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Abstract: In this paper, we find all nonstatic plane symmetric spacetime metrics whose corresponding
Lagrangians possess Noether symmetries. The set of determining equations is analyzed through a
Maple algorithm that restricts the metric coefficients to satisfy certain conditions. These restrictions
on metric coefficients, while using them to solve the determining equations, give rise to a number
of plane symmetric metrics admitting 4-, 5-, 6-, 7-, 8-, 9-, 11-, and 17-dimensional Noether algebras.
The Noether theorem is used to find a conserved quantity corresponding to each Noether symmetry.
Some physical implications are discussed by finding bounds for different energy conditions for the
obtained metrics.

Keywords: non-static plane symmetric spacetime; Noether symmetries; energy conditions; conserva-
tion laws

PACS: 04.20.]b

1. Introduction

Among all theories of gravitation in modern physics, the theory of general relativity
plays a dominant role and it is considered to be the most fundamental and accurate theory.
This theory was proposed by Albert Einstein in 1915 as a generalization of his previous
scientific theory, the special theory of relativity. As a result of the development of this
theory, Newton’s law of universal gravitation was refined, and gravity was treated as
a distortion of spacetime rather than a force of attraction between massive objects. The
distortion in spacetime is known as the curvature and occurs because of the presence of
matter in some region of spacetime. This curvature is measured with a tensor quantity G,
known as the Einstein tensor, which is defined as G,;, = R, — %Rgub. Here, R, = is the
Ricci tensor, g,;, = is the metric tensor, and R is the Ricci scalar. On the other hand, the
physics of spacetime is given by another tensor quantity, T;;, called energy-momentum
tensor. The tensors representing the geometry and physics of spacetime are related as
follows: G, = kT, where k = SZTG is a coupling constant with G = Newtonian constant of
gravitation, and ¢ denotes the speed of light. Indices a and b vary from 0 to 3, and because
of the symmetric nature of G,;, and T, equation G,;, = kT, gives rise to a system of 10
tensor equations, Einstein’s field equations (EFEs) [1].

Though EFEs are highly nonlinear, and it is very challenging to find their exact
solutions, some physically important solutions of these equations, including Schwarzschild,
Kerr, Friedmann, and plane wave solutions are found in the literature. These solutions of
EFEs play a key role in the study of black holes, the field of cosmology, and in gravitational
radiation. In order to find the exact solutions of EFEs, one always needs some assumptions
to be imposed on the metric or Riemann tensors. Out of these assumptions, the most
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common is the symmetry restriction on g,;, which is defined in terms of a smooth vector
field V (called the Killing vector field, KVF) satisfying the following condition [2]:

EVg;n/ = g;w,/\v/\ ""ggmv,])/L +gv)\V$ =0, 1)

where £ denotes a Lie derivative operator. Killing vector fields are also used for finding
the conservation laws in a physical system and particularly in spacetimes. In particular, if a
spacetime possesses a timelike KVE, it predicts the conservation of energy. Similarly, KVFs
representing spacial translations and rotations give rise to the conservation of linear and
angular momenta, respectively.

Another important spacetime symmetry is interpreted in terms of homothetic vector
fields (HVFs), which are similarly defined as KVFs are, with the difference that the right-
hand side of Equation (1) is replaced with 2ag;,,, where « is a constant. Moreover, if a is a
function dependent on four coordinates of a spacetime, then V defines a conformal vector
field. In the literature, these three symmetries are thoroughly discussed [3-16].

For every spacetime metric given by ds? = g,,,dx"dx", the corresponding Lagrangian
L = L(s,x% x7) is defined as L = gw% %, where s denotes the arc length parameter, and
the derivative of x* with respect to s is denoted by a dot over it. If V is a vector field of
the form V = ¢ds + V%, and VIl = v + V%0, signifies its first prolongation, then V
defines a Noether symmetry of L if there exists some function F(s, x*), known as the gauge
function, such that:

VUL 4+ (Ds&)L = DiF, @)

where D; = 95 + x70,e; and ¢ and V*? depend on s and x°. If V is a Noether symmetry
vector field, then by the Noether theorem, its associated conservation law is expressed as
follows [17]:

I:§L+(V‘7—x'”§)%—13. 3)

Noether symmetries play a pivotal role in the classification of spacetimes and in solv-
ing differential equations. In the case of complicated higher-order ordinary differential
equations, these symmetries help in reducing their orders; for partial differential equations,
they reduce the complexity of equations by reducing the number of independent vari-
ables. Apart from this, these symmetries are also helpful in the linearization of nonlinear
differential equations [18-20].

There exist some well-known relations between the symmetries of a spacetime metric
and the Noether symmetries of its corresponding Lagrangian. Every KVF admitted by
a spacetime metric is also a Noether symmetry of its corresponding Lagrangian, but the
converse is not true. Moreover, if a spacetime metric admits a homothetic symmetry V, then
the associated Lagrangian possesses a Noether symmetry of the form V 4 2asds, where
« represents the homothety constant. Conversely, if the Lagrangian admits a Noether
symmetry of the form V + 2as0s, then V is a homothetic symmetry of the corresponding
metric [21]. By ‘proper Noether symmetry’, we mean a Noether symmetry that neither is it
associated with a HVF nor is it a KVE. Moreover, there exist no general relation between
conformal and Noether symmetries except for the flat Minkowski metric that admits 15
conformal vector fields, and the set of these 15 conformal vector fields is a proper subset
of the set of 17 Noether symmetries for the Lagrangian of the Minkowski metric. For
the details of Noether symmetries admitted by some well-known Lagrangians, we refer
to [22-29].

In this paper, we explore Noether symmetries of the Lagrangian associated to the
most general nonstatic plane symmetric spacetime metric. For this purpose, we follow a
recently developed approach that uses a Maple algorithm for analyzing the determining
equations and obtaining all possible metrics possessing these symmetries. After that, the
set of determining equations are solved for all these metrics to obtain the final form of
Noether symmetries.
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2. Determining Equations

The general nonstatic plane symmetric metric can be written in the following form [1]:
ds* = —A%(t,x) dt*> + B2(t, x) dx® + C2(t, x) (dy* + dz?) 4)

with three minimal KVFs given by V() = dy, V(5) = 9: and V3) = zdy — yd;. The main
reason behind considering the nonstatic plane symmetric metric for the current study is
that it contains some well-known important classes of solutions to the field equations. In
the case when A, B, and C depend only on x, this metric represents static plane symmetric
spacetime that admits an additional KVF given by d;. Static plane symmetric metrics
are crucial from many physical perspectives; for example, these metrics are helpful in
finding Kasner’s spatially homogeneous solutions of the field equations [30] and Taub’s
well-known solution [31]. These solutions are further used for the study of kinematics and
dynamics of nonrotating rigid bodies. Similarly, for A = A(t), B = B(t) and C = C(t),
the metric (4) gives the locally rotationally symmetric Bianchi type I metric for which an
additional KVF is given by dy. Bianchi-type metrics are well-known homogeneous but not
necessarily isotropic cosmological models that are the solutions of field equations, and their
types depend upon different choices of scale factors. In particular, if A = B = C = A(t),
Metric (4) becomes the well-known Friedmann metric that is widely used in the field of
cosmology. Thus, the present study also classifies the static plane symmetric Bianchi type I
and Friedmann metrics according to their Noether symmetries as a subcase. Moreover, as
stated in the introduction, Killing and homothetic algebras form subsets of Noether algebra,
so the present work also provides a complete classification of these three metrics and the
general nonstatic plane symmetric metric via Killing and homothetic symmetries. Below is
the Lagrangian associated with Metric (4):

