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1. Introduction

Wormhole is a hypothetical shortcut between two events on
the same spacetime or two individual spacetimes [1]. Historically,
the first wormhole which was a non-traversable one, was known
as the Einstein-Rosen bridge [2,3]. The concept of traversable
wormbhole in Einstein’s R-Gravity became popular due to the sem-
inal work of Morris and Thorne [4-6]. Upon imposing the flare-out
conditions, it was shown in [4-6] that at the throat of the worm-
hole the null energy condition (NEC) is not satisfied. We recall
that, for a matter energy-momentum tensor expressed by T,
the NEC imply that Ty,n*n” >0, in which n® is any null vector,
i.e. n%ny = 0. Considering the fact that these null energy condi-
tions are satisfied by all known matters, the matter supporting the
wormbholes are called “exotic”. Although in 3 + 1-dimensional R-
gravity, such exotic matters seem inevitable, in modified theories
of gravity this might not be the case. In a generic work [7], Harko
et al. have shown that in f (R) gravity the NEC are violated by the
effective energy-momentum tensor consisting of a matter energy-
momentum tensor and a higher curvature term as a gravitational
fluid. As a result, the matter energy-momentum may satisfy the
NEC to the cost of the gravitational fluid. A similar scenario has
been introduced in the Weyl gravity by Lobo [8], where the effec-
tive energy-momentum tensor, consisting of the matter and Weyl
gravity terms, violates the NEC while the matter remains normal
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(not exotic) satisfying NEC. In [9], Capozziello et al. introduced con-
ditions at the throat of the wormhole to have the NEC satisfied
by the matter energy-momentum tensor in hybrid metric-Palatini
gravity. For further works on wormbholes satisfying the energy con-
ditions in modified theories we refer to [10-18].

In 1989, by introducing the so called thin-shell wormhole
(TSW), Visser minimized the presence of matter violating the weak
energy condition (WEC) and confined it to a thin-shell by using
the cut and paste technique [19,20]. In the first paragraph of the
introduction of his papers cited in Ref. [19], Visser used the ter-
minology “exotic matter” for matters which violate the WEC. The
WEC asserts T, VAV >0, where T, is the energy-momentum
tensor and V# is any timelike vector [1]. Although violation of the
NEC implies violation of WEC, the converse does not hold. In order
to reduce the matter violating the NEC in a traversable wormhole,
Lobo joined the Morris-Thorne wormhole spacetime whose throat
is located at r =1 (as an interior spacetime) to an exterior vacuum
spacetime with a generic cosmological constant at a timelike sur-
face defined by r =a [21]. It was shown that the WEC is satisfied
at the junction surface and the region at which the NEC is violated
is limited to rg <1 < a. In another attempt, Lobo in [22] considered
a traversable wormhole with a generic cosmological constant glued
to a timelike dust shell with a positive surface energy density. It
was shown that although the specific wormhole spacetime violates
the NEC, the pressure-less shell satisfies all energy conditions and
allows us to minimize the amount of exotic matter (violating NEC)
confined between the throat of the interior wormhole and the dust
shell, arbitrarily. For the sake of completeness of our literature re-
view on the wormholes supported by matter satisfying NEC, we
refer to the work of Lobo and Crawford [23] where a TSW was
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constructed using the vacuum solution of the Einstein theory in
the presence of a generic cosmological constant. In this line, with
a Schwarzschild, Schwarzschild-anti-de Sitter and Schwarzschild de
Sitter solution for the bulk metric, with the throat radius ag < 3M,
the NEC and the strong energy condition (SEC) are both satisfied.
Following Visser in [19], for the rest of this paper, by exotic matter we
mean matter violating the WEC.

For a TSW in Einstein’s R-gravity the WEC is violated [19,24-
26]. As it was shown by Lobo and Crawford in [23], the NEC are not
necessarily violated by TSWs. In a suitable orthonormal frame, the
WEC on a surface may be considered to represent a more physical
spacetime in which the surface energy density o and the trans-
verse and principal pressures p; satisfy o >0 and o + p; > 0. In
general relativity, the condition o > 0 is not satisfied for a TSW
and hence the matter at the throat violates the WEC; although
the NEC and SEC could be satisfied under certain conditions [23].
As of the wormhole case, the negative energy density of TSWs
in R-gravity can be dissolved in modified theories in which more
rooms exist to accommodate and make the energy density positive
[27-30].

