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P H Y S I C A L  S C I E N C E S

Two-electron two-nucleus effective Hamiltonian and 
the spin diffusion barrier
Gevin von Witte1,2, Sebastian Kozerke1, Matthias Ernst2*

Dynamic nuclear polarization (DNP) and emerging quantum technologies rely on the spin transfer in electron-
nuclear hybrid quantum systems. Spin transfers might be suppressed by larger couplings, e.g., hyperfine cou-
plings suppressing nuclear dipolar flip-flops (”spin diffusion barrier”). We apply the Schrieffer-Wolff transformation 
to a two-electron two-nucleus spin system involving dipolar and hyperfine couplings in their tensorial form and 
study possible polarization-transfer processes. Among the different effective Hamiltonian matrix elements inves-
tigated is an energy-conserving electron-nuclear four-spin flip-flop, which combines an electronic with a nuclear 
dipolar flip-flop. The relevance of this electron-nuclear four-spin flip-flop for nuclear spin diffusion close to elec-
trons is supported by model fits of HypRes-on experimental data. We connect the closely related fields of mag-
netic resonance and quantum information and provide a model that explains how all nuclear spins can contribute 
to the hyperpolarization of the bulk without a spin diffusion barrier in DNP.

INTRODUCTION
In nuclear magnetic resonance (NMR), the problem of interactions 
between electron and nuclear spins has been discussed since at least 
the 1940s (1–13). Dynamic nuclear polarization (DNP) relies on the 
large thermal polarization and fast relaxation of unpaired electrons 
for transfer to low thermal polarization baths, typically slow relax-
ing nuclear spins. Microwave (MW) irradiation transfers polariza-
tion from the unpaired electrons (often called radicals in DNP) to 
hyperfine-coupled nuclei. In DNP, the polarization transfer efficien-
cy is limited not only by the polarization transfer from electrons to 
nuclei but also by the subsequent transport of the nuclear hyperpo-
larization into the bulk. Typically, nuclear spins in the bulk of the 
sample can be observed with inductive detection following a radio 
frequency (RF) excitation pulse. While hyperfine-coupled spins 
show the most efficient polarization transfer, they are strongly 
frequency shifted rendering them often unobservable in NMR 
(quenched, hidden or hypershifted spins). Accordingly, dipolar nu-
clear spin flip-flop processes are non-energy conserving. Nuclear 
spin flip-flops, described macroscopically by a nuclear spin diffu-
sion rate constant, subsequently spread the transferred polarization 
(homogeneously) throughout the sample. Throughout this work, we 
will refer to the recently coined term hypershifted spins (10) to re-
late to strongly hyperfine-coupled spins that are difficult to observe 
with RF pulses.

In 1949, Bloembergen proposed the concept of a ‘spin diffusion 
barrier’ (1), describing spins that are strongly coupled to unpaired 
electrons and, therefore, frequency shifted (hypershifted), such that 
they do not contribute to spin diffusion toward the bulk. T1,e relax-
ation of the electrons will lead to a broadening of the hyperfine-split 
lines and eventually, for fast T1,e times to a population-averaged 
pseudo-contact shift (14–17) that can be substantial under DNP 
conditions because the polarization of the electrons will be high at 
low temperatures and high fields. Several experiments have dem-
onstrated indirectly (4, 6, 8, 9, 18, 19) or directly (10) an effective 

contribution of spins assumed to be within the spin diffusion barrier 
to the DNP process. These studies may question the size and exis-
tence of a spin diffusion barrier. Theoretical works aimed to explain 
these through relaxation processes, i.e. paramagnetic (electronic) 
(3, 9, 20–22) or nuclear (23) relaxation causing a nuclear-nuclear 
flip-flop. In addition, the broadening of the zero-quantum (ZQ; 
nuclear flip-flop) line by the electron has been proposed as another 
pathway to make the spin diffusion close to electrons more efficient 
(5). These models yield a strongly suppressed (vanishing) spin diffu-
sion rate constant for spins less than several Angstrom away from 
the electron and a spin diffusion rate constant always smaller or 
equal to the one in the bulk. In contrast, simulations of quantum 
dots suggest a spin diffusion coefficient around the electron exceed-
ing its bulk value (24) attributed to electron-mediated nuclear flip-
flops described as two virtual electron-nuclear flip-flops (25). In a 
similar direction, spin diffusion close to pairs of P1 centers in dia-
mond is discussed in terms of two virtual electron-electron-nuclear 
triple spin flips (26, 27).

