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Chapter 1

Introduction

At the beginning of the 20th century, an Indian mathematician, S. Ramanujan,
revolutionized the field of number theory with mysterious results on elliptic func-
tions, hypergeometric series, arithmetic functions, and congruences. Back then,
the lack of proofs and demonstrations in Ramanujan’s propositions caused skep-
ticism among many mathematicians. Around the same time Ramanujan wrote
his famous manuscripts, A. Einstein formulated the theory of special (1905) and
general relativity (1915). None of these physical theories received immediate recog-
nition but, fortunately for Einstein, it did not take too long before experimental
evidence supporting the new theoretical formulation of gravity to the detriment of
alternative theories, such as the ether theory. The relativistic discovery was soon
accompanied by the “quantum revolution”.

The first half of the 20th century witnessed the advent of quantum mechanics,
while the second half of the century was marked by the development of quantum
field theory. The latter unifies the relativistic theory of gravity with the notions
of quantum mechanics and provides a formalism to accurately describe particle
physics through the so-called Standard Model. After the developments of quan-
tum field theory, unsolved issues emerged and difficulties arose in reconciling the
macroscopic view of general relativity with the microscopic perspective depicted
by quantum field theory. These two frameworks not only represent physics at
different energy scales but also use different mathematical underpinnings and for-
malisms. Although they appear as mutually independent descriptions of Nature,
there exist physical systems where both of them are essential. They are both re-
quired, for instance, in the analysis of certain astrophysical objects (such as black
holes) or to give an account of the early stages of the Universe. Therefore, soon the
need to produce a quantum gravity theory, unifying and harmonizing two radically
different formalisms and views of nature into a single theory, arose.

String theory is an attemptf] to unveil the unifying theory and to comprehend

10ther attempts come, for instance, from loop quantum gravity. Part of the discussion that



1. Introduction

quantum gravity. This theory does not only quantize the geometry of spacetime
by averaging over all possible spacetime geometry weighted by the exponential
of the action of the theory but, in doing so, it also provides a way to regulate
ultra-violet divergences, which are notorious for being present in quantum field
theories.

The value of string theory comes from the way it critically reconsiders the concept
of elementary particles. The one-dimensional elementary entity is substituted by
a two-dimensional entity, the string. Strings sweep out a surface as they move
through spacetime; more explicitly we can imagine a closed string to be given
by a loop, or a circle, which forms a cylinder as time elapses. Alternatively, a
string can be thought as a map from a Riemann surface, the so-called worldsheet
in the string theory jargon, to the spacetime. The theory on the worldsheet of
the string is a conformal field theory, a quantum field theory invariant under
coordinate transformations that do not alter the angles but can rescale the lengths
of the theory. As in usual quantum field theories, string theory has a perturbative
expansion where multi-loops correspond to conformal field theories on different
Riemann surfaces with higher genus (and possible boundaries). For instance, the
one-loop vacuum amplitude corresponds to a genus one amplitude.

Despite the lack of experimental evidence and of a guidance provided by obser-
vations, string theory furnishes new tools to investigate quantum field theories.
Moreover, it provides new ideas via the AdS/CFT correspondence to describe
black hole thermodynamics, probe condensed matter systems, as well as to tackle
the long-standing problem of confinement in quantum chromodynamics. Another
important role played by string theory is in the field of mathematics. Indeed string
theory appears inextricably intertwined with mathematics as evidenced by, among
others, the discovery of mirror symmetry and its connection to enumerative geom-
etry and algebraic topology, and the advent of the geometric Langlands program
in the physics realm.

Recently a renewed connection between string theory and number theory emerged
from the development of a coherent mathematical framework in which to under-
stand mock modular forms. These objects were first described in 1920 by Ra-
manujan. Just a few days before his death he wrote a letter to Hardy [5], where he
investigated the asymptotic properties of certain g-hypergeometric series. Many
years later, in 2008, a precise definition of mock modular forms was formulated
by Zwegers |6], providing a consistent mathematical framework that describes the
intrinsic features of these almost modular objects. The definition of mock modu-
lar forms extends the one of modular forms in the following way: mock modular

follows justifies our choice of dealing with string theory instead of alternative views of quantum
gravity.



1.1. Integer partitions of a free boson

forms have the peculiarity of transforming as modular forms only after the addi-
tion of a non-holomorphic term. Moreover, they appeared in seemingly unrelated
fields of research, and they found applications which go far beyond the original
observations that Ramanujan reported to Hardy. For instance, a wide range of
applications of these objects to string theory has been identified in systems which
exhibit wall-crossing phenomena or string theories and conformal field theories
with non-compact target space [7},8].

Broadly speaking, the principal subjects investigated in this thesis belong to the
string theory, the conformal field theory or the number theory realm. Before diving
into this work, we introduce the reader to the basic concepts and the main topics
discussed in the rest of the thesis. The Ariadne thread that connects the different
topics in this introduction is the generating function of integer partitions.

1.1 Integer partitions of a free boson

Part of the work by Rogers, Ramanujan, Hardy, MacMahon, and Rademacher was
driven by their interest in the partition of integer?} To understand what this is
and what it led to, consider the sequence of integers

{1,2,3,5,7,11,15,...}. (1.1.1)

Each number in this sequence represents the number of integer partitions of a
given integeiP] The fifth entry, for instance, counts the number of ways 5 can be
decomposed into a sum of integers (i.e. 1+1+1+1+1,2+1+1+1,2+2+1,3+
1+1, 3+2, 4+1, 5). The information encrypted in this sequence, or any sequence,
can be packaged into a single function, more precisely a formal power series of ¢,
called the generating function of the sequence. To the above sequence, one can
associate the generating function of unrestricted partitions, also known as Euler
series,

P =1+ a(n)q". (1.1.2)
n=1

The coefficients a(n) coincides with the elements of the sequence, while n stands
for the number that is decomposed, or equivalently the position of a(n) in the
sequence. The properties of the list (1.1.1]) turns out to be much harder to examine

2Leibniz seems to be the first one who wrote about partition of integers, followed great
contributions by Euler and J. Sylvester. Reviews of their seminal works as “partition theorists”
is summarized in |9).

3Eliding the last number from the sequence generates a list of prime numbers, whose gener-
ating function is still mysterious.
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than the function P(q) itself. The analysis of generating functions of sequences has
been a central topic in different branches of mathematics, chiefly in enumerative
combinatorics.

Non-trivial identities and congruences can be inferred by comparing the series
(1.1.2) with its product representation

P =JJa-¢m". (1.1.3)

n=1

2miT

If we take the variable ¢ to be equal to e with 7 € H, we obtain a holomorphic
function of 7 convergent in the upper half-plane H (or inside the unit disc |¢| < 1).
Here we deviate from combinatorics to enter the realm of number theory. This
is in fact related to one of the most important modular form: the Dedekind eta

function -
n(r) =g/ [[a-q". (1.1.4)
n=1
A fundamental feature of modular forms is that the spaces they comprise are finite
dimensional, and in addition, many of them are spanned by forms with rational
(Fourier) coefficients [10]. These coefficients turn out to be important from many
perspectives: they might encode numbers of partitions, multiplicities of lattice
vectors, representations of integers by quadratic forms, characters of affine Lie
algebras, and quite remarkably characters of representations of sporadic finite
groups.

Besides their importance in mathematics, they have a direct application to physics:
they provide information about the spectrum or the dynamics of various physical
systems. In this thesis, we investigate their appearance (and the appearance of var-
ious other number theoretical objects) as partition functions of (super)conformal
field theories and other quantum field theories.

Partition functions

Given a statistical (thermodynamical) system with a discrete spectrum of states,
the associated partition function can be viewed as the generating function of the
numbers of states (the dimension of the Hilbert space J#) at the different energy
levels,

Z(r) = Tryp (e 2™, (1.1.5)

the parameter 7 is proportional to the inverse of the temperature and it is a
purely imaginary quantity] the energy level is the eigenvalue of the Euclidean

4In general 7 = 71 + iT2. Here we restrict to a rectangular torus with size 1 and 7o.

4



1.1. Integer partitions of a free boson

time evolution operator H (the Hamiltonian) on the state.

Moreover, for a more general system we can grade the different states comprising
the theory not only by their eigenvalues under H but under any mutually com-
muting operator that can be simultaneously diagonalized with the Hamiltonian of
the system. This is exactly what occurs in the computation of characters of affine
Kac-Moody Lie algebras, which are defined as traces over formal exponentials of
elements of the maximal torus (Cartan subalgebra . In other words, the affine
Lie algebra g reflects the local symmetries of the system. Indeed, denoting by J;
the elements of the Cartan subalgebra (generators of the maximal abelian subal-
gebra of g) with ¢ = 1,...,7 — 1 where r is the rank of the Cartan subalgebra, we
can consider more generally

Z(T, 21, 22y, Zp—1) = Trpp (672”}1@27”‘21‘]1 . e2mz7‘—1‘]*—1) . (1.1.6)

Unfortunately, it is usually difficult to compute the partition function for gen-
eral theories. Nevertheless, we might be able to access a subsector of the Hilbert
space or to compute generating functions, which can be recovered from the above
expression by setting certain z;’s to zero. When one deals with supersymmetric
theory these specialized partition function{] might reproduce indices of the space-
time manifold. In a physics language, these are protected quantities under change
in the couplings of the system, that might be even be accessible for computation
thanks to supersymmetry.

The free boson and the Heisenberg algebra

An example of counting function that relates to the study of unrestricted partitions
of integers is the partition function of a chiral conformal field theory composed of 24
free bosond® A theory is said to be conformal if it is invariant under reparametriza-
tion (general coordinate transformation) and scaling. The bosonic fields X (2) are
maps from a two-dimensional surface X = S' x R, an infinite elongated cylinder,
and the 24-dimensional space R?*. In string theory the two-dimensional space
corresponds to the worldsheet of a closed string.

The trace in the definition of the partition function in is responsible for
the identification of the two boundaries of the cylinder at the initial and final
time, thus giving rise to a theory defined on a torus S* x S'. More generally, we
might allow for possible rotations of the final spatial S', which corresponds to the

sIntroducing fermioinic fields require the insertion of (—1)%.
6This is the chiral-half of the CFT at the base of the worldsheet description of bosonic string
theory, or similarly the left-moving sector of the heterotic string theory.



1. Introduction

insertion of another formal exponential with operator P representing translation
in the Euclidean space S'. Defining (H + P)/2 = (o — ¢/24), we obtain

Z(7) = Trop (€72 MMM = Tayp (g0 /1), (1.17)

where 7 = (71 + i73), and as usual ¢ = e2™". Here we restricted to the left-moving
degrees of freedom, and thus took (¢y —¢/24) = (H — P)/2 = 0, the generalization
to non-chiral CF'T can be easily derived. The constant ¢ has been added to shift
the vacuum energy density such that it vanishes in the limit that the radius of the
circle is taken to be infinitd7

Due to the equations of motionff describing the dynamics of the bosonic field, they
can be decomposed into modes which satisfy the Heisenberg algebra

[agna aTVL] = mnwjém+n,0 3 (118)

where 71" represents the spacetime metric. By rescaling af,, — 1/ /mah, we get
the commutation relations for the harmonic oscillators [a”m7 a’] =" dpmen,0. The
ground states are defined as the states annihilated by the lowering operators (an,
n > 0), and in this case, they are specified by a one-parameter family of vacua,
labeled by the eigenvalue of the momentum operator, which is proportional to
the mode ag. The Fock space of this theory is constructed by acting with the
creation operators a_,, n > 0, on the ground states. In terms of this description
(bo—c/24) = (H+P)/2 = %a02+zzc;1 a_p-ap—c/24 where the product corresponds
to the inner product with respect to the spacetime metric. By neglecting the term
arising form the zero modes (ap), the partition function for a single boson is

g =gV Ja-gmt, (1.1.9)

n=1

and it coincides (up to an overall g-power) with the generating function of integer
partitions P(q). Clearly, for 24 independent bosons we have

oo

A_p-Qp—C — - 1
ﬁ%(anzl —nean—e/24y _ g IHW' (1.1.10)
n=1

The coefficients in the Fourier expansion of the above expression represents the
number of colored partitions of a positive integer n through integers of 24 colors.
The same result is recovered by solely looking at the symmetries of the system
and representations thereof. The Fock space of the theory carries (projective)

"The constant shift can be seen to arise from normal ordering of the operators and can
be computed through zeta function regularization. It corresponds to the normalization used for
characters of affine Lie algebras. And, finally, it reflects the central extension of the Witt algebra.

8They are derived from a variation principle of the action characterizing the theory.
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unitary representations of the associated groups of symmetries, which in this case
correspond to the Virasoro algebra. Counting the number of states with fixed £g-
eigenvalue, that is to say, given energy in a chiral CFT, reduces to a computation
of the number of states in a given irreducible representation (or Verma module).
In particular, it enters the same combinatorics as the one entering the calculation
of unrestricted integer partitiond’}

Based on the same reasoning, we can construct partition functions of more general
chiral conformal field theories. An example is provided by CFTs built out of a
finite number of bosonic fields which are periodic functions of a latticd® Particular
attention is given in chapter [3[ to chiral (super)CFTs where the bosonic and/or
fermionic fields take values on an even unimodular lattice A. The target-space
coincides with the compact space R™/A or Zg-orbifolds of this geometry. The
partition functions (or elliptic genus) of these theories are Jacobi modular forms,
whose decomposition into characters of the superconformal algebra makes their
mock-character apparent. The reader who does not know the technical jargon is
encouraged to go to chapter [3] for explanations and details.

1.2 Asymptotics and black holes

Asymptotic of q-series

There have always been several motivations to study the asymptotic of generating
functions of sequences (holomorphic g-series), primarily because of the wide range
of applications of these g-series. Initial results on the asymptotic of the Eulerian
series P(q) came from the study of Ramanujan and Hardy in [11]. The difficulty
in deriving an asymptotic formula for the function P(q) lies in the presence of
an infinite number of poles located on the unit circle. By cleverly turning this
obstacle into an advantage, Hardy and Ramanujan examined the asymptotic of
the function and managed to gather information about it directly from its pole
structure. This led them to formulate the theory of the circle method.

From the result in [11], the asymptotic formula for the Fourier coefficients of P(g)

9Repeated applications of the creation operators a_, (or equivalently ¢_,) with n > 0 on
the vacuum give rise to integer partitions of n.

Jf the lattice is a root lattice of a Lie algebra then the theory has a so-called Kac-Moody
symmetry.
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reads
1 d [eFVn—1/24
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Oé('n) 271_\/5 Z n(k"Pn )\/Edn( \/TL——]./24) +O<n )’ ( )

k<cvmn
where ¢ is an arbitrary constant, C' = 7w /2/3, p;, is the multiplier system of the
n-function defined in Appendix equation (A.2.2)), and & is the Kloosterman

sum defined in (2.5.6). Rademacher derived an explicit formula for the Fourier
coefficient as an absolutely convergent series |12]

: c

an) = —— iﬁo(k —1)\/Ed<smh(k v 1/24)>
V2" *Pn dn Vn—1/24 ’

where the Bessel function I3)2(z) = 4/ 2z.d (%h(z)) and the rest is as above. This

T dz
technique was later improved by Rademacher and led to the definition of what is

referred to as Rademacher series.

(1.2.2)

The expression of the Fourier coeflicients of certain automorphic forms were in-
dependently constructed by other authors (see for references) through the
so-called averaging method. This method efficiently constructs a modular func-
tion (and in particular can be applied to build the partition function of integer
sequences) directly from the knowledge of its symmetries (and a few more details).
This idea goes back at least as far as Poincaré [13].

The Rademacher sum, independently of the method used to construct it, is a
powerful tool which allows to completely reconstruct a (mock) modular form once
its modular transformations and g-polar terms at the different cusps of the modular
group are known. It is intimately tied to the sum over the different geometries
arising from a quantum gravity path integral, the so-called Farey tail [14], as briefly
reviewed in chapter [3] and chapter [

Black hole entropy

From a physical viewpoint, the estimate of the asymptotic of partition functions
(or related objects) describes the rate of growth of states in .# (or subsectors
thereof) which in a thermodynamical system is related to the entropy of the sys-
tem. The the statistical description of the partition function and the Euclidean
version of a gravity path integral provide the starting point for the study of the
thermodynamics of quantum gravity objects such as black holes. In addition,
thanks to the AdS/CFT correspondenc the entropy of a class of black holes was

UThis is a correspondence between a supergravity theory in Anti de Sitter space in d + 1
dimensions and a conformal field theory in d dimensions [15].
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shown to be encoded in the index of a supersymmetric conformal field theory.

An example of microscopic counting of degeneracies of a black hole system, that
will appear again in connection with the physical configuration analyzed in chap-
ter [ is provided below for a class of so-called “small black holes”. These are
black holes with vanishing horizon area in the supergravity theory (which can be
viewed as low-energy effective theory of a string theory), but non-zero area in the
corresponding string theory. For this class of examples the degeneracies of states
comprising the black hole system can be computed exactly via string theory.

The physical system we are interested in is Type IIB string theory on K3 x T2
or equivalently heterotic string theory on 7. The small black hole solutions (also
called Dabholkar-Harvey states) are 1/2-BPS states solutions of the Type IIB
string theory. The associated microscopic function can be more easily computed
in the heterotic frame and was shown to be given by

Z(r) =16q"" H n)24 Zdnq (1.2.3)

where the constant term accounts for the degeneracy of the right-moving super-
symmetric ground states and d,/16 counts the number of excited left-moving
transverse bosons at each energy level graded by n. The reader is referred to [16]
and references therein for more details.

The leading contribution to the black hole entropy Spyr, that is the large-n de-
generacy of Z (1), can be extracted from the high temperature limit 7 — 0 of the
microscopic counting function. This can be computed by first approximating Z(7)
with (—iT)lze_zm/T, where we exploited the modular transformation of 7(7)

n(—=1/7) = vV —irn(1), (1.2.4)

7{ Z(t )f (1.2.5)

by saddle point approximation. This yields

and then by evaluating the integral

Ser =log(d,) ~pn_eo 4T V/10. (1.2.6)

The same result can be recovered from the Cardy formula [17]. A close cousin
of the Rademacher sum given in (1.2.2)) reconstructs all higher order (quantum
gravity) corrections to this approximation.

Another interesting phenomenon is that these 1/2-BPS states can form bound
states and these are responsible for the wall-crossing phenomenon for 1/4-BPS

9



1. Introduction

states described in chapter @] In particular, in this chapter we will examine
Rademacher sums for 1/4-BPS states that are not bound states of two Dabholkar-
Harvey states, and that are also called single center solutions.

1.3  Mock, false and 3-manifolds

Mock modular forms and false theta functions

The generating function of unrestricted partition defined in converges inside
the unit circle and its singularities fill out the entire unit circle creating a natural
boundary. At the same time, P(q) converges outside the disc, and, in fact, the
problem of convergence is restricted to the unit circle. Therefore, one may wonder
if it is possible to modify the Rademacher expression in so to recover the
function on the other side of the disc. The first to address this question was
Rademacher in [18].

Following [18.|19], we formally write the coeflicients of P(q) for |¢| > 1 and thus
7 € H~ (the lower half-plane) as a(—n) = —a(n) for n > 0. This yields the
formula?|

(1.3.1)

e St (ML)
T = AN TE Vo

The function 75(q) =1+ Z;j:o a(m)q~"™ was proven by Petersson to vanish identi-
cally [20]. Similar considerations hold for other modular forms of negative weights.
Due to these results, Rademacher called the above expression the “expansion of
zero”.

The “expansion of zero” principle was later extended to the context of mock mod-
ular forms, references are given in chapter o} Similarly to the above, mock theta
functiond?] present infinitely many singularities on the unit circle, however, it is
possible to extend their definition from the upper to the lower half-plane. This
time the function is a mock modular form on one side of the plane and a non-
vanishing function on the other side. Surprisingly, the expansion of zero principle
produces completely different functions on the other side of the plane: from a mock
theta function one obtains a false theta function on the other side of the plane.
The flow between one side and the other of the plane is dictated by an elusive

2Note the appearance of the sine instead of the hyperbolic sine in (1.2.2]).
BWe restrict here to mock modular forms of weight 1/2 whose shadow is a cusp form, which are
examples of harmonic Maass forms and include the instances brought to light by Ramanujan [5].

10
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number-theoretical object, the so-called quantum modular form, which will be one
of the players in chapter

3-manifolds invariants

From the start, quantum modular forms have been introduced to investigate phys-
ical™ and often topological quantities from a number theory perspective. Many
instances of quantum modular forms were detected in relation to 3-manifold and
knot invariants. An example of such invariants are the so-called WRT invariants.
These were described in terms of a three-dimensional Chern-Simons path integral
in |22].

Certain WRT invariants provide examples of the quantum modular forms de-
scribed in the previous section in relation to false theta functions. The physics of
the connection between quantum modular forms and false theta functions came
into view only recently, thanks to the discovery of the 3d-3d correspondence [23].
The latter provided a bridge between Chern-Simons theory on M3 and a 3d su-
persymmetric gauge theory T'[M3]. Moreover, it gave a new way to describe topo-
logical phases of matter in 241 dimensions, e.g. quantum Hall effect, topological
insulators and superconductors (see e.g. [24]). The theory on which we focus for
the rest of the discussion corresponds to a supersymmetric version of the topolog-
ical phase of matter where the 3d theory has a mass gap and leads to gapless 2d
excitations on its boundary, which makes the combined system non-anomalous.

The 3d theory has N' = 2 supersymmetry and 2d “edge modes” on the bound-
ary, which preserve 2d N = (0, 2) supersymmetry. The supersymmetric partition
function for the BPS sector (preserving two out of four supercharges) of this super-
symmetric gauge theory living on a cigar (D? x, S1) and with specific boundary
condition B, is the so-called “half-index”, Zl (¢). Half-indices were conjectured to
be building blocks for the supersymmetric index Z(q), which is the index of T'[M3]
on 52 x, St [25],

() = Y WalZa(@Zalg™), (13.2)

where the sum is over boundary conditions B,, which corresponds to equivalence
classes of abelian flat connections of M3 and W, is the stabilizer group of the
element a under the action of the Weyl group a — —a. The half-index was
recently argued to define a homological block [25]. The latter is an invariant of
M3 and it corresponds to the graded Euler characteristic of the Hilbert space of
the theory living on D? x, S! with boundary condition B, on the boundary of

4The physical origin accounts for the vague name and definition provided in [191].

11



1. Introduction

the disc D?. Homological blocks turn out to be given by false theta functions for
specific classes of 3-manifolds. In chapter [5} we investigate this point further. The
limit of ¢ to a point on the unit circle of the form e2™/* with k € Z recovers the
quantum modular form associated to the value of the Chern-Simons path integral
on Ms with integer level k.

Contrary to Ramanujan’s expectation, false theta functions turn out to have a
dominant role in the definition of these new homological invariants, and further-
more, they appear to be related to mock modular forms on the other side of the
plane. Indeed one may wonder what is the homological block associated to M3,
the closed oriented 3-manifolds with opposite orientation with respect to M3 or,
similarly, what is the “other half-index” entering the computation of the super-
symmetric index: Zz(q_l) is supposed to be an appropriate extension of Zl (q) to
the region |g| > 1 (or, equivalently, to Im(7) < 0). This is exactly the problem
that was addressed in the previous subsection and that will be discussed in more
details in chapter

1.4 A note to the reader

This thesis presents part of the interplay between number theory, conformal field
theory and string theory in the past and present years. Even though the presen-
tation of the subjects is primarily adapted for physicists, part of the text might
be more accessible to number theorists. In fact, not only do the topics differ from
chapter to chapter but also the language used to investigate these topics varies in
accordance with the tradition of each field. We hope that the attempt at merg-
ing the various fields presented in this text will not be viewed as an unusual and
unwieldy hybrid, but rather as en enrichment of the discussion.

The mathematical review presented in chapter [2] is intended as an introduction
to specific topics in number theory. As such, it might allow the reader to learn
more about this subject. On the other hand, it might be beneficial to restrict to
particular sections which serve as the basis for the rest of the thesis. Indeed, since
the purpose is to give a self-contained introduction, certain items are not strictly
necessary to the understanding of subsequent chapters. However, they provide a
complement to the discussion which strives for a certain elegance in our exposition.
Broadening this exposition was not only meant to achieve a complete treatment
but it also serves as a starting point to connect the topics analyzed here to other
works. In this respect, the analysis of Jacobi theta series for general lattices does
not directly apply to any of the later sections except for the simple A;-lattice,
to which we could have restricted ourselves from the start. Jacobi theta series of

12



1.4. A note to the reader

generic lattices, however, enter the study of different gauge theories and naturally
appear in the context of additive and multiplicative lifts.

The remaining three chapters are based on my research during the last four years.
Similarly to the Introduction, the common root of these chapters lies in the first
chapter, or in other words stems from the underlying number theory. At the be-
ginning of each chapter, we briefly review some physics background and provide
the motivations that led to the work presented therein. We conclude each chap-
ter with a summary of the main results and expand on possible future directions.
Apart from the physical results the presentation includes new mathematical re-
sults, see for instance chapters [d and [f] Finally, in we give a summary of the
results presented in this thesis, as well as a discussion of open problems and future
directions.

1.4.1 Outline

We begin with a mathematical introduction to the thesis in chapter[2] The promi-
nent (even if sometimes not manifest) role of lattices and theta functions makes
it natural to open this chapter with a presentation of these notions in the first
section Follows a whole section dedicated to Siegel and Jacobi modular
forms. Mock modular forms are reviewed in section Section §2.4] deals with
an important representation of the metaplectic group (double cover of SLy(Z)).
The last part of this chapter, specifically section surveys two techniques for
the explicit construction of modular objects. A geometrical review on modular
forms along with basic concepts on modular groups is reported in Appendix [A]

The second chapter is dedicated to the study of extremal conformal field theories.
After a brief introduction to the topic and its relation to moonshine and sporadic
groups, we review the basic concepts for the definition of a conformal field the-
ory §3.1] In §3:2) we depict its relation to three-dimensional quantum gravity and
summarize the known examples of (super) ECFT. Later we review the important
features of the monster CFT and examples of extremal theory with central
charge 12 and 24 in section §3.4and respectively. The Rademacher expansion
of the twining functions is analyzed in §3.6] and concluding remarks are conveyed
in the last section §3.7] together with open questions. Relevant definition of su-
perconformal characters, twining functions and character tables are reported in

Appendix

In chapter [4] we derive the Rademacher expansion for mixed mock Jacobi forms.
The connection with the physics of supersymmetric black holes and their exact
entropy is provided at the beginning of the chapter. In section §4.2|the microscopic

13



1. Introduction

derivation of the counting function is reviewed. The main theorem and its proof
are reported in section few details have been postponed to the Appendix
[C] Section describes the macroscopic derivation performed via the quantum
entropy function in the literature and compares these results with the one we
obtained. To conclude, we summarize our results and provide possible resolution
to the mismatch of the macroscopic and the microscopic state counting in

In the last chapter, we investigate invariants of 3-manifolds through quantum mod-
ular forms, false theta functions, and mock modular forms. In section we out-
line the known connection between three-manifolds invariants, three-dimensional
Chern-Simons theory, and quantum modular forms. The description of these type
of quantum modular forms naturally leads to the definition of false theta functions
§5-2 Superconformal 3d N = 2 theories and homological blocks are introduced
in section The explicit formula for homological blocks of certain type of 3-
manifolds are derived in Later, in section a description of these objects
in terms of analytically continued CS theory and the resurgence analysis of com-
pact CS is reported and an interpretation in terms of false theta functions and Weil
representation of the modular group is given. Finally, we analyze the extension of
the homological blocks outside the unit disc in section and section §5.8

14



Chapter 2

Number theory prelude

In this chapter, we review most of the mathematical background relevant to the
thesis.

The first section, primarily based on [26], describes some of the features of lattice
theory. The theory of lattices permeates the whole thesis, either simply through
the lattice of integers (that is the Aj-lattice) or more explicitly in chapter
in relation to sporadic groups, error-correcting codes, and Kac-Moody algebras.
Quadratic forms of integral lattices and associated theta series connect lattice
theory to another branch of mathematics: number theory.

The rest of the chapter is an introduction to some of the concepts of number theory.
In section §2.2.1] we briefly summarize the concept of Siegel upper-half plane and
Siegel modular form, for further reading see for instance [27]. In recent years,
this type of automorphic forms has acquired particular relevance in physics in
relation to BPS indices corresponding to enumerative invariants such as Gromov-
Witten and Gopakumar-Vafa invariants [28,129], or BPS indices accounting for
a microscopic description of the Bekenstein-Hawking entropy of supersymmetric
black holes [8]. In chapterwe investigate further this topic in the specific example
of extremal dyonic black holes in four dimensions.

Follows the theory of Jacobi forms for integer lattices |30]; particular emphasis is
given to the theory of Jacobi forms associated to the lattice of integers, as main
reference for this we refer to |31]. Due to the leading role played by the Jacobi
theta series for the Aj-lattice both in the classical theory of Jacobi modular forms
and in the more recent theory of mock Jacobi forms, this turns out to be one of
the central subjects of this thesis. Nonetheless, it is worthwhile pointing out the
appearance of generic lattice Jacobi forms in the construction of Siegel modular
forms [32}33] and the study of BPS invariants of six-dimensional superconformal
field theories [34}35].

Later in section the concept of Jacobi modular form is extended to the notion

15
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of mock Jacobi forms, described via mock modular forms [6,[37]. A wide range of
applications of these nearly modular objects to string theory has been identified,
for instance, in systems which exhibit wall-crossing phenomena or configurations
with a continuous spectrum of states |7]. The properties of mock theta functions
are further analyzed in chapter [§] in relation with quantum modular forms, false
theta functions and the physics of 3-manifolds invariants.

Both mock Jacobi forms and Jacobi modular forms belong to the space of elliptic
functions, the analysis of the latter furnishes important clues on the structure of
the spaces of Jacobi forms. In section a specific method based on the study of
irreducible projective representations of the modular group S_L2(Z) is described to
obtain the space of optimal mock Jacobi forms of weight 1. Ingredients appearing
in this construction beautifully emerge in the study of umbral moonshine 36| and
homological blocks of three-manifolds invariants |25].

The explicit construction of (mock) Jacobi forms is accomplished via the tool of
Rademacher sums, introduced in section §2.5] These methods provide new insights
into the theory of (super)conformal field theory, Euclidean quantum gravity in
Anti de Sitter space, and A = 2 three-dimensional theories. The relation between
Rademacher series and elliptic genus of supersymmetric conformal field theories is
investigated in chapter [3} an extension of this technique is constructed in chapter
[ to compute the quantum entropy function of quarter-BPS in A = 4 theories
in four dimensions. Lastly, in chapter [5| this method is implemented as a mean
to leak from the upper half-plane, where false theta functions are defined, to the
lower half, where mock modular forms appear.

2.1 Lattices and Quadratic forms

We begin by reviewing the basic notions of the classical theory of lattices.
Definition 2.1.1. A lattice is a discrete additive group A over a real vector space
V endowed with a symmetric bilinear form (-,-) : A x A — Q.

In the following we take V' to be R™ and the bilinear form to be the standard scalar
product over R™. Let {e;};=1,...n denote a basis of A, and let n be the rank of
the latticdl} the scalar products between basis vectors is encoded in the so-called
Gram matrix

A:=M'M, (2.1.1)

IThroughout this section we restrict to positive definite lattices.
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where the column vectors of M consist of the basis vectors of A. The quadratic
form associated to A is given by

(z,x) := ZZ cicj(ei, e5) = ctAc (2.1.2)

i=1 j=1

for any vector x = Z?:l cie; € A, ¢; € Z. Two lattices are said to be equivalent
if the corresponding Gram matrices are related by a unitary transformation. We
denote by A(a) the lattice A rescaled by a constant af] A quantity characterizing
the lattice independently of the chosen basis is the determinant of A

det(A) := det(A), (2.1.3)

that is the square of the volume of a fundamental region. A lattice is said to be
integral if its quadratic form has value in Z; moreover, an integral lattice is even
if the norm of each vector z € A has value in 2Z. For an even lattice A, we define
the level of @) to be the smallest positive integer N such that NA~! is again an
even matrix (it has even number on the diagonal and integers in the off-diagonal
entries). A notable example of integral lattice is the root lattice, which is defined
as the lattice generated by vectors with norm (x,z) = 2 (the roots). As long as
we take as reference lattice the minimal integral one, the Gram matrix of the root
lattice coincides with the Cartan matrix of the corresponding Lie algebra.

The dual of a lattice A is defined as
A" ={y eR"|(y,x) €Z, YVx € A}. (2.1.4)

Its Gram matrix is the inverse of the one associated to A, and therefore the de-
terminant of A* is the inverse of det(A). According to the definition of the dual
lattice, a necessary and sufficient condition for a lattice to be integral is that
A C A*. A fundamental object for our later discussion is the quotient group (or
discriminant group) A*/A. The order of A*/A is given by the determinant of A.
When the absolute value of the determinant of A is equal to one, the original lat-
tice coincides with the dual lattice and A is said to be a unimodular (or self-dual)
lattice.

Another way to describe the dual lattice A* is through the “gluing theory” [26].
The latter provides a technique to build an n-dimensional lattice starting from
an n-dimensional sublattice. Here we review the main ingredients of this theory.
An integral lattice A, embedded in R", can be constructed from an n-dimensional

2In |26] two lattices are considered to be equivalent if they are related by a rescale of the basis
vectors. We prefer to adopt a different convention, and define an equivalence transformation as
a map that leaves the absolute value of the determinant of A invariant.
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sublattice A of the form A1 B Ao & -+ @ A by gluing the different components A;
with a finite number of vectors. The latter are representatives of the cosets A} /A;
for i = 1,...,k; therefore the maximum number of “glue” vectors associated to
the i-th component A; is given by |det(A;)|. To understand the gluing procedure,
consider a generic vector x € A. This can be expressed as a sum of k-vectors, each
belonging to the subspace spanned by A; but not necessarily to A; itself. Due to
the integrality of the lattice A, the inner-product of x with any vector z; € A; is an
integer. Since the above description is unaltered if we add to = a vector of A;, we
can think of = as a representative of the coset A} /A;. Lastly, the glue vectors are
well-defined if and only if they have integral inner-products and are closed under
addition modulo A| & As P - - - P Ag. Clearly, the dual lattice A* can be described
through this procedure, and it is given by

A* = UL (A + i) (2.1.5)

where [i] stands for the i-th glue vector. Generally the automorphism group of a
lattice determined through the gluing procedure is the group of permutations of
the different components of the sublattice A. The automorphism group that leaves
the different components fixed consists of (inner) automorphisms, which translate
a glue vector [i] by an element of A;, and (outer) automorphisms, which permute
the glue vectors of each component of the sublattice. If A; is a root lattice, the
translation of a glue vector by an element of A; corresponds to the action of the
Weyl group. To elucidate this statement, denote by r; a root of A; and by y a glue
vector for A, then the action of the Weyl group on y corresponds to a reflection in
the plane orthogonal to r;

(y,7i)

Y y_2(r4 r_)rizy—(y,ri)rizy—nri, nez. (2.1.6)
(R

On the other hand, a permutation of the glue vectors associated to A; coincides
with an automorphism of the Dynkin diagram of A;.

The quotient group A*/A can be viewed as a finite quadratic module so long as A
is an even lattice |38]. This statement is clarified by the following definition [39,40].
Definition 2.1.2. A finite quadratic module (G, Q) is a finite abelian group G
equipped with a non-degenerate quadratic form @ : G — Q/Z, such that

Qnz) =n’Qx) ze€G,neZ (2.1.7)

and for any =, y € G the map B(x,y) := Q(z +y) — Q(x) — Q(y) is a bilinear,
symmetric form which vanishes for all z if and only if y = 0.

An automorphism of a finite quadratic module is an isomorphism ¢ : G — G such
that Q o = Q; we refer to the automorphism group of G as O(G), the orthogonal
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group of G. The level of a quadratic module is the smallest positive integer N
such that NQ(z) =0 for any = € G.

The finite quadratic module (or discriminant module) associated to the even lattice
A with bilinear form (-,-) is defined by

Dag = (A*/A, T+ A ;(x,m)+Z> (2.1.8)

where z € A*/A and the quadratic form Q(x) := %(Jc, z)modZ. Any discriminant
form can be constructed from the quotient group of an even lattice by a suitable
rescaling of the quadratic form.

To each lattice we can associate a formal power series 6 € Z[[g]] whose coefficients
encode the multiplicity of the vectors with a fixed norm

On(g) =Y q"™/2. (2.1.9)
TEA
In other words, the theta function of an even lattice A is the generating function
of the number of solutions of the quadratic equation

Qx)=ctAc=m, mezZ (2.1.10)

where m denotes the power of ¢ in the theta series. If two lattices have different
theta series they are certainly inequivalent, however the converse does not always
hold: two inequivalent lattices might have the same theta series. This happens for
instance in the case of the D7y lattice and the Eg & Eg lattic

Here we list a number of examples of integral lattices that will be useful in the
sequel, for more details the reader is referred to [26].

Z" lattice. The n-dimensional integer lattice
72" ={(x1,...,xp) €Z" 2, €Z,i=1,...,n} (2.1.11)

is a unimodular lattice with Gram matrix equal to the identity matrix in n di-
mensions. Restricting to the one-dimensional case, the associated theta function
is )
Oz(r)= > qF =1+2¢"2+2¢> +2¢° + 2¢* ..., (2.1.12)
mEeEZ
The shifted lattice Z + 1/2 has theta series

(m+1/2)2
0z+1/2(T) = Z ¢ 2 =28+ 2¢%8 1 24%°/8 4 . (2.1.13)
mez

3This reflects the equality between the partition functions of heterotic string theory with
gauge group SO(32) ~ SU(32)/Zz and Eg @ Eg respectively.
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In the following we denote by 3(7) the theta series of the one-dimensional integer
lattice, and 65(7) the theta series of the shifted lattice.

A, lattice. The A, root lattice is defined by
An = {(x0,21,...,2,) €Z" 2o + - + 1, = 0}. (2.1.14)

The A; lattice has a one-dimensional Gram matrix (A = 2), the elements of the

quotient group are the vectors [0] = (0,0) and [1] = (3, —3) and the corresponding

theta series are given by
04,(7) = 0z(27) = 03(27),  O4,+[1](7) = O241/2(27) = 02(27) . (2.1.15)

The A, root lattice (also known as planar hexagonal lattice) is represented by the
Gram matrix

2 -1
A= ( 1 9 > , det(Az) =3 (2.1.16)

and has quadratic form Q(z) = 2(0% —c1co +c§). The dual lattice consists of points
(1,22, 23) with 1 = x2 = x3 (mod 1) and ), z; = 0. The determinant of the
lattice being equal to 3, there are 3 generators of the group A%/As. According to
the dual lattice condition, they can be chosen to be

0] = (0,0,0), [1]:(5,—;,—;) [2}:(—;;,;). (2.1.17)

The theta series associated to the vector [0] is

2 2 _ 2 2
0A2 (1) = Z qZ Lm+m* _ Z q(é m/2)“+3m~ /4
l,meZ LmEeZ

= 03(27)05(67) + B2(27)02(67) (2.1.18)

where the last equality is achieved by separating even and odd m. The theta
series corresponding to the vectors [1] and [2] are related by the order two au-
tomorphism, which acts by changing the signs of all the coordinates. This co-
incides with the symmetry of the As-Dynkin diagram and leads to the identity
0 45+111(T) = 0 4,472)(7). The explicit expression of this theta series is

1 1
B.ay+02)(T) = 502(27) (B2(27/3) — 02(67)) + 503(27) (B3(27/3) — B3(67)) (2.1.19)

More generally, for any A,, with n > 2 this order two automorphism interchanges
the vector [i] with [n — ¢] belonging to A /A,.

D,, lattice. The D,, root lattice is defined by

D, ={(x1,...,2p) €EZ" |1 + -+ 2, =0 (mod 2) } (2.1.20)
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2.1. Lattices and Quadratic forms

The Gram matrix is given by the associated Cartan matrix and it has determinant
equal to 4 for any n. The quotient group is defined by the four vectors

[0] = (0,0,...,0), [1] = (1/2,1/2,...,1/2), (2.1.21)
[2] = (0,0,...,1), [3] =(1/2,1/2,...,—1/2).

The theta series for this integral lattice is given by
1
Op,(1) = 5 (03(T)" + 04(1)") (2.1.22)

where the first term on the right hand side is the theta series for the integer lattice
Z"™, while the second series is defined as

7’7L2
Oa(r) =) (7 =1- 2¢'/2 +2¢% —2¢°% + ... (2.1.23)
meZ

This series again enumerates the number of integers with fixed norm but with
an additional grading, which differentiates between odd and even integers. The
remaining vectors give rise to the theta series

1 1
0p,+1)(T) = 0p,+[3)(T) = 592(T)n7 Op, +2)(T) = 5(93(7)" — 04(1)").

2.1.24
From the theta series of the dual lattice is | !
Opz (T) = O2(T)" + 03(T)" . (2.1.25)
Another important lattice directly constructed from the D,,-lattice is
D,* =D, U (D, +[1]), (2.1.26)
whose theta series can be readily computed,
Op: (1) = %(92(7)" +03(T)"™ +04(T)") . (2.1.27)

Eg lattice. The FEg lattice is an even unimodular 8-dimensional lattice, defined
by Eg := Dj. There are two coordinate systems usually used to describe this
lattice: the even coordinate system, which consists of points of the form

{(@1,...,28) €Z® V (z1,..., 28) € Z8+(1/2,...,1/2)| 21+ --+x3 = 0 (mod 2) }
and the odd coordinate system, which consists of points of the form
{(@1,...,28) €ZBV (x1,..., x8) € Z8+(1/2,...,1/2) | 21+ - -+x8 = 223 (m0d 2) }
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2. Number theory prelude

The theta series can be derived from (2.1.27) and it is explicitly given by

O (T)

1
5(92@)8 +03(7)% + 04(1)®)

1 + 24042 + 2160¢* + 67204° + . .. (2.1.28)

In 8 dimension the unique instance of unimodular lattice (up to equivalence) is the
FEs-lattice. Moreover, one can prove that there exist even unimodular lattices only
for n = 0(8)[4 If the dimension of the lattice is smaller or equal to 24 the number
of even unimodular lattices is finite: in 8 dimensions there is the aforementioned
Eg lattice, in 16 dimensions there are the D7y and the Eg @ Eg lattices [42], and
lastly in 24 dimensions the only examples are the Niemeier lattices [43], to which
we now turn to.

Niemeier lattices. Niemeier lattices are the unique even unimodular 24-
dimensional lattices. There are in total 24 Niemeier lattices. Among these, there
is the so-called Leech lattice, which has vectors of minimal norm 4, and other
23 lattices which are uniquely determined by their root systems, X. In order to
differentiate between them, we denote the Leech lattice by A, and the remaining
23 lattices by Anx. The latter are a union of simply-laced root systems with the
same Coxeter number and of total rank 24.

The formal power series 04 (q) provides a bridge between lattice theory and number
theory. To describe this connection, we take ¢ = €™ with 7 € H. The theta
series is a holomorphic function of 7 as proven in [44]. In addition, if A is a
positive definite lattice of rank r, 04 (7) is a modular form of weight /2 with some
character for a congruence subgroup of SLy(Z) of level N [31]. If A is even and
unimodular the theta series turns out to be a modular form with respect to the
full modular group. For instance, take A = Eg: the theta series associated to this
root lattice is a weight 4 modular form for SL2(Z). Since the space of modular
form of this weight with respect to the full modular group is one-dimensional and
it is spanned by the Eisenstein series of weight 4, 8, (7) is completely fixed by its
first Fourier coefficient and it is in fact given by

Ey(r) :=1+240 ) o3(m)g*™ (2.1.29)

m=1

where o (m) is the sum of the k-th powers of the divisors of m.

Lattice theta series, named by Jacobi “Thetanullwerte”, arise from the restriction
of the Jacobi modular forms 04 (7, z) to z = 0. In the next section, we describe in

4A proof is given in |26]. From the perspective of number theory, this fact can be easily proven
using properties of modular forms, as explained in [41].
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2.2. From Siegel to Jacobi modular forms

more details these modular objects starting from their relation to Siegel modular
forms.

2.2 From Siegel to Jacobi modular forms

This section is devoted to the theory of Siegel and Jacobi modular forms. Siegel
modular forms can be viewed as functions defined on a genus g-surface. By restrict-
ing to the genus-2 case, we define Jacobi modular forms and the Jacobi modular
group [31], whose properties acquire an interesting perspective from the viewpoint
of Siegel modular forms [30]. We continue with the description of the isomorphism
between spaces of Jacobi modular forms and spaces of modular forms.

2.2.1 Siegel modular forms

Let the space of g x g matrices over the real field be My(R). Denote by H, the
Siegel upper half-space, which is defined as follows

Hy={Z=X+iY|X, Y e M;(R), X =X", Y =Y" Y > 0}. (2.2.1)

Hy consists of all symmetric g X g complex matrices whose imaginary part is
positive definite, that is to say for any non-zero vector v € R9 the term v* Im(Z) v
is strictly positive. If we take g to be one we recover the definition of the upper
half-plane

H:={r € C|Im(7) > 0}. (2.2.2)

On the other hand, when g = 2 the Siegel upper half-plane is defined by
Ho={Z = C Z) | Z € My(C), Im(Z) > 0}, (2.2.3)

where the condition Im(Z) > 0 implies 7 € H, w € H and Im(r)Im(w) —
(Im(2))? > 0. Notice that for any (7,z) € H x C there is a w € H such that
Z € Hs.

Similarly to the case of the upper-half plane H, where the action of a generic
element v of the special linear group SL2(R) on H is given by fractional linear
transformations

at +b a b
YT = m, Y= (C d) S SLQ(R), T E H, (224)

the symplectic group Spy(R) acts on H, by linear transformations

2(Z) = (AZ + B)(CZ + D)™ 1, 2= <é g) € Sp,R), Z € Hy, (2.2.5)
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2. Number theory prelude

where

Spy(R) = {: € May(R)

0 -I 0 -I
=t 9= = gL, 2.9.
<HQ 0 > (HQ O ) } ( 6)

Given the action of the symplectic group on Hg, to each Spy(Z)-orbit in H, one
can associate a genus g surface.
Definition 2.2.1. Let g be greater than or equal to two. A Siegel modular form
f:Hg — C of integer weight k is a holomorphic function satisfying the functional
equation

f(B(Z)) = det(CZ + D)* f(2), VE € Spy(Z). (2.2.7)

Let |, indicate the slash-operator, which acts on functions of the Siegel upper
half-plane according to the rule

(fleE)(Z) := det(CZ+D)_kf(E<Z>). (2.2.8)
Moreover, this action turns out to be transitive, i.e. it satisfies
flkE1 - E2) = (f[kE1)[kE2 . (2.2.9)

The transitivity of the slash-operator is ensured by the cocycle condition satisfied
by the automorphic factor J(E, Z) := det(CZ + D)

J(E1 - Ea, Z) = J(B1,E2(2)) J(Ba, Z) (2.2.10)

and by the fact that (E; - B2)(Z) = E1(E2(Z)). In terms of the slash-operator the
functional equation (2.2.7) satisfied by Siegel modular forms reads

flkE=f, VE € Spy(Z). (2.2.11)

For a genus-2 Siegel modular form the above equation encodes the periodicity
properties of f(Z). In particular, it implies that there exists a Fourier expansion
for f(Z) with respect to w

F(2) =) pm(r, )™ ™ (2.2.12)

m=0

where ¢,, (7, 2) are holomorphic Jacobi modular formsE| [31]. The definition and
properties of Jacobi modular forms are reported in the next section. In chapter
[ we examine in details an example of meromorphic Siegel modular form: the
inverse of the weight 10 Igusa cusp form. This emerges as the counting function

5From the holomorphicity of f(Z) derives a positivity condition on the coefficients of the
Jacobi modular form ¢, (7, 2). The definition of holomorphic Jacobi modular forms is given in

definition @
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2.2. From Siegel to Jacobi modular forms

of quarter-BPS states in Type IIB string theory compactified on K3x7?2. The
Fourier expansion of meromorphic Siegel modular forms gives rise to meromorphic
Jacobi modular forms with negative and positive indexes. One of the reason
why meromorphic modular objects appear as counting functions of black holes
degeneracies can be traced back to the wall-crossing phenomenon.

2.2.2 Jacobi modular forms

The Jacobi modular groulﬂ I'/(Z), is the parabolic modular subgroup of Sps(Z)
defined by matrices of the following form,

* 0 *x x
* 1 *x %

r’(z) :={ L0 s s ESpQ(Z)}. (2.2.13)
00 0 1

There exists an embedding SLy(Z) — T'/(Z) given by the elements of T'/(Z) of

I

The modular group SLs(Z) is a normal subgroup of I'/(Z). Moreover, the Jacobi
modular group turns out to be equal to SL2(Z) < H(Z), where H(Z) denotes the
Heisenberg grou The latter consists of the unipotent elements of I'’ (Z)

€ Spg(Z)} . (2.2.14)

o o0 O 2
o O = O
O QO o
= O O O

100
1 r
H(Z):={[(q,p),r]:= g 0 11) — ,p,q,T’EZ} (2.2.15)
0 0 0 1
with group operation
/
[(g,p), 7.0, P, r] = [(g+d"sp+ D), r+ 7" —det (2 §,> ]. (2.2.16)

6Here we restrict for simplicity to the Jacobi modular group I'/(Z), instead of more general
discrete subgroups of '’ (R).

7Sometimes this is called the polarized Heisenberg group to differentiate from the classical
Heisenberg group.
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2. Number theory prelude

The embedding of SL2(Z) =< H(Z) into Sp2(Z) is described by

a 0 b P

ag+pc 1 bg+d r a b
(@, r)y= |00 S ’y=<c d). (2.2.17)

0 0 0 1

The Heisenberg group is the central extension of the abelian group Z x Z, and its
center is given by

Cr@ =1{[(0,0), r],r € Z}. (2.2.18)

The non-commutativity of H(Z) is reflected in the fact that given two element
h,h' € H(Z) we have

hoh! () ~L.(h) ™Y = [(0,0), —2det (S Z:)L (2.2.19)
where h=[(gp),r], K =[,p) 7] (2.2.20)

The action of SL(Z) on H(Z) is by conjugation
v @ p) s ]y =1[(g,p) 7, 7] = [(ag +pe,bg +dp) , ], (2.2.21)

and it corresponds to the right-action of SLs(Z) on the complex torus defined by
(qm +p)ly = (aq + cp)T + (bg + dp) .

The explicit action of the parabolic group I'’(Z) on Hs is specified by (2.2.21))

at+b z a b
WZ) = [ e+ cT+d = ( ) € SLy(R) (2.2.22)
z Ccz c d
cT+d cT+d
T z+ qT + P

8D = (L) wanmi b y)  h=lwar] €HE) @223

Similarly to the case of Siegel modular forms, we define the slash-operator (|, )
of weight k and index m by its action on functions of two variables (7,2) € H x C
as

Olpmg = (o(r,2)e®™me| g) e 2™mw g e’ (Z) (2.2.24)

where the slash operator on the right-hand side represents the slash operator
, defined on Siegel modular forms.

Definition 2.2.2. A Jacobi modular form of weight k£ € Z and index m € Z~g
with respect to I'/(Z) is a holomorphic function ¢ : H x C — C which obeys

Plimg=¢, Vgel’' (@) (2.2.25)
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2.2. From Siegel to Jacobi modular forms

and whose Fourier coefficients, defined by the expansion

p(r,2)= > e, ¢y, (2.2.26)
n,lEZ

satisfy certain positivity conditions.

Depending on the asymptotic growth of the coefficients, a Jacobi form is called
holomorphic if c¢(n,f) = 0 unless 4mn > £2, weak if ¢(n,f) = 0 unless n > 0 and
it is said to be a cusp Jacobi form if ¢(n,f) = 0 unless 4mn > ¢2. Lastly, if the
coefficients satisfy the weaker condition that c(n,f) = 0 unless n > ng for some
possibly negative integer ng, the associated Jacobi form is a weakly holomorphic
Jacobi form.