On the other hand, black holes with the hair of conformal scalar
field entered into physics literature with the Einstein-Maxwell-
Scalar (EMS) solutions, given by Bochorova, Bronikov and Melnikov
[31], and later independently by Bekenstein [32]. These works will
be referred together as BBMB. In obtaining this solution, the ex-
tremal Reissner-Nordstrom (ERN) solution was used as base on
which the scalar field was added. The scalar field itself turned out
to be singular at the horizon whereas the spacetime was regular,
as it should be. The interest in such a solution was due to the
fact that a test scalar field, in contrast to the coupled scalar field,
did not feel the singularity so that the physics went normal at the
horizon. Conformal scalar field is important because it is related to
the scaling of spacetime coordinates. The history of such scaling,
in connection with scalar fields and their use in field theory, goes
back to the idea of Lifshitz [33]. The spinless scalar interaction be-
tween objects naturally provides the simplest type of interaction
in both classical and quantum field theory. Global scaling of coor-
dinates may be valid in a spacetime leading to certain conserved
quantities. More importantly, the local scaling which amounts to
S — .ng,w, and scalar field ¥ — 2~ !y, change the equation
satisfied by the scalar field v, so that the revised version becomes
of the form V2y — %Rx// =0, involving the scalar curvature of the
spacetime. Further extensions with conformal scalar of black hole
solutions follow by taking into account the higher order coupling
of scalar fields higher than the quadratic ones. One such solution
with a positive cosmological constant and conformal scalar fields
was given by Martinez, Troncoso and Zanelli (MTZ solution) [34].
Their solution was also built on the ERN solution with positive
cosmological constant, and a static electric charge. However, as the
BBMB solution introduced a new scalar hair, the MTZ solution did
not do so. It happens that the scalar hair is expressed in terms
of mass and charge. Furthermore, the scalar field diverges on the
event horizon as in the case of BBMB. Yet, the latter is an interest-
ing black hole solution covering a positive cosmological constant,
electric charge and a conformal scalar field of fourth order. An in-
teresting property of MTZ is that it satisfies the energy conditions
such as the strong and the dominant energy conditions (SEC and
DEC).

In this Letter, we adopt the model of MTZ with minor rear-
rangements and apply the method of TSW developed by Visser
[19]. Our primary task toward this goal is to derive new junction
conditions in this new theory of gravity. It is well-known that in
Einstein’s general relativity such junction conditions were devel-
oped first by Israel [35]. For new coupling terms in the Lagrangian,
it is crucial that new junction conditions are used. Previously,
new junction conditions have been developed for different the-

ories [36-38] and in the same line of thought we do the same
in the present theory. We employ the Gaussian normal coordinate
system and find the extrinsic curvature within the set of Gauss-
Codazzi equations. Although the equations are tedious, we impose
the conditions that upon crossing the thin-shell metric functions
are continuous while their normal derivatives may admit discon-
tinuity. We recall that these adopted conditions are the standard
ones used in physics in general. Upon this approach, all equations
on the surface reduce to simple conditions that the problem be-
comes tractable enough to construct TSWs. The physical finding
is that above certain range of parameters such TSW admits phys-
ically satisfactory energy conditions. As a result of considering a
quartic coupling term for a conformal scalar field with ERN and
positive cosmological constant, we construct a physical TSW, free
of exotic matter. Further models can be employed with new and
higher order couplings, provided the junction conditions are de-
veloped separately in each case.

The order of the Letter is as follows. In section 2 we have devel-
oped the junction conditions apt for the gravity theory considered
here. In section 3 we construct a symmetric TSW and study the
situations under which the TSW satisfies the known energy condi-
tions. Finally, we conclude in section 4.

2. Junction conditions

The action for a conformal massless scalar field ¥ coupled to
the cosmological Einstein-Hilbert density and other fields Ly is
given by [34]

= l/J—_gd4x[R—2A (1 —a21p4>

2K
—a (wZR " sa,upaw) + ZKLM] S

in which k¥ =87 G/c* is the Einstein constant, A is the cosmologi-
cal constant, and « is a coupling constant. Here we choose c =1 by
convention. To obtain MTZ solution [34], the existence of the quar-
tic interaction term with the cosmological constant is inevitable. It
is also noteworthy to point out that the above Lagrangian density
(without the matter field) is in fact a special case of Horndeski the-
ory [39] with K (y, X) = (1/k) [6aX — A (1 — a®y*)], G4 (¥, X) =
(1/2k) (1 — ay?), and G3 (¥, X) = G5 (¥, X) = 0 [40]. Varying this
action with respect to the scalar field ¢ leads to the conformal
equation

