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Abstract

The inability of the Standard Model (SM) to explain certain observations, such as
neutrino masses, hints at new physics Beyond the SM (BSM). Sterile neutrinos —
hypothetical right-handed neutral leptons appearing in numerous BSM theories —
are compelling extensions of the SM as they can remedy several of these issues.
This thesis offers a phenomenological study of light and massive sterile neutrinos

in future experiments.

Without model predictions, the neutrino mass needs to be determined exper-
imentally. Single beta-decay is the only available direct probe, thus we explore
whether these experiments can search for new physics beyond the SM, such as
keV-mass sterile neutrinos, which manifest as distortions in the energy and angu-
lar spectra of the emitted beta-electron. Studying these distributions, we conclude
that the next generation of tritium beta-decay experiments utilising Cyclotron Ra-
diation Emission Spectroscopy can improve existing bounds by an order of mag-
nitude. Furthermore, we find that such experiments will also be sensitive to BSM
couplings parameterising exotic interactions differing from the usual V-A structure

of the weak Lagrangian.

In Effective Field Theory (EFT) frameworks, the SM can be extended with
Dirac and Majorana sterile neutrino states. In the EFT formalism, the interactions
are approximated by operators, and their relative coupling strength is parameterised
by Wilson Coefficients (WC). Considering the Future e*e™ Circular Collider (FCC-
ee), we study monophoton final states originating from active-sterile mixing by per-
forming and analysing computer simulations of the process using MadGraph and

derive projected sensitivities to the mixing angle. Additionally, we study monopho-
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ton final states from four-fermion processes, displaced di-electron final states, and
effective Z and W+ mediated processes. We estimate the sensitivity of the FCC to
the WCs and conclude that the FCC will place stringent limits on the operator scales

of the relevant WCs associated with GeV-mass sterile states.



Impact Statement

Although the Standard Model is able to describe and predict natural phenomena
to an astonishing degree of precision, it leaves several key questions unresolved.
The first and so far only direct evidence of new physics is the confirmation of the
massive nature of neutrinos. The neutrino sector therefore provides an exciting and
natural path into the realm beyond the Standard Model. As neutrinos lie at the inter-
section of multiple disciplines, ranging from particle physics, through geophysics,
to astrophysics and cosmology, they are ideally suited to answer some of the most
fundamental questions about the Universe.

Sterile neutrinos are popular extensions of the Standard Model, appearing at
various energy regimes in numerous theories. In this thesis, the prospects for sterile
neutrino searches across different mass scales are investigated in the context of two
classes of upcoming experiments. By studying their possible phenomenological im-
pact in a model-independent effective field theory framework, this work highlights
the potential of future facilities to probe new physics. It therefore aims to provide
input valuable to both experimental strategies and theoretical interpretation.

This thesis intends to contribute to the extensive global research endeavour re-
quired to advance understanding of neutrino properties. In assessing the potential of
future experiments, it is hoped that this work serves as motivation to both theorists
and experimentalists to cultivate the already fertile ground of the neutrino sector,
where new physics is expected to emerge. While no direct commercial or societal
benefits can be derived from these results, fundamental research underpins the tech-
nological and conceptual advancements that drive cross-disciplinary innovation and

broader real-world applications.
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Chapter 1

Introduction

In 1930, Wolfgang Pauli proposed the existence of an electrically neutral light par-
ticle as his solution to the problem of energy conservation in beta-decay, which
he christened the neutron [1]. Upon the discovery of the neutron by Chadwick
in 1932 [2], the particle postulated by Pauli was renamed the neutrino by Enrico
Fermi in 1934, meaning “little neutral one” in Italian. This name encapsulated the
electrically neutral charge and very light nature of the hypothesised particle. Al-
though Pauli had his doubts about the hypothesised neutrino and even called it a
“desperate remedy”’, Fermi was intrigued by the proposal and formulated the theory
of beta-decay, now known as Fermi theory, which describes the effective interac-
tion between the electron, the proton, the neutron and the neutrino. Introducing the
neutrino solved the problem of continuous electron kinetic energy distribution, as
the emission of an additional particle alongside the electron in beta-decay results
in the kinetic energy being shared between the final state particles and hence gives
rise to the observed spectrum of energies. This was a rather convincing theoretical
explanation and founded the branch of neutrino physics, following which the field

gained popularity that lasts to this day.

In 1935, Maria Goeppert-Mayer predicted the process of double beta-decay
with neutrinos in her landmark paper [3]. In 1936, Edward Teller (later one of
Goeppert-Mayer’s collaborators), together with George Gamow, extended the ex-
isting theory of weak interactions by including axial-vector currents to explain

spin-flipping, i.e. Gamow-Teller, transitions [4] (since vector currents only allow
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spin-conserving, i.e. Fermi transitions). This extension lead to the realisation that
other Lorentz structures are also possible (scalar, pseudoscalar and tensor), caus-
ing much confusion (especially coupled with some erroneous experimental results
at the time). An infamous review article by Emil Jan Konopinski in 1955 [5] con-
cluded that the correct combination was scalar and tensor couplings (also biased by
the results of a famous but wrong experiment at the time). In 1937, Ettore Majorana
proposed [6] the possibility that neutrinos could be their own antiparticles, i.e. Ma-
jorana fermions, something that to this day remains an open question. In the same
year, J. C. Street and E. C. Stevenson [7] confirmed via cloud chamber experiment
the discovery of the muon, which was made a year prior by Carl D. Anderson and
Seth Neddermeyer [8] through their study of the curvature of cosmic radiation in a

magnetic field.

Although Fermi theory was widely accepted across the scientific community,
there was a lack of experimental evidence supporting it, partly because in 1934
Hans Bethe and Rudolf Peierls predicted that the interaction strength is so low that
observation may not be possible at all [9], which probably had an effect on the ex-
perimental community’s enthusiasm to design any searches. Nevertheless, in the
1950s Clyde Cowan and Frederick Reines looked for ways to design an experi-
ment that would be able to measure inverse beta-decay (antineutrino producing a
positron). Ultimately, they decided to exploit the large flux of antineutrinos com-
ing from a nuclear reactor (1400 litres of liquid scintillators), creating the first ever
reactor neutrino experiment. In 1956, Cowan and Reines — after five months of
data-taking with a 10 tonne detector — found the first experimental evidence of neu-
trinos [10] and they informed Pauli via a telegram. This discovery earned Reines

the Nobel prize in 1995, 40 years after the famous experimental discovery.

At the time, parity violation was unthinkable. Yet, observations of what is
known as the 6—7 puzzle of kaons posed a serious challenge: the state 8 decayed
into two pions, while 7 decayed into three, implying opposite parities. Since both
had identical spin, charge, and mass, they had to be the same particle — contradict-

ing parity conservation in weak interactions. In 1956, Tsung-Dao Lee and Chen
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Ning Yang pointed out that parity conservation in weak processes had never been
experimentally established and proposed dedicated tests [11]. Chien-Shiung Wu’s
0Co decay experiment soon confirmed parity violation [12], earning Lee and Yang

the 1957 Nobel Prize — though controversially excluding Wu’s crucial role.

The discovery of parity violation initially deepened the confusion about weak
interactions, as it implied that the weak Lagrangian could contain both parity-
conserving and parity-violating couplings. In 1958, Feynman, Gell-Mann, Su-
darshan, Marshak and Sakurai resolved this with the V-A theory, which treated
the neutrino as a two-component object — where the neutrino and antineutrino are
left- and right-handed, respectively. This idea was mathematically anticipated by
Weyl in 1929, who introduced two-component massless spinors (now called Weyl
spinors), though this was harshly rejected by Pauli in 1933 because such particles
necessarily violate parity. This picture was experimentally confirmed the same year
by Goldhaber, Grodzins and Sunyar at Brookhaven [13], who measured the neu-
trino helicity in the famous GGS experiment: electron capture in '>Eu produced an
electron neutrino and excited '’2Sm*, which then decayed emitting a photon. The
photon polarisation revealed the neutrino to have negative helicity, providing strong

evidence for the two-component description and solidifying the V-A theory.

Processes in which the total lepton number is not conserved are called lepton
number violating (LNV), while those allowing transitions between lepton flavours
are lepton flavour violating (LFV). Although lepton number conservation was intro-
duced in 1953 to explain missing decay channels, lepton flavour conservation was
only recognised later: general lepton number conservation still allowed processes
like 4 — e + 7, yet experiments showed rates far below expectations. This hinted
at an additional conserved quantity, lepton flavour, leading Pontecorvo to propose
a test for whether the muon and electron neutrinos are distinct [14]. The decisive
experiment was carried out in 1962 at Brookhaven by Lederman, Schwartz and
Steinberger, who discovered the muon neutrino [15], a result that earned them the

1988 Nobel Prize.

In 1968, the Homestake experiment, led by Raymond Davis at Brookhaven,
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detected solar neutrinos for the first time but found only about a third of the flux
predicted by John N. Bahcall [16]. Nearly 20 years later, the Kamiokande experi-
ment, led by Masatoshi Koshiba, confirmed the deficit in 1987 while also detecting
neutrinos from a supernova [17]. Initially attributed to experimental or solar model
uncertainties, this discrepancy is now understood as evidence of neutrino oscilla-

tions, confirmed only decades later.

Following the proposal of the Glashow-Weinberg-Salam model, in 1973 the
Gargamelle bubble chamber neutrino experiment observed neutrino interactions
mediated by the Z boson (neutral-current mediated scattering between neutrinos
and electrons) [18] and this discovery was independently confirmed a year later at
Fermilab [19]. These results strongly supported the SM framework and this marked

the start of the myriad of particles that would be discovered in the coming decades.

The charm quark was discovered in 1974 via the J/Psi meson at Brookhaven [20]
and independently at SLAC [21], followed by the bottom quark in 1977 at Fermi-
lab [22]. The tau lepton was detected in 1975 at SLAC by Martin Perl and col-
laborators [23], motivating the existence of the tau neutrino. The W and Z bosons
were discovered at CERN in 1983 by the UA1 [24,25] and UA2 [26, 27] experi-
ments, led by Carlo Rubbia and Simon van der Meer, who received the 1984 Nobel
Prize. The top quark was discovered at Fermilab in 1995 [28], two decades after
being proposed to explain CP violation in kaon decays. The tau neutrino, 25 years
after its postulation, was discovered in 2000 by the DONUT experiment [29] using
Tevatron, the world’s most powerful accelerator at the time. Perl received the 1995
Nobel Prize for discovering the tau lepton (shared with Reines for the electron
neutrino). By 2000, the Standard Model’s full particle content — except the Higgs

boson — had been discovered.

Although the tau neutrino’s initial proposal was motivated by the existence
of three-generations of charged leptons, its discovery prompted the question: how
many generations of light neutrinos are there? This was investigated at LEP by
four different collaborations. By measuring the invisible width of the Z boson,

ALEPH, DELPHI, L3 and OPAL each reported the number of neutrino generations
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to be around 3. In 2006, these results were combined to give a value of 2.9840 +
0.0082 [30]. It is worth noting that effective number of neutrino generations, N,
can be inferred without any colliders, simply by looking at the sky and observing
the anisotropies of the CMB (which are direct consequences of the energy density

of the universe). Currently, cosmological measurements give Negr = 3.044 [31].

Kamiokande observed the atmospheric neutrino anomaly in 1988 [32], a year
after Kamiokande [33] and IMB [17] registered the first supernova neutrinos. Super-
Kamiokande observed the first evidence for neutrino oscillations in 1998 [34], con-
firmed by the SNO experiment in 2002 [35]. KamLAND detected evidence of
reactor antineutrino disappearance in 2003 [36], reappearance in 2004 [37], and
observed geoneutrinos in 2005 [38]. OPERA at Gran Sasso reported the first tau-
neutrino candidate from CERN’s beam in 2010 [39], with muon—tau oscillations

discovered in 2015.

Solving the mystery of very high energy cosmic rays could by aided by the
study of neutrinos. Since any object capable of producing such energetic cosmic
rays is also assumed to emit similarly high energy neutrinos, the IceCube obser-
vatory is designed in part to look for such neutrinos, as they will have travelled
from the production source to the Earth relatively undisturbed, given the weakly
and rarely interacting nature of these particles. In 2012, IceCube detected a 2 peta-

electronvolt neutrino [40], the most energetic detected at the time.

In 2015, Takaaki Kajita (Super-Kamiokande) and Arthur B. McDonald (SNO)
received the Nobel Prize in Physics for confirming neutrino oscillations. Yet many
questions remain about neutrinos, which the next-generation of experiments will
attempt to answer. Of these, besides Hyper Kamiokande, perhaps the Deep Un-
derground Neutrino Experiment (DUNE) [41] is the most outstanding. Its diverse
program includes measuring CP violation in the leptonic sector, determining the
mass hierarchy, detecting neutrinos from stellar collapse, and searching for pro-
ton decay as a test of grand unification. Groundbreaking took place in 2017, with

operation planned for the 2030s.

