

The respective decay rate and resonant frequency shift for the
purely axion contribution in the nonretarded limit read



(1)nonret
10 (ε = 1,θ = π ) = −μ0ω̃10d

2c

8πh̄z2

�

2
,

δω
res,nonret
10 (ε = 1,θ = π ) = μ0ω̃10d

2c

16πh̄z2

�

2
. (64)

Next, we look at general material properties similar to Bi2Se3,
where we take ε = 16 and μ = 1 [46]. We compare the case
with axion coupling of θ = π and without axion coupling
θ = 0. Because of the small value of α, the reflective
coefficients rp,s and rs,p do not have a big impact on the
decay rate and the frequency shift. The decay rate and resonant
frequency shift in the retarded limit are calculated by inserting
the reflective coefficients (61) into Eqs. (33) and (40)



(1)ret
10 = μ0ω̃

2
10d

2

4πh̄

[
−1

z
sin

(
2ω̃10z

c

)
r ret

p,p

− 1

z
cos

(
2ω̃10z

c

)
r ret

s,p

]
,

δω
res,ret
10 = μ0ω̃

2
10d

2

8πh̄

[
1

z
cos

(
2ω̃10z

c

)
r ret

p,p

− 1

z
sin

(
2ω̃10z

c

)
r ret

s,p

]
. (65)

The difference in the decay rate and the resonant frequency
shift between the cases with and without axion coupling in the
retarded limit and for � � 1 yields

�

(1)ret
10 ≡ 


(1)ret
10 (θ = π ) − 


(1)ret
10 (θ = 0)

= μ0ω̃
2
10d

2

4πh̄z
cos

(
2ω̃10z

c

)
2�

(1 + n)2
,

�δω
res,ret
10 ≡ δω

res,ret
10 (θ = π ) − δω

res,ret
10 (θ = 0)

= μ0ω̃
2
10d

2

8πh̄z
sin

(
2ω̃10z

c

)
2�

(1 + n)2
. (66)

In the limit of � � 1, the scaling factor for Eq. (66) for ε = 16
with respect to the purely axion material in the retarded limit
(62) is 4/25.

The decay rate and resonant frequency shift in the nonre-
tarded limit are obtained by inserting Eq. (63) into Eqs. (33)
and (40)



(1)nonret
10 = μ0ω̃

2
10d

2

4πh̄

[
c

2ω̃10z2
rnonret

s,p + c2

4ω̃2
10z

3
rnonret

p,p

]
,

δω
res,nonret
10 = μ0ω̃

2
10d

2

8πh̄

[
− c

2ω̃10z2
rnonret

s,p − c2

4ω̃2
10z

3
rnonret

p,p

]
.

(67)

The differential effects of the axion coupling on the decay rate
and the resonant frequency shift for the nonretarded limit are
given by

�

(1)nonret
10 ≡ 


(1)nonret
10 (θ = π ) − 


(1)nonret
10 (θ = 0)

= −μ0ω̃10d
2c

8πh̄z2

�

ε + 1
,
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�δω
res,nonret
10 ≡ δω

res,nonret
10 (θ = π ) − δω

res,nonret
10 (θ = 0)

= μ0ω̃10d
2c

16πh̄z2

�

ε + 1
. (68)

The respective scaling factor of Eq. (68) with respect to
Eq. (64) in the nonretarded limit for ε = 16 is 2/17. The
difference in the atomic decay rate and the resonant frequency
shift between these two cases follows the same form of the
purely axion atomic decay rate and frequency shift and can
be compared with that. The scaling factors are gauged in the
retarded and nonretarded limit (cf. Figs. 5 and 6).

The nonresonant frequency shift (39) for the topological
insulator contains frequency-dependent permeability and per-
mittivity ε(iξ ) and μ(iξ ). Without knowing the exact behavior
of these quantities we can only approximate the nonresonant
frequency shift in the retarded and nonretarded limits. Since
the resonant frequency shift always dominates in the retarded
limit, we restrict ourselves to gauge the nonretarded limit. For
a purely nonreciprocal medium with ε = 1, we obtain

δω
nres,nonret
10 (ε = 1,θ = π ) = d2

16π2ε0h̄z3

�

2
. (69)

The result for a general medium reads

δω
nres,nonret
10 = μ0d

2

8π2h̄

∫ ∞

0
dξ

ξ 2

ξ 2 + ω̃2
10

e− 2ξz

c

×
{
−ξ

z
rnonret

s,p − c

2z2
rnonret

s,p + c2ω̃10

4ξ 2z3
rnonret

p,p

}
.

(70)

Because of the strong effect of ε compared with � the terms
with rnonret

p,p (63) do not have to be considered for the difference
between the topological insulator with and without axion
coupling. Only rnonret

s,p remains and is inserted into Eq. (39).
For ξ → ∞, ε(iξ ) → 1. After performing the ξ integral, we
obtain the final result for the difference of the nonresonant
frequency shift of the topological insulator in the nonretarded
limit,

�δω
nres,nonret
10 ≡ δω

nres,nonret
10 (θ = π ) − δω

nres,nonret
10 (θ = 0)

= d2

16π2ε0h̄z3

�

ε + 1
. (71)

The total frequency shift of the resonant and nonresonant parts
of the topological insulator scales with z−1 in the nonretarded
limit. An experimental distinction from another material is
difficult (cf. Sec. IV B).

In case of an extremely large axion coupling, the reflective
coefficients (57) reduce to the values rs,s = −1 and rp,p = 1.
Both the decay rates, the resonant frequency shift, and the
nonresonant frequency shift approximate the results of the
perfectly conducting mirror; cf. Figs. 2 and 3.

Note that for each of the interacting time-reversal-
symmetry-breaking subsystems, atom and medium, there
are two possible choices regarding their internal sense of
time. For the atom, they correspond to clockwise versus
counterclockwise circular dipole transitions and can be related
to one another via d → d∗. For the medium, the two possible
internal senses of time are related via � → −� or rs,p,

rp,s → −rs,p, − rp,s. We thus have four possible combinations
of t-odd atoms interacting with nonreciprocal media. The
other three possible combinations can be obtained from the
particular choice considered here by changing the internal
arrow of time in atom, medium or both, where each such
change reverses the signs of frequency shift and body-assisted
decay rate.

Due to the internal connection between the frequency shift
and the Casimir–Polder force, one can also switch from an
attractive to a repulsive force between atom and medium.

V. SUMMARY

We have applied macroscopic QED to derive expressions
for the Casimir–Polder frequency shift and spontaneous decay
rate for nonreciprocal media, which violate Lorentz’s reci-
procity principle and therefore break time-reversal symmetry.
Consequently, real and imaginary parts of the Green’s tensor
for nonreciprocal media have to be redefined by using the
adjoint tensor instead of the complex-conjugate one.

Based on the interaction Hamiltonian between the atom,
the field and the nonreciprocal medium, an expression for
the electric field has been obtained in two alternative ways.
First, noise currents can be quantized directly yielding one
set of field operators for the combined electric and magnetic
fields. According to the second approach the noise currents
can be divided into contributions for the polarization and the
magnetization giving rise to cross correlations between electric
and magnetic fields. The result for the electric field has enabled
us to study the internal atomic dynamics. By making use of
the redefined real and imaginary parts of a tensor, we obtain
general expressions for the atomic decay rate and the frequency
shift, which can be split into a resonant and a nonresonant
contribution, representing generalizations for nonreciprocal
media.

As an example, we have investigated the decay rate and
frequency shift for a two-level atom with circularly polarized
dipole moments in order to be able to detect the broken time-
reversal symmetry. First, a perfectly conducting mirror has
been compared with a perfectly reflecting nonreciprocal mirror
yielding different polynomial scaling behavior. Whereas the
nonresonant frequency shift of the perfectly conducting mirror
decays with z−4 in the retarded limit, it scales with z−5 in
case of the perfectly reflecting nonreciprocal mirror. In the
nonretarded limit both scale with z−3. As for the resonant
frequency shift, there is a z−1 behavior for both materials in
the retarded limit and in the nonretarded limit they differ again:
the perfectly conducting mirror scales with z−3, the perfectly
reflecting nonreciprocal mirror with z−2.

Second, we have investigated a time-reversal-symmetry-
broken topological insulator, whose electromagnetic proper-
ties are described by an axion coupling and whose reflective
coefficients depend on the wave vector. Due to the small impact
of the axion part, we have restricted ourselves to a medium of
pure axion behavior by setting ε = 1 and compared this to
the difference quantities between included axion coupling and
without axion coupling for a material similar to Bi2Se3. We
find a qualitatively similar behavior and determine scaling
factors between the two cases in the retarded and nonretarded
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limits. Finally, we can switch the sign of the decay rate
and the frequency shift of the topological insulator both by
reversing the direction of the oscillating dipole moments and
by changing the sign of the axion coupling. This opens the door
for switching between attractive and repulsive Casimir–Polder
forces.
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[13] L. Knöll, S. Scheel, and D. G. Welsch, in Coherence and

Statistics of Photons and Atoms, edited by J. Perina (Wiley,
New York, 2001).

[14] C. Eberlein and R. Zietal, Phys. Rev. A 86, 062507 (2012).
[15] J. Xu, M. Alamri, Y. Yang, S.-Y. Zhu, and M. S. Zubairy,

Phys. Rev. A 89, 053831 (2014).
[16] C. Henkel and K. Joulain, Europhys. Lett. 72, 929 (2005).
[17] J. A. Crosse, S. A. Ellingsen, K. Clements, S. Y. Buhmann, and

S. Scheel, Phys. Rev. A 82, 010901 (2010).
[18] V. Yannopapas, J. Phys.: Condens. Matter 18, 6883 (2006).
[19] M. Thiel, M. S. Rill, G. von Freymann, and M. Wegener,

Adv. Mater. 21, 4680 (2009).
[20] D. V. Guzatov and V. V. Klimov, Quantum Electron. 44, 1112

(2014).
[21] D. V. Guzatov and V. V. Klimov, Quantum Electron. 44, 873

(2014).
[22] V. V. Klimov, D. V. Guzatov, and M. Ducloy, Europhys. Lett.

97, 47004 (2012).
[23] D. Guzatov, V. Klimov, and N. Poprukailo, J. Exp. Theor. Phys.

116, 531 (2013).
[24] L. Onsager, Phys. Rev. 37, 405 (1931).
[25] H. A. Lorentz, Verhandelingen en bijdragen uitgegeven door de

Afeeling Natuurkunde, Koninklijke Nederlandse Akademie van
Wetenschappen te Amsterdam 4, 176 (1896).

[26] S. Y. Buhmann, D. T. Butcher, and S. Scheel, New J. Phys. 14,
083034 (2012).

[27] S.-Q. Shen, Natl. Sci. Rev. 1, 49 (2014).
[28] B. A. Bernevig, T. L. Hughes, and S. C. Zhang, Science 314,

1757 (2006).

[29] M. Z. Hasan and C. L. Kane, Rev. Mod. Phys. 82, 3045 (2010).
[30] H. Zhang, L. C. X., X. L. Qi, X. Dai, Z. Fang, and S. C. Zhang,

Nat. Phys. 5, 438 (2009).
[31] X.-L. Qi, R. Li, J. Zang, and S.-C. Zhang, Science 323, 1184

(2009).
[32] Y. L. Chen, J.-H. Chu, J. G. Analytis, Z. K. Liu, K. Igarashi,

H.-H. Kuo, X. L. Qi, S. K. Mo, M. R. G., D. H. Lu, M.
Hashimoto, T. Sasagawa, S. C. Zhang, I. R. Fisher, Z. Hussain,
and Z. X. Shen, Science 329, 659 (2010).

[33] J. Maciejko, X.-L. Qi, H. D. Drew, and S.-C. Zhang, Phys. Rev.
Lett. 105, 166803 (2010).

[34] F. Wilczek, Phys. Rev. Lett. 58, 1799 (1987).
[35] A. G. Grushin and A. Cortijo, Phys. Rev. Lett. 106, 020403

(2011).
[36] M.-C. Chang and M.-F. Yang, Phys. Rev. B 80, 113304 (2009).
[37] Z. W. Zuo, D. B. Ling, L. Sheng, and D. Y. Xing, Phys. Lett. A

377, 2909 (2013).
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We demonstrate under which conditions a violation of the charge-parity (CP) symmetry in molecules will
manifest itself in the Casimir-Polder interaction of these with a magnetodielectric surface. Charge-parity violation
induces a specific electric-magnetic cross polarizability in a molecule that is not chiral, but time-reversal (T)
symmetry violating. As we show, a detection of such an effect via the Casimir-Polder potential requires a material
medium that is also sensitive to time reversal, i.e., it must exhibit a nonreciprocal electromagnetic response. As
simple examples of such media, we consider a perfectly reflecting nonreciprocal mirror that is a special case of a
perfect electromagnetic conductor, as well as a Chern-Simons medium. In addition, we show that Chern-Simons
and related media can induce unusual atom-surface interactions for anisotropic molecules with and without a
chiral response.

DOI: 10.1103/PhysRevA.98.022510

I. INTRODUCTION

The Casimir effect is an effective electromagnetic force
between polarizable objects that is induced by the recently
directly observed vacuum fluctuations of the quantum elec-
tromagnetic field [1]. Originally conceived by Casimir as an
attractive force between two perfectly conducting mirrors [2],
recent progress in material design and control has placed
Casimir forces between materials exhibiting both more real-
istic and more complex electromagnetic responses in a focus
of interest [3]. Inter alia, (para)magnetic media [4,5], chiral
materials [6], topological insulators [7,8] and graphene [9,10]
have been studied.

A major driving force behind such investigations continues
to be the search for repulsive Casimir forces to overcome stic-
tion in nanotechnology [11]. Inspired by Boyer’s observation
that the force between a perfectly conducting plate and an
infinitely permeable one is repulsive [12], it was theoretically
predicted that repulsion persists for combinations of purely
electric and magnetic media with a more realistic response.
Quite generally, repulsive Casimir forces arise whenever the
nature of the electromagnetic response of the two interacting
objects is diametrically opposite in a certain sense, for example,
if the objects show electric versus magnetic responses, have
opposite chirality, or represent topological insulators with
different internal arrows of time.

*stefan.buhmann@physik.uni-freiburg.de
†maraval@mail.ru
‡stefan.scheel@uni-rostock.de

Casimir-Polder forces between an atom or a molecule and
a macroscopic body are a closely related type of dispersion
force [13] and hence subject to the same phenomenology
regarding their dependence on the electromagnetic nature of
the interacting objects. However, they are (i) a local effect
due to the small size of one of the two interacting objects,
and (ii) they can be measured with far higher accuracy due to
the superior techniques in manipulating and controlling single
atoms or molecules [14]. This suggests that Casimir-Polder
forces might (i) serve as a probe of the molecule’s or the body’s
properties rather than a force that is to be manipulated and
overcome, and that (ii) this probe could be applied to access
very exotic properties of matter. In particular, we intend to
apply this idea to the phenomenon of charge-parity violation in
molecules, asking the hypothetical question: Would a potential
charge-parity violation in a molecule become manifest in its
Casimir-Polder interaction with a macroscopic body and, if so,
under what conditions?

One of the fundamental symmetries of the standard model
of particle physics is the invariance under combined charge (C),
parity (P), and time (T) reversal. However, a physical system
need not be invariant under each of these three symmetries
individually. Examples of parity nonconservation include pro-
cesses involving the weak force such as the β decay [15,16].
The weak interaction is also responsible for the broken parity
invariance in rovibrational spectra of chiral molecules [17,18].
The antiferromagnet Cr2O3, on the other hand, is an example
of a P-odd and T-odd system that exhibits a pseudoscalar
response (see Ref. [19] and references therein) which provides
a template for perfect electromagnetic conductors [20]. In the
search for physics beyond the standard model, weak-scale
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supersymmetry would induce a CP violation that is reflected
in an intrinsic electron dipole moment (EDM) of neutrons or
electrons (see Ref. [21] for a review). Recent experiments place
an upper limit of |de| < 8.7 × 10−29e cm on the electron EDM
[22].

Within a field-theoretic setting, it is known that a Chern-
Simons interaction violates both P and T symmetries [23,24].
The Casimir interaction between two flat Chern-Simons layers
was studied in Refs. [25–28], with its main feature being
the prediction of both attractive and repulsive regimes of
the Casimir force between Chern-Simons layers separated
by a vacuum slit. A physical example showing an effective
Chern-Simons interaction is a quantum Hall system consisting
of a two-dimensional (2D) electron gas [29]. The coupling
constant of the Chern-Simons action is different for each
quantum Hall plateau, with its value being determined by
the external magnetic field perpendicular to the quantum Hall
layer. The implication is that the Casimir-Polder potential will
be quantized at the quantum Hall plateaus [30].

In this article, we investigate the Casimir-Polder potential
for an anisotropic molecule in the presence of a flat Chern-
Simons layer. It is known that the CP-even part of the Casimir-
Polder potential is quadratic in the coupling constant of the
Chern-Simons layer [31]. On the other hand, the CP-odd part of
the Casimir-Polder potential, which we derive here, is linear in
the coupling constant. The sign of the Chern-Simons coupling
can be altered by reversing the direction of an external magnetic
field. As a result, the CP-odd part of the Casimir-Polder
potential can be extracted from measurements at any plateau of
a quantum Hall system performed at external magnetic fields
with alternating spatial directions.

The article is organized as follows. We begin with a discus-
sion of atom-field coupling and the resulting Casimir-Polder
interaction potentials in the presence of nonreciprocal media.
As a particular example, we consider a planar Chern-Simons
layer that gives rise to nonreciprocal effects. In the following,
we then construct the Casimir-Polder potentials for molecules
with various anisotropic, asymmetric polarizabilities, includ-
ing the particular case of CP-odd molecules. We close the
article with some concluding remarks. Details regarding the
Chern-Simons action and its influence on Maxwell’s equations
have been delegated to the Appendix.

II. ATOM-FIELD COUPLING

The Curie dissymmetry principle [32] suggests that CP-
odd atomic properties can only couple to environments which
are also T odd, i.e., nonreciprocal, so that the Green’s tensor
does not necessarily fulfill the Onsager relation GT(r ′,r,ω)=
G(r,r ′,ω) regarding the reversibility of optical paths [33].

This suggests a novel possibility for the detection of CP-odd
atomic properties by studying the electromagnetic interaction
of a CP-odd molecule with a macroscopic Chern-Simons layer
by means of the Casimir-Polder potential.

The interaction of a molecule A with the electromagnetic
field can be described by the multipolar Hamiltonian in long-
wavelength approximation as [34]

ĤAF = −d̂ · Ê(rA) − m̂· B̂(rA) (1)

(d̂, m̂: molecular electric and magnetic dipole moments; rA:
position) when neglecting the diamagnetic interaction. The
position-dependent Casimir-Polder potential can be derived
within second-order perturbation theory by replacing the full
propagator of the electromagnetic field G with its scattering
part G(1) [34,35]. A general technique for calculating the
Casimir-Polder potential in an arbitrary gauge of the vector
potential was developed in Ref. [31], with example calcula-
tions in different gauges being provided in Ref. [35]. In the
following, we will derive contributions to the Casimir-Polder
potential from electric-electric and electric-magnetic terms in
the presence of a planar Chern-Simons layer.

A. Casimir-Polder potential for a nonmagnetic molecule

The Casimir-Polder potential [13] for a nonmagnetic
ground-state molecule arises from the second-order energy
shift

Uee(rA) = h̄μ0

2π

∫ ∞

0
dξ ξ 2 tr[α(iξ ) · G(1)(rA,rA,iξ )], (2)

where

α(ω) = lim
ε→0+

1

h̄

∑
k

[
dk0d0k

ω + ωk + iε
− d0kdk0

ω − ωk + iε

]
(3)

is the molecular polarizability, and G(1) is the scattering part
of the electromagnetic Green’s tensor. In order to make the
influence of nonreciprocal media more explicit, we decompose
the polarizability and Green’s tensors into their respective
symmetric and antisymmetric parts,

Uee(rA) = h̄μ0

2π

∫ ∞

0
dξ ξ 2 tr

[
αS(iξ ) · G(1)

S (rA,rA,iξ )

+αA(iξ ) · G(1)
A (rA,rA,iξ )

]
. (4)

The first term is the ordinary Casimir-Polder potential in
environments respecting the Onsager theorem [36,37]. The
second term is due to the presence of nonreciprocal media;
it only arises for molecules with an anisotropic, asymmetric
polarizability. Examples for its relevance are the recently
considered interaction of an atom with a plate exhibiting a
Chern-Simons interaction [31] or with a topological-insulator
plate [38].

It is instructive to study the effects of P and CP violation due
to the presence of a flat Chern-Simons layer at z = 0 described
by the action

S = a

2

∫
dt dx dy εzνρσ AνFρσ , (5)

with a dimensionless parameter a. The scattering part of a
Green’s function G(1) above (zA > 0) a Chern-Simons plate
in the gauge A0 = 0 mixes s- and p-polarized waves,

G(1)(r,r ′,iξ ) = 1

8π2

∫
d2q

β
eiq·(r−r ′)−β(z+z′)(e+

s e−
s rs

+ e+
p e−

p rp + e+
p e−

s rs→p + e+
s e−

p rp→s) (6)

(q ⊥ ez, β =
√

ξ 2/c2 + q2), where the polarization unit vec-
tors for the s- and p-polarized waves read e±

s = eq × ez,

022510-2
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e±
p = −(c/ξ )(iqez ± βeq)] and the respective reflection co-

efficients of the half space are given in the Appendix.
The symmetric part of the polarizability leads in this case

to a potential equal to the Casimir-Polder potential in front of a
perfectly conducting plate multiplied by a factor a2/(1 + a2).
The asymmetric part of the polarizability yields an additional
interaction with the Chern-Simons plate [31], viz.,

Uas(zA) = h̄

32π2ε0c

a

1 + a2

∫ +∞

0
dξεjlzαjl(iξ )ξ

×
(

1 + 2
ξzA

c

)
e−2ξzA/c. (7)

In the retarded limit, ωkzA/c � 1, the potential (7) leads to an
1/z5

A asymptote,

Uas(zA) = − c2

8π2ε0z
5
A

a

1 + a2

∑
k

Im(d0k,xdk0,y)

ω2
k

, (8)

whereas at short separations, ωkzA/c � 1, it is well approxi-
mated by a 1/z3

A potential,

Uas(zA) = − 1

16π2ε0z
3
A

a

1 + a2

∑
k

Im(d0k,xdk0,y). (9)

The limiting cases of a perfectly reflecting, nonreciprocal mir-
ror (rs→p = ±1,rp→s = ±1,rs = 0,rp = 0) can be immedi-
ately obtained from Eqs. (7)–(9) by substituting a/(1 + a2) →
±1. The latter is a specific example of a perfect electromagnetic
conductor and emerges from a perfect electric conductor by
means of a duality transformation [20].

B. Casimir-Polder potential for a molecule with C P-odd
cross polarizabilities

For an electromagnetic molecule, both electric and mag-
netic dipole couplings contribute to the atom-field interac-
tion (1). Beyond the purely electric interaction, we are now
interested in the part of the Casimir-Polder potential due to
the second-order energy shift arising from mixed electric-
magnetic transitions,

UCP (rA) = Uem(rA) + Ume(rA)

= − h̄μ0

2π

∫ ∞

0
dξ ξ

{
tr
[
χme(iξ ) · G(1)(rA,rA,iξ )

←−∇ ′]

+ tr[χ em(iξ ) · ∇ × G(1)(rA,rA,iξ )]
}
,

(10)

where we have introduced the cross polarizabilities

χ em(ω) = lim
ε→0

1

h̄

∑
k

[
dk0m0k

ω + ωk + iε
− d0kmk0

ω − ωk + iε

]
, (11)

χme(ω) = lim
ε→0

1

h̄

∑
k

[
mk0d0k

ω + ωk + iε
− m0kdk0

ω − ωk + iε

]
. (12)

It is customary to decompose the Hamiltonian ĤA = Ĥ0 +
V̂ CP of the atomic subsystem into CP-even and -odd parts
[39]. We can use perturbation theory to express the eigenstates
|n〉 and energies En of ĤA in terms of the eigenstates |n0〉
and energies E0

n of Ĥ0. Assuming that 〈n|V̂ CP |n〉 ≡ V CP
nn =

0 [39], we have En = E0
n in linear order in V̂ CP , while the

eigenstates acquire linear shifts due to the CP-odd interaction,

|n〉 = |n0〉 +
∑

l

|l0〉 〈l
0|V̂ CP |n0〉
E0

n − E0
l

. (13)

To linear order in V̂ CP , we can hence expand

d0kmk0 = −
∑

l

V CP
0l d0

klm
0
0k

h̄ω0
l

−
∑

l

d0
0lV

CP
lk m0

k0

h̄
(
ω0

l − ω0
k

)

−
∑

l

d0
0kV

CP
kl m0

l0

h̄
(
ω0

l − ω0
k

) −
∑

l

d0
0km0

klV
CP
l0

h̄ω0
l

, (14)

with the definitions ω0
k = (E0

k − E0
0 )/h̄, d0

nm = 〈n0|d̂|m0〉,
m0

nm = 〈n0|m̂|m0〉, and V CP
nm = 〈n0|V̂ CP |m0〉.

Substituting this result into Eq. (11), relabeling l ↔ k in the
third term, and using the identity

1(
ω0

l − ω0
k

)(
ω0

k ± ω + iε
) + 1(

ω0
l − ω0

k

)(
ω0

l ± ω + iε
)

= 1(
ω0

k ± ω + iε
)(

ω0
l ± ω + iε

) (15)

results in the expression

χ em(ω)= lim
ε→0

1

h̄

∑
k,l

[
V CP

0l d0
klm

0
0k

ω0
l

(
ω+ω0

k+iε
)− V CP

0l d0
lkm0

k0

ω0
l

(
ω−ω0

k+iε
)
]

+ lim
ε→0

1

h̄

∑
k,l

[
d0

l0V
CP
lk m0

0k(
ω + ω0

l + iε
)(

ω + ω0
k + iε

)

− d0
0lV

CP
lk m0

k0(
ω − ω0

l + iε
)(

ω − ω0
k + iε

)
]

+ lim
ε→0

1

h̄

∑
k,l

[
d0

k0m0
lkV

CP
l0

ω0
l

(
ω+ω0

k +iε
) − d0

0km0
klV

CP
l0

ω0
l

(
ω−ω0

k +iε
)
]
.

(16)

For a CP-odd system, the electric and magnetic transition
dipole matrix elements have a vanishing relative phase, so that
χme = χT

em. Due to this symmetry, it is clear that the cross
polarizabilities of a CP-odd system do not lead to an interaction
with a perfectly conducting plate. However, they do provide
an interaction with a Chern-Simons layer as well as with
a perfectly reflecting nonreciprocal mirror. To evaluate this
contribution of the cross polarizabilities of a CP-odd molecule
to the Casimir-Polder interaction with a nonreciprocal medium,
we use Eq. (10) with χjl ≡ χem,jl = χme,lj to find

UCP (zA) = h̄

32π2ε0cz
3
A

a

1 + a2

∫ ∞

0
dξe−2ξzA/c

×
{

[χxx(iξ ) + χyy(iξ )]

(
1 + 2

ξzA

c
+ 4

ξ 2z2
A

c2

)

+ 2χzz(iξ )

(
1 + 2

ξzA

c

)}
. (17)

Note that the symmetry of the cross polarizabilities implies
that χjl(iξ ) = 1

h̄

∑
k

2ωk

ω2
k+ξ 2 dk0,jm0k,l , where dk0,jm0k,l is a real
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number. In the retarded limit, ωkzA/c � 1, the approximation
χjl(iξ ) 
 χjl(0) leads to the asymptote

UCP (zA) = h̄

16π2ε0z
4
A

a

1 + a2

× [
χxx(0) + χyy(0) + χzz(0)

]
. (18)

In the opposite nonretarded limit, we may approximate

UCP (zA) = h̄

32π2ε0cz
3
A

a

1 + a2

∫ ∞

0
dξ

× [
χxx(iξ ) + χyy(iξ ) + 2χzz(iξ )

]
. (19)

The limiting case of a perfectly reflecting, nonreciprocal mirror
(rs→p = ±1,rp→s = ±1,rs = 0,rp = 0) can be immediately
obtained from Eqs. (17)–(19) by replacing a/(1 + a2) → ±1.

Upon substitution, χ → α, the potential (17) coincides
with the well-known Casimir-Polder potential [13] of a purely
electric atom in front of a perfectly conducting plate, apart from
a factor of two. This correspondence can be easily understood
from the duality of electric and magnetic fields [33]. Under a
duality transformation by an angle θ/4, a perfectly conducting
plate transforms into a perfect nonreciprocal reflector [20],
while a purely dielectric atom transforms into one with cross
polarizabilities. The factor of two stems from the fact that
two cross polarizabilities contribute to UCP as opposed to
the single electric polarizability contributing to the ordinary
Casimir-Polder potential.

Let us compare the magnitude of the CP-odd ground-
state potential with that of the Casimir-Polder potential of
an ordinary, purely electric atom. We note that when going
from the ordinary to the CP-odd case, one electric dipole
moment d is replaced by m/c, while the other electric dipole
moment of the order of d ∼ ea0 (e: electron charge; a0: Bohr
radius) is replaced by the CP-odd electron EDM dCP . The first
replacement leads to a reduction by a factor of roughly the
fine-structure constant m/(cd) ∼ α, while the second yields a
factor dCP /(ea0) ≈ 1.6 × 10−20 according to the most recent
upper limit [22]. The CP-odd ground-state potential is thus
smaller than the ordinary Casimir-Polder potential by a factor
of roughly 10−22.

In order to potentially use the Casimir-Polder potential as a
probe for CP-odd effects, one needs to enhance the effect by
means of cavity QED. To this end, consider an excited atom
in resonance with a cavity. Starting from the known resonant
Casimir-Polder frequency shift of an excited atom in state
n [40],

�f = −μ0

h

∑
k<n

ω2
nkdnk Re G(1)(rA,rA,ωnk) · dkn, (20)

and applying the above replacements d �→ m/c, d �→ dCP ,
we estimate the CP-odd resonant frequency shift to be of the
order of

�fCP ∼ μ0

h
ω2 m

c
Re GdCP . (21)

The Green’s tensor scales as Re G ∼ Qω/c, where Q is
the quality factor of the cavity [41]. In addition, we take
into account the EDM enhancement which arises in heavy
paramagnetic atoms so that dCP ∼ Kde, where K is the atomic
enhancement factor and de ≈ 1.6 × 10−20ea0 is the electron

EDM, as above. In addition, we estimate ω ∼ ER/h̄, where
ER is the Rydberg energy and, once more, m/c ∼ ea0α. Com-
bining these estimates and noting that the EDM enhancement
factor can reach values of up to 103 [24] and that Q factors of
up to 1011 have been reported, a frequency shift of the order of
50 Hz becomes conceivable, which is within reach of current
experimental resolution [18]. Note that such a cavity-QED
setup based on CP-odd Casimir-Polder shifts would easily
outperform a number of early experiments that have placed
upper limits on the electron EDM using paramagnetic atoms in
a conventional setup. Here, the reported constraints range from
de ≈ 4 × 10−5ea0 in the 1950s [42] to de ≈ 8 × 10−19ea0 in
the early 1990s [43] (see Ref. [24] for an overview).

C. Chern-Simons interaction with chiral molecules

For chiral, time-reversal invariant molecules, Lloyd’s the-
orem states that electric and magnetic transitions carry a
relative phase factor, i = eiπ/2 [44], so that the relation
χme = −χT

em holds between the cross polarizabilities. The
case of an isotropic chiral polarizability and the respective
chiral Casimir-Polder potential was studied in Ref. [45]. Here
we demonstrate that the interaction of a molecule with an
anisotropic, asymmetric chiral polarizability and nonchiral
media leads to an additional component of the Casimir-Polder
potential. As an example, we evaluate this component of
the Casimir-Polder potential for a molecule with anisotropic,
asymmetric chiral polarizability in front of a Chern-Simons
layer.

Using Eq. (10), one obtains the Chern-Simons interaction
with P-odd chiral molecules now satisfying χjl ≡ χem,jl =
−χme,lj ,

UP (zA) = − h̄

64π2ε0z
4
A

a2

1 + a2

∫ +∞

0
dξεjlzχjl(iξ )

× e−2ξzA/c

ξ

(
3 + 6

ξzA

c
+ 8

ξ 2z2
A

c
+ 8

ξ 3z3
A

c

)
,

(22)

where a summation over j,l is implied. Note that due to
the symmetry χem,jl = −χme,lj , one can write χjl(iξ ) =
1
h̄

∑
k

2ξ

ω2
k+ξ 2 Im(dk0,jm0k,l), where dk0,jm0k,l is purely imagi-

nary. As a result, in the retarded limit, ωkzA/c � 1, we obtain

UP (zA) = − c

4π2ε0z
5
A

a2

1 + a2

∑
k

εjlzIm(dk0,jm0k,l)

ω2
k

. (23)

In the opposite nonretarded limit, we may approximate

UP (zA) = − 3h̄

64π2ε0z
4
A

a2

1 + a2

∫ +∞

0
dξ

εjlzχjl(iξ )

ξ

= − 3

64πε0z
4
A

a2

1 + a2

∑
k

εjlzIm(dk0,jm0k,l)

ωk

. (24)

In the limit a → ±∞, we obtain the potential of a chiral
molecule in front of a perfectly conducting plate. Note, how-
ever, that the quantity χxy(iξ ) − χyx(iξ ) should be different
from zero to obtain a nonvanishing potential.
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III. CONCLUSIONS

With regard to answering our central question, we have
shown that charge-parity-violating effects in molecules can
indeed be manifest in their Casimir-Polder interaction with a
surface. As anticipated from the Curie dissymmetry principle,
this requires the surface to also possess CP-odd or T-odd
properties. We have shown this explicitly for a nonreciprocal
perfect reflector as an example of a perfect electromagnetic
conductor medium, as well as for a Chern-Simons medium.
The result in the former case is strikingly similar in form to
the well-known formula by Casimir and Polder, which can
readily be understood from the duality invariance of QED in
the absence of free charges or currents.

In addition, we have shown that Chern-Simons media lead
to a different Casimir-Polder potential for anisotropic chiral
molecules. In this case, the respective power laws of the
potential in the short- and long-distance limits differ from those
previously predicted for isotropic molecules. Our findings can
be generalized to topological insulator media, where we expect
similar new potential components for CP-odd or anisotropic
molecules.

Although the CP-odd polarizability that induces the re-
spective ground-state potential is very small [46], the resonant
Casimir-Polder potential for an excited atom may be consid-
erably larger. We have estimated that using an optimal combi-
nation of a high-Q cavity and a strong EDM enhancement
factor as found in heavy paramagnetic atoms, the CP-odd
resonant Casimir-Polder frequency shift is within reach of
current experimental resolution, even when taking into account
the most recent upper limits on the electron EDM.
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APPENDIX: DIFFRACTION FROM A PLANAR
CHERN-SIMONS LAYER

The action for a planar Chern-Simons layer at z = 0 has the
form [see Eq. (5)]

S = a

2

∫
dt dx dy εzνρσ AνFρσ , (A1)

where the current due to the Chern-Simons interaction is
J ν = aεzνρσ Fρσ . Maxwell’s equations for the electromagnetic
field in the presence of the action (A1) are subsequently

modified to

∂μFμν + a εzνρσ Fρσ δ(z) = 0. (A2)

From Eq. (A2), the continuity conditions follow as (see, e.g.,
Ref. [47])

Ez|z=0+ − Ez|z=0− = −2aHz|z=0, (A3)

Hx |z=0+ − Hx |z=0− = 2aEx |z=0, (A4)

Hy |z=0+ − Hy |z=0− = 2aEy |z=0. (A5)

Consider an s-polarized plane electromagnetic wave im-
pinging onto a planar Chern-Simons layer at z = 0,

Ex = exp(−ikzz) + rs exp(ikzz), z > 0, (A6)

Ex = ts exp(−ikzz), z < 0, (A7)

Hx = rs→p exp(ikzz), z > 0, (A8)

Hx = ts→p exp(−ikzz), z < 0, (A9)

where the factor exp[i(ω/c)t + ikyy] is omitted for simplicity.
From the continuity condition (A4), it follows that

rs→p − ts→p = 2a ts . (A10)

From the continuity condition Ex |z=0+ = Ex |z=0− , one obtains

1 + rs = ts . (A11)

The continuity condition Ey |z=0+ = Ey |z=0− and the Maxwell
equation Ey = − 1

iω
∂zHx yield

rs→p = −ts→p. (A12)

From the continuity condition (A5) and the Maxwell equation
Hy = 1

iω
∂zEx , one gets

1 − rs − ts = −2a ts→p. (A13)

By solving (A10)–(A13), one obtains the reflection and trans-
mission coefficients of an s-polarized wave as

rs = − a2

1 + a2
, ts = 1

1 + a2
,

(A14)

rs→p = a

1 + a2
, ts→p = − a

1 + a2
.

By a duality transformation, i.e., by exchanging the fields E,H

as well as the indices s, p in Eqs. (A6)–(A9), we obtain the
reflection and transmission coefficients for the diffraction of a
p-polarized wave as

rp = a2

1 + a2
, tp = 1

1 + a2
,

(A15)

rp→s = a

1 + a2
, tp→s = a

1 + a2
.
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We study single- and two-atom van der Waals interactions of ground-state atoms which are both polarizable
and paramagnetizable in the presence of magnetoelectric bodies within the framework of macroscopic quantum
electrodynamics. Starting from an interaction Hamiltonian that includes particle spins, we use leading-order
perturbation theory to express the van der Waals potentials in terms of the polarizability and magnetizability of
the atom�s�. To allow for atoms embedded in media, we also include local-field corrections via the real-cavity
model. The general theory is applied to the potential of a single atom near a half space and that of two atoms
embedded in a bulk medium or placed near a sphere, respectively.
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I. INTRODUCTION

The dispersion interaction between neutral and �unpolar-
ized� atoms or molecules—commonly known as the van der
Waals �vdW� interaction—is, together with Casimir-Polder
and Casimir forces, one of the consequences of zero-point
fluctuations in quantum electrodynamics �QED� �for a recent
review, see Ref. �1��. The interaction potential of two polar-
izable atoms in free space was first studied for small dis-
tances �nonretarded limit� by London using second-order
perturbation theory �2�. In this limit the result is an attractive
potential proportional to r−6 with r being the interatomic dis-
tance. The London formula was extended to arbitrary dis-
tances by Casimir and Polder using fourth-order perturbation
theory within the framework of QED �3�. They found an
attractive potential proportional to r−7 for large separations
�retarded limit� where the potential is due to the ground-state
fluctuations of both the atomic dipole moments and the elec-
tromagnetic far field. Casimir and Polder also considered the
potential of a polarizable atom in the presence of a perfectly
conducting wall �3�. The result is an attractive potential
which shows a z−3 dependence in the nonretarded limit and is
proportional to z−4 in the retarded limit �z being the atom-
wall separation�.

In the three-atom case, a nonadditive term prevents the
potential from just being the sum of three pairwise contribu-
tions; it was first calculated in the nonretarded limit �4,5� and
extended to arbitrary interatomic distances �6�. Later, a gen-
eral formula for the nonadditive N-atom vdW potential was
obtained by summing the responses of each atom to the elec-
tromagnetic field produced by the other atoms �7�, or alter-
natively, by calculating the zero-point energy difference of
the electromagnetic field with and without the atoms �8�.

The theory was extended to magnetic atoms by Feinberg
and Sucher �9� who studied the retarded interaction of two
electromagnetic atoms based on a calculation of photon scat-
tering amplitudes; their results were later reproduced by
Boyer �10� using a zero-point energy technique. In this limit,
the interaction potential of a polarizable atom and a magne-
tizable one was found to be repulsive and proportional to r−7.

Later on, Feinberg and Sucher extended their formula to ar-
bitrary distances �11�. In particular, in the nonretarded limit
the potential of the mentioned atoms is found to be repulsive
and proportional to r−4. The retarded Feinberg-Sucher poten-
tial was extended to atoms with crossed electric-magnetic
polarizabilities on the basis of a duality argument �12�. For
the single-atom case, the atom-wall potential, calculated in
Ref. �3� in the retarded limit, has been generalized to atoms
with both electric and magnetic polarizabilities �10�, show-
ing that a magnetically polarizable atom in a distance l from
a conducting wall is repelled by that wall due to a potential
proportional to l−4. A full QED treatment has been invoked to
study the potential of an excited magnetic atom placed inside
a planar cavity for all distance regimes �13�.

In order to extend the theory of atom-atom interactions to
the case of magnetoelectrics being present, the effect of the
bodies on the fluctuating electromagnetic field must be taken
into account. A general formula expressing the vdW potential
between two polarizable ground-state atoms in the presence
of electric bodies in terms of the Green tensor of the body-
assisted electromagnetic field was obtained using linear re-
sponse theory �14� and later reproduced by treating the effect
of the bodies semiclassically �15�. Recently, an analogous
formula for two polarizable atoms interacting in the presence
of magnetoelectric bodies was derived by using fourth-order
perturbation theory within the framework of macroscopic
QED �16�, it was later generalized to N atoms �17�. For
atoms that are embedded in a host body or medium, the local
electromagnetic field experienced by them differs from the
macroscopic one. Hence, the theory of vdW interactions
must be modified by taking local-field corrections into ac-
count. One approach to this problem is the real-cavity model,
where one assumes that each guest atom is surrounded by a
small, empty, spherical cavity �18�. It has been used to study
local-field corrections to the spontaneous decay rate of an
atom embedded in an arrangement of magnetoelectric bodies
and/or media �19� and was recently applied to obtain local-
field corrected formulas for one-atom and two-atom vdW
potentials of polarizable atoms within such geometries �20�.
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In this article, we generalize the theory of ground-state
single- and two-atom vdW potentials in the presence of ar-
bitrarily shaped magnetoelectric bodies to atoms exhibiting
both polarizabilities and �para�magnetizabilities. Such a
theory includes and generalizes the recently studied potential
of two polarizable and magnetizable bodies embedded in a
bulk magnetoelectric medium �21�. This article is organized
as follows. In Sec. II, the multipolar atom-field interaction
Hamiltonian is derived for atoms that are both electric and
�para�magnetic. In Sec. III, general expressions for single-
and two-atom potentials are derived using perturbation
theory. Local-field corrections are considered in Sec. IV,
while in Sec. V, we apply our theory by studying the ex-
amples of �i� an atom in the presence of a half space, �ii� two
atoms in bulk media, and �iii� two atoms in the presence of a
sphere. A summary is given in Sec. VI.

II. ATOM-FIELD INTERACTIONS IN THE PRESENCE
OF SPINS

The interaction of individual atoms with medium-assisted
electromagnetic fields has extensively been discussed for
spinless atoms �16,22–24�. In order to correctly describe the
paramagnetic properties of an atom, it is crucial to include
the spins of its constituents in the considerations. A neutral
atom �or molecule� A thus has to be regarded as being a
collection of �nonrelativistic� particles ��A which in addi-
tion to their charges q� ����Aq�=0�, masses m�, positions
r̂�, canonically conjugate momenta p̂� have spins ŝ�. The
particle spins give rise to magnetic dipole moments ��ŝ�,
where �� is the gyromagnetic ratio of particle � ��e
=−ege / �2me� for electrons with −e, electron charge; ge�2,
electron g factor; me, electron mass�. While leaving the
atomic charge density

�̂A�r� = �
��A

q���r − r̂�� �1�

and polarization

P̂A�r� = �
��A

q�r̂̄��
0

1

d���r − r̂A − �r̂̄�� �2�

unaffected, the spin magnetic moments do contribute to the
atomic current density and magnetization, so that the expres-
sions given in Refs. �23,24� for spinless particles generalize
to

ĵA�r� = �
��A

q�

2
�ṙ̂���r − r̂�� + ��r − r̂��ṙ̂��

− �
��A

��ŝ� � ���r − r̂�� �3�

and

M̂A�r� = �
��A

q�

2
�

0

1

d�����r − r̂A − �r̂̄��r̂̄� � ṙ̂̄�

− ṙ̂̄� � r̂̄���r − r̂A − �r̂̄��� + �
��A

��ŝ���r − r̂�� .

�4�

In Eqs. �2� and �4�, r̂̄�= r̂�− r̂A denotes the position of the �th
particle relative to the center-of-mass position

r̂A = �
��A

m�

mA
r̂� �5�

�mA=���Am��, with the associated momenta being

p̂̄� = p̂� −
m�

mA
p̂A �6�

and p̂A=���Ap̂�, respectively. Since the current density as-
sociated with the spins is transverse, the continuity equation
�̇̂A+� · ĵA=0 remains valid. In addition, the atomic charge
and current densities can still be related to the atomic polar-
ization and magnetization via

�̂A = − � · P̂A, �7�

ĵA = P̂A + � � M̂A + ĵRo �8�

as in the case of spinless particles, since the particle spins
lead to equal contributions on the left- and right-hand sides
of Eq. �8�, as an inspection of Eqs. �3� and �4� shows. In Eq.
�8�,

ĵRo =
1

2
� � �P̂A � ṙ̂A − ṙ̂A � P̂A� �9�

is the Röntgen current density associated with the center-of-
mass motion of the atom �25,26�. Further atomic quantities
of interest are the atomic electric and magnetic dipole mo-
ments

d̂A = �
��A

q�r̂̄� = �
��A

q�r̂� �10�

and

m̂A = �
��A

�q�

2
r̂̄� � ṙ̂̄� + ��ŝ�	 , �11�

which emerge from the atomic polarization �2� and magneti-
zation �4� in the long-wavelength approximation, as we will
see later on. The first and second terms in Eq. �11� obviously
represent the orbital angular momentum and spin contribu-
tions to the magnetic dipole moment.

In order to account for the interaction of the spins with the
magnetic field, a Pauli term has to be included in the
minimal-coupling Hamiltonian given in Ref. �16� for spin-
less atoms interacting with the quantized electromagnetic
field in the presence of linearly responding magnetoelectric
bodies, viz.,
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Ĥ = �
	=e,m

� d3r�
0




d���f̂	
†�r,�� · f̂	�r,��

+ �
���A

�p̂� − q�Â�r̂���2

2m�

+ �
�,
��A

��


q�q


8��0
r̂� − r̂



+ �
���A

q��̂�r̂�� − �
���A

��ŝ� · B̂�r̂�� . �12�

The first term in Eq. �12� is the energy of the electromagnetic
field and the bodies, expressed in terms of bosonic �collec-

tive� variables f̂	�r ,�� and f̂	
†�r ,�� �	, 	�� �e ,m�, with e, m

denoting electric and magnetic excitations�, the second term
is the kinetic energy of the charged particles constituting the
atoms, the third and fourth terms denote their mutual and
body-assisted Coulomb potentials, respectively, and the last
term is the newly introduced Pauli interaction of the particle
spins with the body-assisted magnetic field. Note that the

scalar potential �̂, the vector potential Â, and the induction

field B̂ are thought of as being expressed in terms of the

fundamental bosonic fields f̂	 and f̂	
† �24,27�.

To verify the consistency of the Hamiltonian �12�, we
need to show that it leads to the correct Maxwell equations
for the electromagnetic field and the Newton equations for
the particles. As in the case of spinless particles, the total
electromagnetic field can be given by

Ê = Ê − �
A

� �̂A, B̂ = B̂ , �13�

D̂ = D̂ − �0�
A

� �̂A, Ĥ = Ĥ , �14�

where Ê, B̂, D̂, and Ĥ are the body-assisted electromagnetic-
field strengths �24,27�, and

�̂A�r� = �
��A

q�

4��0
r − r̂�

�15�

is the Coulomb potential due to atom A. Since the atomic
charge density �1� is not affected by the particle spins either,
the Maxwell equations

� · B̂ = 0, �16�

� · D̂ = �
A

�̂A, �17�

which are not governed by the system Hamiltonian, are not
changed by the presence of spins. It is obvious that the Max-
well equation

� � Ê + Ḃ̂ = 0 �18�

also remains unchanged, because the Pauli interaction term

commutes with the B̂ field and hence its inclusion does not
lead to an additional contribution in Heisenberg’s equation of

motion Ḃ̂= �i /���Ĥ ,B̂�. As implied by the commutation re-
lation �27�

�D̂i�r�,Âj�r��� = i��ij
��r − r�� �19�

��ij
��r�, transverse � function�, the Pauli interaction does lead

to an additional contribution

i

��− �
���A

��ŝ� · B̂�r̂��,D̂�r�	 = − �
���A

��ŝ� � ���r − r̂��

�20�

in the Heisenberg equation of motion Ḋ̂= �i /���Ĥ ,D̂�,
which coincides with the spin-induced component of ĵA �sec-
ond term in Eq. �3��. Hence, the Maxwell equation

� � Ĥ − Ḋ̂ = �
A

ĵA �21�

holds in the presence of spin when using the amended atomic
current density �3�.

Next, consider the equations of motion for the charged
particles. Using the Hamiltonian �12�, we have

ṙ̂� =
1

m�

�p̂� − q�Â�r̂��� , �22�

as in the absence of spins. Equation �22� implies that the
Pauli interaction gives rise to a contribution

i

��− �

��A

�
ŝ
 · B̂�r̂
�,m�ṙ̂�	 = �����ŝ� · B̂�r̂��� �23�

to m�r̈̂�= �i /���Ĥ ,m�ṙ̂��. Combining this with the contribu-
tions from the spin-independent part of the Hamiltonian �27�,
we arrive at

m�r̈̂� = q�Ê�r̂�� +
q�

2
�ṙ̂� � B̂�r̂�� − B̂�r̂�� � ṙ̂��

+ �����ŝ� · B̂�r̂��� . �24�

The first two terms on the right-hand side of this equation
represent the Lorentz force on the charged particles while the
third term is the Zeeman force resulting from the action of
the magnetic field on the particle spins. We have thus suc-
cessfully established a Hamiltonian �Eq. �12�� describing the
interaction of one or more atoms with the electromagnetic
field in the presence of magnetoelectric bodies which gener-
ates the correct Maxwell equations for the fields and the
correct Newton equations for the particles.

Due to the rather large number of atom-field and even
atom-atom interaction terms, the Hamiltonian �12� may be
not very practical as a starting point for calculations. As an
alternative, we use the multipolar-coupling Hamiltonian
which for neutral atoms follows from a Power-Zienau-
Woolley transformation �28,29�,

Ô� = ÛÔÛ† �25�

with
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Û = exp� i

�
� d3r�

A

P̂A · Â	 �26�

upon expressing the Hamiltonian �12� in terms of the trans-
formed variables. The only difference with respect to the
case of spinless particles is the Pauli interaction term, which

is invariant under the transformation since B̂�= B̂ and ŝ��
= ŝ�. The multipolar-coupling Hamiltonian can thus be given
in the form of

Ĥ = ĤF� + �
A

ĤA� + �
A

ĤAF� , �27�

where

ĤF� = �
	=e,m

� d3r�
0




d���f̂	�
†�r,�� · f̂	��r,�� , �28�

ĤA� = �
��A

p̂��
2

2m�

+
1

2�0
� d3rP̂A�

2 =
p̂A�

2

2mA
+ �

��A

p̂̄��
2

2m�

+
1

2�0
� d3rP̂A�

2 =
p̂A�

2

2mA
+ �

n

EA
n�
nA�
�nA� 
 , �29�

with 
nA�
 and EA
n� denoting, respectively, the eigenstates and

eigenvalues of ĤA� , and

ĤAF� = −� d3r�P̂A� · Ê� + M̂A� · B̂�� +� d3r
p̂A�

mA
· P̂A� � B̂�

+ �
��A

1

2m�
�� d3r�̂�� � B̂�	2

, �30�

with

M̂A��r� = �
��A

q�

2m�
�

0

1

d�����r − r̂A� − �r̂̄���r̂̄�� � p̂̄��

− p̂̄�� � r̂̄����r − r̂A� − �r̂̄���� + �
��A

��ŝ����r − r̂���

�31�

being the canonical magnetization and

�̂���r� =
m�

mA
P̂A��r� + q�r̂̄���

0

1

d����r − r̂A� − �r̂̄���

−
m�

mA
�


�A

q
r̂̄
��
0

1

d����r − r̂A� − �r̂̄
�� . �32�

In the long-wavelength approximation, the atom-field cou-
pling Hamiltonian reduces to

ĤAF� = − d̂A� · Ê��r̂A�� − m̂A� · B̂��r̂A�� +
p̂A�

mA
· d̂A� � B̂��r̂A��

+ �
��A

q�
2

8m�

�r̂̄�� � B̂��r̂A���2 +
3

8mA
�d̂A� � B̂��r̂A���2,

�33�

where

d̂A� = �
��A

q�r̂̄�� = �
��A

q�r̂�� �34�

and

m̂A� = �
��A

� q�

2m�

r̂̄�� � p̂̄�� + ��ŝ��	 �35�

are the atomic electric and �canonical� magnetic dipole mo-
ments, respectively. In Eq. �33�, the first and the second
terms are the electric and magnetic dipole interaction, re-
spectively, the third term is the Röntgen interaction associ-
ated with center-of-mass motion, and the last two terms are
generalized diamagnetic interactions. The Röntgen interac-
tion becomes important when studying dissipative forces
such as quantum friction �30�. In this work, we are mainly
interested in the interaction of atoms at given center-of-mass
positions rA featuring electric as well as paramagnetic prop-
erties which, upon discarding the last three terms in Eq. �33�,
can be described by the interaction Hamiltonian

ĤAF� = − d̂A� · Ê��rA� − m̂A� · B̂��rA� . �36�

We conclude this section by recalling some relations that
will be needed for the calculation of vdW potentials. The

electromagnetic fields Ê� and B̂� are expressed in terms of
the fundamental bosonic fields

�f̂	��r,��, f̂	�
�†�r�,���� = �		���� − �����r − r�� , �37�

�f̂	��r,��, f̂	�
� �r�,���� = 0 �38�

�	 ,	�� �e ,m�� according to

Ê��r� = �
	=e,m

� d3r��
0




d�G	�r,r�,�� · f̂	��r�,�� + H.c.,

�39�

B̂��r� = �
	=e,m

� d3r��
0


 d�

i�
� � G	�r,r�,�� · f̂	��r�,��

+ H.c., �40�

where the quantities G	�r ,r� ,�� are related to the classical
Green tensor G�r ,r� ,�� as

Ge�r,r�,�� = i
�2

c2� �

��0
Im ��r�,��G�r,r�,�� , �41�

Gm�r,r�,�� = i
�

c
� �

��0

Im ��r�,��

��r�,��
2

��� � G�r�,r,���T.

�42�

For an arbitrary arrangement of linearly responding magne-
toelectric bodies described by a permittivity ��r ,�� and a
permeability ��r ,��, the Green tensor obeys the differential
equation
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�� �
1

��r,��
� � −

�2

c2 ��r,��	G�r,r�,�� = ��r − r�� ,

�43�

has the useful properties

G*�r,r�,�� = G�r,r�,− �*� , �44�

G�r,r�,�� = GT�r�,r,�� , �45�

and satisfies the integral relation �27�

�
	=e,m

� d3sG	�r,s,�� · G
	
*T�r�,s,�� =

��0

�
�2 Im G�r,r�,�� .

�46�

The ground state 
�0��
 of ĤF� is defined by the relation

f̂	��r ,��
�0��
=0 for all 	 ,r ,�. Since we will exclusively
work with the multipolar-coupling Hamiltonian, we will
henceforth drop the primes indicating the Power-Zienau-
Woolley transformation.

III. VAN DER WAALS POTENTIALS

According to the well-known concept of Casimir and
Polder �31�, vdW forces on ground-state atoms can be de-
rived from the associated vdW potentials, which in turn can
be deduced from a perturbative calculation of the position-
dependent parts of energy shift induced by the atom-field
coupling.

A. Single-atom potential

Let us consider a neutral ground-state atom A at a position
rA in the presence of arbitrarily shaped magnetoelectric bod-
ies. With the atom-field interaction Hamiltonian given by Eq.
�36� �recall that we have dropped all primes�, the vdW po-
tential of the atom follows from the second-order energy
shift

�E = − �
I�0

�0
ĤAF
I
�I
ĤAF
0

EI − E0

, �47�

where 
0
= 
0A

�0�
 denotes the quantum state where both
atoms and the body-assisted electromagnetic field are in their
ground states. Note that the summation in Eq. �47� includes
position and frequency integrals. Recalling the interaction
Hamiltonian �36�, we see that only intermediate states 
I
 in
which the atom is in an excited state and a single quantum of
the fundamental fields is excited contribute to the sum and
hence Eq. �47� may be specified as

�E = −
1

�
�

k
�

	=e,m
� d3r�

0


 d�

�A
k + �

�
�0A
��0�
ĤAF
1	�r,��

kA

2 �48�

��A
k = �EA

k −EA
0� /�, 
1	�r ,��
= f̂	

†�r ,��
�0�
�. Using the expan-
sions �39� and �40� as well as the commutation relations �37�

and �38�, the matrix elements of the interaction Hamiltonian
�36� are found to be

�0A
��0�
ĤAF
1	�r,��

kA
 = − dA
n0 · G	�rA,r,��

−
mA

0k · �A � G	�rA,r,��
i�

�49�

�dA
0k= �0A
d̂A
kA
, mA

0k= �0A
m̂A
kA
�.
With �E being quadratic in the matrix elements, there are

three classes of contributions to the energy shift. The contri-
bution involving two electric-dipole transitions is known to
lead to the electric single-atom vdW potential �32�

Ue�rA� =
��0

2�
�

0




d��2 tr��A�i�� · G�1��rA,rA,i���

=
��0

2�
�

0




d��2�A�i��tr G�1��rA,rA,i�� , �50�

where G�1� is the scattering part of the Green tensor, and

�A��� = lim
�→0

2

�
�

k

�A
k dA

0kdA
k0

��A
k �2 − �2 − i��

= lim
�→0

2

3�
�

k

�A
k 
dA

0k
2

��A
k �2 − �2 − i��

I = �A���I �51�

�with I denoting the unit tensor� is the atomic ground-state
polarizability. The second lines in Eqs. �50� and �51� are
valid for isotropic atoms.

The contribution �Em to �E which involves two
magnetic-dipole transitions can be calculated by substituting
the second term in Eq. �49� into Eq. �48� and using the inte-
gral relation �46�, resulting in

�Em =
�0

�
�

k
�

0


 d�

�A
k + �

��mA
0k · � � Im G�r,r�,�� � �� � · mA

k0�r=r�=rA

�52�

��T��� �T=−��TT�. The relevant, position-dependent part
of �Em is obtained by replacing the Greens tensor with its
scattering part. After writing Im G= �G−G*� / �2i�, making
use of Eq. �44�, and transforming the integral along the real
axis into ones along the purely imaginary axis �cf. Ref. �23��,
the resulting magnetic single-atom potential reads

Um�rA� =
��0

2�
�

0




d� tr�
A�i�� · L�1��rA,rA,i���

=
��0

2�
�

0




d�
A�i��tr L�1��rA,rA,i�� , �53�

where

L�r,r�,�� = � � G�r,r�,�� � �� � �54�

�note that L�1� refers to G�1��, and
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A��� = lim
�→0

2

�
�

k

�A
k mA

0kmA
k0

��A
k �2 − �2 − i��

= lim
�→0

2

3�
�

k

�A
k 
mA

0k
2

��A
k �2 − �2 − i��

I = 
A���I �55�

is the atomic ground-state magnetizability. The second lines
in Eqs. �53� and �55� are again valid for isotropic atoms.

We restrict our considerations to nonchiral atoms and
molecules whose energy eigenstates can be chosen to be
eigenstates of the parity operator. Contributions to the energy
shift that contain one electric-dipole transition and one

magnetic-dipole transition can then be excluded, since d̂A is
odd and m̂A is even under spatial reflection. Hence, the total
vdW potential of a single ground-state atom that is both po-
larizable and �para�magnetizable and is placed within an ar-
bitrary environment of magnetoelectric bodies reads

U�rA� = Ue�rA� + Um�rA� , �56�

with Ue and Um being given by Eqs. �50� and �53�, respec-
tively. To our knowledge, the magnetic part of this potential
has been derived for the first time in this general form.

B. Two-atom potential

We now consider two neutral ground-state atoms A and B
at given positions rA and rB in the presence of arbitrarily
shaped magnetodielectric bodies. The two-atom vdW poten-
tial follows from the fourth-order energy shift

�E = − �
I,II,III�0

�0
ĤAF + ĤBF
III
�III
ĤAF + ĤBF
II

�EIII − E0�

�
�II
ĤAF + ĤBF
I
�I
ĤAF + ĤBF
0


�EII − E0��EI − E0�
, �57�

where 
0
= 
0A

0B

�0�
 is the ground state of the combined
atom-field system. With the interaction Hamiltonian being

given by Eq. �36�, the summands in Eq. �57� vanish unless
the intermediate states 
I
 and 
III
 are such that one of the
atoms and a single quantum of the fundamental fields are
excited. The intermediate states 
II
 correspond to one of the
following three types of states: �i� both atoms are in the
ground state and two field quanta are excited, �ii� both atoms
are excited and no field quantum is excited, and �iii� both
atoms are excited and two field quanta are excited. All the
possible intermediate states together with the respective en-
ergy denominators are listed in Table I. In addition to the
matrix element �49�, an evaluation of Eq. �57� hence requires
matrix elements of the interaction Hamiltonian �36� which
involve transitions of the body-assisted field between single-
and two-quantum excited states. Recalling the definitions
�39� and �40� as well as the commutation relations �37� and
�38�, one finds

�kA
�1	1i1
�r1,�1�
ĤAF
1	2i2

�r2,�2�1	3i3
�r3,�3�

0A


= −
��13�

�2
�dA

k0 · G	2
�rA,r2,�2��i2

−
��12�

�2
�dA

k0 · G	3
�rA,r3,�3��i3

+
i��13�

�2
�2

�mA
k0 · �A � G	2

�rA,r2,�2��i2

+
i��12�

�3
�2

�mA
k0 · �A � G	3

�rA,r3,�3��i3
�58�

with 
1	�r ,��1	��r� ,���
= 1
�2

f̂	
†�r ,��f̂	�

† �r� ,���
�0�
 and

����� = �	�	�
�i�i�

�r� − r������ − ��� . �59�

The two-atom potential follows from those contributions
to the energy shift �57� in which each atom undergoes ex-
actly two transitions. As in the single-atom case, we distin-
guish different classes of contributions according to the elec-

TABLE I. The intermediate states contributing to the two-atom vdW interaction according to Eq. �57�
together with the energy denominators, where we have used the short-hand notations 
1���
= 
1	�i�

�r� ,���
,


1���1���
= 
1	�i�

�r� ,���1	�i�
�r� ,���
.

Case 
I
 
II
 
III
 Denominator

�1� 
kA ,0B

1�1�
 
0A ,0B

1�2�1�3�
 
0A , lB

1�4�
 D1a= ��A
k +������+����B

l +���,
D1b= ��A

k +������+����B
l +��

�2� 
kA ,0B

1�1�
 
kA , lB

�0�
 
0A , lB

1�2�
 D2= ��A
k +�����A

k +�B
l ���B

l +��
�3� 
kA ,0B

1�1�
 
kA , lB

�0�
 
kA ,0B

1�2�
 D3= ��A

k +�����A
k +�B

l ���A
k +��

�4� 
kA ,0B

1�1�
 
kA , lB

1�2�1�3�
 
0A , lB

1�4�
 D4= ��A
k +�����A

k +�B
l +��+����B

l +���
�5� 
kA ,0B

1�1�
 
kA , lB

1�2�1�3�
 
kA ,0B

1�4�
 D5= ��A

k +�����A
k +�B

l +��+����A
k +��

�6� 
0A , lB

1�1�
 
0A ,0B

1�2�1�3�
 
kA ,0B

1�4�
 D6a= ��B
l +������+����A

k +���,
D6b= ��B

l +������+����A
k +��

�7� 
0A , lB

1�1�
 
kA , lB

�0�
 
kA ,0B

1�2�
 D7= ��B
l +�����A

k +�B
l ���A

k +��
�8� 
0A , lB

1�1�
 
kA , lB

�0�
 
0A , lB

1�2�
 D8= ��B

l +�����A
k +�B

l ���B
l +��

�9� 
0A , lB

1�1�
 
kA , lB

1�2�1�3�
 
kA ,0B

1�4�
 D9= ��B
l +�����A

k +�B
l +��+����A

k +���
�10� 
0A , lB

1�1�
 
kA , lB

1�2�1�3�
 
0A , lB

1�4�
 D10= ��B

l +�����A
k +�B

l +��+����B
l +��
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tric or magnetic nature of those transitions. Those involving
only electric transitions of both atoms are known to lead to
the electric-electric vdW potential �16�

Uee�rA,rB� = −
��0

2

2�
�

0




d��4

� tr��A�i�� · G�rA,rB,i�� · �B�i�� · G�rB,rA,i���

= −
��0

2

2�
�

0




d��4�A�i���B�i��

� tr�G�rA,rB,i�� · G�rB,rA,i��� �60�

�recall Eq. �51��, where the second equality is valid for iso-
tropic atoms.

Next, we calculate the electric-magnetic vdW potential
Uem, which is due to the contributions of atom A undergoing
electric transitions and atom B undergoing magnetic transi-
tions. Each of the possible intermediate-state combinations
listed in Table I contributes to Uem, where we begin with the
intermediate states of case �1�. Substituting the respective
matrix elements from Eqs. �49� and �58� into Eq. �57� and
using the integral relation �46�, we find

�Eem
�1� = −

�0
2

��2�
k,l
�

0




d���
0




d����� 1

D1a
+

1

D1b
�

���dA
0k · Im G�rA,rB,�� � �� B · mB

0l�

��mB
0l · �B � Im G�rB,rA,��� · dA

0k�� , �61�

with the energy denominators D1a and D1b being given in
Table I. Without loss of generality, we have assumed that the
matrix elements of the electric- and magnetic-dipole opera-
tors are real-valued quantities. One can then easily find that
the contributions �Eem

�k� �k� �2,3 , . . . ,10�� from the other
possible intermediate-state combinations differ from Eq. �61�
only with respect to their energy denominators and signs.
Case �6� leads to two terms with different energy denomina-
tors 1 /D6a+1 /D6b, just the same as case �1�, while all other
cases only give rise to a single term each. Furthermore, the
contributions from cases �3�–�5� and �8�–�10� differ in sign
from Eq. �61�. The electric-magnetic vdW potential can be
found as the sum of all contributions Uem�rA ,rB�=�k�Eem

�k�.
In analogy to Ref. �16� it can be seen that the denominator
sum

1

D1a
+

1

D1b
+

1

D2
−

1

D3
−

1

D4
−

1

D5

+
1

D6a
+

1

D6b
+

1

D7
−

1

D8
−

1

D9
−

1

D10
�62�

can be replaced by

4��A
k + �B

l + ��
��A

k + �B
l ���A

k + ����B
l + ��

� 1

� + ��
+

1

� − ��
� , �63�

under the double frequency integral in Eq. �61�, where we
have used the definitions of the denominators in Table I and
exploited the fact that the remaining integrand is symmetric
with respect to an exchange of � and ��. This results in

Uem�rA,rB� = −
4�0

2

��2�
k,l

1

�A
k + �B

l �
0




d��
0




d��

�
�����A

k + �B
l + ��

��A
k + ����B

l + ��
� 1

� + ��
+

1

� − ��
�

� ��dA
0k · Im G�rA,rB,�� � �� B · mB

0l�

� �mB
0l · �B � Im G�rB,rA,��� · dA

0k�� . �64�

The integral over �� can be performed by using the identity
Im G= �G−G*� / �2i� and Eq. �44� to yield �16�

�
0




d����� 1

� + ��
+

1

� − ��
�Im G�rB,rA,���

= −
�

2
��G�rB,rA,�� + G*�rB,rA,��� . �65�

After substituting Eq. �65� into Eq. �64� and transforming the
� integrals by means of contour-integral techniques to run
along the positive imaginary axis, one obtains

Uem�rA,rB� =
��0

2

2�
�

0




d��2tr��A�i�� · KT�rB,rA,i��

· �B�i�� · K�rB,rA,i���

=
��0

2

2�
�

0




d��2�A�i��
B�i��

�tr�KT�rB,rA,i�� · K�rB,rA,i��� , �66�

where

K�r,r�,�� = � � G�r,r�,�� , �67�

and the second equality holds for isotropic atoms. Obviously,
the magnetic-electric potential Ume�rA ,rB�, which is due to
all contributions of atom A undergoing magnetic transitions
and atom B undergoing electric transitions, can be obtained
from Eq. �66� by interchanging A and B on the right-hand
side of this equation. The magnetic-magnetic potential Umm,
associated with magnetic transitions of both atoms, can be
found in a procedure analogous to the one outlined above for
deriving Eq. �66�, resulting in

Umm�rA,rB� = −
��0

2

2�
�

0




d�

�tr��A�i�� · L�rA,rB,i�� · �B�i�� · L�rB,rA,i���

= −
��0

2

2�
�

0




d�
A�i��
B�i��

� tr�L�rA,rB,i�� · L�rB,rA,i��� , �68�

where the second equality again holds for isotropic atoms.
We have thus calculated all those contributions to the en-

ergy shift where both atoms undergo exactly two transitions
of the same type �electric and/or magnetic�. The remaining
contributions of one or both atoms undergoing an electric
and a magnetic transition can again be excluded from a par-
ity argument for the nonchiral atoms under consideration in
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this work �for the interaction of two chiral molecules in free
space, see Ref. �33��. The total two-atom vdW potential of
two polarizable and �para�magnetizable atoms placed within
an arbitrary environment of magnetoelectric bodies is hence
given by

U�rA,rB� = Uee�rA,rB� + Uem�rA,rB� + Ume�rA,rB�

+ Umm�rA,rB� , �69�

together with Eqs. �60�, �66�, and �68� �the diamagnetic con-
tribution to the dispersion potential of two atoms in free
space is discussed in Refs. �33–35��.

IV. LOCAL-FIELD CORRECTIONS

The single- and two-atom potentials given in Sec. III refer
to atoms that are not embedded in media, i.e., ��rA�B� ,��
=��rA�B� ,��=1. When considering guest atoms inside a host
medium, one needs to include local-field corrections to ac-
count for the difference between the macroscopic electro-
magnetic field and the local field experienced by the guest
atoms. A possible way to treat local-field effects is offered by
the real-cavity model �18�, where small spherical free-space
cavities of radius Rc surrounding the atoms are introduced.
As shown in Ref. �19�, the local-field corrected forms of the
Green tensor read, in leading order of �Rc /c,

Gloc�rA,rB,�� =
3�A

2�A + 1
G�rA,rB,��

3�B

2�B + 1
, �70�

Gloc
�1��rA,rA,�� =

�

2�c
� �A − 1

2�A + 1

c3

�3Rc
3

+
3

5

�A
2�5�A − 1� − 3�A − 1

�2�A + 1�2

c

�Rc

+ i� 3�AnA
3

�2�A + 1�2 −
1

3
	�I

+ � 3�A

2�A + 1
�2

G�1��rA,rA,�� , �71�

where �A�B�=��rA�B� ,�� and �A�B�=��rA�B� ,��, respectively,
are the permittivity and permeability of the unperturbed host
medium at the position of the guest atom A�B� �nA�B�
=��A�B��A�B�� and G is the uncorrected Green tensor. Insert-
ing the corrected Green tensor into Eqs. �50� and �60�, one
obtains the local-field corrected electric contributions to the
single- and two-atom vdW potentials �20�

Ue�rA� =
��0

2�
�

0




d��2� 3�A�i��
2�A�i�� + 1

	2

�tr��A�i�� · G�1��rA,rA,i��� �72�

�we have discarded the position-independent first term on the
right-hand side of Eq. �71�� and

Uee�rA,rB� = −
��0

2

2�
�

0




d��4

� � 3�A�i��
2�A�i�� + 1

	2� 3�B�i��
2�B�i�� + 1

	2

� tr��A�i�� · G�rA,rB,i�� · �B�i�� · G�rB,rA,i��� .

�73�

For magnetic atoms the vdW potentials depend on spatial
derivatives of the Green tensor. Hence, the respective local-
field corrected tensors cannot be derived directly from Eqs.
�70� and �71� because the correction procedure does not
commute with these derivatives. As shown in Appendix A,
the required local-field corrected forms of the tensors L �Eq.
�54�� and K �Eq. �67�� within leading order of �Rc /c are
given by

Lloc
�1��rA,rA,�� = −

�3

2�c3� �A − 1

2�A + 1

c3

�3Rc
3

+
3

5

�A
2�5�A − 1� − 3�A − 1

�2�A + 1�2

c

�Rc

+ i� 3�AnA
3

�2�A + 1�2 −
1

3
	�I

+ � 3

2�A + 1
�2

L�1��rA,rA,�� , �74�

Lloc�rA,rB,�� =
3

2�A + 1
L�rA,rB,��

3

2�B + 1
, �75�

and

Kloc�rA,rB,�� =
3

2�A + 1
K�rA,rB,��

3�B

2�B + 1
. �76�

Replacing in Eq. �53� L�1� with Lloc
�1� from Eq. �74�, we obtain

the local-field corrected magnetic single-atom potential

Um�rA� =
��0

2�
�

0




d�� 3

2�A�i�� + 1
	2

�tr��A�i�� · L�1��rA,rA,i��� , �77�

where a position-independent term has been discarded, as in
the electric case. To obtain the local-field corrected contribu-
tions Uem and Umm to the two-atom vdW potential, we re-
place K and L with Kloc and Lloc in Eqs. �66� and �68�,
respectively, leading to
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Uem�rA,rB� =
��0

2

2�
�

0




d��2� 3�A�i��
2�A�i�� + 1

	2� 3

2�B�i�� + 1
	2

tr��A�i�� · KT�rB,rA,i�� · �B�i�� · K�rB,rA,i��� �78�

and

Umm�rA,rB� = −
��0

2

2�
�

0




d�� 3

2�A�i�� + 1
	2� 3

2�B�i�� + 1
	2

tr��A�i�� · L�rA,rB,i�� · �B�i�� · L�rB,rA,i��� . �79�

Recall that Ume�rA ,rB� can be obtained from Eq. �78� by
interchanging A and B on the right-hand side of this equa-
tion. Needless to say that Eqs. �72�, �73�, and �77�–�79� re-
duce to Eqs. �50�, �60�, �53�, �66�, and �68�, respectively,
when the atoms are situated in free space so that �A�B�
=�A�B�=1.

V. EXAMPLES

We now apply the theory to some illustrative examples
and compare the results with the familiar results for nonmag-
netic atoms, with special emphasis on whether the total po-
tentials for electromagnetic atoms are invariant under a glo-
bal duality transformation �↔�, c2�↔
 �36�. It will turn
out that atoms situated in free space do respect this symme-
try for the examples studied, while atoms embedded in me-
dia only do when the local-field corrections are taken into
account.

A. Single-atom potential: Half space

First, we consider an isotropic atom A at a distance zA
away from a magnetoelectric half space of permittivity ����
and permeability ���� and choose the coordinate system
such that the z axis is perpendicular to the half space that
occupies the region z�0. Assuming that r and r� refer to
two points in the free-space region z�0, we have �37�

G�1��r,r�,�� =� d2q
ei�w+·r−w−·r��

8�2b

������b − b0

����b + b0
eses +

����b − b0

����b + b0
ep

+ep
−	

�80�

�w�=q� ibez ,q�ez�, where

b =�q2 −
�2

c2 , b0 =�q2 − n2���
�2

c2 �81�

�q= 
q
, n���=���������, Re b, Re b0�0�, and the polariza-
tion vectors es and ep are defined by �eq=q /q�

es = eq � ez, ep
� =

c

�
�qez � ibeq� . �82�

As shown in Ref. �37�, substitution of G�1� from Eq. �80�
into Eq. �50� yields for the electric part Ue of the single-atom
vdW potential

Ue�rA� =
��0

2

8�2�
0




d��2�A�i���
0




dq
q

b
e−2bzA

����i��b − b0

��i��b + b0
−

��i��b − b0

��i��b + b0
�1 + 2q2c2

�2�	 .

�83�

In the nonretarded limit of the atom-surface separation being
small with respect to the characteristic atomic and medium
wavelengths, Eq. �83� simplifies to

Ue�zA� = −
�

16�2�0zA
3�

0




d��A�i��
��i�� − 1

��i�� + 1

+
�0�

16�2zA
�

0




d��2�A�i�����i�� − 1

��i�� + 1
+

��i�� − 1

��i�� + 1

+
2��i���n2�i�� − 1�

���i�� + 1�2 � . �84�

In contrast, in the retarded limit of large atom-surface sepa-
ration one finds that

Ue�zA� = −
3�c�A�0�
64�2�0zA

4 �
1




dv�� 2

v2 −
1

v4�
�

��0�v − �n2�0� − 1 + v2

��0�v + �n2�0� − 1 + v2

−
1

v4

��0�v − �n2�0� − 1 + v2

��0�v + �n2�0� − 1 + v2	 . �85�

To calculate the magnetic part Um of the single-atom vdW
potential, we first combine Eqs. �80� and �54� to

L�1��r,r�,�� = −
�2

c2 � d2q
ei�w+·r−w−·r��

8�2b

������b − b0

����b + b0
eses +

����b − b0

����b + b0
ep

+ep
−	 .

�86�

Comparing Eqs. �53� �together with Eq. �86�� and �50� �to-
gether with Eq. �80��, we see that the magnetic part Um can
be found from the electric part Ue in Eq. �83� by replacing
�A and �, with 
A /c2 and �, respectively, in agreement with
the duality principle �36�. Needless to say that this symmetry
also holds for the retarded and nonretarded limits.
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B. Two-atom potential: Bulk medium

As a second example, we consider two isotropic atoms A
and B embedded in an infinitely extended bulk medium of
permittivity ���� and permeability ����. To illustrate the
relevance of the local-field corrections, let us first consider
the uncorrected two-atom potential. By using the bulk-
material tensors as given in Eqs. �A3� and �A7�, and calcu-
lating

Kbulk
T �rB,rA,�� = − Kbulk�rB,rA,�� =

����eikl

4�l2 �1 − ikl�el � I

�87�

�l=rB−rA, l= 
l
, el= l / l�, which follows from Eq. �67� to-
gether with Eq. �A3�, the potentials �60�, �66�, and �68� take
the form

Uee�rA,rB� = −
�

16�3�0
2l6�

0




d��A�i���B�i��
g�n�i���l/c�

�2�i��
,

�88�

Uem�rA,rB� =
��0

2

16�3l4�
0




d��2�A�i��
B�i��

� �2�i��h�n�i���l/c� , �89�

and

Umm�rA,rB� = −
��0

2

16�3l6�
0




d�
A�i��
B�i��

� �2�i��g�n�i���l/c� , �90�

where

g�x� = e−2x�3 + 6x + 5x2 + 2x3 + x4� , �91�

h�x� = e−2x�1 + 2x + x2� . �92�

We see that due to the factors �−2�i�� and �2�i��, the uncor-
rected quantities Uee and Umm do not transform into one
another under the duality transformation �↔�, c2�↔
.
The same is true for the pair Uem and Ume. As a consequence,
the uncorrected total two-atom potential �69� violates duality
symmetry.

By contrast, the local-field corrected two-atom potential
does obey the duality symmetry. From Eqs. �73�, �78�, and
�79� �together with Eqs. �A3�, �87�, and �A7�� we find that

Uee�rA,rB� = −
�

16�3�0
2l6�

0




d��A�i���B�i��

�
81�2�i��

�2��i�� + 1�4g�n�i���l/c� , �93�

Uem�rA,rB� =
��0

2

16�3l4�
0




d��2�A�i��
B�i��

�
81�2�i���2�i��

�2��i�� + 1�2�2��i�� + 1�2h�n�i���l/c� ,

�94�

and

Umm�rA,rB� = −
��0

2

16�3l6�
0




d�
A�i��
B�i��

�
81�2�i��

�2��i�� + 1�4g�n�i���l/c� . �95�

Inspection of Eqs. �93�–�95� then reveals that the duality
transformation �↔�, c2�↔
 results in

Uee�rA,rB� ↔ Umm�rA,rB� , �96�

Uem�rA,rB� ↔ Ume�rA,rB� , �97�

so the total vdW potential �69� is invariant under the duality
transformation. The result clearly shows that �i� the inclusion
of local-field effects is essential for obtaining duality-
consistent results and that �ii� the real-cavity model is an
appropriate tool for achieving this goal.

It is instructive to inspect the nonretarded and retarded
limits of Eqs. �93�–�95�. In the nonretarded limit where the
atom-atom separation is small in comparison to the charac-
teristic atomic and medium wavelengths, the approximations
g�n�i���l /c��g�0� and h�n�i���l /c��h�0� result in

Uee�rA,rB� =
− 3�

16�3�0
2l6�

0




d��A�i���B�i��
81�2�i��

�2��i�� + 1�4 ,

�98�

Uem�rA,rB� =
��0

2

16�3l4�
0




d��2�A�i��
B�i��

�
81�2�i���2�i��

�2��i�� + 1�2�2��i�� + 1�2 , �99�

Umm�rA,rB� =
− 3��0

2

16�3l6 �
0




d�
A�i��
B�i��
81�2�i��

�2��i�� + 1�4 .

�100�

In the retarded limit, the quantities �, 
, �, and � can be
replaced by their static values, leading to

Uee�rA,rB� = −
23�c�A�0��B�0�

64�3�0
2l7

81�2�0�
n�0��2��0� + 1�4 ,

�101�
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Uem�rA,rB� =
7�c�0�A�0�
B�0�

64�3�0l7

81n�0�
�2��0� + 1�2�2��0� + 1�2 ,

�102�

Umm�rA,rB� = −
23�c�0

2
A�0�
B�0�
64�3l7

81�2�0�
n�0��2��0� + 1�4 .

�103�

Compared with two atoms in free space, one notices that
the medium modifies the magnitudes of the interatomic po-
tentials but does not change their signs. Inspection of Eqs.
�93� and �95� reveals that the medium always leads to a
reduction of Uee and Umm. In the nonretarded limit, Uee is
only influenced by the electric properties of the medium and
Umm only by the magnetic ones �cf. Eqs. �98� and �100��. In
contrast, Uem and Ume are diminished by the medium in the
retarded limit, Eq. �102�, but are enhanced by a factor of up
to 81 /16 in the nonretarded limit �cf. Eq. �99��.

In the retarded limit, the influence of the medium on all
four types of potentials is very similar. The coupling of each
atom to the field is screened by a factor 9��0� / �2��0�+1�2

for polarizable atoms, and a factor 9��0� / �2��0�+1�2 for
magnetizable atoms. In addition, the reduced speed of light
in the medium leads to a further reduction of the potential by
a factor n�0�.

It should be pointed out that the uncorrected potentials
Uem and Umm as given by Eqs. �89� and �90� differ from the
corresponding results given in Ref. �21� by factors of �−4

and �−2, respectively. The discrepancy is due to the different
atom-field couplings employed: While our calculation is

based on a magnetic coupling of the form m · B̂, an m ·Ĥ
coupling is used in Ref. �21�. The potentials derived therein
thus do not follow from a Hamiltonian that is demonstrably
consistent with the Maxwell equations and generates the cor-
rect equations of motion for the charged particles inside the
atoms, whereas both of these requirements have been veri-
fied for the Hamiltonian �27� together with �28�, �29�, and
�36� employed in this work. Furthermore, in spite of the use

of an m ·Ĥ coupling, the contribution due to the noise mag-

netization contained in Ĥ �cf. Refs. �23,24�� was not dis-
cussed. The discrepancy would not have been noticeable if
local-field corrections had been taken into account in Ref.
�21�: When applying local-field corrections to the potentials
stated therein, one recovers our local-field corrected Eqs.
�94� and �95� since the appropriate magnetic local-field cor-
rection factors are 3��i�� / �2��i��+1� in that case, as op-
posed to the factors 3 / �2��i��+1� arising in our calculation.

C. Two-atom potential: Sphere

Finally, let us consider two isotropic atoms A and B in the
presence of a homogeneous sphere of radius R, permittivity
����, and permeability ����. According to the decomposi-
tion of the Green tensor into a free-space part and a scatter-
ing part, each contribution to the two-atom vdW potential
U�rA ,rB�, Eq. �69�, can be decomposed into three parts la-
beled by the superscripts �0�, �1�, and �2�, respectively, de-
noting the contribution from the free-space part of the Green

tensor, the cross term of the free-space part and the scattering
part of the Green tensor, and the scattering part of the Green
tensor,

U�rA,rB� = U�0��rA,rB� + U�1��rA,rB� + U�2��rA,rB� .

�104�

The potential contributions arising from the free-space part
of the Green tensor can be found from Eqs. �93�–�95� by
setting �=�=1. In the body-induced part of the interaction
potential

Ub�rA,rB� = U�1��rA,rB� + U�2��rA,rB� , �105�

which arises from the scattering part of the Green tensor, the
contributions Uee

�1� and Uee
�2� to Ub can be taken from Ref.

�38�, and the contributions Umm
�1� and Umm

�2� to Ub can then be
obtained from Uee

�1� and Uee
�2� by the transformation �→
 /c2,

�↔�, as sketched in Appendix B. We may therefore focus
on the calculation of the body-induced mixed contributions

Uem
�1��rA,rB� =

��0
2

�
�

0




d��2�A�i��
B�i��

� tr�K�0�T�rB,rA,i�� · K�1��rB,rA,i��� ,

�106�

Uem
�2��rA,rB� =

��0
2

2�
�

0




d��2�A�i��
B�i��

� tr�K�1�T�rB,rA,i�� · K�1��rB,rA,i��� .

�107�

For this purpose, we choose the coordinate system such
that its origin coincides with the center of the sphere �Fig. 1�.
The scattering part of the tensor K�rB ,rA ,�� can be given in
the form �Appendix B�

δA

δB

rA rB

θA

θB

R

x

x y

z

z

erA

erB

eθA

eθB

O

A

B
l

r
θ

φ

FIG. 1. Two atoms A and B in the presence of a sphere ��A

+�B=��.
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K�1��rB,rA,�� =
ik0

4�rArB
�
n=1




�2n + 1��rABn
MQnPn����sin �erB

e�A
+

1

n�n + 1�
�rABn

MQn
BFn��� − rBBn

NQn
APn�����e�B

e�A

+ rBBn
NQnPn����sin �e�B

erA
+

1

n�n + 1�
�rBBn

NQn
AFn��� − rABn

MQn
BPn�����e�B

e�A� �108�

�k0=� /c; rA�B�= 
rA�B�
; �=cos �; �=�A+�B, angular separation between the two atoms with respect to the origin of the
coordinate system�, where

Bn
M��� = −

�����y0jn�y0���jn�y� − �yjn�y���jn�y0�
�����y0hn

�1��y0���jn�y� − �yjn�y���hn
�1��y0�

, �109�

Bn
N��� = −

�����y0jn�y0���jn�y� − �yjn�y���jn�y0�
�����y0hn

�1��y0���jn�y� − �yjn�y���hn
�1��y0�

, �110�

Qn = hn
�1��k0rA�hn

�1��k0rB� , �111�

Qn
A = hn

�1��k0rB��zhn
�1��z��z=k0rA

� , �112�

Qn
B = hn

�1��k0rA��zhn
�1��z��z=k0rB

� , �113�

Fn�x� = n�n + 1�Pn�x� − xPn��x� �114�

�Pn�x�, Legendre polynomial; y0=k0R; y=n���y0�. Further, er, e�, and e� are the mutually orthogonal unit vectors pointing in
the directions of radial distance r, polar angle �, and azimuthal angle �, respectively �Fig. 1�. In order to facilitate further
evaluations, it is convenient to represent the free-space part K�0�, which can be obtained from Eq. �87� for �=1 and k=k0, in
the same spherical coordinate system as the scattering part,

K�0��rB,rA,iu� =
1

4�l3eik0l�1 − ik0l��rA sin �erB
e�A

+ lBe�B
e�A

+ rB sin �e�B
erA

+ lAe�B
e�A

� , �115�

where lA�lB� is the component of l in the direction of rA�−rB�,

lA = rB cos � − rA, lB = rA cos � − rB. �116�

Using Eqs. �108� and �115� in Eqs. �106� and �107�, we derive

Uem
�1��rA,rB� = −

��0
2

16�3cl3rArB
�
n=1



�2n + 1�
n�n + 1��0




d��3�A�i��
B�i��e−l�/c�1 +
l�

c
��n�n + 1�sin2 ��rA

2Bn
M�i�� + rB

2Bn
N�i���QnPn����

+ rABn
M�i��Qn

B�lBFn��� − lAPn����� + rBBn
N�i��Qn

A�lAFn��� − lBPn������ , �117�

Uem
�2��rA,rB� =

��0
2

32�3c2rA
2rB

2 �
n,n�=1



�2n� + 1��2n + 1�
n��n� + 1�n�n + 1��0




d��4�A�i��
B�i���n��n� + 1�n�n + 1�Qn�Qn sin2 �

�Pn�
� ���Pn�����rA

2Bn�
M�i��Bn

M�i�� + rB
2Bn�

N �i��Bn
N�i��� + �rB

2Bn�
N �i��Bn

N�i��Qn�
A Qn

A + rA
2Bn�

M�i��Bn
M�i��Qn�

B Qn
B�

��Fn����Fn��� + Pn�
� ���Pn����� − 2rArBBn�

M�i��Bn
N�i��Qn�

B Qn
A�Pn�

� ���Fn��� + Pn����Fn������ . �118�

As before, Ume
�1��rA ,rB� and Ume

�2��rA ,rB� can be obtained from
Eqs. �117� and �118� by interchanging A and B. Inspection
of Eqs. �117� and �118� reveals that this is equivalent to
the interchanging �↔
 /c2 and �↔�, which shows that
the combination Uem�rA ,rB�+Ume�rA ,rB� is invariant under
the duality transformation. Recalling that Uee�rA,rB�

+Umm�rA,rB� also obeys the duality symmetry, the total

potential U�rA ,rB� is duality invariant.

