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Abstract

This thesis investigates the arithmetic structures underlying those (supersymmetric) two-
dimensional conformal field theories that are exactly solvable by algebraic methods — so-
called rational conformal field theories. A particular emphasis is placed on their connection
to Hodge theory and number theory. Building on the established correspondence between
N = (2,2) supersymmetric toroidal rational conformal field theories and Hodge structures
of complex multiplication (CM) type, the thesis extends this correspondence to a broader
class of exactly solvable and strongly interacting N' = (2, 2) rational superconformal field
theories, exemplified by so-called Gepner models.

It is shown in detail how the presence of a Galois symmetry in A = (2,2) rational super-
conformal field theories equips the associated Hodge structures, under certain assumptions,
with sufficient symmetry — precisely in the sense required for them to be of CM-type. As
many N = (2, 2) rational superconformal field theories describe infrared fixed points of su-
persymmetric non-linear sigma models, which play a central role in worldsheet descriptions
of superstring theory, these results provide a controlled setting to study the emergence of
arithmetic structures in strongly coupled regimes in superstring theory moduli spaces.

A substantial portion of the thesis is devoted to a systematic analysis of arithmetic struc-
tures in N' = (2,2) toroidal rational conformal field theories. In particular, this thesis
derives an explicit expansion of their partition functions in terms of ray class theta func-
tions, revealing a novel number-theoretic interpretation of rational toroidal partition func-
tions, and elucidating their relation to class field theory. This construction suggests a deep
interplay between modular invariance in conformal field theory and class field theory in
algebraic number theory.

The structure of the thesis reflects these two results. After a detailed review of founda-
tional aspects of two-dimensional conformal field theories — including the role of extended
chiral symmetry algebras as defining properties of exactly solvable rational conformal field
theories, as well as discussions of boundary conditions and Galois theory — a particular
emphasis is placed on N' = (2,2) supersymmetric conformal field theories and their re-
lation to Hodge structures. Subsequently, the thesis focuses on arithmetic structures in
N = (2,2) toroidal non-linear sigma models, analysing rational points in their moduli
spaces and deriving their partition functions explicitly as products of generalised theta
functions, which are then related to ray class theta functions. Later chapters explore the
fundamental number-theoretic concept of complex multiplication in the context of elliptic
curves and higher-dimensional abelian varieties, showing how N = (2,2) toroidal rational
conformal field theories naturally endow the associated Hodge structures with the CM-
type property. Finally, the correspondence between N' = (2, 2) toroidal rational conformal
field theories and CM-type Hodge structures is extended to more general N' = (2, 2) ratio-
nal superconformal field theories, exemplified by Gepner models and N' = (2,2) minimal
models, establishing that both geometric and non-geometric models can realise arithmetic
structures of CM-type.
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Chapter 1

Introduction

Exact solutions in quantum field theory are remarkably rare. Most physically relevant field
theories are strongly coupled and lack general analytic control. Strikingly, two-dimensional
conformal field theories stand out as a class of models where exact results can often be
achieved. These are quantum field theories that are invariant under conformal trans-
formations — that is, local scale transformations and angle-preserving deformations of
the spacetime manifold. While in higher dimensions the conformal symmetry algebra
is finite-dimensional, in two dimensions it enhances to an infinite-dimensional symmetry
algebra, known as the Virasoro algebra. This rich symmetry structure renders many two-
dimensional conformal field theories exactly solvable in a precise sense: one can explicitly
determine the full spectrum of the theory, i.e., its Hilbert space, as well as all correlation
functions, without relying on a conventional Lagrangian or path integral formulation.®

At first glance, two-dimensional conformal field theories might appear as mathematical cu-
riosities or toy models, constrained by low-dimensional kinematics. However, over the past
few decades, they have emerged as a central pillar in modern theoretical and mathematical
physics. Their relevance spans a wide range of disciplines: from the description of critical
phenomena in two-dimensional statistical and condensed matter systems, to their founda-
tional role in perturbative string theory — governing the worldsheet dynamics of strings
— and further to their surprising connections with four-dimensional supersymmetric gauge
theories via the so-called AGT duality and their generalisations. Moreover, as we will ex-
plore in detail, two-dimensional conformal field theories have deep links to number theory
and arithmetic geometry, especially in so-called rational conformal field theories. This re-
markable interplay between physics and pure mathematics continues to inspire profound
developments on both sides.

In the following introduction, we will summarise some of the key physical contexts where

'Here, “exactly solvable” refers to the complete determination of the Hilbert space and correlation
functions using algebraic and representation-theoretic methods. The necessary data to achieve this will be
described in detail in chapter 2.
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two-dimensional conformal field theories arise naturally, including their role in statisti-
cal mechanics, in the worldsheet formulation of string theory, and in dualities with four-
dimensional gauge theories. This will set the stage for the main focus of this thesis: the
detailed investigation of arithmetic and number-theoretic structures that emerge from the
rich algebraic data underlying exactly solvable rational conformal field theories.
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1.1 From Ising-Model to Conformal Field Theory

To illustrate the relevance of two-dimensional conformal field theory in describing statistical
mechanical models near second-order phase transitions, we briefly review the planar Ising
model and qualitatively highlight its connection to Euclidean quantum field theory and
conformal field theory. Throughout, we follow the notation of the standard textbooks [3, 4].

The Ising model consists of a configuration of spins o € {i%} arranged on a two-dimensional
N x N lattice with lattice spacing a, where each spin interacts only with its nearest neigh-
bors. For simplicity, we assume that the coupling between all neighboring spins is uniform,
ie., J;; = J for all pairs {7,j}. The Hamiltonian of the system in an external magnetic

field h is given by
H:—ZJijO'in—hZO'i. (111)
ij i

A central object in the statistical mechanics description of any classical system is the
partition function,
Z =Y e, (1.1.2)
i
where = % denotes the inverse temperature. The partition function acts as a normali-

sation factor in the Boltzmann distribution, which gives the probability that a particular
microstate (e.g., a spin configuration) occurs,

1
o —BE; : o
P = 7€ with g P =1. (1.1.3)
Thermodynamic quantities such as the internal energy U = —%—gg and the free energy

F = —TInZ follow directly from the partition function. From these, one can derive
observable quantities such as the magnetisation,

1 OF
M=——— =0, 1.14
S5 = () (1.1.4)
and the magnetic susceptibility, which measures the response of the system to an external

magnetic field,

oM
= — . 1.1.5
X7 0h lnzo ( )
The magnetic susceptibility is directly related to the pair correlation function,
D~ 1) = (o)) — (00 (0)) = o~ nZ
t—7) =(005) —(0;) (0;) = ——=—=In
J 7 I B an(i) oh(y) T Ihmo 116

XZBZF(Z'—J'),
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which already hints at a close relation to quantum field theory, where correlation functions
are the fundamental observables.

Many statistical systems exhibit phase transitions, where macroscopic quantities change
dramatically as a control parameter (such as the temperature) crosses a critical value. A
phase transition is called first-order if the macroscopic quantity itself changes discontinu-
ously, and second-order if its derivative exhibits a discontinuity or divergence. A standard
example of a first-order phase transition is the condensation of water vapor to liquid wa-
ter. The two-dimensional Ising model, however, features a second-order phase transition
characterised by a diverging magnetic susceptibility at the critical temperature.

Within the framework of block spin renormalisation group theory [5], one can derive the

scaling behavior of physical quantities close to the critical point ¢ = T;T =0,
Heat capacity: C ~ |t
Magnetisation: M ~ |t
Magnetic susceptibility: x ~ [t|7Y
Equation of state: M ~ R/,

where the notation ~ indicates the dominant singular behavior as ¢ — 0, with h = 0
assumed for the first three relations. The exponents «, 3,7, are known as critical expo-
nents and are universal quantities that depend only on broad features such as the spatial
dimension and symmetries of the system, but not on microscopic details.

The pair correlation function near criticality also exhibits universal scaling,

li—j]

P =g) = li=g""e <

(1.1.7)

with the correlation length
¢~ |t (1.1.8)

The critical exponents characterise the universal behavior of the physical system near the
phase transition. Within the framework of block spin renormalisation group theory [5], one
can derive relations between the critical exponents. In fact, all exponents can be expressed
in terms of two independent ones, commonly chosen to be  and v. These are directly
linked to the scaling behavior of the spin-spin correlation function and the correlation
function of the local energy density E(r) = s(ry)s(r)),

L@ =) ~li= 417"

(E(F)E(7)) ~ |y — 7| 742/ (1.1.9)

To fully determine the behavior of the system at the critical point, we are left to com-
pute these correlation functions. Deriving them from first principles requires lifting the
discrete lattice model to a continuum quantum field theory. Although the details are
technical and beyond the scope of this qualitative introduction, the key idea is that the
two-dimensional classical Ising model can be mapped to a one-dimensional quantum spin
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chain [6, 7]. Through the Jordan-Wigner and Bogoliubov transformations [8, 9], this spin
chain can be rewritten in terms of free fermionic creation and annihilation operators. Tak-
ing the continuum limit @ — 0 then yields a free fermion quantum field theory that exactly
describes the Ising model’s universal behavior near the critical point.

At the critical point, the diverging correlation length ¢ indicates the absence of any intrinsic
length scale. Physically, this means that the system becomes scale invariant. In the Ising
model, this can be seen qualitatively via block spin renormalisation: at the critical point,
successive coarse-graining transformations leave the long-distance physics invariant. In
two dimensions, scale invariance in quantum field theories is automatically enhanced to
conformal invariance under mild physical assumptions [10, 11]. Hence, the continuum
limit of the Ising model at criticality is exactly described by a two-dimensional conformal
field theory of free fermions. The scaling relations (1.1.9) thus follow directly from the
symmetries and operator content of the underlying conformal field theory. In the two-
dimensional Ising model, the operator content consists of the identity operator, the energy
operator €(z,z), which has conformal weight % and arises as the composite of the two
free fermionic fields ¥ and W, and the spin operator o(z, 2), which has conformal weight

L From these conformal weights, one directly obtains the critical exponents n = i and

16"
v = 1. The methods for computing these exact correlation functions, as well as the general
structure underlying two-dimensional conformal field theories, will be discussed in detail

in chapter 2.
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1.2 Two-Dimensional Conformal Field Theories in String
Theory

The main results presented in this thesis arise from the investigation of arithmetic struc-
tures of two-dimensional (super)conformal field theories, particularly those that emerge in
the formulation of (super)string theory. In perturbative string theory, the fundamental
dynamical object is not a point particle, as in conventional quantum field theory, but a
one-dimensional extended object — a string. As the string propagates through a so-called
target space M, it sweeps out a two-dimensional surface ¥ known as the worldsheet, in
analogy to the worldline traced out by a point particle. The dynamics of this worldsheet
is governed by a two-dimensional quantum field theory, which, under appropriate gauge
choices, becomes a two-dimensional conformal field theory. In the following review, we
adopt the notation of the standard textbooks [12-15], which we also refer to for a compre-
hensive introduction to (super)string theory.

Worldsheet Conformal Field Theory
The classical action for the bosonic string is described by the Polyakov action [16-18],

Sp = [ P/ TTAREOX O (€ (1:2.1)
b

where (£1,£2) are local coordinates on the two-dimensional worldsheet 3, and we assume for
simplicity a flat, D-dimensional target space M with local coordinates X*. The parameter
T = ﬁ denotes the string tension, which is related to the string length ¢; = 27V, and
hap is the worldsheet metric. This action describes D two-dimensional scalar fields X* ()
coupled to a dynamical worldsheet metric h,p; in other words, it is a scalar field theory
coupled to two-dimensional gravity. A key feature is that the Polyakov action is invariant
under both local diffeomorphisms and local Weyl transformations on the worldsheet. In

particular, invariance under Weyl transformations,
Bap = hap + 20(E) Ry, + O(A) Ay, (1.2.2)

is special to two dimensions and plays a pivotal role in the consistent quantisation of
the theory [18]. Weyl invariance implies that the worldsheet energy-momentum tensor
is traceless, T = 0, which already signals the presence of classical conformal symmetry.
By exploiting both local diffeomorphism and Weyl invariance, one can locally choose the
so-called conformal gauge, in which the metric takes the flat form hy, = 74. In this gauge,
the Polyakov action reduces to a theory of free scalar fields

Sp = %/Edrda ((0-X)* = (0,X)?) . (1.2.3)

Even after fixing the gauge h,, = naw, a large residual symmetry remains: these are the
conformal Killing transformations of the worldsheet. A convenient choice of coordinates
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is the lightcone coordinates
(r=1+0, & =1-0. (1.2.4)

In these coordinates, the conformal Killing vector equations decouple: the transformations
are generated by arbitrary holomorphic functions e (£1) and e (£7),

=€), & —el(g). (1.2.5)

These residual coordinate transformations can be compensated for by local Weyl trans-
formations. The infinitely many conserved charges associated with the conformal Killing
vectors take the form,

Lot = /T++(§+)e+(§+)da, (1.2.6)

where Ty, is the holomorphic component of the energy-momentum tensor. By choosing

an appropriate Fourier basis for €%, one defines the Virasoro generators,
l ! 2m

——— | doT__exp(—im—o

l l . 2m
L, = _m/o doT, . exp(lmTU) .

Lm

(1.2.7)

These generate the residual conformal transformations via the Poisson bracket,
[ 2 — [ 2
(L, X"} = —Q—eXp(imTﬁgf)a_X“, (T, XM} = —2—exp(imT7T§+)3+X“. (1.2.8)
™ T

A straightforward calculation shows that the classical Virasoro generators close into the

Witt algebra,

{Lm, L} = —i(m —n) L4y
{zm’zn} = _i<m - n>zm+n . <1‘2'9)

From the explicit form of the energy momentum tensor 7 _ = —%nwﬁ_X kO_X" and by
using the oscillator expansion of the closed string,

2 / . _
o_XH = Tﬂ‘/% 3 attein/ine” (1.2.10)

nez
we get
1
L, = §Zam,n~an. (1.2.11)

Upon quantisation, the Fourier modes af become operators, and commutators replace
Poisson brackets. The ordering ambiguity for operators is resolved by introducing normal
ordering,

arat n<m.

n-—-m?

1 ba¥ om <
Ln=5> ¢ Gmn-an s with :alal = {O‘man’ = (1.2.12)
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The quantum Virasoro generators then satisfy the Virasoro algebra,

c
L, L] = (m —n)Lppsn + 6 —n—(m> —m

o L) = 00 = 1)+ gy = ) o
[Lm,Ln]:O, IbmeZ,

with central charge ¢ = 7, = D, the number of target space dimensions. The appearance of
a nonzero central charge reflects a quantum anomaly of the classical Weyl symmetry. Since
Weyl invariance acts as a gauge redundancy, consistency as a quantum theory demands
the cancellation of this anomaly?.

In the modern covariant quantisation scheme [19-22], one evaluates the string path integral
by dividing out the overcounting from gauge-equivalent configurations of h,,. Writing the
path integral measure Dh in terms of a reference metric h and gauge parameters ( leads to
a factor corresponding to the volume of the diffeomorphism and Weyl gauge group. The
associated Faddeev—Popov determinant is computed by introducing anti-commuting ghost
fields b, ¢, yielding the total path integral,

7 ~ / DX DbDe ! 5m+50) (1.2.14)

The total Virasoro generator combines matter and ghost contributions,

Lot = Lim 4+ 1 (1.2.15)
with total central charge 't = (™ + ¢9 = (™ — 26. The condition for a consistent
quantum theory is that the total Weyl anomaly, which is proportional to ¢**, vanishes. In
a flat target space M = RMP~1 this implies the critical dimension D = 26 for the bosonic
string. To incorporate fermionic degrees of freedom into the theory, an analogous analysis
shows that one obtains an N' = 1 superconformal symmetry on the worldsheet, which
replaces the purely bosonic conformal symmetry of the bosonic string. The requirement
that this superconformal symmetry remains anomaly-free imposes the condition ¢ = 15
for the matter—sector. For a flat target space M, this in turn implies the critical spacetime
dimension D = 10. While it is often stated that string theory requires for consistency a
specific number of spacetime dimensions (26 for bosonic string string theory and 10 for
superstring theory), more precisely, it is the total central charge c™ of the matter-sector
of the worldsheet (super)conformal field theory that must take a critical value, which is
™) = 26 for superstring theory and ¢™ = 15 for superstring theory. Only when the string
propagates in flat spacetime RP~1 this condition translates to the usual critical spacetime
dimensions. But this is in no means the most general situation. Typically, one considers a
compactification, i.e., target spaces of the form M = R x C with C, in superstring theory,
being a 6-dimensional internal manifold. The ”internal” conformal field theory on C for
generic manifolds cannot be solved exactly because it is not described by a free Lagrangian.

2Gauge anomalies signal the breakdown of a gauge symmetry upon quantisation. Non-vanishing Gauge
anomalies typically render a quantum field theory non-unitary or ill-defined.
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However, as we will see in later chapters, if C is a so-called Calabi—Yau threefold, which is a
compact complex three-dimensional manifold with vanishing first Chern class, the internal
conformal field theory can sometimes be solved explicitly. Important examples falling into
this category are so-called Gepner models, which we will discuss in detail in section 4.4.

From an abstract point of view, it is the two-dimensional conformal field theory defined
on the worldsheet that constitutes the fundamental object in perturbative string theory.
Spacetime itself, as well as the spectrum of particle excitations and interactions, are emer-
gent phenomena encoded in the structure of the underlying two-dimensional conformal
field theory.® The different vibrational modes of the string correspond to various fields in
spacetime — such as the graviton, Kalb-Ramond field, dilaton, and gauge bosons — each
of which arises from specific vertex operators in the two-dimensional conformal field theory
with well-defined conformal weights and operator product expansions (OPEs).

Closed string states correspond to conformal field theories defined on compact two-dimensional
surfaces without boundary (e.g., spheres, tori, and higher genus surfaces), and their vertex
operators must be mutually local and BRST invariant. These states mediate gravita-
tional interactions, and the graviton itself arises from the massless spin-2 excitation in the
closed string spectrum. On the other hand, gauge degrees of freedom are described by
open strings, whose endpoints are constrained to lie on dynamical objects known as D-
branes. The worldsheet theory in this case is a conformal field theory defined on surfaces
with boundaries, and its formulation requires a careful treatment of boundary conditions
consistent with conformal invariance. The framework of boundary conformal field the-
ory provides the tools to analyze such setups by studying the spectrum and dynamics of
boundary states and open string vertex operators.

Double Expansion in Perturbative String Theory

A distinctive feature of perturbative string theory is its double expansion, which reflects
the presence of two fundamental expansion parameters: the worldsheet expansion in o/,
controlling the non-linear sigma model (NLSM) interactions on the string worldsheet, and
the spacetime loop expansion in the string coupling g, which arises dynamically as the
vacuum expectation value of the dilaton field. This structure distinguishes string theory
from conventional quantum field theory and encodes both the local geometry of the target
space and the sum over worldsheet topologies.

In a curved target space, the Polyakov action (1.2.1) generalises to the non-linear sigma

model,
1

4l

S

/ B2 VR h®G (X )0, X 0 XY + ... (1.2.16)

3This perspective is complemented in non-perturbative string theory by the inclusion of objects such as
D-branes, NS5-branes, and more exotic configurations. These are not described purely by two-dimensional
worldsheet conformal field theories, as they do not couple directly to the string worldsheet, but their
low-energy effective dynamics can often be captured by studying worldsheets with boundaries and the
corresponding so-called boundary conformal field theories.
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where G, (X) is the target space metric and the dots indicate additional background fields,
such as the Kalb-Ramond B-field, and the dilaton.

Expanding around a classical background solution X} with small fluctuations Y*,
XH(E) = X +Va YH(E), (1.2.17)

one finds that the expansion parameter controlling interactions on the worldsheet is of order
Vo' /R, where R denotes the typical curvature radius of the target space. If va//R < 1,
the non-linear sigma model is weakly coupled and a perturbative approach is justified. For
curvature radii of the order of the string length, the non-linear sigma model is strongly
coupled, and perturbation theory breaks down. In the latter case, one needs to solve the
worldsheet conformal field theory exactly.

Unlike point particle field theory, where interactions arise from local vertices, string in-
teractions are governed by the topology of the worldsheet. The worldsheet path integral
includes a sum over all possible genera and boundaries. The string coupling g, arises
dynamically as

gs = e, (1.2.18)

where ® denotes the vacuum expectation value of the dilaton field. In the path integral,
the sum over all possible worldsheet topologies gives a perturbative expansion in powers
of gs. Specifically, for closed strings, the Euler characteristic x of a compact, orientable
worldsheet is

X=2—2g—0b, (1.2.19)

with genus g and number of boundaries b. Using the Riemann-Roch-theorem, one can
express this topological invariant as

X = L d*¢ vVh R® + i/ dsk, (1.2.20)
AT Js 21 Jos

where R® is the Ricci scalar curvature of the worldsheet metric hgp, ds denotes the line

element along the boundary, and k is the geodesic curvature of the boundary. The Euler

characteristic appears naturally in the string path integral because one can add to the

Polyakov action the topological term

Sx=XAx, MeR. (1.2.21)

This term does not affect the local dynamics on the worldsheet since the Euler characteristic
depends only on the global topology of Y. Instead, it acts as a bookkeeping device that
weights each worldsheet by its topological class in the full path integral. Concretely, its
contribution exponentiates to a factor e*X, which organises the expansion over genera and
boundaries. In the context of string theory, this topological coupling is provided by the
dilaton field ®(X). The contribution of the dilaton to the Polyakov action reads

IR )
Sp = 47T/2d§\/ER (X). (1.2.22)



1.2 Two-Dimensional Conformal Field Theories in String Theory 11

When the dilaton takes a constant background value ®(X) = @, this reduces to
Se = g x . (1.2.23)

Comparing with the general topological term S shows that the dilaton expectation value
plays the role of the coupling A. Therefore, the string coupling is identified as

gs =e®. (1.2.24)

This demonstrates that, in string theory, the spacetime coupling constant is not a fixed
external parameter but a dynamical modulus determined by the vacuum expectation value
of the dilaton. Fluctuations around this background give rise to a scalar degree of freedom
in the target space, reinforcing the fact that the string coupling is part of the dynamical
content of the theory. Before gauge fixing, the scattering amplitude that describes the
scattering of n string states reads schematically

1 n
(kL k) = DX Dh e X (K 1.2.2
S]l]n( 17 Y ) Comzpact Vol(Dlﬂ:‘ X Weyl)/ € HVZ( )7 ( 5)

topologies

where we integrate over the insertion of the vertex operator V;. (k;, &;) to ensure worldsheet
diffeomorphism invariance of the amplitude,

Vilk) ~ [ EVREV (. 6). (1.2.26)

3

The contribution of each topology to the scattering amplitude is weighted by
g X = g2t (1.2.27)

Thus, in the closed string, each additional handle (x — x —2) corresponds to a higher-loop
correction, weighted by extra powers of g;.

Combining both expansions, perturbative string theory is schematically organised by

String Amplitude ~ Z g2 (Worldsheet CFT correlator expansion in o ) , (1.2.28)

S
g,b

For this to define a perturbative series in the large volume regime vo//R < 1, we need
gs < 1.

To probe the theory at fixed genus in the stringy regime, where the extended nature
of the string plays an important role and where a perturbative expansion in o’ breaks
down, having access to exactly solvable, strongly interacting two-dimensional conformal or
superconformal field theories is thus of central importance in perturbative string theory.
However, the worldsheet approach is inherently perturbative in the string coupling g,: it
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does not by itself capture non-perturbative spacetime effects such as D-brane instantons
or spacetime topology change.

In certain regimes, however, strong-weak coupling dualities — such as S-duality in type [1B
string theory [23-25], or the duality between heterotic string theory and type ITA string
theory [25-27] — relate strongly coupled sectors of the theory to weakly coupled ones
in a dual frame. Remarkably, these dualities can map non-perturbative o/-effects in one
description to non-perturbative gs-effects in its dual [28-35]. In this way, exact worldsheet
methods in one frame may provide non-perturbative information about the string coupling
expansion in a dual frame. This is a striking example of how the structure of string
dualities extends the predictive power of perturbative worldsheet techniques beyond their
naive range of validity.



1.3 Conformal Field Theory and Quantum Gauge Theories 13

1.3 Conformal Field Theory and Quantum Gauge The-
ories

Four-dimensional quantum gauge theories remain the most accurate framework for describ-
ing the fundamental interactions of elementary particles, with the Standard Model as their
prime example. To make contact with experimental observables, such as scattering ampli-
tudes, one needs to compute correlation functions and partition functions, which form the
basic building blocks of any observable quantity in a quantum field theory.

In general quantum field theories, and in particular for the Standard Model, these quanti-
ties can typically only be computed perturbatively through Feynman diagram expansions,
using the gauge coupling as the expansion parameter. This perturbative approach is valid
only when the coupling constant is sufficiently small compared to the relevant energy scale
of the process. For instance, in Quantum Chromodynamics (QCD), asymptotic freedom
ensures that the effective coupling becomes weak at high energies, justifying perturbative
expansions. However, at low energies QCD becomes strongly coupled, leading to confine-
ment, where the fundamental degrees of freedom — quarks and gluons — are no longer
observed as free particles but appear only in bound states such as hadrons. Describing
this low-energy regime requires a full understanding of non-perturbative effects, since the
perturbative expansion breaks down in the strong coupling limit.

Exact, fully non-perturbative solutions for general four-dimensional gauge theories, such
as QCD, remain out of reach. Nonetheless, certain special classes of four-dimensional
quantum field theories, namely those with extended supersymmetry, admit more analytic
control. In these theories, the symmetry algebra of Minkowski spacetime — the Poincaré
algebra — is extended by additional fermionic generators, introducing a symmetry between
bosonic and fermionic degrees of freedom. These supersymmetric quantum field theories
often allow exact computations of quantities that are inaccessible in generic gauge theories.

A prominent example of such exact results are instantons, which correspond to non-trivial,
finite-action solutions to the Euclidean equations of motion. More precisely, they are field
configurations connecting two topologically distinct vacua. Instantons are non-perturbative
contributions to physical observables and cannot be captured by ordinary perturbation
theory. In N = 2 supersymmetric gauge theories, intricate connections between four-
dimensional gauge theories and two-dimensional conformal field theories have been discov-
ered, most notably through the Alday-Gaiotto—Tachikawa (AGT) correspondence [36] (for
a comprehensive review, we refer to [37]).

The AGT correspondence asserts that the instanton partition function of N = 2 super-
symmetric gauge theory with gauge group SU(2) coupled to four massive hypermultiplets
can be expressed in terms of quantities from the Liouville conformal field theory, namely
conformal blocks and structure constants. Explicitly, up to known prefactors, one finds the
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schematic relation
Zinst ~ NotNyg F {0‘3 0‘2} : (1.3.1)

Qg Qg

where the left-hand side denotes the four-dimensional instanton partition function, and
the right-hand side involves the conformal block F appearing in the four-point correlation
function of the Liouville theory:

(2e49(09) 2036(1) 2a26(a) 21 0(0) /
R+

dp s (p) C'43(—p)’]-" [0‘3 0‘2] S (132)

Qg Qo

with structure constants |N;|? = Cy;.

The original AGT correspondence has since been generalised to a broader class of duali-
ties [38-44], e.g., relating N/ = 2 supersymmetric gauge theories with gauge group SU(N)
defined on orbifolds R*/Z, to coset conformal field theories associated with the affine coset
algebra
Su(N)g @ su(N),
@(N )k+p

At the present stage, such correspondences are not yet practical tools for computing new
physical observables in four-dimensional supersymmetric gauge theories purely from the
conformal field theory side. Nonetheless, these remarkable connections have deepened
our understanding of dualities and non-perturbative phenomena in supersymmetric gauge
theories by exposing a hidden two-dimensional (super)conformal symmetry structure.

(1.3.3)
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1.4 Rational Conformal Field Theories

In the study of two-dimensional conformal field theories — especially those describing
internal worldsheet dynamics in string theory — one is often interested in the structure and
classification of entire families of such theories. These families, called conformal manifolds,
are parameter spaces in which each point corresponds to a distinct conformal field theory,
and points are connected via deformations by exactly marginal operators that preserve
conformal symmetry [10]. A particularly illustrative example of a conformal manifold
arises from the theory of a free bosonic field compactified on a circle of radius R, described
by the action

R2
S = —

d*20¢0¢ . (1.4.1)
In this example, the exactly marginal operator generates a continuous family of theories.
Perturbing the action by a small deformation parameter

S(e) =S+ e/d2z6¢5¢5, (1.4.2)

yields a theory with a shifted compactification radius R’, where R’ = R+ R. The spectrum
and correlation functions of the deformed theory can be computed perturbatively in 6 < R,
and the conformal manifold is one-dimensional, parametrised by the radius R.

Another central feature of two-dimensional conformal field theories is the existence of
extended symmetries beyond the Virasoro algebra. In the free boson theory (1.4.1), the
modes of the chiral current

j(z) =100¢(2), (1.4.3)
generate the so-called Heisenberg algebra, which is an infinite-dimensional affine Lie algebra.
In the present case, it is the affine extension of u(1). Such affine extensions of current
algebras are called Kac—-Moody algebras and are common in two-dimensional conformal
field theories. They often serve as building blocks for rational models.

The compatibility of these extended chiral symmetries with the Virasoro symmetry is
encoded in the Sugawara construction [45-51], which embeds the Virasoro algebra into
the vertex algebra of the Kac—Moody algebra such that any module of the affine algebra
carries a natural Virasoro module structure.

At generic values of the radius R, the chiral algebra of the free boson is the Heisenberg
algebra, but at special points where R? € Q, the chiral algebra is enlarged by additional
chiral vertex operators,

IE(z) = FVORIE) (1.4.4)

for some radius dependent constant C'(R). These chiral vertex operators enlarge the chiral
symmetry algebra. A famous example is the theory at R = 1, which gives rise to a Kac-
Moody algebra su(2);, which is the affine extension of su(2) at level 1. In such cases,
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the infinite number of Virasoro modules reorganize into a finite number of modules of the
extended chiral algebra. Such theories are called rational conformal field theories and are
of central importance. This is because rational conformal field theories provide a large
class of non-trivial two-dimensional conformal field theories that are exactly solvable by
algebraic methods. A feature that generic two-dimensional conformal field theories do not
possess. In string theory, two-dimensional conformal field theories often arise as the RG
fixed point in a strong-coupling regime of some non-linear sigma model, where perturbative
methods break down. In this context, exact solvability is highly desirable, and rational
conformal field theories play an important role.

Two natural questions arise:

(i) Can we classify all rational conformal field theories? Tremendous progress has been
made over the past three decades in classifying rational conformal field theories
with affine Lie algebra symmetries, W-algebras and their associated modular invari-
ants [52-79] and using modular tensor categories [80-84], but a complete constructive
classification remains elusive.

(ii) How are rational conformal field theories distributed within a given conformal man-
ifold? For the compactified free boson on S!, the rational points at R? € Q form a
dense subset of the moduli space, due to the density of Q in R. Thus, in principle,
any non-rational theory on S' can be approximated arbitrarily closely by a nearby
rational theory via conformal perturbation theory [85-91].

The next step in complexity is the compactification of two bosons on a complex one-
dimensional torus, yielding a higher-dimensional conformal manifold. Even in this case,
the rational points form a dense subset. In [92, 93] the authors revealed a deep correspon-
dence between rational conformal field theory on complex tori and the theory of complex
multiplication (CM), an arithmetic property where the endomorphism algebra of the torus
is larger than at generic points in the moduli space of complex tori. This leads to a striking
interplay between rationality in conformal field theory and arithmetic geometry, which was
later conjectured to hold more generally [94].

In this setting, the classification and distribution of rational conformal field theory can
be studied through the lens of Hodge theory: the Hodge structures of complex tori with
complex multiplication reflect the enhanced symmetry content of the underlying rational
conformal field theory. Conversely, the presence of extra symmetries in the Hodge structure
of a target space (e.g., a Calabi—Yau manifold) can inform us about the rationality of the
corresponding worldsheet conformal field theory.
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1.5 Outline

Thesis Goals. This thesis investigates the arithmetic structures in two-dimensional ra-
tional conformal field theories, with a particular focus on their relationship to Hodge theory
and number theory. A central objective is to extend the well-established correspondence
between A = (2,2) toroidal rational conformal field theories and Hodge structures admit-
ting complex multiplication beyond the class of toroidal theories. We demonstrate, under
certain technical assumptions, that this correspondence holds for a broader class of exactly
solvable N/ = (2, 2) rational superconformal field theories. We will exemplify our general
model-independent findings with so-called Gepner models. These models are believed to
describe infrared (IR) fixed points of supersymmetric non-linear sigma models with Calabi-
Yau target spaces, thereby providing a window into the emergence of arithmetic structures
in strongly coupled regimes in superstring theory.

An important component of this investigation of arithmetic structures in two-dimensional
rational conformal field theories is a detailed analysis of toroidal rational conformal field
theories. In particular, we derive an explicit expansion of the partition function for these
theories in terms of ray class theta functions — special theta series associated with ray
class groups that encode the arithmetic of ideals in the ring of integers of a number field.
This construction provides a novel number-theoretic interpretation of the rational toroidal
partition function, while also highlighting a deep interplay between modular invariance in
rational conformal field theory and class field theory in algebraic number theory.

Structure of the Thesis. The thesis is organised as follows. We begin by reviewing
the foundational aspects of two-dimensional conformal field theory, with emphasis on the
structure of chiral symmetry algebras and the defining characteristics of rational conformal
field theories. Next, we discuss the embedding of two-dimensional conformal field theories
into string theory, focusing on the role of N' = (2,2) supersymmetric conformal field
theories and their connection to Hodge theory.

We then turn to toroidal non-linear sigma models and provide a detailed analysis of rational
points in their moduli spaces. This includes the derivation of explicit formulas for their
partition functions in terms of products of generalised theta functions. These, in turn,
will be related to ray class theta functions, which yield an interpretation of the toroidal
rational partition function in terms of number-theoretic objects.

Following this, we review the theory of complex multiplication in the context of elliptic
curves and higher-dimensional abelian varieties and work out their relation to rational
conformal field theory. We will then extend this correspondence to generic N' = (2,2)
rational superconformal field theories and exemplify our findings with Gepner models with
a geometrically realised CM-type Hodge structure and non-geometric N' = (2,2) minimal
models.
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Chapter 2

Aspects of Two-Dimensional
Conformal Field Theories

In this chapter, we will review the basic structures and concepts of two-dimensional (super)
conformal field theories, including their symmetry algebra, operator content, correlation
functions, and Galois symmetry. We explain in precise terms what it means to solve a
two-dimensional conformal field theory and why rational conformal field theories are often
regarded as exactly solvable, due to their enhanced chiral symmetry algebra. Finally, we
conclude this section with an introduction to the essential elements of boundary conformal
field theory, which will play a significant role in subsequent sections, along with N' = (2, 2)
superconformal field theories. For a more comprehensive introduction to the subject, we
refer the reader to the standard physics textbooks [95-97], and [98] for a more mathematical
approach.

2.1 Basics of Two-Dimensional Conformal Field The-
ories

Conformal Group and Conformal Algebra

Conformal transformations are local diffeomorphisms that preserve angles between tangent
vectors at each point. Intuitively, they form the group of transformations that locally
rescale the metric tensor by a smooth, positive function. More concretely, let M be a
flat d-dimensional manifold with arbitrary signature (k,[) satisfying k +{ = d, and let 7,
denote its flat metric. A transformation x — 2/(z) is said to be conformal if it rescales the
metric according to

0z 0z
Maw = Tap o700 = A(2) N (2.1.1)
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where A(z) > 0 is a smooth and positive function. To derive the local constraints imposed
by (2.1.1), we consider infinitesimal transformations of the form

o't = ot — e (x) + O(?)

(2.1.2)

Az)=e*® =14w(@)+...,
with e# = ev. Now, plugging into (2.1.1), keeping only terms of first order in € < 1, we
find the equations,

ey + 0v€, = w(X)Nw

w(z) = =0,€e"

2
d
(nuw®® + (d — 2)8,0,) w(x)

(d—1) Pw(x)

Note that when d > 2, we have that 9,0, (8565 ) = 0, which implies that all third and higher
derivatives of €”(z) must vanish. Consequently, the most general infinitesimal conformal
transformation is a second-degree polynomial in the coordinates x*. This significantly
restricts the conformal group in dimensions higher than two.

(2.1.3)

=0
=0

Solving the constraints in d > 2 reveals that the conformal group is generated by
e Translations: z# — x* + a*
e Lorentz rotations: a# — a# + @k o, W = —Wy,
e Dilations: a# — (1 + o)z#
e Special conformal transformation: # — a# + bragr’ — 20#b,z® .

The global special conformal transformation can be shown to be

. ot + bFx
1+ 2bgxP + by bl w,xo

xt (2.1.4)
Since there exist transformations for which z#* — oo, the special conformal transformations
cannot be defined globally on R*!. Instead, one performs a so-called conformal compact-
ification, whereby R¥! is embedded into a larger manifold N*! by an embedding map
¢ R¥ < NF! guch that all conformal transformations on R*! are lifted to globally de-
fined smooth diffeomorphisms on N*!. For d > 2 the so-called conformal compactification
manifold N*! of R¥! can be constructed as the closure of the embedding of R*! into real
projective space RP4™. The group of all such globally defined conformal diffeomorphisms
on the compactification manifold N*! is referred to as the conformal group of the space.
The structure and properties of this group depend not only on the dimension d but also on
the signature (k,[) of the metric and the topology of the compactification manifold. For
d > 2 one can construct an explicit one-to-one map between the matrix representation of
SO(k+ 1,1+ 1) acting diffeomorphic on RPY™, and the conformal transformations on R¥!.



2.1 Basics of Two-Dimensional Conformal Field Theories 21

Let us now study the conformal group in d = 2. For d = 2, the constraint (2.1.1) can be
solved most conveniently in Euclidean signature 7,,, = d,,,, and in the complex coordinates,

Nz
2= +ix!, z=2"—iz!
e=¢€" + i€, e=c" —ie! (2.1.5)
Oy =0, + 03, 0 =1(0, — 05),
from which we get:
0.€(2,2) =0, 0:€(z,2) = 0. (2.1.6)

We deduce that € = €(z) and € = €(Z). Hence, in d = 2, the local conformal transfor-
mations are generated by all meromorphic functions €(z) and anti-meromorphic functions
€(Z). Therefore, the conformal algebra is infinite-dimensional, which is the root of many
simplifying features in two-dimensional conformal field theories that do not exist in higher
dimensions. Expanding €(z) and €(Z) in Laurent series,

e(z) = Z en2"
neZ
=3 e (2.1.7)

neL

the corresponding infinitesimal generators of conformal transformations are given by
l,=—-2""09,, l,=-2""0., necz. (2.1.8)
These generators obey the commutation relations

[l In]
[lms 1n]
[l 1]

This algebra is known as the Witt algebra and is the classical analog of the quantum
Virasoro algebra in two-dimensional conformal field theories.

(m ) m+n
(m ) m+n (2.1.9)
0.

N NI —~

While the local conformal transformations form an infinite-dimensional algebra, only a
finite-dimensional subgroup corresponds to globally well-defined transformations on the
conformally compactified complex plane. The conformal compactification of the complex
plane is given by the Riemann sphere CP!, which adds the point at infinity. On this
compact space, only the transformations generated by the modes [_1, [y, and [; extend to
globally defined holomorphic automorphisms. These three generators correspond to

e [ i: Translations, z +— 2z +a, a € C
e [y: Dilations (scaling), z — Az, A € C

e [;: Special conformal transformations, z — z/(1 + cz) .
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Together, these generate the Mobius transformations of the form

az+b
'_> )
cz+d

ad —bc # 0. (2.1.10)

The Mobius group is isomorphic to PSL(2,C), the group of complex projective linear
transformations. These are the globally defined conformal transformations on the Riemann
sphere and form the global conformal group in two dimensions. All other transformations
generated by higher modes [,, with |n| > 1 are only locally defined and exhibit singular
behavior at points z = 0 or z = oo.

Virasoro Algebra

In the context of two-dimensional quantum conformal field theories, states are elements of a
complex projective Hilbert space P = P(#H). To quantise the classical conformal symmetry,
we are looking for representations of the classical symmetry group in U(P) — the group of
unitary projective transformations on P. In general, such projective representations cannot
be induced from unitary representations of the classical Witt algebra acting on the Hilbert
space H, but rather one needs to consider the central extension of the Witt algebra [98].

A central extension of a Lie algebra is the following. Let g be a Lie algebra over a field K,
and let a be an abelian Lie algebra over the same field, meaning that the Lie bracket on a
is trivial:

[X,Y]=0 foral XY €a. (2.1.11)

A central extension of g by a is a short exact sequence of Lie algebra homomorphisms,
0—a—hog—0, (2.1.12)

such that
e ais embedded as a Lie subalgebra of b,

e ais in the center of b, i.e.,

[X,Y]=0 forall X €a, Y €bh, (2.1.13)

e the projection 7 : ) — g is a surjective Lie algebra homomorphism with kernel a, so
that

g=bh/a. (2.1.14)

Up to equivalence, the central extension of the Witt algebra W by C is unique and can be
constructed via the linear map

W WxW=C, (2.1.15)
given by [98]

1
W(Lp, L) = 0ptmo - E(n3 —n). (2.1.16)
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The resulting centrally extended algebra is called Virasoro algebra,
Vir:=WaC-c, ceC!t. (2.1.17)

We denote the generators of the Virasoro algebra by L,, and L,, respectively, which satisfy
the commutation relations

c
L, Ly = (m —n)Lppsn + 6 —n—(m> —m
o L) = (0 = 1) gy = ) 1)
(L, L] =0, I,me7Z.

Physically, a non-zero central charge signals the presence of a quantum anomaly; in the
present case, it is a measure for the breakdown of classical conformal symmetry by passing
to the quantum theory.

Spectrum of a Conformal Field Theory and Operator-State Correspondence

We proceed by introducing the essential ingredients required to specify a Euclidean, unitary
two-dimensional conformal field theory. Unless explicitly stated otherwise, the theory is
defined on the Riemann sphere S? = C U {oo} (i.e., the conformal compactification of the
complex plane). We begin with the description of the spectrum of the theory. The spectrum
consists of local fields, among which the most important are the so-called primary fields,
which we denote by ¢(z, z). These fields correspond to irreducible, unitary highest-weight
representations of the Virasoro algebra. Under global scaling transformations z — Az, a
conformal field ¢(z, Z) with conformal weights (h, k) transforms as

8(2,2) 5 ¢ (A2, 32) = AP (2, 7). (2.1.19)

A conformal field is called a primary field if it transforms under any conformal transfor-
mation z — f(z), Z — f(2), as

ot 90 60070 = (L) (L) oters) (2.1.20)

If a conformal field transforms in this way only under global conformal transformations
(i.e., Mobius transformations), it is called a quasi-primary field. Every primary field is
quasi-primary, but the converse does not necessarily hold. The analysis of quasi-primary
fields generalises to higher dimensions. What is unique to two-dimensional conformal field
theories is the concept of a primary field.

Throughout this thesis, we will use the terms primary fields and primary states inter-
changeably, which is justified by the existence of the operator-state correspondence in two-
dimensional conformal field theories. To explain this, let us consider a two-dimensional

1Since in two-dimensional conformal field theories we are mainly interested in studying representations
of the Virasoro algebra on a complex vector space, the central element can be viewed as a complex multiple
of the identity map on the complex vector space.
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Euclidean conformal field theory defined on flat space with coordinates (z°,z!). We com-
pactify the spatial coordinate x! on a unit circle to place the theory on an infinitely long
cylinder with complex coordinates

w=2"+iz', and periodicity w ~ w + 27i. (2.1.21)

Any field ¢(w,w) admits the mode expansion

W, @) = Y fmae e (2.1.22)

m,nel

We can then perform a conformal map to the complex plane (or rather its conformal
compactification C U {oo}) given by
z=e". (2.1.23)

Under this conformal map, the infinite past 2° — —oo is mapped to the origin z = 0 and
the infinite future 2° — +o00 is mapped to z = oo. Applying the conformal map (2.1.23)
to the mode expansion (2.1.22) we get, according to (2.1.20),

$(2,2) = Y Gpaz ™2 (2.1.24)

m,nEL

The operator-state correspondence arises from the fact that the insertion of a local operator
at the origin z = 0 creates a state defined on the asymptotic spatial slice at 2° = —o0.
Concretely, the asymptotic in-state created by the field ¢ acting on the vacuum |0) is given

by

|¢in> = xolir{loo qb(w,w) ’O> = (bo,g 0> . (2125)
For this expression to be regular, we need to demand
Gmn |0) =0, m>—h,n>—h. (2.1.26)

The Hermitian conjugate of the in-state defines the out-state,

<¢0ut| = |¢in>Jr . (2127)

Note that Hermitian conjugation reverses the Euclidean time direction and keeps the co-
ordinate x!' fixed, which implies z + 1/z. On fields, Hermitian conjugation is defined
as

¢'(z,2) = “2"2*%(%, 1), (2.1.28)

zZ' 2
from which one finds for the modes

(Gnm)’ = 6 m- (2.1.29)

In general quantum field theories, the correspondence between local operators and states
is not bijective, because local fields are defined pointwise, whereas quantum states are
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projectively defined on entire spatial slices. What makes two-dimensional conformal field
theories special is the presence of an infinite-dimensional conformal symmetry that allows
one to map the infinite spatial slice at 2° = —oo to the single point z = 0 on the complex
plane.