We have thus seen that the study of neutrinos has been instrumental in the con-
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struction of the SM and therefore our understanding of the physical world. How-
ever, the discovery of oscillations confirming the massive nature of neutrinos is di-
rect evidence of the incompleteness of the SM, as it cannot accommodate neutrino
mass or explain its origin, absolute scale, mass ordering, Dirac/Majorana nature, or
species count. Neutrinos therefore seem to be a natural bridge connecting the SM

to new physics beyond it.

Perhaps the most straightforward way to accomplish mass generation for the
SM light neutrinos is via the addition of right-handed (RH) sterile neutrinos to the
SM particle content. Depending on the model in which they are embedded, they
may span a wide range of masses, with distinct phenomenologies accessible to dif-
ferent types of experiments. As the high-energy theory in which such sterile states
are embedded is unknown, it is useful to adopt model-independent approaches when

searching for BSM physics, such as Effective Field Theory (EFT).

At the low-energy frontier, the only existing direct laboratory probe of light
neutrino mass is single beta-decay, with the current leading constraint on the effec-
tive mass of mg < 0.45 eV at 90% CL, coming from the KATRIN experiment [42].
However, due to the energy resolution limitations associated with the use of molec-
ular tritium, a new generation of single beta-decay neutrino mass experiments are
needed to guarantee measurement. This has led to the proposal of Cyclotron Ra-
diation Emission Spectroscopy (CRES), which would utilise high-precision mea-
surements of the frequency of cyclotron radiation to determine the electron energy
and hence the neutrino mass. The next generation of neutrino experiments using
atomic tritium and relying on the technique of CRES, besides being expected to
conclusively measure the absolute mass scale of neutrinos and determine the mass

hierarchy, will have the potential to probe eV and keV scale sterile neutrinos.

At the high-energy frontier, the Future Circular Collider electron-positron
(FCC-ee) era will provide unprecedented statistics and a clean environment for pre-
cision studies. This will be an ideal opportunity to search for weakly interacting

new physics, such as GeV scale sterile neutrinos.

This thesis investigates sterile neutrino phenomenology at two energy scales.
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Chapter 2 provides a summary of the Standard Model, while Chapter 3 reviews
neutrino physics and properties, and introduces the EFT formalism. Chapter 4 ex-
amines the sensitivity of future CRES-type neutrino mass experiments to ke V-scale
sterile neutrinos and their potential to probe exotic couplings. Chapter 5 presents
a phenomenological study of GeV-scale sterile neutrinos at the FCC-ee, focusing
on the collider’s reach for the coefficients of EFT operators involving sterile fields.

Conclusions are given in Chapter 6.



Chapter 2

Standard Model

The theoretical framework known as the Standard Model (SM), categorises all
known elementary particles and describes their interactions. It is undeniably one
of the greatest triumphs in the history of particle physics, and constitutes one of the
two pillars on which modern physics rests, the other being the theory of general rela-
tivity. The SM is a unified theory of electromagnetic, strong and weak interactions,
governing the processes of the three generations of quarks and leptons, mediated
by the vector bosons, and generating masses via their interactions with the Higgs
boson.

This chapter introduces the gauge theory and fundamental symmetries under-
pinning the SM. The particle content and interactions of the SM is presented and
the masses generated upon electroweak symmetry breaking (EWSB) is discussed.
Following this we consider the status of the SM, both its successes and shortcom-
ings, and finish with a brief introduction of the EFT framework as a means for going

beyond the SM.

2.1 Relativistic Theories

The two postulates of special relativity are: i) the laws of physics are the same in
all inertial reference frames and ii) the speed of light is constant in all inertial refer-
ence frames, which are enforced in all relativistic theories by the Poincaré symme-
try [43]. Therefore, in order to construct a model that describes the observed natu-

ral world, one must ensure that the Poincaré symmetry is respected. The Poincaré
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group consist of the Lorentz group plus translations. Translation symmetry dictates
that physics should remain the same upon a shift in spacetime coordinates, while
the Lorentz group dictates invariance with respect to boosts and rotations. Noether’s
theorem states that for every continuous symmetry ! in a physical system, there ex-
ists a conserved quantity. Accordingly, translational and boost invariance imply the
conservation of four-momentum, while rotational invariance results in the conser-

vation of angular momentum.

2.2 Fundamental Fields

Field Type Scalar | Weyl Spinor ~ Dirac Spinor | Vector

Notation 1) 73 VR v AH
Representation | (0,0) | (3,0) | (0,%) (3:3)

Table 2.1: Fundamental field types and their representations under the restricted Lorentz
group SO(1,3).

Y

[ —
N[ —

To proceed with the construction of the model, the fundamental fields need to
be introduced. These are identified based on their Lorentz structures, which deter-
mine how they transform under Lorentz transformations. A summary of the funda-
mental fields alongside their transformation properties can be found in Table 2.1.

The full Lorentz group O(1,3) is made up of connected (boost and rotations)
and disconnected (parity and time reversal) components. The connected part of the
full Lorentz Lie group is SO(1,3), with algebra so(1,3), which can be expressed
using two independent sub-algebras, su(2). These are built from linear combina-
tions of boosts and rotations and are labelled (i, j), with both i and j denoting a
half-integer or integer, where s = i + j is the spin. These quantum numbers can
take integer and half integer values, resulting in the three fundamental field types
(0,0), (1/2,0), (0,1/2) and (1/2,1/2). These are known as spin-0 scalar, spin-1/2
fermion and spin-1 vector fields, which give rise to the associated particles, which

transform distinctly under Lorentz transformations.

'A continuous symmetry is one that is parameterised by a continuous variable, i.e. one that is
not constrained to discrete values.
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Conventionally integer spin particles are known as bosons, while half integer
spin particles are called fermions, as the former type follows Bose-Einstein, while
the latter Fermi-Dirac statistics. The key difference lies in the symmetry of their
wavefunctions. In the case of bosons, the wavefunctions is symmetric, and the
system is insensitive to the exchange of two particles, i.e. ¥(ry,rz) = ¥(rz,11),
where r; and r; denote the positions of the first and second particles, respectively.
For fermions on the other hand, the wave function is antisymmetric, i.e. ¥(ry,r;) =
—Y¥(rz,r1), and requiring the two fermions to be in the same place via r; = r; leads
to W(ry,rz) = —¥(rq,rz). These two equations can only hold true simultaneously
for ¥(ry,rp) = 0, in other words two identical fermions cannot occupy the same
quantum state simultaneously — this is known as Pauli’s exclusion principle [44].
For bosons on the other hand, the symmetric nature of the wavefunctions allow two
or more bosons to be in the same quantum state. Therefore, in a bosonic system at
low temperatures, many bosons can be found in the lowest quantum state. This is

known as Bose-Einstein condensation (BEC).

It is useful to express the general four-component fermion field, ¥ (although
it was used to denote the wavefunction earlier, from now it will represent a fermion
field, to stay consistent with the notational convention) in the chiral basis using

Weyl spinors

v =PY, vyr=PY (2.1)
where
1 1
PLZE(I_YS)a PRZE(I—H’s) (2.2)

are the chiral projection operators and 5 = i}°y'y*y>. The y* are the 4 x 4
matrices that obey the anticommutation relation {y*,y"} = 2gV, with g,y =
diag(4+1,—1,—1,—1) being the flat Minkowski metric. The Dirac spinor is then

composed of the left- and right-handed components

wo [ ). (2.3)

VR
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The handedness, or chirality of a particle is related to its helicity, defined as

j=SP (2.4)
p

for a particle with spin vector S, four-momentum p and momentum p, i.e. the helic-
ity is the projection of the spin along the direction of motion of the particle. Whereas
chirality is a an intrinsic Lorentz invariant property dictated by the transformation
of the Weyl spinors, helicity is not Lorentz invariant due to the frame dependence
introduced by the momentum. In the massless case however, chirality and helicity

coincide.

2.3 Free Fields

One of the most fundamental results of special relativity is the energy dispersion
relation

E* = |p*? + m*ct, (2.5)

which follows directly from the invariance of the spacetime interval between two
events and where E is the particle’s energy, |p| is the magnitude of the 3-momentum,
m denotes the mass and c is the speed of light. This energy-momentum relation is
the basis for the free propagating wave equations.

In the case of a spin-0 scalar field, ¢, the replacements E — i % and [p| — —iV

introducing the operator forms result in the Klein-Gordon equation
(9uo* +m*) ¢ =0, (2.6)

where u = 0,1,2,3 denotes the time-like and the three space-like components of
the derivative and m is the mass of the scalar.

For spin-1/2 fermionic fields, the Klein-Gordon equation is inadequate, as it
does not have the ability to treat spinors properly. Hence, to include such a mecha-
nism, the energy-momentum relation E = |p|?> +m? needs to be cast in a linear form
E = o -p+ Bm, where a = (o, 0, 03) is a vector of matrices corresponding to the

spatial dimensions and f3 is a matrix, before the operators are introduced. For spin-
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1/2 fermions, it will be shown later that the construction of a mass term necessarily
requires the presence of both Y7 and yg. Thus, the chiral basis can only decouple

in the massless limit, yielding the Weyl equations
ictdyyr =0, icMduyr=0 2.7)

describing the dynamics of the left- and right-handed fermions, where o = (I, 6")
and oM = (I,—c") are the Pauli four-vector and its conjugate, respectively, with ¢*
being the Pauli matrices and / denoting the 2 x 2 identity matrix. If m 7 0, then the

chiral Weyl spinors are coupled, resulting in the Dirac equation
(i" 0y —m) ¥ =0. (2.8)

For spin-1 states, i.e. fields that transform as vectors under the Lorentz transforma-

tions, A, the expressions describing the evolution of the field is the Proca equation
IudtAY — 9" uA* +m* AY =0 (2.9)

with m being the mass of the vector boson.
The Klein-Gordon (Eq. 2.6), Dirac (Eq. 2.8) and Proca (Eq. 2.9) equations
above describe the evolution of spin-0, spin-1/2 and spin-1 fields, respectively, in

the absence of interactions.

2.4 Gauge Theories

The SM is a relativistic quantum field theory (QFT) based on the SU(3),. x SU(2); X
U(1)y gauge group product. The dynamics of a field theory are dictated by its La-
grangian, which must be constructed so as to respect the symmetries of the under-
lying gauge group, by remaining invariant under local? transformations. The three
symmetry groups that comprise the SM gauge group correspond to the three fun-

damental interaction types described by the theory. The symmetry group SU(3),

>The parameters of a local transformation — as opposed to a global one — have a space-time
dependence.
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SM Field | SU@3), | SU2),, | U(yy
L 1 2 -1
(R 1 1 ~1
oL 3 2 %
UR 3 1 %
dr 3 1 —1
G 8 1 0
w 1 3 0
B 1 1 0
H 1 2 ]

Table 2.2: Transformation properties of the matter and gauge fields of the SM in their
flavour basis under the gauge groups SU(3), and SU(2), and their hypercharges
under U(1)y.

dictates the interactions of the colour-charged quarks via gluons, known as Quan-
tum Chromodynamics (QCD), while the combination SU(2); x U(1)y underpins
the interactions of the electroweak (EW) force, combining the weak interaction and
electromagnetism.

The complete set of fields of the UV SM are listed in Table 2.2. These include
the left-handed quark doublets

ur
0L = (2.10)
dr
and the left-handed lepton doublets
%
=" @.11)
199

where u and d denote the up- and down-type quarks, v the neutrinos and ¢y the
charged leptons. Further included are the right-handed singlet up- and down-quarks,
ug and dg, as well as the right-handed singlet charged leptons singlets, /. In the

SM, there are no right-handed singlet neutrinos. Each of the fermion fields are
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repeated over three generations, i.e. carry a flavour index u € {u,c,t},d € {d,s,b},
te{e,u,t}and v e {v,, vy, v:}. Inaddition to the matter fields, there are the gauge
fields: eight gluons, G, associated with SU(3),., three W associated with SU(2); and
B, associated with U(1)y. Finally, there is the Higgs boson, H, the only scalar

particle in the SM, which gives mass to the elementary particles.

Under SU(2),, left-handed fields transform as doublets, while right-handed
fields as singlets. The members of the doublet are distinguished by the third com-
ponent of isospin, 72. The quantum number associated with the U(1)y gauge sym-
metry is the hypercharge, ¥, which relates 7> to the electric charge, Q, via the
Gell-Mann—Nishijima relation [45,46]

Y=0-T. (2.12)

Having established the field content of the SM as well as the descriptions of the free
fields in Sec. 2.3, it is now possible to incorporate interactions. To achieve this, we

require a Lorentz invariant Lagrangian.