L=-A?P+ B2 +C2 2 +27, )
and the corresponding geodesic equations are:

A2+ AA 2 +2AA , %+ BBy x2 4+ CCy (% +22)
B> %+ AAy {2 +2BB; i % + BBy i* — CCyx (* +2%)
Cij+2City+2Cx %y
Cs+2Cit24+2C %2

~

~

I
o o oo

(6)

We used Lagrangian (5) in Equation (2) to obtain the following determining equations:

Cr=Cx=0Cy=Cz=Fs = 0, 7)
24, V0424, VI +24V) = Ag, ®)
2B4V%+2B, V! +2BV) = B, ©)
2C,V0+2C, V! +2CVy = Cg, (10)
2C, VY +2C, VI +2CVE = Cg, (11)
A*V) —BVi = 0, (12)

A2V —C?V; = 0, (13)
AVI-cvi = o, (14)

BV, +C*V: = 0, (15)

BV 4+ Cvi = o, (16)

VitV = 0, (17)

24%V) = -F, (18)

2BV; = Fy, (19)

2C?v? = F, (20)

2C?v? = E. (21)
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In order to find the explicit form of vector field V, we need to solve these determining
equations. However, these equations cannot be solved generally unless some conditions
are imposed on the metric coefficients. In the literature, such systems are usually solved
by imposing some conditions on A, B, and C. However, there are no proper criteria under
which these conditions should be imposed on A, B, and C, such that the resulting equations
could be completely solved. Thus, this approach of solving determining equations does
not provide a complete list of metrics possessing Noether symmetries. There is another
approach, the Rif tree approach [21], which uses a Maple (Rif) algorithm for finding all
possible metrics that admit some Noether symmetries. These metrics are then used to solve
the determining equations, and the final forms of Noether symmetries are obtained. The
list of metrics, which is obtained as a result of analyzing determining equations through the
Rif algorithm, is given in terms of the branches of a tree called the Rif tree. Each branch of
the Rif tree restricts functions A, B, and C to satisfy some constraints that are then used to
solve the Noether symmetry equations, giving a complete classification of the Lagrangian
associated with a nonstatic plane symmetric metric via Noether symmetries. The Rif tree
given in Figure 1 was obtained after analyzing determining Equations (7)-(21) through the
Rif algorithm.

The nodes (pivots) of the Rif tree are obtained as follows:

pl = C;
p2 = C,tB,x - C,xB,t
p3 = CiAy—CyA;
pd = CiCi —CuCy
p5 = (Ct)*Cxx —2C1Cx + Cp(Cx)?
p6 = (Ct)*Ctx — 2C4C1tCpx — C4CrCoptt +2(Ct)*Cox
p7 = (Ct)*Cxx — Cu(Cx)?
p8 = Cx
p9 = B
pl0 = A,
pll = BiAy—BxA;
pl2 = BiBi;x— BBy
p13 = —(B;)?Bxy +2BB By — (Bx)*B
pl4 = BuyuB;By — (Bt)?Btx +2BB Bty — 2B x(B)?
pl5 = (B;)?Bxx — (Bx)*By
pl6 = By
pl7 = AjAn—AxAn
P18 = (Ap)?Axx —2A4A A+ (Ax)*Ap
P19 = (Ap)?Aux — AjAx A —2A 1A Ay +2A (Ay)?

p20 = (A))2A . — (Ax)2 A
p21 - A/x

Symbols = and <> in the Rif tree show whether the corresponding p; is zero or
nonzero. For example, in Branch 1, we have p1 = C; # 0and p2 = C;B, — CxB; # 0.
Similarly, each branch of the Rif tree imposes some conditions on A, B and C that are then
used to solve Equations (7)—(21). As a result, we obtained 4-, 5-, 6-, 7-, 8-, 9-, 11- and 17-
dimensional Noether algebras admitted by different metrics. These results are summarized
in Sections 3-10.
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Figure 1. Rif tree.

3. Four Noether Symmetries

The minimal number of Noether symmetries for the spacetime under consideration
was 4. These four symmetries contained the minimal three KVFs and an additional trivial
Noether symmetry, given by V() = ds. There were only two branches of the Rif tree, namely
Branches 4 and 6, whose associated metrics possessed these four Noether symmetries. The
conserved quantities corresponding to these four symmetries Vg, ..., V(3) were obtained
as follows:

Iy
L
I
I

2C*(zy — y2),
2C%y,
202z,

4. Five Noether Symmetries

There are many branches that give rise to metrics possessing one additional symmetry
along with four minimal ones. In Table 1, we present all such metrics along with their extra
symmetry, denoted by V4), and the corresponding conserved quantity. In cases where V/y)
is independent of variable s, it represents a KVE, while in the remaining cases, V() is of the
form sds + X, where X represents the corresponding HVE. All the metrics of this section
were nonstatic except 5j, 5k, and 5r. The first two of these three metrics are Bianchi Type I
models, while 5r represents a static plane symmetric metric.

Table 1. Metrics with five Noether symmetries.

Metric No./
Branch No.

Metric Coefficients

Additional Symmetry Conserved Quantity

5a
2

A = A(t), B = const.,
1-2
(ax+2ap)

C=

2a3(a1—2a3

[ Adt

2A

Vigy =595 + 3 + 3oy, Iy = —sL— A [ Adtf + xx

2a3

=+ (a1 [ Adt+2a0) T

where Ay #0a; #2a3and a; #0, a3 #0
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Table 1. Cont.

Metric No./

Metric Coefficients Additional Symmet; Conserved Quanti
Branch No Yy y
2a: .
5b A= (a1x+ 2112)17”713; B =const.; Vig =595 + 30x Iy = —sL+xx
ay —2ag
2 C = (2a3t +2a4) %
where ay,as 7& 0, a 7& 25!3 7& 2(15
(ag—2ay)t 5
5¢c A=ayx+ay B=const. C=e 324154 Vi = sds + %ax, Iy = —sL+ %x
2 where a3 # 2a4,and a; # 0
5d A =ajx+a, B=const,, Vig) = 50, + %ax + 40y + 30, Iy = —sL+ %x
(a3 —2a4)t . .
2 Clt)£e 5 ,Ci#0 +C(yj + 22).
and a; #0
Se = /2a1x + 243, B = const. C = %, Vig = —%at +y9y + 20, Iy = %t‘ +C2(yy + z2)
2 where a1,a3 # 0,
5f = \/2a1x + 2a;, B = const., Vig) = 505 + Lo+ ﬁax., Iy = —sL— Aztt + 2AX
4115
5 s
C= (113t+4ﬂ4) as
where a3 # 2as and aq,a3 # 0
5g A = const., B = const., Vigy = 505 + gat + 30, Iy = —sL — t + xx
1283 2,
3 C= 7(““;2“}2)% L (agx+2ay) ",
where a; # 2a3 and aq,a3 # 0
5h A = const., B = const., Vi = —¢59 + Cn L3, L= ZCX Pt ZCC”‘
3 C:al(tzgxz)+a2x+u3t+a4,
where a1, ap,a3 # 0.
5i A =const., B = const., C = % In( 711”11;:;‘;2 Vig) = 50 + %*1”3)3, Iy = —sL— W{
5 where ai, a5, a3 # 0. —Larte)y 4 4o, + 50, —Emxt) 4 C2(yy + 22)
5j A = const.; B = ayt; whereay # 0, Vig) = Oy Iy = 2B%x
_ 23
7 C=C(t) £ (mt) ™ ,Cp £0
_23 .
5k A = const.; B = B(t) # (a1t + 2112)1 a; Vigy = Ox Iy =2B%%
_ 2y
7 C=C(t) # (mt+2a) @ ,Cy #0
2a3a .
51 A = const., B = (a1t +2a2)1’”3* 315, Vig) = 505 + 50 Iy = —sL — ti
1
8 — (a3x-+as) B2(a3x + as)x.
C = (a3x +a4) %3, where ay, a3 # 0. +55 00 +B(as 5)
5m A =const., B = ajt + 2a,, Vig) = 505 + gat + %By + 30z, Iy = —sL — ti + C?(yy + z2)
1
8 -
C=C(x) # (asx +a4) 93,
whereay #0and C, # 0
_ — _ B2 _ ; CB? .
5n A = const., B 71\/2u1t + 2a,, V(4) =505 + Eat, Iy = —sL— 2111 t + 205 x
8 = c 2031 C2(2a3-1) ¢ . ;
C = (a3x +a4) %3, where aj, a3 # 0 tac 0t T T (yy +22).
(yoy + z0;).
50 A = const.,, B =+/2ayt + 2a;, C = %%, Vig = féax +y9y + 20, Iy = ZB Cx +2C%(yy + z2)
8 where ay,a3 # 0
2ay .
5p A = const.,, B =t "1 ; V(4) = 505 + %a, + %ax, Iy = —sL — ti + B%xx
8