Further analytical evaluation of the body-induced part of

the potential is possible in the limiting cases of large and

small spheres. In the case of a large sphere,
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�A� � rA� − R � R �A� = A,B� , �119�

l � R ⇒ � � 1 �120�

�where the second condition in Eq. �120� follows from the
first one by virtue of 2R sin�� /2�� l, cf. Fig. 1�, we derive
�Appendix C�

Uem
b �rA,rB� =

��0
2

32�3l3l+
4�l+ + �+�2 �2l+�l+ + �+�2

���X2 − �−�+�J10 + �X2 + �−�+�J01�

+ l3�2l+
2 + X2��J20 + J02� + 4l3�X2 − l+�+�J11� ,

�121�

where X=R�, ��=�B��A, l+=�X2+�+
2, and

Jkl = �
0




d��2�A�i��
B�i�����i�� − 1

��i�� + 1
	k���i�� − 1

��i�� + 1
	l

.

�122�

In the case of a small sphere, R�rA� �A�=A ,B�, the main
contribution to the frequency integrals in Eqs. �117� and
�118� comes from the region where ��c /R, so that Uem

b can
be approximated by the term n=1 in Eq. �117� �cf. Ref.
�38��, leading to

Uem
b �rA,rB� =

��0
3c2

64�4l3rA
3rB

3�
0




d��2�A�i��
B�i��e−�rA+rB+l��/c

��1 + l�/c���2rB�1 + rA�/c�sin2 �

+ �lB − lA cos ��a�rA�/c���1 + rB�/c�rB�sp�i��

+ �2rA�1 + rB�/c�sin2 � + �lA − lB cos ��

�a�rB�/c���1 + rA�/c�rA

sp�i��

c2 � , �123�

where

�sp��� = 4��0R3���� − 1

���� + 2
, �124�


sp��� =
4�

�0
R3���� − 1

���� + 2
, �125�

and

a�x� = 1 + x + x2. �126�

It is worth mentioning that the nonadditive interaction po-
tential of three atoms �polarizable atom A, magnetizable
atom B, and a third atom C of polarizability �C��� and mag-
netizability 
C���� in free space may be obtained from Eq.
�123� by replacing �sp���→�C��� and 
sp���→
C���. By
adding Uee

b �rA ,rB� from Ref. �38� and Umm
b �rA ,rB� �cf. Ap-

pendix B�, one can obtain the nonadditive potential of three
atoms, each being simultaneously polarizable and magnetiz-
able.

Let us finally present some numerical results illustrating
the effect of a medium-sized magnetoelectric sphere on the
vdW potential of two two-level atoms with equal transition
frequencies. We again focus on the case where atom A is
polarizable and atom B is magnetizable. The corresponding
results for two polarizable atoms are given in Ref. �16�, from
which, by duality, the analogous results for two magnetizable
atoms can be inferred �see Appendix B�. Figures 2 and 3
show the ratio Uem /Uem

�0� obtained by numerical computation
of Eq. �104� together with Eqs. �94� �for �=�=1�, �92�,
�117�, and �118�, with the permittivity and permeability of
the sphere being approximated by single-resonance Drude-
Lorentz models,

���� = 1 +
�Pe

2

�Te

2 − �2 − i�e�
, �127�

���� = 1 +
�Pm

2

�Tm

2 − �2 − i�m�
. �128�

In Fig. 2, two atoms at equal distances rA=rB from an
electric sphere are considered and the ratio Uem /Uem

�0� is
shown as a function of the angular separation � of the at-
oms, for three different values of the atom-sphere separation.
It is seen that the presence of the sphere can lead to enhance-
ment or reduction of the potential, depending upon �. To be
more specific, Uem /Uem

�0� first increases with �, attains a
maximum, and then decreases with increasing � to eventu-
ally become minimal at �=� when the atoms are positioned
at opposite sides of the sphere. Whereas the position of the
maximum shifts with the atom-sphere separation, the mini-
mum is always observed at �=�. Note that a magnetic in-
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FIG. 2. The vdW potential of a polarizable and a magnetizable
two-level atom �transition frequency �10� in the presence of an
electric sphere of radius R=c /�10 ��Pe

/�10=3, �Te
/�10=1,

�e /�10=0.001� is shown as a function of the angular atom-atom
separation �. The values of rA=rB are 1.03c /�10 �solid line�,
1.3c /�10 �dashed line�, and 2c /�10 �dotted line�.
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stead of an electric sphere would lead to the same behavior
because of duality.

Figure 3 shows the dependence of the ratio Uem /Uem
�0� on

the separation distance l between the two atoms for a con-
figuration where the atoms are on a straight line through the
center of a sphere �i.e., �=0�, with the polarizable atom A
being closer to the sphere than the magnetizable atom B.
Note that in contrast to the previous configuration, in this
case an electric and a magnetic sphere do not lead to equiva-
lent results by means of duality, because the positions of the
electric and magnetic atoms are not equivalent. From Fig.
3�a� it is seen that in the case of an electric sphere the inter-
action potential is reduced compared to its value in free
space; the ratio Uem /Uem

�0� decreases with increasing l and
approaches an asymptotic limit that depends to the distance
between atom A and the sphere. In contrast, from Fig. 3�b� it
is seen that in the case of a magnetic sphere the interaction
potential is enhanced compared to its value in free space, and
a pronounced maximum of the ratio Uem /Uem

�0� is observed.

For large atom-atom distances, Uem /Uem
�0� approaches an

asymptotic limit that is independent of the distance between
atom A and the sphere.

VI. SUMMARY AND CONCLUDING REMARKS

We have extended the framework of macroscopic QED to
paramagnetic atoms by introducing a Pauli term in the atom-
field interaction. We have verified the consistency of our
generalized Hamiltonian by showing that it generates Max-
well’s equations and the correct equations of motion for
charged particles with spin. On the basis of this Hamiltonian,
we have employed leading-order perturbation theory to gen-
eralize the theory of body-assisted one- and two-atom van
der Waals potentials of polarizable atoms to those that are
both polarizable and magnetizable. It is seen that, with re-
spect to each atom, the generalized potential can be consid-
ered as a superposition of contributions associated with the
atomic polarizabilities and magnetizabilities. We have ex-
tended the scope of our theory to atoms that are embedded in
media by implementing local-field corrections via the real-
cavity model. We have found that local-field effects give rise
to correction factors that depend on the permeability of the
host medium for magnetizable atoms rather than the permit-
tivity, as is the case for polarizable atoms.

We have applied the theory to the single-atom potential of
an atom in the presence of a magnetoelectric half space and
to the two-atom potential of atoms embedded in a bulk mag-
netoelectric medium or placed near a magnetoelectric sphere.
The potential of a magnetizable atom in the presence of a
half space has been found to be very similar to the known
respective potential of a polarizable one. We have shown that
a bulk medium does not change the sign of the two-atom
interaction, but can lead to enhancements and reductions,
whereby in the nonretarded limit the potentials of two polar-
izable or two magnetizable atoms is only influenced by the
electric and magnetic medium properties, respectively. For
the two-atom potential in the presence of a sphere, the case
of two magnetizable atoms was demonstrated to be analo-
gous to the known case of two polarizable, so we have fo-
cussed on the sphere-assisted interaction of a polarizable
atom with a magnetizable one. We have obtained analytic
results for a very large sphere �in which case the potential
coincides with that of a half space� and a very small sphere
�where the potential is analogous to the nonadditive three-
atom interaction potential in free space, with the sphere tak-
ing the role of a third atom�. Numerical results have been
obtained for medium-sized spheres, where the sphere gives
rise to enhancements and reductions of the potential, depend-
ing on the geometric arrangement of atoms and sphere: In
particular, when the atoms are placed at equal distances from
the sphere, the potential is enhanced �reduced� for small
�large� separation angles between the atoms, while a linear
arrangement of the atoms and the sphere �with the polariz-
able atom being closer to the sphere� leads to reduction �en-
hancement� for a electric �magnetic� sphere.

For the examples involving atoms in free space, we have
explicitly verified invariance with respect to a global inter-
change of �↔� and c2�↔
, in agreement with the duality
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FIG. 3. The vdW interaction potential of two atoms with param-
eters as in Fig. 2 in the presence of �a� the same electric sphere as
in Fig. 2, and �b� an analogous magnetic sphere as a function of the
atom-atom distance l for �=0 and rB=rA+ l. The values of rA are
1.03c /�10 �solid line�, 1.1c /�10 �dashed line�, 1.3c /�10 �dotted
line�.
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properties investigated in Ref. �36�. The case of two atoms in
a bulk medium has further revealed that this duality invari-
ance only holds when accounting for local-field corrections.
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APPENDIX A: LOCAL-FIELD CORRECTED TENSORS L
AND K

The local-field corrected version of the tensor L defined
by Eq. �54� can be derived in complete analogy to the deri-
vation of Eqs. �70� and �71�, which was given in Refs.
�19,20�. For this purpose we recall that the first term in Eq.
�71�, i.e., the position-independent part of Gloc

�1��rA ,rA ,��,
stems from the scattering Green tensor Gcav

�1� �rA ,rA ,�� with
position rA at the center of a small spherical cavity of radius
Rc which is embedded in an infinitely extended bulk material
of permittivity �A and permeability �A. The respective tensor
Lcav

�1� �rA ,rA ,�� reads �39�

Lcav
�1� �rA,rA,�� = −

i�3

6�c3C���I , �A1�

where

C��� = −
�Ah1

�1��z��z0h1
�1��z0��� − h1

�1��z0��zh1
�1��z���

�Ah1
�1��z��z0j1�z0��� − j1�z0��zh1

�1��z���
�A2�

�z0=�Rc /c, z=nAz0; the primes indicate derivatives with re-
spect to z0 and z�, with j1�x� and h1

�1��x� being the first-kind
spherical Bessel and first-kind spherical Hankel functions.

The local-field correction factors multiplying G in Eqs.
�70� and �71� are determined by comparing the Green tensor
Gcav�r ,rA ,�� �with rA at the center of the cavity and r at an
arbitrary position outside the cavity� with the bulk Green
tensor Gbulk�r ,rA ,�� of an infinite homogeneous medium
without the cavity,

Gbulk�r,rA,�� = −
c2eik�

4��A�2�3 �a�− ik��I − b�− ik��e�e��

�A3�

with

a�x� = 1 + x + x2, b�x� = 3 + 3x + x2 �A4�

�k=nA� /c, �= 
r−rA
, e�= �r−rA� /��. In the present case, the
required tensor Lcav�r ,rA ,�� reads �39�

Lcav�r,rA,�� =
eik�

4�nA
2�3D����a�− ik��I − b�− ik��e�e��

�A5�

where

D��� =
�A�h1

�1��z0��z0j1�z0��� − j1�z0��z0h1
�1��z0����

�Ah1
�1��z��z0j1�z0��� − j1�z0��zh1

�1��z���
,

�A6�

and from Eq. �A3�, Lbulk�r ,rA ,�� can be found to be

Lbulk�r,rA,�� =
�Aeik�

4��3 �a�− ik��I − b�− ik��e�e�� .

�A7�

Comparing Eqs. �A5� and �A7�, we can conclude that, on
using similar arguments as in Refs. �19,20�, the magnetic
local-field correction factor is given by D / ��AnA

2�. Combin-
ing this with Eq. �A1� and following the line of reasoning of
Refs. �19,20�, we expand all the terms within leading order
in �Rc /c to obtain the local-field corrected tensors Lloc and
Lloc

�1� in the form of Eqs. �74� and �75�. Equation �76� follows
in complete analogy.

APPENDIX B: GREEN TENSORS L AND K
FOR A SPHERE

The free-space part L�0� of the magnetic-magnetic tensor
is the special case �=�=1 of the respective bulk Green ten-
sor �A7�; it obviously coincides with −�� /c�2G�0� �which is a
special case of the bulk Green tensor �A3��. According to its
definition �54�, the scattering part of L can be found from
�39�

G�1��r,r�,�� =
ik0

4�
�
n=1



2n + 1

n�n + 1� �
m=0

n

�2 − �0m�
�n − m�!
�n + m�!

� �
p=�1

�Bn
M���Mnm,p�r,k0�Mnm,p�r�,k0�

+ Bn
N���Nnm,p�r,k0�Nnm,p�r�,k0�� , �B1�

where Bn
M and Bn

N are defined by Eqs. �109� and �110�, Mnm,p
and Nnm,p are even �p= +1� and odd �p=−1� spherical wave
vector functions and in spherical coordinates can be ex-
pressed in terms of spherical Hankel functions of the first
kind hn

�1��x� and Legendre functions Pn
m�x� as

Mnm,�1�r,k� = �
m

sin �
hn

�1��kr�Pn
m�cos ��� sin

cos
��m��e�

− hn
�1��kr�

dPn
m�cos ��

d�
�cos

sin
��m��e�, �B2�

Nnm,�1�r,k� =
n�n + 1�

kr
hn

�1��kr�Pn
m�cos ���cos

sin
��m��er

+
1

kr

d�rhn
�1��kr��
dr

�dPn
m�cos ��

d�
�cos

sin
��m��e�

�
m

sin �
Pn

m�cos ��� sin

cos
��m��e�	 . �B3�

They are related to each other via

� � Mnm,�1�r,k� = kNnm,�1�r,k� , �B4�
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� � Nnm,�1�r,k� = kMnm,�1�r,k� . �B5�

Substituting Eq. �B1� into Eq. �54� and making use of the
relations �B4� and �B5� one sees that L�1� and −�� /c�2G�1�

�and consequently L and −�� /c�2G� can be converted into
one another by interchanging Bn

M and Bn
N, or equivalently

interchanging � and �. With this knowledge, a comparison
between Eqs. �60� and �68� reveals that Umm may be obtained
from Uee by replacing � with 
 /c2 and interchanging �↔�.

The scattering part of tensor K may be found by substi-
tuting Eq. �B1� in Eq. �67� and making use of relations �B4�
and �B5�,

K�1��r,r�,�� =
ik0

2

4�
�
n=1



2n + 1

n�n + 1� �
m=0

n

�2 − �0m�
�n − m�!
�n + m�!

� �
p=�1

�Bn
MNnm,p�r,k0�Mnm,p�r�,k0�

+ Bn
NMnm,p�r,k0�Nnm,p�r�,k0�� . �B6�

Assuming, without loss of generality, that the coordinate sys-
tem is chosen such that its origin coincides with the center of
the sphere and the two atoms are located in the xz plane as
shown in Fig. 1,

rA = �rA,�A,0�, rB = �rB,�B,�� , �B7�

the summations over m and p in Eq. �B6� can be performed
in a way similar to Ref. �38�, leading to

�
m=0

n

�
p=�1

�2 − �0m�
�n − m�!
�n + m�!

Nnm,p�rB,k0�Mnm,p�rA,k0�

=
1

k0rB
�n�n + 1�Qn sin �Pn����erB

e�A
+ Qn

BFn���e�B
e�A

− Qn
BPn����e�B

e�A
� , �B8�

�
m=0

n

�
p=�1

�2 − �0m�
�n − m�!
�n + m�!

Mnm,p�rB,k0�Nnm,p�rA,k0�

=
1

k0rA
�− Qn

APn����e�B
e�A

+ n�n + 1�Qn sin �

�Pn����e�B
erA

+ Qn
AFn���e�B

e�A
� . �B9�

Combining Eqs. �B6�, �B8�, and �B9� we arrive at Eq. �108�
for the Green tensor.

APPENDIX C: LIMITING CASE OF A LARGE SPHERE

In the limiting case of a large sphere where the conditions
�119� and �120� are met, the leading contributions to Eqs.
�117� and �118� come from terms with n�1 �see Ref. �32��,
for which the spherical Bessel and Hankel functions can be
approximated by

jn�z� =
z2

�2n + 1�!!�1 −
z2

4n + 6
� �C1�

and

hn
�1��z� = − i

�2n − 1�!!
zn+1 �1 +

z2

4n − 2
� . �C2�

Hence, Eqs. �109� and �110� are approximated by

Bn
M��� =

2in�R�/c�2n+1

��2n + 1�!!�2

���� − 1

���� + 1
�C3�

and

Bn
N��� =

2in�R�/c�2n+1

��2n + 1�!!�2

���� − 1

���� + 1
, �C4�

and Eqs. �111�–�113� approximately reduce to

Qn = − � c

�
�2n+2 ��2n − 1�!!�2

�rArB�n+1 , �C5�

Qn
A = Qn

B = − nQn. �C6�

In order to illustrate the application of the approximation
scheme to the tensor K�1� given by Eq. �108� let us consider,
for example, the component Kr�

�1�. Making use of Eqs. �C3�
and �C5� we find that

Kr�
�1��rB,rA,�� =

X

4�R3

���� − 1

���� + 1

t2

�1 − 2tg + t2�3/2 �C7�

�t=R2 / �rArB�� where the identity

�
n=1




tnPn��� =
1

�1 − 2tg + t2
− 1 �C8�

has been used. Recalling condition �119�, we have

tk = 1 − k
�A + �B

R
+

k�k + 1�
2

�A
2 + �B

2

R2 + k2�A�B

R2 �C9�

implying that

1 − 2t� + t2 � �2 +
��A + �B�2

R2 =
l+
2

R2 . �C10�

Using Eq. �C10� in �C7� we end up with

Kr�
�1��rB,rA,�� =

X

4�l+
3

���� − 1

���� + 1
. �C11�

The other components of K�1� can be evaluated in a similar
way. Substituting the resulting expressions for K�1� into Eqs.
�106� and �107�, and summing them in accordance with Eq.
�105� leads to Eq. �121�.
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We derive Casimir-Polder and van der Waals potentials of one or two atoms with diamagnetic properties
in an arbitrary environment of magnetoelectric bodies. The calculations are based on macroscopic quantum
electrodynamics and leading-order perturbation theory. For the examples of an atom and a perfect mirror and
two atoms in free space, we show that diamagnetic dispersion potentials have the same sign as their electric
counterparts but can exhibit quite different distance dependences.

DOI: 10.1103/PhysRevA.87.012507 PACS number(s): 31.30.jh, 34.20.−b, 12.20.−m, 42.50.Nn

I. INTRODUCTION

The issue of electrodynamics in magnetodielectrics is a
long-standing one [1]. It ranges from the form and propagation
of Maxwell fields in such media to their absorption and
emission characteristics, as well as to the numerous other
optical properties that they exhibit. One curious aspect,
recently confirmed by fabrication of periodic arrays of thin
metallic wires [2–4], is the existence of left-handed materials,
so called because the electric, magnetic, and direction of
propagation vectors form a left-handed triad, resulting in
a metamaterial with a negative refractive index. Another
interesting aspect is the nature of interparticle interactions
in media with electrical permittivity, magnetic permeability,
or both. This has its origins in the work of Casimir [5],
subsequently spawning a wide variety of related phenomena
categorized under Casimir-like effects [6–9] and including the
Casimir-Polder (CP) dispersion potential [10].

The understanding and computation of van der Waals
forces (vdW) for chemical, physical, and biological systems
is of fundamental importance and widespread interest as they
manifest in vacuum, gaseous, or condensed phases. These vary
from semiclassical treatments yielding the London dispersion
formula to quantum field theoretic approaches where radiative
effects are properly accounted for and result in Casimir energy
shifts. Perhaps the best-known example of a fundamental
theory that automatically includes retardation is quantum
electrodynamics (QED). Two often-used versions include
macroscopic [11–14] and microscopic [15,16] QED, their
prefixes aptly describing their general range of applicability.
In the former variant, the body-assisted electromagnetic field
is evaluated by quantizing the radiation field and the disper-
sive and absorptive medium. This enables the body-induced
atomic energy shift to be computed, which is interpreted as
the potential of the force. From this, pair and many-body
interaction energies can also be calculated. This has been

successfully carried out for both electrically polarizable [17]
and paramagnetically susceptible [18] systems. Effects of an
intermediate medium can also be accounted for [18–20].

Microscopic Coulomb gauge QED constructed via quanti-
zation of the free electromagnetic field has also been used suc-
cessfully to evaluate atom-field and atom-atom interactions in a
vacuum. In the latter situation this has included recalculation of
the CP potential and its extension to higher multipole moment
contributions, such as magnetic dipole, electric quadrupole,
and diamagnetic couplings [21–27]. Unexpected results ensue
such as the discriminatory nature of the interaction between
two chiral (optically active) molecules, the repulsive form of
the ground-state dispersion energy shift between an electrically
polarizable atom and a paramagnetically susceptible one, and
that in the near-zone, the electric-diamagnetic contribution to
this potential is larger than the corresponding limit arising
from the electric-paramagnetic term [23].

In this paper a systematic study is performed on the CP
potentials of a diamagnetic atom and its vdW potentials
with another and with an atom that is either electrically
or paramagnetically polarizable in a medium comprised of
magnetodielectric bodies using macroscopic QED theory.
Interest in contributions arising from diamagnetic coupling has
been due to their importance when computing highly accurate
potentials for alkali metal atom dimers [28], where it has
been found that the electric-diamagnetic and paramagnetic-
diamagnetic terms can be larger than the electric-paramagnetic
and paramagnetic-paramagnetic energy shifts. The article is
organized as follows. Section II briefly describes the quantized
body-assisted Maxwell field operators in the medium, their
expression in terms of the Green’s-function solution of the
Helmholtz equation, and the writing of the total-system
Hamiltonian. Electric and total magnetic contributions to the
single-atom CP shift and for an atom placed in front of a
perfectly reflecting mirror are obtained in Sec. III. Presented
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in Sec. IV are diagrammatic perturbation theory results for
the dispersion pair potential when at least one of the atoms
is diamagnetic. Corresponding free-field interaction energies
are also given, and these are briefly compared with results
obtained via microscopic QED. In all of the cases examined,
the asymptotic limits of the energy shift in the near and far
zones, corresponding to nonretarded and retarded regimes,
are found and compared with previously obtained limiting
forms for electric, paramagnetic, and electric-paramagnetic
interactions. A short summary is given in Sec. V.

II. QUANTIZATION SCHEME

Consider one or two atoms (or molecules) with internal
Hamiltonians (ξ = A,B)

Ĥξ =
∑

n

En
ξ |nξ 〉〈nξ | (1)

which are placed at positions rξ within an arbitrary ar-
rangement of linearly, locally, and isotropically responding
magnetoelectric bodies, described by a Kramers-Kronig con-
sistent permittivity ε(r,ω) and permeability μ(r,ω). Upon

introducing bosonic variables f̂
†
λ(r,ω) and f̂ λ(r,ω), which

are creation and annihilation operators for the elementary
electric (λ = e) and magnetic (λ = m) excitations of the
system of bodies and electromagnetic field and obey the
bosonic commutation relations

[ f̂ λ(r,ω), f̂
†
λ′(r ′,ω′)] = δ(r − r ′)δλλ′δ(ω − ω′) (2)

and

[ f̂ λ(r,ω), f̂ λ′(r ′,ω′)] = [ f̂
†
λ(r,ω), f̂

†
λ′(r ′,ω′)] = 0, (3)

the body-field Hamiltonian takes the form [12]

ĤF =
∑

λ=e,m

∫
d3r

∫ ∞

0
dω h̄ω f̂

†
λ(r,ω) · f̂ λ(r,ω). (4)

The ground state of ĤF can obviously be defined by

f̂ λ(r,ω)|{0}〉 = 0 ∀λ,r,ω. (5)

Within the multipolar coupling scheme, the interaction of each
atom with the body-assisted electromagnetic field is given
by [29]

ĤξF = Ĥ e
ξF + Ĥ

p

ξF + Ĥ d
ξF . (6)

Here the three terms are the electric, paramagnetic and
diamagnetic interactions,

Ĥ e
ξF = −μ̂ξ · Ê(rξ ), (7)

Ĥ
p

ξF = −m̂ξ · B̂(rξ ), (8)

Ĥ d
ξF =

∑
α∈ξ

q2
α

8mα

[ ˆ̄rα × B̂(rξ )]2, (9)

with μ̂ξ and m̂ξ being the respective atomic electric and
magnetic dipole operators and qα , mα , and ˆ̄rα denoting the
charges, masses, and positions relative to the center of mass
of the particles contained in the atoms. Note that electric
quadrupole and even octupole contributions can easily be

included in the formalism; they have recently been shown to
affect the CP potential of Rydberg atoms close to surfaces [30].

Introducing the atomic diamagnetizability operator as

β̂
d

ξ = −
∑
α∈ξ

q2
α

4mα

(
ˆ̄r2
αI − ˆ̄rα ˆ̄rα

)
(10)

and using the identity [a × b]2 = b · (a2I − aa) · b, the dia-
magnetic interaction Hamiltonian may be cast in the form

Ĥ d
ξF = − 1

2 B̂(rξ ) · β̂
d

ξ · B̂(rξ ). (11)

The ground-state diamagnetizability of an atom is given by the
expectation value

βd
ξ ≡ 〈

β̂
d

ξ

〉 = −
∑
α∈ξ

q2
α

4mα

〈0ξ | ˆ̄r2
αI − ˆ̄rα ˆ̄rα|0ξ 〉

= −
∑
α∈ξ

q2
α

6mα

〈
ˆ̄r2
α

〉
I ≡ βd

ξ I, (12)

where the last line holds for isotropic atoms.
The total Hamiltonian of the atom(s) interacting with the

electromagnetic field in the presence of the bodies takes the
form

Ĥ =
∑

ξ=A,B

Ĥξ + ĤF +
∑

ξ=A,B

ĤξF . (13)

The electric and magnetic field operators can be expanded in

terms of the bosonic operators f̂
†
λ(r,ω) and f̂ λ(r,ω) as

Ê(r) =
∑

λ=e,m

∫
d3r ′

∫ ∞

0
dω Gλ(r,r ′,ω) · f̂ λ(r ′,ω) + H.c. ,

(14)

B̂(r) =
∑

λ=e,m

∫
d3r ′

∫ ∞

0

dω

iω
∇ × Gλ(r,r ′,ω) · f̂ λ(r ′,ω)

+ H.c. (15)

The expansion coefficients Gλ are related to the classical Green
tensor G by

Ge(r,r ′,ω) = i
ω2

c2

√
h̄

πε0
Imε(r ′,ω) G(r,r ′,ω), (16)

Gm(r,r ′,ω) = i
ω

c

√
h̄

πε0

Imμ(r ′,ω)

|μ(r ′,ω)|2 [∇′ × G(r ′,r,ω)]T;

(17)

and the Green tensor is the unique solution to the Helmholtz
equation[

∇ × 1

μ(r,ω)
∇ × − ω2

c2
ε(r,ω)

]
G(r,r ′,ω) = δ(r − r ′)

(18)

together with the boundary condition

G(r,r ′,ω) → 0 for |r − r ′| → ∞. (19)

Just like the permittivity and permeability, the Green tensor is
an analytic function in the upper half of the complex frequency

012507-2
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plane and fulfils the Schwarz reflection principle:

G(r,r ′, − ω∗) = G∗(r,r ′,ω). (20)

In addition, it obeys the Onsager-Lorentz reciprocity,

G(r ′,r,ω) = GT(r,r ′,ω), (21)

and the useful integral relation∑
λ=e,m

∫
d3s Gλ(r,s,ω) · G∗T

λ (r ′,s,ω) = h̄μ0

π
ω2ImG(r,r ′,ω)

(22)

holds.

III. CASIMIR-POLDER POTENTIAL OF A SINGLE ATOM

In this section, we calculate the CP force on a single atom
in the presence of magnetoelectric bodies, discarding the label
A wherever possible. According to Casimir and Polder, the
force can be derived from the associated CP potential U (rA)

F = −∇U (rA), (23)

which in turn can be identified as the position-dependent part
of the energy shift 
E due to the atom-field coupling

U (rA) = 
E(rA). (24)

A. Perturbation theory

We assume the atom-field system to be prepared in the
uncoupled ground state |0A〉|{0}〉 and calculate the energy
shift due to the atom-field coupling within leading-order
perturbation theory. Let us first study a purely diamagnetic
atom, whose CP potential is due to the first-order energy
shift associated with the diamagnetic part of the atom-field
interaction (11),


E = 〈{0}|〈0A| − 1
2 B̂(rA) · β̂

d · B̂(rA)|0A〉|{0}〉. (25)

Normally, CP energy shifts only arise in second-order per-
turbation theory. However, due to the diamagnetic interaction
Hamiltonian being quadratic in the magnetic induction field
already, the first perturbation order contributes. It can be easily
evaluated by using the magnetic-field expression, (15), the
bosonic commutation relations, (2) and (3), and the integral
relation, (22), resulting in


E = h̄μ0

2π

∫ ∞

0
dω tr[βd · ImGmm(rA,rA,ω)] (26)

with

Gmm(r,r ′,ω) = ∇ × G(r,r ′,ω) × ←−∇ ′
. (27)

For an atom in a free-space region, the CP potential can be
extracted from this energy shift by separating the Green tensor
into its bulk and scattering parts,

G(r,r ′,ω) = G(0)(r,r ′,ω) + G(1)(r,r ′,ω), (28)

and discarding the constant energy shift associated with the
translationally invariant bulk part by making the replacement
G �→ G(1). The result can be simplified by converting the

integral over real frequencies to another along the imaginary
axis in the complex frequency plane. To this end, we first write∫ ∞

0
dω ImG(r,r ′,ω) = Im

∫ ∞

0
dω G(r,r ′,ω). (29)

The integral on the right-hand side can be replaced by an
integral along the positive imaginary axis (ω �→ iξ ) plus a
vanishing integral along infinite quarter-circles via Cauchy’s
theorem. Using the fact that G(iξ ) is real-valued for a real ξ ,
as can be inferred from Schwarz reflection principle, (20), one
finds

Ud (rA) = h̄μ0

2π

∫ ∞

0
dξ tr

[
βd · G(1)

mm(rA,rA,iξ )
]

= h̄μ0

2π

∫ ∞

0
dξ βd trG(1)

mm(rA,rA,iξ ). (30)

The last line in Eq. (30) holds for isotropic atoms. For an
atom with an additional nontrivial electric and paramagnetic
response, the respective electric and paramagnetic interactions
in the coupling Hamiltonian, (6), also need to be taken into
account. As shown previously, they give rise to second-order
energy shifts such that the electric and paramagnetic CP
potentials are given by [18]

Ue(rA) = h̄

2πε0

∫ ∞

0
dξ tr

[
α(iξ ) · G(1)

ee (rA,rA,iξ )
]

= h̄

2πε0

∫ ∞

0
dξ α(iξ )trG(1)

ee (rA,rA,iξ ), (31)

Up(rA) = h̄μ0

2π

∫ ∞

0
dξ tr

[
βp(iξ ) · G(1)

mm(rA,rA,iξ )
]

= h̄μ0

2π

∫ ∞

0
dξ βp(iξ )trG(1)

mm(rA,rA,iξ ) (32)

with

Gee(r,r,ω) = −ω2

c2
G(r,r,ω) (33)

and

α(ω) = lim
ε→0

2

h̄

∑
k

ωk
Aμ0k

A μk0
A(

ωk
A

)2 − ω2 − iωε

= lim
ε→0

2

3h̄

∑
k

ωk
A

∣∣μ0k
A

∣∣2(
ωk

A

)2 − ω2 − iωε
I = α(ω)I, (34)

βp(ω) = lim
ε→0

2

h̄

∑
k

ωk
Am0k

A mk0
A(

ωk
A

)2 − ω2 − iωε

= lim
ε→0

2

3h̄

∑
k

ωk
A

∣∣m0k
A

∣∣2(
ωk

A

)2 − ω2 − iωε
I = βp(ω)I (35)

[ωk
A = (Ek

A − E0
A)/h̄, μ0k

A = 〈0|μ̂A|k〉, m0k
A = 〈0|m̂A|k〉] de-

noting the polarizability and paramagnetizability of the atom,
respectively. Introducing the total magnetizability

β(ω) = βp(ω) + βd = [βp(ω) + βd ]I = β(ω)I, (36)
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the magnetic part of the CP potential reads

Um(rA) = Up(rA) + Ud (rA)

= h̄μ0

2π

∫ ∞

0
dξ tr

[
β(iξ ) · G(1)

mm(rA,rA,iξ )
]

= h̄μ0

2π

∫ ∞

0
dξ β(iξ )tr

[
G(1)

mm(rA,rA,iξ )
]

(37)

and the total CP potential is given by

U (rA) = Ue(rA) + Um(rA). (38)

We have thus generalized previous results for the CP
potential of an atom with electric and paramagnetic properties
to one that also exhibits nontrivial diamagnetic properties.
It is found that despite the different interaction terms and
perturbative orders (first order instead of second order), the
extension to a diamagnetic atom can be obtained formally by
including the diamagnetic contribution in the magnetizability,
βp(ω) �→ β(ω) = βp(ω) + βd . In particular, the local-field
corrected potentials for atoms embedded in a medium as
derived in Ref. [18] remain valid with this replacement.

By introducing αe(ω) = α(ω), αm(ω) = β(ω)/c2, the
electric and magnetic parts of the CP potential can be given in
the compact notation

Uλ(rA) = h̄

2πε0

∫ ∞

0
dξ tr

[
αλ(iξ ) · G(1)

λλ(rA,rA,iξ )
]

= h̄

2πε0

∫ ∞

0
dξ αλ(iξ )trG(1)

λλ (rA,rA,iξ ) (39)

(λ = e,m).
There are two important differences between the dia-

magnetic and the paramagnetic magnetizabilities which will
have an impact on the associated potentials. First, the dia-
magnetizability has an opposite sign with respect to the
paramagnetizability, which is a consequence of the Lenz rule.
Second, in contrast to the paramagnetizability, which obeys
the usual Kramers-Kronig relations, the diamagnetizability is
independent of frequency.

B. Application: Atom in front of a perfectly reflecting mirror

Let us consider an isotropic atom at distance zA from
a perfectly reflecting planar mirror. The magnetoelectric
properties of the mirror are characterized by ε = ∞ (μ = ∞)
for a perfectly conducting (infinitely permeable) plate. The

Green tensor reads [31]

G(1)(r,r ′,iξ ) = ± 1

8π2

∫
d2q

b
ei(q+·r−q−·r ′)(e+

p e−
p − eses)

(40)

(q± = q ± ibez, q⊥ez, q = |q|, b =
√

q2 + ξ 2/c2), with the
upper (lower) sign corresponding to a perfectly conducting
(infinitely permeable) plate and the polarization vectors es and
ep being defined by (eq = q/q)

es = eq × ez, e±
p = c

ξ
(−iqez ∓ beq). (41)

Evaluating the double curl of the Green tensor, we find that
G(1)

mm(r,r ′,iξ ) is equal to −ξ 2c−2G(1)(r,r ′,iξ ). Substituting
this into Eq. (30) and carrying out the q integral, one
finds

Ud (zA) = ± h̄μ0β
d

16π2z3
A

∫ ∞

0
dξ e−2zAξ/c

×
(

1 + 2
zAξ

c
+ 2

z2
Aξ 2

c2

)
. (42)

After performing the ξ integral, we find an attractive (repul-
sive) CP potential,

Ud (zA) = ±3h̄μ0cβ
d

32πz4
A

= ∓ 3h̄μ0c

32πz4
A

∑
α∈A

q2
α

6mα

〈
ˆ̄r2
α

〉
, (43)

of a diamagnetic atom in front of a perfectly conducting
(permeable) plate. It is given by a universal 1/z4

A power law.
In Table I, we compare this result with the known

findings for electric and paramagnetic atoms. We recall that
electric and paramagnetic atoms interact with conducting and
permeable plates according to an “equals attract, opposites
repel” rule: An electric plate attracts electric atoms while
repelling (para)magnetic atoms, with corresponding results
for a (para)magnetic plate. In contrast to this, diamagnetic
potentials carry a sign that is opposite to that of their
paramagnetic counterparts. This is due to the Lenz rule as
encoded in the minus sign in the diamagnetic magnetizability,
(12). The diamagnetic CP potential thus has the same sign as
the corresponding electric potential.

Another difference is the fact that the wavelengths of
electric and paramagnetic dipole transitions divide the CP
potential into two asymptotic regimes: the nonretarded regime
of distances smaller than these wavelengths and the opposite,
retarded regime. The CP potential follows two distinct 1/z3

A

TABLE I. Signs and asymptotic power laws of the ground-state CP potential of an electric, paramagnetic, or diamagnetic atom with a
perfectly reflecting plate.

Plate

Perfectly conducting Infinitely permeable

Atom Retarded limit Nonretarded limit Retarded limit Nonretarded limit

Electric − 1
z4
A

− 1
z3
A

+ 1
z4
A

+ 1
z3
A

Paramagnetic + 1
z4
A

+ 1
z3
A

− 1
z4
A

− 1
z3
A

Diamagnetic − 1
z4
A

+ 1
z4
A

012507-4
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and 1/z4
A power laws in these regimes, respectively. On the

other hand, the frequency-independent diamagnetic magneti-
zability lacks an intrinsic length scale. As a result, the CP
interaction with a perfectly reflecting plate follows a retarded
1/z4

A power law at all distances.

IV. TWO-ATOM VAN DER WAALS INTERACTION

Similarly to the single-atom case, the body-assisted vdW
force between two atoms can be derived from the two-atom
vdW potential U (rA,rB), which is that part of the energy shift
depending on the positions of both atoms,

U (rA,rB) = 
E(rA,rB). (44)

A. Perturbation theory

Again, we assume the atom-field system to be in its
uncoupled ground state |0A〉|0B〉|{0}〉, but now we have to
calculate the leading-order two-atom energy shift. We begin
with two purely diamagnetic atoms, in which case the vdW
potential follows from the second-order energy shift


2E =
∑
φ �=0

〈0|Ĥ d
AF + Ĥ d

BF |φ〉〈φ|Ĥ d
AF + Ĥ d

BF |0〉
E0 − Eφ

. (45)

Note that the first-order energy shift just leads to the sum of
two diamagnetic CP potentials as discussed in Sec. III A. Due
to the diamagnetic interaction Hamiltonian’s being quadratic
in the fields, the vdW shift already appears in second-order
perturbation theory rather than in fourth order as for electric
and paramagnetic dipole transitions.

The numerator of the term in Eq. (45), when read from
right to left, represents processes in which the system starts
from its ground state, goes to a state |φ〉 due to a first atom-
field interaction, and, finally, returns to its ground state in the
course of a second interaction. As the interaction Hamiltonian
is quadratic in the magnetic field, the intermediate state |φ〉
must involve the field in its ground state or exhibit two field
excitations (photons). Only the latter case leads to a genuine
two-atom interaction,

|φ〉 = |0A〉|0B〉|1λi(r,ω),1λ′i ′(r ′,ω′)〉, (46)

with the two-photon state being defined by

|1λi(r,ω),1λ′i ′(r ′,ω′)〉 = 1√
2
f̂

†
λ′i ′(r ′,ω′)f̂ †

λi(r,ω)|{0}〉. (47)

The photons must have been emitted by one of the atoms and
then absorbed by the other. This is schematically illustrated in
Fig. 1, where the solid lines and the dashed lines represent the
atoms and the photons, respectively (where time progresses in
the upwards direction). Note that the formal sum in Eq. (45)
involves sums over λ, λ′, i, and i ′ as well as integrals over r ,
r ′, ω, and ω′. We begin with the contribution 
2E(i) to the
energy shift corresponding to Fig. 1(i), where atom A emits
two photons and atom B absorbs them, i.e., where the second
matrix element in the perturbative energy shift, (45), is due to
the diamagnetic interaction of atom A and the first one is due
to that of atom B. The required two-photon emission matrix

A BA B

|0

|0

|0A 0B 1, 1′

11

1′
1′

(i) (ii)

FIG. 1. Contributions to the vdW interaction of two diamagnetic
atoms.

element for atom A takes the form

〈φ|Ĥ d
AF |0〉 = −βd

Ajk

2
√

2
〈{0}|f̂λ′i ′(r ′,ω′)f̂λi(r,ω)B̂j (rA)

× B̂k(rA)|{0}〉, (48)

where Eqs. (11), (46), and (47) have been used. The two-
photon absorption matrix element 〈0|Ĥ d

BF |φ〉 can be obtained
by taking the complex conjugate of the above and replacing the
labels A with B. After substituting Eq. (15) for the magnetic
field and making use of the commutation relations, (2) and (3),
the respective term in Eq. (45) reads

〈0|Ĥ d
BF |φ〉〈φ|Ĥ d

AF |0〉
E0 − Eφ

= − 1

2ω2ω′2h̄(ω + ω′)

× tr
{
βd

A · [∇A × G∗
λ(rA,r,ω) · GT

λ(rB,r,ω) × ∇B

]
· βd

B · [∇B × Gλ′(rB,r ′,ω′) · G∗T
λ′ (rA,r ′,ω′) × ∇A

]}
.

(49)

At this stage, performing the integrals over r and r ′ included
in Eq. (45) by means of the integral relation (22) results in


2E(i) = −h̄μ2
0

2π2

∫ ∞

0
dω

∫ ∞

0
dω′ 1

ω + ω′

× tr
[
βd

A · Im Gmm(rA,rB,ω)

·βd
B · Im Gmm(rB,rA,ω′)

]
(50)

[recall Eq. (27)]. It can easily be seen that contribution (ii) as
depicted in Fig. 1(ii) is exactly the same. We hence find

Udd (rA,rB) = −h̄μ2
0

π2

∫ ∞

0
dω

∫ ∞

0
dω′ 1

ω + ω′

× tr
[
βd

A · Im Gmm(rA,rB,ω)

·βd
B · Im Gmm(rB,rA,ω′)

]
. (51)

As for the single-atom potential, the result can be simplified
via contour-integral techniques. We first write∫ ∞

0

dω′

ω + ω′ ImGmm(ω′) = Im
∫ ∞

0

dω′

ω + ω′ Gmm(ω′) (52)
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and use the fact that the Green tensor is analytic in the upper
half of the complex frequency plane including the real axis.
Hence, we may replace the integral with an integral along
the positive imaginary frequency axis and use the Schwarz
reflection principle, (20), to obtain∫ ∞

0

dω′

ω + ω′ ImGmm(ω′) =
∫ ∞

0
dξ

ω

ω2 + ξ 2
Gmm(iξ ). (53)

Substituting this result into Eq. (51), we next evaluate the
integral over ω,∫ ∞

0
dω

ωImGmm(ω)

ω2 + ξ 2
= Im

∫ ∞

0
dω

ωGmm(ω)

ω2 + ξ 2
. (54)

The integrand on the right-hand side has a simple pole at
ω= iξ in the upper half of the complex frequency plane.
Again using Cauchy’s theorem, we transform this integral
into a principal value integral along the positive imaginary
axis, an integral along an infinitesimal half-circle around the
pole, and a (vanishing) integral along an infinite quarter-circle.
The first integral is real, while the second integral results in
(iπ/2)Gmm(iξ ), so that∫ ∞

0
dω

ωImGmm(ω)

ω2 + ξ 2

= Im

[
P

∫ ∞

0
dv

vGmm(iv)

v2 − ξ 2
+ i

π

2
Gmm(iξ )

]

= π

2
Gmm(iξ ) (55)

(P : principal value). After substituting this result together
with Eq. (53) into Eq. (51), we find the CP potential of two
diamagnetic atoms,

Udd (rA,rB) = −h̄μ2
0

2π

∫ ∞

0
dξ tr

[
βd

A · Gmm(rA,rB,iξ )

·βd
B · Gmm(rB,rA,iξ )

]
= −h̄μ2

0

2π

∫ ∞

0
dξ βd

Aβd
B

× tr[Gmm(rA,rB,iξ ) · Gmm(rB,rA,iξ )], (56)

where the second equality holds for isotropic atoms.
Let us consider next the interaction of a diamagnetic atom

A with an electric atom B. It can be seen easily that the leading
two-atom energy shift is of third order in this case,


3E =
∑

φ,ψ �=0

〈0|Ĥint|ψ〉〈ψ |Ĥint|φ〉〈φ|Ĥint|0〉
(Eψ − E0)(Eφ − E0)

(57)

with

Ĥint = Ĥ d
AF + Ĥ e

BF = − 1
2 B̂(rA) · β̂

d

A · B̂(rA) − μ̂B · Ê(rB).

(58)

The relevant intermediate states |φ〉 and |ψ〉 can easily be
determined with the help of the diagrams in Fig. 2. Let us
begin with Fig. 2(i), which corresponds to the the case where
atom A emits two photons and atom B absorbs them one after

AA BA B B

|φ

|ψ

1
11

1′
1′1′

(i) (ii) (iii)

FIG. 2. Contributions to the vdW interaction of a diamagnetic
atom A with an electric atom B.

another, so the relevant intermediate states are

|φ〉 = |0A〉|0B〉|1λi(r,ω),1λ′i ′(r ′,ω′)〉, (59)

|ψ〉 = |0A〉|nB〉|1λ′′i ′′ (r ′′,ω′′)〉. (60)

In the two-photon emission matrix element, Ĥint has to be
replaced with Ĥ d

AF . This leads, as outlined following Eq. (48),
to

〈φ|Ĥ d
AF |0〉 = − 1√

2ωω′ G
∗T
λ (rA,r,ω) × ←−∇ A · βd

A · ∇A

× G∗
λ′(rA,r ′,ω′), (61)

while in the other two matrix elements, Ĥint has to be replaced
with Ĥ e

BF . This yields

〈ψ | − μ̂B · Ê(rB)|φ〉

= −1√
2

{[
μn0

B · Gλ(rB,r,ω)
]
i
δλ′λ′′δi ′i ′′δ(r ′ − r ′′)δ(ω′ − ω′′)

+ [
μn0

B · Gλ′(rB,r ′,ω′)
]
i ′δλλ′′δii ′′δ(r − r ′′)δ(ω − ω′′)

}
,

(62)

〈0| − μ̂B · Ê(rB)|ψ〉 = −[
μ0n

B · Gλ′′ (rB,r ′′,ω′′)
]
i ′′ , (63)

where expression (14) for the electric field and commutation
relations (2) and (3) have been used. Substituting these matrix
elements into Eq. (57) and performing the integrals over r , r ′,
and r ′′ using the integral relation, (22), we find the contribution
of Fig. 2(i) to the energy shift to be


3E(i)

= μ2
0

π2

∫ ∞

0
dω

∫ ∞

0
dω′ ωω′

(ω + ω′)
(
ωn

B + ω
)

× [
d0n

B · ImKT(rA,rB,ω) · βd
A · Im K(rA,rB,ω′) · dn0

B

]
,

(64)

where

K(r,r ′,ω) = ∇ × G(r,r ′,ω). (65)
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The contribution to the energy shift from Figs. 2(ii) and 2(iii)
result in terms similar to Eq. (64) except that the energy
denominator (ω + ω′)(ωn

B +ω) has to be replaced with (−ωn
B−ω′)(ωn

B + ω) for Fig. 2(ii) and with (ω + ω′)(ωn
B +ω′) for

Fig. 2(iii). Summing all contributions, we find


3E = 2μ2
0

π2

∫ ∞

0
dω

∫ ∞

0

dω′ ωn
Bωω′(

ωn
B + ω

)
(ω + ω′)

(
ωn

B + ω′)
×[

d0n
B · Im KT(rA,rB,ω) · βd

A · Im K(rA,rB,ω′) · dn0
B

]
.

(66)

By transforming the ω′ integral by means of contour integral
to run along the positive imaginary axis,∫ ∞

0
dω′ ω′Im K(ω′)

(ω + ω′)
(
ωn

B + ω′)
=

∫ ∞

0
dξ

ξ 2
(
ωn

B + ω
)
K(iξ )

(ω2 + ξ 2)
[(

ωn
B

)2 + ξ 2
] , (67)

and then performing the ω integral in the way explained before
Eq. (55), one obtains

Ude(rA,rB) = h̄μ2
0

2π

∫ ∞

0
dξ ξ 2tr

[
βd

A · K(rA,rB,iξ )

·αB(iξ ) · KT(rA,rB,iξ )
]

= h̄μ2
0

2π

∫ ∞

0
dξ ξ 2βd

A αB(iξ )

× tr[K(rA,rB,iξ ) · KT(rA,rB,iξ )], (68)

where definition (34) has been used and the second equality
holds for isotropic atoms. Our result, (68), for the vdW
potential of a diamagnetic atom A with an electric atom B

may be written in the form (βd
A ≡ c2αd

A)

Ude(rA,rB) = − h̄

2πε2
0

∫ ∞

0
dξ tr

[
αd

A · Gme(rA,rB,iξ )

· αe
B(iξ ) · Gem(rB,rA,iξ )

]
= − h̄

2πε2
0

∫ ∞

0
dξ αd

A αe
B(iξ )

×tr[Gme(rA,rB,iξ ) · Gem(rB,rA,iξ )], (69)

where

Gme(r,r ′,ω) = iω

c
K(r,r ′,ω) = iω

c
∇ × G(r,r ′,ω), (70)

Gem(r,r ′,ω) = −iω

c
KT(r ′,r,ω) = iω

c
G(r,r ′,ω) × ←−∇ ′

.

(71)

Obviously, the interaction between an electric atom A and a
diamagnetic atom B is given by the right-hand side of Eq. (68)
with the labels A and B interchanged.

The vdW potential of a diamagnetic atom A with a para-
magnetic one B can be calculated in a completely analogous
way. The lowest-order energy shift is again given by third-order
perturbation theory, with the possible intermediate states given
again as depicted in the diagrams in Fig. 2. The result is

(βp

A ≡ c2α
p

A)

Udp(rA,rB) = − h̄

2πε2
0

∫ ∞

0
dξ tr

[
αd

A · Gmm(rA,rB,iξ )

· αp

B(iξ ) · Gmm(rB,rA,iξ )
]

= − h̄

2πε2
0

∫ ∞

0
dξ αd

A α
p

B(iξ )

× tr[Gmm(rA,rB,iξ ) · Gmm(rB,rA,iξ )]. (72)

We have thus generalized the body-assisted vdW potential
to allow for atoms with a diamagnetic response. Recalling the
previously derived interaction of two paramagnetic atoms [18],
we again observe that the generalization can be achieved
by replacing the paramagnetizability of each atom with
the total magnetizability, βp(ω) �→ β(ω) = βp(ω) + βd . The
complete vdW potential of two atoms with nontrivial electric,
paramagnetic, and diamagnetic properties can thus be given as

U (rA,rB) =
∑

λ,λ′=e,m

Uλλ′(rA,rB), (73)

with

Uλλ′(rA,rB) = − h̄

2πε2
0

∫ ∞

0
dξ tr

[
αλ

A(iξ ) · Gλλ′(rA,rB,iξ )

· αλ′
B (iξ ) · Gλ′λ(rB,rA,iξ )

]
= − h̄

2πε2
0

∫ ∞

0
dξ αλ

A(iξ ) αλ′
B (iξ )

× tr
[
Gλλ′(rA,rB,iξ ) · Gλ′λ(rB,rA,iξ )

]
. (74)

Again, this implies that previous results for local-field cor-
rected vdW potentials [18] remain valid for diamagnetic atoms.

B. Application: Two atoms in free space

As the simplest example of the two-atom interaction, let us
consider two isotropic atoms A and B interacting with each
other in free space. The Green tensor reads (see, e.g., Ref. [12])

G(0)(rA,rB,iξ ) = c2

4πξ 2l3
[f (lξ/c)I − g(lξ/c)elel]e

−lξ/c

(75)

(rA �= rB), where l = rA − rB , l = |l|, el = l/l, and

f (x) = 1 + x + x2, g(x) = 3 + 3x + x2. (76)

Evaluating the curls as contained in definitions (27), (70), and
(71), one easily finds

G(0)
ee (rA,rB,iξ ) = G(0)

mm(rA,rB,iξ ) = ξ 2

c2
G(0)(rA,rB,iξ ),

(77)

G(0)
me(rA,rB,iξ ) = −G(0)

em(rA,rB,iξ )

= ξ

4πcl2
(1 + lξ/c)e−lξ/cel × I. (78)
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Substituting these into Eqs. (74) and (73) we obtain a total
free-space vdW potential,

U (rA,rB) = U (l) = h̄μ2
0

16π3

{
− 1

l6

∫ ∞

0
dξ [c4αA(iξ )αB(iξ )

+βA(iξ )βB(iξ )]h1(lξ/c)

+ 1

l4

∫ ∞

0
dξ ξ 2[αA(iξ )βB(iξ )

+βA(iξ )αB(iξ )]h2(lξ/c)

}
, (79)

where

h1(x) = (3 + 6x + 5x2 + 2x3 + x4)e−2x, (80)

h2(x) = (1 + 2x + x2)e−2x. (81)

As expected from the results in Sec. IV A, this result has
the same form as the previously derived potential between
electric and paramagnetic atoms [18], except that here the total
magnetizability appears in place of the paramagnetic one.

It is of particular interest to inspect the behavior of the
interaction potential in the nonretarded (retarded) limits,
where the atom-atom separation is small (large) compared
to the respective atomic wavelengths. We focus here on the
contribution of the atomic diamagnetizabilities to the potential,
given by Eq. (79) with β(iξ ) �→ βd .

The interaction potential between a diamagnetic atom A

and an electric atom B, using the explicit expression for the
polarizability, (34), in Eq. (79), is found to be an attractive
potential in the form

Ude(l)= − μ2
0

∣∣βd
A

∣∣
24π3l4

∑
k

ωk
B

∣∣μ0k
B

∣∣2
∫ ∞

0
dξ

ξ 2

ξ 2 + (
ωk

B

)2 h2(lξ/c).

(82)

To achieve the limiting cases mentioned above, we note that
in the ξ integral, ωk

B � ξ (ωk
B �ξ ) holds in the nonretarded

(retarded) limit. This leads to an l−5-dependent and an l−7-
dependent potential for the nonretarded and retarded limits,
respectively, as follows:

U nr
de(l) = −5μ2

0c
∣∣βd

A

∣∣
96π3l5

∑
k

ωk
B

∣∣μ0k
B

∣∣2
, (83)

U r
de(l) = −7μ2

0c
3
∣∣βd

A

∣∣
96π3l7

∑
k

∣∣μ0k
B

∣∣2

ωk
B

= −7h̄μ2
0c

3

64π3l7

∣∣βd
A

∣∣αB(0) .

(84)

The diamagnetic-paramagnetic part of the two-atom inter-
action in free space is seen to be repulsive. It reads

Udp(l) = μ2
0

∣∣βd
A

∣∣
24π3l6

∑
k

ωk
B

∣∣m0k
B

∣∣2
∫ ∞

0
dξ

1

ξ 2 + (
ωk

B

)2 h1(lξ/c),

(85)

where Eq. (35) is used for the paramagnetizability of atom B.
For the nonretarded limit Eq. (85) exhibits an l−6 dependence,

U nr
dp(l) = μ2

0

∣∣βd
A

∣∣
16π2l6

∑
k

∣∣mk
B

∣∣2 = μ2
0

∣∣βd
A

∣∣〈m2
B

〉
16π2l6

, (86)

while in the retarded limit it tends to an l−7-dependent
potential,

U r
dp(l) = 23μ2

0c
∣∣βd

A

∣∣
96π3l7

∑
k

∣∣m0k
B

∣∣2

ωk
B

= 23h̄μ2
0c

64π3l7

∣∣βd
A

∣∣βp

B(0) .

(87)

Finally, the diamagnetic-diamagnetic two-atom interaction
in free space shows a unique attractive l−7 dependence for any
arbitrary range of atom-atom separation, due to the frequency
independence of diamagnetizabilities. As can be obtained from
Eq. (79), it is given by

Udd (l) = −23h̄μ2
0c

64π3l7
βd

Aβd
B . (88)

In Table II, we compare the signs and asymptotic power law
of the vdW potentials involving diamagnetic atoms with the
known results for purely electric or paramagnetic atoms [18].
We observe that the replacement of a paramagnetic atom with a
diamagnetic one leads to a sign change of the vdW interaction
as predicted by the Lenz rule. In addition, the frequency
independence of the diamagnetic magnetizability leads to
new asymptotic power laws, e.g., 1/l5 for the nonretarded
electric-diamagnetic interaction. This result is in between the
1/l6 and the 1/l4 asymptotes found for the electric-electric
and electric-paramagnetic cases.

C. Comparison with microscopic QED

It is instructive to compare the results obtained in this
section for the vdW dispersion interaction between atoms in
free space when either one or both species is diamagnetic using
body-assisted fields with the result derived using microscopic
QED. In this second approach it is common to use the
well-established molecular QED theory [15,16]. For two

TABLE II. Signs and asymptotic power laws of ground-state van der Waals potentials of electric, paramagnetic, or diamagnetic atoms in
free space.

Atom A

Electric Paramagnetic Diamagnetic

Atom B Retarded limit Nonretarded limit Retarded limit Nonretarded limit Retarded limit Nonretarded limit

Electric − 1
l7

− 1
l6

+ 1
l7

+ 1
l4

− 1
l7

− 1
l5

Paramagnetic + 1
l7

+ 1
l4

− 1
l7

− 1
l6

+ 1
l7

+ 1
l6

Diamagnetic − 1
l7

− 1
l5

+ 1
l7

+ 1
l6

− 1
l7
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mutually interacting particles A and B in vacuum coupled to
the radiation field, the total Hamiltonian is written in the form
of Eq. (13) with Ĥξ given by Eq. (1). In the multipolar coupling
scheme, the Hamiltonian operator for the free electromagnetic
field is expressed as

ĤF = 1

2

∫
d3r

[
1

ε0
d̂

2
(r) + 1

μ0
b̂

2
(r)

]

=
∑
k,λ

[
â(λ)†(k)â(λ)(k) + 1

2

]
h̄ω, (89)

where d̂(r) and b̂(r) are second quantized microscopic electric
displacement and magnetic field operators, respectively. They
are commonly written as a mode sum in terms of vacuum boson
annihilation and creation operators â(λ)(k) and â(λ)†(k) for a
photon of wave vector k, polarization index λ, and circular
frequency ω = ck, as in the second equality of Eq. (89).
Analogous to Eq. (6) with Eqs. (7)–(9), the atom-field coupling
Hamiltonian for the dispersion interactions of interest is

ĤξF = −ε−1
0 μ̂ξ · d̂(rξ ) − m̂ξ · b̂(rξ )

+
∑
α∈ξ

q2
α

8mα

[ ˆ̄rα × b̂(rξ )]2. (90)

It is worth noting the explicit appearance in the last two
expressions of the electric displacement field operator. This
is a direct consequence of adopting the multipolar framework,
where the field momentum canonically conjugate to the vector
potential is proportional to d̂(r) instead of to the electric
field itself. This is a common feature of the microscopic
and macrocopic approaches. In the latter, the quantized field
Ê(r) also refers to the Power-Zienau transformed electric field
operator that has to be regarded as a displacement field with
respect to the atomic polarization [12].

Dispersion potentials between a diamagnetic atom and an
electrically polarizable and a magnetically susceptible atom,
and between two diamagnetic atoms, may be computed in a
manner similar to that already detailed. As before, the latter
interaction is obtained via second-order perturbation theory
and is depicted in Fig. 1, while the former two occur to third
order and are described in Fig. 2. Matrix elements are evaluated
using unperturbed product atom-field states |nξ 〉|m(k,λ)〉 =
|nξ ; m(k,λ)〉, where a number state representation is used to
signify the number of photons present, in this case m.

As expected, results identical to Eqs. (82), (85), and
(88) are found for the vdW dispersion potentials between a
diamagnetic and an electric atom, between a diamagnetic and a
paramagnetic one, and between two diamagnetic atoms, valid
for the entire range of separation distance vector l beyond
wave-function overlap of the two centers and extending out
to infinity. Explicit details of this calculation may be found
in Ref. [25], and the respective energy shifts are given by
Eqs. (3.7), (3.20), and (3.43) in that paper. Furthermore, iden-
tical near- and far-zone asymptotic limits clearly follow in each
case. The connection with the macroscopic approach can be
established by computing all necessary field expectation values
and evaluating them using the free-space Green tensor, (75).

V. DISCUSSION AND SUMMARY

We have calculated CP and vdW potentials of atoms with
nontrivial diamagnetic properties in the presence of arbitrary
magnetoelectric bodies on the basis of macroscopic QED and
leading-order perturbation theory. The nonlinear interaction
generating the diamagnetic interaction is quite different from
the paramagnetic coupling and it leads to different pertur-
bative orders. Nevertheless, we have found that diamagnetic
atomic properties lead to dispersion potentials which formally
resemble those of paramagnetic atoms where the diamagnetic
magnetizability appears in place of the paramagnetic one.
We have explicitly shown this correspondence for one- and
two-atom potentials, but it is expected to hold for multiatom
vdW potentials as well.

However, the fact that the diamagnetic magnetizability
is negative and frequency independent leads to diamagnetic
potentials that differ in signs and power laws from their para-
magnetic counterparts. Diamagnetic dispersion interactions
carry the same sign as the well-known electric potentials,
which implies that diamagnetism alone cannot be used to
realize repulsive potentials. The unique power laws resulting
from the frequency independence imply that diamagnetic
potentials have their strongest influence at short range.
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Abstract. The chiral component of the Casimir–Polder potential is derived
within the framework of macroscopic quantum electrodynamics. It is shown
to exist only if the particle and the medium are both chiral. Furthermore, the
chiral component of the Casimir–Polder potential can be attractive or repulsive,
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1. Introduction

A three-dimensional object that cannot be superimposed on its mirror image is said to be
chiral, these distinct mirror images are called enantiomers. Spectroscopically, enantiomers have
identical properties and distinguishing between the two is not trivial. The characteristic feature
of chiral objects is the manner of their interactions with other chiral objects. For example, the
refractive indices of left- and right-handed circularly polarized light are different in a chiral
medium, therefore the two polarizations will propagate at different speeds. The difference in
velocity is related to the phenomenon of circular dichroism, where the wave with the ‘slower’
polarization is absorbed more strongly as it travels through the medium [1].

Many of the processes crucial to life involve chiral molecules whose chiral identity plays
a central role in their chemical reactions, the incorrect enantiomer reacting differently and not
producing the required result. In nature these molecules only occur as one enantiomer and are
not found as the other, thus the reactions only occur when the correct enantiomer is present.
In contrast, artificial production creates both enantiomers in equal proportions. Therefore it is
important to be able to distinguish between enantiomers and ultimately to be able to separate a
racemic (containing both enantiomers) mixture into an enantiomerically pure sample.

A frequently used method to separate enantiomers in an industrial setting is chiral
chromotography. The initial racemic solution is passed through a column packed with a
resolving agent, which is usually an enzyme and by necessity has to be chiral. This either retards,
or stops, the progress of one of the enantiomers passing through the column but crucially not
for the other and thus allows the solution to be separated. From an optical viewpoint it has been
proposed that a racemic sample can be purified by use of coordinated laser pulses, which use a
two-step process to initially drive different transitions in the enantiomers before converting one
into the other [2]. It has recently been calculated that in the presence of a chiral carbon nanotube
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the enantiomers of alanine possess different absorption energies and it was theorized that this
could lead to a method of discrimination [3]. Furthermore, it has been shown that the van der
Waals dispersion force between molecules can be enantiomer selective [4, 5]. Here we propose
the use of another dispersion force, the Casimir–Polder force [6], as a method of distinguishing
and ultimately separating enantiomers.

Casimir–Polder forces occur due to fluctuations in the quantum vacuum between objects, in
this case it is between a particle and a macroscopic body. This force can be decomposed into an
electric component that is solely dependent upon the electric dipole moments of the particle, the
magnetic component of the force is likewise defined. We show that there is a third component
that depends upon an interaction of the molecule’s electric and magnetic dipole moments and
this describes the particle’s chiral response in the chiral component of the Casimir–Polder force.
For the purpose of discrimination, the force on enantiomers must be different, this means that a
chiral medium is required to produce the chiral-selective behaviour.

Chiral molecules occur frequently in nature and there has been much research done to
calculate the relevant transition values either ab initio [7, 8], or through a twisted arc model for
simple chiral molecules [9]. Recent technological developments have allowed for the creation
of chiral fullerenes such as C76 [10], chiral carbon nanotubes [3] and chiral metamaterials [11].
Chiral metamaterials can be made from structures such as a gold helix [12], which shows a
broadband electromagnetic response; a woodpile structure [13], a gold bar construction [14],
which exhibit a negative refractive index in certain frequency ranges; and gold dots [15], which
can be tuned during construction to give a desired response. Recently it has been shown that
superchiral electromagnetic fields [16] can arise in planar chiral metamaterials. These fields can
generate a much larger dissymmetry between the effective refractive indices for adsorbed chiral
molecules on left- and right-handed materials than circularly polarized light and a solution of
chiral molecules [17]. Chiral metamaterials have also been proposed as a method of producing
repulsive Casimir forces [18].

In this article we derive the chiral component of the Casimir–Polder potential within
the framework of macroscopic quantum electrodynamics [19]. We show that inherent to this
potential is the requirement that the particle and the medium both exhibit a chiral response. The
theory is applied to the case of a chiral molecule in a cavity between two chiral metamaterials
in the non-retarded limit, where we show a possible route towards enantiomer separation.

The article is organized as follows. The quantized description of the electromagnetic field
in a chiral medium is given in section 2.1, followed by the derivation of the chiral component
of the Casimir–Polder force in section 2.2. This is applied to the case of a chiral molecule near
a boundary; a perfect chiral mirror is considered in section 3.1 and a chiral metamaterial in
section 3.2. We illustrate the theory by examining a chiral molecule in a cavity made of chiral
metamaterials, considering a molecule initially in the ground state in section 4.1 and initially in
an excited state in section 4.2. We provide some concluding remarks in section 5.

2. Formalism

In order to derive the chiral component of the Casimir–Polder potential in a general form,
field quantization in an absorbing chiral medium is required. This quantization is the basis
for describing the electric and magnetic fields and the subsequent formulation of an important
integral relation, which is needed for the calculation of the Casimir–Polder potential.
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2.1. Chiral media

The constitutive relations for the electromagnetic fields in the presence of a classical, non-
dissipative chiral medium are given by

D= ε0ε ? E−
i

c
κT ? H (1)

and

B=
i

c
κ ? E + µ0µ ? H, (2)

where ε and µ are the relative permittivity and permeability tensors and κ is the chirality
tensor, a magnetoelectric susceptibility. The chiral susceptibility of the medium has the effect
of ‘rotating’ a magnetic effect to contribute towards an electric response and vice versa. The ? is
a notational shorthand for a spatial convolution, i.e. [X ? Y ](r, r′)=

∫
d3sX(r, s) ·Y(s, r′). For

non-locally responding media the permittivity, permeability and chiral susceptibilities take the
form ε(r, r′, ω), etc, where the two spatial variables are independent. This reduces to the form
ε(r, x)d(r− r′) in a locally responding medium. The medium is assumed to be reciprocal, i.e.
ε(r, r′)= εT(r′, r) and µ(r, r′)= µT(r′, r).

The Casimir–Polder force requires field quantization in a medium due to its explicit
quantum nature. In an absorbing medium, the quantum version of the constitutive relations
are given as [20]

D̂= ε0ε ? Ê−
i

c
κT ? Ĥ + P̂N−

i

c
κT ? M̂N (3)

and

B̂=
i

c
κ ? Ê + µ0µ ? Ĥ + µ0µ ? M̂N. (4)

The terms P̂N and M̂N are the noise polarization and magnetization respectively, they describe
the dissipation in the medium and form a Langevin noise current

ĵN(r, ω)=−i ωP̂N(r, ω) +∇ × M̂N(r, ω). (5)

The wave equation for the electric field in the chiral medium is then[
∇ ×µ−1 ?∇ ×+

ω

c
(∇ ×µ−1 ? κ + κT ? µ−1 ?∇×)−

ω2

c2
(ε− κT ? µ−1 ? κ)

]
? Ê= i ωµ0ĵN (6)

and the Green’s tensor, G(r, r′, ω), is the fundamental solution to the above inhomogeneous
Helmholtz equation{[
∇ ×µ−1 ?∇ ×+

ω

c
(∇ ×µ−1 ? κ + κT ? µ−1 ?∇×)

−
ω2

c2
(ε− κT ? µ−1 ? κ)

]
? G

}
(r, r′)= δ(r− r′). (7)

The Green’s tensor obeys the Schwarz reflection principle

G∗(r, r′, ω)= G(r, r′,−ω∗), (8)

which ensures reality of G(r, r′, t), and inherits compliance with the Onsager condition for
reciprocal media from the medium response functions, i.e.

G(r, r′, ω)= GT(r′, r, ω). (9)
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The wave equation and its Green’s-tensor solution uniquely define the electric field (in
coordinate space) as

Ê(r, ω)= i ωµ0

∫
d3r′G(r, r′, ω) · ĵN(r′, ω) (10)

and the magnetic induction field as

B̂(r, ω)= µ0

∫
d3r′∇ ×G(r, r′, ω) · ĵN(r′, ω). (11)

To describe a general dissipative chiral medium, it is necessary to introduce the
fundamental degrees of freedom of the field–medium system. Starting with the commutation
relations for the noise polarization and magnetization [20]

[P̂N(r, ω), P̂†
N(r′, ω′)]=

ε0h̄

π
{Im[ε(ω)− κT(ω) ?µ−1(ω) ? κ(ω)]}(r, r′)δ(ω−ω′), (12)

[P̂N(r, ω), M̂†
N(r′, ω′)]=

h̄

i Z0π
{Im[κT(ω) ?µ−1(ω)]}(r, r′)δ(ω−ω′), (13)

[M̂N(r, ω), P̂†
N(r′, ω′)]=−

h̄

i Z0π
{Im[µ−1(ω) ? κ(ω)]}(r, r′)δ(ω−ω′), (14)

[M̂N(r, ω), M̂†
N(r′, ω′)]=−

h̄

µ0π
Im[µ−1(r, r′, ω)]δ(ω−ω′), (15)

the noise polarization and magnetization can be decomposed into(
P̂N

M̂N

)
=

√
h̄

π
R ?

(
f̂e

f̂m

)
, (16)

where R is the ‘square root’ of the 6× 6 response tensor,

R ?R†
=


ε0 Im[ε− κT ? µ−1 ? κ]

Im[κT ? µ−1]

i Z0

−
Im[µ−1 ? κ]

i Z0
−

Im[µ−1]

µ0

 , (17)

which describes the dissipative properties of the medium, where Z0 =

√
µ0

ε0
. For a passive,

isotropic medium the response functions are restricted by (Im[κ])2 < Im[ε]Im[µ] [21].
The vector fields f̂e(r, ω) and f̂m(r, ω) are the bosonic annihilation operators for the
matter–electromagnetic field system and with the creation operators they obey the commutation
relation

[f̂λ(r, ω), f̂†
λ′(r
′, ω′)]= δλλ′δ(r− r′)δ(ω−ω′) (18)

with λ, λ′ = e, m. By rewriting the electric and magnetic fields as

Ê(r, ω)=
∑

λ=e,m

∫
d3r′Gλ(r, r′, ω) · f̂λ(r′, ω), (19)

B̂(r, ω)=
∑

λ=e,m

∫
d3r′∇ ×Gλ(r, r′, ω) · f̂λ(r′, ω) (20)
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and making use of (16) and (17) it can be shown that(
Ge(r, r′, ω)

Gm(r, r′, ω)

)
=−i µ0ω

√
h̄

π
[G(ω) ?

(
i ω
×
←−
∇

)
·R(ω)](r, r′), (21)

where the operation ×
←−
∇ refers to taking the derivatives of the second spatial variable and

mathematically is described as [T ×
←−
∇ ]i j(r, r′)= ε jkl∂

′

l Tik(r, r′).
We can now derive the following integral relation:∑

λ=e,m

∫
d3sGλ(r, s, ω) · G†

λ(r
′, s, ω)=

h̄µ0ω
2

π
Im G(r, r′, ω), (22)

see appendix A.

2.2. Chiral Casimir–Polder potential

To derive the Casimir–Polder potential we start with the interaction Hamiltonian in multipolar
coupling and long wavelength approximation, describing the interaction of a molecule with the
electric and magnetic fields [19]

ĤAF =−d̂ · Ê(rA)− m̂ · B̂(rA), (23)

where diamagnetic interactions have been neglected. Initially the particle can be either in its
ground state or an excited state and the energy shift due to the atom–field interaction, (23), is
given by

1E =
∑
I 6=N

〈N |ĤAF|I 〉〈I |ĤAF|N 〉

EN − E I
. (24)

When multiplying out the matrix elements it is important to note that the cross terms involving
both electric and magnetic dipole interactions do not vanish and are in fact responsible for
the chiral interaction, i.e. 〈N | − d̂ · Ê(rA)|I 〉〈I | − m̂ · B̂(rA)|N 〉 and 〈N | − m̂ · B̂(rA)|I 〉〈I | −
d̂ · Ê(rA)|N 〉 6= 0.

The initial state is denoted by |N 〉 = |n〉|{0}〉 and the intermediate states |I 〉 =
|k〉f̂†

λ(r, ω)|{0}〉 where |{0}〉 denotes the ground state of the matter–field system (upon which
the bosonic creation operators f̂†

λ(r, ω) act) and |n〉 and |k〉 represent the initial and intermediate
energy levels of the particle. The summation in (24) contains sums over molecular transitions,
the polarization modes of the electromagnetic fields and integrals over all space and positive
frequencies ∑

I 6=N

→

∑
k

∑
λ=e,m

∫
d3rP

∫
∞

0
dω

(P: principal value). Using the definitions of the electric (19) and magnetic induction (20) fields
it can be shown that

〈N | − d̂ · Ê(rA)|I 〉 = −dnk · Gλ(rA, r, ω), (25)

〈N | − m̂ · B̂(rA)|I 〉 = −
mnk · ∇ × Gλ(rA, r, ω)

i ω
, (26)

New Journal of Physics 14 (2012) 113013 (http://www.njp.org/)

178 3. Vacuum dispersion forces



7

where the electric dipole transition matrix elements are 〈n|d̂|k〉 = dnk and 〈n|m̂|k〉 =mnk the
corresponding magnetic dipole moment matrix elements.

The electric and magnetic components of the Casimir–Polder potential are well known and
the result can be found in [19]. Here we focus on the terms containing a single curl operation
and a dependency on the electric and magnetic transition matrix elements as it is these terms
that give rise to the chiral component of the Casimir–Polder potential:

1Ec =
µ0

π

∑
k

P
∫
∞

0

idω ω

ωkn + ω

[
dnk · Im[G(rA, rA, ω)]×

←−
∇
′

·mkn

+mnk · ∇ × Im[G(rA, rA, ω)] ·dkn

]
, (27)

the transition frequencies are defined as xkn = xk −xn. The Casimir–Polder potential is
the position dependent part of the total energy shift, 1E =1E0 + U (rA), and so its only
contribution arises from the scattering part of the Green’s function, G(1)(r, r′, ω).

The imaginary part of the Green’s tensor is written as Im[G(rA, rA, ω)]=
1
2 i[G(rA, rA, ω)− G∗(rA, rA, ω)]. When the molecule is not initially in the ground state care
needs to be taken of the poles that occur for transitions to states of lower energy than the initial
state. By using contour integration techniques the off-resonant part of the Casimir–Polder po-
tential can be obtained in terms of an integral over imaginary frequencies, whereas the resonant
part is due to the residue at the poles. The result is

1Ec =−
µ0h̄

2π

∫
∞

0
dξ ξ(tr[0em(i ξ) · G(1)(rA, rA, i ξ)×

←−
∇
′

] + tr[0me(i ξ) · ∇ × G(1)(rA, rA, i ξ)])

+ i µ0

∑
k

2(ωnk)ωnk(dnk ·Re[G(1)(rA, rA, ωnk)]×
←−
∇
′

·mkn

+ mnk · ∇ ×Re[G(1)(rA, rA, ωnk)] ·dkn), (28)

where

0em(i ξ)=
1

h̄

∑
k

(
mkn⊗dnk

ωkn + i ξ
−

mkn⊗dnk

ωkn − i ξ

)
, (29)

0me(i ξ)=
1

h̄

∑
k

(
dkn⊗mnk

ωkn + i ξ
−

dkn⊗mnk

ωkn − i ξ

)
(30)

are chiral susceptibility tensors and 2(ωnk) is a step function which is zero if ωnk < 0, i.e. for a
transition to a higher energy state. For an isotropic particle (d⊗m= d·m

3 I), (29) and (30) both
reduce to

0(i ξ)=−
2

3h̄

∑
k

ξ Rnk

(ωkn)2 + ξ 2
. (31)

The term Rnk is the optical rotatory strength and is defined as

Rnk = Im(dnk ·mkn). (32)

It describes the interaction between electric and magnetic dipole moments in a molecule and,
crucially, left and right-handed enantiomers differ in the sign of Rnk for a particular transition.

To further simplify (28), it can be shown that

tr[G(rA, rA, ω)×
←−
∇
′

]=−tr[∇ ×G(rA, rA, ω)], (33)
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where the Onsager reciprocity relation (9) has been used. For the real part of the Green’s
function an equivalent expression holds. We can now write the chiral component of the
Casimir–Polder potential as

Uc(rA)=−
h̄µ0

π

∫
∞

0
dξ ξ0(i ξ)tr[∇ ×G(1)(rA, rA, i ξ)]

+
2µ0

3

∑
k

2(ωnk)ωnk Rnk tr[∇ ×Re[G(1)(rA, rA, ωnk)]]. (34)

The requirement that a chiral object is needed to be able to distinguish between the chiral
states of another object is fulfilled. As (34) shows we must have a chiral medium and a
chiral molecule. If either the medium (tr[∇ ×G(1)(rA, rA, i n)]= 0), or the particle (Rnk = 0)
is achiral there will not be a chiral component to the Casimir–Polder potential. This can be
thought of as a generalization to the Curie dissymmetry principle (originally formulated for
crystal symmetries) and one may say: the Casimir–Polder potential cannot distinguish between
molecules of different handedness if the medium does not possess chiral properties itself.

For reference, the off-resonant electric and magnetic Casimir–Polder potentials [19] and
their resonant parts are

Ue(rA)=
h̄µ0

2π

∫
∞

0
dξ ξ 2 tr[α(i ξ) · G(1)(rA, rA, i ξ)]

−µ0

∑
k

2(ωnk)ω
2
nkdnk ·Re[G(1)(rA, rA, ωnk)] ·dkn (35)

and

Um(rA)=
h̄µ0

2π

∫
∞

0
dξ tr[β(i ξ) · ∇ × G(1)(rA, rA, i ξ)×

←−
∇
′

]

+µ0

∑
k

2(ωnk)mnk · ∇ ×Re[G(1)(rA, rA, ωnk)]×
←−
∇
′

·mkn, (36)

where

α(i ξ)=
1

h̄

∑
k

(
dkn⊗dnk

ωkn + i ξ
+

dnk ⊗dkn

ωkn − i ξ

)
(37)

and

β(i ξ)=
1

h̄

∑
k

(
mkn⊗mnk

ωkn + i ξ
+

mnk ⊗mkn

ωkn − i ξ

)
(38)

are the usual electric and magnetic susceptibilities.

3. Chiral particle near a chiral halfspace

First we consider a chiral particle in free space near halfspace containing an isotropic chiral
medium (figure 1). To compute the Casimir–Polder potential as given in (34) the scattering part
of the Green’s function for a source in free space near an isotropic chiral medium is required.
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Figure 1. Chiral molecule in free space near a chiral medium. The chiral
molecule will have a different group or base (denoted by ◦) at the end of each
bond, breaking the mirror symmetry. The boundary between the halfspaces is
the (x, y) plane at z = 0. The isotropic chiral medium fills the space with z < 0
(labelled region 2) and z > 0 is the free-space (region 1).

The wave vectors travelling in the achiral region 1 are the standard free-space wave vectors

k2
1 =

(ω

c

)2
, k2

1z = k2
1 − k2

1q, (39)

where k2
q = k2

x + k2
y . Within the chiral medium the wavevectors are

(kR
2 )2
=

(ω

c

)2
(κ2 +
√

ε2µ2)
2, (40)

(kL
2 )2
=

(ω

c

)2
(−κ2 +

√
ε2µ2)

2, (41)

(k P
2z)

2
= (k P

2 )2
− (k2q)

2, (42)

where P = R, L and refers to the right and left circular polarization of the wave, respectively.
The scattering part of the dyadic Green’s function for a reflection from the achiral/chiral

interface can be found in [22] as

G(r, r′, ω)=
i

8π 2

c

ω

∫
dk1q

k1

k1z
ei(k1q · (rq−r′q)+k1z(z+z′))

[
eses R(s,s)

+esep(−k1z)R(s,p) + ep(k1z)es R(p,s) + ep(k1z)ep(−k1z)R(p,p)
]
, (43)

where

es =
1

kq
(kyx− kxy) (44)

and

ep(±kz)=
1

k
(∓kzkq + kqz) (45)

are the polarization unit vectors for s and p polarized waves. The reflection coefficients
R(s,s), R(s,p), R(p,s) and R(p,p) are typically dependent on the wave vectors given above and the
medium response functions.
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In this geometry the chiral component for the Casimir–Polder potential is

Uc(z A)=
h̄µ0

4π2c

∫
∞

0
dξ ξ 20(i ξ)

∫
∞

ξ
c

dk̃1z e−2k̃1z z A

[(2k̃2
1zc

2

ξ 2
− 1

)
R(s,p)(i ξ) + R(p,s)(i ξ)

]
−

µ0

12π 2c

∑
k

2(ωnk)ω
2
nk RnkRe

∫
dk1q

ei2k1z z A

k1z

×

[(2k2
1zc

2

ω2
nk

− 1
)

R(s,p)(ωnk) + R(p,s)(ωnk)
]
, (46)

the details of this calculation can be found in appendix B.

3.1. Perfect chiral mirror

As a purely theoretical construct we consider the potential between an isotropic molecule
and an idealized medium that we have dubbed a ‘perfect chiral mirror’, whose reflection
coefficients are R(s,p), R(p,s)

=±1 and therefore R(s,s), R(p,p)
= 0. This represents reflections

where perpendicularly polarized waves are completely reflected into parallel polarized waves
and vice versa. For a chiral medium that rotates the polarization clockwise (with regard
to the incoming wave—labelled ‘right-handed’) the reflection coefficients are R(s,p)

= 1 and
R(p,s)

=−1 and for an anticlockwise polarization rotation (labelled ‘left-handed’) they are
R(s,p)

=−1 and R(p,s)
= 1. When the molecule is initially in its ground state, applying these

reflection coefficients to (46) results in

U (z A)=±
h̄ Z0

8π 2z3
A

∫
∞

0
dξ 0(i ξ) e−2 ξ

c z A

(2ξ z A

c
+ 1

)
, (47)

where the ‘+’ (upper sign) refers to the right-handed medium and ‘−’ (lower sign) refers to
the left-handed medium. To examine how the spatial separation between the chiral particle and
the chiral halfspace affects the chiral potential, we take the far-distance (retarded) and close-
distance (non-retarded) limits of (47).

In the retarded limit where z Aωmin/c� 1 (ωmin is the minimum relevant particle transition
frequency), the cross polarizability, 0(i ξ), approaches the static limit and can be approximated
by 0(i n)≈ 0′(0)n. The potential becomes

U (z A)=∓
Z0c2

16π2z5
A

∑
k

R0k

(ωk0)2
. (48)

In the non-retarded limit where z Aωmax/c� 1 (ωmax is the maximum relevant particle transition
frequency) the potential becomes

U (z A)=±
Z0

12π2z3
A

∑
k

R0k ln
(ωk0z A

c

)
, (49)

where use has been made of the relationship∫ b

a
dx

x

a2 + x2
≈− ln a, for a� 1.

The results show a spatial scaling behaviour in the retarded and non-retarded limit that is
different to the cases seen for dielectric or magnetic media in this geometry. An interesting
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consequence of such a medium is that in this simple geometry the electric and magnetic
components of the Casimir–Polder potential would vanish. It should be noted that the potential
can be attractive or repulsive depending on the medium and particle in question, in contrast to the
purely attractive potentials that usually arise in this geometry. The chiral identity of both objects
determines the character of the potential. The lack of electric and magnetic components of the
Casimir–Polder potential and the existence of repulsive forces means that perfect chiral mirrors
used in a cavity or Fabry–Pérot geometry could be used to separate enantiomers. We believe that
the results represent a theoretical upper bound for the chiral Casimir–Polder potential, however,
they are physically unrealizable. This is because it would require a medium that completely
rotates the polarization of the incident waves and perfectly reflects the waves. Typically, the
chirality of a medium will be restricted to j2 < el, which would exclude a perfect chiral mirror.

3.2. Isotropic chiral medium

For all realistic media, the reflection coefficients are not unity as there will always be
transmission and losses from the fields as they are reflected. The reflection coefficients for an
isotropic medium are given in [22], after taking the non-retarded limit they are

R(s,p)
=−R(p,s)

=
2i κ2

ε2µ2− κ2
2 + ε2 + µ2 + 1

, (50)

R(s,s)
=

ε2µ2− κ2
2 − ε2 + µ2− 1

ε2µ2− κ2
2 + ε2 + µ2 + 1

(51)

and

R(p,p)
=

ε2µ2− κ2
2 + ε2−µ2− 1

ε2µ2− κ2
2 + ε2 + µ2 + 1

. (52)

By setting κ2 = 0 the cross reflection coefficients disappear and R(s,s), R(p,p) revert to the
standard Fresnel reflection coefficients in the non-retarded limit.

