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1 | INTRODUCTION

Originally constructed by Turaev and Viro [32], the Turaev-Viro invariants TV ,.(M; q) for a com-
pact 3-manifold M are a family of invariants parameterized by an integer r > 3 dependent on
a 2r-th root of unity q. For this paper, we will be concerned with the SU(2)-version of the
Turaev-Viro invariants; however, the results hold for the SO(3)-version with minor changes.

In defining these two versions of the Turaev-Viro invariants, the distinction arises from the
construction of the topological quantum fields theories of the Reshetikhin-Turaev invariants by
Blanchet, Habegger, Masbaum, and Vogel [4]. In the authors’ work, the elements of an index set
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determined by r correspond to the irreducible representations of SU(2). As SU(2) is a double-
covering of SO(3), the authors remark that the SO(3) theory can be obtained as the restriction of
the elements of the index set to elements with corresponding representations that lift to SO(3). In
addition to considering different roots of unity, this is realized as requiring that r is odd for SO(3)
as opposed to any integer r for SU(2). By following the construction, the Turaev-Viro invariants
can also be defined to have an SU(2)-version and an SO(3)-version. For more details between
these two versions of the Turaev-Viro invariants, we refer to sections 2 and 3 of [11] by Detcherry,
Kalfagianni, and Yang where the SO(3) Turaev-Viro invariants are defined.

In regards to the SU(2)-version, we focus on a conjecture stated by Chen and Yang in [5] which
relates the growth rate of the Turaev-Viro invariants for any hyperbolic manifold to this mani-
fold’s hyperbolic volume. Also in [5], the authors provide computational evidence supporting the
conjecture. The conjecture is given as follows.

Conjecture 1.1 ([5], Conjecture 1.1). Let TV .(M;q) be the Turaev-Viro invariant of a hyperbolic

3-manifold M, and let vol(M) be the hyperbolic volume of M. For r running over odd integers and
Zﬂ\/jl
g=e r ,

lim B log [TV ,.(M; q)| = vol(M).
r—-oco r

As a natural extension to manifolds which are not hyperbolic, Conjecture 1.1 has been restated
by Detcherry and Kalfagianni [10] in terms of the simplicial volume. (See Conjecture 1.2 below.)
For more details on the simplicial volume, we refer to [12] by Gromov and [28] by Thurston. For
our purposes, we will only need the relationship between the hyperbolic volume and the simplicial
volume of a hyperbolic 3-manifold M given by

vol(M) = vs|IM]l,
where v; &~ 1.0149 is the volume of a regular ideal tetrahedron and || - || is the simplicial volume.

Conjecture 1.2 ([10], Conjecture 8.1). Let M be a compact and orientable 3-manifold with empty

271\/—>1
or toroidal boundary. For r running over odd integersand q = e~ r ,

2

lim sup = log | TV, (M: g)] = vs [M]I.

r—o0

Remark 1.3. Conjectures 1.1 and 1.2 should be compared to the well-known volume conjecture of
Kashaev [17] which similarly relates the growth rate of the Kashaev invariant to the hyperbolic vol-
ume of hyperbolic link complements. By a result from Murakami and Murakami [23], the Kashaev
volume conjecture is more commonly written in terms of the colored Jones polynomials.

An important property of any compact irreducible orientable 3-manifold is that it can be cut
along a unique (up to isotopy) minimal collection of incompressible tori into atoroidal 3-manifolds
through the JSJ decomposition [15, 16]. Furthermore, these atoroidal manifolds are each either
hyperbolic or Seifert fibered by Thurston’s Geometrization Conjecture [29] which was famously
completed following the work of Perelman [24-26]. For more details on the Geometrization Con-
jecture, we refer to Chapter 12 of Martelli’s book [22]. For a given manifold M, its simplicial volume
is equal to the sum of the simplicial volumes of the pieces of its JSJ decomposition. The simplicial

8518017 SUOWIWOD aAITeaID 3|qedt|dde ayy Aq peusenob ae sspnte YO ‘8sn Jo S9N Joy Arig1T8uljUQ /8|1 UO (SUonIpUOD-pUR-SWBIALI0D A8 | 1M Ae.q 1 pulUO//:SdNy) SUONIPUOD pUe WS | 8U1 89S “[7202/80/TT] U0 ARlIqi 8UlUO AB|IM ‘SSIZT SW(ZTTT 0T/I0P/W00" A8 1M AReIq 1 PUIUO D0SYRWPUO|//:SdNy WoJj pepeoumod ‘v ‘2202 ‘0S.L69VT



ASYMPTOTIC ADDITIVITY OF THE TURAEV-VIRO INVARIANTS FOR A FAMILY OF 3-MANIFOLDS | 3045

volume is positive for each hyperbolic piece and zero for each Seifert fibered piece. We expect the
same additivity relationship to hold asymptotically for the Turaev-Viro invariants as reflected in
Conjecture 1.2.

The asymptotic additivity property of the Turaev-Viro invariants has previously been shown
for a few families of manifolds. For a manifold M which satisfies Conjecture 1.2, the property
was proven for so-called invertible cablings of M by Detcherry and Kalfagianni [10] and (p, 2)-
torus knot cablings of M by Detcherry [9]. Each of these results involve gluing a Seifert-fibered
manifold to another manifold, which does not change simplicial volume. Additionally, it was
proven for the figure-eight knot cabled with Whitehead chains by Wong [34], providing examples
of gluing additivity for certain pairs of hyperbolic manifolds. Our construction is the first which
glues several hyperbolic pieces to produce infinite families of manifolds satisfying the asymptotic
additivity property.

As our main result, the following Theorem 4.1 establishes the asymptotic additivity property for
an infinite family of manifolds glued from several hyperbolic pieces. Our construction is inspired
by a construction of Agol [1] of cusped 3-manifolds with well-understood geometric properties.
Agol begins with an oriented S'-bundle over a surface and systematically drills out curves to pro-
duce octahedral link complements. This procedure depends on a path on the 1-skeleton of the
pants complex of the surface. The hyperbolic building blocks for our family M of manifolds are
obtained as follows: We begin with a trivial S'-bundle over the once-punctured torus and use
Agol’s procedure to drill out a 2-component link. This produces a hyperbolic manifold, which we
call an S-piece, of volume 2vg, where vg ~ 3.66 is the volume of the regular ideal hyperbolic octa-
hedron. Then we begin with a trivial S'-bundle over the four-punctured sphere and use Agol’s
procedure to drill out a 2-component link, producing a hyperbolic manifold of volume 4vg which
we call an A-piece. Gluing k S-pieces and ! A-pieces along their original boundaries produces
a compact manifold M; (k,l) € M, where L is the union of the link components of the S- and
A-pieces. For more details, see Section 2.2.

2my/=1

Theorem 4.1. Let M, (k,l) € M. Then for r running over odd integersandq =e™ r ,
. 2w
lim =% log |TV, (M, (k. 1): )] = v3||M, (k. DI = 20k + 2Dv.

In general, the asymptotic additivity property is difficult to prove. In order to simplify the cal-
culation, the family M was constructed to have several advantageous properties which we utilize.
We first remark that the Turaev-Viro invariants can be computed from the relative Reshetikhin-
Turaev invariants by a result of Belletti, Detcherry, Kalfagianni, and Yang in [3]. Our family M can
be described effectively from Turaev’s shadow perspective [30, section 3] which Turaev related to
the relative Reshetikhin-Turaev invariants in [31, Chapter X]. Additionally, manifolds in the fam-
ily M have relative Reshetikhin-Turaev invariants which are comparably simple to manage as
well as well-understood simplicial volumes.