C = [(a1 — 2az)x] “1*2“2
where a1 # 0, a1 # 2a; and ay # 2a3
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Table 1. Cont.

Metric No./ . . . ips .
Branch No. Metric Coefficients Additional Symmetry Conserved Quantity
2a
NS -t - x - _ 25
5q A= (it +a) T+ n (Wﬁf;“z)al 3 ) Vig) = 805 + 50x, Iy = —sL + B xx
L
9 B = const, C = (azx +2u4)1 [
where a3 # 2ay # 2as,
I :
5r A=A(x) # (mx+2a)" 7, B = const, Vigy =9 Iy = —2A%
2y
10 C=C(x) # (a1x+2a2)1 1,Cyx#0
5. Six Noether Symmetries
Like the previous section, there are some branches of the Rif tree whose corresponding
metrics admit six Noether symmetries; four being the minimum ones and two extra
symmetries for all these metrics (denoted by V() and V/s5)), their associated conserved
quantities and the explicit form of the metrics are listed in Table 2. Out of the two extra
symmetries, some are independent of s which represent KVFs, some are of the form sd; + X,
giving a corresponding HVF X, while the remaining symmetries are proper Noether
symmetries. The metrics labeled 6c, 6d, and 6e were Bianchi Type I metrics, while metrics
6g and 6h were static plane symmetric metrics. All the remaining metrics were nonstatic.
Table 2. Metrics with six Noether symmetries.
Metric No./ . L . ops . . ops
Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
Branch No.
6a A = const., B =aqt +ay, Vigy = $ds + %Bt Is = —sL— %i
1 C= L(:B,whereal,az;éo V(5):§BS+%Bt,F:—§—% 14:—%L—%i+%+%
6b A = const., B=B(x),B, #0, Vig) = $9x Iy = 2Bx
1‘%’%"i s _ _ .
1 C=C(t) # (a1t+ﬂfi2a)3 1 ,Ci £0 Vis) = 230x, F = J Bdx Is = sBx — [ Bdx
6¢c A = const., B = aot, Vigy = 595 + Lot Iy = —sL —tf
2a
7 C=(mn" ™, Vis) = 9 Is = 2B%%
where ay,a; # 0 and a1 # 2a3
_ 203 .
6d A = const., B = (ayt +2a2)1 a, Vig) = $0s + %at' Iy = —sL—tt
_ 20 .
7 C=(mt+2a) ™, Vis) = 9 Is = 2B
where ai 7é O, ai 7& 2113,2114
6e A = const., B = const., Vigy = Oy Iy =2x
_ 23 .
7 C:C(t)#(a1t+2u2)1 o, V(5):%ax,1~“:x Is =sx—x
where Cy # 0
6f A = A(t), B = const,, Vigy = 50 Iy = —2Af
gy ~
9 C=C(x) # (a1x+2a2)1 o, V(5) = —iaf,fj = fAdt Is =sAt — fAdt
where A ;49,Cy # 0,
2a .
6g A= (agx+ 2:12)1_7, B = const., Vi) = s0s + 50x, Iy = —sL+xx
2a, .
10 C=(mx+20) ", Vis) = o Is = —2A%
where a 7é 0, ai 7& 2113,2114
6h A =const., B = const., Vigy = 0 I = —2f
_ 23 ;
10 C=C(x)7é(a1x+2a2)l W, Cy #0 Vis)=—30, F=t Is=st—t
61 A =c1t+cx, B=c3t+cyx, C = const., V(4) =sdy, F =2y Iy =25y —2y
11 where ¢1,¢p,¢3,¢c4 # 0and cicq — coc3 # 0 Vis) = sd,, F =2z Is =2sz — 2z
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Table 2. Cont.

Metric No./ Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
Branch No.
6j A=*+x, B= etzﬂ', C = const. Vigy =50y, F =2y Iy =2sy — 2y
12 V(S) = Saz, F=2z 15 =25z —2z
6k A = B =¢1t2* C = const., Vigy =89y, F =2y Iy = 2sy — 2y
13 where ¢; # 0and ¢; # 0 Vis) = $d,, F =2z Is =28z — 2z
61 A =B=In(§), C=const., Vig) =50y, F =2y Iy =25y —2y
14 Vis) = 80, F =2z Is =28z — 2z
6m A =B =yt +c»x?, C = const,, V(4) =sdy, F =2y Iy =25y —2y
15 wherec; #0and ¢y #0 Vis) =50, F =2z Is =25z — 2z
6n A =12 + cpx,, B = const.,, C = const., V(4) = sBy, F=2y Iy =25y —2y
19 where ¢; £ 0and ¢; # 0 Vis) =50, F =2z Is = 2sz — 2z
60 A = eftt2¥ B = const.,, C = const., Vigy =89y, F =2y Iy = 2sy — 2y
20 where ¢; # 0and ¢; # 0 V(5) =80, F=2z Is =2sz — 2z
6p A =In(§), B=const., C = const. Vigy =sdy, F =2y Iy =25y —2y
21 Vis) = sd,, F =2z Is =28z — 2z
6q A = c1t + cpx2, B = const., C = const., Vigy =9y, F =2y Iy = 25y — 2y
22 where ¢; # 0and ¢; # 0 V(S) =80, F=2z Is =2sz — 2z
6. Seven Noether Symmetries
The solution of determining equations for some branches give rise to metrics possess-
ing seven Noether symmetries. Out of these seven, four are the minimal ones, while three
additional symmetries, denoted by V{4, V(5) and V), and the corresponding conserved
quantities are listed in Table 3. Like the previous sections, some of the three extra symme-
tries are KVFs or correspond to HVFs, while the remaining are proper Noether symmetries.
Out of the obtained metrics, those labeled 7b, 7c and 7d were Bianchi type I, metrics 7f, 7g,
7h, and 7i were static, while the remaining were nonstatic plane symmetric metrics.
Table 3. Metrics with seven Noether symmetries.
Metric No./ . . . ipe . . ips
Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
Branch No.
a3 . ]
7a A = const.,, B=B(x),C = 4(u1t+212)1+a1 Vig) = s9s + %a’ + %ax’ Iy = —sL—ti+B [ Bdxx
’ ’ ay+ag ’
1 where B # 0and a; # 0, a; # —a3 Vis) = $9x Is = 2Bx
Vig) = 259x, F = J Bdx I = sBx — [ Bdx
2a . .
7b A = const., B=C # (ayt +2u2)1_713 Vig) = —y0x + x0y, Iy = 2C%(—%y + yx)
7 V(_r,) = —zdy + X9, Is = 2C2(7x.z +7;x)
Vig) = Ox Is = 2C%x
23 . .
7c A = const., B = const., C = (a1t + 2112)1 o Vigy = s0s + 370t + 30x, Iy = —sL —tt+xx
7 where a; # 0, a1 # 2a3 Vis) = Oy Is = 2x
V(6):%BX,F:x Ig =sx—x
7d A = const., B = const., C = ayt + ap, Vi) = 505 + %Bt + 30y, Iy = —sL— %t' + xx
7 where a 75 0 V(S) = BX 15 =2x
V(6)—§ax,F:x I(,ISJ'C*X
_ 213 " Ad .
7e A = A(t), B=const., C = (ayx + 2112)1 n, Vigy = s0s + jz#at + 30x Iy = —sL— A [ Adtt
9 where ay 7é 2(13, A,t 7& 0, V5 = %at 15 = —2At