We can now obtain the chiral-corrected electric component and the chiral component of
the Casimir–Polder potential in the non-retarded limit. The off-resonant terms read

UeO(z A)=−
h̄

16π2ε0z3
A

∫
∞

0
dξ α(i ξ)

[
ε2µ2− κ2

2 + ε2−µ2− 1

ε2µ2− κ2
2 + ε2 + µ2 + 1

]
, (53)

UcO(z A)=
h̄ Z0

4π 2z3
A

∫
∞

0
dξ 0(i ξ)

[
i κ2

ε2µ2− κ2
2 + ε2 + µ2 + 1

]
, (54)

where all response functions are dependent on complex frequency, i.e. ε2 = ε2(i ξ), µ2 = µ2(i ξ)

and κ2 = κ2(i ξ). The resonant terms are

UeR(z A)= −
1

24πε0z3
A

∑
k

2(ωnk)|dnk|
2Re

[
ε2µ2− κ2

2 + ε2−µ2− 1

ε2µ2− κ2
2 + ε2 + µ2 + 1

]
, (55)

UcR(z A)=
Z0

6π z3
A

∑
k

2(ωnk)RnkIm

[
i κ2

ε2µ2− κ2
2 + ε2 + µ2 + 1

]
, (56)
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where the response functions in (55) and (56) are taken at the transition frequency, ωnk

i.e. ε2 = e2(xnk), µ2 = µ2(ωnk) and κ2 = κ2(ωnk). As a consistency check, setting µ2 = 1 and
letting κ2→ 0 in the off-resonant contribution the results for the electric component of the
Casimir–Polder potential between a particle and a dielectric in [19] are recovered.

4. Chiral cavity

To examine whether the Casimir–Polder force can be used to distinguish between enantiomers,
we consider a chiral molecule in free space between two chiral media which differ only in their
handedness. To illustrate this we have selected a chiral metamaterial whose parameters have
been published in [13] as the chiral medium due to the strong chirality that can be obtained
from metamaterials. To characterize the medium a single-resonance Drude–Lorentz model is
used for ε(ω) and µ(x) and the Condon model [1, 23] is used for κ(ω). These are

ε(ω)= 1−
ω2

p

ω2−ω2
E + i γEω

, (57)

µ(ω)= 1−
ω2

m

ω2−ω2
B + i γBω

(58)

and

κ(ω)=
aω

ω2−ω2
C + i γCω

. (59)

The constants ωp, ωm and a represent the oscillator strengths for the dipole transitions
responsible for ε, µ and the rotatory strength associated with κ , respectively. The remaining
constants are the resonant frequencies and damping factors for the permittivity (ωE , γE ),
permeability (ωB , γB) and the chirality (ωC , γC) of the medium.

For the chiral molecule, dimethyl disulphide (CH3)2S2 has been chosen. The dipole
and rotatory strengths for each transition have been numerically calculated for various
orientations [7]. As an example, we have chosen the first transition when the orientation
between the two CH3–S–S planes is 90◦. The transition frequency is ωnk = 9.17× 1015 s−1,
dipole strength |dnk|

2
= 8.264× 10−60 (C m)2 and the rotatory strength is Rnk = 3.328× 10−64

C2 m3 s−1.

4.1. Ground-state force

In the non-retarded limit, multiple reflections between the halfspaces are not considered and the
forces on the molecule for each halfspace are simply added. From the Casimir–Polder potentials
for the electric (53) and chiral (54) components we can obtain the forces (F=−∇U ) acting
on the molecule. The two halfspaces are identical except for their chirality, characterized by
a, which is negative for one of the halfspaces and positive for the other. We assume that the
molecule has only two energy levels, i.e. only one transition is considered.

By considering a separation between the halfspaces of 100 nm we obtain the results shown
in figures 2 and 3. The electric component of the Casimir–Polder force (figure 2) is always
attractive towards both halfspaces. In this geometry these forces are equal and opposite, so
when computing the electric component of the total force (in the non-retarded limit) on the
molecule, the halfspace closest to the molecule will provide the dominant contribution to this
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Figure 2. The electric component of the Casimir–Polder force. The molecule is
attracted to both halfspaces with the stronger attraction coming from the closest
halfspace. The vertical lines denote the boundaries of the metamaterial, the gap
between is freespace where the molecule is located. The parameters obtained
from [13] are ωp = 5.47× 1014 s−1, xm = 3.06× 1014 s−1, a =−3.61× 1014 s−1,
xE = xB = xC = 4.96× 1014 s−1, cE = cB = 2.51× 1013 s−1 and cC =−2.58×
1013 s−1.

total force. By implication, when the molecule is in the centre (i.e. equal distance from both
halfspaces), the electric components of the Casimir–Polder force cancel and the net contribution
to the total Casimir–Polder force is zero. It should be noted that the difference in the chirality of
the halfspaces does not effect the electric force from either halfspace and hence the combined
electric component of the total force.

By looking at the chiral component of the Casimir–Polder force (figure 3) one obtains an
attractive force between the chiral molecule and one of the halfspaces (to the left hand side) and
a repulsive force between the chiral molecule and the other halfspace (to the right hand side).
Furthermore, the total chiral component of the force does not disappear at the midpoint between
the halfspaces.

Figures 2 and 3 show that the electric component of the Casimir–Polder force is many
orders of magnitude larger than the chiral component and will dominate interactions. The
exception to this is the central region between the halfspaces, where the overall electric
component is reduced sufficiently to allow the chiral component to become the dominant force.
However, the width of this central region is smaller than the molecule. This means that for a
particle initially in the ground state the Casimir–Polder force, in the current geometry, would
not be able to distinguish between enantiomers and subsequently separate them.

New Journal of Physics 14 (2012) 113013 (http://www.njp.org/)

[S13] Casimir–Polder forces between chiral objects 185



14

40 20 20 40
d nm

10

8

6

4

2

Force 10 32 N

L R

Figure 3. The chiral component of the Casimir–Polder force. The molecule is
attracted to the left hand side halfspace and there is a repulsive force between the
molecule and the right hand side halfspace.

The difference in orders of magnitude of the force components can be traced to separate
origins. With regard to the chiral molecule the optical rotatory strength is orders of magnitude
smaller than the electric dipole transition matrix element, Rnk/c . 10−11

|dnk|
2. This can be

understood by the fact that the magnetic dipole moment appears at a higher-order of the
multipole expansion than the electric dipole moment. Looking at the chiral medium, the chirality
is slightly smaller than the permittivity, but this difference is enhanced by the structure of the
reflection coefficients.

4.2. Excited-state force

In order to overcome the dominance of the electric dipole force, it is helpful to consider
other molecular initial states. If the molecule is initially in an excited state the resonant
contribution to the force needs to be considered. In this scenario, the off-resonant part of the
electric component of the Casimir–Polder force is repulsive whereas the direction of the chiral
off-resonant component is dependent on the chiral identity of the molecule and material in
question. A metamaterial can be constructed such that for a given transition frequency the
resonant contribution to the electric component of the Casimir–Polder force will counteract the
off-resonant contribution. By creating a cavity with two such metamaterials, identical except
for their chirality, a chiral molecule initially in an excited state can be separated from its
enantiomer. This is because the suppression of the electric component of the Casimir–Polder
force allows the chiral component of the force to attract an enantiomer to the corresponding
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Figure 4. The total electric component of the Casimir–Polder force (black line)
and the total chiral component (dashed line). The components of the force are
of equal magnitude, with the chiral contribution larger in the centre and the
electric contribution larger towards the halfspaces. The parameters are chosen
as ωE = ωB = ωC =

ωp

2 , γE = γB =−γC =
ωp

103 , a =−ωp

3 and ωm =
ωp

5 . The inset
in the bottom right shows a magnification of the centre region between −15 and
15 nm.

halfspace while it is being repelled from the opposite halfspace without the electric component
dominating.

As a proof of principle the metamaterials parameters are chosen as suitable multiples of
the plasma frequency and the values for the optical rotatory strength and dipole strength are as
given above and the metamaterials are separated by 100 nm of free space.

The results are shown in figure 4. As can be seen, for a particular transition frequency
a suppression of the electric component of the Casimir–Polder force sufficient to allow
enantiomer separation can be obtained. The chiral component is the dominant contribution in
the central region (≈10 nm) of the cavity (see the inset to figure 4), meaning that the direction
of the force acting on a chiral molecule in this region will be dependent on its chirality.
Therefore enantiomers that pass at low speeds through the centre of the cavity will be attracted
or repelled in opposite directions and will be separated based on their chirality. As the total
electric component of the Casimir–Polder force is attractive, the separated enantiomers will
continue to be drawn towards opposite halfspaces even when not in the central region.

It is important to note that, although the chirality of the metamaterials has not changed, the
chiral component of the Casimir–Polder force is now acting in the opposite direction. This is
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due to the resonant part of the chiral force, which is larger than the off-resonant part and acts
against it.

5. Conclusion

The chiral component of the Casimir–Polder potential has been derived within the framework
of macroscopic QED. The results show that the medium and particle in question must both
be chiral, otherwise this potential does not exist. Furthermore, this potential is sensitive to the
chirality of the objects in question and can be attractive or repulsive.

By initially considering a perfect chiral mirror, it was found that in the retarded limit the
chiral component of the Casimir–Polder potential scales as 1/(z A)5 with the molecule–surface
distance whereas for the non-retarded limit the spatial scaling is 1/(z A)3ln(z A). As already
alluded to, it is unlikely that this could be realized in a real material, due to the requirement
for perfect reflection and complete rotation of the incident wave polarization. When the chiral
medium does not exhibit perfect reflectance the chiral potential is slightly diminished and in the
non-retarded limit the spatial scaling was found to be 1/(z A)3.

In the geometry where a chiral molecule, initially in the ground state, is located
between two halfspaces of opposite chirality it was found that the chiral component of the
Casimir–Polder force is attractive towards one halfspace and repulsive from the other. However,
the electric component of the Casimir–Polder force between the molecule and the halfspaces
dominates over the chiral component. Therefore, in this geometry, it would not be possible to
distinguish between enantiomers because the indiscriminate attractive electric force dominates
over any chiral effects.

If the molecule is initially in an excited state it was found that the material properties can
be tuned such that the resonant contribution to the electric component of the Casimir–Polder
force almost completely suppresses the off-resonant contribution. Enantiomers in the centre
between the halfspaces would then experience an overall force whose direction is dependent on
the chiral identity of the molecule. This chiral force will draw the molecule towards a particular
halfspace with its enantiomer attracted to the other side of the cavity. This distinction between
enantiomers will allow them to be separated by the Casimir–Polder force.
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Appendix A. Integral relation

We begin by evaluating the left hand side of the integral equation (22). By taking the product
of (21) with its hermitian conjugate we arrive at the term

Ge ? G†
e + Gm ? G†

m = (µ0ω)2 h̄

π
G ?

(
i ω
×
←−
∇

)
·R ?R†

·

(
i ω
×
←−
∇

)†

? G†. (A.1)
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Substituting in (17) leads to∑
λ=e,m

Gλ ? G†
λ =

h̄µ0ω
2

π

[
G ?

[ω2

c2
Im[ε− κT ? µ−1 ? κ] +

ω

c
(×
←−
∇ · Im[µ−1 ? κ]

−Im[κT ? µ−1] · ∇ × )+×
←−
∇ · Im[µ−1] · ∇ ×

]
? G†

]
. (A.2)

By comparing (A.2) with the noise polarization and magnetization commutators (12)–(15) it
can be seen that this reduces to∑

λ=e,m

Gλ(ω) ? G†
λ(ω)=

h̄µ0ω
2

π

[
G(ω) ?

[
ĵN(ω), ĵ†

N(ω)
]
? G†(ω)

]
. (A.3)

It is known that [20][
ĵN(r, ω), ĵ†

N(r′, ω′)
]
=

h̄ω

π
Re[ Q(r, r′, ω)]δ(ω−ω′), (A.4)

where Q is a complex conductivity tensor. This leads to the general form of the integral
relation [20](

h̄µ0ω
2

π

)
µ0ω[G(ω) ? Re Q(ω) ? G†(ω)](r, r′)=

h̄µ0ω
2

π
Im G(r, r′, ω). (A.5)

Therefore, ∑
λ

[Gλ(ω) ? G†
λ(ω)](r, r′)=

h̄µ0ω
2

π
Im G(r, r′, ω), (A.6)

which in coordinate space is∑
λ

∫
d3sGλ(r, s, ω) · G†

λ(r
′, s, ω)=

h̄µ0ω
2

π
ImG(r, r′, ω), (A.7)

as required.

Appendix B. Dyadic Green’s function calculation

To obtain the chiral component of the Casimir–Polder force we require the terms for tr[∇ ×
G(rA, rA, i n)] and tr[∇ ×Re[G(rA, rA, xnk)]]. It is known from dyadic algebra that [24]

u× ab= (u× a)b, (B.1)

where ab is a dyadic product and subsequently (u× a)b is also a dyadic product. Applying (B.1)
to (43) results in

∇ × es =−i kep(kz), (B.2)

∇ × ep(kz)= i kes, (B.3)

where ∇ → (i kx , i ky, i kz). Taking the trace of the dyadic Green’s function is equivalent to
taking the dot product between the dyads,

es · ep(−kz)= ep(kz) · es = 0, (B.4)
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es · es = 1, ep(kz) · ep(−kz)= 1−
2k2

z

k2
. (B.5)

To calculate the off-resonant contribution the integration variable is changed to∫
dkq→

∫ 2π

0
dθ

∫
∞

0
dkqkq→−2π

∫
∞

ω
c

dkzkz,

the wavevectors in complex frequency (ω→ i ξ ) become

k1 = i
ξ

c
= ik̃1, k1z = ik̃1z (B.6)

with

k̃1z =

√(
ξ

c

)2

+
(
k1q

)2
(B.7)

in the achiral halfspace and

kR
2 = i

(
ξ

c

) (
κ2 +
√

ε2µ2

)
= ik̃R

2 ,

kL
2 = i

(
ξ

c

) (
−κ2 +

√
ε2µ2

)
= ik̃L

2 ,

k P
2z = i k̃ P

2z,

k̃ P
2z =

√(
k̃ P

2

)
+

(
k2q

)2

(B.8)

in the chiral halfspace.
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We predict a discriminatory interaction between a chiral molecule and an achiral molecule which is
mediated by a chiral body. To achieve this, we generalize the van der Waals interaction potential between
two ground-state molecules with electric, magnetic, and chiral response to nontrivial environments. The
force is evaluated using second-order perturbation theory with an effective Hamiltonian. Chiral media
enhance or reduce the free interaction via many-body interactions, making it possible to measure the chiral
contributions to the van der Waals force with current technology. The van der Waals interaction is
discriminatory with respect to enantiomers of different handedness and could be used to separate
enantiomers. We also suggest a specific geometric configuration where the electric contribution to the van
der Waals interaction is zero, making the chiral component the dominant effect.

DOI: 10.1103/PhysRevLett.118.193401

Introduction.—Casimir and van der Waals (vdW) forces
are electromagnetic interactions between neutral macro-
scopic bodies and/or molecules due to the quantum
fluctuations of the electromagnetic field [1–3]. In particu-
lar, the attractive vdW potential between two electrically
polarizable particles was first derived by Casimir and
Polder using the minimal-coupling Hamiltonian [2].
Molecules can also exhibit magnetic [4–7] and chiral
polarizabilities [4,8,9] and their contribution to the vdW
force can be repulsive.
The aim of this work is the study of the interaction

between chiral molecules in the presence of a chiral
magnetodielectric body. Chiral molecules lack any center
of inversion or plane of symmetry. Hence they exist as
two distinct enantiomers, left handed and right handed,
which are related to space inversion. Because of their low
symmetry they have distinctive interactions with light. In a
chiral solution the refractive indices for circularly polarized
light of different handedness are different. Hence a chiral
solution can rotate the plane of polarization of light with an
angle related to the concentration of the solution (optical
rotation) [10–12], or absorb left- and right-circularly
polarized light at different rates (circular dichroism) [13].
All of these phenomena are related to the optical rotatory
strength, defined in terms of electric (dnk) and magnetic
(mnk) dipole moment matrix elements [14]:

Rnk ¼ Imðdnk ·mknÞ: ð1Þ
The rotatory strength changes sign under spatial inversion.
Hence the contributions of the vdW force containing the
rotatory strength are discriminatory with respect to the
handedness of enantiomers [8,15,16]. According to
the Curie dissymmetry principle [17], the handedness

of an enantiomer can only be detected by means of a
second reference object which is also chiral (“it takes a
thief to catch a thief”). This second object can be either
a second chiral molecule, or in our case, a chiral medium.
Such discriminatory features could play an important

role in the separation of enantiomers [15], which nowadays
is achieved with other methods like Coulomb explosion
imaging [18], rotational spectroscopy [19], and liquid
chromatography [20].
Previously, the vdW interaction between two chiral

molecules was considered in free space [8]. In this scenario
the chiral part of the vdWforce is several orders ofmagnitude
smaller than the purely electric contribution. We will show
that this is no longer truewhen the chiral molecules are near a
magnetodielectric body which exhibits chiral properties.
Chiral media can be realized experimentally using tunable
metamaterials [21],made from structures such as a gold helix
[22] or a twisted woodpile [23], where large optical activity
requires the lack of a mirror plane parallel to the substrate.
These media will enhance or reduce the vdW potential via
many-body interactions [24,25]. Note that evidence for
three-body dispersion forces has recently been found for
the critical Casimir effect [26].
This Letter is organized as follows. We first develop an

effective Hamiltonian in order to derive the vdW potential
between two chiral molecules near magnetodielectric
bodies. We then study the interaction between two chiral
molecules in free space and subsequently introduce a chiral
plate in order to enhance the chiral contribution.
van der Waals potential.—In order to consider the vdW

interaction of chiral molecules with a generic body, field
quantization in an absorbing chiral medium is required [15].
We introduce the vector field f̂σðr;ωÞ as the bosonic
annihilation operator for the electric (σ ¼ 0) and magnetic
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(σ ¼ 1) excitations, respectively. They obey the commuta-
tion relation ½f̂σðr;ωÞ; f̂†σ0 ðr0;ω0Þ� ¼ δσσ0δðr − r0Þδðω − ω0Þ.
Denoting by jf0gi the vacuum state of the electromagnetic
field, f̂σðr;ωÞjf0gi ¼ 0∀σ; r;ω, the excited photonic states
are obtained by repeated action of the creation operator on
the vacuum state. For instance, a two-photon excited state
is given as ð1= ffiffiffi

2
p Þf̂†σðr;ωÞf̂†σ0 ðr0;ω0Þjf0gi ¼ j1σðr;ωÞ;

1σ0 ðr0;ω0Þi. Introducing the frequency component of the
fields by ÊðrÞ ¼ R∞

0 dωÊðr;ωÞ þ H:c:, which for the free
field in the Heisenberg picture are simply Fourier compo-
nents, we may write the electric field in terms of the bosonic
annihilation operators as

Êðr;ωÞ ¼
Z

d3r0
X
σ¼0;1

Gσðr; r0;ωÞ · f̂σðr0;ωÞ ð2Þ

and B̂ðr;ωÞ ¼ ∇ × Êðr;ωÞ=iω with the tensors Gσ being
defined in terms of the Green’s tensor G according to
Ref. [15]. The Green’s tensor contains all geometrical as
well as magnetodielectric properties of the environment via
the frequency-dependent relative permittivity, relative per-
meability, and chiral susceptibility. It satisfies a useful
integral relation with the mode tensors Gσ:

X
σ¼0;1

Z
d3sGσðr; s;ωÞ ·G�⊤

σ ðr0; s;ωÞ

¼ ℏμ0
π

ω2ImGðr; r0;ωÞ; ð3Þ

where μ0 is the vacuum permeability.
The interaction between atoms (or molecules) and the

field may be described by an effective interaction
Hamiltonian [27], which represents processes where two
photons are created or annihilated at the same time:

ĤAF ¼ −
1

2
αijEiEj −

1

2
χijðEiBj − BjEiÞ; ð4Þ

where α is the electric polarizability and χ ¼ χ em represents
the chiral polarizability. It can be expressed in terms of the
electric and magnetic dipole moments:

χ ðωÞ ¼ 1

ℏ

X
k

�
dk0m0k

ωA
k þ ω

þ d0kmk0

ωA
k − ω

�
; ð5Þ

where ωA
k ¼ ðEA

k − EA
0 Þ=ℏ is the transition frequency

between the excited state k and the ground state. In writing
the effective Hamiltonian we have considered chiral mol-
ecules which respect time-reversal symmetry. In this case,
Lloyd’s theorem states that electric dipole moments are
real, while magnetic dipole moments are purely imaginary
[28]. We thus have χme ¼ −χ em⊤. The chiral polarizability
describes a mixed electric-magnetic response where an
applied magnetic field contributes to an electric dipole
moment in the atom:

d̂ ¼ αðωÞ · ÊðωÞ þ χ ðωÞ · B̂ðωÞ;
m̂ ¼ −χ⊤ðωÞ · ÊðωÞ: ð6Þ

Thus the direction of the electric dipole moment is slightly
rotated with respect to the direction of the electric field.
The chiral polarizability is discriminatory since it changes
sign between different enantiomers. It vanishes for achiral
molecules because of parity.
With the interaction Hamiltonian being quadratic in the

fundamental operators f̂λ and f̂†λ , it is seen that the energy
shift describing the interaction between the two molecules
A and B can be obtained from second order perturbation
theory

ΔEð2Þ ¼ −
X
I

h0jĤintjIihIjĤintj0i
EI − E0

≡UðrA; rBÞ; ð7Þ

where j0i≡ j0iAj0iBjf0gi and Ĥint ¼ ĤAF þ ĤBF. The
intermediate state jIi corresponds to a state in which both
molecules are in their ground state with two virtual photons
being present. The relevant two-photon processes are
represented by the Feynman diagrams in Fig. 1. The
collective sum in Eq. (7) runs over both discrete and
continuous parameters. Using the interaction Hamiltonian
(4), making use of the integral relation (3), and simplifying
the resulting expression using the contour integral tech-
nique in the complex frequency plane, the purely electric
and electric-chiral energy shifts take the final forms

UEEðrA; rBÞ ¼ −
ℏμ20
2π

Z
∞

0

dξξ4TrfαAðiξÞ

·GðrA; rB; iξÞ · αBðiξÞ ·GðrB; rA; iξÞg
ð8aÞ

UCEðrA; rBÞ ¼
ℏμ20
π

Z
∞

0

dξξ3TrfχAðiξÞ

·∇A ×GðrA; rB; iξÞ · αBðiξÞ ·GðrB; rA; iξÞg:
ð8bÞ

FIG. 1. van der Waals force between two molecules: two-photon
exchange.
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Resonant terms in the molecular frequencies have been
avoided by means of infinitesimal imaginary shifts. The
purely electric (achiral) contribution is well known in
literature [7,29]. Other terms contributing to the total
van der Waals interaction are given in the Supplemental
Material [30].
Chiral molecules in free space.—To apply our general

results to free space, one uses the bulk Green’s tensor

Gð0ÞðrA; rB; iξÞ ¼
c2e−ξr=c

4πξ2r3

�
a

�
ξr
c

�
I − b

�
ξr
c

�
erer

�
; ð9Þ

where c is the speed of light, r ¼ rB − rA, r ¼ jrj,
er ¼ r=r, aðxÞ ¼ 1þ xþ x2, and bðxÞ ¼ 3þ 3xþ x2.
The order of magnitude of a specific contribution of the

vdW energy is roughly given by the respective polar-
izability, and thus depends on the numbers of electric and
magnetic dipole moments. An electric dipole has an order
of magnitude of eaB, where aB is the Bohr radius, while the
magnetic moment has an order of magnitude of the Bohr
magneton eℏ=2m. Hence [ðm=cÞ=d] is of the order of the
fine-structure constant. The leading order contribution is
that from the purely electric term, which contains four
electric dipole moments.
The next-to-leading term is the chiral-electric contribution

UCEðrÞ, which contains three electric and one magnetic
dipole moments. However, if the chiral polarizability of the
molecule is isotropic, UCEðrÞ ¼ 0. This vanishing interac-
tion is a consequence of the Curie dissymmetry principle
[17]: the vdW potential cannot distinguish the handedness of
the chiral molecule if the other molecule is not chiral.
The next-order terms contain two electric and two

magnetic dipole moments: UEMðrÞ and UCCðrÞ. For iso-
tropic polarizabilities, it has been shown that [8,9]:

UCCðrÞ ¼ ℏ

8π3ε20r
6

Z
∞

0

dξ
χAðiξÞ

c
χBðiξÞ

c
l

�
ξr
c

�
; ð10Þ

where lðxÞ ¼ e−2xð3þ 6xþ 4x2Þ and ϵ0 is the vacuum
permittivity. The interaction scales as r−6 in the nonretarded
limit, but decreases more rapidly in the far zone (r−9) due to
the finite velocity of light. This result can be obtained in our
formalism by using the vacuum Green’s tensor.
Because the purely electric energy contains four electric

dipole moments and UCC contains two electric and two
magnetic dipole moments, the latter is roughly 4 orders of
magnitude smaller than the former. This shows the necessity
to use magnetodielectric bodies to make the chiral contribu-
tion appreciable. While UCEðrÞ is strictly zero in free space
for isotropic molecules, this is no longer true with general
material environments, which exhibit chiral properties.
Chiral molecules near a perfect chiral plate.—With the

introduction of a body, the fluctuations of the electromag-
netic field are influenced by the presence of the boundary.
The interaction between chiral molecules is a two-photon

exchange, where photons can be reflected by the body’s
surface (Fig. 2). The total Green’s tensor is the sum of the
bulk (free-space) Green’s tensor Gð0Þ and the scattering
Green’s tensor of the plate Gð1Þ, that accounts for the
reflection of the electromagnetic field from surfaces:
G ¼ Gð0Þ þGð1Þ.
If one species is chiral and the other one is achiral we

need a chiral surface to observe a discriminatory effect.
The simplest surface is a perfect chiral plate which reflects
a p-polarized wave to an s-polarized wave and vice versa
with reflection coefficients rs→p and rp→s. This is a limit of
a chiral plate, which may be approached for metamaterials
with large optical activity. In other words, it rotates the
polarization of an incoming wave by an angle of �π=2
when looking along the direction of the wave vector.
Its scattering Green’s tensor reads

Gð1ÞðrA; rB; iξÞ ¼
1

8π2

Z
2π

0

dφ
Z

∞

0

dk∥
k∥

κ⊥
e−κ

⊥zþ

× e−ik
∥ðx cosφþy sinφÞ

× ðepþes−rs→p þ esþep−rp→sÞ; ð11Þ

where x ¼ xB − xA, y ¼ yB − yA, zþ ¼ zA þ zB, and we
have introduced the polarization unit vectors es� ¼
ðsinφ;− cosφ; 0Þ,
ep� ¼ ðc=ξÞð∓ κ⊥ cosφ;∓ κ⊥ sinφ;−ik∥Þ. The parallel
and perpendicular components of the wave vector, k∥

and κ⊥, are related via κ⊥ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2=c2 þ k∥2

p
. For a plate

of positive chirality rs→p ¼ −1, rp→s ¼ 1, and for a plate of
negative chirality rs→p ¼ 1, rp→s ¼ −1.
The perfect chiral plate has no influence on the purely

electric contribution, which reduces to the well-known
electric van der Waals interaction in free space. Instead, it
influences the leading-order chiral contribution, which in
the nonretarded limit (all distances much lower than the
relevant atomic transition wavelength) reads

UCE
nr ¼ � ℏ

16π3ε20

Z
∞

0

dξ
χAðiξÞ

c
αBðiξÞ

×
r2½2r2þ − 3ðx2 þ y2Þ� − 3r2þðx2 þ y2Þ

r5r5þ
; ð12Þ

FIG. 2. Medium-assisted vdW interaction between two
molecules: direct or indirect exchange of two photons.
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where rþ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2þ

p
. If the two species are chiral,

there is another discriminatory term UCC which is, how-
ever, much smaller than UCE.
Consider, for example, the interaction between a rubid-

ium atom and the chiral molecule 3-methylcyclopentanone
(3-MCP) [32,33]. The molecule 3-MCP has a particularly
small electric dipole moment and a magnetic dipole
moment comparable to the Bohr magneton; this kind of
system is suitable to observe enhanced chiral effects.
We suppose the position of the moleculeA is fixed and we

write the resulting energy in terms of the interparticle
separation r ¼ rB − rA;UðrA; rA þ rÞ. The total force acting
onB is F ¼ −∇rUðrA; rA þ rÞ and its direction differs from
r because of the presence of the additional surface. We
choose, without loss of generality, a coordinate system such
that the plate corresponds to the z ¼ 0 plane, both species lie
in the x ¼ 0 plane with the coordinates of molecule A being
rA ¼ ð0; 0; zAÞ. The degree of attractiveness is quantified by
using the parameter er · F, where er ¼ r=r.
A three-dimensional plot shows the relative importance

between electric and chiral contributions for a plate of
negative chirality (see Fig. 3). The chiral contribution is
maximally enhanced when both species are aligned parallel
to the surface (z ¼ 0), having a large distance along the y
direction (y=zA ≫ 1). In this case the chiral contribution is
attractive and one order of magnitude smaller than the
purely electric contribution (er · FCE=er · FEE ≃ 6.75%).
When both species are aligned perpendicular to the surface
(y ¼ 0) and have a large distance along the z direction
(z=zA ≫ 1), the chiral contribution is repulsive and 2 orders
of magnitude smaller than the electric contribution
(er · FCE=er · FEE ≃ −3.37%).
Our chiral contribution could be observed in Rydberg

molecules, which have large dipole moments and therefore
strong van der Waals interactions [34]. We expect a
strongly enhanced interaction between a Rydberg molecule
and a chiral molecule, which does not have to be in a
Rydberg state. On the other hand it has been recognized
that it is possible to create chiral Rydberg molecules,
exciting moving Rydberg atoms of rubidium by two right-
or two left-circularly polarized photons [35]. Such systems

could be used in a proof-of-principle experiment. If two
identical chiral Rydberg molecules are exposed to a
resonant laser, the laser can cause the system to oscillate
between the ground state and the excited states. From the
oscillations of the molecular populations it is possible to
deduce the van der Waals interaction. The experiment has
been performed with rubidium atoms where C6 (van der
Waals coefficient of the energy U ¼ −C6=r6) has been
determined with an accuracy of 2.7% for the excited
Rydberg state n ¼ 62 [36]. Note that if one molecule is
absorbed onto the surface the strength of the interaction is
even higher because of the influence of the substrate on the
molecular polarizability, as shown in Ref. [37].
Most importantly, the chiral contribution is discrimina-

tory: it changes sign if we substitute a chiral molecule
with its enantiomer or a positive chiral plate with a negative
one. Hence by determining whether the free interaction is
enhanced or reduced by the presence of the plate, it could
be possible to identify the handedness of the chiral
molecule. This discriminatory effect also suggests configu-
rations, where the nonchiral contributions of the van der
Waals force completely vanish, but not the chiral contri-
butions. Fig. 4 shows such possible geometry. Three
species are in the symmetry axis of a cavity composed
of two identical chiral plates. We are interested in the force
acting on the middle achiral atom B. This experiment
allows us to establish if the two chiral molecules A and C
have the same handedness. If A and C have the same
handedness then the force acting on B is strictly zero; this is
no longer true if they are opposite enantiomers because
of chiral discriminatory contributions of the vdW force.
This interaction is enantiomer selective because atom B
will be attracted or repelled from molecule A depending on
the handedness of the latter. Hence if we know the
handedness of one chiral molecule we are able to determine
the handedness of the other one with this experiment. Note
that the recently predicted exponential suppression of the
electric vdW potential in a parallel mirror cavity [38] or in a
planar waveguide [39] might further assist the observability
of the chiral component. Three-body discriminatory chiral
contributions are also present in the cavity configuration;
however, they are smaller with respect to the analyzed
two-body contributions.
Alternatively, in scattering experiments one commonly

has molecular beams of chiral molecules containing both
enantiomers in equal proportions. This molecular beam can

FIG. 3. er · FCE=er · FEE for a rubidium atom (atom B) and the
chiral molecule 3-MCP (molecule A). FIG. 4. Three species parallel in the symmetry axis of a cavity.
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travel near a gas of chiral molecules of one handedness,
prepared, for example, with liquid chromatography. The
interactions with the gas molecules will lead to a separation
of the trajectories of the molecules in the beam, depending
on their handedness. This trajectory imaging technique has
been already used for rubidium Rydberg atoms [40].
Conclusions.—Our model, which combines time-inde-

pendent perturbation theory with an effective-Hamiltonian
approach, has allowed us to study the influence of material
environments on the vdW interaction involving chiral
molecules.
We see that surfaceswith chiral properties can significantly

enhance chiral contributions. The chiral contribution can be
repulsive unlike the purely electric force which is always
attractive. For some positions the plate enhances the free
interaction (attractive chiral contribution) and for other
positions it reduces the interaction (repulsive chiral
contribution).
Second, the chiral force is discriminatory with respect to

enantiomers of different handedness, this opening an
interesting perspective on the separation of enantiomers.
We suggest symmetric configurations where we selectively
cancel the purely electric contribution, but not the chiral
components: this selective cancellation is a direct conse-
quence of the nondiscriminatory nature of electric and
magnetic interactions, and the discriminatory nature of the
chiral components.
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ABSTRACT: Theories for the effective polarizability of a small
particle in a medium are presented using different levels of
approximation: we consider the virtual cavity, real cavity, and the
hard-sphere models as well as a continuous interpolation of the latter
two. We present the respective hard-sphere and cavity radii as
obtained from density-functional simulations as well as the resulting
effective polarizabilities at discrete Matsubara frequencies. This
enables us to account for macroscopic media in van der Waals
interactions between molecules in water and their Casimir−Polder interaction with an interface.

■ INTRODUCTION

The optical behavior of a small object dissolved in a medium is
of interest for a large number of investigations, such as
optofluids,1 medium-assisted density-functional theory (DFT),2

nanomedicine,3 hydrogen storage,4 bio-organics,5 and photo-
dynamic therapy.6 The impact of a cavity around the particles is
large compared to the typically studied situations where the
particles are considered without an environment.
In this fundamental study we derive different models for the

effective polarizability of small particles in a medium. The level
of accuracy for six different approximations will be discussed
and our results exploited to calculate Casimir−Polder forces in
a medium. The new theoretical results are then applied to
greenhouse gas molecules,7 and other gas molecules, dissolved
in water. After water vapor and carbon dioxide, methane and
nitrous oxide are the most important long-lived greenhouse
gases in the atmosphere. Release of greenhouse gases from
surfaces in water is influenced by the Casimir−Polder
interaction. To estimate the Casimir−Polder binding gas
particles to surfaces, one needs to have accurate effective
polarizabilities of the greenhouse gas molecules in water. As
input parameters in our models, we require the frequency-
dependent polarizability of the molecules in a vacuum, hard-
sphere radii, cavity radii in water, and the dielectric function of
water. We use ab initio quantum chemical calculations to
accurately calculate the frequency-dependent polarizabilities of
different gas molecules in a vacuum. The result is given as a set

of parametrized functions, which enables easy access in future
investigations that require these molecular polarizabilities. We
also provide the theory for determining the molecular radii and
cavity radii of different greenhouse gas molecules in water.
These parametrized functions and tabulated data for radii,

together with the new theories and tabulated dielectric function
of water for discrete Matsubara frequencies, enable us to
calculate the effective polarizability of gas molecules in water.
This is a key quantity needed in future studies of binding or
release of gas molecules near solid−water interfaces. As an
illustrative example we consider the nonretarded van der Waals
potential of two molecules in water and their Casimir−Polder
potential near a perfect metal surface to illustrate the impact of
the different cavity models. Therefore, we treat the environ-
ment as a continuous medium as a kind of ensemble average of
its constitutions. Due to this reason we focus on single-particle
interactions, as they are valid for dilute gases. Further
investigations on few- and many-particle interaction embedded
in a cavity can be performed additionally.8−11 This enables us
to compare how sensitive the results are to different
approximations done when the effective polarizability is
evaluated. It turns out that the theoretical sensitivity can be
quite large; even the sign of the force on molecules close to a
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metal surface can change if we go from one effective
polarizability model to another. There is thus a need for
experimental information to identify the best model.

■ FREE-SPACE POLARIZABILITY OF GAS
MOLECULES

The Casimir−Polder energy is determined from the effective
polarizability of a molecule in a medium at imaginary
frequencies iξ. Each of the models of effective polarizability
considered in this manuscript describes a different representa-
tion of the transformation induced by the medium on the
underlying dynamic polarizability α(iξn) of the given molecule
in a vacuum (the free-space polarizability). We have computed
the free-space polarizability of each molecule by quantum
chemical methods. The closed-shell gas molecules, CH4, CO2,
N2O, O3, N2, CO, and H2S were calculated at the coupled
cluster singles and doubles (CCSD) level of theory12 using
Molpro.13 The open-shell (paramagnetic) molecules O2 and
NO2 were calculated using Turbomole14 at a density functional
theory (DFT) level with a hybrid PBE0 functional.15 Ground
states involved higher spin states, O2 having spin multiplicity 3
(two unpaired electrons), NO2 with multiplicity 2 (one
unpaired electron). For both CCSD and DFT/PBE0
calculations we employed an augmented correlation-consistent

basis set, aug-cc-pVQZ.16 The geometry of each molecule was
optimized by energy minimization before evaluating its
polarizability. The full anisotropic polarizability tensor was
evaluated, and anisotropic effects are known to have an impact
on Casimir−Polder interactions.17,18 However, for simplicity
we use the isotropic average, α = (αxx + αyy + αzz)/3, in this
manuscript.
Quantum chemical calculations of dynamic polarizabilities

were performed at the Matsubara frequencies iξn = i2πkBTn/ℏ
for T = 298.15 K with n = 0, 1, ..., 2100. It is convenient to
represent the polarizability at an arbitrary imaginary frequency
iξ by fitting the polarizability modes to an oscillator model

∑α ξ
α

ξ ω
= +(i )

1 ( / )j

j

j
2

(1)

A five-mode fit has previously been found to describe the
dynamic polarizability accurately to a 0.02% relative error.19

The adjusted parameters for a five-mode model fitted to agree
with the free-space polarizability obtained from ab initio
calculations are given in Table 1.

Table 1. Weights (αj [10
−42 A2 s4 kg−1] in SI-Units Which Transform to CGS Units via [αSI] = 4πε010

−30 Å3) and Characteristic
Frequencies (ωj [10

16 rad s−1] in SI-Units, Which Transform to CGS Units via [ωSI] = 2πe/ℏ eV) for Five-Mode London Fits of
the Dynamic Polarizabilities of Four Greenhouse Gas Molecules CH4, CO2, N2O, and O3 and Other Atmospheric Gas
Molecules

mode 1 mode 2 mode 3 mode 4 mode 5

α1 ω1 α2 ω2 α3 ω3 α4 ω4 α5 ω5

CH4 89.3 1.75 137.5 2.56 41.2 4.42 2.78 10 0.18 48.3
CO2 131.7 1.95 116 3.14 41.5 6.2 6.43 13.3 0.43 51.5
N2O 121.5 1.64 146.2 54.9 54.9 5.59 8.05 12.3 0.41 53.9
O3 72 0.89 130 2.28 98.7 4.32 21 9.82 0.89 36.5
O2 38 1.37 85.4 2.78 41.1 5.42 8.16 10.9 0.76 29.5
N2 90 2.14 10 3.27 29.9 5.92 3.55 13.2 0.23 60.5
CO 49.1 1.43 120 2.46 41.7 4.95 6.89 11 0.39 45.7
NO2 16.5 0.63 124 1.65 134.1 3.57 28.8 8.39 1.19 31.6
H2S 55.1 1.12 99 3.25 251.6 1.86 2.33 9.58 0.98 34.2

Figure 1. (a) Sketch of Onsager’s real cavity model. A particle (red dot) at position rA is embedded in a medium with dielectricity ε(ω) (grey area)
surrounded by a spherical vacuum cavity (white area). The scattering process from an external point r (green dot) is separated into the propagation
to and back from the particle. (b) Sketch of Onsager’s real cavity model for finite size particles. A spherical particle with radius R and the dielectric
function εs is embedded in a medium with ε(ω) (grey area) surrounded by a spherical vacuum cavity (white area) with radius RC. The scattering
process from an external point r′ (red dot) to another point r (green dot).
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■ CASIMIR−POLDER AND VAN DER WAALS
POTENTIAL

The Casimir−Polder force arises when a small particle comes
close to a dielectric surface.20 It is caused by the fluctuations of
the ground-state electromagnetic field.21 Performing the field
quantisation and applying second-order perturbation theory to
the dipole-electric field Hamiltonian Ĥ = −d̂·Ê for the ground
state of the field and particle, one finds the Casimir−Polder
potential acting on a particle located at rA

21,22

∑μ ξ α ξ ξ= ′
=

∞
U k Tr G r r( ) (i ) tr[ ( , ,i )]

n
n n nCP A 0 B

0

2 (S)
A A

(2)

with the Boltzmann constant kB, the vacuum permeability μ0,
the particle polarizability α(iξ) at imaginary frequencies iξ, the
primed sum means that the zeroth term has to be weighted by
1/2 and the scattering part of the dyadic Green’s function G(S),
which satisfies the vector Helmholtz equation

δω ω ε ω ω∇ × ∇ × ′ − ′ = − ′
c

G r r r G r r r r( , , ) ( , ) ( , , ) ( )
2

2

(3)

with the relative permittivity ε(r,ω). The dyadic Green function
can be separated into the free propagation through the bulk
medium G(0) and the scattering part G(S), G = G(0) + G(S). The
Casimir−Polder potential, eq 2, shall be understood due to a
virtual photon with frequency iξ being created by the particle at
rA and backscattered at the dielectric surface as expressed by the
scattering Green function. The strength of its fraction to the
Casimir−Polder potential is weighted by the polarizability of
the particle. Because the fluctuations of the fields ensue at all
frequencies, a superposition of all scattering processes results in
the Casimir−Polder potential.
Assuming that the particle is located in the nonretarded

regime in front of planar surface, the Casimir−Polder potential
reduces to the established C3-potential. This situation is
described by the scattering Green function for a planar two-
layer system23

ω
πω ε ω

ε ω ε ω
ε ω ε ω

= −
+

c
z

G r r( , , )
32 ( )

( ) ( )
( ) ( )

diag(1,1,2)
2

2 3
H

H
(4)

with the dielectric function εH describing the electric response
of the half-space. A perfectly conducting plate requires the limit
εH(ω) → ∞. Due to the separation of spatial and frequency
dependencies of the scattering Green function, the Casimir−
Polder potential, eq 2, simplifies to the well-known result

∑
πε

α ξ
ε ξ

= − = ′
=

∞
U z

C
z

C
k T

( )
8

(i )
(i )n

n

n
CP

3
3 3

B

0 0 (5)

In analogy, the van der Waals potential describing the
interaction between two neutral, but polarizable particles can be
derived via the fourth-order perturbation of the two-particle
dipole-electric field Hamiltonian Ĥ = −d̂A·Ê − d̂B·Ê, which
will be performed for ground-state fields and particles. It results
in21,22

∑μ ξ α ξ α ξ

ξ ξ

= − ′

× ·
=

∞
U k Tr r

G r r G r r

( , ) (i ) (i )

tr[ ( , ,i ) ( , ,i )]

n
n n n

A n n

vdW A B B 0
2

0

4
A B

B B A (6)

which has to be read from right to left, and is due to a virtual
photon which is created at particle A, propagates to particle B,
where it interacts with its polarizability, and is backscattered to
particle A. Again, the sum (integral) over all two-photon
exchanges results in the van der Waals potential. According to
the nonretarded Casimir−Polder potential, the nonretarded
Green function21

ω
π ω

= − ϱ − ⊗ϱ ϱk
G r r I e e( , , )

1
4 ( )

( 3 )A B 2 3 (7)

with ϱ = rB − rA, ϱ = |ϱ|, eϱ = ϱ/ϱ, and k2(ω) = ε(ω)ω2/c2, for
the propagation through a bulk medium can be applied. This
results in

∑
π ε

α ξ α ξ
ε ξ

= − = ′
=

∞
U r

C
r

C
k T

( )
3

8
(i ) (i )

(i )n

n n

n
vdW

6
6 6

B
2

0
2

0

A B
2

(8)

where r denotes the distance between particle A and B.
The advantage of these formulas is the separation into

particle properties α(iξ) and the scattering processes
G(S)(rA,rA,iξ). To describe the Casimir−Polder interaction in
media, the scattering Green function changes its properties with
respect to the dielectric function of the medium and to the
geometrical shape of the cavity around the particle, which gives
rise to additional resonances due to the cavity modes. Two
different pictures for the consideration of the scattering
processes will be used in describing the influence of a cavity
effectively. In the first case, the particle is centered in the cavity
and the scattering through the cavity’s boundary is considered;
see Figure 1a. Assuming that the scattering processes between
the surface and the particle−cavity system are dominated by a
single scattering effect (we neglect multiple scattering effects),
the Green function factorizes into a bulk propagation G (here:
in water) and an effective transmission coefficient R(ω), which
has to be found, through the cavity’s surface, which includes the
properties of the cavity and yields24

ω ω ω′ = ′RG r r G r r( , , ) ( ) ( , , )cav (9)

Due to the linearity of the Casimir−Polder potential, eq 2, in
the polarizability and the scattering Green function, an excess
polarizability can be defined as

α ξ ξ α ξ* = R(i ) (i ) (i ) (10)

In the second picture, we reverse the optical paths and
describe the scattering effect as an effective reflection at a
sphere, which means that the corresponding initial and final
points are located outside the sphere; see Figure 1b. The
propagation is again represented by the free propagation in a
bulk medium. Thus, we can write

ω ω α ω ω′ = · * · ′G r r G r R G R r( , , ) ( , , ) ( ) ( , , )cav (11)

where R is a point at the spherical cavity’s surface and the
excess polarizability α*(ω). In the following we analyze
different models for such excess polarizabilities. To apply eqs
5 and 8, the free-space polarizability has to be exchanged by the
excess polarizability25

α ξ α ξ→ *(i ) (i ) (12)
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■ POLARIZABILITY OF PARTICLES EMBEDDED IN A
MEDIUM

In the following we introduce the established models estimating
the effective electric polarizability of a particle embedded in a

medium. First, we start with the virtual cavity model, which
results in the Clausius−Mossotti relation. We continue with the
real cavity model, where we consider two different config-
urations. One describes the effective polarizability by treating
the particle as a point-like object which leads to the Onsager’s
real cavity model. In analogy, the hard-sphere model
corresponds to Onsager’s real cavity model and uses a spatially
spread out dielectric function over the complete cavity volume.
This yields the vanishing of the vacuum layer. An interpolation
between both real cavity models modeling finite-size particles is
also considered.
Clausius−Mossotti Relation and Virtual Cavity Model.

The Clausius−Mossotti relation describes the relation between
the microscopic quantity polarizability and the macroscopic
quantity dielectric function. It is also known as the virtual cavity
model, as or local-field corrections, because it describes the
increase of the electric field in the presence of a dielectric
sphere with radius R. By considering the fields inside and
outside the sphere E′ and E, respectively, one finds that the
local field around the sphere increases by26

ε
′ = +E E P

1
3 0 (13)

with the polarization of the sphere P. Using the relation that
the polarization is the electric response of an externally applied
electric field

ε ε ω= −P E[ ( ) 1]0 (14)

and that the polarization is the response to the application of
the local electric field to the sphere

αη= ′P E (15)

with the number density η of atoms inside the sphere and the
polarizability, one finds the polarizability of a sphere as

α πε ε ω
ε ω

= −
+R4

( ) 1
( ) 20

3

(16)

This equation is the Clausius−Mossotti relation and means that
the electric response, expressed by the polarizability α, of a
sphere with radius R is given by the product of its volume and
the Mie reflection.
Furthermore, the local-field correction due to the presence of

a spherical object, eq 13, together with the polarization, eq 14,
leads us to write the local electric field at the sphere as

ε ω′ = +⎛
⎝⎜

⎞
⎠⎟E E

( ) 2
3 (17)

This results in that the self-correlation between the local
electric field21

ω ω

ε ω ω ω

ε ω
πε

ω ω δ ω ω

⟨ ̂′ ⊗ ̂′ ′ ′ ⟩
= + ⟨ ̂ ⊗ ̂ ′ ′ ⟩

= + ℏ ′ − ′

†

†⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟ c

E r E r

E r E r

G r r

( , ) ( , )

( ) 2
3

( , ) ( , )

( ) 2
3

Im ( , , ) ( )

2

2

0

2

2
(18)

Hence, the local-field-corrected excess polarizability can be
written as

α ω ε ω α ω α* = + ≡⎛
⎝⎜

⎞
⎠⎟( )

( ) 2
3

( )
2

virt
(19)

which we denote by αvirt.
Onsager’s Real Cavity Model. Onsager’s real cavity model

considers a spherical vacuum bubble around a particle at
position rA embedded in a medium with permittivity ε(ω).27

Figure 1a illustrates the arrangement. The scattering Green
function for a spherical two-layered system with final and
source points in the outer layer can be found in refs 28 and 29.
The boundary conditions entering the reflection coefficients
read as z = kRC and zs = ksRC with the cavity radius RC and the
absolute values of the wave vector inside and outside of the
sphere ks and k, respectively. Considering a single scattering
event starting outside the cavity toward its center and back
scattering, these processes can be described with the Born
series expansion.22 The scattering Green function can be
expressed as24

ω ω ω= RG r r G r r( , , ) ( ) ( , , )S
2
( )

A A bulk
(S)

A A (20)

where Gbulk
(S) denotes the scattering Green function for a bulk

medium with the permittivity of the outer layer and the
transmission coefficient24,30

ω
ε ω

= ′ − ′R
z j z zh z z j z h z

( )
i

[ ( )[ ( )] ( )[ ( )] ( )]s s1 1
(1)

s 1 s 1
(1)

(21)

with the spherical Bessel and first kind Hankel functions jn and
hn
(1), respectively, which yields the exact excess polarizability

α ω α ω

ε ω

* = −

× ′ − ′
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

z

j z zh z z j z h z

( ) ( )
1

1
( )[ ( )] ( )[ ( )] ( )s s s

s
2

1 1
(1)

1 1
(1)

2

(22)

Applying the Taylor series expansion assuming that the cavity
radius RC is small compared to the relevant wavelengths, RC ≪
k−1, ks

−1, to this transmission coefficient results in

ω ε ω
ε ω
ε ω ε ω ε ω

ε ω
ω

≈ +
− − −

+ ⎜ ⎟⎛
⎝

⎞
⎠

R

R
c

( )
3 ( )

1 2 ( )

3
10

( )[10 ( ) 9 ( ) 1]
[1 2 ( )]

2

2
C

2

(23)

Table 2. Summary of the Polarizability Models

model α* =

free space α

local-field corrected, eq 19 αε +( )2
3

2

Onsager, eq 24 αε
ε+( )3

1 2

2

hard sphere, eq 33 πε ε ε
ε ε

−
+R4 0 s

3
2

s

s

finite size, eq 36 α α* + ε
ε α α π ε ε+ + *( ) RC

3
1 2

2 1

1 / (8 )C
2

0
2

C
6
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and leads to the famous excess polarizability for small radius RC

α ω α ω ε ω
ε ω

α* = + ≡⎛
⎝⎜

⎞
⎠⎟( ) ( )

3 ( )
1 2 ( )

2

Ons
(24)

which is denoted by αOns. For small but finite radii, a Taylor
expansion

α ω α ω ε ω
ε ω

ε ω
ε ω

ε ω ε ω ε ω
ε ω

ω

* = + +

− − −
+ ⎜ ⎟

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟
⎛
⎝

⎞
⎠

⎤
⎦
⎥⎥

R
c

( ) ( )
3 ( )

1 2 ( )
3 ( )

1 2 ( )

2
3

10
( )[10 ( ) 9 ( ) 1]

[1 2 ( )]

2

2
C

2

(25)

shows that this approximation works for typical cavity radii. It
has an agreement of more than 99% compared with the exact
solution. The corresponding frequency of the cavity mode can
be estimated as ωc = c/RC, with the speed of light c. Typical
values for the cavity radius are on the order of several
Angstroms which result in a cavity mode of the order of 1018

rad s−1, where typical materials are transparent.
Onsager’s Real Cavity Model for Finite-Size Particles.

The Onsager real cavity model for spatially extended particles
can be described by a spherical three-layer system.31 The inner
layer represents the particle, the outer layer the surrounding
medium, and the second layer between both denotes the
vacuum cavity. The description of this arrangement is similar to
Onsager’s real cavity model. Again, a scattering process at the
outer boundary has to be described that follows the same
scattering Green function for a spherically layered system29

whereas the reflection coefficients need to be exchanged by the
one for a three-layered system which read28,32

̃ = + −r r
t r t

r r132 32
23 21 32

23 21 (26)

which denotes the multiple reflection coefficients at the second
boundary with the transmission and reflection coefficient tij and
rij, respectively, between the i-th and j-th layer24,28,32

ε μ ε μ

ε μ ε μ
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with Jn(x) = xjn(x) and Hn
(1)(x) = xhn

(1)(x) and a denotes the
position of the boundary between the i-th and (i + 1)-th layer.
Again, the comparison of the exact Green function for the
spherically layered system with that for the bulk propagation, eq
11, results in the excess polarizability that reads in general

α ω
πε
ε ω

* = − ̃c
r( ) i

6 0
3

3 32 (31)

Note that the dielectric function of the inner sphere is
connected to the corresponding polarizability via the Clausius−
Mossotti relation, eq 16. Assuming a small radius of the cavity
and of the particle, the vector wave functions reduce to the first
order (n = 1), because all other terms vanish for a centered
particle. The reflection coefficient for a purely electric field, eq
26, can be expand into a series expansion for small radii R and
RC

εμ ω ε
ε

ε ε ε
ε ε ε ε

̃ ≈ = −
+

+ − +
+ + + − −
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3

C
3

3
s

s s
3

C
3

(32)

where R and RC denote the radii of the particle and the cavity,
respectively. In analogy to the virtual cavity model, it can be
considered as the electromagnetic scattering at a sphere with
radius Rs and permittivity εs embedded in a medium ε.
Considering the electric fields through a dielectric sphere with
εs and radius Rs embedded in a medium ε, one finds an excess
polarizability (Rs → RC)

α πε ε
ε ε
ε ε

α* = −
+ ≡R4

20 s
3 s

s
HS

(33)

which is the Mie coefficient and is denoted αHS, meaning that
the hard-sphere polarizability arises when the vacuum layer
vanishes. Using this result, one can define excess polarizabilities
in the three-layer model. One is the free-space polarizability for
the sphere surrounded by vacuum

α πε
ε
ε

= −
+R4

1
2s 0

3 s

s (34)

and the excess one for the cavity

α πε ε ε
ε

* = −
+R4

1
1 2C 0 C

3

(35)

Substituting eqs 34 and 35 in eq 33 the excess polarizability
for the three-layered system simplifies to

α α α ε
ε α α π ε ε

α α α

* = * + + + *
= * + * ≡

+ ⎜ ⎟⎛
⎝

⎞
⎠ R

3
2 1

1
1 /(8 )S C C s

2

C s
2

0
2

C
6

C s fs (36)

which we denote by αfs and the dressed polarizability αs*. The
performed approximation agrees with the exact values with a
confidence of more than 99% for small molecules. Due to the
multiple reflections occurring here the quality of the series
expansion strongly depends on the radii R and RC. It can be
imagined that, for larger objects, such as a fullerene, this
approximation might fail because of the increase of the multiple
reflection term. Table 2 summarizes the different effective
polarizability models.
We note the appearance of the prefactor ε in the effective

polarizabilities of the sphere in eq 33 (and for the cavity in eq
35), suggesting that the effective polarizability of a molecule is
generally larger in a more polar medium. This contrasts with
the effective polarizability presented by Netz,33 which does not
contain the prefactor ε. This apparent contradiction arises
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because of alternative possible definitions of what the effective
polarizability means. The effective polarizability may be thought
of as the linear relationship between an external electric field
and the dipole (embedded in a medium) induced in a molecule
by that field.26 The polarization field P, thought of as the field
generated by that induced dipole, has the same value regardless
of the definition of the induced dipole. In the picture we have
presented here, we have defined the effective polarizability such
that the polarization field corresponds to an induced dipole
located inside the medium with ε. Netz, by contrast, adopted a
definition of the effective polarizability that generates the same
polarization field as if the corresponding induced dipole was
located in a vacuum, rather than in the medium. In other words,
the definition depends on whether we take the effective
polarizability to refer to an effective induced dipole in medium
or in a vacuum. The difference matters in the evaluation of the
van der Waals energy, whether the latter treats the medium
explicitly (cf. the appearance of ε in the van der Waals
parameters eq 5 or eq 8) in section below or whether, as in
Netz’s approach, the van der Waals energy is evaluated as if the
field is in a vacuum. In our case (effective induced dipole in a
medium), ε in the effective polarizability cancels with that in
denominator of the van der Waals parameters. In Netz’s case
(effective induced dipole in a vacuum), the factors of ε are
never present. The net van der Waals energy is the same either
way (the two definitions were incorrectly mixed in ref 19,
resulting in an underestimate of van der Waals parameters). We
suggest that the approach of effective-dipole-in-medium
provides a more natural or more general definition of the
effective polarizability, because in the three-layered system ε
cannot be simply lifted out from eq 36.

■ CAVITY RADIUS FOR GAS MOLECULES IN WATER
To apply the model of eq 36, we need to estimate R and RC for
the molecules under investigation. The definition of the cavity

radius RC is under discussion in the literature34 and is often
based on fits to solvation energies.35,36 More generally, it is
possible to compute the probability distribution p(RC,T) of
cavities with radius RC in a solvent at temperature T,37−40 with
the cavity energy for a given radius equal to −kT ln p(RC,T).
The cavity radius for a given ion may be extracted from the ion-
solvent radial distribution function g(r), or more specifically the
ion-oxygen rdf in the case of water.41,42 The position of the first
peak in g(r) has been used to determine ion solvation
energies43 and partial molar volumes.44 It follows from the
temperature dependence of g(r) that, in general, the cavity

radius can be expected to depend on temperature, as observed
in solvation radii determined from measurement of ion
conductivity.45 Table 3 lists the cavity volumes VC and
corresponding radii RC = (3VC/4π)

1/3 that were obtained
from the cavity definition in the recently developed continuum
solvent model implemented in the GPAW package.2,46 The
generally nonspherical cavity with a smooth boundary is
obtained from an effective repulsive potential that describes the
interaction between the continuum of the water solvent and the
solute molecule. This potential leads to an effective solvent
distribution function 0 ≤ g ≤ 1 that can be related to
measurable partial molar volumes at the limit of infinite dilution
through the compressibility equation.47 Using this connection
to fit the effective potential, only a single parameter is needed
to predict the volumes of various test molecules in water in
good agreement to experiment.2 The cavity volume VC is
obtained by an integration over the solvent excluded volume 1
− g.
The hard-sphere radii R describe the effective spherical radius

for the volume occupied by the electron cloud of the
molecules,48 defined as the volume within which the electron
density exceeds 0.001 electrons/bohr3 (evaluated using
Gaussian49). The cavity radii RC, by contrast, correspond to
the position at which the electron density of the solvent
molecules becomes significant (i.e., the position in space where
the dielectric medium starts to respond to an external
field).43,44

The success of polarizable continuum models in the
description of solvent effects, ranging from ground-state to
excited-state properties, shows that considering the solvent as a
continuum is appropriate down to the atomic scale. Dynamic
effects arising from averaging over the solvent molecules’
movements can be conveniently included into the effective
continuum.

■ APPLICATIONS: EFFECTIVE POLARIZABILITIES
FOR GAS MOLECULES IN WATER

The effective polarizabilities determine the strength and sign for
van der Waals potentials and Casimir−Polder potentials of gas
molecules dissolved in water near surfaces or in bulk water. The
free-space polarizabilities and the resulting effective polar-
izabilities for two different dissolved gas molecules (using the
models described in previous sections) are shown in Figure 2. It
is the expectation that the effective polarizability of a molecule
in a medium is less than its corresponding free-space
polarizability because it reflects the difference between the
dielectric function in a sphere and the surrounding media
(water). This is not observed in the simpler models αvirt, eq 19
and αOns, eq 24. The most sophisticated model αfs, eq 36,
accounts for a small polarizable sphere (with a size modeled by
the hard-sphere radius R) inside a vacuum bubble (with radius
modeled by the cavity radius RC). Here the presence of a
vacuum layer means that the effective polarizability may
become negative in some frequency regions. This is obviously
so, because a simple vacuum bubble is less polarizable than the
surrounding water. We observe that the closer the values for the
hard-sphere radius and cavity radius are, the less negative the
effective polarizability will be. To illustrate the impact of the
different results, we determine the expected van der Waals and
Casimir−Polder parameters for the different molecules.
Note that the Casimir−Polder (C3) parameters in Table 3

correspond to more attraction in free space than any of the C3
parameters using the effective polarizability models in water.50

Table 3. Cavity Volume VC (in General Not Spherical),
Cavity Radii RC (Spherical Approximation), and Hard-
Sphere Radii R of Four Greenhouse Gases CH4, CO2, N2O,
and O3 and Other Atmospheric Gas Molecules

gas VC (Å3) RC (Å) R (Å)

CH4 47.00 2.239 1.655
CO2 62.28 2.459 1.723
N2O 58.83 2.413 1.991
O3 58.79 2.412 1.984
O2 43.84 2.187 1.300
N2 44.98 2.206 1.409
CO 51.31 2.305 1.966
NO2 58.33 2.406 1.986
H2S 52.73 2.326 2.030
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The reason is partly the large repulsive contribution from the
zero-frequency Matsubara term due to the high value for the
dielectric constant of water. However, it is not only the zeroth
frequency that gives repulsion. Figure 2 shows the effective
polarizabilities for methane and nitrous oxide. On the basis of
the three-layer model, two subclasses of molecules can be
found: one with a purely negative effective polarizability, where
CH4, CO2, O2, O3, N2, CO, and CO2 belong, and one with also
positive contributions N2O and H2S. This is caused by the
optical density of water. In eq 36, αC* is always negative and the
dressed polarizability αs* can dominate it to generate a positive
result. This is a direct consequence of the ratio of the optical
densities for the considered materials. One needs to account for
many frequencies where the polarizability is either positive
(attractive) or negative (repulsive). A repulsive dispersion force
based on the same argumentation was found in previous works
by Elbaum and Schick.51 It turns out that the Onsager’s real
cavity model for finite-size particles even predicts repulsion
between a molecule in water and a perfect metal surface. This is
in contrast to the other models in water. We suggest to test the

validity of the different effective polarizability models
experimentally. For instance, the different predicted Casimir−
Polder forces can be experimentally verified by balancing them
against gravity. On the basis of the C3 coefficients given in
Table 4, a solution of H2S can be brought horizontally toward a
metal surface. Due to the repulsive force, expected for the
finite-size and the hard-sphere model, the molecules will
stabilize at a certain distance due to the equilibrium of the
Casimir−Polder and the gravitational forces. The results for the
van der Waals (C6) parameters are no less interesting and differ
by an order of magnitude between the different models.
Interactions between equal molecules and between unequal
molecular pairs are given in Tables 5 and 6, respectively.

■ IMPACT OF PARTICLE SIZE
The polarizabilities in this model vary strongly between
different molecules: although the polarizability for H2S is only
negative for high frequencies, the polarizability of CH4 is also
negative for the first two Matsubara frequencies. One main
difference between H2S and CH4 can be found in Table 3. H2S

Figure 2. Polarizabilities (green) and effective polarizabilities for (a) N2O and (b) H2S. We compare the local-field-corrected model, following eq 19,
αvirt (blue), the Onsager real cavity model, following eq 24, αOns (orange), the hard-sphere model αHS, eq 33 (black), and Onsager’s real cavity model
for finite-size particles, eq 36, αfs (red). In addition, the corresponding cavity modes ωC = c/RC and the hard-sphere modes with respect to the
molecule radius ωM = c/R are drawn as straight lines.

Table 4. C3 Coefficients in 10−49 J m3 for the Different Gases
in a Vacuum,a in a Medium without a Cavity,b with the
Local-Field Correction (Virtual Cavity),c with Onsager’s
Real Cavity,d for the Real Cavity with Finite Size of the
Particles,e and with the Hard-Sphere Cavity Modelf

gas vacuum medium loc corr Onsager finite size hard sphere

CH4 2.69 2.01 2.56 2.36 −0.78 3.07
CO2 3.61 2.8 3.46 3.23 −0.96 5.71
N2O 3.81 2.94 3.65 3.4 −0.54 2.29
O3 3.75 2.92 3.6 3.36 −0.58 2.25
O2 2.28 1.79 2.19 2.05 −0.91 7.59
N2 2.38 1.85 2.28 2.13 −0.9 5.72
CO 2.44 1.87 2.34 2.17 −1.29 0.1
NO2 3.56 2.76 3.41 3.18 −0.73 1.89
H2S 3.35 2.45 3.21 2.91 −0.57 1.05

aEq 5 with ε(ω) = 1 and the free-space polarizability. bEq 5 with ε(ω)
= εwater(ω) and the free-space polarizability. cUsing eq 5 with ε(ω) =
εwater(ω), the polarizability follows from eq 19. dUsing eq 5 with ε(ω)
= εwater(ω) and the polarizability follows from eq 24. eUsing eq 5 with
ε(ω) = εwater(ω) and the polarizability follows from eq 36. fEq 33.

Table 5. C6 Coefficients in 10−79 J m6 for the Different Gases
in a Vacuum,a in a Medium without a Cavity,b with the
Local-Field Correction (Virtual Cavity),c with Onsager’s
Real Cavity,d for the Real Cavity with Finite Size of the
Particles,e and with the Hard-Sphere Cavity Modelf

gas vacuum medium loc corr Onsager finite size hard sphere

CH4 116.71 48.95 155.66 79.04 6.35 230.33
CO2 161.5 71.88 205.2 112.31 12.42 452.31
N2O 188.44 82.58 245.01 130.07 7 94.63
O3 168.7 75.01 224.46 117.06 7.85 75.4
O2 58.02 26.61 72.78 40.88 11.16 678.26
N2 70.29 31.52 88.03 49.07 9.33 448.07
CO 79.39 34.47 104.2 54.56 16.33 7.84
NO2 155.27 68.87 203.93 107.68 8.95 59.28
H2S 215.27 85.37 311.73 141.94 15.25 92.75

aEq 8 with ε(ω) = 1 and the free-space polarizability. bEq 8 with ε(ω)
= εwater(ω) and the free-space polarizability. cUsing eq 8 with ε(ω) =
εwater(ω) and the polarizability follows from eq 19. dUsing eq 8 with
ε(ω) = εwater(ω) and the polarizability follows from eq 24. eUsing eq 8
with ε(ω) = εwater(ω) and the polarizability follows from eq 36. fEq 33.
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has a larger sphere radius compared to the cavity radius. Thus,
when the sphere radius of CH4 is enlarged, the polarizability
should also become positive for the first two Matsubara
frequencies. To verify this, we calculate the leading order excess
polarizability eq 36 for different sphere radii. The permittivity
of the CH4 sphere is fixed using eq 34 with the original sphere
radius R = 1.655 Å, and the sphere radius R̃ is then varied
between the original one and the cavity radius RC = 2.239 Å
(for R = RC, one obtains the hard-sphere polarizability eq 33
with R → RC). This means we use a radius-dependent
polarizability for the methane sphere, given by

α πε
ε
ε

̃ = ̃ −
+R R

R
R

( ) 4
( ) 1
( ) 2s 0

3 s

s (37)

By varying the radius, one indeed sees a transition to positive
excess polarizabilities for small frequencies in Figure 3.
Furthermore, the excess polarizability becomes positive for all
frequencies for R̃ ≥ 2.033 Å.

■ CONCLUSIONS
We have demonstrated that accurate estimates of the effective
polarizability in a medium, and the related Casimir−Polder and
van der Waals potentials, may require a new theory. Such a
theory has been worked out in the present paper. However,
even more urgent is to test predictions of the real cavity model
for finite-size particles in a medium. We predict that molecules
may be either attracted or pushed away from a metal surface
depending on the effective polarizability model. Testing these
predictions should pave the way for improved modeling of van
der Waals interactions in a medium.

When the effective polarizability of small particles is
calculateda subject closely related to Casimir Polder and
van der Waals potentialsthe presence of a dielectric
environment implies complications that are at present not
very well understood. In the present paper we have approached
this problem from a phenomenological viewpoint, making use
of various parameter-based models. In essence they consist of
(1) the virtual cavity model, implying the Clausius−Mossotti
relation; (2) the real cavity model, which in itself can be divided
into two subclasses, the first treating the particle as a point-like
object surrounded by a spherical cavity volume that denotes the
original Onsager cavity model, and the being a finite-size model
of the particle that is now assumed to be surrounded by an
annular cavity volume and is an extension of the Onsager
model. Its limit when the particle radius reaches the cavity
radius is the hard-sphere model. We calculated the interaction
in terms of scattering Green functions for a spherical three-layer
system.
The Green function technique was applied to several

greenhouse gas molecules as examples. Effective polarizabilities
for gas molecules in water were calculated. To illustrate the
sensitivity of the formalism with respect to the input
parameters, we analyzed also a real cavity model for finite-
size particles for a toy-methane model.
As a striking demonstration of the sensitivity of the

formalism, we found that molecules can be attracted to, or be
pushed away from, a metal surface depending on which
effective polarizability model is used. There is thus an obvious
need for testing these parameter-dependent theories against
experiments to improve the modeling of van der Waals
interactions in media.

Table 6. C6 Coefficients in 10−79 J m6 for the Different Combinations of Interacting Particles Using the Three-Layer Model, Eq
36

CH4 CO2 N2O O3 O2 N2 CO NO2 H2S

CH4 6.35 7.65 6.4 6.4 5.85 5.99 7.84 6.77 7.33
CO2 12.4 8.28 9.51 11.3 10.6 13.7 10.4 4.39
N2O 7 7.13 6.36 6.42 8.09 7.41 6.91
O3 7.85 8.09 7.76 9.94 8.32 5.27
O2 11.2 10.1 13.3 9.15 0.76
N2 9.33 12.2 8.69 2.05
CO 16.3 11.2 2.83
NO2 8.95 4.89
H2S 15.2

Figure 3. Excess polarizability in the real cavity model for finite-size particles (36) for a toy-methane molecule with the polarizability given by eq 37.
The radius of the toy-methane sphere is varied between the original radius and the cavity radius, given in Table 3. One sees a transition from partially
negative to purely positive polarizabilities.
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A decisive model cannot be made on this theoretical level.
We note that only the finite-size and hard-sphere models are
able to produce repulsive forces, and such forces have indeed
been observed in some cases for the related Casimir force.52

Further, the finite-size model is the most detailed description as
it takes into account both the finite particle size and the
exclusion volume. To improve this model, the hard cavity
boundary has to be adapted to realistic cavity profiles and the
constraint to centered particles has to be discarded. On the
basis of the results, an experimental improvement is given by
measuring the expected van der Waals and Casimir−Polder
forces. However, deeper theoretical investigations are required
to transform the results to measurable spectra, such as refractive
indices or molecular extinctions. To describe realistic scenarios,
further investigations are required with respect to the
anisotropy of particles, which results in nonspherical cavities,
and to the cavity’s boundary as described by a continuous
profile.2
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PACS 42.50.Ct – Quantum description of interaction of light and matter; related
experiments

PACS 42.50.Nn – Quantum optical phenomena in absorbing, amplifying, dispersive and
conducting media; cooperative phenomena in quantum optical systems

PACS 77.22.Ch – Permittivity (dielectric function)

Abstract – We address the question of the correct electromagnetic stress tensor in media and
its consequences for the Casimir force. The latter being due to the zero-point momentum of
the electromagnetic field, competing approaches based on the Abraham or Maxwell stress tensor
lead to different predictions. We consider the test scenario of two colloidal spherical particles
submerged in a dielectric medium and use three criteria to distinguish the two approaches: we
show that the Abraham stress tensor, and not the Maxwell stress tensor, leads to a Casimir force
that is form-equivalent to Casimir-Polder and van der Waals forces, obeys duality as a fundamental
symmetry and is consistent with microscopic many-body calculations. On this basis, we derive
general formulas for the dispersion forces on one and between two colloidal particles in arbitrary
liquid-media environments in terms of their dipole polarisabilities, allowing for more elaborate
theoretical descriptions and bridging the gap between microscopic and macroscopic accounts.

Copyright c© EPLA, 2018

The momentum of the electromagnetic field in media
has been subject to an old debate which has recently at-
tracted renewed interest [1–5]. This is due to the very
fundamental significance of these quantities in the context
of optical forces on particles in media, which prominently
feature in experimental schemes for measuring Casimir
forces [6] or the critical Casimir effect [7], where laser fields
in media are part of the experimental setup. In the for-
mer case, they are further also relevant to the predicted
Casimir force itself [8,9] as well as a hypothesised vacuum
Casimir momentum transfer [10,11]. Early works amongst
others go back to Abraham [12] and Minkowski [13]. For
the case of isotropic media (we also restrict our analysis to
isotropic media in this article), Abraham proposed a stress
tensor [14]

TA(r, t) = D(r, t) ⊗ E(r, t) + H(r, t) ⊗ B(r, t)

− 1

2

[
D(r, t) · E(r, t) + H(r, t) · B(r, t)

]
I, (1)

describing the flux of field momentum, which coincided
with the result by Minkowski.

Experiments on the electromagnetic stress tensor in me-
dia have mostly been performed by measuring the defor-
mation of dielectric fluids in the electromagnetic field, for
example when exposed to a laser beam [15,16], or inside
a capacitor [14,17,18]. In such stationary setups, the elec-
tromagnetic force density on charges is determined by the
stress tensor according to

f(r, t) = ∇ · T(r, t). (2)

The question of the correct momentum of the electromag-
netic field in media is also important for the subject of dis-
persion forces where one calculates mean forces between
bodies in media in the presence of the zero-point electro-
magnetic field. The dispersion force on a body of volume
V based on eq. (2) reads

F =

∫

V

d3r〈̂f(r)〉 =

∫

∂V

dA · 〈T̂(r)〉. (3)

Dzyaloshinskii, Lifshitz and Pitaevskii first came up with
a theory capable of describing dispersion forces between
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plates immersed in homogeneous media at mechanical
equilibrium [8], generalising the result by Lifshitz for
plates in vacuum [19]. Mechanical equilibrium implies that
forces on the medium itself are balanced by pressure gra-
dients within the medium. Dzyaloshinskii and co-workers
claimed that the Abraham-Minkowski stress tensor (1) is
the correct choice for determining the Casimir force (3) un-
der these assumptions (for simplicity, we will only refer to
it as Abraham stress tensor in the following).

In 2005, Raabe and Welsch proposed an alternative way
to derive dispersion forces between bodies in media [9].
Calculating the mean Lorentz force acting on the internal
charges and currents of a body of interest, they found the
dispersion force between bodies in media to be given by
eq. (3) together with the Maxwell stress tensor

TM(r, t) = ε0E(r, t) ⊗ E(r, t) +
1

μ0
B(r, t) ⊗ B(r, t)

− 1

2

[
ε0E

2(r, t) +
1

μ0
B2(r, t)

]
I, (4)

being of the same form as the Maxwell stress tensor for
the free-space electromagnetic field [20], but refering to
the macroscopic electromagnetic fields in this case. Their
result is in clear contradiction to that of Dzyaloshinskii,
Lifshitz and Pitaevskii. Note that works by Philbin based
on canonical quantisation [21] and by Brevik and Ellingsen
based on classical electrodynamics [22] favour the Abra-
ham stress tensor and that the correctness of calculat-
ing forces in macroscopic electrodynamics based on the
Lorentz force has been doubted by Robinson [23]. Raabe
and Welsch regard their theory to be in consensus with
microscopic dispersion forces such as van der Waals and
Casimir-Polder forces [24–26].

Pitaevskii has argued that the approach by Raabe and
Welsch is not complete due to its disregarding of the
medium pressure and is thus not able to describe equi-
librated media [27]. In contrast, Raabe and Welsch view
the latter point as an advantage of their theory, as their
not pressure-corrected dispersion forces may constitute a
framework for analysing Casimir-induced pressures within
the intervening medium. In a dilute-gas limit, such forces
would emerge as the well-known Casimir-Polder forces be-
tween the medium atoms and the bodies.

Casimir forces between bodies in media have been mea-
sured using a surface force apparatus [28–30] or atomic
force microscope [31–33], often with a special focus on re-
pulsive forces [34–36]. However, due to uncertainties in
the force measurements and the optical data required to
theoretically predict the forces, it is unclear whether cur-
rent experiments are able to unambiguously discriminate
between the two models.

In this article, we instead present a theoretical analysis
where we investigate the question of the correct approach
in a pragmatic way. We analyse the dispersion interaction
between two small magneto-dielectric spheres in a homo-
geneous magneto-dielectric medium for the two theories

and check which of the two approaches is on the same
footing as the microscopic dispersion forces. Small spheres
are well studied [37–39] and are particularly well suited for
comparing macroscopic to microscopic dispersion forces:
small spheres are only dipole-polarisable and are thus di-
rectly comparable to microscopic dipole-polarisable ob-
jects. Furthermore, the assumption of smallness facilitates
the calculations and leads to more transparent results.
The unique result for the dispersion force on small spher-
ical particles in an arbitrary environment that emerges
from our calculation may serve as a basis for studies in
colloid physics [40].

We employ three criteria:

i) the correspondence to the Casimir-Polder and van der
Waals force,

ii) the behaviour under duality transformation and

iii) the consistency with the microscopic theory based on
summing van der Waals and Axilrod-Teller interac-
tions.

Finally, we also analyse whether the approach by
Raabe and Welsch leads to forces on a medium in pres-
ence of a single sphere. This could indicate that their
force, which unlike the force by Dzyaloshinskii, Lifshitz
and Pitaevskii does not include balancing forces, is not
buoyancy-corrected (the notion of buoyancy can be under-
stood here in analogy to the case of a body inside water
in the gravitational field).

Employing the quantisation scheme introduced in [41],
one finds for the zero-point expectation values of the
electric-field stress tensor components

〈E(r) ⊗ E(r)〉 =
�

ε0π

∫ ∞

0

dω
ω2

c2
ImG(r, r′, ω)

∣∣∣
r′=r

,

〈D(r) ⊗ E(r)〉 =
�
π

∫ ∞

0

dω
ω2

c2
Im {ε(r, ω)G(r, r′, ω)}

∣∣∣
r′=r

,

(5)

and analogous results for the magnetic fields. G(r, r′, ω)
denotes the electromagnetic Green’s tensor which de-
scribes the propagation of the electromagnetic field from
a source point r′ to a field point r. It is the solution to
the differential equation

[
∇ × 1

μ(r, ω)
∇ × −ω2

c2
ε(r, ω)

]
G(r, r′, ω) = δ(r − r′).

(6)

We subtract the bulk part G(0) of the Green’s tensor,
which is connected to the position-independent Lamb
shift [42] and does not contribute to forces between bod-

ies, and only use the scattering part G(1) in the following:
G → G − G(0) = G(1). Also performing a Wick rota-
tion on the complex frequency plane [43], eq. (3) with the
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Abraham and the Maxwell stress tensors becomes

F[A]M = −�
π

∫ ∞

0

dξ

∫
dA ·

{
ξ2

c2
[ε(r, iξ)]G(1)(r, r, iξ)

+
1

[μ(r, iξ)]
∇ × G(1)(r, r′, iξ) × ←−∇

∣∣∣
r′=r

− 1

2
I tr

(
ξ2

c2
[ε(r, iξ)]G(1)(r, r, iξ)

+
1

[μ(r, iξ)]
∇ × G(1)(r, r′, iξ) × ←−∇

∣∣∣
r′=r

)}
, (7)

respectively. The results for the two stress tensors only
differ via the factors of ε and 1/μ in square brackets which
only occur when using the Abraham stress tensor.

To calculate the dispersion force between two small
spheres in a homogeneous medium, one has to find the
scattering Green’s tensor G(1)(R,R, iξ) for this geometry,
where R denotes positions on the surface of the sphere we
are integrating over. To this end, we use the method of
Born expansion to obtain the Green’s tensor of a small
sphere with the position arguments on its surface in pres-
ence of other background bodies and the medium. Within
this method, one has to sum over all possible propagations
of (virtual) photons from a source point to a field point
to obtain the Green’s tensor [44]. The Born expansion
for an electric body (volume V , permittivity εB) in a ho-
mogeneous dielectric (ε) reads (for brevity, the frequency
arguments are omitted in the following)

G(1)(r, r′) =
∞∑

k=1

(−1)k ξ2k

c2k
(Δε)

k
∫

V

d3s1. . .

∫

V

d3sk

×G(0)(r, s1) · G(0)(s1, s2) . . .G(0)(sk, r′), (8)

with Δε = εB − ε. An analogous formula can be given
for magnetic bodies. As the sphere is small compared to
the distance to other bodies, the contribution from paths
involving multiple scattering between the bodies and the
small sphere are negligible. Three different classes of pho-
ton paths remain. A representative of each class and also
an example of a negligible path are depicted in fig. 1 for
one background body. Summing all paths from the three
classes, one obtains the Green’s tensor

G
(1)
�1

(R,R) = G(1)(R,R)

− ξ2α∗
1

c2ε0

[
G(0)(R, r1) · G(1)(r1,R)

+G(1)(R, r1) · G(0)(r1,R)
]

−μ0β
∗
1

[
G(0)(R, r1) × ←−∇1 · ∇1

×G(1)(r1,R)

+G(1)(R, r1) × ←−∇1 · ∇1 × G(0)(r1,R)
]
.

(9)

ε1

μ1

ε

μ(I)

(II)

(III)

not considered

Fig. 1: For a small sphere, all relevant paths contributing to
the Green’s tensor either only involve scattering events in the
background bodies (I), or involve scattering events in the back-
ground bodies and subsequently in the small sphere (II), or the
other way round (III).

The first term, the Green’s tensor for the background bod-
ies, arises from class (I), the term in the second line arises
from class (II) and the term in the third line arises from
class (III). The remaining terms come from the analogue
magnetic contribution. r1 denotes the centre of the sphere.
α∗

1 and β∗
1 are the electric and magnetic excess dipole

polarisabilities of the sphere [45], given by

α∗
1 = 4πε0εR

3
1

ε1 − ε

ε1 + 2ε
and β∗

1 =
4πR3

1

μ0μ

μ1 − μ

μ1 + 2μ
. (10)

Here, ε1 and μ1 denote the sphere’s permittivity and per-
meability, while ε and μ are the respective properties of the
medium. Equation (9) generalises the result of Sambale
et al. [37] and can be used to study light-scattering phe-
nomena involving small spheres, such as optical forces [6],
Förster energy transfer [46] or solar cells [47].

A second small sphere with centre at r2 is now in-
troduced by specifying the background Green’s tensor in
eq. (9) to be the one of a second small sphere using the
result of Sambale et al. [37]

G
(1)
�2

(r, r′) = −α∗
2ξ

2

ε0c2
G(0)(r, r2) · G(0)(r2, r

′)

−μ0β
∗
2G

(0)(r, r2) × ←−∇2 · ∇2 × G(0)(r2, r
′).

(11)

Inserting eq. (9) into eq. (7), evaluating the surface in-
tegrals using leading-order Taylor expansions in R − r1,
specifying the background Green’s tensor to be given by
(11), and by explicitly inserting the bulk Green’s tensor
in the non-retarded limit [41], one obtains the dispersion
forces between two small spheres in the non-retarded limit,
where the spheres are close compared to the wavelengths
of the relevant transition frequencies. The corresponding
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dispersion potentials read

UA[M](r12) =
C6,A[M]

r6
12

with

C6,A[M] = − 3�
16π3

∫ ∞

0

dξ

(
α∗

1α
∗
2

ε2
0ε

2 [+1]
+ μ2

0μ
2[+1]β∗

1β∗
2

)

(12)

and r12 ≡ ||r1 −r2||. The results for the two stress tensors
only differ in the exponents of the medium response func-
tions ε and μ, the additional powers in the square brackets
only occur when using the Maxwell stress tensor.

Having found the force between two small spheres in a
homogeneous medium on the basis of both stress tensors,
we can now analyse the results by employing three criteria.

i) Correspondence criterion: The only properties of the
two spheres entering eq. (12) are the excess dipole polaris-
abilities. By replacing these excess dipole polarisabilities
by molecular ones, one should obtain the van der Waals
potential of two molecules in a homogeneous medium. Ex-
plicitly inserting the bulk Green’s tensor of a homogeneous
medium in the non-retarded limit in ref. [48], one sees that
this is the case for the Abraham potential, but not for the
Maxwell potential.

One may wonder whether it is possible to redefine the
excess polarisabilities (10) in such a way that the Maxwell
potential obeys the correspondence criterion. However,
this will lead to inconsistencies when requiring a formal
correspondence to also hold for the Casimir-Polder po-
tential. This can be seen by analysing the force on a
small sphere in a medium in front of a perfectly reflecting
surface, obtained by specifying the background Green’s
tensor in (9) to represent this system. The resulting C3

coefficients read

C3,A[M] = − �
16π2

∫ ∞

0

dξ

(
α∗

1

ε0ε1[+1]
− μ0μ

1[+1]β∗
1

)
; (13)

the Abraham result again fits the corresponding Casimir-
Polder result. It is not possible to rescale the excess polar-
isabilities (10) in such a way that the Maxwell approach
holds for eqs. (12) and (13) simultaneously, the former
would demand the scaling factor 1/

√
ε for the electric ex-

cess polarisability whereas the latter would demand the
factor 1/ε.

ii) Duality criterion: The macroscopic Maxwell equa-
tions are symmetric with respect to a duality transfor-
mation which exchanges electric and magnetic fields [41].
This symmetry is also obeyed by the van der Waals force
and the Casimir-Polder force: the electric and magnetic
contributions transform into each other and the total
forces are invariant. A macroscopic dispersion potential
which also incorporates this symmetry is thus favourable.
Exchanging the response functions ε and μ for the medium
and the two spheres in eq. (12) together with eq. (10), one
sees that the Abraham potential obeys duality invariance,
while the Maxwell potential does not.

iii) Microscopic criterion: Finally, we investigate which
of the two potentials is consistent with the microscopic
theory obtained by summing all microscopic potentials
which are involved in the interaction between the two
spheres. This analysis is restricted to the electric parts
of the potentials. We take into account the two-particle
van der Waals potentials and the three-particle Axilrod-
Teller potentials.

The electric van der Waals potential between two
molecules with polarisabilities α and α′ is given by

UvdW(r, r′) = − 3�
16π3ε2

0

∫ ∞

0

dξαα′ 1

||r − r′||6 . (14)

The contribution of the van der Waals potentials to the
potential between two spheres in a medium can be ob-
tained by identifying the part of the energy arising from
all van der Waals interactions which depends on the fi-
nite distance of the spheres. This method was found by
Hamaker [38]. It yields UHam(r12) = C6,Ham/r6

12 with

C6,Ham = −�R3
1R

3
2

3π

∫ ∞

0

dξ
[
η1α1η2α2

− η1α1ηα − ηαη2α2 + η2α2
]
, (15)

where α1, α2 and α are the polarisabilities of the molecules
in the two spheres and the medium and η1, η2 and η the
corresponding molecular number densities.

The Axilrod-Teller potential between three molecules
with polarisabilities α, α′ and α′′ is given by [49]

UAT(r, r′, r′′) =
3�

64π4ε3
0

∫ ∞

0

dξαα′α′′

× 1 + 3 cos θ cos θ′ cos θ′′

||r − r′||2||r′ − r′′||3||r′′ − r||3 , (16)

where the angles are the ones of the triangle formed by
the three molecules. The calculation of the three-particle
contribution to the potential between two spheres in a
medium for the case when two molecules are in sepa-
rate spheres and the third one is in the medium yields
U3p(r12) = C6,3p/r6

12 with

C6,3p =
2�R3

1R
3
2

9πε3
0

∫ ∞

0

dξ η1α1η2α2ηα. (17)

The dispersion potential between two spheres, given by
eq. (12) for the two approaches, should coincide with the
sum of all microscopic potentials between the involved
molecules. This identification is obtained by means of the
Clausius-Mossotti law [50], which links the macroscopic
susceptibility χ to the molecular polarisability α. For di-
lute bodies, it reads ηα/ε0 = χ. Hence, an expansion
of the C6 coefficient in eq. (12) in orders of χ1, χ2 and
χ should yield the microscopic contributions in this case.
Up to the third order in χ1, χ2 and χ and by only taking
into account the term proportional to χ1 χ2 χ in the third
order as depicted in fig. 2, one obtains

C6,A[M] = C6,Ham + [5/2]C6,3p. (18)
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Fig. 2: For comparing C6,A[M] with C6,Ham and C6,3p, all terms
of quadratic order in χ1, χ2 and χ, representing all possi-
ble van der Waals interactions between molecules in the two
spheres and the medium, are taken into account. In the third
order, only the term proportional to χ1 χ2 χ is connected to
U3p, given by eq. (17). Other contributions, such as the de-
picted term which is proportional to χ2

2 χ, are neglected for
this comparison.