We note that the consideration of the shadow perspective was taken from the following works.
In [7], Costantino extended the colored Jones invariants to links in S3#,(S? x S) and used
the formulation of the invariant to prove a version of the volume conjecture for a family of
links in S3#,(S? x S') known as the fundamental shadow links. Furthermore in [3], Belletti,
Detcherry, Kalfagianni, and Yang represented the Turaev-Viro invariants in terms of the relative
Reshetikhin-Turaev invariants, which they used in combination with Costantino’s formulation
[6] to show the fundamental shadow links satisfy Conjecture 1.2. In [35], Wong and Yang also
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use this shadow viewpoint to study a version of the volume conjecture involving the relative
Reshetikhin-Turaev invariants. In this paper, we utilize the same approach to prove Theorem 4.1;
however, we note that the form of the relative Reshetikhin-Turaev invariants we study here is
more complicated.

Moreover, the Turaev-Viro invariants are related to a measure of complexity of a manifold
called the shadow complexity derived from Turaev’s shadow perspective for 3-manifolds. We refer
to Costantino and Thurston [8] or Turaev [31] for more details. The shadow complexity ¢ € N of
a manifold gives a sharp upper bound for the growth rate of its Turaev-Viro invariants as stated
in the following.

Corollary 1.4 ([3], Corollary 3.11). If M has shadow complexity c, then
ITV(M) < LTV(M) < 2cug,

where ITV(M) = liminf, ., 2 log |TV,(M;q)| and LTV(M) = limsup, ., 2 log |TV,(M; g)|.
Furthermore, we have equalities for fundamental shadow links.

In a similar way, the manifolds M; (k, ) have a shadow complexity based on the elementary
pieces used in their construction such that they satisfy the same equalities as the fundamen-
tal shadow links as shown in Theorem 4.1. In terms of the shadow construction described in
Section 3.2, the shadow complexity is the number of the shadow’s vertices ¢ = k + 21.

The paper is organized as follows: We recall Agol’s construction of cusped 3-manifolds and
introduce the family of manifolds M in Section 2. In Section 3, we introduce Turaev’s shadow
invariant and discuss its relationship with the relative Reshetikhin-Turaev and Turaev-Viro
invariants. We include definitions of the relative Reshetikhin-Turaev and Turaev-Viro invariants
in Section 3 in order to provide context for the interplay between the invariants, but we stress
that these precise definitions are not needed to understand the proof of Theorem 4.1. This proof
comprises Section 4, and lastly, Section 5 consists of further directions for this project.

2 | LINK FAMILY

In this section, we will construct the link family M. We begin by recalling a construction of
Agol [1] in Section 2.1. In Section 2.2, we use Agol’s algorithm to construct the family of link
complements M.

2.1 | Agol’s construction of cusped 3-manifolds

Agol [1] introduced a method which uses the pants complex of a surface and links in bundles over
that surface to construct compact manifolds with well-understood geometric characteristics. We
outline the construction here.

Definition 2.1. Let X, be a connected compact orientable surface of genus g with n bound-
ary components and Euler characteristic (£, ,) = 2(1 — g) — n. We denote the closed surface
of genus g by Z,. For (2, ,) <0, a pants decomposition is a maximal collection of distinct
smoothly embedded simple closed curves on £, , which have trivial intersection pairwise. A pants
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(a) An example of an S—move. (b) An example of an A—move.

FIGURE 1 Examples of the elementary moves

decomposition {ay, ..., ay} consists of N = 3(g — 1) +n curves, and cutting =
curves produces —x(Z, ,,) pairs of pants ¥ 5.

g.n along these

‘We note that the pants decompositions of a given surface are not unique.

Definition 2.2. Two pants decompositions P = {a, ..., ay}and P/ = {ag, s ocj’v} ofasurfaceZ, ,
are said to differ by an elementary move if P’ can be obtained from P by replacing one curve «; with
another curve ! such that a; and o] intersect minimally in one of the following ways:

* Ifa; liesona X, ; in the complement of the other curves in P, then «; is on a single pair of pants
and o; and a] must intersect exactly once.

* Ifq; lieson a % 4 in the complement of the other curves in P, then ¢; is the boundary between
two pairs of pants and «; and al.’ must intersect exactly twice.

We call a curve switch on Z, ; a simple move, or S-move, and a curve switch on X, , an associativity
move, or A-move. Examples of the elementary moves are given in Figure 1.

Definition 2.3 [13]. The pants decomposition graph P(Eg,n)(l) of £, , is the graph with vertices
corresponding to isotopy classes of pants decompositions of £ , and edges corresponding to pairs
of isotopy classes which differ by a single elementary move.

The following theorem, originally stated at the end of [14], is proven by Hatcher, Lochak, and
Schneps in [13, Theorem 2].

Theorem 2.4 ([13], Theorem 2). Let g,n € NU{0}and let X, be a connected compact orientable
surface with x(Z, ) < 0. Then the pants decomposition graph P(Z g,n)(l) is connected.

Definition 2.5. For a given homeomorphism f : X , — X, define the associated mapping

torusby Ty = (2, ,, X [0,1])/((x,0) ~ (f(x), 1)

g.n>

In [1], Agol constructed cusped 3-manifolds from the mapping torus T; and a path P on the
pants decomposition graph P(Z, , ). We outline the construction as follows:

* Letf :%,, > Z,,beahomeomorphismand P = {P;}" 'be apath such that each P; is a vertex
of the pants decomposition graph, each P; and P, are connected by an edge, and P,, = f(P,).

* Forie({l,..,m} let §; correspond to the simple closed curve in P; obtained from performing
a single elementary move on a simple closed curve in P;_;. We assume there exists no curve §3;
that is contained in all the pants decompositions P;.
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FIGURE 2 The projections of M, (2,2) and M;,(2, 2) onto the base surface %,, where L and L’ are
8-component links in =, X S!

* Let B ={B;}" bethelink in T such that B; = §; X {i} is a link component, and we define the
cusped 3-manifold M) to be the complement of the link Bin T;.

Agol proves the following lemma in [1].

Lemma 2.6 ([1], Lemma 2.3 and Corollary 2.4). Let My be the cusped 3-manifold obtained from
Agol’s construction for a homeomorphism f * £, , - X, andapathPonP(Z, , Y. Then Mp has
a complete hyperbolic metric such that vol(Mp) = (|S| + 2|A|)vg where vol(Mp) is the hyperbolic
volume, |S| and |A| are the number of S- and A-moves in P, respectively, and vg = 3.66 is the volume
of a regular ideal hyperbolic octahedron.

2.2 | Manifold construction

Here we will discuss a family of links with octahedral complements in S*-bundles over connected
closed orientable surfaces.

Let Z, be a connected closed orientable surface of genus g constructed by gluing k copies of
Z,, and [ copies of %, , along their boundary components. We glue each pair of S! boundary
components via identity maps. Since X has no boundary components, k must be even.

Consider the closed orientable 3-manifold T;; = £, X S'. Note each gluing circle of X, corre-
sponds to a torus in T';;. This manifold can be decomposed into elementary pieces by cutting along
these tori so that the resulting pieces are trivial S'-bundles over k copies of %, and [ copies of
%y 4- We perform a pair of S-moves in each copy of Z, ; with P, = P, on the pants complex of
%, ; to produce a two-component link Lg. By Lemma 2.6, the complement of Lg in &, ; X S lhasa
complete hyperbolic metric with hyperbolic volume 2vg. We call this complement an S-piece. Sim-
ilarly, we perform a pair of A-moves in each copy of %, , with P, = P, to produce a two-component
link L,. By Lemma 2.6, the complement of L4 in X 4 X S ! has a complete hyperbolic metric with
hyperbolic volume 4vg. We call this complement an A-piece.