For materials with a large electron line width and limited elec-
tron dipolar coupling, MW irradiation at a given frequency results 
in a hole burned into the electron spectrum (28). The resulting po-
larization difference between the hole and the rest of the electrons 
unaffected by the MW can be used to perform cross-effect (CE) 
DNP. The minimum model to understand CE DNP consists of two 
electrons and a nucleus (29). If the frequency difference between the 
electrons Δωe = ωe,1 − ωe,2 becomes equal to the frequency of the 
nuclear Larmor frequency ωn (CE condition: Δω

e
≈ ±ω

n
), then 

MW irradiation results in an efficient polarization transfer. Thus, 
the fundamental process to generate hyperpolarization is a three-
spin flip-flop-flip with an electronic flip-flop and a nuclear flip.

In the past decades, condensed matter systems have developed 
into one of the prime approaches for quantum information process-
ing thanks to advanced manufacturing technology and tunability 
(30). Defect centers in crystals such as the nitrogen-vacancy (NV) 
center in diamond, phosphorous (P) dopants in silicon or quantum 
dots consist of a single or multiple unbound electrons surrounded 
by nuclear spins of the host crystal. Electron spins offer faster gate 
times and easier readout at the expense of a shorter qubit coherence 
time (T2). The opposite is true for nuclear spins. This has inspired 
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the use of hybrid electron-nuclear spin systems with nuclear spins 
for processing or as a long coherence time qubit memory, which is 
read out through an electron (31–35). In either case of a hybrid 
electron-nuclear spin system, the coherence times of the electron 
and nuclear spins are highly dependent on the interactions between 
the two spin types. Even if only the electron spin is used for a spe-
cific application, the interaction with background nuclear spins, e.g., 
13C or 29Si with 1.1 and 4.7% natural abundance, strongly influence 
the electron’s relaxation (36). Hence, isotope control, i.e., host crys-
tals containing only a reduced or vanishing amount of nuclear iso-
topes with a magnetic moment, represents an efficient strategy to 
prolong electron coherence times (37–41). Similar relaxation de-
pendencies between electrons and nuclei have been studied in 
NMR, electron paramagnetic resonance (EPR) and DNP. In NMR 
and DNP, nuclear relaxation by nearby electrons (paramagnetic re-
laxation) has been studied extensively (17). In addition, the shorten-
ing effects of nuclear fluctuations, e.g., nuclear flip-flops, often called 
nuclear spin diffusion, reorientation of chemical (methyl) groups, or 
tunneling, on the electronic phase memory or coherence times have 
been investigated in EPR (42–46).

The present work is divided in two parts: We first study a four-spin 
model consisting of two electrons and two nuclei to describe possible 
spin-transfer processes near a defect center (electron) before discuss-
ing different spin transport mechanisms in DNP. In the first part, we 
apply a lowest-order Schrieffer-Wolff transformation (47) to the spin 
system to calculate an effective Hamiltonian describing the electron-
nuclear spin dynamics. The chosen approach involving the Schrieffer-
Wolff transformation is widely used in quantum many-body systems 
(47) and enables the efficient generation of effective Hamiltonians 
of spin systems with computer algebra systems, e.g., Mathematica 
(Wolfram Research, USA) as demonstrated in section S7. The use of 
computer algebra systems enables the study of larger spin systems 
than can typically be on paper, e.g., more than two to three spins, and 
provides the effective transition-matrix elements of different process. 
In the following, we choose a didactic approach in showcasing that 
the lowest-order Schrieffer-Wolff transformation in combination 
with the two-electron two-nucleus spin system can recover several 
known spin-transfer processes and an electron-nuclear four-spin flip-
flop potentially mediating nuclear spin diffusion close to paramag-
netic defects. In the second part, to study if electron-nuclear four-spin 
flip-flops could explain recent experimental evidence of spin diffu-
sion between hypershifted and bulk nuclei, we simulate HypRes-on 
experimental data (9). To this end, the previously introduced one-
compartment model of hyperpolarization (48, 49) is extended to two 
coupled compartments (Sec. S3, Supplementary Material). Simula-
tion results suggest similar scaling of DNP injection by triple spin 
flips and inter-compartment coupling with applied MW power in 
agreement with the hypothesis that electron-nuclear four-spin flip-
flops in DNP cause spin transport from hypershifted to bulk nuclei. 
Therefore, the studied electron-nuclear four-spin flip-flops provide a 
theoretical foundation for the experimentally observed absence of a 
spin diffusion barrier (4, 6, 8–10, 18, 19).