For massive fermions, one may construct the Lagrangian
Ly =P(iy"dy —m)¥ (2.13)

where ¥ = W9 is the Dirac adjoint, with ¥ denoting Hermitian conjugation. From
this it is easy to obtain the free-field Dirac equation in Eq. 2.8 by applying the

Euler-Lagrange equations

Ly  ILy
———=0. 2.14
a“a(aulp) v (214)

However, Eq. 2.13 does not satisfy gauge invariance. To see this, first consider the

Weyl spinor content of the Dirac spinor, which allows Eq. 2.13 to be expanded into

Ly =i @LJIPL +i ‘I’RalPR — mlPLlPR — m‘i’R‘PL. (2.15)

From this expression, it is immediately apparent that the mass terms couple both
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left- and right-handed Weyl spinors, which transform differently under SU(2); x
U(1)y — as a doublet and as a singlet, respectively — and therefore these cross-terms
break gauge invariance and should not appear in the Lagrangian. Under U(1)y the
fields transform as

g YD, g oy (2.16)

where 6(x) is a local spacetime-dependent gauge parameter and Y is the hyper-
charge. Applying this transformation, it is not difficult to see that the fermion bilin-

ear, WYY is gauge invariant.

Next, we turn our attention to the kinetic term in Eq. 2.13 to see how it trans-

forms. Applying Eq. 2.16 yields
¥ — W =0, (efe(W\P) = WY 9 W1 iy (3,0(x))ePONW. (2.17)
Above it was already explained that W is gauge invariant, so the first term is fine in

the above expression. The term proportional to 6(x), however, breaks gauge invari-

ance. It should be noted, that for global transformations, i.e. "9 without spacetime

dependence, this term vanishes and gauge invariance is restored. To remedy the is-

sue for local transformations, the derivative needs to be modified to

where g’ will be interpreted as the gauge coupling constant and By, is the field asso-

ciated with the vector boson of U(1)y, transforming as
1
By — By + —0du0(x). (2.19)
8
This follows from the general transformation of the field
i _
By — BL =U(x) (Bu + g8“) U l(x) (2.20)

for the infinitesimal transformation U (x) = ¢®@Y Eq. 2.20 can be written in the
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form of Eq. 2.19 using the first-order expansion of the transformation around 6 (x) =
0, yielding U (x) ~ 1+i6(x)Y. The expression in Eq. 2.18 is known as the covariant
derivative, since D, ¥ transforms in the same way as ¥ itself, thus ensuring gauge
invariance.

Having removed the explicit mass terms and putting to use Dy, results in the

new kinetic fermion Lagrangian,
Ly = i¥DPY =Py, ¥+ ¢ YPy¥B, ¥ (2.21)

where I) = Y*D,,. Crucially, we notice from the expanded expression that interac-
tions between fermions and the gauge fields have been introduced via the second
term. While g’ is a single universal constant in the SM, different particles have
different values of Y, affecting their interaction strength with By,.

The above discussion applies to the abelian U(1) gauge symmetry. In order to
similarly construct a the kinetic Lagrangian for the gauge fields B,W and G listed
in Table 2.2, non-abelian gauge symmetries also need to be discussed. In general,
for SU(N) the transformation will couple the N spinors, which therefore do not

transform independently, but rather as an N-component column vector

v=| " |. (2.22)

In the case of the non-abelian SU(2) and SU(3) groups these fields transfrom as

W SUQ); @ — L0 ()T g (2.23)
Y SU@B). p ei@“(x)t”\P (2.24)

where T' = ¢/ /2 (i =1,2,3) and t* = A4/2 (A = 1,...,8) are the generators of the
SU(2); and SU(3), groups, respectively, with 6’ denoting the Pauli and A¢ the Gell-

Mann matrices. In general, SU(N) has N 2 _ 1 generators, also corresponding to the
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number of gauge bosons. Hence, there are 3 and 8 gauge bosons associated with the
SU(2), and SU(3),. groups, respectively. While for abelian groups the generators
commute, this is not the case for non-abelian groups, with the commutation relations

for SU(2), and SU(3),
[T, T7] = iy TX,  [t9,6%]) = ifupet (2.25)

where g is the Levi-Civita symbol and f;. denotes the SU(3) structure constants.
Thus it is immediately apparent that due to the dimensionality of the Pauli and
Gell-Mann matrices, the generators T! and t“ have dimensions of 2 x 2 and 3 x 3,
respectively and thus the transformations e®' (T and 190 are matrices of the

same dimensions (N x N for SU(N)).

As before in the case of the fermionic Dirac Lagrangian, it makes sense to start
from the free-field equation for spin-1 vector boson, A, (A = B,G,W), given by the

Proca equation in Eq. 2.9.

Ly= —iFu\,F“V + %mZAMA“ (2.26)
where Fyy = 8MAV — BVAN is the field-strength tensor. Gauge invariance allows for
the constraint d,A* = 0 to be imposed, removing one of the four degrees of freedom
associated with the four-vector and leaving the two transverse and one longitudinal
polarisations. For a massless vector of four-momentum p, and polarisation &,

pue” =0, i.e. the polarisation must be perpendicular to the direction of motion,

thus eliminating the longitudinal component.

The field transforms as

_ i _
Ay = Ay =U@AU " (x)+ g—A(auU(x))U T(x) (2.27)
where U (x) = ¢/®®)7T" is the gauge transformation matrix (a = 1,...,N?> — 1) and

ga 1s the gauge coupling constant, which can be rewritten via the expansion of the
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infinitesimal transformation U (x) ~ 14 i0%(x)T*“

1

be 4 b

AZ — A/ﬁ = Aﬁ —0°(x) f¢ CA” + g—A8u 0“(x) (2.28)
Again, the mass term in Eq. 2.26 breaks gauge invariance, meaning that the gauge
bosons B, W and G are massless and one can already anticipate that the term pro-
portional to dy, 6(x) will be problematic when it comes to the field-strength tensor.

To see this, the transformed vector field may be substituted into Fyy

Fiy = Ejfy, = duAy — oA} (2.29)
= Y, = 0uA% — OyA% 4 e <3u 0° (x)AS, — aveb(x)A;> (2.30)

where it can be seen from the second equality that the term proportional to ¢
breaks the gauge invariance of the transformed tensor. To circumvent this, a modi-

fied F,v needs to be constructed of the form

i .
F,uv = g_A[D;L,Dv] = a,uAv - avAu —18A [A,luAV] (2.31)
= Fjl\, = 0uA§ — OvAY, + g AL AS,. (2.32)
The discussion of non-abelian symmetries was thus far generalised to the spin-1

vector field, Ay, and thus it can be used to write the covariant derivative required

for a Lagrangian of the gauge bosons

Dy = Dy + D,/ +Dj; =20, (2.33)

= Oy — igsGly1 — igW, T' — ig'B,Y (2.34)

with g; and g denoting the coupling strengths of the fermionic fields to the G, and

W, gauge fields, respectively. Thus, the field strength tensors for the non-abelian
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SU(3),. and SU(2); become

Guy = gL[Dﬁ’Dg] = G — Gy + 8 f°Gh Gy, (2.35)
S
Wiy = é[DZV,DVVV] = W — W}, + ge " wiwk. (2.36)
For W),y the structure constant is replaced with the Levi-Civita symbol, in accor-

dance with Eq. 2.25.
In possession of all the necessary ingredients, it is now possible to write down
the kinetic part of the gauge boson Lagrangian

1 1 1

La= =Gy GMY = W WY — 2By B (2.37)
where the generator normalisation follows the conventional Tr(T'T/) = %5’7 and

Tr(t9") = %6“” . This Lagrangian thus describes the free propagation of the gauge
fields, but also introduces cubic and quartic terms for the Gj; and Wﬁ fields as a
result of the field-strength tensors for non-abelian gauge symmetries. Crucially,
these three- and four-point interactions are self interactions. Such self-couplings
are the reason for the confinement of quarks. The tri- and quadrilinear terms are
proportional to f . and therefore do not exist for abelian gauge symmetries, such

as U(1)y and thus there are no self-interactions of the B, field.

Analogously to how we arrived at L4, the kinetic part of the scalar Lagrangian
may be constructed for a complex scalar field, ¢, which transforms in the funda-
mental representation as the spinor Eq. 2.22 and via the introduction of the covariant

derivative

Ly = (Dy9)" (D*9). (2.38)

Due to the field content of D, this Lagrangian contains terms quadratic in the gauge
fields. As will be shown in Sec. 2.5.1, these terms are responsible for allowing
the physical gauge bosons to acquire masses upon electroweak symmetry breaking

(EWSB).



2.5. Mass in the SM 44
2.5 Mass in the SM

In Sec. 2.4, the gauge-invariant kinetic terms of the fermionic, vector, and scalar
Lagrangians were discussed in the context of the Standard Model. However, due to
this very gauge invariance, none of these fields contain explicit mass terms. Yet, in
reality, most observed particles are massive, meaning that a mechanism must exist
to generate their masses while preserving the underlying gauge structure.

In 1961, Sheldon Lee Glashow proposed the SU(2) x U(1) gauge model [47],
which implies the existence of neutral currents in weak interactions, mediated by a
yet unknown particle, the Z boson. Based on Glashow’s model, a big leap in the the-
ory of weak interactions was made in 1967 in the form of the Glashow-Weinberg-
Salam model [48,49]. In this framework, the original proposal by Glashow was
extended to accommodate the mechanism suggested by Peter Higgs, Francgois En-
glert and Robert Brout in 1964 [50-52]. This mechanism explains how the gauge
bosons in the SM acquire a mass upon EW symmetry breaking and is therefore
indispensable in creating a theory that is consistent with the real world. In 2013,
upon the discovery of the Higgs boson at CERN in the previous year, Higgs and
Englert were awarded the Nobel Prize some fifty years after their ground-breaking
theoretical proposal.

Therefore, in the Standard Model, mass generation is achieved through elec-
troweak symmetry breaking (EWSB) via the Brout-Englert-Higgs (BEH) mecha-
nism 3, which will be discussed in the following subsection. This will be followed

by a detailed identification of the resulting masses.

2.5.1 Higgs Mechanism

It is known from experimental observations, that most fermions are massive and
therefore a mass term should include both chiral components, i.e. of the form
my f1.fr. However, we have seen in Sec. 2.2 and Sec. 2.4 that the two chiral compo-
nents are parts of different representations and hence such a mass term would violate

the gauge invariance of the SM. If one was to construct such a mass term, the left-

3The most precise and formal name is the Brout-Englert—Higgs—Guralnik—-Hagen—Kibble mech-
anism [50-52].
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and right-handed chiral doublets and singlets would get mixed. This would violate
gauge invariance, as the fields would not transform in consistent representations of
the gauge group. To be able to construct Dirac mass terms for the fermions, it is nec-
essary for the gauge symmetry to be broken, but only at lower energies, so that at
higher energies the symmetry is preserved. This is known as the Brout-Englert-
Higgs (BEH) mechanism, which describes the spontaneous symmetry breaking
of the SM gauge symmetry from SU(3)c x SU(2)r x U(1)y to SU(3)c X U(1)em
through the Higgs boson acquiring a non-zero vacuum expectation value (VEV),

where em denotes the conserved quantity, in this case the electromagnetic charge.