LetL = |_|§{:1 LiS v |_|£.:1 Li be the union of these two component links in £, x S'. We denote
the (2k + 2l)-component link complement (Z, X SY\L by M, (k,1). We remark that M, (k, 1) is
not hyperbolic since the gluing procedure produces essential tori. However, by Lemma 2.6, each
S-piece and A-piece of M; (k, ) contributes 2vg and 4vg to the simplicial volume, respectively, so
L3 |IM; (k, D|| = 2(k + 21)vg. Two examples of manifolds of type (2,2) are given in Figure 2. Figure 3
gives a decomposition of each example into their respective S- and A-pieces.

Let M ={M;(k,])|L C Z,x S, g =2, k,1 €N, k even} be the family of compact orientable
3-manifolds constructed from k S-pieces and ! A-pieces. In Section 4, we will prove Theorem 4.1
for manifolds in this infinite family.
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FIGURE 3 From cutting %, along the blue curves which lift to essential tori in M;(2,2) and M; (2, 2), we
obtain two S-pieces and two A-pieces

Remark 2.7. Note that since we only require that P, = P, in the construction of the S- and A-
pieces, we can take P, to be an arbitrary vertex on the pants decomposition graph which gives rise
to infinitely many choices for P;. This implies that we also have infinitely many choices for the
elementary pieces used in the construction of M; (k, I). That being said, because they are hyper-
bolic, Corollary 6.6.2 by Thurston [28] implies that there are at most finitely many elementary
pieces up to homeomorphism.

3 | THE TURAEV-VIRO INVARIANTS FROM THE PERSPECTIVE OF
SHADOWS

In this section, we introduce Turaev’s shadow theory of 3-manifolds. We begin with an introduc-
tion to the quantum 6j-symbols and some of their properties in Section 3.1. In Section 3.2, we
introduce Turaev’s shadow state sum invariant for links in S'-bundles over surfaces and briefly
discuss how Turaev’s shadow construction can be generalized to all 3-manifolds. In Section 3.3,
we introduce the relative Reshetikhin-Turaev invariants and relate them to the shadow state
sum invariant. We then introduce the Turaev-Viro invariants and discuss the results of Belletti,
Detcherry, Kalfagianni, and Yang [3] relating them to the relative Reshetikhin-Turaev invariants.

ZHW

-1
For the rest of this paper, letr > 3bean odd integerandq = e+ . Define the quantum integer
by [n] = qq__; and the quantum factorial by

-1

n

[t = []lkI

k=1

where k is a positive integer. By convention, we also define [0]! = 1. Finally, letI, = {0,1,2,...,r —
2}. Throughout the paper, we use the convention that \/§ = y/|y|V—1 for any negative real
number y.

3.1 | Quantum 6j symbols

We first introduce the quantum 6j-symbols. Deeper algebraic and geometric properties of the
quantum 6 j-symbols can be found in Kirillov and Reshetikhin [18], Turaev and Viro [32], and
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Turaev [30, 31]. Note that other than the use of [n] for the quantum integer rather than {n} :=
q" — q7", the definitions introduced in this section largely follow the conventions and notation of
[3]. In particular, our coloring set I, is defined in terms of integers rather than the conventionally
chosen half-integers used in [5, 32].

Definition 3.1. A triple (a,, a,, a;) of integers in I, is r-admissible if

(i) a; +a,+ ayiseven,
() ay +a,+a; <2(r—2),
(iii) a; + a;—qg> Oforanyi, j, k €{1,2,3}.

We say a 6-tuple (a, ..., ag) is r-admissible if the triples (a,,a,, a3), (a;,as, ag), (a,, a4, ag), and
(a3, a4, as) are r-admissible.

For an r-admissible triple (a,, a,, a3), define

2 : 2 :

[MH];
: !

[a1+a2—a3 ] ' [a1+a3—a2 ] | [a2+a3—a1 ] ,
> !

Alay, a3, a3) =

Definition 3.2. The quantum 6j-symbol of an r-admissible 6-tuple (a;, ..., aq) is the complex
number

a a, a -3 g
1 2 3 =/—1 ! lA(al,az,a3)A(a1,aS,aG)A(az,a4,a6)A(a3’a4’a5)
a, as ag
min{Q;}
—D*[k + 1]
_ (=D"[ 3 ] ce. o
k=max{T;} Hi:l [k =T;]! Hj=1 [QJ - k]!
Where Tl = a1+a2+a37 T2 = a1+a25+a6’ T3 = a2+az4—+a_6, T4 = _a3+a2—4+a5.’ Q1 = a1+a2_;_a4+a5, Qz =
A +a3+a4+06 and Q3 — BLtaztastas
9’ 2_.

We remark that the value of the quantum 6 j-symbol is either real or purely imaginary.
2my/=1

‘We now recall some properties of the quantum 6j-symbol at g =e™ . For an r-admissible
6-tuple (i, j, k, I, m, n), the symmetries

Il m k

i j n

i m n
I j k

ij okl |j ik

m |l n

I j n

= = = = @)

Il m n Il n m i m k

ikj‘

follow immediately from the definition of the quantum 6 j-symbol.

Belletti, Detcherry, Kalfagianni, and Yang [3] give an upper bound for the growth rate of the
quantum 6j-symbol, which we state in the following theorem. Related results on these growth
rates are also due to Costantino [6].
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Theorem 3.3 ([3], Theorem 1.2 and Lemma 3.13). For any odd r > 3 and any r-admissible 6-tuple
(ar, ..., ag),

a, a, a log(r
2—ﬂlog L <08+O< & )>. 3)
r ay Gs Gg,_ e”f r
Moreover, this bound is sharp. If the sign is chosen such that = r+1 is even, then
B relorxl ol log(r)
U 2 2 2 —
Tlog i orm orm| o —vg+0< " ) “@
2 2 2 |g=e

The authors of [3] also prove the following result of Costantino [6] for the rootqg = e~ r . Let
the summand of Equation (1) be given by

_ (=DK[k + 1]!
[, k=T T, [Q) — k]!

where k € {max {T}}, ..., min {Qj}} fori=1,2,3,4and j = 1,2,3.

Theorem 3.4 ([3], Theorem A.1). Let (a(r) s aér)) be a sequence of admissible 6-tuples such that

@) 0<Q;—T; < %fori=1,2,3,4andj=1,2,3, and
(b) 2 <T;<r—2fori=1,2,3,4

(r
T and let a; = |m — 6;|. Then

Let6; =1lim,_,

(1) for eachr, the sign of Sy is independent of the choice of k, for k € {max{T}, ..., min{Q;}};

(2) ay,..., a4 are the dihedral angles of an ideal or a hyperideal hyperbolic tetrahedron A, see
Remark 3.5; and

(3) asr runs over the odd integers

() a(r) (r)

. 27T 1 2 3

lim = lo = vol(A). 5

ST | RGN o0| v vol(A) ®)
g=e” 1

Remark 3.5. We refer to [2] for details on hyperideal hyperbolic tetrahedra. In particular, the num-
bers a, ..., &g correspond to the dihedral angles of an ideal or hyperideal hyperbolic tetrahedron
if and only if around each vertex, a; + o; + o < 7 for i, j,k € {1, ..., 6}.