Both, the Abraham and the Maxwell potential, yield the
correct two-particle Hamaker contribution, while only the
Abraham potential also comes with the correct three-
particle contribution whereas the Maxwell potential over-
estimates it by a factor of 5/2.

It could still be possible that the Maxwell potential be-
tween two small spheres in a medium is not representing
the full potential but excluding buoyancy corrections com-
ing from the surrounding medium. However, this is not
the case: the Maxwell potential, like the Abraham po-
tential, vanishes when replacing one of the spheres by a
spherical volume of the medium since the corresponding
excess polarisabilities in (12) vanish in both cases.

The preceding analysis leads us to the conclusion that
the approach by Dzyaloshinskii, Lifshitz and Pitaevskii
on the basis of the Abraham stress tensor is confirmed
for the geometry of two small spheres in a homogeneous
medium. The force is of the same structure as the mi-
croscopic van der Waals and Casimir-Polder forces and is
symmetric under exchange of electric and magnetic contri-
butions. Furthermore, we have shown that it can at least
up to three-particle interactions be viewed as the sum of
all microscopic dispersion forces between the contributing
molecules.

Our result confirms the use of the theory by Dzyaloshin-
skii, Lifshitz and Pitaevskii in studies of the melting of
bodies [51] and the wetting of surfaces [52]. Here, one is in-
terested in the dispersion interaction of a body, coated by
a layer of melted material or liquid, with the surrounding
air. Another recently considered application is the forma-
tion of ice crystals under water [53].

The approach by Raabe and Welsch on the basis of the
Maxwell stress tensor on the other hand is not fulfilling
these criteria. Furthermore, contrary to their findings for
a planar geometry, their approach does not lead to forces
on an initially homogeneous medium in the presence of
a small sphere. By definition, this is also the case for
the theory based on the Abraham stress tensor and it is
thus not possible to calculate such forces on the medium

using the present theory. The calculation of many-body
dispersion forces in a medium as induced by a nearby solid
body remains an important open question which could be
relevant, inter alia, to the atmosphere capture by small
asteroids.

We conclude this article by presenting a more general
form of the preceeding analysis of dispersion forces on col-
loidal particles. Having established eq. (1) as the correct
stress tensor, a combination of eqs. (7) and (9) leads to
the dispersion potential for a colloid in a homogeneous
medium in the presence of other bodies represented by G
reading

U(r1) =
�
2π

∫ ∞

0

dξ

[
ξ2α∗

1

c2ε0
trG(1)(r1, r1)

+μ0β
∗
1 tr ∇ × G(1)(r1, r

′) × ←−∇
′∣∣

r′=r1

]
. (19)

Further specifying G to comprise another small sphere
using [37], the dispersion potential of two colloids in a
homogeneous medium, possibly in the presence of other
bodies, is given by

U(r1, r2) = − �
2π

∫ ∞

0

dξ

[
ξ4α∗

1α
∗
2

c4ε2
0

trG(r1, r2) · G(r2, r1)

+μ2
0β

∗
1β∗

2 tr ∇1×G(r1, r2)×
←−∇2 · ∇2×G(r2, r1)×

←−∇1

]
.

(20)

These formulas have been derived neglecting retardation.
Note that there are definitions of the excess dipole polar-
isabilities of small spherical particles alternative to ours.
Netz and Sambale introduce the electric excess polaris-
ability without the prefactor ε [37,54], relating the polar-
isation field of the particle to a dipole in vacuum. The
definition in eq. (10) on the other hand relates the polar-
isation field of the particle to a dipole in a medium. Our
analysis shows that only this way a formal correspondence
to microscopic dispersion forces can be established.

Colloids described by eqs. (19) and (20) do not nec-
essarily have to be represented by homogeneous spheres
using eq. (10). One can also apply other colloid models
and use the according excess polarisabilities following the
convention of the present paper as discussed above. In
this framework, one can describe the interaction of col-
loids without having to make the additive approximations
one encounters in microscopic calculations.
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On the basis of macroscopic quantum electrodynamics and point-scattering techniques, we derive a closed
expression for the Casimir-Polder force between a ground-state atom and a small magnetodielectric sphere in
an arbitrary environment. To allow for the presence of both bodies and media, local-field corrections are taken
into account. Our results are compared with the known van der Waals force between two ground-state atoms.
To continuously interpolate between the two extreme cases of a single atom and a macroscopic sphere, we also
derive the force between an atom and a sphere of variable radius that is embedded in an Onsager local-field
cavity. Numerical examples illustrate the theory.
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I. INTRODUCTION

Van der Waals (vdW) dispersion forces are effective
electromagnetic forces that arise between polarizable objects
as a consequence of correlated quantum fluctuations [1–10].
Postulated as early as 1873 to account for deviations from
the ideal gas law [11], they were theoretically understood
only much later in 1930, when London derived them from
the electrostatic Coulomb interaction of charge fluctua-
tions [12]. London found that two atoms of polarizabilities
αA(ω) and αB(ω) at a distance rAB are subject to a vdW
potential

U (rAB) = − 3h̄

16π3ε2
0r

6
AB

∫ ∞

0
dξαA(iξ )αB(iξ ). (1)

Important progress was made in 1948 by Casimir and Polder,
who included fluctuations of the transverse electromagnetic
field and obtained a full quantum electrodynamic description
of dispersion forces [13]. Their result reduces to the London
formula in the electrostatic limit but is given by

U (rAB) = −23h̄cαA(0)αB(0)

64π3ε2
0r

7
AB

(2)

for distances much larger than the relevant atomic transition
wavelengths.

Casimir arrived at his famous results while studying the
properties of colloidal solutions [14]. These results illustrate
the importance of dispersion forces to colloid science, which
deals with the (inter alia vdW) interactions between small
clusters of particles in free space [15] and, more often, with
the different forces in colloidal suspensions. For example,
(attractive) dispersion forces between spherical micro- and
macro-objects embedded in a liquid [16] usually diminish the
stability of such suspensions and may even cause clustering
or flocculation [17]. The introduction of small amounts of
highly charged nanoparticles gives rise to competing repulsive
forces, thus balancing the stability of the suspension [18].
Stable mechanical suspensions might also be created with

fluid-separated macro-objects such as eccentric cylinders
by means of repulsive dispersion forces [19]. Note that in
addition to dispersion and electrostatic forces, critical Casimir
forces due to concentration fluctuations [20], chemical effects
such as hydration and solvation, hydrophobic forces, and
steric repulsion [21,22] and depletion [23] also influence the
interaction of the colloidal particles.

Dispersion forces play a similar role in biology, where
they contribute to the organization of molecules [24–26], cell
adhesion [24,25,27,28], and the interaction of molecules with
cell membranes [25,27]. They are also of interest in atomic
force microscopy [29].

A large variety of models has been used in the past to
study vdW forces between small polarizable objects [16].
Interacting atoms have been studied on a microscopic level
as neutral arrangements of point charges [12,13], as sketched
in Fig. 1(i). Larger systems can be treated by considering
collections of such polarizable point objects [Fig. 1(ii)],
in which a pairwise-sum method is often employed [30].
Investigations of the polarizability of N -atom nanoclusters
of various sizes and shapes have shown that an additive
relation, αclust = NαA, does not hold in general but is valid
for spherical clusters [31]. Microscopic approaches have
to be contrasted with macroscopic descriptions in which
continuous objects of polarizable matter are characterized by
their permittivity [Fig. 1(iii)], and an intervening medium
can be accounted for in the same spirit. One commonly
distinguishes the additive Hamaker method [32] from the
more elaborate Lifshitz theory, which includes many-body
interactions [33,34].

A hybrid approach consists of a microscopic
treatment of interacting atoms, combined with a
macroscopic description of an intervening medium. To
reconcile the microscopic and macroscopic pictures,
local-field effects are included by assuming the atoms to be
surrounded by small free-space cavities, an approach known
as the Onsager real-cavity model [35]; see Fig. 1(iv). As found
by studying the behavior of the classical Green tensor G for
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+

(i) (ii)

(iii) (iv)

(v)

αA

αA

αS

αclust

εε

ε

εS

εS

αS

FIG. 1. Models of polarizable systems: (i) neutral arrangement
of point charges (atom), (ii) cluster of atoms, (iii) dielectric sphere
inside medium, (iv) atom in empty cavity surrounded by medium
(Onsager real-cavity model), and (v) dielectric sphere in empty cavity
surrounded by medium.

the electromagnetic field in conjunction with the real-cavity
model [36], the vdW potential of two atoms at positions rA

and rB in an arbitrary environment can be given as [37]

U (rA, rB ) = −h̄µ2
0

2π

∫ ∞

0
dξ ξ 4αA(iξ )αB(iξ )

×
[

3εA(iξ )

2εA(iξ ) + 1

]2[ 3εB(iξ )

2εB(iξ ) + 1

]2

× Tr[G(rA, rB, iξ ) · G(rB, rA, iξ )], (3)

where local-field correction factors explicitly appear.
To compare the microscopic, local-field corrected approach

of Fig. 1(iv) with the macroscopic one shown in Fig. 1(iii), in
this work we study the Casimir-Polder (CP) interaction of a
ground-state atom with a magnetodielectric sphere of variable
size in the presence of arbitrary magnetoelectric background
media on basis of macroscopic quantum electrodynamics
(QED). Our considerations are related to free-space results
obtained earlier for the interaction of an atom with curved
surfaces [38] and dielectric [39] and perfectly conducting
spheres [40]; compare with the nonretarded vdW potential of
a ground-state atom inside and outside a dielectric or metallic
spherical shell as calculated in Ref. [41]. In addition, we
consider the interaction of an atom with a magnetodielectric
sphere inside an Onsager cavity [Fig. 1(v)]. By changing the
radius of the sphere, this construction allows us to study
the transition between a microscopic pointlike object and a
macroscopic one.

The article is organized as follows. In Sec. II, we recall
the basic equations concerning ground-state CP potentials. In
Sec. II A, we show how the Green tensors of a magnetodielec-
tric full sphere or a sphere within an Onsager cavity can be
written as functions of the Green tensors of the environment
without the sphere. The results are then used to study the
atom-sphere potentials, which are compared with the vdW

interaction between two ground-state atoms (Sec. II B). As
an example, we evaluate the interaction between an atom and
molecules of different sizes in a bulk medium. A summary is
given in Sec. III.

II. ATOM-SPHERE INTERACTION

In order to derive an expression for the CP interaction
between a (ground-state) atom and a magnetodielectric sphere
in the presence of an arbitrary medium environment, we
start from the familiar formulas for the electric (Ue) and
magnetic (Um) CP potentials of a ground-state atom of
polarizability

αA(ω) = lim
ε→0

2

3h̄

∑

k

ωk0|d0k|2
ω2

k0 − ω2 − iωε
(4)

(where ωk0 are transition frequencies and d0k are electric dipole
matrix elements) and magnetizability

βA(ω) = lim
ε→0

2

3h̄

∑

k

ωk0|m0k|2
ω2

k0 − ω2 − iωε
(5)

(where m0k are magnetic dipole matrix elements) that are
placed at an arbitrary position rA within an environment
of locally and linearly responding magnetoelectric bodies
or media [characterized by their permittivity ε(rA, ω) and
permeability µ(rA, ω)] [7,37,42]:

Ue(rA) = h̄µ0

2π

∫ ∞

0
dξ ξ 2αA(iξ )

[
3εA(iξ )

2εA(iξ ) + 1

]2

× TrG(1)(rA, rA, iξ ) (6)

and

Um(rA) = h̄µ0

2π

∫ ∞

0
dξβA(iξ )

[
3

2µA(iξ ) + 1

]2

× Tr[∇ × G(1)(rA, rA, iξ ) × ←−∇ ′], (7)

with εA(ω) ≡ ε(rA, ω), µA(ω) ≡ µ(rA, ω). These expressions
explicitly allow for the atom to be embedded in a medium
environment where the relevant local-field corrections have
been accounted for via the Onsager real-cavity model [35,36].
The scattering Green tensor G(1)(r, r′, ω) fully accounts for the
position, size, and shape of all bodies and media as well as their
magnetoelectric properties and is defined by the differential
equation
[
∇ × 1

µ(r, ω)
∇ × −ω2

c2
ε(r, ω)

]
G(r, r′, ω) = δ(r − r′),

(8)

with the condition G(r, r′, ω) → 0 for |r − r′| → ∞. In this
work, the body interacting with the atom is a magnetodielectric
sphere whose Green tensor we analyze in the following.

A. Decomposition of the Green tensor

Two methods may be envisaged to study the CP potential
of an atom in the presence of a magnetodielectric sphere and
an arbitrary environment of additional bodies and media. First,
one could work with the Green tensor of the combined sphere-
environment system [Fig. 2(i)] directly, which may be very
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(i)

(ii)

r

r
ε(r, ω), µ(r, ω)

ε(r, ω), µ(r, ω) ε(r, ω), µ(r, ω)

ε(r, ω), µ(r, ω)

εS, µS

G(1)
S (r, r, ω)

G(1)(r, r, ω)

FIG. 2. (i) Green tensor of the combined system of magnetodi-
electric sphere and arbitrary background environment and (ii) Green
tensor of the same system without the sphere.

complicated; even if an analytical expression of the Green
tensor is known, the resulting expressions for the potentials
are hard to evaluate and do not allow for an explicit discussion
of the influence of the sphere. In this work, we therefore follow
a second, alternative approach: We show how the Green tensor
of the full arrangement including the sphere, G(1)

S (r, r, ω), can
be related to the Green tensor without the sphere [Fig. 2(ii)];
G(1)(r, r, ω) describes only the background environment. To
establish such a relation, we use methods similar to those
developed for studying local-field corrections [36,37,42]. The
crucial assumption for using these point-scattering techniques
is that the effective radius of the sphere is small compared with
the relevant wavelengths of the electromagnetic field.

1. Full sphere

Assuming that the functions ε(r, ω) and µ(r, ω) describe
the magnetoelectric properties of the environment, the in-
troduction of a homogeneous magnetodielectric sphere with
radius R centered at rS , permittivity εS(ω), and permeability
µS(ω) leads to the new functions

εS(r, ω), µS(r, ω)

=
{

εS(ω), µS(ω) for |r − rS | � R,

ε(r, ω), µ(r, ω) elsewhere.
(9)

The Green tensor G(1)
S (r, r, ω) of sphere plus environment is

hence the solution to the differential equation (8) with εS(r, ω)
and µS(r, ω) in place of ε(r, ω) and µ(r, ω).

As discussed in Refs. [36,37], for a small sphere it is
sufficient to consider first the special case of a homogeneous,
bulk environment, which is then generalized to arbitrary
environments at the end of the section. The required scattering
Green tensor of the sphere with center rS = 0 inside a bulk
medium of permittivity ε(ω) and permeability µ(ω) can be
written in the form [43]

G(1)
S (r, r′, ω) = iµk

4π

∑

p=±

∞∑

l=1

n∑

m=0

(2 − δm0)

× 2l + 1

l(l + 1)

(l − m)!

(l + m)!

× [
BM

l Mlmp(k, r)Mlmp(k, r′)

+BN
l Nlmp(k, r)Nlmp(k, r′)

]
, (10)

where k = √
εµω/c, Mlmp, Nlmp denote even (+) and odd (−)

spherical vector wave functions with total angular momentum
l and z projection m, and B

M,N
l are the associated coefficients

for reflection at the surface of the sphere. Explicit forms for
Mlmp, Nlmp, and B

M,N
l can be found in Refs. [43,44].

In the limit of a small sphere with |kSR|, |kR| � 1 (kS =√
εSµSω/c), we have

B
M,N
l = O

(
ωR

c

)2l+1

, (11)

and so the dominant contribution to the Green tensor is due
to the l = 1 terms. The respective vector wave functions are
given by

M1m±(k, r) = ∓ m

sin θ
h

(1)
1 (kr)P m

1 (cos θ )

{
sin mφ

cos mφ

}
eθ

− h
(1)
1 (kr)

dP m
1 (cos θ )

dθ

{
cos mφ

sin mφ

}
eφ (12)

and

N1m±(r) = 2
h

(1)
1 (kr)

kr
P m

1 (cos θ )

{
cos mφ

sin mφ

}
er

+ 1

kr

d
[
krh

(1)
1 (kr)

]

d(kr)

dP m
1 (cos θ )

dθ

{
cos mφ

sin mφ

}
eθ

∓ m

sin θ
P m

1 (cos θ )
1

kr

d
[
krh

(1)
1 (kr)

]

d(kr)

{
sin mφ

cos mφ

}
eφ,

(13)

where the P m
1 (x) are associated Legendre polynomials and

h
(1)
1 (x) is a spherical Hankel function of the first kind.

The l = 1 reflection coefficients in the small-sphere limit
|kSR|, |kR| � 1 are given by

BM
1 = 2i

3

(√
εµ

ωR

c

)3
µS − µ

µS + 2µ
, (14)

BN
1 = 2i

3

(√
εµ

ωR

c

)3
εS − ε

εS + 2ε
. (15)
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We can further evaluate the p and m sums for l = 1 using
P 0

1 (cos θ ) = cos θ and P 1
1 (cos θ ) = − sin θ to obtain

∑

p=±1

1∑

m=0

(2 − δm0)
(1 − m)!

(1 + m)!
M1mp(r)M1mp(r) = h2[I − erer ]

(16)

and

∑

p=±1

1∑

m=0

(2 − δm0)
(1 − m)!

(1 + m)!
N1mp(r)N1mp(r)

= h′2

(kr)2
I + 4h2 − h′2

(kr)2
erer , (17)

with the notation h ≡ h
(1)
1 (kr) = −i(1 − ikr)eikr/(kr)2 and

h′ ≡ d[krh
(1)
1 (kr)]/d(kr). By substituting these expressions

into Eq. (10), the (equal-position) scattering Green tensor of a
small sphere becomes

G(1)
S (r, r, ω) = µe2ikr

4πk2r6
{[1−2ikr−3(kr)2+2i(kr)3+(kr)4]I

+ [3−6ikr−(kr)2−2i(kr)3−(kr)4]erer}
× εS − ε

εS + 2ε
R3 + µe2ikr

4πr4
[1−2ikr−(kr)2]

× (I − erer )
µS − µ

µS + 2µ
R3. (18)

Next, we relate our result to the Green tensor of the bulk
medium without the sphere (cf., e.g., Ref. [44]),

G(r, r′, ω) = − µeikρ

4πk2ρ3
{[1 − ikρ − (kρ)2)]I

− [3 − 3ikρ − (kρ)2]eρeρ}, (19)

which is valid for r 	= r′, where ρ = r − r′, ρ = |ρ|, and
eρ = ρ/ρ. The Green tensor G(1)

S (r, r, ω) of the small sphere
describes the propagation of the electric field from a source at
r to the sphere, its scattering from the sphere (a polarizable and
magnetizable point scatterer) at rS = 0, and its return to r. It is
therefore natural to try and compose G(1)

S from products of G,
which describes the propagation of the electric field through
the bulk medium to an electric scatterer, and G × ←−∇ , which
describes its propagation to a magnetic scatterer. Indeed, from
Eq. (19), we find that

G(r, 0, ω) · G(0, r, ω)

= µ2e2ikr

16π2k4r6
{[1−2ikr−3(kr)2+2i(kr)3+(kr)4]I

+ [3−6ikr−(kr)2−2i(kr)3−(kr)4] erer} (20)

and

G(r, rS, ω) × ←∇S · ∇S × G(rS, r, ω)|rS=0

= −µ2e2ikr

16π2r4
[1−2ikr−(kr)2](I − erer ). (21)

A comparison with Eq. (18) shows that

G(1)
S (r, r, ω) = 4πεR3 εS − ε

εS + 2ε

ω2

c2
G(r, 0, ω) · G(0, r, ω)

− 4πR3

µ

µS − µ

µS + 2µ
G(r, rS, ω) × ←∇S

· ∇S × G(rS, r, ω)|rS=0. (22)

Let us next consider a general background environment,
which can involve different media or bodies, as sketched
in Fig. 2. With the permittivity ε(r, ω) and permeability
µ(r, ω) of the environment now being functions of position,
it is useful to introduce a notation for their values at the
position of the sphere, ε
(ω) ≡ ε(rS, ω), µ
(ω) ≡ µ(rS, ω).
In addition to the small-sphere limit |kSR| � 1, we assume
the effective sphere radius

√
εSµSR to be much smaller than

the distance from the sphere to any of the environment bodies.
As demonstrated in Refs. [36,37], multiple scattering between
sphere and environment can then be safely neglected to within
a leading order of kSR, and a result of the type (22) can be
generalized from the bulk case to an arbitrary environment by
adding the scattering Green tensor and replacing ε �→ ε
 and
µ �→ µ
. This can be formally proven by treating both the
sphere and the environment bodies using a Born expansion
of the Green tensor [45] and discarding those terms in the
Born series that involve multiple scattering between atom and
environment. We obtain

G(1)
S (r, r, ω) = G(1)(r, r, ω) + ε


ε0
α�

S

ω2

c2
G(r, rS, ω)

· G(rS, r, ω) − µ0

µ

β�

SG(r, rS, ω) × ←−∇ S

· ∇S × G(rS, r, ω), (23)

where we have introduced the polarizability

α�
S = 4πε0R

3 εS − ε

εS + 2ε


(24)

and the magnetizability

β�
S = 4πR3

µ0

µS − µ

µS + 2µ


(25)

of the sphere [46]. Note that α�
S is an excess or effective

polarizability [47,48] and describes the electric response of
the sphere with respect to that of the surrounding medium.
It can take positive or negative values, depending on whether
the sphere’s permittivity is larger or smaller than that of the
medium.

The relation (23) for G(1)
S can be used to calculate the electric

CP potential (6). In order to find the magnetic CP potential,
Eq. (7), we also require the analogous relation for the magnetic
Green tensor ∇ × G(1)

S × ←−∇ ′, which can be obtained by duality
arguments. An electric/magnetic duality transformation [·]◦∗
corresponds to a global exchange of electric and magnetic
properties, ε◦∗ = µ and µ◦∗ = ε. As shown in Refs. [49,50],
this results in the following changes to the Green tensor
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for r 	= r′:

ω2

c2
G◦∗(r, r′, ω) = −∇ × G(r, r′, ω) × ←−∇ ′

µ(r, ω)µ(r′, ω)
, (26)

∇ × G◦∗(r, r′, ω) × ←−∇ ′ = −ε(r, ω)
ω2

c2
G(r, r′, ω)ε(r′, ω),

(27)

∇ × G◦∗(r, r′, ω) = −ε(r, ω)
G(r, r′, ω) × ←−∇ ′

µ(r′, ω)
, (28)

G◦∗(r, r′, ω) × ←−∇ ′ = −∇ × G(r, r′, ω)

µ(r, ω)
ε(r′, ω). (29)

In addition, Eqs. (24) and (25) imply that α
�◦∗
S = β�

S/c
2 and

β
�◦∗
S = c2α�

S . By applying the duality transformation to both
sides of Eq. (23), one obtains the required relation

∇×G(1)
S (r, r′, ω)×←−∇ ′|r′=r

= ∇×G(1)(r, r′, ω)×←−∇ ′|r′=r− µ0

µ

β�

S∇×G(r, rS, ω) × ←∇S

· ∇S ×G(rS, r′, ω)×←−∇ ′|r′=r + ε

ε0

α�
S

ω2

c2

×∇ × G(r, rS, ω) · G(rS, r′, ω)×←−∇ ′|r′=r. (30)

2. Sphere inside an Onsager cavity

Next, we consider a homogeneous magnetodielectric
sphere with radius R centered around rS , with permittivity
εS(ω) and permeability µS(ω), which is not in immediate
contact with the surrounding medium but is placed inside a
small spherical cavity of radius RC , also centered around rS

[Fig. 1(v)]. This enables us to compare and interpolate between
the homogeneous sphere placed inside a medium (as consid-
ered in the previous section) and a local-field-corrected atom
(i.e., a pointlike polarizable system surrounded by a cavity).
The scattering Green tensor G(1)

S+C of the sphere-plus-cavity
system in a homogeneous bulk medium is again given by an
equation of the form (10), in which the reflection coefficients
take a more complex form. In particular, in the limit of a
small effective cavity and sphere sizes |kSR|, |kRC | � 1, one
has [44]

BM
1 = 2i

3

(√
εµ

ω

c

)3[
R3

C

1−µ

1+2µ

+ 9µR3(µS −1)/(2µ+1)

(µS + 2)(2µ+1) + 2(µS −1)(1−µ)R3/R3
C

]
,

(31)

BN
1 = 2i

3

(√
εµ

ω

c

)3[
R3

C

1−ε

1+2ε

+ 9εR3(εS −1)/(2ε+1)

(εS +2)(2ε+1) + 2(εS −1)(1−ε)R3/R3
C

]
. (32)

We can then follow exactly the same steps as in Sec. II A1.
We again arrive at Eqs. (23) and (30) with S + C in place
of S. A comparison of Eqs. (14) and (15) with Eqs. (31)
and (32) shows that the relevant excess polarizability and

magnetizability of the sphere-plus-cavity system are given by

α�
S+C = 4πε0

[
R3

C

1−ε

1 + 2ε


+ 9ε
R3(εS −1)/(2ε
+1)

(εS +2)(2ε
+1) + 2(εS −1)(1−ε
)R3/R3
C

]

(33)

and

β�
S+C = 4π

µ0

[
R3

C

1−µ

1+2µ


+ 9µ
R3(µS −1)/(2µ
+1)

(µS +2)(2µ
+1) + 2(µS −1)(1−µ
)R3/R3
C

]
.

(34)

One can easily verify that for R = RC , Eqs. (33) and (34)
reduce to the results (24) and (25) for the full sphere, as
expected.

By introducing the free-space polarizability and magnetiz-
ability of the sphere,

αS = 4πε0R
3 εS − 1

εS + 2
(35)

and

βS = 4πR3

µ0

µS − 1

µS + 2
, (36)

as well as the excess polarizability and magnetizability of the
cavity,

α�
C = 4πε0R

3
C

1 − ε

1 + 2ε


(37)

and

β�
C = 4πR3

C

µ0

1 − µ

1 + 2µ


, (38)

we can write Eqs. (33) and (34) more transparently as

α�
S+C = α�

C + αS

ε


(
3ε


2ε
+1

)2

× 1

1 + α�
CαS

/(
8π2ε2

0R
6
C

) , (39)

β�
S+C = β�

C + βSµ


(
3

2µ
+1

)2

× 1

1 + β�
CβSµ

2
0

/(
8π2R6

C

) . (40)

As we see, the response of the sphere-plus-cavity system
to an electromagnetic field is due to reflection at the cavity
surface from the outside (α�

C ,β�
C) plus reflections at the

sphere (α�
S ,β�

S), in which the local-field correction factors
in large round brackets account for the transmission of
the field into and out of the cavity and the denominators
account for multiple reflections between the cavity and sphere
surfaces.

Note that in our leading-order approximation in terms of
the cavity and sphere radii, the reflective properties of the
cavity and the sphere as encoded via their dipole polariz-
abilities and magnetizabilities are proportional to the third
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power of these radii. In contrast, the transmission properties
of the cavity as described by the local-field correction
factors become independent of RC within leading order
of kRC .

B. Casimir-Polder potential

Consider a polarizable and magnetizable ground-state
atom that interacts with a small magnetodielectric sphere
in an arbitrary environment. We assume the atom-sphere
separation rAS to be much greater than the effective sphere and
cavity radii,

√
εSµSR,

√
ε
µ
RC � rAS . For the frequency

integral in Eq. (6), typically limited to values ξ � c/rAS ,
the assumptions |kSR|, |kRC | � 1 made in Sec. II A hold.
Hence, we can use our results for the electric and magnetic
Green tensors G(1)

S and ∇ × G(1)
S × ←−∇ ′ in the presence of a

small magnetodielectric sphere to calculate the atom-sphere
potential.

1. Full sphere

By substituting Eq. (23) into Eq. (6), the interaction of an
electric atom with a magnetodielectric sphere is described by
the potential

Ue(rA, rS) = Uee(rA, rS) + Uem(rA, rS), (41)

with

Uee(rA, rS) = −h̄µ2
0

2π

∫ ∞

0
dξ ξ 4αA(iξ )

[
3εA(iξ )

2εA(iξ ) + 1

]2

×αS(iξ )ε
(iξ )Tr[G(rA, rS, iξ ) · G(rS, rA, iξ )]

(42)

and

Uem(rA, rS) = −h̄µ2
0

2π

∫ ∞

0
dξ ξ 2αA(iξ )

[
3εA(iξ )

2εA(iξ ) + 1

]2

× βS(iξ )

µ
(iξ )
Tr[G(rA, rS, iξ )×←∇S ·∇S

× G(rS, rA, iξ )] (43)

being associated with the electric and magnetic properties
of the sphere, respectively. Similarly, combining Eqs. (30)
and (7) gives the CP interaction of a magnetic atom and a
magnetodielectric sphere,

Um(rA, rS) = Ume(rA, rS) + Umm(rA, rS), (44)

with

Ume(rA, rS) = −h̄µ2
0

2π

∫ ∞

0
dξ ξ 2βA(iξ )

[
3

2µA(iξ ) + 1

]2

×αS(iξ )ε
(iξ )Tr{[∇A × G(rA, rS, iξ )]

· [G(rS, rA, iξ ) × ←∇A]} (45)

and

Umm(rA, rS) = −h̄µ2
0

2π

∫ ∞

0
dξβA(iξ )

[
3

2µA(iξ ) + 1

]2

× βS(iξ )

µ
(iξ )
Tr{[∇A × G(rA, rS, iξ )×←∇S]

· [∇S × G(rS, rA, iξ ) ×←∇A]}. (46)

Note that the electric and magnetic properties of the sphere
completely decouple and give rise to the separate potentials
Uee, Ume and Uem, Umm, respectively. However, this is only
true in the small-sphere limit considered here.

As proven in Refs. [49,50], the local-field-corrected total
CP potential of a magnetodielectric ground-state atom in
the presence of an arbitrary arrangement of bodies as given
by Eqs. (6) and (7) is always duality invariant. By using
the transformation rules (26)–(29) for the Green tensor,
together with α

�◦∗ = β�/c2, β
�◦∗ = c2α�, one sees that duality

invariance also holds for the special case of a sphere, where
Uee(rA, rS)◦∗ = Umm(rA, rS) and Uem(rA, rS)◦∗ = Ume(rA, rS).
This property is ensured by the presence of the factors ε
 and
1/µ
 in Eqs. (42), (43), (45), and (46).

It is instructive to compare our findings with the vdW
interaction between two magnetodielectric ground-state atoms
A and B in the presence of an arbitrary magnetodielectric
environment [37,42]. In order to reproduce those results, one
has to perform the substitutions

αSε
 → αB

(
3εB

2εB + 1

)2

(47)

and

βS

µ

→ βB

(
3

2µB + 1

)2

. (48)

The differences between the cases of a sphere [left-hand sides
of Eqs. (47) and (48)] and an atom [right-hand sides] are
due to the microscopic and macroscopic nature of the two
objects. The sphere consists of a large number of atoms whose
magnetoelectric response can be described by an average
permittivity and permeability. In this macroscopic picture, the
sphere is in immediate contact with the surrounding medium
(also characterized by permittivity and permeability), which
leads to the factors ε
 and 1/µ
. In contrast, an atom is a
microscopic object. In the microscopic picture, the interspace
between the atom and the neighboring medium atoms needs to
be taken into account; it gives rise to the local-field correction
factors on the right-hand sides of Eqs. (47) and (48).

The second difference between the two cases is in the
different explicit forms of polarizability and magnetizability.
For a sphere, they are given in terms of the permeability
and permittivity of the sphere in comparison to those of
the surrounding medium [cf. Eqs. (24) and (25)]; they can
be either positive or negative. For an atom, polarizability
and magnetizability depend on the transition frequencies and
dipole matrix elements [recall Eqs. (4) and (5)]; they are strictly
positive on the positive imaginary frequency axis.

2. Sphere inside an Onsager cavity

In order to interpolate between the two extreme cases of a
single atom and a sphere consisting of a very large number of
atoms, we now consider the CP interaction of an atom with
a sphere of radius R that is separated from the surrounding
medium by a spherical free-space cavity of radius RC , as
introduced in Sec. II A2. Since expressions of the type (23)
and (30) remain valid, their substitution into Eqs. (6) and (7)
again leads to Eqs. (41)–(46), where now α�

S+C and β�
S+C as

given by Eqs. (33) and (34) appear in place of α�
S and β�

S .
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In our model, the sphere may consist of an arbitrary
number of atoms, whereas the cavity implements the interspace
between the sphere’s atoms and the surrounding medium
atoms. As seen from Eqs. (39) and (40) for the polarizability
and magnetizability of the sphere-plus-cavity system, the
sphere is represented by its free-space polarizability and
magnetizability, whereas the interspace gives rise to the cavity
excess polarizability and magnetizability. In the purely electric
case, the sphere gives rise to attractive forces and the cavity
leads to a reduction of these forces.

For a sphere that consists of a very large number of atoms,
the interspace between the sphere and medium atoms becomes
irrelevant. In this case, which is implemented by the limit R →
RC , the system’s polarizability and magnetizability become
equal to the excess polarizability and magnetizability of a full
sphere (recall Sec. II A2), for which we recover Eqs. (41)–(46)
in their original form.

In the opposite extreme case of a sphere that consists of very
few atoms, the interspace becomes very large in comparison
to the sphere, R � RC . In this limit, the effect of multiple
scattering between the surfaces of sphere and cavity becomes
negligible, and the polarizability (39) and magnetizability (40)
reduce to

α�
S+C = α�

C + αS

ε


(
3ε


2ε
 + 1

)2

(49)

and

β�
S+C = β�

C + βSµ


(
3

2µ
 + 1

)2

. (50)

When the sphere consists of only a single atom B, the Clausius-
Mossotti laws [51]

εS − 1

εS + 2
= αB

3ε0V
,

µS − 1

µS + 2
= µ0βB

3V
, (51)

where V = (4π/3)R3, together with Eqs. (35) and (36), show
that αS = αB and βS = βB . When neglecting the backscatter-
ing from the outside surface of the cavity, we obtain

αS+Cε
 = αB

(
3εB

2εB + 1

)2

(52)

and
βS+C

µ

= βB

(
3

2µB + 1

)2

, (53)

where ε
 = εB , µ
 = µB , and substitution into Eqs. (41)–(46)
leads to the local-field-corrected two-atom potentials [37,42].
It is in this limit R � RC ,

√
ε
µ
RC � rAS that the potential

depends on the cavity radius only via its transmission prop-
erties and therefore becomes independent of RC . Recall the
discussion following Eq. (40).

For intermediate radii R, our sphere-plus-cavity model
gives a good description of the interaction of a single atom with
molecules or intermediate-size spherical clusters of atoms.
Note that in this case the potential explicitly depends on both
the sphere and cavity radii. The theory could be applied (e.g.,
in cell biology) to study the vdW-force-induced transfer of an
atom or a very small molecule from one cell into another, where
it is attracted to another bigger (spherical) cell component
or molecule. Note that local-field effects are automatically
included.
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FIG. 3. CP potential U (rAS) of a nonmagnetic atom in front of
a dielectric sphere in an empty cavity embedded in bulk material
vs. q = R/RC for different atom-sphere separations, rASω10/c.
Other parameters are ωT /ω10 = 1.03, ωT S/ω10 = 1.0, ωPS/ω10 =
6.0, ωP /ω10 = 0.1, and γ(S)/ω10 = 0.001.

As an example, let us consider the CP interaction of a
nonmagnetic atom with a purely electric sphere (Uee) in a bulk
medium (ε
 = εA = ε). By substituting the required Green
tensor (19) into Eq. (42), one easily finds

U (rA, rS) = − h̄

16π3ε2
0r

6
AS

∫ ∞

0
dξ

[
3ε(iξ )

2ε(iξ ) + 1

]2

×αA(iξ )ε(iξ )α�
S+C(iξ )g[

√
ε(iξ )ξrAS/c]

(54)

(rAS = |rA − rS |) with

g(x) = e−2x(3 + 6x + 5x2 + 2x3 + x4). (55)

Figure 3 shows this potential for a two-level atom as a function
of the relative sphere radius q = R/RC for various atom-
sphere separations. We have used single-resonance models
for the permittivities of the sphere and the medium:

ε(S)(ω) = 1 + ω2
P (S)

ω2
T (S) − ω2 − iωγ(S)

. (56)

In Fig. 4, we show the potential Uee as a function of the atom-
sphere separation for different relative sphere radii q = R/RC .
Both figures show that for the constant εS considered here,
larger spheres with their corresponding larger polarizabilities
lead to stronger vdW attraction between the atom and the
sphere.

III. SUMMARY AND CONCLUSIONS

We have studied the CP interaction of an atom with a
small magnetodielectric sphere in an arbitrary magnetoelectric
environment. By employing a point-scattering technique, we
were able to express the Green tensor in the presence of
the sphere as a simple function of the Green tensor of the
environment. Using this result, we have found closed general
expressions for the CP potential of a magnetoelectric atom
interacting with a small magnetodielectric sphere, which
depend on the sphere’s polarizability and magnetizability.
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FIG. 4. U (rAS) vs. rASω10/c for different ratios q. Other
parameters are the same as in Fig. 3.

A comparison with the vdW potential between two ground-
state atoms in the presence of the background medium has
revealed how the different macroscopic and microscopic
natures of atom versus sphere manifest themselves in the
dispersion potentials: the immediate contact of a macroscopic
sphere with the surrounding medium leads to the appearance
of the permittivity and inverse permeability of the medium,
whereas the coupling of the local electromagnetic field to
the microscopic atom gives rise to local-field correction
factors.

In order to interpolate between these two limiting cases, we
have studied the potential of an atom with a sphere of variable
radius located inside an Onsager cavity. The cavity represents
the interspace between the particles contained in the sphere
and those constituting the surrounding medium, so that our
model can be used to study molecular systems of arbitrary size.
Using similar techniques, we have derived the potential of an
atom interacting with the sphere-plus-cavity system. We have
shown that our result reduces to the atom-sphere or atom-atom
potentials in the two limiting cases, in which the sphere radius
is either much smaller than or equal to the cavity radius. As
an example, we have considered the CP interaction between
an electric atom and such a sphere-plus-cavity system, finding
that the attractive potential diminishes as the sphere becomes
smaller at a fixed cavity radius.

Our point-scattering method can also be used to calculate
the Casimir force on a small sphere in an arbitrary environment
and, in particular, the Casimir force between two small spheres.
This problem will be subject of future work. A similar
approach could be applied to dispersion interactions involving
thin cylinders.
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We examine the lateral Casimir-Polder force acting on a circular rotating emitter near a dielectric plane surface.
As the circular motion breaks time-reversal symmetry, the spontaneous emission in a direction parallel to the
surface is in general anisotropic. We show that a lateral force arises which can be interpreted as a recoil force
because of this asymmetric emission. The force is an oscillating function of the distance between the emitter and
the surface, and the lossy character of the dielectric strongly influences the results in the near-field regime. The
force exhibits also a population-induced dynamics, decaying exponentially with respect to time on time scales of
the inverse of the spontaneous decay rate. We propose that this effect could be detected measuring the velocity
acquired by the emitter, following different cycles of excitation and spontaneous decay. Our results are expressed
in terms of the Green’s tensor and can therefore easily be applied to more complex geometries.

DOI: 10.1103/PhysRevA.97.032507

I. INTRODUCTION

Casimir-Polder (CP) forces are forces between atoms and
magnetodielectric bodies originating from the quantum fluc-
tuations of the electromagnetic field and the atomic charges
[1,2]. Despite their generally low magnitude they have to be
taken into account when working on nanoscales which today
is common in experiments as well as applications [3].

Lateral Casimir forces are a relatively young topic, having
been measured in 2002 [4]. They are characterized by their
direction which is parallel to the surface instead of the usual
normal direction, and have been suggested to facilitate con-
tactless force transmissions [5]. Lateral forces are typically
achieved by breaking the translational symmetry of the surface,
using for example periodically structured surfaces [4,6–9] or
corrugated surfaces [10–13]. A lateral force has also been
realized by breaking the mirror symmetry, using chiral particles
near a surface [14,15]. It is discriminatory since it pushes chiral
particles with opposite handedness in opposite directions.

In this article we show that a lateral force can arise by
breaking time-reversal symmetry via a rotating dipole which
emits asymmetrically. A dipole moment is created with left-
handed or right-handed circularly polarized light with spin
parallel to the surface. More specifically we excite a cesium
atom from the hyperfine ground state |62 S1/2,F = 4,MF = 4〉
to the excited state |62 P3/2,F

′ = 5,M ′
F = 5〉 using a resonant

right-handed circularly polarized laser beam that propagates

*pablo.barcellona@physik.uni-freiburg.de
†stefan.buhmann@physik.uni-freiburg.de

along the y direction, creating a dipole moment rotating in
the x-z plane, where ẑ is the direction normal to the surface.
The excitation of guided and radiation modes that propagate in
the +x and −x directions may be expected to be asymmetric
in this case [16,17]. The asymmetric emission of guided
modes has been extensively investigated in the literature and
relies on spin-orbit coupling of light mediated by a particle
near a surface [18–25]. The conservation of total momentum
in the system in conjunction with the asymmetric emission
suggests the existence of a lateral force opposite to the direction
of stronger emission. This lateral force could be measured
observing the asymmetric emission distribution. A similar
effect has been studied for the same atomic system close to
an optical nanofiber [16]. It is the circular polarization of the
illuminating light that creates a rotating dipole moment which
breaks time-reversal symmetry. Using linearly polarized light,
the time-reversal symmetry is conserved and the force is purely
normal to the surface.

Note that this system has been analyzed previously by
classical methods, studying the interaction of the rotating
dipole with the reflected field [26]. However, the excited atom
will unavoidably decay to the ground state, for which the
lateral force is forbidden by energy conservation. Hence the
lateral force has a population-induced dynamics which can
be captured only by quantum approaches to the atom-field
coupling. It is the aim of this article to investigate this effect.

The problem can be solved by expanding the electric field
into guided and radiation modes. However here we use a
different approach which relies on the Green’s tensor and
permits us to study geometries different from the planar
configuration as well the impact of dissipation [27,28]. Light
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FIG. 1. Sketch of the system, expected lateral force and correlated
asymmetric decay due to rotational dielectric moment.

modes confined inside the material are called guided modes.
An incident wave hits the interface in such way there is total
internal reflection and we have an evanescent wave behind
the interface: it decays exponentially in the normal direction
and hence propagates along the interface (evanescent waves
have purely imaginary transverse wave vectors). By contrast
radiation modes propagate also outside the material.

The article is organized as follows. In Sec. II we study the
asymmetric emission of a multilevel circular emitter near a
surface and investigate how the lateral force arises from this
asymmetric emission. We also develop a dynamical approach
to the atom-field coupling which gives the same expression for
the lateral force. In Sec. III we consider a two-level cesium
atom near a surface to quantify the order of magnitude of the
force and compare it with previous findings.

II. LATERAL FORCE FROM THE ASYMMETRIC
EMISSION

We consider a multilevel atom, with atomic frequencies
ωnk = (En − Ek)/h̄, and dipole moments dnk , near a homo-
geneous and isotropic dielectric plate (see Fig. 1). The atom is
prepared in an incoherent superposition of energy eigenstates
|n〉 with occupation pn(t) and is placed at position rA = zA ẑ
from the dielectric plate. We assume the atomic eigenstate |n〉
to exhibit a well-defined y component of angular momentum.
It is then a circular emitter whose transitions matrix elements
are not real, in general, but obey dkn = d∗

nk [27].
We first derive the lateral force using a dynamical approach

to the atom-field coupling. According to the dynamical ap-
proach the Casimir-Polder force between the atom and the
surface reads [28,29]

F(rA,t) = μ0

π
lim

ε→0+

∑
n

pn(t)
∑

k

∫ ∞

0
dωω2 1

ω − ωnk − iε

×∇dnk · ImG(r,rA,ω) · dkn|r=rA + c.c. (1)

This integral can be rotated to the imaginary axis leading to
the following nonresonant and resonant contributions:

Fnr(rA,t)

= μ0

π

∑
n

pn(t)
∑

k

∫ ∞

0
dξξ 2

(
1

ωnk − iξ
+ 1

ωnk + iξ

)

× Re{∇dnk · G(r,rA,iξ ) · dkn}|r=rA , (2)

Fr(rA,t) = 2μ0

∑
n

pn(t)
∑
k<n

ω2
nk

× Re{∇dnk · G(r,rA,ωnk) · dkn}|r=rA . (3)

We first note that the lateral component of the nonresonant
contribution vanishes, since ∂xG(1)(r,rA,iξ )|r=rA

is an anti-

symmetric tensor and G(1)(r,rA,iξ ) is real. In fact the non-
resonant term survives also for ground-state atoms, where the
existence of a lateral force is forbidden by energy conservation:
if it existed, one could accelerate the atom along the surface,
leaving the atom and the field in the stationary ground states.
A lateral force can arise only from the resonant contribution,
which describes the atom recoil because of the asymmetric
emission of the photon as we will show later.

Most importantly the force shows a population induced
dynamics. For example if the atom is a two-level system
initially excited in the state |1〉 the populations of the ground
state and excited state satisfy the rate equations

ṗ0 = � p1, ṗ1 = −� p1, (4)

where � is the spontaneous decay rate for the transition |1〉 →
|0〉(|0〉 represents the ground state). The solutions, subject to
the initial conditions p0(0) = 0 and p1(0) = 1, are

p0(t) = 1 − e−�t , p1(t) = e−�t . (5)

The lateral force for this two-level system hence reads

Fx(rA,t) = e−�t2μ0ω
2
10Re{d10 · ∂xG(1)(r,rA,ω10) · d01}|r=rA ,

(6)

and decays exponentially with respect to time. Because of
this force the particle will acquire some velocity in the lateral
direction. Supposing that the initial velocity is zero, the mean
velocity acquired reads

v =
∫ ∞

0
dt

Fx(rA,t)

m
= Fx(rA,0)

m�
. (7)

We next investigate the asymmetric emission of the circular
emitter and how the lateral force arises from this asymmetry.
The total emission rate � is the sum of the free-space emission
rate �(0) and the surface-assisted emission rate �(1) where the
photon is reflected by the dielectric surface. If the atom is
prepared in the eigenstate |n〉 it will decay to lower lying energy
levels, and the decay rate can be expressed in terms of the
scattering Green’s tensor G(1) [28–30]:

�(1)
n (zA) = 2μ0

h̄

∑
k<n

ω2
nkIm{dnk · G(1)(rA,rA,ωnk) · dkn}, (8)

where we have used the property dnk · ImG(r,r,ω) · dkn =
Im{dnk · G(r,r,ω) · dkn}.

The scattering Green’s tensor for a dielectric reads (z >

0,z′ > 0) [27,28]

G(1)(r,r′,ω) =
∫ 2π

0
dϕ

∫ ∞

0
dk‖k‖G(1)(r,r′,ω,k‖),

G(1)(r,r′,ω,k‖) = i

8π2

1

k⊥ eik‖·(r−r′)eik⊥(z+z′)

×
∑

σ=s,p

rσ eσ+ ⊗ eσ− , (9)
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where k‖ = k‖(cos ϕ, sin ϕ,0) is wave vector parallel to the
surface and k⊥ =

√
ω2/c2 − k‖2, k⊥

m =
√

ε(ω)ω2/c2 − k‖2 are
the perpendicular components of the wave vector in vacuum
and in the dielectric plate. The polarization vectors and Fresnel
reflection coefficients for s-polarized and p-polarized waves
read

es± =(sin ϕ,− cos ϕ,0), (10)

ep± = c

ω
(∓k⊥ cos ϕ,∓k⊥ sin ϕ,k‖), (11)

rs =k⊥ − k⊥
m

k⊥ + k⊥
m

, (12)

rp =ε(ω)k⊥ − k⊥
m

ε(ω)k⊥ + k⊥
m

. (13)

Using Eq. (9) the assisted rate reads

�(1)
n (zA) =

∫ 2π

0
dϕ

∫ ∞

0
dk‖k‖γn(zA,k‖), (14)

where γn(zA,k‖) is the emission rate density:

γn(zA,k‖) = 2μ0

h̄

∑
k<n

ω2
nkIm{dnk · G(1)(rA,rA,ωnk,k‖) · dkn}.

(15)

A lateral force may result from an unbalanced spontaneous
emission into the +x and −x directions. According to the
conservation of the total momentum the force is opposite to
the momentum of the emitted photon. If the atom is prepared
in an incoherent superposition of energy eigenstates |n〉 with
population pn the force reads

Fx(zA,t) = −
∫ 2π

0
dϕ

∫ ∞

0
dk‖k‖h̄kx

∑
n

pnγn(zA,k‖)

= 2μ0

∑
n

pn(t)
∑
k<n

ω2
nk

× Re{dnk · ∂xG(1)(r,rA,ωnk) · dkn}|r=rA , (16)

where we have used the relation Im(ix) = Rex. The lateral
force is associated with the recoil of the atom because
of asymmetric emission. It vanishes if the atom is in the
ground state or if the atomic dipole moments are real since
∂xG(1)(r,rA,ωnk)|r=rA

is an antisymmetric tensor. Note that
the bulk part of the Green’s tensor gives no contribution to
the lateral force since in the absence of the dielectric plate the
emission is obviously symmetric.

III. APPLICATION: CESIUM ATOM

The aim of this section is to investigate the lateral force for
a cesium atom near a dielectric plate and compare the orders
of magnitude of the force to previous works in literature using
cesium atoms near an optical nanofiber [16].

The cesium atom in its ground state can be excited to the
excited state |62P3/2,F

′ = 5,M ′
F = 5〉 by using a right-handed

circularly polarized laser beam. Since the beam is propagating
along the y direction the resulting electric dipole moment is

rotating in the x-z plane:

d10 = d(i,0,1), (17)

where |1〉 denotes the excited state and |0〉 the ground state.
The magnitude of the dipole moment is d = 1.9 × 10−29 C m
and the wavelength of the emitted photon is λ10 = 852 nm
[16]. Furthermore d01 = d∗

10. The emitted photon carries the
momentum and is responsible for the lateral force. There is
only one decay channel to the ground state with the emission
of a σ+ photon; the atom hence can be treated as an effective
two-level system.

Substituting the Green’s tensor (9) into (6) and performing
the trivial angular integrals we find

Fx(rA,t) = −e−�td2

2πε0
Im

{∫ ∞

0
dk‖k‖3e2ik⊥zArp

}
. (18)

Note that this system has been analyzed previously by classical
methods [26]. However the classical result disregards the
decay-induced dynamics of the force and it renders only half
of our quantum result. The discrepancy can be understood
from the fact that the other half of the lateral force is due
to fluctuations of the electromagnetic field, which are absent
in a classical description. Note also that our result contains a
population-induced dynamics absent in classical models [31].

In the limit of short times the force does not vanish in the
classical limit h̄ → 0, showing that it could be described by
classical methods [26]. Only the p-polarized components of
the field affect the force, since the s-polarized components
lead to an emission equal in the +x and −x half spaces.

The first interesting special case is a perfect conducting
body, described by a unity reflection coefficient of p-polarized
waves rp = 1. In this case the integration over the parallel
component of the wave vector can be performed analytically
for any given distance:

F PC
x (rA,t) = e−�t

{
3d2

4ε0λ10

1

z3
A

cos

(
4π

zA

λ10

)

+ d2

ε0

(
π

λ2
10

1

z2
A

− 3

16π

1

z4
A

)
sin

(
4π

zA

λ10

)}
,

(19)

where k = ω10/c is the transition wave vector. This is depicted
in Fig. 2 for short times.

FIG. 2. Lateral CP force for a perfectly conducting half space.
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We see that the force shows characteristic Drexhage-type
oscillations [32,33]. Remarkably we note that the force can
change sign depending on the distance between the emitter and
the surface. This shows the importance of radiation modes to
describe this effect. In fact, guided modes are excited strongly
only in one direction giving a lateral force of constant sign.

Another interesting feature of this force is that it is not
conservative. In fact if we take the curl of the total force we
obtain a nonvanishing result:

∇ × F = ∂Fx

∂zA
ŷ = d2

ε0

{(
4π2

λ3
10z

2
A

− 3

λ10z
4
A

)
cos

(
4πzA

λ10

)

+
(

3

4πz5
A

− 5π

λ2
10z

3
A

)
sin

(
4πzA

λ10

)}
ŷ.

(20)

Hence the Casimir-Polder force is not conservative and cannot
be generally derived from a potential by just taking its gradient.
Such class of forces, called curl forces, have been explored in
the past [34].

We next consider the case of a dissipative dielectric medium
described by a complex relative permittivity. An analytical
expression can be derived in the nonretarded regimes when the
distance between the emitter and the surface is much smaller
than the atomic wavelength zA � λ10:

F nret
x (rA,t)

= −e−�t

(
3d2

8πε0

1

z4
A

Im ε

|ε + 1|2 + 64π4d2

15ε0λ
5
10

zA
|ε|2 − 1

|ε + 1|2
)

, (21)

where ε = ε(ω10). In the nonretarded limit the main contri-
bution comes from large values of k‖, hence we set k⊥

m = k⊥
in the reflection coefficients [27]. The Fresnel coefficient (13)
then simplifies to rp = (ε − 1)/(ε + 1). It shows a divergence
when the emitter approaches the surface because of the lossy
nature of the medium. Note that an analogous divergence is
observed in the spontaneous emission of a real dipole moment
near a lossy surface, where the emitter is excited with a
linear-polarized resonant laser beam [35,36].

In the retarded regime, namely when the distance between
the emitter and the surface is much greater than the atomic
wavelength, zA � λ10, we have

F ret
x (rA,t) = e−�t d2π

ε0λ
2
10

1

z2
A

{
Re

[√
ε − 1√
ε + 1

]

× sin

(
4π

zA

λ10

)
+ Im

[√
ε − 1√
ε + 1

]
cos

(
4π

zA

λ10

)}
.

(22)

In the retarded limit the main contribution comes from k‖ = 0,
hence we put k⊥ � ω10/c and k⊥

m � √
εω10/c in the reflection

coefficients [27]. Hence, the Fresnel coefficient (13) simplifies
to rp = (

√
ε − 1)/(

√
ε + 1).

The force is an oscillating function with period λ10/2.
This agrees with intuition. The atom emits at some time
an electromagnetic field while having a specific dielectric
moment orientation. The field is partially reflected by the
surface and interacts with the dipole after some delay, when
the dipole moment has a different orientation. If the distance

FIG. 3. Lateral CP force at initial time and long-time lateral
velocity for an atom above silica and gold surfaces.

between the emitter and the surface is incremented by λ10/4 the
delay is incremented by �t = λ10/2c, leading to an opposite
orientation of the dipole d → deiω10�t = −d. This translates
to a change of sign of the force.

In Fig. 3 we display the lateral force at the initial time
when the emitter is near a gold dielectric (εAu ≈ 1.40 + 1.35i)
[37] or silica (εSi ≈ 1.45 + 2.05 × 10−7i). The force shows a
strong increment in the near-field regime, having a magnitude
of around 10−21 N. The same orders of magnitude have been
obtained for a circular emitter near a nanofiber [16]. To judge
the strength of the effect we consider the lateral velocity ac-
quired by the atom due to the recoil, which is in the mm/s range.

The atom in the ground state can be excited also to the hyper-
fine level |62P3/2,F

′ = 5,M ′
F = −5〉 by using a left-handed

circularly polarized laser beam. The atom will emit a σ−
photon and since the directionality depends on the polarization
of the emitted light, the lateral force will change sign. This
effect provides the opportunity to control the direction of the
force changing the polarization of the illuminating light or in
other words the quantum state of the emitter.

Note that for all materials considered so far, the force is
directed in the −x̂ direction in the near-field regime. This
is a consequence of the right-hand rule in the lateral forces,
already considered in the literature [38,39]. According to this
rule the direction of the lateral force, the decay direction of the
evanescent wave (ẑ direction), and the atomic spin (ŷ direction)
follows a right-hand rule. This means that the lateral force is
directed along the −x̂ direction; see Fig. 1.

IV. EMISSION SPECTRUM

In this section we develop more closely the idea that the
lateral force is a photon-recoil force. For this reason we
consider the emission spectrum

�̄(zA,ϕ) =
∫ ∞

0
dk‖k‖h̄k‖γ (zA,k‖), (23)
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FIG. 4. Asymmetric emission spectrum at zA = 264 nm for a
gold dielectric (εAu ≈ 1.40 + 1.35i).

which describes the scattering of a momentum h̄k‖ along a
particular direction parallel to the surface. Taking into account
formula (15) we find the emission spectrum is in general
asymmetric:

�̄(zA,ϕ) = A(zA) + B(zA) cos ϕ + C(zA) cos2 ϕ

+D(zA) sin2 ϕ, (24)

where

A(zA) = d2

4π2ε0
Re

[∫ ∞

0
dk‖ k‖4

k⊥ e2ik⊥zArp

]
, (25)

B(zA) = d2

2π2ε0
Im

[∫ ∞

0
dk‖k‖3e2ik⊥zArp

]
, (26)

C(zA) = − d2

4π2ε0
Re

[∫ ∞

0
dk‖k‖2k⊥e2ik⊥zArp

]
, (27)

D(zA) = d2

4π2ε0
Re

[∫ ∞

0
dk‖ k‖2

k⊥
ω2

c2
e2ik⊥zArs

]
. (28)

The emission is in general asymmetric along the x direction
because of the factor B(zA):

∫ π/2

−π/2
dϕ�̄(zA,ϕ) −

∫ 3π/2

π/2
dϕ�̄(zA,ϕ) = 4B(zA)

= 2d2

π2ε0
Im

[∫ ∞

0
dk‖k‖3e2ik⊥zArp

]
. (29)

The comparison with Eq. (18) shows that if the emission is
asymmetric along the x direction then the lateral force is finite.
In Figs. 4 and 5 we show the emission spectrum for two
atom-plate distances: zA = 264 nm,302 nm. Figure 4 shows
an asymmetric emission with stronger emission in the positive
x direction; this suggests a negative lateral force as shown in

FIG. 5. Symmetric emission spectrum at distance zA = 302 nm,
also in the case of a gold dielectric.

Fig. 3. For zA = 302 nm the emission spectrum is symmetric
along the x direction suggesting that the lateral force is zero,
as shown in Fig. 3.

V. CONCLUSION

We have predicted a lateral Casimir-Polder force for a
circular excited emitter near a planar surface. The underlying
reason for a nonvanishing force is the breaking of time-reversal
symmetry. The sign of the force depends on the polarization
of the emitted light and can be controlled by changing the
quantum excited state of the emitter. We have also shown that
the lateral force is an atom recoil force stemming from the
asymmetric emission of the photon.

Our dynamical approach of the field-atom coupling shows
that the lateral force has a population-induced dynamics,
decaying exponentially with time, on time scales of the
inverse of the spontaneous decay rate. Moreover it exhibits
characteristic Drexhage-type oscillations when changing the
distance between the emitter and the surface. The near-field
regime is strongly influenced by the dissipative character of
the medium: for short distances it converges to zero for a
lossless medium, while it diverges if the medium has a complex
dielectric permittivity. This effect could be detected measuring
the velocity acquired by the atom after the recoil.

Our formalism which uses the scattering Green’s tensor
can be adopted for more complex geometries, like spheres,
cylinders, or resonating planar cavities which can enhance the
spatial oscillations of the force.
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We consider the van der Waals force involving excited atoms in general environments, constituted by
magnetodielectric bodies. We develop a dynamical approach studying the dynamics of the atoms and the field,
mutually coupled. When only one atom is excited, our dynamical theory suggests that for large distances the
van der Waals force acting on the ground-state atom is monotonic, while the force acting in the excited atom is
spatially oscillating. We show how this latter force can be related to the known oscillating Casimir-Polder force
on an excited atom near a (ground-state) body. Our force also reveals a population-induced dynamics: for times
much larger that the atomic lifetime the atoms will decay to their ground states leading to the van der Waals
interaction between ground-state atoms.

DOI: 10.1103/PhysRevA.94.012705

I. INTRODUCTION

Casimir and van der Waals (vdW) forces are interactions
between neutral macroscopic bodies or atoms arising from
the quantum fluctuations of both the electromagnetic field
and the atomic charges [1,2]. They are responsible for many
characteristic phenomena in physics, chemistry, and biology:
the deviation from ideal-gas behavior in nonpolar gases [3],
latent heat of liquids, capillary attraction, physical absorption,
and cell adhesion [4]. Dispersion interactions have even played
an important role during the early stages of planet formation
[5], and they are also supposed to have a fundamental role in
selective long-distance biomolecular recognition [6]. Due to
their strong distance dependence, they become more and more
important on the ever-decreasing scales of nanotechnology,
where they lead to the unwanted stiction of small mobile
components [7]. In a series of ground-breaking experiments,
the vdW force between an excited barium ion and a mirror
has been measured to high precision [8,9]. Such experiments
show an oscillating dependence of the vdW force on the ion.

We will focus on the vdW force between two atoms, in
excited states |n〉 and |l〉. The interaction in this case is different
from the interaction between two ground-state atoms due to
the possible exchange of a real photon between the atoms. In
the well-understood nonretarded regime, that is, for distances
r much smaller than the wavelength of atomic electronic
transitions, one finds [10,11]

Fnr(r) = − er

4π2ε2
0r

7

∑
k,p

∣∣dA
nk

∣∣2∣∣dB
pl

∣∣2

EA
k − EA

n + EB
p − EB

l

, (1)
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where er = r/r, dA
nm are the matrix elements of the dipole op-

erator, and Ek the energy relative to the state |k〉. For downward
transitions, EA

k − EA
n + EB

p − EB
l can be negative, yielding

a repulsive interaction. Hence nonequilibrium situations can
provide repulsive vdW interactions.

The interaction at larger separations has been the object of
controversies. In a first group of works, it was predicted that the
magnitude of the retarded potential oscillates as a function of
interatomic distance [12–14]. In a later group of publications
it was claimed that the retarded potential is nonoscillatory and
proportional to 1/r2 [11,15–17]. The conflicting results are due
to subtle differences in treating divergent energy denominators
in the photon propagators: the poles in the real axis can
be avoided using the principal value prescription or adding
infinitesimal factors in the energy denominators and this
leads to different results. Both procedures are mathematically
correct, but they yield different physical results: a spatially
oscillatory behavior of the interaction in the first case and a
monotonically decreasing behavior in the second.

A group of recent works have used dynamical approaches
to address the problem. By an appropriate time-averaging
procedure [18] or in the limit of vanishing atomic linewidths
[19], a third result, for the vdW interaction on the excited atom,
was found that oscillates in magnitude and sign. Note that an
earlier approach based on time-dependent perturbation theory
yields a nonoscillatory result for the force on the ground-state
atom that is however valid only for times shorter than the
lifetime of the excited state [20]. Similar considerations
about time scales hold for the diagrammatic nonequilibrium
description used in Ref. [21].

A very recent work claims that both results, the monotonic
and the oscillating, are valid, but they describe different
physical processes [22]: the oscillating result is related to a
coherent exchange of excitation between the atoms, while
the monotonic result is associated to a fast loss of excitation
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acquired from the initially excited atom. Another recent work
finds that both forces can simultaneously arise in a single
setup: the vdW interaction on the excited atom oscillates, in
agreement with Refs. [18,19,22], but the vdW force acting on
the ground-state atom is monotonic [23]. This result would
imply an apparent violation of the action-reaction principle
in excited systems in free space. However, it was shown that
the momentum balance is restored when taking the photon
emitted by the excited atom into account [24]. This emission
being asymmetric due to the presence of the ground-state
atom, the emitted photon carries some average momentum,
so that the difference between forces on the excited versus
ground-state atoms can be interpreted as a photon recoil force.
The situation is somewhat similar to the lateral Casimir-Polder
force on an atom near a nanofiber, which is also associated with
asymmetric emission [25].

In this paper, we study the van der Waals interaction
involving excited atoms by means of a dynamical approach
on the basis of the Markov approximation. We show that
the damped internal atomic dynamics uniquely determines the
oscillatory or monotonic behavior of the retarded interaction
for excited atoms. In our dynamical model, the poles in the
real axis are automatically shifted to the upper or lower part
of the complex plane, and no ad hoc choice for the imaginary
shifts in the denominators is required. We will show that,
when one atom is excited, the vdW force acting on the
ground-state atom is monotonic and the vdW interaction of
the excited atom is oscillating, in agreement with the most
recent results in literature [22–24,26]. Our dynamical approach
is an alternative to the time-dependent perturbation theory
[23], where the behavior of the force is determined via a time
average over rapid oscillations on time scales of the order of
atomic transition frequencies. Instead, our model allows us
to study the decay-induced dynamics on larger time scales
of the order of the excited-state lifetimes. It reveals that the
force is governed by population-induced dynamics on these
scales, where for times much larger than the lifetime of the
initial atomic state the vdW force converges to that between
ground-state atoms. In addition, we are able to account for a
general environment for the two atoms, via the classical Green
tensor.

The article is organized as follows. In Sec. II, we present the
basic formalism describing the coupled atom-field dynamics.
It is used in Sec. III for calculating the force between two
atoms in arbitrary excited initial states. In Sec. IV, we make
the connection of our result with the Casimir-Polder force
between an excited atom and a body of arbitrary shape. Some
conclusions are given in Sec. V, while in the Appendix, we
present some of the more cumbersome details of our general
approach and our calculation.

II. ATOM-FIELD DYNAMICS

We consider the mutually coupled evolution of two atoms
and the medium-assisted field. The field is prepared at zero
temperature, and the atoms in generic internal states. The
dynamics of the atoms can be described with time-dependent
flip operators, defined by Âmn = |mA〉〈nA|, where |nA〉 is an
energy eigenstate, and similarly B̂pq = |pB〉〈qB |.

A

(a)

A

(b)

A B

(c)

FIG. 1. Case (a) is the zero-order approximation: free field and
free atom. Case (b) is the next-order approximation: the Lamb shift
of an atom due to the emission and reabsorption of a photon. Case (c)
is the dispersion interaction between two atoms due to the exchange
of two photons.

In order to evaluate the force between the two atoms we
must first solve the atom-field dynamics to obtain the flip
operators and the field operators in the Heisenberg picture. The
total Hamiltonian is the sum of three terms, the atomic and the
field Hamiltonian and the interaction term in the multipolar
coupling scheme within dipole approximation:

Ĥ =ĤA + ĤF + ĤAF ,

ĤA =
∑

n

EA
n Ânn +

∑
n

EB
n B̂nn,

ĤF =
∑

λ=e,m

∫
d3r

∫ ∞

0
dω �ωf̂†

λ(r,ω) · f̂λ(r,ω),

ĤAF =−d̂A · Ê(rA) − d̂B · Ê(rB), (2)

where f̂λ(r,ω) is the annihilation operator for the elementary
electric and magnetic excitations of the system [27].

Since the evolution of the whole system is unitary the
commutator between two electric fields coincides with the
commutator between free fields [28,29]

[Ê(r,ω),Ê†(r′,ω′)] = �μ0

π
ImG(r,r′,ω)ω2δ(ω − ω′), (3)

where G is the Green’s tensor of the electromagnetic field and
Ê(r,ω) is the Fourier component of the electric field Ê(r) =∫ ∞

0 dω Ê(r,ω) + H.c., Heisenberg equations for the coupled
atom-field dynamics read

∂t Âmn = iωA
mnÂmn + i

�
K̂A

mn · Ê(rA),

∂t Ê(r,ω) =−iωÊ(r,ω) + iμ0

π
ω2

× [ImG(r,rA,ω) · d̂A + ImG(r,rB,ω) · d̂B],

(4)

where K̂A
mn = [Âmn,d̂A].

The electric field at the position of atom A consists of two
terms: the radiation reaction and the field due to the other atom
B. As shown in the literature [28,30], the radiation reaction
field gives rise to frequency shifts and spontaneous decay for
atom A; see Figs. 1(a) and 1(b). We thus renormalize the field
by splitting off the radiation reaction

〈∂t Âmn〉 = [
iω̃A

mn − (
�A

n + �A
m

)
/2

]〈Âmn〉

+ i

�
〈
K̂A

mn · ÊA/(rA)
〉
, (5)

where m �= n and the expectation value 〈· · · 〉 is taken over
atomic state and the field thermal state. ÊA/(rA,t) is the sum of
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the free electric field and the source field of the atom B, ω̃A
mn

the (second-order) Lamb-shifted atomic frequencies, and �A
n

the decay rates.

III. VAN DER WAALS INTERACTION BETWEEN
TWO EXCITED ATOMS

We consider two atoms A and B that are initially prepared
in excited energy eigenstates |iA〉,|iB〉 of the free atomic
Hamiltonian [pA

n (0) = δniA,pB
l (0) = δliB ]. These initial states

are not eigenstates of the total Hamiltonian and thus the atomic
states evolve in time yielding a time-dependent vdW force
(population-induced dynamics). As time progresses, the lower
lying levels n � iA, l � iB will become populated.

To find the vdW force on, say, atom A, we calculate the
Lorentz force in electric-dipole approximation acting on A

which is due to the field EA/(rA,t) emitted by the other atom
B:

FA(rA,rB,t) = ∇A〈d̂A · ÊA/(rA,t)〉, (6)

where expectation value is taken over atomic and field states.
For weak atom-field coupling, corresponding in an expan-

sion of the Hamiltonian in powers of the coupling strengths
d, we can apply the Markov approximation to find (see the
Appendix):

FA(rA,rB,t) = μ2
0

2π2�
∑
n�iA

∑
l�iB

pA
n (t)pB

l (t)
∑
k,p

∫ ∞

0
dω

×
∫ ∞

0
dω′ω2ω′2∇A

{
dA

nk · ImG(rA,rB,ω) · dB
pl

× dB
lp · ImG(rB,rA,ω′) · dA

kn

} 16∑
i=1

1

Di

+ H.c.,

(7)

where pA
n (t) = 〈Ânn(t)〉 and pB

l (t) = 〈B̂ll(t)〉 represent the
atomic populations of states |n〉 and |l〉.

The energy denominators Di are listed in Table I. Due to
our dynamical treatment of the atom-field coupling, the result
explicitly depends on atomic damping constants or linewidths,
and also an infinitesimal damping for the photon of frequency
ω. These factors uniquely ensure the convergence of time
integrals.

For excited atoms the energy denominators can exhibit
poles, for photon frequencies being resonant to the atomic
ones. According to time-independent perturbation theory these
poles would be situated on the real-frequency axis with the
mentioned resulting ambiguities. In our dynamical approach,
with the inclusion of the atomic linewidths, the poles are
automatically shifted to the lower or upper part of the complex
plane leading to unique resonant contributions.

The total vdW force acting on A consists in two terms,
a nonresonant contribution arising from virtual photons ex-
change and a resonant contribution which corresponds to a
possible emission of real photons by the excited atoms:

FA(rA,rB,t) = Fnr
A (rA,rB,t) + Fr

A(rA,rB,t). (8)

In the limit of vanishing linewidths, the nonresonant contri-
bution in an arbitrary magnetoelectric environment reads (see

TABLE I. Energy denominators. In this table, ωA
kn represents

the transition frequency between the virtual state |k〉 and the
excited state |n〉, while ωB

pl represents the transition frequency

between the virtual state |p〉 and |l〉. Furthermore, ω
A(±)
kn = ωA

kn ±
i(�A

k + �A
n )/2, ω

B(±)
pl = ωB

pl ± i(�B
p + �B

l )/2, and ω(±) = ω ± iε

with ε infinitesimal factor. � is the atomic linewidth.

Energy denominators

D1

(
ω(−) + ω

A(−)
kn

)(
ω′ + ω

B(−)
pl

)(
ω

A(−)
kn + ω

B(−)
pl

)
D2

(
ω(−) + ω

A(−)
kn

)(
ω′ + ω

B(+)
pl

)(
ω

A(−)
kn − ω

B(+)
pl

)
D3

(
ω(−) − ω

A(+)
kn

)(
ω′ + ω

B(−)
pl

)(
ω

A(+)
kn − ω

B(−)
pl

)
D4

(
ω(−) − ω

A(+)
kn

)(
ω′ + ω

B(+)
pl

)(
ω

A(+)
kn + ω

B(+)
pl

)
D5

(
ω(−) + ω

A(−)
kn

)(
ω′ + ω

A(−)
kn

)(
ω

A(−)
kn + ω

B(−)
pl

)
D6 −(

ω(−) − ω
A(+)
kn

)(
ω′ + ω

A(+)
kn

)(
ω

A(+)
kn − ω

B(−)
pl

)
D7 −(

ω(−) + ω
A(−)
kn

)(
ω′ + ω

A(−)
kn

)(
ω

A(−)
kn − ω

B(+)
pl

)
D8

(
ω(−) − ω

A(+)
kn

)(
ω′ + ω

A(+)
kn

)(
ω

A(+)
kn + ω

B(+)
pl

)
D9 (ω(−) + ω′)

(
ω(−) + ω

A(−)
kn

)(
ω′ + ω

B(−)
pl

)
D10 (ω(−) − ω′)

(
ω(−) + ω

A(−)
kn

)
(ω′ + ω

B(+)
pl )

D11 −(ω(−) + ω′)
(
ω(−) − ω

A(+)
kn

)(
ω′ + ω

B(−)
pl

)
D12 −(ω(−) − ω′)

(
ω(−) − ω

A(+)
kn

)(
ω′ + ω

B(+)
pl

)
D13 (ω(−) + ω′)

(
ω(−) + ω

A(−)
kn

)(
ω(−) + ω

B(−)
pl

)
D14 −(ω(−) − ω′)

(
ω(−) + ω

A(−)
kn

)
(ω(−) + ω

B(−)
pl )

D15 −(ω(−) + ω′)
(
ω(−) − ω

A(+)
kn

)(
ω(−) + ω

B(−)
pl

)
D16 (ω(−) − ω′)

(
ω(−) − ω

A(+)
kn

)(
ω(−) + ω

B(−)
pl

)

the Appendix)

Fnr
A (rA,rB,t) = �μ2

0

2π

∫ ∞

0
dξ ξ 4∇ATr{αA(iξ )

· G(rA,rB,iξ ) · αB(iξ ) · G(rB,rA,iξ )},
(9)

where we have defined the following polarizabilities of the
initially excited atoms:

αA(ω) = 1

�
∑
n�iA

pA
n (t)

∑
k

(
dA

kndA
nk

ωA
kn + ω

+ dA
nkdA

kn

ωA
kn − ω

)
,

αB(ω) = 1

�
∑
l�iB

pB
l (t)

∑
p

( dB
pld

B
lp

ωB
pl + ω

+ dB
lpdB

pl

ωB
pl − ω

)
. (10)

The resonant contribution reads

Fr
A(rA,rB,t)

= μ2
0

∑
n�iA

pA
n (t)

∑
k<n

∇A Re
{(

ωA
nk

)4

× dA
nk · G

(
rA,rB,ωA

nk

) · αB

(
ωA

nk

) · G
(
rB,rA,ωA

nk

) · dA
kn

}
+μ2

0

∑
l�iB

pB
l (t)

∑
p<l

∇A

{(
ωB

lp

)4

× dB
lp · G

(
rB,rA,ωB

lp

) · αA

(
ωB

lp

) · G∗(rA,rB,ωB
lp

) · dB
pl

}
.

(11)

For large distances the resonant contribution dominates over
the nonresonant one. Two terms, one oscillating and one
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FIG. 2. vdW interaction between one cesium atom in the ground
state (5 2S1/2) and an excited rubidium atom (5 2P1/2). The thick line
represents the force on rubidium and the dashed one that on cesium.

monotonic, are involved in the resonant contribution. Their
behavior can be seen explicitly for isotropic atoms in free
space:

Fr
A(r,t) = − 1

12π2ε2
0r

7
er

∑
n�iA

pA
n (t)

∑
k<n

∣∣dA
nk

∣∣2

×αB

(
ωA

nk

)[(
9 − 16x2

nk + 3x4
nk

)
cos(2xnk)

+ (
18xnk − 8x3

nk + x5
nk

)
sin(2xnk)

]

− 1

12π2ε2
0r

7
er

∑
l�iB

pB
l (t)

∑
p<l

∣∣dB
lp

∣∣2

×αA

(
ωB

lp

)(
9 + 2y2

lp + y4
lp

)
, (12)

where xnk = rωA
nk/c and ylp = rωB

lp/c, er = r/r . When both
atoms are excited, the monotonic and oscillating results both
contribute and can be attributed to different physical processes
[22]: the oscillating result is related to a reversible exchange
of excitation (“pendulation”) and the monotonic form with an
effectively irreversible (Forster) excitation transfer.

When only one atom is excited, the force acting on the
excited atom is oscillating; on the other hand, the force acting
on the ground-state atom is monotonic, consistent with the
perturbative result in [20]. This implies a violation of the
action-reaction principle in excited systems in free space.
The interaction is accompanied by the transfer of linear
momentum to the electromagnetic vacuum; this momentum is
ultimately released through directional spontaneous emission
of the excited atom [24].

In Fig. 2, we show the vdW force acting on a rubidium
atom and on a cesium atom in free space, the rubidium atom
being in the excited state 5 2P1/2 and the cesium atom in the
ground-state 5 2S1/2 (see [31]); the force is represented for
times much shorter than the atomic lifetime and much larger
than the inverse of the atomic frequency, so that the populations
of the states may be considered constant and the atomic
dynamical self-dressing is not present. At large distances the
resonant term dominates and the force on the excited atom
shows Drexhage-type oscillations with an amplitude r−2. The
force acting on the ground-state atom is monotonic. At small
distances, we find a nonoscillating repulsive force for both
atoms.

FIG. 3. Body-assisted vdW interaction: the exchanged photons
can be reflected by the body’s surface.

However our theory is more general because it includes
the presence of general environments for the two atoms, like
magnetodielectric bodies. Many differences arise in this more
general case. First the interaction can be described as a two-
photon process, where the photons can be reflected by the
body’s surface (see Fig. 3); this reflection is mathematically
described in our formalism by the scattering Green tensor,
which is known for many geometries and magnetodielectric
properties. Secondly due to the presence of the additional body
the action-reaction principle is also violated for ground-state
atoms, with the interaction being accompanied by the transfer
of linear momentum to the body. Lastly the total force acting
on one molecule is not parallel to the interparticle separation
vector.

We see that the resonant contribution vanishes for times
much larger than the atomic lifetimes (Fr

A ∝ pA
n (t) = e−�A

n t ),
when the atoms have decayed to the ground state. Figure 4
represents this population-induced dynamics for the force
acting on the excited rubidium at a given distance. We see
that for time much larger than the atomic lifetime the force
converges to the ground-state force, which is attractive. For
times much smaller than the atomic lifetime the force is

0.02 0.04 0.06 0.08 0.10 0.12 0.14
t[µs]

−0.2

0.0

0.2

0.4

0.6

0.8

1.0
F(t)/F(0)

FIG. 4. Population-induced dynamics for the vdW force acting
on the excited rubidium atom (thick line). The rubidium atom is in
the 5 2P1/2 state, while the cesium is in the ground state. The distance
between the atoms is r = 10 nm.
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repulsive and roughly one order of magnitude larger than the
ground-state force.

As stated above, the resonant force on the excited atom may
be associated with photon recoil due to spontaneous emission.
The fact that this force is stronger at small times can be
understood from its ensemble-average nature: the probability
of photon emission (and hence recoil) is highest for small times
where a large fraction of the ensemble atoms are still in their
excited state.

IV. COMPARISON TO CASIMIR-POLDER FORCE

Let us compare our result with the experimentally observed
single-atom Casimir-Polder force. If an initially excited atom
A is placed near a magnetodielectric body, the resonant
contribution, associated with a possible emission of a real
photon, reads [28]

Fr
A(rA,t) = μ0

∑
n�iA

pA
n (t)

∑
k<n

(
ωA

nk

)2

×∇ARe
{
dA

nk · G1(rA,rA,ωA
nk

) · dA
kn

}
, (13)

where G1 is the body’s scattering Green’s tensor. If the body is
made up of ground-state atoms with polarizability αB(ω) and
positions rB and number density η(r), it can be expressed in
terms of a leading-order Born expansion [32]:

G1(rA,rA,ω) = μ0ω
2
∫

d3rB η(rB)G0(rA,rB,ω) · αB(ω)

· G0(rB,rA,ω) + · · · , (14)

where G0 is the free-space Green’s tensor. The substitution of
this expansion into the single-atom Casimir-Polder force leads
to a resonant force

Fr
A(rA,t) =

∫
d3rB η(rB)Fr

A(rA,rB )

=
∫

d3rB η(rB)μ2
0

∑
n�iA

pA
n (t)

∑
k<n

∇A Re
{(

ωA
nk

)4
dA

nk

· G0(rA,rB,ωA
nk

) · αB

(
ωA

nk

)· G0(rB,rA,ωA
nk

)· dA
kn

}
(15)

on the excited atom which is simply the sum over the
(oscillating) resonant forces (11) on the excited atom due
to the ground-state atoms constituting the body. Note that a
monotonous force contribution is absent from the single-atom
Casimir-Polder force (15), as the atoms in the body are
not excited. In the present combination of an excited atom
interacting with a ground-state atom, we would expect the
force on the body to contain a monotonous Casimir-Polder
force component. However, the force on the body is usually
not considered in the context of Casimir-Polder physics due to
the strongly asymmetric mass ratio.

V. CONCLUSIONS AND OUTLOOK

Our dynamical theory has allowed us to study the vdW force
involving excited atoms in generic environments. It is able to
give a unique answer to the old puzzle whether the respective

interaction is oscillating or monotonic, without recourse to ad
hoc assumptions or prescriptions.

When one atom is excited we have shown that the
van der Waals force acting on the excited atom indeed
shows Drexhage-type oscillations, while the force acting
on the ground-state atom is monotonic. We have explicitly
demonstrated that the oscillating force is consistent with the
respective Casimir-Polder force between an excited atom and
a ground-state body. On the contrary, the monotonic forces
components cannot be deduced from the atom-body force
in this way, because they act on the atoms inside the body,
whereas Casimir-Polder calculations are usually restricted to
calculating the force on the single atom in front of the body.

The oscillating force on the excited atom could have pro-
found implications on the spatial correlations of excited atomic
ensembles, in particular for Rydberg systems. In addition, both
the oscillating and monotonous force components are expected
to arise in waveguides as recently studied in Refs. [33–36]. It
could be also interesting to generalize our model to include
finite temperature, by changing the fluctuation relations of the
electromagnetic field, and to consider many-body vdW forces.
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APPENDIX

1. Perturbative expansion of the force operator

We consider the dynamics of an operator ρ̂(t), which is
a superposition of operators Ôn(t) with complex coefficients
fn(t):

ρ̂(t) =
∑

n

fn(t)Ôn(t) (A1)

and we introduce a time limit which acts only on the operators:

ρ̂(t)|t→t1
=

∑
n

fn(t)Ôn(t1). (A2)

The operators Ôn(t) evolve dynamically according to the
Heisenberg equations:

∂t Ôn(t) = 1

i�
[Ôn(t),Ĥ (t)], (A3)

where Ĥ is the total Hamiltonian. This equation can be
integrated from the initial time t0 to a given time t :

Ôn(t) = Ôn(t0) + 1

i�

∫ t

t0

dt1[Ôn(t1),Ĥ (t1)]. (A4)

This equation shows that the dynamical evolution of the
operators ρ̂ is

ρ̂(t) = ρ̂(t)
∣∣
t→t0

+ 1

i�

∫ t

t0

dt1
[
ρ̂(t)

∣∣
t→t1

,Ĥ (t1)
]
. (A5)
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The vdW force operator acting on the atom A, due to the
presence of other atoms, is

F̂A(t) = ∇[d̂A · ÊA/(r,t)]r=rA
, (A6)

where the field ÊA/(rA,t) represents the total electric field,
excluding the radiation reaction of atom A. Using Eq. (A5) we
find the dynamical equation for the force:

F̂A(t) = F̂A(t)
∣∣
t→t0

+ 1

i�

∫ t

t0

dt1
[
F̂A(t)

∣∣
t→t1

,Ĥ (t1)
]
. (A7)

This equation can be reiterated considering now the dynamics
of the commutator [F̂A(t)|t→t1

,Ĥ (t1)], which is a superposition
of operators at the time t1. Therefore, for weak coupling,
we can construct a perturbative expansion F̂A(t) in terms of
operators at the initial time t0:

F̂A(t) = F̂A(t)
∣∣
t→t0

+ 1

i�

∫ t

t0

dt1
[
F̂A(t)

∣∣
t→t1

,Ĥ (t1)
]
t1→t0

+
(

1

i�

)2 ∫ t

t0

dt1

∫ t1

t0

dt2

× [[
F̂A(t)

∣∣
t→t1

,Ĥ (t1)
]
t1→t2

,Ĥ (t2)
]
t2→t0

+ · · · .

(A8)

In our model the electric field and the flip operators of the
two atoms are the dynamical variables of the system. Two
different time scales are observed for the dynamical variables;
there is a fast free dynamics and a much slower dynamics due to
the interaction between the atoms and the field. For example,
the free evolution of the flip operators is on time scales of
ω−1

0 ≈ 10−15 s, while the dynamics due to the interaction is
on time scales of �−1 ≈ 10−9 s. We define new dynamical
variables according the formulas:

Ê′(r,ω,t) = eiωt Ê(r,ω,t),

Â′
mn(t) = f A

mn(−t)Âmn(t), (A9)

where

f A
mn(t) = e[iωA

mn−(�A
n +�A

m)/2]t . (A10)

The new dynamical variables change on the time scale of the
interaction and have the following commutator with the total
Hamiltonian [see Eqs. (4) and (5)]:

[Ê′
A/(r,ω,t),Ĥ (t)] = −�μ0

π
eiωt

×
∑
m,n

f B
mn(t)ω2ImG(r,rB,ω) · dB

mnB̂
′
mn(t),

[Â′
mn(t),Ĥ (t)] = −

∫ ∞

0
dω f A

mn(−t)
[
e−iωtK̂A

mn(t)

· Ê′
A/(rA,ω,t) + eiωt Ê′†

A/(rA,ω,t)

· K̂A
mn(t)

]
, (A11)

where

K̂A
mn(t) =

∑
k

[
Â′

mk(t)f A
mk(t)dA

nk − Â′
kn(t)f A

kn(t)dA
km

]
(A12)

and a normal ordering prescription is used.
From Eqs. (A11) we see that the commutator between the

Hamiltonian and a dynamical variable increases the number of
electric dipole moments by one. Hence Eq. (A8) represents a
perturbative expansion of the force with the dipole element as
perturbative parameter. In particular, the electric vdW N -body
force FA(rA,r1, . . . ,rN−1) acting on A due to the other atoms,
with positions r1, . . . ,rN−1, contains 2N electric dipole matrix
elements; this force results from the application of 2N − 1
commutators:

FA(rA,r1, . . . ,rN−1,t)

=
(

1

i�

)2N−1 ∫ t

t0

dt1

∫ t1

t0

dt2 · · ·
∫ t2N−2

t0

dt2N−1

×〈I |[[ · · · [[F̂A(t)
∣∣
t→t1

,Ĥ (t1)
]
t1→t2

,Ĥ (t2)
]
t2→t3

,

. . . ,Ĥ (t2N−2)
]
t2N−2→t2N−1

,Ĥ (t2N−1)
]
t2N−1→t0

|I 〉,
(A13)

where the expectation value is taken over the atomic+ field free
state |I 〉. This approximate solution to the coupled dynamics
is equivalent to an iterative use of the atom-field equations,
and it is valid for weak coupling between atoms and field.