The Higgs field, ®, is a complex scalar doublet under SU(2);, which can be

parameterised as

+
b= (Po , (2.39)
¢

where ¢+ and ¢° are electrically charged and neutral components, respectively. Al-
together there are four degrees of freedom, since both ¢ and ¢ are two-component
complex fields of the form ¢+ = ¢4 + i and ¢° = ¢c + i¢p. Extending the ki-
netic scalar Lagrangian in Eq. 2.38 with the potential, V(®), the part of the SM

Lagrangian relevant to the Higgs sector is then
Lhtiggs = (Du®)" (DH®) —V () (2.40)

where Dy, is the covariant derivative. Denoting the U(1)y gauge boson as B, and

the SU (2),, gauge bosons as Wy where a = 1,2,3 leads to the expressions
. o a ./
Dy®=9,P— lgTW”CD +ig' YoB, P. (2.41)
The potential for the field is of the form
V(®) = pu’®'®+ A (0TD)?, (2.42)

where u is a mass-like parameter as it appears in the term quadratic in the field and
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A is a coupling constant parameterising the the quartic term, i.e. the self-interaction.
Looking at Eq. 2.42, it is noticeable that the sign of u? has far reaching implications.
If u? > 0, then ®'® = |¢p7|> + |¢°|? and thus V (P) is positive everywhere due to its
upward facing parabolic shape, hence the minimum occurs at & = 0. In this case,
there is no spontaneous symmetry breaking. Knowing that it must occur, leads to
the conclusion that (> < 0 must be realised, leading to a Mexican hat potential. Due
to its shape, the ground state of the system occurs at @ # 0, and in fact it turns out,
due to the complex nature of the Higgs field, that there is a ring of minima. Which
solution the system ends up in is governed by quantum mechanical fluctuations, but
due to the degeneracy of the minima, the Higgs will inevitably end up acquiring a
non-zero VEV, ». To find the minimum of the potential, the first order derivative of

Eq. 2.42 needs to be set equal to zero and solved for the field, yielding:

TR
Py = T \/§ (2.43)

So far, the treatment of ® has been general, leaving all four of its degrees of
freedom intact. The two components of ® may be rewritten as ¢+ = % (01 +i02)
and ¢° = \/Li (v+h(x)+i¢3), with h(x) quantifying the fluctuations of the Higgs
boson and x denoting the space-time dependence of this parameter, i.e. h (x-
dependence dropped for convenience from here on) represents the physical Higgs
boson.. From this parameterisation, it is explicit that there are still four real degrees
of freedom: A, ¢, ¢ and ¢3 (v is a fixed parameter). Besides the physical Higgs,
3 degrees of freedom remain, known as the Goldstone bosons, which arise upon
spontaneous symmetry breaking of a continuous global symmetry, and their num-
ber corresponds to the number of broken generators. From observation, it is known
that these are not physical states and therefore one may wonder what happens to
them. Earlier, in the discussion following Eq. 2.26, it was explained that a spin-1
particle has two polarisations: (two transverse modes) if massless, and three (two
transverse and one longitudinal mode) if massive. As will be shown shortly, the

three vector bosons of the SM are massive. This explains the fate of the Goldstones

— they become the longitudinal polarisations of the physical vector bosons.
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Since the Goldstone bosons are unphysical, it is convenient to gauge them
away. Hence we adopt the unitary gauge, where the Higgs field is now parame-

terised as

D I 0 (2.44)
V2 v+h .

This expression needs to be substituted into the Lagrangian of Eq. 2.40, so we start

by computing D, P, the action of the covariant derivative on the field, from Eq. 2.41,

Do 20y, +igW; + 5ig'By igW,) —iw?] 0
b=
2V2 ig[WL} + iWﬁ] 20, — igWi + 3ig'By v+h
1 ig(Wy —iWi)(v+h)

22\ (20, — igW] + Lig'By) (v -+ h)
(2.45)

In arriving at the above expression, we made use of the Gell-Mann—-Nishijima rela-
tion given by Eq. 2.12. Knowing that the lower part of the Higgs doublet is electri-
cally neutral, i.e. Q = 0 and that it has 73 = —% leads to a hypercharge of ¥ = %
The Hermitian conjugate of the expression in Eq. 2.45 needs to be taken to compute
(Dy®)" and thus

(Dy®@)" (DE®) = ~(Ih)(*h) + %gz(Wl} +HIWE) (W —iW ) (v +h)?

(2.46)

+ 2 (gW; — ¢'By)(gW* ¥ — ¢'B*) (v + h)*.

SRl S

We define the physical Wui gauge bosons as linear combinations of WJ and Wﬁ as

1
Wi = —=(W, +iWy). (2.47)

o2

Using this, the terms quadratic in the fields in the kinetic term (D, ®)"(D*®) may

be rewritten as
2 2
v _ v
—gWiW 4 —

I o (Wi —g'By)’, (248)
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and from this it is easily read off that the mass of the W boson, my is given by

myy = %, (2.49)

Now we can turn our attention to the neutral fields Z;, and A, corresponding to the
Z boson and the photon, respectively. We are looking for mass terms of the form
%mquX K where X = Z,A. Both of these are combinations of the neutral fields Wﬁ

and By, and hence we only focus on the terms quadratic in these fields in Eq. 2.45,

2 2 2 P W3u
Wi —gB) WY —gn) = (w8 | ¢ T
8 8 H _gg/ g/z B

M
(2.50)

where ”TZM is a squared mass matrix. As can be seen, the matrix is not diagonal, and
in fact it is the off-diagonal terms, —gg’, that are responsible for the non-zero mixing
between the two fields, thus giving rise to the physical fields. The physical fields,
Z,, and Ay, whose masses we are interested in, are independent physical fields with
well defined masses and therefore in their propagating states evolve according to
the free particle Hamiltonian. As it describes independent particle fields, the mass
matrix associated with this Hamiltonian is diagonal and thus in order to find the
masses of the Z boson and the photon, we first need to diagonalise M and find its
eigenvalues, {, by solving the characteristic equation det(M — {1) = 0, where 1 is

the 2 x 2 identity matrix,

(&—0)(”—¢)—g%*=0 (2.51)

resulting in the eigenvalues

&i=0 and & =g>+g¢" (2.52)
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Thus, Eq. 2.50 can be cast in the form

1, ( 0 0 AH (2.53)
-v A y4 ) .
as we know that Z, and A, must be eigenvectors of Myj,,. Keeping in mind the

form of the mass term respecting the normalisation convention

1 ( mﬁ 0 AH (2.54)
— A Z ) .
2HE T Ve om2 ) \ 2
and finally
1
my=0 and myz= Ev\/gz + g (2.55)

can be read off. The only thing left now is to find the two normalised eigenvectors
corresponding to the two eigenvalues, which will determine the elements of the
2 x 2 transformation matrix, which relates the physical fields with the gauge fields

as

Wi +gBy

e

_ gW; —¢'By

VEre

(2.56)
Zy

It is conventional to define

gl
= =tan Oy (2.57)
8

where we have written the couplings associated with the SU(2);, and U(1)y gauge
symmetries in terms of Oy, the Weinberg angle [53], which parameterises the mix-
ing of the gauge fields after symmetry breaking. Using this relation, the physical

fields in Eq. 2.56 can be expressed

Ay = cos Oy By +sin GWW5 (2.58)

Zy, = —sin Oy By, + cos GWWS.
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This now allows the expression for the Z boson mass in Eq. 2.55 to be rewritten as

1 g
= 2.59
nz 2 cos Oy v ( )
and with the use of the W boson mass in Eq. 2.49 yields the relation
mwy = myz cos By . (2.60)

This is a simple relation that can be easily tested. In fact it has been extensively
verified experimentally [54], which serves as a reassuring confirmation of the reali-
sation of the Higgs mechanism in nature.

Expanding the Higgs potential in Eq. 2.42 results in quadratic terms in the

physical Higgs field
272 252
h®  3Av°h

V(®) > “2 i 2.61)

Using the relation
2 _ —u?
this can be simplified to
V(®) D Ao (2.63)

Remembering that the mass term is of the form %mﬁhz means that the mass of the
Higss boson must be

my, = V2Av. (2.64)

Solving the expression in Eq. 2.49 of the W boson mass for v and substituting in the

measured values of my and g yields the experimentally determined VEV
v =246 GeV. (2.65)

We have thus seen that the original gauge group is broken from SU(2); x
U(1)y = U(1)ep- It turns out that a subgroup of the original gauge group, U (1),
corresponding to QED, remains unbroken, and hence its gauge boson, the photon,

does not acquire mass. Knowing that the Higgs does not have any colour charge
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means that SU(3),, the group corresponding to QCD also remains unbroken and
therefore the mediators of the strong force, the gluons, also remain massless. Thus,

the gauge group of the SM undergoes the change
SU(3)xSUR2)LxU(l)y = SU3)e XU (1)em (2.66)

upon spontaneous symmetry breaking via the BEH mechanism.

2.5.2 Fermion Masses

In the previous section it was shown that the BEH mechanism responsible for spon-
taneous symmetry breaking is responsible for giving mass to the W= and Z bosons,
but so far the masses of the fermions have not been discussed. The naive approach
is to construct Dirac mass terms using the the bare masses of the chiral fermions of

the form

—myy = —m (YL YR+ YrYL) (2.67)

where Yz denotes a left/right-handed fermion. It is immediately apparent, that
the bare Dirac mass term in Eq. 2.67 above does not respect the gauge symmetry
SU(2)r x U(1)y, since the doublets and singlets transform differently under SU(2).
The solution to this problem is to generate mass terms for the fermions via the
interaction of two chiral fermionic components with the scalar Higgs field, instead
of constructing a bare mass term. This will in general result in the Yukawa part of

the SM Lagrangian taking the form

3 R
veL'®lr— Y V0L Puf— Y v OL'®d)+he..  (2.68)
(=1 ij=1 iJ

3
EYukawa -
The first term is associated with the leptonic sector. The scalar doublet P is as
defined in Eq. 2.39, whose coupling to L’ and ¢ is parameterised by the Yukawa
couplings, y,;. The second and third terms in Lyykawa refer to the up and down quark

sectors, respectively, with ® = ic,®* denoting the charge-conjugate of ®. Focusing
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purely on the leptonic term and ¢ = e i.e. considering the first generation fermions

. B o ¢* i o Ve
Yukawa — Ve ( Ve @ )L 50 eR + €R ( o ¢ ) . (2.69)
L

Let us examine whether this expression respects the SU(2) x U(1)y gauge symme-
try. It is easy to see that both L¢®eg and (LéPeg)T = ex®TLE form SU(2), singlets,
which are of course invariant under the group. Now it also needs to be verified
whether the above expression respects the U(1)y part of the gauge group. The hy-
percharge of L¢ is Y = —%, thus for L¢ itis ¥ = % while for  itis ¥ = % and
Y = —1 for e. Hence, the combined hypercharge of the terms is zero, which means
U(1)y is respected. Thus, we have seen that the symmetry of the SU(2), x U(1)y
gauge group is not violated and hence the interaction terms constructed between the

fermions and the Higgs are gauge invariant, as required.

Upon spontaneous symmetry breaking, the Higgs doublet in the unitary gauge

is given by Eq. 2.44 and therefore Eq. 2.69 can be rewritten as

v h
Eg{ukawa = _yeﬁ (e_LeR + e_ReL) - yeﬁ (e_LeR + e_ReL) . (2.70)

Since Yy = Y Yg + YrY, this becomes

v h

i(ukawa = _yeﬁée_yeﬁe_e- (271)

It is apparent, that the first term is exactly of the desired form of Eq. 2.67, but now
arises from gauge invariance as opposed to the naive approach of constructing bare

fermion masses. Thus, the mass of the electron is then read off to be

mt =2y, 2.72)

V2

The value of the Yukawa coupling parameterising the strength of the coupling of

the electron to the Higgs field is not predicted by theory, but it can be determined
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experimentally from the measured electron mass and the known value of the VEV
me
Yo = \/57 (2.73)

The second term in Eq. 2.71 describes the coupling between the electron and the

Higgs boson.

It is easy to see from Eq. 2.44 and Eq. 2.69 that because the upper component
of the Higgs doublet has no VEV, only the lower component of the left-handed
SU(2)r doublets will receive a mass and therefore the SM predicts neutrinos to be
massless. From experiments it is known that neutrinos have a small but non-zero
mass, and their possible mass generation mechanism will be explored in Sec. 3.5.
Similarly, in the case of the upper component of the quark doublets, the left-handed
up-type quarks in the upper component cannot receive a mass. To circumvent this,
instead of @, its charge-conjugate, ® is used in Eq. 2.68 to construct the gauge
invariant Lagrangian term. The conjugate of the doublet in Eq. 2.39 is given by

(023 .
- 1 —1
b—ica— | ? _ L e ) (2.74)

—0= ) V2\ —oi+ig
which can be shown to transform in exactly the same way as the SU(2); doublet.
Keeping in mind that the hypercharge of ® is opposite that of ®, it is straightforward
to verify that the terms concerning the u-type quarks in Eq. 2.68 are gauge invariant

as they should be.

It has thus been explored in this section that all fermions (apart from the neutri-
nos, which will be discussed separately) acquire their masses via their interactions

with the Higgs field, parameterised by their respective Yukawa couplings.