The regularity of the vacuum under the action of the stress energy tensor in the limit z — 0
imposes conditions on the action of the Virasoro generators L,,,

L,|0)=0, n>-1,

2.1.
(0| L,=0, n<I1, (2.1.30)

i.e., the vacuum must be annihilated by the generators of the group of global conformal
transformations L_q, Lo, and L.

A primary state |¢) created by a primary field ¢(z) satisfies

Lo|p) = hlo),

Lo|p) =0, n>0. (2.1.31)

The descendants of the primary are generated by the action of the negative modes L_,
with n > 0:

Lo(L|6)) = (n+ h)(L_0 |6)). (2.1.32)

Thus, the Hilbert space of a two-dimensional conformal field theory naturally decomposes
into a direct sum of highest weight representations (HWR) of the Virasoro algebra,

"=V, (2.1.33)

where each V},, is the Verma module built on the primary state of conformal weight h;.
The Verma module is explicitly spanned by descendant states of the form

LojL gy Loy, |¢), ki>0. (2.1.34)

For conformal field theories with central charge ¢ > 1, it is a classic result (see, e.g., [99—
101]) that there always exists an infinite tower of inequivalent irreducible unitary highest
weight representations. This means that the sum in (2.1.33) is always over an infinite
number of Verma modules for ¢ > 1. Something interesting happens for 0 < ¢ < 1.
In [101] it has been shown, using previous technical results from [102] and [103], that for
a given central charge,

6
c=1———— m>2,méeN, (2.1.35)
m(m+ 1)
there exists only a finite number of unitary irreducible highest weight representations of
the Virasoro algebra with conformal weights given by

(m+1)r —ms)* —1

firs(m) = = 1)

, (1<r<m,1<s<r). (2.1.36)
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This is the discrete series of unitary Virasoro minimal models. In fact, all unitary irre-
ducible highest weight representations of the Virasoro algebra with ¢ < 1 are classified
by the central charge (2.1.35) and the conformal weight (2.1.36). Some Virasoro minimal
models provide well-known and exact conformal field theory descriptions of certain statis-
tical mechanical systems at their second-order phase transition points. For example, the
minimal model with parameter m = 3 corresponds precisely to the two-dimensional Ising
model at criticality, which was described in the introduction, while the case m = 5 de-
scribes the critical point of the three-state Potts model. Another interesting example is the
tricritical Ising model at m = 4. This model possesses, in fact, an AN/ = 1 supersymmetric
extension of the Virasoro algebra, the so-called superconformal algebra. Supersymmetric
extensions of the Virasoro algebra and their minimal models will play a central role in later
sections.

Correlation Functions

The central observables to calculate in two-dimensional conformal field theory are the
correlation functions of local quantum fields. Indeed, to “solve” a conformal field theory
means to determine its spectrum of local fields and to compute all of their correlation func-
tions consistent with the underlying symmetry algebra. We denote an n-point correlation
function by

(¢1(21,71) .. Dn(2n,Z0) ) - (2.1.37)

As in any quantum field theory, the product of fields inside a correlation function is time-
ordered (in the present case, on the cylinder). Under the conformal map from the cylinder
to the complex plane, time ordering along the cylinder maps to radial ordering on the
plane:

¢1(21) Pa(22) 21| > [22],

Bo(22) b1(21) 22| > || (2.1.38)

R(61(21)62(22)) 1= {

The PSL(2,C) invariance of the vacuum implies that all correlation functions of quasi-
primary fields must be invariant as well. Let us now restrict for simplicity to chiral
quasi-primary fields and show how the structure of correlation functions is constrained
by invariance under PSL(2,C). For a one-point function,

(6(2)) = G(2), (2.1.39)
we can use a translation f(z) = z 4 a to find
(¢(2)) = (8(z +a)) =Gz +a). (2.1.40)

Invariance under translations then implies that G(z) = C, for some constant Cy. Using
invariance under dilations f(z) = Az further restricts to Cy = 0 for h # 0. Hence, the only
non-vanishing one-point function involves the vacuum primary field.

Next, consider the two-point function and use invariance under translations, which fixes
the functional form to be

(01(21)¢2(22)) = G(21 — 22) . (2.1.41)
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Under dilations f(z) = Az, the two-point function transforms as

<¢1(21)¢2(22)> — )\hl)\h2G(/\<Zl — 22)) s (2142)
which further restricts to c
_ 12
G(Zl — 22) = —(Zl — 22>h1+h2 s (2143)
for some constant ¢j5. Under a special conformal transformation f(z) = —% we find
($1(21)da(20)) — 2y MHhapghatin T2 (2.1.44)

(zl — 22)h1+h2 ’

from which we conclude that for non-trivial two-point functions we must have h; = h2

For the three-point function, we again use invariance under the three global conformal
transformations above and find:

C’123

(Zl _ 22)h1+h2—h3 (Z2 _ 23>h2+h3—h1 (Zl _ 23)h1+h3—h2 ’

<¢1(2’1)¢2(22)¢3(Z3)> =

(2.1.45)

The constants (o3 are a priori not fixed by conformal symmetry and have to be determined
by other means.

Operator Product Expansion (OPE) and Conformal Ward Identities

The operator product expansion (OPE) is a very powerful concept in conformal field theo-
ries. It allows one to systematically reduce any n-point correlation function to an (n — 1)-
point function by successively expanding the product of two local fields. Through repeated
application, all higher-point correlators can, in principle, be expressed in terms of two-
point and three-point functions. Consequently, solving a two-dimensional conformal field
theory amounts to determining its full spectrum of primary fields, together with the set of
three-point structure constants Cjj, that completely specify the OPE algebra.

The OPE between two (quasi-)primary fields is an asymptotic series with radius of conver-
gence determined by the distance to the nearest other field insertion inside a correlation
function. It is defined as

01(2,2)2(0,0) = Y 3 CRIEM phat—hat K Syl —hat K g kR (0, 0) (2.1.46)

P {kk}

where the sum runs over all primary fields ¢, and their descendants labelled by the multi-

indices {k} and {k}, with K = >_. k; and K = Y, k;. The coefficients C7, {EF factorise
according to

C,p{k7E} ﬁp{k}ﬁp{k} ‘ (2.1.47)

Here, C%, is the OPE coefficient for the primary fields, and the S-coefficients encode the
contributions of the descendant fields within the Verma module of ¢,. The relation between
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the three-point coupling constant Cj;; appearing in correlation functions and the OPE
coefficients is '
Ciji = C%y, cii, (2.1.48)

j
where ¢;; is a normalisation factor associated with the two-point function of the primary
¢;. The p-coefficients that describe the coupling of descendant fields can be calculated by
acting with both sides of equation (2.1.46) on the vacuum and then applying on both sides
the operator L,. Using the commutation relations of the Virasoro algebra, the resulting
relation determines all -coefficients recursively in terms of the conformal weights of the
primary field.

To determine the OPE of the energy-momentum tensor 7'(z), we recall its mode expansion

T(z) = Z z "L, (2.1.49)

nez

1
L,=— ¢ dzz""'T 2.1.

with Cjy denoting a contour around z = 0. Using the known Virasoro commutation rela-
tions (2.1.18), one finds the OPE of T'(z)T'(z') by plugging the above expansion into the
commutator [Ly,, L],

c/2 2T () 0. T ()

(z —2')4 * (z — 2')? z—2

T()T(2) = + regular terms . (2.1.51)
Thus, the singular part of the OPE of the energy momentum tensor T'(z) encodes the
commutation relations of the modes L,,. This can be seen by explicitly deriving the
Virasoro commutation relations from the given OPE (2.1.51)

dz" 1 ﬁzm 1 N5
[Lin, L] = fc o %) ! ]{C i TRIETE) (2.1.52)

= (m —n)Lpin + —(m* —m)op -

c
12
Another important consequence of the Virasoro symmetry is that correlation functions in-
volving descendant fields can always be expressed in terms of correlation functions involving
only the associated primaries. Consider a correlation function of the form

(07"(2)X) (2.1.53)

where ¢~"(z) is a descendant field corresponding to the state L_,, |h), for a primary state
|h), and X is a chain of primary fields. One can write this descendant as a contour integral
involving the stress-energy tensor 7'(z),

5 = 5 ]{ dzﬁj’(g)mz), (2.1.54)
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so that we can replace in the above correlation function

(6 (2)X) = ﬁ ]{ dzﬁ (T(3)(2)X) . (2.1.55)

Evaluating this contour integral amounts to picking up the singular terms from the OPE
of T'(2) with ¢(2),

T()0(:) ~ 35 00 + Zle 0.6(2) + ... (2.1.56)

As a result, the descendant correlator can be written as a differential operator acting on
the primary correlator,

o), L= (B o), (2.157)
with positions z; of the fields in the chain X. Using a combination of the OPE and contour
manipulations as described above, one can systematically relate any n-point correlation
function involving descendant fields to expressions involving only two-point and three-
point functions of primary fields. As a result, solving a two-dimensional conformal field
theory essentially means specifying its full spectrum of irreducible representations of the
chiral symmetry algebra, together with the OPE-algebra of its primary fields, which is
fully determined by the three-point structure constants Cjj;. Once these data are known,
all higher-point functions and correlation functions involving descendant fields can be cal-
culated explicitly. Note that in the derivation above, we heavily made use of the so-called
conformal Ward-Takahashi identities. In complex coordinates, the holomorphic and anti-
holomorphic components of the stress-energy tensor are denoted by

i

T..(2) =T(2), T:(2)=T(2). (2.1.58)
The Noether current associated with a conformal transformation
z—z+e€(z), zZrmzZ+E€?2), (2.1.59)
is given by -
J.(z)=¢€(2)T(z), J:(z2)=¢€2)T(2). (2.1.60)

An application of the general conservation law for the Noether current yields the conformal
Ward—Takahashi identity in its contour-integral form,

1 _
dez O(w, W) = 5 dz (e(2)T(2) +€(2) T(2)) O(w, w), (2.1.61)

e Cu
where (), is a counter-clockwise contour in z and Z encircling w. This implies that the effect
of a conformal transformation generated by 7'(z) on a local field O(w,w) is fully encoded
in the singular terms of their OPE. Specifically, if O(w,w) is a primary field of conformal
weights (h, h), the holomorphic OPE directly follows by evaluating (2.1.61), which yields
h O(w,w) N 0w O(w, W)

2

T(z) O(w,w) =

+ regular terms. (2.1.62)

(z —w) zZ—w



30 2. Aspects of Two-Dimensional Conformal Field Theories

Conformal Blocks and Conformal Bootstrap

Let us assume that the field content of a given two-dimensional conformal field theory
is known. We have seen that “solving” a two-dimensional conformal field theory then
boils down to determining the three-point structure constants Cj;;. Arguably, the most
important objects in a two-dimensional conformal field theory that constrain the possi-
ble three-point structure constants Cjj; are so-called conformal blocks. To stress their
importance, let us consider a generic four-point function between primary fields ¢;,

(D1(2,2)2(2, 2)P3(2, 2)Pa(2, 2)) . (2.1.63)

As we have seen in the previous section 2.1, conformal invariance strongly restricts the
coordinate dependence of such a correlator. In particular, global conformal symmetry
implies that the four-point function depends only on the cross-ratio,

_ (21 — 22) (23 — 24)
(21 — 23)(22 — 24)

(2.1.64)

and its anti-holomorphic counterpart Z. Using conformal invariance, one can map three
of the insertion points to fixed positions by applying suitable Mobius transformations. A
convenient standard choice is

21— 00, zo—1, z4—0, (2.1.65)

leaving the coordinate z3 = x as the only nontrivial position. This yields the normalised
four-point function,

lim 2"z 2h1 (p1(21, 21)d2(1, 1) (2,7)4(0,0)) = G31(2,7) , (2.1.66)

21,2100

with

To evaluate this exphc1tly, one inserts the OPE between ¢3 and ¢4, which generates an
expansion over intermediate conformal families labeled by p. One finds [95],

G24(z,7) Z Ch A% (p|z,T)

AL (p |2, T) = (CPy)ar s taghe=hamhe iy By | 6o (1, 1) ¢y (2, (0,00 [0)  (2.1.68)
Up(a,710,0) = 3 BB KT 6B 0,0), K=Y ki
{k.k} ‘
with the holomorphic factorisation of A2}(p|z,T) given by
—2
Ai(p]2.7) = Fl(p | 0) Foulp | 7)

21 — pho—hz—ha ik}, i (Pl @2(1)Lop, . .- Logy |hy) (2.1.69)
Fiilla) =D e
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The holomorphic function Fii (p|z) is called conformal block and is clearly independent of
the undetermined structure constants. This is because the three-point correlation function
in the numerator and denominator differ only by the application of a differential operator
of the form (2.1.57), so that the structure constants cancel out. Thus, the conformal block
depends only on the central charge and the conformal weights of the fields involved, and is
the piece of the four-point function determined solely by conformal symmetry. In practice,
it is notoriously difficult to calculate them from definition (2.1.69). Nevertheless, once these
conformal blocks are determined, one must ensure consistency under different possible OPE
orderings of the fields within the four-point function. For a four-point function, one can
channel the OPE expansion in different ways, e.g., (1,2)(3,4) or (1,3)(2,4) or (1,4)(2,3),
each corresponding to a different choice of intermediate states. Since the physical four-point
function must be single-valued and independent of how we choose to fuse operators, these
expansions must agree. This self-consistency is called crossing symmetry, which implies
powerful constraints on the structure constants, e.g.,

Fil _
Z p!l’ 34p|x 204(111 ‘J|1 r)Fa(ql—7). (2.1.70)

We remark that this system of crossing relations is the basis of the so-called bootstrap hy-
pothesis for “solving” a two-dimensional conformal field theory: the consistency conditions
arising from crossing symmetry, together with the constraints imposed by the conformal
symmetry itself, are so strong that they fully determine the theory’s structure constants
and spectrum in favorable cases. For a rough estimate, suppose that the theory contains N
distinct conformal families. Then, the number of independent three-point structure con-
stants is of order O(N?), while crossing symmetry for four-point functions imposes O(N?)
constraints on them. This program has been successfully carried out for the Virasoro mini-
mal models, which contain only a finite number of Virasoro conformal families. By contrast,
for unitary theories with central charge ¢ > 1, the number of Virasoro conformal families
is infinite, and a complete solution purely by the conformal bootstrap becomes impractical
in most situations. Exceptions are theories with a free Lagrangian as the free boson, free
fermion, and orbifolds thereof. For most theories with an infinite number of conformal fam-
ilies, solvability relies on extra symmetries (e.g., affine symmetry in the free boson theory
or Wess-Zumino-Witten models) or the existence of so-called degenerate representations
that are associated with null-states (zero norm states), which decouple from the theory
and thereby constrain non-trivial correlation functions through differential equations. The
latter, for instance, is responsible for the exact solvability of Virasoro minimal models.
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2.2 Rational Conformal Field Theories

Definition

We have argued that the bootstrap hypothesis provides a systematic framework to alge-
braically and exactly solve a two-dimensional conformal field theory; that is, to determine
all structure constants, or equivalently, the OPE coefficients of the primary fields. Once
these are known, the Ward identities can then be used to determine the correlation func-
tions of any n-point function involving the remaining descendant states as well.

The bootstrap approach is particularly powerful when applied to theories whose Hilbert
space decomposes into a finite sum of conformal families. A standard result in the represen-
tation theory of the Virasoro algebra, as reviewed above (2.1.35), shows that the theories of
fixed central charge ¢ whose spectrum consists of finitely many unitary irreducible Virasoro
Verma modules are classified by the Virasoro minimal models with 0 < ¢ < 1.

By contrast, for central charge ¢ > 1, there exists no conformal field theory whose spectrum
remains finite when organised solely by the Virasoro algebra. However, for any central
charge, there may exist an extended chiral algebra A that contains the Virasoro algebra as
a subalgebra, such that the Hilbert space decomposes into a finite direct sum of irreducible

modules of A:
H = @ M; ; Vi, @ Vi, (2.2.1)
i,J
where V},, and V_hj denote the modules built from irreducible highest weight representations
of the extended chiral algebras A and A. In particular, the infinite number of Virasoro

primaries are packaged into a finite number of extended modules, such that these Virasoro
primaries become descendant states with respect to A and A.

There exist various definitions in the literature for what is meant by a rational conformal
field theory. Common to most definitions, however, are the following properties (see [104]
and references therein):

e The theory possesses only a finite number of irreducible highest weight representa-
tions.

e The one-loop partition function is expressible as a finite sum of the form

Z=3 Mi;xia)x;(@). (2.2.2)
Z'7j
where the A-characters x;(q) converge for |g| = [€>™7| < 1 and the multiplicity matrix

M, ; has non-negative integer entries.

e The fusion coefficients /\/Z; describing the fusion of three irreducible highest weight
representations are all finite.
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Fusion Rules

One important feature of rational conformal field theories is that they have finite fusion
coefficients. While the notion of fusion rules also makes sense in non-rational conformal
field theories, it is a generic feature in those cases that the fusion coefficients become
infinite.

Recall that the operator product expansion (OPE) of two primary fields is an expansion
in terms of all primary fields and their descendants. In particular, the OPE coefficient Ci’“j
encodes whether the three-point correlation function among the primaries ¢;, ¢;, and ¢
is non-vanishing.

To capture this information, if a conformal family appears in the OPE of two primaries
(or more generally conformal or extended families) leads to the concept of Fusion rules

denoted
(93] x [&5) = Y N [0], (2.2.3)

which formalises the concept of non-vanishing three-point functions between three Verma
modules [¢;]. We say that a fusion of two Verma modules [¢;], [¢;] onto a third [¢y] is
possible if there is a non-vanishing correlation function between fields of the three Verma
modules. One can define an algebra structure whose identity element is the identity field,
whose generators are the primaries ¢;, and whose multiplication law is given by the fu-
sion product x. By the commutativity and associativity of the OPE algebra, the same
properties hold for the fusion algebra.

Denoting by
(N2 jk s (2.2.4)

the N x N matrix, with N being the number of (extended) conformal families, whose

entries are given by N;’;, commutativity and associativity imply the matrix relations
NiN; = NG N, (2.2.5)
and
NiN; =Y NENG. (2.2.6)
k

This shows that the fusion matrices furnish a representation of the fusion algebra.

It is worth noting that the fusion coefficients /\/;]; can be any natural number greater
than or equal to one, as they count the number of independent couplings between three
Verma modules, modulo singular vector relations and Ward identities. Such multiplicities
naturally arise in rational conformal field theories with affine Lie algebras as extended
chiral symmetry. In this context, they can be understood as coming from multiplicities
in the direct sum decomposition of tensor products of finite Lie algebra highest weight
representations. In fact, the fusion coefficients can be seen as a truncation of this tensor
product expansion. The truncation arises from additional constraints from singular vectors
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in degenerate highest weight representations [53]. The coefficients ./\/;’; in theories with affine
symmetry can be computed explicitly by the Kac-Walton formula [105-108].

Whenever a rational conformal field theory has fusion coefficients ./\/;’; > 1 for the extended
chiral algebra A, it means that there are multiple independent couplings between three
(extended) conformal families. This is in sharp contrast to non-rational conformal field
theories, where Ward identities are always sufficient to reduce correlation functions involv-
ing descendant fields to correlation functions only involving Virasoro primary fields (see
eq. (2.1.57)). If A is an affine Lie algebra, affine Ward identities can be used to solve the
theory exactly, i.e., determine all independent couplings between three (extended) con-
formal families [53, 109, 110]. In this case the structure constants ij appearing in the
OPE are replaced by Cif’(l)mf’(l) + Cif’@)mf’@) + ..., where 7 is an invariant tensor of the
zero-mode subalgebra of A [110, 111].

In cases where the conformal field theory possesses a more general WW-algebra, reducing
exact solvability to the determination of primary correlation functions, becomes more intri-
cate. This is because, in general, Ward identities alone are insufficient to express all descen-
dant correlation functions in terms of those of the corresponding primaries. Nonetheless,
in certain cases — such as the three-state Potts minimal model that possesses an extended
Ws-symmetry algebra — a finite subset of correlation functions suffices, from which all
others can be systematically derived. For further details, we refer to [104, 112-117].
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Partition Function

So far, we have discussed two-dimensional conformal field theories defined on the complex
plane, or equivalently, the Riemann sphere. This setting naturally allows for a factorisation
of many quantities of interest into holomorphic and anti-holomorphic parts. When a theory
possesses an extended chiral algebra A (and its anti-holomorphic counterpart A), it is
necessary to understand how the irreducible highest weight representations of A and A,
denoted by HWRy (. A), combine to form the full spectrum of (extended) primary fields

¢Z(Z,2)

A standard method to analyse the spectrum in any quantum field theory is to study loop
diagrams. In the framework of conformal field theory, this corresponds to considering
the theory on compact Riemann surfaces of genus g. The simplest non-trivial example is
the torus with ¢ = 1, whose zero-point function — the partition function — encodes the
spectrum of the theory. Since the torus enjoys modular invariance, the partition function
must be invariant under modular transformations. This imposes a fundamental constraint
on the admissible Hilbert spaces of two-dimensional conformal field theories.

Recall that the theory defined on the complex plane can be obtained from an infinite
cylinder with complex coordinate w = z° + iz!, via the conformal map z = e*. To obtain
the torus, one cuts out a finite segment and identifies the boundaries (with possible twist).
Thereby, we obtain both periodic space and time coordinates. As depicted in figure 2.1,
the torus can be represented as a two-dimensional lattice in the complex plane spanned by
the periods 1 and 7, where 7 = 7 + i, € H is the complex structure parameter.

T T+ 1

1

Figure 2.1: Fundamental lattice of the torus. The complex torus can be constructed
as the quotient of the complex plane by the lattice A generated by the basis vectors 1 and
T = 71 + iT9, which is the complex structure parameter.

The lattice is invariant under the action of the modular group

ar +b a b
cr+d’ d

The generators of the modular group are the transformations

T

) € SL(2,7)/ 7. (2.2.7)

1
T: 7—=74+1, and S: 7~ ——, (2.2.8)
T
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which together generate all modular transformations. In matrix notation, the modular
group is generated by the two standard 2 x 2 matrices S and T given by

S = ((1) _01) , T = (é D (2.2.9)

These generators satisfy the well-known relations S* = Iy, and (ST)? = S?. A rational
conformal field theory provides a unitary representation

p:SL(2,Z) — U(N), (2.2.10)

with N := |HWRy(A)|, and the images p(S) = S and p(T) = T are referred to as the
modular S- and T-matrices of the theory.

Following the axiomatic framework of ref. [57], the S-matrix in the image of p is symmetric
and satisfies

S*=C, (2.2.11)

where C denotes the charge conjugation matrix that interchanges each primary field with
its conjugate representation?. We will denote the corresponding operator that acts on

representations by
C : HWRy(A) - HWRy(A), i — C(i) . (2.2.12)

Looking at figure 2.1, we see that a closed time loop in 7, direction also involves a change
in space direction 7. Accordingly, the partition function is defined as

Z(r,7) = Try (e 27 H 2Py | (2.2.13)

where H is the Hamiltonian generating time translations and P is the momentum operator
generating spatial translations. Using the relations

(H)cyl = (LO)cyl + (zo)cyl

. - (2.2.14)
(P)ey1 = 1((L0)cyl - LO)cyl) )
and substituting (Lg)cy1 = Lo — 53, we arrive at
Z(q,q) = Try, (qLO‘iGZO‘%) ;o g=eTT (2.2.15)

In rational conformal field theories, the partition function can be decomposed into char-
acters y;(q) associated with the irreducible highest weight representations of the extended
chiral algebra A:

Xi(q) = Try, (g™ 21). (2.2.16)

2The geometric action of $2 = —I,» reverses the orientation of all homology one-cycles of the torus
T2. The resulting unitary action $? = p(—Iax2) corresponds to the charge conjugation operator C in the
conformal field theory, which permutes each representation with its conjugate under the chiral symmetry
algebra. In simple cases such as affine Lie algebra extensions, this may amount to a sign change for the
conserved spin-1 currents; more generally, it implements the appropriate automorphism for the extended
symmetry algebra.
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Consequently, the partition function takes the form

Z(q,9) =Y _ Mi;xi(q) x;(0) . (2.2.17)
12
which is a finite sum. The characters transform under the modular group as
1
Xi (T+1) = Z Tiixi(7),  Xi (—;) = Z Sii x;(T) (2.2.18)

FEHWR (A) JEHWRy (A)

with the diagonal matrix T,; = d;;emi(hi—e/24

together must satisfy the relation

) and a unitary symmetric matrix S, which

S* = (ST)* = C. (2.2.19)

Using the symmetry and unitarity of the S-matrix and the above relation, it also follows
that

S*S = Idyxn Sic(j) = SiCrj = S5 . (2.2.20)

The requirement of modular invariance of the partition function translates to
STMS=M, TMT=M, (2.2.21)

hence M must commute with both S and T. Clearly, the choice M = Id (i.e., the di-
agonal modular invariant) always yields a modular invariant partition function for any
extended chiral algebra A. Similarly, using (2.2.19), one finds that M = C is also a
solution to (2.2.21) (the charge conjugate modular invariant).

One of the most profound results in the study of two-dimensional conformal field theories
is the Verlinde formula [118], proven in [119, 120], which connects the modular S-matrix
— a property of the chiral algebra, such as an affine Lie algebra or a IW-algebra — to the
fusion coefficients,

Sim
Ni= D Sim SJ— St . (2.2.22)
mEHWR s, (A) Om

This remarkable relation demonstrates how modular properties encode the algebraic struc-
ture of fusion in rational conformal field theories.

Using the matrix notation (2.2.4), and recalling that the modular S-matrix S is unitary
and symmetric,

St=8*=g87", (2.2.23)

the Verlinde formula admits a matrix representation, which will be useful for later reference:

Na =S4 S7 with Ag = diag()\a»07 )\a,iw SO )\Cb,iNfl)7 Aai Sas

= . 2.2.24
=t (2220)
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Here, the labels 0,41,...,25_1 run over the N inequivalent irreducible highest weight rep-
resentations HWRy(A) of the rational conformal field theory.

Let us remark that, although the genus-one partition function determines the spectrum of
the theory, it contains no information about the dynamics encoded in the OPE algebra.
Moreover, distinct conformal field theories can share the same genus-one partition function
while differing in their underlying structure. A prominent example is provided by the
¢ = 16 theories associated with the symmetry groups Eg x Eg and Spin(32)/Zs,. These
theories have identical torus partition functions, yet they are physically distinct due to
their differing Lie symmetries, and hence, distinct correlation functions [121].

In string theory in particular, one is interested not only in genus-one partition functions but
also in correlation functions and partition functions on higher-genus worldsheets. In [72,
120, 122], it was argued that modular invariance at genus one, together with the consistency
of four-point functions under crossing symmetry at genus zero, ensures modular invariance
at all genera. In particular, all correlation functions on higher-genus surfaces can be reduced
to expressions involving only correlation functions on the plane; see, for example, [123] and
references therein.

For more details on the foundational framework of conformal field theory on higher-genus
surfaces, we refer to [72, 120, 122, 124-127|. For applications in string theory, see [128-131],
and for a modern perspective, consult [132, 133].
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Simple Current Extension

A convenient and powerful method to construct new consistent rational conformal field
theories from a known one is the simple current extension [56, 134]. The idea is that if a
rational conformal field theory admits a special type of primary field — a so-called sim-
ple current — one can systematically build new modular invariant partition functions by
extending the original chiral symmetry algebra by this simple current. This process effec-
tively reorganises the original spectrum into orbits under the action of the simple current,
projects onto sectors with integer monodromy charge, and yields consistent modular invari-
ants. Simple current techniques thus provide a systematic way to generate new theories,
with enlarged symmetry algebra, starting from a known rational conformal field theory.
An important example of such a construction is a so-called Gepner model, which we will
introduce in section 4.4.

In the following, we will use the notation of [96]. Suppose we have a rational conformal field
theory containing a primary field with conformal family [J,] that acts on other primary
fields via the fusion product as

[Ja) % (03] = [d0.)] - (2.2.25)

Such a field J, is called a simple current if its conformal weight is integral and its fusion
with any other primary produces exactly one primary field. Since the conformal field theory
has a finite number of primaries, it follows that

N, suchthat JM =1, (2.2.26)

where N, is called the length of the simple current. The set {J,, J2, ..., JN+} forms a finite
abelian group isomorphic to Zy, within the fusion algebra.

A simple current J, organises the set of primaries into orbits under its action. The length
of each orbit is N! = N, /p for some divisor p of N,. The orbit of a primary ¢; then reads

{di, Ju X 3, J2 X ¢y, IV g} (2.2.27)

The operator product expansion (OPE) between the simple current .J, and any primary
field ¢; takes the form

Ju(2) pi(w) ~ M(wl) + descendants , (2.2.28)
(z —w)%i

where QZ(-G) is the monodromy charge. Upon analytic continuation z —w + e*™(z —w), the

OPE picks up a phase factor e2mQ"  The monodromy charge has the general form

ti .
Q" = 5 = hl) +h( ) = h(Jup) mod 1, 1, €Z, (2.2.29)
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and one can show that all states within a given orbit of J, share the same monodromy
charge.

An important relation is how the S-matrix of the original chiral algebra transforms under
the action of a simple current J, [57, 134],

SiJa(j) = 2mQL S;; for any 7,7 € HWRy(A) . (2.2.30)

A modular invariant partition function can be constructed by projecting onto states with
integer monodromy charge with respect to the simple current .J,. The partition function
of the extended theory reads

Ng—1

Zs(7,7) Z > Xa+8:0)(T) X, (7). (2.2.31)
B=0

(a,i)
Q(¢i)€Z

where (a, i) denotes the representation corresponding to the primary J%¢;, and the sum is
taken over all primaries ¢; with integer monodromy charge as well as all orbit elements J¢;
with a € {0,1,..., N! —1}. The normalisation constant C'is chosen in such a way that the
vacuum appears with multiplicity one in the partition function. A direct calculation shows
that this partition function is indeed modular invariant [56, 96]. Note that in (2.2.31)
the sum over § always runs over the maximal length N,. This means that shorter orbits
appear with multiplicity N,/N! in the partition function. In the absence of short orbits,
or fized points, the S-matrix of the extended theory is given by

(Sext)[)\},[u] = N, S)\M' (2232)

If we extend with respect to a collection of simple currents, N, is replaced by the order of
the simple current group.

Example: Characters, Modular S-Matrix, Fusion Rules and Simple Current
Extension for s1(2).

Consider an extended chiral algebra A given by s$1(2),. The characters of the irreducible,
integral highest weight representations of s1(2); can be derived using the Weyl-Kac char-
acter formula [95, 108],

(k) O11,k+2(7, 2) — O_1_1 p42(T, 2)
L 0<I<k. 2.2.33
Xl ( ) @172(7_7 Z) . @_172(7_7 Z) ( )

The generalised theta functions ©; (7, z) are defined as

@l,k (,7_7 Z) — Z ql~<:n26727riknz7 q= 627TiT. (2234)

nGZ—i—ﬁ
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From the explicit form of these characters, one obtains the modular S-matrix, which de-
scribes how the characters transform under the modular S-transformation,

2 I+ D)('+Dr
() /
Sy A 281n( 9 ), LU =0,...k. (2.2.35)

Having determined the S-matrix, one can then compute the fusion coefficients of §1(2)y
using the Verlinde formula (2.2.22),

b, X i, = Z b By - (2.2.36)

I3=0

The explicit form of the fusion rules reads

Al L, if|ly =l <ly<min(ly + 1o, 2k — 1l —ly) and [; + 15+ 13 =0 (mod 2),
hla 0, otherwise.
(2.2.37)

The primary field ¢; has conformal weight

I(1+2)

Let us now study a simple current extension of the diagonal $u(2); theory. From the
explicit form of the fusion coefficients (2.2.37), we find that the field ¢, is a simple current,
since

N4T§L == (Sl+m74 . (2239)
This implies that fusing with J = ¢, permutes the primaries with
(@] X (@] = [Pai], (2.2.40)

and moreover, as [J]? = 1, it follows that the simple current has order two.

As we argued previously, the modular invariant partition function must include only those
orbits that have integral monodromy charge. For the fields ¢;, the monodromy charge can

be calculated using eq. (2.2.29),

l

Qo =75 (2.2.41)

Hence, the combinations that have integral monodromy charge are
Xo=Xo+ X4, X2=X2- (2.2.42)

The shorter length orbit for ys is a fixed point of the simple current action. From the
S-matrix (2.2.35) we find the transformation behavior of the two orbits,

S = % G _21) . (2.2.43)
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This matrix is not symmetric due to the unresolved fixed point, a subtlety that can be
resolved with a more careful treatment of fixed-point resolutions, see e.g., [134].

Combining all ingredients, the simple current extended partition function takes the form

1

_ 1 _ _
ZJ<7-7 T) = 5 Z X(a+5’0)x(a70) + X(,B,Q)X(O,Q) . (2244)
a,3=0
Explicitly, ; ) , )
Zy(1,7) = |xo + xal® + 2[X2|* = [Xol” + 22| (2.2.45)

The normalisation C' = 1 is chosen to ensure the vacuum appears exactly once.

Finally, this can be written in matrix form:

Z(1,7) = (;“;)T ((1) g) (%Z) : (2.2.46)

A direct check shows that the modular invariance under S-transformation holds,
STMS* = M . (2.2.47)

Note that the simple current extended partition function (2.2.46) is non-diagonal with
respect to the characters of su(2),, but diagonal with respect to the characters of the
extended chiral algebra. Through affine branching rules, the characters yo and Yo can be
shown to correspond to the irreducible, integral highest weight representations of su(3),
see e.g., [95]. For a further decomposition into characters appearing in the free boson
theory compactified on a circle of rational square-radius, see eq. (3.4.7).
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2.3 Galois Groups in Rational Conformal Field The-
ories

In preparation for section 4.2, we will show now, using the Verlinde formula (2.2.24),
how one can associate a Galois group to any rational conformal field theory. This Galois
group, and its normal subgroups, will play a central role in section 4.2, where we derive
a correspondence between rationality in NV = (2,2) superconformal field theories and the
arithmetic property of complex multiplication in Hodge structures. In this section, we will
follow the arguments of refs. [135, 136] and [2] to demonstrate explicitly the important fact
that the Galois group associated with any rational conformal field theory is abelian.

Let us denote the N characteristic polynomials of the N x N fusion matrices N, by
Pa(X) = det(/\fa — XINXN) . (231)
They are degree-N polynomials P, € Z[X] C Q[X] with integral coefficients.

Using the Verlinde formula (2.2.24), we can define a finite field extension by adjoining the
roots of the characteristic polynomials P,(X), i.e., the eigenvalues of N, which are \,; as
defined in eq. (2.2.24)

Q(N) := Q ({MaitasicHWRa () - (2.3.2)

By construction, the field Q(\), generated over Q by all the eigenvalues A, ; of the fusion
matrices, is the splitting field of the product polynomial

[ P& eaqx], (2.3.3)

a€HWRy, (A)

where each P,(X) is the characteristic polynomial of a fusion matrix N,.

Since Q(A) is the smallest field extension of Q over which this polynomial splits completely
into linear factors (i.e., all its roots lie in the field), it is by definition a normal extension
of Q. A field extension is called normal if every irreducible polynomial over the base field
that has at least one root in the extension field actually splits completely over that field.

Furthermore, because we are working over Q, which is a field of characteristic zero, all
algebraic extensions are automatically separable. That is, every algebraic element over
Q is a root of a separable polynomial (a polynomial with distinct roots). Therefore, the
extension Q(\)/Q is also separable.

An extension that is both normal and separable is called a Galois extension. Hence, Q(\)
is a Galois extension of Q.

Let 0 € Gal(Q(X)/Q) be an element of the Galois group of the field extension Q(\). Since
the coefficients of each polynomial P, are rational, they are fixed under the Galois action.
That is, for any o € Gal(Q())/Q), we have

0<Pa()‘a,i)) = Pa(g()‘a,i)) . (234)
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Moreover, since A, ; is a root of P,, we know P,(\,;) = 0, and therefore
0(Pa(Aai)) =0(0) =0. (2.3.5)

Thus,
Pa(o(Xai)) =0. (2.3.6)

This shows that o(\,;) is also a root of the same polynomial P,. Note that this is a general
feature of Galois theory: Galois automorphisms permute the roots of a polynomial with
coefficients in the base field (in this case Q).

Therefore, the action of ¢ maps the root A,; to another root A, ; of F,, which we denote

as:
O-()\a,i) = )\a,ca(i) ; (237)

where ¢, € Sym(HWR4(A)) is a permutation of the index set HWRy(A).

At this point, the permutation ¢, could a priori depend on a, i.e., on the specific fusion
matrix N,. However, a crucial observation due to [135] is that this permutation is inde-
pendent of a. To understand this, we make use of the Verlinde formula, which expresses
the eigenvalues \,; of the fusion matrices in terms of the modular S-matrix as:

Sa,i

Apj = o2t 2.3.8
i (2.3.8)

Using this expression, one finds that the eigenvalues satisfy the identity:
Aa,itbi = A s (2.3.9)
c€EHWRy (A)
which reflects the fusion algebra structure in diagonalised form.

Now, we apply the Galois automorphism o to both sides of equation (2.3.9). Using the
action in equation (2.3.7), we obtain:

0<)\a,i)\b,i> =0 Z N;b)\c,i
c€HWRy (A) (2.3.10)

/\a,ca(i))‘b,%(i) = acb)‘C,cc(i)
cEHWRy (A)

For this identity to hold for arbitrary a and b, the indices on both sides must match. In
general, this is only possible if

Sa() = (i) = <(i), (2.3.11)
for all a,b,c € HWRy(A). That is, the permutation of the index ¢ must be the same across
all fusion matrices. We thus conclude that:

¢, =¢, independent of a. (2.3.12)
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Therefore, the Galois group acts on the eigenvalues A\, ; by a single, common permutation
¢ € Sym(HWRy(A)) that depends only on the Galois automorphism o, and not on the
representation a. We summarise the action as:

0(Aai) = Aap for all a € HWRy(A). (2.3.13)

This means that each Galois automorphism o € Gal(Q()\)/Q) determines a permutation
¢ € Sym(HWRy/(A)) that governs how it permutes the eigenvalues of all fusion matrices
simultaneously.

Next, we note that the complex conjugates of the eigenvalues )\, ; are themselves contained
in the splitting field Q(XA). This follows because each A,; is a root of the characteristic
polynomial P, € Q[X], and since P, has real coefficients (being in Q[X]), its complex
conjugate roots are also roots of P,. Therefore,

A€ Q). (2.3.14)

Using the unitarity and symmetry of the modular S-matrix,
SS* =1Iyxn, ST =S8, (2.3.15)

together with the non-vanishing of the entries Sy ;, we derive the following identity for the
inverse square of S ;:

Sai Sai ’ .
S% - Z 7 (So,) - Z Aa,iNg,i - (2.3.16)
0,6 i

g
a€HWRy (4) O a€HWRy, (A)

This shows that the values S§; (as well as their inverses) lie in the field extension Q(\).

Additionally, since
Sa,i

Aai = G s 2.3.17
= 23.17)
we can express the square of each entry S,; as
Si,i = )‘Z,isg,i ) (2.3.18)
and since both A,; and Sy ; belong to Q(A), it follows that:
Sz, €Q(\) forall a,i € HWRy(A). (2.3.19)

Let us now determine the Galois action on the squares S?” First we note that complex
conjugation is an automorphism of the field Q()), and since it fixes Q, it defines an element

v € Gal(Q(A)/Q).

From the general Galois action on eigenvalues (see eq. (2.3.13)), we know that

)\*‘:L)\ai :)\aLia 2.3.20
ai : 1(4)
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where (i) denotes the index obtained from applying the permutation associated with ¢.

Now, for any o € Gal(Q(\)/Q), we apply ¢ to both sides of equation (2.3.16):

1 «
g (ST) — Z )\a,g(i) /\a,LOQOL(i)
0,7

a€HWRy (A)

- (2.3.21)
a€HWR, (A) S0,6(i)S0,4050u(1)

Using the fact that Sp; € R\ {0} for all j € HWRy(\A), together with the unitarity of the
S-matrix,

Y SasSix =ik, (2.3.22)
a€HWRy, (A)
we obtain
1 5§(7,) tosor(i)
‘le |~ o (2.3.23)
<S(2),z ) SO,c(i) SO,LO§OL(i)

Since the left-hand side is non-zero for all 4, we must have d0¢(;) ,0c0.(s) = 1, meaning:
¢(i) =togou(i) foralli e HWRy(A). (2.3.24)
This implies that the permutations ¢ and ¢ o ¢ o ¢ are equal:
¢=10G00¢, (2.3.25)

and 0(S5;) = S§ ;). From eq. (2.3.13) and the relation S, = A2,St., it follows that the
Galois action on S(QM- is given by

o(S2;) =Si.u foralla € HWRy(A). (2.3.26)

The fact that complex conjugation ¢ is a Galois automorphism implies that it generates
a normal subgroup of the Galois group Gal(Q(A)/Q). If ¢ is trivial, then the field Q(\)
is totally real. If ¢ is non-trivial, the fixed field of the corresponding normal subgroup is
a totally real subfield of Q()). In this case, the extension Q(\)/Q is a quadratic totally
imaginary extension of a totally real subfield — that is, a complex multiplication (CM)

field.

An example of the first case is the family of non-supersymmetric Virasoro minimal models,
and an example of the second case is the series of NV = (2,2) supersymmetric minimal
models, which will be introduced in section 4.3.

Let us now show that the Galois group Gal(Q(\)/Q) is in fact abelian [135]. Using the
definition of A, ,, i.e.,
Sa,'i

)\a,i = S )
0,

(2.3.27)
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together with the symmetry of the S-matrix, we find the following identity

A
Aai = Aig - A—O for all a,i € HWRy«(A). (2.3.28)

30

Taking the square root of eq. (2.3.26)) and using the symmetry of the S-matrix gives the
identity
)\g(a)ﬂ- . )\@0 = :E)\g(i)’a . >\a,07 for all o € Gal((@()\)/@) . (2.3.29)

Let now 01,09 € Gal(Q(A)/Q) be two Galois automorphisms with associated permutations
¢ and ¢, respectively. We want to compute o102(A,;). First, from the identity (2.3.28),
it follows that

Aa Moo
o) (A ' A_O> =Nt 3 (2.3.30)
+0 1,62(0)
Now applying oy to this result and using A; ) = A{Q(a)yi%, 0,62(0) = A (0),0 /\:;(10(; ~an d
Ai0 . 1
Aien(0)Aeq(0),0  Aen(0),i’ we get
Aa.cr(0
0_10—2()\(171') =0 (/\i@(a) 5 152 ))
1,52(0)

Aos(a)i Aa ) Asa (@)1 () (Amom )
=0 | v v A0 | = ——01 —Aa0
(&2(0),@' Ao 2 A (0)51()  \Aez(a),0
>\ a i /\ /\ 1),a
_ sa(a)s1(d) (0) )\a,O =0y (&)\ap) = 09 ()\a,gl(i)) = 0901 ()\a,i) .
)

_ G2
A2 (0).5100) Aol (0.0 (2.3.31)

In the last line of the computation the identity (2.3.29) is used for ¢ = 0, which shows that
the term within o is £1, hence does not transform under Gal(Q(\)/Q).

0
a

a
0

)
)

We now define the field extension generated by the entries of the modular S-matrix. We
denote this field extension by

Q(S) := Q ({Sa,itaicuwry(a)) » (2.3.32)

which is Galois over the intermediate field Q(\). This follows from the fact that Q(S) is
the splitting field of a family of separable polynomials,

Poi(z) =2 —S2, € Q(\)[z]. (2.3.33)

Indeed, each S, ; is a root of the corresponding polynomial P, ;, and since the polynomials
are quadratic with distinct roots +S,; whenever S, ; # 0, they are separable. Thus, Q(S5) is
the splitting field of a separable set of polynomials over Q()), implying that the extension
is normal and separable, i.e., Galois.

Moreover, the extension Q(.S) is also Galois over the base field Q. To show this, we consider
any Q-automorphism o of any field containing Q(.S) and investigate its action on Q(5).
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Since the \,; are algebraic numbers and roots of polynomials with coefficients in Q, it
follows that any such Q-automorphism o restricts to an automorphism of the subfield
Q(A) with

(Q(N) € Q). (2.3.34)
This fact ensures that o acts compatibly on the generators A,; and hence on S,;, which

are related by
Sa,i = S0,iNa,i - (2.3.35)

Now observe that for fixed i € HWRy(A), the entry SF; lies in Q()), and thus so does
o(So.)?. Since Sy is real and nonzero (for unitary two-dimensional conformal field theory),
it follows that o(Sp;) must be of the form

0(S0s) = € (1)So.(i) (2.3.36)

where €,(i) € {+1,—1} and ¢ € Sym(HWRy(A)) is a permutation of the representation
labels, determined by the action of ¢ restricted to Q(\). Consequently, the full S-matrix
elements transform under o as

0(Sai) = 0(S0,iAa,i) = €5(1)S0c(i) Aass(i) = €o(1)Sax(i) ; (2.3.37)

with €,(7) independent of a € HWRy(A). This transformation law confirms that the action
of any Q-automorphism o, as defined above, on the set {S,;} remains within Q(S5), i.e.,

o(Q(5)) € Q(S). (2.3.38)

Therefore, the field extension Q(5)/Q is also normal and separable, and hence Galois [136].