The expectation value on free atomic and field states can be
easily performed, since after the limit t2N−1 → t0 the resulting
operators are evaluated at the same initial time t0, which
represents the time at which the electric field and the atoms
are uncoupled.

2. van der Waals interaction between two atoms

We consider now the vdW interaction between two atoms.
We suppose that the atomic states are incoherent superposi-
tions of energy eigenstates |nA〉 and |lB〉 and the state of the
field is the ground state.

In normal ordering, the force operator [see Eq. (A6)] can
be expressed in terms of the new dynamical variables:

F̂A(t) =
∑
m,n

∫ ∞

0
dωf A

mn(t)e−iωt∇{
Â′

mn(t)dA
mn · Ê′

A/(r,ω,t)
}

r=rA
+ H.c. (A14)

The two-body vdW interaction, which contains four electric dipole moments, involves three commutators:

FA(rA,rB,t) =
(

1

i�

)3 ∫ t

t0

dt1

∫ t1

t0

dt2

∫ t2

t0

dt3
〈[[[

F̂A(t)
∣∣
t→t1

,Ĥ (t1)
]
t1→t2

,Ĥ (t2)
]
t2→t3

,Ĥ (t3)
]
t3→t0

〉
. (A15)
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With the help of Eqs. (A11), the commutators can be evaluated. For example, the application of one and two commutators
gives

1

i�
[
F̂A(t)

∣∣
t→t1

,Ĥ (t1)
] = i

�
∑
m,n

∫ ∞

0
dω

∫ ∞

0
dω′e−iωtf A

mn(t − t1)∇{[
e−iω′t1 K̂A

mn(t1) · Ê′
A/(rA,ω′,t1)

+ eiω′t1 Ê′†
A/(rA,ω′,t1) · K̂A

mn(t1)
]
dA

mn · Ê′
A/(r,ω,t1)

}
r=rA

+ iμ0

π

∑
m,n,r,s

∫ ∞

0
dω ω2

× e−iω(t−t1)f A
mn(t)f B

rs (t1)∇{
Â′

mn(t1)B̂ ′
rs(t1)dA

mn · Im G(r,rB,ω) · dB
rs

}
r=rA

+ H.c.,
(

1

i�

)2[[
F̂A(t)

∣∣
t→t1

,Ĥ (t1)
]
t1→t2

,Ĥ (t2)
] = − μ0

π�
∑

m,n,r,s

∫ ∞

0
dω

∫ ∞

0
dω′f A

mn(t − t1)f B
rs (t2)

×∇{
ω′2e−iωt

[
e−iω′(t1−t2)K̂A

mn(t1)
∣∣
t1→t2

· Im G(rA,rB,ω′) · dB
rsB̂

′
rs(t2)

− eiω′(t1−t2)B̂ ′
rs(t2)dB

rs · Im G(rB,rA,ω′) · K̂A
mn(t1)

∣∣
t1→t2

]
dA

mn · Ê′
A/(r,ω,t2)

+ω2e−iω(t−t2)
[
e−iω′t1 K̂A

mn(t1)
∣∣
t1→t2

· Ê′
A/(rA,ω′,t2)

+ eiω′t1 Ê′†
A/(rA,ω′,t2) · K̂A

mn(t1)
∣∣
t1→t2

]
dA

mn · Im G(r,rB,ω) · dB
rsB̂

′
rs(t2)

}
r=rA

− μ0

π�
∑

m,n,r,s

∫ ∞

0
dω

∫ ∞

0
dω′e−iω(t−t1)ω2∇({

f A
mn(t − t2)f B

rs (t1)
[
e−iω′t2 K̂A

mn(t2)

· Ê′
A/(rA,ω′,t2) + eiω′t2 Ê′†

A/(rA,ω′,t2) · K̂A
mn(t2)

]
B̂ ′

rs(t2) + f A
mn(t)f B

rs (t1 − t2)Â′
mn(t2)

× [
e−iω′t2 K̂B

rs(t2) · Ê′
B/(rB,ω′,t2) + eiω′t2 Ê′†

B/(rB,ω′,t2) · K̂B
rs(t2)

]}
× dA

mn · Im G(r,rB,ω) · dB
rs

)
r=rA

+ H.c. (A16)

The commutators between K̂mn and the Hamiltonian have not been considered since they lead to higher-order corrections in the
electric dipole dA and dB .

We then evaluate the last commutator and take the expectation value on the atomic and field states. The thermal expectation
value over the free-field variables can be performed with the help of the following fluctuation relations for zero temperature
[10,28]:

〈Ê(0)(r,ω,t)Ê(0)†(r′,ω′,t)〉 = �μ0

π
ImG(r,r′,ω)ω2δ(ω − ω′). (A17)

After some algebra we obtain

F(rA,rB,t) = − iμ2
0

2π2�
∑
n,l

pA
n (t)pB

l (t)
∑
k,p

∫ ∞

0
dω

∫ ∞

0
dω′ω2ω′2∇AdA

nk · ImG(rA,rB,ω) · dB
pl

× dB
lp · ImG(rB,rA,ω′) · dA

kn

∫ t

t0

dt1

∫ t1

t0

dt2

∫ t2

t0

dt3

× {
e−iω(t−t1)[f A

nk(t − t2) − f A
kn(t − t2)

][
e−iω′(t2−t3)f B

lp (t1 − t3) − eiω′(t2−t3)f B
pl(t1 − t3)

]
+ e−iω(t−t1)

[
e−iω′(t2−t3)f A

nk(t − t3) − eiω′(t2−t3)f A
kn(t − t3)

][
f B

lp (t1 − t2) − f B
pl(t1 − t2)

]
+ e−iω(t−t2)[f A

nk(t − t1) − f A
kn(t − t1)

][
e−iω′(t1−t3)f B

lp (t2 − t3) − eiω′(t1−t3)f B
pl(t2 − t3)

]
+ e−iω(t−t3)[e−iω′(t1−t2) − eiω′(t1−t2)]

[
f A

nk(t − t1) − f A
kn(t − t1)

]
f B

lp (t2 − t3)
} + c.c., (A18)

where ∇A is now applied to both Green’s tensors (after exploiting their symmetry and introducing a factor 1/2). The function f was
defined in Eq. (A10) and pA

n (t) = 〈Ânn(t)〉 and pB
l (t) = 〈B̂ll(t)〉 represent the atomic populations of the states |n〉 and |l〉. We have

considered time-reversal symmetric systems, where dmn is real (dmn = dnm), and reciprocal media [GT(rA,rB,ω) = G(rB,rA,ω)].
With the exception of resonant cavity-QED scenarios, we can assume the quantity ω2ImG(rB,rA,ω) to be sufficiently flat

and to not exhibit any narrow peaks in the vicinity of any atomic frequency (weak coupling). For weak coupling, we may
evaluate the time integral by means of the Markov approximation, extending the lower limit of the time integral to t0 = −∞.
The resulting integrals are not converging. In order to force the convergence we add an infinitesimal factor to the frequency ω,
ω → ω − iε, where ε > 0. Note that the opposite sign convention for this infinitesimal factor would lead to divergent integrals.
Time integration leads to the energy denominators in Table I in the main text.

012705-7

[S19] Van der Waals interactions between excited atoms 237



BARCELLONA, PASSANTE, RIZZUTO, AND BUHMANN PHYSICAL REVIEW A 94, 012705 (2016)

The frequency denominators can be combined:

1/D2 + 1/D7 + 1/D10 = 1/(ω(−) − ω′)
(
ω′ + ω

A(−)
kn

)(
ω′ + ω

B(+)
pl

)
,

1/D3 + 1/D6 + 1/D11 = 1/(ω(−) + ω′)
(
ω′ + ω

A(+)
kn

)(
ω′ + ω

B(−)
pl

)
,

1/D1 + 1/D9 = 1

(ω(−) + ω′)
(
ω

A(−)
kn + ω

B(−)
pl

)
(

1

ω(−) + ω
A(−)
kn

+ 1

ω′ + ω
B(−)
pl

)
,

(A19)

1/D4 + 1/D12 = 1

(ω′ − ω(−))
(
ω

A(+)
kn + ω

B(+)
pl

)
(

1

ω(−) − ω
A(+)
kn

− 1

ω′ + ω
B(+)
pl

)
,

1/D5 = 1

(ω(−) − ω′)
(
ω

A(−)
kn + ω

B(−)
pl

)
(

1

ω′ + ω
A(−)
kn

− 1

ω(−) + ω
A(−)
kn

)
,

1/D8 = 1

(ω(−) + ω′)
(
ω

A(+)
kn + ω

B(+)
pl

)
(

1

ω′ + ω
A(+)
kn

+ 1

ω(−) − ω
A(+)
kn

)
,

which implies

16∑
i=1

1

Di

+ c.c. = f1(ω′)
(

1

ω(−) + ω′ + 1

ω(+) − ω′

)
+ f2(ω(−))

(
1

ω′ + ω(−)
+ 1

ω′ − ω(−)

)
+ c.c., (A20)

where we have defined the following functions:

f1(ξ ) = 1(
ω

A(+)
kn + ω

B(+)
pl

)(
ξ + ω

A(+)
kn

) + 1(
ω

A(−)
kn + ω

B(−)
pl

)(
ξ + ω

B(−)
pl

) + 1(
ξ + ω

A(+)
kn

)(
ξ + ω

B(−)
pl

) ,

f2(ξ ) = 1(
ω

A(+)
kn + ω

B(+)
pl

)(
ξ − ω

A(+)
kn

) + 1(
ω

A(−)
kn + ω

B(−)
pl

)(
ξ + ω

A(−)
kn

) +
(

1

ξ + ω
A(−)
kn

− 1

ξ − ω
A(+)
kn

)
1

ξ + ω
B(−)
pl

(A21)

and ω
A(±)
kn = ωA

kn ± i(�A
k + �A

n )/2, ω
B(±)
pl = ωB

pl ± i(�B
p + �B

l )/2, and ω(±) = ω ± iε.
For the first term in Eq. (A20) we integrate over ω and for the second term we integrate over ω′. We use the identity

ImG = (G − G∗)/2i and the Schwarz reflection principle for the Green tensor:
∫ ∞

0
dω′ω′2

(
1

ω′ + ω(−)
+ 1

ω′ − ω(−)

)
ImG(rA,rB,ω′) = 1

2i

∫ ∞

−∞
dω′ω′2

(
1

ω′ + ω(−)
+ 1

ω′ − ω(−)

)
G(rA,rB,ω′). (A22)

The Green’s tensor is analytic in the upper half of the complex plane, including the real axis, and it is also finite at the origin.
We close the path with an infinitely large half-circle in the upper complex half-plane and take the residuum inside the path. The
integral along the infinite semicircle vanishes for rA �= rB because

lim
|ω|→+∞

ω2 G(rA,rB,ω)
∣∣
rA �=rB

= 0. (A23)

We thus find ∫ ∞

0
dω′ω′2

(
1

ω′ + ω(−)
+ 1

ω′ − ω(−)

)
ImG(rA,rB,ω′) = πω2G(rA,rB,−ω). (A24)

The total force can be expressed as the sum of two terms:

FA(rA,rB,t) = F1
A(rA,rB,t) + F2

A(rA,rB,t),

F1
A(rA,rB,t) = μ2

0

2π�
∑
n,l

pA
n (t)pB

l (t)
∑
k,p

∫ ∞

0
dω ω4∇AIm

{[
dA

nk · G(rA,rB,ω) · dB
pl

]2
g1(ω)

}
,

(A25)

F2
A(rA,rB,t) = μ2

0

2π�
∑
n,l

pA
n (t)pB

l (t)
∑
k,p

∫ ∞

0
dω ω4∇A

{∣∣dA
nk · G(rA,rB,ω) · dB

pl

∣∣2
g2(ω)

}
,
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where

g1(ω) = f ∗
1 (ω) + f ∗

2 (ω) = 1

ω + ω
B(+)
pl

(
1

ω + ω
A(+)
kn

+ 1

ω + ω
A(−)
kn

− 1

ω − ω
A(−)
kn

)

+ 1

ω
A(+)
kn + ω

B(+)
pl

(
1

ω + ω
A(+)
kn

+ 1

ω + ω
B(+)
pl

)
+ 1

ω
A(−)
kn + ω

B(−)
pl

(
1

ω + ω
A(−)
kn

+ 1

ω − ω
A(−)
kn

)
(A26)

and

g2(ω) = Im[f1(ω) + f2(ω)] = 2 Re

[
1

ω
A(+)
kn + ω

+ 1

ω
A(+)
kn − ω

]
Im

1

ω + ω
B(−)
pl

. (A27)

We consider then the limiting case of vanishing linewidths:

εA = (
�A

n + �A
k

)
/2 → 0+, εB = (

�A
l + �B

p

)
/2 → 0+. (A28)

In this limit the function g1 can be simplified:

lim
εA,B→0+

g1(ω) = 4
(
ω − ωA

kn

)(
ω + ωA

kn

)
[(

ω + ωA
kn

)2 + ε2
A

](
ω − ωA

kn + iεA

)
(
ω + ωA

kn + ωB
pl

)
(
ω + ωB

pl + iεB

)(
ωA

kn + ωB
pl

) . (A29)

Using the property 1
x±iε

= P 1
x

∓ iπδ(x), where P is the principal value, we can also simplify g2:

g2(ω) = 2π Re

[
1

ω
A(+)
kn + ω

+ 1

ω
A(+)
kn − ω

]
δ
(
ω − ωB

lp

)
. (A30)

With these results, after performing a Wick rotation on the imaginary axis we find the following nonresonant and resonant
contributions to the F1

A:

F1
A(rA,rB,t) = μ2

0

2π�
∑
n,l

pA
n (t)pB

l (t)
∑
k,p

∫ ∞

0
dξ ξ 4 g1(iξ ) + g∗

1 (−iξ )

2
∇A

{[
dA

nk · G(rA,rB,iξ ) · dB
pl

]2}

+ μ2
0

2�
∑
n,l

pA
n (t)pB

l (t)
∑
k,p

∇A

(
Res1

{
g1(ω)ω4[dA

nk · G(rA,rB,ω) · dB
pl

]2}

− Res2
{
g∗

1 (−ω)ω4
[
dA

nk · G(rA,rB,ω) · dB
pl

]2})
, (A31)

where Res1 indicates the sum of the residues in the first quadrant and Res2 the sum of the residues in the second quadrant.
Similarly, F2

A reduces to

F2
A(rA,rB,t) = μ2

0

∑
l

pB
l (t)

∑
p<l

(
ωB

lp

)4∇A

{
dB

lp · G
(
rB,rA,ωB

lp

) · αA

(
ωB

lp

) · G∗(rA,rB,ωB
lp

) · dB
pl

}
, (A32)

where αA is the polarizability of the excited atom A. The sum of F1
A and F2

A gives the nonresonant and resonant contributions of
the total vdW force; see Eqs. (9) and (11).
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On the basis of macroscopic quantum electrodynamics, a theory of Casimir forces in the presence of linearly
amplifying bodies is presented which provides a consistent framework for studying the effect of, e.g., ampli-
fying left-handed metamaterials on dispersion forces. It is shown that the force can be given in terms of the
classical Green tensor and that it can be decomposed into a resonant component associated with emission
processes and an off-resonant Lifshitz-type component. We explicitly demonstrate that our theory extends
additive approaches beyond the dilute-gas limit.

DOI: 10.1103/PhysRevA.80.051801 PACS number�s�: 42.50.Wk, 12.20.�m, 34.35.�a, 42.50.Nn

I. INTRODUCTION

Among the vast body of literature related to Casimir
forces �1–4� there is an almost complete lack of studies con-
cerned with the influence of amplifying media. This is in
stark contrast to the fact that Casimir forces between ampli-
fying bodies may lead to far-reaching applications. To name
just two examples, amplifying bodies may hold the key to
enhancing the impact of novel �meta�material properties on
dispersion forces and to realizing repulsive Casimir forces.

The problem of dispersion forces in the presence of
metamaterials has recently attracted a lot of attention �5–11�.
However, passive metamaterials suffer from high absorption
which restricts desired metamaterial properties such as
lefthandedness �12,13� to a narrow spectral bandwidth �14�;
this may reduce or completely inhibit an influence of such
properties on dispersion forces. It has been suggested that the
influence of absorption can be mitigated via introducing ac-
tive media �14�. In practice, gain may be introduced in a
medium by optical parametric pumping �15� or quantum cas-
cade lasing techniques �16,17�. The potential of amplifying
bodies as a means of realizing repulsive Casimir forces has
been pointed out recently �18,19�. It is already manifest in
the Casimir-Polder �CP� forces acting on individual excited
atoms �10,20–22�. Repulsive dispersion forces can help to
suppress the unwanted phenomenon of stiction and allows
for new classes of nanodevices �23�. Note that the repulsive
Casimir forces recently measured in Refs. �24,25� require the
interacting bodies to be embedded in medium. This is not
necessary when realizing repulsive forces on the basis of
amplification.

A recent calculation of Casimir forces on amplifying bod-
ies �19� was based on the assumption that the well-known
Lifshitz-type formula for the Casimir force as an integral
over imaginary frequencies applies without change to ampli-
fying media—an approach which neglects excited-state
emission processes typical of amplification. As an alterna-
tive, the Casimir force between two dilute samples of excited

atoms has been studied microscopically by summing over
two-atom interactions �18�. Such an approach is limited to
sufficiently dilute media, whereas a theory nonlinear in the
magnetoelectric properties is indispensable in many applica-
tions such as superlens scenarios �26� or antistiction tools
�27�.

In this Rapid Communication, we present a macroscopic
nonperturbative theory of Casimir forces on amplifying bod-
ies that presents a consistent generalization of additive de-
scriptions based on dispersion forces on atoms. We establish
the consistency of our macroscopic body-body force with the
theoretically �20,21� and experimentally �22� well-
understood force between an excited atom and a body and
show that relevant processes such as emission by the bodies
are fully taken into account. We begin with an outline of the
underlying quantisation scheme �28�, which is an extension
of macroscopic quantum electrodynamics �QED� to amplify-
ing media, and then derive the Casimir force on an amplify-
ing, polarisable body of arbitrary shape. Finally, contact to
CP forces is established by applying the general formula to
the case of a weakly polarisable medium.

II. QUANTIZATION SCHEME

Consider an arrangement of polarisable bodies whose
linear, local and isotropic response is described by a spatially
varying complex permittivity ��r ,�� that fulfils the
Kramers-Kronig relations. We allow for bodies that are
�linearly� amplifying in some frequency range
�Im ��r ,��=�I�r ,���0�, assuming the amplifying medium
to be pumped to a quasistationary excited state �for details,
see �28��. Note that this inversion-type excitation is funda-
mentally different from thermal excitations. In particular, the
amplifying bodies are explicitly not at �thermal� equilibrium
with their environment.

The quantised electric field can be given as the solution to
the inhomogeneous Helmholtz equation

�� � � � − �2/c2��r,���E�̂ �r,�� = i�0�j�̂N�r,�� , �1�

�Ô�r�=�0
�d�O�̂ �r ,��+H.c.� according to*agnes.sambale@uni-jena.de
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E�̂ �r,�� = i��0� d3r�G�r,r�,�� · j�̂N�r�,�� , �2�

where the classical Green tensor obeys the equation

�� � � � − �2/c2�G�r,r�,��

= ��r − r�� + �2/c2���r,�� − 1�G�r,r�,�� �3�

together with the boundary condition at infinity. By exchang-
ing the roles of creation and annihilation operators in the
amplifying space and frequency regime �29�, the noise cur-
rent density can be given as

j�̂N�r,�� = ��	�0
−1��I�r,���

�	���I�r,���f̂�r,�� + ��− �I�r,���f̂†�r,��
 �4�

��: unit step function, ��0��1�. The dynamical variables

f̂�r ,�� as introduced in Eq. �4� obey bosonic commutation
relations such that the equal-time commutation relation
characteristic of the electromagnetic field holds,

�Ê�r� , B̂�r���= i	�0
−1� ���r−r��, where the electric and in-

duction fields are given by Eq. �2� and

B�̂ �r,�� = �0� d3r�� � G�r,r�,�� · j�̂N�r�,�� �5�

respectively. The vacuum state �	0
� of the electromagnetic
field and the partially amplifying electric body is defined by

f̂�r ,���	0
�=0∀r ,�. The quantization procedure implies

that the Hamiltonian Ĥ= Ĥ++ Ĥ−=�d3r�0
�d�	�	���I�r ,���

−��−�I�r ,���
f̂†�r ,�� · f̂�r ,�� generates the correct Max-
well equations via the Heisenberg equations of motion.

III. CALCULATION OF THE CASIMIR FORCE

The Casimir force acting on a partially amplifying body
of volume V in the presence of other bodies outside V can be
identified as the average Lorentz force �30�

F = �
V

d3r
�̂�r�Ê�r�� + ĵ�r� � B̂�r���r�→r �6�

on the body’s internal charge and current densities

�̂� �r,�� =
i�

c2� d3r� � · G�r,r�,�� · ĵ�N�r�,�� , �7�

j�̂�r,�� = �� � � � −
�2

c2 �� d3r�G�r,r�,�� · j�̂N�r�,�� .

�8�

Note that the coincidence limit r�→r has to be performed
such that �divergent� self-forces are discarded.

On using Eq. �4�, the bosonic commutation relations for f̂,
f̂†, and the definition of the vacuum state, we find the follow-
ing nonvanishing expectation values:


j�̂N�r,��j�̂N
† �r,���� = 	�2�0
−1
�� − ����I�r,��

���r − r�����I�r,��� , �9�


j�̂N
† �r,��j�̂N�r�,���� = − 	�2�0
−1
�� − ����I�r,��

���r − r����− �I�r,��� . �10�

We evaluate the force by combining Eqs. �2� and �5�–�10�
and writing a�b=−Tr�I�a � b���Tr T�i=Tkik� for the

ĵ� B̂ term. Eliminating ���I�s ,��� according to
���I�s ,���=1−��−�I�s ,���, those spatial integrals not de-
pending on ��−�I�s ,��� can be performed via

�2

c2� d3s�I�s,��G�r,s,�� · G��s,r�,�� = Im G�r,r�,�� , �11�

so the Casimir force can be given by F=Fr+Fnr with

Fnr =
	



�

0

�

d��
V

d3r��2

c2 � · Im G�r,r�,��

+ Tr�I � �� � � � −
�2

c2 ��Im G�r,r�,��� � �� ���
r�→r

�12�

and

Fr = −
2	


c2�
V

d3r�
0

�

d��2� d3s�I�s,����− �I�s,���

�Re	�2/c2 � · G�r,s,�� · G��s,r�,��

+ Tr�I � �� � � � − �2/c2�G�r,s,��

· G��s,r�,�� � �� ��
r�→r. �13�

Equations �12� and �13� represent general expressions for
the Casimir force acting on a linearly polarizable body of
arbitrary shape and material in an arbitrary environment of
additional bodies or media, where any of the bodies may be
amplifying. The term Fnr is a purely nonresonant Lifshitz-
type contribution to the force. It can be rewritten as an inte-
gral over purely imaginary frequencies �= i� and has exactly
the same form as for purely absorbing bodies. In Ref. �19�,
the nonresonant term Fnr is identified with the total Casimir
force and it is shown that Fnr may become repulsive in the
presence of amplifying media as a consequence of the prop-
erty ��i���1. The resonant term Fr has never been given
before. It only arises in the presence of amplifying bodies, in
which case it can dominate the total Casimir force. As evi-
dent from the factor ��−�I�s ,���, the force component Fr is
associated with emission processes �the emission spectrum
being related to −�I�s ,���.

IV. CONTACT TO CASIMIR-POLDER FORCES

We will next establish a relation between the Casimir
force F=Fr+Fnr �with Fr and Fnr being given by Eqs. �12�
and �13�, respectively� and the well-understood CP force on
excited atoms. In this way, we will be able to substantiate the
role of emission mentioned above. To that end, we consider
the Casimir force on an optically dilute amplifying body of
volume V placed in a free-space region in an environment of
purely absorbing bodies. We follow the procedure outlined in
Ref. �30� for an absorbing dielectric body.
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We begin with the nonresonant force component Fnr, Eq.
�12�, and explicitly introduce the electric susceptibility
��r ,��=��r ,��−1�r�V� of the body by invoking the rela-
tions,

�� � � � −
�2

c2 �Im G�r,r�,�� =
�2

c2 Im���r,��G�r,r�,��� ,

�14�
� · Im G�r,r�,�� = − Im�� · ��r,��G�r,r�,��� , �15�

which follow from Eq. �3�. Expanding the resulting expres-

sion for Fnr via Tr�I�G��� ��=�� Tr G−�� ·G and exploit-
ing the fact that terms involving a total divergence can be
converted to a surface integral that vanishes for a body in
free space, one obtains

Fnr =
	

2

�

V

d3r�
0

�

d�
�2

c2 Im���r,�� � Tr G�1��r,r,��� , �16�

where the symmetry G�r� ,r ,��=GT�r ,r� ,�� of the Green
tensor has been used. In addition, we have assumed the body
to be homogeneous and performed the coincidence limit by
simply replacing the Green tensor with its scattering part
G�1� �see the discussion in Ref. �30�.�. Next, we exploit the
fact that the amplifying body is optically dilute and expand
Fnr as given by Eq. �16� to leading �linear� order in the sus-
ceptibility ��r ,�� of the amplifying body. We thus have to
replace G with its zero-order approximation G, i.e., the
Green tensor of the system in the absence of the amplifying
body which is the solution to the Helmholtz equation �3�
with

�̄�r,�� = ���r,�� for r � V ,

1 for r � V .
� �17�

in place of ��r ,��. Finally, we assume that the amplifying
body consists of a gas of isotropic atoms in an excited state
�n� with polarizability

�n��� = lim
�→0

1

3	
�

k
� �dnk�2

� + �kn + i�
−

�dnk�2

� − �kn + i�
� �18�

��kn: transition frequencies, dnk: electric-dipole matrix ele-
ments�, which can be related to the electric susceptibility of
the body via the linearized Clausius-Mossotti law
����=�0

−1��n��� ��: atomic number density�. Transforming
the frequency integral to the positive imaginary axis, we ob-
tain Fnr=−�d3r��Un

nr�r�, where

Un
nr�r� =

	�0

2

�

0

�

d��2�n�i��Tr G�1��r,r,i�� �19�

is the nonresonant CP potential of the excited body atoms
�21�. It should be pointed out that there is an important dif-
ference to the case of the force on an absorbing object made
of ground-state atoms: In the latter case, all of the frequen-
cies �kn in Eq. �18� are positive so that the respective �vir-
tual� transitions contribute to the nonresonant CP potential
with the same sign. For excited atoms, upward as well as
downward transitions are possible, so that positive and nega-
tive �kn occur and the overall sign of the nonresonant force
can be reversed to make it repulsive.

Let us next consider the resonant force component Fr,
Eq. �13�, following similar steps as above. The linear
approximation of Fr can be obtained by using the zero-order
approximation to Eq. �3� together with the identity
�2 /c2� ·G�r ,r� ,��=−�
�r−r�� and replacing G�

with G�. Expanding the result according to Tr�I�G��� ��
=�� Tr G−�� ·G and discarding, for a body in free space,
terms involving total divergences we derive

Fr = −
	



�

V

d3r�
0

�

d�
�2

c2 ��− �I�r,����I�r,��

� � Tr Re G�1��r,r,�� , �20�

where we have again assumed the body to be homogeneous
and performed the coincidence limit by replacing the Green
tensor with its scattering part. Relating �I to the polarizability
of the atoms by means of the linearized Clausius-Mossotti
relation, we finally obtain Fr=−�d3r��Un

r �r�, where

Un
r �r� =

	�0



�

0

�

d��2��− Im �n����Im �n���

�Tr Re G�1��r,r,�� �21�

is nothing but the resonant part of the CP potential of the
excited atoms contained in the body. By using the relation

�I��� =



3	
�

k

�dnk�2�
�� + �nk� − 
�� − �nk�� , �22�

which follow from definition �18� together with the identity
lim�→0 1 / �x+ i��=P /x− i

�x� �P: principal value�, we can
write it in the more familiar form �21�,

Un
r �r� = −

�0

3 �
k

���nk��nk
2 �dnk�2 Tr Re G�1��r,r,�nk� . �23�

Combining the results for Fnr and Fr, we see that the
Casimir force on an optically dilute, homogeneous, amplify-
ing electric body is the sum of the CP forces on the excited
atoms contained therein,

F = Fnr + Fr = −� d3r� � Un�r� �24�

�Un�r�=Un
nr�r�+Un

r �r��. This result generalizes similar find-
ings for purely absorbing bodies �consisting of ground-state
atoms� �30–33� to amplifying ones. In particular, the non-
resonant and resonant components of the Casimir force, Eqs.
�12� and �13�, are directly related to the respective CP-
potential terms which in turn are associated with virtual and
real transitions of the atoms. Recall that for an atom in front
of a plate at zero temperature, the nonresonant CP potential
is proportional to 1 /z3 and 1 /z4 in the nonretarded and re-
tarded limits �z: atom-plate separation�, while the resonant
potential as governed by a 1 /z3 power law in the nonretarded
regime makes way for a spatially oscillating cos�2�nkz /c� /z
asymptote for retarded distances �20�. As we have seen, the
most important difference between forces on amplifying as
opposed to absorbing bodies is the presence of a strong, reso-
nant force contribution which is associated with real transi-
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tions of the excited body atoms and hence with emission
processes of the body.

V. SUMMARY AND PERSPECTIVE

On the basis of the consistent framework provided by
macroscopic QED, we have developed an exact theory of
Casimir forces in arrangements of linearly responding, elec-
trically polarisable bodies of arbitrary shape, with special
emphasis on amplifying bodies. Formulas �12� and �13�
show that the Casimir force can be decomposed into two
parts: a nonresonant Lifshitz-type component that looks for-
mally the same as in the case of a purely absorbing body and
a resonant component that is a direct consequence of the
amplification in the system and contains an integration over
bodies and frequencies where the imaginary part of the elec-
tric permittivity is negative. We have demonstrated that in
the dilute-gas limit, the Casimir force on an amplifying body
in the presence of absorbing bodies is given by a sum of CP
forces over the excited body atoms; our theory is hence the
natural generalization of additive approaches beyond their
scope.

Two points to be addressed in more detail in the future are
�i� the finite-temperature case and �ii� the relation of the
excited atom-body force to atom-atom forces. �i� Finite
temperature of the absorbing environment may be
accounted for by introducing a thermal density matrix

�̂T=exp�−Ĥ+ / �kBT�� /Tr	exp�−Ĥ+ / �kBT��
. This leads to a
factor �2nT���+1� with thermal photon number nT��� in Eq.
�12�, so the �-integral in Eq. �19� will be replaced with a

Matsubara sum �cf. Ref. �34��. The T→0 limit of the non-
resonant force being a nonuniform asymptotic expansion
�35,36�, the T=0 results are only valid for distances
z�	c / �2
kBT�. �ii� The theoretically and experimentally es-
tablished resonant and spatially oscillating forces between
excited atoms and bodies are in contrast with the nonoscil-
lating atom-atom forces found in the majority of theoretical
works �37,38�. The discrepancy indicates that either the in-
clusion of atomic linewidth at the heart of excited atom-atom
calculations has to be carefully reconsidered �39� or that mi-
croscopic atom-atom interactions are fundamentally different
from the collective atom-body interaction.

Our results, which can be extended to magnetoelectric,
anisotropic or nonlocally responding media in a straightfor-
ward way, present a reliable framework for enhancing the
impact of metamaterial properties such as negative refraction
on dispersion forces or realizing repulsive forces. In particu-
lar, perfect lens scenarios can be investigated by using the
appropriate Green tensors. Note that the strategy employed
in this Rapid Communication can also be employed to study
CP forces on atoms in the presence of amplifying bodies,
where a rich dynamics associated with the exchange of ex-
citations is to be expected.
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Surface-induced heating of cold polar molecules
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We study the rotational and vibrational heating of diatomic molecules placed near a surface at finite tem-
perature on the basis of macroscopic quantum electrodynamics. The internal molecular evolution is governed
by transition rates that depend on both temperature and position. Analytical and numerical methods are used to
investigate the heating of several relevant molecules near various surfaces. We determine the critical distances
at which the surface itself becomes the dominant source of heating and we investigate the transition between
the long-range and short-range behavior of the heating rates. A simple formula is presented that can be used to
estimate the surface-induced heating rates of other molecules of interest. We also consider how the heating
depends on the thickness and composition of the surface.
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I. INTRODUCTION

A number of techniques have recently been developed to
cool polar molecules to low temperatures and to trap them
for a second or longer. Using the switched electric field gra-
dients of a Stark decelerator �1�, polar molecules formed in a
supersonic expansion have been decelerated to rest and then
stored in electrostatic, magnetic, or electrodynamic traps
�2–5�. An electrostatic trap has been continuously loaded by
filtering out the slowest fraction of the molecules present in
an effusive beam �6�. Polar molecules have also been cooled
in a buffer gas of cold helium and then confined in a mag-
netic trap �7�. Extremely cold polar molecules such as RbCs
can be produced by the photoassociation of two species of
ultracold atoms, followed by laser-stimulated state transfer
�8�. In all cases, the resulting molecules are typically far
colder than their environments, and they may be heated by
the absorption of blackbody radiation from that environment.
Unlike atoms, the polar molecules can be rotationally or vi-
brationally excited by their interaction with this blackbody
radiation, and in many cases this can severely limit the trap-
ping lifetime of the molecules. Indeed, the blackbody heating
rate for trapped OH and OD has already been measured ex-
perimentally and found to limit the trapping lifetime to just a
few seconds when the environment is at room temperature
�9�. Calculations of the free-space heating rates for several
polar molecules have already been presented �10�.

In most experiments so far, the cold polar molecules have
been confined in macroscopic traps, with trap surfaces typi-
cally several mm from the molecules themselves. There is
now a great deal of interest in confining and manipulating
these molecules much closer to surfaces, so as to build a
“molecule chip” technology analogous to that for atoms �11�.
Fast-moving molecules have already been trapped in travel-
ing potential wells formed approximately 25 �m above a
microstructured surface �12�. This same structure can be
used to decelerate the molecules to rest so that they can be
trapped above the surface of the chip. Chip-based microtraps
have been designed, along with schemes to interface the
molecules with solid-state devices which could be used to
cool, detect, and control them coherently �13�. Strong cou-

pling to a superconducting stripline cavity is possible when
the molecules are just a few microns from the surface, and
then the molecules can be the long-lived quantum memory of
a hybrid quantum information processor �14�. Recent devel-
opments also herald the prospect of integrated molecule de-
tectors, based on optical microcavities �15� or ultrathin opti-
cal fibers �16�.

These advances raise the question of the heating rates in
the close vicinity of a surface. The influence of such a non-
trivial environment on the internal atomic dynamics is com-
monly known as the Purcell effect �17�. Early theoretical
studies were devoted to the zero temperature case where the
evolution is governed by spontaneous decay. As shown by
linear response theory, the decay rate for an arbitrary envi-
ronment can be given in terms of the classical Green tensor
for the respective geometry �18�. Alternative approaches
have been developed on the basis of classical electrodynam-
ics �19,20� and microscopic models �21� and have been ap-
plied to the case of an atom near a single surface or between
two surfaces. Results for an arbitrary environment of electric
�22� and magnetoelectric bodies �23�, including local-field
effects �24,25�, have also been obtained on the basis of mac-
roscopic quantum electrodynamics �QED� and have been
used to study atoms in bulk material �22�, outside �26� or
inside a microsphere �24�, inside a spherical cavity �27�, and
even in the presence of left-handed metamaterials �23,28,29�.
The linear-response approach has been generalized to finite
temperatures �30� where the internal dynamics is no longer
governed by spontaneous decay alone, but stimulated emis-
sion and absorption of thermal photons also contribute. The
respective environment-dependent transition rates can again
be expressed in terms of the classical Green tensor; in addi-
tion, the thermal photon number comes into play. Ground-
state heating rates of spinless atoms have been predicted to
be very small near surfaces �31�, in contrast to the case of
atoms with spin which have been investigated for planar sur-
faces �31,32�, wires �33�, and carbon nanotubes �34�.

In this paper, we calculate heating rates for a number of
polar molecules currently favored by experimenters. On the
basis of macroscopic QED �presented in Sec. II�, we solve
the internal molecular dynamics to obtain transition rates of a
molecule in an arbitrary uniform-temperature environment
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�Sec. III�. In Sec. IV, the results are first used to calculate the
rates in free space, and then as a function of distance from
the surface of some common metals and dielectrics, as well
as some unusual metamaterials.

II. MACROSCOPIC QUANTUM ELECTRODYNAMICS
AT FINITE TEMPERATURE

Consider a molecule �or an atom� that is placed within an
arbitrary environment of magnetoelectric bodies. The
coupled dynamics of the molecule and the body-assisted
electromagnetic field can be described by the Hamiltonian
�23,35�

Ĥ = ĤA + ĤF + ĤAF, �1�

where

ĤA = �
n

En�n��n� �2�

�En, molecular eigenenergies; �n�, molecular eigenstates� is
the Hamiltonian of the molecule,

ĤF = �
�=e,m

	 d3r	
0

�

d���f̂�
†�r,�� · f̂��r,�� �3�

is the Hamiltonian of the electromagnetic field �including the
internal charges present in the bodies� expressed in terms of
the bosonic variables

� f̂�i�r,��, f̂��j�r�,���� = 0 = � f̂�i
† �r,��, f̂��j

† �r�,���� , �4�

� f̂�i�r,��, f̂��j
† �r�,���� = �����ij��r − r����� − ��� �5�

�note that f̂e is associated with the polarization of the bodies

and f̂m is related to their magnetization�, and

ĤAF = − �
m,n

dmn · Ê�rA�Âmn �6�

�dmn= �m�d̂�n�, electric-dipole transition matrix elements of

the molecule; rA, molecular center-of-mass position; Âmn
= �m��n�, molecular flip operators� is the molecule-field inter-
action Hamiltonian in electric-dipole approximation. The
electric field can be expressed in terms of the bosonic vari-
ables according to

Ê�r� = 	
0

�

d�Ê� �r,�� + H.c., �7�

Ê� �r,�� = �
�=e,m

	 d3r�G��r,r�,�� · f̂��r�,�� , �8�

with the coefficients G� being related to the classical Green
tensor G by

Ge�r,r�,�� = i
�2

c2
 �

	
0
Im 
�r�,��G�r,r�,�� , �9�

Gm�r,r�,�� = i
�

c

 �

	
0

Im ��r�,��
���r�,���2

��� � G�r�,r,���T.

�10�

For a given environment of macroscopic bodies, described
by their linear, local, and isotropic relative permittivity

�r ,�� and permeability ��r ,��, the Green tensor is
uniquely defined by the differential equation

�� �
1

��r,��
� � −

�2

c2 
�r,���G�r,r�,�� = ��r − r��

�11�

together with the boundary condition

G�r,r�,�� → 0 for �r − r�� → � . �12�

The above definitions imply the useful integral relation
�23,35�

�
�=e,m

	 d3sG��r,s,�� · G�
+�r�,s,�� =

��0

	
�2 Im G�r,r�,�� .

�13�

In thermal equilibrium at uniform temperature T, the elec-
tromagnetic field may be described by the density matrix

�̂T =
e−ĤF/�kBT�

tr�e−ĤF/�kBT��
�14�

�kB, Boltzmann constant�. Thermal averages �. . .�=tr�…�̂T�
of the bosonic variables are thus given by

�f̂��r,��� = 0 = �f̂�
†�r,��� , �15�

�f̂��r,��f̂���r�,���� = 0 = �f̂�
†�r,��f̂��

† �r�,���� , �16�

�f̂�
†�r,��f̂���r�,���� = n���������r − r����� − ��� , �17�

�f̂��r,��f̂��
† �r�,���� = �n��� + 1�������r − r����� − ��� ,

�18�

where

n��� =
�kke−k��/�kBT�

�ke
−k��/�kBT� =

1

e��/�kBT� − 1
�19�

is the average thermal photon number. Recalling definitions
�7� and �8�, the statistical properties of the electric field are
found to be given by

�Ê� �r,��� = 0 = �Ê� †�r,��� , �20�

�Ê� �r,��Ê� �r�,���� = 0 = �Ê� †�r,��Ê� †�r�,���� , �21�

�Ê� †�r,��Ê� �r�,���� =
��0

	
n����2 Im G�r,r�,����� − ��� ,

�22�
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�Ê� �r,��Ê� †�r�,����

=
��0

	
�n��� + 1��2 Im G�r,r�,����� − ��� , �23�

where we have made use of the integral relation �13�. Note
that these relations are in accordance with the fluctuation-
dissipation theorem �36�,


 1

2
�Ê� �r,��Ê� †�r�,��� + Ê�

†�r�,���Ê� �r,����
=

��0

	
�n��� +

1

2
��2 Im G�r,r�,����� − ��� , �24�

where the thermal photon energy is given by

���n��� +
1

2
� → �1

2
�� for kBT 
 �� ,

kBT for kBT � �� ,
� �25�

in the zero- and high-temperature limits, respectively.

III. INTERNAL MOLECULAR DYNAMICS

Consider a molecule which is prepared at initial time t
=0 in an arbitrary internal state, represented by its internal
density matrix �̂�0�. The environment of the molecule is ini-
tially taken to be at uniform temperature T, so that the elec-
tromagnetic field is in a thermal state �̂�0�= �̂T.

The internal molecular dynamics can be determined by
solving the coupled equations

Ȧ̂mn =
i

�
�Ĥ,Âmn�

= i�mnÂmn +
i

�
�

k
	

0

�

d���dnkÂmk − dkmÂkn� · Ê� �rA,��

+ Ê�
†�rA,�� · �dnkÂmk − dkmÂkn�� , �26�

and

ḟ̂��r,�� =
i

�
�Ĥ, f̂��r,���

= − i�f̂��r,�� +
i

�
�
m,n

dmn · G
�
*�rA,r,��Âmn,

�27�

as implied by the Hamiltonian �1� together with Eqs. �2�, �3�,
and �6�. The electromagnetic field can be eliminated by for-
mally solving Eq. �27� and substituting the result into Eq.
�26�. For weak molecule-field coupling, the Markov approxi-
mation may then be employed to show that the dynamics of
the internal density matrix of the molecule �̂ is given by the
equations �Appendix A�

�̇nn�t� = − �n�nn�t� + �
k

�kn�kk�t� , �28�

�̇mn�t� = �− i�̃mn − 1
2 ��m + �n���mn�t�

for m � n �29�

��mn= �m��̂�n�= �Ânm��. Here, the total loss rate �n of a level
n is given by

�n = �n�rA� = �
k

�nk, �30�

and the individual intramolecular transition rates �nk from
level n to level k read

�nk = �nk�rA�

� �nk
0 + �nk

T

=
2�0

�
�̃nk

2 dnk · Im G�rA,rA, ��̃nk�� · dkn

�����̃nk��n��̃nk� + 1� + ���̃kn�n��̃kn�� �31�

���z�, unit step function� where

�nk
0 =

2�0

�
�̃nk

2 ���̃nk�dnk · Im G�rA,rA,�̃nk� · dkn �32�

and

�nk
T =

2�0

�
�̃nk

2 dnk · Im G�rA,rA, ��̃nk�� · dkn

�����̃nk�n��̃nk� + ���̃kn�n��̃kn�� �33�

denote the zero-point and thermal contributions to these rates
�recall Eq. �19��.

The intramolecular transition rates depend on the shifted
molecular transition frequencies

�̃mn = �̃mn�rA� = �mn + ��m − ��n, �34�

where the frequency shift

��n = ��n�rA� = �
k

��nk �35�

of a given level n has contributions

��nk = ��nk�rA�

� ��nk
0 + ��nk

T

=
�0

	�
P	

0

�

d��2�dnk · Im G�1��rA,rA,�� · dkn

��n��� + 1

�̃nk − �
+

n���
�̃nk + �

�
+

��dnk�2

6	c
� n���

�̃nk − �
+

n���
�̃nk + �

�� �36�

�P, principal value� due to all other levels k, which can again
be separated into their zero-point and thermal parts,
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��nk
0 = ��nk

0 �rA� =
�0

	�
P	

0

�

d��2dnk · Im G�1��rA,rA,�� · dkn

�̃nk − �

�37�

and

��nk
T = ��nk

T �rA�

=
�0

	�
P	

0

�

d��2dnk · Im G�rA,rA,�� · dkn

� � n���
�̃nk − �

+
n���

�̃nk + �
� , �38�

respectively. Here, G�1� denotes the scattering part of the
Green tensor according to the decomposition

G�r,r�,�� = G�0��r,r�,�� + G�1��r,r�,�� �39�

where the imaginary part of the bulk �free-space� part is
given by �37�

Im G�0��r,r,�� =
�

6	c
I �40�

�I, unit tensor�. The free-space zero-point frequency shifts
associated with G�0�, i.e., the free-space Lamb shifts, are in-
cluded in the bare transition frequencies �mn since they are
determined experimentally in free space. The Green tensor
being analytic in the upper half of the complex frequency
plane, one can employ contour-integral techniques to rewrite
the frequency-shift contributions as

��nk = −
�0

�
�̃nk

2 dnk · Re G�1��rA,rA,�̃nk� · dkn

�����̃nk��n��̃nk� + 1� − ���̃kn�n��̃kn��

+
2�0kBT

�2 �
N=0

�

�1 − �N0��N
2 �̃kn

�
dnk · G�1��rA,rA,�N� · dkn

�̃kn
2 + �N

2

+
�0�dnk�2

6	2c�
P	

0

�

d��3� n���
�̃nk − �

+
n���

�̃nk + �
�

�41�

�note that Re G�r ,r� ,−��=Re G�r ,r� ,�� for real �� with
Matsubara frequencies

�N =
2	kBT

�
N, N = 0,1, . . . . �42�

When neglecting the frequency shifts, the transition rates
�30�–�33� obviously reduce to the well-known results given,
e.g., in Ref. �30�.

It is worth noting that the internal molecular dynamics
described by Eqs. �28� and �29� obeys probability conserva-
tion,

d

dt
tr �̂�t� = �

n

�̇nn�t� = − �
n,k

�nk�nn�t� + �
n,k

�kn�kk�t� = 0,

�43�

where we have used Eq. �30�. From the property

�nk = e��̃nk/�kBT��kn �44�

of the transition rates �see Eq. �31��, it follows that in the
long-time limit the molecule reaches a thermal state as its
steady state

�̂�t → �� = �̂T =
e−�nẼn�n��n�/�kBT�

tr�e−�nẼn�n��n�/�kBT�� �45�

with

Ẽn = Ẽn�rA� = En + ���n �46�

denoting the shifted molecular eigenenergies. This can be
verified by noting that for this state the internal molecular
evolution as given by Eqs. �28� and �29� becomes static,

�̇nn�t → �� = − �n�nn,T + �
k

�kn�kk,T

= − �
k

�nk�nn,T + �
k

e−��̃nk/�kBT��n
ke��̃nk/�kBT��nn,T

= 0, �47�

�mn�t → �� = e�−i�̃mn−��m+�n�/2��t−t0��mn,T = 0 for m � n .

�48�

According to Eqs. �30� and �31�, the heating rate of a
molecule prepared in its ground state �0� is given �initially�
by

�0 = �
k

�0k

= �
k

�0k
T

=
2�0

�
�

k

�̃k0
2 n��̃k0�d0k · Im G�rA,rA,�̃k0� · dk0, �49�

due entirely to the absorption of thermal photons.

IV. APPLICATIONS

The energy associated with electronic excitation of mol-
ecules is typically large in comparison with thermal energy at
room temperature, i.e., exp�−��n0 / �kBT��
1, so according
to Eq. �44�, the fully thermalized state effectively coincides
with the electronic ground state. This argument does not ap-
ply to the rotational and vibrational excitations of polar mol-
ecules, which occur at much lower frequencies. In this sec-
tion, we study the ground-state heating rates �0k which
provide a measure of the time scale on which this thermal
excitation of the rotational and vibrational states takes place.
We will assume that the frequency shifts induced by the en-
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vironment are small enough to justify putting �̃mn=�mn. In
this case the thermal excitation rate from the ground state to
state k becomes

�0k =
2�0

�
�k0

2 n��k0�d0k · Im G�rA,rA,�k0� · dk0. �50�

This has the great virtue that the temperature appears only in
the thermal photon number n��k0� �recall Eq. �19��, while the
position enters only through the Green tensor G. Therefore
the dependence on temperature can be derived entirely from
considering the free-space case, while the position-
dependence can be understood completely from the behavior
at zero temperature.

A. Molecules in free space

In free space, the Green tensor is given by Eq. �40�, so the
molecular transition rates become

�nk � �nk
�0�

� �nk
0 + �nk

T

=
��nk�3�dnk�2

3	�
0c3 ����nk��n��nk� + 1� + ���kn�n��kn��

�51�

with

�nk
0 =

�nk
3 �dnk�2

3	�
0c3���nk� �52�

and

�nk
T =

��nk�3�dnk�2

3	�
0c3 ����nk�n��nk� + ���kn�n��kn�� . �53�

The total heating rate of a molecule initially prepared in its
ground state thus reads

�0 = �
k

�0k = �
k

�0k
3 �d0k�2

3	�
0c3n��k0� , �54�

in agreement with Ref. �10�.
The ground-state heating rate of polar molecules will be

dominated by transitions to the adjacent excited rotational
and vibrational states, so we restrict our attention to these in
the following. We calculate the heating rates for the set of
ground-state polar molecules listed in Table I, which also
gives the required molecular constants.

We begin by considering rotational heating. To evaluate
Eq. �54� we will calculate the matrix elements of the electric
dipole operator using Hund’s case �a� basis states �61�. In

this coupling scheme, the orbital angular momentum L̂ is
strongly coupled to the internuclear axis, and so is the elec-

tron spin Ŝ, due to a strong spin-orbit coupling. The total

angular momentum is Ĵ= L̂+ Ŝ+ R̂, where R̂ is the angular
momentum of the rotating nuclei and is necessarily perpen-

dicular to the internuclear axis. The projections of L̂, Ŝ, and

Ĵ onto the internuclear axis are labeled by the quantum num-

bers �, �, and �=�+�. The projection of Ĵ onto the space-
fixed z axis is M. The basis states are labeled by the quantum
numbers S, �, �, �, J, and M.

TABLE I. Properties of various diatomic radicals: electronic ground state, rotation and vibration con-
stants, dipole moment and its derivative at equilibrium bond length, and reduced mass. For comparison with
the constants used in �10�, see �38�.

Species Ground state Be �GHz� �e �THz� �e �10−30 Cm� �e� �10−21 C� m �10−27 kg�a

LiH X 1�+ 222 �40� 42.1 �10� 19.6 �41� 60.5 �10� 1.46

NH X 3�− 500 �42� 98.4 �42� 5.15 �43� b 1.56

OHc X 2� 555 �45� 112 �47� 5.56 �48� 17.9 �49� 1.57

ODc X 2� 300 �50� 81.6 �50� 5.51 �48� b 2.97

CaF X 2�+ 10.5 �51� 18.4 �42� 10.2 �52� 172 �42� 21.4

BaF X 2�+ 6.30 �10� 14.1 �10� 11.7 �10� 285 �10� 27.7

YbF X 2�+ 7.20 �53� 15.2 �54� 13.1 �53� 195 �55� 28.4

LiRb X 1�+ 6.60 �56� 5.55 �10� 13.5 �57� 21.4 �10,38� 10.8

NaRb X 1�+ 2.03 �56� 3.21 �10� 11.7 �57� 12.6 �10� 30.0

KRb X 1�+ 1.15 �58� 2.26 �10� 0.667 �57� 1.89 �10� 44.3

LiCs X 1�+ 5.80 �59� 4.92 �10� 21.0 �57� 28.4 �10� 11.1

NaCs X 1�+ 17.7 �59� 2.94 �10� 19.5 �57� 21.4 �10� 32.5

KCs X 1�+ 92.8 �59� 1.98 �10� 8.61 �57� 6.93 �10� 50.0

RbCs X 1�+ 0.498 �60� 1.48 �10� 7.97 �57� 4.41 �10� 86.0

aReduced masses are given on the basis of the atomic masses �most abundant isotopes� of the molecular
constituents as stated in Ref. �39�.
bFor NH and OD, the electric-dipole matrix elements for the transition between ground and first excited
vibrational states can be given as �d0k�=1.80�10−31 Cm �42� and �d0k�=7.54�10−32 Cm �44�, respectively.
cThe spin-orbit coupling constants required for OH and OD are A=−4.189 THz �45� and A=−4.174 THz
�46�, respectively.
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For transitions between the rotational states, the matrix
elements of the electric dipole operator are

dmn = ��JM�d̂���J�M��

= �e��JM�û���J�M��

= �e��umn
−1 − umn

+1 �
ex


2
+ �umn

−1 + umn
+1 �

iey


2
+ umn

0 ez� ,

�55�

where �e is the molecular dipole moment at the equilibrium
internuclear separation, û= r̂ / �r̂�, and

umn
q = �− 1�M−�
�2J + 1��2J� + 1�

�� J 1 J�

− M q M�
�� J 1 J�

− � 0 ��
� . �56�

With this result, we obtain the selection rules for transitions
between the basis states: ��=0, �J=0, �1, and �M
=0, �1. In this paper, we will not consider mixing of the
electronic ground state with other electronic states, which
leads to � doubling, because the energy splitting that is in-
duced is very small compared with the rotational energies
and so does not alter any of our results. In this approxima-
tion, the states ���JM� are degenerate, and since ��=0 we
can confine our attention to the positive values of � only.
While our equations make it clear how to handle initial states
of given M�, we will consider the initial molecular state to be
unpolarized, averaging over the possible values of M�.

The majority of the molecules listed in Table I have �
=0 ground states. These molecules are best described using
Hund’s coupling case �b� �61�. The spin is not coupled to the
internuclear axis and neither � nor � is defined. The rota-
tional eigenenergies are

EN = hBeN�N + 1�, N = 0,1, . . . , �57�

where Be is the rotational constant and N is the rotational

quantum number, N̂= Ĵ− Ŝ. The expansion of the � eigen-
states in the case �a� basis is �61�

�S,N,J,M� = �
�=−S

S

�− 1�J−S
2N + 1� J S N

� − � 0
���,J,M� .

�58�

Using Eqs. �55�, �56�, and �58�, summing over the possible
final states and averaging over initial states of different M�,
we find �k�d0k�2=�e

2 for 1�, 2�, and 3� molecules. For 2�
molecules, the ground state �N=0,J=1 /2� can be excited
either to �N=1,J=1 /2� or to �N=1,J=3 /2�, with branching
ratios 1 /3 and 2 /3, respectively. The spin-rotation interac-
tion lifts the degeneracy between these states, but this split-
ting is very small and we do not need to include it. For 3�
molecules, the ground state �N=0,J=1� can be excited to the
three states with N=1 and J=0,1 ,2, with branching ratios
1 /9, 1 /3, and 5 /9, respectively. Again, we can neglect the
small spin-rotation interaction that lifts the degeneracy be-
tween the three states.

The electronic ground states of OH and OD are 2� states
and, for low values of J, are best described using Hund’s
coupling case �a�. The Hamiltonian describing the fine struc-

ture contains a rotational part and a spin-orbit coupling, Ĥfs

=hAL̂ · Ŝ+hBe�Ĵ− L̂− Ŝ�2. The rotational term couples states
of the same J but different ���. Writing the matrix elements

of the Hamiltonian as m�,��= ��JM�Ĥfs���JM�we have �61�

m3/2,3/2
1/2,1/2

= � hA/2 + hBe�J�J + 1� − 3/4 � 1� , �59�

m3/2,1/2 = − hBe

�J + 3/2��J − 1/2� . �60�

Diagonalizing this Hamiltonian gives a pair of energy eigen-
values for each value of J�1 /2,

EJ = hBe��J + 1/2�2 − 1 � Q/2� , �61�

where

Q = 
4�J + 1/2�2 + A/Be�A/Be − 4� . �62�

We will use the labels F1 and F2 to denote the states of
lower and higher energy, respectively. For the low-J levels of
OH and OD, the mixing of � states is small because �A� is
considerably larger than BeJ. Recalling that A is negative for
these molecules, we can then identify F1 as having predomi-
nantly 2�3/2 character, and F2 as predominantly 2�1/2. For
J=1 /2 there is only one level, which is of pure �=1 /2
character. The eigenstates are

�F1,J,M� = c+�J��1/2,J,M� + c−�J��3/2,J,M� ,

J = 3/2,5/2, . . . , �63�

�F2J,M� = c+�J��3/2,J,M� − c−�J��1/2,J,M� ,

J = 1/2,3/2 . . . , �64�

where

c��J� = 
1/2 � �A/Be − 2�/�2Q� . �65�

Using the selection rules between the basis states, we see that
the possible transitions out of the molecular ground state
�F1 ,J=3 /2� are those to the states �a� �F1 ,J=5 /2�, �b�
�F2 ,J=1 /2�, �c� �F2 ,J=3 /2�, and �d� �F2 ,J=5 /2�. Applying
Eqs. �55� and �56� to each of these four transitions, summing
over the M sublevels in the final state, and averaging over
the M� sublevels in the initial state, we obtain

�
k�a�

�d0k�2 = �3

5
c+

2�3/2�c+
2�5/2� +

2

5
c−

2�3/2�c−
2�5/2�

+
6

5

2

3
c+�3/2�c+�5/2�c−�3/2�c−�5/2���e

2,

�66�

�
k�b�

�d0k�2 =
1

3
c+

2�3/2��e
2, �67�
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�
k�c�

�d0k�2 =
4

15
c+

2�3/2�c−
2�3/2��e

2, �68�

�
k�d�

�d0k�2 = �3

5
c+

2�3/2�c−
2�5/2� +

2

5
c−

2�3/2�c+
2�5/2�

−
6

5

2

3
c+�3/2�c−�3/2�c+�5/2�c−�5/2���e

2.

�69�

With these preparations, we can now evaluate the rates for
free-space rotational heating out of the ground state, for the
molecules listed in Table I. The lifetimes, ��0�= ���0��−1, are
given in Table II for environmental temperatures of 293 K
and 77 K. Since there is little variation of the dipole mo-
ment, the lifetime is mainly determined by the power of the
thermal spectrum at the transition frequency. Apart from the
weakest transitions in OH and OD all these lines lie on the
low side of the peak frequency in the thermal spectrum,
which is 17 THz at 293 K or 5 THz at 77 K. Note that the

rotational constant is roughly given by Be�� / �4	mRe
2�,

where Re is the equilibrium internuclear separation and m
=m1m2 / �m1+m2� is the reduced mass, so as a rule of thumb,
rotational heating is most severe for the light molecules.
Strong heating is seen for LiH, NH, OH, OD, whose life-
times are in the range of 2–6 seconds. For KCs and NaCs
the heating is much less severe, and for the rest it is negli-
gible for most practical purposes. Table II also shows that
rotational heating of OH and OD is dominated by transition
�a�, with the other transitions providing small corrections to
the heating rate, even though they are at higher frequencies.
This behavior is due to the exceedingly small transition di-
pole moments of the latter transitions. The rotational excita-
tion lifetimes of all these molecules can be extended by go-
ing to lower environmental temperatures. Figure 1 illustrates
this temperature dependence in the light molecules LiH, NH,
OH, OD, and KCs.

Let us next turn our attention to vibrational heating. To a
good approximation, the vibrational eigenenergies of the
deeply-bound states of a diatomic molecule are

Ev = h�e�v +
1

2
�, v = 0,1, . . . , �70�

where �e is the vibrational constant and v is the vibrational
quantum number. The corresponding eigenstates are

�q�v� = ��

	
�1/4 1


2vv!
Hv�
�q�e−1/2�q2

, �71�

where q=R−Re, R being the internuclear separation, Hn are
the Hermite polynomials and �=2	m�e /�. Expanding the
electric-dipole operator in a Taylor series about the equilib-

rium separation, d̂���e+�e�q̂�û, and recognizing that the
first term cannot couple different vibrational states, we write
the matrix elements for rovibrational transitions in the form

TABLE II. Free-space lifetimes for rotational heating out of the
ground state at 293 K and 77 K. For OH and OD, the effects of the
transitions �a�–�d� �see main text� are also shown separately. Also
given are the frequency and the square of the dipole matrix element
for each transition. For comparison with the results of �10�, see
�38�.

Species
�0k

2	
�GHz�

�k�d0k�2

�e
2

��0� �s�

293 K 77 K

LiH 444 1 2.1 9.1

NH 999 1 6.4 31

OH 2.1 17

�a� 2.51�103 0.405 2.4 18

�b� 3.80�103 0.00999 49 550

�c� 5.64�103 0.00775 34 720

�d� 8.67�103 0.00124 120 8400

OD 6.3 37

�a� 1.41�103 0.402 7.2 39

�b� 3.93�103 0.00381 120 1400

�c� 4.89�103 0.00302 110 1800

�d� 6.48�103 0.000636 340 10 000

CaF 21.0 1 3400 13 000

BaF 12.6 1 7200 28 000

YbF 14.4 1 4400 17 000

LiRb 13.2 1 4900 19 000

NaRb 4.05 1 70 000 260 000

KRb 2.30 1 6.7�107 2.5�108

LiCs 11.6 1 2600 10 000

NaCs 35.5 1 330 13 000

KCs 186 1 62 250

RbCs 0.995 1 2.5�106 9.5�106

10 1005020 20030 30015 15070

1

5

10

50

100

500
τ (0)(s)

T (K)

FIG. 1. Free-space lifetimes of the ground state against rota-
tional heating as a function of environment temperature for LiH
�thick solid line�, NH �thick dashed line�, OH�a� �thick dotted line�,
OD�a� �thin solid line�, and KCs �thin dashed line�.

SURFACE-INDUCED HEATING OF COLD POLAR MOLECULES PHYSICAL REVIEW A 78, 052901 �2008�

052901-7

[S21] Surface-induced heating of cold polar molecules 251



�v�JM�d̂�v���JM�� = �e���JM�û���J�M���v�q̂�v�� .

�72�

We see from this equation that the rovibrational transitions
must satisfy the same rotational selection rules as already
given above, and that to leading order in q, the vibrational
selection rule is �v= �1. For transitions between v�=0 and
v=1 we have

�v = 1�q̂�v� = 0� =
1


2�
=
 �

4	m�e
. �73�

We neglect the contribution of rotational energy to the tran-
sition frequency since it is typically smaller than the vibra-
tional energy by two orders of magnitude. This means that
we can simply add up the contributions of transitions �a�–�d�
in calculating the transition dipole moments for OH and OD.
Thus we obtain

�
k

�d0k�2 =
��e�

2

4	m�e
f rot, �74�

where f rot=1 for the � molecules, while for molecules with a
2�3/2 ground state,

f rot =
14

15
c+

2�3/2� +
2

5
c−

2�3/2� +
4

15
c+

2�3/2�c−
2�3/2� . �75�

The calculated lifetimes for free-space vibrational heating
out of the ground state are given in Table III for T=293 K
and T=77 K. These lifetimes are mainly determined by the
vibrational transition frequencies. Since �e�1 /
m, the light-
est molecules have the highest vibration frequencies, which
lie above the 17 THz peak of the room temperature spec-
trum, while the heaviest molecules vibrate well below this

frequency. The vibrational transition frequencies of CaF,
BaF, and YbF fall close to this maximum, and of the mol-
ecules considered these three also have the largest values of
�e�. For both reasons, the ground-state lifetimes of these mol-
ecules are limited by vibrational heating to less than 5 s. For
LiH and LiCs the vibrational heating is an order of magni-
tude slower, while it is exceedingly slow for all the other
molecules. This slowness is mainly due to inefficient cou-
pling with the thermal radiation which occurs both for the
heavy molecules LiRb, NaRb, KRb, NaCs, KCs, and RbCs
whose vibration frequencies are too low and, even more
strikingly, for the light molecules NH, OH, and OD whose
frequencies are too high. Due to the large transition frequen-
cies, the impact of lowering the environment temperature is
even more striking for vibrational heating than in the rota-
tional case. This is illustrated in Fig. 2 where the temperature
dependence of the lifetimes is displayed for the molecules
LiH, CaF, BaF, and YbF, which are most strongly affected by
vibrational heating.

The relative importance of rotational vs vibrational heat-
ing varies from molecule to molecule. Rotational heating
dominates for the hydrides and for NaCs and KCs, while
vibrational heating is dominant for the fluorides in the list,
and for the other alkali dimers.

We have confined our attention to the rates for rotational
and vibrational excitation out of the ground state. The calcu-
lation is very easily adapted to the excited states, remember-
ing that then there will be both excitation processes to higher
lying states, and deexcitation processes to lower lying ones.
For the latter processes, n��k0� should be replaced with
n��k0�+1 to account for spontaneous emission. The calcula-
tions also need to be modified if applied electric or magnetic
fields are present, so as to account for the Stark or Zeeman
shifted transition frequencies, and any associated change in
the transition dipole moments.

B. Molecules near a surface

We turn now to the question of how proximity to a surface
can affect the heating rate. Let us consider a molecule at
distance zA from the surface of a homogeneous magnetoelec-

TABLE III. Lifetime against free-space vibrational heating out
of the ground state for various polar molecules at 293 K and 77 K.
For comparison with the results of �10�, see �38�.

Species
�k0

2	
�THz�

��0� �s�

T=293 K T=77 K

LiH 42.1 25 6.5�109

NH 98.4 310 000 1.3�1025

OH 112 9.8�106 2.2�1029

OD 81.6 200 000 3.7�1021

CaF 18.4 4.7 23 000

BaF 14.1 1.8 1300

YbF 15.2 4.1 4700

LiRb 5.55 128 2700

NaRb 3.21 1400 13 000

KRb 2.26 120 000 850 000

LiCs 4.92 80 1300

NaCs 2.94 580 4900

KCs 1.98 12 000 74 000

RbCs 1.48 63 000 350 000

100 150 200 250 300

1
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10

50

100

500

1000
τ (0)(s)

T (K)

FIG. 2. Ground-state vibrational heating lifetimes in free space
vs temperature for LiH �thick solid line�, CaF �thick dashed line�,
YbF �thin solid line�, and BaF �thick dotted line�.
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tric body of �relative� permittivity 
��� and �relative� perme-
ability ����. The body can be modeled by a semi-infinite
half space provided it is close enough to the molecule and
sufficiently smooth. The scattering part of the Green tensor is
then given by

G�1��r,r,�� =
i

8	
	

0

�

dq
q

�
e2i�z

���rs −
�2c2

�2 rp��exex + eyey� + 2
q2c2

�2 rpezez�
�76�

where

rs =
����� − �1

����� + �1
, rp =


���� − �1


���� + �1
�77�

are the reflection coefficients for s- and p-polarized waves,

� =
�2

c2 − q2, �1 =
�2

c2 
������� − q2 �78�

�Im �, Im �1�0� denote the z component of the wave vector
in free space ��� and inside the half space ��1� and q is its
component parallel to the surface. For computational pur-
poses, it is often convenient to express the Green tensor as an
integral over �,

G�1��r,r,�� =
i

8	
	

0

�/c

d�e2i�z��rs −
�2c2

�2 rp��exex + eyey�

+ 2�1 −
�2c2

�2 �rpezez�
+

1

8	
	

0

�

dbe−2bz��rs +
b2c2

�2 rp��exex + eyey�

+ 2�1 +
b2c2

�2 �rpezez� �79�

��=ib�. Here, the first term represents the oscillating contri-
butions due to traveling waves, while the second term con-
tains the exponentially decaying contributions from evanes-
cent waves.

Transition rates for a molecule near a half space can be
obtained by substituting the scattering part of the Green ten-
sor G�1� �as given by Eq. �76� or Eq. �79�� together with its
free-space part �Eq. �40�� into Eq. �31�. The ground-state
heating rates then take the particularly simple form

��rA� = ��0� + ��1��rA�

= ��0��1 +
2	c

�k0
Im tr G�1��rA,rA,�k0�� . �80�

In general, the integral appearing in Eq. �76� or Eq. �79� has
to be evaluated numerically, but analytic results can be ob-
tained for sufficiently small or large molecule-surface sepa-
rations. The nonretarded limit applies to short distances,
where z�

��� /c
1, while the retarded limit holds for long
distances such that z� /c�1. For the materials we consider
in this paper, �

�� takes on values between 65 and 27 000

for rotational transitions and between 4.5 and 700 for vibra-
tional transitions, depending on the molecule and the mate-
rial. Consequently, there is quite a large range of intermedi-
ate distances where neither limit applies.

In the nonretarded limit, the Green tensor �79� is domi-
nated by the integral over evanescent waves, which effec-
tively extends up to a wave vector b=1 / �2z�. Over most of
this region, ���1� iq, allowing us to use the approxima-
tions

rs �
���� − 1

���� + 1
, rp �


��� − 1


��� + 1
. �81�

Performing the remaining integral and retaining only the
leading order in z� /c, one finds that in this nonretarded
limit, the Green tensor is well approximated by �31�

G�1��r,r,�� =
c2

32	�2z3


��� − 1


��� + 1
�exex + eyey + 2ezez� .

�82�

Note that by retaining only the leading order in z� /c, the
dependence on rs and thus also that on � has vanished. In
any case, � is close to 1 even for the ferromagnetic metals at
the typical frequencies of interest here �i.e., � /2	
�10 GHz�. On substituting Eq. �82� into Eq. �31�, we obtain
the approximate, near-field transition rate

�nk�zA� = �nk
�0� +

�dnk�2 + �dnk,z�2

8	
0�zA
3

Im 
��nk�
�
��nk� + 1�2

�����nk��n��nk� + 1� − ���kn�n��kn�� . �83�

In particular, the ground-state heating rates �80� are ap-
proximated by

��zA� = ��0��1 +
znr

3

zA
3 � �84�

where

znr =
c

�k0

3
 Im 
��k0�
2�
��k0� + 1�2

�85�

is a scaling length that applies to calculations in the nonre-
tarded limit. For a metal with permittivity


��� = 1 −
�P

2

��� + i �
�86�

and for sufficiently small transition frequency, �k0
 !�P,
znr may be estimated by the simple relation

znr = c 3
  

2�P
2�k0

2 . �87�

The plasma frequency, �P, and damping constant,  , are
given for various conductors in Table IV.

We stress that Eq. �84� applies only in the nonretarded
limit, and that the distance znr typically lies well outside this
limit. We define a second relevant length scale, zc, the char-
acteristic distance at which the surface-induced rate becomes
equal to the free-space rate. This does not coincide with znr,
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because the nonretarded limit is not valid at this distance. We
have calculated zc by numerical integration of Eqs. �79� and
�80� and we present the results for molecules near a gold
surface in Table V, and for a range of other conductors in
Appendix B. Table V also gives the corresponding values of
znr, which are typically 2–5 times smaller.

Since Eq. �84� does not apply at length scales in the vi-
cinity of the critical distance, we searched for an alternative
formula by fitting to the numerical results obtained from the
integration of Eqs. �79� and �80� at distances z!zc. We find
that for the molecules and surface materials studied, the heat-
ing rates throughout this range are well approximated by the
empirical formula

��zA� = ��0��1 +
zc

2

zA
2 +

znr
3

zA
3 � . �88�

Furthermore, a fit to the set of critical distances for rotational
heating given in Appendix B, suggests the approximate for-
mula

zc �
3c

4
4
  

2�P
2�k0

3 . �89�

This empirical formula was found to be accurate to within
1% for all the surfaces and molecules considered, except in
cases where the critical distances are particularly small �the
hydrides and KCs�, where deviations between 1% and 10%
are more typical. The same formula does not accurately pre-
dict the critical distances for vibrational heating, but these
are of less importance due to their very small values. We
stress again that Eq. �88� is only empirical as the zA

−2 term has
no physical interpretation.

The critical distances given in Table V show that the sur-
face does not generate any significant heating when the mol-
ecules are more than a few hundred �m away. However, if
the molecules are held a few �m from a surface, as they
might be on a molecule chip, there is a substantial increase in

the rotational heating for all the molecules considered, apart
from the hydrides. Even in cases where the free-space rate is
small, the enhanced rate can be very large because of the
rapid inverse-power scaling. For example, in free space, the
rotational heating time of CaF, 3400 s, is enormous com-
pared with the vibrational lifetime of 4.7 s. However, at a
distance of 1 �m from a room temperature gold surface the
lifetime for rotational excitation drops to about 8 s and at
smaller distances the rotational heating rate dominates over
the vibrational rate. For the hydrides, the high rotational fre-
quency that gives them rapid free-space heating also makes
them relatively insensitive to the proximity of the surface
except at submicron distances.

Figure 3�a� shows the critical distances for rotational heat-
ing of various molecules near a range of surfaces. It is seen
that their frequency scaling follows quite nicely the �−3/4

dependence given by Eq. �89�, which is indicated by the
solid line. This trend continues in Fig. 3�b�, which shows the
critical distances for vibrational heating. These are, of
course, smaller because the vibrational frequencies are
higher.

Equation �87� shows that the short-range heating depends
on the surface material through the factor �P

2 / . A low value
of this ratio leads to a large critical distance and hence to
more surface-induced heating. The values are displayed in
the last column of Table IV for various metals in order of

TABLE IV. Drude parameters for various conductors. Values are
taken from Ref. �62�, with the exception of those for ITO �indium
tin oxide� �63�. The list is in order of decreasing �P

2 / , which cor-
responds to increasing surface heating rate.

Material �P �rad/s�  �rad/s� �P
2 / �rad/s�

Au 1.37�1016 4.12�1013 4.53�1018

Al 2.25�1016 1.22�1014 4.15�1018

Pd 8.36�1015 2.16�1013 3.24�1018

Ag 5.77�1015 1.15�1013 2.89�1018

Cu 1.12�1016 4.41�1013 2.87�1018

Mo 1.14�1016 7.86�1013 1.65�1018

Fe 6.23�1015 2.79�1013 1.39�1018

Co 1.18�1016 1.07�1014 1.29�1018

W 9.72�1015 8.53�1013 1.11�1018

Ni 7.44�1015 6.53�1013 8.49�1017

Pt 7.75�1015 1.04�1014 5.75�1017

ITO 3.33�1015 1.68�1014 6.63�1016

TABLE V. Nonretarded length scales and critical distances for
surface enhancement of rotational and vibrational heating rates near
a gold surface.

Species

Rotational Vibrational

znr ��m� zc ��m� znr ��m� zc ��m�

LiH 0.73 1.9 0.035 0.071

NH 0.42 1.0 0.020 0.042

OH 0.018 0.0039

�a� 0.23 0.50

�b� 0.17 0.36

�c� 0.13 0.27

�d� 0.10 0.20

OD 0.022 0.0048

�a� 0.34 0.78

�b� 0.17 0.35

�c� 0.15 0.30

�d� 0.12 0.24

CaF 5.5 19 0.061 0.12

BaF 7.8 27 0.072 0.14

YbF 7.1 25 0.069 0.14

LiRb 7.6 26 0.13 0.27

NaRb 17 64 0.19 0.41

KRb 24 98 0.24 0.54

LiCs 8.2 29 0.15 0.30

NaCs 3.9 13 0.21 0.44

KCs 1.3 3.6 0.27 0.60

RbCs 42 180 0.33 0.75
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decreasing �P
2 / . In this list, gold is the metal of choice

when trying to minimize surface-induced heating of the mol-
ecules, as also indicated by the circles in Fig. 3. At the op-
posite extreme lies indium tin oxide �ITO�, which we include
here because of its attractive combination of conductivity
and optical transparency. It has a low plasma frequency and
a high damping rate  and so generates stronger heating, as
shown by the triangles in Fig. 3. The values for other metals
generally obey the �P

2 / scaling, though there are some ex-
ceptions where values of �P

2 / are very similar.
As indicated by Eq. �85�, the surface-induced heating will

be particularly large in cases where �
� is not large, but 
 has
a significant imaginary part. This never happens for a con-
ductor, but can occur for dielectric media that happen to be
strong absorbers at the relevant frequency. As an example,
consider borosilicate glass which has 
=6.2+0.21i for fre-
quencies in the tens of GHz range �64�. The critical distance
for rotational heating of CaF near such a surface is about
620 �m, very much larger than for a metallic surface. The
time scale for rotational heating, which is 3400 s in free
space, is thus reduced to just 0.14 s when this molecule is
10 �m from such a glass surface.

Next, we turn to the retarded limit, where z� /c�1, so the
integrand in Eq. �79� is rapidly oscillating or decaying over
most parts of the integration regime. The main contribution
to the integral �79� comes from the region around the
stationary-phase point q=0, so that we may approximate

rs � − rp �

���� − 

���

���� + 

���

. �90�

The integral can then be performed, and upon retaining the
leading order in c / �z��, one finds that the Green tensor in the
retarded limit reads

G�1��r,r,�� =
e2iz�/c

8	z


���� − 

���

���� + 

���

�exex + eyey� . �91�

Consequently, the transition rates �31� are given by

�nk�zA� = �nk
�0� +

�nk
2 ��dnk,x�2 + �dnk,y�2�

4	
0�c2zA

�Im�
���nk� − 

��nk�

���nk� + 

��nk�

e2izA�nk/c�
�����nk��n��nk� + 1� − ���kn�n��kn��; �92�

for a good conductor, �
�� ���, they further simplify to

�nk�zA� = �nk
�0� −

�nk
2 ��dnk,x�2 + �dnk,y�2�

4	
0�c2zA
sin�2zA�nk

c
�

� ����nk��n��nk� + 1� − ���kn�n��kn�� . �93�

In particular, the ground-state heating rates �80� are given by

��zA� = ��0��1 +
c

2zA�k0

� Im�
���k0� − 

��k0�

���k0� + 

��k0�

e2izA�k0/c��
� ��0��1 −

c

2zA�k0
sin�2zA�nk

c
�� . �94�

Thus, the surface-induced modification of the heating rates in
the retarded limit is an oscillating function of distance, where
the amplitude of the oscillation follows a zA

−1 power law. In
particular, the heating rates approach their free-space values
in the limit zA→�.

In order to see the entire distance dependence of the heat-
ing rate it is necessary to calculate the rates as given by Eqs.
�79� and �80� numerically. The results are displayed in Fig. 4
where we show the total heating rates as a function of dis-
tance for OH, LiH, CaF, and NaCs molecules at distances in
the range 1–500 �m from a gold surface. In all cases, the
vibrational heating rate is dotted, the rotational rate is
dashed, and the total rate is a solid line. For OH the heating
is entirely dominated by the rotational transitions over the
whole of this distance range, and the vibrational contribution
does not even appear in the plot. The heating rate is modu-
lated with a period of 60 �m just as expected in the retarded
limit �Eq. �94��. The heating rate is not greatly altered from
its free space value, even at the shortest distance considered.
For LiH, the heating is again dominated by the rotational
transitions. The far-field oscillations modulate the rate and
we see roughly one cycle with a period of 338 �m. The
heating rate rises sharply inside the critical distance for rota-
tional excitation, which is 1.9 �m, whereas the vibrational
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FIG. 3. Exact critical distances for surface-induced heating vs
frequency of the molecular transition. �a� Rotational heating. �b�
Vibrational heating. Surface materials are gold �circles�, iron
�squares�, platinum �diamonds�, and ITO �triangles�. Frequencies of
the plotted data points correspond �left to right� to RbCs, KRb,
NaRb, LiCs, BaF, LiRb, YbF, CaF, NaCs, KCs, LiH, NH, OD�a�,
and OH�a�. Solid lines indicate the slope corresponding to the �−3/4

frequency dependence given by the empirical formula �89�.
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contribution, having a much shorter critical distance, remains
essentially constant down to 1 �m. For CaF, the heating is
dominated by vibrational excitation at 18.4 THz, correspond-
ing to an oscillation period in the far field of 8 �m, which
can clearly be seen. Inside the 19 �m critical distance for
rotational heating, we see a dramatic increase in the rota-
tional contribution to the rate, such that the two contributions
are roughly equal at a distance of 1 �m from the surface. For
NaCs, the two contributions are roughly equal in the far field
and both are rather small. The 3 THz vibrational heating
exhibits the expected far-field oscillations, while the rota-
tional heating is at too low a frequency to show oscillations
over this range. Inside the 13 �m critical distance, the rota-
tional heating increases rapidly, becoming a thousand times
faster at a distance of 1 �m.

In Fig. 5, we show once again the heating rate for NaCs as
a function of distance from a gold surface �solid line�. This
figure also shows for comparison the heating rates near iron
and ITO surfaces. At distances large enough for the retarded
limit to apply, the heating rate given by Eq. �94� is indepen-
dent of the particular metallic surface since these are all good
conductors at the relevant excitation frequencies. At short
range, however, where the near-field limit of Eq. �84� ap-
plies, the heating rate becomes proportional to  /�P

2. As
shown in Table IV, this ratio differs widely between these
materials and is a hundred times larger for ITO than for gold.
For this reason, the ITO surface produces a larger heating
rate at short distance and exhibits a longer critical distance
than gold, as seen in Fig. 5.

So far, we have discussed surface-enhanced heating in the
presence of metallic and dielectric surfaces. It is also inter-

esting to consider the heating rate for molecules in the vicin-
ity of metamaterials, since these offer tunable magnetoelec-
tric properties �65,66�, and can even be left handed �67�. A
left-handed medium is realized when the real parts of both 

and � are simultaneously negative, leading to a negative in-
dex of refraction and a number of counterintuitive effects
associated with the propagation of the electromagnetic field
inside such a medium �67�. Since the surface-enhanced heat-
ing rate of a single interface depends solely on the reflected
electromagnetic field, one would expect it to be insensitive to
left handedness. For weakly absorbing media, the oscilla-
tions seen in the retarded limit are small when the signs of
Re 
 and Re � are both positive or both negative. In the case
where Re 
=Re �, and the imaginary parts are small, there
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FIG. 4. Heating rates for �a� OH, �b� LiH, �c� CaF, and �d� NaCs vs distance from a gold surface. Solid lines: total heating rate. Dotted
lines: vibrational excitation rate. Dashed lines: rotational excitation rate.

1 5 10 50 100 500

1.000

0.500

0.100

0.050

0.010

0.005

0.001

NaCs
Γ(s−1)

zA(µm)

FIG. 5. Heating rate for ground-state NaCs as a function of the
distance from gold �solid line�, iron �dashed line�, and ITO �dotted
line� surfaces.

BUHMANN et al. PHYSICAL REVIEW A 78, 052901 �2008�

052901-12

256 6. Thermal fluctuations



are no oscillations at all since rs and rp are then very close to
zero. The amplitude of the oscillations is greatest when these
reflection coefficients have their maximum values of 1. As
we have already seen, this occurs for metals because �
� is
much larger than ���. In the context of metamaterials, reflec-
tion coefficients close to unity are obtained for any weakly
absorbing medium where Re 
 and Re � have opposite signs.
Note that this result is insensitive to the magnitudes of Re 
,
Re �, which neither need to be equal nor particularly large;
they need only be of opposite sign and considerably larger
than the imaginary parts. A metamaterial engineered with
these properties would produce large oscillations in the heat-
ing rate with a phase determined by the chosen values of
Re 
, Re �. Figure 6 shows the heating rate of a LiH mol-
ecule near fictitious weakly absorbing metamaterials with
Re 
= �Re �. We see that the left-handed material �Re 
,
Re �"0� gives rise to exactly the same heating rate as a
comparable ordinary material with Re 
, Re ��0 �the two
curves cannot be distinguished on the plot�, and that the os-
cillations are suppressed. On the other hand, media with
Re 
=−Re � result in large oscillations of the heating rate in
the long-distance regime, with a phase that depends on the
material properties.

C. Surfaces of finite thickness

The results of the previous section have shown that me-
tallic surfaces can considerably enhance surface-induced
heating. In the context of chips, metal surfaces are often
unavoidable since they are used in current-or charge-carrying
structures. One possible strategy to reduce the associated
molecular heating is to reduce the thickness of the metal
substrates. For a slab of finite thickness d, coated onto an
infinitely thick substrate of permittivity 
s=
s��� and perme-
ability �s=�s���, the surface-induced heating rate is still
given by Eq. �80� together with Eq. �79�, but the reflection
coefficients are now given by

rs =
�2��s − �s�1

2 + i��1��s� − �s�cot��1d�
�2��s + �s�1

2 + i��1��s� + �s�cot��1d�
, �95�

rp =

2��s − 
s�1

2 + i
�1�
s� − �s�cot��1d�

2��s + 
s�1

2 + i
�1�
s� + �s�cot��1d�
, �96�

where

�s =
�2

c2 
s����s��� − q2 �97�

�Im �s�0�.
Let us first consider the influence of the metal surface

alone by letting 
s=�s=1. In the nonretarded limit, the re-
flection coefficients may then be approximated by

rs �
�2 − 1

�2 + 1 + 2� coth�qd�
, �98�

rp �

2 − 1


2 + 1 + 2
 coth�qd�
�99�

�recall the discussion above Eq. �81��. Since q#1 / �2zA�, the
short-range heating rate will be identical to that of an infi-
nitely thick plate provided d�zA, since in this limit the
above reflection coefficients reduce to those given in Eqs.
�77�. On the other hand, the reflection coefficients, and hence
also the heating rate, must become very small when
d�
�
zA. We note immediately that, for molecule-surface
separations of interest, a conducting surface needs to be un-
feasibly thin for this limit to be reached because of the enor-
mously large values of �
� for a conductor. The behavior
between the two limits has to be determined from a numeri-
cal analysis.

In the retarded limit, one may approximate

rs � − rp �

 − �


 + � + 2i

� cot�

��d/c�
, �100�

so for a good conductor, �
�� ���, the reflection coefficients
and the heating rate become independent of the plate thick-
ness at long range.

In Fig. 7, we display the surface-induced heating rate of a
NaCs molecule near ITO plates of various thicknesses as a
function of molecule-plate separation. At large separations,
the heating rates are independent of the thickness, as pre-
dicted from Eq. �100�. Over the entire range of distances
calculated, the ITO plate of thickness 10 �m gives the same
result as a plate of infinite thickness. Reducing the thickness
below this value increases the heating rates at short dis-
tances, contrary to the expectation of reduced rates at short
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FIG. 6. Heating rate for ground state LiH as a function of dis-
tance from fictitious metamaterials with 
��k0�=���k0�= �10+ i
�solid line�, 
��k0�=10+ i, ���k0�=−10+ i �dashed line�, and

��k0�=−10+ i, ���k0�=10+ i �dotted line�.
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FIG. 7. Heating rate of NaCs as a function of distance from an
ITO surface with thickness 10 �m �thick solid line�, 1 �m �dashed
line�, 0.1 �m �dotted line�, and 0.01 �m �dashed-dotted line�. The
thin solid line shows how the result changes for a 0.01 �m thick
surface when the ITO is coated onto borosilicate glass.
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range anticipated from Eqs. �98� and �99�. A reduction of the
short-range heating rates below the values observed for thick
plates is eventually found but only once the coating is unfea-
sibly thin. Thus our calculations show that the heating at
short-range cannot be reduced by reducing the material
thickness. To understand the increase of the heating rate with
decreasing thickness, note that in the nonretarded limit the
heating is mainly due to the coupling of the molecule with
the surface plasmons at the front face of the plate. As the
thickness decreases, these couple to the plasmons at the back
face of the plate, leading to mutual enhancement and thus to
an increase of the heating rate �68�. To include the borosili-
cate glass substrate we took 
s��k0�=6.2+0.21i for the rota-
tional transitions �64� and 
s��k0�=6.4+0.74i for the vibra-
tional ones �69�. We find identical results whether or not this
substrate is included, except for the thinnest coating, d
=0.01 �m, where we find that the presence of the substrate
slightly reduces the heating rate, as shown by the thin solid
line in the figure.