Something that has not been explicitly acknowledged so far is that fact that
the couplings ys, y* and y?, in Eq. 2.68, are 3 x 3 matrices, since they contain
information about the couplings of three generations of fermions. A priori, the lep-
tonic Yukawa matrix, yy, could be non-diagonal, but since lepton flavour among the

charged leptons is conserved in the SM (with massless neutrinos), only the diagonal
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elements are non-zero. The two mass matrices, m* = \y/—”iv and m? = \y—};v, associ-
ated with the quark terms, however, need more careful examination. Since there
is nothing forbidding mixing within the quark sector, these matrices are in general
non-diagonal. In fact, such mixing is indeed realised in nature, simply due to the fact
that the flavour eigenstates, in which the quark states interact, are not equivalent to

the mass eigenstates. Hence, the mass matrices m" and m< need to be diagonalised

to find the mass eigenstates, which is achieved via bi-unitary transformations of the

form
D" = UM m*Ul = diag(my, mc,m;) 275)
D = UzﬁmdUg = diag(mgy,my,my)
and where U Ld // Il/é are unitary matrices. Hence, the mass terms for the quarks
3 ] . 3 ; .
— | Yo' miug+ Y d'midy | +he. (2.76)
iJ L,j

upon the substitution of Eq. 2.75 for the non-diagonal mass matrices becomes

3 i 3 / /
~Y (UgD“U;;T) whrhe ==Y i DY 2.77)
ij L a
and
3 N 3 /
- Y (UDUURY) df+he ==Y diaDl 2.78)
i,j Y a

for up- and down-type quarks, respectively. In arriving at the latter equalities, we
have made use of the fact that the up- and down-type doublets as well as the up-
and down-type singlets in the flavour basis consist of a linear superposition of mass
eigenstates, weighted by the unitary matrices parameterising the mixing, i.e.
!/ . / d .
uf = (U ady,  dif = (U aid]

, _ . ; _ (2.79)
ug = (U gitdy,  dig = (UL s

where u/L, d/L, “;e and d;e are the mass eigenstates for the four quark types and the

unprimed fields are the unphysical fields in the interaction basis.
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It is now in order to check how the field redefinitions in Eq. 2.79 affect the
interactions of the quarks in the electroweak gauge bosons. To do that, one needs
to compute the covariant derivatives with the correct hypercharges substituted into
the expression in Eq. 2.18. Focusing on the charged-current part of the Lagrangian
involving the fields WP} and Wﬁ (and hence W via the relations shown in Eq. 2.47)

results in

Lcec= \/—Z (@Y Wy dip +di YWy uir) (2.80)

which can be rewritten as
Loc = ~ /2 Z W Wr U Uld] +d iy Wy U Ufuy) (2.81)
and from this expressions we identify
Vexm = Ul UE (2.82)

as the Cabibbo—Kobayashi—-Maskawa (CKM) matrix [55, 56]. The 3 x 3 unitary
CKM matrix can be presented in a variety of ways, but the most common parame-

terisation is

—i8,
C12€13 $12€13 s13e” P
Vekm = | —s12¢23 — c12823513€'°CP C12€23 — S12523513€' %P §23C13
i 5
§12823 — €12€23513€"CP —C12523 — §12023513€' P €23C13
(2.83)

where the usual shorthand notation ¢;; = cos 6;; and s;; = sin 6;; has been used.
There are thus four parameters parameterising Vg three angles, 017, 03, 6,3 and
one phase, 8cp. If 8cp = 0 or 8cp = T, then the ¢'%cP is real and CP is conserved.
However, for any other values eocr will be complex and thus CP-violating effects
will occur. This means that processes forwards and backwards in time do not have
the same rate, which results in the particles and antiparticles, i.e. quarks and anti-

quarks being distinguishable from each other.

Since the charged-current interactions involve the fields Wl} and Wﬁ, the rel-
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evant Pauli matrices are ¢! and 62, whose only non-zero entries are found along
the off-diagonal. Thus, the covariant derivative mixes the upper and lower compo-
nents of the doublet field and we see that due to the nature of the charged-current
which couples directly to the left-handed doublet, the up- and down-type quarks get

coupled and hence quark mixing arises.

The neutral-current (NC), on the other hand, involves the fields Wﬁ and By
only and hence the only relevant Pauli matrix is the diagonal . Since all of its off-
diagonal entries are zero, there are no cross-flavour terms. Due to this, the mixing
matrices disappear due to their unitarity U. Z Up=1and U Iz Ur = 1 and the effect of

the quark field redefinitions has no effect.

2.6 Low-energy SM Particle Content

The gauge symmetries underpinning the SM were discussed in Sec. 2.4 followed
by an overview of the spontaneous breaking of the EW symmetry, leading to mass
generation. At low energies, post-EWSB, the SM consists of 1 scalar, 12 fermions
and 12 gauge bosons. The single scalar is the Higgs boson, which acquires its mass

from the potential via self-interaction.

SU@3). | @ | Spin | Mass

u,c,t 3 —1—% % #0
d,s,b 3 —L 3 | #0
e, T 1 -1 L | #0
Ve, Vi, Vi 1 0 : =0
G 8 0 1 =0
W 1 +1 | 1 £0
Z 1 1 | #0

A 1 1 =0

h 1 0 #0

Table 2.3: Table summarising the low-energy SM particle content, including their repre-
sentations under SU(3),, their EM charges under U(1),,, (Q), their spin, and
whether they are massive.
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The 12 fermions comprise of 2 quarks and 2 leptons over 3 generations. The
two quark types are the up- and down-quarks with an electric charge of 2/3 and
—1/3, respectively. The second and third generation of up-type quarks are the
charm (c) and top (¢), and for the down-type quarks the strange (s) and bottom
(b). Each lepton generation comprises of a charged lepton and a neutrino, with
electric charges of —1 and O, respectively. The three generations of charged lep-
tons are the electron (e), muon (i) and tau (7), and the electron- (V,), muon- (V)
and tau- (v;) neutrinos for the neutral leptons. Of all the fermions, only the three
neutrinos are massless in the SM, with the masses of the others arising from the
Yukawa interactions with the Higgs field. Quarks possess colour charge and thus
interact via all fundamental forces, including the strong force. Leptons on the other
hand only interact through the electromagnetic and weak forces, while neutrinos

only participate in the weak interaction.

The complete particle content of the SM at low energies is summarised in
Table 2.3. The SU(3),. gauge symmetry gives rise to 8 gauge bosons that mediate the
strong force, and which are massless due to the unbroken nature of the gauge group.
The mediator of the EM force is the photon, which similarly remains massless due
to the unbroken residual symmetry U(1),,,. Finally, there are the three gauge bosons
of the weak force: the Z and W= bosons. All three are massive as a result of EWSB.
The W bosons — mediating the CC interactions — are linear combinations of the Wl}
and Wﬁ fields and are therefore purely descendants of the spontaneously broken
SU(2);. As such, they only act on SU(2); doublets and thus CC interactions are
maximally parity violating. The Z boson on the other hand is a combination of
the SU2), Wﬁ’ and the U(1)y symmetries and thus couples to both left- and right-
handed particles. Although not maximally parity violating, NC interactions are
not completely chirally symmetric, since they couple to right-handed fields more

weakly than to left-handed ones.
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2.7 Discrete Symmetries

Besides the continuous symmetries of the SM dictated by the product of its
gauge groups, there also exist three fundamental discrete transformations: charge-
conjugation (C), parity inversion (P) and time inversion (T). The behaviour of fields
under these discrete transformations has far reaching consequences both for the SM,
and for BSM theories.

Charge-conjugation involves transformation of all charges by changing their
signs. It should be noted that besides the electric charge, there are other charges
associated with the other forces. Charge-conjugation transforms a fermionic field
according to

¥ — n.CPT (2.84)

where W is the usual Dirac adjoint, 7. is an arbitrary factor whose value depends
on the representation and convention used and C is the charge-conjugation matrix
satisfying

cytc = —(y"T. (2.85)

Charge conjugation changes a particle into its antiparticle, but preserves chirality. 4
Therefore, since the weak interaction only couples to left-handed particles, it max-
imally violates charge-conjugation symmetry, due to the V-A structure of the inter-
action, while QED and QCD interactions are C symmetry conserving.

Parity is a spacetime symmetry and the associated transformation involves the

flipping of the signs of all the spatial coordinates, while keeping the time unchanged,

ie.
(t7x7y7z) g (tv_-xa ) _Z)' (2.86)
This directly implies
W foru=0
Pyp! = (2.87)
—y fori=1,2,3

“It should be noted, that although not directly chirality flipping, charge conjugation interchanges
the transformation properties of doublets and singlets under SU(2); .
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and therefore

PP =iy’ (=7 (V) (-7) =7 (2.88)

Looking at the chirality projections in Eq. 2.2 clearly means that a parity transfor-
mation necessarily flips chirality. This in turn means that similarly to C, the weak
interactions are parity symmetry violating, since they treat left- and right-handed
fields asymetrically, as the vector and axial-vector parts transform differently. This
is not the case for QED and QCD, which both have purely vector structures, whose
sign changes are compensated by the transformations of the vector boson fields (the

photon and the gluons, respectively), which transform in an identical way.

The final discrete symmetry is time reversal, which is a spacetime symmetry
like parity, but differs in that its associated transformation flips the sign of the tem-

poral component, rather than the spatial ones
(t,%,y,2) LR (—t,%,¥,2). (2.89)

Such a transformation thus has a different effect on the time- and space-like gamma

matrices

—0 foru=0
TyHT 1 = V' foru (2.90)

¥  fori=1,2,3

and therefore the 7° matrix is transformed as

T =i(-P)v'rrY =-r, (2.91)

explicitly showing that time reversal, just like parity, flips chirality. Conservation of
T-symmetry means that the rate of processes is the same regardless of the direction
of time.

The combined CP, which is the product of C and P, is violated in the SM quark
sector by the CP-phase in the CKM matrix, d¢cp, in Eq. 2.83 and therefore makes
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the weak interaction CP-violating. According to the CPT theorem, any quantum
field theory that is Lorentz invariant and unitary, is invariant under simultaneous
transformations of C, P and T. It follows from this, that if the combined CP sym-
metry is violated, then T symmetry must also not be conserved in order to ensure
CPT invariance. Since the weak force violates C and P separately, and also vio-
lates the combined CP, it must also violate T symmetry. This is crucial, because
non-conservation of T may partially explain the matter-antimatter asymmetry in the

universe.

There also exist accidental symmetries, which rather than being fundamental,
happen to emerge as a result of gauge invariance and renormalizability. These in-
clude baryon number, B, and the individual lepton flavour numbers, L., L, and L;

(naturally lepton flavour violation is imminent for massive neutrinos.)

2.8 Status of the SM

The SM is arguably one of the most successful and complete frameworks of funda-
mental physics, able to accurately describe the majority of particle physics obser-
vations. It is derived from first principles and thus is based on profound mathemat-
ical foundations that ensure the fundamental properties of unitarity (probabilities
adding up to 1) and Lorentz invariance. Many predictions of the SM are in remark-
able agreement with experimental measurements, and it predicts its entire particle
content based on the gauge theories underpinning it, with several of these particles

having been anticipated before their actual discovery.

Despite the established and continued success of the SM, there are issues it
is unable to address. Here we mention an incomplete list of some of the biggest
challenges the theory is facing. The first of these are the 19 free parameters, whose
number and precise values seem ad hoc and arbitrary. Moreover, this unsettlingly
large number of free parameters needs to be further increased if one wishes to extend

the SM to address one or more of the other problems mentioned below.

Secondly, another glaring issue is the exclusion of gravity from the theory,

which is the only fundamental force of nature not described by the SM. Although
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there are ongoing efforts towards unification, currently the mathematical challenge
of a quantised and renormalizable theory of gravity has not been surmounted.
There is also the issue known as the hierarchy problem, which is related to the
Higgs boson mass. Any bare mass will get quantum corrections from interactions
with virtual particles, in the form of loop corrections, which affect physical observ-
ables, such as the effective mass. These quantum loop corrections to the bare mass
are quadratically divergent in the case of scalar particles >, yet the measured mass
is of the order of the EW scale, i.e. profoundly small compared to the Planck scale
— a disturbingly unnatural result. This is caused by extremely precise cancellations,

giving the impression of severe intentionality and fine-tuning.

Another arbitrary characteristic of the SM is the three generations of fermions,
for which there seems to be no good reason or explanation. Additionally, the flavour
structures observed in the quark, charged-lepton, and neutrino sectors exhibit dif-
ferent hierarchies and span many orders of magnitude in their masses and mixing

angles, with no apparent underlying explanation offered by the SM.

Cosmology also presents the SM with challenges. Primarily, the existence of
structure in the Universe, and therefore humanity, is the product of the abundance
of matter over antimatter. Although the SM contains sources of CP violation, they
are far too small to generate the observed asymmetry, which remains unexplained.
In fact, there is nothing forbidding CP violation in QCD, yet experiments constrain
such CP-violating terms to be extremely small — this is known as the strong CP
problem. Furthermore, the existence of dark matter and dark energy is well estab-
lished experimentally, yet the SM offers no explanations or particle candidates for
these observed phenomena.

Finally, the SM predicts massless neutrinos, but this is contradicted by oscil-
lation experiments. The absolute values of these masses, their origin, and whether
there are other neutrino species — perhaps right-handed ones — remain open ques-

tions that cannot be answered by the SM.

SFor fermions, in the massless limit the left- and right-handed fields connected by the mass
decouple, and a new symmetry, chiral symmetry, emerges and protects the bare mass from such loop
corrections.
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It is clear that although the SM is a very successful theory, it is incomplete.
There is general agreement about the existence of a more complete theory, of which
the SM is a low-energy effective remnant. What this unified theory is, remains

currently unknown.



