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Abstract: A particular form of the time-dependent deceleration parameter is used to examine the

accelerated expansion of the universe and the phase transition in this expansion in the context of

f (R, T) gravity theory for the flat FRW model. The modified field equations are solved under the

choice of f (R, T) = R + 2 f (T). The best fit values of the model parameters that would be consistent

with the recent observational datasets that are estimated. For this estimation, 57 points from Cosmic

Chronometers (CC) datasets and 1048 points from Pantheon supernovae datasets are used. Bayesian

analysis and likelihood function are applied together with Markov Chain Monte Carlo (MCMC)

method at 1σ and 2σ confidence levels. Then, the physical behavior of parameters such as density,

pressure and cosmographic parameters corresponding to these constrained values of the model

parameters are analyzed. Looking at the deceleration parameter, it is seen that the universe has

passed from a decelerating expansion phase to an accelerating phase. As a result, it has been shown

that the cosmological model f (R, T) that we discussed can explain the accelerating expansion of the

late universe well without resorting to any dark energy component in the energy-momentum tensor.

Keywords: FRW metric; f (R, T) gravity; deceleration parameter

1. Introduction

The observations of supernovae type Ia (SNeIa) [1,2], Wilkinson Microwave Anisotropy
Probe (WMAP) [3], largescale structure [4], baryon acoustic oscillation (BAO) [5], weak lens-
ing [6], Planck Collaboration [7], Baryon Oscillation Spectroscopy Survey (BOSS) [8], and Ata-
cama Cosmology Telescope Polarimeters (ACTPol) collaboration [9] revealed that the current
expansion of the universe is accelerating. The theory of General Relativity (GR) is inadequate to
describe this accelerating expansion. Therefore, there has been some criticism leveled toward
the hypothesis of the expanding universe depending on SNeIa [10,11]. In this context, several
mathematical and physical models have been developed to comprehend the cause of this
acceleration which is called Dark Energy (DE). For shedding light on the nature of DE, one
option is to include an exotic energy component based on GR. Many credible suggestions have
been offered in relation to this approach [12–14]. Another option is to rewrite the gravitational
Lagrangian by changing the curvature scalar R in the Einstein-Hilbert (EH) action, action of
GR, with a function of some invariants such as f (R) [15], f (R, T) [16]. The static spherically
symmetric metrics have been solved in f (R) gravity in [17]. Solutions are provided to the
extra dimensional f (R) model in [18]. Multiple scientists [19–21] have considered the f (R) in
various contexts. Many cosmic scenarios have previously been developed utilizing different
gravity theories, as seen in [22–26]. Recently, the class of models with a dependence of R on the
gravitational part of the action reproduced the Λ cold dark matter (ΛCDM) features and also
met the solar system and laboratory tests [27]. On the other hand, the cosmic acceleration in the
modified f (R, T) gravity is generated by terms related to both curvature and matter. f (R, T)
theory is the modification of GR in which the geometric part of the EH action is modified [16];
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instead of the Ricci scalar R, the action contains an arbitrary f (R, T) function, where T is the
trace of the energy-momentum tensor. This theory and its various aspects have recently received
a great deal of attention. This idea can explain DE and the late-time accelerating expansion of
the universe. The consequences of f (R, T) theory on cosmological and solar system models
have been investigated in [28]. With the help of complementary advances made in the perihelia
by INPOP10a [29] and EPM2011 [30], the upper limits of the extra acceleration aE of the theory
of f (R, T) gravity [31] were found, including the estimation that aE is constant in the solar
system [32]. Therefore, this theory passes the test of the solar system.

Recently, several authors examined cosmological models in f (R, T) theory for Bianchi
type universe models. Chaubey and Shukla discussed cosmological parameters in detail
and obtained the exact solutions of the field equations of f (R, T) gravity in the form of
quadratic [33]. Adhav discovered an exact solution of a locally rotationally symmetric
(LRS) Bianchi type -I model [34]. Samanta developed a generalized formalism in the metric
system for a point-like f (R) Lagrangian with spherical symmetry [35]. Reddy et al. built
a cosmological model with a suitable form of the function f (R, T) and investigated its
behavior [36]. In addition to the previous article, Reddy et al. presented a cosmological
model using a negative constant deceleration parameter taking a special form of the
function f (R, T) [37]. Tiwari and Sofuoğlu offered a novel-time-dependent deceleration
parameter in f (R, T) gravity theory [38]. Singh and Singh discussed the validity of modified
gravity reconstruction in the cosmological aspects [39]. Rao et al. discovered that the
inclusion of the new function f (R, T) has no effect on the geometrical part of the universe
but does significantly affect to its matter distribution [40]. Sharma and Singh investigated
the modification of R + f (T) in Bianchi type-II model with the form of the function f (T)
as f (T) = µT [41]. Tiwari et al. studied in f (R, T) gravity for the non-minimal selection
of the function f (R, T) in the FLRW universe [42]. Tiwari et al. constructed solutions for
Bianchi type-I model using a constant jerk parameter in f (R, T) theory [43]. Sahoo et al.
proposed a variation law of the mean Hubble parameter to solve the field equations and
investigated the geometric and physical properties of the models they obtained [44]. Tiwari
et al. proposed a novel deceleration parameter to investigate the phase transition of LRS
Bianchi type-I cosmological model in f (R, T) gravity [45].