RESULTS
Two-electron two-nucleus spin system
The Hamiltonian of a two-electron two-nucleus spin system in the 
laboratory frame assuming identical frequencies for the two nuclei 
(ωn,1 = ωn,2 = ωn) and allowing for different electron frequencies 

(i.e., due to g-anisotropy or two different radicals; ωe,a = ωe + Δωe,a 
and ωe,b = ωe + Δωe,b) is given by

with the Einstein sum convention of double occurring indices. For 
the hyperfine coupling A, electron dipolar coupling Dee, and 
nuclear dipolar coupling dnn, the following general form with a 
quantization along the z axis is used

Spin interactions are often written in the xyz rather than in the 
+ − z basis as used in our notation. For the translation between the 
two, we find

The hyperfine coupling consists in general of a dipolar part and 
an isotropic Fermi contact part with the latter taking a diagonal 
form in the xyz basis (a�xyz). The Fermi contact term is important for 
s-like electron orbitals with short electron-nuclear distances or de-
localized electrons, e.g., P dopants in silicon or quantum dots. The 
Fermi contact term can exceed several hundred MHz while the di-
polar hyperfine coupling for an 1H nuclear spin 3 or 5 Å away from 
the (point charge) electron is around 3 or 0.6 MHz, respectively. 
Since only the Azz, A+−, and A−+ terms from Eq. 3 A to D depend 
on the Fermi contact hyperfine coupling, only these might exceed 
a few megahetz in cases with the dipolar hyperfine coupling of a 
few megahertz or less. If the wave functions of the two electrons 
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overlap, then this results in an isotropic exchange interaction Jee, 
similar to the Fermi contact part. Hence, an eventual Jee can be 
absorbed into Dee.

Throughout this work, we assume a positive gyromagnetic 
ratio γ (<46 MHz/T) for nuclear spins, resulting in opposite pre-
ferred spin directions for electrons (γe ≈ − 28 GHz/T) and nu-
clei. We define ωn

=∣ω
n,L
∣ =∣−γ

n
B
0
∣ and ωe

=∣ω
e,L
∣ =∣−γ

e
B
0
∣ such 

that both are positive frequencies. The different sign of the gy-
romagnetic ratios of electrons and nuclei leads to opposite mag-
netic quantum numbers defining the ground state, i.e., for 
electrons the spin-down state (mS

= −1∕2), denoted by ↓, has 
lower energy than the spin-up state (mS

= +1∕2), denoted by ↑. 
For nuclei, this is inverted with mI

= +1∕2 (spin-up, denoted by 
⇑) lower in energy than mI= −1∕2 (spin-down, denoted by ⇓). 
This notation with ↑, ↓, ⇑, and ⇓ is more common in physics 
compared to the α (mI

= +1∕2) and β (mI
= −1∕2) notation in 

magnetic resonance (NMR and EPR) and offers in the current 
case the advantage that electron and nuclear spins are easy to 
distinguish.

The 16-by-16 matrix of the four-spin model of Eq. 1 is sketched 
in Fig. 1 and can be rewritten as H = H0 + V = H0 + Vinner + Vouter. 
H0 is the diagonal part of the Hamiltonian containing the electron 
and nuclear Zeeman energy and the zz elements of the hyperfine 
and dipolar couplings with an example for the diagonal energy lev-
els given by

The 16 energy levels can be grouped into four spin-up and spin-
down parallel electron states each and eight (two times four) anti-
parallel electron states as indicated by white shadings in Fig. 1. 
These quadratic blocks around the diagonal form Vinner and are 
characterized by conservation of the total electron quantum num-
ber (mS = mSa

+mSb
). The ten remaining 4-by-4 blocks form Vouter 

and result in a change of the total electron quantum number mS (net 
electron flip). Within the diagonal 4-by-4 blocks, the nuclear dipolar 

E
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Fig. 1. Two-electron two-nucleus spin system involving electron and nuclear dipolar as well as hyperfine couplings. The diagonal matrix elements (colored in blue) 
form H0 in the following and are omitted for clarity with an example given by Eq. 1. Off-diagonal elements (without sign) compose V. V consists of an inner part with 
quadratic blocks along the diagonal (colored in white), which conserve the total electron quantum number, while the outer part involves net electron flips (shaded in 
gray). More details are given in the section, “Two-electron two-nucleus spin system.” For elements highlighted in orange, the effective Hamiltonian elements are discussed 
in detail in the sections, “Electron-mediated spin diffusion (EMSD),” “Electron-nuclear flip-flip or flip-flop,” “Triple spin flips,” and “Electron-nuclear four-spin flip-flops.”
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and hyperfine couplings can cause transitions between the nuclear 
spin states. All matrix elements outside the diagonal 4-by-4 blocks 
involve electron flips or flip-flops either through hyperfine or elec-
tron dipolar couplings.