Chapter 3

Neutrino Theory

The focus of this dissertation is BSM neutrino phenomenology and therefore this
chapter is dedicated to the properties of this elusive particle. In the previous chapter
we have seen that although the SM is an incredibly impressive framework, it suffers
from a number of maladies, implying that the land lying beyond the SM is a rich and
fertile one. Of these — in line with the topic of this thesis — we highlight the fact
that neutrinos are treated as massless by the SM, but this prediction is in stark con-
trast with the experimental confirmation of neutrino oscillation, which implies that
these particles are indeed massive. Consequently, a new and different description of
neutrinos must be found, one that includes and explains their mass. There are many
possible routes that one can take in search of this theory, but whichever path one
takes, it will inevitably lead outside of the well-known SM and into the unfamiliar
territory beyond it. In order to discuss such new physics however, it is instructive
to first review the properties of the SM active neutrinos in order to establish the

context and lay the basis for elevating the discussion beyond the SM.

Hence, we begin by describing and discussing the phenomenon of neutrino
oscillation from a theoretical point of view in Sec. 3.1, before turning our attention
to the experimental endeavors which confirmed this behaviour and the current status
of oscillation experiments in Sec. 3.2. This naturally leads us to a discussion of the
probes available to measure neutrino masses in Sec. 3.3. We then consider the
hypothetical sterile neutrino in Sec. 3.4. In Sec. 3.5 we discuss the possible mass

generation mechanisms available to the SM neutrino. We conclude the chapter
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with a review of the Effective Field Theory (EFT) framework in Sec. 3.6, which
will serve as the foundation to our discussion of sterile neutrinos in beta-decay in

Chapter 4 and in the future FCC-ee collider in Chapter 5.

3.1 Neutrino Oscillations

3.1.1 In Vacuum

Neutrino oscillations between neutrinos and antineutrinos were initially suggested
by Pontecorvo in 1957 [57, 58], motivated by kaon oscillations. At the time, how-
ever, this proposal relied on the additional assumption of lepton number viola-
tion and lacked a broader theoretical framework, which limited its immediate phe-
nomenological impact. In 1962 — in the same year as the discovery of the muon
neutrino — Maki, Nakagawa and Sakata put forward the idea of neutrino flavour
mixing [59], based on the misalignment of neutrino mass and flavour eigenstates.
This served as the basis for Pontecorvo’s proposal of neutrino flavour oscillations
in his 1967 paper [60].

Oscillations are a quantum mechanical phenomenon that arises from mass mix-
ing and leads to a macroscopic effect. Neutrino mass and flavour eigenstates do not
coincide, therefore each flavour state is a different superposition of mass states.
Neutrinos are produced in flavour states during interactions, but they propagate in
their mass states, i.e. the solutions to the free particle Hamiltonian. Upon detection,
the flavour of the neutrinos is inferred from the flavour of its associated charged
lepton accompanying it. The existence of a mass splitting between the mass states
leads to slightly different propagation speeds and thus gives rise to the phenomenon

of oscillation [61-63].

Let us define the neutrino flavour eigenstates as

[Va) = ZUai!Vi> 3.1

where @ = e, i, T denote the three possible neutrino flavours, i = 1,2,3 denote the

mass eigenstates and Ug; are elements of the unitary lepton mixing matrix, known
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as the Pontecorvo—Maki—Nakagawa—Sakata (PMNS) matrix

_’5
C12€13 512€13 s13e” P
U =1 _ _ idcp _ idcp
PMNS §12€23 — C12513523€ C12€23 — §12513523€ c1353 | >
5 5
§12823 — €12513€23€'CP —C12823 — §128513¢23€'CP 13023
(3.2)

where ¢;; = cos 6;; and s;; = sin6;;. Analogously to the CKM matrix describing
mixing in the quark sector, the PMNS matrix quantifies the degree of mixing be-
tween different flavours of neutrinos. However, unlike the CKM matrix which is
nearly diagonal, the PMNS matrix has large off-diagonal entries, producing observ-
able oscillations over macroscopic distances. From the expression in Eq. 3.1, it is
clear that neutrino flavour states are to be treated as admixtures of the mass states,

which in turn are defined as

obtained through rotation of Eq. 3.1 to the mass basis. The mass states are eigen-

states of the Hamiltonian, i.e.
H’V,'> = E,"V,‘> (3.4)

for free neutrinos in vacuum. As will be discussed in Sec. 3.1.2, this is modified in
matter. In the above expression E; is the energy eigenvalue of the neutrino state i,

defined in the familiar fashion

N 2
Ei:\/p2+ml~2:\p“/l+(%) (3.5)

Since neutrino masses are negligible compared to their typical energies in all ob-
served processes, they are effectively highly relativistic., i.e. E; > m;. Therefore,

Eq. 3.5 can be Taylor expanded in m;/|p|, yielding

2

me
E,~F+ L .
i + oE (3.6)
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to first order, where the substitution for the average neutrino energy E = |p| was

used. The neutrino mass states are chosen so that they obey orthonormality, i.e.
<V,'|Vj> = 5," (37)

Due to the quantum mechanical treatment of the neutrino states, the time evolution

of the mass states can be written as
1vi(r)) = e Eit|v;) (3.8)

where ¢ is time and |v;(0)) = |vq) at r = 0, i.e. the initial state is a specific flavour.
Using Eq. 3.1 and Eq. 3.8, the time evolution of the flavour eigenstates can be

written as

V(1)) =} Uail vi(1)) (3.9)

We have seen that each flavour eigenstate is a superposition of three different mass
eigenstates m; and thus three different energies E;. As seen from Eq. 3.8, this super-
position causes the time evolution to depend on more than just a simple exponen-
tial phase, which ultimately results in the oscillatory behaviour of neutrino flavour
states.

To obtain a mathematical expression for the probability of oscillation, we start from
the quantum mechanical definition of an amplitude of transition from an initial state

A, to a final state B, given by

Ap—s05 = (08]9a)- (3.10)

The transition probability is then given by the square of the absolute value of the

amplitude

Possop = Ao u—os” = [{08]04) > 3.11)

Analogously then, the probability of neutrino oscillation from flavour & to flavour
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B is given by
Prasvs = |[(Vg|Va)[*. (3.12)

Now we can transform the ket in Eq. 3.1 into a bra, becoming

\vB>:ZUﬁj\v, (vg| = ZUﬁjv] (3.13)
J

and hence the probability can be expressed as

2

ZUalUﬁ] lE[ V]’Vl
iJ

,PVa*)Vﬁ = ZU(XIU* it

(3.14)
ZUm'UEj exp (—iEjt)

ZUg‘jUﬁiexp (iEjt)
j

where the second equality was obtained by using the orthonormality in Eq. 3.7. Now
with the use of Eq. 3.6 and the assumption that the neutrinos are ultra-relativistic,

1.e. L = ct ~t, where L is the distance traveled and ¢ = 1, we obtain

Aml]
Pro-svs = Y, UailUpUqUgjexp | —i—pL (3.15)
7]

where Am = m%, — mv , the squared mass difference, has been defined. It is un-
derstood that the summation over the indices is only performed for i > j, i.e. the
quantity Am;; is positive. We can clearly see from this expression, that the oscil-
lation probability depends on the mass difference squared, therefore if the neutrino
masses are equal, Am%j = 0, thus the exponential is always equal to 1, and Eq. 3.15
reduces to Py, v, = S by unitarity of U !, For a = B, this implies Py, v, = 1,
i.e. the flavour remains unchanged and for o # f8 Pvaﬂvﬁ =0, i.e. oscillation
cannot occur. These results follow from the unitarity of the PMNS matrix. The
case when o # f is usually termed transition probability, while @ = f3 is called the

survival probability.

IFor Am =0, exp <—z ZE’L) =1,s0 Pvaﬁvﬁ Yij UaiUEiU;jUﬁj = |U0”<U[§j|2 = 5043, where

in the last equahty we made use of the unitarity of U.
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It can aid the discussion to express Eq. 3.15 in terms of its real and imaginary

components. To do this, we make use of the trigonometric identity

. A
e = cosA+isinA =1 —25in2§+isinA (3.16)

and we remember that R[a] = 1(a+a*). Then after some algebra, we arrive at the

result

Aml-zL
Pva—Wﬁ - 50‘[3 —42.9{[Ma[3,ij] sin’ ( 4E] )
i>j

(3.17)

Am*L
+223[Maﬁ7ij]51n< 2E] >,

i>]
where Mg ;; = UaiUgiU;jUﬁj.
Irrespective of the fraction of neutrinos that change flavour, the total number

of particles is conserved, and therefore summing over the flavours at the time of

production and at the time of detection equals 1, i.e.
vaa—wﬁ = vaa—wﬁ =1 (3.13)
o B

Using this conservation property, one can obtain an analogous expression to

Eq. 3.17 for the o = B case. Since the total number of particles remains unchanged

Prasve = 1= Y Py (3.19)
B
and therefore )
Am?.L
Pra—sva = 1—=4Y |UqiUg;|* sin® 4—5 (3.20)
i>j

where we have used that for & = B, Myq,ij = UaiUgUg Uaj = [UiUg;|*. Thus,
we have now arrived at the expressions for the probability of appearance and disap-
pearance, in the form of Eq. 3.17 and Eq. 3.20, respectively. In the context of neu-
trino oscillation experiments, we can differentiate between two types: appearance
and disappearance experiments. In the former case, it is the transition probability

that is measured and generally these set-ups allow for small mixing angles to be
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probed. On the other hand, experiments of the latter type tend to measure survival

probability and therefore constrain larger mixing angles.

We have so far only considered the production of neutrinos. For antineutri-
nos, the CP phase d¢p associated with neutrinos that appears in the PMNS matrix
changes sign and becomes —d¢cp when the PMNS matrix is complex conjugated.
This change can lead to an asymmetry between neutrino and antineutrino oscilla-

tion, i.e. CP violation. To quantify this, the asymmetry factor
Y = Pryrvy — Praos (3.21)

may be introduced, where the bar denotes antineutrino states. We see from Eq. 3.17

that this asymmetry factor takes the form

) Amlsz

Y= 4§.S[Maﬁ7ij] sin | —— |- (3.22)
J

As seen before, in the case of o = f8 the quantity Myq ; j 1s real and therefore J) =0

— in other words, there is no asymmetry between neutrino and antineutrino survival

oscillation probabilities.

In order to allow for a more physical understanding of the oscillation formula,
let us concentrate on mixing between two of the three known neutrino flavours, as
this will result in a simpler and more easy-to-interpret result. We start by defining
the matrix, U, which in this case is just a rotation matrix, only parameterised by an

angle, 0.

cosO sinO
U= (3.23)
—sin@ cos0

This angle, assuming Dirac neutrinos, does not lead to physical CP violation and

therefore the asymmetry factor in Eq. 3.22 vanishes. Using this mixing angle and

the mass-squared difference Am? = m% — m% the probability for two-neutrino oscil-
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lation is obtained as

Am2L
_ ) .2
Pyg—svg = Pvg—v, =sin (20)sin ( 15 ) (a#B) (3.24)
Pyy—svy = ’Pvﬁ%vﬁ =1 _Pvaavﬁ (ax=B) (3.25)

In general, the oscillation amplitude depends on the mixing angle through the
sin?(26) term, while the frequency of oscillation is determined by Am? and L/E.
It is apparent from the appearance channel expression, i.e. Eq. 3.24, that although
Am? # 0 is necessary for oscillation to occur, it is not on its own sufficient, as the 6-
dependant sinusodial term dictates the degree of mixing. Clearly, there is no mixing
when 6 is a multiple of 7/2, while maximal mixing occurs when 6 is a multiple of
m /4. The other sinusodial term in Eq. 3.24 is dependent on L, and hence the dis-
tance over which the neutrinos propagate is also oscillatory. From the appearance
probability expression, one can work out the characteristic oscillation length, which
is the distance where the phase associated with the mass-squared difference is equal

tomw
B AnE

 Am?

0SsC

(3.26)

When L < L, the oscillations do not have sufficient time to develop and the prob-
ability is therefore very small. On the other hand, in the case L > L°¢, the argument
of the second sinusodial term becomes large and thus the function is rapidly com-
pleting full cycles and hence it tends towards an averaged value, leaving only the

0-dependence intact.