The even integers can be written as the two sets {rH | ¥ =3 mod 4} and { Lir=1 mod 4}
corresponding to the subsequences that achieve the sharp upper bound of Theorem 3.3, Equa-
tion (4). Another such pair of subsequences is ( ) and (== 1) The following is analogous to [3,
Lemma 3.13].
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Lemma 3.6. Ifthe sign is chosen such that % is even, then

, r-241  r-2s1  r-2sl log(r)
1 2 2 2, 08+O< %, > ©

Proof. First note thatther =1 mod 4 case is covered by Equation (4). Whenr =3 mod 4,T; =
@ foralli=1,2,3,4, and Qj=r-3 for j =1,2,3, so the 6-tuple (%, s %) satisfies the
assumptions of Theorem 3.4 for r > 5. Here the corresponding hyperideal truncated tetrahedron
Ahasdihedral angles o; = Ofor alli, so A is aregular ideal hyperbolic octahedron and vol(A) = vyg.
We refer to [6], Definition 2.1 for details. By part (3) of Theorem 3.4,

5 r=3 r=3 r=3
. 2T 2 2 2 _
Mm ==log||,%5 55 45 |
2 2 2 lg=e™r ]
3.2 | Shadow state sum invariants

We now describe Turaev’s state sum invariants for 2-dimensional polyhedra representing links
in S'-bundles over surfaces. In an effort to construct analogous invariants to the colored Jones
polynomial of links in S3, Turaev [30, 31] introduces a technique to present links in S'-fibrations
over surfaces as loops on X, with additional topological data given by the bundle. From this 2-
dimensional presentation, we can build quantum invariants of the colored link.

We begin by recalling the construction of Turaev’s shadow state sum invariant [30, 31] for S*-
bundles over surfaces, largely following the construction given in [30]. Let £, be a compact
orientable surface of genus g with n boundary components. Consider a finite collection of loops
{l, : $' -2, ,}onZ, , with only double transversal crossings ; N [; for any i, j. Denote by T the
1-dimensional CW-complex consisting of the collection of loops {l;} and crossing points {/; N [;},
and let P denote the pair (£, ,,,I'). We define the connected components X, of £ ,\I to be the
regions of P.

Definition 3.7. A shadow is a pair (P, gl) where gl : {X;} — %Z is a map that assigns a half-
integer to each region of P. This half-integer is called the gleam of the region. The total gleam of a
shadow is defined to be

total gleam = Z (9lX) = 2#{; n 1},
7

where #{; N [;} is the number of crossing points of P.

We will restrict our attention to shadows on closed surfaces. Suppose X is a closed orientable
surfaceandp : M — X isan oriented S'-bundle over £ - LetL C M bealink. We say that L C M
is generic if it is transverse to the fibers with respect to p and the collection of immersed loops
p(L) C Z,, only have double transversal crossings. In [30], Turaev constructs a map which asso-
ciates a shadow (P(L), gl) to L C M, where the gleams of each region of P(L) are determined by
the Euler number of the 2-dimensional real vector bundle associated to the oriented circle bundle
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FIGURE 4 Gleam assignment for shadows of links in trivial bundles Z, X [0,1]

p. The construction of the map gl : {X;} — %Z for general S'-bundles over £ , Will not be relevant
to the arguments that follow, so we refer to section 3(a) of [30] for further details. The following
theorem of Turaev is a result of this construction.

Theorem 3.8 ([30], Theorem 3.2). Let p : M — X, be an oriented circle bundle over a closed
orientable surface X, and let L C M be a generic link with respect to p. Then there is a shadow
(P(L), gl) with total gleam —y(p) associated to L C M, where y(p) is the Euler number of
the bundle.

For our purposes, we restrict further to the special case where L C £, X S landp : = g X St —
%, is the trivial bundle. We can embed £, X [0,1] & £, X S ! via the map

(x,t) — <x,e2”\/_—“>.

Now consider L as a subset of £ X [0,1]. It is a generic link with well-defined over- and under-
crossings in the projection P|zg><[o,1](L) on X . This projection produces a shadow on X, with
gleams assigned as in Figure 4, where the gleam of each region is the sum of the associated 1s.

Note that L C X, x[0,1]C X, xS is a generic link with respect to p. The projection
el |ng[0’1] (L) with gleams assigned using Figure 4 coincides with the shadow (P(L), gl) constructed
using Theorem 3.8 with total gleam —y(p) = 0. As an elementary example, we consider the
following example of Costantino and Thurston [8].

Example 3.9 ([8], Example 3.5). Consider the shadow on %, = S? with T' = {J and total gleam 0.
This shadow corresponds to the empty link in the bundle p : S? x S! — 52, where the triviality
of the bundle is encoded by the zero gleam.

In order to define Turaev’s shadow state sum invariant, we need to consider colorings of the
link L C M.

Definition 3.10. Let M be a closed 3-manifold. An I,-coloring of alink L C M assigns an element
of I, to each component of L. Similarly, an I,-coloring of a shadow (P, gl) assigns an element of I,
to each loop of (P, gl).

If p: M — Z, is a circle bundle over a closed surface £, an I,-coloring y of a link L in M
descends to an I,-coloring y of the loops of the shadow (P(L), gl) constructed using Theorem 3.8.
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FIGURE 5 Anedge e contained in a loop [ of (P, gl,y) and its two adjacent regions X and X’. An admissible
surface-coloring assigns colors 7(X) and 7(X") for which (y(e), n(X), n(X’)) an r-admissible triple

FIGURE 6 Admissible surface-coloring at a crossing

Definition 3.11. Let (P, gl,y) be an I,-colored shadow with gleams gl and loops colored by y. A
surface-coloring n of (P, gl, y) assigns an element of I, to each region of (P, gl, 7).

Suppose an edge e from a loop of (P, g1, y) is adjacent to two regions X, X’ of (P, gl, y). This edge
has a fixed color y(e), and the regions X and X’ are assigned colors 7(X) and 5n(X'), respectively,

by .

Definition 3.12. A surface-coloring 7 of (P, gl, ) is called admissible if for any edge e adjacent
to two regions X, X’ of (P, gl,y), the triple (y(e), n(X),n(X")) € If is r-admissible in the sense of
Definition 3.1.

Figure 5 gives the local picture for admissibility. Let adm(P, gl,y) denote the set of admissible
surface-colorings of (P, gl,y).

Suppose ¢y, ..., ¢, are the crossing points of P, each an intersection of two distinct loops or a
self-crossing of a single loop of P. Suppose these loops have colors i and [, respectively. Then
an admissible surface-coloring 7 € adm(P, gl, y) assigns colors j, k, m, n to the four regions inci-
dent at the crossing point ¢, so that (i, j, k,l,m,n) forms an r-admissible 6-tuple. In particular,
(i, j,k),(i,m,n),(j,l,n), and (k,1, m) are r-admissible triples. Figure 6 illustrates an admissible
surface-coloring (j, k, m, n) around a crossing point of loops colored by i and 1.

Using Definition 3.2 of the quantum 6j-symbol, we let

i j ok

Il m n

leg|? = ' e C.
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LetX,,..,X q be the regions of (P, gl,¥), and let x;, y;, and z, be the gleam, Euler characteristic,
and number of corners of the region X, respectively. Define the modified gleam of X, by x{ =
x; —z,;/2.For j €I, let

u = n\/—_1<%> (1— ] +2>, vy = (~1)/[j +11.

r

Then for each admissible surface-coloring 7, let

P q
Xt
|(P, gl)|;7, = H lcg]” H ((v,}(xl)) exp<2u,}(X[)xt’>> €C, @)
s=1 t=1

where 7(X,) is the region color of X, assigned by 7.

Remark 3.13. Note that the gleams and the surface-colorings are independent of each other. The
gleams encode topological data from the S'-bundle p : M — X , and do not affect the quantum
6j-symbols in the first product of Equation (7), only the second product taken over the regions of

(P, gD).

Definition 3.14. The shadow state sum |(P, gl)|, is defined by the following sum over all
admissible surface-colorings » € adm(P, gl,y).

P.gDl, = ), |@gDl) ec. ®)

n€adm(P,gl,y)

Turaev established the following theorem in [30] and generalized it in [31].

Theorem 3.15 ([30], Theorem 5.1 and Corollary 5.2). Let (P, gl,y) be an I,.-colored shadow. Then
the shadow state sum |(P, gl)|, is a complex-valued regular isotopy invariant of colored shadows.
Furthermore, this invariant gives rise to a complex-valued isotopy invariant of colored links in S*-
bundles over closed orientable surfaces.