The transformations properties of the Jacobi form ¢(7, z) under the generators of
the Jacobi modular group comprise the modular transformation of (7, z)

b ‘I\"L"rrLCZZ
(ﬂ L) = (cr+ ) e HT p(r,2) ¥ (Z b) € SL(2,Z),

ctr+d et +d d
(2.2.27)
and the elliptic transformation of ¢(7, z)
P(T,2 4 pT +q) = € 2TMEITI () ¥, q) €ZXZ,
(2.2.28)

which encodes the action of the elements of the Heisenberg group of the form
[(p,q), 0]. More generally a Jacobi modular form transforms with a non-trivial
character y : H(Z) — {£1} under the Heisenberg group, and a multiplier sys-
tem p : SLa(Z) — C* under the modular group, see [30] for more details. The
functional equation given in definition [2:2.2) thus becomes

Plmh = xWp,  Yhe HZ), ¢l ,v=pMp,  Vy€SLAZ).

(2.2.29)
The definition of Jacobi modular forms can be extended to Jacobi modular forms
of positive definite lattices, also called Jacobi forms of lattice index. These rep-
resent Jacobi forms in many variables; to be more precise, the elliptic variable
z € C turns into a lattice variable v € (A ® C). Jacobi forms of this type were
introduced in [45,146], further references for Jacobi lattice index and their relation
to finite quadratic modules are [38}/39,47]. In the sequel we follow the treatment
given in [30], note however that our notation sometimes differs from the one in the
original literature.

Define the Heisenberg group associated to the even lattice A as the central exten-
sion of the group A x A, that is to say

1
HA) = {[(a@,p), r]lg, p €A, 7 € SZ}. (2.2.30)
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The group structure is defined by the operation

[(q,p), r).[(d.p), r]=[(@+d . p+D), r+r" —(p,d)/2+ ¥, 9)/2], (2.2.31)

where (-,-) represents the bilinear form of the lattice. The modular group SL2(Z)
acts on H(A) as in equation (2.2.21f). In addition, the Jacobi modular group
associated with a lattice A can be taken to be I'/(A) := SLa(Z) < H(A).

To define a Jacobi modular form associated to a lattice A, we consider the action

of the Jacobi modular group I'/(A) on H(A), where H(A) is defined as

-
Ha(A) := {Z =\|v T, weEH,veEARC, (QIIH(T)IIH(U))*(IID(’U),Im(’U))) > O}.
w

(2.2.32)
A Jacobi modular form with respect to I'/(A) can be defined similarly to above.
In the following definition to ease the notation we denote by the same symbol the
non-trivial character of I'/ (A) and its restriction to the characters of the generators
of the Jacobi group.
Definition 2.2.3. Let x be a character of finite order of the Jacobi modular
group I'/(A). Given a positive definite even lattice A, a Jacobi form of weight
k € Z and index m € Q¢ associated to the lattice A is a holomorphic function
¢ : Hx(A®C) — C which satisfies the following functional equations with respect
to the generators of the Jacobi modular group I'/(A)

me(v,v)

(T ) = v b B g vr= (1)) esteo.

cr+d er+d
o(T, v+ pr +q) = e TPPITEEOD (B (7, v) Vh=[(g,p), 0] € HA).

The bilinear form (-, -) is the quadratic form associated to the lattice. Due to the
periodicity in the variables 7 and v, the Jacobi modular form has Fourier expansion

o(T,v) = Z c(n, z)e™ @) (2.2.33)
nezZ,xeN”
2n>(x,x)
This definition can be similarly written in terms of an appropriately defined slash
operator. We refrain from giving all the details to avoid cluttered notations. Note
that a rescaling of the lattice accompanied by a rescaling of its bilinear form
amounts to a change in the index of the Jacobi form [30]. Moreover, we get back
to the definition of holomorphic Jacobi form stated in[2.2.2| by choosing the lattice
A = A;(m) with standard bilinear form rescaled by a factor of m™1.

An example of a Jacobi form for a positive definite unimodular lattice A is

On(r,v) = Y emitenmeami, (2.2.34)
TEA

28



2.2. From Siegel to Jacobi modular forms

This provides a refinement of the lattice theta function introduced in for
unimodular lattices; in fact, it does not only count the number of vectors with
given norm, but it also grades the vectors in A by the value of their scalar product
with a fixed vector v € (A ® C).

Let A be as above, and write the scalar product as (z,v) = £z, where ¢ € Z and
z € C, then we have the expansion

Op(T,v) = Z ap v (n, £)e2mnTHz) (2.2.35)
n,lEZ

where ap ,(n,¢) = Card({z € A|(z, ) = 2n, (z,v) = Lz}).

The refined lattice theta series (2.2.34)) have a prominent role in the theory of
Jacobi modular forms. Part of the reason why this happens is disclosed in the
next section through the Theorem

2.2.3 Theta series and Vector-valued modular forms

Jacobi modular forms of lattice index are intimately tied to modular forms of
half-integral weight. This relation is based on the theta decomposition of Jacobi
modular forms displayed in theorem [2:2.4] and further explained by theorem [2:2.7]
We refer to [31] for an account of the standard Jacobi forms and to [40,48] for
the generalization to a generic even lattice. The modular forms arising under
decomposition of a Jacobi form for A transform under projective representations
of the modular group. These are analyzed at the end of the section in terms of
WEeil representations associated to the finite quadratic module of A.

The following theorem describes the decomposition of a Jacobi modular form in
terms of vector-valued modular forms and lattice theta series. The analogue the-
orem for the A;-lattice is reported below.

Theorem 2.2.4. Let A be an even positive definite lattice. A Jacobi form indexed

by A (see decomposes according to

p(r, )= Y ha(T)0a(T,0) (2.2.36)
TEA* /A

where Op . (T,v) is the theta series

Oro(ro)i= Y @O, (2.2.37)

fen”
&=z (modA)
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and {hx(T)}weA*/A s a d-dimensional vector-valued modular form defined as

B (7) = 3 C(N+ (z’x),x>62’”NT (2.2.38)

2
NeQ
N=—(z,x)/2 (mod Z)

where d = |A*/A| is the order of the quotient group.
Proof. To simplify the notation denote by z, instead of [z], a representative of

an equivalence class of the discriminant group A*/A. Through the action of the
Heisenberg group on the Jacobi modular form (7, v), we obtain

Z c(n, z)eminTH@v) (2.2.39)

neZ,reN*
2n>(x,x)

= T PPTRED ot v+ pr+q)  [(0,9),0] € H(A)

o(7,v)

(2.2.40)

where e2™®@ = 1 for x € A* and ¢ € A. Comparing the Fourier expansion of
p(7,v) with the last line, we observe that the Fourier coefficients of ¢ (7, v) depend
only on z modulo A and on the combination N =n — (z,xz)/2.

Therefore, we can express the Fourier expansion of ¢(7,v) in terms of x and IV as
follows

p(T,v) = Z C(N + (w,sc)w) p2M N T+, 2)T/2+(z,0))

2
NeQ, zeA*
N=—(z,z)/2 (mod Z)

~ @, 2) \ aring 2mi(£,6)7/2+(€,v))
"X r e 2 |

TEA* /A NeQ,, EENT
N=—(z,z)/2 (mod Z) E=x (mod A)

Lastly, substituting the definition of 04 . (7,v) and h;(7) we prove the theorem. m

The transformation properties of the theta series 6 (7, v) and the vector-valued
modular form h,(7) are dictated by projective representations of the modular
group. Projective representations of SLs(R) correspond to representation of its
double cover, the so-called metaplectic group Mp2(R). The elements of Mpo(R)
are pairs (v, j(y,7)) where v € SLa(R) and j(v,7) is a holomorphic function

j:H — C given by j(v,7)2 =cr+d for vy = (Z
defined by

Z) . The group multiplication is

1, i NG5G, D) = i DI ) (2.2.41)
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2.2. From Siegel to Jacobi modular forms

Alternatively, we can define the metaplectic group through its generators

=(T,1), S=(S, V7 (2.2.42)

and relations 52 = (ST)3, 58 = Inipy(zy, Where 52 is the generator of the center of
the metaplectic cover. Note that representations of the metaplectic group allow to
keep track of the choice of branch cut appearing in the automorphic factor j(-y, 7).
The group Mp2(R) acts on H via the natural homomorphism Mps(R) — SLo(R)
which projects onto the first term in the pair. Therefore we define the double-cover
of the Jacobi group as fJ(R) := Mpo(R) < H(Z).

The unitary representations of the metaplectic group relevant to us are defined
on C[A*/A], the group algebra of the discriminant group A*/A. C[A*/A] can be
viewed as a vector space of dimension |A*/A| over C, with basis vectors ¢, labelled
by z € A*/A, and group law defined by e, e, = ¢;4,. The unitary representations
of Mp2(R) on C[A*/A] are therefore the representation associated to the finite
quadratic module Dy g. Recall that to each quotient group of an even positive
definite lattice we can associated a finite quadratic module Dy ¢ through the map
defined in equation .

Definition 2.2.5. The Weil representatiorﬂ associated to Dy ¢ is the left Mpo(R)-
module structure defined by its action on the generators of the metaplectic group
as

~ ~ i~/
pas/a(T) g = €T Qe pas/alS) ez = e B,
/ ( ) / ( ) \/W ye;/A
(2.2.43)
where r is the rank of the lattice A, and e, is a basis vector for C[A*/A]. We assume
the representation to be trivial on some congruence subgroup of sufficiently large

level.

The set of theta series {0A . (7,v)}zca+/a defines a module for the Weil represen-
tation of Dy ¢ as we now illustrate.

Theorem 2.2.6. Let A be an even positive definite lattice of finite rank r, and let
Dy g be its associated discriminant form. The vector-valued theta series O (T,v)
associated to Dy g, defined by

OA(T,0) = Y Oru(T,0) e, (2.2.44)
TxEA* /A

is a vector-valued Jacobi form for A for f‘](A) := Mp2(Z) < H(A) of weight /2
and multiplier system for Mpa(Z) given by pp«/x-

8The name of these representations was attributed to Weil, because he used similar construc-
tions in [49|.
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The transformation properties of @4 (7, v) under an element 5 € Mpo(Z) < T/ (A)
are thus given by

aTt + b v mic(v,v)
Op| ——, —— ) =3 e ertd prsa(7) O 2.2.4
A<cr+d’cr+d> JnT) e PA= /A () OA(T, V), ( 5)

v;? = (V’j(VaT)) € Mpa(Z),y = (CCL Z) € SLy(Z)
(2.2.46)

This functional equation can be proven by means of the Poisson summation for-
mula (see e.g. |31]).

Theorem 2.2.7. Let A be a positive definite even lattice of rank r, and let p be
the associated metaplectic representation defined in[2.2.5. The application

e(r,v) = Y he(MOra(r,v) = h(T) = Y he(T)es (2.2.47)

TEA* /A TEA* /A

defines an isomorphism Jyx — My_,/2(p*) from the space of weight k Jacobi
forms for A and the space of modular forms of weight k — r/2 for the dual repre-
sentation p*(y) of Mpa(Z). Here p* denotes the representation

pr(y)e; = ZP(V)J‘Z‘ ¢ (2.2.48)
j=1

An important example: A;(m)-lattice .
Consider the lattice A1(m), that is the Aj-lattice rescaled by m, and let Q(x) be
its associated Q/Z-valued quadratic form. From the definition we denote
the finite quadratic module of (Al(m), Q) as

2
DA1(m),Q = (Z/sz, T 21.7’/7’1 +Z>, (2249)

where Q(x) is congruent to % modulo integers. The Weil representation associ-

ated to this finite quadratic module is defined by its action on the generators of
the metaplectic group as [31}38}39)

—~ 2 ~, —1 Ty
pzsomz(T) e = ™87 ¢u,  prjomz(S) er = \/\/% S e,
y€EZ/2mZ
(2.2.50)
The vector-valued theta series 6,, (7, z) of weight 1/2, index m, whose components
are given by
Omo(7,2) = Y g~y (2.2.51)

TEZ
r={mod 2m
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2.8. Mock Jacobi and mock modular forms

define a module for the representation of the metaplectic group defined in (2.2.50)).

Owing to the theorem [2.2.4] a Jacobi form of weight k and index m can be de-
composed as

p(r,2) = > h(7) O (7, 2) | (2.2.52)
LEZ/2mZ
where
he(T) = > Cp (N) g4 | (2.2.53)
N>Np

N=—¢? (mod 4m)

is a cusp form, holomorphic modular form or weakly holomorphic modular form
depending on the positivity condition satisfied by the Fourier coefficients of p(T, 2),
described in definition 2:2.2] Notice that we denoted by Cy (N) the Fourier co-
efficients of hy(r) (instead of ¢(n,£)) in order to stress the dependence on the
discriminant N = 4mn — ¢2. The functions hy(7) are the components of the
vector-valued modular form h(r) of weight £ — 1/2 and dual multiplier system
with respect to the one of the theta function. The above decomposition leads to
the isomorphism between the space of weight k and index m Jacobi forms and a
space of vector-valued modular forms, as shown in [31].

2.3 Mock Jacobi and mock modular forms

In this section we introduce two of the central objects in our subsequent discussion:
vector-valued mock modular forms and mock Jacobi forms. We primarily follow
the following reviews [37,[50H53].

Mock modular forms were brought to light at the beginning of the 20th century
by Ramanujan [5]. In his last manuscript to Hardy, he examines the mysterious
nature of certain hypergeometric serief’] which he named mock theta functions.
The distinctive features of these functions are the infinite number of exponential
singularities at roots of unity and the fact that, as Ramanujan said, “it is incon-
cetvable to construct a theta-function (weakly holomorphic modular form) to cut
out the singularities of the original function”. That is to say, there is no weakly
holomorphic modular form that can compensate all the divergences of a mock
theta function at rationals (7 € Q). In fact, it was later proven in [54] that a sin-
gle modular form is not sufficient to cancel all the singularities. Nevertheless, there
exists a collection of weakly holomorphic modular forms that correctly subtracted

9A g-hypergeometric series is a sum of the form ZZO:O fn(q), where frn(q) € Q[g] for all n >0
and fn+1(9)/fn(q@) € Qlg,q"], n > 1.
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to the mock theta function gives rise to a finite limit at any rational point [55].
Among the 17 examples listed by Ramanujan [56], there is

[e%¢) n2
f(q)IZZ(_qi.)Q:1+q—2q2+3q3—3q4+3q5+... (2.3.1)
= (—q;9)2

where (a; q)n = sz_ol(l —agq®) is the Pochhammer symbol. This g-hypergeometric
series has exponential singularities at all even order roots of unity while it is
convergent at odd roots of unity. In the case of f(g), Ramanujan observed that
any singularity at even primitive k-th roots of unity disappears by subtracting a
term of the form (—1)k/2b(q). Or in other words

F(@) — (=1)*2b(g) = O(1) (2.3.2)

where ¢=1/24b(¢) is a modular form defined by
() =1—¢)1—¢>HA—¢°)...(1 —2¢+2¢*—...). (2.3.3)

Some references for details on this mock theta function are [54,57H59|, to just
name a few. The extension of this result to other mock theta functions [54./59| and
in particular to the universal mock theta functions was proven in [60}/61], while
the relation between Ramanujan’s mock theta functions and the universal mock
theta functions is described in [62].

Although Ramanujan’s last letter to Hardy dates back to 1920, it was not until
the work of Zwegers [6] that a consistent mathematical framework for mock theta
functions was developed. Mock theta functions are now considered to be examples
of mock modular forms [37]: holomorphic functions which transforms as proper
modular forms only after the addition of a non-holomorphic term.

Definition 2.3.1. A vector-valued mock modular form of weight w, multiplier
system p and shadow g(7) with respect to the modular group I is a holomorphic
vector-valued function ¢(7) with at most exponential growth at the cusps and
such that there exists a non-holomorphic function

P(1) = (1) + g" (1), (2.3.4)

called the completion of o, which transforms as a modular form of weight w and
multiplier system p with respect to I'. The obstruction for ¢(7) to be a modular
form is given by g*(7), the non-holomorphic Eichler integral of the modular form
g(7), which is defined as

(drre)l—w

9y (1) = 1

c(0) + Z@nwfll"(l —w;4mnme) ¢ " . (2.3.5)
n>0
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2.8. Mock Jacobi and mock modular forms

where the first term on the right-hand side has to be substituted by —c(0) log(4772)
ifw=1, o = Im(r) and T'(1 — w;2) = fzoo t~we~tdt is the upper incomplete
Gamma function.

A convenient representation for the non-holomorphic Eichler integral of the shadow
is )
7; w—1 100
g™ (1) = (?> / (z+71)"Yg(—2)dz, (2.3.6)
9 = B g

which holds if w > 1 or if g(7) is a cusp form (i.e. ¢(0) = 0). The shadow g(7) is a
modular form of weight 2 —w and multiplier system conjugate to the one of (7).
The definition of the non-holomorphic Eichler integral in can be recovered
as a solution of the differential equation

r 097 (1)

(4mmo) 9=

= —2ing(1). (2.3.7)

Clearly, a modular form is simply a special case of a mock modular form with
trivial shadow. Mock modular forms are often studied as holomorphic parts of
(weak) harmonic Maass formg® Despite the fact that this definition does not
include all the instances of mock modular forms, the examples considered in this
thesis can be viewed as the holomorphic parts of (weak) harmonic Maass forms.

Special examples of mock modular forms are the so-called mock theta functions:
mock modular forms whose shadow is a unary theta series. Theta series associated
to a quadratic form in one variable only appear for lattices of rank one and three
and are thus “Thetanullwerte” of weight 1/2 and 3/2 respectively. A unary theta
series of weight 1/2 is a modular form with Fourier expansion

an2
D emg™, a€Qso, (2.3.8)
nez

where €(n) is an even periodic function. A weight 3/2 unary theta series is a cusp
form with Fourier expansion

Z ne(n)g™™ a € Qso, (2.3.9)
nez

where €(n) is an odd periodic function. The former can as well be expressed in
terms of the index m theta function as follows

Ior (1) = O (7,2)| (2.3.10)

OHarmonic Maass forms are real analytic functions annihilated by the weight k£ hyperbolic
Laplacian, which satisfies the modular functional equation proper of a modular form (see Ap-
pendix@ and a growth condition at the cusps, similarly to the completion of a mock modular
form defined above. See [50| for details.
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The latter can also be written in terms of the index m theta function as

0
a_Ym,r\/, . 2.3.11
271 629 r(7:2) 2=0 (2.3.11)

Dﬁm,r(T) =
Many examples of mock modular forms, including the celebrated Ramanujan’s
mock theta functions, were revealed as counting functions in (super)conformal
field theories, and string theories with non-compact target space, see for instance
[7,(81163]. In chapter [3| we examine the properties of mock modular forms which
arise in connection to extremal conformal field theories with small central charge.
Quite surprisingly mock theta functions can be viewed as (lower half-plane) com-
panions of Roger’s false theta functions. This is explained in details in chapter
where we also provide a physical interpretation to this fact by relating false theta
functions and mock theta functions to homological blocks of Seifert 3-manifolds.

An extension of the concept of mock modular form, that will be important for
our discussion in chapter [d] is given by mixed mock modular forms. The space
of weakly holomorphic mixed mock modular forms lies in the tensor product of
the space of modular forms and the space of weakly holomorphic mock modular
forms. Strikingly, these objects arise in the counting problem of immortal dyons
in string theory on K3 x T2

Definition 2.3.2. A mixed mock modular form, A(7), is a mock modular form
whose completion transforms as a modular form of weight w and takes the form

h(r) = h(T) + > o) gi (7)), (2.3.12)
0

where f(7) is a (vector-valued) holomorphic modular form of weight s and g(7) is
a (vector-valued) holomorphic modular form of weight 2 — w + s.

It turns out that most of the classical examples of mock theta functions occur as
components of vector-valued mock modular forms, arising from the decomposition
of mock Jacobi forms. The mock Jacobi form (7, z) transforms under the elliptic
transformation according to but it satisfies a “weaker” modular transforma-
tion with respect to a Jacobi modular form. This definition generalizes the concept
of Jacobi modular forms which is recovered when taking a vanishing shadow. Due
to the fact that the application z — (7, z) defines an elliptic function we can still
apply the theta-decomposition theorem [2.2.4] and obtain a mock modular form
of weight k — 1/2 associated to the original mock Jacobi form. However, in this
case there is no analogue of theorem [2:2.7] in other words there is no isomorphism
between the space of mock modular forms and the space of Jacobi forms [8].

Definition 2.3.3. A mock Jacobi form of weight k and index m is a holomorphic
function 1 : H x C — C whose completion ’(ZJ\(T, z) transforms as a Jacobi modular
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2.4. FElliptic functions and the Weil representation

form under SL2(Z). The completion is defined by

D) =D+ Y G me(r,2). (2.3.13)

(€7,/2mZ

where g*(7) represents the (non-holomorphic) Eichler integral of the shadow g(7).

Optimal mock Jacobi forms of weight 2, associated to weight 3/2 mock modular
forms, were first discussed in [§], while weight 1 optimal mock Jacobi forms were
classified in [64]. The analysis in [64] brought to light many interesting relations
between Ramanujan’s mock theta functions, umbral moonshine, genus zero groups,
and Weil representations of the double cover of SL2(Z), which are examined in
the next section.

2.4 Elliptic functions and the Weil representation

All the instances of Jacobi modular forms analyzed in previous sections are elliptic
functions. In this section we describe some general features of elliptic functions,
and briefly review different methods to examine the structure of spaces of elliptic
functions. More details can be found in [31]. An explicit description of the space
of mock Jacobi forms of critical weight is derived from an analysis of the Weil
representations of the metaplecitc group. This reviews the works [38-40] on the
Weil representation associated to finite quadratic module and [64] for the result
on mock Jacobi forms of weight 1.

Both Jacobi modular forms and mock Jacobi modular forms are elliptic functions
with respect to the z variable[T] This means that for fixed 7 € H, the assignment
z — (T, z) defines a holomorphic function ¢ : C — C satisfying the functional
equation

—2mim (A2 T+2)z2)

(T, z+ AT+ p) =e p(T,2), V(\ 1) EZXZ (2.4.1)

and therefore it obeys the following theorem.
Theorem 2.4.1. Take m € Z>qo. Let ¢ : C — C be an holomorphic function. If
w is not identically zero and satisfies

—2mim(A\2T+2)Xz)

pz+AT+p)=e w(2), YA\ ueZ (2.4.2)

then it has exactly 2m zeroes (counting multiplicity) in any fundamental domain
for the action of (ZT +Z) on C.

ITn this section we restrict to the A; lattice.
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A proof of the theorem is reported in [31] for a Jacobi form of index m, and
naturally extended to meromorphic Jacobi forms. In this case 2m corresponds
to the number of zeroes minus the number of poles and therefore m can be any
integer. Similarly, the theorem applies to mock Jacobi forms thanks to their elliptic
properties.

Theorem [2.4.1] leads to several important proofs about the space of elliptic func-
tions, &, and specifically about the spaces of Jacobi forms [31]. For instance it
provides the basis to derive the finiteness of the space of Jacobi forms. In addition,
it directly derives from theorem that an holomorphic (mock) Jacobi forms
(7, 2) is determined up to a constant by its zeroes. That is to say, expanding
(7, 2) around z = 0 we obtain

p(r,2) = Y xa(m)z" (2.4.3)

d>do

where dg is the order of ¢(7,2) at z = 0, and the first 2m + 1 coefficients x4(7)
uniquely determine (7, z). If (7, 2) is purely modular then the functional equa-
tion it satisfies provides further constraints on these coefficients [31]. This reason-
ing allows to quickly determine the dimension of the spaces of Jacobi forms with
small index, while a basis can be constructed using theta-eta blocks [65].

In the rest of the section we provide another procedure to concretely build certain
spaces of (mock) Jacobi forms in terms of the Weil representation of the finite
quadratic module D 4, (m),¢. This method turns out to be an efficient mechanism
for the construction of the space of optimal mock Jacobi forms of critical weight
1 with rational coeflicients [64] to which we will turn to at the end of the section.

First, notice that the Weil representation of the finite quadratic module D4, m),q
is a reducible representation when m > 1. The reducibility of the representation is
reflected into symmetries of the theta function, or in other words in a non-trivial
automorphism group for D4, m),q. For instance, consider the transformation r —
—r applied to the components of the theta function 0y, _,.(7, 2) = Op, (7, —2). This
property together with the modular transformation of the weight k& Jacobi forms
(1, z) (or its completion $(T, z) in case of mock Jacobi forms) under —I € SLy(Z)
leads to the following identity

hr(T) = (=1)*h,(7), r € (Z/2mZ)* (2.4.4)

where h,.(7) is a component of a vector-valued (mock) modular form. Therefore,
depending on the weight of ¢(7,z), we can reduce the 2m vector h(7) to a vec-
tor of the form {h, + h_,}o<r<m if k is an even integer, and to a vector of the
form {h, — h_,}o<r<m if k is an odd integer. These new combinations provide
vector-valued (mock) modular forms invariant under the transformation r — —r,
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2.4. FElliptic functions and the Weil representation

which corresponds to a specific element of the automorphism group of the finite
quadratic module, that is —1 € O,,, as we will see in a moment. The same rea-
soning can be extended to other elements of the orthogonal group O,,,. Moreover,
since the action of the orthogonal group O,,, commutes with Mps(Z), we can define
simultaneous eigenspaces for the action of O,, on the space spanned by the theta
functions @ 4, (m) (7, 2)Z This leads to a characterization of the irreducible meta-
plecitc representations [39,40] through the action of O,, on the space generated
by © A, (m) (T, 2).

To completely reduce the Weil representation to an irreducible representation a
deeper analysis of the automorphism group of the finite quadratic module and a few
more definitions are required. Owing to the definition of a finite quadratic module,
we examine the automorphism group of the finite quadratic module D4, (m),qQ,
defined in . The automorphism group of this discriminant form is the
orthogonal group O,,, which is given by

Om = {amod 2m | a® = 1mod 4m} . (2.4.5)

Denote by Ex,, the set of exact divisors of m
Exp :={n € Zso | njJm A (n,m/n) =1} (2.4.6)
endowed with the operation n % n/ := nn'/(n,n’)2. The latter defines a group

structure on Ex,,,. The elements of O, turn out to be in one to one correspondence
with the elements of Ex,,. The isomorphism between Ex,, and O,, is realized by
the map
{a =—1 mod2n
n+— a(n), where a(n) = n€Exy,,a€ 0. (24.7)
a=1 mod2m/n
The action of the orthogonal group on D 4, m),@ can be translated into an action
on the space of elliptic functions &,,: if we chose the elements of O,, to belong to
(Z/2mZ)*, then a € O,, permutes the components of the theta functions according
to
pram)= Y (D) ra(7,2). (2.4.8)
r mod 2m

To translate this statement in terms of the group of exact divisors we define the
so-called Eichler-Zagier operator W,,(n), described in [31}/66].
Definition 2.4.2. Let n be an exact divisor of m. Define the Eichler-Zagier
operator (EZ) Wy, (n) on &, as

YW (n) = % "il e(m(%zT + 2%2 + Z—S))g@(ﬂz + %7’ + %) . (2.4.9)
ab=

2This is an orthonormal basis. The action of the orthogonal group of this space turns out to
be unitary with respect to the Petersson inner product |31]
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This operator defines an involution on &,,.

The isomorphism between O,,, and Ex,, is then reflected into an isomorphic action
on &,
- a(n) = o|Wn(n). (2.4.10)

Moreover, W, form a group of involutions on &,,[B] If n divides m but it is not an
exact divisor, we can still define the W,,,(n) operator which is not an involution
on &,,. The action on &,, can be seen as an action on the space of theta functions
of index m. This explains why an involution corresponds to permutations of the
components.

Another way of expressing the action of the Eichler-Zagier operator is via the Q-
matrices, first defined by Capelli-Itzykson-Zuber in relation to modular invariant
@(2)—Chara0ter The 2m x 2m Q-matrix is defined by

1 ifr=—r"mod2n A r=17"mod2m/n,

Qu (M) = { (2.4.11)

0 otherwise.

Note that this matrix simply implements the operation given in equation (2.4.8)).
The Q-matrix is an invertible matrix if n € Ex,,. Moreover, it preserves the
product in Ex,,: Q,, (n)Q,(n') = Q,,(n *n'). The action of the EZ operator on
Em can be analyzed in terms of the Q-matrices thanks to the following equality

O Wi (n) = ht. Qp(n). Oy, . (2.4.12)

Note that for fixed a and b the action of the EZ operator on ¢(7, z) reads

e(m(Gr+ 2%+ D) )p(rz e Lra D) - (24.13)

n

Z e(m%g + ’I“%) hT(T)Gm,T+2m% (7, 2)

r mod 2m

where we used the theta decomposition of the elliptic function (7, z) defined in
(2.2.52)). This displays precisely the isomorphism in (2.4.12)) once the sum over a
and b is reinserted.

Examples. Let us compute explicit the action of O,, and Ex,, on &,, for
m = 6. The groups are specified by Og = {1,5,7,11}, and Exg = {1,2,3,6}. The
identity elements give rise to a trivial action on the space of elliptic functions.
Consider the action of 7 € Og, this element acts by ¢ -a = > (mod 12) hr06,7r

BThis follows from the group structure of Oy, and Exy,, and it can be explicitly see via the
representation in terms of the Q-matrices defined below.

4The relation between affine sAu(2)—Characters and the ADE-classification is beautifully re-
flected in the umbral moonshine conjecture [36].
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and it is associated to the element 2 € Exg via the map a(2) = 7. On the
other hand, the action of ¢|Ws(2) can be computed explicitly: for even r the
only terms that contribute to the sum over a and b are the ones with vanishing
a and give back the original function, thus the even components are fixed by
this action; while for odd r only the terms with ¢ = 1 contribute and lead to
the permutation (1,7),(3,9), (5,11). Therefore we obtain the equality ¢©|Ws(2) =
p-a2) = Er(w) hy06,7r, for a(2) = 7. Similarly, Ws(3) fixes the components
that are multiple of 3, and exchanges (1,5), (1,10), (7,11),(4,8). Correspondly,
PWs(3) = ¢ - a(3) = Zr(m) hr86.5r, where a(3) = 5. Lastly, the element —1 =
11 € Og, which corresponds to the element 6 € Exg, permutes the components
according to r — —r (mod 12).

The space &, can therefore be decomposed into eigenspaces €2, for the action of
O,,, as follows
Eni={pe&nly-a=ala)p,Vae On}, (2.4.14)

where o € Hom(O,,,, C*). As a result, for a given m the different representations
can be labelled by subgroups K < Ex,,, with K defined as the kernel of the
map n — a(a(n)) or such that o = 1. Simultaneous eigenspaces for the action
of Oy, corresponds to irreducible representations for the finite quadratic mod-
ule D(A1(m), Q). As long as m is square-free, restricting to eigenvectors of O,,
produces irreducible representations. When m is not square-free, the irreducible
representation is given by taking the orthogonal complement of the images of oper-
ators Uy given by Ug(é(7, 2)) = ¢(7, dz) with respect to the Petersson metric [31].
Irreducible representations are labelled by subgroups K < Ex,, with the property
that K together with m generate the whole group of exact divisors. Following a
tradition initiated in [67], we denote the pair (m,K) by m+ K = m+n,n/,...
for K = {1,n,n/,...}. For instance, we denote by 6 + 2 the pair m = 6 and
K= {1,2} C Exg.

The eigenspaces £5, for the action of Oy, on &, can be explicitly constructed by
means of the EZ-operators. Since W,,(n) are involutions for n||m, we can define
the projection matrices

P%(n) =1+Q,,(n))/2. (2.4.15)

In this way the projection operator associated to m + K, for m square-free it is
given by
prE - H P (n) H P (n) (2.4.16)

nek nEEx, \ K

while for m = p?>m’ where m’ is square-free and p is prime, we have

P = I Phow ] Pg(n)@—ﬂm(p)/p). (2.4.17)

nek n€Ex, \ K
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The basis vector for the irreducible Weil representation is then given by

O (r 2y =280 N PG, (7, 2) (2.4.18)

rr!
r'€Z/2m

where |K| is the order of the group. In case m is not square-free, these vectors sit
in the orthogonal complement (with respect to Petersson scalar product) of the
images of operators Uy.

Note that due to the projection operator P we have §m+K = iH:,’,”K among
various pairs (r,7'). Denote by o™X the set of linearly independent vectors 7%
and by d™¥ the cardinality of this set. Explicitly, o™ ¥ is the set of orbits Ex,,
of Ex,, in Z/2m with the property P, # 0. Therefore, the vector-valued theta

®m+K

functions , whose components are HL”J'K with r € ™K are basis vectors

of the irreducible Weil representation.

Many of the ingredients presented in the construction of irreducible Weil repre-
sentations emerge unexpectedly from the resurgence analysis of the homological
blocks of 3-manifolds invariant [68]. This topic is investigated in chapter

2.5 Rademacher sums

The main content of this section is the determination of explicit expressions for
the Fourier coefficients of modular-type of objects. This topic is part of a central
problem in mathematics: the estimations of the asymptotics of g-series. Several
techniques are available to compute the asymptotic growth of the Fourier coef-
ficients of modular objects. Among these is the well-known method of steepest
descent, which provides an estimate of the asymptotic growth via a saddle-point
approximation. In this section we describe two other powerful techniques that
allow to exactly reconstruct the Fourier coefficients of the modular object via the
so-called Rademacher sum, going beyond the estimates on its asymptotics. Despite
the fact that the latter two methods share many features, they rely on different
approaches. Roughly speaking, one is based on the analysis of the pole structure
of the function, while the other one is based on the symmetries of the function.

Apart from furnishing an efficient method to reconstruct (mock) modular forms,
the Rademacher sum is intimately tied to (monstrous and umbral) moonshine,
conformal field theories and quantum gravity. The role of the Rademchaer sum in
the different physical contexts constitutes one of the central theme of the subse-
quent Chapters.
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2.5.1 The circle method

The natural approach to a complex integral is to deform the contour of integra-
tion in order to obtain the largest contribution from the function in a relatively
small path/region. Examples are given by the residues method and the method
of steepest descent; yet another method was discovered by Hardy and Ramanujan
around 1918 [11]. They considered the generating function of unrestricted parti-
tions, P(q) = 1+, g a(n)q", whose Fourier coefficients are given by Cauchy’s

theorem as
an) = 1 [ P@
27T . gn+l

dg, (2.5.1)

where the contour «y encircles the origin of the g-plane and lies inside the unit disc.
For a complete review of the circle method the reader is referred to [18]. P(q) is
the Euler series introduced in the Introduction

Pl =¢" = [[a-gm", (255.2)
n=1

Hardy and Ramanujan noticed that the Fourier coefficients a(n) could be recon-
structed following the pole structure of the function P(qg). In other words, the
poles of this function indicate the path of integration to follow in order to have
the biggest contribution to the integral along a relatively small portion of the
path. In the case at hand, the heaviest contribution is given by the pole at ¢ = 1,
where all the different roots of unity appear with decreasing weight for increasing
denominator. This led to the decomposition of the circle v into a sum of Farey

7{ — > /5 . (2.5.3)

0<h<k<N
(h,k)=1

arcs,

Here &}, ;; denotes the Farey arc centered in h/k and bounded by Z:Z; and Z:Zj,

with % and Z—; indicating the preceding and the consecutive Farey fractions of
h/k respectively. Indeed, the Farey series of order N, Fy [69], is constituted
by irreducible fractions h/k in ascending order such that 0 < h < k < N, and
(h,k) =1, i.e. h and k are coprime.

Each center of the Farey arc represents a root of unity and the mediants delimitate
the neighborhood of the corresponding root of unity.

This strategy was refined by Hardy and Littlewood |70] and adopted by Rademacher
to derive an exact expression for the Fourier coefficients of the J-function |71] and,
together with Zuckerman, to prove the form of the Fourier coefficients of certain
modular forms with negative weights [72].
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Following their discussion, for a generic modular form f(r) = > a(n)q™ the

n>no
modular variable g is substituted by ef%ﬂmm%i%, such that in the limit N — oo
the closed curve v tends to the unit circle. After having transformed the contour
of integration into a sum of Farey arcs and implemented the above substitution,
the integral takes the form

"

Dok . . .
a(n) = limy_ oo § e—2i7‘rn%/ o f<ef%+2zﬂ'%+2w'¢)62]\77";72z7rn¢ dg,
0<h<k<N Ok
(h,k)=1

(2.5.4)
where 19’h’ , and 19’}{7 i are the mediants of the Farey arc after the change of variables.
The function f represents the J-function or a more general modular form; an
explanation regarding the type of object one can consider will follow shortly.

Consider the variable z = % — ik¢ and denote an element of SL(2,7Z) as

/' hh'+1
(Z Z) - (Z i > hh! = —1 (mod k) (2.5.5)

such that 7 = %(h+iz) and y1 = %(h’ + é). Note that z € C, Re(z) > 0. Further-
more, k may be restricted to take positive values, thanks to the symmetry under
—Iof f.

Since we focus on the behavior of the function close to the roots of unity, per-
forming a modular transformation on f allows one to obtain an estimate of the
function which, in the neighborhoods of roots of unity, is dominated by the polar
terms in the g-expansion. Further refinement of the estimate invokes the limit for
N — 00, and leads to an expression in terms of Bessel functions and Kloosterman
sums. The latter is defined by

KOk p) = > e2mi(—fmelin) jy-1 (2.5.6)
0<h<k
(h.k)=1

where p() is the multiplier system of the modular form under consideration.
Following this procedure Rademacher obtained an explicit expression for P(¢%%)
[73]. More subtle analysis on the convergence of the series, involving a deeper
examination of the Kloosterman sum, enabled him to reproduce the J-function
[71]. This is the unique weakly holomorphic modular function with respect to

S Ls(Z) with expansion
¢ 1+ 0() as T — 100,

that is
J(T)=q ' +196884¢ + . ... (2.5.7)
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2.5. Rademacher sums

The Rademacher sum is given by the following expression, which up to the constant
term 2v equals J(7),

o Q1)
g o+ mz:; 27;1 PP . ® (47T \/ﬁ) g (2.5.8)

k
k=1

In the expression above {( V) (k) is the the Kloosterman sum defined in
with trivial multiplier system (p(v) = 1 for any v € SLa(Z)), and I; denotes the I-
Bessel function defined in . Although the constant term r might need more
care for the proof of convergence, it can be recovered by analyzing the behavior of
KRCV (k) at m =0 [71] and it is given explicitly below.

Progress has been made in the past years to extend the method to modular objects
with positive weights and with weaker modular properties, such as mock modular
forms.

As explained in section the modular transformation of a mock modular form
involves an extra term: the non-holomorphic Eichler integral of a modular form.
Nonetheless, the growth of this term is negligible with respect to the growth of
the rest of the function, and therefore the asymptotic is unaltered by this term.
The asymptotics for one of Ramanujan’s mock theta function were first proven
via the circle method in [74] and later refined in |75]. Further results include
the explicit expression for the coefficients of a (quasi-)mock modular form in [76]
and for coefficients of a mixed-mock modular form in |77]. The complication that
might arise in the case of a mixed-mock modular form is that the additional term
in the modular transformation might contribute to the final asymptotics. We de-
rive an explicit form for the Fourier coefficients of a mixed mock modular through
the circle method in chapter [} this proof allows to then compare the microscopic
counting function of immortal dyons in 4d to the macroscopic macroscopic count-
ing function, computed via localization technique in [78].

2.5.2  The averaging method

The origin of the Poincaré sum traces back to a basic idea that a function can be
made invariant under the action of a group I' by averaging over its images

> feem.
yerl

The shortcoming of this method lies in the fact that the above expression is bound
to diverge for a generic complex function f(7) and group I'. The convergence is
improved if we take the seed function to be invariant under a subgroup of I'. In
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2. Number theory prelude

this way the the sum reduces to a sum over the elements of the quotient group.
Starting from this basic principle, Poincaré was led to the expression [13]

731(1,”)(7’) = Z (v, )2 e(nyT) (2.5.9)
V€T \S L2(2Z)

where j(y, 7) is the automorphic factor defined above equation , and Iy is
the subgroup of SLy(Z) generated by (T, —1I), i.e. the (parabolic) subgroup fixing
the infinite cusp. As long as the weight w is an even integer number strictly greater
than two and n > 0, P (7) converges absolutely and it reproduces a modular
form with respect to the full modular group; if instead n is strictly positive, PV (1)
turns out to be a cusp form for SLo(Z).

The analysis of Poincaré [13] was restricted to modular forms of even weight greater
than two and trivial multiplier system with respect to the full modular group.
Later Petersson [79,/80] generalized this discussion to different groups and mul-
tiplier systems and generic weights bigger than two. Generalized Poincaré sums
turned out to be a powerful tool in the construction of a basis for the spaces of cusp
forms with weight w > 2, further developed in the spectral theory of automorphic
forms, see [81] and references therein.

An extension of (2.5.9) to a modular form of weight w, multiplier system p : I’ —
S1 with respect to the group I is

P 0= > ) () e(nyr). (2.5.10)
YET\I'

where the multiplier system is such that p(T") = e(n), 0 < p < 1. Here I is a
subgroup of SL2(R) commensurabld® with SLy(Z) and containing —I. We denote
by h € Z~( the width of I' at infinity, that is to say the minimal positive integer
such that T = ((1] }f) € T'. The subgroup of ' fixing the infinite cusp is then
generated by T's := (T", —I).

The sum is well-defined as a sum over elements of the right-coset [oo\I' so long
as the summands are invariant under the action of I's,. To check if this holds,
we examine what happens to the sum if we change the representative of the coset
from an element v = 67, to 7 where § = T". For an integer weight Poincaré sum,

15We restrict to integer weight such that no phase for the choice of branch cut of the logarithm
needs to be included.

16The group I'7 is said to be commensurable with I's when the index of 'y UTg in I'1 and I'z
is finite.
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2.5. Rademacher sums

we get

Pl 0 = Y i) () e(nar) (2.5.11)
'Yeroo\r
= > J0F, 1)) enéyT) (2.5.12)
YETo\T
= Y G pd) e(n(Fr + b)) (2.5.13)
YETo\I
= Z JF, D72 @) " te(—we(n(FT + h)) . (2.5.14)
JETa\I

To get to the third line, we used the following identity
7 @B, mplaf) = 52 (o, B7)5*" (B, 7)p(a) p(B)

which holds for any «, 8 € I'. Therefore, the invariance of the sum under a change
of coset representative requires nh — p € Z. Note that no extra constraints arise
from the other generator of I's.

Relying on the absolute convergence of the sum in (2.5.10) for weights strictly
bigger than 2, we can in addition prove its modular transformation properties.
Again for an integer weight Poincaré sum, we get

Prow,pnlar) = Z J(v,ar) 2 p(y) " e(ny ar) (2.5.15)
YEl\I'
=j(, ™) p() > J T ) /) (25.16)
v €l \I'

where 7/ = ya. This equation corresponds to the functional equation satisfied by
a modular form of weight w and multiplier system p with respect to I' given in
. Changing the sum into a sum over 4’ we have reshuffled the order in
which we sum over cosets, however no complication arises thanks to the absolute
convergence of the sum. The absolute convergence of the series is lost for smaller
weights. Already at w = 2 the sum requires a regularization procedure to be
conditionally convergent.

Under the influence of the works by Rademacher on the J-function, and the anal-
ysis of Knopp on (period) abelian integrals [82,/83] Niebur designed a new type of
Poincare sum which provides an efficient machinery to construct modular objects
of vanishing and negative weights [84]. Throughout this thesis we refer to this ob-
ject as Rademacher sum. The Rademacher sum of weight w and multiplier system
p with respect to the modular group I' is given by

Ri (M=t im Y W(,7)j(, 1) () te(nyr),  (25.17)
’YEFOC\FK,KQ
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where n stands for the negative g-power in its Fourier expansion and r corresponds
to the coefficient defined in . The sum is taken over representatives of the
right coset of Tge g2 = {(2}) €T[0< ¢ < K,—K? <d < K?} by I'nc. Due to the
conditional convergence of the series, the sum has to be taken in a particular order:
specifically the summands are chosen with increasing c. Lastly, the regularization

factor is ]
71 —w, 2min(yT — 700))

ra-—w) ’
where 7 denotes the lower incomplete gamma function (1 —w, ) = fox t~weTtdt.
Specializing this compact formula to the case of vanishing weight, single simple

Ry (v, 7) =

pole at infinity (n = —1), and trivial multiplier system we recover the Rademacher
expression for the J-function up to the constant r. The addition of a
constant in this case does not modify the modular properties of the function at
hand; however for general weights it is a necessary ingredient to simplify the
modular transformation of the object In contrast to , here the sum over
coset representatives includes a term with vanishing ¢ and a constant r.

Remarkably, Niebur proved that the Rademacher construction defined by the
above regularization gives rise to a conditionally convergent series, that he re-
ferred to as automorphic integral. The latter is defined as a holomorphic map
¢ : H— C obeying

p(rm) = (er + ) p(y) (127 — plaw, 7100, 9) ) (2.5.18)
where .
1 reo -
p(w,T,9) = m . (z+7) "g(=2)dz,

and g is a cusp form of weight (2 — w) and conjugate multiplier system, p(y). The
regularization procedure was thus proven to lead to what is now known as a mock
modular form. Consequently, if the space of cusp forms of dual weight is empty
the automorphic integral reduces to a modular form. This happens, for instance,
in the case of the J-function and for all the McKay-Thompson series arising in
monstrous moonshind® as reviewed in In addition, Niebur showed that the
Rademacher sum gives a basis for the vector space of automorphic integrals of
negative weight w and multiplier system p for a generic modular group I'.

This technique was generalized to weight 1/2 mock modular forms in [87,88].
In [89] a collection of references together with the history of the Rademacher sum

A detailed analysis on the role of the constant term is presented in [86].

8The dimension of the space of holomorphic 1-forms on the Riemann surface (isomorphic to
the space of cusp forms of weight 2) is equal to its genus. Therefore if we take the Riemann
surface to be given by compactification of I'\'H and restrict to those groups I' that give rise to
a Riemann sphere, then the weight 0 modular object with respect to this group has to be a
modular form since there is no shadow available to form a mock modular form.
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from the perspective of Poincaré sums is presented. Further developments in the
context of harmonic Maass forms are reported in [90,/91].

Although until now we focused on scalar-valued Rademacher sums, the main ob-
jects of the next sections are vector-valued Rademacher sums, recently constructed
in [86}/92H96]. Following these results, the definition can readily be gener-
alized to the vector-valued case

R (D =t + Hm Y 0 RE )i, 1) 7 p(0)5 e(ninT) . (25.19)
’yEFoo\FKsz

This corresponds to the contribution of the pole of order (—n;) at the infinite cusp|
to the j-th component of the Rademacher sum. If multiple polar terms are present
in the Fourier expansion of the mock modular form then all polar contributions
must be taken into account.

The above defined Rademacher sum leads to series expressions for its coefficients.
In the following we consider suitable Rademacher sums to reproduce vector-valued
mock modular forms of weight smaller or equal to 1/2 and with a single pole at
the infinite cusp (more general pole structures are easily obtained extending the
following derivation). Denote by Rl(-"jg oK T); the expression on the right hand
side of before taking the limit for K — oo, In order to extract the Fourier
coefficients of the modular object defined by we split the series into a

double coset decomposition as follows [93]

R LK)y =g+ > R, 1,7 p(0);5; e(ninr)
’yErOQ\FK’K2

=15 + 57;jqni+

1—
T voo>z<27”"z T = 00 1y =20 pyi i)

I'tm+2—w
- ( )
=15 +5ijq it
a_ oming NV Yer +d+ beh)~m 1
D IR S o] e B
VET\TT 5 /Too  LEZ

M\<K2/Ch
n;
= I'j + 5qu t+

0 X 2ming VY o (er+d+ bch)~ ™1
—1_27in; 7 —2milp;
FX X ppptennt Y (F S i (T2 A2

0<c< K 0<d<ch m=0 LEZ
|¢|<K?/ch

YThe definition of the Rademacher sum at different cusps of I can be found in [86}/93|.
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In the second line we removed from the summation the identity element, and
denoted the reduced sum by I'j. . In the third line we wrote the summation in

terms of a double coset v € T'oo\I'}r x2/T'oo, this amounts to replace v by T
and include a new sum over ¢ € Z, and we took an element of I' to be given by

*
<* d)' In the fourth line we interchanged the sums over m and £ since they
c

converge absolutely. Before proceeding, we introduce the Lipschitz summation
formula. Take Im(w) >0, p > 1,0 < a < 1, then we have

e(—na)  (—2mi)P » )
n|z<:N w+nP TR m%;()(m +a)P " Te((m+ aw) =
nez vhac
—{_WZ_'_O(:[/N) Ifa:O/\p:].

O(1/N?) otherwise.

The convergence is locally uniform in 7 as N approaches infinity. By means of
this expression, we obtain

—m—1 .
727Tiép'(CT+d+60h) __m
> e T Tm+2—w) o, Om00m;0 +

LEZ
l¢|<K?/ch

/ \m (—2mi)m+! , et +d ch
+ Z (K" + 1) (ch)m+1F(m+1)e<(k +MJ)7Ch )+O<K2>.

k/+u]‘ >0
k'ez

Substituting the right hand side back into R{-nju) o(T)j, we finally arrive at the

Fourier expansion of R(r”ju) p(7)j

Rfj,bliu),p(T)j =
omi [ k\ T, Ami
S ks (n; —2mi [ kj mi
=0iq™ + 2t + > g ]Zﬁk?)(cyp)ji 7 (-TLZ) Si—w (= v/ —kjni)
k;>0 c>0
hk;€Z+p;

(2.5.20)

where Js(x) is the J-Bessel function, R,(g;")(c, p) denotes the matrix-valued Kloost-
erman sum

n _ _ a d _
S epy = Y enyoo—ky too)p(mTh= Y e(ﬂg”ﬁg)p(v) h
YET\I'/To 0<d<c
(2.5.21)
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which coincides with (2.5.6) in the case of scalar-multiplier, and the constant r; is
zero unless u; = 0, in which case it is equal to

@i (enyiu
A MT(2 — w)

s —w/2), (2.5.22)
where 5(1;?) is the Kloosterman Selberg Zeta function defined by

] (e, p)

(n) _ k ’

S —w/2) = Y e (2.5.23)
c>0

Equation (2.5.20) expresses once again the contribution of the i-th component,
which has a pole of order (—n;) at the infinite cusp, to the j-th component.
Negative weight Rademacher sums with poles at different cusps can be found
in [93].
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Chapter 3

Extremal conformal field theories

Lattice theory, number theory and sporadic finite groups find a physical realization
in this chapter in the form of extremal conformal field theories [97}/98].

One of the most impressive mathematical results of the 20th century is the clas-
sification of finite simple groups. The result is that there are 18 infinite families
of simple groups as well as the so-called 26 sporadic simple groups, which do not
arise as part of any infinite family. Though they are known to exist, there is not
yet a deep understanding of the role of sporadic groups in physics.

Several sporadic groups admit a realization as symmetry group of a lattice. This,
for instance, occurs in the case of the Conway group Cog, the automorphism
group of the Leech lattice. Additionally, many sporadic groups can be represented
as automorphism groups of error-correcting codes. Examples are given by the
binary and ternary Golay codes whose automorphism groups are respectively the
Mathieu groups Msy and Mis.

Even more striking than the relation between lattices and the theory of error
correcting codes is the connection between sporadic groups and number theory.
This subject was first brought to light around 1978 by a group of mathematicians:
Mckay, Thompson, Conway and Norton. They observed a surprising relation
between the J-function and the monster group M, the largest sporadic
simple group. The Fourier expansion of this modular function was shown to encode
the dimensions of the irreducible representations of the monster group. Because
of the mystery surrounding this discovery, they named it “moonshine”.