Finally, due to the symmetry of the S-matrix, S,; = S; 4, the action of the Galois group
preserves this symmetry. Using the transformation law (2.3.37), one can verify that the
composition of two automorphisms corresponds to the composition of their associated per-
mutations and sign functions in a commutative way. Thus, the Galois group Gal(Q(.S)/Q)
is abelian as well [136].
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2.4 Boundary Conformal Field Theory

In most physical systems of finite extent, boundaries play a crucial role in determining
their dynamics. In string theory, for example, open strings have endpoints constrained to
lie on higher-dimensional hypersurfaces known as D-branes. This motivates the study of
two-dimensional conformal field theories defined on surfaces with boundaries. The study
of consistent boundary conformal field theories remains an active and rich area of research,
the full depth of which extends well beyond the focus of this section. Here, we aim to
introduce only those essential concepts and constructions that will be required in later
chapters. For a comprehensive treatment of boundary conformal field theories, we refer
to [97, 137].

When restricting a conformal field theory defined on the full complex plane to a half-plane,
one generically breaks part of the conformal symmetry. However, for a consistent conformal
field theory, one copy of the Virasoro algebra (and potentially an extended chiral algebra)
must remain preserved, which leads to relations between holomorphic and anti-holomorphic
quantities.

A notable feature of boundary conformal field theories is that correlation functions can
develop additional singularities when fields approach the boundary. From general quan-
tum field theory arguments, this signals the presence of additional operators, the so-called
boundary fields. In string theory, these naturally arise as the open string excitations at-
tached to D-branes.

Gluing Condition and Ishibashi States

Requiring the boundary condition to be invariant under conformal transformations leads
to the constraint on the energy-momentum tensor at the boundary,

T(z) = T(%), (2.4.1)

which physically expresses the absence of momentum flow across the boundary. If the
conformal field theory has an extended chiral algebra A with additional generators W,
then one may more generally require that the boundary condition preserves the whole
algebra or a suitable subalgebra. This requirement is encoded in the generalised gluing
condition,

W(2) = w(W)(3), (2.4.2)

where w is a pointwise acting automorphism of the extended chiral algebra satisfying
w(T) =T. Defining an extended chiral field on the full complex plane by

N {W(z) for Im(z) > 0, (2.4.3)

Wiz) = wW(z) for Im(z) <0,
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one obtains Ward identities for correlation functions with boundaries, analogous to those
on the full plane. At the level of states, the gluing conditions read

(L,—L_,)|B)=0, (2.4.4)
(W, = (=D)"wW_,)|B)=0, VnecZ.

In the case of a trivial automorphism w, a solution to these conditions was given in [138§]
for each highest-weight representation « of A,

oo da(N)
) =" Y lo,N,k) @ Ula, N, k) (2.4.6)
@) = (1d @ VL) |a), (2.4.7)

where {|o, N, k) } denotes a d,(V)-dimensional orthonormal basis of the Hilbert space H,
built on the highest-weight representation & € HWRy(A) at level N. The anti-unitary
operator U satisfies

UW, =(-1)"w(W,) U. (2.4.8)

In particular, U maps the anti-chiral state to the conjugate state |at), so that the (un-
twisted) Ishibashi state lies in H, ® Hq+. The Ishibashi states (2.4.6) are normalised
as

(Blg" % o) = 0apXal@),  Xalq) = Tra, (g™ 21). (2.4.9)

For twisted Ishibashi states |a)), corresponding to non-trivial automorphism w, let us
denote by 7, the action of the generators W on the Hilbert space H,, for some representation
a € HWRy(A). We can define a new action of W on the same Hilbert space by composing
with w. Concretely, this means that for any generator W and state |h) € H,,

7 (W) R == ma(WW) |R) . (2.4.10)

Equipped with this new action, the space H, is again as an A-module isomorphic to some
unique representation space Ho(q),

Waow%wma). (2.4.11)

If the automorphism w is an outer automorphism (that is, not equivalent to the identity
by an inner symmetry), then the resulting representation Q(«) is inequivalent to a. We
define a unitary operator V,, : Hq(a) — Ha such that

(W) = Vora@ W)V, (2.4.12)

«

and we assume that V, commutes with U, i.e.,

V,U=UV,. (2.4.13)
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A straight forward calculation, using the vanishing of
(8, M, £] @ (VU (y; M, )] (W — (=1)""™ w(W_)) |, = 0, (2.4.14)

for all orthonormal basis vectors |3, M, ) ® |y, M', ¢') in the total Hilbert space H verifies
that (2.4.6) and (2.4.7) indeed satisfy the gluing conditions (2.4.4). If we want to construct
boundary states that preserve only a subalgebra Ay C A, the relevant Ishibashi states must
be constructed from the highest-weight representations of Ay appearing in each A-module.

Cardy Constraint

Let us now consider a general boundary state as a linear combination of Ishibashi states,

By = Y Bila). (2.4.15)

a€HWRy, (A)

Analogous to how the bulk Hilbert space spectrum is encoded in the one-loop torus parti-
tion function, the spectrum in a boundary conformal field theory is encoded in the cylinder
partition function

Zay = Try,, (g% 21) (2.4.16)

where H,, denotes the Hilbert space of open string states in a theory defined on a finite
cylinder with boundary conditions B, and B, on the opposite edges, and ¢ = e~2™*. Anal-
ogous to the torus whose shape is parameterised by a complex parameter 7, we denote by
0 <t < oo the real modular parameter of the cylinder. The cylinder is parameterised as

{(r,o0) : 0<o<m,0<7<2nt}. (2.4.17)

The Hilbert space H,, decomposes into irreducible highest weight representations of the
extended chiral algebra A
T @ HE (2.4.18)
a€HWRy (A)

with multiplicities ng;. The partition function can be expanded in terms of the characters
of the highest weight representations of HWR4«/(.A) as

Za(t)= Y nXalit). (2.4.19)

a€HWR, (A)

In [137], it was argued that the same physical amplitude can alternatively be computed in
the closed string channel. In this picture, the process is reinterpreted as the emission of a
closed string of length 27 from the boundary B,, which then propagates for a Euclidean
time [ under the closed-string Hamiltonian

c+¢
24

Hy= Lo+ Ly — (2.4.20)

before being absorbed at the boundary B,. See figure 2.2 for an illustration.
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—( &

Figure 2.2: Open-closed worldsheet duality. The open string cylinder partition func-
tion on the left is identified as the tree-level closed string exchange process on the right.
This is known as worldsheet duality between open and closed strings.

The closed string amplitude reads

c+E)

Zap(1) = (O By | e 2ot fom5d

B)= Y  (BY)Bixa(2il), (2.4.21)
a€HWR (A)

where © denotes the combined action of charge conjugation, parity, and time reversal,
needed to account for the opposite orientation of the two boundaries. We fix the action of
O by

Ola)y= Y  (BY)'la"), (2.4.22)

a€HWR (A)

where o™ denotes the representation conjugate to o. The two descriptions are related by
a change of spatial and (Euclidean) time coordinate without changing the modulus of the
cylinder (ratio of circumference and height), which is % for the closed string tree diagram
and % for the open string loop diagram, hence we find the relation

_1
2l

To map the closed string tree level amplitude to the open string loop amplitude, we perform
a modular S-transformation,

- ~ 1 avs . :
Zal) = Zu(5) = Y (B BiSwxslit) = D nlxs(it) = Zut).
o, BEHWRy, (A) BEHWRy, (A)

t (2.4.23)

(2.4.24)
Equating the two channels yields the celebrated Cardy condition

no,= Y, (BY)*BS.s €N. (2.4.25)
a€HWRy, (A)
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One sees that if one were to use individual Ishibashi states alone, the Cardy condition
would generally fail, since the S-matrix elements are not guaranteed to be non-negative
integers. Thus, the non-trivial linear combinations encoded by the coefficients B{ are
crucial for consistency.

For a theory with a charge conjugate modular invariant partition function, a solution to
the Cardy condition is given by

S
Be = Do 2.4.26
This follows directly from the Verlinde formula (2.2.22),
Saa *S CMS (6%
nh= > Boa)SraSsa _ o € N. (2.4.27)

SOa
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2.5 N = (2,2) Supersymmetric Conformal Field The-
ories

In this section, we review main aspects of two-dimensional N' = (2,2) superconformal

field theories, intending to establish notation and conventions that will be used heavily in

section 4.2. The content presented here follows standard notations found in the literature,
and we refer to [96, 139-141] for more details.

The chiral (left-moving) sector of a two-dimensional N' = (2, 2) superconformal field theory
is described by the N = 2 super Virasoro algebra, also known as the super Virasoro algebra
SVir. This algebra extends the usual Virasoro algebra Vir present in non-supersymmetric
conformal field theories, whose generators L,, correspond to the Laurent modes of the
holomorphic stress-energy tensor 7T'(z),

T(z) =Y Lpz "7 (2.5.1)

by incorporating additional supersymmetry and R-symmetry currents.
Specifically, the A/ = 2 super Virasoro algebra includes:
e A U(1) R-current J(z) of spin-one, whose modes are denoted by J,,, defined via

J(2) = Jpz (2.5.2)

e Two fermionic (Grassmann-valued) supercurrents G*(z) of spin 3/2, with U(1)-
charges +1, whose modes are denoted by G:

GH(z) =) Grz972 (2.5.3)

T

These operators satisfy the following (anti-)commutation relations, which define the N' = 2
super Virasoro algebra:

Ly L] = (m = 1) Ly + ~=m(m? = 1m0,

12
[T, o] = gm(smmo,
(GG = 2Lt (7= )+ (Tz _ i) 5reo
{Gr. Gy =0,
Ly Jul = =Wmins (L GE] = (5 = 7) Gy
[T, G| = £G3 (2.5.4)
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Note that one can explicitly verify that the energy momentum tensor 7'(z) together with the
combination G = (e”GJr + e‘”G_) generate a one-parameter family of N' = 1 subalgebras
for v € R. Furthermore, they can be combined into an N' = 1 super energy-momentum
tensor, which can be described in a so-called superspace formalism, see e.g., [12].

In a two-dimensional superconformal field theory, the mode expansion of fermionic fields
— including the supercurrents G*(z) — depends on the spin structure on the worldsheet.
A spin structure specifies the boundary conditions imposed on fermionic fields when trans-
ported around non-contractible cycles of the worldsheet. The two types of spin structures
are:

e Ramond (R) sector: fermions are antiperiodic on the complex plane,
D(e*™z) = —(2), (2.5.5)
leading to a mode expansion with integer modes:

(z) = ST (2.5.6)

neL

e Neveu-Schwarz (NS) sector: fermions are periodic on the complex plane,

D(e™2) = p(2), (2.5.7)

giving rise to half-integer modes:

()= ) ey (2.5.8)

1
TEZ+§

The supercurrents G*(z) are fermionic operators of conformal weight 3/2, and hence their
mode expansions are similarly determined by the spin structure.

Note that upon mapping the complex plane to the cylinder, and subsequently to the torus,
the periodicity of the boundary conditions changes: the Ramond (R) sector corresponds
to periodic fields, while the Neveu-Schwarz (NS) sector corresponds to antiperiodic fields
on both the cylinder and the torus.

An N = (2,2) supersymmetric rational conformal field theory with extended chiral algebra
A possesses both left- and right-moving N' = 2 super Virasoro algebras. These combine to

form the symmetry algebra
SVir xSVir, (2.5.9)

where SVir and SVir denote the holomorphic and antiholomorphic copies of the N = 2
super Virasoro algebra, respectively.

It is important to note, however, that the full super Virasoro algebra SVir is not part of
the chiral algebra A of a rational conformal field theory. This is because the supercurrents
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G*(z) are fermionic operators with non-integral conformal weight h = %, which renders

SVir a super-Lie algebra rather than an ordinary Lie algebra. As a result, the chiral
algebra A of an N' = (2,2) rational superconformal field theory is generated solely by
Grassmann-even operators, i.e., the bosonic subalgebra [122, 140, 142, 143].

The N = 2 super Virasoro algebras in the Ramond and Neveu—Schwarz sectors, denoted by
SVirg and SViryg respectively, are in fact isomorphic as Lie superalgebras [144]. This iso-
morphism can be explicitly constructed and is known as the spectral flow isomorphism [139-
141, 144].

Let x be an element of SViryg and x’ its image in SVirg. Then the isomorphism is given
by the unitary map U:

SViryg — SVirg, x+—= X =UxUL, (2.5.10)

with the generators mapping as follows

1
L;n = Lm + _Jm + i(Sm,[)a

2 24
Jiy =+ S, (25.11)
1+ _ ot
G =Gl

This algebraic isomorphism also induces an isomorphism between representations of the
Ramond and Neveu—Schwarz sectors. That is, the spectral flow operator U defines a map,

U : Hns — HR, (2.5.12)

which takes a state in a representation of the NS-sector to a corresponding state in a
representation of the R—sector.

Analogously to the non-supersymmetric case, we define a superconformal primary state as
a highest-weight state with respect to the N’ = 2 super Virasoro algebra. Let |¢) be a
state in the Hilbert space of the theory. Then |¢) is called a superconformal primary state
if it satisfies the following annihilation conditions:

L,|¢)=0, foraln>0,
Jnlp) =0, foralln >0, (2.5.13)
GElg) =0, forallr >0,

where L,, are the Virasoro generators, J, the modes of the U(1)x current, and G the
fermionic supercurrent modes.

A superconformal primary state generates an entire highest-weight module (a super-Verma
module) under the action of the negative modes of the algebra. Its descendants are obtained
by acting with the operators L_,, J_,, and G=, for n,r > 0.
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In N = (2,2) superconformal field theories, the operator-state correspondence associates
each superconformal primary state |¢) with a local field ¢(z,z) on the worldsheet. The
field ¢(z, z) is then referred to as a superconformal primary field.

An important object in N/ = (2,2) superconformal field theories, which will play a key
role in the construction of Hodge structures in section 4.2, is the so-called chiral ring. The
following discussion is based on [145]. A superconformal primary field ¢(z, z) is called a
chiral primary field if its operator product expansion (OPE) with the spin—% current G (z)
is regular. Analogously, it is called an anti-chiral primary field if the OPE with G~ (2) is
regular.

Via the operator-state correspondence, a field ¢(z,Z) corresponds to a state |¢) in the
Hilbert space. In this language, a superconformal primary state is chiral if it is annihilated

by the fermionic mode Gfl /2 and anti-chiral if it is annihilated by G_, P

Chiral primary: GJ_rl/2 l¢) =0, Anti-chiral primary: G~ , [¢) = 0. (2.5.14)

A similar characterisation applies in the anti-holomorphic sector, with the modes Ei /2-
A superconformal primary field that satisfies chirality constraints in both sectors is then
classified into one of four types, according to the conditions:

(c,c) state: Gfl/Q ¢) =0, a:/z [¢) =0,
state: G, ), |¢) =0, G_ipale) =0, (2.5.15)
state: G, 5 [¢) =0, G_ypple) =0

) ) =0

_ —+
state: G, [0) =0, G_ypl0) =

I

Here, the labels (c¢/a, c¢/a) indicate whether the chirality condition is imposed in the holo-
morphic and/or anti-holomorphic sectors, with “c” denoting chiral and “a” anti-chiral.

A fundamental property of such (c,c), (a,a), (c,a), and (a,c) fields is that their OPEs with
one another are regular and preserve the chirality type. Consequently, the product of two
such fields remains in the same class and defines a well-behaved operator product in the
limit where their insertion points coincide. This structure equips the space of these fields
with a ring structure, referred to respectively as the (c,c)-ring, the (a,a)-ring, the (c,a)-ring,
and the (a,c)-ring of the theory [145].

Let us determine the conformal weights and U(1)-charges of chiral and anti-chiral primary
states. Denoting the left- and right-moving conformal weights and charges by

Lolo) = he(lo) [0),  Lolo) = he(|0))18),  Jolo) = ar(le)) [0),  JTolo) = ar(|9)) [6)
(2.5.16)
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one finds, from the anti-commutation relations of the superconformal algebra, namely
{G*)5,GT )} =2L0 F o, (2.5.17)

that chiral and anti-chiral primaries satisfy:

heyl16) = +501/0(16)). (25.18)

with the positive (negative) sign holding for chiral (anti-chiral) states.

Moreover, unitarity of the superconformal field theory implies bounds on the charges and
conformal weights. From the anticommutator

2
{G:E3/27 G;J:,F/Q} =2Lo £ Jo + gca (2.5.19)

and the requirement of positive-definiteness of the norm, one obtains:

c

0<hyr(d) <= <= 0= |ayr(le)l <

; (2.5.20)

wl o

with gz g > 0 for chiral primaries and ¢z/g < 0 for anti-chiral primaries. Note that for N' =
(2,2) superconformal field theories associated with compact Calabi-Yau manifolds, the
chiral rings are finite-dimensional, as they are related to the finite-dimensional Dolbeault
cohomology rings of the manifold [145]. More generally, due to the bound (2.5.20), the

chiral rings are finite for compact A = (2, 2) superconformal field theories®.

Spectral Flow and Ramond Ground States

Acting with the spectral flow operator U on a chiral primary state |¢), we use the properties
of the isomorphism defined in equation (2.5.12) to see that the resulting state |a) := U |¢)
satisfies .

Lo (ja)) = o
Similarly, an anti-chiral primary state in the NS-sector flows under /~! to a state in the
R-sector of conformal weight ¢/24. Using the anti-commutator

) . (2.5.21)

(GE,Gs} =21y — % , (2.5.22)
together with (G:{)T = G, , we find
(@[ {GF,Gq }a) = 0= [GFla)|* + |Gy e[| (2.5.23)

By the unitarity of the N' = (2,2) superconformal field theory, it then follows that

GEla) =0. (2.5.24)

3A conformal field theory is called compact if its spectrum of conformal weights is discrete.
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Thus, the image of the spectral flow operator U acting on chiral states, and the image of
U~! acting on anti-chiral states, is annihilated by the Ramond zero-modes and is thus a
Ramond ground state.

More generally, a state |¢) in the NS-sector with U(1)-charges ¢z,r(|¢)) and conformal
weights hz,r(|e)) flows under U to a state in the R-sector, with

aunU19) = arnle)) — = (2.5.25)

iy 10)) = hum(10)) = 5anm((e)) + 57 (2.5.26)

—_o

where the subscript refers to whether the spectral flow is applied in the left- or right-moving
sector.

Finally, the charge conjugation operator C, induced by the charge conjugation matrix (2.2.11),
induces the transformation on states

qr/r(Cla)) = —qr/r(la)), (2.5.27)

with the conformal weights staying fixed.
Chiral Rings and Hodge Decomposition

In the context of N = (2, 2) superconformal field theories arising as conformal fixed points
in non-linear sigma models on complex Kahler manifolds that admit a Ricci-flat metric
(e.g., Calabi-Yau manifolds), the chiral ring, or equivalently the R—ground states, have a
geometric realisation in terms of (p, ¢)-forms and Dolbeault cohomology [146].

In a unitary theory, any state in the NS—sector admits a unique orthogonal decomposition
of the form

|¢) = |¢o) + Gf1/2|<l51> + Gf/2\¢2> ; (2.5.28)

where |¢g) is a chiral primary state. If |¢) has conformal weight h and U(1) charge ¢, then
|¢1) and |¢,) possess weights and charges (h — 3,¢ — 1) and (h+ 3, ¢ + 1), respectively.

Assuming that decomposition (2.5.28) holds, orthogonality of the terms is straightforward
to verify. Uniqueness also follows similarly: if two distinct decompositions existed, their
difference would yield a nontrivial combination of the form 0 = |¢) +G7, ,|¢1) + G y|¢h)-
Then, acting with (¢h| G*, /2> and using that |¢() is a chiral primary together with the
identity Gt1/2GlL1/2 = 0, we find that G| ,|¢3) = 0. Analogously, we find Gf1/2|gb’1) =0,

and hence also |¢f) = 0, so that all components must vanish individually.

To establish the existence of the decomposition (2.5.28), we need to show that any state
|¢), that is not a chiral primary state, can be decomposed as

|6) = G, |1) + Gy lg2) - (2.5.29)
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Suppose now that |¢) is not a chiral primary state. Then, |¢) satisfies

G, uld) #0. (2.5.30)

+

i.e., it is not annihilated by G_1/2.

From the N' = 2 super Virasoro algebra, the anticommutator relation reads:
{GT ). G} =2L0 = Jo. (2.5.31)
Acting on the state |¢), we obtain:

{GT1 )0, Grptld) = (2Lo — Jo)|9) = (2h — q) o). (2.5.32)

Since |¢) is not a chiral primary, we know that

2h —q #£0. (2.5.33)
Therefore, we can express |¢) as
1 _
¢) = 2h_q{Gi1/2,G1/2}|¢>- (2.5.34)
Defining
1
= 2.5.35
) = i), (253)
we can write
0) = {G "5, Gip}n) = GTy )G pln) + GLRGY uln) - (2.5.36)
Finally, setting
we conclude that
‘¢> = Gi_1/2|¢1> + Gl_/g‘¢2> . (2.5.38)

This establishes the desired decomposition.

In the special case where |¢) is chiral, but not a primary, the decomposition simplifies to

|6) = [do) + GT, j5l¢1) (2.5.39)

as |¢2) must vanish in this case, which can be seen upon acting with Gfl/Q on (2.5.28).

Assuming for simplicity a left-right diagonal theory, this decomposition strongly resembles
the Hodge decomposition of (p,q)-forms on compact complex Kéahler manifolds. This
relation can be made precise in geometric NV = (2,2) non-linear sigma models on Calabi-
Yau manifolds, as reviewed in detail in [141, 145]. Schematically, one identifies the nilpotent
operators

(G*

—1/2

Gl © (0,0, (2.5.40)
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where (0, 0%) denotes the dual pair (with respect to the standard inner product on AP?)
of Dolbeault operators
O+ APY(M) — APTLI(M)

2.5.41
0" 1 APY(M) — APTHI(M) (2:541)

and AP9(M) denotes the space of (p, q)-forms on some complex Kéhler manifold M, with
coefficients in C. The operator

1
{G:/za G;/Q} = 2Ly - §Jo, (2.5.42)
mirrors the Laplacian relation in cohomology
Ay = 00"+ 070. (2.5.43)

A similar correspondence holds for the right-moving sector

(51/2,@:1/2) < (0,0), (2.5.44)
with: |
{Etl/m@;/z} =2Lo + 570- (2.5.45)

In this identification, we have
e Chiral fields correspond to forms annihilated by 0 — closed forms.
e Chiral primary fields correspond to forms annihilated by Ay — harmonic forms.

A standard result in Hodge theory is that each class in the Dolbeault cohomology group,

HP(M,C) = 8_—closed

, (2.5.46)
0-exact

has a unique harmonic representative. This follows from Hodge’s theorem. Furthermore,
for Kéhler manifolds we have Ay = Az. Thus, there is a one-to-one correspondence
between those elements in the rings that have left-right symmetric, or left-right antisym-
metric U(1)-charges, and classes in H”9(M, C). For superstring theory compactifications
to four dimensions, N = (2, 2) superconformal field theories with central charges ¢ = 9 are
particularly relevant. In these theories, chiral primary fields satisfy

3 3

hr < 5 hr < 3 (2.5.47)

with |qr| = 2hy and |qr| = 2hg. Fields with integer U(1)-charges form a subring of the
chiral ring. These charges satisfy

qn.qr € {—3,-2,-1,0,1,2,3}, (2.5.48)



62 2. Aspects of Two-Dimensional Conformal Field Theories

where ¢, qr > 0 in the (c,c) ring and q;, < 0, gg > 0 in the (a,c) ring.

Consequently, the range of integer charges in the (c,c) ring matches precisely the range
of (p,q) indices in the Dolbeault cohomology groups H?¢(M,C) of a complex three-
dimensional manifold M. The dimensions of these cohomology groups are denoted as

hPa( M),

Furthermore, since the field with ¢ = 2h = 3 is unique, as it maps to the unique NS—
sector ground state under spectral flow with parameter = 1, this correspondence selects
manifolds M with

ROO(M) =1, R*O(M) = h%3 (M) = h**(M) = 1. (2.5.49)

These properties characterise Calabi—Yau threefolds, which will appear later in section 4.2
as geometric examples of ' = (2,2) superconformal field theories.

Fermionic Spin Structures and BPS Boundary States

For superconformal field theories, the open string cylinder amplitude (2.4.16) and the
closed string tree-level amplitude (2.4.21) need to be adjusted, due to the choice of spin
structures on the spatial circle S' [147, 148] for fermionic fields. To compute the open
string cylinder partition function (2.4.16), we take the trace over fermions with anti-periodic
boundary conditions, which under the open/closed worldsheet duality maps to closed string
fermions in the Neveu-Schwarz sector, also with anti-periodic boundary conditions. In
contrast, inserting (—1)F — where F' denotes the fermion number operator — modifies
the open string trace to enforce periodic boundary conditions for the fermions. This then
corresponds to closed string fermions in the Ramond sector. As a result, the open and
closed string channels relate as follows [147-150],

Z8(1) = Try, (—D)F "5 . ZU9(1) = Trgy, g0 57 (2.5.50)

where the superscripts distinguish the Ramond and Neveu—Schwarz sectors of the resulting
closed string matrix elements.

Let us now specialise to Cardy boundary states in left-right symmetric N' = (2,2) su-
persymmetric rational conformal field theories, which contain both left- and right-moving
copies of the N' = 2 super Virasoro algebra, SVir xSVir. BPS boundary states preserve a
diagonal A/ = 2 subalgebra of SVir x SVir, which can be determined by an automorphism
w : SVir — SVir.

There are two standard choices for supersymmetric boundary conditions, A-type and B-
type. A-type boundary conditions correspond to an automorphism that sends the U(1) R~
current J to —J and exchanges the supercurrents G* by a phase rotation, G* — eT*GT.
B-type conditions, on the other hand, preserve J and rotate the supercurrents by the phase
rotation GF +— e*PG*. Together with the usual Virasoro condition (L,, — L_,,) |B) = 0,
the full gluing condition for the boundary state reads [147, 148, 150]:

A-type:  (Jm —J_m)|B) =0, (GF+ie™G ) |B) =0,

_ o (2.5.51)
B-type:  (Jo+ J-m) |B) =0, (GF+ie*PG)|B)=0,
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for all allowed modes m and r.

For these BPS boundary conditions, the open string Hilbert space H,, organises into
supersymmetric multiplets with respect to the open string Hamiltonian Hopen = Lo — 55
For each positive energy level, there are equal numbers of bosonic and fermionic states.
Because the trace in the open string index includes (—1)%, the contributions of such paired
states cancel, leaving only the index Try,, (—1), which counts unpaired open string zero-
energy states.

By the open/closed consistency condition (2.5.50), the closed string channel matrix element
must likewise be independent of § = e=2™.

The bra state in the closed string tree-level amplitude must be chosen carefully to reflect
the same supersymmetry condition as the ket state and the fermionic modes in the open
string index, to be consistent with the worldsheet open/closed duality. For an A-type
boundary state with phase «, the Hermitian conjugate of (2.5.51) shifts the phase by ,

(B,| GF +ieTilemGT =0, (2.5.52)

where we used (GX)! = GT, hence (B,| preserves a different linear-combination of the
supercharges than | B,). To restore the original condition, one acts with the operator e/o,
where .Jy is the left-moving zero-mode of the R-symmetry current*. This ensures that bra
and ket boundary states preserve compatible combinations of the supercharges [148, 150],

(By| €™ (GF +ieT*GL ) =0, (2.5.53)

where we used the relation e?0GF = e GEelP for 3 = 7. Similar considerations hold for
B-type boundary states. Consequently, the relevant closed string channel matrix element

reads® N | B
ZW (1) = (B, ettt |By). (2.5.54)

Since this is ¢-independent, it may be computed in the limit [ — oo, where only Ramond—
Ramond ground states contribute. The result relates the open string index to an overlap
of boundary states projected onto the RR—sector:

Tr’Hab(_l)F = ’P<Ba‘ eiﬂ-JO ‘Bb>p . (2555)

The distinction between A-type and B-type boundary conditions reflects the action of the
mirror automorphism of the N' = 2 super Virasoro algebra [153]. This automorphism

4Viewing the ket boundary state | B,) as a D-brane p, a shift of the phase parameter a by 7 implies that
the corresponding bra boundary state (B,| describes the boundary condition of the anti-D-brane p [151].
Multiplying the bra boundary state (B,| by (—1)f* reverses this operation, converting the anti-D-brane p
back into the original D-brane p.

®Since the combined operator (—1)fLel™/ 0 with Fy, denoting the left-moving fermion number, is central
in the theory [152], one may equivalently define an index using the insertion »(B,| (—1)** |By)p [147, 150].
Compared to the insertion of €70, the contributions to the index may differ by an overall phase. In this
work, the insertion €™ is used.
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exchanges the right-moving R-current J — —.J and swaps the right-moving supercurrents
G G Thus, mirror symmetry interchanges A-type and B-type boundary condi-
tions [148]. In the latter part of the thesis, we focus primarily on A-type boundary states,
which are built from combinations of states with left-right symmetric U(1) charges, typi-
cally containing (c,c)—primaries. Under the mirror map, these are mapped to B-type states,
which are linear combinations of (c,a)—primaries.

Finally, let us remark that for the unitary rational A’ = (2, 2) superconformal field theories
and their boundary states studied in section 4.2, we assume

(i) The maximal chiral algebra A contains a subalgebra A’, which includes the purely
bosonic part A4, of the super Virasoro algebra generated by the Grassmann even
Generators of SVir, such that the representations HWRy, (A) decompose into finitely
many irreducible representations of A’. We therefore have the hierarchy:

A, C A C A (2.5.56)

This ensures that the N' = (2,2) superconformal field theory is rational with respect
to A’ as well.

(ii) Each irreducible representation in HWRy (A") contains at most one (c,c) primary of
the N = 2 super Virasoro algebra.



Chapter 3

Toroidal Rational Conformal Field
Theories

This chapter pursues two principal objectives. The first is to derive explicit expansions of
the partition functions of toroidal rational conformal field theories in terms of products of
the same fundamental building blocks that appear in the partition functions of rational
conformal field theories on a circle S, as well as in non-supersymmetric Virasoro minimal
models. These building blocks are the characters of minimal extensions of u(1) current
algebras.

While the decomposition of the partition function of toroidal rational conformal field the-
ories into characters of their maximally extended chiral algebra is well understood —
particularly for even-dimensional target space tori — the systematic decomposition into
characters of minimal extensions of u(1) current algebras is less explored in the literature.
For rational toroidal conformal field theories with target space tori 77, where D > 1, such
decompositions are finer than those with respect to the full extended chiral algebra; how-
ever, they are not unique. As discussed in the main text, this non-uniqueness stems from
the fact that the decomposition depends on a choice of a sublattice of the even self-dual
lattice PP of signature (D, D) that characterises the toroidal conformal field theory.

Our motivation for considering such minimal decompositions is twofold. First, such mini-
mal decompositions are universally applicable for target space tori of any dimension, as long
as the target space torus is related to a rational toroidal conformal field theory. Second, as
these decompositions do not rely on the symmetry of the entire extended chiral algebra,
such finer decompositions can be useful to explicitly describe specific orbifolds or orien-
tifolds of such rational toroidal conformal field theories. As will be shown in section 4.2,
in the context of boundary conformal field theory, boundary states often preserve only
a proper subalgebra of the maximally extended chiral algebra. Consequently, a detailed
understanding of the family of possible subalgebras is highly desirable. The framework
developed here makes it possible to describe such families explicitly for toroidal rational
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conformal field theories.

The second objective of this chapter is to demonstrate how, given an expansion of toroidal
partition functions into characters of minimal extensions of u(1) current algebras, one
obtains an equivalent expansion in terms of so-called Ray class theta functions. This
representation provides the partition function of a toroidal rational conformal field theory
with an explicit interpretation in the language of algebraic number theory and class field
theory, thereby illustrating the deep connection between rational conformal field theory
and the arithmetic structure of number fields.
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3.1 Rational Conformal Field Theory on a Circle

The characters of the extensions of the (1) current algebras relevant for this work already
appear in the context of two-dimensional conformal field theories describing a real free
boson ¢ compactified on a circle. This topic is discussed in detail, for instance, in Refs. [95,
96, 154]. The partition function for the free boson on a circle reads’

Zo(riR)= — L 3 BGHErgEGER o g (3.1.1)

where 7 denotes the modular parameter of the worldsheet torus, which is valued in the
Siegel upper half plane, n(7) is the Dedekind eta function, and R is the radius of the circle

S1. Tt is well known that for radii of the form R = 2%,
integers, the conformal field theory becomes rational. This rationality arises because the
u(1) current algebra of the free boson, generated by the chiral primary field 9¢, is ex-
tended by the chiral primary fields e¥V?P ¢ The precise form of the exponent is fixed
by imposing the condition of mutual locality. Following ref. [95], we denote this extension
of the u(1) current algebra by u(1),,, and we often refer to it as a minimal extension of
the u(1) current algebra. Note, however, that for abelian Kac-Moody algebras, such as the
current algebra of a free boson 1(1), the notion of a level has no intrinsic meaning, as it
can be arbitrarily changed by a rescaling of the generators. Therefore, the notation u(1),,
should not be confused with the level of an (non-abelian) affine Lie algebra. Thus, the
notation 1(1),, does not indicate a level, but rather labels the specific minimal extension

with p and p’ positive coprime

2

occurring for the rational compactification radius R = o

For these special radii, the partition function (3.1.1) simplifies to
Zg (ripp) = Z Ko (T) Kapw (1) (3.1.2)
2€{0,1,...,.2pp’ —1}

where w = pr + p's for integers r and s satisfying the Bézout identity pr — p's = 1. The
functions ) ,(7) are the characters of the irreducible highest weight representations of

~

u(1), defined for any positive integer o by

1 (2an+k)2
KaalT) = —— q A ANEZL, 3.1.3
na(T) o) > (3.1.3)

neL

with the symmetry properties

’C,\,a(T) = IC)\_A,_Qa’oC(T) s IC)\VO[(T) = ’C—A,a<7-) . (314)

!Throughout this chapter we adopt the convention o/ = 2.
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The characters transform under modular transformations as

Kaa(r + 1) = 2 QZ)KM() (3.1.5)

2a—1 wlAu
Kyo(—1/7) = K, (7). (3.1.6)
g™

The structure of these extended characters can be understood as follows: The factor pre)

with conformal weight hy = % together with the Dedekind 7 function, encodes the Vira-
soro conformal family generated by the free boson oscillators acting on the corresponding
primary state. For rational squared radius, the chiral algebra is extended by additional
generators I'*. The requirement of mutual locality in the operator product expansion
(OPE) with the generators of the extended chiral algebra, forces the primary fields to be

of the form €%, with v = 2 —2_ XN € Z. A shift A\ — X+ 2pp’ corresponds to multiplying

the primary by eV??' ¢ which inserts the extended generator I't and thus produces an
extended descendant state. Therefore, the set of extended primary fields for the extended
chiral algebra is naturally labeled by 0 < A < 2pp’. All values of A outside this range
correspond to extended descendants built from primaries within this range. Each charac-
ter ICy pp, with A € {0,...,2pp" — 1}, thus describes one extended primary and its entire
tower of extended descendants. This illustrates explicitly how the infinite set of Virasoro
primaries in the free boson theory compactified on S* organises itself into a finite number
of extended primaries — one of the defining features of a rational conformal field theory.

Let us now show explicitly how to derive the expansion (3.1.2), starting from the general
form (3.1.1). In eq. (3.1.1), the sum runs over a two-dimensional lattice spanned by the
linear combinations pm + p'n and pm — p'n, where m and n parametrize the standard Z?
lattice. We wish to find an integral basis transformation matrix M, with det M = 1, such
that the transformed lattice basis has a triangular form,

(1; _p];,> M = (g i) . (3.1.7)

M = (:1; Z) : (3.1.8)

where (7, s) is a Bézout pair satisfying

pr—p's=ged(p,p) =1, (3.1.9)

since by assumption p and p’ are coprime. With this transformation, the basis takes the

form / /
p P\ 4, (20 w
(0 7)o (279, 110

where we defined pr + p's = w.

A suitable choice is
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The transformed lattice sum in the partition function then takes the form

23 ripp) = o 3 WO gt (3.1.11)
e 2,
Finally, performing a change of summation variables,
n 2pp'n+9, 6e€{0,1,....2pp' =1}, (3.1.12)
yields the desired factorised form of the partition function
ZEripdf) = — 3 T g et (3 )
WP 2,
Zgait (T; p,p/) = Z KwA,pp’<T>K)\7pp’ (T) . (3'1'14)

xe{0,1,....2pp'—1}

From this expansion, we can immediately identify the spectrum of the finite set of extended
primary fields encoded in the extended characters K, ,y. Each such character has the

lowest conformal weight h) = 2 and includes all corresponding descendant contributions

1
with respect to the extended Chzﬁral algebra u(1),,. In particular, we see that the partition
function is diagonal whenever w = 1 mod 2pp’. This occurs for radii of the form Rg1 = v/2k,
with £ € N. Note that for this class of rational conformal field theories, the charge
conjugation modular invariant coincides with the diagonal modular invariant, since the
charge conjugation matrix satisfies Cj; = 90, opp—i, and the symmetry KCy ,y = Koppr—x ppr
holds.

3.2 Toroidal Partition Function

Let us now turn to the class of toroidal compactifications of the 26-dimensional bosonic
string, that is, to the case of D free bosonic fields compactified on a D-dimensional flat torus
TP. Such compactifications result in an effective (26 — D)-dimensional theory. We follow
the standard conventions and notation as, for instance, presented in [15]. The relevant
worldsheet theory is described by the bosonic non-linear sigma model in conformal gauge,

1
S = _8_71‘/d20 (naﬁGW&xX“agXV + EaﬁBwjaaXMaﬁXy) ) (321)

where G, denotes the target space metric, B, is a constant antisymmetric two-form field
(the B-field), and €*? is the Levi-Civita symbol in two dimensions (with ¢! = —1). Let
us focus on the internal compact directions, labeled by capital indices X!. Due to the
periodic identification on the torus T'7, the internal coordinates obey

D
X'~ X2 nfel = X7+ 27 L
B = (3.2.2)
L' = Zniel n; € 7,
=1

77
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where e; = {e!} denotes a basis vector of the D-dimensional lattice A defining the torus

as the quotient
TP =RP/27A. (3.2.3)

The vector L! encodes the winding numbers of the string around the compact directions.

A mode expansion of the bosonic string consistent with this periodicity is given by

X' = X[ + X},
1 :
Xp=ah+pp(r+p) +1Y_ —ape ")
n
X; =2l +pl(r—»p +1Z —aleminr=r)
n;é(]

where ph, and p! denote the right- and left-moving momenta along the compact directions,
respectively. They are determined by the compactification data as

(pI)RL—GIJp + BIJL + - (GIJ:FBIJ>L
(3.2.5)

(pr)pr =mr £ B (GIJ F Bry) L7,

where 7y is the center of mass momentum along the internal compact directions, which
generates translations. The condition that the wavefunction €' ™ be single-valued under
the lattice identification requires that L{m; € Z, implying that the allowed momenta 7; lie
in the dual lattice A*,

T =mel, m; €L, (3.2.6)

where the dual basis " = {e}'} satisfies e; - € = §,/. We can thus rewrite (3.2.5) as
i L R A
(pr)rL =e€7 | mi £ 59" = §bijn ) (3.2.7)

where g;; = eZ»IGUe}] and b;; = efBUej are the metric and B-field, expressed in the lattice
basis. The squared norms of the momenta then read, in matrix notation,

1
pQR,L =m'g'm+ ZnT(g —bg 'bjn+n’bg 'm+n'm. (3.2.8)

They are related to the L zero-mode Virasoro generator by

(3.2.9)

where Ny, r denote the left- and right-moving oscillator excitation numbers.
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One can now combine the left- and right-moving momenta into the 2D-dimensional lattice
vector P = (pr,pr), which spans the lattice '?P. Equipped with the inner product in
Lorentzian signature,

P-P' = (pip — phpil)ors . (3.2.10)
I

the lattice is even and integral:

D
P-P =) (mn' +mpn'). (3.2.11)

=1

This bilinear form does not depend explicitly on the choice of the metric g;; or the B-field
b;; and thus defines a unique lattice structure for each compactification. For instance,
taking e/ = v/26,' and b;; = 0 yields the factorised form

D
Il = QT where Tp' = (J5(1,1), J5(1,-1)). (3.2.12)
i=1
This lattice is manifestly self-dual since its basis also generates its dual lattice, showing
that I'P? is an even self-dual Lorentzian lattice for all choices of g;; and b;;. All self-dual
even Lorentzian lattices 'P*P can be obtained by an O(D, D) transformations of a reference
lattice (e.g., the lattice obtained for the choice g;; = 26;;, b;; = 0). The bosonic string
theory is also invariant under separate O(D) transformations of py,, pr. Additionally, the
theory admits discrete duality transformations acting on g¢;; and b;;, which can be shown
to generate the group O(D, D,Z). The moduli space of bosonic toroidal compactifications
is hence
O(D, D)
O(D) x O(D)

and is called Narain moduli space [155, 156].

Mo = /O(D, D, Z), (3.2.13)

Using eq. (3.2.9) and recalling the definition of the partition function (2.2.15), the partition
function for a toroidal compactification is given by

_ 1 1p2 1,2 T
ZTD (T, T) = —|7](T)‘2D Z q2qu2pR , q= 62 . (3.2.14)
P=(pr,pr)el'P-P

For the compactified theory to describe a rational conformal field theory, it must be pos-
sible to decompose the partition function into a finite sum of products of holomorphic
and anti-holomorphic characters. Concretely, this requires that the lattice I'”*? admits a
decomposition into a direct sum of mutually orthogonal even D-dimensional lattices I'20
and I'%® such that their sum is a sublattice

0 g rof crp, (3.2.15)
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By the well-known gluing lattice construction [157, 158], one can decompose the full lattice
I'P-D into cosets with respect to 'LV @ T using so-called glue vectors v = (vg, vR),

P = & (T @ TOF 4 v;) (3.2.16)

viEFD’D/(FLvo@FO’R)

where the number of cosets is equal to the index of I'*? @ T%® inside I'”"P, i.e., the number
of equivalence classes [['P-P/ (P50 @ T07) |.

The partition function for rational toroidal theories can then be decomposed as

1
T = oy Dy, p Rttt (3.2.17)

2D
|n<7_)| (vp,wRr)ETC wrerkt:0
'wREFO’R

where I'¢ = PP/ (IO @ I'%®) and vy, € (T40)*/TE0, vy € (TOF)* /TOR,

Defining lattice theta functions for the holomorphic and anti-holomorphic sectors, respec-
tively,

1 —T170,R
o, (1) = ST ghteer gt p 3 B (6219

vr (T)
wy,elL:0 ero,

the partition function (3.2.17) takes the form

e = > 6,18, (7). (3.2.19)

v=(vg,vg)Elc

In this way, the partition function is written explicitly as a finite sum of products of
holomorphic and anti-holomorphic theta functions. These theta functions are naturally
interpreted as the characters of the maximally extended chiral and anti-chiral algebras of
the rational toroidal conformal field theory. The lattices 'Y and I'%® serve as the root
lattices for these extended chiral algebras. The associated chiral algebra is a WW-algebra

of the form W(2, |k1|%, ..., |kpl|?) labelled in terms of the squares of the generators v/2x;,
i=1,...,D, of the lattice ' see for instance ref. [93, 96]. Analogously, the anti-chiral
W-algebra W(2, |&1|?, ..., |Rp|?) is associated with the root vectors v2&;, i = 1,...,D,

of the lattice %%,

3.3 Decomposition of Rational Toroidal Partition Func-
tions

In this section, our goal is to derive an explicit decomposition of the partition func-
tion (3.2.19) for rational toroidal conformal field theories with target space T into a
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finite sum of products of the characters (3.1.3). This result appeared in the work [1].
Concretely, we wish to express the partition function in the form

ZES(T) =) Knvan (7)o Kopan (1) K5, 6, (7) - K5 5, (7) (3.3.1)
Ael
where ay,...,ap,ay,...,ap are positive integers and I is a finite set of 2D-tuples

Ay s Apy Ay AD).

The central idea behind the decomposition (3.3.1) is the existence of an orthogonal (not
necessarily primitive) sublattice O ®Opg, contained in the root lattice '*°@T%% of the even
self-dual charge lattice I'PP of signature (D, D), which characterises the rational conformal
field theory with target space T”. We demonstrate that the individual summands in (3.3.1)
are in one-to-one correspondence with the cosets of I'?*” modulo Oy ® Op.

It follows immediately that there is always a distinguished, universal term in this ex-
pansion that corresponds to the sublattice O @ Op itself, representing the contribution
from the generators of the associated subalgebra. We present an explicit constructive
method for determining such decompositions in any dimension D. As outlined in the
main text, this construction amounts to identifying a suitable 2D-tuple of positive integers
(o1,...,ap,aq,...,ap) and a 2D x 2D integer matrix H derived from the charge lattice of
the toroidal rational conformal field theory. By computing the Hermite normal form of H
— a standard procedure implemented in many computer algebra systems — one can then
unambiguously read off the expansion (3.3.1). We illustrate this approach with explicit
examples in low dimensions, focusing on the cases D = 2 and D = 3 for clarity.