The approach taken in deriving all of the above results assumes that the propa-
gating neutrino states can be treated as plane waves. Although the general probabil-
ity expression in Eq. 3.15 as well as the two-neutrino appearance and disappearance
probabilities in the form of Eq. 3.24 and Eq. 3.25, respectively, turn out to be valid,
the plane wave approach is not entirely correct to adopt. This is because treating

the neutrino states as plane waves requires the assumption that they have fixed mo-
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menta. However, in line with Heisenberg’s uncertainty principle
h
AxAp = > (3.27)

where x denotes spatial position, p denotes spatial momentum and / = % with
h being Planck’s constant. We see from this expression that definitive knowledge
about the neutrino’s momentum necessarily translates to an infinite uncertainty on
its position, i.e. Ax — co. A more rigorous quantum mechanical treatment involves
the adoption of the wave-packet approach instead, where the neutrino state is de-
scribed by a superposition of planes waves and it is allowed to have variable spatial
momentum, which is spread out around an average value. Therefore the neutrinos
are localised and the issue of infinite spatial position uncertainty is circumvented.
Whereas in the case of the plane wave approach oscillations are a result of interfer-
ence between the propagating waves, the wave-packet approach shows that coher-
ence and decoherence effects — arising from the group velocities of the individual
packets — between the wave-packets lead to a more intricate interference behaviour
and hence oscillation patterns. In the wave-packet formalism, the one-dimensional
neutrino flavour state at t = 0 corresponding to Eq. 3.9, up to a normalisation factor,

is given by [64]

Va(0)) ~ ¥ Up / exp _(”2%5“2 dp|vi(0, p)), (3.28)
i P
where p is the variable spatial momentum of the neutrino state, pg is the average mo-
mentum and G, is the variance of the Gaussian distribution of the momenta. While
assuming a Gaussian shape is a specific choice, it is an appropriate one. Mathemat-
ically it is simple and convenient, while also capturing the important characteristics
of a localised wave-packet, though it should be noted that the exact shape of the dis-
tribution is determined by the production mechanism of the neutrino state. Arriving

at an expression for the probability of oscillation from Eq. 3.28 is rather laborious,
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so we just state the result [64]

N .Amisz L g
Pva%Vﬁ o< ZUalUﬁanjUﬁ]eXp —1 2E — LCOh 5 (329)
L] 1

where the coherence length is given by

2\2E?

h
[ o —
ij z|
Op|Ams;

(3.30)
This expression differs from Eq. 3.15 only in that it contains an extra term: the
ratio between the propagation distance and the coherence length, suitably dubbed
the coherence term. This ratio contains spatial information about the wave pack-
ets through their group velocities. The wave-packets associated with the different
mass states which a flavour state is composed of travel at different group velocities
and give rise to spatial separation and therefore overlap in certain cases. At very
short distances, i.e. for L < L oscillations are hardly observable and thus seem
to remain constant. In the case of L ~ L°*¢ the sinusodial periodicity of the flavour

transitions is most pronounced, while for L ~ [coh

the spatial overlap between the
individual wave-packets is reduced and hence the second term in the exponential
in Eq. 3.29 starts to dominate, leading to damping of the oscillations, i.e. decoher-
ence. For very long distances L > LM the coherence term tends to zero, hence
suppresses the oscillatory term and the oscillatory behaviour loses its distance de-
pendence and tends to an average value.

Although the above discussion of vacuum oscillations is pivotal for under-
standing neutrino propagation in space, it is crucial to understand how the coherence
of the wave-packets is affected by matter effects. As neutrinos propagate and, al-

beit weakly, interact with matter, their oscillatory behavior is altered. This will be

explored in the next subsection.

3.1.2 In Matter

In 1978, it was proposed by Lincoln Wolfenstein that coherent forward scattering

can alter neutrino oscillations [65]. Although continuous scattering of the neutrinos



3.1. Neutrino Oscillations 73

would kill oscillations altogether, coherent scattering does not and can even enhance
it in some special cases. This resonance was predicted by Stanislav Mikheyev and
Alexei Smirnov [66] and therefore matter effects impacting neutrino oscillations are

also widely known as the Mikheyev-Smirnov-Wolfenstein (MSW) effect.

In general, the Hamiltonian, H, is given by

H=Hy+V, (3.31)

where Hj is the Hamiltonian in free-space and V is a potential energy describing
effects of matter. For neutrinos propagating in vacuum, V =0 and H = Hp. If
the neutrino propagates in a medium, the presence of a potential due to the mat-
ter particles the neutrinos scatters with alter the Hamiltonian of the system. When
constructing a mathematical description of the MSW effect, it is sufficient to model
matter as consisting of electrons, protons and neutrons. This is because the vast
majority of matter in the universe is composed of first generation fermions, i.e. up-
and down-quarks (the constituents of protons and neutrons) and electrons. Neu-
trinos scattering with matter is mediated by W and Z bosons, giving rise to CC
and NC interactions, respectively. While all three flavours of neutrinos take part
in NC scatterings, only V, can be involved in W-mediated CC interactions. This is
precisely because, as mentioned earlier, matter is almost entirely composed of first
generation fermions, and thus only V, is able to couple to the electrons. Hence, the
potential felt by the electron neutrino will be altered, but through the admixing of
the neutrinos, the mass states vy, v, and v3 will also feel this effect, through the v,
components they each contain. Since all flavours experience the potential due to NC
interactions, the common phase it introduces can be neglected when trying to un-
derstand how the oscillation is modified by matter effects, and thus it is sufficient to
focus only on the potential induced by CC interactions. This modifies the Hamilto-
nian and thus shifts the phase between the mass eigenstates. Let us assume the two
flavour paradigm, let us say Vv, and v, for concreteness, and find an expression for

the vacuum Hamiltonian, Hy. Since the mass eigenstates propagate independently
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of each other, in the mass basis the vacuum Hamiltonian is

El 0
H = (3.32)
0 E

with E| and E; denoting the energies of the mass states v and v;, respectively. As

before, since the neutrinos are ultrarelativistic, we use Eq. 3.6 to obtain

2

30
HY' ~ 2 (3.33)
0 5%

where we have dropped the terms proportional to E, as they will end up cancelling
out anyway. We now transform this expression from mass to flavour basis using the

relation

H] =UHU' (3.34)

where U is the mixing matrix in the two-flavour paradigm, as given in Eq. 3.23
matrix and H({ denotes the vacuum Hamiltonian in the flavour basis. Substituting in

U and Hy’ into this expression and using Am?* = m% — m% as before yields

1 Am? Am? [ —cos26 sin26
H = — <m%+i>l+i (3.35)

2E 2 4E sin20  cos20
with I denoting the 2 x 2 identity matrix. All the first term is responsible for in
the above expression is to introduce an overall phase, which has no effect on the

oscillations. Therefore we neglect it and arrive at an expression for the effective

Hamiltonian in vacuum, H)

Am? [ —cos20 sin260

Hy=———
4E sin20 cos20

(3.36)
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Now using this expression, we can rewrite Eq. 3.31 as

Am? [ —cos26 sin26 N vV 0

H="
4E \ sin20 cos26 00

(3.37)

Am? —cosZG—l—iET‘g sin20

~ 4E sin26 cos26

where V = v/2Gpn, is the potential induced by CC interactions, with Gr the Fermi
constant and n, denoting the electron number density in matter [67]. Now we need

to solve the Schrodinger equation

d \% \%
i =l (3.38)

where H), is the diagonalised Hamiltonian in the mass basis. To go from H, the

Hamiltonian in the flavour base before diagonalisation, to Hy;, we need to compute
Hy = U};HUy (3.39)
where Uy, is the mixing matrix given by

cosfy —sinf
Uy = M M (3.40)
sin@y; cos Oy

and thus
1 [(-Am3, 0O

Hy = —
M= 4E 0

(3.41)
Amizw
The effective parameters 6, and Am3, differ from their vacuum counterparts 6 and
Am? and denote the effective mixing angle and mass splitting squared in matter,
respectively. They are expressed as [67]

)
20
sin226y; = sin (3.42)

2
sin%20 + <c0529 — ZAET‘Q)
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and
2EV\?
Amay = Am2\/ sin®26 + (c0s29 — A—mz> . (3.43)
Hence, the solutions to the Schrodinger equation are
_Am%/[
V] (Z‘) =V (O)EﬂTI
(3.44)

,Am2
Vz(t) = Vz(O)eil aE

It is straightforward to compute V,(¢) and v, (¢) using the solutions above and the
mixing matrix in Eq. 3.40. Since the neutrinos are ultrarelativistic, the appearance

probability is

Am?,L
_own? L2 M
Pye—sv, = sin”(20)) sin ( 1iE ) : (3.45)
When 6y, = 7/4, maximal mixing, i.e. sin>(26y) = 1 occurs, a resonance is ob-
tained, corresponding to a maximal transition amplitude between the two neutrino

flavours. The resonance condition for the potential, Vi, is given by

2

Am
Vies = ECOS(Z@). (3.46)

At the resonance, the mass splitting takes on its minimal value, as the second term
under the square root in Eq. 3.43 is zero, thus Am%d = Am?sin(20), leading to rapid
oscillations. When V = 0, clearly we recover the vacuum case with 6, = 6 and
Amlzw = Am?. When V < Vj, corresponding to low matter density, the effective
parameters are only slightly different from their vacuum counterparts and therefore
the oscillation probability is similar to that in vacuum. Finally, in the case V >
Vyes, 1.€. matter effects are very strong, the effective mass-splitting becomes large,
while the effective mixing angle approaches zero. This results in a suppression of

oscillations in the high matter density scenario.

3.2 Oscillation Experiments

The phenomenon of neutrino oscillation has been extensively studied experimen-

tally using a wide variety of neutrino sources, including: solar, atmospheric, accel-
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erator and reactor neutrinos.

The solar v, neutrino deficit was first observed by the famous Homestake
experiment [16] in 1968, with final results of 2.56 +0.16 (stat.) £ 0.16 (syst.)
solar neutrino units (SNU, with 1 SNU = 1073% captures per second per target
atom) [68]. In comparison, the Standard Solar Model (SSM) predicts 8.46™0-52 [69].
This deficit was confirmed by the Gallium Experiment (GALLEX) [70], Soviet-
American Gallium Experiment (SAGE) [71] and Gallium Neutrino Observa-
tory (GNO) [72] experiments, with proton-proton chain neutrinos. SAGE re-
ported 65.43:63:2 SNU [73], while the combined GALLEX+GNO results showed
69.3 £4.1 (stat.) £ 3.6 (syst.) SNU [72], compared with the SSM prediction
127.9f§:$ SNU [69]. These were all radiochemical experiments, only able to pro-
vide time-averaged data. The Kamiokande experiment on the other hand, was a
Cherenkov detector able to measure the neutrino capture in real time and provide di-
rectional confirmation that the neutrinos were indeed originating from the Sun (i.e.
that the deficit was not resulting from some other source). Both Kamiokande [74]
and its successor, Super-Kamiokande [75], confirmed the neutrino deficit as well
as the origin of the neutrinos. The solar neutrino flux predicted by the SSM is
(5.46 +£0.66) x 10° cm~2 s~! [76], while the most recent Super-Kamiokande re-
sults report a flux of (2.345=+0.014 £0.036) x 10® cm=2 s~! [77]. Some forty
years after the solar neutrino problem, the solution came from the SN [78] and
Super-Kamiokande [79] experiments, confirming the oscillatory behaviour of neu-
trinos. Presently, solar neutrinos are used to constrain 0, while future searches
will attempt to measure the solar fluxes with more precision and study the MSW

effect.

Similarly to the solar neutrino problem, a deficit of atmospheric neutrinos was
observed by Kamiokande [32] and IMB [80] experiments. The evidence for atmo-
spheric neutrino oscillations as the solution to the problem was reported by Super-
Kamiokande [34]. Currently, atmospheric neutrinos are used by experiments such
as Super-Kamiokande and IceCube, to study oscillations over very long baselines,

constrain 6,3 and |Am§1 |. Future experiments, including the upgraded IceCube and
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Hyper-Kamiokande will aim to study CP-violating effects, alongside the mass or-
dering.

Accelerator neutrinos are used in long- and short-baseline oscillation experi-
ments. The long-baseline K2K [81] alongside MINOS [82] and MINOS+ [83] con-
firmed v,; disappearance. The OPERA experiment confirmed muon to tau neutrino
oscillations [84], while muon to electron neutrino oscillation was firmly established
by T2K [85]. Currently, the T2K and NOvVA experiments are providing constraints
on dcp and the mass ordering, while the future will see Hyper-Kamiokande and
DUNE studying mass ordering, dcp and the 6,3 octant with unprecedented preci-
sion, among their rich scientific goals. The short-baseline LSND experiment [86]
found an excess of events when studying electron antineutrino appearance, a result
supported by the results of MiniBooNE [87], although this excess was not reported
by KARMEN [88]. Similarly, the MicroBooNE collaboration did not report an ex-
cess of events [89], nor did they find any evidence of oscillations involving light
sterile neutrinos [90,91]. Recently, the JSNS? [92] experiment located at J-PARC
has commenced operation, with the aim of looking for hints of light sterile neutrino

oscillation alongside testing of the LSND anomaly.