For intermediate (tens to hundreds of mT depending on the oth-
er contributions to H) to high magnetic fields, the electron Zeeman 
energy is much larger than all spin-spin interactions. In such a case, 
the parallel and antiparallel electron states are energetically well 
separated. Regarding the other contributions to H: The electron fre-
quency offsets can be hundreds of megahertz at higher fields for 
defects/radicals with large g-factor anisotropy. Nuclear Larmor fre-
quencies ωn can vary between a few megahertz for low-γ nuclei and 
intermediate fields of up to several hundred megahertz at higher 
fields for high-γ nuclei. Hyperfine couplings can span from a few 
kilohertz for rather distant nuclei to hundreds of megahertz for elec-
trons localized on a specific atom, although in this case most of the 
coupling would arise from the isotropic Fermi contact part that only 
affects A+−, A−+, and Azz (see above and Eq. 3). Electron dipolar 
couplings can range into several megahertz for close-by spin-1/2 
electrons (no zero-field splitting). Electron exchange couplings Jee, 
eventually absorbed into Dee, can range much higher, and the same 
arguments as for the Fermi contact part of the hyperfine coupling 
would apply. Nuclear dipolar couplings range from hundreds of hertz 
for low-γ, low-abundance nuclei to several kilohertz for high-γ, 
high-abundance nuclei such as 1H.

To simplify the notation in the following, we define

The commas in the superscript of Eq. 5 A to E are only written 
here for clarity and will be omitted in the following, i.e., Az,z

ϵi
= Azz

ϵi
.

Nuclear spin transitions within the diagonal 4-by-4 blocks are 
suppressed by the separation between the energy levels, e.g.

unless the ωn matches the hyperfine couplings, or the hyperfine 
couplings would be symmetric, causing an energy level degeneracy. 
Outside of the diagonal 4-by-4 blocks, all elements of Vouter are 
much smaller than ωe. For a large enough electron energy offset 
Δωe = Δωe,a − Δωe,b, electronic flip-flops by D+− and D−+ are 

suppressed unless an energy-level degeneracy would occur for a 
special combination of electron energy offsets and hyperfine cou-
plings. Therefore, for large enough magnetic fields, hyperfine 
couplings, and electron energy offsets, the spin dynamics in the 
four-spin system is suppressed to first order.

The effective Hamiltonian is calculated by Heff = eSHe−S, where S 
is given in lowest order by V + [S,H0] = 0 (off-diagonal V and di-
agonal H0) such that Heff = H0 + 1∕2[S,V] +(V3). Thus, the cal-
culation of the effective Hamiltonian transition-matrix elements is 
mostly multiplication of 4-by-4 matrices and solving a system of 
(coupled) linear equations. The major advantages of the chosen 
approach is its ability to derive several relevant spin-transfer pro-
cesses in one step, applicability to spin system of more than two 
or three spins and straightforward implementation in computer 
algebra systems.

Here, we apply two separate Schrieffer-Wolff transformations to 
Vinner and Vouter although this is identical to applying it to V with the 
current structure as discussed in section S1. Applying the Schrieffer-
Wolff transformation separately to Vinner and Vouter ensures that the 
off-diagonal perturbation is smaller than the energy gap of the di-
agonal as the A+−

ϵi
 elements can exceed ωn but not ωe. However, Δωe 

might not always be larger than D+− causing a breakdown of the 
Schrieffer-Wolff-transformation. Assuming that the Schrieffer-
Wolff transformation can be applied, an example for the renormal-
ized energies in the effective Hamiltonian is given by

The other energies can be calculated with a Mathematica note-
book as shown in section S7.

In the following, we will discuss several matrix elements of Heff. 
Specifically, we will look into different processes ranging from no 
electron flips (just their passive presence) over single electron flips 
(single-quantum transition) to electron flip-flops (ZQ transition).

Electron-mediated spin diffusion (EMSD)
This process describes a nuclear flip-flop in the passive presence 
of the electrons, e.g., ∣↓↓⇓⇑⟩ → ∣↓↓⇑⇓⟩ connecting two states that are 
separated by an energy on the order of the nuclear Larmor frequency
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The first two terms are mostly negligible as these cancel out for 
d≪ ωn,ΣA

+∕−∕z

i
. The latter two terms describe a pseudo dipolar 

coupling (50), often called electron-mediated spin diffusion (EMSD), 
discussed as a limiting process in quantum dots (24, 25) and quan-
tum computing (51). Considering the tensorial nature of the hyper-
fine coupling, only parts of the hyperfine coupling contribute to the 
nuclear-nuclear spin flip-flops instead of the full coupling. Further-
more, two different pathways exist, either through A++

b1
A−−
b2

 or 
A−+
b1

A+−
b2

. Because EMSD scales as hyperfine coupling squared di-
vided by electron Larmor frequency, its frequency is in the range of 
hertz. Thus, it is a low frequency, broad nonresonant matrix element 
because the denominator is dominated by ωe. In contrast, all the fol-
lowing discussed matrix elements are (partially) resonant and only 
become relevant over a rather narrow frequency interval.