Remark 3.16. The notion of regular isotopy invariance of colored shadows will not be relevant for
our purposes since we only work with the projections arising from the construction of the links
in Section 2. For details on the relationship between isotopy invariance of colored shadows and
colored links in S'-bundles over surfaces, we refer to [30] sections 2, 3, and 4.

Turaev generalized the construction of colored shadows from the setting of colored links in S*-
bundles over closed surfaces [30] to colored links in closed 3-manifolds in [31, , Chapters IX and
X]. While this general characterization is not relevant to the arguments that follow, we include a
brief description. Turaev shows that any 3-manifold N which is the boundary of a 4-manifold W
can be associated a shadow (P, gl). Roughly speaking, Turaev constructs the polyhedron P using
dual cell subdivisions of a triangulation of N and equips gleams which encode the topology of
the regular neighborhood of P in W. The details of this construction can be found in IX.1 of [31].
Further, if N contains a framed link T colored by y, Turaev extended this construction to a colored
shadow (P, gl, y) associated to (N, T, y). In addition, we note this construction can be generalized
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to colored framed trivalent graphs contained in a 3-manifold N. We refer the reader to X.7.1 of [31]
for details.

For simplicity, we consider the following alternative construction, which can be found in [8],
to further support this more general notion of a shadow of a 3-manifold. The framed link L C S3
has a shadow (P, gl;) constructed by gluing a disk to L X [0,1] along L X {0}. Surgery along a
component of L is equivalent to gluing the core of a 2-handle to P,, and this gluing does not
change the gleam of the capped region. Due independently to Lickorish [19] and Wallace [33],
any 3-manifold N can be obtained by performing integer surgery on a link in S*, meaning that
every 3-manifold N has a shadow with gleams related to its surgery presentation. We refer the
reader to [21, Chapter 12] and [27, Chapter 9] for more details on knot and link surgery.

3.3 | Relating the quantum invariants

Here, we introduce the r-th relative Reshetikhin-Turaev invariants and their relation to Turaev’s
shadow state sum invariant established in [31]. We then define the Turaev-Viro invariants, which
can be computed in terms of the r-th relative Reshetikhin-Turaev invariants [3, 11]. We remark
that the precise definitions presented here are not essential to understanding the arguments that
follow, but nevertheless provide valuable context for the motivation behind our arguments.

We give a brief outline of the relative Reshetikhin-Turaev invariants using the skein theoretical
approach. For more details, see [4] by Blanchet, Habegger, Masbaum, and Vogel as well as [20]
by Lickorish. Although we will define the relative Reshetikhin-Turaev invariants in terms of a
surgery presentation for a 3-manifold, we will see in Theorem 3.18 that the invariants can also be
constructed from the state sum invariants considered in Theorem 3.15, which will be more useful
for our purposes.

For an oriented 3-manifold M and r > 3, we define the Kauffiman bracket skein module K, (M) of
M to be the C-module generated by the isotopy classes of framed links in M modulo the following

relations: < > . < >

(I1) Framing relation: <L L > = (—q — ¢ H(L).

In the case when M = S3, the Kauffman bracket skein module K,(S?) is 1-dimensional, and we
obtain an isomorphism

N|=
N[

(I) Kauffman bracket skein relation:< > =q

<> : Kr(SS) - C

by sending the empty diagram to 1. For a link L C S3, we call the image (L) € C the Kauffiman
bracket of L.

We now consider the Kauffman bracket skein module K,(S! x [0,1]?) of the solid torus. For
any framed link L C S* with k ordered components and by, b,, ..., b, € K,(S! x [0, 1]%), we define
the C-multilinear map

(yr)p 2 K(STX[0,1]%) = C,

where (b, b,, ..., by ); is the cabling of the components of L by b;, b,, ..., b, followed by evaluating
in K,(S®) using the Kauffman bracket.
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On K,(S! x [0,1]?), there is a commutative multiplication induced by juxtaposition of annuli
S x [0,1] x {pt} making K,(S* x [0,1]?) a C-algebra. By sending the core of the annuli to the
indeterminate z, we obtain the isomorphism K,(S! X [0, 1]?) = C[z]. We will not go into detail;
however, we can construct specific elements e,,,, w, € K,(S! X [0, 1]?) where m € I,. The e,, will
correspond to colorings of our link, and the element w, is known as the Kirby coloring which will
allow us to define an invariant for a framed link in any closed oriented 3-manifold. We will now
define the r-th relative Reshetikhin-Turaev invariants.

Definition 3.17. Let M be a closed oriented 3-manifold presented in S* by surgery along the
framed link L’ with n’ components, and let L be a framed link in S* with n components. We
consider the link L LI L’ C S® with n + n’ components where the first n components correspond
to the components of L. For a coloring y = (y1,75,...,7,) € I of components of L, we define the
r-th relative Reshetikhin-Turaev invariants as

_ —a(L)
RT,(M,L,y) = u,<ey1, s €y, W, ...,a)r>LuU(a),)U+ R
where u, is a constant dependent on r, U, is the +1 framed unknot, and o(L’) is the signature
of the linking matrix of L’. For the explicit constructions of u,, e,,, and w,, we again reference [4,
20].

Turaev’s constructions in IX and X of [31] establish a deep relationship between the r-th rel-
ative Reshetikhin-Turaev invariants and the generalized shadow state sum invariant. Notably,
one can study the r-th relative Reshetikhin-Turaev invariants of a colored framed link in a closed
3-manifold from the perspective of colored shadows. In [7], Costantino used this relationship to
study the colored Jones invariants of links in S*#,(S? x S') from the shadow perspective. We
include Costantino’s statement of Turaev’s result from X.7.1 of [31] here.

Theorem 3.18 ([7], Theorem 3.3). Let N be a closed 3-manifold and T C N a colored framed triva-
lent graph in N colored by y. Let (P, gl,y) be a colored shadow of (N,T). Then RT,(N,T,y) :=
C,I(P, gD, is a complex-valued homeomorphism invariant of (N, T).

Remark 3.19. Theorem 3.18 is stated generally in terms of framed trivalent graphs rather than
framed links to be consistent with the literature [7, 31]. The full generality of the result is not
necessary for the arguments that follow since we only consider manifolds containing framed links.

Remark 3.20. Here, the factor C, is considered a ‘normalization factor’. See [7] for a precise for-
mulation. In the case Turaev [30] studies, where N is homeomorphic to an S'-bundle over a
closed surface and T is a link, the factor C, does not depend on T. It can therefore be ignored
for our purposes.

Finally, we introduce the r-th Turaev-Viro invariant and a method for calculating it in terms of
the r-th relative Reshetikhin-Turaev invariants [3, 11]. Turaev and Viro [32] defined a real-valued
topological invariant on a triangulation of a compact 3-manifold for fixed r and a root of unity gq
using quantum 6 j-symbols. We will define the SU(2)-version of the invariant for odd r > 3 and

Zn\/jl

g =e r interms of the quantum 6j-symbols defined in Section 3.1, following the conventions
of [3]. We begin by introducing the notion of an admissible coloring of a triangulation.

8518017 SUOWIWOD aAITeaID 3|qedt|dde ayy Aq peusenob ae sspnte YO ‘8sn Jo S9N Joy Arig1T8uljUQ /8|1 UO (SUonIpUOD-pUR-SWBIALI0D A8 | 1M Ae.q 1 pulUO//:SdNy) SUONIPUOD pUe WS | 8U1 89S “[7202/80/TT] U0 ARlIqi 8UlUO AB|IM ‘SSIZT SW(ZTTT 0T/I0P/W00" A8 1M AReIq 1 PUIUO D0SYRWPUO|//:SdNy WoJj pepeoumod ‘v ‘2202 ‘0S.L69VT



3058 | KUMAR AND MELBY

Definition 3.21. An r-admissible coloring of a tetrahedron T is a map assigning an r-admissible
6-tuple (a;,...,a4) € If to the edges of T In particular, the triples (a;, a;, ai) corresponding to
each face of T must be r-admissible triples satisfying Definition 3.1. We say that a coloring of
the edges of a triangulation 7 of a 3-manifold is r-admissible if each tetrahedron T € t admits an
r-admissible coloring.