2, 1 2 3
V2y 61//R+3aA1// =0, (2)

whereas variation with respect to the metric tensor g, yields the
field equation

Guv (1-9?) + Mgy (1-0?y?) =
(68,0 800r — 30 0v)? g
~aV, Vo () +av2 (¥2) guv + 6Ty | (3)

in which G,y = Ry — 3Rguy is the Einstein tensor and Ty, is
the energy-momentum tensor due to the existing sources. Actually,
the name conformal scalar field is due to the fact that Eq. (2) is
invariant under the conformal transformation g,, — ng,w and
Y — 271y, where £2 is an arbitrary differentiable function. How-
ever, since the Einstein-Hilbert term is not invariant under such a
transformation, the action in whole is not conformal. By contract-
ing Eq. (3) and utilizing Eq. (2), one can easily show that
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R=4A —«T, (4)

which implies R = 4A = const. for a cosmological action without
a matter field, or a trace-free energy-momentum tensor (such as
the one of the electromagnetic field). Simultaneous consideration
of Egs. (2), (3), and (4) leads to an alternative form for Eq. (3), i.e.

[RW — Agu (1 T %azw“)] (1 - awz) oty

1 1,
=Kk [T — iT 1- §O“/f guw |, (5)
where we have defined
Ty = ViV (¥2) + 0)? gyow — 60, . (6)

The Gauss-Codazzi equations for Ricci tensor elements in Gaussian
normal coordinates are given by

Rwa = —VaK + VK5, (7)
Rab = "Rap — dwKap + 2K{Kep — K Kap. (8)
Ruw = —g% 0w Kay +Tr (K?), 9)

for an n-dimensional hypersurface embedded in an n + 1-dimensi-
onal bulk spacetime. In this framework, w is the spatial Gaussian
normal coordinate and the timelike hypersurface exists at w =0,
so the metric of the hypersurface could be depicted as

ds3, = dw? + gapdx?dx’. (10)

Furthermore, Ry, is the induced Ricci tensor on the hypersur-
face, Kgp = %awgab and K = g®%K,, are the extrinsic curvature
tensor and the total curvature, respectively, and Tr (Kz) =KbK,.
Upon direct substitution of the three Gauss-Codazzi equations into
Eq. (5) with appropriate indices, after some mathematical manip-
ulation one could recover

(VaK - vag) (1 - Otl//z)
o [wda () = Dty (¥2) = 60w () 8 (1) | =
kT, W) +T,,0 (—w)}, (11)

[HRab — dwKap + 2K Kep — KKap

1 2.4 2
—Agab <1+§a W )] (1—(w )
+a [aaab (wz) — ks, (1//2) — 69 (V) B (Y1) + (9> gab] -
K{Top© (W) + T3, (=) + Sabd (W)
1 N - o
_Egab[T O W)+ T~ (—w) + 58 ()] 1-gey?) 1
(12)

and

[_gabawKab +Tr (Kz) - A (1 + %azw“)] (1 - awz)
+afog (v2) -6 @y +@)?] =
Kk {THn© W)+ T, 0 (—w)

_% [TTO (W) +T~6 (—w) + S5 (w)] (1 - %az/ﬂ)} (13)

corresponding to Egs. (7), (8), and (9), respectively. In these latter
equations, we have used the fact that in the immediate neigh-
borhood of the hypersurface, the energy-momentum tensor of the
bulk spacetime and of the hypersurface itself could collectively be
written as

T =T, 0 (W) +T;7,0 (—w) + Sy0p8 (W) | (14)

where ® and § denote the Heaviside step function and the Dirac
delta function, respectively, while S, is the induced energy-
momentum tensor on the hypersurface. Furthermore, according to
the selection of the Gaussian normal coordinates, we have g, =0,
gww =1 and Sy = Sww =0, identically.

Taking integral of Eqgs. (11), (12) and (13) over a volume in the
neighborhood around the hypersurface from —e to €, and then op-
erating a limit at which € — 0, lead us to the boundary conditions
we are looking for. In what follows we assume that v is a continu-
ous function across the hypersurface. This assumption is somehow
necessary in order to avoid the emergence of mathematically non-
acceptable expressions such as a multiplication of two Dirac delta
functions. Starting from Eq. (11), we observe that the only total in-
tegrand is dwdq (%), which makes it the only term that survives
the limiting process. In other words, operating éll_r%ffe dw on (11)

yields
€
Jim | e (v2) v = i o (v2) ] =0, 1)

—€

which immediately reduces to

(8. (0)]E =0. (16)

In the latter equation, []T denotes a jump in the included term
across the hypersurface, i.e. [, (¥)]F = 8, W)l — 9a (¥)|_g- This
means that not only v, but also its first tangential derivatives are
continuous across the hypersurface. However, if v is only a func-
tion of the normal coordinate w, this condition is self-satisfied.
Applying the similar process to Egs. (12) and (13), and raising one
of the indices in the first equation give rise to