A particularly interesting moonshine was discovered in 2011 [99] from the decom-
position of the elliptic genus of a K3 surface into irreducible characters of the
N = 4 superconformal algebra. This phenomenon was later shown to be part
of the so-called umbral moonshine [36}/94]. The latter comprises 23 instances of
moonshine, each labeled by a Niemeier lattice with non-trivial root system, de-
scribed in section This time the relation between number theory and group
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3. Extremal conformal field theories

theory manifests itself in the coefficients of the g-series of mock modular forms,
which encode the characters of certain finite groups, the umbral groups.

Niemeier Lattices

Z

Mock modular forms Umbral Groups
HX —s GX
EG(g) Umbral Moonshine

A fundamental ingredient in the characterization and the construction of the mock
modular forms appearing in umbral moonshine is provided by Rademacher sums
[95]. Besides its power and effectiveness in constructing modular objects from few
ingredients the Rademacher sum is also thought to have a physical meaning
in the context of the AdS/CFT correspondence: when the (mock) modular form
has an interpretation as a partition function in 2d CFT, each individual term
appearing in the Rademacher sum resembles the contribution from a classical
saddle point to the path integral of the dual AdS3 gravity theory.

In recent years, the possibility has been raised that the presence of sporadic groups
as global symmetry groups is related to the fact that the twining functions (par-
tition functions with the insertion of an element of the symmetry group) of CFTs
are expressible as Rademacher sums at a single cusp.

In this chapter, we review the work |1] where this question was addressed for the
extant examples of 2d extremal chiral (super)conformal field theories with small
central charge, i.e. ¢ < 24. These are conformal field theories characterized by a
minimal spectrum of primary operators consistent with both the (super)Virasoro
algebra and modular invariance. The Hilbert space of these theories admits the
action of a global symmetry group which is either a sporadic simple group or is
very closely related to one [63}98}|100}/101].

The prototypical example of extremal CFT is the monster CFT, whose famous
genus zero property is intimately tied to the Rademacher summability at the
infinite cusp of its twined partition functions. However, there are now several
additional known examples of extremal CFTs, all of which have at least NV = 1
supersymmetry. We study the N' = 1 ECFT with Conway symmetry, and a
number of ECFTs with extended superconformal algebras. We find that in most
cases, the special Rademacher summability property characterizing monstrous and
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umbral moonshing] does not hold for the other extremal CFTs, with the exception
of the Conway module and two ¢ = 12, A/ = 4 superconformal theories with M
and Moo symmetry. Therefore, it appears that the action of a sporadic symmetry
group is only compatible when the singularities at other cusps are incorporated.
The fact that twining functions display singular behavior at multiple cusps leads
to various interesting questions that we report in the conclusion of this chapter.

The outline of the rest of the chapter is as follows. In §3.I] we discuss aspects
of the representation theory of the Virasoro and the affine algebra to introduce
the notion of conformal field theory. Section §3.2| explains the relation between
extremal CFTs and pure gravity in 3d Anti de Sitter space and summarizes the
examples of conformal field theories that are considered in the chapter. In §3.3]
we review the construction of the monster CFT, the genus zero property, and its
connection with the Rademacher sum. In and we review the other known
ECFTs, in central charge 12 and 24 respectively. We present our results in
on the Rademacher summability of the twined partition functions of these other
ECFTs. Finally, we conclude with a summary and discussion of open questions in
§3-7 Appendices [A] and [B] contain additional details which complement the main
text.

3.1 Conformal field theories

Conformal field theories (CFTs) in two dimensions are defined by a left and a right
chiral algebra and a set of fusion rules. The former specifies the spectrum of local
operators, and the latter determines the algebra of the operators, that is to say
the operator product between the different fields. One of the simplest examples of
chiral algebra is the Virasoro algebra. Further examples are provided by the loop
algebra and the affine (Kac-Moody) algebra, which can be thought as extensions
of the Virasoro algebra by a set of currents (integer weights fields). Important
features of chiral algebras arise from the analysis of their representation theory
and can be encoded in the characters of the algebra.

The representation theory of chiral algebras is the main focus of the following
section, see |102H104] for more details. We refrain from giving a review of super-
Virasoro and affine superalgebra here, the basic definitions are reviewed in [105] or
references therein. In this section, we use the language of conformal field theories,
even though a more rigorous formulation can be given in terms of vertex operator

algebra (VOA).

!Notice that umbral moonshine is a non-chiral theory.
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3. Extremal conformal field theories

Any chiral algebra is an infinite dimensional Lie algebra. An instance is provided
by the Witt algebra, a Z-graded Lie algebra of polynomial growth. The commu-
tation relations in terms of its generators ¢,, are

[ln, bm] = (M — n)lpin n,meZ. (3.1.1)

Through the realization ¢, = —z"*'0,, the Witt algebra can be viewed as algebra
of infinitesimal analytic (holomorphic) coordinate transformations z — f(z), z €
C. The Virasoro algebra is the central extension of the Witt algebra by an operator
C, and its commutators are restricted to take the formf]

m(m2 —1)

Enagm: - Emn 5n7m
[ ] = (m —1)lmin + On, N

C, [£n,C] =0 (3.1.2)
A central role in conformal field theories is played by the representation theory of
the Virasoro algebra. Due to the triangular decomposition

D0 Cln ® Cly & CC B> Clyy , (3.1.3)

Virasoro representations can be split into highest-weight representations, the so-
called Verma modulesﬁ Each Verma module V. ;, is generated by a vector satisfy-
ing

Golh) = hlhYy, ClAY =clh), Lulh)=0, ¥n>0 (3.1.4)

where ¢ represents the central charge and h the conformal dimension (or conformal
weight) of the vector |h). The action of £, with n < 0 on |h), the highest-
weight state, generates the infinite-dimensional module V. ;. In CFT language,
|h) represents a primary field, and its associated conformal family V. j, is composed
by [h) and its descendants /;; ... ¢, |h), i € Z<o, k € Z>o. The Hilbert space of a
chiral CFT is therefore defined as 5 = @V, 5. In addition, the tensor product
between V. j; and its anti-holomorphic counterpart VE,E gives rise to the Hilbert
space of a generic CFT upon summing over the conformal dimensions (h, k). In
this chapter we restrict to unitary chiral CFTs, whose Hilbert space can be written
as S = ®p>oVe,h-

Information about the Verma modules comprising the theory are encoded in the
characters of the module

Xen(T) 1= Trp, gfo=e/24 = Z dim(h + n) g**h—c/?4 (3.1.5)
n=0

2Notice that only a rescaling of the term m("{izfl)c’ by field redefinition is allowed by the
structure of the Witt algebra.

3Despite the slight difference between the definition of a module and a representation, through-
out the text we use both terms interchangeably.
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where dim(h + n) is the number of linearly independent states at level n. In view
of the construction of the Verma modules, each coefficient dim(h + n) is bounded
by the number of integer partitions of n. Verma modules defined this way might
be reducible; to obtain an irreducible representation the null submodule, i.e. the
module of zero-norm states, has to be quotiented out.

The formal g-series defining x. 5 (7) turns out to be a holomorphic function of 7,
which nicely transforms under modular transformations. If the conformal field
theory admits a discrete symmetry, the action of this symmetry on the Hilbert
space of the theory can be exploited to construct twining functions, corresponding
to characters of the finite group. For a chiral conformal field theory with discrete
symmetry group G, and such that G does not permute the modules of the chiral
algebra, its twining functions are defined as

Xg(7) := Tryp gqlo—c/*, VgeQG. (3.1.6)

where we suppressed the indices ¢, h for ease of notation. This is a class function, as
it only depends on the conjugacy class [g] of the element g, and reduces to if
g is the identity element of the group. Furthermore, the functions x,(7) are highly
constrained as they must transform under the subgroup of the modular group
which preserves the corresponding g-twisted boundary condition on the torus, as
reviewed in Thus they naturally provide a link between the representation
theory of G and a distinguished set of modular forms.

Another important instance of infinite dimensional Lie algebra is the affine (Kac-
Moody) Lie algebra. Let g be a simple finite-dimensional Lie algebra of rank r
endowed with a non-degenerate symmetric invariant bilinear form (-|-) : g x g —
C, where invariant means that ([a,b]|c) = (a|[b,c]). The associated affine (Kac-
Moody) algebra is an extension of the Lie algebra of polynomial maps S' — g,
also called the loop algebra. Affine algebras are usually denoted in the physics
literature as current algebras. We prefer to refer to them as affine algebras, to
emphasize the role played by the Weyl group, see later.

The process of affinization of a finite dimensional Lie algebra g consists of taking
a one-dimensional central extension of the loop algebra, denoted as CK, together
with a one-dimensional non-central extension, Cd,

§=glt,t ' ]®CK ®Cd, (3.1.7)
and endowing the algebra with the brackets
[at™, bt"] = [a, ]t ™™ + MOy, —n(alb) K , (3.1.8)

where the symmetric bilinear form of g has been extended to g such that (at™|bt™) =
Om,—n(alb), @[t,t7Y|Ck ® Cd) = 0, (k|d) = 1, (k|k) = (d|d) = 0.
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The non-central extension d represents the differential operator t%, which corre-
sponds to the generator of the Virasoro algebra £y up to a sign. This operator has
been added to the affine construction such that there exists a maximal abelian
subalgebra which consists of the Cartan subalgebra of g, i.e. the zero-modes
{H&,...,Hg}, together with K and —/y. Note that the algebra of derivation
can itself be central extended to recover the Virasoro algebra. A generic weight
X of § can be written as (\;kx;ny), where X is a weight of g, and the remaining
two components are the eigenvectors of the Cartan generators K and —¢y. The
scalar product between two weights of § is given by (\, ) = (\, i) + Exng +kuny.

The extension of finite simple Lie algebras to the realm of affine algebras brings
about many new elements. An instance is provided by the addition of imaginary
rootg¥] to be differentiated from the real roots appearing in the context of finite
Lie algebra. Another important feature of affine algebras is the structure of the
Weyl group, which leads to the appearance of theta functions in the characters of
affine (Kac-Moody) algebras.

In analogy to finite Lie algebras, the Weyl group W is generated by reflections with
respect to the real roots. A reflection with respect to a real root « corresponds to
a reflection with respect to the hyperplane perpendicular to the root a = (@;0;m),

sad = A — O\ aNa, (3.1.9)

where the co-root is defined as o := %(6; 0;m). In addition, imaginary roots
are unaffected by Weyl reflections. To describe the structure of the Weyl group
we split the reflection s, with respect to the root « into sg(t5v)™ A, where t5v A =
saso A = A+ka’s kyn+ ((A? —[A+ka"|?) /2k), for X = (X; k;n). The action of t5-
on the finite part of the weight \ equals a translation by a coroot @’. Thanks to
this new operation, the Weyl group of § can be expressed as W = WxT, where W is
the Weyl group of the finite Lie algebra and T is the group of translations [102}{104].

Affine characters associated to integrable highest-weight representationd irre-
ducible representations of g, are defined as follows. Denote by A the weight corre-
sponding to an integrable highest-weight representation of g, then the associated
character reads

XA = Tr%erh = Z mult)\(/\/)e)‘/, (3.1.10)

NEW)

where W) is the set of weights of the representation and h is a vector whose
components are the elements of the Cartan subalgebra of §. The character can be

4Note that imaginary roots have vanishing squared-norm. Imaginary roots with negative
squared-norm only appear in the context of Borcherds-Kac-Moody algebras.

5The integrable highest-weight representations are representations whose projections onto the
su(2) algebra associated with any real root are finite.
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3.1. Conformal field theories

expressed in terms of sums over elements of the Weyl group W as

L Puew w)et O

XA = ZwEW g(w)ew(P)

where e(w) is the signature of w, that is (—1)!® where I(w) is the minimum
number of reflections in the decomposition of w, p is the affine Weyl vector and
w; are the elements of the basis dual to the simple coroots. Moreover, exploiting
the explicit structure of the Weyl group, a sum over W can be split into a sum
over the finite Weyl group W and a sum over the space of coroots A, through
the identity

(3.1.11)

Z e(w)e® = Z e(w)eio")‘)‘;@w,\. (3.1.12)

weWw weW
where 0 is the imaginary root (0;0;1) and the theta function is
@y = e mANT §7 tad (3.1.13)
a’eAv
Explicitly the affine character reads
ZwEW 6(w)®w(>\+p)
ZwEW e(w)®w(/’)

where we removed the tilde to denote a different normalization. This links the
theory of affine algebras to theta functions, one of the main players in the previous

X = (3.1.14)

chapter.

It is convenient to specialize the above character to a particular point & = —2m¢((; 7;0),
with ¢ = >°1_; ziarf, and (A, () = Y_i_; zi\i, so that

XA(T, 2) = Ty, 277 loe =270 30, =il! (3.1.15)

where h' are the Cartan generatorsEl of the finite Lie algebra. Evaluating ®, at
this specific point reduces the theta function to

Orr2)= . qEmem2mikGe) (3.1.16)
YEAV+A/K

As stated in |103] by Gannon, “the affine algebras supply classic examples of
moonshine, in that the characters of their integrable modules are vector-valued
Jacobi functions for SLy(Z)”.

Heisenberg algebra.  An example of affine algebra is the Heisenberg algebra
(or oscillator algebra). The seed algebra, in this case, is a one-dimensional com-
muting algebra with brackets [am,, an] = mdm—_n. As such it is regarded as the

6These are usually expressed in the Chevalley basis.
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3. Extremal conformal field theories

extension of the u(1) algebra, or as the algebra of a free boson (S! xR — M, where
M is the target space). The Virasoro generators are given in terms of oscillators
Gy as

1
ln =3 > an—pak ;- (3.1.17)
k€EZ
where the notation : ... : stands for normal ordering (see e.g. [102]). The character

of a highest-weight state with zero conformal dimension can be obtained through
the combinatorics of the action of the Virasoro generators, and it is given by

xo(1) =n(r)~ 1, (3.1.18)

where (1) is the Dedekind eta function defined in (A.2.1)).

Lattice theory. Let A be an integral lattice with bilinear form (-,-), and
consider the complexified lattice C ®z A with extended bilinear form. We can
associate to it a conformal field theory, given by rank(A)-boson, which are periodic
functions of the internal space-coordinates and with period defined by the lattice
A. Due to the periodicity of the bosonic field, its momentum is forced to lie in the
dual lattice. The lattice CFT partition function is therefore

Xty () = () KO R 7 gl (3.1.19)

HEAT
pu=~ mod A

where v € A*/A, and p € A* represents the sum over allowed momenta. The
summation of ¢ on the r.h.s coincides with the lattice partition functions 04 (1)
defined in §2.11 On the other hand, the eta functions reflect the action of the
Virasoro generators and ensure xa+~(7) to be a weight zero modular form with
respect to a congruence group of the full modular group SLs(Z). Generically, the
set of characters xa+~(7) with v in the quotient group furnishes a representation
of the full modular group. This statement can be explicitly proven through the
Poisson summation formula. The reader is referred to [106| for the definition and
modular properties of characters associated to a lattice A.

If the lattice A is unimodular, there exists only one character and it is therefore
a modular function with possibly non-trivial multiplier system. Only for ¢ = 0
mod 24 the multiplier system reduces to the trivial one.

In the next sections we deal with different lattice CF'Ts, and thus characters of the
form (3.1.19)), and their supersymmetric analogue.
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3.2. Extremal CFTs

3.2 Extremal CFTs

Extremal conformal field theories (ECFTs) are theories whose only operators with
dimension smaller or equal to ¢/24 are the vacuum and its (super)Virasoro de-
scendants. The most famous example of ECFT is the conformal field theory with
central charge ¢ = 24 that appears in monstrous moonshine [107]. The definition
of extremal field theories in the physics literatur first appeared in [98] in relation
to pure three-dimensional gravity with a negative cosmological constant.

In the first part of this section, we briefly review the potential connection of
2d ECFTs with 3d quantum gravity in AdSs. After the seminal paper by [98],
there have been numerous works investigating this conjecture further (see, e.g.,
[108-118]); however as of now it has neither been proven nor disproven. In the
second part, we delineate the ECFTs that are examined in the rest of the chapter
and display some of their properties.

Pure gravity in AdSs is described by the action

1 ; 2\ K 2
S—16GN7T/dm\/E(R+£—2)+E/Tr(w/\dw+§w/\w/\w) (3.2.1)

where G denotes the Newton constant, the first term is the Einstein-Hilbert
action with cosmological constant given by _z% and Ricci scalar R, and the sec-

ond term represents the Chern-Simons gravitational term in terms of the spin
connection w. Even though there is neither matter nor physical gravitons, this
theory admits black hole solutions as long as the cosmological constant is nega-
tive. Another interesting feature of three-dimensional gravity is that the action
takes a gauge invariant form if written in terms of a gauge field A, defined by com-
bining the spin connection with the vielbein such that infinitesimal local Lorentz
transformations and diffeomorphisms translate into gauge transformations of A.
The spin connection w is an SO(2, 1) gauge field (SO(3) for Euclidean signature),
which combined with the drei-bein e gives rise to a connection A of SO(2, 2)f]
Therefore, up to a redefinition of the Chern-Simons gravitational coupling the 3d
gravity action can be recast in the following form
kg 2 kr 2
S = 7/ TI‘(AL/\dAL+7AL/\AL/\AL)—f/ Tr(ARNdAR+=ARNARNAR)
ar S 3 ar Sy 3
(3.2.2)
The minus sign between the first term and the second is just to ensure the levels
k1, kg to be positive. Notice that the gauge description of 3d gravity might break

"The first reference where ECFT were introduced is |97].
8Here the Chern-Simons theory is presented in Lorentzian signature, a presentation in Eu-
clidean signature is reported in ChapterEI in connection to knot theory.
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3. Extremal conformal field theories

down if we try to go beyond perturbation theory around a classical solution of the
gravity theory. By comparison of (3.2.1)) and (3.2.2)) we obtain the relation

kp + kg = (3.2.3)

8GN’
In order to have a consistent quantum field theory, further constraints have to be
imposed on the level of the Chern-Simons theories. Assuming as in [98] that there
is no contribution from the gravitational Chern-Simons term leads to k;, = kg
with kr, kr € Z, and therefore k := kr, = kr = (/16G .

The quantization condition on the level of the Chern-Simons theory translates to
constraints on the central charge defining the asymptotic Virasoro algebra. The
latter was discovered by Brown-Henneaux to act on the physical space with ¢y, =
cr = 3¢/2G . From the above assumptions we immediately obtain ¢j, = cg = 24k,
that is to say the dual CFT can be homomorphically factorized. A hint to this
holomorphic factorization comes already from the factorized form of the action
in . The dual conformal field theory for pure gravity was conjectured to
be a double copy (corresponding to the holomorphic and the anti-holomorphic
sector) of the monster CFT at ¢ = 24 [98]. This is the only conformal field
theory with central charge 24 and with no affine (Kac-Moody) symmetryf} In
fact, any extension of the chiral algebra corresponds to the addition of operators
of conformal dimensions one, that by definition cannot belong to the spectrum of
an extremal CFT. The operators with dimension strictly bigger than c¢/24, were
interpreted in |98] as operators responsible for the creation of BTZ black holes.

After the analysis of |[112], which unveiled certain discrepancies in the semiclassical
analysis of pure gravity, Witten’s proposal was revisited in [114]. Here deforma-
tions of the EH action by the addition of the gravitational Chern-Simons term
were considered. At a critical value of the Chern-Simons coupling this theory, also
called topological massive gravity, is argued to generate a stable theory: chiral
gravity. The dual conformal field theory was proposed to be a chiral ECFT, more
precisely a single copy of the monster CFT. Further evidence for this proposal
have been reported in |119].

Other examples of ECFTs at higher central charges and with N’ = 1 supersym-
metry were studied in 98], in particular Witten derived partition functions for
putative extremal (S)CFTs. Modular invariance and holomorphicity constrain the
allowed values of the central charge to be ¢ = 24k or ¢ = 12k*, k,k* € N, for
bosonic and N' = 1 CFTs, respectively. The authors of [120] similarly derived el-
liptic genera for putative extremal SCFTs with A’ = 2 and N = 4 superconformal
symmetry and conjectured that theories with such elliptic genera, if they exist,

9Here we assume the uniqueness of the monster moonshine module, as conjectured in [107].
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3.2. Extremal CFTs

would be dual to pure (M = 2 and N = 4) supergravity in AdS3. Furthermore,
they found that such theories can only exist for a finite set of small central charges
due to constraints coming from the modular and elliptic properties of the ellip-
tic genus. In particular, parameterizing the central charge for these theories as
¢ = 6m, m € N[ such Jacobi forms exist only for m < 13, m # 6,9,10,12, and
m <5, in the A" = 2 and N = 4 cases, respectively[l]

Given the minimal mathematical input arising from physical reasoning via the
AdS/CFT, one surprise is that there are a number of known (chiral) CFTs with
small central charge and extremal spectrum. Furthermore, they each have global
symmetry groups related to sporadic finite simple groups. We summarize the
existing extremal CFTs here and introduce notation we will use throughout the
text. In the bosonic case, there is one known ECFT at k& =1 [98], usually denoted
as V; this is the famous CFT with global symmetry group the monster group
(M), which was constructed by Frenkel, Lepowsky, and Meurman (FLM) in [107].
In the case of N' =1 chiral CFTs, it was pointed out in [98] that there are ECFTs
with £* = 1,2 and symmetry related to the sporadic group Cog (“Conway zero”)
first built in [101,[107] and [100], respectively. We refer to these as ENZ1 := Vst
and 5,{3\*[ 2%.

Moreover, a number of additional extremal SCFTs with extended supersymmetry
were constructed recently: A = 2 and N = 4 SCFTs with m = 2 [63] (ENZ2(G)
and 57/,\{::24(6')), SCFTs with ¢ = 12 and SW(3/2, 2) superconformal symmetry [121]
(ESPT(@)), an m = 4, N = 2 SCFT with Ma3 symmetry [122] (£V=2), and an
m =4, N = 4 SCFT with M;; symmetry [123] (§M=}). Because there exist
multiple extremal SCFTs with central charge 12 and extended superconformal
symmetry, we distinguish them by specifying their global symmetry group G. We
will describe these theories in much greater detail in and

Finally, we would like to point out that the K3 non-linear sigma model is also an
extremal N' = 4 SCFT with m = 1 (£¥3(@G)) according to the definition of [120].
However, unlike the other known examples of ECFTs, it is not chiral. Symmetry
groups of K3 non-linear sigma models have since been classified |[124] and are in
one-to-one correspondence with subgroups G C Cog such that G preserves a 4-
plane in the non-trivial 24-dimensional irreducible representation of Cog, denoted
as 24. In Table we present the list of known extremal CFTs, including their
central charges, chiral algebras, and global symmetry groups.

The FLM monster module, V!, described in details in enjoys a number
of striking properties, including the fact that its twining functions as defined

0]t would be interesting to consider a generalization to half-integer m in the N = 2 case.
1One interesting question is whether one can define a notion of “near-extremal” CFT which
extends to arbitrarily high central charge. See [117][120| for attempts in this direction.
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ECFT ‘ c ‘ A ‘ Symmetry Group (G)
% Virasoro M
5%% o N=1 ~ Cog
Emii N=2 Mos
enzt N =4 My
Ve N=1 Cog
gSpin(M) 19 SW(@3/2,2) | {G C Cop|G fixes a 1-plane}
5,0[;22 N=2 {G C Cop|G fixes a 2-plane}
8,,',\{::51 N =4 {G C Cop|G fixes a 3-plane}

€% | (66) | N=4 | {GCCoplG fixes a d-planc}

Table 3.1: Known extremal CFTs with central charge c, chiral algebra A, and global
symmetry group G. An n-plane corresponds to an n-dimensional subspace in the repre-
sentation 24 of Cog.

in (and known as “McKay-Thompson series”) furnish Hauptmoduln for
genus zero groups. This is the famous “genus zero” property of monstrous moon-
shine [67], which was shown in [86] to be equivalent to a particular feature of their
Rademacher sums: each of these functions can be expressed as a Rademacher sum
with only a simple pole at the infinite cusf? That is to say, one can represent
these functions as a sum over representatives of I'no\I" about the pole (q_l), where
'y is the subgroup of I' that fixes the ico-cusp. A similar property is crucial in
the formulation of umbral moonshine [36,88}/94], where again the polar structure
at the infinite cusp is sufficient to recover almost all the functiond®] Thus a nat-
ural question is: can the twining functions of the other examples of ECFTs be
expressed as Rademacher sums at the infinite cusp? This question is particularly
compelling given the proposed connection between the Rademacher sum and the
path integral of quantum gravity in AdSs, beginning with [14].

Via the AdS3/CFT; correspondence, one associates the partition function of the
2d CFT on a torus with the Euclidean quantum gravity path integral in three
dimensions with asymptotically AdS boundary conditions. The bulk path integral
is evaluated on a solid torus whose boundary is the torus of the 2d CFT; its
semi-classical saddle points correspond to representatives of equivalence classes
of contractible cycles of the solid torus and are thus labeled by elements of the
coset oo \I' for T' = SLo(Z) and T's the subgroup which stabilizes the contractible

2For a recent account of the relation between Rademacher sums, Faber polynomials, and
traces of singular moduli see |125].
BAnother construction based on theta-eta blocks is reported in [95|.
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cycle. The sum over saddle points precisely appears in the Rademacher expansion
of the CFT partition function, as noted above in the case of the monster CFT,
suggesting a physical interpretation of this expression via holography. An explicit
connection between the monster CFT and a family of 3d chiral gravities [114] was
proposed in [85/86]. Omne caveat to a holographic interpretation of Rademacher
sums appearing in monstrous moonshine, however, is that the AdS radius in three
dimensions is proportional to the central charge of the CFT. Thus only for very
large ¢ does one have reason to trust the semi-classical bulk path integral, which
is decidedly not the case for the monster CFT, which has ¢ = 24. Nevertheless, it
is striking that such an interpretation seems to remain valid in this context.

3.3 Properties of the monster CFT

In this section we review the construction of the monster CFT and discuss some
of its defining properties, which include the genus zero property, the Rademacher
summability of its twining functions and the connection between these proper-
ties and holomorphic orbifolds of the theory. For a short review on holomorphic
orbifolds the reader is referred to the Appendix and references therein.

Given a positive-definite even unimodular lattice A of rank 24k one can construct
a bosonic chiral conformal field theory with modular invariant partition function
by compactifying the theory of 24k chiral bosons on the torus R?4* /A. In the case
of k = 1, there are 24 such lattices: the Leech lattice, Ay, which has no roots,
and the 23 Niemeier lattices, A, which can be uniquely specified by their root
systems. These are a union of simply-laced root systems with the same Coxeter
number and of total rank 24. We will call the 23 chiral bosonic CFTs on R4 /Ay
the Niemeier CFTs, and the theory on R?**/Ap the Leech CFT. We label their
associated modules as VIV and V¥, respectively. The partition function of each of
these theories is simply given by

Oay (T)
n*4 (1)

ZAN (1) := Tryw gho=¢/%4 = = J(1) +24(h + 1), (3.3.1)

where 0, is the lattice theta function, h is the Coxeter number associated to
AN and J(7) is defined in . The constant comprises the contribution of the
length-squared two vectors (roots) and the level-one bosonic states. In the case
of the Leech lattice, we define h = 0 for Ay, so that the partition function of the

4more general lattices with Lorentzian signature yields Borcherds-Kac-Moody algebras (imag-
inary roots).
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3. Extremal conformal field theories

Leech CFT is simply
On,, (1)
n?4(1)

The monster CFT [107] is constructed from a Zg orbifold of the Leech CFT. The
Zo acts on the 24 coordinates as

ZM(7) = Tryr glo—e/?4 = = J(7) + 24. (3.3.2)

h:iL’iO—>—£Ci, Vi=1,...,24,

and the Hilbert space 77 of the Leech CFT splits into two Hilbert spaces .74
consisting of states which are either invariant or anti-invariant under the orbifold
action:

Ho =) € H|hp = £} (3.3.3)

Furthermore, there is a twisted sector Hilbert space # arising from the fixed
points of the orbifold action; this is once again the direct sum of two Hilbert spaces
comprised of twisted sector states which are invariant or anti-invariant under the
orbifold action:

AL = {0 € At = ") (3.3.4)

The resulting Hilbert space of V? is
Aoy = H @ AL, (3.3.5)
The partition function of the theory is given by
Zy(7) = Trys g2/ = J(7). (3.3.6)

Following [98], this is the partition function of a bosonic ECFT with smallest
possible central charge.

The action of the monster group on V¥ allows one to define, for each conjugacy
class g € M, the so-called “McKay-Thompson" series Ty (7), by

Ty(1) = Tryy quO*C/24 , (3.3.7)

which is a modular function for I'y, an Atkin-Lehner type subgroup of SLa(R).
See Appendix@ for the precise definition of I'y. Therefore, it follows that one can
interpret V¥ as an infinite-dimensional Z-graded M-module,

Vi= P Vi
n=—1
whose graded trace reproduces the McKay-Thompson series via

Ty = Y (Tryeg)q"

n=—1
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and where one gets J(7) by taking g = e, the identity element of M. Moreover,
each T,(7) is a Hauptmodul for I'y; i.e. it defines an isomorphism between the
compactified fundamental domain F = I\ H (see Appendix for the relevant
definitions) and the Riemann sphere with finitely many points removed as

T,:F — CU {icc}, (3.3.8)

such that any meromorphic I'g-invariant function can be expressed as a rational
function of Ty(7). Due to the isomorphism in (.3.8), Iy is called a genus zero
group. This distinguishing feature of the McKay-Thompson series (genus zero
property) was first conjectured by Conway and Norton in [67], later confirmed via
an explicit construction of the module [107] and finally proved in [126].

The genus zero property reflects the pole structure of Ty(7) in the following way.
For any element g € M, T,(7) has a unique simple pole at the infinite cusp and
is bounded at all the other cusps of Iy, or in other words has exponential growth
in H:= HUQU ico only at the images of i0o under Ty. This extends the defining
property of the J-function to non-trivial conjugacy classes of the monster
group. There are many more beautiful properties which distinguish the monster
CFT from, say, the Leech and Niemeier CF'Ts or other bosonic chiral CFTs with
central charge 24. We focus specifically on the following results, which elucidate
the connection between the genus zero property of the McKay-Thompson series,
their Rademacher summability, and the nature of g-orbifolds of V.

Firstly, in [86], Duncan and Frenkel showed that the Hauptmodul property could
be rephrased in terms of the Rademacher summability of Ty, around the infinite
cusp as long as the modular group has width one at the infinite cusp.

Theorem 3.3.1 (Duncan-Frenkel). For all g € G, there is a (Atkin-Lehner type)
Iy < SLa(R) and a multiplier system eg : Tg — C* such that

Ty(7) = RY, o, (T) — 2t(9), (3.3.9)

is the normalized Hauptmodul for I'y.

In the above, the constant r(g) is given by the formula in equation ([2.5.22). We
slightly changed notation with respect to section §2.5.2|to stress its dependence on
the conjugacy class of g. In addition, they proved that I'q has genus zero if and only
if the Rademacher sum R(r;})),eg (7) is a function invariant under I'y. Therefore, for
each I'y the associated Rademacher sum reduces to a modular function, specifically
the Hauptmodul[F| As discussed in §2.5] this must be due to the absence of a
cusp form for dual weight (weight two) and conjugate multiplier system. In fact,

15A Hauptmodul is said to be normalized when no constant term appears in its Fourier ex-
pansion.
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the space of cusp forms of weight two is isomorphic to the space of holomorphic
differentials on F, which is empty when F is a Riemann sphere.

Secondly, besides constraining the Fourier expansion of T, (7), the genus zero prop-
erty was shown to correspond to a condition on the vacuum structure of sectors
twisted by elements of the monster group, [127]. This is a consequence of the
modular properties of a twisted-twined function, which connect the expansion of
a twining function at a particular cusp to the ground state energy of a twisted
sector. That is to say, depending on the group I'y, the g-twisted sector is related
to the g-twined function by either an element of Iy or an element belonging to
the normalizer group of I'i(N) in SLo(R), defined in Appendix In [127] it
was proved that the former case corresponds to a twisted sector with one negative
energy state, while in the latter case no negative energy state appears. Therefore,
for all ¢ € M the g-twisted sector of the (g)-orbifold theory is either completely
determined by the untwisted sector and the cusp corresponding to the g-twisted
sector is equivalent to the infinite cusp (under the action of I'y) or the g-twisted
sector spectrum has no negative energy states and the cusp corresponding to the
g-twisted sector is inequivalent to the cusp at co. This condition together with a
closure condition (c.f. Appendix which relates the different cusps is suffi-
cient to ensure that T, is a Hauptmodul for I';. Again this property is directly
encoded in the Rademacher expression for 7.

Finally, another result by Tuite |128] relates the orbifold partition function for
several conjugacy classes in M to the (conjectured) uniqueness of the module.
Theorem 3.3.2 (Tuite). Assuming the uniqueness of V%, then the genus zero
property holds if and only if orbifolding V? with respect to a monster element
reproduces the monster module itself or the Leech theory.

We would like to understand the extent to which (suitable generalizations of) the
above-mentioned properties hold in other cases of extremal CFTs. Specifically, one
can ask if there is an analogue of Theorem 3.1 for the twining functions of other
extremal CFTs. We investigate this question in §3.6| and comment on a possible
extension of Theorem 3.2 in §3.7}

3.4 Central charge 12

In this section we discuss a family of extremal superconformal field theories with
central charge 12. Fach of the theories discussed in this section arises from the
same underlying chiral SCFT whose Neveu-Schwarz (NS) and Ramond (R) sectors
are vertex operator algebras which, following [129], we will refer to as Vs and Vtsﬁﬂ
respectively. As we will see, V*7 is in many senses the supersymmetric analogue
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of the monster CFT, V!. In We review the construction of V*!. In §3.4.2| we
describe a number of extremal SCFTs which arise upon viewing V% as a module
for a ¢ = 12 superconformal algebra (SCA) with extended supersymmetry. We
discuss the symmetry groups of each of these theories in §3.4.3] as well as the mock
modular forms whose coefficients encode the graded character of the corresponding
G-module for each of these extremal CFTs. The material reviewed in this section
primarily arises from the papers [63}{101}{121}|129}[130].

3.4.1 The Conway ECFT

Before defining V1, we begin by describing a closely related theory, V¢ which we
call the super—Eg CFT. The latter is the A/ = 1 SCFT obtained by compactifying
eight chiral bosons on the eight-dimensional torus R®/A g With their eight chiral
fermionic superpartners, where Ag, is the Eg root lattice. The theory has two
sectors corresponding to whether the fermions have 1/2-integer (NS) or integer (R)
grading along the spatial direction. From this description, the partition functions
are easily determined to be

. E4(1)03(T,0)* 1
Z3E8 (1) = Trwg glo—¢/% = Eambs(T. 0 _ —— +8+276¢"/?+2048¢+. .. (3.4.1)

n'2(r) V4

in the NS sector, and

E4(1)82(7,0)*

sE, _ Lo—c/24 _
B0 =T = TR

=16 + 4096q + 98304¢% + ... (3.4.2)

in the R sector. The functions (3.4.1) and (3.4.2)) are invariant under the modular
groups [y and I'y(2), respectively, and they are part of a vector-valued represen-

tation of SLs(Z)

The super-Eg CFT is not extremal because of the eight fermions of dimension 1/2
in the NS sector. However, by taking a Zg orbifold of the theory, one can remove
these states and construct an extremal A’ = 1 theory, V*9. This is analogous to
the Zg orbifold which removes the 24 dimension one currents of the Leech CFT in
the construction of V¥. In fact, V*! has two distinct but equivalent constructions:

(A) A Zj, orbifold of the theory on the eight-torus R®/A g, which acts as X; —
—X; on the eight chiral bosons and as ©; — —; on their eight fermionic
superpartners.

(B) A Zj orbifold of 24 free chiral fermions, A, which acts as Ao, = —Aq.

16See Appendix for the definitions of the relevant modular groups.
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Construction (A) was first discussed in [107]. Construction (B) was first discussed
in [101], where the two constructions were shown to be equivalent as vertex oper-
ator superalgebras, and further in [129], where it was shown that certain graded
traces in this theory furnish normalized Hauptmoduln analogous to the McKay-
Thompson series in monstrous moonshine. It is apparent that (A) is an N = 1
supersymmetric extension of the Eg current algebra. Furthermore, (B) enjoys a
hidden NV = 1 superconformal symmetry as well. In particular, there are 2'? = 4096
dimension—% twist fields arising from zero modes of the \; acting on the twisted
sector ground state. In [101] it is shown that there exists a linear combination of
these twist fields that satisfies the OPEs for a supercurrent of an N' = 1 SCA with
central charge 12. Moreover, the subgroup of Spin(24) which preserves this choice
of supercurrent is the discrete subgroup Cog [129].

The partition function of V*! can be computed using either construction. In the
NS sector, the result is

_ 1 [/ E4(1)f0s(7,0)* 0%(r,0) 03(7,0)
Zsh =Tr Lo—c/24 - = 4 ) 16 AN 16 2 \7,
Ns(T) NS ¢ 5 ( 72(r) + 71-.0) + P 0)
_ ;z“: 012(7,0)
C2 = ()

1
—— 4+ 276¢"/% +2048¢ + 11202¢°/? + ... (3.4.3
i (3.4.3)

K() — 24,

where the formula in the first line arises from construction (A) and that in the
second from construction (B). In the last line we have introduced an expression in
terms of K (7), a Hauptmodul for the modular subgroup I'y (c.f. Appendix.
The lack of constant term in this partition function indicates that V% furnishes
an example of an extremal A/ = 1 SCFT with k* = 1, according to |98]; i.e., there
are no primary fields of dimension smaller than or equal to ¢/24 = 1/2. For more
details on the moonshine properties of V!, see the papers [101L[129).

3.4.2 More extremal theories

Focusing on construction (B) of V%%, it is straightforward to construct a number of
additional extremal SCFTs where the chiral algebra is an extension of the A/ = 1
superconformal algebra. In [121] theories with an SW(3/2,2) SCA are discussed,
whereas in |63], theories with A/ = 2 and N =4 SCAs are discussed. In each case
the approach is the same: given a choice of supercurrent WW which generates an
N =1 SCA with ¢ = 12, one can pick an additional one, two, or three fermions to
generate a chiral algebra which enhances the A/ =1 SCA to an extended version.
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3.4. Central charge 12

That each of these theories furnishes an example of an ECFT is straightforward
to see from the character decomposition of their (flavored) partition functions. At
c = 12, the extremal constraint forces the states of conformal dimension smaller
than 1 in the NS sector to be superconformal descendants of the identity. We
review this for each of these cases in turn.

1. If one chooses one of the 24 fermions, say A1, one can generate a chiral ¢ = 1/2
Ising model. This enhances the N'=1 SCA to a ¢ =12 SW(3/2,2), i.e. the
SCA which arises on the worldsheet theory of a non-linear sigma model with
target space a manifold of Spin(7) holonomy [131]. See Appendix 1| for
a summary of the representation theory and characters of this algebra. It
follows from the discussion in |121] and the Appendix that the partition
function of V*4 has the following decomposition into Spin(7) characters,

235 = X0 () + 0 (1) + 237) <T>+anx0n<f)+2cnx1, (),
n=1

(3.4.4)
where the constraint of extremality is satisfied by the fact that the coefficient
in front of y 15 (1) is zero. We will denote this theory by £SP™™7(G), where
the group G i 15 the symmetry group of the theory, and depends on the choice
of fermion ;.

2. If one chooses two of the 24 fermions, one can generate a U/(T)g current
algebra which, together with the N = 1 supercurrent, satisfies the OPEs of
ac=12 N =2 SCA [63]. The partition function of V! graded by this
additional U(1) is a weak Jacobi form for SLo(Z) of weight zero and index
two, which takes the form

S —C 1 1
2357, 2) = Tep(—1)Fgho—¢/2y o = 57712( P D 1)™10,(7,22)0}(,0) ,

(3.4.5)
and admits the following decomposition into ¢ = 12, A" = 2 characters

Zi(r,2) = e 7 + o7 (770 (32 + 52 )+

+13915 (@32 + 32 )+ (231, + 576, + ).
2’ 20
(3.4.6)

From the discussion of the representation theory of the A = 2 superconformal
algebra in Appendix [B:3.2] one sees from this character decomposition that
the theory is an extremal N = 2 theory. We will denote this theory by
57{,‘[;22(G) where G is the global symmetry group of the theory and depends
on the choice of N' = 2 superconformal algebra.

71



3. Extremal conformal field theories

3. Finally, by choosing three fermions one can generate an 35(\2)2 current al-
gebra which becomes part of a ¢ = 12 N = 4 SCA when combined with
the A/ = 1 supercurrent [63]. The partition function of the theory with an
additional grading by the Cartan of the SU(2) coincides with the expression
in . Furthermore, it admits the following decomposition into ¢ = 12,
N = 4 superconformal characters

Z(r,2) = 21ch) T + ch (560 chiy Tt + 8470 ch) 7

211

+ 70576 ch)7 +...) + (210 ek 5 + 4444 ch)5Y +42560ch) 7 +..).

(3.4.7)

The representation theory of the N = 4 SCA is reviewed in Appendix [B.3.3}
with this information one can check that the above theory furnishes an
extremal A/ = 4 superconformal theory. We will denote this theory by
5%;24(0), where again G is the global symmetry group of the theory and
depends on the choice of N = 4 superconformal algebra.

See table for a summary of the relation between V5% and these different super-
conformal algebras.

ESCFT Fermions | Chiral algebra ‘ A

£8pin(7) 1 Ising SW(3/2,2)
EN=2 2 u(l); N =2
577'/\{;24 3 8'(14/(5)2 N =4

Table 3.2: Superconformal algebras (with central charge 12) generated by a subset of
fermions using construction (B) of Vel

3.4.3 Symmetry groups and twining functions

In this section we consider the above-mentioned ECFTs in more detail, beginning
with an analysis of their global discrete symmetry groups. In order to do this, we
restrict to construction (B), where the discrete symmetries are most transparent.

Viewed as a theory with no supersymmetry, the continuous group Spin(24) has a
natural action on the 24 fermions as signed permutations. In [101] it was shown
that the choice of N = 1 supercurrent in V! breaks the Spin(24) symmetry of
the 24 fermions to the discrete group Cog, the group of automorphisms of the
Leech lattice. Likewise, for each choice of superconformal algebra A introduced
in the previous section, there is a distinct ECFT whose global symmetry group G
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3.4. Central charge 12

is the subgroup of Cog which preserves the choice of fermions used to construct
A. There is moreover a geometrical interpretation of these symmetry groups: the
distinct choices of superconformal algebra constructed from n fermions are in one-
to-one correspondence with subgroups G < Coy which preserve an n-dimensional
subspace in the unique non-trivial irreducible 24-dimensional representation of
Cop (24) |63L[121]. We refer to such a group as n-plane preserving if it preserves
an n-dimensional subspace in the representation 24. In the following table we
have listed examples of G which arise as subgroups of Cog preserving a choice of
relevant superconformal algebra.

ESCFT ‘ A ‘ Symmetry group (G)
1% N =1 Cog
S (@) | SW(3/2,2) Mz4,Cog,Cos
EN=3(@) N =2 Mas, Mg, McL, HS
ENZG) N =4 Moo, My1,U4(3)

For each of these theories one can construct character-valued twined partition
functions for each conjugacy class [g] € G. The twined functions are completely
characterized by the action of g on the 24 fermions, and thus by the eigenvalues
of g in the irreducible representation 24.

Firstly, for every [g] € G, where G is either Cop or a subgroup of Cogy preserving
a vector in the 24, the corresponding g-twined partition function in the NS sector
is

23 (1) = Trns ggho e/ = ;;Q<)£EQZ£?“ (3.4.8)
where the definition of the ¢;(g) can be found in [129]. Also, we have defined
e(pg,k) = Ag,k» Where k =1,...,24, pg . € [0,1/2] and Ay 1, is an eigenvalue of g.
The latter corresponds to one of the 24 roots of the rational polynomial

| J (GO (3.4.9)

ln

where n = o(g) is the order of g, £’s are the positive divisors of n, and k;’s are
integers defined by the 24-dimensional irreducible representation of g. The data
encoded in can be succinctly written in terms of a formal product: the
Frame shape of [g],

mg =[] 0%. (3.4.10)

Ln

In [129] it was proved that, similar to the case of Vi, V% furnishes a %Z—graded
Cop-module, whose graded characters are encoded in the coefficients of the twined
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3. Extremal conformal field theories

functions ZlfIhS, g(7)- Furthermore, for all g € Coy, the functions (3.4.8) together
with Zﬂh ,(7) and Zsh’ (7') form a vector-valued representation of a modular
group Iy < SLa(R) Wlth To(o(g)) € T, [F

For every [g] € G where G is a subgroup of Coy preserving (at least) a 2-plane in
24, the corresponding U (1)-graded g-twined function in the R Hilbert space reads

zﬁﬁg(r,z)zTrR( DF glo—e/24ydo (3.4.11)
1 12
= 277(T)12 Z( 1) *leg i 0:(m,22) [ ] 0i (7, pg.r) -
k=2

Moreover, it was shown in [63}|121] that Vst equipped with a choice of extended
superconformal algebra A (either SW(3/2,2), N’ = 2, or N = 4) furnishes a G-
module for the discrete group G which preserves A and whose graded characters
are encoded in the coefficients of a set of vector-valued mock modular forms whose
corresponding shadows are (vector-valued) unary theta series. We summarize these
results here and report the necessary definitions in Appendix [B.2] and [B3]

1. £5pn(M(@): Let A be the choice of Spin(7) algebra, and G the symmetry
group preserving A. G is a subgroup of Cog which fixes a one-plane. From
the discussion in Appendix on the representation theory of the Spin(7)
algebra, it is apparent that one can rewrite the graded partition function of

equation (3 as

2351 = P(@) (2475 () + WP V()05 () + 3PV (16 S ()
16
(3.4.12)
where AP s a weight 1 /2 vector-valued mock modular form for SLy(Z)

with shadow given by 245 , multiplier system given by the inverse of S . The
definition of S is given in (B.3.14)). The definition of @JXS and the one of @éVS
1

6
are given in (B.3.6)), (B.3.5) respectively. Moreover, the g-twined functions
for all conjugacy classes g € G have a similar expansion given by

23,0 =P (xou @) + D@05 () + hZHN (1) ()
(3.4.13)
where x4 = Traag, and RSP s g weight 1/2 vector-valued mock modular
form for I'g(n), n = o(g) with shadow ng and, whenever x4 # 0, multiplier
system given by the inverse multiplier system of S restricted to Fo(n)

"The upper index “—” stands for the insertion of (—1)F in the trace over the NS Hilbert
space.

BFor g € Cog but g ¢ Coy, a slightly different set of functions forms a vector-valued represen-
tation of I'y.

®When x4 = 0, the multiplier system is more complicated. This case is described in |121].
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3.4. Central charge 12

5%;22(6'): Now we let A be a choice of N' = 2 superconformal algebra, and
G the two-plane preserving subgroup of Coy which preserves A. In [63] it
was shown that one can rewrite equation (3.4.6) as

3
el 3
N=2 (4> ~ N=2
zZ, (T z) = W<24,Ug;0(7'7 z) + Z hj (7')9%,]'(73 Z))>
T2 i—3€z2/32
(3.4.14)
where hV=2 is a weight 1 /2 vector-valued mock modular form. Furthermore,

hN=2 has shadow given by 2453/, and inverse multiplier system to that of
S3/2, where S35 is defined in (B.2.4). For all conjugacy classes g € G, one
can also write
3
o(4)

~ N=2
zN s (T, 2) = W(Xg 1g.0(7,2) + 32: hg. ()03 (7, Z)>,
T3 j—2ez/3z
(3.4.15)
where hf]\[ =2 is a weight 1/2 vector-valued mock modular form for I'g(n)

with shadow x,S53/2 and multiplier given by the inverse multiplier of Sz /o
restricted to I'g(n) whenever x4, # 0. When x4 = 0, hg\m is modular and
has a more complicated multiplier system (c.f. [63]). See equation
for the definition of half-integer indices theta functions.

EN. ENZH(G): Finally, let A be a choice of N = 4 superconformal algebra, and

G the three-plane preserving subgroup of Cog which preserves A. It follows
from [63] that equation (3.4.7) can be rewritten as

N1, 2) = (Wra(r,2) (24 pso(m, )+ Y =m0 (7, z)),
jez/6z
(3.4.16)
where hN=% is a weight 1 /2 vector-valued mock modular form and with
shadow given by 2453 and inverse multiplier system to that of Ss, .
For all conjugacy classes g € G, one can also write

morg(T2) = (Wia(r,2) ! (xg pgs0(r,2) + Yy T)es z)),
JEZ/6Z
(3.4.17)
where h/gv =4 is a weight 1 /2 vector-valued mock modular form for I'y(n) with
shadow x4S53 and multiplier given by the inverse multiplier of S3 restricted
to I'g(n) whenever x4 # 0. When x4 = 0, hjg\/:4 is modular and again has a
more complicated multiplier system (c.f. [63].)
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3. Extremal conformal field theories

3.5  Central charge 24

In this section we discuss three extremal superconformal field theories with central
charge 24. Fach of these SCF'Ts can be constructed as a nonlocal Zy orbifold of
bosons on a 24-dimensional torus given by R2*/A where A is either the Leech
lattice or one of two other Niemeier lattices (c.f. §3.3).

3.5.1 Extremal theories

In [100] it was discussed how to construct an N' = 1 SCFT from a Zy orbifold
of the Leech (or a Niemeier) CFT, where the Zy acts on the 24 coordinates z;
as h : x; — —x;, Vi. As discussed in the original Hilbert space % and the
twisted Hilbert space ' split respectively into subspaces 4, 7" of invariant

and anti-invariant states under the h action (c.f. equations (3.3.3), (3.3.4))).

The key observation in [100] is that in the twisted sector Hilbert space " there

212

are ground states of dimension 3/2; this is precisely the dimension of an N =1

supercurrent. In fact, the authors show that one can construct a consistent chiral
N =1 SCFT by choosing a linear combination of dimension-3/2 twist fields as
a supercurrent. Furthermore, the Hilbert space naturally splits into R and NS
sector depending on whether the OPE with the supercurrent has a branch-cut (R)
or not (NS). The NS sector Hilbert space is given by

Hns = A d A,
and Ramond sector Hilbert space is given by

Hp = H DA,
The partition function in the NS sector then reads

Lo—c/24 _ 1 OA(T) 4ol (7712(7) ) N 7712(7)>
2024(7) 05%(r)  03%(1)  05%(7)

= K(1)% — 48K (1) + 12(h + 2)

205 A7) Trys ¢

1
= H12h 4096¢2 + 98580q + 12288007 + .. . (3.5.1)

where O5(7) is the lattice theta function, h is the Coxeter number of the root
system and the function K(7) is defined in equation . Again, together
with the characters Trg qL0*°/24 and TrNS(—l)FqLO*C/M, the partition function
of equation transforms in a three-dimensional representation of SLo(Z).
Furthermore, the function TrR(—l)FqLO_C/24 = 12(h + 2) computes the Witten
index of the corresponding A/ = 1 SCFT.
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3.5. Central charge 24

In the case where A = Ap,, the Leech lattice, this is precisely the partition function
of an extremal N = 1 SCFT with k* = 2 (which we call £Y=2) as defined in [98].
The orbifold removes all dimension 1 currents in the NS sector; this fact both
ensures extremality and precludes the possibility of constructing a superconfor-
mal algebra with extended supersymmetry. However, in the case where A is any
of the other Niemeier lattices, a nontrivial current algebra survives the orbifold.
The authors of [122] show that for N = A%*, one can construct a u(1) current
algebra, which, together with the supercurrent, satisfies the OPEs of an N = 2
superconformal algebra with central charge 24. Furthermore, they show that the
graded partition function in the Ramond sector is precisely the weak Jacobi form
which captures the spectrum of an extremal A/ = 2 SCFT with m = 4 (which we
call ENZ2) according to [120):

ZNR (A ppim ) = Tep(=1)Fylogho—e/2 (3.5.2)

1
— +46+yt+ .
Y

47Ch%;1,0(7, z) + Ch%;1’4(7', z)

(32890 + 2969208¢q + . . .)(ch%;QJ(T7 z) + Ch%;z’_l(’]’, z))
(14168 + 1659174q + . . .)(ch%;zz(ﬂ z) + ch%;2’72(7, 2))
(2024 + 485001q + .. .)(ch%;zg(r, z) + Ch%;2,73(7, z))
(23 +61984q + .. .)ch%;274(7'7 z),

+ 4+ + +

where chy,;, ¢ denotes the N = 4 character of central charge ¢ = 3(2(+1), dimension
h, and charge @ in the Ramond sector (c.f. Appendix|B.3.2), and we use the fact
that the chy,p+1,0 = gchep @ for the non-BPS characters.