In DNP, this term might transport polarization between hyper-
shifted nuclei under all conditions. The magnitude of the rate con-
stant will depend in a perturbation treatment (52) on the square of 
the coupling term in the Hamiltonian and the intensity of the ZQ 
line at frequency zero.

Electron-nuclear flip-flip or flip-flop
This process describes a joint one-nucleus-one-electron flip-
flip [double-quantum (DQ)] or flip-flop (ZQ) process, e.g., 
∣↓↓⇑⇓⟩ → ∣↑↓⇑⇑⟩ with energies separated on the order of the electron 
Larmor frequency

The probability of such a transition driven by the Hamiltonian of 
Eq. 9 is negligible, but under MW irradiation, it becomes important 
for solid-effect (SE) DNP. In quantum information processing, this 
matrix element describes an electron-nucleus two qubit gate that 
can be used to initialize the nuclear qubits (35).

Because the electron nuclear flip-flop only requires a two spin 
system (one electron and one nucleus), we can simplify Eq. 9 to

where we used Az+ = A+z from Eq. 3A. This polarization transfer 
might be responsible for the observed near-unity polarization in op-
tically pumped quantum dots (53).

If MW irradiation is applied to the electron-nuclear spin system 
in DNP, then this transition would be called the SE. MW irradiation 
is tuned to ωe − ωn (ZQ) or ωe + ωn (DQ) to create a nuclear hyper-
polarization (11, 13). In section S2, SE and resonant mixing (RM) 
are derived in a one electron–one nucleus spin system with MW 
irradiation, underlining the ability of the used Schrieffer-Wolff 

approach to describe the known and unknown processes in electron-
nuclear spin systems.

Triple spin flips
This process describes a joint electronic flip-flop and a nuclear flip, 
e.g., ∣↓↑⇑⇑⟩ → ∣↑↓⇓⇑⟩ of two states that are separated by energies 
on the order of the nuclear Larmor frequency

Triple spin flips with an electronic flip-flop and the flip of a hy-
perfine coupled nucleus (flip-flop-flip transition) are the basis for 
cross effect (CE) and thermal mixing (TM) DNP (54–56). For the 
CE, DNP is efficient if Δω

e
≃ ±ω

n
, creating an energy level degen-

eracy with the energy difference of the electrons available to flip 
a nuclear spin (11–13, 29). Ignoring the hyperfine couplings in 
the denominator and all nuclear dipolar couplings gives in good 
approximation

for the polarization transfer by triple spin flips if the matching con-
dition is fulfilled, reproducing the triple spin flip result from (54). To 
generate hyperpolarization, MW irradiation is required to generate 
a population imbalance between the two electrons involved in the 
CE process (11, 12, 29). Such a Hamiltonian will drive not only 
heteronuclear polarization transfer but also homonuclear ZQ polar-
ization transfer on the electrons, which is mechanistically very simi-
lar to the MIRROR (57, 58) experiment.

The electronic dipolar flip-flop represents an energy available for 
transfer to other coupled spins. In the following, we will discuss that 
this energy could be used to induce nuclear flip-flops of hyperfine 
coupled nuclei, which would be suppressed by hyperfine coupling 
differences exceeding the nuclear dipolar coupling.

Electron-nuclear four-spin flip-flops
This process describes a joint electron flip-flop and nuclear flip-
flop, e.g., ∣↓↑⇑⇓⟩ → ∣↑↓⇓⇑⟩ where the energy difference of the 
two states is on the order of the difference frequency of the 
two electrons

These terms have similarities to the CE transition discussed 
above as they combine an electron flip-flop with a nuclear transi-
tion. However, in this case, the nuclear transition is a flip-flop medi-
ated by the dipolar interaction (in total: flip-flop-flip-flop). These 
three terms scale as D+−d−+ ≈ (MHz ⋅ kHz) and become reso-
nant if the nuclei have either identical hyperfine couplings 
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hyperfine coupling can be faster than bulk spin diffusion. The latter 
case describes electron-nuclear four-spin flip-flops as an energy 
conserving process, independent of the interaction with MW pho-
tons or phonons causing nuclear spin and spectral diffusion close to 
the electron.

Similar to triple spin flips, this electron-nuclear four-spin flip-
flop can drive homonuclear ZQ polarization transfer on the electrons 
but in addition also on the nuclei and electron-nuclear zero- and 
double-quantum polarization transfer. However, the magnitude will 
be much smaller since the magnitude is determined by the product 
of the electron and the nuclear dipolar coupling while the CE 
Hamiltonian contains the product of the electron dipolar coupling 
with the hyperfine coupling to the nuclei.

For a thermal electron polarization close to unity at liquid heli-
um temperatures and few Tesla magnetic fields, electron-nuclear 
four-spin flip-flops are suppressed as few electron pairs with oppo-
site polarization are available. However, this changes upon MW ir-
radiation reducing the electron polarization (cf. Eq. 16) similar to 
the probability for triple spin flips to occur.