Definition 3.22. Let M be a compact orientable 3-manifold with boundary M. We say 7 is a
partially ideal triangulation of M if some vertices of the triangulation are truncated, and the faces
of the truncated vertices form a triangulation of oM.

Let Adm(r, 1) denote the set of r-admissible colorings of 7. Denote the set of interior vertices
of T by V and the set of interior edges of 7 by E. Given a coloring y € Adm(r, 1), and edgee € E,
and a tetrahedron T € t, we define

lel, := (=1@[y(e) + 1],
and |T, to be the quantum 6j-symbol associated to the 6-tuple assigned to T by y.

2

Definition 3.23. Fixr >3 be odd and g =e . Let M be a compact orientable 3-manifold
with boundary dM, and let 7 be a partially ideal triangulation of M. Then the r-th Turaev-Viro
invariant at the root q is given by

21|

TV,.(M,1;q) :=

ﬁsm(z?ﬂ) D <H|e|yH|T|y>. ©

\/; y€Adm(r,r) \e€E Ter

The quantity TV, (M, 7; q) is independent of the choice of partially ideal triangulation 7 by [32],
so it is a topological invariant of M. For a link complement M\L, this means TV,(M\L; q) can be
computed by summing over I,-colorings of the link L ¢ M. In [3] and [11], the authors prove that
the r-th Turaev-Viro invariant of a link complement M\ L can be computed via the r-th relative
Reshetikhin-Turaev invariants of (M, L).

Proposition 3.24 [3, 11]. Let M be a 3-manifold, L C M be a link with k components, and

RT,.(M,L,y) be the r-th relative Reshetikhin-Turaev invariant of (M, L) with the link L colored by
21

k . . . _ . .
y € I'. Then the Turaev-Viro invariant of the complement M\L atq = e+ is given by

TV,(M\L;q) = ) |RT,(M,L,y)|". (10)
yeli‘

4 | PROOF OF THEOREM 4.1

In this section, we prove Theorem 4.1 which we restate here.
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:

(a) Shadow corresponding to  (b) Shadow corresponding to
a pair of S—moves. The single  a pair of A—moves. Each re-
region has gleam 2. gion has gleam 1.

FIGURE 7 S-and A-pieces

27'[\/—»1

Theorem 4.1. Let M, (k,l) € M. Then for r running over odd integersandq =e™ r
. 2w
Jlim - log [TV, (M (k,D); @)| = vs||[M(k,D|| = 2(k + 2D)vg,
where vg & 3.66 is the volume of the regular ideal hyperbolic octahedron.

To do this, we first write a formula for the shadow state sum invariants (P, gl)|,, for the family
M of links in trivial S'-bundles over surfaces constructed in Section 2.2. We will then state and
prove Lemma 4.6 regarding the asymptotics of |(P, gl)|,. We complete the proof of Theorem 4.1
using Lemma 4.6 and the formulation of the Turaev-Viro invariants from Subsection 3.3 in terms
of the r-th relative Reshetikhin-Turaev invariants.

Remark 4.2. Computing the relative Reshetikhin-Turaev invariants is difficult in general, but the
family M was constructed in order to simplify their calculation significantly from the shadow
state sum perspective. In particular, shadows of these manifolds have simple gleams and topolog-
ically simple regions that allow us to reduce the proof of Theorem 4.1 to studying properties of
quantum 6 j-symbols. These manifolds also have well-understood simplicial volumes determined
by k and [.

Let M; (k,l) € M be the complement of a link L in a 3-manifold M = X g X S! constructed as
in Section 2.2. By Theorem 3.8, M, (k,[) has a shadow (P, gl) associated to it. M;(k,l) has an
elementary decomposition into k S-pieces and [ A-pieces. The shadow (P, gl) has a correspond-
ing decomposition, so we also refer to these shadows on Z, ; and % , as S-pieces and A-pieces,
respectively. An S-piece has two loops which intersect at a single vertex. Let sy, ..., s, denote the
intersection points on the k S-pieces. An A-piece has two loops which intersect at two vertices.
Let (a}, af), s (all, alz) denote the intersection points on the I A-pieces.

We make the following observations about M; (k, I):

» Each S-piece of (P, gl) has two curves, one vertex and one region X with z = 4 corners as in
Figure 7a. This region has gleam x = 2 since gleams are assigned to regions for trivial bundles
as in Figure 4. Cutting %, ; along one of the two curves produces a pair of pants such that the
second curve becomes a simple arc connecting the two new boundary components. Cutting
along this arc produces an annulus, so X has Euler characteristic y = 0. The modified gleam of
the region of this shadow is X’ = x —z/2 = 0.

5UBD |7 SUOWWOD aAIIeaID a|geal|dde ays Aq peutonod ake sapnJe YO ‘asn Jo Sa|nJ 104 ArIq 1T auljuQ AS|IAN UO (SUOIIPUOD-pUE-SWLLB)0Y A3 [ IM Afeiq 1 P UO//:Sd1Y) SUOIIIPUOD pue SWd | 8Ly 38S *[7202/80/TT] Uo ARiqiauljuQ A1 ‘SS9ZT SW|(/ZTTT OT/IOP/W0d A3 [IM Afe.d 1 pUl[UD"00SYIWPUO /ANy Wo.j papeojumoq ‘v ‘2202 ‘0S.L697T



3060 | KUMAR AND MELBY

* Each A-piece of (P, gl) has two curves, two vertices, and four regions X, t = 1,2, 3,4, each
with z, = 2 corners, as in Figure 7b. Again, using the gleam assignment from Figure 4, each of
the four regions has gleam x; = 1. Cutting %, , along one of the two curves separates % 4 into
two pairs of pants such that the second curve is split into a simple arc on each pair of pants
with endpoints on a single boundary component. Cutting the two pairs of pants along these
arcs produces four annuli, so X, has Euler characteristic y; = 0 for t = 1, 2, 3, 4. The modified
gleam of each region of this shadow is x; = x;, —z,/2 =0

Remark 4.3. While the underlying surface of the shadow (P, gl) associated to M; (k, I) is closed,
the underlying surfaces of the S- and A-pieces have boundary. By the construction of M; (k, 1),
the annular regions of the S- and A-pieces are glued along their boundaries to form the regions
of (P, gl). The gleam (resp. Euler characteristic) of a region X of (P, gl) is the sum of the gleams
(resp. Euler characteristic) of the regions in the S- and A-pieces that are glued to form X.

Letyel f"”l be an I,-coloring of L C M. The loops of the associated shadow (P, gI) inherit
this I,-coloring y. Let n € adm(P, gl, y) be an admissible surface-coloring of (P, gl,y). The S- and
A-piece observations imply that for the state |(P, gl)lz defined in Equation (7), y, = x| = 0 for all
regions X;. This means

ﬁ (( n(X)> eXP(Zun(Xt)x{)) =1.

t=1

Using this and Equation (7), we reformulate the state sum invariant of the I.-colored shadow
associated to M; (k, ) in the following proposition.

Proposition 4.4. Let (P, gl,y) be a colored shadow associated to M; (k,l). Then the shadow state
sum invariant is given by

gDl = D, I(PgDI]

n€adm(P,gly)

= Z H|s |’7H|a I”la 7. €y

neadm(P,glyy) i=

Since Equation (11) is a sum of products of quantum 6 j-symbols, Proposition 4.4 allows us to
use the explicit properties of quantum 6 j-symbols discussed in Section 3.1. The following technical
lemma will be used to prove Theorem 4.1.