Similarly, when N = A2, in [123] it is shown that one can construct an su(2)y
current algebra which, along with the supercurrent, generates an N = 4 supercon-
formal algebra with ¢ = 24. A straightforward computation of the graded partition
function illustrates that this theory furnishes an example of an extremal N = 4
SCFT with ¢ = 24 (which we call EV=H:

Trg (—1)Fy7sglo—e/24 (3.5.3)
1
vt

55chy;1,0(7, 2) + chy;1,2(7, 2)

(18876 + 1315512q + .. )(chy g 1 (7,2) + chyy _1(7,2))
(12045 + 1152943¢ + . . .) (chas1 (7, 2) + chys, 1 (7, 2))
(1980 + 391974q + .. .)(ch4;27% (1,2) + ch4;277% (7, 2))

(33 +45990q + . . .)chy.0 o(T, 2),

Z,/,\L/ff(AA%z; T, %)

1
+— +56+y7+yt .
Y

+ 4+ + +
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3. Extremal conformal field theories

where the details of the characters can be found in Appendix

3.5.2  Symmetry groups and twining functions

Like the extremal theories with central charge 12 discussed in the theories
described in the previous subsection furnish modules for a number of sporadic
groups. We first consider SN 3. The symmetry group of this theory arises from
the automorphism group of the Leech lattice and a quantum symmetry coming
from the Zy orbifold. As discussed in [100], this is an extension of the group Coy by
a finite abelian group. We do not discuss this theory in more detail here, though

it would be interesting to investigate the properties of its twining functions.

Similarly, the discrete symmetry groups of the other two extremal theories we
consider in this section arise from the automorphism group of the underlying
Niemeier lattice Ay. The Niemeier lattices contain vectors generated by the root
systems and additional so-called glue vectors. For the lattices with root systems
A?* and A2, the glue vectors are specified by elements of the extended binary
Golay code and extended ternary Golay code, respectively. See e.g. |26 for a
detailed description.

The automorphism group of the A%‘* Niemeier lattice is the Mathieu group Moay.
It acts naturally on the 24 copies of the A; root system in its 24-dimensional
(reducible) permutation representation. Furthermore, its action on the glue vectors
is inherited from its natural action on the binary Golay code as automorphisms.
Note that we must choose a particular A; root system to construct the affine u(l\)4
current algebra which becomes part of the N/ = 2 SCA with ¢ = 24. The choice
of this root system breaks the Mss symmetry of the theory to an Mss subgroup,
where the Mo3 fixes the distinguished coordinate direction, say 1, associated with
this A1, and acts as a subgroup of Se3 on the remaining coordinates. In the next
section, we discuss the derivation of the twining functions

ZNZ2 (1,2) = Trg g (~1)Fy ogbo=e/2 (3.5.4)

for conjugacy classes g € Ms3. These functions are weak Jacobi forms of weight
zero and index 4 for the group I'p(n) where n = o(g), and they have the expansion

m ") g(T z) = — +2Tra3g + vyt +0(g), (3.5.5)

where 23 = 1 + 22 is the 23-dimensional permutation representation of Mss.

On the other hand, the automorphism group of the A3? Niemeier lattice is 2. M2,
an extension of the Mathieu group Mj2, where the M5 acts as a subgroup of Si2
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3.5. Central charge 24

on the 12 root systems, and the extension includes the order two automorphism
of the As Dynkin diagram. The action of 2.Mj2 on the glue vectors of the lattice
follows from its action on the ternary Golay code, which specifies the glue vectors.
In order to construct an affine 517(5)4 current algebra which becomes part of an
N =4 SCA with ¢ = 24, one chooses a distinguished A5 root system corresponding
to two directions, say x1,22. The subgroup of 2.Mi5 which preserves the N' = 4
SCA is then a copy of Mj; which fixes x1,z2 and permutes the other 11 root
systems. We discuss the twining functions

ZN=L (7, 2) = Tepg(—1)Fylogho=e/2 (3.5.6)
for certain conjugacy classes g € M1, in Appendix[B.5] These functions are weak
Jacobi forms of weight zero and index 4 for I'g(n), n = o(g), and they have the
expansion

11
ZN=E (12) = i y—2+(5Trllg+1)+y2+y4+O(q), (3.5.7)

where 11 = 1 + 10 is the 10-dimensional permutation representation of M.

Just as discussed in the previous section for central charge 12, the two ECFTs
ENZ2 EN=! with central charge 24 furnish G-modules whose graded characters
are encoded in the coefficients of certain vector-valued modular forms, where G is
the global symmetry group of the theory. We discuss the properties of these mock

modular forms for each case below.

5 : From the discussion in Appendlx it is clear that we can rewrite
the graded partition function of equation (|3 as

2N 2) = e@

1 TN=2
_‘1’1,_;(7,«2)<48“5;0(T’Z)+' > b (T)G;,j(T,Z))

—Tez/z

(3.5.8)
where WV=2 is a Welght = vector—valued mock modular form for SLs(Z) with
shadow 485 1 defined in , and multiplier system inverse to that of
S 1. Similarly, the g—twined functions of equation 1} have an expansion

(3)

_4,9(7' z) = 7\1,17_% 2

<2Xg ﬁ%;O(T, 2) + Z hg’/j:Q(T)Q%’j(T, Z)))
j—1€2/7Z
(3.5.9)
where x4 = Tra4g and Eﬁf =2 is a weight % vector-valued mock modular form
for T'y(n), n = o(g), shadow 2XgS%, and multiplier system inverse to that of

S 1. In Appendix we present tables of the first several coefficients of
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3. Extremal conformal field theories

the ﬁév =2 for all g € My3, as well as their decompositions into irreducible
Ms3 representations.

2. EN=L. Similarly, the discussion in Appendix indicates that we can
write the graded partition function in (3.5.3) as

ZNZH ) = (P, 2) 7! (60 pso(m2) + Y WYEHE0s 5 z>>,
j€Z/10Z
(3.5.10)
where hV=4 is a weight % vector-valued mock modular form for SLs(Z) with
shadow 60S5 and multiplier system the inverse to that of S5. The g-twined
functions for conjugacy classes g € M7 similarly give rise to vector-
valued mock modular forms through the expansion

ZN=L () = (Pr(r,2) 7 (5(Trlzg> pso(r, )+ Y h )05 (7, z)) :
jEZ/10Z
(3.5.11)
where ?L';v =4 is a weight % vector-valued mock modular form for I'g(n), n =
o(g), with shadow 5(Tr12¢)S5 where 12 = 1 + 11 and multiplier system the
inverse of that of Ss.

3.5.3 Twining functions

In this section, we outline the basic ingredients necessary to compute the twined
partition functions of En/\{::f for [g] € Mas and the twined partition functions of
577/\{3 with [g] € My;. The approach is similar, so we discuss the two cases in
parallel, pointing out distinctions when they occur. More details can be found in

Appendix

The starting point for each is the Niemeier CFT with target R?* /Ay, for N = A%
and A}2 in the A" = 2 and N = 4 cases, respectively. The partition function of
the CFT consists of primary states coming from lattice vectors, primary states
coming from the 24 currents idx;, and the Virasoro descendants; i.e. it is just
given by equation . For A = A2%, it will be useful to think of this CFT in
the following way. The ith copy of the A; root system furnishes an affine su/(E)l
current algebra, generated by the vertex operators

V2 oy, (3.5.12)

and therefore the partition function ZA~ (1) of the theory has a natural decompo-
e —= \24
sition into characters of (su(2)1) .
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3.5. Central charge 24

There are two irreducible modules of s@)l—one arising from the vacuum repre-
sentation, which has a ground state of conformal weight zero, and a second from a
highest-weight state of conformal weight i. We will denote these representations
as [0] and [1], respectively. The characters of these irreducible modules are given
by

03(2

xo(T) = Tr[o]qLO_C/M:i;ET;), (3.5.13)
02(2

xi(r) = Tr[l]qLO_C/M:%, (3.5.14)

where ¢ = 1 is the Sugawara central charge of the current algebra. The full lattice
theta function for Ay with N = A%4 consists of all lattice vectors which are linear
combinations of root vectors and glue vectors. The glue vectors can be specified in
terms of elements of the extended binary Golay code. This is a length-24 binary
code with weight enumerator

224 + 75921048 + 2576212912 + 75928916 4+ ¢4, (3.5.15)

where the coefficient of the term x™y™ gives the number of vectors in the code
with n zeros and m ones. Thus we can rewrite the partition function in terms of
su(2), characters as

ZMW (1) = x5M () + T5I0 (MXE (1) + X6 (X3 (1) + 257647 (M) X17 () + X1 (7)
(3.5.16)
for N = A%,
Similarly, in the case of N = A2, the partition function can naturally be written
in terms of characters of (SE(\?))I) 127 as each of the 12 A5 root systems furnishes a
copy of 35(\3)1. There are three irreducible sﬂ(\S)l modules we will call [i] and with
characters we refer to as x;(7), ¢ = 0,1,2. The vacuum module [0] has conformal
dimension h = 0 and the two nontrivial primaries both have conformal dimension
h = % Furthermore, the glue vectors are now specified in terms of elements of
the extended ternary Golay code, which is a length-12 ternary code with weight
enumerator

2124912 4 212 192202595 + 9020 4+ 2520) +220(25y3 23 + 902323 + 28239°). (3.5.17)

Therefore, for N = AL? we can write the partition function in terms of sg(\i%)l char-
acters by replacing z, vy, z in the weight enumerator with g, x1, x2, respectively.
Furthermore, the formulas for these characters are given by

Lo—cs2a _ 03(27)03(67) + 02(27)02(67)
n2(7)

xo(7) = Trpq (3.5.18)
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3. Extremal conformal field theories

for the vacuum character, and
Lo—c/2a _ 932705 (5) + 022105 (%) ~ xo(7)
202(7) 2

for the nontrivial primaries with ¢ = 1,2, where in this case ¢ = 2. Thus the

Xi(7) = Tryq (3.5.19)

partition function of the theory can be written as
ZMW (1) = xgP (1) + 260G (MXT (1) + 440G (XTI (1) +24x1* (1) (3.5.20)
for N = A%2.

Now we consider a Zo orbifold of the above theories. We will call the Zo symmetry
h, which acts with a minus sign on the 24 coordinates of the torus:

h:x; = —x;. (3.5.21)
In the case of N = A?*) the orbifold preserves a (@4)24
the (35(\2)1)24 and, similarly, for N = A2, the orbifold preserves an (sﬂ(\2)4) 2
within the (sg(\S)l)lz. We choose one copy of u(1), and su(2), to generate the
R-symmetry of the N' = 2 and N = 4 algebras, respectively. In the NS sector the
corresponding level-4 current is given by the h-invariant linear combination

Jo =2 (ei Ve e*i\@’l) (3.5.22)

current algebra out of

for the A/ = 2 case and by
Js = /2 (ei Vaar e—“@fl) (3.5.23)
for the N =4 case |122,]123].

We consider the Ramond sector partition function graded by these currents and by
(—1)¥. The Hilbert space is composed of the anti-invariant states in the untwisted
sector and the invariant states in the twisted sector. Thus we have to compute
the trace

ZNZID (7, 2) = Tr g, (1T gFo— Fry o) (3.5.24)
1—h c 1+h c
— FI\I.% <2> (_1)FqL0*ﬂyJO(J3) + T‘r%tw ( 2 ) (_l)FqLO*ﬂyJO(JS)

where the first term in the second line implements a projection onto the anti-
invariant states in the untwisted sector Hilbert space, 7, and the second term
a projection onto the invariant states in the twisted sector Hilbert space, J#%.

Furthermore, we will also consider the twining functions

ZNZD (7 2) = Ty, g(—1)F glo iy Fos) (3.5.25)

defined for g € Mas, M1, respectively. These functions are weak Jacobi forms
of weight zero and index four for I'g(n) where n = o(g). We discuss the explicit
computation of each of these terms in Appendix
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3.6. Rademacher summability

3.6 Rademacher summability

Inspired by the relation between the genus zero property of monstrous moonshine
and the Rademacher sum construction of the McKay-Thompson series underlined
in [861/88], we examine the Rademacher expansion at the infinite cusp for the
twined functions of the ECFTs introduced in and We begin in section
by discussing the Cog-module V%, and analyze the other ¢ = 12 and ¢ = 24
theories in §3.6.2] and §3.6.3] respectively. The results presented in §3.6.2] and
§3.6.3] are obtained by numerically computing the coefficients in equation
to high accuracy and comparing with the known twining functions described in

§3-4 and respectively.

Finally, in §B.4] we discuss the following curious property of the twining func-
tions for the theory Enﬁfjg(Mgg). The functions which cannot be expressed as
Rademacher sums at the infinite cusp precisely correspond to conjugacy classes
g € Mas such that 3|o(g). In this case, however, the expansion of these functions

about cusps inequivalent to ico either has no pole, or the coefficients in such an
expansion can be directly related to the coefficients which appear in the expansion
of the function at ico. This property might be interpreted as a generalization of
the results of Tuite [127] reviewed in for McKay-Thompson series for genus
zero groups with Atkin-Lehner involutions.

3.6.1 The Conway module

The Conway theory V* [129] furnishes a 1Z-graded Cop-module, i.e.,

V= @ Vi (3.6.1)

n=—1

In |101] it was shown that the action of C'og is entirely dictated by the eigenvalues of
g in its 24-dimensional irreducible representation (24) and therefore only depends
on the conjugacy class [g]. In the following, we refer to the latter via the Frame
shape 7, defined in . For each conjugacy class [g] € Cog, one can define
a set of character-valued twined partition functions by taking traces in the NS
Hilbert space with and without insertion of (—1)¥. These correspond to the
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3. Extremal conformal field theories

previously defined Z;hs’;] (1), ZlfIhS,g(T) and take the form

o0

e, = > (Try (-1"g)a* (3.6.2)
n=—1

™ = D (Trye gt (3.6.3)
n=—1 2

As it was previously mentioned, the Conway module V*! and the monster module
V! have many common features. First of all, in both of these theories the graded
traces associated to the particular module are simply related to the Hauptmod-
uln of the corresponding modular group. However, the fermionic nature of the
Conway module is reflected in its half-integer grading, in contrast to the Z-graded
monster module. As a result, normalized Hauptmoduln arise only after rescaling
the twining functions ZlfIhS,; (27) and Z;u& ,(27). This genus zero property of Vi
was shown to hold in [129]; from this the analogue of Theorem for VA directly
follows (c.f. Theorem 4.9 in |129].)

Specifically, all twining functions can be expressed as Rademacher sums at the
infinite cusp both (i) as scalar-valued Rademacher sums with respect to appropri-
ate subgroups of genus zero groups appearing in monstrous moonshine, and (ii)
as vector-valued Rademacher sums where the vector includes , and
Zlfé g (7) and transforms under a modular group containing I'g(/N) and contained
in N(IN). The explicit modular properties of the twining functions can be found
in [129].

3.6.2 Modules with ¢ = 12

Following §3.4.3and [63], it is clear that the extremal SCFTs 5P (@), ENZ2(@),

EWJ\T/::Q“(G) with central charge 12 furnish G-modules for the global symmetry group

G of the theory. We will denote these G-modules by VA, where A denotes the
extended superconformal algebra and

PAG = @ @VrﬁiGa A€ {Spin(7), N =2, N = 4}. (3.6.4)
re{a}q n=1

The corresponding graded characters are the coefficients of certain vector-valued
mock modular forms h;‘, defined by

7‘2 i 7‘2
héT(T) =a,q PA+ Z(Trvmcg)qn_ﬁ . (3.6.5)

n=1
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3.6. Rademacher summability

The constants a,,b4,{a} 4 appearing in the expansion are displayed below to-
gether with the symmetry groups G on which we focus in this section. In the case
of the N' = 4 theories, we consider two different embeddings of Mj; into Cog,
which we refer to as Mﬁ) and Ml(?) Mﬁ) can be described as the subgroup of
M2 which fixes a point in its 12-dimensional permutation representation; on the
other hand, M 1(? is the subgroup of M2 which fixes a certain length-12 vector in
its 12-dimensional permutation representation.

A | {eda | ba | fa} | G
SW@3/2,2) | {1,7} | 120] {-1,1} Moy
N=2 {£1,3 6 {-1,1} Moz, Mo
N =4 {1,2} 12 | {=2,-1} | Mg, MY, M

The functions h;"r comprise a vector-valued mock modular form of weight 1/2
and multiplier system p, with respect to I'; a congruence subgroup of SL2(Z).
In particular, if we denote by n the order of g, I'y equals I'y(n). Moreover, given
the Frame shape of [g] in , we denote by & the smallest cycle appearing in
the Frame shape. Note that we choose to focus on the Mathieu groups, which are
distinguished as all of their twined Jacobi forms have particularly nice behavior
at other cusps according to [63]. However, as reviewed in there exists an
extremal SW(3/2,2), N =2, and N = 4 CFTs for each subgroup of Coy which
preserves a one-, two-, or three-plane, respectively. We leave a general analysis of
such cases to future work.

The components of the functions h;;‘ can be written in terms of a Rademacher
sum as

({
hio(7) = Rr, 1/2 po (T)s, (3.6.6)

where {—%} denotes the set of exponents of the g-polar terms which appear in

(
the vector-valued mock modular form hA and Rr{ L /2} (T)s Corresponds to a sum
of Rademacher sums for each polar g-term (see sectlon More explicitly,

2
( )
Fiv 1/2, pg( T)s =D, arRp ,b1A/2, py (7)s, where the terms on the right-hand side are

defined in equation (2.5.20]).

In the following, we report the necessary data for the construction of the functions
h;;1 via a Rademacher sum and the conjugacy classes of G whose twining function

cannot be reproduced by a Rademacher expansion at the infinite cusp.

1. 5 (@): The weight 1/2 vector-valued mock modular form RSP for
SLo(Z) is derived from equation (3.4.12]). We report here the first few Fourier
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coefficients
RSP (1) = gm0 (=1 + 1771q + 3565042 + 374141¢3 + . ) ,
RSP () = gm0 (1 +253¢ + T359¢ + 95128¢° + ...) . (3.6.7)

These expressions fix the coefficients of the negative g-power terms for all
the twined versions h;pinm; these polar terms arise from the G-invariant NS
ground state. The multiplier system of these mock modular forms is the in-
verse multiplier of the vector-valued unary theta series S , defined in 7
as long as x4 # 0. The latter is completely specified by its representation on
the generators of SL2(Z)

(k) 0 Vi Via

= (T ) e (VS C. 668
120 \/57\/3 \/5+\/g

When the element g has no fixed points (i.e. x4 = 0) the multiplier system

is not constrained by that of the shadow and it is given by the inverse of
(3.6.8]) times a Frame shape-dependent phase

v, = e<;‘é) . (3.6.9)

The Rademacher series defined in reproduces hgpinm for all conju-
gacy classes in May except for the conjugacy classes reported in Table
and the one with Frame shape 122 for which it has not been found the correct
multipler system.

. 5%522 (G): From equation (|3.4.14]) MN=2 is a weight 1/2 vector-valued mock
modular form whose first few coeflicients are given by

WY=2(r) = BNTA(r) = —q VP 4 770473/ + 13915477/ 4
2 2

Y=2(r) = ¢ +231¢"5/% 4 5796437/ 4 . (3.6.10)
2

The multiplier system is given by the inverse of the half-index theta function

multiplier, defined in equation (|A.2.16]).

In the case G = Ma3, the Rademacher expression coincides with the
vector-valued mock modular form h/g\” =2 for all the conjugacy classes except
those for which 3|o(g). However, see for an analysis of the structure of
these functions at the other poles of I'y.

Similarly, in the case G = Mio the functions hﬁf =2 corresponding to the
conjugacy classes for which 3|g cannot be reproduced by the Rademacher
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3.6. Rademacher summability

series at the infinite cusp, except for the Frame shape 38. Additionally, the
Rademacher expansion of hN =< at the infinite cusp fails when ¢ has Frame
shape 4282, The multiplier system of h)/=2 for the conjugacy classes in g
with no fixed points and which can be reproduced using the Rademacher
expansion is given by the inverse of times the phase

vy = e<—;‘é> . (3.6.11)

3. &N _4(G) Equation (3.4.16|) defines pN= 4. a vector-valued mock modular
form whose first few coeﬂiments are given by

W= = RN ) = —2¢7 12 4 560¢ M1 + 847047312 +
hY=4(r) — N5 () = =12 — 2106312 — 4444412 + (3.6.12)

The multiplier system of these weight 1/2 mock modular forms with respect
to I'p(n) is the conjugate of the shadow x4S3, (c.f. [63]). Due to the symmetry
of the theta function and the modular properties of the Jacobi form, it follows
that hN 4= hN ~*.. Thus, among the 6 components of the mock modular
form only three of them are linearly independent.

In this case, we find that the Rademacher sum (2.5.20f) coincides with hjg\/ =4
for all conjugacy classes g € G where G = MQQ,MI(}). For G = Mﬁ), the
conjugacy class labeled by the Frame shape 24 4% has multiplier system given

by the inverse of the theta multiplier (A.2.15]) times (3.6.11]) whereas for 42 82
there is no match between the Rademacher sum and the twining function.

To summarize, we report below the conjugacy classes corresponding to the mock
modular forms that cannot be reconstructed using solely the information at the
infinite cusp for these ¢ = 12 theories.

ECFT ‘ Frame shapes with additional poles
ESPin(M (Moy) | 1636 —145% — 12223262 — 22102 — 2.4.6.12 — 1.3.5.15
5{,\Lf_=22 (Mas) 1636 — 129223262 — 1.3.5.15
=2 (Mi2) 1636 — 12223262 — 6* — 4282
N_4 (Mso) None
,2 (M(l)) None
N;:24 (M(Q)) 4282

Table 3.3: Pole structure of héA(T) for certain extremal theories with central charge 12.
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3.6.3 Modules with ¢ = 24

In analogy to the theories with central charge 12, the two extremal CFTs 5%22427

EN=L with central charge 24 furnish G-modules whose graded characters are en-

coded in the coefficients of certain vector-valued modular forms. We will denote

these modules by 17A’G,
PAG _ @ @VAG, Ae{N =2 N =4}, (3.6.13)
jefaya n=1

where G = M3 and M1, respectively. From these considerations and the descrip-
tion given in §3.4.3] we see that the mock modular forms can be written as

_2
B2 (T) =aq I +Z(ﬂ~A a9)q" A, (3.6.14)
n=1

where the data appearing above can be summarized succinctly in the following
table:

A {a}ta \ Ba \ {ar} e
N=2| {£] £3 +3 1 {=1,1,-1,1} | Mos
N =4 {1,273,4} {—4,-3,-2,-1} | My

Furthermore, for all g € G, there is a modular group I'y < SL2(Z) with I'y = T'o(n),

where n = o(g), such that h;“(T) is a vector-valued mock modular form of weight

1/2 and multiplier system p, with respect to I'y. In Appendix [B.5| ﬂ we explicitly

RV=2
9

compute the functions . Furthermore, we discuss the computation of hN 4

for three conjugacy classes in M1 [5)]

Similarly to above, the components of the functions Eé“ can be written in terms
of a Rademacher sum as

~ ({
hts(r) =Ry, 1/2p (s (3.6.15)

)
where {—J—} denotes the set of exponents of the g-polar terms which appear in
the Vector—valued mock modular form hA The components of the Rademacher

2 2
(- } |- })
sum Rr 1/2 Py (1) are given by Rr 1/3/,3 Py Zj ]Rr 1/2 Py (7)s.

20For the other conjugacy classes in M1, we compare %‘9[:4 with the Rademacher formula by
computing the first couple coefficients of the twined function and seeing already that they do
not match.
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1. EN=2: The first few Fourier coefficients of the mock-modular form WN=2 are

ng 2y =V %:2(7) = —q /56 4 328004°%/56 + 296920841 11/%6 + ...

Ef%" 2y =V 52(7) = ¢ 9/56 4 14168¢*7/%5 + 16591744193/56 4+ ...

E/%V =2y =V 52(7) = —q25/56 1 2024¢31/56 + 485001¢%7/°6 + . ..
ﬁf%Vﬂ(T) = ¢ 9/%6 £ 23¢7/56 1+ 61894¢%3/°0 + ... (3.6.16)

As before, the coefficients multiplying the polar g-terms are singlets under the
action of g. The multiplier system is constrained by the multiplier system of
the unary theta series Sz and corresponds to the inverse of the half-integral
index theta function . We find that the functions can be reproduced
by a Rademacher sum at the infinite cusp only for m, € {124, 12112, 1.23}.

2. Sf,\fjfz The vector-valued mock modular form hV=4 has the first few coeffi-

cients,

WV=4(r) = —NVEA(n) —4q7 1?0 £ 18876¢/%° + 1315512¢%%/%0 + . ..

Y=y = —=pNSA () = =3¢ Y0 — 12045¢16/20 — 11529434%6/20 4 |
W=y = N5 = —2¢7%%0 41980420 + 39197463120 + .
V) = NP ) = —qm10/20 3344720 — 450904%4/20 + . (3.6.17)

where fNL{)\f =4(r) = Eé\/ =4(7) = 0. The multiplier system is given by the con-
jugate multiplier system of 5(Tr12¢)S5 and therefore equals the inverse of
the theta function multiplier system . We find that the Rademacher
sum correctly reproduces the twining function ?L';\[ =4 only for Ty €
{124 12112},

To summarize, we report in Table [3.4] the conjugacy classes which can be recon-
structed from solely the information of the infinite cusp and thus do not have poles
at any additional cusps.

ECFT ‘ Frame shapes with no additional poles

EN=2 124 -12112 - 1.23
ENZE 124 — 12112

Table 3.4: Pole structure of i~L_{74(7') for the two extremal theories with central charge 24.
In contrast to Table we report the conjugacy classes where the only pole is at the
infinite cusp.
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3.7 Conclusion

In this work we have investigated the Rademacher summability properties of the
twining functions of known extremal CFTs. Inspired by the genus zero property
of monstrous moonshine, and its connection to the Rademacher summability of
the monstrous McKay-Thompson series at the infinite cusp, we consider a similar
expansion for the twined graded characters associated with the other extremal
CFTs. Similarly to V? and V*%, we find that 5%;24((;) for G = Mso and Mﬁ) have
the property that all associated twining functions can be written as Rademacher
sums at the infinite cusp. However, all of the other cases we consider have at least
one conjugacy class whose graded character has pole at additional cusps of the
corresponding modular group which are inequivalent to infinity.

In studying the Rademacher properties of h;‘ and iNL;;‘, in we examined the
Rademacher sum of the corresponding polar term for the group I'y = I'g(n). How-
ever, in the case of Y and V¥ it is the case that many of the McKay-Thompson
series are Hauptmoduln for subgroups of SLo(R) with additional Atkin-Lehner
involutions (c.f. Appendix . One obvious question is whether those functions
which, according to the results of §3.6.2] and §3.6.9}, have poles at cusps inequiva-

lent to i00 under I'y are nevertheless Rademacher sums at infinity for a different

modular group with more general Atkin-Lehner involutions. However, in the case
of half-integral index theta functions it does not seem possible to extend the mul-
tiplier system to these groups.

More generally, in the case of V¥ and V*!, the Rademacher summability property
applies directly to the twined partition functions. In the cases of the other ECFTs
we consider, we study the mock modular forms which arise only after decomposing
the partition function into superconformal characters. Though these objects are
natural to consider both from a physical and algebraic point of view, one could
also consider the Rademacher properties of the twined (flavored) partition function
itself. In the Spin(7) case, the (twined) partition function is simply the (twined)
partition function of V*!; from this point of view the functions of the Spin(7) theory
are naturally related to Rademacher summable functions (though for different
modular groups and with different polar structure.)

On the other hand, in the case of the theories with N' = 2 and N = 4 super-
symmetry, the flavored partition function is a Jacobi form of index m and has
a natural theta expansion into length 2m vector-valued modular forms of weight
w = —1/2. However, these functions in general have at least as many poles as the
mock modular forms we studied.

In table we summarize the Rademacher summability of the different ECFTs.
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ESCFT Twining function | Rademacher summable [g]
1% Ty(T) All [g] € M |86
ysl z38 NG All [g] € Cogq [129]
£SPIT (Mo ) RSP (1) All but 6 [g] € Moy
ENZZ (My3) wN=2(r) All but 3 [g] € Mag
ENZ2 (M) wN=2(r) All but 4 [g] € M1
ENZH (Mao) hy =4 () All [g] € Mg,
N ) hy =) All [g] e MY
NP W) =4(r) All but 1 [g] € M
570{::42 Ejg\/:2 (1) 3 classes [g] € Ma3
5,/7\1[::411 Ej;\/:4(7) 2 classes [g] € M1

Table 3.5: Extremal CFTs whose Rademacher summability properties have been proven
already (Vh and Vsu) or are considered in In the second column we list the twining
functions and in the third column we report our main results.

In particular, in the third column we report the number of conjugacy classes in
the global symmetry group of the theory whose corresponding twining function is
a Rademacher sum at the infinite cusp. We have indicated in bold those theories
for which all twining functions are Rademacher summable in this sense.

Our work suggests that the surprising connection between ECFTs and sporadic
groups is, in fact, more general than the connection between ECFTs and Rademacher
summability. More insights might come from a deeper examination of the holo-
morphic orbifolds of the ECFTs. Indeed, the form of the partition functions for
holomorphic orbifolds of the monster CFT turn out to be highly constrained by
the Hauptmodul property and the uniqueness conjecture of the vacuum. Given
a generic element g € M, (g)-orbifold is either V& or VX, as proved in [128]. We
expect a similar reasoning to hold for the Conway module, whose uniqueness was
proven in |132], and its relation to the two other ¢ = 12, = 1 SCFTs, the
super-Fg theory and the theory of 24 free fermions. Most of the other examples
of ¢ = 12 ECFTs analyzed here are different from V? and V*! in that not all
the mock modular forms appearing in the decomposition of the twining functions
are Rademacher summable. However, after a preliminary analysis in the case of
5%::22 (Mas3) we found that the holomorphic (g)-orbifolds for which g € Mass and
Ty € {1828 1636 1454 1373} reproduce the original partition function .
It would be interesting to explore this further for the other theories considered in
this chapter.
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In this work we did not analyze the case of the 51?’{2%7 the ECFT with Cog sym-
metry first constructed in [100]. One question for the future is to derive the cor-
responding twining functions of this theory and consider whether they have any
special Rademacher summability properties at the infinite cusp of the appropriate
modular groups.

Another example one could consider is K3 non-linear sigma models (NLSM). These
theories are extremal according to the definition of [120]; however, they are not
chiral CFTs. Their symmetry groups and possible twined elliptic genera have
been classified; they are related to four-plane-preserving subgroups of the group
Cop [124L[133]. Tt would be interesting to consider in general the Rademacher
summability properties of all possible twining functions which can arise for K3
NLSMs. In the case where the symmetry element belongs to the Mathieu group
Moy, it follows from [88] that these twining function{?] are Rademacher sums
about the infinite cusp. However, a general analysis has yet to be performed.
One interesting point to note is that in [133] it was conjectured?? that all possible
twining functions of K3 CFTs arise from either umbral moonshine or Conway
moonshine in a precise way proposed in [135] and [136], respectively. So in this
(roundabout) sense, they arise from functions which are Rademacher summable at
the infinite cusp due to this property of umbral and Conway moonshine. It is also
the case that the elliptic genus of a (g)-orbifold of a K3 CFT either reproduces
the K3 elliptic genus or the elliptic genus of T 4 One could investigate in this
case whether there is a connection between the Rademacher summability of the
g-twined functions and whether the (g)-orbifold yields a K3 or a torus theory.

It would be interesting to understand more deeply the origin of the curious con-
nection described in Appendix [B.4] which relates the mock modular forms arising
from Sfr\[::f (Ms3) and the twining functions of Mathieu moonshine. More specif-
ically, we have observed a precise relation between the coefficients in the expan-
sion of h{;f =2 at two inequivalent cusps of T'g(n) where it has poles in the case of
g€ {SA,‘GA, 15AB}. Is this indicative of a larger symmetry of these functions?

We end with the following comments and open questions inspired by our work:

e The connection between the Rademacher expansion of a CFT partition func-
tion and the path integral of 3d quantum gravity in AdS first suggested in [14]
primarily served as a source of motivation for our analysis. However, in the
case of a g-twined partition function of a CFT with discrete symmetry group
G, a physical interpretation of its Rademacher summability at the infinite

2By twining functions here we mean mock modular forms which arise from a decomposition
of the form 1)

22]n [134] this conjecture was proved in a physical sense via a derivation from string theory.

2This is just zero due to fermionic zero modes.
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cusp is lacking. It would be interesting to find a physical interpretation in
instances where such a property holds.

e The authors of |137] considered a certain compactification of heterotic string
theory to two dimensions to provide a physical derivation of the genus zero
property of monstrous moonshine. The Hauptmodul property of the mon-
strous McKay-Thompson series was shown to arise from T-duality symme-
tries which arise upon considering CHL orbifolds of this string compactifica-
tion. An interesting question is whether the additional ECFTs we consider
in this work have any connection with 2d string compactifications, and if this
point of view can shed any light on the properties considered in this chapter.

e We can certainly construct infinite families of 2d CFTs with sporadic sym-
metry groups and arbitrarily high central charge by considering symmetric
products of the theories studied in this chapter; however, they will no longer
be extremal [120]. Do these symmetric product theories have any special
properties? Are there other theories (extremal or not) with large sporadic
group symmetry and ¢ > 24 which don’t arise from this symmetric product
construction? Assuming a connection between Rademacher sums and spo-
radic groups, can one use Rademacher summability techniques to search for
such CFTs at higher central charge?

e Finally, how ubiquitous are 2d CF'Ts with sporadic group symmetries? Do
such theories play a special role in physics, i.e. in 3d gravity and/or string
theory? How can one interpret the presence of polar terms at different cusps
from the point of view of the gravity dual theory? Does the Rademacher sum
around multiple poles also admit a natural physics interpretation in terms
of a path integral formulation of quantum gravity?

Answering these questions would give us new insight into the AdS/CFT corre-
spondence and also shed light on the physics behind the extremality (optimality)
condition in umbral moonshine and related contexts.
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Chapter 4

A mixed Farey tail

In this chapter Siegel modular forms, mock Jacobi forms and the Rademacher sum
find an application in the realm of black hole physics. We omit here a thorough
description of black holes and simply review the aspects relevant to this thesis.

To a first approximation, a black hole is a gravitational object that can be de-
scribed as a black body system characterized by certain thermodynamical quanti-
ties [138]. As first asserted by Bekenstein and Hawking, the entropy of a black hole
in a semi-classical regime is proportional to the area of its event horizon [139}/140].
The fact that the number of degrees of freedom contained in a space-time region
is proportional to the area instead of the volume of this region hinted at a holo-
graphic description of black holes. This immediately led to wonder what is the the
statistical interpretation of this thermodynamic quantity, and in particular how to
describe the internal constituents responsible for the thermodynamic properties of
black holes.

String theory was argued to offer through the AdS/CFT correspondence a natural
framework in which to examine the thermodynamical properties of black holes
or more general extended black objectd] A black hole from the string theory
perspective is realized as a stack of D-branes. These may be taken to wrap various
cycles of the manifold describing the target-space geometry and become a bound
state upon compactification on this internal space. By sending the gravitational
coupling to infinity this bound state starts gravitating and eventually forms a black
hole.

The AdS/CFT correspondence provides a realization of holography by relating a
gravitational theory on an asymptotically Anti de Sitter space (AdS) to a confor-
mal field theory (CFT) living in a space with one dimension less. An instance of
AdS/CFT was mentioned in the previous chapter in relation to extremal CFTs,
which are putative duals to pure gravity in AdSs. In this chapter the corre-

The reader is referred to the original work |15] and the review [141] for further reading.
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4. A mized Farey tail

spondence between a gravity theory and a conformal field theory emerges from
different descriptions of a D-brane system in string theory. In particular, it was
observed in [15] that the string theory may be examined either from the view-
point of the field theory describing the low-energy dynamic on the worldvolume
of the D-branes or from the effective supergravity theory which accounts for the
near-horizon geometry.

v/ N

)
C’FT'.L *AC63X B)

The two theories are conjectured to be the samd? however they have a valid
perturbative description in different regions of the space of coupling constants.
Specifically, when one side is weakly coupled the other is strongly coupled and
vice-versa. Therefore, one way to make use of the correspondence is to compute
protected quantities whose values in the strongly coupled quantum field theory
can be easily extrapolated from the weakly coupled one. An important class of
black holes that allows to define such protected quantities via supersymmetry is
the class of extremal black holef?} these are zero temperature black holes which
saturate certain BPS bounds and are thus usually referred to as BPS black holes.

In striving to describe the microstates of BPS black holes in supergravity theories,
valuable insights have been gained from the partition functions of BPS states in
the corresponding string theory compactifications. These partition functions can
often be related to an index, whose computation at weak string coupling is able to
describe, when going to strong coupling, the exact degeneracies of BPS black holes.
Thus, at least for the class of BPS extremal black holes, string theory provides an
answer to the question posed at the beginning of this introduction regarding the
statistical interpretation of their entropy.

2In this introduction we are considering the decoupling limit between bulk and internal theory
asls = 0(a/ = 0).

30ne of the important feature of extremal black holes is an enhancement of the symmetries
of the system close to the horizon, which is a feature of the attractor mechanism [142].
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4.1. Beyond the classical entropy

4.1 Beyond the classical entropy

The first match between the macroscopic entropy of a class of five-dimensional su-
persymmetric black holes and the microscopic counting of degeneracies associated
to a brane system was achieved in the limit of large charges in [143]. An agree-
ment between the macroscopic and a microscopic computation for large charges
has been later obtained for different black hole systems.

Nevertheless, to obtain an exact match, and thus to go beyond the limit of large
charges on the supergravity side requires a definition for the exact entropy of
black holes beyond the semi-classical approximation. The quantum entropy func-
tion [144], which is precisely such a proposal to go beyond perturbation theory,
gives a definition of the exact entropy in the form of a path integral in the near-
horizon region of the black holes. Owing to the supersymmetry preserved by these
solutions, localization techniques can then be used to compute the functional inte-
gral exactly. In certain situations, localization provides a powerful tool to look for
an exact supergravity result to be compared to the string theory expectation [145].

On the microscopic side, microscopic counting functions for the degeneracy of D-
brane systems were observed to be related to certain types of automorphic forms,
specifically meromorphic (holomorphic) Siegel modular forms in the context of
N =4 (N = 8) string theory compactifications down to four dimensions. The
most famous example is the D1-D5 systems describing extremal dyonic black holes,
which are the supersymmetric analogues of Reissner-Nordstrom black holes. The
relation between automorphic forms and microstate counting in these systems
comes from the so-called second quantization, as was first fully addressed in |146),
147|]. The relation between number theory, in particular meromorphic Siegel and
Jacobi forms, and black hole microstate counting was developed and expounded
in [8]. More recent reviews on the role of Siegel modular forms in relation to
black hole physics are [134,/148] and yet the relation between black holes and class
groups in [149]. Finally, the relevant automorphic forms also appear in the Weyl-
Kac-Borcherds denominator formulas for generalized Kac-Moody algebras, which
is suggestive of a role played by such algebra in black hole physics. The link to
the physics of black holes and the property known as wall-crossing for BPS states
was made in [150,[151]. Note that these are the Borcherds-Kac-Moody algebras
introduced by Borcherds in the proof of monstrous moonshine. Several clues about
a possible black hole realization of other instances of moonshine, such as Mathieu
and umbral moonshine, were also displayed in [134}[152].

Coming back to the comparison between the exact entropy of supergravity black
hole solutions and BPS state counting in string theory, it has been shown that
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4. A mized Farey tail

the degeneracies of immortal black holes in four-dimensional N = 4 string theory
(which are stable throughout the moduli space of the compactification) are counted
by the Fourier coefficients of mixed mock modular forms, as reviewed in the next
section. The physical origin of the mock character for the generating function
of these degeneracies can ultimately be related to the non-compactness of the
target-space of the brane system.

The precise form of the Fourier coefficients for the mixed mock modular counting
functions, which is an asymptotic series expansion, has a natural interpretation in
the dual macroscopic picture, namely as a sum over semi-classical contributions of
saddle-point configurations to the functional integral in the near-horizon geometry
of the corresponding black holes. This interpretation has been coined the Black
Hole Farey Tail [14}/153], motivating the title of this chapter. Despite the fact
that the Farey Tail was first introduced in the context of the D1-D5 system, it
applies to any system that has a microscopic description in terms of a 2d CFT
and has a dual description as a supergravity theory on a space-time containing an
asymptotically AdSs factor.

In the toroidal compactification of Type IIB to four dimensions |154], the asymp-
totic of the counting function of 1/8-BPS states reproduces, at leading order,
the celebrated Bekenstein-Hawking entropy of the corresponding dyonic 1/8-BPS
black holes [155]. But it has also been shown, using supersymmetric localization
techniques directly in the low-energy supergravity theory, that all perturbative and
non-perturbative corrections to this entropy can be captured and studied analyti-
cally [145156l{157]. Such a study revealed an exact match between the Rademacher
expansion, reflecting the microscopic counting, and supergravity degeneracies of
1/8-BPS states.

It is of course interesting to ask whether a similar situation occurs in other types
of compactifications. For instance, a more intricate case to examine is the one of
Type IIB string theory compactified on K3 x T2. This black hole system provides
a rare opportunity to compare the sub-leading terms in the entropy of the brane
system with the macroscopic entropy provided by the supergravity theory. The
degeneracy of 1/4-BPS black holes in Type IIB on K3xT? displays certain inter-
esting features [8}|146}/150,|151,158H162]: both single-centered and multi-centered
configurations are present, walls of marginal stability appear in the moduli space
of the theory and finally the counting functions are given by mixed mock modu-
lar objects. The mixed-mock character of these functions is a consequence of the
wall-crossing phenomenon and implies that the 1/4-BPS states counting problem
can be translated into the question of recovering the exact Fourier coefficients of
certain mixed mock Jacobi forms [g].
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In general, mock Jacobi forms can be decomposed into vector-valued mock modular
forms. Mock modular forms are characterized by a pair of functions, the form
itself and its shadow, as reviewed in §2.3] When the shadow is a modular form, the
Rademacher series can be applied to recover the Fourier coefficients of mock Jacobi
forms. However, the mock Jacobi forms arising in the counting problem of 1/4-BPS
states in Type IIB string theory on K3 x 72 have mixed mock components, and
their shadows are therefore more complicated objects. Such mixed mock modular
forms have been much less studied in the literature, with the notable exceptions
of [77163]. In the following, we employ the method introduced by Bringmann and
Manschot [77] to obtain an exact asymptotic expansion for the Fourier coefficients
of the mixed mock Jacobi forms relevant to the string theory states counting
problem. In particular, we derive an exact formula for the Fourier coefficients of
these modular objects, providing a concrete result one should be able to recover
from the supergravity theory, following the above general discussion.

Our result can be viewed as an exact formula in inverse powers of the charges for
the degeneracy of states making up 1/4-BPS black holes in an A = 4 theory of
supergravity. Similarly to the 1/8-BPS black holes in A/ = 8 supergravity men-
tioned previously, a localization computation can also be conducted to determine
the exact quantum entropy of such black holes directly in the low-energy effec-
tive theory. Progress in this direction has been reported in [78]. It is therefore
of interest to compare the macroscopic results obtained using this method to the
exact microscopic result derived in this chapter. Some aspects of the supergravity
computation, however, are still lacking to conduct a precise comparison on par
with the toroidal case. This points to interesting questions regarding localization
computations in the context of supergravity which should be examined and an-
swered in order to obtain a complete understanding of the microstates of 1/4-BPS
black holes in line with their description as bound states of D-branes.

The rest of the chapter is organized as follows: in section we review 1/4-
BPS states in string theory compactified on K3x7T? and some properties of their
Siegel counting functions. In section we introduce the relevant mock Jacobi
forms for the string theory counting problem and explain how a generalization
of the circle method allows for an exact derivation of their Fourier coefficients.
The main result is given in (4.3.33)). In section we examine the macroscopic
computation of the exact entropy of 1/4-BPS black holes in 4d N = 4 supergravity
and explain which aspects, in our opinion, remain to be understood to obtain a
complete match with the microscopic results. We close with some comments in
section Appendix [C] contains some technical facts of our derivation. Relevant
aspects and definitions of the general theory of (mock) Jacobi forms are collected

in chapter 2 Appendix [A-2] and Appendix [C.1]

99



4. A mized Farey tail

4.2 Type 1IB string theory on K3 x T2

In this section, we summarize the microscopic derivation of the counting functions
for 1/4-BPS states in Type IIB string theory compactified on K3 x T2.

4.2.1 Microscopic derivation

We consider Type IIB string theory compactified on K3 x T2, which leads to
an N = 4 string theory in four dimensions. Writing 72 = S x 5'1, we focus
on the following duality frame [158]: @5 D5-branes wrapping K3 x S, Q; DI1-
branes wrapping S', momentum n along S', momentum ¢ along S! and one unit
of KK monopole charge on S1. This set-up can be equivalently described by
placing the above D1-D5 system at the center of a Taub-NUT space (see [159]
for a review of the different string theory frames). The asymptotic region of the
Taub-NUT takes the form R3 x S 1 while at the tip the transverse space is R%.
In this configuration the four-dimensional black hole has momentum ¢ along the
asymptotic circle St [164].

The resulting four-dimensional A” = 4 (preserving 16 real space-time supercharges)
string theory has a T-duality group O(22,6,Z) and an S-duality group SL(2,2),
while the U-duality group is the product O(22,6,Z) x SL(2,Z). The uniqud
quartic (in the charges) invariant of this U-duality group is A := Q?Q2?, — (Q. -
Qm)? = 4mn — (2, where the electric and magnetic charge vectors are given by the
following T-duality invariants

Ql=2n, Q}=2Q5(Q1—-Q5)=2m, Qc-Qm="L. (4.2.1)

In this theory, we are interested in the degeneracies of 1/4-BPS states when the
S1 circle is large. The worldvolume theory on the D-branes reduces to a two-
dimensional supersymmetric sigma model with target space a deformation of the
symmetric product Sym™*(K3) [147,/166]. The contribution of this (4,4) two-
dimensional SCFT with target-space Sym™ 1 (K3) to the counting function of 1 /4
BPS states is given by its elliptic genus [1464{147]

1 1
Zgomm+l (k3 (T, 2,0) = — H (4.2.2)
Sym™ H(K3)\'s <y (mn,l)
m>0,nz0, (1= pmgry!) ™"
LEZ

4In the rest of this chapter we focus on dyons with charge vectors @ and P such that Z :=
ged(Q A P) = 1. The number Z is also a quartic invariant of the discrete U-duality group and
the dyon degeneracies for other values of invariant have been analyzed in e.g. [165].
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2mio

where p = e and c(mn,l) are the Fourier coefficients in the expansion of the

elliptic genus of a single K3-surface

2 2 2
Zws3(T,2) = 8(G;§T’Z) + 93;7-’ 2) + 9357’ z)> )
Q(T) 93 (7) 03(7')

To recover the complete counting function of 1/4 BPS in 4d an extra factor has
to be included. The latter corresponds to the contribution of the center-of-mass
degrees of freedom of the D-brane system and the motion of the Taub-NUT space
itself |159]. This additional term was demonstrated in |158] to be equal to the
inverse of the Jacobi form 7'8(7) 9%(7’7 z).

This term is responsible for the meromorphicity in the counting function of black
hole microstated in 4d,

1 1
Zy/4ps(T,2,0) = — ; (4.2.3)
qyp (mom.)>0, (1 — pmqny

m,n,lEZ

)c(mn,l)

where (m,n,l) > 0 stands for either m > 0orm=0,n>0,orm=n=0,1>0.
This expression coincides with the multiplicative lift (or Borcherds lift [48]) of the
Jacobi form Zkg3(7, z), and it turns out to be a meromorphic Siegel modular form

(see (2.2.7) for the definition)

1

S (4.2.4)
q)10(7—7 Z, U)

Z14-Bps(T,2,0) =
specifically the inverse of the Igusa cusp form. Siegel modular forms usually admit
two different representation, one is the product representation given above, and
the other one is a sum representation which corresponds to an additive lift of a
certain Jacobi form. Details can be found in [30]. Restricting to the case of the

Igusa cusp form, it can be expressed as additive lift of the automorphic correction
n'®(1) 63 (7, 2).

Notice that the Fourier coefficients of the K3 elliptic genus in the limit for y — 1
(i.e. z = 0) exhibit a particular property

Zx3(1,2)| o0 = (20 +2y+y D+ > c(dn— l2)qnyl> =24 (4.2.5)
n>0,leZ y—1
= cdn—1%)=0  forall n>0. (4.2.6)

lez

5Notice that the meromorphicity of the counting function is an intrinsic characteristic of the
4d theory that is absent from the 5d picture, since in the latter case there is no contribution
from the center-of-mass motion and the Taub-Nut dynamics.
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4. A mized Farey tail

As analyzed in [150] this feature is responsible for the factorization of the auto-
morphic form @1y when it approaches the double pole at z = 0,

D1o(7, 2,0) pqy cldrs—t?)
A=y = a2 [] (1—qsytp’") = pan** (1)n** (o)
Yy y—1 Yy r,s>0,tEZ y—1
r=5=0,t<0
(4.2.7)

The interpretation of this factorization comes from the analysis of the wall-crossing
phenomenon: crossing a wall of marginal stability a 1/4-BPS state may decay into
two 1/2-BPS states.

In order to extract the relevant information for the dyonic degeneracy, a precise
procedure has to be implemented [8]. Consider first the Fourier expansiorﬁ of
Z14-8ps(T, z,0) in the o variable:

! = ) U 2) e (4.2.8)

(Dlo(TvZuU) m>—1

The functions v, are meromorphic Jacobi forms of weight —10 and index m with
a double pole at z = 0 (together with all the points differing by a translation of
the period lattice). The meromorphic Jacobi forms ), can then be canonically
split into two terms,

Vm (1, 2) = 0L (1,2) + L (1, 2), (4.2.9)
where 1 are mixed mock Jacobi forms and ¢! are meromorphic mock Jacobi
forms, which account for the polar part of ¥,

ms2+s, 2ms+1

P _ paa(m+1) q Y
Yh(r,2) = % Ty (4.2.10)

n(r)?4

Above, pas(m + 1) denotes the coefficient of ¢" in n(r)~2* and the second fac-
tor is the Appell-Lerch sum of weight 2 and index m. Throughout the text, we
will often simply write mock Jacobi forms to refer to forms with generic shadow
and explicitly use the attribute mixed when the distinction is necessary. Physi-
cally, the splitting elucidates the interpretation of the wall-crossing phe-
nomenon |[1504{151}159H162L{167,|168|] in the low-energy supergravity theory. Con-
trary to the toroidal case, the K3 x T compactification allows for multi-centered
configurations of bound states of black holes |[169}/170]. These configurations are
stable in certain regions of the moduli space of the supergravity theory, and un-
stable in others. The splitting takes this into account: the piece ¥ con-
tains the degeneracies of the single-centered immortal gravitational configurations,

6Recall that the grading (n,m,f), defined in equation , corresponds to the T-duality
invariant integers associated to the chemical potentials (7, 0, z). Since we deal with meromorphic
Siegel modular form the expansion in equation still holds but this time the Fourier
coefficients are meromorphic Jacobi forms.
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which are stable throughout the moduli space and hence devoid of poles, while ¥
encodes the physics related to multi-centered gravitational configurations decay-
ing or appearing when tuning the moduli. The ability of the latter to capture
all the walls of marginal stability is built-in by the averaging over s, the spectral
flow variable, in . Along the lines of |7], one can interpret the appearance
of mock modular forms as due to the non-compactness of the target-space of the
sigma model associated with the Taub-NUT space.