Electron-nuclear four-spin flip-flops can be understood as a het-
eronuclear CE with the two nuclei having different resonance fre-
quencies (in this case due to different hyperfine couplings). A 
heteronuclear CE has been investiagated in (59). A heteronuclear 
CE would explain the equilibration of polarization in samples con-
taining more than one NMR-active nuclei (at least locally close to 
the electron) that has been usually described through a spin bath 
approach (60, 61) adapted from a classical description of TM.

If dopant clusters (with multiple electrons) are used for quantum 
information processing (62), then this term might limit the coher-
ence and lifetime of nuclear spin qubits.

The effective Hamiltonian
In the above equations, we did not assume any particular symmetry 
of the spin interactions besides the existence of an intermediate to 
strong magnetic field, creating a quantization axis. Furthermore, we 
did not include any type of MW irradiation unless explicitly stated. 
Thus, all these processes occur in thermalized systems as often en-
countered in quantum information processing. In DNP, for large 
enough electron frequency differences Δωe, MW irradiation at one 
of the electron frequencies causes (damped) Rabi oscillations, while 
the other electron remains unaffected. Thus, MW irradiation creates 
a polarization difference between the two electrons available for 
transfer to nuclear spins either as (CE) triple spin flips or electron-
nuclear four-spin flip-flops. The dependence of the triple spin flip 
rate and nuclear spin flip-flops close to the electron with MW power 
(electron saturation) is indirectly investigated in the next section.

The above effective two-electron two-nucleus model is limited 
to processes involving two interactions at most as only the lowest 
order of the Schrieffer-Wolff transformation was used. Higher-order 
Schrieffer-Wolff transformations (47) could resolve this. Terms of 
the form DAA might show up, e.g., for four-spin CE (59). In the 
presented model, the transition matrix elements for these transi-
tions are nonzero, but a correct description is not possible as 
three interaction processes cannot be described with a lowest-order 
Schrieffer-Wolff transformation. Extension to higher-order trans-
formations in the laboratory frame might result in very long expres-
sions. Thus, effective Hamiltonians in the rotating frame can be 
used to simplify the result while retaining terms not scaling 
with (ω−n

e
), n ≥ 1.

We tested the Schrieffer-Wolff transformation of the two-electron 
two-nucleus system in the electron rotating frame. For the EMSD 
(Eq. 8), triple spin flips (Eq. 11) and electron-nuclear four-spin flip-
flops (Eq. 13), we found the same expressions as in the laboratory 
frame except from the truncated (ω−1

e
) terms. For the single-

electron flip processes, e.g., electron-nuclear flip-flip or flip-flops, 
the rotating frame transformation adds additional terms that were 
scaling in the lab frame with ω−1

e,ϵ
 and in the rotating frame will scale 

with Δω−1
e,ϵ

. Other terms scaling as (ω−1
e
) in the laboratory frame 

are truncated.
Future studies might combine the effective Hamiltonian with re-

laxation or describe the coupling with phonons or (cavity) photons 
in a quantized approach, i.e., through creation and annihilation op-
erators. This might lead to the discovery of so-far undiscovered 
quantum many-body effects causing hyperpolarization.

Next, we will discuss the effective Hamiltonian elements from 
the perspective of DNP experiments, which are typically conducted 
at cryogenic temperatures, a few Tesla magnetic fields and mostly 
with organic radicals. EMSD has been studied in quantum dots with 
extended electron wave functions (Fermi contact hyperfine cou-
pling), connecting a large number of nuclear spins via EMSD. In 
DNP, the electron wave functions extend only over a few nuclear 
spins. Thus, only those few spins might experience effective cou-
plings via EMSD [(ω−1

e
) scaling] at a few Tesla magnetic fields on 

the order of several (tens of) hertz, which makes the observation of 
EMSD in DNP experiments difficult to impossible. Electron-nuclear 
flip-flops and triple spin flips are the prototypical microscopic DNP 
mechanisms and have been studied extensively as discussed above.

Electron-nuclear four-spin flip-flops have not been studied ex-
perimentally, and it is challenging to measure these directly. Thus, 
we turn to indirect evidence for the relevance of this process in DNP 
polarization transfer. For this, we explore the similarity to triple spin 
flip DNP with both relying on an electronic flip-flop process provid-
ing the energy for a nuclear excitation, which requires opposite spin 
direction of the involved electrons, e.g., ∣↑↓⟩ or ∣↓↑⟩. Thus, for elec-
tron polarization close to unity as encountered in a few Tesla mag-
netic field and liquid-helium temperatures, i.e., under dissolution 
DNP conditions, electronic flip-flops would be rare and the electron 
polarization needs to be considered.