Model parameters can be selected appropriately for the construction of universe
models compatible with current observations or they can be obtained by using observational
datasets and various statistical tests. In the context of f (R, T) gravity, there are studies in
the literature on different forms of f (R, T) where observational constraints are determined
using different datasets and tests. For instance: Nagpal et al. used Hubble, SNeIa and
BAO datasets for the statistical analysis choosing f (R, T) = f1(R) + f2(T) for a dynamical
vacuum energy in Friedmann–Lemaitre–Robertson–Walker (FLRW) model [46]. Partha
et al. studied emergent universe models with bulk viscosity for f (R, T) = f (R) + f (T) in
a flat Friedmann–Robertson–Walker metric using Hubble and BAO datasets [47]. Rudra
et al. considered five different non-linear forms of f (R, T) function and used the cosmic
chronometer data, BAO and CMB peaks with CosmoMC code in their analysis to generate
viable models [48]. Sardar et al. based their analysis on Pantheon, BAO, SMALLZ–2014,
HST a PLANCK18 datasets using Markov Chain Monte Carlo (MCMC) method for non-
linear forms of f (R, T) = R + f (T) function in the background of FLRW space-time [49].

In this study, inspired by the above, we generate a cosmological model in the context
of f (R, T) theory via constraints from recent datasets of the observations using MCMC
method for our analysis. We examine the specialization of the similar functional form
f (R, T) = R + 2 f (T) to the linear case f (T) = λT (λ is a constant). In order to solve the
modified field equations for the flat FRW universe, we assume a varying deceleration
parameter which allows to design a universe model with the acceleration in the expansion
of the universe and the phase transition in this expansion.

The following is how this paper is structured: A brief view of the f (R, T) gravity is
presented in Section 2, the modified field equations are derived in Section 3, the model is built
and solved in Section 4, by using observational data the parameters are found out in Section 5,
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the dynamical quantities of the model are discussed in Section 6, the cosmographic analysis is
made in Section 7, and finally, Section 8 contains a clear overview of the results and conclusions.

2. A Brief View of f (R, T) Gravity

f (R, T) theory is based on the action [16]

S =
1

2κ

∫

f (R, T)
√

−gd4x +
∫

Sm

√

−gd4x. (1)

Here f (R, T) is an arbitrary function of Ricci scalar R and the trace T of the energy-
momentum tensor, κ = 8πG

c4 , where G and c are the Newton’s gravitational constant and c
speed of light in the vacuum, respectively.

Harko et al. [16] scrutinized the following cases:

f (R, T) =











R + 2 f (T),

f1(R) + f2(T)

f1(R) + f2(R) f3(T).

(2)

In the present study, it is supposed that the function f (R, T) has the form

f (R, T) = R + 2 f (T), (3)

and f (T) = λT, λ is a constant, is taken. In that case, one can write the action (1) as

fR(R, T)Rij −
1

2
f (R, T)gij + (gij�−∇i∇j) fR(R, T) = κTij − fT(R, T)Tij − fT(R, T)Θij, (4)

where fR(R, T) = ∂ f (R,T)
∂R , fT(R, T) = ∂ f (R,T)

∂T , � is the D’ Alembert operator (� = ∇i∇i)
and also matter tensor Θij is defined as

Θij = glm δTlm

δgij
. (5)

We assume that the matter composition of the universe is perfect fluid, so Θij becomes

Θij = −2Tij − pgij. (6)

in which the energy-momentum tensor of perfect fluid, Tij, is defined as

Tij = (ρ + p)uiuj − pgij. (7)

Here ρ and p are the matter-energy density and the pressure, respectively, ui is the
four-velocity vector that satisfies the condition

uiui = 1. (8)

Then, the field equations given in (4) reach the following form

Rij −
1

2
Rgij = κTij + 2 fTTij + [ f (T) + 2p fT ]gij. (9)

Note that in this paper, we have chosen κ = 1.