In this chapter, we focus on the single-centered contributions, whose degeneracy is
captured by the Fourier coefficients of the mock Jacobi forms ¥f . As we will see
in the next section, the mock character of the counting functions has a significant
impact on the evaluation of these coefficients, and in particular it implies that the
standard Rademacher formula needs to be generalized in order to obtain
an analogous convergent asymptotic expansion.

4.3 A mixed Rademacher sum

In this section, we extend the circle method described in §2.5.1]for (mock) modular
forms to the case of mixed mock modular forms, along the lines of [77]. In the
second part, a description of the mock modular objects of interest to us will be
followed by the derivation of the Rademacher expansion for their Fourier coeffi-
cients.

4.3.1 Mixed mock modular forms

The aim of the following analysis is to derive an analytic expression for the Fourier
coefficients of the mixed mock modular forms arising in the theta-decomposition of
the mock Jacobi forms 9% for different values of m, answering the question raised
in section [f:2]about the construction of a Rademacher expansion for vector-valued
mixed mock modular forms.

Before applying the circle method to these mixed mock modular forms, we examine
the precise structure of the mock Jacobi forms under consideration. A detailed
treatment of these functions is provided in [8]. There it was shown that, after
multiplication by the discriminant function 7(7)2?, the mixed mock Jacobi form
¥E can be split into two terms,

()4l (1, 2) = PON(r, 2) + Ph e (T, 2) (4.3.1)

whose defining characteristics are as follows. The first term reflects the mock char-
acter of the counting function, and as such encodes the failure of 1% to be modular,
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while the second is a weakly holomorphic Jacobi form. Adding any (weak) Jacobi
form of weight 2 and index m to Lpgjgfk and subtracting it from gp'é“,l,f does not
modify the defining properties of these functions. Therefore, the explicit form of
gogjgfk is obtained only after imposing another condition. Interestingly, the split-
ting ambiguity is (almost) remove by demanding an optimal growth condition

mock -~ which translates into a growth of at most

on the Fourier coefficients of @50,

exp(Z- v4mn — (2).

Based on the above considerations, we define (Dg% to be the mock Jacobi form
obtained from 905“7?,‘;1‘ after imposing the optimal growth condition. So long as m
is a prime power, the optimal mock Jacobi form <I)(2)’p7f1 is unique [8], and it can be
expressed in terms of the Hurwitz-Kronecker class numbersf|

(Dgf;;(’r, 2) = H(r, 2)|[VH for m a prime power . (4.3.2)

2,m?

The optimality, in this case, translates into the choice of a holomorphic mock
Jacobi form. The action of the Hecke-like operator V,(Clzn is defined in (A.2.20)),
while H(7, z) is the mock Jacobi form of weight 2 and index 1 whose Fourier
coefficients are given by Hurwitz-Kronecker numbers,

H(T,2) = Ho(T) 01,0(T,2) + H1(7) 01,1(7, 2), (4.3.3)
with
He(r) = H(An+30 "%, 1={0,1}, (4.3.4)
n=0

and 6, ¢(7, z) is defined in Appendix as well as in equation ([2.2.51)). The first
few Hurwitz-Kronecker numbers are given in Table [} By convention we have
the value H(0) = —1/12, and H(n) = 0 for n < 0.

n [ 3 4 7 8 11 12 15 16 |
Hm) |1/3 1/2 1 1 1 4/3 2 3/2]|

n 19 20 23 24 27 28 31 32 |
Hmn) | 1 2 3 2 4/3 2 3 2 |

Table 4.1: Some Hurwitz-Kronecker numbers.

"The splitting becomes more subtle and the choice ceases to be unique when the index m is
not a prime power. See below for an explicit example.

8Hurwitz-Kronecker class numbers are defined as the number of PSL(2,Z)-equivalent classes
of quadratic forms of discriminant —n, weighted by the inverse of the order of their stabilizer in
PSL(2,Z).

104



4.8. A mized Rademacher sum

When m is not a prime power, the choice of an optimal function is not unique |[8].
For instance, there are three choices of optimal functions for m = 6, the first
non-prime power:

opt I( 7,2) = H|V(1)(T 2) + *]:6(7' 2), (4.3.5)
(7, 2) = O (7, 2) — 5 Ko(r,2), (4.3.6)
opt M oy = opt Y2+ = IC6(T 2), (4.3.7)

where the mock Jacobi forms of weight 2 and index 6 Fg(7,2) and Kg(7,2) are
given in equation (C.1.1)) and (C.1.5)) respectively. In the following, we will deal
explicitly (see footnote with the cases m = 1...7, to incorporate cases where
the index is prime (1, 2, 3, 5 and 7), a prime power (4), or neither (6). However,

the extension to other non-prime power cases can also be obtained using results
contained in [§].

For any index, the completion of CDgf’fn, which is a Jacobi form of weight 2 and
index m, satisfies [3]

P (1,2) = O (7, 2) — 1/ > W00 (me(7,2) (4.3.8)

ZEZ/QmZ

where 199,17[(7) = O (T, 2)|2=0 as defined in (2.3.10) and * denotes the Eichler
integral (2.3.6). Therefore, the theta-decomposition of ®IP*

2,m’

O (1,2 = > BT O (T, ) (4.3.9)
2€Z/2mZ

specifies the optimal mock modular fOHIlEEl h?pt of weight 3/2 and shadow given by
the unary theta series of weight 1/2, 1997% +(7). This suffices to show that, for any

m, the completion of hOpt ﬁc}pt is a modular form of weight 3/2 with a multiplier
system dual to that of 190 [(’T) This multiplier system is discussed in Appendlx

Eventually, the Fourier coefficients of the mock Jacobi forms 1% can be deter-
mined provided one can compute the coefficients of the vector-valued mixed mock

9The components of the vector-valued mock modular form Ropt (1) satisfy h?pt () = hOpt (1),
due to the symmetries of the theta function together with the modular properties of the Jacob1

t
form <D0p
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modular forms entering their theta-decomposition,

opt
P, 2) | D5 (7 2)

2 )

true opt
Z |:hé24 @ + hé24 S Om,e(T, 2) . (4.3.11)
tezjamz L " (™ n¥(7) 7

bh(T,2) = (4.3.10)

In particular, this structure shows that the standard Rademacher expansion can
be applied to the first term in the theta-decomposition, which is nothing but a
modular form, and that obtaining the coefficients of 1% reduces to finding an ex-
pression for the coefficients of h?pt (1)/1?4(7). The latter are vector-valued mixed
mock modular forms of weight —21/2 and dimension 2m.

4.3.2 Mixed Rademacher sum via the circle method

Following the treatment of Bringmann and Manschot |77], we can generalize the
circle method to recover the Fourier coeflicients of such forms. Focusing on the
mixed mock modular part, we define

@)
i)

where ng = 0 for £ # 0 and ng = —1 for £ = 0, and

fm,Z(T) =

2
3N amn )¢ tm, Cez/omz, (4.3.12)

n>ngo

Fon (1) 1= a7 f g7 (43.13)

Applying Cauchy’s theorem to fm,g and decomposing the contour integral via the
Farey sequence as explained in section [2.5.1] we arrive at an equation similar to
(2.5.4), the major difference being that f, ; is now a component of a vector-valued
form,
pimnt [T — 28 42in 42img| 2E2 —2imng
amm = S “T”E/ ¢ frns (e AR )e N . (4.3.14)
0<h<k<N ~Vhk
(h,k)=1

For the time being, we restrict to the Fourier coefficients with 4mn — ¢2 > 0. We
introduce the variable z = (% —1k¢) and use the modular property of f,, o. The
form of the latter is dictated by the functional equation

Frne (0 +12)) = 2205 fs (1 (0 + 1))
- Sm? 2297y 77724(% (h’ + é)) T j (é) . (4.3.15)
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where a sum over j € Z/2mZ is implied, the multiplier system (v) is given in

[{327) and
oo 90 (iw — )
Imj@)= [ 2 Equ. 4.3.16
m,]( ) /0 (w+:c)3/2 ( )
Due to the mixed-mock character of f, ¢, the modular transformation is contam-
inated by the shadow of (Dgf’;l (the Eichler integral of the unary theta series as in
(4.3.8])) divided by the discriminant function. Therefore, using this transformation
rule,
21/2 —2im(n—i)hk (e 2, 02
amn, )= Y V% R [ dge® T g(y)y X

0<h<k<N Tk
(h,k)=1

L GO+ D) = i G D) ()] 0

where again a sum over j € Z/2mZ is implicit. Two distinct terms appear in
the integrand: one reflects modularity while the other is generated solely by the
shadow of hgpt through the Z,, ; integral. We denote these terms by XZ; and Za,
respectively. Note that up to now, we haven’t made use of the explicit form of the
function f,,, o but only of its transformation properties.

To complete the circle method, one has to estimate the behavior of the different
terms in the limit for N — oo and thus prove the convergence of the above series.
The analysis yielding the exact expression of the Fourier coefficients au,,(n,£) is
performed in Appendix[C-2} and here we only mention the main steps of the proof.
The first term X; in is dominated (in the limit N — oo) by the polar terms
of fm,e. We denote their contribution by X} and refer to them using tilde variables.
Introducing the usual combinations

A:=dmn— 02,  A:=4mn—(2, (4.3.18)
as well as g such that
- 0 for £#0
o = — (4.3.19)
—1 for £=0,
we have
- S h R 5
5= Y an@d Y RS E o) gy 0
TSm0 0<h<k<N
tez/2mz (h,k)=1
A<0
//4’ ) 2 —~
x/ M2 T (s me) 49 (4.3.20)
_19;»,16
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Here, am(ﬁ,Z) are the polar coefficients of fy, . Using and taking into
account the discriminant function in the denominator, we can straightforwardly
obtain an analytic expression in terms of the Hurwitz-Kronecker numberd0| dis-
played in Table [T}

Lemma 4.3.1. For m prime, the polar coefficients of fy, ¢ are given by

~ dm@m +1) — 02
am@h= Y dH(%). (4.3.21)
d|(n+1,6,m)

Proof. The identity immediately follows from the action of the Hecke operator

Vélgn for m prime defined in (A.2.20)) on the mock Jacobi form # defined in (4.3.3)).
[

When m is not prime but a prime power, we can still make use of (4.3.2]) and work
out the action of the Hecke-like operator on the Hurwitz-Kronecker generating
function. For instance, for the lowest prime power m = 4, we have

. 16(7 + 1) — 02
a@h= dH(d—Q)
d|(n+1,£,4)

~ _7\2y . 1
_2{H(4(n+1) (3)7) if 2[¢, (4.3.22)
0 otherwise .

The case for m neither prime or a prime power needs to be treated separately

since, as we mentioned above, the choice of an optimal function is not unique. For
instance, when m = 6 and if we make the choice (I) in (4.3.5)), then

-~ 1 24(m + 1) — (2 1 o~
as(i ) = 5 ~Z~ dH(T) + 5z ex i, (4.3.23)
d|(n+1,£,6)

where cx, are the polar coefficients of the mock Jacobi form Fg (C.1.1), given by
ey (—1,1) =cry (4, 11) = —c7,(0,5) = —cr,(1,7) = —1, (4.3.24)

e, (0,1) =cr,(5,11) = —cr, (1,5) = —cr7,(2,7) = 11. (4.3.25)

Similar formulae for the polar coefficients in the case where m is a prime power

greater than 4 or m not a prime power can also be obtained by applying the defi-
nitions of the optimal mock modular forms (4.3.2)) and the results of [8].

Following |77], the boundaries of the integral in (4.3.20) can be written in a sym-
metric form up to an error term (see Appendix [C.2]) which vanishes in the N — oo

ORecall that by convention H(n) =0 for n < 0.
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4.8. A mized Rademacher sum

limit. We are then left with the integral representation of the standard I-Bessel
function of weight 23/2 (C.2.10). If we now take an extension of the definition of
the Kloosterman sum given in (2.5.6) for vector-valued mock modular forms,

fO K iy = > e2mi(—kurier) V()i » (4.3.26)
0<h<k
(hok)=1
where
Yy =~ pi)! (4.3.27)

and p(v) is defined in (A.2.15)), we obtain a first Rademacher-type contribution to
the coefficients a,,, (n, £),

D _Z (N%ig(ﬁ Ak 71) 2m @ 23/41 i«/|Z|A
L ~am " pt 4m’ 4m’ X4 wk \ A 22\ mk ’
n>ng =
lez/2mz
A<O
(4.3.28)

Above and in what follows, we take K(u,v; k, ™) = RLV)(/C, ¥~ 1) to simplify the
notation. We now deal with the shadow contribution Zy in . Implementing
the results of Appendix [C.2) regarding the representation of the Eichler integral of
199”7 ;(7), we obtain a more suitable form for the estimation of the asymptotic of
the latter via the following Lemma:

Lemma 4.3.2. For x € C and Re(x) > 0, I, j(x) takes the fornﬂ

0o 90 (s B
/ Uy (fw — ) du =
0

(w + x)3/2
YL (2509 1 +OO_2 2
= Z e T amE g _ e"dmamut g (wydu ), (4.3.29)
Voo 2mak2z /_oo 9
g (2mk)
g=j(2m)
7\'2 .
—— . g #0(2mk),
Frogm() = ¢ S ) (4.3.30)
W—F ng:O(ka‘),

where dg.g = 0 for g # 0 (2mk) and 0o,y = 1 for g = 0 (2mk).

Proof. The result is readily derived from Mittag-Lefller theory following the method
outlined in |171]. n

ITo shorten the notation from now on, we will adopt the convention of writing only brackets
when the variable is defined over a finite field. For instance, g = j (mod 2m) becomes g = j (2m)
and g (2mk) stands for g € Z/2mkZ.
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4. A mized Farey tail

This shows that there are two contributions to Xs, one coming from g = 0 (2mk)
and the other from g # 0(2mk). For both of them, only the polar coefficient of
n(1)~2* contributes to the N — oo limit.

After evaluating the integrals over the Farey sequences in the same way as for X,
we are thus left with two contributions

22, g=0(2mk) =

- 6
= vam ZR(%, —1;k,7/171>£0 : <4m> AP (QW \/K> ;o (43.31)
k=1

K

S

and

2o, g20(2mk) =

1 & A g2 1 [4m\>*/*
L NES
2Tk Z , Z 4m 4m v g k2 \A x
k=1j€Z/2mZ
g(2mk)
g=j(2m)

+1/vm o
X / du fio,g,m (u) (1 — mu?)?/* Iy 1 ( VA - mu2)> . (4.3.32)

1/ ym kv/m

The normalization factor x in the two expressions above is 2 for m = 1 and 1
otherwise, and is related to the normalization of the Eichler integral of the shadow
in (4.3.8). It has been chosen to be consistent with the m = 1 case discussed in [77].

Putting all three contributions together we arrive at our main result, stated in
the following theoren|?}

Theorem 4.3.3. The Fourier coefficients of fm. ¢ defined in for A =
4mn — 02 > 0 are given by the exact formula

2Numerically this formula has been tested up to m = 7, in order to have a direct comparison
with the supergravity computation presented in |78] and to include the cases where m is prime,
a prime power or neither. However, the proof applies for any index.
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4.8. A mized Rademacher sum

nZno =
LEZ/2mZ
A<O

2
1 s 4m7_1_4‘77m;k’¢—1)[ 4m 25/4
T 2 2 2 ](A) x

k=1 j€z/2mZ
g(2mk)
9=j(2m)
x/ﬂ/rduf (u) I. (2” \/A(l—mu2)>(1—mu2)25/4 (4.3.33)
. k,g,m 25/2 Jm . 3.

The detailed proof is provided in Appendix Despite the fact that we derived
the above expression for A > 0, the limit for A — 0 exists and it correctly repro-
duces the constant terms of the vector-valued mock modular forms.

It is interesting to examine the n — oo asymptotic behavior of the coefficients
am(n, ). Using the asymptotic behavior of the I-Bessel function in this regime
(C.2.11)), we find

Corollary. For m prime or a prime power, the leading asymptotic terms for
n — 0o are:

(-1 0) e 1

n=25/4 O(n—lsm))wﬁ. (4.3.34)

As an illustration, we also have for the first non prime or prime power index m = 6,
in the limit n — oo,

1
ag(n,l) = nb— —— /My O(n_13/2)>e4”ﬁ, (4.3.35)

(_5@

26 2V2m
with 8y = R(00, —25/24; 1,9~ 1)41, which is finite and smaller than 1 for £ € Z/12Z.
Note that the exponential behavior of the Fourier coefficients is compatible with
the result of Theorem 9.3 in [8] after taking into account the fact that we have
divided the optimal mock Jacobi form of weight 2 and index m, d)g’p;l in (4.3.2)
and (4.3.5)), by the discriminant function.
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4. A mized Farey tail

4.4 The quantum entropy function

It is in principle possible to recover the degeneracies of BPS states in string theory
by computing the entropy of BPS black holes in supergravity. In the large charge
(thermodynamic) limit, this has been thoroughly investigated, starting with the
celebrated result of |143]. However, it is also well-known that the Bekenstein-
Hawking entropy of BPS black holes receives quantum corrections which should
be examined carefully. Thanks in part to supersymmetry, such corrections can
be computed exactly by means of the quantum entropy function [144], as briefly
alluded to in the introduction of this chapter. This formalism goes beyond the
leading entropy contribution by re-summing all quantum corrections, and in cer-
tain cases turns out to be able to reproduce the exact degeneracies of BPS states
described by the above modular objects.

In the following, we introduce the concept of quantum entropy function. The
discussion is followed by a survey of the macroscopic computation of the exact
entropy of 1/4-BPS black holes in the 4d in the low-energy effective supergravity
theory.

4.4.1 The quantum entropy function

Sen motivated a definition of the full quantum-corrected entropy of extremal dy-
onic black holes in theories of supergravity on the basis of the AdS,/CFT; corre-
spondence |144], where the AdSy factor is a universal factor in the near-horizon
region of extremal black holes in any dimension. This quantum entropy of course
receives its main contribution from the classical Bekenstein-Hawking entropy, but
also encodes the corrections to the area-law coming from higher derivative cor-
rections and quantum fluctuations of the supergravity fields in the near-horizon
region. As such, this quantity has a chance of completely reproducing the string-
theoretic result for the degeneracy of BPS states which correspond to BPS black
holes in the low-energy effective theory.

According to Sen’s definition, the exact entropy of such black holes is formally de-
fined as a path-integral (the expectation value of a Wilson line) on the near-horizon
Euclidean AdSs region,

finite

eXp[Smacro](q;p) =Wi(q,p) = <exp[—i qr f dr Aql-]> ) (441)
AdSs

where 7 is the (Euclidean) time direction, A{L are the gauge fields of the vec-
tor multiplets under which the black hole is charged with electric charges q; and
magnetic charges p!, and the superscript ‘finite’ denotes a regularization scheme
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4.4. The quantum entropy function

to take care of the infinite volume of AdSy [144]. According to the expectations
borne out of the attractor mechanism [142], this exact entropy only depends on
the charges of the black hole.

4.4.2 Macroscopic derivation

For 1/4-BPS black holes in 4d N = 4 supergravity the quantum entropy function
W (q, p) is expected to match the microscopic result but as we will explain
in this section, some discrepancies (exponentially subleading in the charges) still
remain, pointing to interesting physics in the supergravity picture which is not yet
fully understood.

In order to be able to explicitly evaluate the quantum entropy function for these
black holes, one regards them as 1/2-BPS solutions of a truncated A = 2 super-
gravity theory [172]. Their near-horizon region is then full-BPS and is an attractor
AdSy x S? geometry [173] with an enhanced SL(2) x SU(2) bosonic symmetry.
In N = 2 supergravity, one can also make use of the superconformal formal-
ism [174,[175) and work with an off-shell formulation of the theory, which turns
out to be extremely convenient to apply supersymmetric localization techniques
to compute the path-integral [145,[156].

A large class of N' = 2 superconformal gravity actions (F-terms) are entirely
specified by a holomorphic function F(X' ,/T) called the prepotential, which is
a homogenous function of degree 2. Here, X! are the scalar fields sitting in the
vector multiplets, and A is the lowest component of the square of the Weyl multi-
plet (which contains the graviton), A = (T#_V)z. Another class of actions (D-terms)
have been showed not to contribute to the quantum entropy function in [176], so
one can safely focus on the F-terms. For such actions, it was shown in [156}/177]
using supersymmetric localization that the leading contribution to Wi(q,p), de-
noted by a hat in the formula below and corresponding to the leading saddle-point
of the black hole partition function where the Weyl multiplet is at the attractor
value AdS; x 52, takes the form

/\ Tl I ¢! +ip! I
Wi(q,p) = [T(d¢ ]exp[—wq1¢ +47TImF(T)}Zl(¢ ), (44.2)
Mq =0
where

e Mg is the localizing manifold, which is specified by all field configurations
satisfying Q¥ = 0 for all fermions ¥ in the theory and for the supercharge @
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4. A mized Farey tail

with the algebra Q2 = Lo—Jy, with Lo the Cartan generator of SL(2) and Jy
the Cartan generator of SU(2).

e ¢! are the coordinates on M, parameterizing the fluctuations of the super-
gravity fields in the near-horizon AdSs region,

e [d¢!] is a measurd?| taking into account the curvature of Mg,

e 7 is a one-loop determinant factor arising from quadratic field fluctuations
orthogonal to Mg and which depends on the prepotential and the field
content of the theory |179}/180],

e the prepotential is evaluated at the attractor value A=—64 [173].

We stress that this localized form of the quantum entropy function only depends
on the prepotential F(X7, j) and the field content (one Weyl multiplet, n,, vector
multiplets and nj, hypermultiplets) of the truncated N = 2 theory, as well as on
the measure [d¢!]. This is the only data which must be specified in order to obtain
the exact quantum entropy of the 1/4-BPS black holes considered above and is an
upshot of using the superconformal off-shell formalism.

For the K3 x T2 case, the field content of the truncated N/ = 2 theory is that
of n, + 1 = 24 vector multiplets (including the conformal compensator) and ny, = 0
hypermultiplets, and the prepotential is given by the exact expression [172}181]

Xl

XlxaC,,x? A
- X0

X0 12847

F(xT, A) = 10g7724( ),a,b=2...23, (4.4.3)

where Cy;, is the intersection matrix of the 2-cycles on K3 and 7(7) is the Dedekind
eta function (A.2.1]). Observe that in this case, there are brane instanton correc-
tions proportional to the chiral background field A and that depend on the vec-
tor multiplet scalars through the ratio X'/X° (which is the axion-dilaton in the
gauge-fixed, Poincare supergravity theory).

Moreover, the computation of the quantum entropy function becomes more trou-
blesome since one has to deal with the instanton contributions to the prepoten-
tial . For the leading saddle-point to the quantum entropy function (un-
orbifolded near-horizon geometry), this was examined in [78]. One should also ex-
amine potential other geometries corresponding to sub-leading saddle-points and
understand what is the effect of summing over these in the full W(q, p). Investiga-
tions in this direction have been conducted in |182,/183|, where it was shown that
orbifolded near-horizon geometries give exponentially suppressed contributions to

BWe believe that this measure is subtle and not yet very well understood. We will comment
on this below. For an attempt at deriving this measure, see [178]|.
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the entropy, thus fitting the Farey Tail picture presented in the introduction to
this chapter.

The question we would like to address now, harking back to the previous section,
is whether an A/ = 4 supergravity computation can reproduce the Rademacher
expansion of 1" which encodes the degeneracies of single-center (immortal) 1/4-
BPS black holes.

As explained below , the mock modular forms entering the theta-decomposition
of E consist of a truly modular part and a mixed mock modular part. Equation
provides an exact expression for the Fourier coefficients of the latter. To
reconstruct the coefficients of the former it is enough to apply the Rademacher
expansion to the modular form h}™e /n?* of weight —21/2.

As a result, the complete formula for the Fourier coefficients of 1L contains three
types of terms: an m-dependent number of I-Bessel functions of weight 23/2 (com-

ing from both the true and the mock parts), an I-Bessel function of weight 12 and
the integral of an I-Bessel function of weight 25/2 times a hyperbolic function.

It was shown in |7§] that localizing the quantum entropy function with the pre-
potential yields a sum of I-Bessel functions of weight 23/2, along with
additional contributions that were dubbed “edge-effects”. A comparison in the
I-Bessel 23/2 sector was conducted for the cases m = 1...7, and although there
seemed to be a good agreement between the two calculations, some discrepancies
remained (see Tables in [78]).

The measure of the localizing manifold [d¢!] used in 78] was inspired by a saddle-
point approximation of the Igusa cusp form derived in [159]. Using such a set-up,
the localized quantum entropy function takes the form |78§],

W(n,t,m) = 2712 Z (M — 1 —T0) paa(n + 1) pau (it + 1) ™D
nun>—1
dTQ A1) w 02 )] y
m

exp[ T +?(n—7m
2

X Ldﬁ exp[ T +i(n — n)g — E)Q] , (4.4.4)

) 2m

X

with A(n,7) = 4mTt — (m — n + )2, pas(n + 1) is the n*® Fourier coefficient of
n(t)~2* (n denotes the instanton number).

Above, we have used (4.2.1)) to express the macroscopic charges (p,q) entering
the quantum entropy function (4.4.1)) in terms of the microscopic data (n, ¢, m) to
facilitate the comparison.

It is important to stress that this localization computation does not include sub-
leading saddle-points of the quantum entropy function (4.4.1)) corresponding to
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4. A mized Farey tail

orbifolded near-horizon geometries [183], and it should therefore only be compared
to the k = 1 term in the asymptotic expansion for the Fourier coefficients of the
single-center counting function ¥Z .

The next step to compute the integrals deals with the choice of contours 1, v2
(see also |178] for a discussion of such contours). The choice made in [78] led to
the correct number of I-Bessel functions of weight 23/2 for any m by limiting the
sum in over a finite, m-dependent range for n and 7, but introduced the
edge-effects. A close look at their contribution reveals that they take the form
of I-Bessel functions of weight 12 whose prefactors and arguments are functions
of n and 1 but for which the sum is not truncated, thus leading to a mismatch
in the analytic formula as explained in details in [2]. In addition, the integral
of the Bessel functions of weight 25/2 multiplied by a hyperbolic function (the
fr,g,m(u) defined in ) in the Fourier coefficients of 12 seems absent from
the supergravity calculation.

At present, a contour prescription which, while keeping the finite sum over I-Bessel
functions of weight 23/2, would also lead to a single I-Bessel function of weight
12 along with an integral of an I-Bessel of weight 25/2 is still missing. It would
be illuminating to find motivations based on low-energy physics for this contour
and explore whether such considerations could lead to an agreement between the
supergravity answer and the Fourier coefficients of ¥f" obtained in the previous
section.

The results obtained in this chapter can be used as a guiding principle. In fact, one
can take the point of view that the precise structure provided by the Rademacher
expansion offers a steady guide to applying localization techniques to the quantum
entropy function. A priori, such a computation is not straightforward and numer-
ous aspects of the supergravity theory under consideration need to be examined
in details before one can trust the results. In the conclusion, we will outline what
we believe are necessary modifications to the supergravity calculation which could
lead to an agreement between the microscopic and the macroscopic result.

4.5 Conclusion

In this chapter, we proved an exact formula for the Fourier coefficients of the mixed
mock modular forms entering the theta-decomposition of the counting function of
single-centered 1/4 BPS black holes in /' = 4 supergravity. This result was ob-
tained using an extension of the circle method first implemented in the context of
moduli spaces of stable coherent sheaves on P? [77]. The (mock) modular proper-
ties of the functions highly constrain the form of the Fourier coefficients, allowing
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to predict not only the growth of the black hole degeneracies for large charges
but also the precise value of the degeneracy at fixed charges, which receives both
perturbative and non-perturbative corrections.

Motivated by the precise match between the microstate counting function of 1/8-
BPS states in Type IIB compactified on 7% and the quantum entropy function
computed by means of localization in the corresponding supergravity theory, we
are led to a similar discussion for the case of immortal dyons in the A" = 4 theo-
ries. However, as explained in section [£:4.2] the low-energy effective field theory
computation needs further corrections in order to reproduce the first (k = 1) term
in the Rademacher expansion. Here we mention various subtleties arising in the
calculation of the localized quantum entropy function in supergravity.

The supergravity localization result relies on the form of the measure [d¢!] along
the localizing manifold. Such a measure is difficult to obtain from first principles.
By definition, it is the induced measure from the full field configuration space of
N = 2 superconformal gravity to the localizing manifold (which is a particular
slice in the configuration space specified by BPS solutions). However, the former
measure is not known at present. The form used in [78] was borrowed from a
saddle-point approximation of the microscopic degeneracies; in order to obtain
the exact measure, one might need to include corrections to this approximation
which would lead to a modification of the final supergravity result.

The choice of contour for the complex integrals could also be modified to
exhibit the same structure as the Fourier coefficients of the single-center counting
functions w,f;. Lastly, by inverting the approach, we believe that the exact micro-
scopic results obtained herein could be used to infer what the localizing measure
is and what the contour of integration in the localized quantum entropy function
must be in order to guarantee a matching between string-theoretic and supergrav-
ity counting of 1/4-BPS states in A/ = 4 theories. Moreover, the exact expression
of the coefficients might shed some light on the type of geometries needed to re-
produce the correct sum over saddle-points (near-horizon geometries) in the full
Wi(gq,p).

In conclusion, our result suggests that some non-perturbative aspects of the super-
gravity result would benefit from a systematic analysis. Such an analysis should be
conducted under the guidance of the exact microscopic results obtained in section
[£:3] which provides a precise goal to aim for in the low-energy theory.

The results of section [£.3| may also find wider applications to other types of mixed
mock modular forms arising in different physical contexts. For instance, our results
might be extended to the mixed mock modular forms arising in compactifications
of string theory on CY3—folds leading to four-dimensional black holes with N = 2
supersymmetry [184], or the related five-dimensional spinning black holes [185].
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Chapter 5

From false to mock via 3d N = 2
theories

The study of knots is one of the central themes in topology. The main tools to
categorize a knot, and thus understanding its structure, are knot invariants. The
purpose of an invariant of a knot is to discriminate between inequivalent knots.
Unfortunately, knot invariants do not always discern the inequivalent structure
of two knots. This resulted in a constant endeavor to construct more efficient or
suitable knot invariants. Similarly, it is convenient to describe 3-manifolds via
the corresponding invariants. An important link between 3-manifolds and knots
is provided by the operation of integral surger on links (disconnected union of
knots). Thanks to this technique every closed oriented 3-manifold can be realized
from a 3-sphere S3 [186].

Since the early stage of knot theory both in mathematics and physics the perspec-
tive on these entities has been purely two-dimensional. They have been, in fact,
analyzed via two-dimensional projections such as braid group representations and
quantum groups, or considered in relation to 2d conformal field theories and statis-
tical mechanics. In 1989 knot theory and the topology of 3-manifold were proven
to be related to a three-dimensional topological quantum field theory (TQFT) [22].
Although this gave a clear 3-dimensional and topological definition for knot and
3-manifold invariants, it did not explain why these invariants are either Laurent
polynomials or formal g-series. The structure of an invariant as Laurent polyno-
mial or integral g-series is apparent if we regard it as a homological invariant, that
is to say, a generating function of dimensions (or other quantities) of homological
spaces. Physically, these can be interpreted as (refined) topological indices of the
Hilbert spaces of topological field theories (or more general theories). By the same
token, knots and 3-manifold invariants can be viewed as the objects responsible for
the “decategorification” of specific homological space? for a review of this aspect

IThis is sometimes referred to as Dehn surgery.
2The process of associating numbers (e.g. dimensions) to vector spaces is here described as
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see [187].

What is described in this chapter gives evidence to the fact that the categorifi-
cation of 3-manifold invariants does not only appear to be natural in the realm
of topological quantum field theory but it also finds a natural home in the realm
of number theory. A number-theoretical structure has been already revealed in
the perturbative expansion of the Chern-Simons path integral over Seifert fibered
3-manifolds in [190]. In this work, we analyze the deep inter-relation between the
non-perturbative structure of this topological quantum field theory and number
theory. A dominant role is played by false theta functions (objects similar to theta
functions but with a sum over lattice vectors graded by a plus or a minus sign
depending on the element of the lattice) and Weil representations of Mp2(Z), the
double cover of SL2(Z). In addition, the study of certain topological invariants
hints at a connection with the space of optimal mock Jacobi formg of weight one
with rational coefficients [64]. This space is spanned by mock Jacobi forms whose
associated?] mock modular forms are mock theta functions, i.e. mock modular
forms whose shadow are unary theta series. These half-weight mock theta func-
tions are interesting (up to an overall constant) integral g-series. They comprise
examples of the mock theta functions that appear in the famous letter to Hardy
by Ramanujan, and strikingly in the umbral moonshine conjecture [36]. Here we
discover a topological framework in which these objects are expected to emerge as
invariants of 3-manifolds.

The idea behind this work is rooted in the physics of the 3d-3d correspondence [23].
This correspondence relates a 3d supersymmetric gauge theory to a Chern-Simons
theory (CS) on a 3-manifold M3, to which we can naturally associate topolog-
ical invariants. Roughly speaking, the origin of the 3d-3d correspondence can
be traced back to the existence of N/ = (2,0) 6d theories. Indeed, one way to
describe this correspondence is from a 6d perspective. Six-dimensional supercon-
formal field theories (SCFT) form a finite discrete set labeled by simply-laced Lie
algebras g. These theories may be viewed as the IR fixed points of more general
six-dimensional theories. Although these theories are quite mysterious objects,
their existence allows drawing conclusions, correspondences, and dualities in lower
dimensional theories by compactification of the original 6d theory on different
manifold{] Indeed, the topology of the manifold on which one compactifies the
6d theory controls a variety of protected quantities.

decategorification. The opposite procedure is named categorification.

30ptimal mock Jacobi forms are Jacobi forms that have minimal possible growth in their
coefficients.

4They are associated via the theta decomposition; see Theorem

50ther examples of correspondences where the 6d perspective has shown to be useful are the
4d-2d correspondence [188| and the AGT correspondence |189].
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In this work, we focus on 3d N = 2 theory T'[M3], which originates from the parent
6d theory as twisted compactification on a closed oriented 3-manifold Ms. The
main player in this chapter is the so-called “half-index”, supersymmetric partition
function of T[M3] on D? x R with boundary condition B, along the boundary of
the disc, as illustrated in Figure .1} Half-indices are invariant of the homological

/\

(time) x

Figure 5.1: A homological block (a.k.a. half-index) counts BPS states of 3d N = 2
theory on (time) x (cigar).

spaces, corresponding to BPS sectors of the Hilbert space of the 3d theory T'[M3]
and because of this, they are sometimes referred to as “homological blocks”. From
the Chern-Simons perspective, a specific linear combination of homological blocks
represents the resummation of the perturbative series of the CS path integral
around a flat connection a. Homological blocks constitute our starting point to
investigate the role of number theory in the study of 3-manifold topology.

The outline of the chapter is as follows. In the first section, we review compact
SU(2) CS theory in relation to 3-manifold invariants and quantum modular forms.
Section defines false theta functions and describes their connection with non-
holomorphic Eichler integrals of unary theta series. To conclude the section, we
describe how to fold a false theta function through the Weil representations. In
section we briefly review some features of the supersymmetric 3d theory T'[M3]
and describe in more detail the half-index of T[M3]. In section §5.4| we explicit
compute the homological blocks for a subset of indefinite and the negative-definite
Seifert fibered manifolds M3. At the end of the section, we explain for which type
of M3 this calculation is bound to fail. In section §5.5| we first review the resurgence
analysis of CS theory and then describe it by means of false theta functions and
the Weil representations of Mpo(Z). The description of half-indices for positive
definite and a subset of indefinite graphs is given in section in terms of mock
theta functions. We provide an example where we analyze both the false and
the mock theta function perspective in section §5.7] Finally, in section §5.8] we
examine a map from an optimal mock theta function to a false theta function
via Rademacher sums. We close with a summary of the results and some open
questions in section
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5.1 The WRT invariants and quantum modular forms

As aforementioned, the WRT invariants have a central role in the analysis of
the topology of 3-manifolds. This is reviewed is section §5.1.1] in connection to
SU(2) Chern-Simons theory. For more details on the WRT invariants, we refer the
reader to the original work by Witten [22] and the book by Turaev [186]. Besides
their importance in topology, WRT invariants happen to be interesting objects
in number theory. This is described in section §5.1.2] A detailed analysis of the
quantum modular form associated to the Poincare homology sphere, (2, 3,5), and
other Brieskorn homology spheres was first provided in [190], where the concept
of quantum modular form was invented. This result has been extended to some
other Seifert manifolds in [192}[193].

5.1.1 WRT invariants

The Witten-Reshetikhin-Turaev invariant of a closed (connected) oriented 3-manifold
M3 was first introduced in [22] in relation to a topological quantum field theory:
the three-dimensional Chern-Simons theory, denoted briefly by CS, with compact
gauge group G and partition function

Z[k; Ms) = /DA et k=S (5.1.1)

The path integral is taken over equivalence classes of connections A on a principal
G-bundle modulo the action of the gauge group; the parameter k denotes the
renormalized level of the CS partition function, and the Action of the theory is

1 2

S (A) = —/ Tr(ANdA+ZANANA). (5.1.2)
47 M3 3

The critical points of the path integral (5.1.1)) are flat connections, i.e. solutions

of the equation
dA+ANA=0. (5.1.3)

These are determined by the holonomies of Ms, that is by the homomorphisms
p : m(M3) — G modulo gauge transformations. To guarantee the invariance of
Zk; Ms] under any gauge transformation, the level k is required to take integer
values.

The topological nature of this QFT is expected and in part ensured by the in-
dependence of the partition function and the observables from the metric. The
observables of this theory are non-local functionals of the gauge connection, called
Wilson lines. In the following, we restrict to the compact gauge group G = SU(2).
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Denote by R an irreducible representation of SU(2), and by C an oriented closed
curve in Ms. A Wilson line (or loop) is defined by the trace in R of the element
of the group specified by the holonomy of A around C, that is to say

Wr(C) := TrR{Pefc Aidﬂ”i} ) (5.1.4)

Take M3 to be the 3-sphere S3, we define a knot to be a smooth embedding K :
S1 < §3 and a link L to be the union of non-intersecting knots. The expectation
value of the Wilson line for a knot K in the n-dimensional representation R of
SU(2),

i(k—2) fMgEcs(A) Wh(K) . (5.1.5)

Zlk: Ma K] = (Wah) = [ DAe
gives rise to a knot invariant: the Jones polynomial or WRT invariant. Z[k; M3, K|
turns out to be a Laurent polynomiaﬁ of q = e2™i/k  which corresponds to the
graded Euler characteristic of the Khovanov homology. As mentioned in the in-
troduction to the chapter, the relation between knot invariants and CS partition
functions was first brought to light by Witten’s derivation of the principles of knot
theory through the axioms of topological quantum field theory [22]. In addition,
a TQFT interpretation of “surgery” on S% was provided in [22].

In [194,/195] Lickorish and Wallace proved that any closed compact oriented 3-
manifold M3 can be constructed by surgery on S% along a framed link £. This
statement is a reformulation of the fact that each closed oriented 3-manifold bounds
a compact oriented 4-manifold (c.f. [196]). Thanks to this observation, any com-
putation of an invariant of M3 reduces to the computation of invariants of links
in S3. To perform surgery on S3, we scribble a circle C inside the 3-manifold
and thicken it to a tubular neighborhood, so to produce a solid torus with center
outlined by K. Removing the solid torus from S3 splits the manifold into two
pieces: the solid torus itself and the complement of K. Any 3-manifold can be
constructed by performing an appropriate diffeomorphism on the boundary of the
complement of the knot and then gluing the solid torus back. After having per-
formed a diffeomorphism on its boundary we obtain a new manifold M3 by gluing
the solid torus back together with the complement.

Since multiple links can reproduce the same M3, any invariant of M3 should be in-
variant under this redundancy in the description which is captured by the so-called
Kirby moves. Reshetikhin and Turaev determined a completely combinatorial defi-
nition of Z[k; M3] for integer level k [198], by means of the representation theory of
the quantum groups Ug(sl2). This further led to the definition of WRT invariants
through modular tensor categories |186].

6In knot theory it is practice to work with a complex variable g, the analytic continuation q.
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5. From false to mock via 3d N = 2 theories

Throughout the chapter, we adopt the following normalization of the WRT invari-

ant
2 S2x S =1,  Z[k: S = \/Esin<z> . (5.1.6)

The mathematical definition is normalized such that 7[S®] = 1, and therefore the
two definitions are related by

1
Z[k; MS] = W(ql/z - q71/2) T[MS] . (5-1-7)

5.1.2  Quantum Modular Forms

As briefly described in the WRT-invariant of a 3-manifold acquires the
meaning of Chern-Simons partition function over M3 so long as the level k € Z.
By extending the definition of WRT invariants to rational values of k£ we obtain
examples of quantum modular forms [190,/191]. The definition of a quantum mod-
ular form, formulated in [191], was made as vague as possible to include many
examples that resemble modular objects but do not fall in this category for differ-
ent reasons, for instance they are neither analytic nor I'-covariant functions. As
opposed to modular forms, they are defined at the boundary of the upper-half
plane (and only asymptotically), or in other words on a subset of P*(Q). The
discrete topology of this space does not allow to define analytic functions on it.
Even the I'-covariance cannot be accomplished because of the transitivity of the
action (of ' on P1(Q)), which would lead to a trivial definition.

Although we can demand neither (continuity or) analyticity nor modularity, we
require that the failure of one precisely compensates the failure of the other one.
In particular, we assume the modular obstruction to obey some property of ana-
lyticity or continuity[’}

Definition 5.1.1. A quantum modular form of weight w and multiplier xy on I"
is a function ¢) : Q — C such that for every v € I' the period function p,(z) :
Q\{y 1(c0)} — C defined by

pw(x) =Q(x) — Q|w,x7(x) (5'1'8)

has some analyticity or continuity property. Moreover, the function v — p, is a
cocycle on T".

The definition of the slash-operator is reported at the end of Appendix[A-1.2] The
above definition can be extended to an identity between formal power series by

7This holds for all the example considered in this chapter, notice however that this is not
true in general. The modular obstructions associated to Jones polynomials in the context of the
Volume Conjecture are neither analytic nor continuous.
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5.2. False theta functions

associating to Q(x) a formal power series Q(z +i€) € C[[¢]] where 2 € Q. In doing
so, the period function extends to a real-analytic function of R minus finitely many
points, and we might be able to extend Q(z) to a function @ : (C\R)UQ — C
analytic on (C\R), whose asymptotic expansion at rational points coincides to all
orders to the formal power series Q(z +i¢€). Q(x) is then called a “strong quantum
modular form”. Concluding, one defines a function on H* U Q UH~ which is C*
and which is defined close to rational points only orthogonally to the real line. It
is worth pointing out that the extension of Q(x) to an actual function of C is not
canonical, since adding an analytic function (in Hi) which vanishes at all orders
as one approaches vertically the real line does not modify the original definition
of this quantum modular form. This feature is further analyzed in subsequent
sections §5.6.2

On account of the above, the WRT invariants are quantum modular forms defined
on a subset of rationals of the form 1/k with k € Z, at these values the topological
quantum field theory defined by three-dimensional Chern-Simons is a consistent
quantum field theory. Furthermore, the WRT invariants were argued to furnish
examples of strong quantum modular forms [190]. In the following section, we
analyze the extension of this type of quantum modular forms to the upper half-
plandf] and leave the extension to the lower half-plane to section

5.2 False theta functions

This section deals with false theta functions and their connection to holomorphic
and non-holomorphic Eichler integrals of a unary theta series. First, we intro-
duce the concept of holomorphic Eichler integral in section A holomorphic
Eichler integral of unary theta series corresponds to the extension of a quantum
modular form in the upper half-plane. On the other hand, in the lower half-
plane non-holomorphic Eichler integrals of a unary theta series appear. They are
described and related to the concept of quantum modular form in section
Concluding we identify holomorphic Eichler integral of unary theta series of weight
3/2 with false theta functions and represent the latter through Weil representations
of Mps(Z).

8Notice that what is defined as upper or lower half-plane is a simple matter of convention at
this point.
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5. From false to mock via 3d N = 2 theories

5.2.1 Holomorphic Eichler integrals

Eichler integrals were first constructed in [199] to describe the (w—1)-fold primitive
of a weight w € Z cusp form f(7). The integral representation of the Eichler
integral of f(7) is

100
7 [ (z)
f(r) = / dz —————, TEH (5.2.1)
- (z —1)2~w
which coincides with the expression
f(ry =" etm'~q", (5.22)
n>1

where the coefficients c(n) are the Fourier coefficients of f(7). Despite the fact that
f (1) is not a modular form, the modular properties of this object are env1saged in
the difference (f|2 w7 — f). For integer weights one can show that (f|2 wY =)
defines a polynomial of degree at most w — 2, called the period polynomial of

f(r) [10].

For the purposes of this chapter, the previous definition of periods has to be ex-
tended to include cusp forms of half-integral weights. We denote a half-integral
weight cusp forms by g(7). The treatment here primarily follows [190]. When the
weight of the cusp form g(7) is half-integral the above definition of g(7) as inte-
gral representation has a branch cut, moreover the period pg is not a polynomial
anymore. However, we can define the holomorphic Eichler integral via the sum
representation . Take g(7) to be the weight 3/2 unary theta series Dy, (1),
defined in section Its holomorphic Eichler integral takes the forn{’

g =Y g™, aeso. (5.2.3)
n>1
No irrationality is introduced in this Eichler integral thanks to the definition of
a unary theta series. Moreover, g(7) can be proven to be bounded as ¢ tends to
a root of unity radially. We report the main steps that lead to the proof of this
statement for the limit ¢ — 1, which corresponds to the perturbative limit of the
TQFT.

Take ¢% = €@~ where t € Ry and € = €™ is a root on unity. In addition,
to explore the perturbative limit, we take x = 0. Following [190L200], as long as
€ :Z — C is a periodic function with vanishing mean value, the L-series L(s,¢)
defined for Re(s) > 1 extends holomorphically to C and it takes the form

s M

P
L(-re)= —— Y e By (Z) (r=01,...), (5.2.4)
n=1

9Note that we normalized this seres so to remove the constant a=1/2.
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where By (z) denotes the k-th Bernoulli polynomial and P is any period of [ By
considering the Mellin transform integral

/ (Z 5(n)e‘"2t>t5_1dt =T(s)L(2s,¢), (Re(s) >1/2) (5.2.5)

0 n=1

and its analytic continuation to negative values of s, it can be proven that the
2

function Zn21 e(n)e”™ 't has asymptotic expansion

3 emye ™ ~ L(-2r, Nl (5.2.6)

rl
n>1

as t approaches 0 from above. Therefore, the asymptotic expansion of the Fichler
integral (5.2.3)) is given by the right-hand side of equation (5.2.6)).

The above can be used to show that there exists a quantum modular form Q(x+it’)
which coincides as formal power series to the radial limit of the holomorphic Eichler
integral of the cusp form ¢(7)

QU +it') = lim glx+it)), (5.2.7)

where t' = t/27. However, the modular properties of this object are not as simple
as in the case of integer weights and they turn out to be related to the lower
half-plane extension of the quantum modular form.

5.2.2  Non-holomorphic Eichler integrals

From now on assume that g(7) is a cusp form of weight 3/2 with real coefficients
(i.e. g(r) = g(—7)). The non-holomorphic Eichler integral of the cusp form g(r)
in the lower-half plane, is defined for z € H™ as

75(2) = g*(—2) = c/joo g(w)(w — 2)~2dw. (5.2.8)

The definition of the *-operator was given in in relation to mock modular
forms, where the cusp form ¢(7) represented the shadow of the mock modular
form. Since there is no canonical normalization of the shadow, we took an overall
constant C' in front. Note that by taking the difference between g*(7) and the
modular transformed non-holomorphic Eichler integral we arrive at the definition
of the period integralf]

Py (T) = C/ g(w)(w—T)fl/de TEH ,v= (a b) (5.2.9)
7d/c C d

0Since we are mainly interested in the limit ¢ — 1, we will not introduce the twisted L-series.
UThis was defined already in section in the context of spectral theory and Rademacher
sums.
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5. From false to mock via 3d N = 2 theories

This reflects the mock modular properties of the non-holomorphic Eichler integral
of half-integral weight cusp forms [6], and it is the form of the non-holomorphic
Eichler integral g* when it approaches rational points.

As proved in [61}[190], the asymptotic expansion at all € Q of g(r) is up to an
overall minus sign equal to the one of g*(z), namely we have that

lim ¢*(x—it')= — lim gz +it). (5.2.10)
t'—0+ t'—0+

where t' = ¢/2m. The asymptotic expansions of g*(7) (1 € H™) and g(7) (1 € H*)

are said to agree at a rational number x if there exist a(n) such that as t' — 0%

Gz +it') ~ Z amt’™, Gz —it') ~— Z(q)"a(n)t’" ) (5.2.11)

n>0 n>0

It then follows from the work in |55] and from equation (5.2.10) that the left-hand
side of equation (5.2.10) defines a strong quantum modular form. In Figure
we illustrate pictorially what we have just described.

Figure 5.2: The holomorphic Eichler integral of g(7) in the upper half-plane defines a
quantum modular form Q(x + it) when it approaches the real line. This coincides with
the quantum modular form defined by the non-holomorphic Eichler integral of —g(7) on
the other side of the plane.

Note that g*(z) satisfies a (mock) modular transformation (5.2.9), g(7) instead
has a nice Fourier expansion . The fact that the modular properties of
the function g(7) only appear near rational points is due to the fact that close to
the real line g(7) inherits the mock modular properties of g*(z). This property of
g(7) will be widely used in section in relation to the resurgence analysis of
the analytically continued Chern-Simons theory.
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5.2.3  Weil folding

In this section, we describe Eichler integrals of a unary theta series of weight
3/2 as false theta functions and we analyze the associated Weil representations of
Mps(Z).

Concretely, consider the Weil representation corresponding to the finite abelian
group Z/2m equipped with a quadratic form Z/2m — Q/Z, defined in equation
. As described in we label a representation by m+K = m+n,n’, ... for
K=1,n,n,.., with K C Ex,, and m ¢ K. As in section §2.4] we use the notation
o™ K to denote the set of linearly independent vectors in the vector space ©,y,,
the 2m dimensional representation of Mpy(Z), and d™+5 := [o*K|.

Eichler integral of unary theta series, as given in , can be written as false
theta functions, whose defining sums run over all integers but this time positive
and negative signs are associated with different elements of the lattice. False theta
functions appeared first in the work by Rogers in [201] (and later by Fine in [202]).
This can be as written as a false theta function

2
Wy () = S (81200 — 2]y g4 (5.2.12)
n>0
([f]b = lif a = b mod cand 0 otherwise. Note that ¥, , = =¥, —, therefore
we focus on irreducible representations corresponding to o € hom(Oy,, C*) with
a(—1) = —1, or equivalently K C Ex,,, with m ¢ K.