V. SUMMARY AND CONCLUSIONS

Using macroscopic QED, we have calculated the internal
dynamics of a molecule placed within an arbitrary environ-
ment of magnetoelectric bodies of uniform temperature. The
internal time evolution is governed by the molecular transi-
tion frequencies and transition rates which depend on posi-
tion and temperature. The dependence on temperature is due
to the thermal photon number and can be completely under-
stood from considering the free-space case, while the
position-dependence, which enters via the classical Green
tensor for the electromagnetic field in the environment, can
be derived from the behavior at zero temperature.

We have used the general formulas to study the ground-
state heating rates of several polar molecules of current ex-
perimental interest, as a function of the distance from various
surfaces. We have given a simple approximate formula that
can be used to estimate the heating rates for any other mol-
ecules at any distance from any surface of interest. For light
molecules, particularly the hydrides, rotational heating domi-
nates and limits the free-space lifetime of the ground state to
a few seconds when the environment is at room temperature.
For the metal fluorides we studied, vibrational heating domi-
nates and again the room temperature free-space lifetime of
the ground state is of the order of a few seconds. When the
molecules approach a metallic surface, the heating rate can
be greatly enhanced. This is particularly true for the rota-
tional transitions where the critical distance at which the sur-
face dominates the free-space rate is typically in the
1–100 �m range. For the hydrides, the free-space heating
rate is large because the rotational frequencies are large, but
this same fact also means that the critical distance for
surface-induced heating is rather small. Therefore, these
molecules could be trapped up to a few microns from a sur-
face with little change in the heating rate. The effect of the
surface on rotational heating is very much stronger for the
heavier molecules, but since the rate in free space is typically
very small for these molecules, they too have lifetimes of a
second or more at distances up to 1 �m from the surface.

We have shown that, at long range, the heating rates be-
come insensitive to the particular surface properties, while at
short range the heating is faster for smaller values of the
parameter �P

2 / . Of the metals considered, gold induces the
lowest heating rate. We have also shown that decreasing the
thickness of the surface tends to increase the heating rate,
particularly at short distances. Dielectric materials that are
good absorbers at the relevant frequency result in large criti-
cal distances and hence very large heating rates at short
range.

In the context of molecule chips, where confinement of
molecules a few microns from the chip surface is envisaged,
our work shows that surface-induced heating should be con-
sidered carefully when selecting appropriate molecules and
surfaces, but that confinement for several seconds in single
quantum states is quite feasible even when the surface is at
room temperature. In all cases, lowering the environment
temperature will allow for even longer lifetimes. For ap-
proach distances smaller than 1 �m, surface-induced heating
becomes rapidly problematic, and cooling to cryogenic tem-
peratures may be required.
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APPENDIX A: MARKOV APPROXIMATION

Substituting the formal solution

f̂��r,�,t� = e−i�tf̂��r,��

+
i

�
�
m,n
	

0

t

d�e−i��t−��dmn · G
�
*�rA,r,��Âmn���

�A1�

to Eq. �27� into Eq. �26� and using the integral relation �13�,
one obtains

Ȧ̂mn�t� = i�mnÂmn�t� +
i

�
�

k
	

0

�

d�

��e−i�t�dnkÂmk�t� − dkmÂkn�t�� · Ê� �rA,��

+ ei�tÊ�
†�rA,�� · �dnkÂmk�t� − dkmÂkn�t��� + Ẑmn�t�

�A2�

with

Ẑmn�t� = −
�0

�	
�
k,l,j
	

0

�

d��2	
0

t

d�

���e−i��t−��Âmk�t�Âlj��� − ei��t−��Âlj���Âmk�t��

�dnk · Im G�rA,rA,�� · dlj
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− �e−i��t−��Âkn�t�Âlj��� − ei��t−��Âlj���Ânk�t��

� dkm · Im G�rA,rA,�� · dlj� �A3�

denoting the zero-point contribution to the internal molecular
dynamics. This differential equation can be solved iteratively
by substituting the self-consistent solution

Âmn�t� = ei�̃mntÂmn�0� +
i

�
�

k
	

0

�

d�	
0

t

d�ei�̃mn�t−��

� �e−i���dnkÂmk��� − dkmÂkn���� · Ê� �rA,��

+ ei��Ê�
†�rA,�� · �dnkÂmk��� − dkmÂkn����� �A4�

to the truncated Eq. �A2� without Ẑmn�t� back into Eq. �A2�,
where at this level of approximation, the operator ordering in
Eq. �A4� may be chosen arbitrarily. Taking expectation val-
ues according to Eqs. �15�–�18�, one arrives at

�Ȧ̂mn�t�� = i�mn�Âmn�t�� + �T̂mn�t�� + �Ẑmn�t�� �A5�

where

�T̂mn�t�� = −
�0

�	
�
k,l
	

0

�

d��2n���	
0

t

d��e−i��t−�� + ei��t−���

� �ei�̃mk�t−����Âml����dnk · Im G�rA,rA,�� · dkl

− �Âlk����dnk · Im G�rA,rA,�� · dlm� − ei�̃kn�t−��

��Âkl����dkm · Im G�rA,rA,�� · dnl

− �Âln����dkm · Im G�rA,rA,�� · dlk�� �A6�

denotes the thermal contribution to the internal molecular
dynamics. For weak molecule-field coupling, the contribu-

tions �T̂mn�t�� and �Ẑmn�t�� may be evaluated by means of the

Markov approximation, i.e., by letting �Âmn����
�e−i�̃mn�t−���Âmn�t�� and evaluating the remaining time inte-
grals according to

	
0

t

d�e−i��−�̃mn��t−�� � 	��� − �̃mn� + iP
1

�̃mn − �
. �A7�

Assuming the system to be nondegenerate, so that off-
diagonal molecular density matrix decouple from each other
as well as from the diagonal ones, we arrive at Eqs. �28� and
�29�, together with Eqs. �30�–�38�.

APPENDIX B: CRITICAL DISTANCES

We have calculated the critical distances for surface-
induced enhancement of ground-state heating rates for vari-
ous combinations of molecules and materials on the basis of
the data given in Tables I and IV. The results are summarized
in Table VI.

TABLE VI. The exact critical distances zc ��m� for the enhancements of ground-state heating rates of various polar molecules due to the
presence of surfaces of various materials.

Rotational Vibrational

Spe. Al Pd Ag Cu Mo Fe Co W Ni Pt ITO Al Pd Ag Cu Mo Fe Co W Ni Pt ITO

LiH 1.9 2.0 2.0 2.1 2.4 2.5 2.6 2.7 2.8 3.1 5.4 0.044 0.038 0.039 0.042 0.053 0.051 0.060 0.060 0.064 0.075 0.16
NH 1.0 1.0 1.0 1.1 1.3 1.3 1.4 1.4 1.5 1.7 2.9 0.021 0.022 0.023 0.023 0.028 0.029 0.031 0.032 0.035 0.040 0.097
OH 0.019 0.020 0.021 0.021 0.025 0.027 0.028 0.029 0.032 0.037 0.94
�a� 0.51 0.47 0.43 0.52 0.62 0.60 0.67 0.69 0.73 0.82 1.4
�b� 0.36 0.32 0.29 0.37 0.45 0.41 0.48 0.49 0.52 0.59 1.0
�c� 0.26 0.22 0.20 0.26 0.32 0.29 0.35 0.36 0.37 0.43 0.77
�d� 0.18 0.15 0.13 0.17 0.22 0.29 0.24 0.25 0.25 0.30 0.55
OD 0.025 0.024 0.026 0.026 0.032 0.033 0.035 0.036 0.039 0.046 0.11
�a� 0.79 0.77 0.73 0.84 0.98 0.97 1.1 1.1 1.2 1.3 2.2
�b� 0.35 0.31 0.28 0.36 0.43 0.40 0.47 0.48 0.50 0.57 1.0
�c� 0.30 0.25 0.23 0.29 0.36 0.33 0.39 0.40 0.42 0.48 0.86
�d� 0.24 0.19 0.17 0.23 0.28 0.25 0.31 0.32 0.33 0.38 0.69
CaF 19 20 21 21 24 25 26 26 28 31 53 0.094 0.074 0.071 0.086 0.11 0.098 0.13 0.13 0.13 0.15 0.30
BaF 28 30 31 31 35 37 37 39 42 46 78 0.12 0.093 0.088 0.11 0.14 0.12 0.16 0.16 0.16 0.20 0.37
YbF 25 27 28 28 32 33 34 35 38 41 71 0.11 0.087 0.083 0.10 0.13 0.12 0.15 0.15 0.15 0.18 0.35
LiRb 27 29 30 30 34 35 36 38 40 44 76 0.27 0.22 0.20 0.26 0.32 0.39 0.36 0.36 0.38 0.43 0.78
NaRb 66 70 72 72 82 86 88 91 97 110 180 0.42 0.37 0.34 0.43 0.51 0.48 0.55 0.57 0.60 0.68 1.2
KRb 100 110 110 110 130 130 130 140 150 160 280 0.55 0.51 0.47 0.57 0.68 0.65 0.73 0.75 0.79 0.89 1.6
LiCs 30 32 33 33 37 39 40 41 44 49 83 0.30 0.25 0.22 0.29 0.36 0.32 0.39 0.40 0.42 0.48 0.85
NaCs 13 14 14 14 16 17 17 18 19 21 36 0.45 0.40 0.37 0.46 0.55 0.52 0.59 0.61 0.64 0.73 1.3
KCs 3.7 3.9 4.0 4.0 4.6 4.8 4.9 5.1 5.5 6.0 10 0.61 0.58 0.54 0.64 0.75 0.73 0.81 0.83 0.88 0.99 1.7
RbCs 190 200 210 210 240 250 250 260 280 310 530 0.76 0.74 0.70 0.81 0.95 0.94 1.0 1.1 1.1 1.2 2.2
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Thermal Casimir versus Casimir-Polder Forces: Equilibrium and Nonequilibrium Forces
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We critically discuss whether and under what conditions Lifshitz theory may be used to describe
thermal Casimir-Polder forces on atoms or molecules. An exact treatment of the atom-field coupling
reveals that for a ground-state atom (molecule), terms associated with virtual-photon absorption lead to a
deviation from the traditional Lifshitz result; they are identified as a signature of nonequilibrium
dynamics. Even the equilibrium force on a thermalized atom (molecule) may be overestimated when
using the ground-state polarizability instead of its thermal counterpart.

DOI: 10.1103/PhysRevLett.100.253201 PACS numbers: 34.35.+a, 12.20.�m, 42.50.Ct, 42.50.Nn

Dispersion forces such as Casimir and Casimir-Polder
(CP) forces are of increasing relevance in nanophysics [1];
recent successes include the chemical identification of
surface atoms via atomic force microscopy [2] as well as
the construction of novel biomimetic dry adhesives [3].
They become important in efforts to miniaturize atom
chips [4] and play a key role in experiments placing upper
bounds on nonstandard gravitational forces [5].

In all of these areas, a thorough understanding of dis-
persion forces under realistic conditions must account for
their temperature dependence induced by thermal photons
[6]. A series of high-precision experiments [7] has trig-
gered a renewed interest in this thermal Casimir force [8]
by opening the perspective of its experimental investiga-
tion [9]. It was noticed that, depending on the model
chosen to describe the metal response, Lifshitz theory
can yield different answers for the temperature dependence
of the Casimir energy between two metal plates [10]. The
resulting debate concerning the correct description of the
thermal Casimir force [11] will ultimately have to be
settled by experiments. Nonequilibrium situations of two
plates of different temperatures have recently been sug-
gested as sensitive probes to the quantum electrodynamics
(QED) of the Casimir effect [12].

The CP force on single atoms can be measured indirectly
via spectroscopic means; clear evidence for thermal fre-
quency shifts has been found for atoms inside a cavity [13]
and their signature has been detected in the interaction of
atoms with a sapphire surface [14]. The novel nonequilib-
rium CP forces predicted for the case of different surface
and environment temperatures [15] have recently been ob-
served via their effect on the center-of-mass oscillations of
a trapped Bose-Einstein condensate [16]. While some the-
oretical studies of the thermal CP force are based on a QED
treatment of the atom-field coupling [17,18], the vast ma-
jority of investigations invokes a macroscopic calculation
using Lifshitz theory [6,19,20] or a linear-response de-
scriptionof the atom [15,21] (leading to equivalent results).

The macroscopic approach to the CP force is based on a
very close relation between Casimir and CP forces. It is the
validity of this one-to-one correspondence and its results

for the CP force that we intend to investigate in this Letter,
so let us briefly recount the argument in its traditional
form: Generalizing the famous Lifshitz result for two
plates [6], the thermal Casimir force on a homogeneous
body of arbitrary shape occupying a volume V in free space
due to the presence of another body can be given as a
Matsubara sum [22,23]
 

F�2kBT
Z
V
d3r

X1
N�0

�
1�

1

2
�N0

�

��TrfI��r�r����N=c�2�G�1��r;r0;i�N��r
 0
gr�r0

���N=c�
2r 	G�1��r;r;i�N�� (1)

with Matsubara frequencies �N � 2�kBTN=@. Here, G�1�

is the scattering part of the classical Green tensor

 �r� r���!=c�2"�r; !��G�r; r0; !� � ��r� r0� (2)

associated with the bodies that are characterized by their
dielectric permittivity "�r; !�. The result (1) can be ob-
tained from the zero-temperature force by applying the
simple replacement rule
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Z 1
0
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N�0
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1
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�N0

�
f�i�N� (3)

which is equivalent to replacing the zero-point energy 1
2 @!

by a thermal spectrum �n�!� � 1
2�@! with photon number

n�!� � 1=�e@!=�kBT� � 1�. To derive the CP force, one
assumes that one body consists of a dilute gas (number
density �) of atoms with polarizability ��!�, so that its
permittivity may be approximated by "�!� � 1�
���!�="0. After a linear expansion in �, it follows that
the thermal CP force is given by [22,23]
 

F�rA� � ��0kBT
X1
N�0

�
1�

1

2
�N0

�
�2
N��i�N�

� rATrG�1��rA; rA; i�N�: (4)

As an immediate consequence of its macroscopic deriva-
tion, this force expression is very similar in structure to the
respective Casimir force. In particular, the replacement
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rule (3) is again valid which often serves as a starting point
for studies of the thermal CP force [24].

In view of the high precision of modern experiments, the
current widespread use of the macroscopic result (4) and
the replacement rule (3) for calculating thermal CP forces
calls for a critical discussion of their validity. In this Letter
we clarify the extent to which Eq. (4) can be used on the
basis of a direct calculation of the time-dependent thermal
CP force from the atom-field coupling Hamiltonian. We
will demonstrate that force components associated with
thermal-photon absorption will generically lead to devia-
tions from Eq. (4). As we will show, the macroscopic result
provides a reasonable approximation to the force on a fully
thermalized atom, provided that the atomic polarizability is
correctly interpreted.

In electric dipole approximation, the force on an atom or
a molecule (called atomic system in the following) pre-
pared in an incoherent superposition of internal eigenstates
jni is given by [23,25]

 F �rA; t� � h�rd̂ 	 Ê�r��r�rAi; (5)

where it is assumed that the internal and translational
motion of the atomic system decouple in the spirit of
Born-Oppenheimer approximation. In order to evaluate
this expression, one needs to solve the coupled dynamics
of the electromagnetic field and the atomic system, which
is governed by the Hamiltonian [26]
 

Ĥ �
Z
d3r

Z 1
0
d!@!f̂y�r; !� 	 f̂�r; !�

�
X
n

EnÂnn �
X
m;n

Âmndmn 	 Ê�rA� (6)

(dmn � hmjd̂jni, Âmn � jmihnj). The bosonic dynamical
variables f̂y and f̂ , which describe the elementary excita-
tions of the body-assisted electromagnetic field, can be
used to construct an expansion of the electric-field operator
Ê�r� �

R
1
0 d!Ê�r; !� � H:c: according to
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The expansion coefficients are given in terms of the clas-
sical Green tensor (2) which obeys the integral relation
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Z
d3sIm"�s;!�G�r;s;!� 	G
�s;r0;!�� ImG�r;r0;!�:

(8)

The Hamiltonian (6) implies that the atom-field dynam-
ics is governed by the system of equations
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We eliminate the field by formally integrating Eq. (10) and
substituting the result back into Eq. (9), which we arrange
in normal ordering. After using the integral relation (8), we
obtain
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where
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denotes the zero-point contribution to the internal atomic
dynamics. The thermal contribution can be determined
iteratively by substituting the self-consistent solution
 

Âmn�t� � ei ~!mntÂmn �
i
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X
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into the truncated Eq. (11) [without the zero-point contri-
bution Ẑmn�t�] back into itself and taking expectation val-
ues. With the field initially being prepared in a thermal
state �̂T � exp��ĤF=�kBT��=Trfexp��ĤF=�kBT��g,
ĤF �

R
d3r

R
1
0 d!@!f̂

y�r; !� 	 f̂�r; !�, the nonvanishing
averages of the field operators are
 

hÊy�r; !�Ê�r0; !0�i � �@�0=��n�!�!2ImG�r; r0; !�

� ��!�!0� (14)

[recall Eqs. (7) and (8)]. One thus obtains a closed system
of equations for the internal atomic dynamics

 h _̂Amni � i!mnhÂmni � hẐmni � hT̂mni; (15)

with the thermal contribution being given by

 hT̂mn�t�i �
�0

@�

X
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d!!2n�!�

Z t
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d��e�i!�t���
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	 ImG�rA; rA; !� 	 �dnlhÂkl���i � dlkhÂln���i�g:

(16)

For weak atom-field coupling, this system can be solved in
Markov approximation using the relations hÂmn���i ’
e�i ~!mn�t���hÂmn�t�i and

R
t
0 d�e

ix�t��� ’ ���x� � iP=x.
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For a nondegenerate system, the off-diagonal elements
of the atomic density matrix 	̂ decouple from one another
as well as from the diagonal elements, and one finds that
the internal atomic dynamics follows the rate equations

 _	nn�t� � ��n	nn�t� �
X
k

�kn	kk�t�; (17)

 _	mn�t��
�
�i ~!mn�

1

2
��m��n�

�
	mn�t�; m�n (18)

(	mn � hmj	̂jni � hÂnmi). Here, the total loss rates read
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and the shifts of the atomic transition frequencies ~!mn �
!mn � �!m � �!n are given by
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they reduce to the perturbative result derived in Ref. [18]
upon setting ~!nk ’ !nk in the denominators.

With these preparations, we evaluate the CP force (5)
with the help of Eqs. (7), (13), and (14) and the solution to
Eq. (10) as
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Here we have used the correlation function

 hÂmn�t�Âkl���i � �nkhÂml���ie�i ~!mn���m��n�=2��t��� (22)

which follows from Eq. (18) by means of the quantum
regression theorem [27]. Evaluating the � integral in
Markov approximation and the ! integral by means of
contour-integral techniques (cf. Ref. [25]), one finds that
the thermal CP force on an atomic system prepared in an
incoherent superposition of energy eigenstates is given by
F�rA; t� �

P
n	nn�t�Fn�rA� with force components

 

Fn�rA����0kBT
X1
N�0

�
1�

1

2
�N0

�
�2
NrTrf��n�i�N�

��n��i�N�� 	G�1��rA;r;i�N�gjr�rA
��0

X
k

f�� ~!nk��
2
nk�n��nk��1�rdnk

	G�1��r;rA;�nk� 	dknjr�rA��� ~!kn��

2
knn��



kn�

�rdnk 	G�1��r;rA;�
kn� 	dknjr�rA�c:c:g (23)

��nk � ~!nk � i��n � �k�=2� and atomic or molecular po-
larizability

 � n�!� �
1

@

X
k

�
dnkdkn
��nk �!

�
dkndnk
��
nk �!

�
: (24)

This result generalizes the zero-temperature force calcu-
lated in Ref. [25].

In order to compare this force with the macroscopic re-
sult (4), we consider an isotropic atomic system in the per-
turbative limit �nk ’ !nk, whereby Eq. (23) simplifies to
 

Fn�rA����0kBT
X1
N�0

�
1�

1

2
�N0

�
�2
N�n�i�N�

�rATrG�1��rA;rA;i�N�

�
�0

3

X
k

!2
nkf��!nk��n�!nk��1�

���!kn�n�!kn�gjdnkj
2rATrReG�1��rA;rA;!nk�

(25)

and coincides with the negative gradient of the frequency
shift (20) given in Ref. [18]. In addition to the Matsubara
sum, the thermal CP force has resonant contributions pro-
portional to n�!nk� and n�!nk� � 1, respectively, which
are due to the absorption and emission of photons by the
atomic system. Even the force F0�rA� on a ground-state
atom or molecule exhibits resonant force components
� 1

3�0!
2
k0n�!k0�jd0kj

2rATr ReG�1��rA; rA; !k0� associ-
ated with thermal-photon absorption which lead to a dis-
crepancy with the macroscopic result (4). These resonant
forces can be observed on time scales which are short with
respect to the inverse ground-state heating rates ��1

0k , and
their magnitude scales with the number of thermal photons
at the respective transition frequency n�!k0�. Polar mole-
cules thus present an ideal candidate for studying them,
since their heating time can be of the order of several
seconds, and the thermal-photon number at the relevant
vibrational and rotational transition frequencies in the
microwave regime can reach values of up to a few hundred
at room temperature [28]. As discussed in Ref. [14], the
enhanced frequency shifts observed very recently via se-
lective reflection spectroscopy of cesium in the far infrared
might be due to a resonant thermal effect of this kind.

Our approach allows us to discuss the full dynamics of
the CP force. It reveals that resonant force components
associated with absorption and stimulated or spontaneous
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emission of photons are a genuine nonequilibrium ef-
fect: According to Eq. (17), the atomic system reaches
thermal equilibrium with its environment in the long-

time limit and is described by the thermal state 	̂T �

e�
P

n
~EnÂnn=�kBT�=Tr�e�

P
n

~EnÂnn=�kBT�� ( ~En � En � @�!n).
In thermal equilibrium, all resonant force components
cancel and the force can be written in the form of Eq. (4)
only if the atomic polarizability has been identified as the
thermal polarizability, �T�!� �

P
n	T;nn�n�!�. In the

limit of a single dominant transition, this equilibrium force
is smaller than that resulting from Eq. (4) with �0�!� by a
factor rT � tanh�@ ~!10=�2kBT�� � �2n� ~!10� � 1��1. The
force on ground-state atoms, which is dominated by elec-
tronic transitions, is insensitive to this effect at room
temperature due to the very small thermal-photon number:
For Rb (!10 � 2:37� 1015 Hz rad [29]), one obtains rT �
1� 1:3� 10�26 at T � 300 K. As in the case of the
nonequilibrium force discussed above, a noticeable devia-
tion from the Lifshitz result is to be expected for polar
molecules: For CaF, force components associated with
vibrational transitions (!10 � 1:15� 1014 Hz rad [30])
are reduced by a factor rT � 0:90, those associated with
rotational transitions (!10 � 1:32� 1011 Hz rad [31])
even by a factor rT � 0:0017—they are thus strongly
reduced with respect to the prediction from Lifshitz theory.

In conclusion, a full quantum-mechanical treatment of
the atom-field interaction has revealed that the thermal CP
force on a ground-state atom or molecule cannot be ob-
tained from a macroscopic calculation while the force on a
fully thermalized atom can—provided that one uses its
correct finite-temperature polarizability. As shown, the
force on thermalized molecules is considerably smaller
than suggested by Lifshitz theory. The resonant contribu-
tions to the force that occur for a ground-state atom are due
to the absorption of thermal photons and manifest a non-
equilibrium effect. In particular, they may dominate the
thermal CP force on polar molecules, where they present
both a considerable limiting factor for the miniaturisation
of molecular surface traps and a novel probe to the surface-
assisted thermal dynamics of these molecules. The discus-
sion presented here immediately generalizes to scenarios
such as those suggested in Ref. [15] where different parts
of the environment are held at different temperatures.

This work was supported by the Alexander
von Humboldt Foundation and the UK Engineering and
Physical Sciences Research Council.
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We demonstrate that Casimir-Polder potentials can be entirely independent of temperature even when

allowing for the relevant thermal photon numbers to become large. This statement holds for potentials that

are due to low-energy transitions of a molecule placed near a plane metal surface whose plasma frequency

is much larger than any atomic resonance frequencies. For a molecule in an energy eigenstate, the

temperature independence is a consequence of strong cancellations between nonresonant potential

components and those due to evanescent waves. For a molecule with a single dominant transition in a

thermal state, upward and downward transitions combine to form a temperature-independent potential.

The results are contrasted with the case of an atom whose potential exhibits a regime of linear temperature

dependence. Contact with the Casimir force between a weakly dielectric and a metallic plate is made.

DOI: 10.1103/PhysRevLett.104.223003 PACS numbers: 31.30.jh, 12.20.�m, 34.35.+a, 42.50.Nn

Dispersion forces between polarizable objects were
originally predicted by Casimir and Polder as a conse-
quence of quantum zero-point fluctuations [1]. Recent
measurements of both Casimir-Polder (CP) forces between
atoms and surfaces [2] and Casimir forces between macro-
scopic bodies [3,4] typically operate at room temperature,
where thermal fluctuations also come into play [5–8]. The
temperature dependence of dispersion forces is of rele-
vance for both fundamental and practical reasons.

On the theoretical side, the correct description of the
Casimir force between metals at finite temperature is sub-
ject to an ongoing debate [4,9]. To wit, predictions differ
for the high-temperature behavior of the Casimir force
between metals, for which employing a standard dissipa-
tive description of the surfaces fails to reproduce the
experimental observations [10]. This suggests that progress
can be made by directly observing the variation of the
Casimir force with temperature.

On the practical side, CP forces become increasingly
relevant when trying to trap and coherently manipulate
cold atoms near surfaces [11]. Current endeavours aim at
extending these techniques to more complex systems such
as polar molecules [12]. Such systems typically exhibit
long-wavelength transitions so that CP forces become in-
creasingly long-ranged. This raises the question of whether
they can be controlled by lowering the ambient tempera-
ture and hence suppressing thermal force components.

Thermal contributions to the CP potential are governed

by the photon number nð!Þ ¼ ½e@!=ðkBTÞ � 1��1. A notice-
able deviation of the potential from its zero-temperature
value is to be expected when nð!Þ * 1 in the relevant
frequency range. This is the case, for instance, for mole-
cules with small transition frequencies, j!knj & kBT=@ ¼
3:93� 1013 rad=s at room temperature (300 K). The asso-
ciated wavelengths are much larger than typical experi-
mental molecule-surface separations in the nanometer to

micrometer range [2], zA � c=j!knj. Furthermore, experi-
mental realizations typically involve metal surfaces with
j"ð!knÞj � 1 which act like perfect reflectors.
As we will show in this Letter, the above three condi-

tions combined result in potentials which are independent
of temperature over the entire range from zero to room
temperature and beyond. We will first discuss the case of a
molecule prepared in an energy eigenstate and then con-
sider molecules at thermal equilibrium with their environ-
ment, comparing our results with those for atoms whose
transitions involve higher energies.
Molecule vs atom in an eigenstate.—As shown in

Ref. [13], the CP potential of a molecule prepared in an
isotropic energy eigenstate jni at distance zA from the
plane surface of a metal,

UnðzAÞ ¼ Unr
n ðzAÞ þUev

n ðzAÞ þUpr
n ðzAÞ; (1)

may be separated into three contributions: a nonresonant
term Unr

n due to virtual photons that is formally similar to
that produced by the Lifshitz theory [5], and a resonant
contribution due to real photons which may be further split
into contributions from evanescent (Uev

n ) and propagating
(Upr

n ) waves. The nonresonant potential is given by [13]

Unr
n ðzAÞ ¼ ��0kBT

6�@

X
k

jdnkj2
X1
j¼0

0 !kn

!2
kn þ �2

j

Z 1

�j=c
db

� e�2bzAf2b2c2rpði�jÞ � �2
j ½rsði�jÞ þ rpði�jÞ�g (2)

[!kn ¼ ðEk � EnÞ=@, transition frequencies; dnk, dipole
matrix elements; �j ¼ j� with � ¼ 2�kBT=@, Matsubara

frequencies; and the primed summation indicates half-
weight for the term j ¼ 0] and the evanescent one reads

Uev
n ðzAÞ¼ �0

12�

X
k

nð!knÞjdnkj2
Z 1

0
dbe�2bzA

�f2b2c2Re½rpð!knÞ�þ!2
nkRe½rsð!knÞþrpð!knÞ�g; (3)

note that nð!knÞ ¼ �½nð!nkÞ þ 1� for downward transi-
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tions. These two contributions dominate in the region
zAj!knj=c � 1 that we are interested in, while the spa-
tially oscillating U

pr
n becomes relevant only in the far-field

range zAj!knj=c � 1. The reflection coefficients of the
surface for s- and p-polarized waves are given by rsð!Þ ¼
ðb� b1Þ=ðbþ b1Þ and rpð!Þ ¼ ½"ð!Þb� b1�=½"ð!Þbþ
b1� with b1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � ½"ð!Þ � 1�!2=c2

p
, Reðb1Þ> 0.

For our analytical investigations, we will model the
metal surface by a perfect reflector with frequency-
independent reflection coefficients rs � �1 and rp � 1.

This is well justified, as the plasma frequency is typically
much larger than the molecular transition frequency !kn,
and hence j"ð!Þj � 1 in the relevant frequency range. The
b integrals can then be performed to give

Unr
n ðzAÞ ¼ � kBT

12�"0@z
3
A

X
k

jdnkj2
X1
j¼0

0 !kne
�2jzA�=c

!2
kn þ j2�2

�
�
1þ 2j

zA�

c
þ 2j2

z2A�
2

c2

�
; (4)

Uev
n ðzAÞ ¼ 1

24�"0z
3
A

X
k

nð!knÞjdnkj2: (5)

The asymptotic temperature dependence of the potential
for a given distance zA is governed by two characteristic
temperatures: The molecular transition frequency defines a
spectroscopic temperature T! ¼ @j!knj=kB, which is
roughly the temperature required to noticeably populate
the upper level. Similarly, the distance introduces a geo-
metric temperature Tz ¼ @c=ðzAkBÞ, i.e., the temperature
of radiation whose wavelength is of the order zA.

We will now show that the total potential becomes
independent of temperature in both the geometric low-
temperature limit T � Tz and the spectroscopic high-
temperature limit T � T!. For a typical molecule with its
long-wavelength transitions, the potential is nonretarded
for typical molecule-surface distances, zAj!knj=c � 1. As
depicted in Fig. 1 (i), this implies T! � Tz; hence, the two
regions of constant potential overlap and the potential is
constant for all temperatures. For an atom, on the contrary,
the transition wavelengths are much shorter, so that we
may have zAj!knj=c � 1. In this case, an intermediate
regime Tz � T � T! exists where the potential increases
linearly with temperature, cf. Fig. 1 (ii).

We begin with a typical molecule with zAj!knj=c � 1.
In the geometric low-temperature limit T � Tz, we have
zA�=c � 1; hence, the sum in Eq. (4) is densely spaced.
The factor 1=ð!2

kn þ j2�2Þ restricts it to values where

jzA�=c � zAj!knj=c � 1. With this approximation, the
summation can be performed as

X1
j¼0

0 1

a2 þ j2
¼ �

2a
cothð�aÞ (6)

and we find

Unr
n ðzAÞ ¼T�Tz � 1

24�"0z
3
A

X
k

�
nð!knÞ þ 1

2

�
jdnkj2; (7)

noting that coth½@!kn=ð2kBTÞ� ¼ 2nð!knÞ þ 1. Adding
the evanescent contribution (5), we find the temperature-
independent total potential

UnðzAÞ ¼T�Tz �
P
k

jdnkj2

48�"0z
3
A

¼ � hd̂2in
48�"0z

3
A

; (8)

in agreement with the well-known nonretarded zero-
temperature result [1].
In the spectroscopic high-temperature limit T � T!, we

have �=j!knj � 1. Because of the denominator !2
kn þ

j2�2, the j ¼ 0 term strongly dominates the sum in
Eq. (4) and we find

Unr
n ðzAÞ ¼T�T! � 1

24�"0z
3
A

X
k

kBT

@!kn

jdnkj2: (9)

Under the condition T � T!, i.e., kBT � @j!knj, the eva-
nescent contribution (5) reduces to

Uev
n ðzAÞ ¼T�T! 1

24�"0z
3
A

X
k

�
kBT

@!kn

� 1

2

�
jdnkj2: (10)

Adding the two results, the total potential is again tem-
perature independent and given by Eq. (8). This limit is just
the high-temperature saturation found in Refs. [7,13].
The thermal CP potential of a typical molecule with its

long-wavelength transitions has thus been found to be
temperature independent in the geometric low-temperature
and spectroscopic high-temperature regimes. Because of
the condition zAj!knj=c � 1, at least one of the conditions
T � Tz or T � T! always holds, implying that the poten-
tial is constant for all temperatures and it agrees with its
zero-temperature value. The independence of the total
potential in both regimes is a result of cancellations be-
tween nonresonant and evanescent potential components,
which both strongly depend on temperature. This is illus-
trated in Fig. 2, where we display the total temperature-
independent potential as well as its nonresonant and eva-
nescent parts for a ground-state LiH molecule in front of a
Au surface for various temperatures. It is seen that very
strong cancellations occur, especially at high temperatures.
Note that, while our theoretical arguments are based on the
perfect-conductor limit, all numerical examples use the
reflectivities of real metals.
We now turn to the case of atoms, whose electronic

wavelengths are short compared to typical experimental
separations: zAj!knj=c � 1. The exponential restricts the
sum in Eq. (4) to terms with j� & c=zA � j!knj, so the

FIG. 1 (color online). Sketch of the temperature dependence of
the CP potential for a typical molecule vs a typical atom.
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term j2�2 in the denominator may be neglected. The sum
can then be performed according to

X1
j¼0

0
e�2jað1þ 2jaþ 2j2a2Þ !

�
3=ð2aÞ a � 1
1=2 a � 1:

(11)

In the geometric low-temperature regime T � Tz, we fur-
ther have zA�=c � 1, i.e., a � 1 in Eq. (11); hence

Unr
n ðzAÞ ¼T�Tz � c

16�2"0z
4
A

X
k

jdnkj2
!kn

; (12)

in agreement with the famous zero-temperature result of
Casimir and Polder [1]. Moreover, the condition
zAj!knj=c � 1 implies that T � Tz � T!: The geomet-
ric low-temperature regime is also a spectroscopic one, and
hence the evanescent potential reduces to

Uev
n ðzAÞ ¼T�Tz � 1

24�"0z
3
A

X
k

�ð!nkÞjdnkj2: (13)

[�ðxÞ is the unit step function.] Adding the two contribu-
tions, we find the temperature-independent total potential

UnðzAÞ ¼T�Tz� 1

24�"0z
3
A

X
k

�
3c

2zA!kn

þ�ð!nkÞ
�
jdnkj2

(14)

in the geometric low-temperature regime.
For intermediate temperatures Tz � T � T!, we have

zA�=c � 1, so using a � 1 in the sum (11), the nonreso-
nant potential (4) is found to read as in Eq. (9). The
evanescent contribution is still given by Eq. (13), so the
total potential varies linearly with temperature,

UnðzAÞ ¼Tz�T�T! � 1

24�"0z
3
A

X
k

�
kBT

@!kn

þ�ð!nkÞ
�
jdnkj2:

(15)

In the spectroscopic high-temperature limit T � T!, the
evanescent contribution is given by Eq. (10) as already
shown. It cancels with the nonresonant contribution, still
agreeing with Eq. (9), to give a saturated potential of the
form (8). However, with, e.g., T! � 18:000 K for Rb, this

saturation is unobservable. Moreover, as the electronic
transition frequencies can be comparable to the plasma
frequency of the metal, the assumptions rs � �1 and rp �
1 do not hold. As a consequence, the cancellations required
to achieve saturation do not occur for atoms near realistic
metal surfaces.
We have thus seen that for an atom with zAj!knj=c � 1,

separate geometric low-temperature and spectroscopic
high-temperature regimes exist, with the potential exhibit-
ing a linear temperature dependence between these two
regions. The difference between the thermal CP potentials
of typical atoms vs molecules is illustrated in Fig. 3, where
we show the temperature dependence of the potential at
fixed distance from a Au surface for different species. The
potentials associated with the long-wavelength, rotational
transitions of LiH and OH are virtually temperature inde-
pendent, while the short-wavelength electronic transition
of Rb shows a linear increase over a large range of tem-
peratures. YbF, with its dominant vibrational transition,
lies in between the two extremes of typical long-
wavelength molecular and short-wavelength atomic tran-
sitions; its potential increases by about 30% in the dis-
played temperature range. In contrast to the other
examples, the potential of YbF noticeably deviates from
the corresponding ideal conductor result due to imperfect
reflection. Note that contributions to the molecular CP
potentials due to electronic transitions are smaller than
the rotational and vibrational ones (8) by factors
c=ðzA!knÞ � 1 (14) or kBT=ð@!knÞ � 1 (15) within the
displayed temperature range and are hence negligible.
Molecule at thermal equilibrium.—The proven tempera-

ture independence immediately generalizes to molecules in
incoherent superpositions of energy eigenstates with
temperature-independent probabilities pn � pnðTÞ and to-
tal potential UðzAÞ ¼ P

npnUnðzAÞ. The situation is differ-
ent for a molecule at thermal equilibrium with its
environment because the respective probabilities pnðTÞ ¼
exp½�En=ðkBTÞ�=

P
k exp½�Ek=ðkBTÞ� do depend on T. At

thermal equilibrium, all resonant potential components

FIG. 2 (color online). CP potential of a ground-state LiH
molecule in front of a Au surface. We show the total potential
(solid line) as well as its evanescent (dashed line) and non-
resonant (dotted line) contributions for temperatures 10 K, 50 K,
100 K, 200 K, 300 K (left to right).

FIG. 3 (color online). Temperature dependence of the CP
potential of various ground-state atoms and molecules at dis-
tance zA ¼ 5 �m from a Au surface. The transition frequencies
of these species are such that zA!kn=c ¼ 0:046 (LiH), 0.26
(OH), 1.59 (YbF), 40.2 (Rb). For comparison, the perfect-
conductor result for YbF is also shown (dotted line).
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cancel pairwise [8]. Introducing potential components Unk

due to a particular transition n $ k (such that Un ¼P
kUnk) and the associated statistical weights pnk ¼ pn þ

pk, and exploiting the fact that Ukn ¼ �Unk, we can write
the total potential in the form

UðzAÞ¼
X
n<k

ðpn�pkÞUnr
nkðzAÞ

¼X
n<k

pnk tanh

�
@!kn

2kBT

�
Unr

nkðzAÞ: (16)

The behavior of this potential in the two limits relevant
for a molecule with zAj!knj=c � 1 follows immediately
from the asymptotes given in the previous section. For
T � Tz, U

nr
nk from Eq. (7) leads to

UðzAÞ ¼T�Tz � 1

48�"0z
3
A

X
n<k

pnkjdnkj2; (17)

where nð!knÞ þ 1=2 ¼ coth½@!kn=ð2kBTÞ�=2 has been
used once more. For T � T!, we recall U

nr
nk from Eq. (9)

and note that tanh½@!kn=ð2kBTÞ� � @!kn=ð2kBTÞ to again
find the potential (17).

Combining the two results, we may use the main argu-
ment of the previous section to conclude that the potential
components Unk associated with a particular transition
n $ k are independent of temperature for all temperatures.
The independence is a result of cancellations between the
purely nonresonant contributions from lower state n and
upper state k. Note, however, that the statistical weights
pnk introduce a weak temperature dependence, in general:
The total potential is only strictly temperature independent
when dominated by a single transition. For instance, when
accounting for the presence of the first vibrational transi-
tion in LiH (labeled as 2), the weight p01 for the dominant
rotational transition varies from its zero-temperature value

unity to p01ðTÞ ¼ ð1þ e�@!10=kBTÞ=ð1þ e�@!10=kBT þ
e�@!20=kBTÞ ¼ 0:9994 at room temperature.

Relevance to Casimir forces.—To illustrate the rele-
vance of the demonstrated temperature independence to
the Casimir force, let us consider an infinite dielectric half-
space filled with molecules of number density � at a
distance z from a metal plane. For a weakly dielectric
medium, the Casimir energy per unit area is given by
EðzÞ ¼ R1

z dzA�UðzAÞ [14]. Using Eq. (17), we find that

EðzÞ ¼ �

96�"0z
2

X
n<k

pnkjdnkj2; (18)

which is temperature independent under the conditions
mentioned above. Note that Lifshitz’s expression only
agrees with this statement if the correct thermal permittiv-
ity is used [8]. If the ground-state permittivity is used, one
describes a system out of equilibrium, and the Lifshitz
formula does not apply.

For dielectrics with a stronger response (such that "�
1 � 1 does not hold), many-body effects will lead to

temperature-dependent corrections of higher order in the
molecular polarizability. They are suppressed in the spec-
troscopic high-temperature limit T � T!, since they are of
higher order in tanh½@!kn=ð2kBTÞ� � 1. Our results hence
remain valid in this latter limit even for moderately strong
dielectrics. On the contrary, they do not immediately gen-
eralize to the force between two metals.
Summary.—The temperature independence encountered

for molecules with long-wavelength transitions shows that
CP forces on such systems cannot be altered via the
ambient temperature. Instead, the original zero-
temperature results of Casimir and Polder apply univer-
sally across the whole temperature range. It is worth em-
phasizing that a ‘‘classical’’ regime of linear temperature
dependence is never reached. Our results further indicate
that when accounting for the thermal excitation of the
media, the temperature dependence of Casimir forces in-
volving dielectrics may be weaker than previously thought.
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An atom irradiated by an off-resonant laser field near a surface is expected to experience the sum of two
fundamental potentials, the optical potential of the laser field and the Casimir-Polder potential of the surface.
Here, we report a new nonadditive potential, namely, the laser-induced Casimir-Polder potential, which arises
from a correlated coupling of the atomwith both the laser and the quantum vacuum.We apply this result to an
experimentally realizable scenario of an atomic mirror with an evanescent laser beam leaking out of a surface.
We show that the nonadditive term is significant for realistic experimental parameters, transforming potential
barriers into potential wells, which can be used to trap atoms near surfaces.

DOI: 10.1103/PhysRevLett.121.083603

In experiments involving an applied electromagnetic
field and particles trapped in or near material objects,
two forces of very different origin arise. One is the Casimir-
Polder (CP) force [1] arising from the interaction between
an atom and the electromagnetic vacuum field, which is
restricted and modified by the presence of nearby surfaces
[2]. The other is the optical force stemming from the direct
interaction between the applied electromagnetic field and
the atom. The latter was first applied in experiments where
micron-size dielectric spheres were trapped by two laser
beams [3], eventually leading to the first observation of
optical trapping of atoms by a single strongly focused
Gaussian laser beam [4]. Atoms can also be reflected by an
evanescent laser field at a surface, as shown, for example, in
Ref. [5] where state-selective reflection of Na atoms was
demonstrated using an evanescent field.
The CP force has been studied extensively. It is well

described by many established theoretical approaches,
ranging from a quantum-mechanical linear-response for-
malism [6,7] to macroscopic extensions of quantum
electrodynamics that incorporate material properties, see,
e.g., Ref. [8]. There are also several experimental tech-
niques to investigate this force. Almost fifty years after its
theoretical prediction, the CP force was first measured by
observing the deflection of atoms passing through a
V-shaped cavity [9]. Later, it was demonstrated that the
scattering of slowly moving atoms from a surface can also
be used to deduce the CP potential [10]. Recently,
approaches involving a single Rb atom optically trapped
close to a surface have been employed [11]. There, the sum
of the trapping potential and the CP potential determines
the equilibrium position of the atom, so that for a known
trapping potential the CP potential can be determined.
This technique has recently been used to make a first

direct measurement of CP forces between solid surfaces

and atomic gases in the transition regime between short
distances (nonretarded) and long distances (retarded) [11,12].
In this experiment, ultracold ground-state Rb atoms are
reflected from an evanescent wave barrier at a glass prism.
The question arises whether the two fundamentally

different ingredients, the CP potential (UCP) and the
light-induced optical potential (UL), can be simply added
to obtain the total potential. Being inherently related to
universal scaling laws of dispersion potentials [13], this
question is of fundamental importance. In this Letter
we report a new nonadditive laser-induced CP potential.
We show that it plays an important role under specific
experimental conditions.
The CP potential can be viewed as the modification of a

fluctuating dipole moment due to the electric field those
fluctuations induce. It is clear that this is a recursive
process; the dipole induces a field, which in turn interacts
with the dipole, changing the field it produces, which then
interacts again with the dipole and so on. Normally, only
the first step in this process is considered, where the
fluctuations of the dipole moment are taken to come from
the field that would be present if the dipole were not there.
This electric field could come from the vacuum field or a
laser field depending on the specific context. This leads to
the usual approach taken when considering atoms subject
to vacuum and laser fields; the two potentials are simply
added (cf. Ref. [14]). Here we consider and take into
account the effect of the laser field on the CP potential.
Quantum vacuum forces between an atom in its ground

state and a surface are attractive and in general not suitable
to create a stable position for the atom [15]. Nevertheless,
Ref. [16] describes the possibility of trapping ground-state
atoms by dressing them with an excited state whose
potential is repulsive in a laser field. This method is similar
in spirit to our work, especially because the laser-induced
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CP potential for the atomic ground state resembles the
excited-state CP potential (cf. Fig. 1), but has a major
difference in its assumption of a position-independent Rabi
frequency.
We describe the system using a Hamiltonian that governs

the coupling of the atom to the electric field and con-
sequently consists of a field part, an atomic part, and a
multipolar dipole-field coupling. The field Hamiltonian ĤF
can be expressed as

ĤF ¼
X

λ¼e;m

Z
d3r

Z
∞

0

dωℏωf̂†λðr;ωÞ · f̂λðr;ωÞ; ð1Þ

where f̂λ and f̂†λ are creation and annihilation operators for
composite field-matter excitations. Here we model a driv-
ing laser as being a result of a source occupying a volume
VS in space. This leads us to represent field states as a
product

jψiF ¼ jffλðr;ωÞgi
r∈VS

⊗ jf0gi
r∉VS

ð2Þ

of coherent excitations jffλðr;ωÞgi in the source region
and the vacuum state jf0gi for all other regions. If the
annihilation operator f̂λðr;ωÞ acts on the state (2), there are,
consequently, two contributions

f̂λðr;ωÞjψiF ¼
�
fλðr;ωÞjψiF if r ∈ VS

0 if r ∉ VS
: ð3Þ

The atom-field Hamiltonian ĤAF ¼ −d̂ · ÊðrAÞ in the
multipolar coupling scheme is determined by the electric
field at the atom’s position rA and the dipole operator d̂.

The electric field is given by the respective classical
Green’s tensor Gðr; rA;ωÞ and the field operator
f̂λðr;ωÞ. Solving the Heisenberg equation of motion for the
field operator using the field Hamiltonian ĤF (1) and
the coupling Hamiltonian ĤAF and inserting this back into
the electric field, the final expression for the time-dependent
electric field operator yields

Êðr;ω; tÞ ¼ Êfreeðr;ω; tÞ þ Êindðr;ωÞ
¼ Êðr;ωÞe−iωðt−t0Þ

þ iμ0
π

ω2

Z
t

t0

dt0e−iωðt−t0ÞImGðr; rA;ωÞ · d̂ðt0Þ;

ð4Þ

where μ0 is the permeability of free space. The induced
contribution represents the inhomogeneous part of the
solution and couples the Green’s tensor to the atomic
dipole moment as shown in Ref. [17]. The state (3) can
be inserted into Eq. (4)where the free component ismodeled
as a classical laser driving field of frequencyωL at the atom’s
position, EðrA; tÞ ¼ EðrAÞ cos ðωLtÞ. In a similar way, one
can compute the Heisenberg equation of motion for the
atomic flip operator ÂmnðtÞ [18] defined in such a way that
the atomic part of the Hamiltonian is ĤA ¼ P

nEnÂnn.
We first assume that the atom-field coupling is weak

and that the field is far-detuned from the atomic reso-
nance. This assumption is later relaxed to obtain a more
general result, as described in Ref. [19]. The electric field
(4) is evaluated using the Markov approximation for weak
atom-field coupling and we discard slow nonoscillatory
dynamics of the flip operator by setting Âmnðt0Þ ≃
eiω̃mnðt0−tÞÂmnðtÞ for the time interval t0 ≤ t0 ≤ t. To apply
the Markov approximation we have assumed that the
atomic transition frequency ω̃10 is not close to any narrow-
band resonance mode of the medium. If there were such a
mode, the atom would mostly interact with it, similar to
a cavity. In this case the mode could be modeled by a
Lorentzian profile [18,20,21].
The parameters entering the dynamics are the shifted

frequency ω̃mn ¼ ωmn þ δωmn, where ωmn is the atom’s
pure eigenfrequency and the CP frequency shift δωmn
due to the presence of the surface, and the rate of
spontaneous emission Γmn. The fast-oscillating nondiago-
nal parts ÂmnðtÞ can be decoupled from the slowly
oscillating diagonal operator terms ÂmmðtÞ by assuming
that the atom does not have quasidegenerate transitions.
Moreover the atom is unpolarized in each of its energy
eigenstates so that dmm ¼ 0, which is guaranteed by atomic
selection rules [18]. Finally, we assume the atom stays in its
initial state with hÂklðt0Þi≈hÂklðtÞi≈δknδln. Consequently,
to compute the dipole moment we only need the non-
diagonal elements of the atomic flip operator

0 0.5 1 1.5 2
–2

–1

0

1

2

z [µm]

U
[M

H
z]

FIG. 1. Difference ΔU ¼ UCP − ULCP for a perfectly con-
ducting mirror with reflective coefficients rs ¼ −1 and rp ¼ 1.
The laser intensity is I ¼ 5 W=cm2 used for Rb atoms with a
transition frequency of ω̃10 ¼ 2.37 × 1015 rad=s. The detuning
is Δ ¼ 2π × 108 rad=s. The angle between the z axis and the
orientation of the field EðrAÞ is θ ¼ π=2.
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h _̂AmnðtÞi ¼ iω̃mnhÂmnðtÞi −
1

2
½Γn þ Γm�hÂmnðtÞi

þ i
ℏ

X

k

½hÂmkðtÞidnk − hÂknðtÞidkm� ·EðrA; tÞ:

ð5Þ

Similar to the electric field (4), the equation for the time
evolution of the dipole operator d̂ðtÞ can be split into free
and induced (electric field dependent) parts d̂freeðtÞ and
d̂indðtÞ, given, respectively, by the first and second lines
of Eq. (5).
In the Markov approximation, we use the expression of

the complex atomic polarizability for an atom in a spheri-
cally symmetric state with negligible damping

αnðωÞ ¼
2

3ℏ

X

k

ω̃knjdnkj2
ω̃2
kn − ω2

1; ð6Þ

where 1 is the unit matrix. The dipole moment in the time
domain reads

hd̂indðtÞin ¼
1

2
½αnðωLÞEðrAÞe−iωLt þ H:c:�; ð7Þ

which oscillates with the laser frequency ωL. An equivalent
expression for the induced electric field Êindðr; tÞ is
obtained in a similar way.
The quantity we are interested in is the total potential

U ¼ − 1
2
hd̂ðtÞ · ÊðrA; tÞi, which consists of various con-

tributions as shown in Table I. The order of the terms is
determined by the number of dipole moments. At leading
order, the induced part of the field (dipole moment)
depends on the free part of the dipole moment (field),
given by the first iteration of Eq. (4). This leads to two well-
known potentials, namely, the laser-light potential and the
standard, undriven CP potential. Going one iteration further
yields an additional contribution containing four dipole

moments in total, the CP potential under the influence of
the driving laser field. This contribution is nonadditive; i.e.,
the total potential experienced by the atom can no longer be
obtained simply by summing the Casimir-Polder potential
and the laser-induced potential. We will show that this
nonadditive contribution can be significant under certain
circumstances.
The term of lowest order hd̂freeðtÞ · ÊfreeðrA; tÞi contains

the free dipole moment and the free electric field. For
r0 ∈ VS, this expression leads to the vanishing expectation
value of the free dipole moment hd̂freeðtÞi ¼ 0. In the
case of r0 ∉ VS, this term vanishes as well according to
Eqs. (2) and (3). The occurrence of a free dipole moment is
the reason for the terms of odd order to vanish. The
standard, undriven CP potential is obtained from the term
hd̂freeðtÞ · ÊindðrA; tÞi [22]

UCPðrAÞ ¼
ℏμ0
2π

Z∞

0

dξξ2αnðiξÞTrGðSÞðrA; rA; iξÞ

−
μ0
3

X

k<n

ω̃2
nkjdnkj2Tr½ReGðSÞðrA; rA; ω̃nkÞ�: ð8Þ

GðSÞðrA; rA; ω̃nkÞ is the scattering part of the classical
Green’s tensor GðrA; rA; ω̃nkÞ. The CP potential can be
split into resonant and off-resonant contributions, where
the ground state only shows the latter. The third term
of the total potential U results in the laser-light potential
hd̂indðtÞ · ÊfreeðrA; tÞi ¼ hd̂indðtÞi ·EðrA; tÞ from the coher-
ent time-averaged electric field ðr0 ∈ VSÞ,

ULðrAÞ ¼ −
1

4
αnðωLÞE2ðrAÞ; ð9Þ

and the fourth termof the total potential hd̂indðtÞ · ÊindðrA; tÞi
vanishes again both for r0 ∈ VS and r0 ∉ VS.
We are interested in a higher-order iteration, where the

induced part of the dipole moment itself depends on the
induced part of the electric field, while the induced electric
field itself contains the induced dipole moment. Combining
the two high-order perturbative expressions for d̂ and Ê
leads to the final result for the driven CP potential

ULCPðrAÞ

¼ −
1

2
hd̂indðtÞ · Êð2Þ

indðrA; tÞi −
1

2
hd̂ð2Þ

indðtÞ · ÊfreeðrA; tÞi

¼ −
μ0ω

2
L

2
α2nðωLÞEðrAÞ · ReGðSÞðrA; rA;ωLÞ ·EðrAÞ:

ð10Þ

This expression contains induced dipole moments and
induced electric fields, both of second order. The CP force
corresponding to the potential (10) is computed by taking

TABLE I. Summary of contributions to the total potential U.
The contributions to lowest order (yellow) form the ordinary CP
potential UCP and the laser-light potentialUL. Higher-order terms
(green) build up the nonadditive laser-induced CP potentialULCP,
with certain terms vanishing as explained in the main text.
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the gradient of the potential FLCPðrAÞ ¼ −∇AULCPðrAÞ
and can be expressed using the two contributions

∇hd̂ð2Þ
ind · ÊfreeðrÞir¼rA þ∇hd̂ind · Ê

ð2Þ
indðrÞir¼rA , where one

can use the relation ∇EðrAÞ ·EðrÞjr¼rA ¼ 1
2
∇AE2ðrAÞ

and the symmetry of the Green’s tensor
∇GðSÞðr; rAÞjr¼rA ¼ 1

2
∇AGðSÞðrA; rAÞ.

Figure 1 shows the difference between the laser-induced
CP potential and the standard CP potential UCP for a

perfectly conducting mirror, whose Green’s tensor is well
known. The laser-induced potential for a constant laser
potential is similar to the CP potential of an excited atom.
The strongest addition effect of ULCP is seen in the
nonretarded regime, which we investigate further for a
more realistic evanescent laser field.
For simplicity we first consider a two-level, isotropically

polarized atom a distance z away from a dielectric
half-space described by s (transverse electric: TE) and p

FIG. 2. Upper figure: Total potential with (solid lines) and without (dotted lines) the nonadditive term calculated here, for three
different values of the potential scale U0. The dashed lines are the total potential using the perturbative result, as opposed to the
nonperturbative one. The parameters taken from Refs. [11,12] are as follows: decay length z0 ¼ 430 nm, detuning Δ ¼ 2π × 108 Hz,
dipole moment d ¼ 2.53 × 10−29 Cm, transition frequency ω̃10 ¼ 2.37 × 1015 rad=s and quality factor Q ¼ 37.5 ¼ −ReðrpÞ. As
reported in Ref. [11] the potential scale is given by U0 ∼ PðWÞ × 10−23 J=W, meaning the range of values chosen for this quantity are
commensurate with milliwatt laser power. The lower figure shows the positions of the minima and maxima of the additive potential UA
(dotted), the perturbative potential UP

NA (dashed) and exact nonadditive potential UE
NA (solid) as a function of the potential scale U0 and

the distance. This demonstrates that the nonadditive potential undergoes a transition from a traplike to barrierlike as a function of the
atom-surface distance, while the additive potential remains barrierlike for all parameters shown here.
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(transverse magnetic: TM) polarized reflection coefficients
rs and rp. We display our formulas in the nonretarded
(small z) limit, but all plots are produced including the
effects of retardation. We find,

ULCP ¼ −
jdnkj2

192πϵ20z
3

Ω2

Δ2
Rerp ¼ UCPUL

Rerp
ℏΔ

; ð11Þ

where we have definedΩ≡EðrAÞ·dnk=ℏ andΔ¼ωL−ω̃10,
and on the right-hand side we have written the result in a
suggestive form. This tells us that the laser-assisted Casimir-
Polder potential is given by the product of the laser potential
and the Casimir-Polder potential, modulated by the detuning
Δ and the reflection coefficient rp.
So far we have used a perturbative approach that is valid

for a large detuning Δ. As we shall see later, this is not
reliably satisfied for the particular application to the
evanescent laser field, since the detuning and Rabi fre-
quency Ω turn out to be of the same order of magnitude.
Repeating the calculation by solving the optical Bloch
equations, we find a more general nonperturbative result
(see Ref. [19] for details);

UNP
LCP ¼ −

jdnkj2
192πϵ20z

3

Ω2

Δ2 þ Ω2
Rerp; ð12Þ

which is seen to reduce to the perturbative result (11) in the
large-detuning limit. The potential arising from an evan-
escent laser field can be written as UL ¼ U0e−2z=z0 , where
U0 is a constant that sets the scale of the interaction, and z0
is its range. The electric field that is associated with this
potential satisfies E2

L ¼ 6ℏΔUL=d2, which gives the Rabi
frequency as Ω2

L ¼ 6ΔUL=ℏ.
The final ingredient we require is the electromagnetic

response of the surface, described by a permittivity ε, which
enters into Eq. (12) through the nonretarded limit of the p-
polarized reflection coefficient: rp ¼ ðε − 1Þ=ðεþ 1Þ. By
taking the Drude-Lorentz model as a basis, the reflection
coefficient becomes rp ≈ ωS=2γ with the plasmon reso-

nance frequency ωS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
0 þ ω2

P=2
p

, which in turn
depends on the absorption line frequency ω0, the plasma
frequency ωP and the damping constant γ, cf. Ref. [16]. It is
important to note that the real part of the reflection
coefficient has both positive and negative wings around
its resonance frequency, so that when viewed as a quality
factor ReðrpÞ ¼ �Q. As shown in Refs. [23–26], surface
plasmon resonances, connected in the context of CP
potentials, can be used to produce a maximum Purcell
enhancement factor (or quality factor Q) of up to 60.
In order to produce concrete predictions, we consider the

setup of Refs. [11,12], where an evanescent wave is created
close to a surface creating a repulsive dipole potential into
which a rubidium atom is placed. In order to assess the
contribution of our nonadditive term ULCP we compare the

“additive” potential UA ¼ UCP þ UL to that with the exact
nonadditive term included:UE

NA ¼ UCP þUL þ UNP
LCP. Our

results are shown in Fig. 2, and demonstrate that the
nonadditive term calculated here has a drastic effect on
even the qualitative character of the potential. The pertur-
bative version UP

NA ¼ UCP þ UL þ ULCP of the laser-
assisted Casimir-Polder potential is shown for reference,
it is seen that the qualitative character of the effect is
captured in the perturbative regime, but precise predictions
require the nonperturbative result.
In this Letter we have derived and theoretically evaluated

a nonadditive laser-induced CP potential. The electric field
and the dipole moment were each split into a free
contribution and an induced contribution, each of which
depends on the other. In this way the laser light potential
and the standard CP potential are reproduced as lowest-
order terms. The higher-order correction term leads to the
nonadditive potential which we have derived in both a
perturbative and nonperturbative approach. We have shown
that this term makes a significant contribution under certain
experimental conditions. If the laser power is high enough
and in combination with an additional enhancement by a
surface plasmon resonance, the occurrence and position of
barriers and minima in the total potential can significantly
change, leading to local minima, which can be used to trap
atoms near surfaces.
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Abstract – The emission by an initially completely inverted ensemble of two-level atoms in the
long-wavelength regime is simultaneously enhanced by both collective effects (Dicke effect) and
dielectric environments (Purcell effect), thus giving rise to a combined Purcell–Dicke effect. We
study this effect by treating the ensemble of N atoms as a single effective N + 1-level “Dicke
atom” which couples to the environment-assisted quantum electrodynamic field. We find that an
environment can indeed alter the superradiant emission dynamics, as exemplified using a perfectly
conducting plate. As the emission acquires an additional anisotropy in the presence of the plate,
we find an associated resonant Casimir-Polder potential for the atom that is collectively enhanced
and that exhibits a superradiant burst in its dynamics. An additional tuneability of the effect is
introduced by applying an external driving laser field.

editor’s  choice Copyright c© EPLA, 2018

Introduction. – Recent studies of atom-light interac-
tions in non-trivial environments have increasingly focused
on collective effects [1,2]. In such efforts, two very distinct
phenomena can potentially lead to a complex interplay:
the Casimir-Polder potential of a single atom near a sur-
face mediated by the vacuum fluctuations [3] and the as-
sociated change of the atom’s spontaneous emission rate
due to the surface’s presence (Purcell effect [4]) on the one
hand, and the collective enhancement of radiation in an
atomic ensemble (Dicke effect [5]) on the other.

The Casimir-Polder potential and its associated force
are part of the field of dispersion forces, which are pure
quantum forces in a sense that they stem from zero-point
fluctuations of the quantized electromagnetic field. There
are a variety of theoretical frameworks to describe the
Casimir-Polder potential [6,7]. We use macroscopic quan-
tum electrodynamics (QED), cf. e.g. ref. [8], an exten-
sion of vacuum QED incorporating material properties
by macroscopic response functions such as permittivity or
permeability. Experimentally, Casimir-Polder forces can
be made visible directly via the change of the atomic mo-
tion under the influence of the potential, e.g., by measur-
ing the deflection angle of atoms passing a macroscopic
object such as a V-shaped cavity [9], or in an indirect

approach using spectroscopy to detect the shift of the
atomic transition frequency [10].

Originally defined as the enhancement of the rate of
spontaneous decay of an atom coupled to a single-mode
resonant cavity [4,11], the term Purcell effect can also be
extended to a situation where the atom is in the vicinity
of a single surface providing a large density of states and
thus an enhancement of the radiative decay [12,13]. This
has been exploited, e.g. by increasing light emission of
quantum wells in InGaN light-emitting diodes by means
of surface plasmons [14].

Superradiance is another effect which enhances light
emission, in this case by a collective mechanism in an en-
semble of atoms [15]. The characteristics of the emerg-
ing superradiant burst for a total number of N atoms
are the proportionality of its height to N2 and its width
to 1/N . The first experimental verification of superradi-
ance was realized in an optically pumped hydrogen fluo-
ride gas [16]. After this first detection, superradiance was
studied for several systems, e.g. in quantum dots [17],
single diamond nanocrystals [18], Rydberg atoms [19], or
artificial atoms in a cavity [1]. As a further development,
collective effects have recently been demonstrated to im-
pact atom-light interactions near surfaces [2]. There, by
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studying the cooperative coupling of ultracold atoms to
surface plasmons propagating on a plane gold surface a
Purcell enhancement of the atomic fluorescence caused by
the surface plasmons was found. In this context, ref. [20]
studies superradiance as the collective decay rate addition-
ally enhanced by surface plasmons. References [21–23] re-
port the Purcell-Dicke enhancement of the decay rate of
a multitude of atoms enclosed in a spherical metal shell.
Collective effects in a ground-state ensemble were studied
in ref. [24], where a quantum field theory for the Casimir-
Polder interaction of a Bose-Einstein condensate with a
surface was developed.

This article reports on the superradiant intensity of
atomic emitters in arbitrarily structured environments, il-
lustrated for the example of a perfectly conducting planar
surface (see fig. 1). In addition, we demonstrate how the
Dicke effect is manifested in an enhanced Casimir-Polder
interaction between the atomic ensemble and the surface.

Note that ref. [25], which was developed in parallel to
our work, studies the collective Casimir-Polder force in a
different approach; the two works can be considered as
complementary.

Collective atom-field coupling. – We are going to
study the influence of a nearby surface on the superra-
diant emission burst of an atomic cloud and derive the
associated collective Casimir-Polder potential due to pho-
ton recoil. The Hamiltonian of this system Ĥ = ĤF +
ĤA + ĤAF consists of the surface-assisted field contribu-
tion ĤF, the collective atomic Hamiltonian ĤA and the in-
teraction term coupling the atoms to the electromagnetic
field ĤAF. In the framework of macroscopic QED [26,27],
spontaneously fluctuating noise currents are described by
polariton-like annihilation and creation operators f̂(r, ω)

and f̂†(r, ω), which form the Hamiltonian of the medium-
assisted electromagnetic field ĤF, where we restrict our
attention to non-magnetic media. The frequency compo-
nents of the electric field Ê(r, ω) are given by [28]

Ê(r, ω) = iμ0ω
2

∫
d3r′

√
h̄ε0
π

Imε(r, ω)G(r, r′, ω) · f̂(r′, ω),

(1)
where the classical Green’s tensor G(r, r′, ω) is the formal
solution of the Helmholtz equation for the electromagnetic
field [28].

The electric field Ê(ri) at the position ri of each atom i

couples to the respective dipole moments d̂i according to
the multipolar coupling, yielding the interaction Hamilto-
nian ĤAF

ĤAF = −
N∑

i=1

d̂i · Ê(ri) = −
( N∑

i=1

d̂i

)
· Ê(rA), (2)

where N is the total number of atoms in the cloud. Ac-
cording to the Dicke model [5], the atoms are assumed
to be motionless and confined to a volume much smaller

than the wavelength λ of the applied or emitted fields. In
essence all atoms then feel the same average electromag-
netic field Ê(rA).

As outlined in ref. [15], one can then establish the Dicke
states as symmetric eigenstates of the atomic ensemble.
All atoms are considered as identical two-level systems
with an excited state |e〉 and a ground state |g〉 separated
by an energy h̄ωA and coupled by the single-atom dipole
moment d = 〈e|d̂i|g〉. Initially, the atoms are prepared in
the maximally excited state

|ψ(0)〉 = |e, e, . . . , e〉. (3)

Here, we assume that the atoms interact only with the
electromagnetic field, and atomic collisions or other re-
laxation processes are discarded. All atomic states being
involved in the subsequent evolution have to be invari-
ant with respect to an exchange of any two atoms. This
property is represented by a symmetric superposition of N
spin-1/2 states, which is an eigenstate of the angular mo-
mentum operator Ĵ at its maximal eigenvalue J = N/2.
These N + 1 collective Dicke states can be obtained by
successive application of the symmetric collective deexci-
tation operator to the initial state (3)

|J,M〉 =

√
(J +M)!

N !(J −M)!

( N∑

i=1

σ̂−
i

)(J−M)

|e, e, . . . , e〉 (4)

with −J ≤ M ≤ J . A general Dicke state |J,M〉 for N
atoms can be represented as

|J,M〉 = Ŝ| e, e, . . . , e︸ ︷︷ ︸
J+M

, g, g, . . . , g︸ ︷︷ ︸
J−M

〉, (5)

where there are (J +M)! possibilities to arrange the ex-
cited atoms and (J−M)! possibilities for the ground-state
atoms. Making use of the normalized symmetrization op-
erator Ŝ the totally symmetrical state |J,M〉 (4) has

(
N

J +M

)
=

N !

(J −M)!(J +M)!
(6)

distinct contributions. The square root of this expression
serves as normalizing factor for the completely symmetric
state |J,M〉.

Collective operators can be introduced by

Ĵ± =

N∑

i=1

σ̂±
i ; Ĵz =

N∑

i=1

σ̂z
i (7)

and are analogous to the operators of angular momentum
with J = N/2. The Pauli spin operators are given by
σ̂+ = |e〉〈g|, σ̂− = |g〉〈e| and σ̂z = |e〉〈e|− |g〉〈g| and fulfill
the commutation relations [σ̂+, σ̂−] = σ̂z and [σ̂z , σ̂±] =
±2σ̂±, cf. ref. [29]. Using eq. (7), the atomic Hamiltonian
ĤA can be written as ĤA = 1

2 h̄
∑

i=1 ωAσ̂
z
i = 1

2 h̄ωAĴ
z .

Making use of the collective operators (7) the atomic cloud
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Fig. 1: Purcell-Dicke effect: N identical two-level atoms form
a “Dicke atom” with equidistant Dicke states |J, M〉 (4) sepa-
rated from each other by h̄ωA, and decay rates to the neighbor-
ing states ΓM,M−1. The presence of the surface with permit-
tivity ε(ω) alters the radiation properties of the “Dicke atom”
causing an attractive Casimir-Polder force.

of identical two-level atoms may be regarded as one sin-
gle “Dicke atom” having dipole transitions only between
neighboring states, which are all separated by h̄ωA. Fig-
ure 1 depicts the Dicke states |J,M〉 (4) as eigenstates
of angular momentum. The interaction Hamiltonian ĤAF

can be expressed as ĤAF = −(Ĵ+ + Ĵ−)d · Ê(rA) with the
single-atom dipole moment d.

Collective emission. – One can then define the rate
of photon emission in state |J,M〉 decaying to state
|J,M − 1〉 in the Dicke picture based on the decay rate
of a single atom [27,30] as

ΓM,M−1 =
2μ0

h̄
ω2

AdM,M−1 · ImG(rA, rA, ωA) · dM−1,M .

(8)
Next, we express the collective dipole moments dM,M−1

and dM−1,M in eq. (8) by single-atom dipole moments d,
which contribute to the single-atom decay rate Γ. The
atom-field coupling (2) for N dipole operators contains N
single-atom dipole operators, which need to act between
a ground state |g〉 and an excited state |e〉 at the same
position to have a dipole moment with non-zero contribu-
tion, whereas the N − 1 atoms at the other positions have
to be in the same state. This results in a number of per-
mutations given by the product of N and the number of
permutations for J +M − 1 excited atoms in N − 1 atoms
in total, cf. eq. (6), yielding a general expression for the
Dicke state dipole moment

dM,M−1 = 〈J,M |
N∑

i=1

d̂i|J,M − 1〉

=
√

(J +M)(J −M + 1)d. (9)

The decay rate of the Dicke state |J,M〉 (8) contains
the two dipole moments dM,M−1 (9) and dM−1,M , re-
sulting in an expression for the decay rate of ΓM,M−1 =
(J +M)(J −M + 1)Γ, which is formally identical to the
free-space result from ref. [15]. These scaling properties
represent an intrinsic connection between Dicke states (4)
and decay rates (8) and is the fundamental difference be-
tween one single atom with N quantum states and a col-
lection of N atoms in the Dicke approximation. As we
will see, this further leads to a superradiance-like scaling
behavior of the collective Casimir-Polder potential for the
atomic cloud. In contrast to the macroscopic treatment
of ref. [21], the collective decay rate (8) depends explicitly
on the number of atoms N .

As mentioned above, the surface’s presence modifies the
collective decay rate (8) by a Purcell factor FP

ΓM,M−1 = (J +M)(J −M + 1)FPΓ(0). (10)

This can be seen by decomposing the Green’s tensor into
G(rA, rA, ωA) = G(0)(rA, rA, ωA) + G(1)(rA, rA, ωA) with

the bulk part G(0)(rA, rA, ωA) responsible for the free-
space decay rate

Γ(0) =
ω3

A|d|2
3πε0h̄c3

(11)

and the scattering part G(1)(rA, rA, ωA) yielding the Pur-
cell factor

FP = 1 +
6πc

ω|d|2 d · ImG(1)(rA, rA, ωA) · d∗. (12)

This is a general expression and applies to all kinds of
geometries and materials, such as dielectric surfaces or
resonator structures. We illustrate our results for the spe-
cific case of a perfectly conducting mirror in the following.
At this point, it is worth checking the long-wavelength
assumption of the Dicke model. To this end, we con-
sider two atoms to be located at slightly different posi-
tions. Beside the symmetric superradiant state (4), an
anti-symmetric subradiant state, which would be the sin-
glet state if there were only two atoms, will emit radiation
in this case. As shown in ref. [31] the decay process is
governed by a joint decay rate of the two atoms i = 1 and

i = 2: Γ12 =
2μ0ω2

A

h̄ d · ImG(r1, r2, ωA) · d∗.
To see if the conditions of superradiance hold, we need

to check if the decay rate ΓM=1,M=0 = Γ + Γ12 of the
superradiant two-atom state is indeed equal to 2Γ as sug-
gested by eq. (8). This is the case if F = Γ12/Γ � 1. We
display the general results of the superradiance fidelity for
the specific case of two atoms near a perfectly conduct-
ing surface [32] where we fix the position of one atom and
vary the position of the other. In fig. 2(b), the atom is
located close to the surface. One observes that the fi-
delity F is indeed close to unity in a corridor around atom
1, which is particularly narrow in the normal direction,
|zB − zA| � zB. This anisotropy of the superradiance re-
gion is induced by the presence of the surface, as seen by
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Fig. 2: (Colour online) Superradiant fidelity. (a) Single-atom
decay rate Γ/Γ(0) near a perfectly conducting plate along
the z-axis (x = 0). The atomic dipole moment is polar-
ized along the x-direction. Γ is composed of the bulk rate
and the scattered rate from an image dipole and thus van-
ishes at the boundary z = 0. (b) We indicate regions where
F = Γ12/Γ = (100 ± 5)% (red corridor) for the atomic po-
sition xA = 0, zA = 10−7 m and (c) the atomic position
xA = 0, zA = 10−6 m. For comparison, we also display the
fidelity in free space F (0) = Γ12(0)/Γ(0) = (100 ± 5)% (red
dashed circle). The shape and width of the corridors depend
on the orientation of the dipole.

comparison with the free-space case. Figure 2(c) sheds
light on this scenario with a greater distance between the
atom and the surface. The surface does not influence
the radiative behavior of the atom so strongly and the fi-
delity is close to unity in a broad region around the atom,
|rB − rA| � c/ωA.

In the following, we assume that all atoms are suffi-
ciently close to one another, so that superradiance occurs.
The time-dependent total photon emission rate I(t) is then
given by the sum of photon emission rates for state |J,M〉,
ΓM,M−1 (8), weighted by respective time-dependent prob-
abilities pM (t)

I(t) =

J∑

M=−J+1

pM (t)ΓM,M−1. (13)

A set of rate equations for the probabilities is set up by
computing the decay rate for each collective atomic state
|J,M〉 (8)

ṗM (t) = −ΓM,M−1pM (t) + ΓM+1,MpM+1(t) (14)

for −J ≤ M ≤ J . This set of rate equations is solved nu-
merically using a Runge-Kutta algorithm. Figure 3 shows
the emitted intensity for an atomic ensemble of N = 50
and N = 100 atoms at a distance of zA = 10−7 m from
the surface scaled by the single-atom vacuum decay rate
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Fig. 3: (Colour online) Total photon emission rate I(t) (13)
scaled by the free-space decay rate Γ(0) (11) for N = 50 (black
curves) and N = 100 atoms (red curves) under the influence
of a perfectly conducting surface. All atoms are located at
xA = 0, zA = 10−7 m and are polarized along the z-direction.
The dashed lines show the respective total photon emission rate
for N = 50 and N = 100 atoms in the absence of the surface.
The insets show the burst height and the full width at half-
maximum (FWHM) as a function of the number of atoms N .
We obtain the relations: burst height ∝ N2.00 and FWHM
∝ N−1.00.

Γ(0). The superradiant emission burst is very pronounced
especially for a large number of atoms. The presence of
the surface enhances this effect even further thus giving
a Purcell-Dicke enhancement. The perfectly conducting
mirror can cause an enhancement factor of at most 2. Ma-
terials showing plasmonic resonances can exceed this value
by far. In the context of the Casimir-Polder potential, a
Purcell enhancement factor of 60 is reported in ref. [33].
The insets show logarithmic plots of the burst height and
the burst width as a function of the number of atoms N .
We observe the well-known properties for the burst height
of ∝ N2 and the burst width of ∝ 1/N .

Collective Casimir-Polder potential. – The col-
lective emission by the atomic ensemble is intrinsically
related to the Casimir-Polder potential of the atomic
ensemble, where we further allow for the presence of a
monochromatic coherent driving laser field E(rA, t) =
E(rA) cos(ωLt) of frequency ωL. Based on the analy-
sis of the Casimir-Polder potential for one laser-driven
atom [34], this formalism is readily extended to an arbi-
trary number of atoms in the form of an atomic cloud by
using the respective Dicke states |J,M〉 and their transi-
tion dipole matrix elements (9) in place of the single-atom
states and matrix elements. It has non-resonant parts,
which are not considered in our analysis. The remaining
resonant potential represents a sum of potentials for each
energy level weighted by the respective probabilities

U(rA, t) =

N∑

i=1

U(ri) =

J∑

M=−J+1

pM (t)UM (rA) (15)
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with

UM (rA, t) = (J +M)(J −M + 1)U(ri), (16)

U(ri) = −μ0ω
2
Ld · ReG(1)(ri, ri, ωL) · d∗. (17)

All damping terms are assumed to be much smaller than
the laser frequency and the transition frequency: Γ �
ωL, ωA. As described in ref. [34], the potential terms de-
pend on the driving frequency of the laser ωL. A de-
tailed analysis would reveal the occurrence of Mollow
triplets [35], which is discarded for our choice of laser in-
tensity and detuning, cf. ref. [36].

In the absence of a driving field, the probabilities pM (t)
are given by eq. (14). The presence of the laser field causes
the coupling of the expectation value of the diagonal ele-
ments of the atomic flip operator (14) to the non-diagonal
elements, whose differential equation reads

〈 ˙̂
AM,N (t)〉 = i[M −N ]ωA〈ÂM,N (t)〉

+
i

h̄

∑

K=N±1

dN,K · E(rA, t)〈ÂM,K(t)〉

− i

h̄

∑

K=M±1

dK,M · E(rA, t)〈ÂK,N (t)〉

+ [ΓM+1,M,N,N+1 + ΓN,N+1,M+1,M ]〈ÂM+1,N+1(t)〉
− [ΓN,N−1,N−1,N + ΓM−1,M,M,M−1]〈ÂM,N (t)〉. (18)

The respective differential equation of the diagonal ele-
ments of the atomic flip operator 〈ÂM,M (t)〉 is given by

〈 ˙̂
AN,N(t)〉 =

i

h̄

∑

K=N±1

dN,K · E(rA, t)〈ÂN,K(t)〉

− i

h̄

∑

K=N±1

dK,N · E(rA, t)〈ÂK,N (t)〉

+ ΓN+1,N 〈ÂN+1,N+1(t)〉 − ΓN,N−1〈ÂN,N (t)〉 (19)

and is identical with the rate equation for the probability
pM (t) (14) with the additional term from the driving laser
field. The decay rates having four indices are defined by
ΓM,K,N,L = 2μ0

h̄ ω2
AdM,K · ImG(rA, rA, ωA) · dN,L. The

dipole moment operator in the Dicke picture is given by

d̂(t) =
N∑

i=1

d̂i(t) =
∑

K=M±1

dM,KÂM,K(t) (20)

in terms of collective atomic flip operators ÂM,M−1 =
|J,M〉〈J,M − 1|. To calculate the laser-driven Casimir-

Polder potential, the dipole correlation 〈d̂(t)d̂(τ)〉 is re-
quired. Like the set of rate equations (14), this sys-
tem is solved numerically by a Runge-Kutta algorithm.
The probabilities can also be computed using a master
equation [25] with a system Hamiltonian consisting of
the atomic Hamiltonian ĤA and the driving Hamiltonian,
which is explained in ref. [37]. The Lindblad Liouvillian
describes spontaneous emission with the collective opera-
tors (7).

0 0.2 0.4

-4

-2

0

10 50 100
N

10-25

10-24

10-23

Pe
ak

 H
ei

gh
t [

N
m

]

10 50 100
N

10-10

10-9

10-8

Pe
ak

 W
id

th
 [s

]

Fig. 4: (Colour online) Casimir-Polder potential of an atomic
ensemble of N = 50 atoms (black line) and N = 100 atoms (red
line) for Rb atoms with atomic transition frequency of ωA =
2.37 × 1015 rad/s and dipole moment |d| = 2.53 × 10−29 Cm.
All atoms are located at xA = 0, zA = 10−7 m and are polar-
ized along the z-direction. The blue dot-dashed line shows the
Casimir-Polder burst for a laser-driven ensemble of N = 50
atoms with an intensity of I = 30000 W/m2 and a detuning
between the laser frequency ωL and the atomic frequency ωA

of Δ = ωL − ωA = 2π × 108 rad/s, which gives physical results
only in the regime Γt � 1. The insets show the burst height
and the full width at half-maximum (FWHM) as a function of
the number of atoms N . We obtain the relations: burst height
∝ N1.958 and FWHM ∝ N−0.999.

Figure 4 shows the collective Casimir-Polder poten-
tial (15) of an atomic ensemble of N = 50 and N = 100
atoms. As shown in the insets, the burst height and the
burst width exhibit the typical superradiant scalings with
N2 and 1/N , respectively and the burst position is thus
given by t = 1/(NΓ). We want to emphasize that the
total momentum transferred to the atomic cloud as ob-
tained by an integration in time agrees with the result
found in an additive approach found for incoherent, indi-
vidual atoms. However, the effect is achieved on a con-
siderably shortened timescale. This is very relevant for
all experiments and theoretical proposals, where an effect
accumulates over a finite interaction region. Examples
are the measurement of the Casimir-Polder force, where
sodium atoms pass through a parallel-plate cavity [9], the
interferometry of large molecules such as C70 at gold grat-
ings [38] or a Poisson-spot experiment with neutral deu-
terium molecules [39].

By applying an electric driving field, the timescale is ad-
ditionally governed by the Rabi frequency Ω = d·E(rA)/h̄.
If NΓ > Ω, a pronounced burst remains, the Rabi os-
cillations are not visible and the curve resembles that
without applied electric field. In case of NΓ < Ω, Rabi
oscillations are superposed on the burst. Figure 4 shows
the Casimir-Polder potential with applied electric field in
the regime NΓ ≈ Ω, where the burst structure is signifi-
cantly altered. The application of an electric field causes
a longer-term persistence of the Casimir-Polder potential
and significantly alters the dynamics, as can be seen in
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fig. 4. This might be helpful for the experimental detec-
tion of these effects.

Conclusion. – In this article, we have studied the en-
hancement of the total photon emission rate and the
Casimir-Polder potential due to collective effects and the
presence of a surface in a combined Purcell-Dicke effect.
We show the connection of the decay rate in the Dicke
picture with the single-atom rate via the atomic dipole
moments using the symmetric Dicke states. The long-
wavelength approximation according to the Dicke model
is checked by comparing the joint decay rate of two atoms
placed slightly away from each other with the respective
Dicke decay rate. The enhancement due to the presence
of the surface is described in the form of a Purcell fidelity
given by the surface-induced decay rate Γ(1) relative to the
free-space decay rate Γ(0). This enhancement effect is de-
picted for the total photon emission rate and the collective
Casimir-Polder potential for the specific case of a moder-
ate number of atoms in the vicinity of a perfectly con-
ducting mirror, showing burst heights and widths which
fulfill the criteria of superradiance. As shown, an external
driving laser can be used to manipulate the dynamics of
the potential.

The Dicke enhancement of the Casimir-Polder force can
be exploited to significantly increase sensitivity without
having to extend interaction times or interaction regions
(e.g. for atoms passing a plate). In this way, such forces
can be used as sensitive probes of atomic or surface prop-
erties such as chirality [40] or CP violation [41] or even
facilitate the (spectroscopic) detection of quantum fric-
tion [42,43].
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Casimir-Polder forces on moving atoms
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Polarizable atoms and molecules experience the Casimir-Polder force near magnetoelectric bodies, a force
that is induced by quantum fluctuations of the electromagnetic field and the matter. Atoms and molecules in
relative motion to a magnetoelectric surface experience an additional velocity-dependent force. We present a
full quantum-mechanical treatment of this force and identify a generalized Doppler effect, the time delay
between photon emission and reabsorption, and the Röntgen interaction as its three sources. For ground-state
atoms, the force is very small and always decelerating, hence commonly known as quantum friction. For atoms
and molecules in electronically excited states, on the contrary, both decelerating and accelerating forces can
occur depending on the magnitude of the atomic transition frequency relative to the surface-plasmon frequency.

DOI: 10.1103/PhysRevA.80.042902 PACS number�s�: 34.35.�a, 12.20.�m, 42.50.Nn, 42.50.Wk

I. INTRODUCTION

The ground-state fluctuations of the electromagnetic field
lead to several inherently quantum effects such as the spon-
taneous decay of excited atoms and molecules as well as
dispersion forces �1�. Forces between isolated atoms that are
mediated by the quantum vacuum are known as van der
Waals forces �2�, while forces between macroscopic bodies
are referred to as Casimir forces �3�. The third type of dis-
persion �in a sense an interpolation between these two ex-
treme cases� is the Casimir-Polder �CP� force exerted on
single atoms near macroscopic bodies �4�.

For a two-level atom with transition frequency �A and
electric-dipole moment d located at a distance zA away from
a perfectly conducting plate, the short-distance �nonretarded�
�4� and long-distance �retarded� �5� limits of the CP potential
take the well-known forms

Unret�zA� = −
d2

48��0zA
3 , Uret�zA� = −

cd2

16�2�0�AzA
4 . �1�

These potentials, acting on atoms at rest, lead to conservative
forces perpendicular to the plate’s surface. CP forces �as well
as all other dispersion forces� play important roles as limiting
factors in efforts to miniaturize atom-optical devices �6� and
have been measured at distances as small as 6 �m �7�.

Casimir-Polder forces are well understood far beyond the
aforementioned special case of a perfectly conducting plate,
with magnetoelectric materials of arbitrary shape �8� and fi-
nite temperature being investigated theoretically �9,10� as
well as experimentally �11�. While most theoretical investi-
gations are based on Lifshitz’s macroscopic treatment �12� or
a linear-response description �13�, full quantum theories
based on electromagnetic-field quantization in magnetoelec-
trics have also been developed �8�. In the latter approach, the
operator-valued Lorentz force

F̂ =� d3r��̂A�r�Ê�r� + ĵA�r� � B̂�r�� �2�

on the atomic charge and current densities due to the body-
assisted electromagnetic fields is computed. In the long-
wavelength approximation, it leads to the well-known ex-
pression

F̂ = �A�d̂ · Ê�rA�� +
d

dt
�d̂ � B̂�rA�� �3�

with d̂ denoting the atomic electric-dipole moment operator.
Intuitively, dispersion forces can be understood as dipole-

dipole forces generated by spontaneous polarization due to
the electric-field fluctuations. Therefore, CP forces on atoms
at rest act either toward �attractively� or away �repulsively�
from the macroscopic body. For atoms in motion, retardation
delays the dipole response, and a force component emerges
along the direction of motion. In most cases, this force com-
ponent acts against the motion and is thus the origin of quan-
tum friction.

Quantum friction forces have traditionally been studied
within a linear-response formalism �14–17�. Evaluating the
correlated quantum fluctuations of moving atom and dielec-
trics, the friction force on ground-state atoms can be ob-
tained in this way. However, the predicted forces are typi-
cally very small. For the stationary case it is well known that
CP forces can be resonantly enhanced for excited atoms
�8,18�. For such nonequilibrium situations, linear-response
methods cannot be applied and a more detailed investigation
of the atom-field dynamics becomes necessary.