For a generic point in the Narain moduli space of toroidal conformal field theories, a
non-trivial sublattice ' @ I'%® does not exist, and the theory is thus non-rational. In
general, a toroidal conformal field theory has an infinite tower of Virasoro primary fields:
each lattice vector in I'”"P corresponds to a Virasoro primary field with conformal weights

given by (hy, hp) = (%, 2.

A point in the Narain moduli space is fully specified by the Riemannian flat torus metric
g = AT A, where A is the basis matrix whose columns are the generators of the torus lattice
A = H(TP,Z), and by the antisymmetric B-field, written as b = ATBA. Comparing
to (3.2.7) and following the notation of [93], the left- and right-moving charge vectors take
the explicit form

(b —=BA—=A),

pL = (b —BA+ ) , (3.3.2)

1
pR—ﬁ

Sl

with (@, A) € A* @ A.

Building on the results in [93, 94, 159, 160], it follows that a toroidal conformal field theory
is rational if and only if all conformal weights (hy, hg) of the Virasoro primaries are rational.
Equation (3.2.8) then implies that the torus metric and B-field must be rational-valued,
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when written in the lattice basis, i.e.,

g € Symp(Q) b € Skewp(Q) , (3.3.3)

where Sym,(Q) and Skewp(Q) denote the spaces of D x D rational symmetric and anti-
symmetric matrices, respectively.

Using the rationality of all conformal weights and the explicit form of the charge vec-
tors (3.3.2), any partition function (3.2.14) of a rational toroidal conformal field theory has
the general form

25 (r) = |2D 3 Hw afmtbin) H g™ R 33y

m,necZP i=1 J=1

)

with integers a;, a; € Z~o and integral vectors a;, a;, b;, Bj cZP fori,j=1,...,D.

The lattices I'*? and T'%#, which are the root lattices of the maximally extended chiral
algebra of the toroidal rational conformal field theory, contain finite index sublattices O,
and Or whose generators are pairwise orthogonal. In the following we denote the generators
of O, and Og by 04,...,0p and 64, ...,0p, respectively. Due to the evenness of I'P-P,
these generators have even norm. Note that the orthogonal sublattice Oy and Op are the
root lattices of products of u(1),, algebras for some integers ;. The following summarises
the inclusion of sublattices,

Op®O0p CTHO@TOR CcTPP (3.3.5)

The contribution from the direct product of the (1), subalgebras associated with Op & Opg
to the partition function is

ZIE%0r (1) = |2DH<Zq‘“ )(Z“h’*) HICO% )Koa (7). (3.3.6)

i=1 \k€Z kEZ

where K, , are the (1), characters (3.1.3) and «; := 307 and &; := —167, i =1,...,D.

To complete the lattice sum in the partition function (3.3.4), we must include those lattice
points I'P*P that do not reside in the sublattice Oy, @ Ogr. Denote by n + 1 the index of
the sublattice O @ Or embedded in I'P*P_ and let p1,...,p, € PP and py € O ® Og
represent the cosets of the quotient I'?P /O, @ Og. Then for all lattice points in p € ['P-P,
p ¢ Op @ Og, we clearly have p — p, € O @ Og for some a € {1,...n}. We can expand
the coset representatives p, in terms of the generators o; and o; as

Pao = Pa101+F ...+ PanOn + Pa101 + ...+ PanOn , a=0,...,n, (3.3.7)

with rational coefficients p,; and p,;. Clearly without loss of generality, we can assume
Pai» Pai € [0,1), as an integer shift to any of these coeflicients does not change the equiva-
lence class of p, in the quotient I'P-P /O, & Og. We also have that the product of p, with
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the generators o; and 6; must be an integer, since p, € I'”"P. Then, using 07 = 2q; and

0? = —2@;, we obtain

PaO; = Q,Oa,iai €7 , ﬁaoi = _Qﬁa,idi €7 , (338)
and hence \
Pai %' with Xai €40,...,20; — 1},
&%)
(3.3.9)
Pai = —= with A,; €{0,...,2d4 — 1} .
We conclude that the D-dimensional vector (p,1,--- , pap) in the basis of 0; is an element
of Oj, respectively (pa1, -, Pap) € Of, where Oj and O}, are the dual lattices.

We can now rewrite the lattice sum in the partition function (3.3.4) as a sum over the
sublattice Oy, @ Og (3.3.6), together with the contribution from remaining lattice points

in [P which is a sum over p, + (Op, @ Og) for all @ = 1,...,n. The partition function
then reads
2 ~ 5‘{11’ 2
Zrat( ) Zq?g@O;g( |2D ZH (Z a; k+ 2a ) )(anz(k-i- 2&i> )
" D e ke (3.3.10)
= Z H ’CAa,i,Oéi (T) ’Cf\a,i,&i(T) )
a=0 =1

which is the general form (3.3.1) we were after.

To recapitulate, the derivation of the expansion (3.3.10) proceeds in two steps. First,
one determines the generators o; and 0;, « = 1, ..., D, spanning the sublattice O @ Ogp.
Subsequently, one constructs the set of coset representatives p,, a = 1,...,n. This data
uniquely determines the expansion (3.3.10) for the given choice of orthogonal sublattice.
However, the expansion (3.3.10) of the rational toroidal partition function is not canonical,
as it depends explicitly on the choice of O @ Og, following eq. (3.3.5). Distinct choices
of the orthogonal sublattice yield inequivalent expansions (3.3.1), expressed as different
products of the characters (3.1.3) corresponding to extended (1) current algebras.

If the sublattice Oy, is isometric to 'Y, then the lattice generators v/2k; of X% can be
identified with the generators o; — see above eq. (3.3.5). In this case, the holomorphic
characters of the maximal extended chiral algebra defined in eq. (3.2.18) factorise into the
characters (3.1.3) of extensions of the u(1) current algebra, namely

0% (r H/CM,{Q‘ (3.3.11)

where the labels \; are obtained from the expansion wy = é (AMo;+ ...+ Apop). Ifin

addition, the sublattice O is isometric to I'%#, then our construction coincides with the
gluing construction [157, 158].
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If however the lattice Oy, is not isometric to the lattice ', then the holomorphic characters
@fULL’O (7) are not equal to products of characters Ky ,(7) of extended current algebras u(1).,,
but instead can be expanded as a sum of such products. In this case, the more general
construction described above must be applied to arrive at the decomposition (3.3.1).

Geometrically, factorisations of the form (3.3.11) of the extended chiral characters always
occur if the metric G of the target space torus T is both rational and diagonal, and if
the B-field B vanishes. The torus T is then a product TP ~ S!' x ... x S* of D circles as
a Riemannian manifold, and K )‘i"K‘?I(T) are the characters of the extended current algebra
U(1)}2| associated with each rational circle S'. However, factorisations (3.3.11) can also
occur for more general target space tori and choices of the B-field.

Minimally Extended 11(1) Current Algebra Decomposition for T2

To illustrate the general decomposition (3.3.10) concretely, let us now consider the ex-
plicit example of a toroidal conformal field theory with target space T2. As reviewed
in (3.2.13), such a theory is uniquely specified by a constant Riemannian metric whose
matrix representation in the torus lattice basis we denote by g and an anti-symmetric B-
field B € H*(T?,R)/H?(T? Z) that appeares in the calculation of the momentum charges
pr.r in the form b;; = e{ B; Je}] , for lattice basis vectors e;. Equivalently, the real two-
torus can be described as a complex torus 7% = C/A with A = Z @ uZ, for some complex
structure parameter in the upper-half plane v € H = {z € C|Imz > 0} [161].

In this complex setting, the Kahler metric expressed in the lattice basis takes the explicit

form
2t
g==" (1 ul) : (3.3.12)

Uz \U1 |u|2

where ¢t € H is the complexified Kahler modulus, whose imaginary part t, specifies the
volume of T2 and hence the Kahler class of the Kahler form w = gI. One verifies directly
that the metric ¢ is compatible with the complex structure defined by the period matrix
IT = (1 u), since the associated complex structure [ in the lattice basis is given by

ORI Rt R

A short computation then shows the compatibility condition

I'gl=g. (3.3.14)

In terms of the complexified Kahler modulus ¢, the skew-symmetric B-field b of the target

space torus 172 is
(0t
b=2 (—tl 0> , (3.3.15)

where u; = Rewu, us = Imu, t; = Ret, and {5, = Im .
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Substituting this into (3.2.8), the explicit squares of the left- and right-moving momenta
become

1

2t2U2

1

oty Img — umy +t(ng +unsg)|® . (3.3.16)

|my — umy +t(ny +un2)|2 ) p%z =

pi =

Thus, the toroidal partition function (3.2.14) sums over all allowed conformal weights given
by p% and p% as explicit functions of u and ¢.

The rationality condition eq. (3.3.3) implies for the two-torus, by using eq. (3.3.12) and
eq. (3.3.15), that both complex structure modulus v and the complexified Kédhler modulus ¢
take values in an imaginary quadratic number field Q(v/—D’), for some positive square-free
integer D’ [93, 160, 162],

u=a-+bv—-D", t=c+dv—-D",

3.3.17
a,c€Q, b,de Qy, D' € Z+y and D’ square-free . ( )

Complex one-dimensional tori for which the complex structure parameter satisfies the above
condition are said to admit complex multiplication — a key number-theoretic property
which implies extra automorphisms of the lattice A. Attached to each rational toroidal
conformal field theory on T2 is therefore a mirror-pair of complex multiplication tori 772,
T?. This is the first instance of the appearance of the intricate arithmetic structure of
complex multiplication in rational conformal field theories [92-94]. The geometric and
arithmetic aspects of complex multiplication, along with its connection to N = (2,2)
rational superconformal field theories and mirror symmetry, will be discussed in detail in
chapter 4.

Inserting the explicit parameterisation (3.3.17) into eq. (3.3.16), we find

(—amy +my + eny + (ac+ D'bd)ny)*  (bmy + dny + (ad — be)ny)®

2 __
o (—amy+mg+cny + (ac— D'bd)ny)? N (=bmy + dny + (be + ad)ny)?
Pr= 20dD’ 2bd

By clearing denominators, we see that this takes the generic form

aTm +bTn)? alm + bfn)’
%:(1 1 >+(2 i) 7 a; € Ly , a;, b; € 72,
2a, 2az

i

0 \2 N2 (3.3.19)
(a,le + blTn) (agm + bgn)
PR = +

2&1 25’/2

) &i€Z>07&i75iEZ27

where the constants a;, a;, © = 1,2, and vectors a;, b;, a;, l;i, i = 1,2, are linear functions
of the rational numbers a, b, ¢, d, which define the moduli v and ¢ in eq. (3.3.17). We thus
explicitly see that the partition function Z@# (7;u,t) is of the form (3.3.4). It should be
emphasised that eq. (3.3.19) holds for target spaces T in any dimension.
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Decomposition Construction

Starting with eq. (3.3.19), let us now derive the decomposition (3.3.10) explicitly for T2
We define 4 x 4-matrices H and D

T T
a; b 2aq
2@2
T ~ )
~T IT —2a
al bl 2a

(3.3.20)

which by construction have only integral entries and their determinants are non-vanishing.

The integral intersection pairing
RN A AR/ (3.3.21)

of the even self-dual lattice ['? is induced by the norm ||(m, n)||* = p3(m, n) — ph(m,n)
for (m,n) € Z*. Hence, we find that the pairing 3 can be explicitly written as the integral

symmetric 4 X 4-matrix
X =H"D 'H c Maty(Z) . (3.3.22)

Using the matrix H, we can write the partition function (3.3.4) for rational toroidal con-
formal field theory with target space 77 as

» 1 (m, n)H"T("H (:)
Z5 (; u,t) = !U(T)Pm;me , (3.3.23)
with the diagonal matrix
T(r) = %0z i . (3.3.24)

2a1 o
P
2a2

As the lattice I'>? is unimodular, i.e., even, integral, and self-dual, the inverse matrix !
is integral as well. Then, from eq. (3.3.22) we get

= H'D(H™)" € Maty(Z) (3.3.25)
which implies
D=H (S'H") . (3.3.26)

We thus explicitly see that the columns of the diagonal matrix D are integral linear com-
binations of the columns of the matrix H, with integral coefficients given by the column
entries of the integral matrix (X~*HT).
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We can now interpret the columns of the matrix H as generators of the lattice I'>? to-
gether with the intersection pairing given by the inverse matrix D~!. As a consequence of
eq. (3.3.26), the columns of the matrix D span a sublattice Oy ® Og of I'*?, because it has
mutually orthogonal generators given by integral-linear combinations of the columns of H.
This sublattice Oy, @ Op clearly respects the chain of inclusions (3.3.5) that are needed for
the decomposition of the partition function into the characters ICy , of the form (3.3.10).
The contribution of the sublattice O @ Op to the partition function (3.3.23), i.e., the
contribution (3.3.6) reads

(m.nyoreon (7]

1
Zpd 0% (ryu,t) = > e

[n(7)]? = [T KoaKoalry . (3320)

m,neZ?

The remaining terms in the partition function stem from the cosets of the sublattice O, ®0x
inside I'>2. Let us denote the index of the sublattice generated by the columns of D within
the lattice generated by the columns of H by n+ 1. As discussed in section 3.3, we need to
construct n + 1 vectors py, ..., p, representing the n + 1 distinct cosets of the quotient of
the lattice of H by the sublattice of D. Explicitly, we find for the index of this sublattice

det D o 4a1a2d1&2
~detH det H

— det H , (3.3.28)

where we use det 3 = 1, which follows from the unimodular property of I'>2, together with
eq. (3.3.26).

Without loss of generality we can assume that the integral matrix H is in (column) Hermite
normal form?

hi1 O 0 0
hoi hyy 0 0

H = € Maty(Z) . 3.3.29
har by by 0 aku(Z) (3.3.29)
har hag haz has
The diagonal entries of the inverse matrix H ! are
1
hi1
L 0 hL cee
— 22
H o o L ...|- (3.3.30)
1
0 O "

2For any integral matrix M there exists a unimodular matrix U such that the matrix product
MU = H is in Hermite normal form. As the multiplication with a unimodular matrix realises a lat-
tice automorphism, any lattice generated by the column vectors of M can be represented by a matrix H
in Hermite normal form.
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From eq. (3.3.26) it follows that the matrix product H ' D is integral with diagonal entries

2a1
Vo L
H D= ' 5% € Maty(Z) , (3.3.31)
hss3 .
0o 0 0 —2=

from which we obtain the important result

2@1 2@2 - 2&1 - 2&2

= Sy=—" 8§ =—, S9g=-—"C7. 3.3.32

T e T e P 3332)

We now give an Ansatz for a set of vectors pg, p1, ..., pn representing the cosets associated

with the sublattice of the diagonal matrix D,

Tl

C={H ;2 ro€{0,.... 5 — 1}, 7 €{0,... 5 —1} for i=1,2% . (3.3.33)
1
T

Now we need to show that all elements of the set C mutually represent distinct cosets. To
show that, let us choose two lattice vectors p, o € C, which are obtained from the integers
ri,7y € {0,...,8;—1},... 71,7 € {0,...,s; — 1}, respectively. These two lattice vectors
live in the same coset if and only if their difference p — o is an element in Oy @ Og, i.e.,
the sublattice generated by the columns of the diagonal matrix D. For the difference, we
explicitly find

Arq hi1Ary
. ATQ i hglATl + ]’LQQAT’Q
p-o=H Ar | h31Ary + hga Ary + hazArg ’ (3:3:34)
A’I:Q h41A’f’1 + h42AT2 + h43A7“3 + h44A’I“4
where Ary =1y —r, ..., Afy = 79 — 7. Using the relations (3.3.32) we clearly have that
|Ar] < 51 = }2% Hence, the absolute value of the first entry of the vector p — o is smaller

than 2a;. It follows that the vector p—o can only be an element of the sublattice of D, i.e.,
an integral multiple of the first column vector of D, if Ar; = 0. Let us therefore assume
that Ar; = 0 (otherwise we can already conclude that the vectors represent different
cosets). Looking at the second entry of the vector p — o and using Ar; = 0, we see that
the term proportional to hs; vanishes, and we can repeat the same argument as for the
first entry. This means that the second entry is smaller in absolute value than ay,. By
considering the first and the second entry, we can now conclude that the difference p — o
can only be an element of the sublattice O @ Opg if both Ary = 0 and Ary = 0. From
the explicit structure of the difference vector, see eq. (3.3.34), we can repeat this argument
inductively for the remaining entries and it follows that p — o is only an element of the
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sublattice O, @ Og, if and only if Ar; = Ary, = Ary = Ary = 0, which is equivalent to
p = o. We have thus shown that all the lattice vectors in the set C defined in eq. (3.3.33),
describe distinct cosets for the sublattice of Oy @ O C I'*2.

We can calculate the cardinality of the set C by using equations (3.3.28) and (3.3.32),

. a1 G010
Cl=515518y =2 ——————— =n+1. 3.3.35
R (83.35)
Therefore, the set C incorporates all the cosets of the sublattice D within I'*2. Let us
denote the n + 1 elements of C in the following by the lattice vectors py, ..., pn, With pg
being the zero vector of the set C.

We can now explicitly decompose the full partition function Z:%(7;u,t) in terms of the

characters K, , as

n 2
ZiE(mut) = ) [ Kpiad M2 (7) (3.3.36)
b=0 i=1
where pp,; denotes the entries of the column vectors p,, a = 0,...,n. Note again that

from this decomposition we can immediately read off the contribution of the generators of
the ®7_, 1(1),, ® ®§:1 u(1)a, subalgebra of the maximally extended chiral algebra to the
partition function, i.e., the part (3.3.27) which corresponds to the trivial coset given by
the null vector py.

The presented explicit construction for the decomposition (3.3.36) of rational toroidal con-
formal field theories with target space T2 can be applied without any further modification
to any rational toroidal conformal field theories with target space T, for any dimen-
sion D. Starting with the partition function Z3%(7) in the form (3.3.4), we can always
read off a 2D x 2D-dimensional matrix H and the 2D x 2D-dimensional diagonal matrix
D = Diag (2a4, . ..,2ap, —2ay, ..., —2ap). As we have shown for the target space T2, the
columns of D generate a sublattice of the lattice I'”*P generated by the columns of H for
a general target space dimension D. Then by calculating the Hermite normal form of H,
we can read off (analogously as for D = 2) the character expansion of the form (3.3.10).
We illustrate this construction explicitly with an example of a rational toroidal conformal
field theory with target space T° in the following section.

3.4 Examples

In this section, we illustrate the general decomposition construction outlined in the previ-
ous section by presenting explicit representative examples. We focus on rational toroidal
conformal field theories whose target spaces are two- and three-dimensional tori.

Target Space T?: Extended su(3); Chiral Algebra

Consider the diagonal partition function associated with the affine Lie algebra su(3); at
level one, taken as the extended chiral algebra. In this case, the lattices I'? and I'%® are
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both given by the root lattice of su(3). This partition function is realised by setting both
the complex structure parameter and the complexified Kahler modulus of the target torus
T?tou=1t= —% + @ The resulting partition function then explicitly takes the form

E q%(m1+2m2—n1+2n2)2qi(m1+n1)2

m,necZ?

()l

=15 (m1+2ma—n1—ng)?

g1z qi(m17n1+n2)2 . (341)

From eq. (3.3.4) we identify the constants

N N - 1 - 1
Gm=a=3, aw=a=1, a=a = 9 > Qs = Qg = 0/

() oe) () ()

which determine the diagonal 4 x 4-matrix D and an integral 4 x 4-matrix according to
eq. (3.3.20). The latter matrix reads

(3.4.2)

1000
1200

H=| o4 (3.4.3)
1 01 2

Observe that the integers aj,as,aq,ao satisfy the relation (3.3.28), and together with
eq. (3.3.32) yields the integers

81:6, 82:17 81:2, 52:1, (344)

such that the partition function decomposes as

Fi=

5 1
Zo (1) = 30 K a (1) Koy i (1) Koy y3m0,5(1) Koy 1 (7) (3.4.5)
r1=071=0

Exploiting the symmetries (3.1.4) of the characters K, ,, which for example imply the
identity Ko1 = Ko 1, K53 = K13, K43 = Ko 3, we obtain the explicit expansion
Zﬁ(g)l (1) = Ko1KosKo 1Ko+ Ki1Ks3Ko,1 Ko + 2K11K13K11K1 3
+ 2K0,1 K2 3K 1K 3 + 2K 1K1 3K0,1 K05 + 2K01K2,3K01K2,3
+ K0,1K0,3K1,1E3,3 + /C1,1’C3,3K1,1E3,3
= |x100(7)* + [x010(7)|* + | x001(7)]? ,

(3.4.6)

where

X100(7) = Ko,1 (1) Koa(7) + K11 (7)C33(7)
X010(7'> = ]Cl’l(T)’CLg(T) + ’C071(T)IC2’3<T) R (347)
X001 (7') = ’C171(7')IC173(7') + IC[)J(T)ICQB(T) .
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We denote by x100(7), Xo010(7), Xoo1(7) the irreducible specialised characters of the affine Lie
algebra su(3); at level one. These characters can be derived from the Kac-Weyl character
formula for su(3); upon taking an appropriate limit, as for instance discussed in ref. [95].

The Gram matrices G, and G g for the chiral and anti-chiral lattices I'? and I'%® coincide
with the Cartan matrix of the simple Lie algebra su(3), i.e.,

GrL=Ggr= (_? _;) : (3.4.8)

Consequently, the generators of the lattices I'*? and I'%® cannot be chosen to be mutually

orthogonal. Therefore, the specialised characters of s1(3); do not factor into characters
of the extended current algebras (1), individually. Instead, they can be expressed as a
sum of such characters, as given in eq. (3.4.7). These particular expansions arise from
the maximally diagonal sublattices Oy, and Op of I'"? and I'*# with mutually orthogonal
generators and Gram matrices

2 0
Go, = Go, = (0 6) . (3.4.9)

The decompositions (3.4.7) can be determined as follows. For example, the vacuum char-
acter x100(7) has the expansion

Z qi m3 %m1+2m2)2’ (3.4.10)

m1,mo€ZL

X100
)

which by substituting the summation index m; by 2m} + « for a € {0, 1} yields

X100(7) = n(i)z S g8 P ) — g (1)Koa(r) + K (1)Ksa(r) . (34.11)

my,mheZ
ac{0,1}

This agrees with eq. (3.4.7).
Target Space T?: Moduli u =t = % + @

For the next example, we choose the complex structure modulus and complexified Kéahler
modulus of the complex torus 72 to be u = t = % + g This choice leads to a maximally
extended chiral algebra which is not given by an affine semi-simple Lie algebra, but instead
by a more general W-algebra. The following data specifies the partition function

- - ~ 1 - 1
G =a1=5, aw=a=1, a=a= _9] > az = as = 0)
(3.4.12)

() () o) ().
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from which we calculate the 4 x 4-matrix H in Hermite normal form

10 0 0
po |01 0 B4t
10 0 2
The decomposition construction then yields
ZiE (1 u,t) = Ko1KosKoiKos + KoiKs5Ko K11 +2K11Ka5K01K1 5
+ 2K 1K1 5K 1K 5 + 2 K01 Ko 5K01Ka s + 2 Ko1K 5K1 1K 5 (3.4.14)

+2K11K5K01Ks 5 + 2 K11K3 5K11K3 5 + 2 Ko1Ka5K01K a5
+2 K0,1K1,5E1,1K4,5 + IC1,1/C0,5K0,1K5,5 + IC1,1]C5,5K1,1K5,5 .

Target Space T2: Moduli u =t = i + @

The next example with u =t = %—F @ illustrates that generically the mutually orthogonal
generators of the orthogonal sublattice O & Og have distinct norm, which leads to factors
of Ky with distinct indices a in the decomposition of the partition function. The following
data determines the partition function

a1:3, CL2:1, EL1:12, &224,

o) a3 o) ()
() 5 () () o)

from which we calculate the 4 x 4-matrix H in Hermite normal form

1000
0100

H=|. 3 (o (3.4.16)
3128

The decomposition of the partition function then reads
Zf}a;(T; u,t) = K0,1K0,3K0,4K0,12 +2 K0,1K1,3K1,4K1,12 +2 IC1,1IC1,3K2,4K2,12

+2 K0,1K2,3K2,4K2,12 +2 ’C1,1/C2,3K3,4K1,12 +2 K1,1K0,3K1,4K3,12
+2 K0,1K3,3K3,4K3,12 + ’C1,1’C3,3E4,4K0,12 +2 ’C1,1K1,3K0,4E4,12
+ 2 K01K25K 14K 012 + 2 K1 1K23K1 4512 + 2 Ko 1K1 3K3,4K512
+ 2 K0,1K0,3K024K6 12 + 2 K11K33K24K6 12 + 2 Ko 1 K1 3K14K712 (3.4.17)
+ 2 K11 K23K3.4KC7 12 + 2 Ko 1Ko 3K0 4Ks 12 + 2 K11 K1,3K4.4K5 12
+2 K0,1K3,3K1,4K9,12 +2 ’C1,1K0,3K3,4K9,12 +2 ,CI,IK:LSEZAKIO,H
+2 K0,1K2,3K2,4K10,12 +2 K1,1K2,3K1,4K11,12 +2 K0,1K1,3K3,4K11,12
+ /C1,1IC3,3K0,4K12,12 + K0,1K0,3E4,4K12,12 .
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We can apply the modular PSL(2, Z)-transformation z % to both moduli u and ¢,
which yields v/ = ¢ = y/—3. This shows that the toroidal conformal field theory with
T? target is realised as a product of circles S* x S!, with radii V2 and V6 and vanishing
B-field. Through this duality, the partition function (3.4.17) can also be written as

2 (1 u,t) = 258 (157 =3,V =3)
= (Ko,lzo,l + Kl,lzl,l) (K0,3K0,3 + 2K1,SKI,3 + 2’C2,3K2,3 + ’C3,3K3,3) ., (3.4.18)

from which we explicitly see the factorisation into two factors of the rational conformal
field theory on S* (3.1.2) with radii v/2 and v/6, respectively.

Target Space T3: Extended s11(4); Chiral Algebra

As a last example, we consider the rational toroidal conformal field theory on a three-
dimensional target space torus 7° with diagonal partition function for the maximally ex-
tended chiral algebra su(4);. For this theory, the sublattices T'X and T'%® are the root
lattices of the simple Lie algebra su(4). A straightforward calculation shows that this
theory is obtained for the following metric g and B-field b in the lattice basis

1 —5 0 0o 2 1
g=[-1 1 1], b=[-2 0 (3.4.19)
0 —5 1 -1 - 0
Following ref. [93], we calculate the following integers that specify the partition function
CL1:EL1:17 a2:d2:3’ (I3:C~L3:6,
1 1 1
a=1(0], a =121, as=1|2] ,
0 0 3
1 3 6
bi=|-2], by= 0], bs=10] ,
-1 -3 0 (3.4.20)
1 1 1
dl - O 5 ELQ - 2 5 6,3 - 2 y
0 0 3
_ -1 _ 3 _ 6
b1 = -1 ; b2 = -3 y b3 == 0
-1 -1 —4
The integral 6 x 6-matrix H in Hermite normal reads
10000 O
12000 0
12300 0
H = 00010 0l° (3.4.21)
000120
96 3 4 8 12
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and we verify that the integers ay,as,as, @, as, as satisfy the relation (3.3.28). Using
eq. (3.3.32) yields

81:2, 52:3, 83:4, §1:2, 82:3, §3:1 (3422)

The partition function consequently decomposes as

1 2 3
Z Z Z ’CT‘l 1 ICT1+27‘2 3( ) ’Cr1+2r2+3r3 6( )

r1,71=0r2,72=0r3=0

i, 1 (T) K 427, 3(T) Kory 461434471 +870,6(T) - (3.4.23)

The partition function can be written in diagonal form in terms of the specialised characters
of the affine Lie algebra su(4);,

Zrs sy (T) = [x1000(T) > + |X0100(T)|* + [ X0010(T)|* + |x0001(T)|?, (3.4.24)
and we find

X1000(T) = Ko1Ko3Ko6 + K1,1K33K06 + 2K1,1K1 3Ka6 + 2K01K2 3K 46
X0100(T) = K11K1 3K16 + Ko1K23K16 + Ko,1K0,3K36
+ K11Ks53K56 + K1,1K13K56 + Ko1Ke3K56 (3.4.25)

X0010(T) = X0100(7') )
Xo0001(T) = 2K1 1K1 5K a6 + 2K01K23K0 6 + K010 36,6 + K115 3K66 -

Similarly to (3.4.7), the specialised characters of $1(4); can be calculated by the Kac-Weyl
character for the affine Lie algebra s1(4); evaluated in a certain limit [95]. The intersection
form of the sublattices I'*? and T'% of the maximally extended chiral algebra su(4) is the
Cartan matrix

2 -1 0
GL.=Gr=|-1 2 -1]|. (3.4.26)
0 -1 2

The densest sublattices Oy, and Og of IT'? and ' with pairwise orthogonal generators
have the 3 x 3 Gram matrices

0
0

Go, = Go,, = (3.4.27)

O O N
o O O
—_

2
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3.5 Ray Class Theta Functions and Rational Toroidal
Partition Functions

We now aim to provide the building blocks K, 1K,/ i/, that appear in the partition function
of any toroidal rational conformal field theories, a number-theoretic interpretation in terms
of so-called Ray class theta functions. In particular, we explicitly write products of the form
Kon kI i in terms of Ray class theta functions associated with quadratic imaginary field
extensions Q(+/—D'), for some positive square-free integer D’. This yields a fully number-
theoretic interpretation of the partition function (3.3.10), for even-dimensional rational
toroidal conformal field theories. Our presentation follows the conventions of [163]. We
begin by defining the generalised theta function ©,,; as K., , = (@)t O k. It is then
convenient to interpret the generalised theta function ©,, as a coset theta function of the
form,

0(X,d) =" g/, (3.5.1)

zeX

where X is a sparse subset of a (real or hermitian) positive definite, inner product space
V and d € R*. For the generalised theta function, we have

m 1

and hence V' =R and X are the cosets Z + 3; of Z. To express the product ©,, 10, as
a single coset theta function, we observe that if we have two distinct inner product spaces
V and V', with respective lattices A C V, A C V’, then clearly A x A’ is a lattice in V&V’
and cosets obey (v+ A) x (v + A’) = (v,v") + A x A/, which translates at the level of the
coset theta function to the identity

O((v,v') + A x N,d) =0+ A,d)o0 +N,d). (3.5.3)

For the product ©,, 0, 1 we take V = R and V' = iR, noting that identifying in the
second factor R with iR does not alter the lattice sum. Then we take the direct sum
V & V' 2 C as inner product space, and find

m m’
L
((2\/E Z(2x/k’
m m’
=40 +74
s =
= O((mNk), &= /=D + 2\uhlkh (ukoZ + AW —D'Z), AkK'K) /) ,

@m,ke)m’,k’ =0 )) + <\/EZ + ZWZ), 1)

+ 2(pn/kohZ + iM/KLRZ), 4) (3.5.4)

where we used the rescaling identity 6(aX, |a|*d) = 0(X,d) and introduced the variables
ged(k, k') = h, % = 12k, % = Ak{, with ko, k) positive and square-free, and D' = kok,.
The product ©,, 10, i is therefore a coset theta function with inner product space C and
cosets a + J, for the lattice J = 2 \uhky(ukoZ, \\/ —D'Z) and a = (mAky £ m/'u/—D’).
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We now wish to interpret the coset theta function (3.5.4) as a Ray class theta function,
which is a standard object in algebraic number theory and class field theory. To this end,
we first recall several basic definitions from algebraic number theory, which we will need
in what follows (for a detailed introduction, see e.g., [164]).

A quadratic imaginary extension of QQ is a subfield of the complex numbers which, when
regarded as a vector space over Q, has dimension two. Such fields have the explicit form

K =Q(/=D)={a+b/=D', a,b € Q}, (3.5.5)

where D' > 0 is a square-free integer. We denote by Ok the ring of integers in K, consisting
of those elements of K which are roots of monic polynomials with coefficients in Z. For
imaginary quadratic fields, the ring of integers is explicitly given by

(1,:1++/=D")), —=D'=1 mod 4
Ok = 2

3.5.6
(1,/=D"), otherwise . ( )

The invertible elements in K and Ok are called units and are typically denoted by K*
and OF%, respectively. For quadratic imaginary fields, the units are precisely the roots of
unity contained in K, i.e.,

(&1, 4} if D' = 1,
O = {£1, +w, :I:w2} ifD =3, w= 627ri/?>7 (3.5.7)
{£1} otherwise .

A fractional ideal I of Ok is an Og-submodule of K generated by finitely many elements
€1,...,6n € K:

i=1
If I can be generated by a single element, i.e., I = a Ok for some o € K, then [ is called
a principal ideal. We denote by Z(K) the group of all fractional ideals of K and by P(K)

the subgroup of principal fractional ideals. The fractional ideals form an abelian group
under ideal multiplication, which is defined by

I.J= { iiazj €; 6; ’ Qg € OK}, (359)

i=1 j=1
where [ = (e1,...,en)0, and J = (e},..., € )o,. The neutral element under ideal multi-
plication is Og. The quotient

C(K)=I(K)/P(K), (3.5.10)

is called the ideal class group of K and measures the failure of unique factorisation of
elements into irreducibles in Ok. It plays a fundamental role in algebraic number theory
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and class field theory, governing the arithmetic structure of K. A classical example that
illustrates the failure of unique factorisation is the ring of integers Z(v/—5). In this ring,
the element 6 admits two distinct factorisations into irreducible elements

6=2-3=(1++v-5)(1—V-5). (3.5.11)

One checks directly that none of the factors 2, 3, 14+ +/—5, or 1 —+/—5 can be written as a
product of non-unit elements, and clearly none of them are associated. Such elements are
called irreducible: an element o # 0 in an integral domain is called irreducible if it is not
a unit and whenever o = (7, then either S or v must be a unit. This demonstrates that
Z(\/—5) is not a unique factorisation domain (UFD). The ideal class group of K = Q(y/—5)
is isomorphic to Z/27Z, as one can check that the non-principal ideal I = (2, 1+ \/—_5)
satisfies I? = (2) which is principal.

A fractional ideal I € Z(K) is called integral if I C Ok and prime if it is integral and not
contained in any other ideal but Ok, i.e., it is maximal with respect to set inclusion. Note
that the ring of integers Ok of any number field is a so-called Dedekind domain, for which
every non-zero prime ideal is a maximal ideal. More generally, an ideal p of a commutative
ring R is called prime if p is not the whole ring R and if a,b € R with ab € p then a € p
or b € p. Similar to the prime factorisation of integers, every fractional ideal I € Z(K)
factorises uniquely into prime ideals p;?

I=T]em", (3.5.12)
=1

where each p; is a distinct prime ideal of O and vy, (I) € Z is the valuation of I at p;. For
any given I, only finitely many valuations are non-zero. Revisiting the classical example
Z(v/=5), one can show that unique factorisation (up to permutation) is restored at the
level of ideals,

(6)=(2).(3) =p>q.q=(pq). (p7) = 1 +V-5). (1 -V-5) , (3.5.13)

where p = (2,1+v=5), g = (3,1 ++/=5), § = (2,1 — /=5) are prime ideals. Clearly (2),
(3), (1 £ +/=5) are not prime ideals by eq. (3.5.11), as in any integral domain a principal
ideal is prime if and only if it is generated by a prime element, i.e., an element p in a
commutative ring R which is not a unit and for which it follows that whenever p divides
a product ab with a,b € R, then p divides a or b.

Given two fractional ideals I, J € Z(K), we say that I divides J, written I | J, if J. I~}
is integral. The least common multiple and greatest common divisor (highest common
factor) of two ideals are defined respectively by

lem(Z,J)=1INJ, hef(l,J)=1+J={a+blacl,be J}. (3.5.14)

3Unique factorisation into prime ideals holds in all Dedekind domains.
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Two ideals I and J are said to be coprime if their highest common factor equals the unit
ideal, i.e., hef(I, J) = Ok. The norm of an integral ideal N'(I) is defined to be the finite
number of elements in the quotient group Ok /I. For principal ideals Z = aOk we have
N(I) = |a|?. For a fractional ideal J = I.(I")~!, we define N'(J) = N(I)/N(I"), where I

and [’ are integral ideals. One verifies that the norm is multiplicative.

Let us now fix an integral ideal F' C O, which we refer to as the conductor. We define
the set of nonzero fractional ideals of quotients of ideals which are coprime to F' by

Tr(K) = {1 e I(K)

vy, (I) = 0 for all prime ideals p; | F} . (3.5.15)

Next, we introduce the set of principal ideals generated by quotients of elements in Ok
that are congruent modulo F' and coprime to F|, i.e.,

Kip= {)\/u | A—peF, pOxk+F =0k, Mi#0, \ e OK}, (3.5.16)
and set Pr(K) = {aOk ‘ a € Ky r}. We then define the ray class group of Ok with

respect to the conductor F' to be the quotient

_ Ip(K)
- Pr(K)

The elements of the finite group Cr(K) are the cosets I'Pp(K) for some I € Zp(K), which
we denote by [I]r. To each ray class [I]F we associate the ray class theta function

O(Ipd)= Y. " deRt. (3.5.18)

UE[[}F,’UC(’)K

Cr(K) : (3.5.17)

The connection to the coset theta function (3.5.4) is as follows. The quadratic imaginary
field extension K is fixed by the discriminant D’ in (3.5.4). Let us assume for simplicity
that the lattice J in (3.5.4) is an ideal of Of. This is clearly not the most general situation.
Recall that the lattice J is a rank-2 Z-module in K. It is an ideal of O iff it is closed under
multiplication by all elements of Ok. The Z-module J = 2Z & (y + zw) Z with z,z € N,
y € Z and w the generator of Ok, is an ideal of O iff z | y, z |  and z | 2N (a + w) with
y = az, a € Z (for a straightforward proof see for instance [164, 165]).

The norm N of an element o = a+by/—D’, a,b € Q in K is defined as N(«a) := a® + b*D'.
For the lattice J in (3.5.4), this is clearly not always satisfied. Take, for instance, k = 1,
k' = 3. However, looking at the definition of the lattice J in (3.5.4) we see that there
always exists a sublattice in J given by dOk, for some integer d € N, which is an integral
ideal of Of. For the example k = 1, ¥’ = 3 the smallest integer d such that dOx C J is
d = 12. Hence, even when J itself is not an ideal in Ok, it can always be decomposed in
terms of a coset sum with respect to an integral ideal dOk,

J= || w+b), bedog. (3.5.19)

wEJ/dOK
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Let us now continue with the assumption that J is an ideal in Ok (otherwise one replaces
J by dOk). In this case, J € Z(K) and a € K \ J, with a assumed to be nonzero.
We set H = hef(aOf, J) and the conductor F' = J.H~'. For this choice we find that
[aH ' € Ip(K), as

hef(aH Y, F)=aH '+ F = (a0 + F.H).H ' = Ok, (3.5.20)
where we use that Ok is the neutral element under ideal multiplication and
aOk +F.H=a0k+ JH '"H=H. (3.5.21)

We denote by (Of)p the group of units of Ok which are also contained in K; p and by
wp its order, then we have the following correspondence between the coset theta function
and ray class theta function [163]

O(a + J,d) = wpb([aH Y|, d/N(H)). (3.5.22)

This relation provides a concrete correspondence between the norm of the lattice points
in the coset theta function on the left, and the norm of elements in the ray class [aH !]p
on the right. We have shown in (3.3.10) that a rational toroidal partition function for
even-dimensional tori can be decomposed in terms of products of coset theta functions.
With eq. (3.5.22) we can thus explicitly interpret the conformal weights of the states in the
Hilbert space of a given rational toroidal conformal field theory as a sum of the (scaled)
norm of integral ideals in specific ray classes. These ray classes are determined purely
by conformal field theoretic datum, according to (3.5.22), which depends explicitly on the
precise location of the rational toroidal conformal field theory in the moduli space.

Example

As an example, let us consider the rational toroidal conformal field theory on T2 with fixed
moduli v = @ and t = 24/—2, following the conventions used in section 3.3. This theory

is equivalent to the product of two rational S* theories with radii Ry = v/12 and Ry = V6
respectively. The partition function follows directly from (3.1.2) and takes the form

Zr2 = (’Co,ﬁ Ko +2K16K16+2Ko6Ka6+2K36K36
+ 2Ky K4,6 + 256 K5,6 + Ko K6,6) X
X (’Co,m Koz +2K712 K12 + 2 Ki012 Ko 12
+ 2312 K3,12 + 2K 12 E4,12 +2K1112 E5,12
+ 2K612 Ko12 + 2 K112 K712 + 2 Kg12 Ks 12
+ 29 12 E9,12 +2K212 Km,lz + 2 K512 En,m + Ki2,12 E12,12) .

(3.5.23)

Let us, for illustration, write the coset theta function in K¢Ky 12 as a ray class theta
function. From eq. (3.5.4) we find

61,661,12 =40 (J + a, d) y (3524)
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with D' =2, J =240k, d = 96 and a = 2++/—D’. In imaginary quadratic number fields,
all prime ideals occur as prime factors of the principal ideal pOQ for some prime number
p, and they need to have norm p or p?. Either there is a prime ideal P with norm p, then
pOx = P.P, or if there is none, then pOy is itself a prime ideal with norm p?. In the
letter case, the prime p is called innert. We find the following factorisations in the ring of

integers of K = /-2 as (2)Ok = P# with P, := (v/=2)Ok, i.e., the prime 2 ramifies, and
(3)Ok = Py.Ps, with P; := (14 v/—2)Ok. The factorisation of J then follows as

J = (24)O = (2*)(3)Ok = Py .P3.Ps. (3.5.25)

Next we need to determine the ideal H = hcf(J, aOx). The prime ideal factorisation of
aOy can be found by rewriting a« = 2 + p = p(1 — p) with p = /=2, and hence

aOk = P,.P5. (3.5.26)
Thus we find H = P,.P3 with N (H) = 6. Finally, the conductor is
F=JH"'=P).P;=4P, Ps, (3.5.27)

hence we get

0160112 = 0 ([(1)]4p,.p, - 16) - (3.5.28)

To evaluate the expression on the right-hand side, we need to determine the set K 4p, p,,
see eq. (3.5.16), as the above sums over the norm of the corresponding principal integral
ideals in Pyp, p,(K). Thus, we are looking for all non-zero elements A\, u € Ok with the
property that their difference belongs to 4P. P3 and uOg +4P,.P; = Og. Given these two
conditions, the set K 4p, p, takes the general form

)
Ki4p,.p, = {1 + L ‘ 0 €4Py.P3, p € Ok, u#0, pOg +4P. Py = OK} . (3.5.29)

Now we use 6 = 4(—=2 + v/—2)(a + by/—2) and p = 1 to restrict to the corresponding
integral principal ideals in Pyp, p,(K), to finally get

0 ([(]4p, 5, - 16) = Z 5 (11604960 ~160+10252) _ 01601 1. (3.5.30)
a,beZ

Recall that the contribution from the generators of the u(1)s ® u(1)2 current algebra to
the partition function comes from

©0,600,12 - (3.5.31)

The coefficient « in (3.5.22) is therefore zero, but note that the zero ideal (0) by defi-
nition does not specify a ray class. Hence, formula (3.5.22) cannot be applied directly.
However, (3.5.2) enjoys the identity ©,, r = Oy, iork, therefore

©0,600,12 = O126600,12, (3.5.32)
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hence a = 24, H = (a) = J and consequently the conductor is F' = Og. Comparing
0 (3.5.22) and (3.5.18), the corresponding ray class theta function is a summation over
the norm of all principal integral ideals (a + by/—2) of Oy with scale factor d = 1/6, i.e.,

0 ([(V]o, 1/6) = Z gt ) = 00,600,12 - (3.5.33)

a,beZ

In this way, one can explicitly write every term in the partition function of a rational
toroidal conformal field theory associated with even dimensional tori, using eq. (3.5.22), in
terms of a product of an overall inverse Dedekind eta function raised to some power times
a sum of products of ray class theta functions, see eq. (3.3.6). This expansion, in particular
the Ideal calculations presented above, can be easily implemented in standard computer
algebra software, such as SageMath or PARI/GP. We have therefore achieved our goal in
this section by providing a fully number-theoretic explanation of the partition function of
rational toroidal conformal field theories associated with even-dimensional tori.
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Chapter 4

Rational Conformal Field Theories
and CM—-Hodge Structures

In this chapter, we explore the classification of two-dimensional rational conformal field
theories using number-theoretic methods, with a particular emphasis on the structure and
distribution of these theories within the moduli space of general two-dimensional conformal
field theories. The classification of rational conformal field theories is a longstanding prob-
lem of great significance in both mathematical and theoretical physics. From a physical
perspective, rational conformal field theories are among the few quantum field theories that
can be solved exactly; that is, the spectrum, correlation functions, and operator product
expansions can be computed explicitly. The solvability makes them ideal candidates for
exploring explicit string vacua in the framework of (perturbative) string theory in small
volume regimes where classical supergravity approximations break down. As such, they
automatically incorporate worldsheet instanton corrections and, through string dualities,
sometimes even capture non-perturbative (in the string coupling constant g,) features of
the theory, thus offering rare windows into regimes where standard perturbative tools break
down.