From the definition of unary theta function (2.3.10f), (2.3.11) and the reduced
thetas (2.4.18)) we can readily define the corresponding reduced (or folded) unary

theta series. This corresponds to

where 0

DY () = oKl Ny prE et /am (5.2.13)
nez

n=r mod 2m
and the associated false theta function is

W (r) = DY () = 21K Y P gt/ (5.2.14)
n>0

where |K| is the order of the group K and we denoted by P7*X the entry of the
projection corresponding to the r and n (mod 2m). The projection P™*X for m
square-free is given by

= T PPy, (m), (5.2.15)
nekK
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while for m = p?m’ where m/ is square-free and p is prime reads

Pk = T P B o (1- Q00 /). (5.2.16)

nekK

These expressions derive from equation (2.4.16|) and (2.4.17) respectively upon
taking K C Ex,, with m ¢ K. Note that by definition ¥™*¥ can be expressed

as linear combination of false thetas of the form ¥, (7). In particular, equation
(5.2.12) can be written as

Wy o (1) 1= 3 Py () g™ /4 (5.2.17)
n>0
which corresponds to the case when K = {1}. We denote the S-matrix of the
representation @™+K by ™K Explicitly, from

m+K pm+K
Pm+K Z P PT‘Z'
124 Pm+K
rr

Tea.m+K

we see that the entries are given by

rr! m+K
tez/2m T

S Pm/+K
Sm = N T g e oK (5.2.18)

where Syp corresponds to pz /sz(g ) in (2.2.50) and S, is a rectangular matrix

whose rows are labels by elements of 0¥ instead of elements of Z/2m. Similarly,

the T-matrix is given by

m+K _ T P[T’ K m+K
T Y S rreo (5.2.19)

m+K
LEZ/2m r'r!

where Ty corresponds to pZ/QmZ(T) in (2.2.50).

An example is given by m + K = 30 + 6, 10, 15, the unary theta series in this case
are

D310 () = 11201 111+ 19¢% +29¢7 —31¢% +...) (5.2.20)
D015 (1) = 491207 4 130 4+ 17¢2 + 23¢* — 37¢M +...) (5.2.21)

and the corresponding holomorphic Eichler integrals are

OO0y = 11200 g BT — B+ (5.2.22)
OO0y = 120 L g1 P gt — gt 4 ) (5.2.23)

These objects will appear later in section in relation to the Poincaré homo-
logical sphere X(2, 3, 5).
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5.3 3d N = 2 supersymmetric theories

The 3d-3d correspondence is a correspondence between a topological CS theory
on M3z and a 3d N = 2 gauge theory. It was first developed in [23], and later
explored in various works, e.g. [203-206]. This correspondence can be described
in terms of a six-dimensional theory, from which these three-dimensional theories
should originate. The 6d theory, from the M-theory perspective, represents the
dynamics of a stack of five-branes in R® x CY3, the M5-branes live on R3 x M3
and the 3-manifold M3 is embedded in the Calabi-Yau as special Lagrangian sub-
manifold. The IR limit (fixed point) of this six-dimensional theory is an N =
(2,0) superconformal field theory labeled by a simply-laced Lie algebra g. We
focus on a six-dimensional theory of A;-type, which determines the dynamics of
two coincident M5-branes. The two sides of the correspondence are described by
compactification of the parent 6d theory on different 3-manifolds.

Denote by T[Ms3] the 3d N = 2 supersymmetric field theory. This theory is
recovered from the 6d theory by performing a topological twist along Ms, that
preserves four supercharges, and then by compactification on this 3-manifold. This
supersymmetric gauge theory depends solely on the topology of M3 and the Lie
algebra labeling the parent theory [203]. Depending on which type of partition
function (or index) of 3d A = 2 theory T[M3] we may want to compute, we place
the supersymmetric theory on a certain three-manifold? Specifically, we take the
3-manifold to be D? x R to compute the half-index, S? x R for the superconformal
index and Rg x R for the vortex partition function. The topological side (or
Chern-Simons side) is recovered by compactification of the 6d theory on the three-
manifold on which the gauge theory lives. For instance, compactification® on on
52 x4 St leads to a complex Chern-Simons theory with specific coupling (see [205]
for more details).

In the original paper [23], the connection between these apparently different 3d
theories has been based upon the matching of different quantities. First, the
moduli space of (complex) Ge¢ flat connections on M3 and the moduli space of
supersymmetric vacua of T'[M3] were required to be homeomorphic [207]

Musy(T[M3]) = Mgia:(M3, Ge) . (5.3.1)

This requirement derives from the fact that the equations of motion of complex

2Instead of the non-compact space R3, we consider the supersymmetric gauge theory on a
different space. The remaining non-compact dimension can be viewed as an S! upon taking the
trace over the Hilbert space of states.

3The notation x4 stands for a fibered space, where we rotate the disk D2 by arg(q) when we
go around the S1.
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Chern-Simons, which define SLo(C) flat connections, appear as boundary condi-
tions for partial differential equations in the Vafa-Witten theory in 4d and as vacua
for the effective twisted superpotential arising from the reduction of the 3d theory
T[M3] on a circle. To relate further to T[M3] we consider the 5d theory (that is the
6d compactified on S') on Mz x D?; the compactification on the disc yields a direct
connection to the choice of boundary conditions on the asymptoti S1. Later,
we will draw attention to a subset of boundary conditions which corresponds to
gauge equivalent classes of abelian flat connections.

The original prescription suggests reconstructing a supersymmetric 3d theory from
an ideal triangulation of M3 (or vice-versa). For the type of manifolds considered
in this chapter, it is more convenient to reconstruct M3 by surgery of knots and
from this construction build the corresponding gauge theory [188]. Surgery of
knots or links provides an effective and concrete method to compute topological
invariants of generic 3-manifolds M3, as briefly described in section More-
over, thanks to the analysis by Rohklin this technique can be interpreted from
a four-dimensional perspective. Indeed, surgery of a closed oriented 3-manifold
M3 can be recovered from the construction via handles of a four-manifold My,
whose boundary is M3 [196]; see [188] for the construction of 3d A/ = 2 theory via
4-manifolds.

5.3.1 Half-index

In this section, we focus on the definition of the half-index of T[Ms], and the
corresponding object in Chern-Simons theory for closed oriented manifold Mj3,
which are Seifert fibrations of a genus zero surface. One of the important features
of the half-index is that it serves as building block for various partition functions of
3d NV = 2 theories such as the superconformal index and the topologically twisted
index. Later in section §5.6.1] we examine in more details the construction of
superconformal indices.

The half-index of T'[M3] was shown to count BPS states (preserving two out of
four supercharges) of the Hilbert space of the 3d theory on D? Xg St [25,208].
Due to the non-compactness of the spacetime, the vacuum of the theory T'[Ms]
on D? x, S! is specified by a boundary condition B, on the region 9D? ~ S*.
We, therefore, denote the half-index as Z(D? XqS 1 B,). The boundary condition
was shown to correspond to an N = (0,2) 2d theory T[My] on the boundary of
the 3d spac We can thus think of our system as a 2d-3d coupled system [18§].

4The disc D2 can be depicted as an elongated cigar with geometry R x R at the tip of the
cigar and S x R asymptotically.
5The 2d theory T[My] can be constructed from the parent 6d theory by compactification on
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Moreover, the presence of a 2d theory makes the combined system non-anomalous.

T
=2
3d A 2d A(=(0,2) boundary
theory o
condition

Figure 5.3: A 3d N =2 theory with a 2d N = (0, 2) boundary condition Bg.

From the previous section, the choice of boundary condition labeling the half-index
corresponds to supersymmetric vacua on Mz x S* and to complex flat connections
of the Chern-Simons theory on M3, labeled by a in Figure However, we re-
strict to boundary conditions labeled by abelian flat connections, this will turn
out to be essential for the interpretation of the half-indices as homological invari-
ants (see (5.3.2)). Different justifications to this fact were given in [25]; another
important argument was provided by the resurgence analysis in [68]. Through the
resurgence analysis, it was shown that the perturbative expansion around abelian
flat connections suffices to reconstruct the half-index completely. This is further

analyzed in §5.5

The 3d-2d coupled system describing the theory T[Mj] on D? x, S* can be con-
structed by gluing together two 4-manifolds with an equal boundary, the reader is
referred to [188] for details on this construction. To summarize, the 3d bulk theory
can be determined from the gauge theory description of the surgery of Ms. Specif-
ically, the theory is obtained by gluing a link complement theory to the theory
of the solid torus defined by the link itself. A knot-complement theory is defined
by compactification of the 6d (2,0) theory on S3 with a codimension-two defect
wrapping the knot K in S3. Similarly, the translation of the gluing of the knot
in the 3d field theory is described in [188]. A simplification occurs when the bulk
3d theory admits a UV description as abelian gauge theory, in this case, the bulk
theory is described by a (sort of) quiver Chern-Simons theory, whose Lagrangian
is completely specified by the plumbing graph of the knot on which the surgery
of M3 is based [188]. Complications arise if one wants to determine the boundary

the partially twisted 4-manifold My.
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2d theory T[My]. This theory arises from compactification of the parent 6d (2, 0)
theory on the partially twisted (via Vafa-Witten topological twist) 4-manifold My.
Hints for the definition of this theory in our examples are provided in [209).

Even though we do not know the explicit form of this 3d-3d coupled system,
we can use the topological side of the 3d-3d correspondence to compute the half-
index (or homological block) of T[M3z] with boundary condition B,. The half-index
corresponds to the so-called homological block, a homological invariant recently
introduced [25/|208| in relation to categorification of WRT invariants. Through the
3d-3d correspondence, the homological block Z,(q) is defined as the graded Euler
characteristic of 7, that is to say
Zo(q) = > (-1 dimsA (5.3.2)
I€Z+A,
JEL

where the i grading corresponds to the charge under the U (1), rotation of D?, j
grades the charge under the U(1)g, the R symmetry groupf¥ and .7, is the BPS
sector Hilbert space annihilated by two of the four supercharges of the 3d theory
with boundary condition determined by a,

%[Mg] = EBiEZ+Aaf%fzi’j . (533)

JEZ

Finally, we can view the homological block Za (q) as

Za(q) = Z(D? x4 8" Ba), (5.3.4)

the supersymmetric index of the entire 3d theory with a 2d supersymmetric bound-
ary condition B, indexed by an abelian flat connection a.

Note, the integrality of the coefficients is crucial for the interpretation as graded
Euler characteristic . As claimed in [25,[208], one of the important char-
acteristics of the homological block Za(q), in fact, is that it is more suitable for
categorification than the WRT invariant. Strikingly, it knows about many topo-
logical features of the 3-manifold that are not directly accessible from the WRT
invariant. We analyze in details these features in section In section
and §5.6.2 we relate the explicit form of these integral g-series with specific number
theory objects: false theta function and mock modular forms respectively.

In the regime of weak coupling, the 3d-2d system flows to a non-trivial 3d N = 2
SCFT, whose half-index was argued to be expressible as contour integral

= dz;
Zo =[] L Fya(z) ©%) (g, 3.
i / iz 3d(2i) Oy (g, i) (5.3.5)

6For Seifert manifolds a third grading appears, this gives rise to the cyclotomic expansion of
Za(q). This grading is not considered in the rest of the chapter, however, it would be interesting
to explore this aspect further.
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5.4. Homological blocks for plumbed manifolds

where the two factors in the integrand, F34(z) and @gﬁ;(q, z) correspond to the

contributions of 3d theory and 2d boundary degrees of freedonf] respectively, and
z; represents the elements in the complexified Cartan of the gauge group. The
contribution from the boundary theory corresponds to the elliptic genus of the 2d
theory T'[My], which was argued to coincide with the partition function of the 4d
Vafa-Witten TQFT [188]. The choice of boundary condition B, can be visualized
as a choice of contour of integration. Unfortunately, in our examples it is difficult
to explicitly compute the index through localization since the precise details of the
3d-2d theory are not known. The path we take, following [25], involves computing
the homological blocks through the Chern-Simons partition instead of the gauge
theory side. This is the topic of the next section.

5.4 Homological blocks for plumbed manifolds

The purpose of this section is to review the technique implemented in [25] to
compute the homological blocks for negative definite Seifert 3-manifolds and to
extend this definition to certain classes of indefinite 3-manifold{®] Specifically,
in the first section we derive the explicit expression for the homological blocks of
negative definite manifolds and “half” of the indefinite manifolds. These g-series
turn out to be related to false theta functions (examples are provided in later
sections, see for instance and . The reason why the result obtained
in the first section holds is outlined in section Notice that our theorem
demonstrates rather strikingly that a Seifert 3-manifold belongs to one side of
the complex plane. Moreover, our derivation provides a prescription to indicate
on which side of the plane the homological blocks associated to M3 live. The
companion manifolds, obtained by flipping the orientation of Ms, are naturally
defined for |¢| > 1, or equivalently 7 € H~ in the lower half-plane. The associated
homological blocks are constructed through a different procedure described in

section

"The 2d-3d coupled system of interest for the following discussion is when the 3d N = 2 theory
is gapped but nevertheless is in a non-trivial topological phase, since it is coupled to a gapless
2d theory. The “dominant” contribution to the half-index comes from 2d massless degrees of
freedom, but the nice modular behavior of the 2d elliptic genus is “spoiled” by the non-trivial
contribution of the bulk theory.

8We define a 3-manifold to be negative definite, indefinite or positive definite depending on
the eigenvalues of its linking matrix M. Throughout we assume that M does not have vanishing
eigenvalues.
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5. From false to mock via 3d N = 2 theories

5.4.1 Homological blocks and WRT invariants

Throughout this chapter, we restrict to Seifert manifolds whose base spaces are
genus zero surfaces. Aside from its applications in low-dimensional topology, the
advantage of working with this class of 3d A/ = 2 theories T'[M3] is that the homo-
logical blocks (|5.3.4) can be explicitly computed for many non-trivial examples.

Seifert manifolds are completely described by a connected plumbing graph G, dis-
played in Figure (see e.g. [210]). Note that the graph is characterized by a
single high-valency vertex (deg(v) > 3), labeled in the figure by b. The graph de-
fines a link £(G) in 53, along which we can perform a Dehn surgery to obtain Ms.
As we already mentioned in different surgeries (and thus different plumb-

(1) (1) 1)

a; ) A,
—
—e
(n) (n) (n)
ay ay ag,,

Figure 5.4: Plumbing graph for a Seifert manifold M3 (b, g; {% ?:1)-

ing graphs) may produce homeomorphic manifolds if they are connected by Kirby
moves, therefore any invariant of M3 defined through surgery must be invariant
under Kirby moves [196].

Let G be a star-shaped graph presenting M3. Denote by V the set of vertices and
by L its cardinality. The linking matrix of £(G) is the integral symmetric matrix
M, whose (i, j)-entry is the linking coefficient between the vertices v; and v;, and
whose diagonal represents the framing number associated to v; for i € {1,...L}.
The plumbed manifolds Mz(G) have TorHy(Ms,Z) = Z* /MZ". Moreover, in our
examples b1 (M3) = 0.

The L x L matrix M induces a non-degenerate symmetric bilinear pairing on the
TorHy (Ms,Z). We refer to [211] for further details.

YThe framing coefficients ag.l) are related to surgery coefficients % via continued fraction:
7

136



5.4. Homological blocks for plumbed manifolds

Definition 5.4.1. Define the finite quadratic module of the finite abelian group
TorHy(Ms,7Z), endowed with quadratic form Qs (x), as

LR H,(My) = (TOTH1(M3,Z), z = —(z, M 'z) +Z> (5.4.1)

The associated symmetric bilinear form Ay;(x,y) 1= Qup(z+y) —Qur(x)—Qpr(y) =
—2(x, M ~1y) defines the linking pairing.

Not all the homological blocks of Seifert 3-manifolds can be computed with the
formula derived in this section. Anticipating the result presented in the next
section, in theorem [5.4.2| we single out the 3-manifolds whose homological blocks
are defined by the expressions given in this section.

Theorem 5.4.2. Take M3(G) to be a plumbed 3-manifold, whose plumbing graph
G is a tree. Denote by M the linking matriz of T and by M1 its inverse. Assume
there is only one high-valency vertex and let i denote the position in the linking
matriz corresponding to the high-valency vertex. Then for (M~1); < 0, the ho-
mological blocks associated to T[Ms] converges for |q| < 1. The opposite orientated
manifold M3(G) converges for |q| > 1.

An explanation to theorem [5.4.2] is reported in the next section, the reader is
referred to the original article [3] for more details. A proposal for the homological
block of the opposite orientated manifold M5(G) is displayed in section §5.6.2

The connection between the homological block and the WRT invariant was con-
jectured in [25] to be given by the following.

Conjecture

The WRT invariant 7[M3(G)] can be decomposed as follow

1 . ~ -
T[M3(D)] = —5—— 75, > TN X 1, 71 (q) (5.4.2)
(q q 2 wezh Azt a—q

be(2zk+8)/2MZ*

where ¢ = €2™7 7 € H, and q = €>™/* with k € Z~(. Moreover, Z\b(q) € ¢™Z[[q]]
converges for |¢| < 1, Ay € Q, ¢ € Z; and

Xab

e‘n’iA]\/[ (a,b)

= 5.4.3
| det M |1/2 ( )

3L— Ay
where Ay = —# + MaXpeo 7L +b Qj‘fl(e) €Q.

The label a represents abelian flat connections of the CS theory on Mgz, which
indeed are elements of the quotient group Z*/MZ". Moreover, we can associate
to each b a choice of 2d N = (0,2) boundary condition By, which corresponds to
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5. From false to mock via 3d N = 2 theories

elements of the quotient group (2Z% + §)/2MZ", where § € ZF /2Z" and its com-
ponents are J,, = deg(v) mod 2. Notice that these two spaces are isomorphic, and
the map between these two spaces is provided by the matrix X a For simplicity,
we have here neglected the symmetry between homological blocks induced by the
action of the Weil group of SU(2), which transforms ¢ — —a. We return to it at
the end of this section.

The definition of homological invariants categorizing WRT invariants was proposed
in |25]. The derivation here follows the result in [25,[211}[212]. Expressing M3 as
surgery on a link £(G), where G is the resolution graph of the singularity defined
by the link £(G), we obtain the WRT invariant in terms of the Jones polynomial
of this link

FL(G)]
F[L(+1e)]0+ F[L(—1e)]0~

T[M3(9)] = (5.4.4)

where b1 are the number of positive and negative eigenvalues of the linking matrix
M, +1e stands for a plumbing graph with one vertex corresponding to an unknot
with +1 framing and F' is a function of the Jones polynomial of £(G).

The WRT invariant of M3(G) in its simplified form [25] is given by

e—ﬂio/4q30/4fzv ay /4

2020 2(q12 = g 7))

( Mn)/4 deg(v)—2
x> H(m/2 Mﬂ) . (5.4.5)

nezk J2Kzl vEV

T[M3(G)] =

/

where q = €*™/F k € Z-0, o is the signature of M. Note that throughout the
Chapter we denote vectors by simple letters and add a subscript to it when we con-
sider each component separately, e.g. n is an L-dimensional vector which belongs
to 2L /2kZ" and its components are denoted by n,, where v € V = {1,...,L}. The
sum Y/ excludes the terms n, = 0 (mod k), for which the summands diverge. In
order to obtain we have to remove the k-dependence from the above sum-
mands, this can be achieved through the Gauss sum reciprocity formula, as long
as n takes values in the whole lattice Z* /2kZF. Therefore, we first regularize the
sum including the divergent terms. The only piece that needs to be regularized is

, ( Mn)/4 deg(v)—2
Z H < ny /2 _ nv/Q) (546)

nezl /2kZL veEV

20In |208], gab with a,b € ZF' /MZ" was related to the S-transform of the affine algebra 6(1)12,
for M3 = L(p, 1) a Lens space.
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5.4. Homological blocks for plumbed manifolds

following [25] we substitute this expression by

lim Z qMM/AR (1) (5.4.7)
nezl /2kzt z=q"/?

where

_o—L (T — 1/xv)A/U
Py (@) =2 117 (To — W) 2) 38O =280 1 (i, — 1/a,)de80—2+A, (5.4.8)
vE

where A, = deg(v) — 1 (mod2) for any v € V and w € C such that 0 < |w| < 1.
Moreover, we can “expand” the function F' as follows

Fo(q"?) = Z FLqmb/2 Ft = ZNm,Ewm € Zjw)] (5.4.9)
Le2kzt m

where £ is such that (n,f) € Z. Since Ff is independent of A,, for any v € V, we
can take A, = 0 for any v, and therefore define

Z Flgm0/2 - (5.4.10)
Le2kzl
=27k H {Expansion L + Expansion 1 }

eV x—0 (zy — 1/xv)ng(v)_2 z—oo  (Ty — 1/$U)dcg(v)—2 z=qn/2

It is worth pointing out that this expression is responsible for the form of the
g-series, in particular the growth of the series is dictated by the elements of the
lattice 2kZL for which F{ is different from zero and the deg(v) > 3. Given the
above regularization, we implement the Gauss sum reciprocity formula to the
regularized sum . For a detailed analysis of Gauss sum in this context the
reader is referred to [211H213|.

Let A be the integral lattice of rank L < oo, and inner product (-, ). Denote by M
a self-adjoint automorphism and defined a symmetric bilinear form g : A X A = Z
by g(x,y) = (x, My) for z,y € A. Assume that M(A*) C A*. The Gauss sum
reciprocity formula is given by [212]

Z exp (;}i(n,Mn) + 2m’(£,n)) =

n€zl /2kzL
eﬂ'io’/4(2k)L/2

det M[1/2 exp(—2mk(a+£,M*l(a+e))). (5.4.11)
(§]

a€Zl /MZ"

where z € A, y € A* and £ € A(2k) = 2kZY and k € Z~. For q = e2™/* we apply
this identity to equation (5.4.7)), and thanks to the definition of F, in (5.4.9)), we
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obtain

Z Ff; Z q<n,Mn)/4q<n,€>/2:

Le2kzl nezl /2kzL
7rw 4 L/2
_ 42k Z ! Z o= 2mik(a,M~ta) ,~2mi(l!, M~ La) —~2mit,M~1e) /ak
- d M1/2
| det M|
ezl anL/MZL

wio /4 L/2 -1
_€ 2Rk —2mik(a,M~'a) —2mi(b,M~'a) ol _m e
= 1/2 € € wd

| det M| —

a€Z” /MZ ¢'e2MZL+b
be(2zF+8)/2MZF

where we took ¢/ = {/2k, § € Z"/2Z" whose components are §, = deg(v) mod 2.
Note that rescaling ¢ by 2k does not change the integers F{. In fact, we can
express the limit in as an “analytic continuation” of the right-hand side of
the expression

. ¢ Ml . ¢ M~y
limy,—s1 Z F.q T =limg g Z Fiq 7 (5.4.12)
£e2MZL+b £e2MZL+b

where ¢ = €>™7, 7 € H, and F{ as in (5.4.10)).

Eventually, from the expression of the WRT invariant given in (5.4.2) we obtain
the explicit expression for the homological block Z3(q)

- — _ MYy JW
Zy(q) = 7420t N Ry : (5.4.13)
0e2MZ+b

This integral (up to an overall constant term) g-series Z,(q) was conjectured to be
equal to the half-index of the 3d-2d coupled system, as described in §5.3:1}

The above expression can be packaged into a convenient form by grouping the

—2mik(a,M'a) apd by making explicit the sym-

terms with equal CS functional e
metry under the action of the Weyl group. Since we restricted to the case with
gauge group SU(2), the Weyl group is the abelian group Zg and its action on the
elements a € ZF/MZ" is W : a — —a. The fact that the Weyl group is a symme-
try of the system amounts to say that a« = —a (mod MZ"). Denote the stabilizer
group of the element a as W, which equals the abelian group Z, if a is a fixed
point of the Weyl group action and it is trivial otherwise. The WRT invariant

(5.4.2) can thus be expressed a

1 .
T[MB(g)] = PRy R YOI Z eTi@m(a) Za(q) (5.4.14)
(q q ) wezE INIZE /20 a—q

2This decomposition of the WRT invariant was already envisaged in [192}/193].
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5.4. Homological blocks for plumbed manifolds

where

2 ~
Za(g) = > Ty Ko Zo(@ (5.4.15)
be(2zF+8)/2MZF /7, b

is a combination of homological blocks and might not have rational coefficients.
The relation between Z;(q) and Z,(q) can be read from the form of X

eﬂ'l’)\]\{(a,b) + efﬂ'i}\]u(a,b)

Xap =
’ Wal|detM|[1/2

(5.4.16)

The role of X, in the description of the type of flat SLo(C) connections of M3 is
investigated in [3].

5.4.2 Growth of ¢-series

Given the expression for the homological blocks of Seifert manifolds, one may
wonder whether it is still possible to associate a convergent g-series and if it is still
given by equation for more general Ms. The theorem below provides an
intrinsic characterization of the type of manifolds for which a convergent g-series
for |g| < 1 can be constructed.

Theorem 5.4.3. Take M5(G) to be a plumbed 3-manifold, whose plumbing graph
G is a tree. Denote by M the linking matriz of G and by M~ its inverse. For
multiple high-valency vertices the growth of the q-series defining the homological
blocks is dictated by the signs of (M 1), where i labels the positions in the linking
matriz of the high-valency vertices. If (M~1);; < 0 for all i then the homologi-
cal block converges inside the unit disc. Conversely, if there exists i such that
(M~1Y);; > 0, the series is unbounded from below. Lastly, when both positive and
negative entries appear the homological blocks growth in different directions.

Equation displays the preferred role played by the vertices with degree
strictly bigger than two. As it was already pointed out above, if we denote by A,
the subset of the lattice 2Z% + § where F{ does not vanishes, then the number of
directions in the lattice where the series growth equals the number of high-valency
vertices. Moreover, it is always possible to represent a Seifert fibered manifold
with a single high-valency vertex. Notice that when there is only one high-valency
vertex, there is only one direction in which the series can grow. Therefore, the
g-series either converges in the upper half-plane or it is badly unbounded from

belowZ]

On the other hand, when there are multiple high-valency vertices, there may be

22Note that a homological block cannot be given by a series unbounded from below because
of its interpretation as half-index.
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multiple, independent unbounded directions. An example of this behavior is pro-
vided below.

Consider a plumbing graph with two high-valency vertices, to single out the direc-
tion of growths of the g-series we should consider the sign of the elements (M ~1);;
where ¢ labels the high-valency vertices. More general examples can be deduced
from this one. The series again can be unbounded from below or can converge
inside the unit disc, however in this case, there are more possibilities to produce
an ill-defined series. In fact, it is sufficient to have a single element (M ~1);; < 0 to
produce a series unbounded from below. Consider for instance a 3-manifold with
plumbing graph displayed in Figure 5.5 The adjacency matrix M and its inverse

Figure 5.5: An example of plumbing graph, which yields unbounded homological blocks.

are
2 1 1100 12 4 -6 —6 —2 -2
1 -2 0 0 1 1 4 —4 -2 -2 2 2
{1t 0o 2000 4 1 ]1-6 -2 11 3 1 1
M_10O200’M_16 -6 -2 3 11 1 1
01 00 20 -2 2 1 1 7 =1
0 1 00 0 2 -2 2 1 1 -1 7

In this case ¢ = 1 indexes the left-high-valency vertex while ¢ = 2 labels the right-
high-valency vertex. The inverse linking matrix has diagonal entries 12 and —4
(up to an overall constant term) in i = 1,2 respectively, therefore we expect from
the theorem to have an unbounded growth from below due to the first vertex and
a natural growth from the second one. This is what is also witnessed from the
explicit expression of a homological block

Z = (~~~+q_19+2q_11+2q_8—6q_7—2—2q4—2q5—2q8+q9+~~).

>~ =

In the above derivation, we have restricted ourselves to a particular type of plumb-
ing graph, however, if there exist two (or more) plumbing graphs G, G’ whose re-
sulting manifolds are homeomorphic the final result should coincide. The result is
proven to be invariant under 3d Kirby moves in [3].
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5.5.  The modular side of resurgence

5.5 The modular side of resurgence

We review the resurgence analysis described in [68] under a new light provided
by the Weil representation of the metaplectic group?? Mp2(Z). Our viewpoint
does not only explain the relation between analytically continued Chern-Simons
theory and number theory but it allows to efficiently extract information about
the non-abelian SLs(C) flat connections of Ms. We refer to 3] for an account on
this topic and focus in this section on the description of the resurgence analysis.
The treatment is restricted to three singular fibered Seifert manifolds.

In section §5.5.1] we briefly introduce the resurgence analysis of analytically con-
tinued Chern-Simons and some aspects of the CS theory. We continue in section
with a description of the resurgence analysis and its relation to false theta
functions and the Weil representations of Mpo(Z). This provides a complete treat-
ment for the resurgence analysis of Brieskorn homology spheres (Seifert manifolds
with trivial Hq(Ms3,Z)) and a partial treatment for the other Seifert manifolds. For
a complete discussion on Seifert manifolds with non-trivial first homology group,
the reader is referred to [3]. Finally, in section we illustrate a concrete
example of Seifert manifold where the previous results can be applied.

5.5.1 Analytically continued Chern-Simons

The resurgence analysis of Chern-Simons for Seifert fibered 3-manifolds was per-
formed for a class of Seifert fibered 3-manifolds in |68 This technique, primarily
based on the resurgent analysis by Jean Ecalle and the Picard-Lefschetz theory,
allows reproducing the non-perturbative contributions to the Chern-Simons path
integral of SU(2) Chern-Simons starting from the knowledge of its perturbative
expansion. In order to perform this analysis the behavior of the Chern-Simons
path integral for generic values of k has to be examined. This forces us to con-
sider analytically continued CS theory®] that is the holomorphic sector of SLy(C)
complex CS theory. For a complete treatment of complex Chern-Simons theory
via Morse’s theory the reader is referred to [215].

The CS action defined in equation (5.1.2)) becomes a holomorphic function on the
space of complex connections A. Given the critical points « of the CS action, one

2Recall from chapter |2] that faithful representations of the metaplectic group are projective
representations of SLo(Z).

24The resurgent technique was first conjectured to hold for any Seifert fibered 3-manifolds and
proved to hold in few examples in [214].

25Recall that in the case of compact Chern-Simons k has to be an integer to satisfy the
quantization condition.
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derives by steepest descent a suitable basis of integration cycles I'y,, the so-called
Lefschetz thimbles, on which the path integral converges. These are determined by
the flow equations, ordinary differential equations corresponding to the Yang-Mills
instanton equations of a 4-manifold. For further details and for an interpretation
from a 2d perspective see [22,/68|.

Denote by C a convergent cycle for the Chern-Simons path integral. This cycle can
be decomposed into the basis of Lefschetz thimbles as C = ) o Mal'a, where n, are
the so-called trans-series parameters. The convergent cycle, along which we take
the Chern-Simons path integral, has to be chosen such that, when we evaluate
the integral for integer values of the level k, we recover the SU(2) CS partition
function?] Z[k; M3] (5.1.1)). Therefore, the Chern-Simons path integral takes the
form

Zspyo[Ms] = | _DAelk=2STA (5.5.1)

CCA

where A represents the (universal) cover space of SL2(C) gauge connections mod-
ulo based gauge transformations. The reason why the integral is taken over this
space of gauge connections is that the action has to be single-valued on the Lef-
schetz thimbles and since the level is not restricted to be an integer anymore, the
partition function is invariant only under the subgroup of gauge transformations
connected to the identity.

The critical submanifolds of the complex CS action are connected components of
the moduli space of flat connections

Ma C Mﬂat(MlS» SLQ(C)) X Z (552)

where a € mg(Mgai (M3, SLa(C))) x Z. This label takes into account the lift of
the complex connection into the universal cover space of SLo(C) flat connections.
If we forget about this lift, the connected components of the moduli space of flat
connections are denoted by

Ma C Mgat (M3, SLy(C)) = Hom(m (M3), SL2(C))/SL2(C) (5.5.3)
where o € mg(Mgas(Ms, SLa(C))).

The resurgence analysis produces a trans-series expansion around each critical
point of the CS partition function. This can be written from the perspective of

compact CS as
Z[k; M3] ~ Y nge®™ RS ZBert (k) (5.5.4)
(07

26 Although the contribution of complex flat connections is not directly visible in SU(2) Chern-
Simons, it is possible to gather data regarding complex flat connections through the decompo-
sition of the SU(2) CS path integral into homological blocks and a closer look at the relevant
SL2(Z) representation |3|.
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where k is an integer and the perturbative expansion is

Y >0 alk—""12 o e Afc (af =0, « € central)

5.5.5
> om0 ank™" a € nAfec ( )

chrt(k) — {
As written above, there are different types of flat connections which can be clas-
sified by their stabilizers of the SU(2) action on Hom(w(M3), SU(2)) as follows:

e An abelian flat connectior’] (Afc) has a non-trivial stabilizer. Among the
abelian flat connections, there are the so-called central flat connections which
have stabilizer equal to SU(2).

e A non-abelian flat connection (nAfc) has trivial stabilizer. Moreover, we say
that an SL(2,C) flat connection is real if it is conjugate to an SU(2) flat
connection and complex otherwise.

Recall that the stabilizer of a flat Ge-connection A is defined as the group of gauge
transformations that leave A invariant.

A central role is played by abelian flat connections. The connected components
of abelian flat connections for SU(2) Chern-Simons are defined by the embed-
ding U(1) — SU(2); that is to say, they are determined by a homomorphism
Mgat (M3;U(1)) = Magar(Ms; SU(2)). If we further take equivalence classes un-
der the action of the Weyl group, which acts on an abelian flat connection a as
a — —a, we arrive at the conclusion that they are element of Hi(M3,Z)/Zy. It
not stated otherwise, in the rest of the text when we consider abelian flat connec-
tions we refer to the equivalence classes under the Weyl group action.

As mentioned in section §5.3.1 we can reduce the sum over critical points to
a sum over (solely) abelian flat connections. Physical motivations for this fact
were proposed in [25] and further justifications were provided from the resurgence
analysis [68], where the contribution from non-abelian connections was shown
to be encoded in the non-perturbative piece of the trans-series. Moreover, to
gt(Mg,, SLs(C)) we associate a boundary
condition B, for the supersymmetric theory on D? x ¢S L. As reviewed earlier, this
is possible due to the isomorphism between the two spaces. The SLs(Z) action
on the boundary torus 9D? x S! ~ T2 acts on the boundary conditions through
a representation of the form

each abelian flat connection a € T M3

midp(a’,b)
Za’E{Zg—orbit of a} €

|TorH, (Ms,Z)|

Xap = , Tap = G pe™ (@b (5.5.6)

?7Since their holonomies lie in the maximal torus Tz C Gg, abelian flat connections forms a
representation of Hy(Ms3,Z).

28We can consider the first homology group and do not restrict to its torsion part here, because
in all our examples they coincide.
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where a,b € H1(M3,Z)/Zs, the Zy acts as the Weyl group on H;(Ms,Z), and
An (-, +) is the bilinear form associated to the abelian group TorH;(Ms,Z). This
corresponds to (5.4.1)) upon changing the range of the b index.

5.5.2  Resurgence and Weil representations

In this section we investigate the relation between the number theory objects intro-
duced earlier in this chapter and the resurgence analysis of analytically continued
CS on Seifert manifolds with three singular fibers.

Thanks to theorem and equation , we can associate to specific plumbed
3-manifold M5(G) a set of g-series labeled by abelian fat connections. These ¢-
series correspond to the homological blocks of the 3d-2d couple system and are
closely related to the expressions of false theta function . More precisely,
for the class of Seifert 3-manifolds considered here, we have

Za(m) = AT E () +0(1),  a€ Hi(Ms,Z)/Zs (5.5.7)

where A € Q, d(7) is a finite g-series (which typically vanishes or is given by
a number) and ¢ is a constant. If we look at different abelian flat connections
¢, A, d(7) and r might vary, however the representation m + K is fixed by the 3-
manifold M3(G). This representation can be irreducible or reducible. Therefore,
we can associate to each manifold M3(G) a specific Weil representation. Explicit
rules to associate a Weil representation to a given plumbing graph G are known for
Seifert manifolds with trivial first homology group Hi(Ms3,Z), for other examples
the representation can be inferred from but no general rule is known at the
moment. Some more details are provided in section where we consider an
example of Brieskorn homology spheres (Seifert manifolds with |Hy(Ms,Z)|=1).
An example with non-trivial first homology group can also be found later in section

$£.71

As explained in section close to the real line the false theta function™| ¥, ,
(see equation ) inherits the transformation properties of the associated
non-holomorphic Eichler integral and thus of the quantum modular form .
Explicitly, we have the following identity [216]

1 1 n i\" _
\/Ewm,r(k)=zk7f+l/2(;;) 3 SPr ) Y (—R), (5.5.8)

n>0 r'egm+tK

2The connection between false theta functions and 3-manifold invariants was already ob-
served in many works, such as |68}/192,/193}|208}|216|, the novelty here is the used of metaplectic
representation.

30For simplicity of exposition we consider Wi, instead of ‘I’;”*K. Notice, however, that the
relation is simply given by the projection operators, as explained in section @
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5.5.  The modular side of resurgence

where we have taken S to be given by (SP;,(m)), since as described in section
W,,,r can be thought of as minimal folding with K = 1. The r component
corresponds to the abelian flat connection a from equation (5.5.7), and W+ (—k)
is explicitly given by

¥ (—k) = (1 - %) 2wk (5.5.9)

where the exponential is given by the entry of the matrix 7™+% defined in ([5.2.19)
and the coefficients are expressed through the zeta-function regularisation as

tr— t2m—r r

D (Pr(m)e = lim e =1 (5.5.10)

_ +2m
n>0 ) t

Assuming that holds, we can express the homological block Zz(q) as linear
combinations of different W, ,.(7). Therefore, the left-hand side of equation
corresponds to a specific term which contributes to Zl(q) and which is evaluated at
q = e?™/k | € Z-(. Furthermore, the first term on the right-hand side captures
(part of) the perturbative expansion around the abelian flat connection, while
the second term corresponds to (part of) the non-perturbative contribution from
other irreducible flat connections. This interpretation follows from the trans-series
expansion provided in and . Note that the perturbative expansion
corresponds to the asymptotic expansion of the false theta in with t =
2 [ik.

The Borel transform of the perturbative contribution of ¥y, , (see equation ([5.2.12))
is [68]

2mi

inh[(m — ) ]
B\Ppert Cn ( i ) n—1/2 _ 1 s m ,
©= Z o T+ 1/2) ‘ V€ sinh[m 4/ 27%5]

(5.5.11)

\f (2n)'

mation in [68] it was obtained the following 1dent1ty

where the gamma function I'(n+1/2) is equal to . From the Borel resum-

27i€
1 ( > (/ / ) d¢ sinh[(m —r) ] ke

—VY,, e , (5.5.12)
\/% ieR, e 0R, 7T Sinh[m /2771;115]

which gives the exact expression for The poles of the integrand are located
at £ = 27rm for n € Z>g. Moreover, the res1dues are given by

n2
sin(rmr>e_’”k2m (5.5.13)

Res & o n ( \Ppert(g)) 7“/7
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5. From false to mock via 3d N = 2 theories

L sin(m”) corresponds to v/ —i(SP,, (m)),n. Instead of con-

m m
sidering the infinite set of poles labeled by n, it is convenient to group them

where the factor

together by the form of the CS action e~ % and thus label them by elements of
the set ¢™+X . Thanks to equation , then we could equivalently take the
residue to be given by /—i(SP,, (m)).(1 — %) with ' € o™*K . We postpone
the interpretation of the integral expression in terms of number theory
objects to section

To summarize, we consider the expression of the homological blocks of M3 in terms
of false theta functions. This allows us to extract the values of the CS invariants
of non-abelian flat connections directly from (a subset of) the diagonal entries of
Tm+K and specify the residues of the poles via S™*X and the projection oper-
ators P™+*X_ For Brieskorn homology spheres, this analysis allow to predict the
number and type of non-abelian (real and complex) flat connections, as described
in details in the next section. However, when H;(M3,Z) is non-trivial it is neces-
sary to consider the expression of the WRT invariant , or equivalently the
SU(2) Chern-Simons partition function, to make predictions on the non-abelian
flat connections. The missing ingredient in the above treatment is, in fact, the
sum over homological blocks that enter in the definition of 7[M3s] thorough )N(ab or
in other words the information about the SL2(Z) representation acting on abelian
flat connections. A complete treatment of this more general case can be found
in 3].

5.5.3 The Poincaré homology sphere

Consider the Poincaré homology sphere X(2,3,5), specified by the Seifert data
(—=1;1/2,1/3,1/5) and plumbing graph

—2
.

(5.5.14)

—2 -2 —2 -2 —2 -2

o — o — [ ] — @ — @ — @ — @

-2

This corresponds to the Fg Dynkin diagram with vertices labeled by the framing
parameters. This example goes back to [190] and was later revisited by many
authors such as [216], and [68]. The relevant (projective) SLa(Z) representation
is given by m + K = 30 + 6,10, 15. This is directly derived from the presentation
2(a,b,c) and the rul m = abc and K = {1, ab, be, ac}. This irreducible represen-
tation has o™*% = {1,7} and thus dimension d™*¥ = 2. The corresponding false

3IThis rule holds for any Brieskorn sphere, i.e. three singular fibers Seifert manifold with
trivial integer first homology group. Further details are provided in |3|.
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5.5.  The modular side of resurgence

theta functions are

30+6,10,15
v = W30,(1)+(11)+(19)+(29) » (5.5.15)

3046,10,15
N = W30,(7)+(13)+(17)+(23) - (5.5.16)

where the right-hand side corresponds to a sum over false theta functions of the

form (5.2.12)). The T- and S-matrix are
1
730+6,10,15 _ ( e(—135) 0 ) > : (5.5.17)

2
0 6(—%0
-2 [ sin(Z)  sin(E)
S§30+6,10,15 _ /5 = < 5 -5 ) . 5.5.18
V5 \ sin(ZE)  —sin(Z) ( )

Since the integer first homology group Hi (M3, 2Z) is trivial, there is only one abelian
flat connection and a corresponding homological block Zy(g), which in terms of
the above false theta functions reads

Zo=2qm0 — 930100 B T B+ P+ (5.5.19)

To extract the number and type of non-abelian flat connections, we have to check
which are the terms that appear in the WRT invariant . The sum over
a reduces in this case to a single term, and thus, the WRT invariant is directly
proportional to 20. From equation , we see that there are d™+X = 2 nAfcs
which are labeled by r € {1,7} and whose CS invariants is given by the exponent
in the diagonal entries of the T-matrix. Specifically, we have two nAfcs with CS
invariant —r2/4m, that is to say —1/120 and —72/120. Among these nAfcs there
might be complex connections. These should not be visible in the WRT invariant,
and thus they have vanishing residue (SP,, (m))1,(1— ). The Poincaré homology
sphere has no complex connection.

To describe the perturbative contribution originating from the false theta function
30+6,10,15 :
¥ (q), we write

( - ) n = 1(5)
2
PO ) =3 g M0 e =4 —(12) n=4()  (5.5.20)
n>1 .
= 0 otherwise

where (—) is the Kronecker symbol.
Take ¢ = €™ with 7 = 2 + it and = = 0. The asymptotic expansion of this false
theta function as t approaches 0 from above (or equivalently as k tends to infinity)

is given by (5.2.0)

2 t
> Xa()e T T~ L(=2r, x1) (12()) , (5.5.21)
n>1
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5. From false to mock via 3d N = 2 theories

where

60
60)"
L(—7,xs) = _(60) Z (n)Bm(GO) (r=0,1,...). (5.5.22)

r+1
n=1

30+6,10,15 .
(q) as q approaches e~ " is

30+6,10,15, —¢ —(60)" n\ (-t "
i (e~ Z(2r+1)7~'Z“(”)Bz“l((ao)(uo) (5.5.23)

The coefficients in this expansion agree with the perturbative expansion around

Therefore the asymptotic expansion of ¥;

the abelian flat connection given in [68]. Moreover, if we define

—(60)" 0
Cn = ﬁ Z () Bapi1 (60) (5.5.24)

and make use of the identity

Z nl 5, _ sinh(2) +sinh(112) + sinh(19z2) + sinh(292) _ 2cosh(52:)cosh(9z)
"@en)T sinh(302) B cosh(152)

(5.5.25)
we obtain the integrand expression for the resurgence integral (|5.5.12)).

. . 10,1
The asymptotic expansion of ¥20+0:10:15

modular form in the neighborhood of this root of unity,

<2 119 129361 , 353851559 5 1806970377121 ,

around k — oo corresponds to a quantum

T 60 T 14200 © T 5184000 ¢ T 2488320000 +) (5:5.26)

This shows an example of what we have described in section The formal
power series defining a quantum modular form at a root of unity can be obtained
from the radial limit of the false theta function towards that root of unity. If we

Q) =

consider the limit ¢ — 1 (i.e. k& — 00) the expansion describes the perturbative
expansion around an abelian flat connection, which in this case corresponds to
a=0.

5.6 Exploring the other side

In this section, we focus on the homological blocks Zl(qfl), a € Hi(Ms,Z)/Zs,
which correspond to the homological blocks for the 3-manifold M3. First, in sec-
tion §5.6.1] we review what is their role in the construction of the superconformal
index of T[Ms]. Later, in section we conjecture that they can be expressed
in terms of mock theta functions.
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5.6.1 Superconformal index

In this section we take a closer look at the refined Witten index for the 3d N = 2
theory T[M3] on S2 Xg S1, the so-called superconformal index. Concretely, the
superconformal index is defined as

Z(q) = Tror, (—1) 7 ¢ = Zpap (7 x¢ SY) (5.6.1)

where J3 is the generator of the SO(3) isometry of S2, R is the 3d R-symmetry,
and %2 is the space of BPS states of the 3d A/ = 2 SCFT. This index can be
interpreted in terms of the S Lo (C) Chern-Simons theory on M3. Indeed, one of the
statements of 3d-3d correspondence is that the partition function Zp| M3](52 Xgq
S1) coincides with the partition function of complex Chern-Simons on M3 with
purely imaginary level [203]. As mentioned in the introduction to the thesis, the
superconformal index Z(q) was conjectured [25,[208] to be factorizable into two
half-indices,

I(g) = > WalZa(@Za(a™)  €Z[[q)] (5.6.2)
a€TorHy(Ms3,Z)/Z2

where Z\a(q_l) is an appropriate extension of Za(q) to the region |g| > 1. The
conjectured factorization of this index into half-indices was inspired by similar
results for holomorphic blocks [217}/218] and by the topological/anti-topological
fusion [219]. Moreover, it resembles the factorization of the complex Chern-Simons
theory on Ms into a holomorphic and an anti-holomorphic piece [215}[218]. Note
that the gluing defined by the above factorization can be interpreted as performing
a topological twist along a D? x S and an anti-topological twist along the other

D? x St 25|

Mathematically, the existence of the extension Z\a(q_l) across the border Im(7) =0

is completely non-obvious, but from the physics perspective can be understood as
a result of orientation reversal (parity) transformation on one of the hemispheres
D? that upon gluing produce a 2-sphere S2.

On the Chern-Simons side, it seems natural to take Za(qfl) to be the homological
block associated to the manifold M3 with opposite orientation, i.e.

Za(g™h) =

|

N
S)
~
()
~

(5.6.4)
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An intuitive reason why this should be the case is given by the CP-invariancd®] of
the CS partition function.

Of particular interest is the case when the label a takes only one value (which
we choose to be a = 0), or in other words Hy(Ms,Z) is trivial. This case relates
to the Turaev-Viro invariant of Mz as reviewed in [25]. Since there is only one
boundary condition By and only one homological block Zo(q), the superconformal
index becomes

I(g) = WolZo(q) Zoa™). (5.6.5)

Thanks to the results of the next section we can give a candidate g-series for Z(q).

As we shall see in the next sections, the question about the extension of Zl (@)
across the unit circle and, thus, the search for Zl(qfl) are deeply inter-related to
number-theoretical properties of the original g-series . The latter, in turn,
is determined by the physical properties of the combined 2d-3d system.

5.6.2 Mock modular forms

This story binds once more to the last letter Ramanujan wrote to Hardy [5]. As
reviewed in chapter [2] he got attracted by certain g-series due to their unexpected
asymptotic behavior towards roots of unity. The letter comprised several examples
of g-series which converge inside the unit disc, these were called by the author mock
theta functions. One might wonder what happens to the series if ¢ is substituted
by 1/q. It turns out that in most of the examples the series, in the form of a
g-hypergeometric series, still converges outside the unit circle and its extension
relates to a false theta function. Problems of convergence are restricted to the
unit circle and, in fact, poles are usually present at an infinite number of roots of
unity.

Given a mock theta function, h(q), it is therefore often possible to define its exten-
sion outside the unit circle as h(1/q). As depicted below, for certain mock thetas
the interesting extension does not arise only via the replacement of ¢ by 1/¢ but
also shifting by a constant or multiplying the transformed function by a certain
g-power. Consider, for instance, the order 5 Ramanujan’s mock theta function
X0(¢). This can be extended outside the unit circle by substituting 1/q in place

of g
R D DF = = e
xo(q) = o = 2 D
= (q" e AL B P (@D

32The charge operator C acts on Z\a (q) as g — ¢~ 1, the parity P, instead, change the orienta-
tion of the 3-manifold.
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where (a), is a short-hand notation for the Pochhammer symbol (a; q),, = 2;01 (1—
aq®). The right-hand side of the above equation defines up to a constant Yo (q)

> q%nQ_%"
Xo(@) =2—x0(1/g) =2 =Y (=) . (5.6.6)
=0 (@ n
This series can be written as [216]
Xo@=1+q+¢+¢ = —¢** —¢*+... (5.6.7)

The series Xo(q) coincides with the false theta function ‘I’i’OJrG’lo’w(q)7 defined in
equation in relation with the homological block for the Poincaré homology
sphere. In [216] Hikami relates several Ramanujan’s mock theta functions to false
thetas that appear in the context of 3-manifold invariants: Starting from the g¢-
hypergeometric series expression of the mock theta functions, he performs the
inversion map g — 1/q and rewrite the result in terms of a false theta function.
Despite the simplicity of the operation ¢ — 1/g, in certain cases this map fails to
reproduce the expected object on the other side of the plane. In particular, from a
mock modular form one might obtain a false theta function plus the quotient of a
partial theta function by a modular form; whereas from different hypergeometric
series expressions of the same false theta function one might get different mock
modular forms which differ by a modular form. Possible ambiguities produced by
this inversion map are explored in detail in [58]. This apparent ambiguity from one
side to the other of the plane is partially resolved by the Rademacher sum approach
(see section §5.8]). Through this technique one can associate to a mock modular
form a unique false theta function. Explicit g¢-series examples are reported in
section Before showing the explicit map from mock theta functions to false
theta functions, we investigate the asymptotic expansions of mock theta functions
close to rational points.

Denote by I' the modular group of a mock modular form A(7) of weight k£ and
multiplier system p. Take M}C’X(F)7 My, (), Sk, (I') to be respectively the space
of weakly holomorphic modular forms, holomorphic modular form and cusp forms
of weight k and multiplier system x on I'. Denote the space of mock modular
forms of weight k£ and multiplier system x on I' by My, (I'). If h(7) belongs to
M /o, (I') and its shadow is a cusp form, then the completion E(T) is a weight 1/2
harmonic Maass form. All Ramanujan examples of mock theta functions fall into
this category [6},/200].

Suppose I' has ¢t > 1 inequivalent cusps, {qi,...,¢:}. Then h(r) has exponen-
tial singularities at infinitely many rationals, [5]. Moreover, for every weight 1/2
weakly holomorphic modular form G(7), h(7) — G(7) has exponential singulari-
ties at infinitely many rationals. The proof of this fact is presented in [54], based
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5. From false to mock via 3d N = 2 theories

on the results of Bruinier and Funke [220]. Despite this fact, there is a collec-
tion {G} (T)}g-=1 of weakly holomorphic modular forms such that h(7) — G;(7)
is bounded towards all cusps equivalent to ¢;, [55] (for half-integral weights and
I' =To(N)). The limiting value of the modified mock modular form h(r) — G;(T)
defines a quantum modular forms @ : Q — C given by [55]

Q@) = lim (h(7) = Gy() (@ + i)

for each x equivalent to g;. A linear injective map is given from the space of mock
modular forms to the space of quantum modular forms (Q ,(I')). Then we have
a linear injective map p : MhX(F)/M,!ﬁX(F) — Qr () given by pu(f) = Q.