3. Metric and Field Equations

The line element for a spatially flat, homogeneous, and isotropic FRW metric is defined by

ds2 = dt2 − a2(t)
3

∑
i=1

dx2
i , (10)
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where the scale factor a(t) is a function of the cosmic time t only.
The field Equation (9) is derived for the model as

3H2 = (1 + 3λ)ρ − λp, (11)

2Ḣ + 3H2 = −(1 + 3λ)p + λρ. (12)

where H is the Hubble parameter with the definition

H =
ȧ

a
, (13)

and an over dot signifies a derivative with respect to t.
The other kinematic term is the deceleration parameter, q, which is a dimensionless

quantity given as

q = − Ḣ

H2
− 1. (14)

The expressions of ρ and p are derived from Equations (11) and (12) as

ρ =
1

[(1 + 3λ)2 − λ2]
[(3 + 6λ)H2 − 2λḢ], (15)

p =
−1

[(1 + 3λ)2 − λ2]
[(3 + 6λ)H2 + 2(1 + 3λ)Ḣ]. (16)

4. Solutions of the Field Equations with Varying Deceleration Parameter

In this part, we take into account a varying deceleration parameter to obtain the exact
solution of the field equations. The aim of proposing a varying q is to explain a phase change of
the universe from past decelerating expansion to recent accelerating expansion [1–5].

q is a geometric parameter that depends on its sign and represents the accelerating
(q < 0) or decelerating (q > 0) expansion behavior of the universe.The universe continues
to grow at a constant rate when q = 0, and also the accelerated growth is known as super-
exponential expansion when q < −1. With the Hubble parameter, a variable deceleration
parameter has been assumed as [50]

q = α − β

H2
, (17)

where α > 0 and β > 0 are two constants. We obtain the scale factor a from
Equations (13), (14) and (17) as

a =

[

sinh

(

√

(1 + α)βt + c

)]
1

1+α

. (18)

where c is a constant of integration. As a result of the expression (18), the Hubble and
deceleration parameters become

H =

√

β

1 + α
coth

(

√

(1 + α)βt + c

)

(19)

q = α − (1 + α) tanh2

(

√

(1 + α)βt + c

)

. (20)

In addition, using the relation a(t) = (1 + z)−1 between the redshift z and the scale
factor a, one can obtain these parameters in terms of z as follows:

H =

√

β

1 + α
[1 + (1 + z)2(1+α)]

1
2 , (21)



Symmetry 2023, 15, 788 5 of 13

q = α − (1 + α)

[1 + (1 + z)2(1+α)]
. (22)

5. Find Out Parameters Using Observational Data

In this section, we find the parameters by using the current value of the Hubble
parameter. Equation (22) can be written as

H =
H0√

2
[1 + (1 + z)2(1+α)]

1
2 , (23)

where H0 =
√

2β
(1+α)

is the current value of the Hubble parameter.

5.1. Cosmic Chronometers Datasets

Finally, in this subsection, we predict the model parameter α and present value of the
Hubble parameter H0 using 57 Hubble data points in the interval of (0.07 < z < 2.36),
provided by Magana et al. [51].

The related chi-square function is defined as follows to determine the mean value of α
and H0:

χ2
H(α, H0) =

57

∑
i=1

[Hth(α, H0, zi)− Hobs(zi)]
2

σ2
i

, (24)

where Hth(α, H0, zi) and Hobs(zi) show the values of the Hubble parameter estimated by the
model and measured by the observations, respectively. The measurement of the measured
Hubble parameter’s standard error is σi.

5.2. Pantheon Datasets

In this section, we estimate the parameters α and H0 using 1048 points from the
Pantheon Type 1a supernova dataset (Scolnic et al. [52]). The redshift range of 0.01 < z < 2.3
is supported by 1048 apparent magnitude measurements mB in this dataset.

Distance modulus µ(z) in standard cosmology is given by

µ = mB − M = 5log10(dl(z)) + 25, (25)

where mB is the apparent magnitude, M is the absolute magnitude and, E(z) = H(z)
H0

being
the dimensionless parameter for the expansion rate,

dl(z) =
c(1 + z)

H0

∫ z

0

dz

E(z)
. (26)

is the luminosity distance. Since all supernovae are thought to have the same absolute magni-
tude, we can use supernova 2002 cr, which has a mB value of 13.907 ± 0.1982 at a low redshift
of z = 0.0101, to calculate absolute magnitude M as described in Goswami et al. [53].