(5) :
Vi) = — 550, F = [ Adt

Is = sAf — [ Adt
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Table 3. Cont.

Metric No./ Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
Branch No.
2a . .
7t A=C# (mx+ 2112)17”713, B = const., Vig) = Yot + tdy, L= ZAZ(—W +yt)
10 where A, # 0 Vis) = 20; + 10z, Is = 2A%(—iz + 2t)
Vie) = 9 lo = —2A%
_m -
7g A = const., B = const., C = (arx +2a2)1 o, Vig) =505 + 308+ 30x, Iy = —sL —tt + xx
10 where a 75 0, ay 75 25!3 V(_r,) = Bt 15 = —2f
V(é):%sat,Pft 16:Si—t
2 i
7h A=A(x) # (a [Bdx+2a) @, B=B(x), Vi =% Iy = —2A%
18 C = const., where By # 0 Visy =sdy, F =2y Is =2sy — 2y
Vie) = $0,, F =2z Ig = 28z — 2z
i _ 23 .
7i A= A(x) # (mx +2a2)1 %, B = const., Vigy =0 Iy = —2A%
24 C = const., where A , # 0 Visy =sdy , F =2y =25y —2y
Viey = 80, F =2z Ig =28z — 2z
7. Eight Noether Symmetries
This section contains those metrics that admit four minimal Noether symmetries along
with four additional symmetries, denoted with V(y), V(5), V(¢) and V) in Table 4. In each
case, V|4 corresponds to a HVF, and V/5) is a KVF. For metrics 8e and 8h, V() and V(7 are
KVFs, while for the remaining metrics, they represent proper Noether symmetries. Metric
8e is the well-known Friedmann metric, metric 8f is a Bianchi Type I model, metrics 8h-8k
are static plane symmetric, and the remaining are nonstatic plane symmetric metrics.
Table 4. Metrics with eight Noether symmetries.
Metric No./ . . . -, . . e
Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
Branch No.
8a A = const.,, B=ayt+ay, Vig) = 505 + %at, Iy = —sL— ﬁi
1 C = (aze* +age) 2, Vis) = — a9 + 22501, I = 225 T e
. o= _ Cx C _ —1Cx _ Cx C Cx
wherea; #0;i=1,...,4 Vi) = ;3151143 - Zaasz2 9, F= :%ZM Is = 1221243 i azs F [;2%»:4
_2 2
Vi = 50 tsady F= o =% 17:*%L*%t+7+%
8b A = const,, B = B(x), Viay = 595 + 559 + fB‘“a Iy = —sL— &i+B [ Bdxx
1 C=ait—ay, Vis) = $9x Is = 2Bx
where By # 0and a; # 0, Vi) = ﬁax, F = [ Bdx Iy = sBx — [ Bdx
Vi) = S0 + S + 5%, Iy =~ L~ stt
2_42 " 2_42
p o Usi? Baxt, +B [ Bdxx — (L2221
8¢ A= A(t), B=const, Vig) = 505 + fA‘”af + 10, Iy = —sL — A [ Adti + xx
2 C:a1x+azfAdt, V(S)f 1at 15:72Af72%x
where Ay # 04y # ay Vi) = *Sag—&-;afal,F:M-i-fAdt I = sAt+ 2% — (Zx + [ Adt)
and a1, a, # 0. Vi) = % 29, +s 1A%, 4530, I = —$L—sA [ Adti
2_ 2_(( 2
[ _[ZAdt T — (x ('}2Adt) )
8d A = const., Vigy = 895 + 5oy + %0y Iy = —sL — tf + xx
7 B = const., Vis) = —%at + 0y Is = %t + 2%
C=mx+at, Vie) = a0 + 305, F = x + 2t Ig = s+ 5% — (x+ 2t)
where a1 # a; and a1, a; # 0. Viz) = %as+s%at+s%ax, I = —;L—stt
F=2F +sxx — (H)
2

= 2
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Table 4. Cont.

Ei:;l;(:"/ Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
8e A = const., Vigy = 595 + Loy, Iy = —sL— A [ Adtf
2a3 . .
7 B=C=(mt+2a) 7, Vis) = —yox + x9y I = 2B2(—yx + xy)
where a; # 2a3, a1 # 0, V(G) = —20y + X0, Is = 232(7233 + xz')
Viz) = 0x I; = 2B%x
8f A = const., B = const., Vig) = 505 + %at + 30y, Iy = —sL— %f + xx
7 C= alt —ap, V(S) = E)x 15 =2x
where a1 # 0, V<6):§X,F:x Ig =sx—x
Vig) = 395+ 39 + $x, I = —$L—stf
F=252 Fsxk — (252)
8g A= A(t), B =const, V(4) = 505 + %at + %ax I =—-sL-A fAdtf + %X
9 C= a1x +a, V(S) = %at 15 = —2Af
where Ay # 0and a; # 0, Vig)y = —2401 F = | Adt I = sAf— [ Adt
Vi) = 595 + 51225, + 530, I = —SL—sA [ Adti
2_(r 2 2_ 2
A (_]ZAdt) T — (x (_szdt) )
2a
8h A=C=(mx +2u2)1_T13/ V(4) =505 + %ax, Iy = —sL + xx
10 B = const., Visy = yor + tay Is = 2A2%(—yi + ty))
where a; # 2az and a; # 0, V(é) =20 + 193, Ig = 2A2(—Zi + tZ)
Vi) = I = —24%
8i A = const., B = const., Vig) = 505 + %Bt + %ax Iy = —sL —ti 4 %x
10 C= a1x +az, V(S) = at 15 = —2f
whereul 550, V(G) :*%ahF:f 16251?71‘
V<7) = %65 +s%at +s§8x, F= ngtz I; = 7%L — stt +sxx — ("22;9)
. 2a: . . .
8j A= ((Zl f Bdx + 2112)17“713, V(4) =505 + ffgxax + %ay + %az/ Iy =—sL+B f Bdxi tyy+zz
B = B(x), C = const., o _ 2;
18 where By # 0 Vis) = o Is = —2A%
a1 # 2a3z and ay # 0. Vie) = sdy, F =2y Ig =25y —2y
V<7) =50, F=2z I; =28z — 2z
2
8k A:(g1x+2g2)17”i13, V<4) =S s+%ax+%ay+%az/ Iy = —sL+xx+yy+zZ
24 B =const., C = const., Vis) = o Is = —2A%
where a; # 2a3 and a7 # 0. Vie) = sdy, F =2y Ig = 2sy — 2y
Viz) = $0,, F =2z I; =28z — 2z