On the other hand, if we focus on the shadow g(7) of the mock modular form A(7),
we have the injective map v : Mk,X(F)/M,!“X(I“) — So_p,x(I) given by v(h) = g.
Notice that (independently of G (7)) we can associate the shadow to a mock theta
function. In fact, for a given q; we can choose G;(7) such that @ is determined
by the shadow:

Q(z) = — lim ¢g*(x +1it),
t—0*

and moreover Q(z + it) and —g* (x + it) has the same perturbative expansion for
all cusps = € I'g;, [3L[55).

From the discussion in section and in particular equation , we con-
clude that the holomorphic Eichler integral of g(7), i.e. g(7), has the same asymp-
totic expansion as h(7) — G;(7), and therefore they define the same quantum
modular form. The link between g(7) and h(7) — G;(7) is provided by the cusp
form g(7), which is nothing but the shadow of the mock modular form h(7). The
unary theta series of weight 3/2 initially described in relation to false theta func-
tions, in this section acquires the meaning of shadow of the mock modular form
h(7). We summarise the relation between these objects in Figure Note that
the ¢ +» ¢! line between mock and Eichler integral of its shadow is in dashed

1

line, since the ¢ <> ¢~ map is non-unique in both directions. See also 58| for

more details.

The mock theta function h(7) provides a natural candidate for the homological
block Z\a(q_l) for different reasons. First of all, it is given by a rational ¢-series
(this has been proven for the class of examples called optimal mock theta function
[64] to which we restrict in the next section), which up to an overall factor can
always be written as an integral g-series. In addition, the quantum modular form
defined from the limit of a false theta function can be reproduced as the limit
of a mock theta function corrected by an appropriate modular form G;(7). In
the following section we examine the limit of a mock theta function at a specific
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Figure 5.6: The relation between the different number-theoretic objects involved.

g*(r) = f('r) - f(r) QUANTUM
TeH

1

shadow qrq
mock modular form map

Je M}c,x ge SQ,)C’X—1

non-hol. Eichler int.
§*(2), z€ H™

|

~n
-
~a
~u

I radial limit

gerg Tl Eichler int. (false 8 if g is 8)

“a §(r), T € H QUANTUM

rational, where the mock theta function is bounded. This provides an example
of the asymptotic expansion of a mock theta function whose associated modular
form G;(7) vanishes.

5.7 An example

Consider the Seifert manifold M3 = M(—2; %, %, %), with surgery presentation

Sg’ /1(371"). This manifold is characterized by the following plumbing graph

-3
[ )
5.7.1
» » (5.7.1)
o — [ ] —_— e
-2
or equivalently by the linking matrix
-2 1 1 1
1 -2 0 0
M = 7.2
1 0 -3 0 (5:72)
1 0o 0 -2

The finite abelian group H1(M3,2Z)/Z2 has five independent elements and therefore
5 abelian flat connections. The Chern-Simons actions of abelian flat connections
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are:
mod Z for a=(0,0,0,0),(1,—1,0,—1)

mod Z for a=(0,-1,0,0),(0,0,0,—1) .
mod Z for a=(0,0,—1,0)

CSla] = 2\ (a,a) =

Nl= 0ol O

where a € Zy/MZyr. A general rule relating the pair (m,K) with the above
plumbing graph is still under construction, more details are given in [3]. We
observe that the homological blocks are given by

Za,—1,-1,-1(@) = ¢ 22¢"?* — ) =380+ g - P+ ® — "+ ¢+

Z—3-1,-3(@) = —q 2 2¥2 = 31t g— P+ ® T+ )

~ ~ 1 _ _
Z3,-1,-5,-3)(@Q) = Z3,-3,—5,-1)(q) = 54 SYE2 = A 14+t — B+ — P+
Za,—1-1,-3(@) = ¢ PP = 2¢0 (1 — 2+ ¢10 — g1+ P2 — "+

and therefore the associated representation is m + K = 6+ 2. The labels of the ho-
mological block in the above equation correspond to elements of (2Z% +§)/2MZF~.
In this case, the group Hi(Ms,Z) is non-trivial and thus we have a non-trivial
X-matrix, which in this basis reads

101 011 1

A R R
Xp=—1|0 0 2 2 —2 (5.7.3)

VBlo 0 2 2 o

9 9 9 9 9

Moreover, the trans-series contributiong®] of each flat connections is summarized
in the table below. Note that there are two central flat connections with trivial
CS invariant and two abelian flat connections which CS invariant 7/8.

CS action type trans-series
. . . 2
0 Afc (central) e2mik-0 (47{}5]{—3/2 + gg%k—f’ﬂ + O(k‘7/2))
% Afc e2mik g ( — Vo2 4 %kf?,/z 4 O(k5/2)>
% Afc e2mik} ( _ 2T\/§k,—1/2 _ 51417\77‘51{7—3/2 " (’)(k—5/2)>
— nAfc (real) e 2mik31 0% /2

_iq—5/12

33 t the the t -seri tributi t 1l fact f —L———.
'We report the the trans-series contributions up to an overall factor o 33 det M1
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5.7.1 On the false side

In the following we derive the perturbative expansion, and the quantum modular

v = (50 ) (5.7.4)

n>1

form related to

where the symbol (—) denotes the Kronecker symbol. Similarly to the previous
example, and following section the asymptotic expansion of ¥9*2(q) as q
approaches e~% and ¢\, 0 is

642, —t (—t/4m)" —(12)" [ -12 n\ [ —t\"
P2 (et ~ ;L( 2r,0)—"5 Z(%H)r!;( n) M( >(24)
(5.7.5)

As depicted in section [5.1.2] we expect the asymptotic expansion of ¥(q) to define
a quantum modular form, that for £ — oo is given by

174 5 17 455 207913 378635
Q(t) ( 2 3 4

= 5
5754 TRea’ To2008" T H3TaTTI2’ 143327232 +> (5.7.6)

We use the expansion in (5.7.5) to define [68]

2 K12 ¢
= (2n+1)n!;< ¢ )BQ””(u) (5:7.7)

the generating function of these coefficients is given by

Z n! 5, sinh(52) —sinh(z) _ sinh(22)

el T sinh(6:)  sinh(32)

(5.7.8)

If we now consider the integral expression (5.5.12) for the false theta function
P92 (q), we obtain

sinh[2 2”5]

P2 (q) = (/ / ) d¢ 65 o hE (5.7.9)
6 —id o
ret iR smh[3 \/?]
/124 sinh(2y)
<inh(37) = 7.1
</el5R+ /615R+> ™ 5lnh(3y)e Ll (5.7.10)
sinh(y) _32m

B .11
(/ezoR+ /615R+> smh(3y/2)6 : (5.7.11)

in the second line y = where m = 6. This corresponds to the asymp-
totic expansion of the non-holomorphic Eichler integral of the unary theta series
associated to W§2(q). We will return to this point in section §5.7.2

27i€
m
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5.7.2 On the mock side

The mock theta function of interest here is Ramanujan’s mock theta function f(q)

oo n2
HOEDY ek 1+g—2¢2+3¢> -3¢ +3¢° —5¢° +7¢" + ... (5.7.12)
,n=0 ) n

As mentioned in chapter Ramanujan observed that any singularity of this
function at even k-roots of unity disappears by subtracting a term of the form
(=1)*/2b(g). Or in other words

f(@) — (=D*2b(q) = O(1) (5.7.13)

where ¢=1/24b(¢) is a modular form and it is defined by

b)) =1—¢A—-¢>A—¢°)...1—2¢+2¢* —...). (5.7.14)

The mock theta function f(g) defines the quantum modular form [55}221]

V1) ¢is an odd order root of unity
Q@) =< ¢ Y*(f(q) — b(q)) qis a (4k)th-root of unity (5.7.15)
¢ V2 (f(q) +b(q)) qis a (4k + 2)th-root of unity

2mT 1 = gz +it, and the right-hand side corresponds to the radial limit

as q approaches x € Q. The perturbative expansion for ¢ — 1 (z = 0) is

1 5/ t 153 ( t\? > an (3\"

(5.7.16)
Following [200], the perturbative expansion in ([5.7.16|) is derived by first consid-
ering a modular transformation of f(q)

where g = ¢

2 . .
g ) = 7%_2_7_6_27”/37w(6_m/7) +4V3V=irji(7) (5.7.17)
where
s q2n(n+1)
@ =3 et o
n=0 %’ n
) oo 3mirg? SIN(2TTT)
= s 71
(1) /0 e G C (5.7.19)

2 cos(mTx)

() = (V=ir)THa(=1/7),  ja(r) = /0 AT (5.7.20)

cos(3mTx)
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5.7. An example

Define t = —27it, t € R>q, then ¢ = e~¢ and the modular transformation of f(q)
given in (5.7.17) takes the form

et/24f(€—t) — —47T /Bt(.d(e 2m? /t) 24t / 3 22 Slnh(t.’l?) it S A
V V smh( tx)

(5.7.21)
As t approaches 0 from above the first term in the r.h.s. decays exponentially and
f(q) can be approximated by the integral expression

_1/24 [ 24t / ~3ta? Slnh(tl’) / 4 32t sinh(y)
Ha)~ Slnh( ta:) sinh(%y)dy7
(5.7.22)

where in the last equation y = tz. Using the modular transformation of ji(7)

(5.7.20) we obtain
2 o0 ) o —
¢V () ~ 4B / odmiat /7 CSCTE[T) (5.7.23)

cos(—3mxT)

2 cosh(272z /t)
=4 PR A 5.7.24
\f ¢ cosh(672z/t) ( )
42 cosh(my)
=4 —=d 5.7.25
f/ cosh(3my) Y ( )
3 & cosh(my)

=4v3y — (=) (=" mn_— o 5.7.26

fnz;() n! (2) =9 /0 Y cosh(3my) Y ( )

in the second line we substituted ¢ = —2mi7, while in the third line y = 2wz /t.

This is exactly the asymptotic expansion given in equation and it gives
an explicit formula for the coefficients appearing in the asymptotic expansion in
terms of jo(7). The latter can be related to the non-holomorphic Eichler integral
of the vector-valued shadow (go(2), g1(2), g2(2)) as follows [200]

4\/5( \/Tm—)(]2(7-), 7‘7‘1(7_), ]3(7_)) — 721\/3/ (QO(Z)a gl(Z)a 92(2)) dz
0

(5.7.27)
where

g = Y (=)™ +1/3)e3me/D T (5.7.28)

nezZ
() = =3 (n+1/6)ePmI/O% (5.7.29)

nez
g2 = Y+ 1/3) BT/ (5.7.30)

nez

The veto (go(z), 91(2), g2(z)) defines the shadow of the mock modular form
{a " f(@), 24" Pw(d""?), 24" Pw(=¢" ")} . (5.7.31)
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5. From false to mock via 3d N = 2 theories

The relation between the coefficients in the expansion of the quantum modular
form in (5.7.16]) and the non-holomorphic Eichler integral of g(7) (the unary theta
series) was first brought to light in [200].

Comparing (5.7.6) with (5.7.16]), we observe that the false theta function given
by 2¥%+2(q) defines the same quantum modular form as q71/24f(q). The same

conclusion can be reached by comparing the integral expressions in (5.7.11) with
(15.7.26]).

5.8 The Rademacher approach

In section §5.8.1] we extend the construction of Rademacher sums, first introduced
in chapter [2| to functions defined on the other side of the plane. As anticipated
in the previous section, these are false theta functions. Through this method we
obtain a neat map between false theta functions and mock theta functions, when
the latter are examples of optimal mock theta functions, i.e. they have minimal
possible growth in their coefficients. In section we display this technique
with an explicit example related to the Poincaré homology sphere.

5.8.1 A false Rademacher sum

In this section the main question is how to extend the Rademacher series to the
lower half of the plane. Similarly to the case investigated first by Rademacher,
and described in the introduction, we are interested in the extension of a function,
naturally defined inside the unit disc, to the outside the unit disc. However, this
time we do not have a modular form but a mock modular form. Surprisingly, the
expansion of zero principle produces a non-vanishing function on the other side of
the plane that in the case of a mock theta function of weight 1/2 is a false theta
function.

The expansion of zero principle was later reviewed and extended to the context of
mock modular forms (harmonic Maass forms to be precise) by Rhoades [222]. For
further references on this topic see |5558.611/223]. Here we describe how to connect
the Rademacher sum of a weight 1/2 mock theta function to an explicit formula
for the Fourier coefficients of a false theta function. The discussion is restricted
to the examples of mock theta functions that comprise the space of optimal mock
theta functions analyzed in [64]. The optimality conditio translates into the

34This is the same condition that makes the non-linear sigma model of K3 surfaces an extremal
(non-chiral) conformal field theory.
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requirement that each component of the vector-valued mock theta function as
Im(7) — oo satisfies

hy(T) = O(q /4™y, for eachr mod 2m , (5.8.1)

where m corresponds to the label of the Weil representation described in §5.2.3]
In other words, only hi(7) has a pole of the form q_1/4m, while all the others
components have only positive g-powers in their Fourier expansion. The base of
the space of optimal mock Jacobi form was proven to be labeled by genus zero
subgroups of SLy(R) [64].

Following [222], we show how to define the Rademacher sum of a false theta
function starting from the expression of the Rademacher sum for a mock theta
function. To ease the notation in the following derivation we restrict to scalr-
valued Rademacher sums and then generalize the result to the vector-valued case.
The Rademacher series given in can be specialized to the case of a scalar-
valued weight 1/2 mock modular form as

R o () = d"+ > arij,m k" (5.8.2)

k>0
kEZ+p

=q"+)y D *e(n +Md) n'2q" p(y) "

c>00<d<c

X Z e(k%l + k‘T) (—(k+ u)n)_1/411/2(4% Vv —(k+ u)n)
k>0
kezZ

where for simplicity we assume r = 0. Define by G, 4(7) the first factor in the
summation over ¢ and d

21 1/2 -1
cd(ﬂ;:{ e(ng +ug) n'/2g" pn) ™! >0, (5.8.3)

q" c=0.

Moreover, we can express the Bessel function as

L 4 (—1ym 4 2m+1/2
t7a 11/2<?7r t) = t1/4 Z TG+ 3)< ( :\/z)) (5.8.4)

2m+1/2
1 oot 1 2
=5 > Sm+1 Tt D) ( ) : (5.8.5)

|s|=r m>0

where the integral converges for any s as long as r is sufficiently small. Thanks to
this integral representation and the properties of convergence of (5.8.2), the last
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5. From false to mock via 3d N = 2 theories

line of equation (5.8.2)) can be written as

_1 4
> @ (~(k+pn) 411/2(77T \/m) = (5.8.6)

k>0
1 g e 5 1 1 (%)2’”*1/2
2mi ls|]=r L1—qe"* 50 s (m + %) c

where g := e(£ + 7). Denote by f. q(r;s) the above integrand expression, that is

fc a(T;8) =

q —n(l+p)s 1 1 <27T>2m+1/2

5.8.7
s T(m + 2) ( )

Jge—ns
—4q m>0

when c is strictly positive, and it is otherwise given by fo 4(7;5) = 1.

The whole Rademacher expression can be succinctly written as

F(r):= 2771/ ds Z Z Gc d(T)fc a(T;s). (5.8.8)

c>00<d<c

The convergence of this expression both in the upper and the lower half-plane
is guaranteed by the definition of f.4(7;s). Note that G.q(7) has no issue of
convergence. Indeed, the only term that has to be carefully expanded is the first
term in the definition of f. 4(7;s), which is nothing but the geometric series

% —n(k ~
aefn(lﬂi)s kzoq e +,u)s7 |qe ns| <1
— = >0 _ (5.8.9)
1— qe—ns Z q*kens(k*/t) , |qefns| >1
k>0
By expanding F'(7) in the upper half-plane, that is using the first condition, we
recover ([5.8.2)). In particular, inside the unit circle f. 4(7;s) takes the form

1 1 9\ 2m+1/2
(T3 8) = Z G e~ ks Z P %f) (c> (5.8.10)

k>0 m>0

and therefore

R(rn)uz o(7) = 7/ TdS S>3 Gean) finy(rs). (5.8.11)

c>00<d<c

Alternatively, to define a function outside the unit circle we use the second equation

in (5.8.9) and obtain

éni/z p(T) = 27rz/ rds SN Gealn) £ s) (5.8.12)

c>00<d<c
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5.8. The Rademacher approach

where

A GHESD SR

k>0 m>0

2m+1/2
5 (27> . (5.813)
2

In our class of examples the expression ]—'é"i /2, p(T) turns out to be a false theta

8m+1 F(m +

function.

In terms of the Rademacher series (5.8.2)), the coefficients of the mock modular
form R(rn)l/z (M) =q"+ 3 ar s, k)q" are

wrantn =35 5 Telaf ek oor (1)

c>00<d<c

ST

1o ()

(5.8.14)
where k € Z + . Whereas in the case of flﬁni/z p(T) =q"+> ar,/2,,(n, k)¢*
the coefficients are

Grajppnk)==3 > 76(”*_k ) (M~ 1(z>_

c>00<d<c

N

I (4” \/ﬁ)

(5.8.15)

where k € Z — pu. The difference between these two expressions is accounted for
by a change in sign in k and p and an overall sign.

The above derivation is easily generalizable to vector-valued Rademacher sums.
Indeed, one can prove that the formula for the k; g-power of the j-entry of the
vector-valued false theta, whose Rademacher has polar term n; is

ar,pw(ng, ky) =Z Z _T%€<”i% —kjg)P(V)j;lX

c>00<d<c

w—1
k-, 2 47T
: (‘n]-) Tiew (o V) (5:816)

with ]Cj eZ— -

The relation between weight 1/2 mock modular forms and their lower-half plane
companion, }"ﬁ i /2, (1), can be analyzed from a different perspective following
[89]. By definition a false theta function is the FEichler integral of weight
3/2 cusp form, which is the shadow of the mock modular form. The Rademacher
expression for this modular form is derived from the Rademacher expression of
the mock modular form via Zagier and Eichler dualities [89]. The Eichler integral
of the Rademacher sum of this cusp form directly reproduces equation .
Therefore, one can think of the relation between a mock theta function and false

theta function as based on the unary theta series of weight 3/2.
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5. From false to mock via 3d N = 2 theories

Notice that the components of vector-valued mock modular forms and false theta
functions can be expressed as scalar-valued Rademacher sums. The scalar-valued
Rademacher sum corresponding to the ¢-th component is derived from the vector-
valued expression by restricting the multiplier system to a single entry of the matrix
defining the above multiplier and choosing the correct modular group. Due to the
presence of a single pole in the first component of the mock modular form, one
has to restrict to the (¢, 1)-entry of the multiplier system of the vector-valued
Rademacher sum. Therefore, denoting as ¥y(y) the (¢,1)-entry of the matrix
p(7)~1, we obtain

27 a d
Rb g 1/2(1) = 601g" +> Y ?e<nz +WE)W(7)>< (5.8.17)
c>00<d<c
e Y (R e g (T
X Z 8( Eg) T q 1/2(? —( E"'Hz)n)-
ke>0
ke€Z

This allows recovering the false theta expression corresponding to the ¢-component
via (5.8.12). A concrete example is displayed below.

5.8.2 An example

The relation between the false theta function and the mock theta function of
M(—1;1/2,1/3,1/2) can be found in the original work by [222]. Here we explain
what happens in the case of the Poincaré homology sphere.

Similarly to section if we consider X(2,3,5) the set of irreducible represen-
tation is labeled by ¢30+6:10:15 = f1 71 Therefore, we have a two component
vector labeled by the elements of ¢30+6:1%:15 " Through equation (5.8.17)), we can
restrict to the first component of the Rademacher sum which can be expressed as
independent scalar-valued ones with £ = 1 and the multiplier system specified by
the (¢, 1)-entry of the matrices conjugated to (5.5.17) and (5.5.18)). The first terms
in the g-series of the two mock modular form are given by

(—1/120) _
RL@),vn,172(T) =4

—1/120  (119/120  239/120 o 359/120 —1/120

q q q w=q X0(q)

This corresponds to the first component of the vector-valued mock modular form
that appear in umbral moonshine in relation with the Niemeier lattice E83. The
corresponding false theta function is

(—1/120) _ 3 1/120 121/120 361/120 _ 3 1/120>
Fsro@), 01,1727 = _§(q [120 4 2120 4 201120 4 ) = 54 120%0(q)

where xo(gq) is defined in (5.6.7) and the factor of 3/2 is due to the choice of
constant term in front of the shadow.
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5.9 Conclusion

In this chapter, we investigate the role played by number theory in the context
of 3-manifold invariants and the physics of the 3d-3d correspondence. The work
restricts to a class of 3-manifold that are Seifert 3-manifold with three singular
fibers. For this class of 3-manifold M3 we have a prescription for computing the
homological blocks of negative definite and indefinite linking forms, under the
assumption that the value of the inverse linking matrix, in the diagonal entry
corresponding to the high valency vertex, is positive. We show that this element
governs the growth of the series, which is unbounded from below when the diagonal
entry is negative. We observe that the homological blocks are given in this class
of examples by false theta functions.

A new interpretation of the resurgence analysis of the Chern-Simons theory on
Ms performed in [68,/214] is given in this section. Our viewpoint sheds some
new light on the invariants of Seifert manifolds by emphasizing the relation with
number-theoretic objects such as false theta functions and projective representa-
tions of SLy(Z). The different ingredients of the resurgence analysis are described
in terms of the T- and S-matrix spanning the Weil representation of Mp2(Z) and
the projection operators folding the representation into a smaller dimensional rep-
resentation.

This new perspective on the resurgence analysis of analytically continued Chern-
Simons theory on Ms leads to interesting predictions of certain topological data
of M3. In this chapter we restricted to the case of Brieskorn homology spheres,
with a particular example the Poincaré homology sphere, more general results are
reported in [3]. For general M3 multiple topological data are governed by the com-
bination of the Weil representation attached to Mg with the SLy(Z) representation
acting on abelian flat connections. This allows to efficiently extract topological
data of non-abelian flat connections of 3-manifold invariants.

By restricting to a specific class of Seifert 3-manifolds, we can produce candidates
for the homological blocks of M3, the companions of the homological blocks defined
for M3. The latter correspond to a suitable extension of the homological blocks
of M3 to the lower half of the plane. The map between one half of the plane
and the other is implemented via the Rademacher expansion of an optimal mock
theta function and a false theta function. Specifically, we generalize the treatment
in [222] to the examples of optimal mock theta functions that appear in this
context. This technique provides a neat map between the two sides of the plane
which primarily depends on the shadow of the mock modular form. This leads to
a realization of certain examples of the famous Ramanujan’s mock theta functions
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5. From false to mock via 3d N = 2 theories

as well as certain umbral moonshine mock theta functions in the context of 3-
manifold invariants. Moreover, by identifying a natural candidate for Z\a(qfl), we
are able to infer an integral g-series expression for the superconformal index of the
3d N =2 theory T[Msj].

We conclude with some comments and open questions that arose from our work:

e Further investigation is needed to systematically associate a Weil represen-
tation to any Mjs. A topological or a geometrical perspective on these pro-
jective representations of SLo(Z) might provide new clues on the procedure
hinging back to the form of a generic plumbing graph G.

More striking, the presence of various S Ls(Z) representations in the study of
homological blocks of T'[M3] appears to play a fundamental role that hints
at a deeper structure not yet discovered.

e Challenges remain in the definition of the homological blocks of M3 for
mock theta functions that do not belong to the space of optimal mock theta
functions. The map between the homological blocks of M3 and the ones of
M3 for more general Seifert manifolds with three singular fibers would be a
non-trivial extension that needs further investigation.

e The integral expression appearing in the Borel resummation procedure cor-
responds to the asymptotic expansion of the fast theta function close to the
real line, which thanks to the analytic property of ¥"*¥ can be extended
to the upper half-plane. On the other hand, this integral corresponds to the
asymptotic limit of the mock theta function once the divergences at rational
points have been removed. Questions remain on the physical interpretation
of the “modular correction” introduced to cut out the singularities of mock
theta functions at the different cusps.

e [t would be desirable to have an independent computation of the homological
blocks, for instance through a localization computation for the 3d-2d coupled
system, to prove or disprove our conjecture. An interesting aspect of the
localization integral is that it can be directly related to the complex integral
defined in the analysis of the Hardy-Littlewood-Ramanujan circle method
described in chapter 2]

e On a different note, a direct extension of this work would be to consider
Seifert examples with more than three singular fibers. A similar story, even
if more involved from a number theory perspective, should hold for 4-singular
fiber examples. We plan to add more on this in the near future.

e Another natural extension of our results is the treatment of the Chern-
Simons theory for higher rank gauge groups.
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e One more case merits mentioning here. A number-theoretical structure has
been already discovered in the context of the Volume conjecture, which re-
lates the specific asymptotic behaviors of the colored Jones polynomial of a
knot K with the hyperbolic volume of the knot complement S3\K, or, in its
refined version, with complex Chern-Simons theory on the complement of the
knot, see [224] and references therein. This physical system was related to
Nahm'’s conjecture on the modularity of hypergeometric series [225], which
identifies when a g-hypergeometric series is modular through the Bloch group
and rational conformal field theories, see [226] for a proof of one arrow of
the conjecture. It would be fascinating to find a similar conjecture for the
g-hypergeometric series corresponding to mock theta functions that appear
in this context.

e Concluding, as previously pointed out, there is a connection with umbral
moonshine functions that would be interesting to unravel in the future.
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Appendix A

A.1 A geometric view on elliptic functions and modular
forms

The aim of this Appendix is twofold: firstly, to provide an intuitive and geometric
description of the moduli space of elliptic curves, together with an account of
functions and forms defined on this space; secondly, to introduce several modular
objects used in the main text. The description of modular groups follows the
book [81]. The brief introduction to modular forms follows the classical references
[411227].

A.1.1 Modular groups

Denote by H the upper half-plane
H:={r € C|Im(7) > 0},

The action of a generic element «y of the special linear group SLs(R) on the upper
half-plane (or more generally on the complex plane) is given by fractional linear

at+b a b

cr+d’ c

transformations

This action stabilizes the upper, the lower half-plane and the real line RU {oo}and
maps R U {ico} into itself. Notice that only PSLs(R), that is the quotient group
SLa(R)/ £1, acts faithfully on the Riemann sphere (C U {ico}). Since the trans-
formation in preserves the angles it is also known as conformal mapping.

Elements of PSLs(R) are denominated differently depending on the number of
fixed point in HURU{oo}: parabolic (v has one fixed point in RU{oco}), hyperbolic
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(v has two distinct fixed points on RU{oo}) or elliptic (v has one fixed point in H
and the conjugate one in the lower half-plane). Clearly, this definition is invariant
under conjugation in the group and therefore applies to the conjugacy class of v. A
point € RU{oo} is called a cusp if there exists a parabolic element ~ that satisfies
~vx = x. Throughout the thesis when we refer to a cusp at £ we mean the orbit
of z under the action of I'. The quotient F := I'\H is the so-called fundamental
domain. We obtain the compactified fundamental domain F if we include the
cusps of I': the compactified fundamental domain is defined as F := I'\H, where
H = H U {cusps}.

A subgroup I' < SLo(R) is discrete if the induced topology is discrete, where the
metric topology of the fundamental group is induced by the norm |y| = a® + b% +
c2+d?. A group I acts discontinuously if the stabilizer group I'y = {y € T'|y7 = 7}
is finite for any 7 € H. A subgroup of SLy(R) acting discontinuously on the upper
half-plane is a so-called Fuchsian group. A subgroup of SLo(R) is discrete if and
only if it acts discontinuously on H, for more details we refer to [81]. We restrict
to Fuchsian groups of the first kind. In this case, every point on the boundary of
the upper half-plane, i.e. RU {oo}, is a limit (in the C-topology) of an orbit I'r
for some 7 € H (see e.g. [81]). In other words, a Fuchsian group of the first kind
is a discrete subgroup of SLo(R) whose compactified fundamental domain F is a
compact Riemann surface.

In the following, we introduce different modular groups that we encounter in the
main text. The modular group SL2(Z) is the discrete subgroup of SL2(R) gener-

ated by the matrices
0 -1 11
S—(l 0) , T—(O 1) . (A.1.2)

To prove this statement one can follow the steps of the continued fraction expansion
of 2: Starting from a general matrix v, we can apply 7" from the left to obtain

n. _fa+cn b+dn
Tv-( . d > (A.1.3)

if ¢ # 0 this reduces the first entry of the first row to 0 < a < |c| by suitable choice

of n € Z. Applying then S
Sy = (C bd> (A.1.4)

we interchange the rows and flip the signs of the last row. Therefore by repeatedly
applying these two operations we end up with an upper triangular matrix with 1’s
on the diagonal. This can be reduced to I, the identity matrix, by first acting with
a certain power of T and then, if necessary, by changing the overall sign via S2.
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An example of a normal subgroup of the modular group SL2(Z) is the principal
congruence group of level N

T(N) := {7 c S’LQ(Z)"Y = ((1) (1)) (modN)}. (A.1.5)

Any subgroup of the modular group which contains I'(V) is called a congruence
subgroup of level N. We denote by I'g(/V) the Hecke congruence subgroup of level
N

)

a b
To(N) = {(CN d) c SLQ(Z)’ det(y) =1, ce Z} . (A.1.6)
The Atkin-Lehner involution for T'g(V) is
wo=4(% b)e GLQ(Z)‘ det(y) = e, e||N (A.1.7)
¢ cN de ’ ’

where || denotes that e is an exact divisor of N, i.e. e divides N, ¢|N, and
N

(e, ;) = 1. Moreover, the set of matrices W, satisfies
W2 = 1mod(Ty(N)), (A.1.8)
€1€2

Wel WeQ = W62W€1 = Wes mod(T'o(N)), €3 = (6162)2 .

An important example of Atkin-Lehner involution is the so-called Fricke involution
Wy, which generates the transformation 7 — —1/NT.
Next, we introduce the modular group T'o(n|h), defined by

b
To(nlh) = {(CC; Z) ‘det(v) = 1} (A.1.10)

where a,b,c,d € Z, h € Z, h? N and N = nh. For h the largest divisor of
24, To(nlh) is a subgroup of the normalizer group N'(N) (defined below). The
corresponding Atkin-Lehner involution is

b
1 (% & - n.
We = {(cN de) ‘det(’y) =e, e||h} ; (A.1.11)

this satisfies a closure condition similar to equation (A.1.9) for W, with respect to
[o(n|h) instead of T'x(NN). The normalizer group of To(N) in SLy(R) is

N(N) ={p € SLy(R)|plo(N)p~" =To(N)}. (A.L12)

N(N) is generated by [p(n|h) and its Atkin-Lehner involutions. For an explicit
description of the normalizer group, the reader is referred to [67].
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The groups I'y with g € M are subgroups of N'(N) of the form I'y(n|h) + €1, ez, ..
where n = o(g) is the order of g, h|24,h|n and N = nh. Here I'o(n|h) + e1, ea, ..
stands for the union of a particular set of Atkin-Lehner involutions (we, , We,, ..)
and T'o(n|h). From this description, it is apparent that Iy is a subgroup of N (IN)
and contains I'g(V).

Lastly, we define the group Iy,

rgz{(‘c’ Z)eSLg(Z)‘c—dEa—bzl (mod2)}, (A.1.13)

whose Hauptmodul is

2 24
K(r) = 7]7(7) =q Y2 4244 276¢" % + ... (A.1.14)
n (%) n@2r)

A.1.2 Elliptic functions and modular forms

The following section gives a geometric interpretation of elliptic functions and
modular forms restricting to elliptic curves over C and the modular group SL2(Z).
The discussion is primarily based on [41,227,/228]. At the end of this section
we give the definition of a vector-valued modular form for more general modular
groups and multiplier systems.

Let A = Zwi + Zws be the lattice (free abelian group over C) spanned by the
oriented basis (w1,w2). To each lattice A is associated an elliptic curve E = C/A,
that is to say a Riemann surface of genus one endowed with an abelian group
action. An elliptic curve is defined up to homotheties A — AA, A € C*; therefore,
rescaling the lattice by a non-zero scalar produces an elliptic curve isomorphic to
the original one. The lattice rescaled by A = w; L for instance, gives rise to the
elliptic curve E. = C/(Z7 + Z), where T = w1 /wa, which is isomorphic to E. In
terms of elliptic curves, the transformation amounts to a change of basis
and rescale of the lattice A and, hence, from the elliptic curve E., it produces
an isomorphic curve E.,. According to the above, the quotient space I'\H (the
fundamental domain of I') represents the moduli space of elliptic curves over C;
each point of T'\'H, in fact, corresponds to an isomorphism class of elliptic curves.

A function f : C — C is elliptic with respect to A if it is a meromorphic function
on C and it is periodic with periods in A

fz+w)=f(z) YweA. (A.1.15)

Alternatively, f(z) can be viewed as a meromorphic function on the torus C/A.

172



A.1. A geometric view on elliptic functions and modular forms

An example of a non-constant elliptic function is the Weierstrass function

p()=u+ Y (z—w) 2 —w ). (A.1.16)

weA

This is an even periodic function with one pole of order two at the origin and
residue zero. The periodicity is built in the function by the average over lattices,
where the sum excludes the point w = 0. The importance of this function is
partially given by the fact that it generates the subfield of all even elliptic functions
in £(A). Together with its derivative p'(2), it generates the field of all elliptic
functions for a lattice A, i.e. C(p, p') = E(A). From the definition of Weierstrass
function

p(2)=u?+ Y (m+ 1)(2 w‘(m+2))um : (A.1.17)

m2>1 wEeA

A modular function is a complex-valued function defined on the quotient space
['\H, alternatively it can be viewed as a function of lattices which is invariant
under rescaling of the lattice and thus it satisfies F(AA) = F(A), YA € C. A
generalization of this concept is provided by modular forms. Let F(AA) be a
homogenous function of degree —k of a lattice A

FOA) =X"FF(A), YA eC. (A.1.18)
Rescaling the lattice A, we obtain the definition of a modular forndl] f : H — C
f(7) == Wk F(Zwr + Zuwo) TEHN. (A.1.19)

The functional equation satisfied by f(7) is derived from the invariance of F'(A)
under a change of basis and it is given by

ct +d

f(aTer) = (cr+d)*f(1). (A.1.20)

The function f(7) is a modular form of weight k£ with respect to SLs(Z).

A vector-valued modular form of weight k € Z, multiplier system p with respect
to the group I is a function ¢ : H — C obeying the functional equation

a b

o(y7) = 12F (v, T)p().0(7), Yy = (C d> el, TeH, (A.1.21)

IThe function f(7) is called a modular form because f(‘r)d*k/ZT is a holomorphic (—k/2)-
form on the space SL2(Z)\H; by contrast, a modular function f(7) is a meromorphic function
on the space SL2(Z)\H.
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where the dot corresponds to matrix multiplication. Here j2(v,7) denotes the
automorphic factor (¢7 + d) and the multiplier system is a map p : I' — SU(d)
in the case of a vector-valued modular form of dimension d. If we restrict to a
scalar-valued modular form p : I' — S*. The slash-operator for a modular form is
defined as

oMk =5 (. 1e(r7). (A.1.22)

Alternatively, one can use the following definition

P GRS VCORRREICED R (A.1.23)

»(7)

A.2 Modular miscellaneous

We report here the definitions of several modular objects that are used throughout
the thesis. First, we recall the definition of the Dedekind eta function,

n(r) =q2 [Ja-q", (A.2.1)

n>1

which is a modular form of weight 1/2 under SL(2,Z) and has a multiplier system

pormenln ()W) e

u (mod k)

B __ hh/+1
with v = . Z € SL(2,Z), hh' = —1 (mod k), and

z—lz]— 3 if z€R\Z,
-~ A23
(@ { 0 if zeZ. (4.23)

We also introduce the Eisenstein series, which are defined as

Ep(r):=1-24) — (A.2.4)
n=1 q
s 3,.n
Ey(r):=1+240) % , (A.2.5)
n=1
s 5,n
Eg(r) =1 504 f”_qqn . (A.2.6)
n=1

174



A.2. Modular miscellaneous

We define the Jacobi theta functions 6;(r, z) as follows,

B1(7,2) = Y (D) gE Dy (A.2.7)
nez

ba(r,2):= Y g2 ynh (A.2.8)
nezZ

n2

O3(1,2) =Y _ q7 y", (A.2.9)

nez
n2

Oa(1,2):= > (-D"q7 y". (A.2.10)

nez

A fundamental object in our discussion is the weight 1/2 index m theta series,
whose components are defined by

Omr(r,2)= Y gy (A.2.11)

kezZ
k=r (mod 2m)

when m € Z~ and are otherwise given by

2
Oma(m2)= > e(5)q" /Pyt (A.2.12)
k=r (mod 2m)

for half-integer index m, and with 2m € Z~y and r — m € Z. The modular prop-
erties of the theta series are dictated by its transformation under the generators
of the modular group SL(2,Z) (see equation (A.1.2))) and are thus represented by

gm,T(T +1,2) = p(T)r,r’ gm,r’(Ta z), (A213)
2
Om r (*l7 E) = Q(E) vV —iT p(S)T,r/ em,r/(’ra z), (A.2.14)
T T T

where the 2m-dimensional matrices p(S) and p(1') define its multiplier system.
For m € Z, these take the form

2

r 1 rr’
p(T)'I‘,T” = 6(47n> 67‘,7"/ 5 P(S)r,r’ = \/%6(—2771) 5 (A215)

whereas for m € %Z,

r2 1 rr! r—r!
p(T)’I”ﬂ“/ - e<m> 61",7”7 p(S)rﬂ"’ - me<_21n>e< 2 ) . (A216)

A more precise description of theta functions with integer index m is given in
section §2.2.3
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A.2.1 Hecke-like operators

We define three Hecke-like operators [§] which are needed to obtain the polar
coefficients of the mixed mock modular forms appearing in section

The first is an operator which sends a (mock) Jacobi form ¢(7, 2) to (7, s2),

Us : Z cn, 0 q"y" Z c(n, 0) ¢yt (A.2.17)

n,f n,f

or, in terms of its action on the Fourier coefficients of ¢(7, 2),
c(p|Us s m,0) = c(p;n, l]s), (A.2.18)

with the convention that c(n,¢/s) =0if s f £.
The second operator sends a (mock) Jacobi form of weight w and index m to
one of weight w and index ¢m and is denoted Vi, ¢, and its action on the Fourier

coefficients is
nt E)

clelVugim b= 3 d"e(e: g
d|(n,£,t)

(A.2.19)

Finally, we define a combination of these two operators, which also sends a (mock)
Jacobi form of weight w and index m to one of weight w and index tm and is given
by

Vq(;:h;) = Z p(s) Vw,t/52 Us, (A.Q.QO)
82|t
(s,m)=1

where p(s) is related to the Mobius function, pu(s) = s uas(s). We have in particular
the values p(1) =1 and p(2) = —2.
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Appendix B

B.1 Holomorphic orbifolds

In this section we briefly review aspects of holomorphic orbifold CFTs which are
relevant to chiral CFTs with a discrete symmetry group. Denote by &(7) the
partition function of a chiral CFT with Hilbert space H and central charge c,

O(1) = Trag(gFo=/?%) (B.1.1)

where Lg represents the Virasoro generator. The above partition function cor-
responds to a path integral on a torus with complex structure parameter 7 and
periodic boundary conditions along the two cycles. Given an automorphism group
G of the theory, it is possible to define twining functions

Gg(T) = Tru(gqgo™c?Y),  Vged@ (B.1.2)

where the g-insertion stands for the representation of the element g acting on the
Hilbert space of the theory. Moreover, one can build the invariant subspace with
respect to the action of g by defining a projection operator, P, whose action for
an element of order n is

n—1

—c 1 7 —c
Tray (P g™ /24):E§ Try (g° g0 =¢/%%), (B.1.3)
=0

This is the first step in the construction of an orbifold partition function.

Additionally, one must include states arising from the g-twisted sectors, i.e.
e g(T) = Try, (qX0~*),  Vged. (B.1.4)

The latter are defined as traces over twisted Hilbert spaces, Hg4, which consist of
states defined modulo a g-transformation. Throughout we denote by e the identity
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element of the group under consideration. Analogously, on the torus twisting and
twining correspond to changing the boundary conditions along one of the cycles of
the torus. Thus, we are led to define a twisted-twined function, whose boundary
conditions along the two cycles are dictated by elements of the group G. From a
Hamiltonian approach, the twisted-twined function is defined as

Ggn(T,2) = Tryg, (g™~ /?Y, g€ Ca(h), heG. (B.1.5)

Since the action on the spectrum is well defined so long as g and h commute, the
twining element g belongs to the centralizer of h in G, Cg(h) = {g € G|gh = hg} .
In the case of chiral CFTs these functions are class functions up to a phase. In
order to obtain a consistent orbifold one has to impose certain constraints which
prevent anomalous phases from appearing under modular transformations which
fix the boundary conditions.

Different twisted-twined functions can be related to each other by modular trans-
formations. In fact, ¢, j satisfies the following functional equation

¢g,h(77) = Pg,h(g Z) d)hbgd,hagC(T)a Y= (‘é 2) S Iﬂg,h s (B'1'6)

defining a modular function with multiplier system p with respect to the modular
group I'y ;, which fixes the pair (g, h).

The complete (h)-orbifold partition function therefore takes the form
1
¢07"b(7—) =TT Z Z ¢g,h(7—)» (Bl?)
|Ca (M)
[h] geCq(h)

where the first sum is over representatives of the conjugacy classes of h, and the
second sum is over elements commuting with h.

Examples of holomorphic orbifolds are the ones obtained from the monster CFT,
coined by Norton as Generalized moonshine. Before considering their properties in
the next section, we generalize the above concepts to superconformal field theories.

A similar reasoning can be applied to SCFTs with a non-trivial current algebra.
Instead of focusing on its partition function, we consider the elliptic genus (EG).
The latter is defined for an N = 2 SCFT by

U(r, 2) = Tryy (—1)Fghome/2Agho=e/24yJo) (B.1.8)

where z is the U(1)-chemical potential and y = e(z). Once again the modular
properties of (7, 2) and its twisted-twined companion 1, 5 (7, z) can be used to
define the EG of the orbifolded theory, which this time depends on the two variables
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7 and z. Under a modular transformation v € I'y 5, ¥4 1(7,2) transforms as a
weight 0 index m Jacobi form

m022

m) '(/Jhbgd,hagC(Ta Z) (B19)

Vg (YT, v2) = e(

B.2 Mock and meromorphic Jacobi forms

The first instance of mock Jacobi form we consider is the so-called Appell-Lerch

sum, defined as
mk?, 2mk

(m) _ q Y
kez
Its completion, following [6], is
1
Fom (7 7, 2) = f9 (1, 2) — 3 > R (7, )0 (7, 2) (B.2.2)
r€Z/Z

with

Im7 Imu K2 ,
— 1y _ — I p—2miku
Rupg(ryw) = Y <sgn(k+ Ly E(,/ — (k+2m1m7>>> e ,

k=r (mod 2m)
o0

E(2) = sgn(z) <1 —/ dtt=1/? e_”t> .
22

F(m)

™M (1,7, z) transforms as a (non-holomorphic) Jacobi form of weight

Moreover,
1 and index m.

We denote by fimo(7, 2) = fém)(r,—z) - fém)(r, z). This specialization of the
Appell-Lerch sum has the following relation to the modular group SL2(Z): let the
(non-holomorphic) completion of jim:0(7, 2) be

Lm:0(T, T, 2) = pm.0(T z)—i1 Z O, (T, 2) ioo(i(r’+7'))_1/25 (=7 dr'.
m; P m; I \/% m,Tr ’ m,r

r€Z/2mZ -7

(B.2.3)
Then im0 transforms like a Jacobi form of weight 1 and index m for SLy(Z) < 72
and it has a simple pole at z = 0. Here S,, = (Sy,,») is the vector-valued cusp

form for SLo(Z) whose components are given by the unary theta series
1 0
2mi 0z
Note that the explicit form of the theta series S, ,(7) changes depending on

whether m is integer or half-integer because of equations (A.2.11]), (A.2.12)).
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For later use, we define two weight one meromorphic Jacobi forms, ¥; ; of index
one, defined as

O (1, 22) () y+1

7 —— - 2 _ 2 e B.2.
R CCw LAt Sl At AU R (B.2.5)
and ¥ _ 1 of index —3%, defined as
_ n(r)? _ 1 1/2 —1/2 2
i1 2) = —i r) g +qy "=y )+ 0().

B.3 Superconformal characters and modules

In this section we review the representation theory and character formulas of the
N =4, N =2, and Spin(7) SCAs.

B.3.1 Characters of the Spin(7) algebra

Here we briefly review the representation theory of the SW(3/2, 2) superconformal
algebra with central charge 12—this is the algebra which arises on the worldsheet of
type II string theory compactified on a manifold of Spin(7) holonomy |131]E| This
algebra is an extension of the ¢ = 12 A" = 1 SCA by two additional generators: the
stress-energy tensor of a ¢ = 1/2 Ising model (of dimension 2) and its superpartner
(of dimension 5/2).

In [229] the unitary representations of the SW(3/2,2) SCA were classified. There
are two algebras—NS and R—which correspond to whether the fermions are 1/2-
integer (NS) or integer (R) graded. For our purposes it suffices to work in the NS
sector; here the representations are uniquely specified by two quantum numbers
and will be labeled |a, h), where a is the dimension of the internal Ising factor,
a € {0,1/16,1/2}, and the total dimension is h. The result is that there are
three massless (BPS) representations with quantum numbers |0,0), [1/16,1/2),
and |1/2,1), and two continuous families of massive (non-BPS) representations
with quantum numbers |0,n), and |1/16,1/2 + n), where n > 1/2.

Conjectural characters for each of these representations were computed in [130],
to which we refer for more details and derivations, including a discussion of the
characters in the Ramond sector. We define the following combination of functions

gm,r(T) = em,r(T) + em,r—m(T) (B31)

"Throughout this section, we follow the notation used in [121].
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which satisfies @'m,r = @'m,_,« = gm)r+m, gm’r(T) = 0pn /2, (17/2), and
Fm 2 = [ (r,2) — f (B.3.2)

We denote the character of the a non-BPS representation |a, h) by Xa, 5(7')7 and the
characters of the BPS representations by xN(7), as they are umquely specified
by their a eigenvalue. The result is that the non-BPS characters are given by

A = PEOYS () = ¢ (P + 1+ +3q+..)  (B33)
and

xlh(T)—q ~10 P ONS (1) =¢" (/2 +2+3¢2+5¢+...) (B.3.4)
16

where i )
(1) = PR
and we have defined
0)° (1) = (530,2(7') - 530,8(7)) , (B.3.5)
911165(7) = (530,4(7) - 530,14(7)) . (B.3.6)

Furthermore, the BPS character of total dimension h = % is given by
X35 =P (@), (B.3.7)

where,
1Ny = (B F7), 67.7) + 4% ), (6r,—2m), (B.3.8)

and the other two BPS characters can be found using the BPS relations which
relate massless and massive characters:

N

Xo %+ XY¥ =" X0 » NS+ XS =g NS, (B.3.9)

16 2 16~

o

Spin(7) modules
The partition function for a module of the Spin(7) superconformal algebra, i.e.
ZD (1) = Try g gho—/24, (B.3.10)

transforms as a weight zero modular function for the congruence subgroup I'y.
Furthermore, it follows from the explicit description of the Spin(7) characters
above that such a function admits an expansion of the form

ZE" () = P() (A5 () + P MOV () + ROy S(m)  (B311)
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where we can expand the function (F}) as
Fi(r) =3 ,50bj(mg" /120 (B.3.12)
Fo(r) =350 ci(n)g" 497120, (B.3.13)

From the properties of the Appell-Lerch sums detailed in section [B:2] it follows
that F := (F}) is a weight 1/2 vector-valued mock modular form for SL2(Z) with
shadow given by AS(7), where we have defined

S = (i) (B.3.14)

and S, (1) = > okez k‘ef(k)qu/lzo for = 1,7 and

1 k=1,29 (mod 60)

Fky={ -1 k=-11,-19 (mod 60) (B.3.15)
0 otherwise

1 k=-7-23 (mod 60)

ef(k)=4 —1 k=17,13 (mod 60) (B.3.16)

0 otherwise

See |121] for more details.

B.3.2 N =2 superconformal characters

The N/ = 2 SCA with central charge ¢ = 3(2¢+1) = 3¢, £ € %Z, contains an
affine u/(T) current algebra of level ¢ + % In this notation m = ¢ + % The unitary
irreducible highest weight representations are labeled by the eigenvalues of Ly and
Jo, which we call h and @, respectively |2304231], and which we denote by V%IZQQ
There are 2¢ + 1 massless (BPS) representations with eigenvalues h = 57 = %
and Q € {-5+1,—5 +2,...,5 — 1,5}, whereas there are 2¢ + 1 continuous
families of massive (non-BPS) representations with eigenvalues h > ¢ and Q €
{(=S+1,-5+2,..., -2 -1, Q=0.

We focus on the graded characters in the Ramond sector, which are defined as
N=2 _ 3 _1yJo,,Jo Lo—c/24)
chyp (7, 2) trvﬁf{,é (( 1)70y’0q ) (B.3.17)

In terms of functions in section [B.2] the massive characters are

chpH (T, 2) = e(5) (¥, _1 (7, NI, (2, = sen(@) (Q - 1/2),
(B.3.18)
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and the massless ones (with @ # $) are

— _ 1
Y o(r2) = e(BH2) 08, (r,2) Ty [0 by, w= o OB
(B.3.19)

Furthermore, the character Ch'z\;/cz/2247Q(T7 z) for Q = % can be determined by the
relation

£
2
N=2 o N=2 Z k(3 N=2 N=2
Chl;c/24,% =4 n<ChZ;n+c/24,% + (=1 (Ché,n+c/24,%fk + Ché,n+c/24,k7%))
k=1
+(~DE) Ry, (B.3.20)

due to the fact that at the unitary bound, several BPS multiplets can combine
into a non-BPS multiplet.

N =2 modules

The graded partition function of a module for the ¢ = 6m N = 2 superconformal
algebra in the Ramond sector, i.e.

ZN2(r,2) = i () %yoghoer21) (B.3.21)

transforms as a weak Jacobi form of weight zero and index m for SLs(Z) as in
the N = 4 case. Furthermore, from the representation theory discussed above we
expect such a partition function to have an expansion

ZN=2(r,2) = (¥, ) (Cofio(m )+ Y F{9(1)fy,j(r,2)) (B.3.22)
J—€Z/20Z

when the /' = 2 SCA has even central charge, ¢ = 3(2¢ + 1). (See |63] for more
details.) In the last equation, we have defined

~ 1 -
He0 = e(%)yl/Qfl(f)(T,u +2), u= 3 + A
and the function F ;Z)(T) satisfies
FiO(r) = FU(0) = Fil, (). (B.3.23)

Through its relation to the Appell-Lerch sum, fis,0 admits a completion which
transforms as a weight one, half-integral index Jacobi form under the Jacobi group.
Defining Qg;o by replacing fim;0 with ﬁg;o and the integer m with the half-integral
{in , we see that ﬁ,g;o transforms like a Jacobi form of weight 1 and index ¢
under the group SLy(Z) < Z?. Following the same computation as in the previous
section, we hence conclude that FO = (ﬁ;l)), where j —1/2 € Z/2{Z, is a vector-
valued mock modular form with a vector-valued shadow Cq Sy = Co(Sy,;(7)).
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B.3.3 N =4 superconformal characters

Let m = m — 1.The A/ = 4 SCA with central charge ¢ = 6(m — 1), m > 1, contains
alevel m—1 sa(\2) current algebra (cf. [232]). We will label the unitary irreducible
highest weight representations by the eigenvalues of Ly and %JS’, which we denote
by h and j, respectively. We discuss representations in the Ramond sector where
a representation with quantum numbers (h, j) will be denoted V . There are
two types of representations: a discrete set of m massless (BPS) representatlons,
and m — 1 continuous families of massive (non-BPS) representations (c.f. [233].)