M = 5log10

(

H0

c

)

− 1.093. (27)

We obtain the following equation of apparent magnitude using Equations (25) and (27)

mB = 5log10

(

dl(z)H0

c

)

+ 23.907. (28)

The related chi-square function is defined as

χ2
Pan(α, H0) =

1048

∑
i=1

[µth(α, H0, zi)− µobs(zi)]
2

σ2
i

, (29)
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where µth(α, H0, zi), µobs(zi) and σ2
i are theoretical distance modulus, observational distance

modulus and variance at zi, respectively.

5.3. Observational Result

By minimising the total chi-squared function χ2
H + χ2

Pan, we were successful to get the
constraints on the parameters of our cosmological model for each of the two separate cases
for the combined H(z)+Pantheon datasets. Figure 1 shows the MCMC confidence contours
at 1σ and 2σ obtained from CC+SN datasets, while Figures 2 and 3 show the curves of
H(z) and µ(z), respectively. The constrained values of the parameters are summarized in
Table 1.

67 68
H0

0.18

0.20

0.22

0.24

0.18 0.20 0.22 0.24

CC + SN

Figure 1. MCMC confidence contours at 1σ and 2σ obtained from CC+SN datasets.

0.0 0.5 1.0 1.5 2.0 2.5
z

0

50

100

150

200

250

H(
z)

Figure 2. Evolution of H(z) vs. z. The theoretical curve of H(z) is represented by the blue dashed

line while the ΛCDM model is shown as a red dotted line for observed data with the error bars.
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0.0 0.5 1.0 1.5 2.0 2.5
z

14

16

18

20

22

24

26

Figure 3. Evolution of µ(z) vs. z. The theoretical curve of µ(z) is represented by the blue line while

the ΛCDM model is shown as a red dotted line for observed data with the error bars.

Table 1. Summary of MCMC results obtained in the article.

Datasets Parameters f (R, T) Model

CC α, H0
0.208573 ± 0.011896,
67.166192 ± 0.401849

SN α, H0
0.208573 ± 0.026998,
67.166192 ± 0.7202

6. Cosmic Pressure, Matter Density and Equation of State Parameter

The expressions of the matter density and cosmic pressure are obtained by using
Equation (23)

ρ =
1

[(1 + 3λ)2 − λ2]
[(3 + 6λ)

H2
0

2
[1 + (1 + z)2(1+α)]

+2λ(1 + α)(1 + z)2(1+α) H0√
2
[1 + (1 + z)2(1+α)]−

1
2 ],

(30)

p =
−1

[(1 + 3λ)2 − λ2]
[(3 + 6λ)

H2
0

2
[1 + (1 + z)2(1+α)]

−2(1 + 3λ)(1 + α)(1 + z)2(1+α) H0√
2
[1 + (1 + z)2(1+α)]−

1
2 ],

(31)

which, on using the equation of state parameter (EoS) ω = p
ρ , is calculated as follows

ω = −
[(3 + 6λ)

H2
0

2 [1 + (1 + z)2(1+α)]− 2(1 + 3λ)(1 + α)(1 + z)2(1+α) H0√
2
[1 + (1 + z)2(1+α)]−

1
2 ]

[(3 + 6λ)
H2

0
2 [1 + (1 + z)2(1+α)] + 2λ(1 + α)(1 + z)2(1+α) H0√

2
[1 + (1 + z)2(1+α)]−

1
2 ]

. (32)

We choose λ = 0.5 when representing the behavior of the pressure and energy density. For
our model, the energy density has a positive value for all redshift as seen in Figure 4. The density
in the model has a decreasing function graph. Comparably, as shown in Figure 5, pressure has
positive values at the beginning, and it takes negative values after a certain redshift. Focusing
on graphics, it can be seen that the energy density and pressure diverge in the early era and
converge to a small positive and negative value, respectively, in the late era.

In Figure 6, the equation of the state parameter evolution trajectory is illustrated.
The cosmological constant (ω = −1), quintessence (−1 < ω < −1/3), or phantom era
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(ω < −1) are three phases that the accelerating universe could be in. Figure 6 makes it
very evident that −1 < ω < − 1

3 at the lower redshift era and depicts a fundamental DE
quintessence, which denotes an accelerating phase.

0 2 4 6 8 10

0

200,000

400,000

600,000

800,000

z

ρ

Figure 4. Evolution of ρ(z) vs. z.

0 2 4 6 8 10

-2000

-1000

0

1000

2000

z

p

Figure 5. Evolution of p(z) vs. z.