8. Nine Noether Symmetries

Branches 1,7, 9, 10, and 24 yield different metrics that admit nine Noether symmetries,
four being the minimal ones, and five are additional symmetries. In Table 5, we present
all these metrics, their additional symmetries, and associated conservation laws. Metrics
9c and 9d were Bianchi Type 1, 9, 9g, and 9h were static plane symmetric, and metrics
9a, 9b, and 9e were nonstatic plane symmetric metrics. For metrics 9a, 9c, and 9f, V(4) is
associated with a HVF, while for all other metrics, it gives a KVE. Moreover, V(5), V(é) and
V(7) represent KVFs for all metrics except the metric 9h for which V(5) and V4 are KVFs
and V(7) is a proper Noether symmetry. Finally, for all metrics V(g gives a proper Noether
symmetry.
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Table 5. Metrics with nine Noether symmetries.

Metric No./ Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
Branch No.
9a A = const., Vigy = $0s + %Bt Iy = —sL— >
1 B =ait+ay, Vis) = Oy — 4Ydy — 4420 Is = 2B%% — 2u4C2(yy + zz)
— B 2_ 2 2y ; 2 .
C7€ﬂ3xal V(6) = %6[4*(2 7 ztz%ﬂ%%)ayfyzaz Iézfit“r(zzfyz‘i’a%ag%)czy
where a; # 0, —2yzC2z
2_y 2 2 2
ap #0,a3 #0 V(7>:*ﬁ8f+yzay+(zz 2112;%) } I7_——t+2yzC v+ —y
a3 2.
{1%112622”4" )C z
2 2 2 .
V(S):SfaS‘i’S%at,F:*tz*% Ing%L—s%t+(%+%2)
9b A =const., V(4> = %ax Iy = 2Bx
_ C s __2 1
1 B = B(x), Vi) = £+ (23 *zﬁ%)ay Is=—it+ (2 -y ﬂ%CZ)czy
C = e, —yz9, —2yzC%z
where B, # 0, Vie) = 7—& Is = %t
27 2 .
and 2, # 0. 2y + (55 + )0 +2zC + (22— P + 5 ) C2
V(7> = a[ — ulyay - ulzaz I; = —2f — 2C2a1 (yy + ZZ",)
Vigy = 259« F = J Bdx I = sBx — [ Bdx
9¢ A = const., Vig) =505 + Lo Iy = —sL —tf
7 B =ayt, Vis) = 0x Is = 2B%x
_ 1 — y 2B%y . .
C= Etr V(6) = *ﬂ%fa%ax + x9y Ig = — a%a%yx +2C2xy
where a; # 0, Viz) = —ﬂ%iu%ax + x0, I; = —2BZ23 4+ 2C2xz
and”Z?'éO‘ V(8>:%as+s§8t,lf:7§ 18:*%L75tt.+t7
9d A = const., V(4> = dy Iy = 2x
7 B = const., V(5> = Ci ot Is = iﬁf + (z —y
C=ent, Ldr)a, — yzo. + [ &dx)2C%y — 2y2C*2
where a; # 0. V<6> lxzat Ig = = ﬁ;zt +2yzC%y
+yzdy + (53 L dt)o, +(55E — [ Zdt)2C2z
V(7> = Bt — Ilzyay — ﬂzzaz I7 = — %f — ZCZ (yy + ZZ)
V(8>:%BX,F:x ISZSJ'C*X
9e A= A(t), Vi = %0 Iy = —2At
- C —a 2y ., 2?2
9 B = const,, V(5>:%ax+(z zy *f,,lczdx) dy — yz0; 15:%x+(%
C =en7, — o | &2dx)2C%y — 2y2C*2
2_
where Ay # 0 Viey = — 3x+y23y+( +fa2C2 x)0, Iy = —%x—&-ZyzCZy-f—(ﬁ
and a; # 0 +% 1 édx)ZCZZ
v7>:fc Oy + Y9y + 20, I = — 2 +2C(yy + 22)
V(g) = 7*(’%, =1t Ig =sAft —t
of A=amx+ay, Vi) = 895 + 7-0x Iy =—sL+ 2%
10 C= a1x +a, V(5> = at 15 = —2A2f
B = const., Vi) = Yot + toy I = 2A%(—yi + t)
where a; # 0. V(7) = 20 + t0; I; = 2A%(—zi + t2)
V(g):éaersgax,F:’;i Igz—%L—i-sxx—%2
9g A = const., Vigy = o Iy = —2f
2_.2 2_
10 B = const., V(5) — %iax + (Z zy _ f ﬂzlcz dx)ay _ yzaz Is Z}Ix + (Z Y
C=en?, - f 1 dx)ZCZy 2yzC2

where a; # 0,

V(é) ax + yzay (

V(7) = ax — azyay — llzzaz
V(S) = —%Bt,F =t

+f uzczdx )9z

1
2
Ig = — 2%+ 2y2C%y + (7
1
a5

+o [ Zrdx)2C%2
Iy = — 2% +2C(yy + 22)
18 =sft—t
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Table 5. Cont.

I];/ii:;l;(:"/ Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
%h A = a1e™* + aze™ ™Y, Vi = r‘:A cos(mt)d¢ + sin(mt)dy, L= *ZAA tcos(mt)t + 2sin(mt)x
24 B =const., Vis) = Ag sin(mt)ds + cos(mt)oy Is = 2445 sin(mt)f + 2cos(mt)x
C = const., V(é) =0 Ig = 72A2
wherea; #0,i =1,2,3. Vizy = $0,, F =2z I; =28z — 2z
Vig) = s0y, F =2y Ig = 2sy — 2y
where m = 2a,./aya3,
9. Eleven Noether Symmetries
There exist only two metrics, obtained from the constraints of Branches 7 and 10,
possessing 11-dimensional Noether algebra. For each of these two metrics, we obtained
seven additional symmetries (KVFs) denoted with V(y), ..., V(19 in Table 6. Metric 11a is
Bianchi type I, while metric 11b is a static plane symmetric metric.
Table 6. Metrics with 11 Noether symmetries.
Metric No./ . . . i . . Y
Branch No. Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
11a A = const., Vigy = Yot — yxox Iy = =2yt — 2B%yxx
7 B=C=c¢. H(EE e 42, — yz0, +(22 =y e 4+ 22)CPy — 2CPyz2
Visy = —20¢ + x20x+, Is = 2zf + 2B%zx3% 4 2C%zyy
2_.2 — — .
yzdy + (75— g~ )2 H(EE -y e )
Vig) = —x9; — (* ;rz P Ig=2xt— (yY» +22 —e7 %
— )3 + xydy + x20; —x2)B2% + 2C%x(yy + 22)
Vigy = =0t + x9x + ydy + 20, I; = 2t +2B%(x% + yy + z2)
Vig) = —ydx + Xy, Iy = 2B>(—yx + xy))
Vigy = —20x + X0, Iy = 2B?(—zx + x2)
Viag) = 9x Ly = 2B2%x
11b A=C=ent, Vi = [552 + i + 51— Lo+, = AW+ 2+ Gl + P Ex
10 B =const., +2zt0, +2C2 t(yy + Zz)
where a; # 0. V( = —ytds + ¢ ¥ ax+,