Section 8.1.4 of the book by Wenckebach (13) derives a rate 
equation for the nuclear polarization Pn in an electron-electron-
nucleus three-spin system based on triple spin flips considering the 
electron polarization (given by the difference of the density matrix 
components ρ+−+ and ρ−+−) as

where Pe,ϵ is the polarization of the two involved electrons and Ween 
the triple spin transition rate.

Adding a second nuclear spin to Eq. 14 yields
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with Weenn the electron-nuclear four-spin flip-flop transition 
rate, similar to the triple spin flip transition rate in Eq. 14 but with 
a nuclear dipolar flip-flop instead of a nuclear flip and evaluated 
for electron-nuclear four-spin flip-flops (Δωe ± (ΔAzz

1
− ΔAzz

2
), 

cf. Eq. 13).
Because both Eqs. 14 and 15 have similar dependence on the 

electron polarization (and electron spectral line shape as discussed 
in section S3), it can be expected that electron systems prone to tri-
ple spin flips feature electron-nuclear four-spin flip-flops with the 
latter possibly present in narrow-line radicals, i.e., the electron line 
is narrower than ωn as for example in trityl, if the hyperfine coupling 
differences are smaller than the electron line width. Section S3 pro-
vides a more detailed discussion of the possibility of electron-
nuclear four-spin flip-flops based on the electron line shape. The 
similar dependence of triple spin flips and electron-nuclear four-
spin flip-flops on the electron polarization suggests a similar depen-
dence on MW irradiation, i.e., MW irradiation reduces the electron 
polarization at the irradiation frequency by inducing damped Rabi 
oscillations as discussed in the next section. Hence, a similar depen-
dence of the hyperpolarization creation (macroscopic quantity as-
sociated with triple spin flips) and transport of hyperpolarization 
from hypershifted to bulk spins (macroscopic quantity associated 
with electron-nuclear four-spin flip-flops) would represent evi-
dence for the relevance of electron-nuclear four-spin flip-flops. In 
the remainder of this manuscript, we will simulate the MW power-
dependent HypRes-on data from Chessari et al. (9) with a macro-
scopic two-compartment model to provide experimental relevance 
for electron-nuclear four-spin flip-flops.

Before this, we would like to remark that electron spectral diffu-
sion (eSD) might represent an additional complication in the above 
rate equation description. eSD might distribute the reduced electron 
polarization in frequency space, which reduces the polarization dif-
ferences between electron spin pairs. However, eSD remains chal-
lenging to understand and model (13, 63–65), and hence, we left this 
out of the above discussion.

Electron saturation dependence of the spin transport 
between hypershifted and bulk nuclei
In the following, we will apply a two-compartment model of hyper-
polarization as sketched in Fig. 2 and discussed in detail in section 
S4 to the HypRes-on data from (9). This approach enables us to 
quantify the increase in coupling between the hypershifted and bulk 
spins by MW irradiation, which is considered to describe the spin 
diffusion close to the electron. The sample used in these experi-
ments is TEMPOL in 1H glassy matrices in which DNP is common-
ly attributed to triple spin flips. For triple spin flips, the polarization 
difference between the two electron spins leads to the nuclear hy-
perpolarization. If the coupling between the hypershifted and the 
bulk spin compartments shows the same dependence on the elec-
tron saturation by MW irradiation, then this would be a strong indi-
cation that electron-nuclear four-spin flip-flops with the dependence 
on the electron spin polarization difference are the main process for 
nuclear flip-flops (spin diffusion) close to electrons.

In MW-on HypRes or HypRes-on experiments, the sample was 
first hyperpolarized before broadband saturation pulses were ap-
plied to saturate the bulk nuclear polarization. During the satura-
tion, the MW was switched to the frequency of the other DNP lobe, 
reversing the sign of the DNP injection, and eventually its power 
was adjusted (9). This creates two competing polarization dynamics: 

First, the positive polarization from the build-up is still stored in the 
hypershifted spins close to the electrons and diffuses into the bulk, 
with a time constant given by the inter-compartment coupling term. 
Second, the negative DNP process injects hyperpolarization with 
the opposite sign first into the unobservable (hypershifted) first 
compartment and then into the bulk spins. We note the similar po-
larization maximum during the HypRes-on experiment for all MW 
powers (cf. fig. S3), possibly suggesting a similar scaling of DNP in-
jection and intercompartment coupling (spin diffusion from hyper-
shifted to bulk spins) with MW power.