In this paper, we develop a full quantum theory of the
velocity-dependent CP force. In particular, we will show that
for atoms and molecules in electronically excited states, both
decelerating and accelerating forces can occur depending on
the relative magnitude of the frequencies of the atomic tran-
sition and the surface plasmon. The paper is organized as
follows. After briefly reviewing the formalism of macro-
scopic quantum electrodynamics in Sec. II, we study the
atom-field dynamics in Sec. III A before investigating the
resulting force in Sec. III B and applying our results to the*s.scheel@imperial.ac.uk
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quantum friction scenario in Sec. III C. We illustrate the
theory with representative examples in Sec. IV, followed by
a summary in Sec. V.

II. BASIC FORMULAS

Let us assume an arbitrary arrangement of dispersing and
absorbing magnetoelectric bodies, characterized by their
complex-valued Kramers-Kronig consistent permittivity
��r ,�� and permeability ��r ,��. The Hamiltonian of the
quantum electromagnetic field and the bodies can be given as
�for a recent review, see Ref. �19��

ĤF = �
	=e,m

� d3r�
0




d� ��f̂	
†�r,�� · f̂	�r,�� , �4�

where the fundamental variables f̂	
†�r ,�� and f̂	�r ,�� are

creation and annihilation operators for the elementary elec-
tric �	=e� and magnetic �	=m� excitations of the system;
they obey the bosonic commutation relations

�f̂	�r,��, f̂	�
† �r�,���� = �		���r − r����� − ��� . �5�

The electric and magnetic fields can be expanded in terms of
the fundamental variables according to

Ê�r� = �
0




d�Ê� �r,�� + H.c.

= �
	=e,m

� d3r��
0




d�G	�r,r�,�� · f̂	�r�,�� + H.c.,

�6�

B̂�r� = �
0




d�B̂� �r,�� + H.c.

= �
	=e,m

� d3r��
0


 d�

i�
� � G	�r,r�,�� · f̂	�r�,�� + H.c.,

�7�

with coefficients

Ge�r,r�,�� = i
�2

c2� �

��0
Im ��r�,��G�r,r�,�� , �8�

Gm�r,r�,�� = i
�

c
� �

��0

Im ��r�,��
���r�,���2

��� � G�r�,r,���T.

�9�

Here, G is the classical Green tensor as uniquely defined by
the inhomogeneous Helmholtz equation,

	� �
1

��r,��
� � −

�2

c2 ��r,��
G�r,r�,�� = ��r − r�� ,

�10�

together with the boundary condition

G�r,r�,�� → 0 for �r − r�� → 
 . �11�

The Green tensor is an analytic function in the upper half of
the complex frequency plane and it has the following useful
properties:

G�r,r�,− ��� = G��r,r�,�� , �12�

G�r�,r,�� = GT�r,r�,�� , �13�

�
	=e,m

� d3sG	�r,s,�� · G	
�T�r�,s,�� �14�

=
��0

�
�2 Im G�r,r�,�� . �15�

The Hamiltonian describing the internal dynamics of an
atom with eigenenergies En and eigenstates �n� can be given
as

ĤA = �
k

EkÂkk �16�

�Âkk= �k��k� are the atomic flip operators�. Throughout this
paper, we will assume that the center-of-mass motion is suf-
ficiently slow so that it separates from the internal dynamics
in the spirit of a Born-Oppenheimer approximation. The in-
teraction of the atom with the body-assisted electromagnetic
field is then adequately described by the atom-field coupling
Hamiltonian for given center-of-mass position rA and veloc-
ity vA, which in the multipolar coupling scheme and electric-
dipole approximation reads

ĤAF = − d̂ · Ê�rA� − d̂ · vA � B̂�rA�

= − �
kl

dkl · Ê�rA�Âkl − �
kl

dkl · vA � B̂�rA�Âkl

�17�

�dkl= �k�d̂�l��. The first term is the familiar electric-dipole
interaction, while the second term is the Röntgen interaction
associated with the center-of-mass motion. Combining Eqs.
�4�, �16�, and �17�, the total Hamiltonian of the atom-body-
field system reads

Ĥ = ĤA + ĤF + ĤAF. �18�

Finally, the total Lorentz force on the atomic charge and
current distribution can in electric-dipole approximation be
given as

F̂ = �A�d̂ · Ê�rA� + d̂ · vA � B̂�rA�� +
d

dt
�d̂ � B̂�rA��

= �A�
kl

�dkl · Ê�rA�Âkl + dkl · vA � B̂�rA�Âkl�

+
d

dt
�
kl

�dkl � B̂�rA�Âkl� . �19�
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III. CASIMIR-POLDER FORCE ON A MOVING ATOM

The Casimir-Polder force on an atom is the quantum av-
erage of the Lorentz force �19� with the body-assisted field
being in its ground state. To evaluate this expression, we first
need to solve the coupled atom-field dynamics.

A. Atom-field dynamics

Using Hamiltonian �18�, the Heisenberg equations of mo-
tion of the atomic and field operators are found to be

Ȧ̂mn = i�mnÂmn +
i

�
�

k

�dnkÂmk − dkmÂkn� · Ê�rA�

+
i

�
�

k

�dnkÂmk − dkmÂkn� · vA � B̂�rA� , �20�

where �mn= �Em−En� /�, and

ḟ̂	�r,�� = − i�f̂	�r,�� +
i

�
�
k,l

G	
�T�r,rA,�� · dklÂkl

+
1

��
�
k,l

�G	
�T�r,rA,�� � �� �� � vA · dklÂkl

�21�

�by convention, � and �� only act on the first or second
argument of the Green tensor, respectively�. The latter equa-
tion is formally solved by

f̂	�r,�,t� = f̂	,f�r,�,t� + f̂	,s�r,�,t� , �22�

where

f̂	,f�r,�,t� = e−i�tf̂	�r,�� , �23�

f̂	,s�r,�,t� =
i

�
�
k,l
�

0

t

d
 e−i��t−
�G	
�T�r,rA�
�,�� · dklÂkl�
�

−
1

��
�
k,l
�

0

t

d
e−i��t−
�

�
G	
�T�r,rA�
�,�� � �� �� � vA · dklÂkl�
� �24�

determine the free and source parts of the electromagnetic
field.

We assume that the atom moves with uniform nonrelativ-
istic speed �vA�c� and we are seeking a solution to the
system of Eqs. �20� and �21� within linear order of vA. We
may hence write

rA�
� = rA�t� − �t − 
�vA, �25�

and after substituting Eqs. �22�–�24� into Eq. �6�, using the
integral relation �14�, and applying a linear Taylor expansion
in vA, the time-dependent frequency components of the elec-
tric field are given by

Ê� �r,�,t� = Ê� f�r,�,t� + Ê� s�r,�,t� �26�

with

Ê� f�r,�,t� = e−i�tÊ� �r,�� , �27�

Ê� s�r,�,t� =
i�0

�
�2�

0

t

d
e−i��t−
��
k,l

Im G�r,rA,�� · dklÂkl�
�

−
i�0

�
�2�

0

t

d
�t − 
�e−i��t−
�

� �
k,l

Im G�r,rA,�� · dkl��� � · vA�Âkl�
�

−
�0

�
��

0

t

d
e−i��t−
�

��
k,l

Im�G�r,rA,�� � �� �� � vA · dklÂkl�
� �28�

�rA=rA�t��. The magnetic field �7� only enters the equations
of motion in conjunction with a factor vA, so we only require
its zero-order expansion in the velocity,

B̂� �r,�,t� = B̂� f�r,�,t� + B̂� s�r,�,t� �29�

with

B̂� f�r,�,t� = e−i�tB̂� �r,�� , �30�

B̂� s�r,�,t� =
�0

�
��

0

t

d
e−i��t−
�

��
k,l

� � Im G�r,rA,�� · dklÂkl�
� . �31�

We can next substitute our solutions �27�–�31� for the
time-independent electromagnetic fields into the equation of
motion �20� for the atomic flip operators. Noting that the

total field operators Ê� �r ,� , t� and B̂� �r ,� , t� commute with
the atomic flip operators at equal times, we arrange all prod-

ucts such that creation operators f̂	
†�r ,�� are always at the

left and annihilation operators f̂	�r ,�� are always at the
right. Assuming the field to be initially prepared in its
vacuum state and taking expectation values, all contributions
from the source fields vanish. For weak atom-field coupling,
the time integrals can be evaluated with the aid of the Mar-
kov approximation,

�
0

t

d
e−i��t−
��Âij�t�Âkl�
�� � �Âij�t�Âkl�t���
−


t

d
e−i��−�̃lk��t−
�

= �Âil�t��� jk	���� − �̃lk� − iP 1

� − �̃lk

 �32�

�here P represents the principal value�; similarly we have
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�
0

t

d
�t − 
�e−i��t−
��Âij�t�Âkl�
��

� �Âil�t��� jk
d

d�
	P 1

� − �̃lk

+ i���� − �̃lk�
 , �33�

where the shifted atomic transition frequencies

�̃mn = �mn + ��m − ��n �34�

have yet to be determined.
For a nondegenerate atom, the resulting equations of mo-

tion for the off-diagonal atomic flip operators decouple from
each other as well as from the diagonal ones. In addition, we
consider an atom whose internal Hamiltonian �16� is time-
reversal invariant, so that we may assume real dipole-matrix
elements. After a lengthy but straightforward calculation, we
finally obtain the following equations of motion for the in-

ternal atomic density matrix elements �mn= �Ânm�:

ṗn = − �npn + �
k

�k
npk, �35�

�̇mn = �− i�̃mn − ��m + �n�/2��mn for m � n , �36�

where we have introduced the probabilities pn=�nn. The
equations of motion for a moving atom have exactly the
same form as for an atom at rest: the population of the diag-
onal density matrix elements is governed by spontaneous
decay, while the off-diagonal ones undergo damped oscilla-
tions. However, the respective transition rates

�n = �
k

�n
k �37�

and frequency shifts

��n = �
k

��n
k �38�

are affected by the atomic motion,

��n
k = ��n

k�rA� + ��n
k�rA,vA� , �39�

��n
k�rA� =

�0

��
P�

0




d�
�2dnk · Im G�1��rA,rA,�� · dkn

�̃nk − �
,

�40�

��n
k�rA,vA� =

�0

2�
���̃nk��vA · �A�

� ��2dnk · Im G�rA,rA,�� · dkn��=�̃nk
� ,

�41�

�n
k = �n

k�rA� + �n
k�rA,vA� , �42�

�n
k�rA� =

2�0

�
���̃nk��̃nk

2 dnk · Im G�rA,rA,�̃nk� · dkn,

�43�

�n
k�rA,vA� = −

�0

��
�vA · �A�P�

0




d�

�
��2dnk · Im G�1��rA,rA,�� · dkn��

�̃nk − �
�44�

�the primes indicate derivatives with respect to ��. Here, we
have decomposed the Green tensor into its bulk �free-space�
and scattering parts according to

G�r,r�,�� = G�0��r,r�,�� + G�1��r,r�,�� �45�

and have discarded the Lamb-shift contribution due to G�0�

from the frequency shift ��n
k�rA� �as the free-space Lamb

shift is assumed to be already included in the bare transition
frequencies �mn�. We have further exploited the symmetry
�13� of the Green tensor which implies ��� 1

2�A, showing
that the translationally invariant bulk Green tensor does not
contribute to the velocity-dependent shifts and rates.

It is worth noting that for real dipole-matrix elements, the
contributions from the Röntgen interaction exactly cancel.
As a result, the velocity dependence of these quantities is
entirely due to the fact that the moving atom emits and re-
ceives the electromagnetic field at different positions. The
velocity-dependent contributions are proportional to the total
derivative of the scattering Green tensor along the direction
of motion. As a consequence, the decay rates and frequency
shifts are unaffected by uniform motion in a direction along
which the environment is translationally invariant �e.g., mo-
tion parallel to a plate or a cylinder�. It is worth pointing out
that such a vanishing of velocity-dependent frequency shifts
does not necessarily imply that the velocity-dependent part
of the CP force must also be zero. One should bear in mind
that all of the above have only been shown within linear
order in the velocity.

B. Casimir-Polder force

Having solved the coupled atom-field dynamics, we can
now evaluate the quantum average of the Lorentz force �19�.
We restrict our attention to the pure dispersion force by again
assuming the field to be initially prepared in its ground state.
The atom may initially be in an arbitrary incoherent super-
position of internal energy eigenstates. For an atom at rest, it
has been found that the third term in Eq. �19�, which in-
volves a total time derivative, does not contribute to the force
on atoms in incoherent internal states. We have explicitly
checked that the same is true here, so that we only need to
consider the force

F = �A�d̂ · Ê�rA� + d̂ · vA � B̂�rA��

= �A�
kl

�dkl · �Ê�rA�Âkl� + dkl · vA � �B̂�rA�Âkl�� .

�46�

We begin by substituting the time-dependent electromag-
netic fields �26�–�31� where again we retain only terms up to
linear order in vA and we arrange all products such that the
contributions from the free fields vanish. The source fields
give rise to intra-atomic correlation functions. By virtue of
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the quantum regression theorem, Eq. �36� implies that the
relevant correlation functions are of the form

�Ânk�t�Âln�
�� = �kle
i�nk�t−
��nn�
� �47�

with

�nk = �̃nk + i��n + �k�/2. �48�

We evaluate time integrals in the spirit of the Markov ap-
proximation

�
0

t

d
 e−i��t−
��Ânk�t�Âln�
�� � �nn�t��kl�
−


t

d
 e−i��−�nk��t−
�

= −
�nn�t�i�kl

� − �nk
�49�

and similarly

�
0

t

d
�t − 
�e−i��t−
��Ânk�t�Âln�
�� � −
�nn�t��kl

�� − �nk�2 . �50�

Again assuming real dipole-matrix elements, the resulting
expression for the CP force can be written in the form

F�t� = �
n

pn�t�Fn �51�

with

Fn =
�0

�
�

k
�

0




d��2�dnk · Im G�1��rA,rA,�� · dkn

� − �nk
+

i�0

�
�

k
�

0




d��2��vA · ���dnk · Im G�1��rA,rA,�� · dkn

�� − �nk�2

+
i�0

�
�

k
�

0




d��
��� − ��dnk · vA � �� � Im G�1��rA,rA,��� · dkn

� − �nk
+ c.c. �52�

Note that the two contributions from the Röntgen interaction
have been collected in a single term as given on the second
line of the above equation by making use of the symmetry
�13� of the Green tensor. In addition, the �vanishing� contri-
butions from the free-space Green tensor have been dis-
carded.

Next, let us separate the forces Fn into their position- and
velocity-dependent parts. The shifted and broadened atomic
transition frequencies �nk are velocity dependent, so that the
first term in Eq. �52� also contributes to the velocity-
dependent part of the force. Again retaining only terms up to
linear order in the velocity, we find

Fn = Fn�rA� + Fn�rA,vA� , �53�

with

Fn�rA� =
�0

2�
�

k
�

0




d��2

�
�Admk · Im G�1��rA,rA,�� · dkn

� − �nk
+ c.c. �54�

and

Fn�rA,vA� =
�0

�
�

k
�

0




d��2�nk�vA� � dnk · Im G�1��rA,rA,�� · dkn

�� − �nk�2

+
i�0

�
�

k
�

0




d��2��vA · ���dnk · Im G�1��rA,rA,�� · dkn

�� − �nk�2

+
i�0

�
�

k
�

0




d��
��� − ��dnk · vA � �� � Im G�1��rA,rA,��� · dkn

� − �nk
+ c.c., �55�

where �nk��nk�rA� and �nk�vA���nk�rA ,vA�. The
velocity-independent force �54� is just the well-known CP

force on an atom at rest. We will in the following restrict our
attention to the velocity-dependent force �55�, which consists
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of three terms: The first generalized Doppler term is due to
the velocity dependence of the atomic transition frequencies.
The second delay term is associated with the time interval
between emission and reabsorption of the electromagnetic
field. The third Röntgen term is due to the coupling of the
current density associated with the moving atom to the mag-
netic field.

In close analogy to the case of an atom at rest, the force
can be separated into its resonant and nonresonant parts us-
ing contour-integral techniques. Writing Im G= �G
−G�� / �2i�, using the property �12� of the Green tensor, and
employing Cauchy’s theorem to transform integrals along the
real axis to integrals along the positive imaginary axis plus
contributions from the poles, one can show that

�
0




d�
� Im G�1��r,r�,��

� − �nk
= �

0




d�
�2G�1��r,r�,i��

�2 + �nk
2

+ ��nkG
�1��r,r�,�nk����̃nk� ,

�56�

�
0




d�
�2 Im G�1��r,r�,��

�� − �nk�2

= − �
0




d�
�2��nk

2 − �2�G�1��r,r�,i��
��2 + �nk

2 �2

+ ���2G�1��r,r�,����=�nk
� ���̃nk� . �57�

Substituting these results into Eq. �55�, one finds

Fn�rA,vA� = Fn
nr�rA,vA� + Fn

r �rA,vA� �58�

with

Fn
nr�rA,vA� = −

��0

2�
�

0




d��2 � tr
��n�vA,i�� + �n�vA,− i��� · G�1��rA,rA,i���

−
i��0

2�
�

0




d��2 � �vA · ���Tr
��n��i�� + �n��− i��� · G�1��rA,rA,i���

+
��0

2�
�

0




d����� − ��Tr
��n�i�� − �n�− i��� · vA � �� � G�1��rA,rA,i���� �59�

and

Fn
r �rA,vA� = �0�

k

���̃nk��nk�vA���2 � dnk · G�1��rA,rA,�� · dkn��=�nk
�

+ i�0�
k

���̃nk���2 � �vA · ���dnk · G�1��rA,rA,�� · dkn��=�nk
�

+ i�0�
k

���̃nk��nk��� − ��dnk · vA � �� � G�1��rA,rA,�nk�� · dkn + c.c. �60�

Here,

�n��� =
1

�
�

k
	 dkndnk

� − �nk
� −

dnkdkn

� + �nk

 �61�

is the polarizability for an atom at rest and

�n�vA,�� =
1

�
�

k
	�nk

� �vA�dkndnk

�� − �nk
� �2 +

�nk�vA�dnkdkn

�� + �nk�2 
 �62�

is the correction to this polarizability for a moving atom within linear order of the atomic velocity.
It is instructive to consider the perturbative limit �nk→�nk �i.e., ��n/k, �n/k→0�. The resonant force can be represented by

its zero-order approximation in ��n/k and �n/k which reads
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Fn
r �rA,vA� = 2�0�

k

���nk����n�vA� − ��k�vA����2 � dnk · Re G�1��rA,rA,�� · dkn��=�nk
�

− �0�
k

���nk���n�vA� + �k�vA����2 � dnk · Im G�1��rA,rA,�� · dkn��=�nk
�

− 2�0�
k

���nk���2 � �vA · ���dnk · Im G�1��rA,rA,�� · dkn��=�nk
�

− 2�0�
k

���nk��nk��� − ��dnk · vA � �� � Im G�1��rA,rA,�nk�� · dkn. �63�

The nonresonant velocity-dependent force vanishes to zeroth order in the frequency shifts and decay rates in contrast to the
force observed for an atom at rest. The leading nonvanishing contribution is linear in these quantities and it reads

Fn
nr�rA,vA� = −

2�0

�
�

k
�

0




d��2 ���n�vA� − ��k�vA����kn
2 − �2�

��kn
2 + �2�2 � dnk · G�1��rA,rA,i�� · dkn

+
2�0

�
�

k
�

0




d��2�kn��n + �k���kn
2 − 3�2�

��kn
2 + �2�3 � �vA · ���dnk · G�1��rA,rA,i�� · dkn

−
2�0

�
�

k
�

0




d��2�kn��n + �k�
��kn

2 + �2�2 ��� − ��dnk · vA � �� � G�1��rA,rA,i��� · dkn. �64�

For an isotropic atom, these results reduce to

Fn
r �rA,vA� =

2�0

3 �
k

���nk��dnk�2���n�vA� − ��k�vA����2 � Tr Re G�1��rA,rA,����=�nk
�

−
�0

3 �
k

���nk��dnk�2��n�vA� + �k�vA����2 � Tr Im G�1��rA,rA,����=�nk
�

−
2�0

3 �
k

���nk��dnk�2��2 � �vA · ���Tr Im G�1��rA,rA,����=�nk
�

−
2�0

3 �
k

���nk��nk�dnk�2��� − ��Tr
vA � �� � Im G�1��rA,rA,�nk��� �65�

and

Fn
nr�rA,vA� = −

2�0

3�
�

k

�dnk�2�
0




d��2 ���n�vA� − ��k�vA����kn
2 − �2�

��kn
2 + �2�2 � Tr G�1��rA,rA,i��

+
2�0

3�
�

k

�dnk�2�
0




d��2�kn��n + �k���kn
2 − 3�2�

��kn
2 + �2�3 � �vA · ���Tr G�1��rA,rA,i��

−
2�0

3�
�

k

�dnk�2�
0




d��2�kn��n + �k�
��kn

2 + �2�2 ��� − ��Tr
vA � �� � G�1��rA,rA,i���� . �66�

C. Motion parallel to a planar interface

Up until this point, all results are valid for arbitrary ge-
ometries. In order to gain physical insight, we restrict our-
selves to the generic quantum friction scenario of an atom
moving parallel �vA=v� = �vx ,vy ,0�T� to a homogeneous di-
electric or metal of permittivity ���� whose plane surface
defines the �x ,y� plane �see Fig. 1�. The Weyl expansion of
the Green tensor,

vA

FIG. 1. Atom moving with a velocity v near a planar surface.
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G�r,r�,�� =� d2k�

�2��2eik�·��−���G�k�,z,z�,�� , �67�

with r= �� ,z� can then be used to calculate explicit expres-
sions for the terms that contribute to the velocity-dependent
force. The relevant Weyl components G�k� ,z ,z� ,�� of the
Green tensor for z ,z��0 are given by �Gij
�Gij�k� ,z ,z� ,���

Gxx =
i

2kz
eikz�z+z��	rs

ky
2

k�
2 − rp

kz
2kx

2

k2k�
2
 , �68�

Gxy =
i

2kz
eikz�z+z��	− rs

kxky

k�
2 − rp

kz
2kxky

k2k�
2 
 , �69�

Gxz = −
i

2kz
eikz�z+z��rp

kzkx

k2 , �70�

Gzz =
i

2kz
eikz�z+z��rp

k�
2

k2 , �71�

with

rs =
kz − k1z

kz + k1z
, rp =

����kz − k1z

����kz + k1z
�72�

being the Fresnel reflection coefficients of the surface for s-
and p-polarized waves �k2=�2 /c2 , k1

2=�����2 /c2 , k�1�z
2

=k�1�
2 −k�

2�. The other components of the Green’s tensor
can be obtained by using the reciprocity condition
G�r ,r� ,��=GT�r� ,r ,��, which translates into
G�k� ,z ,z� ,��=GT�−k� ,z� ,z ,��, and the replacement rules
Gyy =Gxx�kx↔ky�, Gyz=Gxz�kx↔ky�.

For the assumed motion parallel to the surface, the
velocity-dependent shifts and rates vanish ��n

k�rA ,vA�
=�n

k�rA ,vA�=0 �cf. the remark at the end of Sec. III A� and
so do the generalized Doppler contributions to the resonant
force �65� �first two terms� and the nonresonant force �66�
�first term�. To calculate the delay and Röntgen contribu-
tions, we require second derivatives of the Green’s tensor as
given above. It is useful to note that derivatives vanish unless
they contain an even number for each of the Cartesian indi-
ces �x ,y ,z�. For example, terms such as �x�yGxx or �y�yGxz
will not contribute, whereas terms such as �x�yGxy or �y�yGzz
will. For simplicity, we restrict our attention to the nonre-
tarded or near-field limit, where the dominant contribution to
the Green’s tensor is due to evanescent waves with k1z�kz
� ik�. With this replacement, we have

rs = 0, rp =
���� − 1

���� + 1
�73�

and Eqs. �67�–�71� lead to

��v� · ���Tr G�1��rA,rA,�� =
3c2v�

16��2zA
5

���� − 1

���� + 1
, �74�

��� − ��Tr
v� � �� � G�1��rA,rA,���� = 0 . �75�

In the near-field limit, the Röntgen contribution hence also
vanishes and quantum friction is entirely due to the delay
effect.

Substituting Eqs. �76� and �75� into Eqs. �65� and �66�, we
find the friction forces,

Fn
r �rA,v�� = −

v�

4��0zA
5 �

k

���nk��dnk�2	 Im ����
����� + 1�2
�=�nk

�

�76�

and

Fn
nr�rA,v�� = −

v�

8��0zA
5 �

k

�dnk�2�kn��n + �k�

� �
0




d�
�kn

2 − 3�2

��kn
2 + �2�3

��i�� − 1

��i�� + 1
. �77�

If we further assume a single-resonance Drude-Lorentz
model for the permittivity,

���� = 1 +
�P

2

�T
2 − �2 − 2i��

, �78�

with plasma frequency �P, transverse resonance frequency
�T, and linewidth �, we find that for a weakly absorbing
medium ����P,T� the resonant and nonresonant forces are
given by

Fn
r �rA,v�� =

v�

8��0zA
5 �

k

���nk��dnk�2
��P

2��S
2 + 3�nk

2 �
��nk

2 − �S
2�3

�79�

and

Fn
nr�rA,v�� = −

v�

32��0zA
5 �

k

�dnk�2
sgn��kn���n + �k��P

2

�S���kn� + �S�3

�80�

��S=��T
2 +�P

2 /2 is the surface-plasmon frequency�.
Let us discuss our results. We first note that in a quantum

friction scenario of an atom moving parallel to a plane sur-
face, a generalized Doppler effect does not contribute to the
velocity-dependent force; this will be different for an atom
moving perpendicularly toward the surface. In the near-field
limit, the magnetic Röntgen coupling becomes negligible as
well; it will become relevant for larger distances. Near-field
quantum friction forces are hence dominantly caused by a
delay effect.

For a ground-state atom, only a nonresonant force com-
ponent �80� is present. With both �k0 and �k being positive
quantities, Fn

nr�rA ,v�� is strictly antiparallel to the velocity
and hence presents a genuine friction force. Note that this
force is proportional to the rates of spontaneous decay �k, the
absorption parameters of the atom. In the near-field limit,
these decay rates are given by �20–22�
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�n = �
k

�nk = �
k

���nk�
�dnk�2

6���0zA
3

Im ���nk�
����nk� + 1�2

= �
k

���nk�
�dnk�2

12���0zA
3

��nk�P
2

��nk
2 − �S

2�2 . �81�

Inserting this into Eq. �80� yields a friction force that is ex-
tremely short ranged and falls off as zA

−8. This is in contrast to
previous theories �14� that predict a zA

−5 scaling, resulting
from a disregard of the distance dependence of the sponta-
neous decay rate.

For an excited atom, resonant forces arise as a conse-
quence of possible transitions to lower lying atomic energy
levels. They will dominate the velocity-dependent force in
particular if one of them is near resonant with the surface-
plasmon frequency �S. Depending on whether the respective
atomic transition frequency �nk is smaller or greater than the
surface-plasmon frequency, the velocity-dependent resonant
force will either be a decelerating friction force antiparallel
to the velocity or it may be a quantum acceleration force
parallel to the velocity. This can be qualitatively understood
from an energy consideration. The energy ��nk emitted dur-
ing a downward transition of the atom is resonantly absorbed
by the surface and leads to the excitation of a surface plas-
mon with energy ��S. The energy difference between these
two reservoirs leads to a change in the atom’s kinetic energy.
If the emitted energy is smaller than the absorbed one, the
atom has to decelerate; if the emitted energy is greater than
the absorbed one, the atom will accelerate. Note also that the
off-resonant contribution �80� consists of strictly accelerating
downward contributions as well as strictly decelerating up-
ward contributions which, as before, have a zA

−8 scaling and
can be safely neglected with regard to the zA

−5 scaling of the
resonant forces. It is known from previous studies �23� that
the rate of spontaneous decay increases for atoms in motion.
This mechanism leads to a more rapid dissipation of the
internal energy initially stored in the atom, restricting the
lifetime of resonant forces; it needs to be taken into account
in a more quantitative analysis of energy conservation.

IV. EXAMPLES

In order to illustrate the effect of velocity-dependent
forces on atoms, we present a selection of numerical ex-
amples. We will concentrate on forces that are dominated by
a single atomic transition between a ground state �0� and an
excited state �1� with frequency �A and �isotropic� dipole-
matrix element d. In this case, the nonresonant ground-state
force �80� reduces to the simpler expression

F0�rA,v�� = −
v�d2

32��0zA
5

��P
2

�S��A + �S�3 , �82�

where the decay rate . �81� now reads

� =
d2

12���0zA
3

��A�P
2

��A
2 − �S

2�2 . �83�

The excited-state force is dominated by the resonant force
component, F1�rA ,v��=F1

nr�rA ,v��+F1
r �rA ,v���F1

r �rA ,v��,

F1�rA,v�� =
v�d2

8��0zA
5

��P
2��S

2 + 3�A
2�

��A
2 − �S

2�3 . �84�

As a first example, we consider a ground-state 87Rb atom
moving parallel to a gold surface. We consider the lowest
electronic transition D2�52S1/2→52P3/2� with wavelength
	A=780 nm ��A=2.41�1015 rad s−1� �24� and dipole mo-
ment d=4.23ea0=3.58�10−29 C m �25�. The permittivity of
gold may be characterized by a plasma frequency �P=1.37
�1016 rad s−1 and an absorption parameter �=4.12
�1013 rad s−1 �22�. Note that the transverse resonance fre-
quency vanishes for metals, �T=0, so that the surface-
plasmon resonance is located at �S=�P /�2. With these pa-
rameters, we find a deceleration of the rubidium atom as
�m87Rb=1.44�10−25 kg�

a� = − v��9.6 s−1�	1 nm

zA

8

. �85�

The force is extremely short ranged and is negligible for any
reasonable values of the velocity and atom-surface distance.

In contrast, for an excited rubidium atom with the same
data as above, the deceleration becomes

a� = − v��5.0 � 104 s−1�	1 nm

zA

5

. �86�

In comparison to the ground-state force, excited-state quan-
tum friction is strongly enhanced and has a much longer
range. For an atomic velocity of v=200 ms−1, the decelera-
tion at an atom-surface distance zA=10 nm can be as large
as a=−100 ms−2. Even at zA=100 nm the deceleration is
still a=−10−3 ms−2.

Results for other atoms and metallic surfaces can be eas-
ily obtained by noting that in most cases, the relevant atomic
transition frequency is much smaller than the surface-
plasmon frequency of the metal, hence �A��S. Under this
approximation, the excited-state force �84� and the decay rate
�83� read as

F1�rA,v�� � −
v�d2

2��0zA
5

�

�P
2 �87�

and

� �
d2�A

3���0zA
3

�

�P
2 . �88�

Typical values for the material parameter �P
2 /� are tabulated

in Ref. �22�. Note that unless the excitation is maintained by
continuous repumping, the excited-state force only acts dur-
ing a time interval �t��−1. The relative velocity change
during this time is approximately

�v
v

�
F1

�mv
� −

3�

mAzA
2

1

2�A
. �89�

In this limit ��A��S�, the relative change in velocity is in-
dependent of the strength of the atomic dipole transition and
all material parameters.

Upon inspection of the excited-state force �84� one no-
tices that this force can be resonantly enhanced if an atomic
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transition matches the frequency of a surface-plasmon reso-
nance. An example of such a close match has been pointed
out in Refs. �26,27� and involves a sapphire substrate with its
principal surface plasmon at 	S=12.21 �m ��S=1.54
�1014 rad s−1� and the 6D3/2→7P1/2 transition in 133Cs
with a wavelength of 	A=12.15 �m ��A=1.55
�1014 rad s−1�. Near this plasmon resonance, the permittiv-
ity of sapphire is well approximated by �27�

�sapphire��� = � +
��P

2

�T
2 − �2 − 2i��

�90�

with �=2.71, �P=0.84�S=1.29�1014 rad s−1, �T=0.70�S
=1.08�1014 rad s−1, and �=7.5�10−3�S=1.16
�1012 rad s−1; note that �S=��T

2 +�P� / ��+1�. With this
model and introducing the atom-plasmon detuning �=�A
−�S, we find that the force �76� and the decay rate �81� in the
vicinity of the surface-plasmon resonance may be given as
���� ,���S�

F1�rA,v�� �
v�d2

4��0zA
5

�

�� + 1�2

�P
2

�S

��

��2 + �2�2 �91�

and

� �
d2

12���0zA
3

�

�� + 1�2

�P
2

�S

�

�2 + �2 . �92�

With the dipole moment of the above-mentioned transi-
tion being d=5.85�10−29 C m �28�, one finds �m133Cs

=2.21�10−25 kg�

a� = + v��7.1 � 1011 s−1�	1 nm

zA

5

. �93�

Compared with the result �86� for the excited-state force near
a metal, we find a significantly enhanced force. Note also
that, because �A��S �i.e., ��0�, the force is accelerating
rather than decelerating. As a numerical example, for a par-
ticle velocity of v=100 ms−1 and an atom-surface distance
of zA=100 nm, one would observe an acceleration of a=7
�104 ms−2. As before, without continuous repumping this
force acts only for a very short time, leading to a net relative
change in velocity

�v
v

�
3�

mzA
2

�

�2 + �2 . �94�

V. SUMMARY

We have shown that atoms or molecules in relative mo-
tion with respect to an electric surface experience velocity-
dependent CP forces. Solving the coupled atom-field dynam-
ics for a slowly moving atom, we have found an expression
for the linearized velocity-dependent force on an atom in an
arbitrary incoherent internal quantum state moving near an
arbitrary arrangement of magnetoelectric bodies. In general,
three effects contribute to the velocity-dependent Casimir-
Polder force: a generalized Doppler effect due to the velocity
dependence of the atomic transition frequencies; the delay
between the emission and reabsorption of photons by the
atom; and the Röntgen interaction, i.e., the coupling of the
current density associated with the atomic motion to the
magnetic field.

In order to illustrate the general theory, we have studied
the near-field force on an atom that moves parallel to a pla-
nar dielectric or metallic surface. Due to the translational
invariance of the system, the Doppler term does not contrib-
ute in this case. Furthermore, the delay term dominates over
the Röntgen term. For a ground-state atom the force is a
genuine friction force, i.e., a force antiparallel to its velocity.
It is proportional to the atomic linewidth and hence very
small. In contrast, excited-state atoms can be either deceler-
ated or accelerated depending on the relative magnitude of
their transition frequency with respect to the characteristic
frequency of the substrate material. For metals, the force is
always decelerating while for dielectric substrates with suf-
ficiently small surface-plasmon frequency, acceleration of
excited-state atoms can be realized.

In addition, the force on such atoms is strongly enhanced
when atom and substrate are near resonant. Much stronger
enhancement can be achieved when the atom moves through
resonator structures, in close analogy to the stationary case
�29�.
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Spectroscopic signatures of quantum friction

Juliane Klatt,1 Robert Bennett,1 and Stefan Yoshi Buhmann1,2

1Physikalisches Institut, Albert-Ludwigs-Universität Freiburg, Hermann-Herder-Strasse 4, D-79104, Freiburg im Breisgau, Germany
2Freiburg Institute for Advanced Studies, Albert-Ludwigs-Universität Freiburg, Albertstrasse 19, D-79104 Freiburg im Breisgau, Germany

(Received 11 January 2016; published 1 December 2016)

We present a formula for the spectroscopically accessible level shifts and decay rates of an atom moving at an
arbitrary angle relative to a surface. Our Markov formulation leads to an intuitive analytic description whereby
the shifts and rates are obtained from the coefficients of the Heisenberg equation of motion for the atomic flip
operators but with complex Doppler-shifted (velocity-dependent) transition frequencies. Our results conclusively
demonstrate that for the limiting case of parallel motion the shifts and rates are quadratic or higher in the atomic
velocity. We show that a stronger, linear velocity dependence is exhibited by the rates and shifts for perpendicular
motion, thus opening the prospect of experimentally probing the Markovian approach to the phenomenon of
quantum friction.

DOI: 10.1103/PhysRevA.94.063803

I. INTRODUCTION

How does an atom with a fluctuating dipole moment behave
when moving relative to a surface? Given the recent resurgence
of interest in short-range fluctuation-induced forces brought
about by advances in micro- and nanoscale technology, one
would expect this question to have a clear-cut, unambiguous
answer. Indeed the intuition for the effect is clear—the
properties of a fluctuating atomic dipole depend on the
distance to an image dipole [1], meaning that a relative
motion between the two should cause velocity-dependent
dynamical corrections. However, even for relatively simple and
idealized models of atoms and surfaces there are significant
disagreements between different approaches to calculating, for
instance, the frictional force that an atom may experience while
moving parallel to a surface. For example, Refs. [2,3] disagree
with Refs. [4–6] about the power law governing the velocity
dependence of the effect at zero temperature; it is even argued
in Ref. [7] that the effect does not exist at all, or in Ref. [8] that
some methods (e.g., Ref. [9]) are very sensitive to the initial
velocity preparation. These discrepancies arise largely because
several different and incompatible formalisms have been used
in calculating the velocity-dependent force. These include
linear-response theory [10], Born-Markov approximations [6],
time-dependent perturbation theory [8], and appeals to a
generalized fluctuation-dissipation theorem [2]. As in all
physics, the only real validation of a successful approach is
via experiments, which are sorely lacking in atomic friction.
This is because the forces involved are extremely small, and
there are serious experimental challenges concerning precision
measurements of forces on atoms near surfaces [11,12],
meaning that it is difficult to confirm or exclude particular
theoretical approaches.

Here, we take a different route and consider the much
more experimentally accessible internal dynamics of the
atom, which in principle can be measured spectroscopically,
thus providing a testable prediction of a velocity-dependent
quantum-vacuum effect. We present results for the paradig-
matic setup of a zero-temperature neutral atom with dipole
moment d and nonrelativistic velocity v moving next to a
perfectly smooth macroscopic surface, as shown in Fig. 1. For
an atom at rest, the interaction of the atom’s fluctuating dipole

moment with its image causes the Casimir-Polder corrections
to the atom’s levels and decay rates [1]. If the atom is allowed
to move relative to the surface, fields induced by images at
previous times reach the atom; in other words, the motion of the
atom causes it to “see” its image as being at a different position
than where it is currently, resulting in dynamical effects.

II. MODEL

The dynamics shown in Fig. 1 consists of three mutually
coupled parts: (i) the atom’s center-of-mass motion, (ii) the
internal dynamics of the atom, and (iii) the dynamics of
the medium-assisted electromagnetic field which surrounds
the atom. The center-of-mass motion may be separated
from the other degrees of freedom in the spirit of the
Born-Oppenheimer approximation. Accordingly, the coupled
atom-field dynamics are solved for a fixed atomic velocity. For
the description of the dynamics of the composite field-matter
system consisting of the electromagnetic field coupled to the
charges making up the medium, we use the framework of
macroscopic quantum electrodynamics [13,14]. The latter
is a prescription for the quantization of the electromagnetic
field interacting with macroscopic, dispersive, and absorbing
bodies. As a consequence, the field-matter system is
represented by a bosonic field with elementary excitations fλ
for each electric or magnetic-type excitation λ = {e,m}, with
position r and frequency ω. The Hamiltonian HF describing
this part of the dynamics is then simply the canonical form
integrated over all space:

HF = �
∫

d3r
∫ ∞

0
dωω f†

λ(r,ω) · fλ(r,ω). (1)

The free atom of mass m and center-of-mass momentum p is
described by a Hamiltonian

HA = p2

2m
+

∑
n

En |n〉 〈n|, (2)

where n indexes an atomic level of energy En. The third
and final part of the Hamiltonian comprises the interaction
between the macroscopic QED electric field E(r) and the
atom. This interaction is described in the dipole approximation
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x

ddd(t − τ) ddd(t)

vvv
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FFFcp

FIG. 1. Atom moving next to a surface with velocity v. Its electric
dipole d(t) fluctuates about zero. The atom may have emitted a photon
at time t − τ which is reabsorbed at time t .

by a Hamiltonian

HAF = −
∑
mn

|m〉 〈n| dmn · E(rA), (3)

furnishing us with the total Hamiltonian H = HF + HA +
HAF. Note that magnetic contributions to the interaction are
omitted since they play a minor role in close proximity to the
surface. The macroscopic QED electric field in a region with
permittivity ε(r,ω) and permeability μ(r,ω) is given explicitly
in terms of the bosonic operators fλ(r,ω) introduced above by

E(r) =
∑

λ

∫
d3r′

∫ ∞

0
dω Gλ(r,r′,ω) · fλ(r′,ω) + H.c. (4)

with

Ge(r,r′,ω) = i
ω2

c2

√
�ε0

π
Imε(r′,ω)G(r,r′,ω), (5)

Gm(r,r′,ω) = i
ω

c

√
�

πμ0

Imμ(r′,ω)

|μ(r′,ω)|2 G(r,r′,ω), (6)

where G(r,r′,ω) is the Green’s function for the Helmholtz
equation[

∇ × 1

μ(r,ω)
∇ × −ω2

c2
ε(r,ω)

]
G(r,r′,ω) = δ(r − r′). (7)

This Green’s function describes the propagation of field-matter
excitations of frequency ω from r′ to r thereby encoding all
the information about the environment, i.e., its geometry as
well as its dispersive and absorptive properties.

Using Eq. (4) in our Hamiltonian H , we have for the
Heisenberg equations of motion,

Ȧmn(t) = iωmn + 1

i�
[Amn(t),HAF(t)], (8)

for the atomic flip operators Amn ≡ |m〉 〈n| a differential
equation which can be formally solved in a Dyson-like
expansion in the square of the electric dipole moment d of the
atom. The dipole operator dmnAmn induces an atomic transition
from one electronic level to another, which will necessarily be
accompanied by the emission or absorption of a body-assisted
field excitation given the form of the atom-field coupling in
Eq. (3). Hence, restricting to quadratic order in d corresponds
to considering (at most) two emission or absorption events,
which—if a surface is present—means neglecting multiple

reflections. Doing this, we find for the dynamics of the d2

approximation A(2)
mn(t) to the atomic flip operator

Ȧ(2)
mn(t) = Ȧ(0)

mn(t) − 1

i�
∑
ij

[
A(0)

mn(t), A(0)
ij (t)dij · E(1)(rA,t)

]
,

(9)

where E(1) is the free field plus that induced by an atom
described via the d0 approximation A(0)

mn(t) to the atomic flip
operator. Taking the normal-ordered vacuum expectation value
of (9) and utilizing the Heisenberg equation of motion for the
fλ(r,ω) one arrives at〈

Ȧ(2)
mn(t)

〉 = {iωmn − [Cn(t) + C∗
m(t)]}〈A(2)

mn(t)
〉
, (10)

where we have replaced A(0)
mn(t) → A(2)

mn(t) on the right-hand
side. The resulting error will be of order d4, as can be
easily seen from the coefficients Cn = ∑

k Cnk given explicitly
by [15]

Cnk = μ0

π�

∫ t

t0

dt ′
∫ ∞

0
dωω2dnk · [ImG(rA,r′

A,ω)] · dkn

× e−i(ω−ωnk )(t−t ′), (11)

where rA = rA(t) and r′
A = rA(t ′) are the current and previous

positions of the atom, respectively. Here we have used a well-
known integral relation for electromagnetic dyadic Green’s
functions [15]:∑

λ

∫
d3s Gλ(r,s,ω) · G∗

λ(s,r′,ω) = �μ0

π
ω2ImG(r,r′,ω).

(12)
Inspection of Eq. (10) shows that the real and imaginary parts
of Cn deliver respectively the rate of spontaneous decay, �n,
and the level shift �δωn with respect to the bare level En of
the state n via

�n = 2
∑
k<n

ReCnk, δωn =
∑

k

ImCnk. (13)

Having set up the model, we now present our main results,
which are the first predictions of level shifts and decay rates
for an atom moving in an arbitrary direction near a surface.
In order to produce concrete numbers for the level shifts and
decay rates, we employ a Markov approximation in which the
coefficients in Eq. (10) are presupposed to be time independent.
In other words, we assume clear separation of the three time
scales involved. First, the both the field dynamics and the
internal dynamics of the atom are assumed to happen at a much
faster pace than the atomic center-of-mass motion. Hence, the
atom’s position and velocity may be treated as instantaneous
and fixed—eliminating implicit time dependencies in the Cnk .
Second, typical time scales of the field’s dynamics—given by
its memory, i.e., autocorrelation time—are presupposed to be
very small compared to the time scales on which electronic
transitions in the atom take place. Therefore, any residual time
dependence—saturated on the scale of the field’s memory—
will not be resolved in the internal atomic dynamics. This is the
well-known coarse-graining effect the Markov approximation
relies on. Consistency with such an approximation requires
that we assume approximately uniform motion rA − r′

A ≈
v(t − t ′) ≡ vτ .
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We take advantage of translational invariance parallel to
the surface to take the Fourier transform ImG of the imaginary
part of the Green’s function appearing in Eq. (11). Similarly,
we split up the atomic velocity v and the wave vector k into
components parallel to the surface {v‖,k‖} and perpendicular
to it {v⊥,k⊥}, giving for Eq. (11)

Cnk = μ0

π�

∫ ∞

0
dτ

∫ ∞

0
dωω2

∫
d2k‖

× dnk · [ImG(k‖,zA,ω)] · dkne
−i(ω−ω′

nk )τ , (14)

where a Doppler-shifted frequency ω′
nk ≡ ωnk + k · v has

naturally arisen and we have made use of a shorthand
G(k‖,z,ω) ≡ G(k‖,z,z,ω). Finally, we have taken the limit
t0 → −∞, which is justified as long as t0 is significantly larger
than the width of the field’s memory kernel, consistent with
the Markov approximation.

Since we ultimately want to determine the shifts δωn and
rates �n given in Eq. (13) and accordingly aim to identify the
real and imaginary parts of Eq. (14), it is useful to further
simplify ImG (the Fourier transform of the imaginary part of
G) as this quantity has no obvious separation into real-valued
and imaginary components. To this end, we note that for real
dnk only the symmetric portion SG of the Fourier-transformed
Green’s tensor G contributes, which, for a half-space geometry
described by G = GHS that we use later on, is precisely the
part for which Fourier transforming and taking the imaginary
part commute: S[ImGHS] = S[ImGHS]. Now we have the
imaginary part of the Fourier transform (rather than vice
versa) which is manifestly real. Thus we now have a clear
separation of real and imaginary parts in Eq. (14), enabling us
to easily identify level shifts and rates of spontaneous decay
via Eq. (13).

Furthermore, we specialize to the nonretarded (i.e., near-
field) regime where the atom-surface distance zA is short
enough that the finite round-trip time of a reflected pho-
ton is negligible compared to atomic time scales. This
regime is defined by ωnkzA/c � 1. Under these conditions,
k⊥ ≈ (−k2

‖)1/2 and the Doppler-shifted atomic transition
frequencies become ω′

nk → ωnk + k‖ · v‖ − ik‖v⊥, where we
have made the physical choice of branch of the square root such
that evanescent waves are decaying away from the surface as
z → ∞.

Finally, let us spell out in more detail the connection
between contributions stemming from a finite atomic center-
of-mass velocity v to the internal atomic dynamics on the
one hand and quantum friction, i.e., finite-v contributions
to the Casimir-Polder force, on the other hand. An agreed-
upon feature of the various approaches to quantum friction
mentioned in the introduction is the following expression for
the Casimir-Polder force:

FCP(t) = iμ0

4π3
∇

∫ t

0
dt ′

∫
d2k‖

∫ ∞

0
dωω2e−iω(t−t ′)

×tr{Cd (t,t ′; v) · [ImG(k‖,zA,ω)]}eik‖·(rA−r′
A),

(15)

where Cd is the two-time correlator of the atomic dipole
moment,

Cd (t,t ′; v) = 〈d(t)d(t ′)〉. (16)

The Casimir-Polder force (15) experienced by an atom which
moves parallel to a macroscopic surface comprises the afore-
mentioned dynamical contributions in twofold manner: first,
explicitly via the distance rA − r′

A traveled by the atom during
emission at time t and reabsorption at time t ′ of a photon,
and second, implicitly, via the time evolution of the dipole
operator which evolves according to the entire Hamiltonian
which naturally includes the atomic center-of-mass motion
and hence v. This implicit dependence is indicated by the third
argument of the correlator Cd and corresponds exactly to the
finite-velocity contributions to the internal dynamics provided
by Eqs. (13) and (14).

There is consensus that the leading-order-in-v contributions
to the friction force acting on an atom moving parallel to the
surface stem from the explicit velocity dependence rather than
the implicit one in the correlator. Noncompatible assumptions
on the precise long-time behavior of the latter are nevertheless
believed to bring about the contradicting results for that very
leading order in relative velocity of the friction force. While
Intravaia et al., for instance, assume a power-law decay of
correlations for very large times [2], the Markovian approach
presupposes exponential decay of correlations on all time
scales [6]. This large-time behavior strongly influences the
low-frequency contributions to quantum friction, which are
the ones most sensitive to the explicit, Doppler-shift-like,
corrections in Eq. (15).

While not lending our voice to either of the contra-
dicting assumptions, we solely focus on the fact that the
Markov approach—in contrast to the generalized fluctuation-
dissipation approach—does not only render a prediction for
dynamical corrections to the static Casimir-Polder force,
but moreover predicts dynamical corrections on the level
of the internal dynamics of the atom, associated with the
implicit velocity dependence of that force. The latter can be
probed spectroscopically—which, though challenging, is less
demanding than a force measurement. Hence, the question
whether the Markov approximation is legitimate for a Casimir-
Polder setup subject to relative motion may in principle be
answered by means of spectroscopy. The remainder of this
work focuses on exactly that venture.

III. RESULTS

In order to arrive at physical predictions, we now make use
of the explicit nonretarded half-space Green’s function (see,
for example, Ref. [16])

GHS(r,r′,ω) = rp(ω)c2

8π2ω2

∫ 2π

0
dφ

∫ ∞

0
dκκ2

× eik‖·(r‖−r′
‖)e−κ(z+z′)a ⊗ a, (17)

where a = (cos φ, sin φ,i) and rp(ω) = ε(ω)−1
ε(ω)+1 is the non-

retarded limit of the Fresnel reflection coefficient for p-
polarized (transverse magnetic) radiation of frequency ω

incident upon a nonmagnetic [μ(r,ω) = 1] half-space of
permittivity ε(ω). We have written the frequency integral in
Eq. (17) in polar coordinates k‖ = (κ cos φ,κ sin φ). Defining
a weighted squared dipole moment d

2(φ)
nk ≡ dnk · [a ⊗ a] · dkn

and inserting Eq. (17) into Eq. (14) with G = GHS and making
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use of the the Heaviside step function �(x) we find

Cnk = − i

8π2ε0�

∫ ∞

0
dκκ2

∫ 2π

0
dφ

[
rp(ω′

nk)�[Re(ω′
nk)]

− 1

π

∫ ∞

0
dξ

ω′
nkrp(iξ )

ξ 2 + ω′2
nk

]
e−2κzd

2(φ)
nk , (18)

which is our main result. Its detailed derivation (see the
Appendix) proves that Eq. (18) is valid for either sign of v⊥,
as long as the component of velocity away from the interface
is not too large, as then the atom would “remember” having
emerged from inside the medium, where our model does not
apply. We also note that, in practice, the argument Re[ω′

nk]
of the step function in Eq. (18) is dominated by ωnk , because
ωnk � k‖v‖. To see this we note that the k‖ integral in Eq. (18)
is effectively cut off at ∼ 1/z. Then one can easily check that
the resulting condition ωnk � v‖/z is comfortably satisfied for
all nonrelativistic velocities and distances greater than a few
nanometers. Equation (18) contains a remarkable amount of
information—the decay rates and frequency shifts for an atom
with any velocity vector v can be obtained from it simply by
taking real and imaginary parts via Eqs. (13).

Physical insight can be gained from expanding our for-
mula (18) in a Taylor series for low atomic velocities:

C
‖res
nk � −i

32πε0�z3

[
d

(i)2
nk rp(ωnk) + 3d

(a)2
nk v2

‖
8z2

r ′′
p(ωnk)

]
, (19)

C⊥res
nk � −id

(i)2
nk

32πε0�z3

[
rp(ωnk) − 3iv⊥

2z
r ′
p(ωnk)

]
, (20)

where d
(i)2
nk =d2

nk,x + d2
nk,y + 2d2

nk,z and d
(a)2
nk =3d2

nk,x+d2
nk,y +

4d2
nk,z and the primes denote derivatives with respect to

frequency. Here we have presented only the resonant part of the
interaction since the nonresonant part is orders of magnitude
smaller, as shown more explicitly later on.

If applied to parallel motion and a plasma-model medium,
Eq. (19) exactly coincides with known results [17]. We
immediately see from Eq. (19) [via Eq. (13)] that the lowest-
order velocity-dependent corrections to the resonant level
shifts δω

‖
n and decay rates �

‖
n for parallel motion are quadratic

in the atomic velocity; in fact all odd-order terms vanish.
This is expected given that the sign of the velocity should
not matter for motion parallel to the surface, since the system
is translationally invariant along those directions. Turning our
attention to perpendicular motion, we observe from Eq. (20)
that the leading velocity-dependent corrections are linear in
the velocity. This is physically reasonable as the system is not
translationally invariant along the direction perpendicular to
the surface, so that changing the sign of the velocity in that
direction should matter. Note that the vanishing of all even
orders in velocity in the case of parallel motion is by no means
a contradiction to the fact that the friction force [Eq. (15)]
must be odd in relative velocity. As mentioned when this force
was introduced, its leading-order-in-v contribution does not
stem from the internal dynamics of the atom, i.e., the shifts
and rates we studied in this section. Instead, leading-order
dynamical contributions to the friction force rather stem from
an explicit, Doppler-shift-like v dependence attributed to the
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FIG. 2. Dependence of shifts δω and decay rates � (relative
to the respective free-space values) on possible atomic transition
frequencies of a 133Cs atom moving parallel (red) or perpendicular
(blue) to a sapphire surface. The actual 6D3/2 → 7P1/2 transition is
indicated by the vertical axis. The parameters describing the surface
and the atom are zA = 10 nm; v = ±500, ±1000 m/s, η = 2.71, ωT =
1.56 × 1014 s−1, ωP = 1.2ωT, γ = 0.02ωT, and d = 5.85 × 10−29

Cm and isotropic. We also include the static shifts and rates as dashed
lines. The vertical line marks the actual transition frequency. The inset
shows the emission-line profile for static (dashed) and moving (blue)
atoms at v⊥ = 500 m/s after averaging over 5 nm < zA < 1 μm.
For parallel motion the corrections are much smaller than for the
perpendicular one and have no visible effect on the line profile.

distance rA − r′
A traveled by the atom during emission and

reabsorption of a photon.

IV. EXPERIMENTAL RELEVANCE

As a concrete example, consider 133Cs whose far infrared
6D3/2 → 7P1/2 transition is near resonant with the 12.21-μm
phononic resonance of ordinary sapphire [18] which strongly
enhances resonant Casimir-Polder effects. We describe the
sapphire with a dominant-resonance Drude-Lorentz model,
ε(ω) = η[1 − ω2

P/(ω2 − ω2
T + iγ ω)], where ωP is the plasma

frequency, ωT is an absorption line frequency, γ is the damping
parameter, and η accounts for the small background stemming
from other atomic transitions. By means of Eq. (18) we
can now determine the velocity-dependent shifts and rates
corresponding to this 133Cs transition in front of a sapphire
surface. In Fig. 2 we plot the dependence of these shifts and
rates on the atomic transition frequency for a selection of
center-of-mass velocities. For parallel motion the dynamical
corrections are much smaller than those for perpendicular
motion. Hence, the inset in Fig. 2 depicts a spatially averaged
(5 nm < zA < 1 μm) profile of the mentioned emission line—
as, e.g., obtained by evanescent-wave spectroscopy—of atoms
moving perpendicularly towards the surface at 500 m/s.
Compared to the static profile it is slightly shifted and clearly
more peaked. An observation of the latter effect is demanding
but much more in reach than measurement of quantum friction
forces. Similar experiments have already been carried out in
order to measure the static Casimir-Polder shift [19]. In Fig. 3
we show the velocity dependence of the decay rate for a 133Cs
atom moving arbitrarily with respect to the sapphire surface.
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FIG. 3. Velocity dependence of the decay rate for parallel (thick
red line, θ = ±π/2) and perpendicular (thick blue line, θ = 0, π )
motion of a 133Cs atom in front of sapphire in units of the static decay
rate �

(0)
1 , alongside the leading-order-in-v expressions (dashed lines,

with the parallel motion asymptote being barely distinguishable from
the exact result at this scale). The thin lines between these extremal
cases are for intermediate 0 < θ < π/2 evenly spaced in steps of
π/16. All parameters chosen here are the same as in Fig. 2, and the
transition frequency is taken as ωL as indicated in Fig. 2. Inset: Detail
of low-velocity region.

The nonresonant shifts and rates are a factor of (ω2
P +

ω2
T)1/2/γ ≈ 100 smaller than the resonant shifts for any

realistic choice of parameters, meaning that we can safely
ignore them here. The known static, resonant, Casimir-Polder
shifts and rates emerge from the terms zero order in velocity
in Eqs. (19) and (20). For an atom whose dipole moment is
aligned along the positive z direction they read

δω
(0)
n,�+ = d2

z

16πε0�
η

(η + 1)

ω2
p

ωLγ

1

z3
A

, (21)

�
(0)
n,L = d2

z

4πε0�
η

(η + 1)

ω2
p

ωLγ

1

z3
A

, (22)

when evaluated at their respective maxima �+ and ωL (see
Table I) and taken at leading order in γ � ωT.

In Table I we summarize the lowest-order velocity-
dependent contributions to the level shifts and decay rates,
expressed as ratios to the static quantities (21) and (22). One

TABLE I. Leading-order contributions δωloc
n and �loc

n to resonant
level shifts and rates for an atom moving with velocity v < γ zA

next to a surface, with its dipole moment aligned along the positive
z direction. We have reported only the leading terms in γ since the
next terms will be smaller by a similar factor as the nonresonant parts,
which we have ignored here. Each quantity is evaluated at the maximal
points of the static quantities; that is, decay rates are evaluated at
ωL =

√
ηω2

P/(η + 1) + ω2
T and level shifts at �+ = ωL + γ /2.

Perpendicular motion Parallel motion

δωloc
n /δω

(0)
n,�+ ± 3v⊥

γ zA
− 3v2

‖
γ 2z2

A

�loc
n /�

(0)
n,L

3v⊥
γ zA

− 6v2
‖

γ 2z2
A

can estimate the radius of convergence of the Taylor expansion
by finding the ratios of successive orders. So from Table I one
can see that the series converge for v‖,⊥ � γ zA ≈ 1 THz ×
1 nm = 103 m/s. Typical velocities of atomic beams generated
through thermal effusion are in the range 1 × 102–1 × 103 m/s
(see, for example, Ref. [20]), meaning that even the simple
asymptotic formulas in Table I are immediately relevant to
experiment.

Finally, let us discuss our assumptions and associated er-
rors. Nonrelativistic (v/c � 1 × 10−5), nonretarded (ωTz/c �
1 × 10−3), and single-reflection (d2ω2

T/�ε0c
3 � 1 × 10−8)

approximations lead to a relative error of about 1 × 10−3,
which is not detectable for the class of experiments we compare
to here. The Born-Oppenheimer and Markov approximations
assume separation of field autocorrelation time, τF = γ −1,
internal atomic time scales, τA = �−1, and center-of-mass time
scales, τC, respectively. The significant difference between
the masses of the electron and the nucleus causes τC to
clearly separate from internal atomic as well as field time
scales (τC � τA,τF). However, the separation of the latter
(τA � τF) strongly depends on zA. The proposed experiment
may hence serve to confirm or refute the applicability of
the Markov approximation in this crossover regime. Finally,
finite temperature enhances both static and dynamic effects
by a factor n(ωA) + 1, where n(ωA) is the thermal occupation
number of the mode ωA corresponding to the atomic transition
of interest. For the aforementioned transition of 133Cs at room
temperature, n(ωA) � 0.02.

V. SUMMARY

Here we have presented spectroscopically accessible ana-
lytical predictions of the dynamical corrections to the internal
structure of an atom as it moves in an arbitrary direction
near a surface. We have obtained the general formula (18)
that gives the full set of level shifts and decay rates for an
obliquely moving, possibly excited, atom near a half-space
with results shown in Fig. 3. Our asymptotic results show
that the relevant expansion parameter for small velocities is
v/(γ zA), which is large compared to, for example, v/c or
v/(ωTzA). This, alongside the fact that the results we have
presented for perpendicular motion are linear in this parameter
(in contrast to the quadratic dependence for parallel motion),
means that these quantities are larger than previously thought,
and therefore more easily measurable. In addition to being a
velocity-dependent vacuum effect in its own right, our results
constitute a testable prediction related to the less-accessible
phenomenon of quantum friction. Our results represent a
test-bed for the applicability of the Markov approximation
in this setting. Refuting Markovianity by experiments would
rule out one of the contradicting standpoints in the quantum
friction debate.

ACKNOWLEDGMENTS

We would like to thank D.A.R. Dalvit, M.B. Farı́as, S.
Scheel, and B. von Issendorff for discussions. This work was
supported by the DFG (Grants No. BU 1803/3-1476 and No.
GRK 2079/1) and the Freiburg Institute for Advanced Studies.

063803-5

[S27] Spectroscopic signatures of quantum friction 301



KLATT, BENNETT, AND BUHMANN PHYSICAL REVIEW A 94, 063803 (2016)

APPENDIX: DERIVATION OF EQ. (18)

Starting with the Heisenberg coefficients (6), substituting the nonretarded scattering Green’s function for a half-space (7), and
performing the κ integration, one arrives at

Cnk = 1

4π3�ε0

∫ T

0
dτ

∫ ∞

0
dω

∫ 2π

0
dφ d(φ)2

nk Imrp(ω)e−i(ω−ωnk )τ (2zA − vτ cos θ − ivτ sin θ cos φ)−3. (A1)

Here, without loss of generality, the coordinate system is chosen such that the y component of the atom’s velocity is zero.
Expanding the denominator of Eq. (13) in the unitless parameter s = vτ/2zA around zero and abbreviating fφ,θ = cos θ +
i sin θ cos φ yields

Cnk = 1

64π3�ε0z
3
A

∫ T

0
dτ

∫ ∞

0
dω

∫ 2π

0
dφ d(φ)2

nk Imrp(ω)e−i(ω−ωnk )τ
∞∑

j=0

(j + 2)!

j !
sjf

j

φ,θ . (A2)

Due to the oscillating nature of the integrand, the latter does not contribute to the integral for τ � ωnk . Hence, the domain where
the above series is convergent, i.e., for vωnk � 2zA, matches the domain where the integrand contributes. The powers of τ can
be rewritten as derivatives with respect to ω which, via partial integration, may be shifted onto the reflection coefficient rp(ω).
Afterwards, the τ integral can be solved, giving

Cnk = 1

64π3�ε0z
3
A

∞∑
j=0

(j + 2)!

j !

∫ ∞

0
dω

∫ 2π

0
dφ d(φ)2

nk Imr (j )
p (ω)

(
− ivfφ,θ

2zA

)j[
πδ(ω − ωnk) − iP 1

ω − ωnk

]
. (A3)

Carrying out the complex-frequency integration separates resonant (pole) and nonresonant contributions:

Cres
nk = − i

64π2�ε0z
3
A

∞∑
j=0

(j + 2)!

j !

∫ 2π

0
dφ d(φ)2

nk

(
− ivfφ,θ

2zA

)j

r (j )
p (ωnk), (A4)

Cnres
nk = i

128π3�ε0z
3
A

∞∑
j=0

(j + 2)!
∫ 2π

0
dφ d(φ)2

nk

(
ivfφ,θ

2zA

)j ∫ ∞

0
dξ

(ωnk + iξ )(j+1) + (ωnk − iξ )(j+1)

(ω2
nk + ξ 2)(j+1)

rp(iξ ). (A5)

This can be rewritten as

Cres
nk = − i �(ωnk)

8π2�ε0

∫ 2π

0
dφ

∫ ∞

0
dκκ2e−2κzA d(φ)2

nk rp(ω′
nk), (A6)

and

Cnres
nk = i

8π3�ε0

∫ 2π

0
dφ

∫ ∞

0
dκκ2e−2κzA d(φ)2

nk

∫ ∞

0
dξ

ω′
nkrp(iξ )

ω′2
nk + ξ 2

. (A7)

The above derivation demonstrates that Eq. (18) is valid for either sign of v⊥, as long as the component of velocity away from
the interface is not too large—more precisely as long as vωnk � 2zA.

[1] H. B. G. Casimir and D. Polder, Phys. Rev. 73, 360 (1948).
[2] F. Intravaia, R. O. Behunin, and D. A. R. Dalvit, Phys. Rev. A

89, 050101 (2014).
[3] J. S. Høye, I. Brevik, and K. A. Milton, J. Phys. A Math. Theor.

48, 365004 (2015).
[4] B. Persson and A. Volokitin, J. Chem. Phys. 103, 8679 (1995).
[5] W. L. Schaich and J. Harris, J. Phys. F 11, 65 (1981).
[6] S. Scheel and S. Y. Buhmann, Phys. Rev. A 80, 042902 (2009).
[7] T. G. Philbin and U. Leonhardt, New J. Phys. 11, 033035 (2009).
[8] F. Intravaia, V. Mkrtchian, S. Buhmann, S. Scheel, D. A. R.

Dalvit, and C. Henkel, J. Phys. Condens. Matter 27, 214020
(2015).

[9] G. Barton, New J. Phys. 12, 113045 (2010).
[10] G. V. Dedkov and A. A. Kyasov, Tech. Phys. Lett. 28, 346

(2002).
[11] F. Sorrentino, A. Alberti, G. Ferrari, V. V. Ivanov, N. Poli, M.

Schioppo, and G. M. Tino, Phys. Rev. A 79, 013409 (2009).

[12] M. G. Tarallo, A. Alberti, N. Poli, M. L. Chiofalo, F.-Y. Wang,
and G. M. Tino, Phys. Rev. A 86, 033615 (2012).

[13] T. Gruner and D.-G. Welsch, Phys. Rev. A 53, 1818 (1996).
[14] S. Scheel and S. Y. Buhmann, Acta Physica Slovaca 58, 675

(2008).
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In this article, we analyze the Casimir-Polder interaction of atoms with a solid grating and the repulsive
interaction between the atoms and the grating in the presence of an external laser source. The Casimir-
Polder potential is evaluated exactly in terms of Rayleigh reflection coefficients and via an approximate
Hamaker approach. The laser-tuned repulsive interaction is given in terms of Rayleigh transmission
coefficients. The combined potential landscape above the solid grating is probed locally by diffraction of
Bose-Einstein condensates. Measured diffraction efficiencies reveal information about the shape of the
potential landscape in agreement with the theory based on Rayleigh decompositions.
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Nanophysics, Optics

The Casimir-Polder (CP) interaction is one of a class of
examples where fluctuating electromagnetic fields give rise
to (normally attractive) forces between matter [1,2]. For
infinitely extended plane surfaces, CP forces can be readily
calculated from the polarizability of the atom and the
dielectric properties of the substrate [3] and have been
measured in a number of experiments [4–11]. However, of
particular importance is the influence of the surface
geometry [12–14]. Nontrivial geometries can have a large
impact on the exact force profile and can potentially be
used for manipulating the closely related Casimir forces
[15]. The possibility of tailoring the Casimir force is also of
importance for applications in the microelectromechanical
systems (MEMS) and nanoelectromechanical systems
(NEMS) industry, where it is one of the limiting factors
in the miniaturization of micromachines and microsen-
sors [16].

One class of nontrivial geometries that have been
investigated theoretically, both in the framework of
atom-surface and surface-surface interactions, are periodic
structures such as gratings [17–19]. Please note that the
reflection of fast atoms from crystalline planar surfaces can
also be understood as diffraction caused by the periodic
shape of the attractive Casimir-Polder interaction.
Corresponding experiments with hot atomic beams were
reported some time ago [20]. In recent experiments, CP
forces above gratings were measured by different methods
[21–25]. In those experiments, the power-law coefficients
describing the CP potential in the electrostatic and in the
retarded regimes were determined. Recently, theoretical
proposals have been put forward to measure the CP
potential at corrugated surfaces with Bose-Einstein con-
densates [26].
In this article, we present both theoretical simulations

and experimental measurements of the potential landscape
for a single atom that is positioned at a submicron distance
from a grating of metal nanowires. The potential landscape
is composed of an attractive contribution due to the CP
force and a repulsive contribution due to an evanescent
light wave (EW) at the surface. The quantitative agreement
between theory and experiment in the absence of free
parameters demonstrates that complex surface-assisted
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potentials resulting from a combination of geometric
structure and tunable evanescent laser potentials are now
well understood both theoretically and experimentally.
Whereas in previous experiments the measured values of
the CP potential represent only an average over the
complicated potential landscape above the structures, in
this work we fully account for the dependence of the
potential on the lateral position above such a surface.
The evanescent light wave is generated by the internal

total reflection of a laser beam in the dielectric substrate
carrying the grating. A repulsion from the surface is
achieved by a laser (λ ¼ 765 nm) that is blue detuned
with respect to the transition frequency of the atoms
(Rb: λ0 ¼ 780 nm). Recently, we used this setup and
enhanced the evanescent waves by exciting surface plas-
mon polaritons at the surface [27]. In a similar way, nano-
objects have been optically trapped in a patterned light field
above a structured metallic film [28]. Here, we exploit the
fact that the exact shape of the total potential landscape can
be tuned by the strength of the optical dipole potential via
the laser intensity. This allows us to acquire spatially
resolved information of the surface potentials: Fig. 1 shows
a simulation of the potential landscape for a typical laser
power of P ¼ 211 mW, including the optical dipole
potential of the evanescent wave and the Casimir-Polder
potential.
The CP potential with its strong attraction towards the

gold stripes and the repulsive EW potential with its
maximal repulsion above the sapphire surface combine
to a periodic potential landscape that resembles a chain of

hills in front of the grating surface with valleys that lead to
the centers of the gold stripes. The heights and widths of the
hills depend on the laser power (Fig. 2), with larger powers
resulting in higher and broader hills.
The EW potential

UEWðrÞ ¼
X
i¼1;2

jdij2jEðrÞj2
3ℏΔi

(1)

is the potential due to the external monochromatic electric
field E with its frequency ω close to a specific set of atomic
transitions of Rb with dipole matrix elements di and
detunings Δi ¼ ω − ωi. It is dominated by these atomic
transitions and the transmission properties of the grating at
a single laser frequencyω. The EW potential is expressed in
terms of Rayleigh transmission coefficients in the
Appendix.
In the simulations, the ground-state CP potential of the

Rb atoms is calculated to lowest order in their isotropic
ground-state polarizability as [29]

UCPðrÞ ¼
ℏμ0
2π

Z
∞

0

dξξ2αðiξÞTrGð1Þðr; r; iξÞ: (2)

distance fro
m

surfa
ce z

lateral position x

200 nm

500 nm

2   m

FIG. 1 Simulation of the combined potential landscape, in-
cluding the evanescent-wave potential and Casimir-Polder land-
scape as calculated from Eqs. (1) and (2) for a laser power of
P ¼ 211 mW. The repulsive evanescent-wave potential is gen-
erated by a laser beam that is reflected by the total internal
reflection in the substrate. The gold stripes weaken the intensity
of the evanescent wave and thus modulate the strength of the
repulsion. The attractive Casimir-Polder potential reaches its
maximum value above the gold stripes and further increases this
modulation. At a distance of z ¼ 200 nm, the potential is laterally
modulated with an amplitude of ΔE=kB ¼ 14 μK.
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FIG. 2 Geometry of the metal grating.
Approximately 200 gold stripes with h ¼ 50 nm height and
500 nm width are deposited on a sapphire substrate and form a
grating with a d ¼ 1 μm period. A laser beam impinges under an
angle of θ ¼ 35.50° from the sapphire substrate onto the interface
to vacuum (respectively, gold) with its k vector in the ðy; zÞ plane.
The laser beam is internally reflected and generates an evanescent
wave. The combination of the repulsive potential due to the
evanescent wave with the Casimir-Polder interaction forms a
potential landscape above the grating. The colored lines (black to
brown, corresponding to laser powers P ¼ 120, 126, 133, 138,
144, 151, 156, 162, 169, 174, 187, 198, 211, 247 mW) are
simulations of equipotential lines using exact theory based on
Rayleigh decompositions for a 87Rb atom moving towards the
surface with velocity v ¼ 3.4 cm=s. From those, we deduce the
width bðPÞ where atoms are reflected. The two horizontal lines at
the top represent the incoming matter wave and are drawn at a
distance given by the de Broglie wavelength λdB ¼ 2πℏ

mv ¼
135 nm, with atomic mass m.
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Here, the polarizability αðiξÞ is approximated by an eight-
line model (see the Appendix), and Gð1Þ is the scattering
Green tensor which, for the grating structure in Fig. 2, can
be given as a Rayleigh decomposition in terms of Rayleigh
reflection coefficients. Because of the integral over all
imaginary frequencies as a result of the vacuum fluctua-
tions of the electromagnetic field, the CP potential depends
on all atomic transition frequencies and all eigenfrequen-
cies of the macroscopic system (grating).
From the theoretical point of view, it is quite interesting

to perform a comparison of an exact approach to the
calculation of CP potentials near gratings with an approxi-
mate Hamaker approach [30,31], which is based on a
pairwise summation of van der Waals forces between
volume elements of one body with those of the other.
However, such an approach neglects many-body inter-
actions that can lead to wrong results, in particular, for
complex geometric structures [32,33]. The nonadditivity of
Casimir forces induced by many-body interactions [34]
implies that the position, shape, and material dependencies
of such forces are intertwined in a complicated way.
Nevertheless, the Hamaker approach is widely used in
applications such as colloid science and biology [35]. The
most prominent example is the adhesive force of gecko
feet [36].
Surprisingly, so far not a single experiment has

addressed the accuracy of the Hamaker approach in
atom-surface interactions, despite there being a large
amount of work that has addressed deviations of the
proximity force approximation (PFA) from the exact
calculations, taking diffraction into account in the context
of surface-surface interactions [33,37–41]. In our case, the
CP potential contribution to the combined potential
(CPþ EW) is relevant at given separations, and one can
discern the difference between the result of exact simu-
lation of the Casimir-Polder potential expressed in terms of
Rayleigh coefficients and the result of an approximate
Hamaker approach.
The CP potential in the Hamaker approach is calcu-

lated in the local-field-corrected first-order Born approxi-
mation as

Gð1Þðr; r;ωÞ ¼ ω2

c2
χðωÞ

1þ χðωÞ=3
×
Z

d3sRð0Þðr; s;ωÞRð0Þðs; r;ωÞ; (3)

where Rð0Þðr; s;ωÞ is the regular part of the Green tensor,
χðωÞ is the susceptibility of the gold stripes, and the
integration extends over the total volume V of the grating.
Details of all the calculations are contained in the
Appendix.
Experimentally, we probe the width b of the reflection

zones in Fig. 2 by reflecting Bose-Einstein condensates
(BEC) from the surface. The experiment is carried out as

follows. A BEC is prepared in a magnetic trap at a distance
of several hundred μm from the grating and accelerated
such that it moves towards the surface with a constant
velocity v ¼ 3.4 cm=s. Thereby, the cloud is ballistically
expanding and transforms its interaction energy in velocity
spread. For that reason, interaction effects do not play a role
during reflection from the surface. The experimental details
of this preparation are contained in the Appendix. The
atoms reflect from the surface only at those lateral positions
where the potential height exceeds the kinetic energy of the
atoms. This happens in a zone with width b in each lattice
site (see Fig. 2). Note that considerable quantum reflection
of Rb atoms at the CP potential of a solid surface would
require atomic velocities below a few mm=s [9]. For the
velocity of v ¼ 3.4 cm=s, it is completely negligible. By
tuning the laser power, the reflection zone width b is
changed and different distances from the surface are
probed. Each atom of the BEC approaching the surface
constitutes a matter wave with a lateral extension that is
given by the size of the BEC on the order of several tens of
microns. This size is much larger than the grating period;
thus, the matter wave is diffracted from the periodic
structure of reflection zones in a direction x of period d.
In a simplified model that neglects the curvature of the

equipotential lines, we consider reflection of the matter
wave from the same reflection zones of width b as for a
single atom. The resulting atomic momentum distribution
in the far field is analogous to Fraunhofer diffraction. For
an arrangement of rectangular stripes as shown in Fig. 2,
the occupation pn of diffraction order n (normalized to p0)
is given by

pn ¼
����sinc

�
πn ·

b
d

�����
2

: (4)

It depends only on the ratio b=d. This is illustrated in the
theoretical curves in Fig. 3, where we plot the relative
occupations (normalized to

P
pn) of the diffraction orders

as determined from Eq. (4). In the limit of b=d → 0, the
situation resembles the emission of waves from a chain of
pointlike sources, in which all diffraction orders are equally
occupied. In contrast, the limit b=d → 1 corresponds to a
reflection from a surface with a constant density profile.
Here, the atomic cloud remains fully in the diffraction
order n ¼ 0.
In the experiment, we analyze the relative occupation of

individual diffraction orders by measuring the momentum
distribution px ¼ ℏkx of the atoms. This is done by taking
an absorption image of the cloud after ballistic expansion
for a time of flight of ttof ¼ 21.5 ms after reflection from
the surface. A typical image is shown in the inset of Fig. 3.
From the image, the atom numbers Nn corresponding to
diffraction orders n with momentum px;n ¼ nℏ 2π

d are
counted within the yellow boxes and are scaled to the
total number of reflected atoms. This provides us data
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triples of relative populations of diffraction orders n ¼ 0,
�1, �2 for each value of laser power. The populations for
n ≠ 0 are averaged over the populations of the orders with
�n. Each triple is individually fitted by the theoretical
curves in Fig. 3 and is thus attributed a certain value of b=d.
Although all data points coincide with the corresponding

theory curves very well, it is notable that the model used is
valid only for the lower laser powers used, corresponding to
the small values of b=d. The model is based on amplitude
modulation only and thus neglects phase modulation of the
reflected matter wave. As shown in the Appendix, this
approximation is valid for laser powers P≲ 140 mW,
whereas phase imprinting becomes an important effect
for the large laser powers used. Because a complete
calculation of the diffraction problem is more difficult
than electromagnetic diffraction and would not affect the
overall meaning of the results presented here, we restrict the
conclusions of this work to the data points with small
laser power.
The fitted values of b=d are now compared with the

theoretical prediction that is accessible from the width of
the equipotential lines shown in Fig. 2. As can be seen in
Fig. 4, the measured diffraction cannot be explained by the
spatial modulation of the optical potential alone. Thus, the
experiment is sensitive to the Casimir-Polder potential.
Moreover, it can partly discriminate between different
theoretical models: The data points agree with exact theory
based on Rayleigh decompositions within their statistic and
systematic errors. The Hamaker approach underestimates
the strength of the Casimir-Polder potential. The corre-
sponding values of b=d for low values of P in Fig. 4 are

thus larger than the observed data points and deviate from
them by more than 1 standard deviation. In the range of
large P in Fig. 4, the optical potential dominates over the
CP potential and reduces the difference between exact
theory and the Hamaker model.
It is obvious from Fig. 4 that the functional profile of the

data points differs from that of the simulations for laser
powers P≳ 140 mW. In particular, the value of b=d of the
measured data points saturates for large laser powers. This
observation is caused by the growing influence of phase
imprinting for increasing laser power, as shown in the
Appendix. This leads to a principally different behavior of
the scattered field, which manifests e.g., in the absence of
missing orders [42]. Qualitatively, for high reflectivity, the
assumption of instantaneous reflection is not justified.
Instead, the interaction time of the atoms with the surface
potential and the strength of the latter depend on the lateral
position x; i.e., depending on the lateral position, the matter
wave acquires a different phase. A periodic potential
imprints a phase that leads to a substantial diffraction even
when all atoms are reflected and thus simulates a saturation
of b=d for large laser powers [43–45].
It is worth considering the possible influence of surface

potential generated by Rb atoms adsorbed to our grating.
As reported in Ref. [46], surface potentials are primarily
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FIG. 3 Matter-wave diffraction. Relative occupation of diffrac-
tion orders as a function of the relative width of the reflection
zone b=d. The curves are obtained from Eq. (4). Data points
represent the measured occupation of diffraction orders as shown
in the inset. The horizontal position of each triple of data points
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generated on metal surfaces such as the grating bars. The
authors report an electric field of 1 μV=cm per adsorbed
atom at a distance z ¼ 10 μm, with a 1=z2.3 distance
dependence, corresponding to roughly 0.1 V=m at a dis-
tance of 430 nm. At this distance, adsorbed atoms from a
surface area of about 1 μm × 1 μm ¼ 1 μm2 contribute to
the field. The 2 × 105 atoms involved in a single run of the
experiment are spread out over a cloud of dimensions
100μm×50μm¼5000μm2 so that 2 × 105 × ð1=5000Þ×
ð1=2Þ ¼ 20 atoms potentially impinge on this area, where
the factor 1=2 represents the filling factor of the grating.
With the small sticking probability of 0.8% as observed in
Ref. [47], 1600 atoms could accumulate in the relevant
surface area in the course of 10000 runs of the experiment.
This would lead to a total electric field of the order of
2 × 102 V=m, much smaller than the value of the evan-
escent laser field of about 3 × 104 V=m at the same
distance calculated for a laser power of 247 mW.
Alternative measurements [48] predict even smaller values
of the electric fields due to adsorbed atoms.
In conclusion, we have experimentally probed

surface potential landscapes that are composed of
Casimir-Polder forces and optical dipole forces above
metallic nanostructures. We have used matter-wave dif-
fraction of Bose-Einstein condensates as a measuring tool,
which, in principle, can be applied to arbitrary surfaces.
Complementary to previous experiments in which spatial
averages of the Casimir-Polder coefficients were deter-
mined, we obtain additional spatial information by analyz-
ing the occupation of individual diffraction orders. Our data
agree quantitatively with numerical calculations of the
surface potentials (1) and (2) based on exact theory where
potentials are expressed in terms of Rayleigh coefficients,
whereas a Hamaker approach leads to incompatible results
for low laser powers. The difference is so large that an
experiment can distinguish between both approaches. From
the theoretical point of view, the main result is the first
comparison of exact theoretical results for atom-surface
potentials above a structured surface (based on Rayleigh
decompositions) and experimental data used to measure the
structure of the potential landscape. The results open a wide
range of possibilities for exact theoretical simulations and
design of atomic-surface potentials in the vicinity of
nanostructured and microstructured surfaces.
The fact that we understand these potentials very well is

crucial for the design and realization of nanoscale surface
traps for surface quantum optics experiments with cold
atoms. Our analysis demonstrates the possibility to couple
atoms to light near structured surfaces in a controlled way.
Moreover, the metallic parts of the surface can give rise to
spectrally broad surface plasmon resonances in the optical-
frequency range. Related phonon polariton resonances in
the infrared frequency range have e.g., led to the observa-
tion of repulsive Casimir-Polder forces of highly excited Cs
atoms [49]. A plasmon-based repulsive Casimir-Polder

force would give a perspective on fascinating scenarios
for controlling CP forces [50] and for generating surface
traps for cold atoms that do not require external magnetic or
optical fields.
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APPENDIX

1. Simulation of the Casimir-Polder potential

The ground-state CP potential of an atom or molecule
can be given as [29]

UCPðrÞ ¼
ℏμ0
2π

Z
∞

0

dξξ2Tr½αðiξÞ ·Gð1Þðr; r; iξÞ�: (A1)

To allow for potentially anisotropic molecules, we have
included the ground-state polarizability tensor αðiξÞ;Gð1Þ is
the scattering Green tensor. We are neglecting thermal
contributions to the CP force, which is a good approxi-
mation for the distances considered in this work. For the
structure in Fig. 2, the scattering Green tensor can be given
in a Rayleigh decomposition as

Gð1Þðr;r0;ωÞ¼ i
8π2

Z
π=d

−π=d
dkx

X∞
m;n¼−∞

Z
∞

−∞
dky

×
X

σ;σ0¼E;H

eiðkmx x−knxx0Þþikyðy−y0Þþiðkmz zþknz z0Þ

knz

×eσmþðkx;ky;ωÞRσσ0
mnðkx;ky;ωÞeσ0n−ðkx;ky;ωÞ:

(A2)

Here, k ¼ ðkmx ; ky; kmz Þ is the wave vector; its x and z
components read kmx ¼ kx þmq (q ¼ 2π=d: lattice vector

of the grating) and kmz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2=c2 − ðkmx Þ2 − k2y

q
, with Im

kmz > 0. The polarization unit vectors for upward or down-
ward moving waves are defined by
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eEm�ðkx; ky;ωÞ ¼
c

ω
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2=c2 − k2y

q
0
B@

kmx ky

k2y − ω2=c2

�kykmz

1
CA; (A3)

eHm�ðkx; ky;ωÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ω2=c2 − k2y
q

0
@

∓kmz
0

kmx

1
A: (A4)

The latter are chosen such that the y components of the
electric or magnetic fields vanish for σ ¼ H, E. The
Rayleigh reflection coefficients Rσσ0

mnðkx; ky;ωÞ are calcu-
lated by numerically integrating the Maxwell equations
within the grating (0 < z < h) and imposing conditions of
continuity at its upper (free-space) and lower (sapphire)
boundaries [17]. They are even functions of ky and obey the
following symmetries: Rσσ0

mnðkx; ky; iξÞ ¼ �Rσσ0�−m−nð−kx;
ky; iξÞ and Rσσ0

mnðkx; ky; iξÞβnz ¼ �Rσ0σ�−n−mðkx; ky; iξÞβmz , with
βnz ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ξ2=c2 þ ðknxÞ2 þ k2y

q
, the sign þ for σσ0 ¼ EE, HH,

and the sign − otherwise. Our theory is able to allow for
anisotropic atoms or molecules. For a sufficiently aniso-
tropic molecule, we find a repulsive CP potential in
particular spatial locations, similar to the repulsive Casimir
force predicted in Ref. [15] (see also Refs. [51–53]). Note
that for the isotropic atoms used in the current experiment,
α ¼ αI (I: unit tensor), Eq. (A1) simplifies to Eq. (1) and
our formalism reduces to that of Ref. [18].