A central question in this context concerns the distribution of rational conformal field theo-
ries within moduli spaces, i.e., whether they are dense in these spaces or if they are located
at isolated points. The question of denseness was investigated in various works through
methods of conformal perturbation theory, see for instance [89-91]. In [92, 94] a rather
different approach was suggested. It was observed that for N/ = (2,2) superconformal
field theories with complex one-dimensional tori as target space, the rationality condition
can be formulated as a number-theoretic property of the underlying rational Hodge struc-
ture of the complex torus. Namely, it was found that an NV = (2,2) superconformal field
theory compactified on a complex one-dimensional torus is rational iff the complex torus
with fixed complex structure and its mirror complex torus, which specify the parameter
of the theory, are of complex multiplication type (CM-type), with endomorphism algebras
being isomorphic to the same quadratic imaginary number field. As the authors in [94]
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concluded, this suggests that the presence of a CM-type Hodge structure is connected to
the rationality in the underlying N' = (2,2) superconformal field theory. Note that an
N = (2,2) superconformal field theory compactified on a complex torus is rational, iff
the bosonic conformal field theory on the underlying real torus is rational [93], see also
eq. (4.1.1).

This chapter aims to develop and generalise this connection to generic Hodge structures
associated with A/ = (2,2) rational superconformal field theories. After reviewing the
well-established results linking CM-type elliptic curves and CM-type abelian varieties to
rational conformal field theories [93, 94, 166-168|, we will explore how these ideas extend
to more general geometric and non-geometric settings. We will exemplify our construc-
tion with A/ = (2,2) rational superconformal field theories associated with Calabi-Yau
threefolds (so-called Gepner models), which play a central role in supersymmetric string
compactifications, and also consider more exotic Hodge structures that do not necessarily
arise from algebraic varieties but still exhibit CM-like properties. The latter case will be
exemplified with A/ = (2, 2) minimal models. Under mild assumptions, we will show how a
given N = (2,2) rational superconformal field theory endows the associated Hodge struc-
ture with additional symmetries, specifically at the level of endomorphism algebras, which
are shown to satisfy the conditions of CM-type Hodge structures. This approach suggests
a possible organising principle for classifying certain N = (2,2) rational superconformal
field theories and indicates a connection between number theory and quantum field theory.
In particular, it offers a framework for further exploring the relationship between num-
ber theory and rational conformal field theory, as preliminarily discussed in the previous
chapter.

4.1 Rational Conformal Field Theories and CM-type
Abelian Varieties

Overview

We have seen in eq. (3.3.3) that the rationality condition of a toroidal conformal field theory
with target space TP = RP/A can be formulated in terms of a constant Riemannian
metric g taking rational values on A = H,(TP,Z), together with a rational valued B-
field, when restricted to the lattice A. We now want to understand this criterion Hodge
theoretically. Let us therefore restrict to D even and add to the bosonic action (3.2.1) a
number of D Majorana fermionic fields, which are the superpartners of the bosonic abelian
currents ji, ..., jp. The resulting theory can be shown to possess (two copies of) an N' = 2
superconformal structure with U(1) R-current J and supercurrents G* inducing a complex
structure on TP, and thus an isomorphism! TP = CP/2/A [93, 141, 146]. The partition

IStarting with a bosonic toroidal conformal field theory with fixed Riemannian metric ¢ and B-field
B, the uplift to an A/ = (2,2) toroidal conformal field theory requires a choice of a complex structure I
compatible with g such that g becomes a Kéhler metric. This choice, for fixed g and B, is not unique
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function of an N = (2,2) toroidal theory reads

Dol ) = () L32[ 222 (4.1
N=2\T, %) = 4r\T) " 3 ) e
24| n(r)
with classical theta functions,
C— n Lin_1y2 ,_1
Nimz) =1 3 (—1)git iy
SN 11y 1
192(7-, Z) — Z qz( 2) T
T (4.1.2)
7L2 n
193(7—72) = Z q7?J
©° n2 .
0a(m2) = Y (D)"g7y", y=eT",

and Zr(7) denotes the Narain lattice sum of the underlying bosonic toroidal conformal
field theory, which depends only on the chosen metric g and B-field B. The classical theta-
functions ¥; encode the various combinations of spin-structure along the two non-trivial
one-cycles of the worldsheet torus. We thus see from (4.1.1) that the N' = (2,2) toroidal
conformal field theory is rational iff the corresponding bosonic toroidal conformal field
theory is rational. We observed in the previous section that for complex one-dimensional
tori with complex structure parameter u € H and complexified Kahler parameter ¢t € H,
the rationality criterion can be formulated as

u,t € Q(vV—D'), (4.1.3)

for some positive square-free integer D’. In [94], the NV = 2 structure of the toroidal
conformal field theory was used to formulate the criterion (4.1.3) in terms of mirror sym-
metry. Mirror symmetry [153, 170] is the observation in string theory that two different
Calabi-Yau manifolds X and Y give rise to the same physical theory, when used as in-
ternal compactification manifolds. On the level of topological string theory, it states that
the topological A-model on X is equivalent to the topological B-model on Y. Using the
full ' = 2 internal worldsheet conformal field theory, it states that the N = (2,2) super-
conformal field theory on X is equivalent to the N = (2,2) superconformal field theory
on Y. We will be more precise with the definition of mirror symmetry in the case where
X is an abelian variety momentarily. For the present discussion it suffices to note that,
from an N = (2,2) superconformal field theory perspective, mirror symmetry is an alge-

bra automorphism J — —J and G > G'. Foran N = (2,2) toroidal conformal field

(unless D=2). However, one can show that all compatible choices of I lead to isomorphic N' = (2,2)
toroidal conformal field theories in the sense of [169] — the moduli space of toroidal superconformal field
theories is isomorphic to the moduli space of bosonic toroidal conformal field theories [93].
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theory on T?? with complexified Kéhler modulus ¢ this mirror automorphism exchanges the
complex structure parameter u and ¢, which by inspecting eq. (3.3.16) indeed preserves the
spectrum (under appropriate change of winding and momentum numbers). One can show
that this is, in fact, a symmetry of the full conformal field theory. We conclude that for
N = (2,2) toroidal conformal field theories on T2, the rationality condition imposes a cer-
tain compatibility on the mirror pair (772, 77), namely (4.1.3). Complex one-dimensional
tori, for which the complex structure parameter is valued in a quadratic imaginary field
extension, are known to be of complex multiplication type.

Complex multiplication is a property of the endomorphism algebra of rational Hodge struc-
tures and first occurred in the study of elliptic curves. In [94], the authors conjectured that
the relation between rationality in AN/ = (2,2) superconformal field theory, complex mul-
tiplication of rational Hodge structures and mirror symmetry should hold more generally
for N = (2,2) superconformal field theories used in compactifications in string theory on
Calabi-Yau manifolds X. They conjectured that an N' = (2, 2) superconformal field theory
compactified on a Calabi—Yau manifold X is rational iff both X and the mirror manifold Y
are of CM-type with isomorphic CM fields. In [166-168], the authors pointed out several
shortcomings of the original conjecture by explicitly constructing counterexamples to the
mirror condition.

In [166], the following theorem was proven:

An abelian variety is of CM-type iff it admits a constant rational Kéhler metric. (4.1.4)

This theorem, together with the result in [93] that a (N = (2,2)) toroidal conformal field
theory is rational iff TP is isogenous to a product of CM-type complex one-dimensional tori
for even D, establishes a precise relation between CM-type abelian varieties and N' = (2, 2)
rational superconformal field theories. Recall that an abelian variety over the complex
numbers C is a complex torus X = C?/A, with d = D/2, that can be embedded into
projective space P" for some integer n. Equivalently, it is a complex torus that admits a
positive definite Riemann form, i.e., it is polarisable. Complex tori, which are isogenous to
products of elliptic curves, are abelian varieties with naturally induced polarisation [171].
In this way, all rational toroidal conformal field theories are associated with CM-type
abelian varieties. Recall that an isogeny is a surjective holomorphic group homomorphism
with finite kernel,

f:A—B, (4.1.5)

which preserves the algebraic structure and, in the context of abelian varieties, relates
different abelian varieties, which are equivalent up to a finite group action. For two complex
tori X = C4/11Z>* and X' = C¢/II'Z>*? with (d x 2d)-period matrices II, IT’, every isogeny
can be described by a complex matrix C' € GL(d, C) and a rational matrix v € GL(2d, Q),
such that

Il = CIly. (4.1.6)
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In a toroidal conformal field theory, an operation that relates theories compactified on
isogenous complex tori is given by so-called shift orbifolds [93], i.e., an orbifold by the
group generated by shift symmetries of the Narain lattice.

As pointed out in [166], while all toroidal rational conformal field theories are related
to CM-type abelian varieties, the converse — particularly the connection with mirror
symmetry — is more subtle. Specifically, it was demonstrated that one can construct
a pair of mirror abelian varieties of CM-type over the same CM-field K, for which the
underlying N' = (2,2) toroidal conformal field theory is not rational. To clarify this
important observation, we briefly summarise the relevant construction below, following
the notation of [166, 169].

Generalised Kahler Structure and Mirror Symmetry

Let X be a complex abelian variety of complex dimension D/2, that is, a complex torus
which admits an embedding into projective space and hence a polarisation. To formalise
mirror symmetry for abelian varieties, it is convenient to introduce the framework of gen-
eralised complex geometry, which unifies symplectic and complex geometry under one
structure [172].

A generalised complex structure on a smooth real manifold M is a linear map
Z:TM®T*M — TM ® T*M which is an almost complex structure and furthermore
satisfies

(i) 7% = —id,
(ii) Z preserves the canonical symmetric bilinear form ¢ on T'M & T*M

Q<<Ua€)> (U),?])) = 77(“) + €(w> = Q(I((U>£))’I<(wvn>>> . (4'1'7)

We then define a generalised Kdhler structure as a pair (Z;,Zs) of commuting generalised

complex structures which satisfy that G := ¢ (-, —Z;Z,-) defines a positive definite metric
on T'M & T*M.

We call a real torus TP = R” /A equipped with a generalised Kihler structure a generalised
complex torus. For a given complex torus with constant Kahler metric g, complex structure
I and constant B-field B € H?(T, R) one obtains an induced generalised complex torus from

T 1 0\ /I O 1 0
~\B 1 0 —I7 —-B 1
4 (4.1.8)
g (L 0) (0 ~w 10
~ \B 1 w 0 -B 1)
with Kéhler form w = g(-, I). Positivity of the metric ¢(-, —Z7) follows from
—1 -1
_( 9B —9
I (Bg‘lB—g —Bg‘l)
(4.1.9)
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We call two generalised complex tori (TP = RP /A, Z,J) and (T'P = RP /N, 7', J') mirror
to each other if there is a lattice isomorphism

o AN — N oA, (4.1.10)

with ¢(-,-) = ¢ (¢, ¢), T = T ', T = ¢Zy~'. In physical terms, this reflects the
duality between N' = (2, 2) toroidal conformal field theories, exchanging complex structure
and Kéhler structure of mirror pairs, and flipping the right-moving U(1)g-charge. In
particular the N' = (2,2) toroidal conformal field theory on the generalised complex torus

(TP =RP/A,Z,J) is equivalent to the N' = (2,2) toroidal conformal field theory on the
generalised complex torus (TP = RP /A T, J).

Recall that a Narain lattice specifies the bosonic part of an N' = (2,2) toroidal conformal
field theory with elements being the momentum-winding vectors p = (pr, pr), with pairing

p-p = pLp — PrPR - (4.1.11)

Choosing coordinates x := \/Lg (pr +pr) and y = \/Li (pr, — pr) we have I' C RP & (RP)*
with (z,y) - (2',y") = 2y’ + 2'y, which illustrates the connection between the inner product
on the Narain lattice I' and the canonical inner product on R” & (RP)*, where R? is
the tangent space of the torus. Comparing to eq. (4.1.9), the rationality condition can be
reformulated in terms of the generalised Kéhler structure: an N = (2, 2) toroidal conformal
field theory with generalised complex torus (77 = RP /A, Z, J) is rational iff Z.7 is defined
over Q — that is, it preserves the rational lattice (A & A*).

CM-type Abelian Varieties

Having briefly reviewed mirror symmetry for complex tori, we now turn to the concept of
complex multiplication, which plays a central role in the conjecture proposed in [94].

Let X = CP/2/A be an abelian variety of complex dimension D/2. An abelian variety is
called stmple if it contains no nontrivial abelian subvarieties. We define the endomorphism
algebra of X over Q by

Endg(X) := End(X) ®z Q

End(X) = {f : CP/2 - CP/?| f is C-linear and f(A) C A}. (4.1.12)

Let us now define a complex multiplication (CM) type abelian variety.

(i) A simple abelian variety X is said to be of CM-type, if there exists an embedding
K < Endg(X), (4.1.13)

of a number field K of degree [K : Q] = D into the endomorphism algebra of X. Such
a field K is necessarily a CM field [173], i.e., a totally imaginary quadratic extension
of a totally real number field (which means that the image of every embedding of the
base field into C lies in R, and there is no embedding of K into R).
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(ii) An arbitrary abelian variety X (not necessarily simple) is of CM-type if X is isogenous
to a product of simple abelian varieties,

Xix Xox - xX,, (4.1.14)

each of which is of CM-type in the above sense [173].

This definition reflects the fact that CM-type abelian varieties are those whose endomor-
phism algebra is as large as possible, and they play a central role in arithmetic geometry
and Hodge theory.

The following theorem, due to [166], highlights the central role that CM-type abelian
varieties play in the context of toroidal rational conformal field theories:

Theorem 4.1.1. Let X = V/A be a complex abelian variety of dimension D/2, with
V =2 CP/2 and A C V is a full lattice. Then X is of CM-type if and only if there exists a,
compatible constant Kahler metric g on X such that

9(7,6) €Q, forally,0€A. (4.1.15)

But from eq. (3.3.3), we know that this is precisely the condition for an (N = (2,2))
toroidal conformal field theory to be rational. This establishes the significant role of CM-
type abelian varieties as target spaces in (N = (2,2)) toroidal conformal field theories.
A proof of this important result can be found in [166]. The idea is that every CM-type
simple abelian variety is isogenous to another CM-type simple abelian variety, which admits
a Riemann form of a specific type:

D/2

B(zw) = Y- 0,(8) (0:(2)0,(w] ~ 0, (H)os(w)) | (4.1.16)

where ® = {0;,...,0p)2} is a CM-type — that is, ® U ® constitutes the full set of embed-
dings of a number field K into C. The element § € Ok satisfies K = Ky(f), where Kj is
a totally real field and —3? is totally positive (i.e., its image under every real embedding
is positive), with Im(o;(5)) > 0 for all j.

In particular, the Riemann form is rational valued on Ok,
E(z,w) = Trgq(B2w) € Q, Vz,w e Ok . (4.1.17)

Then define the bilinear form,

9(z,w) := E(z, fw) = Trgo(—B*2w0) , (4.1.18)

which is positive definite because —/[3? is totally positive. The form ¢ is also rational,
symmetric and, as seen from (4.1.18), compatible with the complex structure I of the
abelian variety. Hence, for any CM-type abelian variety, there exists a compatible rational
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Kahler metric?. The converse direction is more subtle, and we refer to [166] for a detailed
discussion.

Theorem 4.1.1 establishes a rigorous connection between toroidal rational conformal field
theory and CM-type abelian varieties, without referring to mirror symmetry.

2The existence of a compatible rational Kihler metric is preserved under isogenies.
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CM-type Abelian Varieties, Mirror Symmetry and Rational Conformal Field
Theory

We now present an explicit example illustrating that the mirror symmetry aspect of the
original conjecture in [94] does not straightforwardly generalise beyond the case of complex
one-dimensional N = (2,2) toroidal conformal field theories. Specifically, we will see that
there exist mirror pairs of abelian varieties, both of CM-type over the same number field
K, which nevertheless yield non-rational N' = (2, 2) toroidal conformal field theories. This
demonstrates that not every mirror pair of algebraic varieties, which are of CM-type over
the same number field, gives rise to a rational ' = (2, 2) superconformal field theory.

Let us consider the complex torus X = C?/A, where the lattice A is constructed as in [166].
Specifically, let K = Q((5) be the cyclotomic field generated by a primitive fifth root of

unity (5 = e%, so that (¢ = 1. The ring of integers of K is given by
Ok =Z((5) , (4.1.19)
for which we choose the following generators, viewed as a Z-module:
Ok =7-10Z(G+G)OZ(G-G)eZ(@-GY) .  (@120)
The embedding maps, o; : K — C, are given by
ot GG, ie{l,...,4}. (4.1.21)

We choose a CM-type, ® = {07, 02}. Then the lattice A is defined as

—1 -1 2 -2
vove0-( 18§18 GSE)r we

We separate the real part and imaginary parts of the lattice by writing
A= (Z A)Z*, (4.1.23)

where Z and A are real, invertible (2 x 2)-matrices. The rows of Z correspond to the real
part of the embedding, and those of A to the imaginary part. Let us now bring the period
matrix A into standard form by the change of coordinates z — Z 'z with z € C?,

(Z Ai)— Z71(Z Ai) = (Idaxo Z'Ai) . (4.1.24)

Recall that a complex d-dimensional torus with period matrix II is an abelian variety iff

the Riemann Bilinear relations are fulfilled, i.e.,

NE'I" =0 : )
— 4.1.25
dETT >0,

for some non-degenerate, alternating, integer-valued (2d x 2d)-matrix FE.
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For a (d x 2d)-period matrix II of the form

IT = (Idgxq ), (4.1.26)
we can always choose
—Idgxqg  Oaxa )’ o

under which the Riemann Bilinear relations reduce to the requirement 2 € Hy, the Siegel
upper-half space:
Hy={r e C™*| 7" =7, Im(7) > 0} . (4.1.28)

For the period matrix in (4.1.24), one verifies that Z 1A € H,, and hence the complex
torus,

X =C?/ (Idaxe Z7'Ai) Z*, (4.1.29)
is an abelian variety.

Furthermore, since A = ®(Of), multiplication by {(s, (2, (3, (4} acts as an endomorphism.
Thus, the Q-endomorphism algebra of this abelian variety is

Endg(X) = Q(¢s) (4.1.30)

which is a CM-field of degree 4. Therefore, the abelian variety X is of CM-type over Q((s).

We now consider the complex structure related to the period matrix II via

-1
(I (ildgwy O I
()0 ) (), w1

which satisfies iIT = I1] and I? = —Idygyxaq. For the present example, the matrix represen-

tation of I is explicitly given by
/ 2 2
0 2+ 7 1 7

0
2 2
I= 0 0 VI WVITE| (4.1.32)
W5+2v6  —1v/5-2V5 0 0
-5 -2v6  tV5+2V5 0 0

Let us choose the metric

20 0 0
01 0 0 (41.33)
9=10 0 5+42 2—-L |- o
0 0 Q—E 3—ﬁg
V5 V5

which is compatible with I, i.e.,
gl =g¢. (4.1.34)
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The associated anti-symmetric Kahler form is given by

/ 8 2
0 0 — 8—1—75 -2 1—75

2 2
w=gl = " " —Vl—jg VI . (4.1.35)
\/8+\% \/1—% 0 0
2

0 0

2
2\/1—73 \/1+¢5

From eq. (4.1.8) and setting B = 0, we obtain an induced generalised Kéhler structure

0 —Z71A 0 0
I_ A7 0 0 0
N 0 0 0 —ZT(A™HT
0 0 AT (Zz=hHT 0
(4.1.36)
0 0 0 p 12T (AHT
7= 0 0 —~A"YZp! 0
N 0 pZ 1A 0 0 ’
—~AT(Z=HT)p 0 0 0
. -2 0 . ) . i .
with p = ( 0 _1). Now consider an isogenous abelian variety defined via
p~t 0
leading to the period matrix
II' = Clly = (Idowz pZ ' Ai) . (4.1.38)
This gives rise to a new complex structure I’ and a compatible Kahler metric ¢/,
A 0 —pZ A r_ T —p~! 0
I'=~ Iv—(Alzpl 0 c 9EYE g ATz Tpz14)
(4.1.39)
Again setting B’ = 0, the induced generalised Kéahler structure reads
0 —pZ 1A 0 0
7 A=Y Zp7t 0 0 0
0 0 0 —p1ZT(AHT
0 0 AT(Z=H)T)p 0
(4.1.40)
0 0 0 ZT(A™HT
77— 0 0 —A"1Z 0
0 Z7'A 0 0
—AT(Zz=hHT 0 0 0
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One can explicitly verify by direct calculation that the above constructed isogenous abelian
varieties X = C?/IIZ* and X’ = C?/II'Z* are mirror to each other, with mirror map given
by the unimodular matrix

0 0  Idye O
I O TS P 0
6=, o 0 0 (4.1.41)
0 0 0 —Idyus

This induces an isomorphism between the Narain lattices I'** and I"** associated with
the respective generalised abelian varieties, as ¢ preserves the canonical symmetric bilinear
form ¢ and the decomposition into holomorphic and anti-holomorphic part of the charge
vectors [166]. Furthermore, 7 = pJ o ! and J' = oLy~

Hence, this provides an explicit counterexample to the conjecture proposed in [94] con-
cerning the role of mirror symmetry. In this case, we have two abelian varieties X, X’ that
are mirror to one another and isogenous, implying that the mirror abelian variety X' is
also of CM-type over the same number field K = Q((;), since the endomorphism algebra
End(X)g is preserved under isogenies. However, examining (4.1.42) and (4.1.39), we find
that the Kéhler metrics are not defined over Q, and therefore the associated N' = (2,2)
toroidal conformal field theory is not rational.

This stands in stark contrast to the situation in N' = (2, 2) toroidal conformal field theories
on complex one-dimensional tori, where any mirror pair of complex tori, which are of CM-
type over the same number field, automatically yields a rational theory. By theorem (4.1.1),
we nonetheless know that for a CM-type abelian variety, a compatible Q-valued Kéhler
metric always exists. For the example at hand, one such metric compatible with the
complex structure [ is

(4.1.42)

_w o O
N = OO

Q

I
oo o+
oo~ O

More generally, it has been shown in [166] that if two mirror generalised abelian varieties,
induced by (X, g, B) and (X', ¢/, B'), are equipped with rational valued g and B, then both
X and X' are isogenous and of CM-type.
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4.2 CM-type Hodge Structure from Rational Confor-
mal Field Theory

In the previous section, we explored and reviewed how N = (2, 2) toroidal rational confor-
mal field theories are linked to abelian varieties of complex multiplication (CM) type. We
highlighted that for any A/ = (2,2) toroidal rational conformal field theory, the associated
mirror pair of abelian varieties is of CM-type over isomorphic number fields K. In strong
contrast to the case of complex one-dimensional abelian varieties (i.e., elliptic curves), the
converse direction of the conjecture in [94] is more subtle. We have seen a simple example
in the case of complex two-dimensional abelian varieties where a mirror pair of isogenous
CM-type abelian varieties does not give rise to an N' = (2, 2) rational superconformal field
theory. It is therefore not clear in general what extra compatibility conditions we need to
impose on a mirror pair such that the underlying N' = (2,2) superconformal field theory
is rational.

In this section, we want to systematically explore one direction of the conjecture [94], which
passed all tests in the realm of N' = (2,2) toroidal conformal field theories. In particu-
lar, given an abstract N' = (2,2) rational superconformal field theory, we will construct
explicitly the associated rational Hodge structure in terms of NV = (2,2) superconformal
field theory data. The motivation for this construction stems from the well-known case of
non-linear sigma models on complex Kéahler manifolds X, where the Dolbeault cohomology
groups are naturally related to the chiral rings of the associated N' = (2, 2) superconformal
field theory (see e.g., [141, 145] and references therein). However, our approach goes be-
yond the classical setting by emphasizing the role of boundary conformal field theory and
the arithmetic structure encoded in boundary states. In particular, the Hodge structure
that we construct need not have a non-linear sigma model origin. We then show how the
rationality property of the N = (2,2) superconformal field theory equips the Hodge struc-
ture with an enlarged rational endomorphism algebra that satisfies the CM-type criteria
in the case of polarisable Hodge structures. Examples illustrating this construction will
be discussed in subsequent sections, including Gepner models, which furnish exact type
ITA worldsheet descriptions of specific Calabi—Yau threefold compactifications, as well as
non-geometric N = (2, 2) minimal models, which serve as simpler yet instructive examples
of N' = (2,2) rational superconformal field theories with rich arithmetic structure. This
section largely follows the results presented in the work [2].
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Definition of Rational Hodge Structures

A rational Hodge structure of weight m is defined by a finite-dimensional QQ-vector space
Vi, together with a decomposition of its complexification,

Ve=Ve@eC= @ V&1, (4.2.1)
ptg=m

such that the decomposition is preserved under complex conjugation in the following sense:
VI = g (4.2.2)

The dimensions h?? = dimc V7 are referred to as the Hodge numbers.

A subspace Wy C Vjy is called a Hodge substructure if it inherits a compatible Hodge
decomposition, i.e.,

We=Wo®eC= @ WenVEe. (4.2.3)

ptg=m

A Hodge structure is said to be simple if it contains no proper non-trivial Hodge substruc-
tures.

In an analogous fashion, a real Hodge structure of weight m is defined by replacing the
rational vector space Vg with a real vector space Vg in the definitions above.

A rational Hodge structure of weight m is called polarised if there exists a non-degenerate
bilinear form

Q : VQ X VQ — @, (424)

called the polarisation, such that its complex-linear extension to Vi satisfies the following
conditions:

Q(va) - (—1)mQ(w,v) ) (425)
Qv,w)=0 ifve VP we Vé’,’q/ and p+p #m, (4.2.6)
*79Q(v,v) > 0 for all non-zero v € V&7 . (4.2.7)

It follows immediately that any Hodge substructure of a polarised Hodge structure is
itself polarised, where the polarisation is obtained by restricting ) to the corresponding
subspace.
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CM-type Rational Hodge Structure

We now introduce the notion of rational Hodge structures of complex multiplication (CM)
type. Several equivalent definitions of CM-type Hodge structures appear in the literature; in
this work, we adopt a formulation that is particularly well-suited to explicit constructions.
A broader discussion of alternative definitions is provided in [2, 174].

Let (Vg, Vc) be a pure rational Hodge structure of weight m. We begin by defining the
concept of a Hodge endomorphism. These are vector space endomorphisms ¢ : Vo — Vg,
whose complexification ¢¢ preserves the Hodge decomposition, i.e.,

ec(VE) C VP forall p+g=m. (4.2.8)

The set of all Hodge endomorphisms forms a Q-algebra with multiplication being function
composition,

Endpqe (Vo) = {¢ € Hom(Vg, Vo) | oc(VE?) € VE} . (4.2.9)

Following standard terminology, we say that an irreducible Hodge structure (Vg, Vi) admits
E-multiplication if there exists a field embedding,

E— Endeg(V@) , (4210)

of a number field E. If, moreover, [E : Q] = dimg V and the Hodge structure is polarisable,
then we say that (V, Vi) is of complex multiplication (CM) type.

In this situation, one can show that the Hodge endomorphism algebra Endpqg(Vp) is a
commutative semisimple algebra, and in fact isomorphic to a CM field [175]. Recall that
a CM field E is defined as a totally imaginary quadratic extension E/F, where F' is a
totally real number field. That is, all embeddings ¢ : F' — C satisfy ¢(F) C R, whereas
no embedding of E into R exists.

When the Hodge structure (Vy, V) is not irreducible, it admits a finite decomposition into
irreducible Hodge substructures:

Vo=Pws, with wg= P wgt?. (4.2.11)

o€l p+g=m

Following terminology from the theory of abelian varieties (cf. [176]), we say that a Hodge
structure has sufficiently many complex multiplications if each irreducible Hodge substruc-
ture W admits a multiplication by a number field £, satisfying

E® — Endpag(Wg), with  [E: Q] = dimg W . (4.2.12)

If, in addition, each Hodge substructure W is polarisable and of CM-type as above, then
we say that the entire Hodge structure (Vg, Vi) is of CM-type. The distinction between
polarisable and non-polarisable Hodge structures is important for those Hodge structures
arising in general N' = (2, 2) superconformal field theories, as a priori there is no reason to
expect in non-geometric examples that a polarisation exists.
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4.2.1 Rational Hodge Structure

In the following, we will demonstrate that any two-dimensional N = (2, 2) superconformal
field theory naturally gives rise to two real Hodge structures, which we refer to as the
A-type and B-type Hodge structures. When the theory allows a geometric interpretation
as a non-linear sigma model on a Calabi—Yau manifold, these structures correspond to the
vertical and horizontal parts of the Hodge decomposition, respectively. The construction of
these Hodge structures is based on particular subsectors of the theory: the A-type structure
is built from the chiral-chiral (c,c) ring, while the B-type structure arises from the chiral-
anti-chiral (c,a) ring. We assume that the chiral rings are finite-dimensional, which is
satisfied, e.g., for non-linear sigma models on smooth and compact Calabi—Yau manifolds,
and for compact N' = (2, 2) superconformal field theories with discrete spectrum [145].

A-Type Hodge Structure

The A-type Hodge structure is defined in terms of the vector space generated by states
in the (c,c)-ring. For simplicity, we restrict to the subring (c,c), _, , which contains only
those states whose left- and right-moving U(1) charges coincide. As the left- and right-
moving quantum numbers match in this subsector, we often suppress explicit mention of
the right-moving part, with the understanding that operations are extended symmetrically.

As reviewed in section 2.5, spectral flow by the operator &/ maps highest-weight states in
the (c,c),, _,. ring to Ramond-Ramond (RR) ground states |o). Let R denote the finite
set of representations associated with these states. We define the complex vector space as

Ve = (|a))o~ . (4.2.13)

We choose an orthonormal basis {|a)  }aecr such that

(alB)pr = bas - (4.2.14)

To define complex conjugation, we introduce an anti-linear involution ¢ : Vo — V¢, defined
by

L (Z Ao ‘O‘>N> = Z sgn (Soc()) @l (IC(@)) y) (4.2.15)

a€ER a€ER

where a, € C are arbitrary complex coefficients. This construction ensures agreement with
complex conjugation in geometric settings.

From the charge conjugation relation (2.5.27), it follows that the U(1)-charge of a complex
conjugated state transforms as

ar(ullo)y)) = —aclla)y)  qr(dlle)y)) = —ar(la)y) - (4.2.16)
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By recalling how the conformal weight and U(1)-charge transforms under & and C (see
eq. (2.5.25)), one can show that U~'.(|a)) is a chiral state, hence ¢(|a)) € R. We can thus
define the real vector space

Ve =(veVe|uv) =v)y , (4.2.17)

so that Vo = Vg @ C.

We now proceed to construct the grading V¥ C V¢ by assigning to each basis element |a) ,,
a pair of integers (p, q) that determine its Hodge type. This grading must be compatible
with complex conjugation, as specified by equation (4.2.2), which leads to

p(—aqr(la)) = q(ar(le)))  forallae R. (4.2.18)

To ensure the resulting Hodge structure is non-degenerate and minimal, we impose the
following additional conditions on the pair (p,q). First, we require that the set of (p, q)-
values for a given theory generically includes zero, i.e.,

p(qr(la))) = q(qr(|B))) =0 for some o, B € R . (4.2.19)

Furthermore, we require that the (p, ¢)-values are minimal, in the sense that the collection
of integers arising from the charge assignment has no common divisor other than one,

ged ({p(ar(|)), q(qu(|))) [a € RY) = 1. (4.2.20)

These requirements, together with demanding the (p, ¢)-values to be linear in the U(1)
charge, such that in geometric settings the Hodge structure agrees with the one obtained
from geometry (e.g., Gepner models), give rise to the following (up to conjugation) unique
assignment,

plar) =1 (g + QL> ,qlqr) =1 (g - qL> , (4.2.21)

where the normalisation factor [ is chosen such that both p and ¢ are guaranteed to be inte-
gers for all states |a) ,, € R. It is given by the least common multiple of the denominators
appearing in the linear expressions

[ :=lem ({denom (g + qL(]a>N)> ‘ a € R}) : (4.2.22)

This ensures that the Hodge structure is not trivially related to a simpler one. Moreover,
the positivity of the indices p and ¢, as well as the existence of states with p =0 or ¢ = 0,
follows from the unitarity bound (2.5.20) and the spectral flow transformation (2.5.25),
which together imply

lqz(Ja))| < g for all o € R . (4.2.23)

In particular, the state U |0), where |0) denotes the vacuum state, saturates the lower bound
with ¢ (U |0)) = —c/6, while its conjugate «(U |0)) attains the upper bound g1, = ¢/6.
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Finally, we define the graded components of the complexified vector space as follows:

‘6 +qr(la)) = ]l), g—qL(|a>) - %} . (4.2.24)

Under this assignment, the total weight of the Hodge structure is m = p + ¢ = l¢/3, and
the pair (Vg, V), along with the Hodge decomposition into V¥?, defines a Hodge structure
of that weight.

VP = {|a € Ve

B-Type Hodge Structure

We now turn to the construction of the B-type Hodge structures, which arise from applying
the mirror symmetry transformation to the A-type case. This symmetry operation, as
discussed in [153], effectively inverts at the level of the N = (2,2) superconformal field
theory the sign of the right-moving U(1) current and interchanges the roles of the (c,c) and
(c,a) rings. Accordingly, the B-type Hodge structure is naturally built from the (c,a)-ring.
To simplify the construction, we focus on the subring (c,a),, =, which consists of states
for which the left-moving U(1) charge is the negative of the right-moving one.

Given that the A-type Hodge structure depends only on the left-moving sector, and that
the mirror automorphism merely alters the sign of the right-moving charge, it is to be
expected that the construction of B-type structures will follow closely the same lines.

To remain consistent with the conventions established in the A-type case, we define the
action of the spectral flow to be consistent with mirror symmetry. In particular, we have

U lo) = o)) = 2 an]a)) = an(la)) + % . 2
0:(C |0)) = ~u(|a)) 4r(C[0)) = ~ga(ja)

Under this definition, the spectral flow again maps states in the (c,a)q,——4, subring to
Ramond-Ramond ground states. Let S denote again the corresponding set of representa-
tions. The associated complex vector space is then defined analogously to the A-type case
as

Ve = (la)e= (4.2.26)

We assign a Hodge decomposition to this space by defining graded subspaces according to
the same rule:

c c
VP = {|a> € Ve \ aeS, “+aulla)) = %’, = aulla)) = %} , (4.2.27)
where the scaling factor [ ensures integrality as in the A-type case.
The complex conjugation operator ¢, defined in (4.2.15), satisfies

VP = VP (4.2.28)

Thus, the pair (Vg, V), together with its decomposition into the components V&4, once
again defines a real Hodge structure of total weight m = lc¢/3.
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Rational Structure from Boundary States

In the context of rational conformal field theories, the real Hodge structure we have con-
structed can be endowed with an explicit rational structure in terms of boundary states.
As briefly reviewed in section 2.4, for rational conformal field theories, explicit boundary
states can be constructed via the Cardy construction [137]. Although Cardy states do not
exhaust all consistent boundary conditions in a general rational conformal field theory,
they are particularly tractable and often form a complete basis in known examples. In the
following, we will assume for simplicity that sufficiently many boundary states are given
by Cardy states and have the form (2.4.26). The more general problem of classifying all
boundary states remains an open and challenging question. Nonetheless, our construction
can often be extended beyond Cardy states, and we demonstrate such a generalisation in
section 4.4 for a Gepner model that includes non-Cardy boundary states. A more system-
atic extension to generic boundary conditions is left for future investigation.

In what follows, we focus on the construction of rational Hodge structures associated with
the A-type case. As explained earlier, the B-type Hodge structures can be obtained via
mirror symmetry.

To define a rational structure on the complex vector space Ve of RR—ground states, we
begin by projecting the Cardy boundary states (2.4.26) onto V¢. This is achieved using
the orthogonal projection operator,

Pr o= Y la)y il - (4.2.29)
a€R
with {|a), } an orthonormal basis of RR-ground states.

The projected boundary states are then defined by applying this projection to the Cardy
boundary states,

|Ba)p :=Pr|Ba) = > _|o)y(alBa) (4.2.30)
a€R
for each highest weight representation A € HWRy, (A").

We introduce the intersection matriz as [150],
Sap = p(Ba| €™ |Bp)p = Try,, (~1)F. (4.2.31)

Due to the relation to the open string Witten index, which we discussed in eq. (2.5.55), the
intersection matrix takes values in Q (for suitably normalised boundary states even in Z).
We assume that the matrix ¥ 45 has maximal rank, i.e., it is equal to d := |R| = dim¢ V.

We now define the rational vector space Vg as the Q-linear span of the projected boundary
states,

AeHWRg (A’
Vo= (1Bahp Yoot (4.2.32)
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To relate this rational vector space to V¢ with basis {|a), }, select any subset of boundary
states B such that |B| = |R| and ¥ := ¥| has full rank. Then the set {|B4), | A € B}
forms a basis for both V¢ and Vg.?

Using this basis, the identity operator on V¢ can be written as:
Idy, = Pg = |Ba)p 2P (Bp|e™ = |B4)p p (B ™ | (4.2.33)

where ¥4P is the inverse of the matrix ¥ 45, and we define p(B4| := S48 »(Bj| € Vy.

With this identity, any RR—ground state in the complex vector space V¢ can be expanded
in terms of the projected boundary states

) = P la) e = e ™\ (a|Ba)p | BY)p (4.2.34)

This expression makes explicit that the RR—ground states are complex linear combinations
of boundary states, and hence the rational vector space Vg defined in eq. (4.2.32) satisfies

Ve=Vo®eC. (4.2.35)

Compatibility with Complex Conjugation

We will now show that the pair (Vg, V) as constructed above indeed defines a rational
Hodge structure. Specifically, we need to show that the rational vector space Vjp, con-
structed from projected boundary states, is preserved under the complex conjugation map
t: Ve — Vg, defined in eq. (4.2.15). This ensures compatibility between the rational and
real structures, and hence allows us to again use the definition of the Hodge decomposition
in (4.2.27) for the pair (Vo, V).

To establish this compatibility, it suffices to demonstrate that each projected boundary
state |Ba)p, for A € B, is invariant under the action of +. Given the form of the Cardy
boundary state |B,), its projection to the space of RR—ground states is given by

SAa
Ba)p =Pr|Ba) =k Y —2= o), . (4.2.36)

where £ € R is a normalisation constant, independent of A and «, chosen such that the
intersection matrix ¥ 45 is rational.*

3This follows by the maximal rank of ¥. Using the identity operator of Vi (4.2.33), any projected
boundary state can be expressed as a rational linear combination of projected boundary states of the
set {|Ba)p | A € B}. Specifically, |Buy)p = |Ba)p E4PSpa. We therefore conclude that for any
M € HWRy(A')ns, the projected boundary state |Bys)p is a rational linear combination of the basis
states.

4The normalisation & can be taken real without loss of generality, since any overall complex phase
cancels in the definition of X 4 5.
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We now compute the action of the complex conjugation map ¢ on this projected state.
Applying eq. (4.2.15), we find

L(|Ba)p) = HZ sgn (Soc(a)) % IC(a)) - (4.2.37)

Since C is an invertible map on the set of RR—ground states R, we can relabel the sum by
the images 5 := C(«), yielding

S’
t(|Ba)p) =k ngn (Sos) Ace 18) (4.2.38)

BER (\/ SOC )
To simplify this expression, we use eq. (2.2.20), and Sgz € R,

(v/505) " = sen(S03)v/S0s . (4.2.39)

to obtain

U|Ba)p) =K Y Sz 18)y = |Ba)p - (4.2.40)

This confirms that each projected boundary state |B), is invariant under complex con-
jugation, and hence the rational vector space Vg is contained in the real subspace Vg C V¢
fixed by .

Consequently, the Hodge grading previously introduced in eq. (4.2.24) remains applicable.
We thus obtain a rational Hodge structure with Hodge decomposition

AEHWR % (A )Ns + QL( ) _ p c _ Q}
I’ o
4.2. 4

VQ ::< |BA>73 Q )

Ve {|O‘ EVC‘G 6

and weight m = p + ¢ = le/3, as before.
Polarisation

We will now address the question of polarisability of the constructed rational Hodge struc-
ture. For theories with integral U(1)-charges (for instance any consistent GSO-projected
N = (2,2) worldsheet theory in Type II string theory) subject to the assumptions made
in the previous section, the intersection matrix defined in eq. (4.2.31) gives rise to a po-
larisation. For theories with (c,c), _, -states with fractional U(1)-charges, we will define
a twisted version of the open string Witten index, which polarises the associated rational
Hodge structure in particular cases. For theories where the twisted version of the open
string Witten index does not lead to a polarisation, it will be shown in an example in

section 4.3 that the corresponding rational Hodge structure can still be polarisable.
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The intersection matrix (4.2.31), through the relation to the open string Witten index,
yields a Q-bilinear function Vi x Vg — Q. Using the results in [152], we can twist the index
by an unitary operator V central to the ' = 2 super Virasoro algebra, with [¢™ V] = 0.
Furthermore, we demand that V restricts to a linear map on Vj,

V|@ : VQ — VQ , (4.2.42)

thereby implementing an orthogonal transformation on V. Equipped with such an opera-
tor V, we introduce a twisted Witten index, defining a Q-bilinear pairing ¥ : Vg x Vg — Q
by

S(|Ba)p, |Bs)p) i= p(Ba| €™V |Bg), . (4.2.43)

For this bilinear form ¥ to serve as a polarisation of the Hodge structure (Vg, VE)
with weight m = %‘37 several conditions must be satisfied. Firstly, ¥ must satisfy con-
dition (4.2.5), namely

2( ’BB>7> ) |BA>7>) = (_1)_%2( ‘BA>7> ) ’BB>P) : (4-2-44)

Taking into account that { has been chosen such that £ + lg(Ja)) € Z for all a € R, as
specified in eq. (4.2.24), we derive the condition

e—Qiﬂ(J(H-%C)V—l — eQi?r(l—l)Jov—l _ V — V2 — eQiW(l—l)Jo ] (4245)

However, satisfying (4.2.45) alone does not guarantee that ¥ defines a polarisation. It re-
mains to verify conditions (4.2.6) and (4.2.7). To this end, we extend 3 to the complexified
space V. Due to the complex anti-linearity in the first argument in the hermitian inner
product on the Hilbert space of states, the definition (4.2.43) naturally extends to a pairing
on V¢ with complex anti-linearity in the first argument as well. To obtain a bilinear form
suitable for defining a polarisation, we introduce the function

Q). 18) = S(u(le)),18)) = e(al)e™VB) , o), 1B) € Ve (4.2.46)

where ¢ : Vo — V¢ denotes the anti-linear complex conjugation map. This definition
ensures that () is complex-linear in both arguments and provides the C-bilinear extension
of ¥ from Vg to V¢, as Vy is fixed by ¢.

Evaluating () on the normalised basis states |a) ., spanning V¢, and using (4.2.34), we find

Q(la)u,18)y) = ™18 (C(a)| V[B) ) - (4.2.47)

From eq. (4.2.14) and using that [J;, V] = 0, we observe that Q( |a),,[3),) can only be
non-zero when the states |C(«)),, and |3),, carry identical U(1)-charges. Consequently,
applying (2.5.25) and (2.5.27), we conclude:

qr(a)p) = —ar(1B) ) (4.2.48)
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which implies |o) ,, € V&7 and |B) , € V. Thus, condition (4.2.6) is satisfied.

Considering now condition (4.2.7), we compute for any state in the graded vector space
la) € V&1

ip‘qQ(|a) 7L<|a>>> _ leqL(|a>)Q(L(|Oé>), |a>> — <a| e—ir(I=1)Jo)) |a> ) (4'2'49)

Therefore, in order for @ to define a polarisation on (Vg, V¢), the operator e~ *(=D/y
must be positive definite, requiring

(a]e ™ =DDPY1a) >0 for all non-zero |a) € VE . (4.2.50)

A solution satisfying both (4.2.45) and the positivity condition (4.2.50) is provided by the
choice .
Y = m=DJ (4.2.51)

However, it must be noted that ¥V commutes with the supercurrents G* only when [ is an
odd integer, and only in this case V is central to the N' = 2 super Virasoro algebra. In
section 4.3 we will see that A-type N' = (2,2) minimal models at odd levels k give rise to
odd I. In such cases, the twisted Witten index defined via ¥V = (=17 indeed induces a
well-defined operator on Vg, fulfilling all polarisation criteria. Note that when all states in
the (c,c) 4n—qr- TG Possess integral U(1)-charges, implying [ = 1, the operator V reduces to
the identity. Consequently, in this scenario, the untwisted open string Witten index itself
realises a valid polarisation.

4.2.2 Rational Hodge Structure and CM

We will now explicitly demonstrate that the rational Hodge structure (Vg, Vo), constructed
in section 4.2.1, admits sufficiently many complex multiplications provided a certain nat-
ural Galois-theoretic compatibility condition is satisfied by the associated N = (2,2) ra-
tional superconformal field theory. This compatibility condition, formulated precisely in
eq. (4.2.65), requires that the set R of Ramond-Ramond (RR) representations appearing
in the A-type Hodge structure be stable under the Galois action,

Qal (Q(S.)/Q) A R, (4.2.52)

where Q(S,) denotes the number field generated by the modular S-matrix entries S, 4 for
a fixed @ € R and A € B, with B denoting a basis of V. Under this assumption we will
show that the resulting Hodge structure is of complex multiplication (CM) type in the
sense defined around eq. (4.2.10), if a polarisation exists®. Otherwise, the Hodge structure
will have sufficiently many complex multiplications.