Remark 4.5. We will use the abbreviation (n) : = (n, ..., n) for tuples of colors throughout the rest
of the paper.

Lemma 4.6. Let M;(k,]) € M and y = (n,) € I***?, where n, := % when r =1 mod 4 and
n, := % whenr =3 mod 4. Let (P, gl,y) be the I,-colored shadow representing M; (k, ). Then

r

. 4m
lim =% log |I(P. gDy, = vslIMy (K. DI, (12)

where Us||M (k, || = 2(k + 21)vg is the simplicial volume of M (k, ).
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The following two lemmas give properties of quantum 6j-symbols that will be leveraged to
establish a lower bound for the limit in Equation (12) of Lemma 4.6.
Lemma 4.7. Let n, := % when r =1 mod 4 and n, := ? when r =3 mod 4. Suppose
my, my, ms,my € I, and the tuple (n,,m;,m,,n,,my,m,) is r-admissible. Then the quantum
6 j-symbol

n, m; m,

n, ms my
is real-valued.

Proof. Letn, := % whenr =1 mod 4andn, := % whenr =3 mod 4. Note that n, is always
even. Consider the quantum 6 j-symbol associated to the tuple (n,, m;, m,, n,, mz, m,). From Def-
inition 3.2, the quantum 6j-symbol associated to the 6-tuple (a,, ..., a¢) is either real or purely
imaginary based on the value of the coefficient

—Z?: a;
V —1< ! )A(al, a,,a3)A(a;, as, ag)A(a,, ay, ag)A(as, a4, as), 13)

since the sum in Equation (1) is real-valued.
For (n,, m;, m,, n,, my, m,), the first factor is given by

(A /_1)—(n,+m1+m2+n,+m3+m4) = (A /_1)m1+m2+m3+m4 = +1.

The first equality holds because #n, is even, so 2n, has a factor of 4. The second equality is due
to the admissibility conditions which require that each of the sums m, + m,, m; + my, m; + my,
and m, + m; are even. Notice in the case of (n,, m, m, n,, m, m), the factor becomes

(1 /_1)—(2nr+4m) =1.

For the other factors of Equation (13), suppose (n,., m, m’) is an r-admissible triple and without
loss of generality, assume m > m’. Then

ntm-—m’ || m'+n,—m|, [ m+m'—n, |,
2 : 2 : 2 :

[ n,+r;1+m’ i 1] |

An,,m,m’) =

n.+m—-m' n.+m'—m

5 <%<§,and <r—2-—
n, < % Since [n] > 0for0 < n < g, the numerator of A(n,, m, m’) is real-valued. This implies the

numerator of A(n,, my, m,)A(n,, ms, my)A(my, n,, my)A(m,, n,, m;) is also real-valued. In addi-
n.+m+m’

m+m’ —n,

By the admissibility conditions, <n, < %,

tion, the admissibility conditions imply that % <n,+1< +1<r—1, so the sign of

!
[W + 1]! is given by

n,+m+m, r=1

G R
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This means the denominator of A(n,, m,, m,)A(n,, ms, my)A(m,, n,, my)A(m,,n,,ms;) is some
real-valued multiple of

\/(_1)2nr+4—2(r—1)+m1+m2+m3+m4 = +1,

where equality holds because 2n, + 4 — 2(r — 1) contains a factor of 4 and m; + m, + m; + m, is
even. Hence, the coefficient given by Equation (13) is real-valued. This implies that the quantum
6j-symbol associated to the 6-tuple (n,, m,, m,, n,,ms, m,) is real-valued. Notice in the case of
(n,, m, m, n,, m, m), the coefficient given by Equation (13) is positive. O

Lemma4.8. Letn, := % whenr =1 mod 4andn, := % whenr =3 mod 4. Letm € I, and
suppose that the tuple (n,, m, m, n,, m, m) is r-admissible. Then the sign of

n,mm‘

n, m m
is independent of m. Moreover, it is positive when r =3 mod 4 and negative whenr =1 mod 4.

Proof. Consider the quantum 6j-symbol associated to the 6-tuple (n,,m,m,n,,m,m). By
Lemma 4.7, this quantum 6 j-symbol is real-valued. The admissibility conditions imply that % <

m<r—2— "7’ By Definition 3.2,

n m m min{m+n,,2m}
" ‘ = A(nr,m,m)4 2 Spk b (14)
n, m.m k=m+2
2
where
(—D¥[k + 1]
Sm,k =

[k —(m+ %)]!ﬁm +n, —k]P[2m — k]!

Suppose thatr =1 mod 4. By the admissibility conditions, the 6-tuple (%, m,m, %, m, m) sat-
isfies assumptions (a) and (b) of Theorem 3.4. In the case that r =3 mod 4, the admissibility
conditions of the 6-tuple (%, m, m, ?, m, m) imply it satisfies assumptions (a) and (b) of Theo-
rem 3.4 for all admissible region colors except m = % = ? andm=r—-2— %’ = 3’4_5. We will
consider these cases separately.

General Case:

Suppose either r =1 mod 4 or r =3 mod 4 with Som< . Then by part (1) of Theo-
rem 3.4, the sign of S,,, , is independent of k. We now show that the sign of S,  is independent of

the region color m. Without loss of generality, consider the case k = m + %:

3r—>5

D™ 2 [m+ 2 +1]1

n =
m’m+2 2 m—& |
2] 2]

S
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Since the quantum integer [n] is real-valued, we only need to consider the signs of [m + "—2’ +1]!

and [m — %]!. By assumption (a) of Theorem 3.4 and the assumption that m <r —2 — %, we

2 b
know 0 < m — & < % so [m — %]! > 0 for all region colors m. By assumption (b) of Theo-

2

rem 3.4 and the assumption that m > %, we know % <m+ % <r—2,s0[m+ % +1] < 0 for

all region colors m. Note that [%]! > 0,s0 [m+ %’ +1)'=[m+ % +1] - %] %]! has sign
(_1)m+n7r+1—%1

Then the sign of S ny 1S

m,m+=

(_1)m+"—2’+m+%+1—% — (_1)—%’ (15)

which is independent of the region color m. By part (1) of Theorem 3.4 and Equation (14), the sign

of the quantum 6 j-symbol associated to (n,, m, m, n,, m, m) is independent of the region color m,

provided m # %, 3r4_5 in the case r =3 mod 4.
Special Cases:

_r=3 _r=3 _ .
Ifm= T,Wehave maxT; = - = manj,so

T
w
~
|
w
N
~
—_
N
¥l
—
~
|
—_
—_

r-3
r—3

|-l>|
Lo
/N
~

|
w

~

|
w

~

|
w
~—

~
w
~

w

2
2

|
|

Positivity follows because n, = ? isevenand 0 < ? +1<3.

Ifm = 3’4_5,wehavemale- =r—2andminQ; =r -2+ ?.However, since [k 4+ 1]! = 0 for
k>r—-2,

-3 3r=5 35
T T oL <r—3 3r—>5 3r—5>4 Gl UV L IS
r—3 3r—5 3r—=5| 2 ’ 4 ’ 4 r=3]y2[r=1], :
2 4 4 el A el b

Positivity follows because the denominator is positive and the numerator is given by (—1)"~2[r —

1][r] - [%] %]l, which has sign

r—2+<r—l—%) 3r=5

= (—1) 2

(-1 =1.
Thus the sign of the quantum 6 j-symbol associated to (n,, m, m, n,, m, m) is independent of m.
Moreover, by Equation (15), this 6 j-symbol is negative whenr = 1 mod 4 and positive whenr = 3
mod 4. O

We now prove Lemma 4.6.
Proof of Lemma 4.6. From Section 2.2, the link complement M, (k, [) is a compact orientable 3-

manifold with simplicial volume vs|| M (k, D)|| = 2(k + 2l)vg. We proceed by bounding the limit
in Equation (12) above and below by v, ||M; (k, D)]|.
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(a) Surface-coloring of a (b) Surface-coloring of a
shadow corresponding to a shadow corresponding to a
pair of S—moves. pair of A—moves.