(1-av?) [K},’I =k [53 - %535 (1 - %mﬂ)] (17)

and

- (1 - oup2> [K]" +« [aw (xpz)]f -

1 1,

respectively. Although Eq. (18) looks to be different from (17), in
fact it is not. To show this, it is enough to apply the integration-
limiting process to the conformal equation given in Eq. (2) to see
that

+ 2
2 _ 21t
[ow (v?)] = SV LK) (19)
Direct substitution into Eq. (18) simplifies it to

K]T = %KS, (20)
which is nothing but the trace of Eq. (17). It is not hard to see that
for « — 0 (or ¥ — 0) the original Israel junction conditions are
recovered, as expected. It is worth-mentioning that all the above
calculations were done while we initially had assumed that the
first fundamental form (the metric) is continuous across the shell.
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This rather intuitive condition, which guarantees the smoothness
of a hypothetical passage through the shell, is generally accepted
as the first junction condition in all studies with thin-shell formal-
ism.

3. Thin-shell wormhole construction

The above junction conditions, Egs. (16) and (17), could be used
to construct a TSW, provided that we have an exact solution to the
action in Eq. (1). Here we consider the de Sitter black hole solution
by MTZ in [34], given with the spherically symmetric line element

ds® = —f (r)dt® + f ()~ dr® + r?dQ?, (21)

and the metric function

T\ 2 mh\ 2

fo==(3) +(1-=). (22)
l r

where dQ? is the line element of the unit sphere, | = /3/A is

the cosmological length, and m is the gravitational mass which is

related to the scalar field through

-1/2

o m

V()= (23)

r—m
The solution is given only for a positive cosmological constant and
in general has an inner, an event, and a cosmological horizon at

=g (<14 VT A, 24)
re=2 (1= yi—am/l). (25)

2
and

r5=%(1+\/1—74m/1), (26)

respectively. Depending on the values of the mass m and the cos-
mological length [, the solution may exhibit all three, two or only
one horizon. For m = 0 there is only a single cosmological horizon
at rc =1. For 0 <m/l < 1/4 all three horizons are real. For m=1/4
the event and the cosmological horizons, re and r¢, coincide and
hence we have only two horizons. Nonetheless, for m > [/4 the so-
lution turns non-black hole for which the inner horizon changes
role to a new cosmological horizon. This last situation is interest-
ing, as will be seen in the following lines. It is also evident that
in the limit A — 0 (I > o0) the action in Eq. (1) and the metric
function in Eq. (22) coalesce with the action considered and the
solution given by Bocharova, Bronnikov and Melnikov in [31] and
Bekenstein in [32], today known as the BBMB solution. Note that
the structure of the metric function in Eq. (22) is de Sitter - ex-
tremal Reissner-Nordstrom, whose corresponding TSW has already
been studied in pure Einstein gravity [41].

To construct the TSW, we follow Visser’s cut-and-paste recipe
[19]. By cutting two exact exterior copies from the MTZ spacetime
such that the cutting radius a is greater than (any possible) event
horizon and less than the cosmological horizon, we bring them
together at their common timelike hypersurface H :=rr —a =0,
which is now identified as the throat of the wormhole. Note that
the TSW in this fashion will be symmetric. An asymmetric TSW
[42], however, could be constructed by specifying different cos-
mological constants to the two sides, i.e. Ay # A_. Nonetheless,
this could not be done by considering different masses for the two
sides since the mass is coupled to the scalar field via Eq. (23)
and earlier in the derivation of the junction conditions we re-
quired ¥ (r) to be a continuous function across the shell. Therefore,
Vil =a = ¥-|;_=q necessarily results in my =m_.

With this symmetric configuration, we will be looking for con-
ditions under which the TSW could exist without relying on any
exotic matter. The question whether such construction is stable
against a radial perturbation or not will be postponed to future re-
searches. The first junction condition requires a unique metric for
the thin-shell, no matter which spacetime it is approached from.
Therefore, we will have

ds3, = —dt? +a?dQ? (27)

on the shell (on the throat), where t and a are the proper time
and the radial coordinate of the shell, respectively. The second
junction condition, given in Eq. (16), is already satisfied since the
scalar field is only a function of the radial coordinate (which hap-
pens to be the Gaussian normal coordinate in this configuration),
not the defining coordinates of the throat. To examine the third
junction condition, given in Eq. (17), one needs prior preparations.
Firstly, the mixed extrinsic curvature tensor of the two spacetimes
must be calculated. Secondly, a certain energy-momentum tensor
must be considered. Here we employ the energy-momentum ten-
sor of a perfect fluid which is identified by