The key idea of the argument is that the presence of a Galois group and suitable Galois
subgroups in rational conformal field theories leads to a splitting of the Hodge structure

®Note that for ' = (2,2) superconformal field theories that are used as worldsheet theroies in Type
ITA string theory, i.e., GSO-projected theories, the U(1)-charges are integral and hence, as recalled in
section 4.2.1, a polarisation always exists
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into irreducible substructures, each admitting an action by a number field of maximal
degree. Specifically, there exists a tower of Galois extensions,

Q(S) 2 Q(Sa) 2 Q(S,)%™@ 2 Q, (4.2.53)

where Q(S) is the field generated by all entries of the modular S-matrix, and Q(S,)StP(@)
is the fixed field under the stabiliser subgroup of the Galois group that leaves a € R
invariant.

Using this setup, we then show that the Galois action corresponding to the intermediate
field Q(S, )% permutes a collection of suitably normalised basis vectors,

{layg |a e R} C V. (4.2.54)

Since each of these states has a well-defined U(1)-charge, they are contained in individual
Hodge summands V£ as defined in eq. (4.2.24).

We then define the subspace spanned by the Galois conjugates

We = (o(|a)g) | 0 € Gal (Q(S.)**"/Q) )., (4.2.55)

and demonstrate that W& C V¢ is the complexification of a rational sub-Hodge structure.
In this way, we obtain a decomposition of Vg into irreducible Hodge components.

Finally, to establish the existence of sufficiently many Hodge endomorphisms, we show that
scalar multiplication by a primitive generator ¢ of the cyclotomic field Q(S,)%P(®) = Q(¢)
defines a Hodge endomorphism on the subspace W, yielding an embedding

Q(¢) — Endmag(Wg) - (4.2.56)

Since the dimension of W matches the degree of the extension [Q(¢) : Q], we conclude
that each irreducible substructure admits an E“-multiplication with £ being a number
field of maximal possible degree. If the Hodge structure admits a polarisation, then each
Wg is of CM-type, and hence the full structure (Vg, V) is of CM-type as well.

The Galois Groups and Their Actions

Let now (Vg, V) be a Hodge structure constructed as in section 4.2.1, with {|Ba)}aen
denoting a basis of the rational vector space Vg, and let {|a), }acr denote the basis
of normalised RR—ground states which correspond to elements in the ring (c,c) by
spectral flow.

9dL=49R

Our first goal is to demonstrate that these normalised ground states can be rescaled in
such a way that the resulting vectors lie in the vector space Vg ®g Q(S), where Q(5) is
the number field generated by all entries of the modular S-matrix,

Q(S) == Q({Sij | i,j € HWRy(A")}) . (4.2.57)
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To see this, recall the expansion of a normalised RR—ground state in terms of projected
boundary states in eq. (4.2.34), and upon substituting the general form of a Cardy state (2.4.26)
we get

@) = e @ /{Z\/S_ |B4)., (4.2.58)
Oc

AeB

Note that we are using the normalisation ,,(c|i)) = do; between the normalised RR-ground
states and the Ishibashi states [i)), i € HWRy (A'), see (2.4.6) and the assumption in 2.5.
Using this expansion, we define the rescaled states

) = el /S0 o) = >S54 1BY), (4.2.59)
AeB

By construction, these states lie in the vector space Vg ®g Q(S,), where

Q(S.) = Q({San | A € BY) CQ(S). (4.2.60)

Since Q(S) is a Galois extension of Q with an abelian Galois group, its subextension
Q(Sy) is also Galois. In particular, standard Galois theory ensures the existence of a
natural restriction morphism (see e.g., [177, Thm. VI.1.10]):

lags) + Gal(Q(S)/Q) — Gal(Q(S.)/Q) - (4.2.61)

This means that every automorphism p € Gal(Q(S,)/Q) can be realised as the restriction
p = 0lg(s.) of some o € Gal(Q(S5)/Q).

The action of a Galois automorphism p on the rescaled states |a); € Vo ®g Q(S,) extends
naturally by acting trivially on Vg and linearly on the coefficients. Applying the known
Galois action on the S-matrix entries (see eq. (2.3.37)), we have

P(Saa) = €5()S¢aya = €,()Sya)a; e (o) € {£1}. (4.2.62)

Substituting this into the expression for |«); and using that the Galois group Gal(Q(S)/Q)
is abelian, hence commutes with complex conjugation, we obtain the Galois action on the
normalised RR—ground states,

pla)s) =D p(Sha) 1B p = ¢p(@) D Syaya |BY)p = p(a) |o(@)) - (4.2.63)

AeB AeB

Note that the last equality makes only sense if the representation o(«) lies in the set R of
RR-ground states such that there exists a normalised highest-weight state |o(«));. Since
we do not have a general proof that this is always the case, we introduce this as a working
assumption. Specifically, we assume that the set of representations

Ra == { 0(a) | p € Gal(Q(S4)/Q) } = Im(e) C HWRy(A), (4.2.64)

is a subset of R,
Roa CR forany a€eR. (4.2.65)

We refer to this as the Galois compatibility condition on R—ground states, which is satisfied
in all cases known to us.
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Splitting of the Hodge Structure

Let us now investigate how the Hodge structure (Vg, V), constructed in section 4.2.1,
admits a natural decomposition into Hodge substructures. Specifically, for each state
la); € Vi, where a € R, we define W§ to be the smallest subset of Vg such that its
complexification contains the state |a)

), € Wg == Wg ®¢ C . (4.2.66)

We now give an explicit construction of the subspace Wg and demonstrate that it defines
a Hodge substructure.

To proceed, recall that |o); is constructed as a linear combination of boundary states with
coefficients in the field extension Q(S,), which is generated by the S-matrix elements S, 4
for A € B. By the primitive element theorem, this field extension is generated by a single
element ¢ € Q(S,), which satisfies an irreducible polynomial of degree

n = [Q(S.) : Q) = [Gal(Q(S.)/Q)] (4.2.67)

This implies that each matrix element S, 4, can be expressed as a rational linear combination
of the powers of (. Consequently, the state |a); can be written in the form:

n—1
o)y = cHl@yy ,  with |Qf) € Vg, (4.2.68)
k=0

where the states |Q%) are uniquely determined rational linear combinations of the boundary
states |Ba), A € B. We define the subspace

W(S = Span@ {|Q6~> I |szl>} ) (4269)

so that W contains the state |o); as well as all of its Galois conjugates, p|a);.

Our next goal is to prove that these Galois conjugates of |a); span the complexified sub-
space W¢. Recall that the dimension of W is equal to the complex dimension of Wg, as
the boundary states |Ba), A € B are linearly independent over C (see footnote 3). Consider
then the set {p(|) 1)} pecai@(s.)/@)- If this set contains n linearly independent vectors over
C, it must form a basis of W since the dimension of W§ is at most n = |Gal(Q(S.)/Q)|, as
observed from equation (4.2.69). Therefore, to complete the argument, it suffices to show
that the Galois conjugates p(|cr);) are linearly independent for all p € Gal(Q(S,)/Q).

Let us assume that the set of Galois conjugates {p(|a)7)} ccai@(s.) o) is linearly depen-
dent over C. That is, suppose there exists a finite subset of non-trivial automorphisms
{pos- -, pw} C Gal(Q(S,)/Q), along with constants ¢, € C, such that

n’ n’

) =) enslla)y) =D esep (@) losa))y - (4.2.70)

s=0 s=0
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Recall that by construction, each state |a); is associated with a unique representation
a € R, and that two such states |«);, |5); are linearly independent over C unless a = f3.
Therefore, for the expression above to hold, it must be that at least one of the automor-
phisms p, in the set satisfies o.(a) = «. This motivates us to define the subgroup of
Gal(Q(S,)/Q) that stabilises the label «,

Stab(a) := {p« € Gal(Q(S,)/Q) | 0x() = a} . (4.2.71)

From the transformation rule (4.2.62) governing the Galois action on the S-matrix entries,
we know that any p. € Stab(«) must satisfy

P«(San) =Saa or  pu(Saa) = —Saa forall Ae B. (4.2.72)

If the action is trivial on all S, 4, then p, must be the identity automorphism. On the other
hand, if the action introduces a global sign flip, then p is a non-trivial automorphism of
order two. We now argue that this is the only possibility for a non-trivial stabiliser.

Suppose there exist two such automorphisms p, and p, satisfying p.(Saa) = —Saa and
similarly for p/. Then their composition must satisfy:

Pe0pi(San) =San = poopi=id = pl=pt=p., (4.2.73)
implying that Stab(«) is either trivial or cyclic of order two,
Stab(a) = (p.) with ord(p,) <2. (4.2.74)

Since Gal(Q(S,)/Q) is Abelian (being a subgroup of the Abelian Galois group Gal(Q(S5)/Q)),
the subgroup Stab(«) is normal. Thus, we can define the quotient group

Gal(Q(S)/Q)/Stab(a) = Gal(Q(5a)/Q)/{px) - (4.2.75)

Now if Stab(c) is trivial, then all Galois conjugates p(|a);) are by definition linearly
independent, which leads to a contradiction. It remains to treat the case where ord(p,) = 2.
In this case, we have

Px(Saa) = —Saa forall Ae B, (4.2.76)

which implies that
pullads) = — la); - (4.2.77)

The fundamental theorem of Galois theory then implies the existence of a tower of field
extensions

Q(Sa) D Q(S)* 2 Q, with [Q(5) : Q(S)*'] =2, [Q(S.)" : Q] :g,
(4.2.78)
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Applying the primitive element theorem successively, we obtain

Q(Sa) = Q(n,¢) (4.2.79)

where 7 generates the fixed field Q(S,)!*) and is the root of a minimal polynomial of order
n/2, and £ satisfies a quadratic equation over Q(n) of the form

E4+r=0, KkeQ@). (4.2.80)
Given this, the state |a); admits the expansion

1 n/2-1

=33 entlQn) . with [Q2,) € Vg (4.2.81)

a=0 b=0

The automorphism p,, by definition, fixes all elements in Q(7n) and acts as p.(§) = —¢&.

Applying this to the expansion above and recalling that p,(|a);) = —|a)7, we find
n/2—1 n/2—1 n/2—1 n/2—1
Do nlQe) = Do et 1Rt == D "1Q5) — Y e’ lQs,) - (4.2.82)
b=0 b=0 b=0 b=0
Comparing coefficients of * and ¢n° independently, we conclude that
Q) =0 forallb=0,..., g —1. (4.2.83)
Thus, the subspace Wg reduces to
(03 o n
wWe = < Q%) ’ b=0,.... 7~ 1>Q , (4.2.84)

with dimension at most n/2 = |Gal(Q(S,)%*") /Q).

Now consider the state
£ o) € Vo ®e Q) = Vo ®g Q(5a) ) . (4.2.85)

We define an action of the Galois group Gal(Q(S,)%*"®)/Q) on this space by requiring
that the vectors in Vg remain fixed. By the restriction property of Galois automorphisms
(cf. (4.2.61)), this coincides with the restriction of the Galois action from the full field

Q(Sa)-

We now examine the set of Galois conjugates
{60 (€7 |a);) | 0 € Gal(Q(S,)5 ™) /Q)} . (4.2.86)
Let 0 € Gal(Q(S,)%2P(®) /Q) and choose a lift p € Gal(Q(S,)/Q) such that

p‘@(sa)stab(a) - 9 . (4287)
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Then, using the expansion (4.2.81) and [Qf,) = 0, we have

n/2—1 n/2—1
0(¢ a)y) = D 0 IQ) = Y p(n")1Q5,)
b=0 b=0
n/2-1 (4.2.88)

= p(&p &n°1Q%,) | = € Mp(la),)

O

=p(&” )ep(a)lg( a))z

To determine the linear independence of the set (4.2.86), suppose to the contrary that a
non-trivial linear dependence exists among them. Then some 6 would correspond to a p for
which o(a) = «, i.e., p € Stab(a). But this would contradict the assumption that 6 acts
non-trivially on Q(S,)% since p restricts to the identity, i.e., § = Plg(s.ystave = Id.
Hence, all elements in (4.2.86) must be linearly independent over C.

We conclude that the number of independent Galois conjugates equals

|Gal(Q(Sa)5P) /Q)| = (4.2.89)

saturating the bound in (4.2.84). Thus, the Galois conjugates of 7' |a), span the com-
plexification W¢, and we obtain

dimg W§ = dime Wg = g . (4.2.90)

To simplify the notation and unify the treatment of different cases, we introduce a common
definition for the basis elements associated with each representation o« € R. Specifically,
we define the state |a) g by

o) g = (4.2.91)

{\&)I if [Stab(a)| =1,

£]a); if [Stabla)] = 2.,
so that in both cases, |a) lies in the extended space Vg ®g Q(S,)5t>().

Let n = |Gal(Q(S,)%***®) /Q)| and let ¢ € Q(S,)5**@ be a primitive generator of the field
extension. Then the scaled state |«)¢ admits the expansion

n—1
a)g=>_C*lQy) ,  with |Q}) € Vg (4.2.92)
k=0

The reason to introduce the scaled basis vectors is that, regardless of the structure of
the stabiliser subgroup Stab(«), the Galois conjugates of the state |a) ¢ span the complex
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vector space W, which is the complexification of the smallest rational subspace W§ C Vg
containing |a)g. We can therefore write

W = (0(|a)s) |6 € Gal (Q(S,)**"/Q) ). (4.2.93)

To verify that W§ defines a valid Hodge substructure of (Vg, V), we examine the action

of the Galois group Gal(Q(S,)%*"(®)/Q) on the scaled states. From equations (4.2.63)
and (4.2.88), we find that

(4.2.94)

€plar a))r if |Stab(a)| =1,
0<|a>8):{ () fo(a)) |Stab(c)]

p(€) ep(0) o)y if [Stab(a)| = 2.,

where p € Gal(Q(S,)/Q) restricts to 6 € Gal(Q(S,)%**P@/Q), and o(a) denotes the
representation to which « is mapped under the Galois action.

In both cases, 6(|a)g) is proportional to a state |o()), which, by construction, lies in
a definite graded component V& determined by its U(1)-charges. This shows that Wa
satisfies the grading condition (4.2.3) and hence defines a genuine Hodge substructure of
the full Hodge structure (Vg, Vc).

Existence of Hodge Endomorphisms

To complete the construction, we now show that the Hodge structure (Vg, V) possesses
sufficiently many complex multiplications. In particular, if the structure is polarised, it is of
CM-type. To demonstrate this, it suffices to show that each irreducible Hodge substructure
Wg§ C Vg admits an E*-multiplication, in the sense of definition (4.2.10), by the number
field B> 2 Q(S,)% (@) of degree [E : Q] = dimg W§.

We construct these endomorphisms acting on the subspaces Wg by the induced maps
corresponding to multiplication of the scaled state ) ¢ by powers of a primitive generator
¢ of the field Q(S,)%*P(®) = Q(¢), as introduced previously. Denoting n = [Q(¢) : Q], we
define a set of endomorphisms associated with the elements (%, i = 0,...,n — 1, which give
an embedding £ ~ Q(¢) < Endgag(Wg).

To construct the Hodge endomorphisms, recall that the field Q(¢) can be regarded as a
Q-vector space with basis {1, ¢, ..., (" '}. Multiplication by ¢ acts Q-linearly on this space
and can thus be represented by a matrix T(¢) € Mat(n x n,Q) such that

B Rt = ZT (4.2.95)

Applying this to the expansion of |a)g,

n—1
)= SRR . (4.2.96)
k=0
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we obtain
Cla)g = Z CET(O)", Q%) . (4.2.97)
k,s=0

This motivates the definition of a rational-linear map ¢ : Wg — Wg by

n—1
P2(1Q0) =Y T, 1Q%) (4.2.98)
s=0

whose complexification acts, due to eq. (4.2.97), as
90?,@(|04>3) =(la)s - (4.2.99)

Now, consider the basis of W& given by the Galois conjugates {p(|a)s)}pecai@(c)/@)- Using
that the Galois action leaves the coeflicients |Qf) € Vg invariant, we find for the action of
the Hodge endomorphisms

n—1

p(CTQ)%1Q%) = > p(T(Q)*%<¢") 1Q2)

0 k,s=0

i
L

pic(pla)e) = D (e (1Q8) =

n
n

M

k=0 ks

)_l

n—

o
= A QR = (O S ACHIQR) = p(Opla)s

=0

ol

(4.2.100)

Hence, ¢ ¢ is diagonalised in this basis, with eigenvalues given by the Galois conjugates
of (. Since each p(|a)g) lies within a well-defined (p, ¢)-component and collectively they
span these spaces, this implies that ¢f - preserves the Hodge decomposition,

P (WE Py cwere (4.2.101)

Moreover, repeated application of ¢ corresponds to multiplication by powers of ¢,

(e) =¢a . forallkeZ. (4.2.102)

Thus, the collection {gog‘k }i=y forms a set of commuting endomorphisms. To verify that
they are Q-linearly independent, suppose for contradiction that

Zakgo‘gk =0 for some a; € Q . (4.2.103)

Applying the complexification on both sides to |«) s, we obtain

n—1
daltlays=0 = Y w=0, (4.2.104)
k=0
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which contradicts the assumption that ¢ has minimal polynomial of degree n over Q.
Therefore, the set {go?k} is Q-linearly independent and generates a commutative subalgebra
E* of Endpqg(Wg) with

dimg E* = dimg Wg =n , (4.2.105)
which is by the map ¢¢ — ¢ isomorphic to Q(¢). Hence W§ admits an E*-multiplication,
with E* = Q(().

We conclude that if the compatibility condition (4.2.65) holds for an A = (2,2) rational
superconformal field theory, then the associated Hodge structure (Vg, Vi) as constructed
in this section has sufficiently many complex multiplications. In particular, if the Hodge
structure is polarisable, it is of complex multiplication type.
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4.3 Example: N'=(2,2) Minimal Models

As the first example, we show that the Hodge structure constructed in section 4.2.1 has
sufficiently many complex multiplications for all A/ = (2,2) minimal models with diago-
nal one-loop partition function with respect to characters of the finitely many irreducible
highest weight representations of the N' = 2 Virasoro algebra. Apart from providing an
important class of examples, this section also serves to illustrate that our construction is
independent of the conformal field theory having a geometric interpretation.

General aspects of N = (2,2) Minimal Models

Analogous to the discrete series of unitary Virasoro minimal models with central charge
¢ < 1, which are rational conformal field theories for the Virasoro algebra, the unitary
N = (2,2) minimal models form a discrete series with ¢ < 3, and constitute rational
conformal field theories for the ' = 2 super Virasoro algebra [178-180]. The finitely many
Virasoro modules of the N' = (2,2) minimal model at level k and central charge ¢ = k?’—fZ
are most conveniently realised through a GKO coset construction [181, 182] with coset

algebra
SU(2), @ U(1),

A=—= . 4.3.1
W(Ders ey
The characters of the coset algebra (4.3.1) can be derived using the branching rules
Ma@r) @ (i) = B M) © Aa@wei/igs) - (4.3.2)
AiMgro

from which we find the corresponding character relation

. . 2k+2)-1
X?u@)k(T)Xlsl(l)z(T): Z X;lrgl)kH(T)an,s(T)' (4.3.3)

m=0

The characters of the coset algebra can subsequently be expressed in the form [142, 180, 183]

k
k
le,s(Tv z) = Z le—)m+4j+s(T)@2m—(4j+s)(k+2),2k(k+2)(7-7 kz) (4.3.4)
j=1
with the string functions C’l@m 14j45(7) defined as the embedding of the u(1), characters
into the su(2), characters,
2k—1
(2)k k
W= Y Gl(n)8n()
0 mod 2 (4.3.5)
@mk<7—7 Z) _ qu(n+%)2y(n+%) : q = e271'i77 y = e2miz

nez
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The irreducible representations of the coset chiral algebra (4.3.1) are labeled by
{m,s) |0<I<k,-k—1<m<k+2,s5€{0,2,£1}}, (4.3.6)

where s is defined modulo 4 and m is defined modulo 2(k + 2), subject to the constraint
l+m+s=0 mod2. For s € {0,2} the corresponding state is in the NS—sector, while
s € {1} corresponds to the R—sector. From the coset construction and the properties of
the string functions, one obtains the following identification rules:

(l,mys) ~(E=l,m+k+2s+2). (4.3.7)

Together with the constraint [ +m + s = 0 mod 2, this determines the total number of
independent representations of the coset algebra®,

N = (k+ 1)2(k+2)(4)%% ok 1) (k+2). (4.3.8)

Under modular transformations, the characters (4.3.4) transform as

ori [ 10+2) + c )
an’s(r I 1’ z) — 0 7r1< 4(k+2) T2 anys(T’ Z)

les(—l/f, z/T) = Z Sm,s),(m’ ) Xi:%’,s’(7—7 z).

(4.3.9)

The modular S-matrix elements S, s 17,m’,s) are given by

1 , .om , T,
m,s),(l’;m/,s') — 1 <—— )
S(tm,s), (1 m! s (k—|—2) <k+2(l+ D"+ )) exp (lk 2mm)exp iss

= —; ( (1) (I +1) ( I+ (' +1) > mm/’ e—iﬂss'/2
20k 1 2) \2(k+2) 2(k-+2) 2(k-+2) ;
(4.3.10)
where ¢, = e*™/". Using the coset algebra form (4.3.1), we can combine the results

from each individual theory to determine the fusion rules with the help of the Verlinde
formula (2.2.22),

[(ll,ml,sl)] X [(ll,ml,sl Z ll1312 5£3fj_—;11)2,m3 55111-52,33 [(lg,m3783)] s (4311)

l3,m3,s3

where llf’lQ denotes the su(2); fusion coefficients (2.2.37).

For fixed (I,m), define a := [ +m mod 2 € {0,1}. Then the selection rule [ +m + s = 0 mod 2
becomes a + s =0 mod 2, which implies s = —a mod 2. Since s takes values in Z4 = {0, 1,2, 3}, exactly
half of these satisfy the congruence for each value of a. Therefore, the constraint removes precisely half of
the initially allowed (I,m, s) combinations.
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The one-loop modular invariant partition functions of the N' = (2, 2) minimal models admit
an AD E-classification scheme, inherited from the AD E-classification of su(2); theories [59,
69]. For a detailed discussion of the classification of N' = (2,2) minimal model modular
invariant partition functions, we refer to [184], and references therein. In this work, we
always restrict to the A-type modular invariant partition function, for which the NS-part
takes the form

1
ZNS(T> T? 2 Z) = 5 Z (Xin,O(Ta Z) + X£n,2<7-7 Z)) (le,o(Ta Z) + le,Q(Ta Z)) .

0<I<k

m=—k—1,....k+2
l+m=0 mod 2

(4.3.12)
The total supersymmetric partition function is
1
Z(1,T,2,2) = 3 (ZNS(T, T,2,2) + Zgg(T,T, 2, 2) + Zr(T,T, 2, 2) + Zx(7,T, 2, 2)) ,
(4.3.13)
where each sector is defined as
ZNS (Ta ?7 z, Z) = TI'HNS (qL072L4§Z0 iyjoyjo)
255 ((—1)Fgh-digho-siyhyh)
(4.3.14)

o
A
l
n
I\
I
=
X
=3
VS
T
—_
N—
B
L)
h
g
N
sy}
gl
9
2|
<
S
<
<
o
——

Here, (—1)¥ denotes the fermion number operator and enforces periodic boundary condi-
tions for fermions in the time-direction of the worldsheet torus. This operator is included
in the partition functions Zgg, Zg to ensure that the total partition function includes a
sum over all possible spin structures along both cycles of the worldsheet torus. Under

modular transformations, the individual parts transform as

To>T+1: Ins = Zgg— 4ns, 4R~ Zr, 4y — 4R

1 (4.3.15)
T— —— ZNS_>ZNS; ZN"S—>ZR, ZR_>ZI<IVS7 Zﬁ%Zﬁ,
T

so that the total supersymmetric partition function is modular invariant. In fact, one can
show that for all N' = (2,2) superconformal field theories that are invariant under left-
right symmetric spectral flow (i.e., for theories such that q; — qg € Z for all states, and
qr — qr € 27 for bosonic states [93]), it always suffices to calculate Zysg, as the other parts
are determined by spectral flow and modular transformations [93],

<, _\C _ T _ T

ZR(T7?7 Z, E) = (QQ) 24 (yy>GZNS(T7 T,z + Ea zZ+ 5)
1 1

Zs(r7:2,2) = Ins(1 7,24 5,2 4 5) (4.3.16)

1 1

Zﬁ(T,T, 272) = ZR(T,T,Z + 5,2—}— 5) .
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The conformal weight h and the U(1)-charge g of a state is given by

I(I1+2)—m? s
h(|l,m, s)) = ﬁ +% mod 1 (4.3.17)
q(|l,m,s)) = _kl—l—Q + % mod 2 . (4.3.18)

To find the exact conformal weights, one needs to bring the labels (I, m,s) through the
field identification rule into the range |m — s| < [. If neither representative lies in the range
|m — s| <[, one applies the above formula for a representative that satisfies m —s =1 —2
and adds one to the result, or if this does not exist, the one with m — s = [+ 2 and adds
one [93]. For the U(1)-charge we reduce mod 2, so that the absolute value is smaller than
or equal to 1.

In the NS-sector, the chiral states are labeled by |l, —[,0) .. Under the spectral flow, which
as a simple current corresponds to the state [0, —1, —1),,, the chiral states are related to
the R-ground states [I, —(I + 1), —1) .. The R-ground states have U(1)-charge

k—2l

a(l,-(1+1),-1)) = 1ok

(4.3.19)

Note that the combination (I,m,s) + (I,m, s + 2) realises a full irreducible N' = 2 super
Virasoro module [142]. Each individual (I,m, s) representation corresponds to a primary
field with respect to the bosonic subalgebra of the N/ = 2 super Virasoro algebra. In
particular, the state associated with the field G4 is also a primary with respect to this
bosonic subalgebra. It is precisely this bosonic subalgebra that qualifies as a chiral algebra
in the standard sense of rational conformal field theory, as defined in [122].

The complex vector space V¢ and rational vector space Vj

For illustrative purposes, we now carry out the steps of the general construction described
in the previous section, specialising to the case of the (diagonal) N' = (2,2) minimal
models.

The complex vector space Vg, for the N' = (2,2) minimal model at level k, is given by

Ve = (|L,=(4+1),-1) )c
Vet = {Il,—(l+1),—1>N‘ ¢ (l{%z) . (:_;é) :q} | (4.3.20)

with ¢ = k + 2 chosen in such a way that p and ¢ are integral. The complex conjugation
map ¢ : Vo — Vi is defined as

k k
: (Z ag—@+1),-1) [l =1+ 1), —1>N> = 2 580(50,00),0.141.10) 00—y, 1L L 1)
=0

=0
(4.3.21)
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where, comparing to the general definition (4.2.15), we used
C(l,—=(+1),-1)) =|L1+1,1), . (4.3.22)
By using the identifications (4.3.6) and (I,m,s) ~ (k —,m + k + 2,5+ 2), we find
U (LT+1,1),) =k —1,—(k—1),0), . (4.3.23)
Hence, the state |[,1 4 1,1),, is an R—ground state. Furthermore,

k— 2l
a1+ 1,1) = 70 = —aulll,~(1+ 1), -1)). (4.3.24)

and therefore, in comparison with the definition of V¥ we see that the complex conjuga-
tion map ¢ indeed exchanges p and ¢q. The boundary states are labelled by the highest-
weight representations of the coset chiral algebra (4.3.1), and the projected boundary
states (4.2.30) are given by [150]

k

S 11,5121
Biuws)p = V2 Y ZE B |l —(1 1), —1) (13.25)
1=0 \/8(07070)7(l,f(l+1),—1)

The intersection matrix 2, given by

E(L,M,S),(L’,M’,S/) = 7)<B(L,M,S)| (-1)J0 |B(L/,M’,S/)>fp s (4326)

is integral when the boundary states are restricted to those with even values of S and
S’ [150]. For mixed combinations where S is even and S’ is odd (or vice versa), the matrix
Y. is generically not rational. It is always possible to choose a collection of boundary states

{|Bm,s))p | (L, M, S) € B}, (4.3.27)

with |B] = k+ 1 and B € HWRy(A)xs, such that the matrix ¥, when evaluated on this
basis, has full rank. In particular, ¥ is then invertible, and its inverse is also rational. A
basis of the rational vector space Vg is hence given by (4.3.27).

Using the property
(LALS) C(lim,s) = S(LM,S),(Lm,s) » (4.3.28)

for all (L, M,S),(l,m,s) € HWRy/(A), one easily verifies that the rational vector space
Vi is compatible with the complex conjugation map ¢, i.e.,

L (\B(L,M,sﬁp) = |Brm,9))p - (4.3.29)

Recalling the discussion around (4.2.46), for A/ = (2,2) minimal models with odd k we
can always construct a polarisation by

QUL —(1+ 1), =1) I, —(I' + 1), =1)) = o({l, —(L + 1), =1[)(=1)*F2To | (1" +-1), 1) .
(4.3.30)
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For even values of k, we were unable to identify a general form of a polarisation that applies
universally. Nevertheless, in all examples we examined, a polarisation was always found to
exist. At the end of this section, we will illustrate the construction of a polarisation in the
case k = 4.

Next we define the intermediate rescaled R-ground states |[, —({ + 1), —1); as

1 .
’l, —(l + 1), _1>Z = E\/S(O,O,O),(l,—(l—i-l),—l) eimar(l) ’l, —(l + 1), _1>N , (4.3.31)

so that

L=+ 1), 1)z = S{ i1, wans ST EEI By s, (43.32)
with S(E-M550.(L.M.S) denoting the components of the inverse intersection matrix 3.

Hodge Substructure and Hodge Endomorphisms

We proceed to explicitly construct the Hodge substructures of the Hodge structure associ-
ated with the N/ = (2,2) minimal models at level k. To do so, we need to determine the
following tower of Galois extensions’

Q(S) 2 Q(Su—s+1),-1)) 2 Q(S(t,—41),—1)) > HHD=D) (4.3.33)

To determine the number field Q(S) generated by the entries of the S-matrix (4.3.10), we
consider the following combination of S-matrix elements®

5(0,0,0),(1,-1,0 5(0,-2,0),(0,0,0
Cz(k+2)=<1+s( M1 (Bo2o000
(0,—2,0),(1,1,0) (0,0,0),(1,—1,0)

5(1,1,0),0,2,0)

_ S0-20.0-20
S(0,-2,0),(0,0,0)

(4.3.34)

1=

Then from the expression (4.3.10), it follows that

Q(S) = Q(Gr+2),1) - (4.3.35)

For representations (I,m,s) € R, i.e., (I,m,s) = (I,—(l +1),—1) with 0 < I < k, the
corresponding S-matrix entries are given by

(=)= ary@s-m (1) (L+ 1+ M)
S~ (1+1),~1),(L.M,5) = Z(k—+) <C2 k+2) C2 k+2) ) : (4.3.36)

"Note that since Q(S ) is Galois and Gal(Q(S)/Q) is abelian, all subfields are Galois over Q
8Note that (0,0,0), (1,-1,0), (0,-2,0), (1,1,0), (0,2,0) are representations contained in any minimal model
for arbitrary level k > 1
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Let us introduce the integers

g :=ged(l+1,2(k+2))

I+l
Ty (4.3.37)
2k + 2
pom 2EED k) =
g

so that we can rewrite (4.3.36) in the form

—i)(—1)"5/2 . B .
S@—(141),-1),(L,M,5) = (2)((]€—+)2) <Ck,(L+1 M ¢ (L+1+M)) . (4.3.38)

Consider now the following quotient of S-matrix elements:

S _ _
S(z, (141),-1),(0,0,0) _ 2 (4.3.39)
(1~ (1+1),1),(0,2,0)

For k' odd, a comparison with eq. (4.3.38) reveals that

Q(Si,—a41),-1) = QG 1) - (4.3.40)
Similarly for £'/2 odd we get the number field Q(S; - l+1 1) = Q(¢,1) by using the

identity Q(Cxj2) = Q((w), which follows from (= —Ck/ g2
k'/4 even and k’'/4 odd we rewrite (4.3.38) as

. For the remaining cases

(_1)75/2 K (EAM) K
S =(4+1),=1),(L,M,S) = m( G ) o Ck/ ? —1 +C () (4.3.41)

Using (4.3.39) together with

2
(Sa,—a+1),-1),000)) B
S(1,~(141),—1),(0,~2,0) — S(l,f(lJrl),fl),(O,O,O) (k' + 2)

o, (4.3.42)

and (4.3.41) it follows that for &’/4 even we have Q(S; _(41),-1) = Q(¢w) and for &'/4 odd
that Q(S;—q4+1),-1) = Q(Ck/2). We can summarise all possible cases by

Q(Cy), % odd

Q(Cap), else (4.3.43)

Q(Su,—at1),-1)) = {

where we introduced the integer f := ged(k’,4) and used

Q(Gz, &) = QGem(ay)
2y (4.3.44)

lem = (—————).
(gcd(fay)
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Let us now determine the stabiliser groups Stab((l, —(I + 1), —1)), i.e., we are looking for
Galois automorphisms p, € Gal(Q(S¢,—¢+1),-1))/Q) whose induced permutation , on the
set of representations (I, —(I + 1), —1) is the identity,

Px ‘lv _(l + 1)7 _1>I = 6,0*(([7 _(l + 1)7 _1)) |<Q*<l7 _(l + 1)7 _1)>I

=& (1L, —(1+ 1), =) L, =1 +1), ~1) . (4.3.45)

Writing the S-matrix in terms of the primitive element ( dgrs

k‘l

7 _
- (C%k/> (—1)=5/2 45(L+1-M) —4R(L+1+M)
S(l=(141),-1),(L,M.,S) = 20k +2) <C§k/> — <C%,€,> ,
(4.3.46)

and recalling eq. (4.3.32) we find that p,. € (Z/%k’Z)X with p, = %k’ +1 mod %k’ 9,

The fixed field of Q(¢ 1 w) With respect to the order-two automorphism p, is Q(¢ 2 ) Which
is Q(¢w) for f =2 and f =4, and Q({y) for f = 1.
Let us now introduce a rescaled basis of RR—ground states as
1 ’la_(l+1>7_1>zeV@®Q@(Ck/)7 f:172
L—(+1),-1)g:i= ¢l —(1+1),-1); € Vg®oQ(¢r), Y iseven 4.3.47
S 2
1= +1),-1); € Vg®e Q¢x),  isodd

and show how the elements in Gal(Q(S(,—+1),—1))5**P(E=0HD=1) /) act on the states (4.3.47)
to construct the Hodge substructures.

For f =2 and f = 4, the relevant Galois group is given by
E N\~
Gal (Q (é%) /Q) = <Z/ 52) : (4.3.48)

. . . . . K/ . k!
the multiplicative Abelian group of integers modulo % that are coprime to %
Consider an element
E o\
a € (Z/EZ) : (4.3.49)
The corresponding Galois action is then given by

Pa @ Gy Gy (4.3.50)

9This Galois automorphism acts as 1 —C ez Such an automorphism exists for all Q(¢,,) with

ged(n,4) = 4. For even n we have CZ/Q = —1 and since we want to find an a such that
¢ =—(, — ¢ 1= —1it follows a—1 =n/2 mod n. From the obvious identity ged(a+mb,b) = ged(a, b)
it follows that ged(§ +1,n) = 1 for § even.
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The Galois element p, acts on the state |I, —(l + 1), —1)5 in a natural way: it leaves the
rational vector space Vg invariant and acts nontrivially on the factor Q(Cw ), which appears
2

raised to the power k, as seen from eq. (4.3.41),

(g%)” — ( %)K . (4.3.51)

For f =1 the same holds with (» replaced by (.

From eq. (4.3.32), (4.3.47) and (4.3.51) it then follows that the resulting state, upon acting
with the automorphism p,, is again an RR-ground state |I', —(I' + 1), —1) 4, with [’ label
given by

!'=a(l+1)—1 modk+2. (4.3.52)

Note that a priori I’ is valued in the range 0 < I’ < k + 1. However, as we will show now,
the value I’ = k + 1 leads to a contradiction. Suppose I’ = k + 1. Then, using eq. (4.3.52),
it follows that

al+1)=0 mod k+ 2. (4.3.53)

Recall that ¢ = ged(2(k + 2),1 + 1), thus [ + 1 = gm for some integer m. Then from
eq. (4.3.53) it follows that k + 2 | agm. For f = 2 and f = 4 we have that g | k + 2,
and so % | am. Using that ged(a, %) = 1, we conclude *2 | m, thus m = %M for
some integer M. But then [ + 1 = (k+ 2)M, and hence [ +1 =0 mod k + 2. This is a
contradiction, as we know that 0 <[ < k, hence I’ = k + 1 is not possible.

For f = 1, one can argue analogously by using ¢ = 2x for some integer . We therefore
find in all cases

pa(”v _(l + 1)7 _1>3) = Epa((lv _(l + 1)’ _1)) |l,7 _(l, + 1)’ _1>S ) (4354)

with 0 <U' < k.

For the remainder of the discussion concerning the construction of Hodge substructures, we
will use the notation Q((x,) with ¢ = 1,2, where k; = k" and ky = %, in order to uniformly
cover the possible subfields appearing in eq. (4.3.47). We now expand eq. (4.3.47) in terms
of the generator (, of the cyclotomic field Q((,) as

d—1

1=+ 1), 1) = 3 (Go)™ |QEL D=y | (4.3.55)

m=0

where |Q%’7(ZH)’71)> € Vp and d = |Gal(Q(Ck,)/Q)| = ¢(k;). Here, ¢(k;) denotes Euler’s
totient function , i.e., the number of integers between 1 and k; that are coprime to k;. We
then define the following subspace:
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Clearly, the complexification of this space contains all Galois conjugates of the state
I, =(l+1),—1)g, that is, the states p, |l, =(I + 1), —1)4 with p, € Gal(Q({x,)/Q). Since
the cyclotomic field Q((y, ) is the fixed field under the stabiliser group Stab((l, —(I41), —1)),

the Galois conjugates p, |, —(l + 1), —1)¢ are linearly independent over C. Hence, they

form a basis of the complexification of the subspace W(él ’_(l+1)’_1),

WETEDTY = (o1, (1 4+ 1), =1)g) | pa € Gal(Q(G)/Q)) - (4.3.57)

By eq. (4.3.54), it follows that each Galois conjugate p, |l, —(I + 1), —1) 4 lies in one of the
subspaces VP defined in eq. (4.3.20). Thus, the subspace defined in eq. (4.3.56) satisfies
the condition (4.2.3), and therefore constitutes a Hodge substructure.

Finally, we establish the existence of sufficiently many Hodge endomorphisms on these

Hodge substructures. On the rational vector space W(g ’7(“1)’71), we define morphisms

gDélk,;(l+1),fl) : Wél,f(lJrl),fl) _)W(L(Dl,f(l+1),fl)’ (4358)

corresponding to multiplication of |I, —(I + 1), —1)g by (x,. The field extension Q((y,) can
be regarded as a Q-vector space with basis

@(Ckz) - <1’ Ckia B (Cki>d_1>(@ . (4359)
Multiplication by (i, is then described by

U

-1

3
Il
=)

where T((y,) € Mat(dxd, Q) is the companion matrix of the minimal polynomial of (j,.

We now define an endomorphism on the rational subspace (4.3.56) by

1—(141),— - _ s _ _
ol T (QUTITY)) = T (G ) QYD) (4.3.61)
and obtain the corresponding action of its complexification ¢§l,§}él“)"” on the complex
subspace Wél’f(lﬂ)’*l),
d—1
l—(14+1),~1 n m _ N
gpékwé—’— Y (pa |l, _(l + 1)7 _1>$) = Pa (Ckz) T(Ck?z) n |Q£;l1’ G+, 1)>
m,n=0
d—1
= “ T Ao (1,—(141),-1)
d-1
=00 (6) D pa (G) 1Q7DTY)
m=0

= Pa () pa |l =(1+ 1), =1)5 .



4.3 Example: N'=(2,2) Minimal Models 137

I+1),—1)

We conclude that, in the basis of W((:l’_( spanned by the Galois conjugates

pall,=(l+1), =g, pa € Gal(Q(G,)/Q), (4.3.63)

the endomorphism gpélk_((cl 0 g diagonalised and acts on the basis states by multiplication

with p(x,). In particular, it preserves the Hodge decomposition,

gpélk’;(g“i’l)v*l) <W((:lvf(l+1)771)>(p:Q)> g W(((:lvf(l+1)771)7(p7Q) , (4364)

and is therefore a Hodge endomorphism. Moreover, the Hodge endomorphisms cpgc’__(lﬂ)’_l)

satisfy the composition property

(QZ—UHL—U) =l VT foralln ez, (4.3.65)
We have thus constructed d = dimg W(g’f(lﬂ)’*l) commuting Hodge endomorphisms given
by the set
(1,—(+1),=1) _(1,—(I+1),—1) (l,~(1+1),~1)
{apggi ,gogéi . ,gpcg;l } . (4.3.66)

The Hodge endomorphisms in (4.3.66) are clearly linearly independent over Q; otherwise,
any rational relation among them would induce a rational relation among the corresponding
powers of the root of unity {¢2, ¢, ..., ¢E "} This would contradict the fact that the
degree of the cyclotomic field Q((y,) is d.

Hence, the set (4.3.66) generates an endomorphism algebra isomorphic to Q((g, ), under the
natural isomorphism ¢é2f(l+l),—1) > (. We therefore conclude that the Hodge structures
associated with the diagonal N' = (2,2) minimal models admit sufficiently many complex
multiplications.

For odd values of k&, a polarisation can always be constructed (see (4.3.30)), implying that
the corresponding Hodge structure is of CM-type. As we will demonstrate in example 4.3,
a polarisation can also exist in the case of even k, although it is not of the form given
in (4.3.30).

Example: £k = 3

Let us investigate the Hodge structure for the £ = 3 minimal model explicitly. The complex
vector space V¢ is given by

Gal
Ve = (p(10.=1,=1)) JESEED

(4.3.67)
= < ’07 _17 _1>S ) ‘17 _2a _1>S > |37 _47 _1>S ) |27 _37 _1>S >(C :

A compatible basis of boundary states that span the rational vector space Vg is given by

Vo = (1B0.0.0)p |1Ba-30)p: 1Ba10)p: 1Be-10)p o, (4.3.68)
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with the intersection matrix

11 0 0
01 0 -1
E(L,M,S),(L’,M’,S’) = O O 1 O (4369)
00 -1 1
In the rational basis (4.3.68) the polarisation is given by
O 0 1 -1
O 0 1 0
Q(|Ba)p,|Bp)p) = 1 -10 0 (4.3.70)
10 0 0
The RR-ground states can be written as
3
L=+1), s = DGOy ) €@ QU6 - (4.3.71)
k=0
For the state |0, —1, —1) ¢ the expansion reads
07_ ,—
|Q(() ! 1)> = % |B(3,1,0)>7> - %) |B(3,71,0)>7>
0,—1,—1
Q") = 55 1Bo00)p = 15 1Be-30)p — $1Bs-1.0)p — 1 1Be10)p (4.3.72)
0,—1,—1 "
[&}} )> = —151B00,0))p — 15 |1 B-1.0))p
0,—1,—1
QYY) = & 1Ba—s0)p — & 1Ba-10)p -

If we pick ]Q,(Co’fl’fl)> as our basis vectors, we can write the basis for the vector space V¢

as

1 1
2

0,—1,-1)s = Cg , I1,-2,-1)s = gi ,
5 5
5 G5

(4.3.73)

1 1
5 3
|37 _47_]->3 = é‘g ) |27_37_1>S - <5
G 5

The matrix T((5) representing the multiplication by (5 in Q((s) is given, in the basis

{17C57C5?7C§}7 as

0 1 0 0
0 0 1 0
TG = o o o 1 (4.3.74)

-1 -1 -1 -1
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By the previous discussion T((5) represents a Hodge endomorphism ¢, : Vo — Vg and it
acts on the basis (4.3.72) as

T(C5)’0>_1>_1>s = G ’0:—1:—1>3 ) T(@) ’17_27_1>s = Cg‘l -2, _1>s )

T(CS) |37 _47 _1>S = Cé |37 _47 _1>5 ’ T(<5) ’27 _3? _1>$ = <5 ‘2 7 > )
(4.3.75)

so it follows that the Hodge type is indeed preserved by the complexification of this endo-
morphism. A simple computation also shows that I, T((s5), T((5)?, and T((5)? are indepen-
dent over Q, and that the minimal polynomial of T((s) is

[+ T(G) + T(G)? +T(G) +T(G) = 0. (4.3.76)

These powers of T((;) obviously commute with each other, so T((5) generates a commu-
tative subalgebra E of the algebra of Hodge endomorphisms Endpge(Vp) with dimg £ =
dimg V. The algebra generated by the matrices T((;) over Q is in fact isomorphic to
Q(¢5) with the isomorphism given by

T(G) — G5 - (4.3.77)

Example: k£ = 13

The following example illustrates a non-trivial splitting of the Hodge structure. The com-
plex vector space is spanned by the RR—ground states,

V(C:< |O7_17_1>$7 ’17_27_1>37 ‘27_37_1>S> ’37 _47_1>37 ‘47_57_1>S> ’57_67_1>5
16,—7, 1), |7,—8,—1)g, |8, =9, —1)g, 9,10, =1)g, |10, =11, 1), |11, —12, —1)4

|127 —13, _1>S ) |137 _147 _1>S >(C
(4.3.78)

with rational basis
VQ - < |B(0,0,0)>'p ; |B(0,2,2)>fp ; |B(1,—1,0)>7) ) |B(1,3,2)>7) ) |B(2,—270)>'p ) |B(2,472)>'p ) |B(3,—3,0)>7) ) |B(375,2)>'p )
|B(4,-4,0))p » | Ba62)p » 1 B,-50)p [ Be12)p [ Be-60)p 1Bes2)p o -

Using eq. (4.3.52) we find the following splitting of the Hodge structure of weight (143,3 )
W = (0, -1 1), 1,22, 1), 3,4, =), (6, -7, 1),
7, -8, —1)g, [10,—11,-1)4, [12,-13,-1)5, |13,-14,-1)5 )c
WETT = (12,23, ~1)s, [5,6,~1)s. 8,9, ~1)s, [11,-12,~1)5 )c
WE Y = (14,25, -1)5, 19,-10,~1)s )c, (4.3.80)
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with the field extensions

Q(S(O,,L,l))Stab((o’il’il)) _ Q(ClS)
@(5(2,—3,—1))Stab((zﬁg’*l)) =Q(¢) (4.3.81)
Q(S(4,-5,-1)**P O3 = Q(gy) .