2. Simulation of the evanescent-wave potential

The evanescent-wave potential is generated by an
incoming wave of (free-space) wavelength λ ¼ 765 nm,
which impinges on the sapphire-grating interface at an
incidence angle θ ¼ 35.50° ¼ 0.6196 rad, with the plane
of incidence being parallel to the grating bars. The
components of the wave vector in the sapphire layer are
hence kmx ¼ 0, ky ¼ k sin θ ¼ 8.39 × 106 m−1, k0þz ¼
kcosθ¼1.18×107m−1 (k ¼ Rensappω=c, with Rensapp ¼
1.76 and ω ¼ 2πc=λ ¼ 2.46 × 1015 rad=s). The incoming
field is polarized such that its component perpendicular to
the grating vanishes; it can hence be written as
EinðrÞ ¼ EsappeE0þð0; ky;ωÞeiðkyyþk0þz zÞ. The field amplitude
inside sapphire can be related to the respective laser power
Psapp and beam waist wsapp via 1

2
ϵ0nsappcE2

sapp ¼ Isapp ¼
Psapp=ð2πw2

sappÞ. The laser power is in turn related to its
free-space value by Psapp ¼ Tfree-space→sappPfree-space, where
Tfree-space→sapp ¼ 0.88 has been determined experimentally
from a setup with symmetric light paths. The measured
beam waist of 170 μm in free space results in an effective
beam waist wsapp ¼ 182.9 μm in sapphire after transitions
through the free-space–glass and glass-sapphire interfaces.
After transmission through the grating, the external laser
leads to a field

EðrÞ ¼ Esapp

X∞
n¼−∞

X
σ¼E;H

eiðnqxþkyyÞ−κnþz z

× eσnþðnq; ky;ωÞTσE
n0 ð0; ky;ωÞ (A5)

with κnþz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2y − ω2=c2 þ n2q2

q
, where the Rayleigh

transmission coefficients Tσσ0
mnðkx; ky;ωÞ are found from

numerical integration in the same way as the respective
reflection coefficients. When interacting with a Rb atom,
this evanescent field generates an optical potential

UEWðrÞ ¼
X
i¼1;2

jdij2jEðrÞj2
3ℏΔi

¼
X
i¼1;2

jdij2E2
sapp

3ℏΔi

×
X∞

m;n¼−∞

X
σ;σ0¼E;H

eiðm−nÞqx−ðκmþ
z þκnþ�

z Þz

× eσmþðmq; ky;ωÞ · eσ0�nþðnq; ky;ωÞ
× TσE

m0ð0; ky;ωÞTσ0E�
n0 ð0; ky;ωÞ: (A6)

3. Details of calculations

The potential UEWðrÞ (1) was evaluated using transition
frequencies ω1¼2.37×1015 rad=s, ω2¼2.41×1015 rad=s
and dipole-matrix elements d1 ¼ 2.53 × 10−29 Cm, d2 ¼
3.57 × 10−29 Cm for the D1 (52S1=2 → 52P1=2) and D2

(52S1=2 → 52P3=2) lines of the isotropic Rb atom [54,55];
one can neglect the contribution of other transition lines
in Eq. (1).
In the calculation of the CP potential (2), the polar-

izability

αðiωÞ ¼
X8
i¼1

2ωijdij2
3ℏðω2

i þ ω2Þ (A7)

for the isotropic Rb atom was evaluated within a model,
taking into account eight transition frequencies [54]:
ω1 ¼ 2.37 × 1015 rad=s, d1 ¼ 2.53 × 10−29 Cm, ω2 ¼
2.41 × 1015 rad=s, d2 ¼ 3.57 × 10−29 Cm, ω3¼4.468×
1015 rad=s, d3¼0.200×10−29Cm, ω4¼4.482×1015 rad=s,
d4 ¼ 0.324 × 10−29 Cm, ω5¼5.245×1015 rad=s, d5¼
0.069×10−29Cm, ω6 ¼ 5.251 × 1015 rad=s, d6¼0.121×
10−29Cm, ω7¼5.622×1015 rad=s, d7¼0.035×10−29Cm,
ω8 ¼ 5.625 × 1015 rad=s, d8 ¼ 0.067 × 10−29 Cm.
Distances in the range λ8 ∼ 300 nm≲ z≲ λ1 ∼ 800 nm

are in between the Casimir-Polder regime (z ≫ λi) and the
nonretarded van der Waals regime (z ≪ λi) of the CP
potential. In the range of separations 100 nm ≤ z≲ λi used
in the calculations, the frequencies ω≲ ωi yield the leading
contribution to the integral (2).
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The numerical error in the evaluation of the combined
potential (which is the sum of the Casimir-Polder and
evanescent-wave potentials) is 0.1%. The number of
Rayleigh coefficients used was selected to obtain the
needed accuracy; N ¼ 30 (2N þ 1 terms in every
Rayleigh expansion) is sufficient to obtain the potential
with the required accuracy even at closest separations from
the grating, as shown in Fig. 2.

4. Casimir-Polder potential using the Hamaker
approach

The scattering Green tensor Gð1Þðr; r;ωÞ in Eq. (A1) can
be expanded in a Born series with respect to a known
reference Green tensor Gð0Þðr; r;ωÞ as [3,56]

Gð1Þðr;r;ωÞ¼ω2

c2

Z
d3sGð0Þðr;s;ωÞδϵðωÞGð0Þðs;r;ωÞ

þ
�
ω2

c2

�
2
Z

d3sd3s0Gð0Þðr;s;ωÞδϵðωÞ

×Gð0Þðs;s0;ωÞ×δϵðωÞGð0Þðs0;r;ωÞþ���;
(A8)

where the integration range covers the volume of the
material under investigation. The perturbation δϵðωÞ ¼
ϵð1ÞðωÞ − ϵð0ÞðωÞ denotes the deviation from the reference
permittivity. In the case of the free-space Green tensor as
our reference, the difference permittivity simply equals the
susceptibility [here, δϵðωÞ ¼ χAuðωÞ] of the material. The
free-space Green tensor can be written as (ϱ ¼ r − s,
ϱ ¼ jϱj) [3]

Gð0Þðϱ;ωÞ ¼ − c2

3ω2
δðϱÞ

þ ω

4πc

�
f

�
c
ωϱ

�
I − g

�
c
ωϱ

�
ϱ ⊗ ϱ

ϱ2

�
eiϱω=c

(A9)

with fðxÞ ¼ xþ ix2 − x3 and gðxÞ ¼ xþ 3ix2 − 3x3.
The Hamaker approach only uses the first term of the

Born series expansion. Because the Born series is a
perturbative expansion in the susceptibility χðωÞ, it con-
verges badly for materials with a large susceptibility such
as gold. To improve this convergence, and to implement a
local-field correction, the reference Green tensor is sepa-
rated into a regular R and a singular part D ¼ − c2

3ω2 δðϱÞ.
Inserting this into Eq. (A8) and performing the integrals
over the δ distributions yields the local-field-corrected first-
order scattering Green tensor

Gð1Þðr; r;ωÞ ¼ ω2

c2
χðωÞ

X∞
n¼0

�
− 1

3
χðωÞ

�
n

×
Z

d3sRð0Þðr; s;ωÞRð0Þðs; r;ωÞ; (A10)

which leads to

Gð1Þðr; r;ωÞ ¼ ω2

c2
χðωÞ

1þ χðωÞ=3

×
Z

d3sRð0Þðr; s;ωÞRð0Þðs; r;ωÞ (A11)

with (ϱ ¼ r − s, ϱ ¼ jϱj)

Rð0Þðϱ;ωÞ ¼ ω

4πc

�
f

�
c
ωϱ

�
I − g

�
c
ωϱ

�
ϱ ⊗ ϱ

ϱ2

�
eiϱω=c:

(A12)

Equation (A11) has to be evaluated numerically. Because of
the smooth shape of the potential, numerical integration
methods converge quickly, with errors proportional to, at
most, the curvature of the potential, which is small in the
range of investigation.
In the Hamaker approach (pairwise summation), the

potential is clearly additive. The total potential can be
separated into three parts: one related to the evanescent
field, one related to the dispersion interaction between Rb
and Au, and one part for the Casimir-Polder interaction
between the Rb atoms and the sapphire substrate. The latter
can be neglected because the interaction with the gold
stripes by far dominates every other CP interaction, as we
have explicitly checked.

5. BEC preparation

The BEC is prepared in an ultrahigh vacuum chamber.
After precooling and trapping 87Rb atoms in a magneto-
optic trap, the atoms are adiabatically transferred into a
highly compressed magnetic trap, where they are further
cooled by forced radio-frequency evaporation by which
Bose-Einstein condensates with, typically, 2 × 105 atoms
are generated. This is done at a distance of several hundred
μm from the surface of a glass prism. A thin sapphire
substrate containing the gold grating investigated in this
paper is glued to the top of this prism. After preparation of
the BEC, we suddenly displace the magnetic trapping
minimum by a distance Δz, thereby raising the potential
energy of the atoms by ΔE ¼ 1

2
mω2Δz2, with atomic mass

m and magnetic trapping frequency ω. The BEC is
accelerated towards the new trapping minimum. After a
quarter of the oscillation period δt ¼ π

2ω, we switch off the
magnetic trap and apply a constant magnetic-field gradient
of B0 ¼ 15 Gcm−1, which compensates the gravitational
force. Thus, the atoms are not further accelerated or
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decelerated because of gravitation while moving towards
the grating. We measure the actual velocity of the atoms by
taking absorption images of the cloud at several time
intervals of 1 ms after the acceleration.

6. Comparison between amplitude
and phase modulation

Experimental data are evaluated in this paper, for
simplicity, only with an amplitude modulation model.
This is, as will be shown below, a good approximation
for the small laser powers used, whereas for large laser
powers, the phase of the matter wave is also significantly
modulated, leading to an increased diffraction as com-
pared to amplitude modulation alone. For a normal
incidence of the matter wave on the grating (like in
the experiment—see also Fig. 2), the diffracted intensity
is given within the Fraunhofer limit as [57]

IðκÞ ¼ I0k2
����
Z

∞

−∞
e−iκxrðxÞdx

����
2

; (A13)

where k ¼ 2π=λdB with de Broglie wavelength λdB ¼ h
mv

of the matter wave and κ ¼ k · sinðθrÞ with angle θr of
the reflected wave. Diffraction order n is reflected at the
angle θðnÞr ≈ n λdB

d . For the estimation of the relevance of
phase imprinting, only relative occupations are important.
Thus, neglecting prefactors in Eq. (A13), we calculate the
Fourier transform r̂ðκÞ of the complex reflection function
rðxÞ and evaluate r̂ðκÞ at the values corresponding to
the diffraction orders. The reflection function rðxÞ ¼
rAðxÞ · eiϕðxÞ contains both amplitude and phase modu-
lation. The phase at a certain lateral position x is
calculated from the simulated combined EW and CP
potential landscape via [58]

ϕðxÞ ¼ − 2

ℏv

Z
zRðxÞ

þ∞
ðUEWðxÞ þ UCPðxÞÞdz; (A14)

where the integral is evaluated from distances far from
the surface (z → þ∞) to the distance zRðxÞ, where the
potential energy UEW þ UCP equals the kinetic energy of
the atoms Ekin ¼ 1

2
mv2. The factor of 2 before the

integral stems from the fact that the incoming and the
reflected matter wave acquire the same phase. The
amplitude of the reflection function is rAðxÞ ¼ 1 for
those lateral positions where atoms are reflected and
rAðxÞ ¼ 0 for those positions where they are transmitted.
Please note that Eq. (A14) is the phase along the classical
path in the eikonal approximation and that it neglects the
influence of the curvature of the potential on the path.
The expressions above are thus not a full solution to the
scattering problem, but they are a reasonable approxi-
mation in the limit of small scattering angles (θð1Þr ≈ 8°).
Solving Eq. (A13), we deduce the influence of phase

imprinting on the diffraction by comparing the results of
the full reflection function rðxÞ with those where the
phase is artificially set to be constant, ϕðxÞ ¼ 0. The
corresponding occupations are shown in Fig. 5. For laser
powers P < 140 mW, the deviation is ≲20% such that
the diffraction can be described in some approximation
by amplitude modulation alone. In contrast, this approxi-
mation is not valid for the high laser powers used where
the deviation exceeds 50%.
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Joshua L. Hemmerich,1 Robert Bennett,1 Thomas Reisinger,2 Stefan Nimmrichter,3 Johannes Fiedler,1 Horst Hahn,2

Herbert Gleiter,2 and Stefan Yoshi Buhmann1,4

1Physikalisches Institut, Albert-Ludwigs-Universität Freiburg, Hermann-Herder-Strasse 4, D-79104 Freiburg im Breisgau, Germany
2Institute of Nanotechnology, Karlsruhe Institute of Technology, Hermann-von-Helmholtz-Platz 1, D-76344 Karlsruhe, Germany

3Centre for Quantum Technologies, National University of Singapore, 3 Science Drive 2, Singapore 117543, Singapore
4Freiburg Institute for Advanced Studies, Albert-Ludwigs-Universität Freiburg, Albertstrasse 19, D-79104 Freiburg im Breisgau, Germany

(Received 30 June 2016; published 17 August 2016)

Diffraction of matter waves is an important demonstration of the fact that objects in nature possess a mixture
of particlelike and wavelike properties. Unlike in the case of light diffraction, matter waves are subject to a
vacuum-mediated interaction with diffraction obstacles. Here we present a detailed account of this effect through
the calculation of the attractive Casimir-Polder potential between a dielectric sphere and an atomic beam.
Furthermore, we use our calculated potential to make predictions about the diffraction patterns to be observed in
an ongoing experiment where a beam of indium atoms is diffracted around a silicon-dioxide sphere. The result is
an amplification of the on-axis bright feature, which is the matter-wave analog of the well-known “Poisson spot”
from optics. Our treatment confirms that the diffraction patterns resulting from our complete account of the sphere
Casimir-Polder potential are indistinguishable from those found via a large-sphere nonretarded approximation in
the discussed experiments, establishing the latter as an adequate model.

DOI: 10.1103/PhysRevA.94.023621

I. INTRODUCTION

Matter-wave diffraction around material objects is one
of the most compelling demonstrations of the particle-wave
duality. Beginning from the classic electron diffraction exper-
iments of the 1920s [1,2], particles of progressively higher
mass have had their wavelike nature revealed. This process
began in the 1930s and 1940s with the diffraction of atoms
and molecules [3], as well as neutrons [4], from various
crystal surfaces. More recently the diffraction of atoms [5] and
simple molecules [6] from lithographically fabricated grating
structures has been demonstrated. These experiments paved
the way for grating diffraction experiments with complex
organic molecules such as fullerenes [7] and porphyrin
derivates [8]. Scaling of diffraction experiments to even larger
objects such as macromolecules or even living organisms like
viruses or bacteria presents some considerable difficulties but
has the potential to shed light on the question if quantum me-
chanics applies unmodified to such increasingly macroscopic
systems [9]. The latter used a Talbot-Lau arrangement of three
gratings, with the middle grating realized by a standing light
wave to eliminate the problem of molecule-grating interaction.

As the diffracting molecules become larger, a number
of difficulties arise. The immediate reduction in de Broglie
wavelength can be counteracted, for example, by a reduction
in the molecular speeds or the use of gratings with smaller
grating constants, which both present significant technological
challenges. In addition, interaction with the environment, for
example, via thermal emission of radiation [10], can lead to
decoherence [11]. More practically, the buildup of unwanted
contaminants (from the beam or elsewhere) upon the grating
itself over time can result in a reduction in the interference vis-
ibility or even cause the slits to become blocked. Additionally,
Talbot-Lau interferometers impose relatively loose restrictions
on the width of the beam’s wavelength distribution, which may,
however, become limiting for sources of objects of increasing
mass such as, for example, cluster sources. Furthermore, the

gratings must have very uniform grating constants and must
be aligned with high precision.

Finally, the problem addressed in the present study stems
from the fact that extended particles undergoing diffraction
have a nonzero electromagnetic polarizability in general,
meaning they experience Casimir-Polder or van der Waals (CP
or vdW) dispersion forces originating from the grating itself.
The result is an effective reduction in the slit width in addition
to a coherent phase shift [12], which increasingly obscures
the distinction between particle and wave nature [11,13]. The
current mass record is held by a setup that reduces this problem
through the use of a standing light-wave phase grating as
the middle diffraction grating in a Talbot-Lau interferometer
arrangement [14]. Another approach has the potential to elimi-
nate the problem entirely by using three pulsed laser-ionization
gratings [15]. Aside from these developments, an accurate
knowledge of the CP or vdW incurred phase shifts is highly de-
sirable, but remains challenging. The dispersion forces can ex-
hibit intricate spatial dependence in complex geometries (see,
for example, [16–21]), but in many far-field diffraction exper-
iments the effect is reduced to an effective slit narrowing fitted
to the data after the experiment [22]. Dispersion forces near
gratings are extremely difficult to model accurately [12,16–
21,23–30], especially when sharp edges are involved [31].
This, coupled to the fact that gratings necessarily have a large
number of sharp edges spaced closely together, means that
progress in detailed accounts of this effect has stalled.

Here we investigate a different type of diffraction scheme:
the “Poisson spot” interferometer. There waves in general
are diffracted around a circular or spherical object, resulting
in an on-axis bright spot, called Poisson’s spot or spot of
Arago [32,33]. This effect was first predicted by Poisson
when looking for evidence against Fresnel’s wave theory of
light in the early 1800s. Poisson described it as an absurd
prediction of Fresnel’s theory, but experiments by François
Arago proved that the effect is real, accelerating the shift away
from Newton’s “corpuscular” theory [34]. The matter-wave
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FIG. 1. Schematic representation of the system we consider,
where an atom of polarizability α(ω) passes near a sphere of
permittivity ε(ω). The resulting Casimir-Polder or van der Waals
interaction will cause the atomic wave function to pick up a phase
shift, which is observable in matter-wave diffraction experiments.

version of this experiment [35] avoids some of the problems
that appear in the grating experiments discussed above (e.g.,
blocking of the grating, or alignment). However, the inevitable
contribution from CP or vdW forces remains. These have
been accounted for using a relatively simple model for the
disk-based experiments of [35] in [13]. The question of
whether this approach is valid is part of the motivation for
the study presented here.

The current article covers an approach related to [35],
where a dielectric sphere (see Fig. 1) replaces the disks used
as diffraction obstacles in the aforementioned studies. The
lack of sharp edges in spherical diffraction obstacles makes
this approach ideally suited to accurate modeling of the CP
or vdW interaction; see, for example [36]. The focus is, in
particular, directed at a specific experiment that is currently
being conducted at the Karlsruhe Institute of Technology,
the parameters of which will be used throughout this article.
The experiment aims at recording diffraction patterns in the
shadow of submicron-sized silica particles cast by thermally
evaporated indium atoms. The choice of these two materials is
motivated in the following ways.

The Stöber process [37] enables the controlled growth
of monodispersed spheres composed of amorphous silicon
dioxide via condensation of silicic acid in alcoholic solutions.
The advantage in preparing these silica spheres, which are to
be used as diffraction obstacles, using a bottom-up approach
as opposed to a top-down lithographic process is the close-
to-optimal spherical shape that can be achieved in this way.
Specifically the low surface corrugation of the particles is
crucial [35] for achieving the Poisson-spot visibilities reported
here. Furthermore, the resulting huge quantities of diffraction
obstacles of uniform size are compatible with a simple
parallelization of the experiment in order to average over large
numbers of recorded diffraction images.

The choice of indium is largely due to its high vapor
pressure, which enables the realization of a thermal-oven-
based point source of sufficient brightness. It also sets the
experiment apart from matter-wave diffraction aimed at mea-
suring CP or vdW forces with beams composed of alkali-metal
atoms [12,38] and seeks to demonstrate in this way a compati-
bility with a large number of condensable atom and molecular

species. Thus, a wide variety of CP or vdW potentials could
be studied using the same experimental approach.

In the following section we review the derivation of CP
or vdW potentials and apply it to the particular materials
and geometry used in the experiment. Then, in Sec. III we
derive the resulting phase shifts affecting the matter-wave
diffraction experiment. Finally, a numerical solution of the
Fresnel-diffraction integral is used in Sec. IV to predict the
Poisson-spot diffraction intensities in the presence of the CP
or vdW potential followed by a discussion and the conclusion.

II. CASIMIR-POLDER POTENTIAL

In this section we outline a general derivation for the CP
interaction for a dielectric sphere and a single ground-state
atom and show that it reduces to well-known results in
asymptotic cases.

Perturbation theory

We consider an atomic dipole d̂ interacting with the electric
field Ê of macroscopic QED [39,40], which includes all the
information about geometry and dielectric functions in the
electromagnetic environment surrounding the atom. We work
in the long-wavelength approximation, where one can restrict
to the first term in the multipole expansion of the atom-field
interaction, meaning that the interaction Hamiltonian is

H = −d̂ · Ê(rA), (1)

with

Ê(r) =
∫

d3r′
∫ ∞

0
dωG(r,r′,ω) · f̂(r′,ω) + H.c., (2)

where f̂(r′,ω) is a bosonic field operator that describes the
fundamental excitations of the composite matter-field system
and G(r,r′,ω) is the electromagnetic Green’s tensor solving

∇ × ∇ × G(r,r′,ω) − ε(r,ω)
ω2

c2
G(r,r′,ω) = δ(r − r′), (3)

where ε(r,ω) is the position and frequency-dependent permit-
tivity of the system. Application of second-order perturbation
theory to the ground state of the atom-field system yields an
expression for the CP potential in terms of a complex frequency
ω = iξ [41,42],

U (r) = �μ0

2π

∫ ∞

0
dξ ξ 2α(iξ ) Tr G(1)(r,r,iξ ), (4)

where G(1)(r,r ′,iξ ) is the scattering part of the Green’s tensor
for the geometry at hand, which is obtained from the full
Green’s tensor at each point by subtracting the Green’s tensor
of a homogenous material with the same permittivity as the
point in question. In this work we are only interested in the case
when the atom is in the vacuum region outside a sphere, so for
our purposes the scattering Green’s tensor is obtained simply
by subtracting the vacuum Green’s tensor from that of a sphere.
The quantity α(ω) in Eq. (4) is the atomic polarizability for a
transition from the ground state to state k with dipole moment
d0k and frequency ω0k;

α(ω) = 2

3�(2J0 + 1)

∑
k

ω0kd
2
0k

ω2
0k − ω2

, (5)
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where J0 is the total angular momentum quantum number of
the ground state, which here appears as a weighting factor
accounting for its degenerate levels.

The Green’s tensor outside a sphere can be written
as [42–44]

G(1)(r,r′,ω) = ik

4π

∞∑
l=1

l∑
m=0

∑
σ=TE,TM

(2 − δm0)

× 2l + 1

l(l + 1)

(l − m)!

(l + m)!
rlσ

× [alm+σ (r) ⊗ alm+σ (r′)

+alm−σ (r) ⊗ alm−σ (r′)], (6)

where ⊗ denotes the dyadic product (A ⊗ B)ij = AiBj , alm±σ

are spherical wave-vector functions as listed in Appendix A,
and rlσ are the Mie reflection coefficients for a sphere of
radius R, given by

rlT E = − jl(z1)[z2jl(z2)]′ − [z1jl(z1)]′jl(z2)

h
(1)
l (z1)[z2jl(z2)]′ − [

z1h
(1)
l (z1)

]′
jl(z2)

,

(7)

rlT M = − ε(iξ )jl(z2)[z1jl(z1)]′ − jl(z1)[z2jl(z2)]′

ε(iξ )
[
z1h

(1)
l (z1)

]′
jl(z2) − h

(1)
l (z1)[z2jl(z2)]′

,

where zi ≡ kiR, k1 = ω/c, k2 = ω
√

ε(ω)/c, and the primes
denote derivatives with respect to z1, z2, respectively; e.g.,
[xf (x)]′ ≡ d

dx
[xf (x)]. The quantities jl(zi) and h

(1)
l (zi) are

the spherical Bessel and Hankel functions of the first kind,
respectively.

Using addition theorems for spherical harmonics [45], the
potential for a sphere can be rewritten in the form [46] (see
Appendix B)

U (r) = − �μ0

8π2c

∫ ∞

0
dξξ 3α(iξ )

∞∑
l=1

(2l + 1)

×
(

rlT E

[
h

(1)
l (kr)

]2 + rlT M

{
l(l + 1)

[
h

(1)
l (kr)

]2

(kr)2

+
[
krh

(1)
l (kr)

]′2

(kr)2

})
, (8)

in agreement with [47,48]. We now investigate Eq. (8) in
several asymptotic regimes, both as a consistency check and
as a useful point of comparison later on. First, we consider
atom-sphere distances r − R much smaller than the atomic
transition wavelengths λA = 2πc/ωA, which means that the
atom-sphere interaction can be considered to be instantaneous
and so is termed the nonretarded regime. This renders the
nonretarded CP potential UNR(r) ≡ U (r � λA) [42,47,48]:

UNR(r) = − �
8π2ε0

∞∑
l=1

(2l + 1)(l + 1)

× R2l+1

r2l+4

∫ ∞

0
dξ α(iξ )

ε(iξ ) − 1

ε(iξ ) + [(l + 1)/l]
. (9)

It is worth noting that this expression does not depend on
the spherical Bessel and Hankel functions jl and h

(1)
l , which

means the convergence of the sum over l is much more robust
than for the full potential (8). Considering, furthermore, the
sphere radius R to be much greater than the distance r from
the surface of the sphere to the atom |R − r| = z � R, the
terms with large l dominate and yield a 1/z3 dependence,

UBNR = − �
16π2ε0

1

z3

∫ ∞

0
dξ α(iξ )

ε(iξ ) − 1

ε(iξ ) + 1
≡ −C3

z3
,

(10)

where the coefficient C3 has been defined for later use.
Equation (10) is the well-known Lennard-Jones formula [49]
for the potential near a half space, which is indeed the expected
limiting case for an atom a small distance from a large sphere.

Separately, we can consider a small sphere radius compared
to the distance to the atom r � R. Beginning again from the
general formula (8), one finds that the leading-order term in
this expansion for small R/r comes from the first spherical
harmonic l = 1, which leads to the small-sphere potential,

US(r) = − �
4π2ε0

R3

r6

∫ ∞

0
dξ α(iξ )

ε(iξ ) − 1

ε(iξ ) + 2
exp(−2ξr/c)

× [3 + 6(ξr/c) + 5(ξr/c)2

+2(ξr/c)3 + (ξr/c)4], (11)

which can again be further simplified in the nonretarded regime
USNR(r) ≡ US(r � λ),

USNR(r) = − 3�c

4π2ε0

R3

r6

∫ ∞

0
dξ α(iξ )

ε(iξ ) − 1

ε(iξ ) + 2
, (12)

which is the well-known van der Waals potential between two
microscopic polarisable objects [50].

Finally, considering the limit of strong retardation of the
electromagnetic field λA � r and a pointlike sphere as before,
the retarded CP potential is obtained [47,48,51,52]:

USR(r) = − 23�c

16π2ε0

R3

r7
α(0)

ε(0) − 1

ε(0) + 2
. (13)

So far our considerations have been for a sphere of
unspecified permittivity and a general (ground state) atom.
In order to calculate this potential explicitly, one needs to
use particular values of the atomic polarizability and the
permittivity for the sphere as functions of imaginary frequency
ξ .

III. NUMERICAL INVESTIGATION OF A REAL SYSTEM

A. Material response functions

As mentioned in the Introduction, we specifically consider
amorphous silicon dioxide (SiO2) for the sphere and indium
for the atom. To determine the permittivity ε(iξ ) of (SiO2) as
a function of imaginary frequencies iξ , we used tabulated data
for the real-frequency refractive index [53], which was then
converted to that for imaginary frequencies via the Kramers-
Kronig relations (see, for example, [45]). Amorphous SiO2 has
two main groups of resonances at frequencies ωT,1 and ωT,2,
to which we fitted a two-line Drude model on the imaginary
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TABLE I. Fit parameters for a two-line Drude-Lorentz model
[Eq. (14)] for the permittivity of SiO2.

Parameter Value (Hz) Error (%) Parameter Value (Hz) Error (%)

ωP,1 1.75 × 1014 0.37 ωP,2 2.96 × 1016 0.45
ωT,1 1.32 × 1014 0.34 ωT,2 2.72 × 1016 0.43
γ1 4.28 × 1013 2.07 γ2 8.09 × 1015 3.40

frequency axis,

ε(iξ ) = 1 + ω2
P,1

ω2
T ,1 + γ1ξ + ξ 2

+ ω2
P,2

ω2
T ,2 + γ2ξ + ξ 2

, (14)

where ωP,i are the plasma frequencies of the two effective
resonances and γi their decay width. The explicit values of the
parameters of our fit are shown in Table I. The properties of the
atom enter into the CP potential (8) via the polarizability (5),
which in turn depends on the dipole matrix elements d0k and
frequencies ω0k describing transitions from the ground state
to level k. These parameters (obtained from [54], where they
are found by combining experimental data and computational
chemistry) are listed in Table II for each possible transition.
The polarizability α(iξ ) for indium in its ground state (5P1/2,
i.e., J0 = 1/2) was then calculated from the data from Table II
via (5).

B. Numerical calculations

Given the material response functions (14) and the tabulated
optical data in Tables I and II, we now have everything needed
to calculate the CP potential Eq. (8) of an indium atom near
a silicon-dioxide sphere. However, the sum over spherical
harmonics cannot, in general, be done analytically, so the
series has to be truncated at value of l large enough to keep
errors within acceptable bounds. Calculating the potential for
extremely large l is very time consuming computationally, so,
based on the desired accuracy of our simulations, we decide
upon a point at which the potential can be replaced by its
half-space asymptote Eq. (10). We choose this accuracy to be
at the 3% level, because beyond this the errors in the material
response functions would dominate. Carrying out this replace-
ment procedure, one finds the CP potential shown in Fig. 2.

C. CP-induced phase shift in matter-wave diffraction

In this section we discuss the impact of the CP interaction
on matter-wave diffraction, in particular on the Poisson spot.

TABLE II. Transition frequencies ω0k in 1015 rad/s and dipole
matrix elements D0k in 10−30 C m for indium [54]. Each k represents
one degenerate manifold of internal states.

k Transition ω0k D0k

1 5P1/2 → 6S1/2 4.594 16.092
2 5P1/2 → 5D3/2 6.200 22.048
3 5P1/2 → 7S1/2 6.843 4.587
4 5P1/2 → 6D3/2 7.360 7.910
5 5P1/2 → 8S1/2 7.659 2.518
6 5P1/2 → 7S3/2 7.886 3.582
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Half space / non retarded — U (z)

Small sphere ret. potential — U (z)

Small sphere potential — U (z)

Full potential — U(z) + U (r)

FIG. 2. CP potential for a 500 nm SiO2 (amorphous) sphere and
a ground-state indium atom. The dotted lines from top (orange)
to bottom (red) are the retarded- and full-small sphere potentials
respectively. The dashed (gray) lines are the solutions from the full
potential (8) for different truncation values of the angular momentum
lmax = 10,20,50,100,500,800. This shows that truncation in l is
an especially delicate problem if the atom is in close proximity to
the sphere, where the error induced by truncation of the l-series is
largest. The solid (green) line is the full solution (with lmax = 800) up
to where the convergence to the half space is UBNR(rl)/U (rl) 
 3%,
there it is replaced with the half-space potential. The vertical dotted
lines represent the main resonances from SiO2 (λT1

SiO2
and λ

T2
SiO2

) and

the dominant transition wavelength of indium (λIn).

The Poisson spot is a bright spot which appears in the shadow
region of a circular or spherical object due to diffraction. An
approximate analogy with the double-slit experiment can be
made by realizing that a circular (or spherical) diffracting
object may be thought of as pairs of double slits arranged
around a circle. The central maximum of the diffraction pattern
for each pair of slits is on the axis, resulting in a bright spot.
In other words, its appearance can be understood by the fact
that the atomic paths from the point source via the rim of the
spherical object to any specific point on the optical axis all
have the same length. The quantum-mechanical phases of the
atoms thus positively interfere at the optical axis which results
in Poisson’s spot.

In order to quantify the effects of the CP potential on the
Poisson spot, we use the Wentzel-Kramers-Brillouin (WKB)
approximation, where the potential is assumed to change
slowly relative to the de Broglie wavelength associated with
the matter wave. Explicitly, the WKB approximation holds if
the spatial derivative of the position-dependent wave vector
k(x) satisfies

k′(x) � k2(x), (15)

which can be recast as

d

dx

√
2m[E − U (x)] � 2m[E − U (x)]

�
, (16)

where E = 1
2mv2 is the kinetic energy a particle of mass m and

velocity v and U is the potential it is subject to. To check that

023621-4

316 9. Matter-wave diffraction



IMPACT OF CASIMIR-POLDER INTERACTION ON . . . PHYSICAL REVIEW A 94, 023621 (2016)

the approximation is valid here, we consider an indium atom
(m = 114.8 u) and SiO2, as discussed in the previous section.
For these materials we have the large-sphere nonretarded
potential U = UBNR(r) = C3/z

3 given by Eq. (10) with

C3 = �
16π2ε0

∫ ∞

0
dξ α(iξ )

ε(iξ ) − 1

ε(iξ ) + 1
≈ 9.77 × 10−50 J m3.

(17)
Using this potential and an approximate velocity of the indium
atoms of 500 m/s (see Sec. IV) in Eq. (16), one finds that for
nanometer distances the left-hand side is approximately nine
orders of magnitude smaller than the right-hand side, meaning
that for (at least) the case of the large-sphere nonretarded
potential we are comfortably within the conditions of validity
of the WKB approximation.

We describe the trajectory in our specific system through
the coordinates x and ρ = a + R, as indicated in Fig. 1. This
means that the CP-induced phase shift 
ϕCP (also known as
the eikonal phase) is given by [38]


ϕCP(ρ) = − 1

�v

∫ ∞

−∞
dx U (x,ρ). (18)

Given this phase shift, one can then calculate a diffraction
pattern using the Fresnel approximation (where the wavelength
of the beam undergoing diffraction is much smaller than the
dimensions of the diffracting object). The amplitude A(P ) of
the signal at a point P in the image plane (see Fig. 5) is given
by [13,55]

A(P ) = − i

λgb

∫ 2π

0
dφ

∫ ∞

0
dρ G(φ,ρ)ρei[ϕg (ρ)+
ϕCP(ρ)],

(19)
where ϕg(ρ) = π

λ
( 1
g

+ 1
b
)ρ2 is the phase shift induced by the

geometry of the object in Fresnel approximation and ϕCP(ρ)
is the CP-induced phase shift given by Eq. (18), with U (x,ρ)
the lateral CP potential (see Fig. 3). The function G(φ,ρ)
is the aperture function representing the circular cross section
of the sphere. It is 0 for points that are located within the
blocked cross section and 1 otherwise. To calculate the
amplitude for an arbitrary point P in the detection plane, the
origin used in the integral (19) is shifted to the intersection
point of the line connecting the source and image points with
the integration plane, resulting in the new radial coordinate

U(x, ρ)
∞

−∞
dx U(x, ρ)

R R
r

za

ρ

x

FIG. 3. Sketch of the lateral CP potential. The curve corresponds
to the CP interaction of an atom flying in a straight line parallel to the
optical axis nearby the sphere surface.
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FIG. 4. CP potential-induced phase shift for spheres with differ-
ent radii (50, 100, 200, and 500 nm). The solid (black) line is the
phase shift where the full solution for the CP potential from Eq. (18)
has been used. The dashed (red) line is the phase shift for the leading
order of the half-space approximation. Note that the approximation
improves for larger spheres, in line with the intuition that a sphere
with a larger radius is more similar to a half space.

ρ. The numerical evaluation of |A|2, which is equal to the
intensities in the imaging plane, is discussed in Sec. IV.

The Fresnel approximation is accurate in the discussed
experiment since the object and image distances g and b are
large compared to the size of the diffraction object R and
the wavelength λ is much smaller than R. In addition, note
that although Fresnel theory only applies to two-dimensional
objects, the “volume” of the sphere is implicitly taken into
account by the accumulated phase shift Eq. (18).

For distances of less than approximately 10 nm the phase
shift is well approximated by the large-sphere potential of
Eq. (10), as shown in Fig. 4. The potential takes a particular
simple form in this limit [56], namely,

UBNR(r) = −C3

z3
= − C3

[
√

(a + R)2 + x2 − R]3
, (20)

as shown in Fig. 3. This means that if this potential is used
in the phase-shift integral, the result can, in fact, be found
analytically,


ϕCP,BNR(a) = C3

2�v

1

a2(2R + a)2

×
(

6R2 + 8Ra + 4a2 + 3R(R + a)2

√
a(2R + a)

×
{

2 arctan

[
R√

a(2R + a)

]
+ π

})

≈ C3

2�v

3π
√

R

2
√

2a5/2
for a � R, (21)

with C3 ≈ 9.77 × 10−50 J m3, as explained above. Finally,
we define for later convenience the quantity C52 ≡ C3

2�v
3π

√
R

2
√

2
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so that


ϕCP,BNR(a � R) = C52

a5/2
. (22)

IV. CALCULATION OF DIFFRACTION IMAGES

In this section the derived Casimir-Polder phase shift is used
in a numerical solution of the Fresnel-diffraction integral in
order to predict the effect of the Casimir-Polder interaction on
the relative intensity of Poisson’s spot. With relative intensity
Irel we refer to the ratio between the intensity at the center of
Poisson’s spot in the detection plane and the intensity of the
undisturbed beam, also in the detection plane. These predicted
relative intensities can then be compared to intensity data from
the aforementioned matter-wave experiments.

The parameters assumed in the calculations, and detailed
in the following lines, are chosen according to the setup
used in the experiment. The oven source consists of a closed
molybdenum crucible with a nominally 20-μm-diameter
orifice and is kept at a temperature of Ts = 1200 ◦C. The
temperature is chosen this high to generate a substantial
partial pressure of indium (about 87 Pa) within the crucible,
resulting in the high source brightness needed to observe
Poisson’s spot. The orifice diameter is also small enough
to avoid any increase in the virtual source size [57,58]. In
spite of the relatively high pressure, the speed of the exiting
indium atoms is expected to be characterized by the thermal
speed distribution inside the source, with an approximate
mean velocity given by v̄ = √

8kbTs/(πm) ≈ 521 m/s, where
kb is Boltzmann’s constant and m is the atomic mass of
indium (m = 114.8 u). This corresponds to a mean de Broglie
wavelength of 6.67 pm, which is the wavelength used in
the calculations described below. The speed of the atoms
affects the relative intensity in two ways. (1) Higher atomic
speed results in smaller wavelengths and thus in a thinner
point-source Poisson spot which is equivalent to lower relative
intensity for extended sources. (2) Higher atomic speed also
results in shorter Casimir-Polder interaction times and thus a
reduced phase shift, which also results in a reduction of the
relative Poisson-spot intensity [13,36], as can be seen below.
The spread in wavelengths is neglected as its effect on the
relative intensity of Poisson’s spot is expected to average out. A
clear sign of the wave nature is the presence of the side maxima
(as, for example, visible in Fig. 9), unlike the Poisson spot
itself, which has a classical analog due to particle deflection in
the CP potential [13,36]. The visibility of these side maxima
is, however, affected by the spread in wavelengths, which are
therefore hard to detect in practice. Three different sphere
diameters of the silicon-dioxide particles will be assumed
(R = 50, 100, 200 nm) and a fixed distance between the
source and the sphere of g = 600 mm. The image distance
b between the sphere and the detection plane is varied in the
range b = 0.05–1.05 mm.

The disturbance A(P ) at a point P in the detection plane
can be expressed by Eq. (19), which makes use of the
Fresnel approximation and already incorporates the phase shift
expected from the Casimir-Polder interaction [27].

The phase shift ϕCP(r) is only non-negligible in an annular
region in the integration plane between radii Ri,CP and Ro,CP

(see Fig. 5). Very close to the sphere the phase shift starts to

integ
rat

ion
pla

ne

Nθ

ρ

R

Ri,C
P

Ro,C
P

FIG. 5. Schematic indicating numerical solution of Fresnel in-
tegral. In order to calculate the amplitude A(P ) at point P due
to a point source at S, the surface integral from Eq. (19) in the
indicated integration plane needs to be solved. Note that to calculate
the amplitude for an arbitrary point P in the detection plane the origin
used in the integral is shifted to the intersection point of the line SP

and the integration plane, resulting in the new radial coordinate ρ.
The circular cross section of the sphere is shown in gray with a solid
circumference. The adjacent annular zone in orange with an outer
radius Ri,CP indicates the region where the CP or vdW phase shift
is larger than 4π . This zone was therefore neglected entirely in any
of the radial line integrals, which are indicated by the blue arrows.
Further away from the optical axis the annular zone shown in green
corresponds to the region where the CP or vdW phase shift is in the
range [ π

1000 , 4π ] with an outer radius of Ro,CP. In this region each
radial line integral was solved numerically, taking into account the
surface distance a at each numerical integration step. Outside of it,
the CP or vdW phase shift is neglected and the contribution to the
line integrals simplifies to two terms corresponding to the intersection
point(s) with the circle of radius Ro,CP with the radial integration line
and a point at infinity (see Ref. [55]).

oscillate increasingly fast as a function of z. It is safe to neglect
contributions originating from an annular region of radius
Ri,CP and inward, i.e., immediately adjacent to the sphere.
This is because, from a classical point of view, trajectories
passing within Ri,CP result in large particle deflections or
even particle capture by the sphere and thus do not contribute
to the diffraction image close to the optical axis. In the
calculations presented here, Ro,CP and Ri,CP are set such that
the phase shift equals π/1000 and 4π , respectively (this turns
out to be more efficient and accurate than the absolutely fixed
boundaries used in Ref. [13]). For the sphere radii R = 50,
100, and 200 nm, for which results are reported below, the
phase-shift constants defined by Eq. (22) are C52 = 6.622 ×
10−22, 9.365 × 10−22, and 13.244 × 10−22 m5/2, respec-
tively, and the boundary radii are [Ri,CP,Ro,CP] = [51.2,83.8],
[101.4,138.9], and [201.6,244.7] nm, respectively, for the
given beam parameters.

The surface integral is solved numerically following
the general approach discussed in Ref. [55] and explained
schematically in Fig. 5. The integral is replaced by two sums.
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The first solves the integral in the θ variable, corresponding
to Nθ radially equally spaced rays. We choose Nθ = 19 997
(a prime number) to avoid artificial fringes from symmetry in
the numerical evaluation. The second sum, which corresponds
to line integrals in the radial direction, reduces to a few
summands that are evaluated at the intersection points of
each particular ray with the edges of transmitting regions.
In the annular region where the CP potential is non-negligible,
this simplification does not hold. Therefore, whenever a ray
traverses this region the corresponding part of the radial line
integral is computed using a simple trapezoidal rule, taking into
account the local phase shift. The resolution of this numerical
line integration was fixed at 0.1 nm. For each image distance
b and sphere radius R the intensities corresponding to a row
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FIG. 6. Relative diffraction intensity for sphere radius R =
50 nm. The plots in this figure show the calculated relative intensity of
an atomic indium beam in the shadow region behind a silicon-dioxide
sphere with a diameter of 100 nm. The formation of Poisson’s spot
about the optical axis (horizontal) can be clearly seen. The beam
originates from a 20-μm-diameter source at a distance of 600 mm
from the sphere. Irel is given in intensity units of the undisturbed
wave front (without the sphere, the plot would show Irel = 1). Here
ρ denotes the distance from the optical axis and b is the distance
between sphere and detection plane. For comparison, we display
results for the case of no interaction between the sphere and the beam
(a) and including the Casimir-Polder-induced phase shifts using the
large-sphere nonretarded potential (b). In (c) the relative intensity
on the optical axis is shown. The upper dashed and upper solid lines
(blue) correspond to the data in (a) and (b), respectively, which means
that the solid lines include the CP potential, while the dashed lines do
not. The lower dashed and lower solid lines (orange) show the trend
for the same parameters, but assume a 40-μm-diameter beam source.
The shaded region about the solid lines give an approximate error
margin due to a thin layer of indium forming on the sphere (see text).

of 2000 pixels reaching from the optical axis to the radius R in
the image plane is computed with this method. The complete
4000 × 4000-pixel two-dimensional point-source diffraction
image is inferred from symmetry and interpolation. Finally,
the image is convoluted with the demagnified image of the
source of width 20b/g μm.

V. DISCUSSION AND OUTLOOK

As can be seen in Fig. 4, the change in the phase shift due
to retardation or the size of the sphere is negligible for the
experiment discussed here. For this reason we have limited
the Fresnel-diffraction simulations to the simpler half-space,
nonretarded approximation.

The resulting relative intensities as a function of ρ and
b are plotted in Figs. 6, 7, and 8 for three different sphere
diameters. For better comparison the lateral relative intensity
distributions are shown at the image distance b = 0.1 mm in
Fig. 9. The relative intensity of Poisson’s spot is increasingly
amplified at smaller distances b due to the CP interaction. In
addition, a small shift of the side maxima toward the optical
axis can be noted [see especially Fig. 9(a)], which we attribute
to an increasing effective sphere diameter for stronger CP
interaction. The plot of the on-axis intensity for two different
source sizes shows that increased spatial coherence leads to a
more pronounced sensitivity of the Poisson-spot intensity to
the CP potential. By comparing Figs. 6, 7, and 8 one can see
that an increase in sphere diameter both increases Irel due to
the longer time the particle spends in the vicinity of the sphere,
but also decreases it, as expected from Fresnel diffraction. In
other words, there are two competing effects, which is why

−40

0

40

ρ

0 1 2 3 4 5rel

−40

0

40

ρ

0.1 0.5 1
0

2

4

6

b

I r
e
l

FIG. 7. Relative diffraction intensity for sphere radius R =
100 nm. The graphs are analogous to Fig. 6.
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FIG. 8. Relative diffraction intensity for sphere radius R =
200 nm. The graphs are analogous to Fig. 6.

Irel is at a maximum for the medium sphere diameter (only in
case of the 20-μm source).

To ensure the reliability of our results, we compared
them to those found using a completely different numerical
approach. As discussed in the caption of Fig. 5, the results
plotted in Figs. 6, 7, 8, and 9 were computed in a similar
way to [55], i.e., by direct numerical implementation of the
Fresnel integral. That method is equivalent to the phase-space
treatment outlined in [36] using Wigner functions (see [59]
for details). The phase-space framework is ideally suited to
account for environmental decoherence effects [11,60], e.g.,
by background gas collisions, and to juxtapose the predictions
of the matter-wave model and a classical ballistic treatment of
the atom trajectories. We have checked our numerical results
against this framework and find agreement at the percent level,
with the dominant contribution to the difference being our use
of the approximate expression in the final line of (21). Another
consistency check between our work and that of [36] is that the
latter can predict which (semi-)classical trajectories physically
collide with the sphere due to deflection by the potential. This
can be determined simply by imposing conservation of energy
and momentum, then minimizing the resulting function to find
the smallest impact parameter amin that escapes the potential.
For the cases R = 50, 100, 200 nm considered here, we find
amin = 1.0, 1.2, and 1.4 nm, respectively, which is consistent
with the values Ri,CP [61] derived from our phase criteria in
Sec. IV.

There are three more effects that we have not addressed so
far, but which we discuss in the following sections.
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FIG. 9. Lateral relative intensity at b = 0.1 mm assuming a
source diameter of 20 μm (a)–(c) and 40 μm (d)–(f). The assumed
sphere diameter is R = 50 nm (a), (d), R = 100 nm (b), (e), and R =
200 nm (c), (f). The model including the large-sphere nonretarded CP-
phase shift is depicted using solid lines and the Fresnel-diffraction-
only model using dotted lines. The shaded regions around the solid
lines give an approximate error margin stemming from the formation
of a thin indium layer on the sphere (see Sec. V B).

A. Surface corrugation

The calculation neglects any surface corrugation of the
sphere, for which a reduction in Poisson-spot intensity is
expected at small distances b behind the sphere from the
zero-interaction Fresnel-Kirchhoff integral. This effect can be
estimated using an analytic dampening factor [62] that can
be applied to the on-axis intensities. The relative intensity of
Poisson’s spot will be close to zero if the amplitude of the
surface corrugation is approximately equal to the width of the

adjacent Fresnel zone wf z =
√

R2 + λgb

(g+b) − R. Assuming a

corrugation amplitude of about 1 nm, we have wf z ≈ 1 nm at
distances b = 0.015, 0.03, and 0.06 nm for sphere radii R =
50, 100, and 200 nm, respectively. A corrugation amplitude of
10 nm entails approximately a tenfold increase in the values
of b at which the Poisson spot is no longer visible. This
illustrates the importance of avoiding surface corrugation in
the experiment as much as possible.

Furthermore, surface corrugation can influence the CP
potential in the vicinity of the sphere in nontrivial ways [16–
19,30,63]. In practice, we expect that the presence of CP
interaction effectively mitigates the requirements on surface
corrugation to some degree, especially if the corrugation
amplitude is less than Ri,CP − R. Accurate accounting of
this influence could help in the future to distinguish between
quantum and classical behavior of mesoscopic particles [13].
The details of this, however, we anticipate to be an interesting
route for further study.

B. Formation of a metallic thin film on the sphere

One more reason for a deviation of experimental data
from the results presented above is the possible buildup of
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FIG. 10. Variation of the nonretarded, half-space CP constant C3

as a function of deposited indium film thickness, with z being the
distance from the sphere surface to the atom.

an indium film on the silicon-dioxide sphere. In our large-
sphere approximation this would manifest itself as a thin
layer deposited on top of a half space, for which estimates
of its influence on the effective Casimir-Polder potential
can be obtained relatively easily. We present a preliminary
investigation of this in Fig. 10, where an effective C3 at various
distances from the coated sphere is shown as a function of
indium film thickness. For thin layers a screening effect can be
noted far from the surface. As the film grows in thickness the
half-space CP potential of a pure indium surface is reached.
The graph suggests that the effect can be accounted for by a
modification of the effective C3 of the system by approximately
a factor in the range 0.8–1.8 (depending on layer thickness).
This would result in an exposure-time-dependent diffraction
pattern as the indium continuously accumulates upon the
sphere. We show the deviation in the relative intensity of
Poisson’s spot approximately possible due to the thin film in
the form of an error corridor (see shaded region in the plots of
Figs. 6–9). The boundaries of the corridors were calculated by
assuming constant effective CP constants of 0.8 C3 and 1.8 C3.
The variation of the effective C3 as a function of distance from
the sphere z, as predicted in Fig. 10, can lead to even stronger
attenuation or amplification depending on the resulting CP
phase shift relative to the geometrical phase shift. However,
we expect the error to be of the same order of magnitude as
depicted by the shaded error corridors. The results suggest that
the change in intensity of Poisson’s spot due to a metallic thin
film can be observed, but may be, in practice, hard to quantify.
The main reasons for this are additional modifications of Irel

to be expected from changing surface corrugation as the thin
film is deposited.

C. Temperature

1. Temperature of indium atoms

The effect of the CP interaction on the relative intensity of
Poisson’s spot depends on the temperature Ts of the indium
atoms, at which they emerge from the oven source, in two

distinct ways. First, Ts determines the speed distribution of the
atoms and thus the accumulated CP phase shift [see Eq. (21)].
The speed distribution also affects the geometrical Fresnel
phase shift via the de Broglie wavelength of the atoms. Both of
these manifestations of finite Ts have been accounted for in the
presented calculations. Second, at Ts any number of internal
degrees of freedom of the atom maybe excited, which would
alter the atom’s polarizability and thus the CP potential. The
occupation probability of the lowest excited state of the indium
atoms at temperature Ts = 1200 ◦C can be estimated using the

Boltzmann factor e
− �ω01

kB Ts with the transition frequency ω01 from
Table II and the reduced Planck constant � and Boltzmann’s
constant kB . This evaluates to approximately 5 × 10−11, which
makes the assumption that all indium atoms reside in the
ground state an extremely good one. Even at higher tempera-
tures accessible with a standard oven heater, this ratio remains
negligible. However, an artificial excitement using a laser at
one of the specific indium wavelengths could be an appealing
route to probing the CP interaction with excited atoms.

2. Ambient temperature

The ambient temperature of the experimental apparatus
floods the interaction region between atom and dielectric
sphere with thermal photons. These additional excitations
of the electromagnetic field affect the CP potential only at
distances of the order of the wavelengths of the thermal
photons [64–66] (approximately 48 μm at room temperature).
Since we determined that the CP phase shift in the discussed
experiment is completely negligible at distances exceeding
about 50 nm, it is safe to ignore any contributions from ambient
thermal photons.

3. Temperature of the silicon-dioxide sphere

While it is not practicable to change the temperature of
the apparatus significantly, the temperature of the diffraction
obstacle could be raised to about 1000 ◦C and higher for
alternative obstacle materials. A reason for heating the obstacle
could be to prevent the deposition of a thin film of the beam
species, as discussed above. This would result in immediate
re-evaporation of beam particles captured by the sphere,
reflecting them diffusely in the general direction of the source.
The influence of such states of thermal nonequilibrium on the
CP potential is a topic of current research [67–69], and its
possible influence on the present experiment should be the
subject of further study.

VI. CONCLUSION

We have presented a detailed treatment of the CP potential
between indium atoms and a silicon-dioxide sphere and its
influence in the case of Poisson-spot matter-wave diffraction
experiments. The main feature of our results is that the
makeshift models of Casimir-Polder potentials, which neglect
retardation and surface curvature and were used so far in
matter-wave diffraction experiments, are, in fact, completely
adequate. We have shown this by making a detailed account
of the situation for a realistic and ongoing Poisson-spot
experiment. This has allowed us to make verifiable predictions
of diffraction patterns and relative intensities of the Poisson
spot, backed up by a proper account of geometry- and
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material-dependent dispersion forces. We found that the di-
ameter of the silicon-dioxide sphere mainly affects the relative
intensity of Poisson’s spot due to the related change in length
of the interaction region. Furthermore, we have estimated
the effect from surface corrugation of the silicon-dioxide
sphere and the possible deposition of indium on the diffraction
obstacle. Finally, there remain a few more minor idealizations
that are not included in our model thus far, for example that
the sphere is at thermal equilibrium with the indium beam.
On the whole, we expect that the predictions for the relative
intensity of Poisson’s spot made here provide solid ground for
tests of the CP potential as predicted by macroscopic quantum
electrodynamics in the ongoing experiments.

ACKNOWLEDGMENTS

We thank Stefan Scheel for fruitful discussions.
S.Y.B. and R.B. acknowledge support from the Deutsche
Forschungsgemeinschaft (Grant No. BU 1803/3-1), and S.Y.B.
additionally acknowledges support from the Freiburg Institute
for Advanced Studies (FRIAS). J.F. and S.Y.B. acknowledge
support by the Research Innovation Fund of Freiburg Univer-
sity. T.R. acknowledges support by the Ministry of Science,
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APPENDIX A: VECTOR WAVE FUNCTIONS

The vector wave functions entering into (6) are given by

alm±T E(r) = ∓h
(1)
l (kj r)m

P m
l (cos θ )

sin θ

sin(mφ)
cos(mφ) eθ

+h
(1)
l (kj r)

d

dθ

[
P m

l (cos θ )
] cos(mφ)

sin(mφ) eφ, (A1)

alm±T M (r) = l(l + 1)
h

(1)
l (kj r)

kj r
P m

l (cos θ )
cos(mφ)
sin(mφ) er

+ [kj rh
(1)
l (kj r)]′

kj r

d

dθ

[
P m

l (cos θ )
] cos(mφ)

sin(mφ) eθ

∓ [kj rh
(1)
l (kj r)]′

kj r
m

P m
l (cos θ )

sin θ

sin(mφ)
cos(mφ) eφ, (A2)

where the primes are to be understood in the same sense
as detailed below Eq. (7). The notation x

y here means that
its upper or lower entries should be taken consistent with
corresponding entries of the relevant ±.

APPENDIX B: GREEN’s TENSOR SIMPLIFICATIONS

The trace of the scattering Green’s tensor (6) reads

Tr G(1)(r,r,iξ )=− ξ

4πc

∞∑
l=1

l∑
m=0

(2 − δm0)
2l + 1

l(l + 1)

(l − m)!

(l + m)!

×
{
rlT E

[
h

(1)
l (kr)

]2
[
m2

[
P m

l (cos θ )

sin θ

]2

+
[
dP m

l (cos θ )

dθ

]2]

+rlT M

[(
l(l + 1)P m

l (cos θ )
h

(1)
l (kr)

kr

)2

+
[
krh

(1)
l (kr)

]′2

(kr)2

(
m2

[
P m

l (cos θ )

sin θ

]2

+
[
dP m

l (cos θ )

dθ

]2)]}
. (B1)

To carry out the sum over m, we use the addition theorem for
spherical harmonics [45]:

Pl(cos γ ) =
l∑

m=0

(2 − δm0)
(l − m)!

(l + m)!

× P m
l (cos θ )P m

l (cos θ ′) cos[m(φ − φ′)]. (B2)

The trace can therefore be rewritten as

Tr G(1)(r,r,iξ ) = − ξ

4πc

∞∑
l=1

(2l + 1)

{
rlT E

[
h

(1)
l (kr)

]2

+rlT M

[
l(l + 1)

[
h

(1)
l (kr)

]2

(kr)2

+
[
krh

(1)
l (kr)

]′2

(kr)2

]}
, (B3)

which together with Eq. (4) renders the CP potential (8) for a
sphere and a ground-state atom.
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Interatomic Coulombic decay (ICD) is a very efficient process by which high-energy radiation

is redistributed between molecular systems, often producing a slow electron, which can be

damaging to biological tissue. During ICD, an initially-ionised and highly-excited donor

species undergoes a transition where an outer-valence electron moves to a lower-lying

vacancy, transmitting a photon with sufficient energy to ionise an acceptor species placed

close by. Traditionally the ICD process has been described via ab initio quantum chemistry

based on electrostatics in free space, which cannot include the effects of retardation stem-

ming from the finite speed of light, nor the influence of a dispersive, absorbing, discontinuous

environment. Here we develop a theoretical description of ICD based on macroscopic

quantum electrodynamics in dielectrics, which fully incorporates all these effects, enabling

the established power and broad applicability of macroscopic quantum electrodynamics to be

unleashed across the fast-developing field of ICD.
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Exactly one century ago, Einstein showed1 that the existence
of a thermal equilibrium between matter and radiation
implies a process by which atoms can indiscriminately

release energy—now known as spontaneous emission. Its origin is
the coupling of the atom to the quantum electrodynamical
vacuum field that permeates all of space, so while being originally
thought of as a fundamental atomic property, spontaneous
emission can in fact be tuned by placing the emitter in an
environment that modifies the vacuum state—between mirrors,
for example. This was first pointed out by Purcell2, who predicted
that the rate of spontaneous decay could be dramatically
enhanced by confining an emitter to a small volume. At a similar
time, Casimir and Polder3 found that the finite speed of light can
impact the London-van der Waals force, originally thought of as
an instantaneous and fundamental interaction between particles.
In both cases, the explanation of a previously known effect in
terms of a more fundamental theory, quantum electrodynamics
(QED), led to the prediction of new physics, later verified in
experiments. This is the blueprint we wish to follow in the present
study of interatomic Coulombic decay (ICD)

ICD was first predicted in 1997 by L.S. Cederbaum and cow-
orkers4 and experimentally observed shortly afterwards5–8. The
details of the ICD process are shown in Fig. 1, where in our
terminology the interaction-mediating photon is in fact a gen-
eralised polariton-like field-matter excitation, containing both
radiative (long-range) and non-radiative (short-range) contribu-
tions. It is worth noting that the electron left in the continuum is
usually of a relatively low energy9, as most of the energy the
photon transfers to the acceptor is spent freeing the electron. It
has been shown that such low-energy electrons can have detri-
mental effects on biological matter10, meaning that ICD is
of more than fundamental interest.

Comparison of ICD observations with theory is usually made
by elaborate ab initio quantum chemistry approaches11—a trend
that continues in the recently proposed superexchange12, surface-
based13 and doubly-ionised14 ICD variants. These methods are
well-suited to dealing with the complex consequences of orbital
overlap between donor and acceptor. However, they cannot easily
deal with the effects of retardation stemming from the finite speed

of light. Furthermore, while a simple dielectric background
or extended host molecule can be taken into account with
molecular dynamics techniques15,16 or via numerical quantum
chemistry17–19, the full effects of dispersion, absorption, relati-
vistic retardation and sharp boundaries remain computationally
beyond reach. This means that such approaches are not able to
account for the effects of a complex environment, such as that of
a helium nanodroplet20–23 or those found in biological
settings10,24,25.

In the following we present a theoretical description of ICD
that systematically includes all of the latter effects, for which we
use a framework known as macroscopic QED26–29. In this
formalism the quantised electromagnetic field in dispersive and
absorbing media is described by a dyadic Green’s tensor
G r; r′;ωð Þ governing propagation of field-matter excitations
(medium-assisted photons) of frequency ω between a source at
position r′ and an observation point r. Various QED quantities
such as spontaneous decay rates and Casimir forces can then be
expressed entirely in terms of this Green’s tensor, which is known
in closed form for simple geometries30 and can be approximated
for more complex ones31. This allows the computation of such
QED quantities in any desired environment, with vacuum
emerging as a special case. In this work we use this formalism to
show that the range of ICD may be much larger than expected
from purely electrostatic considerations, and that an environment
such as liquid water can significantly alter the efficiency of ICD.
For donor and acceptor situated near a macroscopic body, we
predict that the ICD rate can be enhanced or suppressed due to
resonant interactions with surface plasmons.

Results
Macroscopic QED approach to ICD. Using the formalism of
macroscopic QED, we have calculated a general expression for the
ICD rate in arbitrary dispersive and absorbing environments,
valid at any donor–acceptor distance where orbital overlap can
be neglected32. We begin with the interaction Hamiltonian of the
dipole moments d̂Dof the donor and d̂A of the acceptor,

Ĥint ¼ �d̂D � Ê rDð Þ � d̂A � Ê rAð Þ ð1Þ

where the quantised electric field operator Ê rð Þ excites polariton-
like field-matter excitations through an appropriate set of bosonic
operators. We then evaluate the ICD rate Γ using the interaction
Hamiltonian (1) in time-dependent perturbation theory with
causal adiabatic coupling. It is important to note that viewing the
ICD process as the exchange of virtual photons means that twice
as many orders of perturbation theory are needed compared to an
instantaneous Coulomb-like picture, as illustrated in Fig. 1.This is
because the Coulomb approach considers the donor and acceptor
as essentially a single object, which then undergoes ICD as a one-
step process (the two interactions in Fig. 1 occur simultaneously).
By contrast, the virtual photon approach considers the donor and
acceptor completely separately, so that the finite time delay
associated with propagation from one to the other is fully taken
into account. This doubling of the number of interactions means
that in contrast to Coulomb approaches where second order
perturbation theory suffices (see, for example ref.11), we need to
use fourth-order time-dependent perturbation theory. Using the
Hamiltonian (1) and expanding the transition matrix element
that links our initial and final states in a Dyson series keeping
terms up to fourth order in the interaction (see Methods section),
we extract the ICD decay rate as;

Γ ¼ 2π2
X

channels

γDσAð�hωAÞTr G rA; rD;ωDð Þ �G� rD; rA;ωDð Þ½ �;

ð2Þ

Donor Donor

Time

Acceptor Acceptor

Coulomb approach QED approach
ba

Fig. 1 Interatomic Coulombic decay process. Illustration of the interatomic
Coulombic decay process in terms of a the traditional language of Coulomb
interactions and b our quantum electrodynamics approach. An ionised,
excited atom or molecule (donor) with an inner-valence vacancy
(sometimes known as hollow) makes a transition where that vacancy is
filled and a photon is emitted. If that photon has an energy higher than the
photoionisation threshold of a neighbouring atom or molecule (acceptor),
its absorption may be accompanied by an electron being freed into the
continuum. The resulting pair of ions then undergoes a ‘Coulomb
explosion’, which is one of the experimental signatures of ICD
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where rA and rD are, respectively, the positions of the acceptor
and donor, ωD is the transition frequency of the donor and
ħωA= ħωD−Ucoul, where Ucoul is the Coulomb energy of the
system. The allowed channels in the above expression are those
satisfying ħωD ≥Ucoul+Uion, where Uion is the ionisation
potential of the acceptor. We make use of the following short-
hands; γD is the free-space single-atom decay rate of the donor,
given explicitly by

γD ¼ ω3
D dDj j2

3π�hc3ε0
; ð3Þ

and σA(E) is the photoionization cross section of the acceptor

σA Eð Þ ¼ πE
3ε0c�h

d
dE

dAj j2; ð4Þ

which is expressed as a function of the energy E of the incident
photon. We see from equations (3) and (4) that formula (2)
contains four dipole moments, each of which corresponds to an
interaction vertex in our fourth-order perturbation theory.

Formula (2) can be physically understood as the product of
three factors. The first is the free-space decay rate γD of the donor,
which is simply a measure of how strongly its coupling to the
vacuum causes it to emit, even in the absence of the acceptor or
an environment. The second factor is the trace over Green’s
tensors, describing the impact of the environment between and
around donor and acceptor on the transmission of energy
between them. The final factor is the photoionisation cross
section σA of the acceptor, evaluated at the photon frequency
ħωD. This factor corresponds to how likely it is that a photon
arriving at the acceptor will cause a photoionisation event, freeing
an electron from the acceptor. This means the three factors each
loosely correspond to a probability of a step in the process
(emission, propagation and then absorption), meaning that their
product represents an overall rate for ICD.

Relativistic retardation in ICD. The first consequence of Eq. (2)
that we will highlight is the effect of retardation originating from
the finite speed of light (note that the related process of two-
centre resonant photoionisation has also been shown to be
affected by retardation in free space33). The consequences of this
are expected to be the most dramatic at large donor–acceptor
distances—systems with this character have been the focus of
recent experimental work34,35. Using the vacuum Green’s tensor
[see, for example, ref.29 or the Methods section] in our formula
(2) we find;

Γvac ¼
1
4

X
channels

γDσA �hωAð Þ
2π=λDð Þ4ρ6 3þ 2πρ

λD

� �2

þ 2πρ
λD

� �4
" #

; ð5Þ

where ρ= |rD− rA| is the donor–acceptor separation and λD=
2πc/ωD is the wavelength of the photon emitted from the donor.
In the limit of short distances only the first term in the square
brackets of (5) remains, this is is the non-retarded vacuum rate
ΓNRvac ;

ΓNRvac ¼
3
4

X
channels

γDσA �hωAð Þ
2π=λDð Þ4ρ6 : ð6Þ

This is the only part of Eq. (5) accessible without using our
theory, and as such is reproduced by the more traditional
instantaneous Coulomb approach32,36, and its inverse sixth power
of distance can be understood as coming from the ρ−3

dependence of the near-field limit of the electric field of a dipole,
which is then squared during calculation of dipole–dipole

coupling. The second and third terms of Eq. (5) are new and
come from the inclusion of the far-field of the dipole which
decays as ρ−1. The new terms are proportional to ρ−4 and ρ−2,
which obviously means they decay much more slowly at large
distances than the ρ−6 found without including retardation. This
can cause dramatic enhancement relative to the rate expected
from the non-retarded theory if the condition 2πρ > λD is
satisfied, as shown in Fig. 2.

Systems undergoing ICD are typically separated by around
3–10 Å, meaning that the condition ρ > λD/2π is comfortably
satisfied by, for example, taking Ne9+ (nine-fold ionised neon) as
a donor species. There the transition energy from the 2P1/2→ 2S1/2
levels is around 1.02 keV, corresponding to λD/2π of approxi-
mately 1.9 Å.

The importance of retardation is not limited to small, extreme
systems such as hydrogen-like ions—even large, multi-electron
ions can be near enough to each other to undergo ICD ≲10Å

� �
,

while also being far enough for the assumption of negligible
orbital overlap to be applicable. The degree of orbital overlap
depends strongly on specific choice of donor and acceptor
species, so here we refer to the specific example studied in ref.32,
where it was shown that the effects of orbital overlap become
negligible in Ne–Mg ICD if the separation is above ~6–7 Å. In
that system the transition wavelength is far too long for
retardation to play a role. However, if one replaces the neon
donor with a neon-like ion, the transition wavelength will be
much shorter, but the degree of orbital overlap should to remain
similar, meaning its influence will still become negligible at at
about 6–7 Å. We have included in the inset of Fig. 2 the ICD rate
for three selected neon-like donors, with arbitrary acceptor
species. While one would have to carefully consider the degree of
orbital overlap for a neon-like donor and a specific acceptor
species in order to decide in which specific distance range our
model applies, the preceding discussion and the inset of Fig. 2
together show that ICD between large, multi-electron systems can
in principle also be subject to significant retardation corrections.

ICD in a host medium. The second application of our formula
(2) is to ICD processes in a medium. A naive approach to cal-
culating the ICD rate in this situation would be simply changing
the optical path length of the photon, but this is not an adequate
description of interatomic processes in media, as discussed in
ref.37. Such an approach misses the fact that an atom embedded
in a medium has a small region of empty space around it,
meaning the field it experiences is different from that found in the
bulk medium—this is known as the local-field effect (LFE). Our
approach to ICD can include this by using the appropriate
Green’s tensor in Eq. (2), in particular that described in ref.38

where the local-field corrected Green’s tensor is calculated for
arbitrary media described by a frequency-dependent permittivity
ε(ω). For illustrative purposes we concentrate on the small-
distance limit of our formula (2), but we emphasise that our
general theory can take into account retardation and medium
effects simultaneously. Using the local-field corrected Green’s
tensor (see Methods) in the non-retarded limit of our formula (2)
we find the rate for a single ICD channel in a bulk medium as;

ΓNRbulk ¼ ΓNRvac � η � ηLFE ηLFE ¼ 3ε ωDð Þ
2ε ωDð Þ þ 1

����
����
4

ð7Þ

where η= |ε(ωD)|−2 is the correction factor that arises in the
simple bulk model, ηLFE is the correction due to the LFE, and we
have expressed the rate in terms of ΓNRvac as given by Eq. (6).
In order to assess the impact of the LFE, we have also shown in
Eq. (7) the result that is found if the LFE is ignored (ηLFE= 1).
For quantitative analysis of (7) we have used the measured
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permittivities for water40 and liquid helium41, relevant to biolo-
gical processes and experiments on nanodroplets22, respectively.
Our results are shown in Fig. 3 where we make a comparison with
the rate that would be predicted if LFEs were not taken into
account. There we see that inclusion of the LFE can cause
enhancement or suppression of the ICD rate, on top of the
suppression or enhancement that the simple bulk (that is, without
the LFE) causes. The LFE-corrected bulk causes suppression
when η⋅ηLFE < 1, which is satisfied when, for example, ε < 1 as is

the case near the absorption resonance of helium, which is the
origin of the enhancement there. For water in the displayed fre-
quency range, the ICD rate is always suppressed by the solvent
medium where the neglect of the LFE leads to an overestimation
of this suppression. For helium, the LFE significantly narrows the
frequency window where the ICD rate is enhanced. The experi-
ment reported in ref.22 reveals an ICD signal at 21.6 eV inside a
He nanodroplet. Our calculations as shown in Fig. 3 predict an
enhancement of the respective ICD rate by a factor 1.7 due to the
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presence of the bulk nanodroplet medium. To confirm this
quantitatively, one has to first use our Eq. (2) in conjunction with
the known Green’s tensor of the spherical nanodroplet (see, for
example ref.42) to calculate the ICD rate for arbitrary donor and
acceptor positions with respect to the droplet, a similar study of
the effect of a dielectric sphere on the van der Waals interaction
between two atoms has been carried out in ref.43. Subsequently,
the geometric distributions of donors and acceptors, as well as
additional decay channels and processes, have to be accounted for
to generate a predicted experimental signal. Finally, we note that
in this discussion we have concentrated on the effects that the
medium has on field propagation between donor and acceptor. In
addition, the medium has an impact on the donor and acceptor’s
properties such as transition frequencies and dipole moments.
This could be studied alternatively using molecular dynamics or
macroscopic QED44.

ICD near a dielectric surface. Another demonstration of the
power of our general formula (2) is calculation of the effect an
inhomogenous environment has on ICD, taking inspiration from
the Purcell enhancement of the spontaneous decay rate. Similarly
to our presentation of the rates in a bulk medium, we will con-
centrate on the short-distance limit of our formula (2), but again
emphasise that our general theory can simultaneously take into
account all the effects discussed so far. Using the dyadic Green’s
tensor for a dielectric surface29,30 with frequency-dependent
permittivity ε(ω) occupying the region z < 0 (see Methods) in our
formula (2), we find the following rate in the non-retarded
regime;

ΓNRplate ¼
3
4

X
channels

γDσA �hωAð Þ
ω4
D=c

4

´
1
ρ6

þ 2Re R ωDð Þ½ � 1
3ρ3�ρ3

� ρ2 þ �ρ2

2ρ5�ρ5
ρ2jj

� �
þ R ωDð Þj j2

�ρ6

	 

;

ð8Þ

where �ρ ¼ ρ zD ! �zDð Þ, ρ2jj ¼ xD � xAð Þ2þ yD � yAð Þ2 and
R ωð Þ ¼ ε ωð Þ � 1ð Þ= ε ωð Þ þ 1ð Þ is the Fresnel reflection coefficient
of the surface. In order to make quantitative predictions we
assume a permittivity of the Drude–Lorentz form,

ε ωð Þ ¼ 1� ω2
p

ω2 � ω2
T þ iγω

; ð9Þ

where ωp is the plasma frequency, ωT is a transition frequency
and γ is a damping constant. This choice of dielectric function
causes the reflection coefficient R(ω) defined above to exhibit a

resonance at a frequency ωS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
T þ ω2

p=2
q

, commonly known

as the surface plasmon frequency. In Fig. 4 we display the plate-
dependent ICD rate (normalised to that for free space) for a
donor at a fixed position near the interface while allowing the
position of the acceptor to vary. We choose a range of transition
frequencies for the donor, both above and below the resonance
frequency of the material. It is seen that the medium-dependent
ICD rate has an intricate dependence on both the relative posi-
tions of the donor and acceptor, and the relationship between the
ICD photon frequency and that of the material resonance. For
example, at frequencies below the material resonance and with
rA− rD aligned parallel to the surface, the ICD rate is suppressed
by a factor of up to 2. This placement of donor and acceptor
could be envisaged in a biological context as two molecules sitting
on a cell membrane, our theory predicts that the ICD rate
between the two will be slower due to the presence of
the membrane. Similarly, if the frequency remains below reso-
nance but now rA− rD is aligned perpendicular to the surface,

the ICD rate can be enhanced by a similar factor. This could arise
in a biological setting as an aid to efficient energy transport; our
theory predicts that the presence of an interface at the end of a
linear arrangement of emitters and absorbers would cause a
noticeable enhancement of energy transfer between neighbours.

Finally, we emphasise that although we have separately
presented three ICD-modifying effects (retardation, immersion
in a bulk medium and placement near a surface) in order
to maintain a clear conceptual divide between each, all of
these and more can be taken into account simultaneously in
our framework simply by using the appropriate well-known
Green’s tensors (c.f. ref.29). As an example, we report here
the ICD rate found from Eq. (2) for donor and acceptor
embedded in an absorbing medium of complex refractive index
�n ωð Þ ¼ ffiffiffiffiffiffiffiffiffi

ε ωð Þp ¼ n ωð Þ þ iκ ωð Þ, simultaneously including local-
field corrections and relativistic retardation. To do this we use the
retarded bulk Green’s tensor and the local-field prescription
(both of which are found in the Methods section) in Eq. (2),
finding;

Γbulk ¼
X

channels

ΓNRbulke
�2κρωD=c

´ 1þ 2κζ þ ζ2

3
4κ2 þ �nj j2� �þ 2κζ3

3
�nj j2þ ζ4

3
�nj j4

� �
;

ð10Þ

where ζ= ρωD/c. The material parameters n(ω) and κ(ω) are both
evaluated at the donor frequency ωD, and we have used the rate
defined by (7) as a shorthand. From Eq. (10) it is evident that
there is a complex interplay between the various factors discussed
so far, including an exponential screening factor that depends on
the extinction coefficient κ, as well as polynomial dependence on
various combinations of distance and material parameters. In
Fig. 5 we plot the separation-dependence of the rate (10) in
vacuum and in helium, both with and without local-field
corrections. The rates (5) and (7) emerge from Eq. (10) in its
vacuum (n → 1, κ → 0), and non-retarded ρωD=c � 1ð Þ limits,
respectively.

In conclusion, we have presented a description of the ICD rate
in arbitrary environments that are described via the electro-
magnetic Green’s tensor. We have demonstrated some of the
explicit consequences of our main result (2), the first being the
fundamental importance of retardation which can cause ICD
rates to be orders of magnitude higher than expected from any
previous theory. We have also studied local-field corrections in a
bulk medium, as well as the intricate dependence of the ICD rate
upon a nearby macroscopic body. All of these effects should be
taken into account when calculating the impact of ICD in the
non-idealised, messy situations found in the life sciences, as well
as to more fundamental research into medium-dependent ICD.
We emphasise that every calculation here proceeded analytically
from the same very general formula (2), which was derived using
the established power and broad applicability of macroscopic
QED, which can now be unleashed across the fast-developing
field of ICD.

Methods
Derivation of ICD rate. In this section we derive our central result (2), which is the
ICD rate Γ in arbitrary environments. We will calculate Γ from Fermi’s golden rule;

Γ ¼
X
f

2π
�h

Mfi

��� ���2δ Ei � Ef
� 


: ð11Þ

where Mfi is a transition matrix element and Ei,Ef are the energy eigenvalues of the
unperturbed Hamiltonian for the initial and final states |i〉 and |f〉, respectively. The
transition matrix element arising from a time-dependent perturbation V̂ can be
calculated using time-dependent perturbation theory. In the causal adiabatic
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coupling approach (see, for example ref.45) one has;

Mfi ¼ lim
ε!0þ

X
k

hf jV̂ jkihkjV̂ jii
Ei � Ek þ i�hε

ð12Þ

where Ek is the energy eigenvalue of the intermediate state k. In writing Eq. (12) we
have assumed that all diagonal elements of V̂ vanish, which is true for the per-
turbation we shall consider here. The leading-order processes supported by our
interaction Hamiltonian (1) are shown in Fig. 6.

We will use δ, γ and α, β to represent the states of the donor D and acceptor A,
respectively. The donor and acceptor may each be atoms, ions or molecules, though
for brevity we describe their states simply as atomic in the rest of this section. In
general the states of the acceptor can either be bound or belong to the continuum.
During the ICD process the donor decays (δ → γ), while the acceptor becomes
excited (α → β). In terms of product states |a⟩⊗|b⟩≡ |a, b⟩ we can therefore write the
ICD process as |δ, α⟩→ |γ, β⟩. Then the contributions to the sum over intermediate
states k in Eq. (12) are simply the two possible time-orderings of a process where a
single polariton-like field-matter excitation (coinciding with the usual notion of a
photon if the process takes place in vacuum) |1(r, ω)⟩ at position r with frequency ω
is exchanged, as shown in Fig. 6. We can hence write the following initial,
intermediate and final product states for the composite system of the donor and

acceptor coupled to the medium-assisted field whose ground state is |{0}⟩

Initial : jii ¼ jδ; αij 0f gi;
Intermediate : jk 1ð Þi ¼ jγ; αij1 r;ωð Þi or kð2Þ ¼ jδ; βij1 r;ωið Þ ;
Final : jf i ¼ jγ; βij 0f gi:

ð13Þ

Combining the contributions from both diagrams yields the following
expression for the coupling matrix element

Mfi ¼� lim
ε!0þ

X
γ;α

Z
d3r

Z 1

0
dω

hf jd̂A � Ê rAð Þjk 1ð Þihk 1ð Þjd̂D � Ê rDð Þjii
�h ω� ωδγ � iε
� 


2
4

þ hf jd̂D � Ê rDð Þjk 2ð Þihk 2ð Þjd̂A � Ê rAð Þjii
�h ωþ ωβα � iε
� 


3
5;

ð14Þ

where ωab≡ (Ea− Eb)/ħ are all positive. We can use the dipole operators d̂ to
directly evaluate the atomic part of each term, for example the numerator of the
first term becomes;

hf jd̂A � Ê rAð Þjk 1ð Þihk 1ð Þjd̂D � Ê rDð Þjii
¼ dαβ � h 0f gjÊ rAð Þj1 r;ωð Þi

� 

dδγ � h1 r;ωð ÞjÊ rDð Þj 0f gi

� 
 ð15Þ

with dδγ � hγjd̂Djδi and dαβ � hβjd̂Ajαi. To evaluate the field-dependent part
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of each term, we use the definition of the macroscopic QED electric field26,29

Ê rð Þ ¼ i
Z 1

0
dω

Z
d3r′

ω2

c2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h
πε0

Imε r′;ωð Þ
s

G r; r′;ωð Þ � f̂ r′;ωð Þ þH:c: ð16Þ

where f̂ and f̂
y
are a set of bosonic operators that create and annihilate combined

matter-field excitations26,29. For the field evaluated at a general position ra we have;

h 0f gjÊ rað Þj1 r;ωð Þi ¼ R
d 3r′

R1
0 dωi ω

2

c2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h
πε0

Imε r′;ωð Þ
q

G ra; r′;ωð Þδ r� r′ð Þδ ω� ω′� �
¼ i ω

2

c2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h
πε0

Imε r;ωð Þ
q

G ra; r;ωð Þ:
ð17Þ

Using this result in (14) we find;

Mfi ¼ �P
γ;α

μ0
π lim
ε!0þ

R1
0 dω ω2

ω�ωδγ�iε

R
d3r ω

2

c2 Imε r;ωð Þ
n

´ dαβ �G rA; r;ωð Þ
h i

dδγ �G� rD; r;ωð Þ
h i

þR1
0 dω ω2

ωþωβα�iε

R
d3r ω2

c2 Imε r;ωð Þ dγδ �G rD; r;ωð Þ
h i

dαβ �G� rA; r;ωð Þ
h io

:

ð18Þ

We can now use the following integral relation for the Green’s tensor26,29

ω2

c2

Z
d 3s Im ε s;ωð Þ½ �G r; s;ωð Þ �G� s; r′;ωð Þ ¼ Im G r; r′;ωð Þ½ �; ð19Þ

to carry out the position integral in (18), obtaining

Mfi ¼ � μ0
π lim
ε!0þ

P
γ;α

R1
0 dω ω2

ω�ωδγ�iε dδγ � ImG rD; rA;ωδγ

� 

� dαβ

h

þ ω2

ωþωαβ�iε dδγ � ImG rD; rA;ωβα

� 

� dαβ

i ð20Þ

where we have assumed that the dipole moments are real. Deforming the
integration contour into the upper half of the complex frequency plane we pick up
a resonant term from a pole at ωδγ and an off-resonant contribution along the
positive imaginary axis. Taking the limit ε→0+ we find;

Mfi ¼� μ0
X
γ;α

dδγ � ω2
δγ G rD; rA;ωδγ

� 

þ F rD; rA;ωδγ

� 
h in

� ω2
βαF rD; rA;ωβα

� 
o
� dαβ

ð21Þ

where

F r; r′;ωð Þ �
Z 1

0
dξ

ωξ2G r; r′; iξð Þ
ω2 þ ξ2

ð22Þ

is the off-resonant contribution. This expression is now suitable for substitution
into Fermi’s golden rule (11), giving the rate Γδα for one particular choice of initial
state |δ,α⟩;

Γδα ¼
X
β;γ

2π
9�h

μ20 dαβ

��� ���2 dδγ

��� ���2Tr G rA; rD;ωδγ

� 

G

� rD; rA;ωβα

� 
h i

´ δ �hωδγ � �hωβα

� 

;

ð23Þ

where we have taken isotropically averaged dipole moments,

d� d ¼ 1
3
dj j2I ð24Þ

where I is the identity matrix.
In evaluating the sum over final states in (23), one must be mindful of the fact

that the transition |α〉 → |β〉 is a photoionisation process, meaning that its final state
is part of the continuum. This means that the relevant observable is the
photoionisation cross section σα at a certain incident energy E, rather than the
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Fig. 5 Interplay of medium and retardation effects on interatomic Coulombic decay rate. Shown here is the interatomic Coulombic decay rate for arbitrary
donor and acceptor, including medium and retardation effects as given by Eq. (10), as a function of the dimensionless parameter ωDρ/c. The vertical axis is
normalised in the same way as that of Fig. 2, and the dashed lines correspond to the non-retarded limits of the three rates shown. The material parameters
chosen for the absorbing medium are n(ωD)= 1.49 and κ(ωD)= 0.35, corresponding to the first absorption line of helium41
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dipole moment d. The two quantities can however be related;46,47

X
β2C

d
dω

dαβ ωð Þ
��� ���2¼ 3ε0c�h

πω
σα Eð Þ: ð25Þ

Similarly, the continuum nature of the final states means that the formal sum
over β is in a fact sum over discrete states β 2 D corresponding to distinct ICD
channels, as well as an integral over continuum states β 2 C for each individual
channel. We use the following rule for converting a sum over discrete states with
energies �hω′i to an integral over a continuous variable ω′;

X
β 2 C

dαβ ω′ð Þ
��� ���2f ω′ð Þδ �hω� �hω′ð Þ !

Z 1

0
dω′

d
dω′

dαβ ω′ð Þ
��� ���2

�h
f ω′ð Þδ ω� ω′ð Þ

¼ 3ε0c
πω

σα �hωð Þf ωð Þ
ð26Þ

where f(ω) is an arbitrary smooth function. This finally gives;

Γδα ¼ 2π2
X
γ

γδγσα �hωδγ

� 

Tr G rA; rD;ωδγ

� 

�G� rD; rA;ωδγ

� 
h i
; ð27Þ

with γδγ being the free-space decay rate of the donor;

γδγ ¼
ω3
δγ dδγ

��� ���2
3π�hc3ε0

: ð28Þ

In the main text we make use of the fact that the sum in Eq. (27) represents a
sum over allowed ICD channels for a given initial state |δ,α〉, so that we writeP

channels instead of
P

γ . Upon using the shorthands dD≡ dδγ, ωD= ωδγ and Γδα=
Γ, and renaming σα= σA, the derivation of Eq. (2) in the main text is now complete.

Green’s tensors. In this section we specify the Green’s tensors G r; r′;ωð Þ used to
derive the ICD rates (5), (7), (8) and (10) in the main text. Subject to appropriate
boundary conditions, these are defined to solve;

∇ ´∇ ´G r; r′;ωð Þ � ω2

c2
ε r;ωð ÞG r; r′;ωð Þ ¼ Iδ 3ð Þ r� r′ð Þ; ð29Þ

where ε(r, ω) is relative permittivity, which in general depends on both position
r and frequency ω. Here we denote the 3 × 3 identity matrix as I.

Bulk medium. A translationally-invariant medium has ε(r, ω)= ε(ω), for which the
Green’s tensor is (see, for example ref.29):

G
0ð Þ r; r′;ωð Þ ¼ � I

3k2
δ 3ð Þ ρð Þ

� eikρ

4πk2ρ3
1� ikρ� kρð Þ2� �

I� 3� 3ikρ� kρð Þ2� �
eρ � eρ

n o
;

ð30Þ

where k ¼ ω=cð Þ ffiffiffiffiffiffiffiffiffi
ε ωð Þp

, ρ= r−r′, ρ= |ρ|, and eρ= ρ/ρ. The vacuum Green’s
tensor G 0ð Þ

vac r; r′;ωð Þ is found from this by setting ε(ω)= 1.

Local-field corrections. Local-field corrections can be introduced on the level of
the Green’s tensor. Ultimately, the LFE leads to a correction factor for the bulk
Green’s tensor, which amounts to a replacement;

G
0ð Þ r; r′;ωð Þ ! 3ε ωð Þ

2ε ωð Þ þ 1

� �2

G
0ð Þ r; r′;ωð Þ; ð31Þ

as discussed in detail in ref.39.

Dielectric half-space. Here we consider a dielectric medium of permittivity ε(ω)
filling the region z < 0, with z > 0 being vacuum. We are interested in the non-
retarded (near-field) limit defined by ωρ=c � 1, for which the half-space Green’s
tensor GHS r; r′;ωð Þ in the region z > 0 can be obtained by an image construction
based on the non-retarded vacuum Green’s tensor above. One finds, in agreement
with ref.48;

GHS r; r′;ωð Þ ¼ G
ð0Þ
vac;NR r; r′;ωð Þ þ ε ωð Þ � 1

ε ωð Þ þ 1
G

ð0Þ
vac;NR r;�r′;ωð Þ �

�1 0 0

0 �1 0

0 0 1

0
B@

1
CA;

ð32Þ

where �r ¼ x; y;�zð Þ, and

G
ð0Þ
vac;NR r; r′;ωð Þ ¼ Ic2

3ω2
δ ρð Þ � c2

4πω2ρ3
I� 3eρ � eρ

� 

ð33Þ

is the non-retarded limit of the vacuum Green’s tensor. Given relations (30),
(31) and (32) it is then a matter of algebra to arrive at the ICD rates (5), (7),
(8) and (10).

Data availability. All data contained within the figures are generated solely from
the formulae in the manuscript using the given parameters, with the exception of
Fig. 3 where optical data from refs.40,41 were used. The transition frequencies of
hydrogen- and neon-like ions are publicly available in the NIST Atomic Spectra
Database37.
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