[ y+(12—2]a — yz0;
V( 6) —zta, Ziax+,

2_.2 2
+yzB + [% - ﬁ + %]az

V(7) —tat + CC E)x — yay — Zaz
V(g) = ]/af + tay,

V(g) = Zaf + taz,

Vo) = o

IS_CZ[Z -y +(,)2*t2]y
+ x—&-ZC2 y(t — z2)
16_2C2( t+yy) — FSx

+C?[22 -2 — (Cl) — tz]z

I; = 2C2(ti — yy — z2) -i-ZCC X
Iy = 2C2(—yi + ty)

Iy = 2C%(—zf + t2)

Ly = —2A%

10. Seventeen Noether Symmetries

During the solution of determining equations for Branches 1, 2, 16, 17, 18, 23, and 24,
we obtained many metrics with 17 Noether symmetries. The set of these 17 symmetries
contained four minimal symmetries along with 13 additional symmetries denoted with
Vig),--- V(1) in Table 7. The exact form of these metrics and the conserved quantities
associated with V(4), el V(16) are also given in the same tables. Metrics 17c and 17g awerere
Bianchi type I, metrics 17e, 17f, and 17h were static plane symmetric, and the remaining
were nonstatic plane symmetric metrics. For all the metrics of this section, V4 corresponds

toa HVE Vs),....,V(1;) are KVFs and V13,..

.,Vi6 are proper Noether symmetries.
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Table 7. Metrics with 17 Noether symmetries.

gf_::gll;i%’/ Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
2,
17a A = const., Vigy = 505 + %ah L = —sL + %t
1 B=ait+ay, Vis) = Ox — a1y0y — 1120, Is = 2B%% — 201 C?yy — 2a1Cz2
C=envl, Vig) = en59; — 4129, Is = —2e"¥ A%} — 2¢"1¥Bx
h 0 a2a2eM% a2a2eM% :
where a; 7& , V(7) — [(yZ +22)1ﬁ;327 +e—111x]af I = 72A2[(y2 +ZZ) 1 3 +e—a1x]t
2,2,01% .
andaz 0, o+ ) T+ #2102+ B e
2yape” 1Y 2zaqe” 1% qyaje” MY 5 dzage MY
71#8 71Taz’z ayx T G T 2,2,~01%
x ! . —a1 2
= ye"1¥9; — 1 Oy — aa;“ 5 dy, Iy = —2A%e"*yi — 2Be"*yx — % J
31 193
— Xy, Y ¥ 7“%87‘1” — _9A2,01X i aqx <72CZ“%97’Z1X'
Vigy = 2170, ZB Zax 2 "%Zlf 9y, Iy = 2;4 €1%zi — 2Be™ ¥ zx e
_ ase” <"1 _ 2B7y . 2 2
Vo) = %ax + (& 22,1%,72 )3y Lo = Tnyr (2 -y
2,~2a1x
—yz0, +2 o )C2y — 2C%yzz
Vian) = — a5 9 + 29y In = 7%3‘5 +2C%yzy
2_,2 —2aqx 2,—2a1x
+(5E - “2;2“2 )32 +(R2 -yt - 2
2,2 20271% sa2a2e1%
Vi = [—(252) 488 _ ey 2= [P +2) 15—
2 2
2,2 2,2,01% X o ) (2+2)522a1x
+[(%)Sn]a%; -2 231 10x +se 1A% + [%
5‘2“21(’:‘3 9, + SZ‘;‘;? 2z, —se™"%|Bx + 25”’21 Bcy
F— (y JZrz >2C111113 n Be 1% Jr252111113 Cs— (y 2422 ) 2Cayag
a Hl A’lz Ilz
Be”1*
a
v _ syajage™” ) syagaze”l” ) 712A25ya1a35a1x ;
3 ==~ Ot —oF Ly = =———t
453y, F=2Cy LW 4§ 4 25Cy — 2Cy
szagaze1¥ szagage1¥ 2A szagazelY ;
Vg = 71 30 + 71,1233 Ox Ly = N %?3 f
20, F = 2Cx + 2T 5 4 25C2 — 2C2
Vas) = Sﬁﬂzlx 3t x, B”,,?Y Iis = sA%e"~f + sBe"lx ¢ — B"TA
2 2 2,
Ve = B + oy atr -5 - ?TB Le=—-%L— SBA i+ 5 + azB
1
17b A=A, Vig) = 59, + Jz/jjf A+ 13, L =—sL—A[Adti + Bzxx
2 B = const,, Visy = — %0 — [ Adtd, +yoy + z0. Is = 2Axt —2B? [ Adtx

C=ua(x+ [ Adt),
where A; # 0
anda; #0

20,2122
Vig = (1955 1 1)a, —al,
_n¥y My

€W, € Zfaz(yzﬂz)
Vi) = 40+ (55— +1)3, — a0,
_a¥y _Ma

c Yy

Vig) = % [Adt+ )0 +y [ Adtdy
2_
+H= + Jafgt]ay *yzaz

Vi) = 5 (f Adt — 7-)d; +z [ Adtdy

-2 Adt
- 5

Vo) = §0¢ — y9x — q%au
Viar) = 508 — 20x — TBZ

2 s,,z 2.2 sa?
Vi = ~[(552 ) + oy + (£2 5L

2 sa2 2,2 sa? s
Vi = (552 508 - (542 5) - 310,

2 2
s 252

S, o P —aC(T) 4

Vi) = 8, +a1sydy + &9y, F = 2Cy

Vis) = 7%& +ay520; + £9., F = 2Cz

szdt

7a+

= O + 50,
x2- fAdl

Vi)
F—

5 2,2 .
+389, + 59, F = a1 C(LSE) + [ Adt

+2C%(yy +zz‘)
2
Is = 2A(M +1)i
—2a2B%% — 201 C(yy + z2)
20,2422
I = —2Aa3 — 282 (1)
—1)x — 2a;C(yy + z2)
Iy = 2Ay(f Adt — L)i
+2B%y [ Adtx 4+ 2[*5% -
Ad
fulcf]Czy 2C%zyz
Iy = 2Az(~ [ Adi + L)
+2B%z [ Adtx + 2C%zyy

Ad
225 - LAt
Ly = —2Ayt —2B%yx — Xy
Iy = —2Azf —2B%zx — %
I = [(M llz) +S]At
2,2
+(5= saj 2)B2% + sCay (yy + z2)
2

—(glc(%z + [ Adt)
113 = (y ;Z Sll%)At

[(y e suz) s|B%x — sCay (yy

]
+2zz) +a1C(y ;Z ) —
Ly = 2a1 Asyt + 2a1 B2sy

+2Csj — 2Cy

Iis = 2ay Aszi + 2a; B?szx
+2Csz‘ — 2Cz

Iy = —5 L—sA [ Adti + sB?xx

(2 fAdl )
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Table 7. Cont.