0 2 4 6 8 10

-0.8

-0.6

-0.4

-0.2

0

z

ω

Figure 6. Evolution of ω(z) vs. z.
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7. Cosmographic Analysis

In this section, we utilize a method known as “cosmography” to discuss the evolution
of the universe. It is based on the cosmological principle, which states that on large
scales, the observable cosmos is homogeneous and isotropic. Other than the cosmological
principle, this study allows us to investigate the evolution of the universe without making
any assumptions about specific cosmological models. The method uses Taylor series
expansion of the scale factor about t = t0

a(t)

a(t0)
= 1 + H0(t − t0)− q0H2

0
(t − t0)

2

2!
+ j0H3

0
(t − t0)

3

3!
− . . . , (33)

where subscript 0 denotes the present value of the corresponding parameter.
One defines the Hubble parameter, deceleration parameter and jerk parameter in

terms of redshift as

H(z) = −(1 + z)−1 dz

dt
, (34)

q(z) = −1 +
(1 + z) dH

dz

H2
. (35)

j(z) = (1 + z)
dq

dz
+ q(1 + 2q). (36)

We obtained the following value of the jerk parameter of our model in terms of z:

j(z) =
2(1 + α)2(1 + z)2(1+α)

[1 + (1 + z)2(1+α)]2
+

[

α − (1 + α)

[1 + (1 + z)2(1+α)]

]

+ 2

[

α − (1 + α)

[1 + (1 + z)2(1+α)]

]2

. (37)

This fits the standard ΛCDM model’s observations well enough. Figures 7–9 show the
behavior of the deceleration and jerk parameters, respectively, and also illustrate the nature
of these parameters.

0 2 4 6 8 10

-1.0

-0.5

0

0.5

From numerical solution

Figure 7. Evolution of q(z) vs. z.
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0 2 4 6 8

0.3

0.4

0.5

0.6

z

j

Figure 8. Evolution of j(z) vs. z.

-1.00 -0.75 -0.50 -0.25 0 0.25 0.50
0

0.2

0.4

0.6

0.8

1.0

q

j

Figure 9. The trajectory of j(z) vs. q(z).

8. Conclusions

In the present study, we examined cosmological models in the framework of f (R, T)
modified theory of gravity on the background of the flat-FRW metric. By adopting the
form of f (R, T) = R + 2 f (T), we obtained the field equations of this theory. We chose a
deceleration parameter that may yield the phase change in the expansion of the universe to
satisfy the modified field equations. Then, we analyzed the physical nature of cosmological
quantities such as the density, pressure, EoS parameter, and cosmographic parameters
corresponding to the constrained values of the model parameters. We estimated the best
fit values of model parameters at 1σ and 2σ confidence levels by applying the Bayesian
analysis and likelihood function together with the MCMC method as seen in Figure 1. in
order to be compatible with the recent observational datasets. We used 57 points of the CC
datasets, and 1048 points from the Pantheon supernovae samples dataset.

In Figure 2 we plotted the behavior of the Hubble parameter H(z) vs. z of our
theoretical model and ΛCDM model, respectively, with error bars obtained from the
CC and SN data using the MCMC results given in Table 1. The best fit value of H0 is
approximately equal to 67.166 kms−1 Mpc−1. In Figure 3, we plotted distance modulus
µ(z) vs. z. The red dotted line with data error bars shows the observed distance modulus,
whereas the blue line represents the calculated distance modulus of the generated model.
It can be shown that our model is quite consistent with datasets, especially at the lower
redshift zone.
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We see that the density of energy always takes positive values as shown in Figure 4.
The energy density takes high values at high redshift regions, while it approaches zero in
low redshift regions. As shown in Figure 5, pressure has positive values at the beginning,
and it takes negative values after a certain point of redshift. EoS parameter ω is validated
with current values between −1 and −1/3 for our model indicating that the DE models are
in quintessence phase, which would be the reason of the accelerating expansion, as seen in
Figure 6. The evolution of the deceleration parameter q(z) in z indicates that our model
successfully achieves the late time accelerating expansion together with the decelerating
expansion in the past as shown in Figure 7. Figure 7 also displays that the change from
decelerating to accelerating expansion phase arose at the redshift zt = 0.844+0.0027

−0.0025. The
zt values of redshift are representative of the phase transition that occurs in the evolution
of the expansion of the universe. Therefore, the model can explain the early decelerating
expansion and also the late accelerating expansion. Moreover, it can be seen that the regions
where our model has the best fit with the ΛCDM are the low redshift regions. It is observed
from Figures 8 and 9 that our model approaches the ΛCDM model (j = 1) as z goes to zero.

Consequently, our f (R, T) cosmological model can explain the late time cosmic acceleration
without the need of the help of any dark energy component in the matter part of the field
equations, by passing from the decelerating phase to the accelerating phase of the universe.
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DE Dark Energy
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