FIGURE 8 Surface-colored shadows

Step 1: The upper bound

For the upper bound, note that each summand in Equation (11) is a product of k + 2] quantum
6j-symbols. By Theorem 3.3, the growth rate of a single summand of Equation (11) is bounded
above sharply by (k + 2l)vg. Let B, = #adm(P, gl,y) be the number of r-admissible surface-
colorings of (P, gl,y). The term B, grows at most polynomially with 7 since B, is bounded above
by the total number of r-admissible 6-tuples corresponding to well-defined quantum 6 j-symbols.
Thus, we obtain the following upper bound:

ar

lim sup :[log||(P’gl)|y| < lim sup 47n10g
rFr—00

r—oo

B max P, gD|”
rneadm(P,gl,y) |( g )ly

= 2lim sup 2777 log

r—o0

max P, gD|?
r)eadm(P,gl,y)K 9Dy

< 2(k + 2Dy,

where the last inequality is due to Theorem 3.3.

‘We remark that this upper bound holds for any I,-coloring y, which implies the required upper
bound for the limit in Equation (12).

Step 2: The lower bound

Letn, := % whenr =1 mod 4andn, := % when r =3 mod 4. We will prove the lower
bound for the (n,)-colored link.

For the lower bound, it suffices to show that summands of Equation (11) do not cancel with
each other when y = (n,). In particular, we will show that, for fixed r, the sign of every summand
of Equation (11) is independent of the surface-coloring n € adm(P, gl, (n,)). This means that the
absolute value of any individual summand is a lower bound for ||(P, gl)l(n,.) |. We now make some

observations about Hi.‘zl Is; |7 H;zl |aj1.|’7 |a12.|’7.

* The surface-coloring of each S-piece is given by Figure 8a. This means each factor [s;|” is the
quantum 6 j-symbol associated to the 6-tuple (n,, m, m, n,, m, m).

* The surface-coloring of each A-piece is given by Figure 8b. Using the symmetries of the
quantum 6j-symbol in Equation (2), each factor |a§.|’7, for i = 1,2, is the quantum 6 j-symbol
associated to the 6-tuple (n,, m;, m,, n,, ms, m,).

Using these observations, we can re-formulate Equation (11) for the (n,.)-colored shadow:

12

=

n. mt

i
r

1,90l = Y, I

neadm(P,gl,(n,)) i=1

(16)

l
j=1

n,
n

J J

m ml >

i i J J

n, m m , omhom
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We remark that the notation of Equation (16) is chosen out of convenience. The construction
of the invariant may introduce dependencies between surface-colors and hence between entries
of the quantum 6 j-symbols. For example, if an S-piece with region colored by m! is glued to an
A-piece along the boundary circle adjacent to a region colored by m/, the regions combine to form
a single region with color m' = m/. We choose to omit these additional details since they do not
change the overall result of Lemma 4.6.

By Lemma 4.7, the quantum 6j-symbols of the form (n,, m;, m,, n,, m;, m,) are real-valued.
This means

m

i1 |y m

w\ >—=k.
B N

is non-negative and implies that the sign of the summand of Equation (16) is determined by the
quantum 6 j-symbols associated to the S-pieces

a7)

T
nrmm‘

n. m m

i=1 r

By Lemma 4.8, the sign of each factor in Expression (17) is independent of the surface-colorings
mi, fori € {1, ..., k}, of the S-pieces.
Therefore, the sign of |(P, gl)|?n‘) is independent of the surface-coloring #. From this, we can

conclude
.l =| Y 1@l
neadm(P,gl,n,)
= Y el | (1)

neadm(P,gl,n,)

In fact, since the number of S-pieces k is even, every summand of Equation (16) is non-negative,
though Equation (18) is sufficient for our purposes.

We can bound the sum in Equation (18) below by the absolute value of a single state |(P, gl)l?n )
In particular, we consider the bound obtained from the surface-coloring » = (n,). This gives us
the inequality

hm 1nf — log’l(P gl)l(n ) hm — log

= 2(k + 2)vg,

where the equality is due to Equation (6) in Lemma 3.6. This means the growth rate of the
shadow state sum invariant is bounded below by the simplicial volume v;||M; (k, | = 2(k +
2l)vg, establishing the lemma. O

We can now prove Theorem 4.1.

Zn\/jl
Proof of Theorem 4.1. Fixarootofunityq = e~ r .LetM =X, X S' bea trivial S'-bundle over an

orientable closed surface e and let L C M be a 2k + 2l component link such that M, (k,1) € M.
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Suppose L is colored by y € Ifk“l, and consider the I,-colored shadow (P, gl,y) associated to
M, (k,1).

We begin by formulating TV (M (k,1);q) in terms of the shadow state sum invariant. By
Proposition 3.24 and Theorem 3.18, the Turaev-Viro invariant of M; (k, ) is given by

TV, Mk D;q)= Y, [RT,(M,Ly)f

2k+21
vel;

= Y |el@a,|

yeIfk"'Zl

We start with the upper bound, which is proven analogously to the upper bound in Lemma 4.6.
Let B/ := (#I,)***? be the number of link colorings. Both |C,| and B/ grow at most polynomially
with r, so we obtain the following bound. See [7, Theorem 3.3] where C, is written as a product of
terms which grow at most polynomially.

11msup—10g|TV M (k,D);q)| = hmsup—log Z ||(P,gl)|},|2

r—oo
yeIerJrzl

<2limsup max —10g||(P gDl |
r— o0 yGI

Since |(P, gl)|, is a product of k + 2 quantum 6 j-symbols, we obtain the following bound using
Theorem 3.3.

lim sup = log [TV, (M (k,1);9)| < 2(k + 2D)vg.

r—o0

We now focus on the lower bound. Since all summands are positive, we can bound the absolute
value of the sum below by the absolute value of an individual summand. In particular, we consider
the bound obtained from the summand corresponding to the I,-coloring y = (n,). This gives us
the following inequality:

]

lim inf 2 log [TV, (My (k, ;| > liminf 27 log

’a

where equality holds since the limit exists, by Lemma 4.6, which is equal to the limit inferior and
because |C, | grows at most polynomially. Applying Lemma 4.6, we obtain the lower bound

.4
= lim =% log ||(P. gDl n,,

lim in 27” log [TV, (M, (k. 1); )| > 2(k + 2D)ug.
—00
Therefore, we can conclude that

lim 2% log|TV M (k, D); )| = 2(k + 2Dvg = v3||M (k, D] N

rFr—o0
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5 | FUTURE DIRECTIONS

By Theorem 3.4, we remark that the quantum 6 j-symbols have a connection with the hyperbolic
volumes of truncated tetrahedra [3, 6]. In particular, we use that when all of the sequences of col-
Ors grow as g the quantum 6 j-symbols have asymptotics corresponding to the volume of an ideal
hyperbolic octahedron. One can similarly consider different sequences of colors for the invari-
ants of this family of manifolds. In these cases, the manifolds will not have a complete hyperbolic
metric; however, by a conjecture of Wong and Yang [35], it is expected that the asymptotics of
the relative Reshetikhin-Turaev invariants for these sequences of colors still recover geometric
properties of the truncated tetrahedra used in the construction. This conjecture has been studied
by Wong and Yang for manifolds with complements homeomorphic to either the fundamen-
tal shadow links [35] or the figure-eight knot [36]. In our future work, we will investigate this
conjecture for the family of manifolds M in further depth.
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