SZ =diag(—o, p, p), (28)

where o is the energy density, and p is the angular pressure of
the fluid at the throat. To calculate the curvature tensor, one might
use a rather explicit definition of it, given by

P 32X, e 0xY axl
=" \agaged T o g geh |

(29)

where x§ and &% are the coordinates of the bulks and of the
throat, respectively, while Fgf; are the Christoffel symbols compat-

ible with the bulks’ metrics. Furthermore, nf are the components
of the 4-normal to the throat, given by
o o | om
n)f:i “ﬁ—a—ﬂ —. (30)
OXL 9xh X

Skipping the details of the calculations, the energy density o and
the angular pressure p are found to be

oo 2 () e (1))

f 3 a

and
1 1 f’ 1 2

=— 1——ay? )=+ (14 -ay?) 2|, 32
p K\/T[( 3¢)f+(+3w)a] (32)
respectively, where a prime (') denotes a total derivative with re-
spect to the radial coordinate and all the parameters and functions
are evaluated at the throat’s radius. It can be observed that un-
like the forms that generally appear in Einstein’s relativity, o is
not trivially negative-definite, and hence, there might be a chance
for the WEC to be satisfied for the matter at the throat. To explore
this, we directly substitute the metric function from Eq. (22), and
the scalar field from Eq. (23), into Egs. (31) and (32) to obtain
5 4 (3x° —3x* — 3% + 9P — 8xpu? + p1?) (33)

3V —2pux+ X2 (x— )2

and

o 2(6x% — 6x° — 23 + 4xp® — 6x% p + 3x3) (34)
3V X4 4 2 — 2ux + x2x2 (x — ) '

as well as
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Fig. 1. The diagram of the rescaled energy density, ¥ = «lo, the rescaled pressure P = klp, their summation ¥ + P, and ¥ + 2P against the rescaled radius x =r/I for six
values of the mass ratio i = m/I. In subfigures a-c, we have p < 0.25 and the curves are plotted in the domain (x, =r./l, xc =1¢/l). In subfigures d-e, we have u > 0.25
and the curves are plotted in the domain (0, x; =r;/I). Subfigures a-c also show the associated values of x for which £ =0 and X = P.

—2(x—2u)?
Vx4 12 = 22X+ X2x (x — )

Herein, we have rescaled the mass by p = m/l, the radius by
x =r/l, the energy density by X = «lo and the angular pres-
sure by P = klp. Fig. 1 illustrates the rescaled energy density
%, the pressure P and the sums X + P and X + 2P versus the
rescaled radius x, for six different values of w (0.0, 0.1, 0.2, 0.3,
0.5 and 0.7). The radius of the TSW in Figs. 1a-1c, where p < 0.25
(m/l < 1/4), falls between the rescaled event horizon x, =1,/ =
% (1 —J1-= 4u) and the rescaled cosmological horizon x, =r1./l =
7 (14 /T=4p). As it is observed from these figures, for 0 <y <
0.25 although X becomes positive for radii in the neighborhood
of the cosmological horizon, the sum X + P is positive nowhere.
Therefore, the WEC is not satisfied and the matter is exotic. How-
ever, once p exceeds 0.25 the permissible universe lies within the
rescaled inner radius x; =1/l = % (—1 + 1 +4u), which now is
the cosmological horizon of this universe. In Figs. 1d-1f, ¥ and P
have simultaneously become positive for a wide range of admis-
sible x; so do ¥ + P and ¥ + 2P. This emphasizes that, not only
the WEC is satisfied so that the TSW is supported by ordinary mat-
ter instead of exotic, but also the dominant energy condition (DEC)
given by ¥ > |P|, and SEC given by ¥+ P >0 and ¥+ 2P > 0, are
satisfied for some domain of x.

T4+P= (35)

4. Conclusion

In this study we employed a black hole solution that involves,
in addition to the ERN, a positive cosmological constant and a
self-interacting conformal scalar field of fourth order. With these

new terms, the standard junction conditions of general relativity
for thin-shells have been modified. We derived these generalized
junction conditions by using the Gauss-Codazzi equations. Upon
imposing these new junction conditions, we obtain simple results
that are easily tractable. As a result, we established a new TSW
which satisfies the DEC (and so the WEC and the NEC) and the
SEC without reference. To achieve this, however, the mass and the
cosmological radius of the resulting solution both should exceed
beyond certain minima.
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