A system compromised of the RF ”invisible” hypershifted spins 
and the bulk spins can be described by a two-compartment model. 
To model this, we extend the previously introduced one-compartment 
rate equation model (48, 49) to a coupled two-compartment model: 
Fig. 2 sketches the basic idea of the model with DNP/hyperpolarization 
injection (creation) only into the first compartment (relative size ξ), a 
coupling between the two compartments and a separate relaxation rate 
constant for each compartment. For simplicity and in analogy to the 
one-compartment model (48), we ignore a thermal equilibrium polar-
ization as nuclear polarization enhancements exceeding 100 can be 
achieved in many materials, rendering the thermal polarization small 
compared to typical measurement uncertainties. The details of the 
model can be found in section S3.

The parameters of the best fits to the HypRes-on data with the 
two-compartment model as described in eqs. S18 are shown in Fig. 
3. The fitting is insensitive to the relaxation rates of the two com-
partments owing to rather low polarization levels and short experi-
mental durations and, hence, the relaxation rate constants are set to 
zero. This leaves the DNP injection into the first compartment kW1 
and the intercompartment coupling kη as the remaining fit parame-
ters. More details on the simulations including the fits to the experi-
mental data can be found in section S5.

We fit the best fit parameters as shown in Fig. 3 with a model 
describing the saturation of the electrons by the MW irradiation 
based on

Fig. 2. Coupled two-compartment model of hyperpolarization. The injection of 
polarization into the first compartment is given by kW1. The coupling to an eventual 
second compartment is given by kη. The polarization in the two compartments de-
cays with kR1 and kR2. ξ describes the relative size of the first compartment and 
(1 − ξ) that of the second.
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with T1,e, T2,e being the electronic relaxation times and B1,MW the 
MW B1 field. Because we do not know the relationship between ap-
plied MW power and B1,MW, we use the generalized saturation pa-
rameter b (cf. caption of Fig. 3). Equation 16 is derived from the 
Torrey model (66) of damped Rabi oscillations, which in this case is 
equivalent to the z part of the time-independent steady-state solu-
tions of the Bloch equations (cf. section S6).

The coupling constant kη and DNP injection kW1 show a nearly 
identical saturation parameter in Fig. 3, suggesting a common ori-
gin. We note that the coupling and injection parameters are for the 
highest MW power only around one half of their fitted maximum 
value, allowing for a much higher DNP injection into the bulk if 
higher MW powers would be available. However, higher MW power 
at liquid helium temperatures likely would not result in higher 
steady-state polarization as the relaxation scales linear with the elec-
tron saturation although the build-up time could be shortened (49).

DISCUSSION
The two-electron two-nucleus spin system discussed above de-
scribes several nuclear and electron-nuclear spin transfer processes 
of which some are known in different communities. Two different 
processes possibly leading to nuclear spin diffusion around elec-
trons can be compared: (i) EMSD is present under any conditions 
and is non-resonant but strongly suppressed by its (ω−1

e
) scaling. 

Therefore, EMSD is irrelevant for most DNP experiments but highly 
relevant for quantum dots or information processing (24, 25, 51). 
(ii) Electron-nuclear four-spin flip-flop processes are energy con-
serving if the resonance condition is met and do not involve an im-
mediate interaction with the lattice or MW field but require electrons 
with different spin directions available as provided during MW 

irradiation (cf. Eq. 16) or (11). Thus, under MW irradiation, the po-
larization transfer would be expected to scale similar to DNP relying 
on triple spin flips (as for 50 mM TEMPOL in 1H glassy matrices) as 
both rely on the saturation of one electron population by MW irra-
diation, consistent with our results described in Fig. 3.

Hence, our work suggests that spin diffusion close to electrons 
for 1H-rich electron environments is relatively fast as electron-
nuclear four-spin flip-flops enable nuclear flip-flops even for nuclei 
with different energies (nuclear spectral diffusion) due to hyperfine 
couplings. For these electron-nuclear four-spin flip-flops, the elec-
tron polarization in at least parts of the electron spectrum needs to 
be clearly below unity, e.g., MW irradiation or not to high thermal 
electron polarizations, to enable electronic flip-flops. This suggests 
that a spin diffusion barrier does not exist and all spins can contrib-
ute to the transport of nuclear hyperpolarization toward the bulk for 
large enough electronic and nuclear dipolar couplings, e.g., in 1H 
glassy matrices. This is supported by selective deuteration experi-
ments in 1H-rich electron environments (19,  67), relaxation (4), 
Hyp-Res (8, 9), and three-spin solid effect experiments (6). Future 
work might give a quantitative estimate of the spin diffusion close to 
the electron for a specific material, include relaxation effects, and 
involve higher order Schrieffer-Wolff transformations (47).

MATERIALS AND METHODS
The Schrieffer-Wolff transformations were computed with Mathe-
matica (section S7). HypRes-on fits were performed with in-house 
developed MATLAB scripts.

Supplementary Materials
This PDF file includes:
Sections S1 to S7
Figs. S1 to S3
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