Example: k=4

For N = (2,2) minimal models with even k, a polarisation, if it exists, cannot be con-
structed as a twisted open string Witten index with twist operator V (4.2.51), as [ = k+2
is even and hence the twist operator V is not central to the A/ = 2 super Virasoro algebra.
As we will illustrate now for k = 4, the Hodge structure for N' = (2,2) minimal models
with even k might still be polarisable. The Hodge structure for k& = 4 is given by the
complex vector space

Ve = (L= +1),=1)g) ) ", (4.3.82)
with graded subspaces
V((g]A = (10,1, _1>$) )c
Ve = (11,-2,-1)¢) e
Ve = (2,-3,-1)5) )c (4.3.83)
Vel = (13,4, -1)g) )c
Vel = ([4,-5,—1)5) )c

The rational vector space Vg with rational basis is given by

Vo = (|Bo11))p | Be-1.-1)p 1Baon)ps 1Ba-1.1))p [ Bus)ps )a, (4.3.84)

where the rational-valued intersection matrix in the above basis reads

1 0 0 00
-1 1 -1 0 0
Simsywamsy=10 0 1 00 (4.3.85)
O 0 1 10
0O 1 -1 0 1

To construct a polarisation, we consider the most general form in the basis of V¢

o O O

(4.3.86)

O

I
2 cooo
ocoo0 oo
coo
coocoa



4.3 Example: N'=(2,2) Minimal Models 141

First, we check that this symmetric matrix is the complex-linear extension of a non-
degenerate rational-valued bilinear form on the rational vector space V. To do so, we
consider the matrix

(=1)/3 _(_1)2/3 2 i (=1)%/3 1
NG 3 V2 NG NG
(=n'/s 0 i (=576 i
V/2-31/4 - V/2.31/4 - V2-31/4 V/2.31/4
1 1 1 1
B = 73 ~7 0 —3 v , (4.3.87)
(71)5/6 0 i (71)1/6 i
- V/2.31/4 V23174 V/2.31/4 - V23174

e (_1)1/3\ﬁ N L

V6 3 V2 V6 V6
where the columns are the basis elements of Vg written in terms of the basis of V¢. Then
we calculate

Ha=VBb+c) i(—a—c) i(Ba+V3b) La—v3b—2¢) i(a—V3b—20)

s(—a—c) s(4a+c) —a 3(—2a+¢) ate

B'QB =] %(3a+/3b) —a a— 7 1(3a — v/3b) v
%(a—\/gb—Qc) 3(—2a+c¢) %(Ba—\/gb) %(a—\/§b+c) %(—a—l—\/gb—i—Qc)
Ha—/3b—2c) ate v H—a+V3b+2c) 1(a—+3b+c)

(4.3.88)
with det(BTQB) = 3a?b*c. We thus see, that we must choose a,c € Q and b to be a
rational multiple of v/3 or \/5_1, for BTQB to correspond to a rational bilinear form on
V. Furthermore, condition (4.2.5) and (4.2.6) are clearly satisfied by (4.3.86). The third
condition (4.2.7) then constrains a, b, ¢ to be positive. Thus, the Hodge structure for the
k = 4 model is polarisable, with polarisation given by (4.3.86) with b = (\/g)ﬂ b and
rational parameters a,c,b’ > 0.
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4.4 Example: Gepner Models

As a second class of examples of ' = (2,2) rational superconformal field theories, we are
going to discuss so-called Gepner models [185]. Gepner models play an important role in
worldsheet constructions in superstring theory, as they solve the supersymmetric non-linear
sigma model of the worldsheet of closed strings with total space RVP~1 x M_p in type ITA
string theory in the absence of background fluxes exactly. They can be formed as simple
current extensions of tensor products of NV = (2,2) minimal models that were already
discussed in section 4.3, combined with a theory describing the D non-compact space-time
dimensions and a ghost sector for gauging the N = 1 worldsheet superconformal symmetry.
The non-compact theory consists of D free fermions, D free bosons, and a system of ghosts
with total central charge -26 and superghosts with total central charge 11.

Understanding the connection between Gepner models and supersymmetric non-linear
sigma models with Calabi—Yau target spaces involves two main steps. The first step
relies on the well-established correspondence between N/ = (2,2) minimal models and
two-dimensional ' = 2 Landau-Ginzburg theories. As demonstrated in [145, 186-188], a
Landau-Ginzburg theory constructed from a single chiral superfield ¥ with action

S = /d2zd49 K(U,0) + (/ >z d* 0 W (V) —i—c.c.) : (4.4.1)

where K(¥, ) denotes the Kihler potential, and W (W) is the superpotential given by
W) = oh 2, (4.4.2)

flows, at its infrared (IR) fixed point, to an A/ = 2 superconformal field theory with central
charge

3P
P+2

It is important to recall that the unitary ¢ < 3, N’ = 2 superconformal theories are precisely
the A/ = (2,2) minimal models. Consequently, a Landau-Ginzburg theory defined by the
above superpotential W (W) = UF*2 flows in the infrared to the N' = (2, 2) minimal model
with level & = P (with A-modular invariant), provided that a conformally invariant IR
fixed point exists.

Cp (443)

The second step in understanding the connection to Calabi—Yau geometries was established
in the seminal work [188]. There, it was shown that supersymmetric non-linear sigma
models with Calabi—Yau target spaces and (orbifolds of) Landau-Ginzburg theories can be
understood as distinct phases of a single, more general framework: the gauged linear sigma
model (GLSM). The GLSM is an A/ = 2 supersymmetric gauge theory that interpolates, for
a suitably chosen superpotential, between these two descriptions depending on the region
of the Kahler moduli space being probed. From this perspective, the conformal fixed
point of a Landau-Ginzburg orbifold model, such as a Gepner model, can be interpreted
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as the analytic continuation of the conformal fixed point associated with the non-linear
sigma model on a Calabi—Yau manifold, continued into a region of small Kahler class —
the so-called small volume regime. In this regime, the perturbative expansion of the non-
linear sigma model breaks down, and the Landau-Ginzburg orbifold (e.g., a Gepner model)
becomes the appropriate field theory description.

We now present the Gepner model construction from the modern perspective of simple
current extensions, using the notation of [189]. To discuss the relevant projections that
yield consistent worldsheet theories in superstring theory at the level of simple current
extensions, one uses the so-called bosonic string map [190-192]. This amounts to mapping
the D free fermion theory combined with the superghost theory, which is a non-unitary
conformal field theory, to a unitary conformal field theory which is described by the WZW
model §0(D+6);. We will denote the latter theory by Dp/o43 with primary fields (o, s, v, ¢),
and the tensor product of a number of » A/ = (2,2) minimal model theories by Ciy, with
primary fields labeled by

(I,m,s) = ®(li,mi, Si), (4.4.4)
i=1
and conditions on the indices as in (4.3.6). We denote by A;,; the tensor product of the
coset algebras (4.3.1) of the N’ = (2,2) minimal model theories. Requiring the absence
of a total (super)conformal gauge anomaly constraints the central charge of the internal
theory Ciy to be ¢y = %(10 — D).

To restore N' = 2 worldsheet supersymmetry, we perform a simple current extension of the
theory Dp /a3 ® Cing, with respect to the order-two simple currents

V; == (U, Ui,int) ) (445)
where we denote by v,y the representation

Vit = (0,0,0) ® --- ®(0,0,2)®---® (0,0,0), i=1,...,r, (4.4.6)
N——

ith pos.

with (0,0,2) being the representation in the ith N' = (2,2) minimal model factor that
contains the N' = 2 supercurrents G-. The simple current v in the Dp /243 theory satisfies
v#? = s with d = D—2. This simple current extension ensures that the total N' = 2 super
Virasoro algebra consistently splits into a module containing the vacuum, and a module
containing the supercurrents G* = Z;l G;t. Therefore, only those states in Dp/a43 ® Cing
survive the projection where all the tensor product factors are either in the R-sector or
all in the NS—sector. For this reason, the simple current extension with respect to the v;
currents is typically referred to as fermion alignment.

In a second step, we perform another simple current extension with respect to the simple

current
-

Stot = (S,8m) s = ()0, —1,-1). (4.4.7)

i=1
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This projection leads to a (space-time) tachyon-free string theory with N' = 2 space-time
supersymmetry and is known as GSO projection [193-195]. The monodromy charge with
respect to the simple current Sy, can be shown to be half of the U(1)-charge of a state
in Dp/org ® Cing modulo Z, see e.g., [15]. Note that the bosonic string map changes the
projection from odd U(1)-charges to even U(1)-charges [189]. We denote by G‘“*® the
group generated by the simple currents v;, ¢ = 1,...,r, and Si.

In this section, we focus exclusively on the internal part of the Gepner model, namely the
tensor product theory by ® - -+ ® k,, with total central charge,

c= 3(10 — D), (4.4.8)

after performing the simple current extension. This theory has been shown to correspond
to a conformal fixed point of a non-linear sigma model with target space a Calabi—Yau
manifold X [152, 185, 188, 196]. As briefly reviewed in section 2.5, we therefore expect
the elements of the (c,c), _, -ring to give rise to the geometric Hodge structure H3(X,C),
with rational structure given by the A-boundary states [197]. Following the discussion
in [189], we denote by G“¥ the group generated by elements in G“*» that act trivially on
the non-compact space-time part. By using the fusion rules of the WZW model $0(D+6);,
we find

G =7y " X Do (4.4.9)

which is generated by the simple currents of order two and Ny/2 = lem(v;(k; + 2)) respec-
tively,

ith pos.

—N—
Ji =10,0,2) ®10,0,0) ® - -- ®0,0,0) ®0,0,2) ®]0,0,0) ® - -- ®10,0,0)  (4.4.10)
1=2,...,7,
J=(0,-2,-2+2"")®---®0,-2,-2) . D=d+2, (4.4.11)

Here, s = |0, —1, —1) denotes the state of conformal weight ¢/24 = k/(8(k+2)) correspond-
ing to the spectral flow operator U in the respective N’ = (2,2) minimal model factor, and
similarly v = |0, 0,2) the primary of conformal weight 3/2 containing the two worldsheet
supercurrents G*. Furthermore we have that 7; = 2, n = 1, for odd k; and 5 = 1, n = 0
for even k;. Note that when ; = 1 for some i, as will be discussed later, there exist states
that are fixed under the action of a simple current in G‘®¥. This modifies the standard
Cardy construction of boundary states [189]. We denote the chiral algebra extended by the
currents J;, J by Acy, and the chiral algebra extended by the currents J; only by Asusy.

The first tensor factor in the simple current J results from combining the two-fold spectral
flow operator s? with the order-two simple current v%. To understand the factor v% note
that the spectral flow operator from the NS-sector to the R-sector changes the U(1)-charge
by ¢int/6 = 2 — d/4. Hence, while in the NS—sector we always project onto integral U(1)-
charges, in the R—sector we project onto integral U(1)-charges for the space-time dimension
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D = d + 2 = 6, and half-integral U(1)-charges for D = 4 or D = 8. Since Qi =0

(li;mi,si)
in the NS—sector and ng)m s) = 1/2 in the R-sector, the inclusion of the factor v% in the
simple current J yields the correct projection behavior.

The construction of the (c¢,c)-ring in the case where we choose in each tensor product factor
theory a diagonal modular invariant is a purely combinatorial problem and one combines
the chiral states in each tensor product factor theory to obtain states with

T T T T
1 L.
ZhL(]li,mi,si)) =3 ZQL(\li,mi, Si) s ZQL(‘liamia si) = Z 3 _Zi_ 5 €EL.
=1 =1 =1 i=1
(4.4.12)
In theories where at least one k; is even, one needs to resolve states that appear with
some multiplicity in the partition function by a further quantum number, as they are
indistinguishable as representations of Agysy. For more details on resolving fixed points
in simple current extensions, we refer to [57, 134, 189]. We will briefly discuss one example
of this kind in the next section.

To construct the rational Hodge structure from Gepner model data, it is necessary to
describe A-type BPS boundary states that preserve at least one copy of Agysy to ensure
N = 1 worldsheet supersymmetry on the boundary. The classification of all subalgebras
Ay satistying

Acy 2 As 2 Asusy (4.4.13)

for a general N = (2, 2) rational superconformal field theory remains an open problem. For
Gepner models, however, a complete classification is known. In [189], the authors showed
that, for Gepner models, the full set of A-boundary conditions preserving the subalgebra
Ay with Acy D Ay O Asusy is classified by subgroups K, C K, where K is the group of
automorphisms of Acy.

The subalgebra Ay preserved by a given boundary state is then identified with the subal-
gebra that is pointwise fixed by the subgroup K,.

The boundary states can be expressed as linear combinations of generalised Ishibashi states,

|a)g =Y Balle, ta e, (4.4.14)

where « labels the representations of Agygy with vanishing monodromy charge with respect
to the simple current J, and 1, denotes a group character of the stabiliser subgroup of the
full simple current group G©¥) 10 i.e., the subgroup consisting of elements in G©¥ that fix
some representations in Asysy under the fusion product.

A particular boundary state |a), is labeled by orbits of irreducible representations of Agusy
(dressed with an appropriate group character) under the action of J, with monodromy

10We restrict our discussion to theories with Zg group character, for simplicity.
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charge
Qs(a)=0/7 mod Z

4.4.15
6 =2mn/N., ne{0,1,...,N,—1}, ( )

where N!/2 denotes the length of the image of the simple current .J acting on representa-
tions of Agysy. In theories with no non-trivial stabiliser subgroups K,, which happens for
Gepner models with only odd minimal model levels k; and A-type modular invariant in
each tensor factor, the coefficient B2 is given by the product of S-matrices of the individ-
ual minimal model theories, following Cardy’s construction [137, 198]. In the presence of
non-trivial stabiliser subgroups (which corresponds to the appearance of multiplicities in
the partition function), the expression for B% gets adjusted following [189], for an explicit
example see eq. (4.4.35). We will discuss two examples illustrating both situations in the
class of Gepner models that are built from A-type N' = (2,2) minimal models.
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The model (3,3, 3,3,3) Corresponding to the Fermat Quintic Threefold
Our first example is the Gepner model (3,3, 3, 3,3) corresponding to the Fermat quintic
threefold

o0 b ah ol a2l + a2l =0, (z1:29: w324 25) € CP?. (4.4.16)

Given the levels k; = 3, it is a simple combinatorial exercise to enumerate the states in
the (c,c)-ring, which provide the complexified vector space Ve. We display the result in
table 4.1.

State V&Y | Number
13,-3,0) ® 2, —2,0) ®|0,0,0)** Vet |20
13,-3,0)® [1,-1,0)** ®1]0,0,0)** | V2* | 30
12, >®2 ®[1,-1,0) ®10,0,0)** | Va? | 30
2,-2,0)®|1,-1,0)** ©0,0,0) Vet |20
1, -1 0>®5 el | 1
3,-3,00” ®[1,-1,0)®(0,0,0) | V2| 20
13, 3,00 ®[2,-2,00* ®0,0,0) | V&' | 30
13, 3,00 @ [2,-2,0) ® |1, —1,00°% | V&' | 30
3,-3,0)®[2,-2,00" ®[1,-1,0) | V&' | 20
12, -2,0)%° et
13, -3,0)%° el | 1
10,0,0)%° el

Table 4.1: The (c,c)-states of the Gepner model (3,3,3,3,3) corresponding to the Fermat
quintic. The first column lists the state up to a permutation of the factors of the tensor
product. The second column lists the Hodge type of the corresponding state, and the third
column indicates how many distinct chiral states can be obtained by permutations of the
displayed state.

Let us first observe that constructing a sufficient number of boundary states from the
highest-weight representations of the chiral algebra Acy, i.e., those boundary states that
preserve the maximal chiral algebra Acy, is not possible. To see this, we note that the
states [3,—3,0)%" and [0,0,0)®° belong to the same representation with respect to Acy,
as do |1, -1, O)®5 and |2, —2, 0)®5. In fact, it can be shown that there are only 202 highest-
weight representations of Acy. Thus, the resulting set of boundary states is insufficient
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to construct the 204-dimensional Hodge structure that arises from the geometry of the
Fermat quintic, since two representations contain two distinct elements of the (c,c)-ring.

However, when considering the subalgebra Agysy generated only by the order-two currents
J;, each state in the (c,c)-ring belongs to a distinct highest-weight representation. This
allows the construction described in section 4.2.2 to proceed. In particular, we must verify
that the action of the Galois groups Gal(Q(S,)/Q) on the modular S-matrix is compatible
with the structure of the (c,c)-ring, as explained in eq. (4.2.65). Specifically, for any
representation o € R corresponding to an RR-ground state |«)g, we require that for all

p € Gal(Q(S4)/Q),
P(San) = €,(@)Sy)a (4.4.17)

where o(a) € R.

The modular S-matrix of the chiral algebra Asysy can be obtained by a standard simple
current extension of the tensor product of five NV = (2,2) coset algebras. This extension
is performed with respect to the simple current group generated by the order-two simple
currents J;. Representations of Agugy are labeled as

(Lm,s) := (l1,m,51) ® - ® (I5,ms, S5) (4.4.18)
(L,M,S) = (LI,M1751>®"'®(L5,M5,S5). o

The modular S-matrix is then given by [150, 198]

5 . .
1 T ik T
S(1m,s),(LMS) = ZH§ [sin (g(li + 1) (Li + 1)) exp (3%1\4@-) exp (_53@5’1') :
i=1

(4.4.19)

which is, up to an overall integer factor, the product of the S-matrices of the N = (2,2)
minimal model factor theories with k; = 3.

The labels above represent orbits of highest-weight representations of Aj;,; with vanishing
monodromy charge under the simple currents .J;. A compatible basis of boundary states
’B(L,M,S)>p for the rational vector space Vg can be obtained by restricting to boundary
states for which |S| := ). S; is either even or odd [150]. This distinction arises because
these two classes of boundary states preserve different linear combinations of the left- and
right-moving supercharges [97]. In fact, a direct calculation shows that the intersection
matrix between boundary states with |S| even and those with |S| odd is not rational.

It is straightforward to verify that a 204-dimensional basis of the rational vector space Vg
can be constructed using projected boundary states |Brms))p, With [S| even, ensuring
that the resulting rational intersection matrix > is non-singular. The remainder of our
argument does not depend on the specific choice of basis.

Since we are concerned with the S-matrix entries corresponding to RR—ground states (with
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s; = —1), we note that when |S| is even, the exponential factor in the matrix becomes
> im im
HeXP (_Esisi) = exp (5|S|> (4.4.20)
i=1

i.e., a sign. Therefore, the modular S-matrix can be written as

5

41 i . . o Mo
St,m,s),@LM,s) = 2" 15(—1)5'/2% (—1)E+DED+ MeS G (LMsSs) > (4.4.21)

=1

2mi/5

where (5 = e is a primitive fifth root of unity, and

g(li,mi,sz'),(LmMi,Si) e (Cg(li-i-l)(Li—f—l)_(é’)(lr&-l)(Li-H)) gmLML (4'4'22)

We observe that the number field Q(Sqm,s)), with (I, m,s) € R, generated by the S-matrix
elements

{S(l,m,s),(L,M,S) ‘ \B(L,M,S)>p , (L,M,S) € B} ) (4.4.23)

is given by
Q(Sums) = QG,¢) = QC) , (4.4.24)

where (59 is a 20th root of unity.

Recalling the discussion of the stabiliser group in A/ = (2, 2) minimal models in section 4.3,
we identify the fixed field as

@(Sﬁfff;jm’s) ) = Q(G)- (4.4.25)

The number field Q((5) is a cyclotomic field, whose defining polynomial is
1+x4 22 +2° 424, (4.4.26)

which is the minimal polynomial of (5 over Q. It follows that the field extension Q((5)/Q
has degree [Q((5) : Q] = 4, and its Galois group is the cyclic group Cy ~ Z,, which can be
taken to be generated by p: (5 — (2.

All that remains in order to apply the proof from section 4.2.2 is to demonstrate that this
indeed corresponds to a map p which permutes the representations containing RR—ground
states among themselves. Since the S-matrix in eq. (4.4.21) is a product of minimal model
S-matrices, it is natural to view the action of p as acting independently on each factor in
the tensor product,

o((Lm,s)) = o((ly,m1,$1)) @ -+ & o((l5, M5, S5)) (4.4.27)
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Accordingly, we may consider the transformation behavior of the quantity fSV(lhmi,Si),( Li,M;,S;)-
This is because, if we can show that each individual tensor factor representation (I;, m;, s;)
is mapped to a representations containing an RR—ground state under the action of g, then
the full tensor product representation p (1, m,s) will automatically correspond to an RR—
ground state of the full GSO-projected theory, i.e., it will lie in the set 'R. Recall that
representations in the RR—sector survive the GSO-projection with respect to the simple
current J if the total U(1)-charge is a half-integer. Choosing, for each tensor factor, a
representation corresponding to an RR-ground state of the individual NV = (2, 2) minimal
model, the condition for the resulting tensor product to define an RR—ground state of the
GSO-projected theory becomes

5 5
li+1 li+1
= Z 4.4.2
§:k+2 Z; 5 <% ( 8)

or equivalently
[[¢ =1, (4.4.29)

where we used eq. (4.3.19) and eq. (4.4.12).

Let us now fix a representation (1, m,s) € R and consider the action of a Galois automor-
phism p € Gal(Q(¢5)/Q). If, under this action, each tensor factor is again mapped to a
representation corresponding to an RR-ground state of the individual NV = (2,2) minimal
model, then it follows immediately that ¢ (1,m,s) € R. This is because the Galois group
Gal(Q(¢5)/Q) consists of field automorphisms of Q((5) that fix Q and permute the fifth
roots of unity while preserving all algebraic relations over Q, including, for instance (4.4.29).
Since we have already shown in the previous section that, for the N' = (2,2) minimal mod-
els, the action of any p € Gal(Q(S(SlfiE(sl)’m’s)) /Q) maps a representation corresponding to
an RR—ground state to another such representation, the claim follows.

By the proof given in section 4.2.2, this is sufficient to establish that the Gepner model
(3,3,3,3,3) admits a Hodge structure of CM-type with CM-field Q((5), and polarisation
induced by the open string Witten index, as defined in eq. (4.2.46), with trivial twist
operator V. Since this Gepner model corresponds to the conformal fixed point of the
non-linear sigma model on the Fermat quintic threefold [150], we have thus provided a
physics-based derivation of the well-known mathematical result that the Fermat quintic
admits complex multiplication, with CM-field Q((5) (see, for example, [199]).

In particular, the action of p partitions the 204 RR—ground states into 51 distinct orbits
of length four, with each orbit corresponding to an irreducible Hodge substructure of
the full 204-dimensional rational Hodge structure of weight three. The rational Hodge
endomorphism algebra, when restricted to each Hodge substructure, is isomorphic to Q((s).
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The Model (6,6, 2, 2,2) Corresponding to ]P)éll,l,2,2,2 (8]

As a second example, we consider the Gepner model k = (6,6, 2,2,2), which corresponds
to the conformal fixed point of the non-linear sigma model on the degree eight hypersurface

i+ a5+ a3 +af+as =0, (z1: @0 @3 g 05) €PLygn,. (4.4.30)

A detailed analysis of the geometry and mirror symmetry associated with this model can
be found in [200].

In this Gepner model, the group of simple currents G°¥) possesses a unique simple current
of the form
L =16,0,0)®16,0,0) ®0,0,0) ® |0,0,0) ®10,0,0) , (4.4.31)

which has fixed points. Using the fusion rules of N' = (2, 2) minimal models, see eq. (4.3.11),
one easily finds that the following states are fixed by the simple current L, where we restrict
for simplicity to the (c,c)-states:

13,-3,0) ®13,-3,0) ®|1,—1,0) ® |0,0,0) ® |0,0,0) ,

4.4.32
13,-3,0)® [3,-3,0) ® |2, —1,0) ® |2, —2,0) ® |1, —1,0) . ( )

Each state is a representative of a family of 3 states obtained by a non-trivial permutation of
the last three factors. It follows that the Gepner model (6, 6,2, 2, 2) has multiple isomorphic
highest-weight representations of the chiral algebra Agysy appearing in the spectrum.
Following the procedure of fixed-point resolutions in simple current extensions, see e.g.,
refs. [57, 134, 189], we therefore label the highest-weight representations as

(17 m, S)w = (ll, may, 81) Q- Q& (l57 ms, S5>¢ s (4433)

where (1, m,s) = (I, m1,51) ® - @ (5, ms, s5) € HWR4(Asusy) labels the distinct repre-
sentations of Asysy, and ¥ € Stab s« ((1,m,s))* is a character’ of the stabiliser group
Stab 4,y (1, m,s)) (= Zg or 1) of the simple current algebra. The corresponding highest-
weight state is denoted by |(1,m,s),).

*

Two representations differing only by the character ¢ € Stab g, ((1,m,s))* are isomor-
phic as representations of Agysy. For the model (6,6,2,2,2), the only stabiliser groups
that appear are the trivial group 1 or Z,, so we only need to consider the trivial character
that we denote by 1 and the non-trivial character —1 which maps

L —1. (4.4.34)

The boundary states are constructed from the generalised Ishibashi states |(1,m,s), 1)),
which are labelled by those (I,m,s) € HWRy(Asysy) that have vanishing monodromy
charge with respect to the simple current group that extents Agsusy to Acy and a group

"1That is, a group homomorphism G — C*.
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character 1) € Stab 4q,¢, ((1, m,s))*. The boundary states are labelled by orbits of represen-
tations HWRy (Asusy) with respect to the simple current J that extends Agsysy to Acy,
with no restriction on the monodromy charge, and a character ¥ € Stab sy, ((1, m,s))*.
These states can be written as [189, 201, 202],

S m,s
|B(L,M,S)\I,> = Z (S]‘:"M’S)‘I”(L , )1/’ |(1, m, S), 1/]» : (4435)
(1,m,s)eHWRy (Asusy) \/ (L,M,8),(0,0,0);

weStabASUSY ((Lmvs))*

where the sum runs over those (1, m,s) € HWR4 (Asysy) that have vanishing monodromy
charge (i.e., representations corresponding to states that appear in the theory) and the
‘generalised S-matrix’ is given by [189, 201, 202]

7

2 2
’ (DL D)
(1 v E 5l¢,ki/25Li,ki/2> lel sin (7? -

5 5
128 (s M T s —5: S5 . (li+1)<L7;+ 1)
S(L,M,S)ﬁu(l,m,s)w = l—Ir—h H e (msMi/hi=s:5:/2) H sin (7T 5
i=1"" =1 i=3

(2

2
1 ki+k
+ 5(_1) 14 Q\P(L)w(L> Héli,ki/ZéLi,ki/Q h11/2]
i=1
5
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i=1 i=1

(4.4.36)

where Sz, a1,,5,),(1i,ms,s;) denotes the S-matrix of the i-th minimal model factor, and we
define h; := k; + 2.

The set R 3 «, of representations corresponding to RR-ground states is given by'?
Ri={(1,m,s), ‘ U (1 m,8),) € (.0, } (4.4.37)
We normalise the RR-ground states |ay) ., y € R so that they satisfy

Ayl Bs) = Oagdyg - (4.4.38)

12This is almost the same definition as in section 4.2.1, but now two distinct elements of R can corre-
spond to isomorphic representations in HWRy (Agsusy), if they differ only by a character.
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These states also satisfy the orthogonality condition , (ayli,¢)) = 0aidye With the gen-
eralised Ishibashi states. This implies that the discussion in sections 4.2.1 and 4.2.2 goes
through with only minor modifications: We define B as the largest subset

B {(L,M,S)y | (L,M,S) € HWRy (Asusy) , ¥ € Stabaye, (L, M,S))*}, (4.4.39)
such that the intersection matrix ¥ is Q-valued, where ¥ is defined again by (4.2.31):

Sap = p(Bal (=1)"|Bg)p , A B€B. (4.4.40)

The rational vector space Vj is defined as the Q-span of the states |B4),, A € g, and we
denote by B C B a subset corresponding to a set of projected boundary states forming a
basis of V.

In analogy to the general discussion in section 4.2.2; we define the field extension Q(S5) to
be generated by the extended S-matrix elements (4.4.36). Similarly, we define Q(S,,,) to
be generated by the S-matrix elements S, 4, with A, € B.

The proof of the existence of the CM—property in section 4.2.2 will apply in this case as
well, if we can show that the Galois group acts in such a way that for all oy, € R, every
p € Gal(Q(Sa,)/Q) satisfies'®

P(Sayay) = €()Se(ay)ay » where € () € {£1}, (4.4.41)

for all Ay € B, and p: R — R.
Depending on the representation oy, € R, the field extension Q(S,,), generated by the
S-matrix elements S,, 4, with Ay € B is Q((g) or Q(i):

Q() if 1, € {1,3,5} or Iy € {1,3,5},

Q(Sa,) = { (4.4.42)
Q(¢s) otherwise .

The corresponding Galois groups are

Zs if Q(S.,) = Q1)
Gal(Q(S,,)/Q) ~ {ZQ n EOS) - 0. (4.4.43)

We will now show that the condition (4.4.41) is satisfied and discuss the resulting split of
the Hodge structure (Vg, V).

It is most convenient to consider the two cases separately.

13n this case, the proof of [57, 136] on the action of the Galois group does not apply, and hence we
cannot deduce the form of the action from general principles. This is what sets the case of the Gepner
model (6,6,2,2,2) apart from the case where all boundary states are given by Cardy states.
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Case 1: Q(Sa,) = Q(¢s)
The Galois group Gal(Q(S,,,)/Q) is generated by two elements p; and p, that act as

nG) =G, p(G) = G- (4.4.44)

For representations with trivial stabiliser, i.e., Stab 4,4, ((1,m,s),) = 1, the generalised S-
matrix (4.4.36) reduces to a product of minimal model S-matrices. As shown in section 4.3,

the S-matrix for each minimal model factor can be expressed in terms of roots of unity of

the form C,l;;é In the present case, this corresponds to Céiﬂ in the first two tensor factors

and Cff“ in the remaining three.

In particular, the Galois automorphism p; € Gal(Q((s)/Q), defined by p1((s) = ¢3, acts
uniformly across all minimal model factors by raising the relevant root of unity to the third
power.

Therefore, if the stabiliser is trivial, i.e., Stabag,q ((1,m,s),) = 1, the action of the
Galois automorphism p; € Gal(Q(¢s)/Q) on the representations in R is given by

p(Lm,s)); = 01((l,m1,81)) @+ ® 01((l5, M5, 85))1 - (4.4.45)

In particular, the action of p; on each tensor factor can be determined using the same
techniques described in section 4.3. For the first two factors, we find:

G Gt
31+1)=10'+1 (4.4.46)
I'=3l+2 mod8,

and for the remaining three factors:

i+1 N Cj(HD
31+1)=1"+1 (4.4.47)
I'!=3142 mod4.

Here, we used the fact that the canonical restriction morphism of a Galois automorphism

1 € Gal(Q(¢s)/Q) to Gal(Q(¢4)/Q) is given by reduction modulo 4.

In summary, we get:

Ql((07 _1a _1)) = (27 _37 _1) ) Ql((27 _37 _1)) = (Oa _1a _1) ’
(4.4.48)

Ql((47 _57 _1)) = (67 _77 _1) ) Ql((67 _77 _1)) = (47 _57 _1) 3

with the representation (1, —2, —1) being invariant in the last three factors.

Let us now determine the action of p, € Gal(Q(S,,)/Q). First, observe that p, acts
trivially on (4, and thus on the last three factors in the product of S-matrices. Therefore,
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its action on the full representation has the form

p2((Lm,s)1) = 02((l1,m1,51)) ® 02((l2, M2, 52)) @ (I3, M3, 53) - - @ (I5, M5, 55)1 -
(4.4.49)

Following the same steps as in eq. (4.4.46), we find that for representations with trivial
stabiliser group Stab g, ((1,m,s),), the Galois automorphism p, acts via

I'=5l4+4 mod 8, (4.4.50)
leading to the transformations:

QQ((Ov_lv_l)) = (47 _57_1)’ 92((47_57_1)) = (Oa_la_l)v

(4.4.51)
92((27 _37 _1)) = (67 _77 _1) ) Q2((67 _77 _1)> = (27 _37 _1) .

Case 2: Q(Sa,) = Q(2)

Now, the Galois action reduces to complex conjugation. Repeating the same analysis as
above, we determine its action on the representations. For the first two factors, we find:

o((1,—2,~-1)) = (5,-6,—1),  o((5,—6,~1)) = (1,-2,—-1), (4.4.52)

with the representation (3, —4, —1) being invariant, while for the remaining three factors,
we obtain:

0((0,-1,-1)) = (2,-3,-1),  o((2,=3,-1)) = (0,—1,-1), (4.4.53)

with the representation (1, —2, —1) being invariant under this action.

If Stab gy ((1, m, s)y) is non-trivial, we first observe that the generalised S-matrix (4.4.36)
continues to reduce to an ordinary product of minimal model S-matrices, provided the
boundary labels (L, M, S)y do not correspond to fixed-point representations. The only
derivation arises when considering boundary labels corresponding to fixed-point represen-
tations. As seen from the form of the generalised S-matrix (4.4.36), such cases introduce,
in addition to the usual product of S-matrices from the first two minimal model factors,
an extra term of the form

(G) " ()W (L)Y (L), (4.4.54)

where we have used the fact that fixed-point representations are characterised by the label
my1 = mgy = —4, a property that also holds for the corresponding boundary labels M; and
M.

Importantly, the extra term involving the Zy-characters remains invariant under all Galois
automorphisms. It follows that the fixed-point representations transform under the Galois
group in exactly the same way as the non-fixed-point representations, i.e., according to the
rules in (4.4.53), with the Zy-character and the first two tensor factors remaining fixed.
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Recalling the discussion around eq. (4.4.29), we note once more that any Galois automor-
phism in Gal(Q((s)/Q) preserves the algebraic relation

2 5
[T [Tat =1, (4.4.55)
i=1 =3

which ensures that the resulting states are RR—ground states of the simple current extended
theory.

This concludes the proof that the Hodge structure (Vg, Vi) is of CM-type, with polarisa-
tion induced by the open string Witten index, as described in (4.2.46) with trivial twist
operator V. More explicitly, based on the previously determined Galois actions on the
states, the Hodge structure splits into 27 Hodge substructures W(Sw, each associated with
a representation a, € R for which the number field is Q(S,,) = Q((g). In these cases,
the Hodge endomorphism algebra restricted to each Hodge substructure is isomorphic to
Q(¢s). Additionally, there are 33 Hodge substructures corresponding to representations
with Q(Sa,,) = Q(i), where the Hodge endomorphism algebra is isomorphic to Q(i).



Chapter 5

Conclusions

In this thesis, we have explored the deep interplay between two-dimensional rational con-
formal field theories, Hodge theory, complex multiplication (CM), and number theory. The
work presented here has yielded two main results:

e A number-theoretic interpretation of one-loop partition functions of toroidal rational
conformal field theories, showing that in the case of even-dimensional flat tori these
can be expressed explicitly in terms of a finite sum of products of ray class theta
functions associated with imaginary quadratic number fields. Concrete formulas are
derived.

e A generalisation of the established correspondence between N = (2,2) toroidal ra-
tional conformal field theories and CM-type Hodge structures to a broader class of
exactly solvable N = (2,2) rational superconformal field theories. Specifically, it is
worked out in detail for which class of N = (2,2) rational conformal field theories
one can explicitly associate a rational Hodge structure, and under what conditions
the presence of a Galois group endows this rational Hodge structure with sufficiently
many complex multiplications. This construction is exemplified by Gepner models
and A-type N = (2,2) minimal models.

In what follows, we reflect on these results, discuss their broader significance, and identify
several promising directions for future research.

Arithmetic Structures in Toroidal Rational Conformal Field The-
ories

We have derived an explicit expansion of the partition function of a toroidal rational
conformal field theory in terms of a finite sum of products of generalised theta functions;
see egs. (3.3.36) and (3.3.10). Through the known relation between generalised theta
functions and ray class theta functions associated with quadratic imaginary number fields
(see eq. (3.5.22)), we have thereby provided a fully number-theoretic interpretation of the
partition function of (even-dimensional) toroidal rational conformal field theories. This
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construction establishes an explicit dictionary between a consistent spectrum of a toroidal
rational conformal field theory and a set of ray classes, together with a gluing prescription
that determines how the corresponding ray class theta functions must be combined to
ensure modular invariance. The exponents appearing in the ray class theta functions
correspond to scaled norms of integral ideals in ray classes of the ring of integers of a fixed
imaginary quadratic field with prescribed conductor. These are mapped by eq. (3.5.22)
and eq. (3.3.36) to the conformal weights of the Virasoro primary fields in the spectrum
of the toroidal rational conformal field theory. This construction not only gives a new
arithmetic interpretation of rational toroidal partition functions but also raises several
intriguing follow-up questions.

First, in this work, we have presented an explicit expansion of the partition function in
terms of products of ray class theta functions associated with number fields of the lowest
possible degree — namely, quadratic imaginary number fields of degree two. From a broader
perspective, and guided by the connection between N = (2,2) toroidal rational conformal
field theories and Hodge structures of CM-type, it is natural to speculate that, for rational
conformal field theories on tori of real dimension greater than two, the partition function
can similarly be expanded in terms of ray class theta functions associated with number
fields of higher degree. Such a generalisation would reflect the richer arithmetic structure
expected in higher-dimensional cases. However, it must be emphasised that the relevant
aspects of class field theory become significantly more intricate as the degree of the number
field increases.

Nevertheless, given that the contribution to the partition function arising solely from the
generators of the maximally extended chiral algebra always admits a representation in
terms of theta functions, it would be of particular interest to systematically work out the
ray class theta function expansion with respect to a number field of the highest possible
degree. This might reveal a deep link between all possible subalgebras for which the toroidal
rational conformal field theory is still rational, and subfields of a number field of maximal
degree.

Finally, from a more general physics perspective, it would be intriguing to investigate
whether the correspondence between ray class theta functions and partition functions,
demonstrated here for toroidal rational conformal field theories, can be generalised to en-
compass a broader class of rational conformal field theories. One may also ask whether
other relevant conformal field theoretic objects, such as conformal blocks, admit analo-
gous expressions in terms of arithmetic functions. For a discussion of the conformal field
theoretic interpretation of weight 2 modular forms and their associated L-functions in
the context of N' = (2,2) superconformal field theories on elliptic curves, see for exam-
ple [203, 204], and [205, 206] for a discussion of automorphic forms in special K3-models.
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Complex Multiplication and N’ = (2, 2) Rational Superconformal
Field Theories

The second main result of this thesis is the extension of the correspondence between certain
N = (2,2) rational superconformal field theories and Hodge structures of complex multi-
plication (CM) type beyond the class of toroidal theories. We have constructed, for any
N = (2,2) conformal field theory, an associated real Hodge structure by identifying the
U(1)-charges of Ramond—Ramond (RR) ground states with the Hodge grading. Under the
assumption that a suitable collection of Cardy boundary states spans the RR—charge lat-
tice, we demonstrated how this real Hodge structure acquires a rational structure, yielding
a well-defined rational Hodge structure.

In theories with integral U(1)-charges, such as GSO-projected worldsheet theories relevant
to superstring compactifications, we explicitly constructed a polarisation, using the open
string Witten index. In theories with rational U(1)-charges, we introduced a twisted open
string Witten index that often gives rise to a polarisation. Even in cases where this twisted
index does not yield a polarisation, we have shown — using the example of the N' = (2, 2)
minimal model at level £ = 4 — that the associated Hodge structures may still admit a
polarisation by other means.

A key component in our construction is the identification of a Galois symmetry acting
on the modular S-matrix of the theory, which we reviewed in detail in section 2.3. As-
suming this Galois action closes on the set of RR—ground states — see eq. (4.2.65) — we
showed that the resulting rational Hodge structure admits sufficiently many Hodge endo-
morphisms to be of CM-type, provided it is polarisable. This framework was exemplified
using the diagonal A-series of A/ = (2,2) minimal models, the Gepner model (5,5,5,5,5)
corresponding to the quintic Calabi-Yau threefold, and the Gepner model (6,6,2,2,2)
associated with a hypersurface in the weighted projective space P‘f71,272’2[8]. In the latter
example, where standard Cardy states do not suffice to span the RR—charge lattice, we em-
ployed a well-known generalised S-matrix formalism, demonstrating the continued validity
of the construction under more general conditions.

While these results significantly broaden the class of rational theories for which the CM-
type correspondence applies, several simplifying assumptions were made in the construc-
tion. Most notably, we focused primarily on theories with diagonal modular invariants and
conventional Cardy boundary state constructions. This was motivated by the technical
tractability and the well-understood structure of Galois symmetries in these cases. How-
ever, our treatment of the (6, 6,2, 2,2) Gepner model indicates that these assumptions can
be relaxed. For models with non-trivial simple current fixed-point groups, especially those
beyond Z,, a more detailed analysis of boundary state resolutions is necessary, and in par-
ticular, how these alter the presented construction. Similarly, theories with non-diagonal
modular invariants — which introduce additional complexity in the explicit realisation of
boundary states — remain to be systematically addressed.

Our results demonstrate that one direction of the conjecture proposed in [94] holds for a
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large class of N/ = (2,2) rational superconformal field theories: namely, that N' = (2,2)
rational conformal field theories give rise to Hodge structures of CM-type, even when
no geometric interpretation as a non-linear sigma model IR fixed point is known. This
raises the question whether all N' = (2,2) rational superconformal field theories possess
associated A- and B-type Hodge structures of CM-type. We already observed in section 4.1
that the converse direction of the Gukov—Vafa conjecture fails in general. There exist non-
rational N' = (2, 2) superconformal field theories associated with isogenous mirror pairs of
CM-type abelian varieties. Recent advances in the study of T targets [167, 168] have led to
important refinements of the original conjecture. However, a comprehensive understanding
of the interplay between CM-type A- and B-type Hodge structures remains elusive.

In the introduction, we motivated our investigation of the conjectural correspondence be-
tween N' = (2,2) rational conformal field theories and Hodge structures of CM-type by
posing the question of how rational theories are distributed within the conformal moduli
space. From the preceding discussion and given the subtlety involved in formulating a
precise version of the correspondence, no definitive conclusion about the distribution of
rational theories can currently be drawn based on the distribution of Hodge structures of
CM-type.

Nevertheless, it is worth noting that there exist significant mathematical results concerning
the distribution of arithmetically special Hodge structures in moduli spaces. In particular,
the André—Oort conjecture [207, 208], now a theorem due to the proof in [209, 210], asserts
that every special subvariety of a Shimura variety contains a Zariski dense set of arithmeti-
cally special points. In particular, the converse also holds. A prototypical example of a
Shimura variety is the Siegel moduli space of principally polarised abelian varieties. In this
setting, the special subvarieties — which parameterise “non-generic” Hodge structures —
contain a Zariski dense set of CM points, corresponding to abelian varieties of CM-type.
For moduli spaces that are not of Shimura type, little is known, and it is generally expected
that arithmetically special points occur only as isolated points.

Outlook

Future work should address the role of non-diagonal boundary constructions, as these may
introduce additional symmetries or lead to modifications in the correspondence between
N = (2,2) rational superconformal field theories and CM-type Hodge structures. In par-
ticular, it remains an open question whether the CM property of the associated Hodge
structures persists — or how it might be altered — in the presence of more general bound-
ary conditions. This is especially relevant in theories involving more intricate fized-point
resolutions, such as those arising from simple current extensions with fixed-point groups
larger than Z,, or in theories with exceptional modular invariants.

Another promising direction concerns the arithmetic interpretation of A/ = (2,2) minimal
models, and more general rational coset theories [211]. These models, which represent some
of the most fundamental examples of N' = (2, 2) rational superconformal field theories, can
be interpreted as elementary constituents in the construction of more intricate rational the-



161

ories, such as Gepner models. From the perspective of arithmetic geometry, it is natural
to speculate that A/ = (2,2) minimal models (and their generalisations) may correspond
to motives. This idea was first proposed in [203, 212-214]. The theory of motives, a still
largely conjectural framework, aims to unify the various cohomological theories that can
be associated with algebraic varieties. The category of pure motives over QQ is envisioned
as consisting of the universal building blocks for such algebraic varieties, providing a con-
ceptual foundation for understanding the emergence of geometry from algebraic data. In
this light, the appearance of motive-like structures in A/ = (2,2) minimal models could
offer insights into how space-time geometry may emerge from the worldsheet perspective
in string theory. This also suggests a broader principle whereby the worldsheet conformal
field theory encodes not just topological or geometric data, but potentially deep arithmetic
structures as well.