The BPS representations have h = i = mT_l and j € {0, %,...,@}, and the
non-BPS representations have h > 1 and j € {$,1,..., -1}, Their graded
characters, defined as

N5t (7, 2) = Tryaas ((—1)J3yJ3qL0—C/24) , (B.3.24)

were computed in [234] and can be written in terms of functions defined in section

B2 as
5t (m,2) = (P11, 2) ™ s (7 2) (B.3.25)

and

r'

2
h— Lo
KNG (r2) = (Pra(r2) " g m (0 (1) =65 _,.(1,2)  (B.3.26)
in the massless and massive cases, respectively.
N =4 modules

The graded partition function of a module for the ¢ = 6(m — 1) N =4 SCA in the
Ramond sector, i.e.

ZN=4(r,2) = Ty ((—1)J3yJ3qL0—C/24) 7 (B.3.27)

transforms as a weak Jacobi form of weight zero and index m for SLy(Z). More-
over, the representation theory of the A" = 4 SCA discussed above and the explicit
description of the p and @ functions in section [B.2)allows one to rewrite the graded
partition function as

ENT T2 = ) ez X FM0G,(,2), (3329)
rez/2mz

where the F0™ = (Fﬁ’%)), r € Z/2mZ obey
F™ (r) = ~F"(r) = F™_ (7). (B.3.29)
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See, for example, [63].

The way in which the functions Z,j)\{ =4(r,2) and ﬁ%,o transform under the Ja-

TEZ/Z;LZ ngm) (1) 9771,7‘ (7, 2)
transforms as a Jacobi form of weight 1 and index m under SLy(Z) = Z2, where

cobi group shows that the non-holomorphic function

100

1
) vam J_F

(1) = FO™ (7) + ¢ e(— (7 +m) V25 (—F)dr,

In other words, F (m) = (qu;”), r € Z/2mZ is a vector-valued mock modular form
with a vector-valued shadow cg S~, whose r-th component is given by S~ (1),
with the multiplier for SLa(Z) given by the inverse of the multiplier system of S~.

B.4 Cusp behavior of hjgv =2

In this section we discuss an intriguing property of the vector-valued mock mod-
ular forms h)=2 of ENZZ(Mys) for my € {1635,12223%6%, 1.3.5.15}, ie. g €
{34, 6A, 15AB} using the standard ATLAS notation |235] for these conjugacy
classes. These are precisely the functions which are not Rademacher sums at the
infinite cusp. They have poles at the cusp at zero, %, and %, respectively. How-
ever, the coefficients in the expansion of these functions around these cusps can
be related to the coefficients in the expansion at the infinite cusp, via a relation

with functions appearing in the May (¢ = 2) case of umbral moonshine. First, let

1~
Hia(T) := 5H{i{(r) = ¢ /3(—1+45q + 231¢% + T70¢> . ..), (B.4.1)

be the function such that H {QX (7) is the single independent component of a weight
% vector-valued mock modular form for SLs(Z) whose coefficients encode the

graded dimensions of an Ma4 module [36}/94,99]. Furthermore, let

1~
Hy () := §H;?>(T) (B.4.2)
be the corresponding (weight 3,
coding the graded traces of ¢’ in this module for all conjugacy classes g’ € Moy,
where Iy is just equal to T'g(o(g")). We also use below the fact that

vector-valued) mock modular forms for I'ys en-

1 _
H3a(T) = iHéa)(T) =q V3 (=1+0q+—3¢%+54°...) (B.4.3)

for the conjugacy class ¢’ = 3A in May. Note the following interesting relation
between the functions h/g\[ =2 for all g € My3 and the functions Hy (7).
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We introduce the notation hg. to denote the rth component of hN 2 expanded

about the cusp of I'y at 7 = ico. Similarly, we will use the notation hgﬂ« to denote
the rth component of hg\f =2 expanded about the cusp of I'y at 7 = ¢. Our first
observation is that

PRTGEE ;ZZ: (57) Hra (557) (B.4.4)

= ¢ Y (—1+ 770 + 13915¢% + 132825¢° . . )

2
1 15a T+«
hﬁ%(ﬂ = 3Z€<—24)H1A( 3 )_HlA(3T)
a=0

= ¢ 9% (1 + 231q + 57964> + 65505¢° . . .)

and
o 1 2 a T+«
X0 = §Ze(ﬂ) HgA( . ) (B.4.5)
a=0
*1/24(—1 +5¢+10¢% +21¢% .. )
15 T+«
X3 = ——Z ( ) Ha (757) = Hia(37)
q 9/24(1 +6g+18¢% — 15¢°..)).
This encodes the relation of the 1A and 3A twining functions of & (M23) to

those of Ma4 umbral moonshine ]

Now let’s look at the expansion of hjg\fo at ¢ = 0. We find that the compo-
nents h2 34,1 (1), hg 4 3(7T) can be expressed as linear combinations of the functions
)

(’7’), th 3 (1) and Hja (7). Explicitly, the relation is
thé(T) - Hia (g) 855, 1 (1) = 2072 4 45gT/2 4 231419/24 4
i 3(m) = —h35 1 (1) =3 s (1) — HiaBr) = ¢~ /% — 6"/ +

Similarly, consider the following pairs of conjugacy classes: (¢’,g) = (24,6A) and
(¢',9) = (5A,15AB) for ¢’ € M4 and g € Ms3. Then we have a similar relation
for the two other functions with additional poles given by

¢ ~ TN aroo
K () = Hg,(3> 3h%°, (7)

C o0 o)
By () = =B () = 3%y (7) — Hy (37),

2The above equations in (B.4.4]) and (B.4.5) look very much like the action of a Hecke operator
on Hy. It would be interesting to explore this connection further.
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where (4 = % for g =6A and (, = % for g = 15AB.

It would be very interesting to understand the origin of these properties, and in
particular why they behave similarly to the Hauptmoduln of monstrous moonshine
for groups with Atkin-Lehner involutions. For example, consider the McKay-
Thompson series for conjugacy class ¢ = 3A in the monster group, expanded at
the infinite cusp

1
Tsa(T) = P +783q + 8672¢% + 65367¢> + . . .. (B.4.6)

This is a Hauptmodul for the group I'p(3) + 3, which is defined in Appendix [A]
and, in particular, contains the Fricke involution which takes 7 — —%. Such an
involution relates the cusp at infinity to the cusp at 7 = 0, and thus these cusps are
equivalent with respect to I'g(3) +3. As a result, the expansion of the Hauptmodul
at 7 = 0, which we will denote T??A (1), is given by

1
T9,(r) = Tza <—3T) = ¢~ +783¢% +8672¢% +65367¢+... = Tya (g) . (BT

The properties we observe for certain hﬁf =2 in equation lb in this section are
strikingly similar to this behavior.

B.5 Twining functions

In this section, we derive the twined partition functions of Eﬁ::f for all conjugacy
classes [g] € Moz, and we discuss a few such cases for EN=' and [g] € M;;. To
ease the notation introduced in section §3.5.3} let

1—h c
FY™(A;7,2) = Trow (2) g(=DFghomdy ot (B.5.1)

1 h C
= Trop <2 > ggto~ Byt

be the g-twined trace which is the contribution of the untwisted sectoif] to the

partition function 37/7\1/:42(4) (1, 2), and let

1+h _c ;
FI(A; 7, 2) i= Tt (2) g(—1)Fglomz1yJolJs) (B.5.2)

be the corresponding g-twined contribution of the twisted sector.

3Note that all states in the untwisted Hilbert space are bosonic so we can drop the (—1)¥ in

E=1.
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The untwisted sector

We start with A = A%‘l. To implement the trace in the untwisted sector, we need
to know the action of h on the sE(\Z)l modules, as well as their characters with
the U(1) charge included, which we will denote by cho(7, z) and chi(7,2). It is
straightforward to see that these are given by

05(27,42)

ChO(Tv Z) = Tr[O]qLO_C/24yJO = W = (Z)+, and (B53)
02(27,4 _
chy (7, 2) = Trygho /2y = 72(7](1) D@, (B.5.4)

where Jy is the zero mode of the U(1) current in equation . Furthermore,

using the explicit description of h, it is easy to check that the characters with an

h-insertion are given by

04(27,42)
n(r)y

chy (7, 2) = Trpyhgho=</24y0 = 0. (B.5.6)

chg (7,2) = Tr[g) hglo=e/24yJo (z)_, and (B.5.5)

In order to write the (twined) partition function in terms of these characters, we
introduce the following notation,

)™ := cho(n,0)™ (B.5.7)
m)™ = chy(nt,0)™
@m™ = chi(nr,0)™.

Given this we can evaluate the trace in equation (B.5.1) with ¢ = 1 to compute
the contribution of the untwisted states to the Ramond sector partition, which is

FU (A7, 2)

1 253 ~ =

5 (@ F - @_02) + 22 (@I + @D ML)
+ 253 ((z)+(1)i5(i)8 + (@) (1)15(1)5)

+ 644 ((z)+(1)i1(i)12 +(2) (1)11(1)P)

b @A,

where we note that all of the untwisted states are bosonic and thus invariant under
(-DF.

Furthermore, we can compute the g-twined trace of equation (B.5.1) using an
explicit description of the action of Mss on the binary Golay code, which we
obtain from GAP[fFrom this we compute the invariant vectors of the Golay code

4This open source program lives at https://www.gap-system.org/.
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under the 24-dimensional permutation representation of g. The results for all
conjugacy classes g in Mog are given in Table [BI] and

M3 [g] | Frame shape Fg™(A; T, 2)

@I -@_ O + @) (25 +(@2)?)
2A 1%2° +7 (@]~ @_T +@D7) @i@*
14 (@, D + HDH3 D) @222 (@2 + 2)?2)°
5 (@+2B)E -2 _(12®%) + 1@ D53)°
+3 (LIBL@B)” + 1) (3)(2)4(3))
+5 ((2)+(DIGID2AB)? + @ D*B)*(VI3)3)
+5 (@+(D+BIM*A)* + @D B)A(DE3)F)
+3 (@+(DEB)M B’ + @D (3)(1)+(3)F)
+5 ((2)+(LID?® + @ D2 D)3F) 3)3(3)°
5 (@i - @_®2) @7+ @ D)32)?) x
< (@2 +(@)?)°

3A 1636

4A 2240 2 (@032 - @_1)2) @2+ @ DP2)3) @i @)?
+2 ((2)+ (D (D? + @ (D) (1)F) x
x(2)4(2) (1@ + (93(@))
1 (@:iGE - @_ 02 G)) + i@ D)6
+3 (D2(5): @ (5)® + (D*(B)(2)+(5)%)
+3 (@+(DIG)M B + @ (D)2(B) (1) (5)F)
+3 (@+ (DD + @D (D)F) (5)I(5)?

5A 1454

Table B.1: The twining functions Fg””(A24; T, z) of the untwisted sector of 577]\{::3 under
for the conjugacy classes [g] € Ma3 of order smaller than six. We label them by their
Frame shapes corresponding to their embedding into the 24 of Cog.
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Mos [g] | Frame shape FE™ (A7, 2)
3 (@:(43)F - (2_(1)_3)?% + @ (1) (3)?) x
6A 12223%6° % (2):(6); + @)(®))
(@D + @ D)) 3B (2:6) + 3)(6),)
F (@+INE - @_D2(M3) + ;@ @D*(7)?
A 1’7 3 (@: D2 @ @IML) (D4 (T
+ (@ (M1 + @ (1)) W)1(7)4(1)(T)
5 (@1 D)y — @) _(1)_) (2)4(4)4(8)
+3(2)(1)(2)(4)(8)? + 3(=2)(1)(2)(4) (8)F
8A 12.4.8? 3 (@) — @_1)_) (2):(4):(®)?
+5(2)(1)(2)(4)4(8)4(8)
+3 (@+(L)s — (2)_(1)_) (2)4+(4) (8)4(8)

AR 212 3 ((z)+(1>+(11)% - <z);(1>_<11)%) + %@f)(ﬁﬁ

+4 (@+DADLAD + @+ ()2 (1111 )

3 ((@+@)+(M+(14)+ — (2)- (2)+(T)— (14)4)
14AB 1.2.7.14 +%(E)(§)(?)(ﬂ)

+3 (@+(2)(N+(14) — (2)-2)(N)—(14) + @)(2)+()(14)+)
ISAB Las1s 3 (@+(3)4(5)+(15)+ — (2)-(3)—(5)-(15)-)
+3(@(3)(5)(15) + 3 ((2)+(3)(B)(15)+ + (2)(3)+(5)+(15))

23AB 1.23 5 ((@)+(23)+ — (2)-(23)_)

N=2

Table B.2: The twining functions Fg“”(A24; 7, z) of the untwisted sector of £ =; under
for the conjugacy classes [g] € Mas of order bigger than five. We label them by their
Frame shapes corresponding to their embedding into the 24 of Cog.
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Similarly, we now consider the functions F/"(A;7, 2) for A = A52. First we need
the sg(\?)) characters including a chemical potential for the Cartan J3 of the in-
variant su(2)4. These are given by

Lo—c/24, 75 _ 03(27,42)05(67) + 02(27,42)02(67)
y” = > =
2n°(7)

xo(7,2) = Trjg1q [z], (B.5.8)

for the vacuum character and

omepziyn _ 304205 (%) + 0224900 () xo(r2) _ o
2n3(7) 2

(B.5.9)

for the nontrivial primaries with ¢ = 1,2. Finally, we also need the trace of h in

Xi(7,2) = Tryq

these modules, which we compute to be

04(27,42)04(27)

thofc/24 Js _
Y (1)

Xo (7, 2) =Trg 2] _ (B.5.10)
and
X; (7,2) = Tryhgo=/?y’s =0, i=1,2. (B.5.11)

Putting all of these components together, we compute the partition function of
the orbifold theory in the untwisted sector with a projection onto anti-invariant
states under h to be

FU ) = 5 (U~ 2 [02) + 66 (2], 3 + @[PS

+ 552l [121)° + 1652 [ [0)° + 120z )"

As an example, we consider elements in conjugacy classes [g] € {3A4,5A4,11AB} of
Miy. Again we use GAP to obtain an action of Mj; in its 11-dimensional permu-
tation representation on the ternary Golay code, which we then use to compute
the invariant vectors of the theory under this action. The results are reported in
Table
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Lo(11) [g] | Frame shape Fg™(A; T, 2)
3 (2 (13313 — [2)_[1)2[3]2) + 3z [1)*[3)°
3A 193° +3[z].,[113[3]. [3)? + 3(2] [1]*(3](3)2

[
+3[2] [1)*[3]° (3] + [2]. [1]3[3)°

A 1454 3 ([2+[1]4[5]% — [2]_[1]_[5]%) +2[z] [1])[5]?
+[2]+[5]+ [1][5] + [1]+[5] [2] 5]
11AB 12112 3 (12)4[11)4 — [2] _[11]_) + [2][11]

Table B.3: The twining functions F;"(A%z;T, z) of the untwisted sector of Snj\{::f for
certain conjugacy classes [g] € M11. We label them by their Frame shapes corresponding
to their embedding into the 24 of Cog.

The twisted sector
Finally, we need a description of the twisted sector Hilbert space, and the action

of h on the twisted states. After we include the U(1) grading, the contribution of
the twisted sector in (B.5.2)) to the full partition function is

F"™(A;7,2) =

o1102(7,22) (05(7,22) A1) 0a(7,22) TP (7/2)
02(1,0) \ 03(1,0) n?4(1/2)  04(7,0) n*8(1)
(B.5.12)
for both A = A?4 and A = ALZ.

The twisted sector Hilbert spaces of all Zs orbifolds of a Niemeier CFT are isomor-
phic and have an action of the group Cop. Once we grade by the additional U (1)
charge as in equation , the Cog symmetry is broken to subgroups which
preserve a two-plane in the 24-dimensional representation. In particular, since
both Ms3 and Lo(11) satisfy this constraint, we can define a consistent action of
elements of these groups on the twisted sector Hilbert spaces. The action for a
given conjugacy class g of these groups follows from the 24-dimensional permuta-
tion representation of g as follows. Define

12
ng(m) =q [ T = A a™a - xig™ (B.5.13)
n>0 =1
and
12
n-g(m) =q [T T+ a™A+ Aig™ (B.5.14)
n>0 =1
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where {\;} are the 24 eigenvalues of ¢ in its 24-dimensional permutation represen-
tation, specified by the Frame shape 74 as in equation (3.4.10). Then the trace of
g in the twisted sector is given by

02(7,22) <03(T,22) 1g(T) _94(7’,22) N—g(T)
O2(7,0) \ 03(7,0) 1g(7/2)  4(7,0) n_g(7/2)

FU (AT, 2) = ¢ ) (B.5.15)

where the constant ¢4 is defined by

Cg = 2%(# of cycles of wg)fl. (B516)

From this and the results in the previous section we can reconstruct all the twining
functions of EX=7 under elements of Mas. We present the first several coefficients
of these functions and their decompositions into irreducible M3 representations
in the tables in the next section.

B.6 Tables

In this section we present certain useful tables. In §B.6.1| we present character
tables of certain groups mentioned in the text. In §B.6.2] we present the first
several coefficients and decompositions of the vector-valued mock modular forms
arising from EN=? for conjugacy classes [g] € Ma3.

B.6.1 Irreducible characters

Below, we make use of the following standard notation: b, = (—1 +i+/n)/2, b, =

(—1=i/0)/2, B = (~14 V)/2, Ba = (~1— y/)/2 and @, = i /11, T = —i /1.

B.6.2 Coefficients and decompositions
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Table B.4: Character Table of Mag.

[9] | 1A 2A 3A 4A 5A GA 6B 7AB 8A 11A 11B 14A 14B 15A 15B 23A 23B
[¢°] | 1A 1A 3A 2A 5A 3A 7TA 7B 4A 11B 11A 7A 7B 15A 15B 23A 23B
[°] | 1A 2A 1A 4A 5A 2A 7B 7A 8A 11A 11B 14B 14A 5A 5A 23A 23B
[°] | 1A 2A 3A4A A 6A 7B 7A 8A 11A 11B 14B 14A 3A 3A 23B 23A
[97] | 1A 2A 3A 4A 5A 6A 1A 1A 8A 11B 11A 2A 2A 15B 15A 23B 23A
[9'1]| 1A 2A 3A 4A 5A 6A 7TA 7B 8A 1A 1A 14A 14B 15B 15A 23B 23A
[9%%]| 1A 2A 3A 4A 5A 6A 7TA 7B 8A 11A 11B 14A 14B 15A 15B 1A 1A
X1 1111111 11 1 1 1 1 1 1 1 1
X2 2 6 4 2201 10 0 0 -1 -1 -1 -1 -1 -1
X3 45 -3 0 1 0 0b; by -1 1 1 -by by 0O 0 -1 -1
X4 45 -3 0 1 0 0b; by -1 1 1 by by 0 0 -1 -1
x5 | 2302 5 20 1-1 -10 -1 -1 1 1 0 0 0 O
xe | 231 7 6-11-20 0-1 0 O O 0O 1 1 1 1
x7 | 23881 7-3-1 110 0-1 0 0 0 O0@bsobs 1 1
xs | 231 7-3-1 110 0-1 0 0 0 O0@bsobs 1 1
xo | 25313 112 11 1-1 0 0 -1 -1 1 1 0 0
Xo| 770-14 5-2 0 1 0 0 0 0 0 0 0 0 0 byg bog
X11] 770-14 5-2 0 1 0 0 0 0 0 0 0 0 0 by3 bog
X2 | 86 0 -4 0 1 0 0 0 O0b;g by O 0 1 1 -1 -1
x13| 86 0 -4 0 1 0 0 0 0byg by 0 0 1 1 -1 -1
X14 | 990-18 0 2 0 0b; by O O O by by O O 1 1
xi5 | 990-18 0 2 0 O0by by O O O by by O 0 1 1
xi6|103 27 0-1 0 0-1 -1 1 1 1 -1 -1 0 0 0 0
xi7 /2024 8-1 0-1-11 10 0 0 1 1 -1 -1 0 0
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Table B.5: Character table of M.

[9] | 1A 2A 3A 4A 5A 6A 8A 8B 11A 11B
] | 1A 1A 3A 2A 5A 3A 4A 4A 11B 11A
0] | 1A 2A 1A 4A 5A 2A 8A 8B 11A 11B
[°] | 1A 2A 3A 4A 1A 6A 8B 8A 11A 11B
X1 1 1 1 1 1 1 1 1 1 1
x2 |10 2 1 2 0 -1 0 -1 -1
x3 |10 2 1 0 0 1 a @ -1 -1
x4 |10 2 1 0 0 1 a a -1 -1
xs |11 3 2 -1 1 0 -1 -1 0 0
x6 | 16 0 -2 0 1 0 0 0 B P
x7 | 16 0 -2 0 1 0 0 0 B Su
xe | 4 4 -1 0 -1 1 0 0 0 0
xXo | 45 3 0 1 0 0 -1 -1 1 1
Xwo| 5 -1 1 -1 0 -1 1 1 0 0

195



B. Appendiz B

Table B.6: The twined series for Mag.

The table displays the Fourier coefficients multiplying ¢

—D/56 in the g-expansion of the

function M%Dnm?.v.

9] | 1A 2A 3A 4A  5A 6AB TAB 8A 11AB 14AB 15AB 23AB
-1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
79 32890 490 76 22 10 4 4 0 0 0 1 0
159 2969208 10136 585 80 8 17 4 0 0 0 0 0
239 101822334 88670 3192 374 54 -16 5 2 -2 1 -3 0
319 2065775107 636803 12550 947 132 74 11 -1 0 -1 0 0
399 29747513059 3408531 42757 2399 269 -15 12 5 0 0 2 0
479 334821538370 16448690 136784 5582 530 80 11 -4 0 -1 -1 0
559 3122115821404 68126268 386305 12996 824 33 20 -4 -3 0 5 0
639 25061866943436 262901388 1026324 26780 1586 360 29 4 4 1 -1 1
719 177895424302751 922681999 2615528 53771 2666 -320 29 -7 1 1 -7 0
799 1138785187015234 3070987058 6274135 104846 4574 1079 31 4 0 -1 5 -1
879 6672991048411185 9574047505 14472639 201593 7415 -401 57 9 3 1 -1 0
959 | 36211921311763437 28624358621 32442711 369065 11122 1079 58 -5 -2 -2 1 0
1039 | 183681040795024267 81543759179 70065910 662651 17967 -70 61 19 0 1 0 -1

0

1119

877475502920966100 224506987348 147298461 1169604 27740 3409 88 -16 -3 0 -4
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Table B.8: The twined series for Mag.

function M%u\wnw (7).

The table displays the Fourier coefficients multiplying ¢

—D/56

in the g-expansion of the

9] | 1A 2A 3A  4A  5A GAB TAB 8A 11AB 14AB 15AB 23AB
-25 -1 -1 -1 14 -1 1 11 -1 -1 -1 -1
55 2024 120 2% 12 4 6 12 0 1 1 0
135 485001 2953 234 41 11 -2 -1 1 0 -1 -1 0
215 23912778 37850 1704 206 38 8 1 -4 -1 1 -1 0
295 594404250 276954 7008 634 105 12 -1 -2 0 -1 3 1
375 9795220335 1719215 25389 1679 215 77 5 3 -1 1 -1 0
455 121610515928 8440360 85280 3852 333 -6 6 2 0 -2 0 0
535 1223045193953 37766625 248780 9089 693 264 9 1 0 1 0 -1
615 10431487439956 148238340 677512 19744 1221 -96 2 2 0 -2 -3 0
695 T7848480769761 545254705 1771723 40485 2236 259 2 7 -2 2 -2 0
775 519869748402405 1843176725 4327128 78673 3720 56 2 3 5 -2 3 0
855 | 3159048430391220 5930043604 10148229 152428 5665 1033 10-20 4 2 4 0
935 | 17694698437501954 17975169890 23094682 285770 9394 -910 15-14 0 -1 -8 0
1015 | 92296742373818321 52381498417 50515790 519049 14871 2710 31 13 -2 3 0 0
1095 | 452022567897804867 145967611235 107402373 917355 23372 -1123 26 -1 -4 -2 8 -1
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N=

—D/56 i1 the function MFH wﬁ.v into irreducible

Table B.10: The table shows the decomposition of the Fourier coefficients multiplying ¢
representations xpn of Mao3 for 1 < n < 6.

B. Appendiz B

9] | X1 X2 X3 X4 X5 X6
-1 -1 0 0 0 0 0
79 3 6 0 0 8 4
159 13 50 4 4 172 109
239 75 520 361 361 3132 2637
319 555 6234 8431 8431 52201 48823
399 4516 72901 127496 127496 699946 683877
479 39919 762273 1458831 1458831 7687965 7629252
559 334018 6894918 13697115 13697115 70963150 70890020
639 2561300 54661450 110264073 110264073 567249277 568242219
719 17798711 385781306 783730795 783730795 4018617602 4030917545
799 112816113 2462973668 5020155321 5020155321 25701388426 25795911388
879 657802189 14413077161 29426216833 29426216833 150534019095 151134807838
959 | 3560695812 78161432884 159711506399 159711506399 816701680872 820091947106
1039 | 18036997856 396321128501 810190283194 810190283194 4142106992628 4159658528152
1119 (86103293155 1892920594014 3870600609373 3870600609373 19786191912051 19870958706758
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B. Appendiz B

Table B.12: The table shows the decomposition of the Fourier coefficients multiplying ¢

representations xpn of Mog for 13 <n < 17.

—D/56

in the function MFH

N=

9] | X13 X14 X15 X16 X17
-1 0 0 0 0 0
79 2 1 1 7 7
159 249 225 225 400 614
239 8876 9311 9311 11209 20448
319 181177 196277 196277 215961 411688
399 2611937 2864311 2864311 3052375 5912176
479 29406002 32384527 32384527 34136386 66480999
559 274222110 302544979 302544979 317457009 619667980
639 2201283134 2430487575 2430487575 2545442969 4973369259
719 15625363600 17258520366 17258520366 18058720902 35299442572
799 100024910245 110498190645 110498190645 115573171916 225958546463
879 586120983088 647547609561 647547609561 677144766331 1324034573732
959 | 3180668696724 3514164059458 3514164059458 3674386668984 7184990032658
1039 | 16133598865348 17825641954808 17825641954808 18637288293732 36444893250715

1119

77072943845016 85157221728649 85157221728649 89031831245163 174102949680701

wﬁ.v into irreducible
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Table B.14: The table shows the decomposition of the Fourier coefficients multiplying ¢~ /56 in the function M.w/,\wu 2(7) into irreducible
representations xpn, of Mog for 7 < mn < 12.
9] | X7 X8 X9 X10 X11 X12
-9 0 0 0 0 0 0
71 0 0 2 0 0 0
151 45 45 74 100 100 137
231 1580 1580 1932 4481 4481 5533
311 32142 32142 36420 101485 101485 120436
391 474150 474150 525770 1545133 1545133 1812904
471 5463084 5463084 6012239 18038594 18038594 21063676
551 52035254 52035254 57111733 172694257 172694257 201278319
631 425376804 425376804 466340794 1414993671 1414993671 1647801950
711 3067027234 3067027234 3360726669 10212802503 10212802503 11888586088
791 19899571950 19899571950 21800037596 66296462153 66296462153 77160348340
871 117980393857 117980393857 129233185927 393155335789 393155335789 457538780532
951 646853822454 646853822454 708508249448 2155841669413 2155841669413 2508762643117
1031 | 3311120452151 3311120452151 3626606693880 11036094133318 11036094133318 12842424391871
1111 ]15947023462552 15947023462552 17466176597842 53154055601266 53154055601266 61853163157258
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wﬁ.v into irreducible

Table B.16: The table shows the decomposition of the Fourier coefficients multiplying ¢~ /56 in the function M.W\wu

representations xpn of Mao3 for 1 < n < 6.
9] | X1 X2 X3 X4 X5 X6
-25 -1 0 0 0 0 0
55 2 2 0 0 3 0
135 4 17 0 0 44 26
215 35 192 70 70 910 692
295 228 2109 2333 2333 15904 14401
375 1815 25661 41343 41343 235739 227084
455 15674 283294 527166 527166 2813624 2778595
535 135681 2728183 5353413 5353413 27892476 27802131
615 1082201 22844512 45852109 45852109 236430984 236628378
695 7845613 169151973 342809579 342809579 1759756137 1764351037
775 51675284 1125397975 2291272507 2291272507 11736660597 11777354738
855 311949208 6826465150 13929053191 13929053191 71275567395 71552199331
935 | 1741436074 38202099659 78037446817 78037446817 399108330301 400742735902
1015 | 9067633922 199170750739 407094744895 407094744895 2081435347715 2090191121215
1095 | 44366697752 975187152952 1993866656330 1993866656330 10192904243304 10236401971933
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Table B.18: The table shows the decomposition of the Fourier coefficients multiplying ¢~ /56 in the function M.W\wu

representations xpn of Mog for 13 <n < 17.
9] | X13 X14 X15 X16 X17
-25 0 0 0 0 0
55 0 0 0 1 0
135 38 30 30 78 103
215 2065 2080 2080 2799 4845
295 52061 55872 55872 63071 118714
375 859812 939215 939215 1011049 1948452
455 10679771 11745983 11745983 12423389 24153700
535 107420534 118443822 118443822 124470503 242778649
615 916233373 1011381183 1011381183 1059877938 2070176920
695 6837772000 7551522153 7551522153 7904063364 15447739906
775 45662596088 50440859848 50440859848 52765036392 103154220956
855 277474384470 306544968511 306544968511 320579896279 626812915588
935 | 1554211032206 1717144636530 1717144636530 1795503032799 3510906233262
1015 | 8106871287186 8957019447270 8957019447270 9365049511187 18313001324552

1095

39703341303712 43867672430453 43867672430453 45864145536600 89687451269313

wﬁ.v into irreducible
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wﬁ.v into irreducible

Table B.20: The table shows the decomposition of the Fourier coefficients multiplying ¢~ /56 in the function M.W@u
representations xpn, of Mog for 7 < mn < 12.
9] | X7 X8 X9 X10 X11 X12
-49 0 0 0 0 0 0
31 0 0 0 0 0 0
111 3 3 8 1 1 4
191 131 131 192 326 326 422
271 3864 3864 4584 11441 11441 13896
351 71227 71227 79986 227680 227680 269022
431 973518 973518 1076328 3188386 3188386 3734146
511 10579624 10579624 11630930 35000973 35000973 40841472
591 96173267 96173267 105510368 319449559 319449559 372208482
671 756768664 756768664 829494146 2518305187 2518305187 2932230208
751 5285224408 5285224408 5790846500 17602308990 17602308990 20489229802
831 33374342002 33374342002 36560188886 111198256076 111198256076 129415838256
911 | 193288204547 193288204547 211719348700 644138990502 644138990502 749610922070
991 1038247291426 1038247291426 1137194846082 3460365519723 3460365519723 4026806724990
1071 5219119941435 5219119941435 5716368606934 17395758923417 17395758923417 20242906870222
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Appendix C

Appendix C

C.1 A few mock Jacobi forms

We introduce two special Jacobi forms which are needed in the discussion of the
optimal choice of a mock Jacobi form for the first non-prime power index m = 6
in section

The mock Jacobi form of weight 2 and index 6 Fg(T, z) is defined via

V1(7, 42)
i (6) 1\7,
Fo(1,2) := n(T) (1) 9.2 (C.1.1)
hO(r) = 1277 () = By(r) (C.1.2)
n(r) ’
FOm = = Y xael? =M sq™/C. (C.1.3)
r>5>0

where y12(n) denotes the Kronecker symbol

1 +1 if n =41 (mod12)
X12(n) :<n>: —1 if n =45 (mod12) (C.14)
0 if (n,12)=1.

The mock Jacobi form of weight 2 and index 6 Kg(7, 2) is

1
Ko(r.2) = 135 (E4AB5 5 EgAZB* + 10 E2A3B® — 10 B4 EgA*B?

1
+ (BB} — 1 D)AB - EzEGAG) , (C.1.5)

with D := 21133 24(7). We report here the explicit expressions in terms of Jacobi
theta functions and the Dedekind function
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C. Appendiz C

192
o—21(r,2) = A(r,2) = ;}é;? (C.16)
— _ (V32 03(r2) | 93(r,2)
©0,1(T, 2) := B(T,2) —4( 90 + ) + 90) ), (C.1.7)
010,1(7,2) = '8 (1) 93 (7, 2). (C.1.8)

The Jacobi forms ¢_g 1(7,2) and ¢ 1(7, 2) generate the ring of all weak Jacobi
forms of even weight over the ring of modular forms [31].

C.2 Asymptotic and convergence

In this section we provide the details of the proof of Theorem Our starting
point is (4.3.17)) and we examine the behavior of the Fourier coefficients when the
order of the Farey sequence N — oc.

Proof. To evaluate the contribution to the first term in (4.3.17)), denoted X1, we
split the negative and positive powers of ¢ in the expansion of f,, ;. We denote
the contribution of the former by X} and write

* —27rihi+h—/
T =2] + E e TRINTE () ¥
0<h<k<N
(h,k)=1

Py ok . .
xS am(n+,j)/ 4622172 F (il —14%) | (C.2.1)
_Wh,k

n+>0

where a sum over j € Z/2mZ is implied, A = 4mn — ¢2 and A* = 4mn, — j2. From
the theory of Farey fractions, it is known that

1 1
<

k+k; — N+1’

je{1,2}, (C.2.2)

where hq/ki is the Farey fraction antecedent h/k and he/ks is the consecutive

one. Therefore,
1
! ro< —. C.2.3
h,k7 h7k — kN ( )

Also, recalling that z = % —1ik¢ and that —9j, , < ¢ <} ;, we have the bound

e L (C.2.4)



C.2. Asymptotic and convergence

Using these results, we obtain a bound on the integral
| / 2172 2 (- 245) 4

Since A* > 0 for ny > 0 and j € Z/2mZ, we have that, when N — oo, the positive
powers of ¢ in the expansion of f,, ; contribute to X; a term of order

9 _
S/ hyk\z|21/262mN2 (a-ale| )d¢. (C.2.5)
_9

1"
h,k

S =35+ O( (Kh;w kiN N—21/2) =30+ O(N—21/2) , (C.2.6)
“(h,k)=1

where the last equality follows from Y o<p<r<n () =D o p<n 1 =N. In conclu-
(h,k)=1
sion, the dominant contribution to ¥; when N — oo comes from the polar terms

in the Fourier expansion of f,, ;. This polar contribution is given by

S= Y an@h Y bt

T e
tez/2mz
A<O
I 2 A 1A
ok e, 8 1.4
X w(’y)éz do 22127 (Z4m z 4m) , (C.2.7)
_9!
hok

with A = 4m7 — £2 and ng given in (4.3.19). We can now write the integral in
terms of a Bessel function when N — oco. To do so, one needs to first write the
integral in a symmetric way:

ﬁhk ﬁ _19,h.k ﬁ C
/ /_L_/_L —//, . (C.2.8)
kN kN h,k

The second and third term contribute an error term which vanishes in the N — oo
limit [76], and we are left with only the first integral. Integrals of these shapes can
be evaluated using the method presented in [76]. For a > 0 and b € R*, they give

/

o
- =

27 b
ZT e k (az+z) d¢ = (029)
k

2

2%(\/%)”1]”1(%”)4'0( N”l)’ for b >0
O(Wll) for b < 0

where the I-Bessel function I,(z) has the following integral representation for z €
R*,

1 p €+100 j
I(2) = 3~ (f) / =Pt dt, (C.2.10)
€

2 —100
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and asymptotics

z

e p—1  (u—1)(p—3%
() 27T2(1— T o), (C.2.11)

Using this result and in the limit N — oo, (C.2.6)) shows that for A > 0,

) = Z (71, 0) Z > e 2“<—m+mm>¢<v)ax

S
(e7/2mzZ (h,k)=
A<O

om [ 1A\ 2/
Xk(A) 123/2<m v/ 131A > (C.2.12)

We now turn to the second term in , the shadow contribution X5. Before
extracting its asymptotic, we write the Eichler integral Z,, ¢(x), ,in a new
form in terms of hyperbolic functions. Despite the differences with [77,[171], we
can adopt the same procedure to prove the following identity

0090 (iw — )
»J k _
_ 280 1 too 2
Z e 7Tz2 ( g / e 2rrmu flc gm(u) du)
9 @) VT Vomrk2xr J_o
9=j(2m)

Using Mittag-Leffler theory (see §C.2.1)), fi g m(u) takes the form

2

m if g # 0 (mod 2mk) ,
fk,g,m(u) = 2 27711;62 . (0214)
SRZ(ED)  u? if g = 0 (mod 2mk) ,

This different representation of the Z,, ¢(x) integral gives rise to two contributions:
one for g = 0(2mk) and one for g # 0(2mk). The first one has itself two contri-
butions, coming from the polar and non- polar terms in n(7)~24. The non-polar
terms contribute an error of the type (C , while the polar term ¢! yields

m 2 \f 2~ e~ —)

23, g=0@mk) = Z 87r2 ke 4m
0<h<k<N
(h,k)=1
’L9//
hk 1 QﬂAJr
X Y (Veo zek kz dg. (C.2.15)
_ﬁz,k
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C.2. Asymptotic and convergence

Once again, the ¢ integrals are evaluated using (C.2.9)), which in the limit N — oo
gives

V2m = omi(—h A _n
227g50(2mk)=72 Ze’”( kIm TR x

X w(”y)m% (421)6 I <k%;% \/K) : (C.2.16)

The second piece for g # 0 (2mk) requires an analysis similar to the one conducted
in [77] above Lemma 3.2. Introducing, for b > 0 and g € Z,

Vb
Tk, gmp(2) =€ /2 / e 2 g fr,g,m () du, (C.2.17)
-vb
one can show that, in the limit N — oo,
1 omi(B A B (1,8
5, g20@mk) = o Z Z mi(~Fam =% (10 dm))
0<h<k<N ]EZ/2mZ
(h,k)=1 g(2mk)
9=j(2m)
L TN
X w(v)zg/ e F I Ty gma(2) do. (C.2.18)

“Vhk

We now evaluate the ¢ integral as usual. Using (C.2.9) and in the limit N — oo,
this truncates the integration range over u to the region where 1 —mu? is positive,
ie.

2o, gz0(2mk) =
1S ami(<h A W (1 1 [4m\>/4
TDIDY S e2ril-Eam k(+4m))¢(wgﬁ =)
k=1 j€Z/2mZ0<h<k
g(2mk) (h,k)=1

g=j(2m)
+1//m 20t
X / Frogim (W) Tog /o < VA — mu2)> (1 —mu®?/*du. (C.2.19)
1/ i k/m
Adding the three contributions X1, 2o g=0@mk) and Zo_gz02mk) gives the claim of
Theorem |4.3.3 [ |

C.2.1 Mittag-Leffler theory

To extract the contribution of the shadow to the asymptotic of the function, we
write the non-holomorphic Eichler integral of the shadow of h; in a new form in
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terms of hyperbolic functions. In particular, we prove the following]

@ (iw—
/ ;i (dw k)dw:
0

(w + x)3/2

21/ +00
g2h"\ (2004 1 / P
— § _ > TTU d
6< 4k >< \/5 ﬂﬂk?’ﬁ — 00 ¢ fk’g(U) "

g (2k),9=37(2)

(C.2.20)
where
7T2 .
—— - itg # 0 (mod 2k)
Frog(u) = § SR (C.2.21)
’ —* k. ifg=0(mod 2k)
sinh?(T%) w2 19

and the theta function is defined by

0; (zw — %/) = Z e £ Z g 2mw(genk)’ (C.2.22)

g (2k),9=35(2) nez

Notice that

1 1 1
92sinh? U % 1 _ e2mir—2m(¥—3%) 1 _ g—2mir+2m(¥—5f)

where £ is an operator defined by £(h) = 5= (0rh)|r=0. Thus, we define

21

1
Ji(u;r) = - T
1— e:|:27r7,7’2|2271'(%7i)
1
o FlonN T (- _
J) = LT (uyr) — I (u;r)) = Sl e %ikg .

The poles of J*(u;r) are located at 5= i(% +r +n) where n € Z and from the
residues of J* we obtain the following equality

1 1 ~

1 _ 2mir—2m($—58) | _ g—2mire2m($—3)
-1 1 1
_— + C.2.23
27T<Z—i(2gk+r+n) Z—i(zgk+r+n)) ( )

'For more details the reader is referred to |76|.
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C.2. Asymptotic and convergence

We now focus on the g # 0(2k) term on the right-hand side of equation ((C.2.20))
and elide the first exponential factor (being superfluous to the proof),

1 +00o 2
> <2/ e_muQ.gﬂmdu) =
Vork2z J_ o sinh®(Z% — T

g (2k),g=3(2) k 2k

oy (AT,
B k2 9sinh2(Te _ Tig)
- z

9 (2k),g=5(2) 2k
—TT

- Y ¥ \/g/m T ’ du
wk?x J_ o 2m2(3 — (5% +n))?

g (2k),9=j(2) n€Z

— Z Z \/5/-'—OO e—2‘n’:}0u2 1 du
Tk?x J_ o 2(¢ —i(5E +n))?

g (2k),g=j(2) n€Z

+0o —2rzu?

1 €
> Z(7r\/§x/oo (u—i(527+nk))2du) (C.2.24)

9 (2k),g=j(2) n€Z N

e*2ﬂw(%+nk)2

= Y Z/O de. (C.2.25)

g (2k),g=j(2) n€Z

In equation (C.2.24)) we used the identity

6—27r:1:u2 [e’e) 6—271'11)32
/7@: \/§7r:c/ L (C.2.26)
R 0

(1 —i9)2 (w+ )32

Therefore, we obtain

S (o) ™) -
Vork2z J_o sinh? g

9 (2k),9=5(2) 2k

e—27rw(%+nk)2

- Y Y

9 (2k),g=5(2) n€Z

The rest of the identity originates from the term with g = 0(2k). Following the

same steps as above we obtain a contribution of the form except for the

s
sinh?(Z%)’
term with g identically 0 which needs special attention. First, we eliminate the

2
g = 0 contribution to the sinh which is —% and then we compute the integral

with ¢ = 0 which is a simple integral of the form

o] 6727rw(nk:)2 9
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Summary

“What is mathematics?
It is notoriously dangerous to attempt to formulate definitions but,
on the other hand, it must not be forgotten that a bad definition may provoke a good one.
I would therefore venture provisionally to suggest that:
Mathematics is the science by which we investigate those characteristics of any
subject-matter of thought which are due to the conception that it consists
of a number of differing and non-differing individuals and pluralities.
If the result of this attempt be only to elicit conclusive proof
that mathematics is something else, and an indication of what it really is,
my main object in this brief address will have been attained.”

L. J. Rogers, Third Memotr on the Expansion of certain Infinite Products

In a world (full) of diversity, that most of the time we are unable to comprehend,
one of the main tools to address questions and problems is to abstract. This
is, roughly, what mathematics does: it looks for unifying themes by abstracting
concepts. In doing so, mathematics conveys harmony to the plurality of entities it
strives to describe. Historically, physics and mathematics have deeply influenced
and inspired each other. The force of this inspiration comes from the fact that
they are guided by different principles, questions and, perhaps most importantly,
intuitions.

Interestingly, string theory, born as a physical theory, turned out to be deeply
connected to different branches of mathematics. The original playground of string
theory was quantum chromodynamics, but soon after it has been implemented to
unify the theory describing particle physics (the Standard Model) with the theory
of general relativity. However, no experiment has demonstrated yet that string
theory is the right framework to describe quantum gravity. Not yet constrained
by experimental proves, string theory lives “unchained”. The beauty (and the
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danger) of it is that we can sail on an ocean of possibilities in the search for new
inspirations.

The work presented here lies at the intersection between the branch of mathematics
called number theory and the physics of quantum field theories and string theories.
Number theory guides us through the various chapters, from the beginning to the
end of this thesis: “A glimpse of 2d and 3d quantum field theories through number
theory”.

Even though string theory is often the framework of this work, we primarily focus
on two-dimensional conformal field theories. These can be thought to describe
physical systems where distances do not matter and only angles do; from a string
theory perspective, a conformal field theory is the theory living on the (worldsheet
of) the string. Consider, for instance, a closed string. This is given by a loop
that in a finite amount of time delineates a cylinder (the worldsheet of the string).
Imagine now to take the initial time equal to the final time. In this way, we create
out of the cylinder a two-dimensional surface: a torus. A torus is a genus one
surface with a hole and no boundary.

Thanks to the fact that the physical system living on the torus is described by a
conformal field theory, we can change distances, rescale the torus and still measure
the same physical quantities. In other words, the physical observables correspond
to functions invariant under these transformations and defined on the torus. These
functions are fundamental objects in number theory and are known as modular
functions. The main character of this thesis — a mock modular form — general-
izes the concept of modular functions to objects that are almost invariant under
conformal transformations.

Till now, we have focused on a 2d theory living on the torus. However, we could
view this surface as the boundary of another space. The latter is 3-dimensional
(one dimension more than its boundary) and it corresponds to the interior of the
torus displayed above. By analogy, we can view a two-dimensional conformal field
theory as boundary theory of a three-dimensional bulk theory. These 2d and 3d
theories appear in different disguises in the various chapters of this thesis.

K3k
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Results and future directions

In the following, we summarize the contribution of this thesis and some possible
future directions.

Chapter

In this chapter, we examine properties of extremal (chiral) conformal field theories
with small central charge ¢ < 24. We primarily focus on the analysis of the
Rademacher sums of their twining functions. Most of the theories considered
have a few twining functions that are not expressible as Rademacher sums at the
infinity cusp. The only extremal conformal field theories (ECFTs) whose twining
functions satisfy the aforementioned property are certain ¢ = 12, N' = 4 ECFTs
with symmetry groups Moo and M71. These results suggest that the connection
between sporadic symmetry groups, mock modular forms, and 2d CFTs does not
hinge on the strict Rademacher summability properties at the infinite cusp present
in most cases of moonshine. An interesting question is whether there exists a 3d
quantum gravity interpretation to the expression of the Rademacher sums where
multiple cusps are included. An intriguing feature of specific ECFTs, such as the
monster CFT, is the presence of genus zero subgroups of SLs(R), which has not
yet a clear physical interpretation.

Chapter [4

Chapter [is dedicated to the study of the exact entropy of certain supersymmetric
black holes. We focus on the microscopic degeneracy of 1/4 BPS black holes in
Type IIB string theory compactified on K3 x T2. This black hole system provides
a rare opportunity to compare the sub-leading terms in the entropy of the brane
system with the macroscopic entropy provided by the supergravity theory. We
derive an explicit formula for the Fourier coefficients of the microscopic counting
function. This corresponds to a Rademacher sum for a mixed mock modular form.
This work paves the way for a complete matching between the microscopic degen-
eracy and quantum entropy. A topic that deserves future investigation. Another
interesting question that deserves further analysis is what is the role of automor-
phic forms in black hole physics and their connection to generalized Kac-Moody
algebras and Siegel modular forms. Further research on these topics might provide
important hints for what is behind the appearance of sporadic groups in physics.

Chapter

We investigate the resurgence analysis of analytically continued Chern-Simons the-
ory on a 3-manifold. Through the analysis of different SLo(Z) representations, we
derive explicit formulae to efficiently extract information about irreducible flat
connections of Brieskorn homology spheres, Seifert fibered 3-manifolds with three
singular fibers and trivial first homology group. For general Seifert fibered 3-
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manifolds, we define the homological blocks associated to indefinite 3-manifolds,
thus extending the works on negative definite 3-manifolds. We show under which
condition the homological block defines a convergent g-series inside the unit disc.
The latter corresponds to a false theta function analyzed in the resurgence analy-
sis. In addition, we provide explicit ¢g-series candidates for the homological blocks
of 3-manifolds with opposite orientation when the resulting homological block is
an optimal mock theta function. The map between a homological block for a
3-manifold and the one associated to a 3-manifold with opposite orientation is
not canonical. However, we show that the Rademacher sum provides a neat map
between false theta functions and mock theta functions for the example consid-
ered. Mysterious is the appearance of projective representations of SLy(Z) that are
attached to each 3-manifold, this topic deserves further investigation. Quite sur-
prisingly mock modular forms, including the examples that appear in Ramanujan’s
work and umbral moonshine, also appear in this context; it would be interesting
to study further this connection.

ok >k
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Samenvatting

In een wereld vol verscheidenheid, die meestal niet te bevatten valt, is abstractie
één van de belangrijkste hulpmiddelen om vragen en problemen aan te pakken.
Dit is grofweg wat wiskunde doet: het zoekt naar overkoepelende thema’s door
concepten te abstraheren. Hierdoor schept wiskunde harmonie in deze veelvoud
van entiteiten. Natuurkunde en wiskunde hebben elkaar vanouds sterk beinvloed
en geinspireerd. De kracht van deze inspiratie schuilt erin dat beide gebieden
gebaseerd zijn op verschillende principes, verschillende vragen en in het bijzonder
verschillende intuities.

Interessant genoeg is gebleken dat snaartheorie, een van oorsprong natuurkun-
dige theorie, op een diepe manier gerelateerd is aan verschillende gebieden in de
wiskunde. Snaartheorie vindt zijn oorsprong in de sterke kernkracht, maar werd
al snel geimplementeerd om de theorie van de elementaire deeltjes (het standaard
model) en de algemene relativiteitstheorie te unificeren. Er is echter nog geen expe-
riment waaruit is gebleken dat snaatheorie het juiste raamwerk biedt om kwantum
zwaartekracht te beschrijven. Nog niet geketend door experimentele bewijzen leeft
snaarhteorie een vrij bestaan. De schoonheid (en ook het gevaar) van dit is dat we
kunnen zeilen op een oceaan van mogelijkheden, op zoek naar nieuwe inspiraties.

Het werk bevat in deze scriptie ligt op het raakvlak tussen het gebied in de wis-
kunde genaamd getaltheorie en de natuurkunde van quantumveldentheorieén en
snaartheorieén. Getaltheorie is als een onzichtbare draad van begin tot eind door
de hoofdstukken gewoven van het proefschrift: “Een glimp van 2d en 3d quantum-
veldentheorieén via getaltheorie”.

Ook al is snaatheorie vaak het raamwerk van dit proefschrift focussen we voorna-
melijk op twee-dimensionale conforme velden theorieén. Dit soort theorieén be-
schrijft fysische systemen waar afstanden er niet toedoen, slechts hoeken. Vanuit
het perspectief van snaartheorie is een conforme velden theorie de theorie die leeft

245



Samenvatting

op het wereldvlak van een snaar. Bekijk bijvoorbeeld een gesloten snaar. Dit is
een lus die in een eindige hoeveelheid tijd een cylinder omsluit (het wereldvlak van
de snaar). Stel je nu voor dat je de begintijd van dit tijdsinterval gelijk neemt aan
de eindtijd. Op deze manier creéren we vanuit de cylinder een twee-dimensionaal
oppervlak: een torus. Een torus is een genus één oppervlak met een gat en geen
rand.

Dankzij het feit dat het fysische systeem op de torus beschreven wordt door een
conforme velden theorie kunnen we de afstanden veranderen, de torus herschalen,
en nog steeds dezelfde fysische grootheden meten. Met andere woorden, de fy-
sische grootheden corresponderen met functies die invariant zijn onder dit soort
transformaties en gedefiniéerd zijn op de torus. Deze functies zijn fundamentele
objecten in getaltheorie en staan bekend als modulaire functies. De hoofdrolspeler
van dit proefschrift, een “bedriegelijke modulaire vorm”, generaliseert het con-
cept van modulaire functies tot objecten die bijna invariant zijn onder conforme
transformaties.

Tot zover hebben we gefocust op een 2d theorie op een torus. We kunnen dit op-
pervlak echter ook zien als de rand van een andere ruimte. Laatstgenoemde is dan
een drie-dimensionale ruimte (één dimensie meer dan de rand) en correspondeert
bijvoorbeeld met het inwendige van de torus. Analoog hieraan kunnen we een
twee-dimensionale conforme velden theorie beschouwen als een randtheorie van
een drie-dimensionale volume theorie. De 2d en 3d theorieén komen tevoorschijn
in verschillende gedaantes in de verscheidene hoofdstukken van dit proefschrift.
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