Metric No./

Branch No. Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
17¢ A =const., Vigy = 505 + %at + 39y + 0., I, = —sL— %i + (yy +z2)
16 B=at+a, Vs = ye"1*d; + B“ﬂlx 3y Is = —2ye" i + 4285?{9
C = const., = ye 179, + Be “x 3, Ig = 72ye*ﬂ1x' + 2387“1’( ;
where a; # 0 Vo = 2679, + Bfallxaz I = —2zem*i 4 210 ;
—a1Xx a X
Vs = ze™™*9; -t 75“1111 0 Iy = —2267“‘1”’—}— 7239111 Z
Vo = eM¥9; — f; A Iy = —2¢"1%t — 2Be™*x%
Vip = e~"1%0; + 7eﬂlx3x L = —2e7"1%f +2Be~"%%
VH = a 111 = ZBZX
V(lz) = Say, F= Zy Ip = 25]] — 2]/
Vius) = Saz/ F = 2}/ L3 = 2sz — 2z
Ve = <ﬂ1 Ox, F = 33:11«* Iy = se™¥i + sBe1%x — %ﬁx
Vis) = — 2 3t al) oy, F= ﬂflx Lis = se”1*(f — Bx) — %
2 . s 2 oB; .
V(16)=5735+%8t+7’”6y+%az, 116:—%L—ﬁ2t+syy
I _ mB 2.5 —2 42452 _ ®mB
F=— P +sc?zz — [—5— p ]
17d A=A(t), Vig) = 59, + Lo, 4 L5 4 45, + za., Iy = —sL— A [ Adti + B [ Bdxx
+yy +zz
17 B = B(x), Vis) = %3 + [ Adta,, Is = —2Ayi +2 [ Adty
C = const., Vg = %0; + [ Adto,, Ig = —2Azt +2 [ Adtz
6 — 7
where A; # 0 Vi) = 18825, 4 Ladty I; = —2A [ Bdxi + 2B [ Adtx
and B #0 Vig) = —§0x + [ Bdxd,, Iy = —2Byx +2 [ Bdxy
Vigy = —50x + [ Bdx0,, Iy = —2Bzx 42 [ Bdxz
Vi) = %0 Lo = —2A#
Vi = 100 Iy = 2Bx
Viaz) =89y, F =2y L =25y —2y
Viuz) =9, F =2y I3 = 252 — 2z
V(14) = ﬁ x, I = f Bdx 114 = sBx — f Bdx
V(15) = —ﬁa[, P= j Adt 115 = SAt - j Adt
Vig) = S0, + LA%, 4 slbiny 9y, e = —5L—sA [ Adti+sB [ Bdxt
+%9z, +s(yy +z22)
P — (A2 ([ ABdn? 1y? 422 ) Adt)2+(fAde)2+y2+z2]
2 2
I i _ .
17e A =a [ Bdx, Vig) = 59, :rlffg*ax ﬂ%ay + 29, Iy = —sL + B [ Bdxx
18 B = B(x), Vis) = %af _ wngl e + Ae11d,, Is = —2a1yAe'i — 2a1yBe'x
+2AeM'y
C = const., V(é) — _Wl;lat _ ‘/“1” N a + Ae— alfaw Is = ZalyAe’“ltf — ZglyBe’”l“x
where a; # 0 +2Ae" "ty
and By #0 Vi) = Z"lzﬂlt 9 — Zﬂllf:l' 9, + Aet1td,, I; = —2a;zAe"'t — 2a1zBe"'x
+2AeM!z
Vi) = 7&;71}3[ S L M a + Ae1td,, Iy = 2a1zAe~"1'f — 2a;zBe~"'%
+2Ae™M1z
at a1t o2t ‘.
Vioy = — TEax 0t + 15— a:, I = "5 tt'*' 201 Be’x
—aqt —ay 2,—apt . - .
Vito) = jB;x % — L5—a,, ho= ZAf%dxl f—2a;Be 1'%
Vi) = o Iy = —2A%
+yy +zz
V(lz) = sa,‘/’ F= Zy I = 25]] — Zy
Viiz) =89, F =2y L3 = 2sz — 2z
V(14) _ cnlel a[+sa el 3., F = Aetit 114:ulsAe“1’i+ulsBe“1’fc
_Aealt
Vis) = Pz o a, + M - a;,F Ae~nt Iis = —aysAe™"1'i 4 a;sBe 1'%
7A37ﬂ1t
Vig) = S0, + ’fB”‘a + ¥, + 23, g = — S L+sB [ Bdxi+syy

F— f de Z+y +22

2,22
tszE— [(_{ Bdx) Z+y +2z ]
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Table 7. Cont.

gi;gz;ll;i%/ Metric Coefficients Additional Symmetries and Gauge Function Conserved Quantities
17¢ A =const,, Vig) = 59, + Loy + L5, 4 45, + za., Iy = —sL—ti+B [ Bdxi
+yy +zz
18 B = B(X), V(S) = yat + tay, Is = —Zyt + Zty
C = const., Vi) = 201 + 10z, Iy = —2zf + 2tz
where B, # 0 Vi7) j Bdxo; + toy, I; = —2A2 f Bdxt + 2Btx
Visy = — L3, + [ Bdxd,, Is = —2Byx +2 [ Bdxj
Vi) = =59« + [ Bdxd,, Iy = —2Bz% +2 [ Bdxz
Vi1o) = 0 Ly = —2A%
Var) = $0x Ly =2B%
Viag) =9y, F =2y Iy = 2sy — 2y
Viiz) =80, F =2y L3 = 2sz — 2z
Vg = 5505, F = [ Bdx hy = sBi — [ Bdx
Vis) = =501, F =t Lis =st—t
Vi) %as-&-%at-&- ’B””a + %3, 116=—%L—stt'+stdex
+50z, +s(yy + 22)
i —t2+(fAde)2+y2+22 —£24([ ABdx)?+y? 422
s S e s md
17g A=A(), Vig) = 595 + 1229, + 23, + 19, + Z0., Iy = —sL— A [ Adti +xx +yy + 22
23 B =const. Visy = %0t + [ Adtd,, Is = —2Ayt +2 [ Adty
C =const., Vie) = 7at + [ Adto., Iy = —2Azf+2 [ Adtz
where Ay # 0 Vi) = %0: + [ Adtdy, I; = —2Axi +2 [ Adtx
Vig) = —y0x + x9y, Is = —2yx + 2xy
Vig) = —zB0y + x0, lg = —2z% + 2xzZ
Vo) = %9 Iy = —2A¢#
Viar) = 0x I =2x
Vig) =59y, F =2y Iy = 25y — 2y
Viag) =50, F =2y L3 =28z —2z
Vigy = 39, F=x Ly =si—x
V(15) = ;ﬁat, F jd ] Adt 115 = SAfzf / Adt
Vig = 29 + ’ZA‘at+“a + ¥, he = —5L—sA [ Adiifsi
+%az, F= - Adt) ;x +1/ +22 +SC2(yy+Z7;) _ [—(j Adt) ;x +y~+z ]
17h A=mx+a, V4):sas+ﬁax+¥a + 20, 14:75L7%3€+yy+zz'
# B = const, = yen'd, + €109, Is = —2yA%emsi 4 210y
1
C = const., = ye 1YY + a1 9y Is = —2yA2e % %y
where a; # 0 V( 7) = 2eMY; + Lﬂ”aZ I = —2zA%M} + 23"1” z
1
Vig) = ze 159 + £ 113, Iy = —2zA2% 1% 4 210
V(g) =M%, — ealxaj Iy = —2A2em¥f — 22"1)(,1
Viro) = e7"%0; + 170, Iip = —2A%e ™%} 4 2%
V(ll) =0y Iy =2x
Vig) =59y, F =2y Iy = 25y — 2y
Viuz) =59, F =2y I3 = 252 — 2z
Vg = — Mat Ml;ﬂlt Oy, F = Ae"it 13 = Ase'f + se'x — Ae!
V(ls) _ suly '7 8[ ﬂ]t T = —ayt Lis = 7se’ﬂlt(At- _ x) — AeM1*
Vo) :785+2*[‘—18X+%8y+%32, 116—77L77x+syy
F= xz+}/22+zz +m +5227[‘ +y2+z +Q]

1 !