Finally, it is worth highlighting that the notion of rationality in worldsheet theories in string
theory and its relation to non-perturbative string dualities remains largely unexplored. As
noted in [94], using S-duality in type IIB string theory, the roles of fundamental strings and
D-strings are interchanged. However, the rationality property of the associated worldsheet
theory appears to be independent of the background values of fields that couple to the
D-strings, and therefore is not necessarily preserved under such dualities. In the context of
heterotic—type ITA duality, a natural setting to explore these ideas is the duality between
heterotic string theory on K3 x T2 and type IIA string theory on a K 3-fibered Calabi-Yau
threefold [215]. Understanding under which conditions both sides of such a duality possess
rational worldsheet theories could lead to significant insights into the algebraic structure
of string dualities. Moreover, it would be valuable to explore how the presence of extended
chiral algebras in the worldsheet theory manifests as enhanced symmetries in the effective
target space description.

Another intriguing extension is to study the rationality and potential arithmetic structure
of N/ = 1 rational conformal field theories, particularly in relation to compactifications on
G9 manifolds [216-218]. In such settings, where Hodge structures are no longer available,
it remains an open question whether analogous arithmetic invariants can be defined and
linked to rationality, or whether entirely new conceptual frameworks will be required.

In conclusion, this work provides indications of deep arithmetic structures underlying ex-
actly solvable supersymmetric conformal field theories, suggesting a rich landscape for
further investigation at the intersection of number theory, geometry, quantum field theory,
and string theory.
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Appendix A

Elliptic Curves of Complex
Multiplication Type

In the following we want to prove the claim made in section 3.3 that elliptic curves are of
complex multiplication type iff the complex structure parameter 7 is valued in an imaginary
quadratic field extension Q(v/—D’), for some positive square-free integer D’. For an in-
depth discussion of arithmetic aspects in the theory of elliptic curves, we refer to [219, 220].

Recall that any elliptic 72 is isomorphic to the lattice quotient
T? = C/A, (A.0.1)

with A = Z + 7Z and 7 € H. We denote by {A, B} a symplectic basis of H,(T?,7Z) and
by {a,b} a basis of the Poincaré dual space H'(T? 7). The periods are defined as

wy ::/dz, Wa ::/dz, (A.0.2)
A B

where z denotes coordinates on C. From (A.0.2) it follows that dz = wja + wyb. The
complex structure parameter 7 is given by

Lo (A.0.3)

wl'

We will now construct the rational Hodge endomorphism algebra. Any endomorphism on
H'(T? Q) can be described by a Q-valued matrix M € Mat(2x2, Q). Recall from (4.2.8)
that an endomorphism is a Hodge endomorphism if it preserves the Hodge decomposition.
Writing the holomorphic one-form dz/w;, which spans the space H°(T? C), as a vector
in the basis {a, b}, the condition for M to preserve the Hodge decomposition reads

(Z’l Z//) C) =C C) CeC, (A.0.4)
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or equivalently
ad—-C+br =0, d—-Cr+dr =0, (A.0.5)
from which it follows that
Vi +(d —d)yr—c =0, (A.0.6)
which implies for the complex structure parameter

d—ada ++D

o D= (d—d)*+4¥c. (A.0.7)

T =
Since 7 € H, the complex structure parameter has strictly positive imaginary part, and
hence for non-trivial Hodge endomorphisms to exist, 7 must be valued in an imaginary
quadratic field Q(v/ D), with D a negative integer.

Let us now study the structure of the rational Hodge endomorphism algebra. Since the
rational endomorphism algebra of an abelian variety is preserved under isogenies, we can
assume without loss of generality that 7 = iv/D’ for some positive square-free integer D'
Then, from (A.0.5) it directly follows,

a’ v
{5

with the algebra isomorphism

db @} ~ Fndugg(H(T2, Q) (A.0.8)

/ /

b) s d +UV=D . (A.0.9)

Enduay(H'(T7,Q)) = Q(V-D) , (—%’b’ d

A polarisation for the Hodge structure H'(7?, Q) that satisfies conditions (4.2.5) — (4.2.7),
is given by

Qv,w) = i/T2v/\w. (A.0.10)

Hence, by the definition given in section 4.2, we have shown that H'(T? Q) is of CM-type
iff the complex structure parameter 7 is valued in some quadratic imaginary number field
Q(—D'") for some positive square-free integer D’. The Hodge endomorphism algebra in
that case is isomorphic to Q(—D’), with the isomorphism given by (A.0.9).



Appendix B

Rational Basis for the Gepner Model
(3,3,3,3,3)

In the following table we list a basis of boundary states for the rational vector space Vg
for the Gepner model (3, 3,3, 3,3), corresponding to the Fermat quintic threefold.
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Table B.1: Rational basis of boundary states for the Gepner model (3,3, 3,3, 3)

Boundary state

1. 110,0,0) [0,0,0) [0,0,0) ]0,0,0) |0,0,0)
2. 13,1,00 [0,0,0) [3,—3,0) |3,—1,0) |3,1,0)
3. 13,1,00 [0,0,0) [3,—1,0) |3,—3,0) |3,—1,0)
4 []3,1,0) 0,0,0) ]0,0,0) [0,0,0) [3,—3,0)
5. 113,1,00 [0,0,0) [3,—3,0) [0,0,0) |3,—3,0)
6. [13,1,00 [0,0,0) [3,—3,0) |3,—1,0) |3,—3,0)
7. 113,1,00 [0,0,0) [0,0,0) |3,—1,0) |0,0,0)
8. [3,1,00 [0,0,0) [0,0,0) |0,0,0) |3,1,0)
9. [13,1,00 [0,0,0) [3,—1,0) |3,—3,0) |3,3,0)
10.[3,1,0)  [0,0,0)  [3,-3,0) |3,—3,0) |0,0,0)
11.[3,1,0)  [0,0,0) [3,—3,0) [3,3,0) |0,0,0)
12.3,1,0) [0,0,0) [3,—1,0) |1,—1,0) |3,—1,0)
13.13,1,0)  [0,0,0) [3,—3,0) |2,0,0) |0,0,0)
14.13,1,0) [0,0,0) [3,1,0) |3,—1,0) |I,—1,0)
15.[3,1,0)  [0,0,0)  [2,2,0) |3,—3,0) |3,—3,0)
16. | [1,—1,0y [0,0,0) [3,-3,0) |3,—3,0) |3,—3,0)
17.113,1,0)  [2,2,0) [3,-3,0) [3,1,0) |3,1,0)
18.3,1,0)  [0,0,0) [2,0,0) |3,—3,0) |3,—3,0)
19.]3,—3,0) [0,0,0) [2,—2,0) [0,0,0) |0,0,0)
20. [|1,—1,0) [3,—3,0) [0,0,0) |3,—3,0) |3,—3,0)
21.[13,—3,0) [3,—3,0) [0,0,0) |3,—3,0) |1,—1,0)
22.113,1,00 [2,2,0) [3,1,0) |3,—3,0) |3,—1,0)
23.113,1,00 [2,2,0) [3,—1,0) |3,—1,0) |3,1,0)
24.[13,1,0) [0,0,0) |L,—L1,0) [0,0,0) |3,—3,0)
25.113,1,0) [0,0,0) [2,—2,0) [0,0,0) |3,—3,0)
26.13,1,0) [2,2,0) [3,—3,0) [0,0,0) |3,—3,0)
27.113,—3,0) |3,-3,0) [0,0,0) |I,—1,0) |3,—3,0)
28.113,1,0) [0,0,0) [3,—3,0) |I,—1,0) |3,-3,0)
29.[13,1,0) [0,0,0) ]0,0,0) [2,—2,0) |3,1,0)
30. [[3,1,0)  [2,2,0) |3,—1,0) |3,—1,0) [3,—3,0)
31.[[3,1,0)  [2,2,0) [3,3,00 [0,0,0) [3,3,0)
32.[]3,1,0) 10,0,0) 3,3,0) |[1,—1,0) |0,0,0)
33.113,1,00 [0,0,0) [1,—1,0) |3,—1,0) |0,0,0)
34.113,1,00 [0,0,0) [2,—2,0) |3,—1,0) |0,0,0)
35.[13,1,00  [2,2,0) |3,—3,0) |3,—1,0) |0,0,0)
36.[|3,1,0) ]0,0,0) |1,—1,0) [0,0,0) [3,1,0)
37.113,1,0)  [0,0,0) |3,—1,0) |3,3,0) |1,—1,0)
38.[[3,1,0) [2,2,0) [3,—1,0) [3,1,0) [3,—3,0)
39.[[3,1,00 [2,2,0) [3,—3,0) [3,1,0) [3,—3,0)
0. [[3,1,0) ]0,0,0) |2,0,0) |[3,1,0) [3,—3,0)
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Boundary state

41.[[3,1,0) ]0,0,0) |L,1,0) [3,L,0) [3,—3,0)
42.[]3,1,0) 10,0,0) [2,2,0) [3,1,0) [3,—3,0)
43.7]3,1,00  [2,2,0) ]0,0,0) |3,—3,0) |3,3,0)
44 []3,1,0) 10,0,0) |3,—1,0) [2,2,0) [3,1,0)
45 []3,1,0) ]0,0,0) [3,1,0) [2,2,0) [3,1,0)
46.[[3,1,0) 10,0,0) |3,—L,0) [1,—1,0) |3,3,0)
47.1]3,=3,0) |3,-3,0y |3,—3,0) [0,0,0) |1,—L1,0)
48.[[3,1,0) 10,0,0) |1,1,0) [3,—3,0) [3,1,0)
49.[]3,1,0) 10,0,0) |3,—1,0) |3,—1,0) |2,2,0)
50. [2,—2,0) [0,0,0) [0,0,0) |3,—3,0) |0,0,0)
51 [|1,—1,0) [3,-3,0) [3,-3,0) [3,-3,0) [0,0,0)
52.13,—3,0) [3,-3,0) |1,—1,0) |3,—3,0) |0,0,0)
53.113,1,00 [2,2,0) [3,—L1,0) |3,—3,0) |0,0,0)
54.110,0,0) [3,—3,0) [0,0,0) [0,0,0) |2,—2,0)
55.113,—3,0) [0,0,0) [0,0,0) [0,0,0) |2,—2,0)
56.13,1,00 [0,0,0) [3,1,0) |2,—2,0) |0,0,0)
57.113,—3,0) [0,0,0) [0,0,0) |2,—2,0) |0,0,0)
58.13,1,00 [0,0,0) [2,—2,0) |3,3,0) |0,0,0)
59.113,—3,0) [0,0,0) [3,—3,0) |2,—2,0) |2,—2,0)
60. | |3,1,0) ]0,0,0) |3,—3,0) |1,—1,0) |L,—L1,0)
61.10,0,0) ]0,0,0) |3,—3,0) |1,—1,0) |1,—1,0)
62.|3,1,00 ]0,0,0) ]0,0,0) |1,—1,0) |1,—1,0)
63.[]3,1,0) ]0,0,0) |2,0,0) |[2,0,0) |0,0,0)
64 []3,1,00 [2,2,0) |3,—1,0) [2,0,0) |0,0,0)
65.[]3,1,00 ]0,0,0) ]2,2,0) [2,0,0) |0,0,0)
66. | |3,1,0) [2,2,0) ]0,0,0) |[1,—1,0) [3,—L,0)
67.[13,1,0) [2,2,0) |3,—1,0) |3,—1,0) |L,—L1,0)
68.[[2,—2,0) |2,—2,0) [0,0,0) |3,—3,0) [3,—3,0)
69.13,1,00 [2,2,0) |2,—2,0) |3,—3,0) [3,—3,0)
70.[12,=2,0) [0,0,0) [2,—2,0) |3,—3,0) |3,-3,0)
71.110,0,0)  [2,-2,0) [2,—2,0) |3,—3,0) |3,-3,0)
72.113,1,00  [2,2,0) [3,—1,0) |,—1,0) |3,1,0)
73.113,1,0) [0,0,0) [2,2,0) |L,—1,0) |3,1,0)
74.113,1,0)  [2,2,0) [3,—-3,0) |3,—3,0) |1,—1,0)
75.113,1,00 [0,0,0) [2,—2,0) |3,—3,0) |1,—1,0)
76.110,0,0) [1,—1,0) [0,0,0) |3,—3,0) |1,—1,0)
77.[|1,=1,0) [0,0,0) [0,0,0) |3,—3,0) [1,—1,0)
78.113,1,00  [2,2,0) [2,0,0) |0,0,0) |3,-3,0)
79.113,1,0) [2,2,0) [L,1,0) [0,0,0) |3,—3,0)
80.|3,1,0) ]0,0,0) [2,0,0) |[1,—1,0) |3,—3,0)
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Boundary state

81. ||I,—1,0) ]0,0,0) ]0,0,0Y |1,—1,0) [3,—3,0)
82. [|3,1,0) ]0,0,0) |1,1,0) |1,—1,0) [3,—3,0)
83. []0,0,0) ]0,0,0) |1,—1,0) |1,—1,0) [3,—3,0)
84 [[3,1,0) [2,2,0) |3,—1,0) |1,—1,0) [3,—3,0)
85. [|3,1,0) ]0,0,0) [3,—1,0) [2,—2,0) |1,1,0)
86. ||3,1,0) ]0,0,0) |L,—1,0) [2,—2,0) [3,1,0)
87. [|3,1,0) ]0,0,0) |2,—2,0) [2,—2,0) [3,1,0)
88. [|3,1,0) [2,2,0) |3,-3,0) [2,—2,0) [3,1,0)
89. [|3,1,0) ]0,0,0) |1,—1,0) |3,1,0) |1,—1,0)
90. [|3,1,0) ]0,0,0) |3,—1,0) |1,1,0) |2,0,0)
91. [|3,1,0) [2,2,0) |3,—1,0) [1,1,0) 0,0,0)
92. []3,1,0) [2,2,0) |3,—3,0) [1,1,0) 0,0,0)
93. [|3,1,0) 10,0,0) [2,0,0) |3,—1,0) |2,—2,0)
94. [[3,1,0) 10,0,0) |L,1,0) |3,—1,0) [2,—2,0)
95. [|3,=3,0) [0,0,0) |1,—1,0) |1,—1,0) |0,0,0)

)

)

) )

96. 110,0,0)  [3,—3,0) |1,—1,0) )
97. [13,1,0) [2,2,0) [3,—1,0) [3,—3,0) |2,—2,0)

) )

) )

)

)

98. 13,—3,0) [0,0,0) [2,—2,0

99. []0,0,0)  [3,-3,0) |2,—2,0) |3,—3,0) [2,—2,0)
100.][3,1,0)  [2,2,0) [1,1,0) |3,—L1,0) |0,0,0)
101.][3,1,0) [2,2,0) [2,0,0) |3,—L1,0) |0,0,0)
102.](3,1,0) [2,2,0) [3,1,0) ]0,0,0) |L,1,0)
103.]3,1,0)  [2,2,0) [2,0,0) ]0,0,0) |3, 1,0)
104.[3,1,0)  [0,0,0) [3,3,0) |2,0,0) |1,—1,0)
105. | [2,—2,0) [3,—3,0) [0,0,0) |2,—2,0) |3,—3,0)
106.][3,1,0)  [0,0,0)  [2,—2,0) |2,—2,0) |3,—3,0)
107.][3,1,0)  [2,2,0)  [3,-3,0) |2,—2,0) |3,—3,0)
108.][2,—2,0) [0,0,0) [3,-3,0) |2,—2,0) |3,—3,0)
109.][3,1,0)  [0,0,0) [1,1,0) ]0,0,0) |L,—1,0)
110.]3,1,0)  [0,0,0)  [2,0,0) ]0,0,0) |1,—1,0)
111. | [1,—1,0 [3,—3,0) [0,0,0) ]0,0,0) |1,—1,0)
112.[3,1,0)  [2,2,0) [3,-3,0) ]0,0,0) |L,—1,0)
113. |1, —1,0) [0,0,0) [3,—3,0) [0,0,0) |L,—1,0)
114.110,0,0)  |1,—1,0) |3,—3,0) [0,0,0) |L,—1,0)
115.][3,1,0)  [2,2,0) |3,—1,0) [0,0,0) |L,—1,0)
116.][3,1,0)  |2,2,0)  [3,3,0) |3,—3,0) |L,1,0)
117.]13,1,0)  [2,2,0) [1,—1,0) |3,—3,0) |3,1,0)
118. | [3,1,0) _[0,0,0) [0,0,0) |2,0,0) |2,—2,0)
119.[[3,1,0)  [2,2,0) [3,—1,0) |2,2,0) |0,0,0)
120.](3,1,0)  [0,0,0) [2,0,0) |2,2,0) |0,0,0)




171

Boundary state

121.][3,1,0)  [0,0,0) [1,1,0) ]2,2,0) |0,0,0)
122.]]2,-2,0) [3,—3,0) [2,—2,0) |3,—3,0) |0,0,0)
123.]|1,=1,0) |1,—1,0) [0,0,0) |3,—3,0) |0,0,0)
124.[2,=2,0) [2,—2,0) |3,-3,0) |3,—3,0) |0,0,0)
125. | [1,—1,0) [0,0,0) [1,—1,0) |3,—3,0) |0,0,0)
126.110,0,0) |L,—1,0) [1,—1,0) |3,—3,0) |0,0,0)
127.113,1,0)  [0,0,0) [3,-3,0) |1,1,0) |2,—2,0)
128.(3,1,0) [0,0,0) [3,—1,0) |2,0,0) |2,2,0)
129.]3,1,0)  [2,2,0) [0,0,0) 3,3,0) |2,0,0)
130.][3,1,0)  [2,2,0) [2,0,0) 3,3,0) |0,0,0)
131.][3,1,0)  [2,2,0) [1,1,0) 3,3,0) |0,0,0)
132.][3,1,0)  [0,0,0) [1,—1,0) |1,—1,0) |L,—1,0)
133.13,1,0)  [2,2,0) [3,-3,0) |L,—1,0) |L,—1,0)
134. ] 2,—2,0) [3,—3,0) |3,-3,0) |1,—1,0) |L,—1,0)
135.][3,—3,0) [|3,—3,0) [2,—2,0) |1,—1,0) |L,—1,0)
136.](3,1,0)  |0,0,0)  |2,-2,0) |1,—1,0) |I,—1,0)
137.]13,1,0)  [2,2,0) [2,-2,0) |2,0,0) |0,0,0)
138.[3,1,0)  [2,2,0) [1,—-1,0) |3,3,0) |2,—2,0)
139. 2, —2,0y |1,—1,0) [2,—2,0) ]0,0,0) |0,0,0)
140. | [1,—1,0) [2,—2,0) [2,—2,0) [0,0,0) |0,0,0)
141. | [1,=1,0) [1,—1,0) [2,—2,0) |3,—3,0) [|3,—3,0)
142. [ [1,—1,0) [3,—3,0) [2,-2,0) |3,—3,0) |L,—1,0)
143.]]2,=2,0) |3,—3,0) [1,—1,0) |3,—3,0) |1,—1,0)
144.[3,1,0)  [2,2,0) [2,0,0) |3,—3,0) |1,—1,0)
145.13,1,0)  [2,2,0) [2,2,0) |3,—3,0) |L,—1,0)
146.](3,1,0)  [2,2,0) [1,—1,0) |L,—L1,0) |3,—3,0)
14712, =2,0y [3,—3,0) [1,—1,0) |1,—1,0) |3,—3,0)
148. [ [1,—1,0) [3,—3,0) [2,-2,0) |1,—1,0) |3,—3,0)
149.](3,1,0)  [2,2,0) [2,0,0) |2,—2,0) |3,1,0)
150. | 3,1,0)  [2,2,0) [1,1,0) |2,—2,0) |3,1,0)
151, [3,1,0)  [2,2,0) [2,0,0) [3,1,0) |1,—1,0)
152. | [1,—1,0y [3,—3,0) [3,-3,0) |1,—1,0) |2,—2,0)
153.110,0,0)  [0,0,0) [2,—2,0) |L,—L1,0) |2,—2,0)
154. | [3,—3,0) [3,—3,0) [1,—1,0) |1,—1,0) |2,—2,0)
155.][3,1,0)  [2,2,0) [3,1,0) |1,1,0) |2,0,0)
156.](0,0,0)  |2,—2,0) [0,0,0) |1,—1,0) |2,—2,0)
157. | [2,—2,0) [0,0,0) ]0,0,0) |1,—1,0) |2,—2,0)
158 | 3,1,00 [2,2,00 [2,0,0) |1,L,0) ]0,0,0)
159. | 3,1,0)  [2,2,0) [2,2,0) [3,3,0) |2,2,0)
160. | 3,1,0)  [2,2,0) [3,-3,0) [2,2,0) [|2,—2,0)
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Boundary state

161.][3,1,0)  [2,2,0) [3,3,0) |1,1,0) |2,2,0)
162.][3,1,0)  [0,0,0) [2,0,0) |2,—2,0) |1,—1,0
163.][3,1,0)  [2,2,0) [3,—1,0) |2,—2,0) |L,—1,0
164.[3,1,0)  [0,0,0) [1,1,0) |2,—2,0) |L,—1,0
165.](3,1,0)  [2,2,0) [2,2,0) |2,—2,0) |3,—3,0
166.][3,1,0)  [2,2,0) [2,0,0) |2,—2,0) |3,—3,0
167. | [1,—1,0) [3,—3,0) [1,—1,0) |2,—2,0) |3,—3,0
)

)
168. | [1,—1,0) |1,—1,0) |3,-3,0) |2,—2,0
169. | [2,—2,0) [0,0,0) |2,—2,0) |0,0,0)
170. | [2,—2,0) [2,—2,0) [0,0,0) |0,0,0)
171 3,1,0)  [2,2,0)  [3,-3,0) |2,0,0)
172.13,1,0)  [0,0,0) [1,—1,0) |2,0,0)
173.113,1,0)  [2,2,0) [3,—1,0) [2,0,0) |2,—2,0
)
)
)
)

174. | [1,—1,0) [2,—2,0) [0,0,0) 0,0,0
175. | [2,—2,0) |1,—1,0) [0,0,0) 0,0,0
176.][3,1,0)  |0,0,0)  [2,2,0) |1,1,0
177.113,1,0)  [2,2,0)  [3,—1,0) |1,1,0
178. ]2, —2,0y |L,—1,0) [0,0,0) |2,—2,0
179. | [1,—1,0) [2,—2,0) [0,0,0) |2,—2,0
180.110,0,0)  |2,—2,0) [1,—1,0

)

)
) ) )
181. | [2,—2,0) [0,0,0) |1,—1,0) |1,—1,0) |L,—1,0)
182, 1, —1,0) [2,—2,0) [3,-3,0) |2,—2,0) [|2,—2,0)
183.] ]2, —2,0) |1,—1,0) [3,—3,0) |2,—2,0) [|2,—2,0)
184.[3,1,0) [2,2,0) |1,1,0) |1,—1,0) |1,—1,0)
185. | [1,—1,0y [0,0,0 [2,-2,0) |1,—1,0) |L,—1,0)
186. | [3,1,0)  [2,2,0) [2,0,0) |1,—1,0) |L,—1,0)
187.[3,1,0)  [2,2,0) [2,2,0) |1,—1,0) |L,1,0)
188. [2,—2,0) [2,—2,0) |2,—2,0) |3,=3,0) |1,—1,0)
189. [2,—2,0) [2,—2,0) |2,—2,0) |1,—1,0) |3,—3,0)
190. | [2,=2,0) [2,—2,0) |3,—3,0) |1,—1,0) |2,—2,0)
191. [[2,—=2,0) [3,=3,0) |2,—2,0) |1,—1,0) [2,—2,0)
192 [ [1,—1,0) [0,0,0y [1,—1,0) |1,—1,0) |2,—2,0)
193 [1,—1,0 [1,—1,0) [0,0,0) |1,—1,0) |2,—2,0)
194.[[3,1,0) [2,2,0) |1,1,0) ]2,2,0) [2,—2,0)

195. [ [2,—2,0) |1,—1,0) |1,—1,0) |1,—1,0) |0,0,0)
196. | [1,—1,0) |2,—2,0) |1,—1,0) |1,—1,0) |0,0,0)
197. [ [2,-2,0) |1,—1,0) [2,—-2,0) |3,—3,0) |2,—2,0
198. [|1,—=1,0) |2,—2,0) |2,—2,0) |3,—3,0) |2,—2,0
199. [[2,=2,0) [2,—2,0) |1,—1,0) |2,—2,0) |3,—3,0
200. | [1,—1,0) |1,—1,0) |2,—2,0) [0,0,0

)
201. [ [3,1,0) [2,2,0) [1,1,0) [2,0,0)
202.]3,1,0) [2,2,0) [2,0,0) [2,0,0) |2,—2,0
203.]13,1,0) [2,2,0) [2,—2,0) |L,1,0)
204. | [1,—1,0) |1,—1,0) [1,—1,0) |1,—1,0) [1,—1,0




Appendix C

Chiral States and Rational Basis for
the Gepner Model (6,6, 2, 2, 2)

In the following tables, we list the chiral states for the Gepner model (2,2,2,6,6), and a
basis of boundary states for the rational vector space V. The first column of the first table
gives the chiral state up to a permutation of the factors of the tensor product. The second
column lists the Hodge type of the corresponding state, and the third column indicates
how many distinct chiral states can be obtained by permutations of the displayed state.
Each resolved fixed-point state is labeled by a Zy group character of the stabiliser subgroup
associated with the simple current group, taking values +1 and —1. The second table lists
explicitly a basis of boundary states.
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‘ Chiral State ‘ Vg ‘ Number ‘
10,0,0) [0,0,0) [0,0,0) |2, —2,0) |2, —2,0) V2 3
10,0,0) [0,0,0) |1, —1,0) |1,—1,0) |2, —2,0) V2 3
10,0,0) |2, —2 0> 10,0,0) [1,—1,0) |2, —2,0) vz 12
10,0,0) [2,—2,0) [1,—1,0) |1,—1,0) |1,—1,0) | V42
10,0,0) |4, —4, 0) 10,0,0) [0,0,0) |2, —2,0) V2
10,0,0) |4, —4,0) [0,0,0) |1,—1,0) |1, —1,0) V2
10,0,0) |6, —6,0) [0,0,0) [0,0,0) |1,—1,0) V2

11,—1,0) \1,—1 0 0,0,0) |1,—1,0) |2,—2,0) Ve

11,—1,0) |1, —1,0) |1,—1,0) [1,—1,0) |1,—1,0) | V2
11,—1,0) |3,—3,0) [0,0,0) |0,0,0) |2, —2,0) Vg2
I1,—-1,0) |3, -3, 0) 10,0,0) |1,—1,0) |1, —1,0) V22
11,—1,0) |5,—5,0) [0,0,0) |0,0,0) |1, —1,0) V2
12,-2,0) |2,—2,0) [0,0,0) |0,0,0) |2, —2,0) V2
12,-2,0) |2, -2 o) 10,0,0) |1,—1,0) |1, —1,0) V2
|2, -2,0) |4, —4,0) [0,0,0) |0,0,0) |1, —1,0) V2
12, -2,0) |6,—6,0) |0,0,0) |0,0,0) [0,0,0) V2
13,-3,0) [3,—3,0) [0,0,0) |0,0,0) |1,—1,0), V2
13,-3,0) [3,—3,0) [0,0,0) [0,0,0) |1,—1,0)_ V2
13,-3,0) |5,—5,0) [0,0,0) |0,0,0) [0,0,0) V2
|4, —4,0) |4, —4,0) |0,0,0) |0,0,0) |0,0,0) V2
10,0,0) |4, —4,0) [2,—2,0) |2, —2 0) 12,2, 0) v
10,0,0) [6,—6,0) |1,—1,0) |2, —2,0) |2, —2,0) v

11,—1,0) [3,-3,0) [2,—2,0 |2 —2,0) [2,-2,0)
11,—1,0) |5,—5,0) |1,—1,0) [2,—2,0) |2, -2, 0> 7
,0)
,0)

) Ve
)

12,-2,0) [2,-2,0) [2,—2,0) |2,—2,0) |2, — V2!
,0)
|

12, —2,0) |4,—4,0) |1, — 2, -2,0) |2, — Vv

|
) )
) )
) 0)
) )
12,-2,0) [6,—6,0) [0,0 0> 2,-2,0) |2, -2, 0) Ve
12,-2,0) [6,—6,0) |1, —1 0) 1,-1,0) [2, -2, 0) Ve
13,-3,0) [3,-3,0) |1, —1,0) |2,-2,0) [2,~2,0), | V&
13,-3,0) [3,-3,0) |1, -1 0) |2,-2,0) [2,-2,0)_ | V2!
13,-3,0) [5,-5,0) [0,0,0) |2, ~2,0) \2,—2,0) Ve
13,-3,0) [5,-5,0) |1, —1,0) |1,—1,0) [2,—2,0) | V2!
) )
) )
) )
) )
) )
) 0)
) )
) )
) )

|47740 ‘4 4 0 ‘0>0~O> |2772>0> ‘2772()) VC21
4,—4,0) |4, —4,0) [1,—1,0) [1,—1,0) |2,-2,0) | V&

W W DX DD | W W OO Y| PO NN FINDN W WD OOfWwWw ool |PF| OO || O

|4, —4,0) [6,—6,0) |0,0,0) |1, —1,0) |2, —2,0) V212
|4,—4,0) |6,—6,0) |1,—1,0) |1,—1,0) |1,—1,0) | V& 2
|5’7570 ‘5 5 0 ‘0>0~O> |1771>0> ‘2’72,0> Vgl 6
|5, —5,0) |5,—5,0) |1,—1,0) |1,—1,0) |1,—1,0) | V& 1
6, —6,0) 6,—6,0) |0,0,0) |0,0,0) |2, —2,0) V2 3
6, —6,0) [6,—6,0) 0,0,0) |1,—1,0) |1, —1,0) v 3
|6’7670 ‘6 6 0 ‘2>7270> |2/ 7270> |27 72’0> V(?B 1
0,0,0) |0,0,0) |0,0,0) |0,0,0) |0,0,0) V0 1

Table C.1: The chiral states of the Gepner model (6,6,2,2,2).
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Table C.2: Rational basis of boundary states for the Gepner model (6,6, 2,2, 2)

Boundary state
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—_
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ot
o
(=]
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w
=)

—_
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—_
o

17.]13,-3,0Y |5,—5,0) [0,0,0) ]0,0,0) |0,0,0

18.[15,—5,0) |3,—3,0) [0,0,0) ]0,0,0) [0,0,0

19.]3,-3,0) |1,—1,0) [0,0,0) |1,—1,0) |L,—1,0
20. | |1,—1,0) [3,—3,0) [0,0,0) |I,—1,0) [1,—1,0
22.[|1,=1,0) [3,-3,0) |1,—1,0) |0,0,0) |1,—1,0
23.[13,-3,0) [3,-3,0) [0,0,0) |1,—1,0) [0,0,0),
24.113,-3,0) [3,-3,0) [0,0,0) [0,0,0) |1, —1,0),
25.13,—3,0) |5,—5,0) |1,—1,0) |L,—1,0) |2,—2,0)
26. | |5,—5,0) [3,-3,0) |1,—1,0) |L,—1,0) |2,—2,0)
27.[13,-3,0) [3,-3,0) [2,-2,0) |[1,—1,0) [2,—2,0),
28.[13,-3,0) [3,-3,0) [2,-2,0) [2,—2,0) |1,—1,0),
29.[13,-3,0) [3,-3,0) [1,—1,0) ]0,0,0) [0,0,0),
30. [13,-3,0) [3,-3,0) [1,—1,0) [2,-2,0) [2,—2,0),
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o

33.112,=2,0) [4,—4,0) [2,—2,0) |L,—1,0) [2,—2,0)
34.[[4,—4,0) [2,-2,0) [2,-2,0) |2,—2,0) |L,—1,0)
35.[[2,—-2,0) [4,—4,0) |1,—1,0) [0,0,0) |0,0,0)
36. | [4,—4,0) [2,—-2,0) [1,—1,0) |2,—2,0) [2,—2,0)
3714, —4,0) [4,—4,0) [2,—2,0) ]0,0,0) [2,—2,0)
38.[[2,—-2,0) [2,-2,0) |2,—2,0) [0,0,0) [0,0,0)

w
©
S
e~
o

[\
—_
w
w
=)
N~ | | | T T T T T T T T T o o o o o o o T o T T o o o = =
—_
—_
=
| o | T o o | o o o T o | o | T o o | o o | = = = ==
—_
—_
=
~
=
=)
=)
~
—_
—_
=
~ |~ |~ |~

W
(@)
~
u[\D
(@]




176 C. Chiral States and Rational Basis for the Gepner Model (6, 6, 2, 2, 2)

Boundary state
41.114,—-4,0) |4,—4,0) |2,-2,0) |1,—1,0) |1,—1,0)

42.1]2,-2,0) [2,—-2,0) |1,—1,0) [0,0,0) |L,—1,0)
43[4, —4,0) [4,—4,0) [1,—1,0) |L,—1,0) |2,—2,0)
44.7]0,0,0)  [2,—-2,0) |1,—1,0) |2,—2,0) |0,0,0)
45. [ [4,—4,0) [6,—6,0) |1,—1,0) [0,0,0) |2,—2,0)
46.]0,0,0) [2,—2,0y |L,—1,0) [0,0,0) [2,—2,0)
47.1]0,0,0)  |2,—2,0) |2,—2,0) |1,—1,0) |0,0,0)
48.[[4,—4,0) |6,—6,0) |2,—2,0) [0,0,0) |1,—1,0)
49.[[4,=4,0) [6,—6,0) [0,0,0) |1,—1,0) |2,—2,0)
50.110,0,0)  [2,—2,0) [0,0,0) |I,—1,0) |2,—2,0)
51. | [4,—4,0) |6,—6,0) |L,—1,0) |L,—1,0) |L,—1,0)
52.16,—6,0) |2,—2,0) |2,—2,0) |2,—2,0) |0,0,0)
)

53.116,—6,0

)
)
)
54. | |4, —4,0)
55. | |6, —6,0)
56. | |4, —4, 0)
57.116,—6,0) |2,—2,0) |0,0,0) [0,0,0) [0,0,0)
)
)
)
)
)

58. | [4,—4,0
59. | [6,—6,0

60. | [4,—4,0

)
)
61.116,—6,0) [2,—2,0) |1,—1,0) [2,—2,0) |1,—1,0
62.]16,—6,0) [2,—2,0) |L,—1,0) |L,—1,0) |2,—2,0
63.16,2,0) ]0,0,0) |1,—1,0) |2,—2,0) |0,0,0)
64.[]6,2,0) ]0,0,0) |1,—1,0) [2,2,0) |2,0,0)
65.[16,2,0) [6,2,0) |1,—1,0) [2,2,0) |2,0,0)
66.16,2,0) 16,2,0) |L,—L1,0) [2,—2,0) |2,0,0)
67.116,2,00 ]0,0,0) |L,—1,0) [2,—2,0) |2,0,0)
68.116,2,00 ]0,0,0) |L,—1,0) [2,2,0) |0,0,0)
69.16,2,00 ]0,0,0) |1,1,0) [2,—2,0) |2,0,0)
70.116,2,0)  [6,4,0) [1,1,0) |2,2,0) |0,0,0)
71.116,2,0)  [6,2,0) [1,1,0) [2,2,0) |0,0,0)
72.116,2,0)  [6,2,0) [1,1,0) |2,—2,0) |0,0,0)
73.116,2,0) [0,0,0) [L,1,0) [2,—2,0) |0,0,0)
74.116,2,0) [0,0,0) [2,2,0) |L,—1,0) |2,0,0)
75.116,2,0)  [6,6,0) [2,0,0) |L,—1,0) |2,0,0)
76.116,2,0) [0,0,0) [0,0,0) |L,—1,0) |0,0,0)
77.116,2,0)  [6,4,0) [2,0,0) |1,—1,0) |2,0,0)
78.116,—6,0) [0,0,0) [0,0,0) |L,—1,0) |0,0,0)
79.116,2,0) [6,6,0) 0,0,0) |L,—1,0) [0,0,0)
80.[16,2,0) 16,4,0) |2,0,0) |[1,—1,0) |0,0,0)
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Boundary state
81. [6,2,0) |6,6,0) 12,0,0) |1,—1,0) 10,0,0)
82. 116,2,0) |6,4,0) 12,-2,0) |1,—1,0) |2,0,0)
83. 116,2,0) [6,2,0) 12,-2,0) 10,0,0) |1,—1,0)
84. 116,2,0) |6,4,0) 12,-2,0) 10,0,0) |1,—1,0)
85. 116,2,0) |6,2,0) 12,2,0) 12,0,0)  [1,—1,0)
86. |0,0,0) |6,—6,0) 10,0,0) |0,0,0) [1,—1,0)
87. 116,2,0) 16,2,0) 12,2,0) |0,0,0) [1,—1,0)
88. 116,2,0) |6,4,0) 12,2,0) |0,0,0) [1,—1,0)
89. {16,2,0) |6,2,0) 12,-2,0) ]2,0,0) |1,—1,0)
90. [6,2,0) |6,2,0) 12,-2,0) [1,1,0) |[2,0,0)
91. [ 6,2,0) |6,4,0) 12,-2,0) [1,1,0) |2,0,0)
92. 16,2,0) |6,2,0) 12,0,0) |1,1,0)  ]0,0,0)
93. | |6,—6,0) |0,0,0) 12,-2,0) [1,—1,0) |2,-2,0)
94. 116,2,0) |6,4,0) 0,0, 0) |1,1,0)  ]0,0,0)
95. 116,2,0) |6,2,0) 10,0,0) |1,1,0)  ]0,0,0)
96. |16,2,0) |6,2,0) 12,2,0) |1,1,0)  ]2,0,0)
97. 116,2,0) |6,4,0) 12,0,0) 12,2,0)  [1,—1,0)
98. [16,2,0) ]0,0,0) 10,0, 0) |2,-2,0) [1,—1,0)
99. [6,2,0) |6,6,0) 0,0, 0) |2,-2,0) |1,—1,0)
100. | |6,2,0)  16,6,0) 12,0,0) 12,2,0)  [1,—1,0)
101. | |6,2,0)  10,0,0) 12,-2,0) [2,2,0) |1,—1,0)
102. | |6,—6,0) |0,0,0) 12,-2,0) |2,—2,0) |1,—1,0)
103. | 16,2,0)  |6,4,0) 12,-2,0) |2,—2,0) |1,—1,0)
104. | |6,2,0)  16,6,0) 12,0,0) |2,-2,0) |1,—1,0)
105. | |6,2,0)  16,6,0) 0,0, 0) 12,2,0)  [1,—1,0)
106. | |6,2,0)  10,0,0) 0,0, 0) 12,2,0)  [1,—1,0)
107. | 16,2,0)  16,4,0) 12,0,0) 12,-2,0) [1,—1,0)
108. | |6,2,0)  16,6,0) |1,—-1,0) [0,0,0) |2,0,0)
109. | 16,2,0)  |6,6,0) 11,1,0) |0,0,0) ]0,0,0)
110. | |6,—6,0) 10,0,0) 11,—-1,0) [2,—2,0) [2,—2,0)
111.|16,2,0)  10,0,0) I1,—-1,0) |1,—1,0) |1,—1,0)
112. |16,2,0)  16,4,0) 11,—-1,0) |1,—1,0) |1,—1,0)
113.116,2,0)  16,2,0) 11,-1,0) |1,—1,0) |1,—1,0)
114. | |6,2,0)  10,0,0) 11,1,0) I1,-1,0) |1,—1,0)
115. | 16,2,0)  16,6,0) 12,-2,0) [2,—2,0) 2,0,0)
116. | 16,2,0)  |6,2,0) 12,2,0) 12,2,0)  ]0,0,0)
117.116,2,0)  16,2,0) 12,-2,0) [2,—2,0) [0,0,0)
118.|16,2,0)  16,2,0) 12,0,0) 12,2,0)  ]2,0,0)
119. | |6,2,0)  16,2,0) 10,0, 0) 12,-2,0) [2,0,0)
120. | |6,2,0)  16,4,0) 0,0, 0) 12,-2,0) 2,0,0)
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Boundary state
121.|10,0,0)  10,0,0) 12,-2,0) 10,0,0) |2,—2,0)
122.]16,2,0)  |6,4,0) 10,0,0) 12,2,0)  ]2,0,0)
123.116,2,0)  16,2,0) 10,0,0) 12,2,0)  ]2,0,0)
124. |16,2,0)  16,2,0) 12,2,0) |2,—-2,0) 10,0,0)
125. |16,2,0)  16,4,0) 12,2,0) |2,-2,0) 10,0,0)
126. | |6,2,0)  10,0,0) 12,-2,0) [2,2,0) |2,0,0)
127.116,2,0)  16,4,0) 12,-2,0) [2,2,0) 0,0,0)
128.|16,2,0)  10,0,0) 12,-2,0) [2,2,0) 0,0,0)
129. ] 16,2,0) |6,2,0) 12,-2,0) [2,2,0) ]0,0,0)
130. | |6,2,0)  16,4,0) 12,0,0) |0,0,0)  ]0,0,0)
131.|16,2,0)  10,0,0) 10,0, 0) 12,0,0)  ]2,0,0)
132.116,2,0) 16,6,0) 0,0, 0) 12,0,0)  ]2,0,0)
133.116,2,0) 16,6,0) 12,0,0) |0,0,0)  ]0,0,0)
134.116,2,0) 16,4,0) 12,0,0) |0,0,0)  [2,0,0)
135.]16,2,0)  |6,6,0) 12,0,0) |0,0,0)  ]2,0,0)
136. | [6,2,0) |6,6,0) 12,-2,0) 1]0,0,0) ]0,0,0)
137.116,2,0)  10,0,0) 12,-2,0) 10,0,0) 0,0,0)
138.116,2,0)  10,0,0) 12,2,0) 12,0,0)  ]0,0,0)
139. | 16,2,0)  16,6,0) 12,2,0) 12,0,0)  ]0,0,0)
140. | |6,2,0)  16,6,0) 12,-2,0) [2,0,0) 0,0,0)
141. | 16,2,0)  16,6,0) 12,-2,0) [2,0,0) |2,0,0)
142.]16,2,0)  |6,4,0) 12,-2,0) [2,0,0) ]2,0,0)
143.]16,2,0)  |6,6,0) 12,0,0) 12,0,0)  ]0,0,0)
144. | 16,2,0)  16,6,0) 0,0, 0) |0,0,0)  [2,0,0)
145. | 16,2,0)  10,0,0) 0,0, 0) |0,0,0)  ]2,0,0)
146. | |6,2,0)  16,4,0) 12,0,0) 12,0,0)  ]0,0,0)
147.116,2,0)  16,6,0) 12,0,0) 12,0,0)  [2,0,0)
148. | 16,2,0)  16,4,0) 12,0,0) 12,0,0)  [2,0,0)
149. | |6,—6,0) |6,—6,0) 0,0,0) I1,—1,0) |1,—1,0)
150. | |6,2,0)  16,4,0) 10,0,0) |1,—-1,0) |1,—1,0)
151. | 16,2,0)  16,2,0) 12,0,0) I1,—-1,0) |1,—1,0)
152. |16,2,0)  10,0,0) |1,—1,0) 10,0,0) |1,—1,0)
153.116,2,0)  10,0,0) 11,—-1,0) ]2,0,0) |1,—1,0)
154. | 16,2,0)  16,6,0) 11,-1,0) |1,—1,0) |0,0,0)
155. | 16,2,0)  16,6,0) 11,1,0) |1,—1,0) 2,0,0)
156. | [6,2,0)  |6,2,0) 11,1,0) |0,0,0) |1,—1,0)
157.116,2,0)  16,4,0) 11,1,0) 12,0,0)  |1,—1,0)
158. |16,2,0)  10,0,0) 11,1,0) 12,0,0)  |1,—1,0)
159. | |6,2,0)  16,2,0) 11,1,0) 12,0,0)  [1,—1,0)
160. | |6,2,0)  16,6,0) 11,-1,0) [2,—2,0) |1,—1,0)
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Boundary state

161. [16,2,0) [6,6,0) |1,—1,0y [2,2,0) [1,—1,0)
162.116,2,0) [0,0,0) |1, -1 0) |1,1,00  |2,0,0)
163.116,2,0) [6,4,0) |1,—1,0) [1,1,0) |0,0,0)
164. [16,2,0) [0,0,0) |1,—1,0) [1,1,0) |0,0,0)
165. | [6,2,0) 16,2,0) |1,—1,0y |1,1,0) |0,0,0)
166. | [0,0,0) [0,0,0) |1,—1,0y |1,—L1,0) |2,—2,0)

) )
) )
) )
) )
) )
) )
) )
168. 16,2,0) 16,4,0) |1,1,0
) )
) )
) )
) )
) )
) )

167.[16,2,0y [0,0,0) [,1,0) [1,1,0) [2,0,0)

Y [1,1,0) |2,0,0)
169. [ 6,2,0) [0,0,0) |1,1,0) [1,1,0) |0,0,0)
170. [ 16,2,0) [6,6,0) [2,0,0) |1,1,0) |I,—1,0)
171.[]6,2,0) [6,4,0) [2,0,0) [1,1,0) |I,—1,0)
172.116,2,0) [6,6,0) [2,—2,0) [1,1,0) [1,—1,0)
173.116,2,0) [6,6,0) [2,2,0) [1,1,0) [1,—1,0)
174.116,2,0) [0,0,0) [2,2,0) |1,1,0) |L,—1,0)
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