11. Physical Implications

Solving the Noether symmetry equations for plane symmetric spacetime, we obtained
a number of Lorentzian metrics possessing different dimensional Noether algebras. A
Lorentzian metric represents an exact solution of the EFEs if it satisfies the field equations,
and its corresponding energy-momentum tensor is associated with some known matter.
For each of these metrics, one can easily find Ricci tensor R,j, Ricci scalar R = g”hR,Zb,
and Finstein tensor G, = R, — %Rgab, which then can be used in EFEs to find the
corresponding T, If the resulting T,; is associated with some known matter, metric g,
may be regarded as an exact solution of the field equations. Moreover, to see which of the
obtained metrics are physically realistic, we found their energy-momentum tensor and
used it to check different energy conditions. The nonzero components of T,; for Metric (4)
are as follows:
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T = — B31C2 {2BA2CC,M — B3(C)* —2B*CB;C; + A?B(Cy)* — ZAZB,XCC,X} ,
Ty = ——|2ABCs — AxBCy — AB,C
01 — ABC tx X At Al x|,
1
Tn = -5 [2AB2ccﬁ + AB%(C4)? —2A,B>CC; — A3(C,)? — 2A2A,xCC,x},
C
Ty = Ti= 5z [A3Bc,xx — AB3Cty — AB?>CB + A?A x«BC + A B>Cy

—~AB*ByC; + AB?B;C+ A?AxBCyx — A3B,Cx — AZA,XB,XC} .

For different known sources of matter, T,, obtains a particular form. For example,
if p = is energy density, u, = is four-velocity, n, = is a spacelike unit vector, such that
upu? = —1, nyn® = 1 and upn® = 0,, and the pressures parallel and perpendicular to 1,
are denoted by p| and p, then T, represents an anisotropic fluid if T, = (p + p1 )uauy +
(p| — pL)nany + p18ap [32]. Similarly, T,y for a perfect fluid with density p, pressure p,
and four-velocity u, is of the form T,;, = (p + p)uauy + pgap- For Metric (4), if the source
of the matter is assumed to be anisotropic fluid, then T, is obtained as Toy = pAz, Ty =
pHBz, Tyy = Ts3 = pLCz, To1 = 0, which gives a perfect fluid if p|=rL=rp Thus, out
of the obtained metrics of our classification, all those metrics for which the off-diagonal
component of T,; vanishes represent anisotropic or perfect fluids. For such metrics, one
can easily find p, pj and p, as:

p= % P = %f pL= % (22)

Out of the metrics of Section 4, the off-diagonal component of T,; did not vanish for
metrics 5b-5f and 51-5p, showing that these models were not anisotropic or perfect fluids.
However, for metrics 5b-5f, we have Ty > 0, giving physically realistic metrics. Metrics 51
and 5n are physically realistic if condition 2a3 > 3 holds. Similarly, for metrics 5m and 5p,
we must have 2CC yx + (Cx)? > 0 and 2CC vy + (Cx)? < 0, respectively. Metric 50 is an
unrealistic metric with Ty < 0. Besides this, metric 8a in Section 7, metric 9a in Section 8,
and metric 17a in Section 10 were also not anisotropic or perfect fluids. For metrics 8a and
9a, the positive energy condition held if a3a4 > 0 and a7 > a3 respectively. Lastly, for model
17a, we have Tyg = 0, which gives a physically meaningful metric.

For all other metrics obtained during our classification, we have Ty; = 0, giving
anisotropic or perfect fluids. For these metrics, one can find p, p| and p, by using
Equation (22) and then using these quantities in the expressions for some well-known
energy conditions, including weak (WEC, p > 0,p + p 2 0,0+ p1 > 0), null (NEC,
p+p =20, p+pL =0,)strong (SEC,p+p; =2 0,0+p, = 0,p+p;+2p, > 0)and
dominant energy conditions (DEC, p > 0,0 > |p|[,p = [pL)).

Metrics 7d, 8b, 8f, 8g, and 17b-17h identically satisfied all these energy conditions. In
particular, T,;, = O for metrics 17b—17h, giving vacuum solutions. Moreover, there were
some metrics for which none of the energy conditions was satisfied. Such metrics are
represented by 8i, 9b, 9d, 9e and 9g in Sections 8 and 9. However, the energy density was
positive for metrics 9b and 9d. The remaining three were unrealistic metrics with negative
energy density.

The energy conditions for the remaining metrics were conditionally satisfied, and
restricted the metric coefficients and the parameters involved therein to satisfy certain
constraints. In Table 8, we list such constraints for some of the metrics where the coefficients
are explicitly known, and the expressions for energy conditions are simple. One may
similarly find bounds for energy conditions for the remaining metrics
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Table 8. Energy conditions.

Metric No.  Physical Terms Energy Conditions
6j, 61, 6m p=p =0p =—"4 (1) NEC, WEC, SEC: satisfied if 24 < 0
(2) DEC: satisfied if By = 0
6k p=p =0p =24 (1) NEC, WEC, SEC: satisfied if % < 0
(2) DEC: failed
6n-6q, 7i p=p =0p =2 (1) NEC, WEC, SEC: satisfied if 5= > 0
(2) DEC: satisfied if A xx =0
8¢, 8d - ﬂ%c;ﬁ’ p| = "%C;Z“%, pL=0 All energy conditions are satisfied if a3 > a3
8k p=p =0p. = *(Z;(fi;;(g;) (1) NEC, WEC, SEC: satisfied if a3 (a1 — 2a3) < 0
(2) DEC: satisfied if a3 = 0
of o= ,j‘ip p| = %% pL = Ziz (1) NEC, SEC: satisfied
(2) WEC, DEC: failed
9h p=p =0 (1) NEC, WEC, SEC: satisfied
pL= a% (2) DEC: failed
11a p=3p =pL=-3 (1) NEC, WEC, DEC: satisfied
(2) SEC: failed
11b o = —3a3, py=prL= 3a? (1) NEC, SEC: satisfied

(2) WEC, DEC: failed

12. Conclusions

Considering the most general nonstatic plane symmetric metric, we investigated its
Noether symmetries by the Rif tree approach; thereby, we found several metrics with
different Noether algebras of dimensions 4, 5, 6, 7, 8, 9, 11, and 17. The expressions for
the conserved quantities associated with all the obtained Noether symmetries are found
by using Noether’s theorem. The current classification also provides a complete list of
nonstatic plane symmetric metrics, and their Killing and homothetic symmetries. Moreover,
as static plane symmetric, locally rotationally symmetric Bianchi type I, and Friedmann
metrics are special forms of the nonstatic plane symmetric metric, the present study also
covered the classification of these spacetime metrics via their Killing, homothetic, and
Noether symmetries.
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