Reactors are important sources of neutrinos, as they produce them in copious
amounts. The KamLAND experiment used such rector antineutrinos to report ev-
idence of V, disappearance [36]. The three experiments Double Chooz [93], Daya
Bay [94] and RENO [95] all found 6,3 to have a non-zero value. One of the most
notable next generational neutrino experiment that will utilise reactor neutrinos is
JUNO. Among its rich scientific objectives, JUNO aims to determine the mass or-

dering of neutrinos.

3.3 Absolute Neutrino Mass Probes

Although we have seen that the existence of neutrino oscillations hinges entirely
on the fact that neutrinos are not massless, oscillation experiments are unable to
measure the absolute masses of neutrinos, as the transition probability relies on the

mass-squared difference, rather than the absolute mass, as seen in Eq. 3.15. There
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are three main probes available to determine the absolute neutrino mass: cosmolog-
ical measurements; neutrinoless double beta-decay and single beta-decay. In this
section we review each of these. Currently, the absolute masses of the SM active
neutrinos are still unknown, but experiments continue to provide more and more
stringent upper bounds, with the hope of honing in on the actual mass value in the
near-future. Although current experimental data shows a slight preference for nor-
mal ordering (NO) as opposed to inverted ordering (IO), the mass hierarchy of neu-
trinos is also unknown. While some neutrino mass experiments have the potential
to probe the mass ordering, there exist a number of dedicated searches for which the
question of mass hierarchy is of high priority among their outlined scientific goals.
These include the Jiangmen Underground Neutrino Observatory (JUNO) [96] and
Hyper-Kamiokande [97] mid- and long-baseline experiments, respectively, and the

atmospheric neutrino experiments KM3NeT-ORCA [98] and IceCube-PINGU [99].

3.3.1 Cosmology

The role and nature of neutrinos in the universe has changed significantly since the
Big Bang. In the early universe, ultrarelativistic neutrinos were in abundance and
contributed to the radiation density of the universe through their own energy den-
sity. At a later time however, as the universe expanded and the primordial plasma
— alongside neutrinos — cooled, the ultrarelativistic neutrinos gradually decoupled.
Today, they contribute to the matter, rather than radiation density of the universe. It
should be noted, that if neutrinos had extremely small masses, or if they were com-
pletely massless, they would have remained ultrarelativistic, still contributing to ra-
diation density to this day. However, since they posses small but non-zero mass, by
measuring the density of these relic neutrinos today, it is possible to constrain some
of their properties, such as their mass, if we assume the ACDM ? model [101-107].
In other words, the cosmic neutrino background contains the imprint of the primor-

dial neutrino sea, through the influence of the transition on the large-scale structure

2Currently, the ACDM model shows the best fit to the cosmological observations and available
data [100].



3.3. Absolute Neutrino Mass Probes 80

formation in the universe. It can be assumed that the relic neutrino background
is homogeneously composed of the three active neutrino mass eigenstates, mp,m;
and m3. Due to the resolution of the cosmological survey techniques however, such

precision measurements usually constrain the sum of neutrino masses [108]
Y= Zmi (3.47)
i

where the sum runs over the three neutrino mass states and thus i = 1,2,3. Eq. 3.47
can be rewritten in terms of the lightest neutrino state, mjjgnees. This will result in

two separate expressions for the two distinct mass hierarchies

— 2 2 2 2
L = Mijghtest + \/ Am3) 4 M opies \/ Am3y + M gpest (NO) (3.48)

X = Mighiest+ |~ A1y g /A0y F i (10)  (3.49)

where Aml-zj is the mass-squared difference between the mass states m; and m;. It is
useful to have expressions in terms of myjghees; since this naturally results in the ap-
pearance of mass-squared terms which facilitates straightforward comparison and
combination with oscillation data. It also naturally leads to the two different hier-
archical scenarios which allows for straightforward considerations of models that

make mass-ordered predictions.

Constraining ¥ in this manner is entirely model dependent. Although effec-
tively all results rely on the assumption of the ACDM model, this is not the only
choice that can influence the upper limit one obtains [108]. The resulting upper
bound is also heavily dependent on the cosmological survey data it takes into con-
sideration when performing the analysis. Estimates in [109] combine Cosmic Mi-
crowave Background (CMB) data from Planck [110], lensing [100] and baryon
acoustic oscillations (BAO) [111-113] measurements. In the early universe, neu-
trinos suppressed structure formation due to the free-streaming effect due to their
ultrarelativistic nature, as their high speed allowed them to escape the pull of matter
density fluctuations to form matter. The photons of the CMB are deflected by gravi-

tational potentials of large-scale structures, thus neutrino effects can be observed in-
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directly by measuring the degree of lensing. BAO are fluctuations of matter-density
due to the primordial acoustic oscillations which can be used to study the expansion
history of the universe, which was affected by ultrarelativistic free-streaming neu-
trinos through their suppression of structure-formation. The above data were com-
bined to give current best upper bounds of £ < 0.15 eV for NO and £ < 0.17 eV for
I0.

3.3.2 Neutrinoless Double Beta Decay

When single beta-decay is forbidden, some nuclei can undergo double beta-decay
(2vB ), whereby two neutrons transform into protons accompanied by the emission
of two beta-electrons and two antineutrinos in total. However, if the neutrino is a
Majorana particle, then the antineutrino produced in the first decay can be absorbed
by the second decay. This results in the emission of two beta-electrons, but no

neutrinos and this process is hence termed neutrinoless double beta-decay (Ov33)
(Z,A) - (Z+2,A)+e e (3.50)

where Z and A are the atomic and mass numbers of the nucleus, respectively. This
process can only occur, if the neutrino is able to undergo a chirality "flip’. Given
that antineutrinos are right-handed, while neutrinos are left-handed, a chirality ’flip’
is necessary for Ovf3f3, i.e. the neutrino must be Majorana. It is important to note
that constraining the neutrino mass in this fashion relies on the assumption that
the dominant contribution to the neutrinoless double beta-decay is from Majorana
neutrino masses, rather than some other new physics phenomenon. This, in turn,
implies that if neutrinos are not in fact Majorana particles, Ovf is a forbidden
process and cannot be observed in nature.

Experiments studying Ov 3 measure the decay half-life
(1)~ = G M [*(mpp)* (3.51)

where G% denotes the so-called phase-space factor and hence determines the kine-

M| is the nuclear matrix-element of

matics of the outgoing final-state particles,
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the process and (mgg) is the effective Majorana mass

(mgp) = Z(Ue,-)zm,- = cos? 0)3(cos? 01om] + sin® O1ym)y) +sin® O13mf,  (3.52)

1

i.e. a linear superposition of the mass states, with m} = ¢'%, where o are combina-
tions of the CP-violating phase in the PMNS matrix and the two Majorana phases
(see parametrisation in [114] for example). It is possible to express Eq. 3.52 in terms
of the lightest neutrino mass, myightest. Using myjghtest = M1 for NO and myjghtese = m3
for IO results in two definitions for (mgg) for the two mass ordering cases.

From Eq. 3.51 it is easily seen that measurements of TIO/V2 translate to a mea-
surement of (mgg), or to an upper bound on (mgg), in the case of null signal. It

should be emphasised, that there are sizable uncertainties associated with the nu-

clear matrix element, |[M°"|. Since (mgg) is proportional to the half-life, these un-
certainties are inevitably inherited by the limits on the effective Majorana neutrino
mass. Different nuclear models result in different values of [M°V| and therefore the
derived limits on (mﬁ [3> also vary depending on the model used.

So far, Ovf3B has not been observed. Currently, the most stringent upper

bounds on the effective Majorana mass come from the KamLAND-Zen [115] and

GERDA [116] experiments, which at 90% CL are
(m,;,;) < 36— 156 meV (3.53)

(mpp) < 79— 180 meV, (3.54)

respectively. The above are ranges, because the nuclear matrix elements, which
are theoretically computed, vary between models and therefore impact the inferred

values of (mgg).

3.3.3 Single Beta Decay

In the previous subsections, two of the three probes for neutrino mass measurement
— cosmology and neutrinoless double beta-decay — were introduced. It was explored

that both of these are model dependent and indirect measurement techniques. The
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only model independent direct neutrino mass probe is single beta-decay.

During single beta-decay, one of the neutrons in the mother nucleus changes
into a proton and emits two final state particles: an electron and an electron-type
antineutrino

(Z,A) = (Z+1,A)+ e V. (3.55)

If the nucleus is at rest, energy-momentum conservation dictates that knowledge
of the emitted electron’s kinetic energy allows deductions to be made about the
kinetic energy of the anti-neutrino and hence its absolute mass. In single beta-
decay neutrino experiments, the parameter of interest is referred to as the effective

neutrino mass [117]

mps =\ Vet [P+ |Uoa [P + U 23, (3.56)

Eq. 3.56 can be rewritten in terms of the mass-squared differences for cases when
the mass ordering needs to be explicitly emphasised. At this point it is important to
note that although neutrino flavours are associated with the charged leptons they are
produced along, mg should not be referred to as "electron-neutrino’, because strictly
speaking it is not a particle with a well defined mass, but it is in fact an interaction

eigenstate composed of a linear superposition of mass eigenstates.

The behavior of the energy spectrum for various neutrino masses for tritium
B-decay is shown in Figure 3.1. In such neutrino mass experiments, the energy
spectrum of the beta particle is measured and the high energy tail can then be ob-
served near its end-point. If neutrinos were massless, the end-point would be lo-
cated at the the Q-value, the energy difference between the initial and final states of
the decaying nucleus, i.e. it is the total energy available to the emitted electron and
neutrino. However, knowing that neutrinos are massive, the simultaneous emission
of a neutrino alongside the electron is expected to manifest itself in the form of an
early round off of the energy spectrum of the electron, with the end-point located
at Q—mp — the more massive the neutrino, the more energy it takes away from the

total available and hence the earlier the spectrum is sent to zero.
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Figure 3.1: Left: electron energy spectrum in tritium beta-decay as a function of kinetic
energy. Right: endpoint region of the same spectrum for a massless neutrino
(gray) and various choices of neutrino mass, mg = 2.5 eV (blue), 4 eV (red),
5 eV (green) and 6 eV (orange). As can be seen, the end-point is shifted by an
amount equal to the neutrino’s mass.

Choosing an appropriate isotope for a single beta-decay experiment is crucial.
There are two main factors to consider: Q-value and specific activity. Since the Q-
value determines the kinematics of the decay products, it needs to be large enough to
accommodate the masses of both the electron and the neutrino, as well as the kinetic
energy distribution of the beta-particle. On the other hand, and more importantly,
the lightness of the neutrinos results only in a small distortion of the energy spec-
trum and therefore the lower the Q-value (and hence the larger mg /Ek), the more
noticeable the distortion and hence the higher the sensitivity. Currently, the most
stringent upper bound on the effective neutrino mass is mg < 0.45 eV at 90% CL,
coming from the KATRIN collaboration [42].

3.4 Sterile Neutrinos

We will see in Sec. 3.5 that in order to generate masses for the left-handed SM
neutrinos, the addition of right-handed companions is required. Although measure-
ments of the invisible width of the Z boson constrain the number of light active
neutrinos to 3 [118], one is still able to add one or more sterile states to the SM.
These inert states are known as sterile neutrinos because the SM gauge group is
blind to them and they do not participate in any of its interactions. Despite this,
these hypothetical particles can indirectly interact with the SM sector through their
mixing with the active neutrinos. In general, extending the SM with # sterile neutri-

nos results in the dimensions of the PMNS matrix increasing to (3+n) x (3+n). In
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the case of a 3+1 model, i.e. one additional neutrino state, the mixing matrix takes

the form
Ve Uel Ue2 Ue3 Ue4 Vi
Y% Un Up Uys Uy \%)
vV Uy U Uy Uy V3
) Usl UsZ Us3 Us4 V4

where V; is the extra fermionic singlet interaction eigenstate and vy is the fourth
mass eigenstate. All neutrino-mass probes discussed in Sec. 3.3 have the ability to
constrain the active-sterile mixing angle if the SM particle content is assumed to
be extended by one or more sterile neutrinos, regardless of the underlying produc-
tion mechanism, as long as the mixing between the active and sterile neutrinos is

assumed to be non-zero.

Sterile neutrinos are well motivated both experimentally and theoretically. We
will first look at the experimental hints for sterile neutrinos and then introduce the

theoretical models that accommodate them.

The short-baseline Liquid Scintillator Neutrino Detector (LSND) experi-
ment [119], which operated at Los Alamos National Laboratory, searched for neu-
trino oscillations between v, and V. flavour states. It found an excess of V. events
above the expected backgrounds [120]. Explanations involving systematic error and
SM uncertainties all fail to explain the anomalous result (but nevertheless they are
discussed in [121]) and therefore the LSND anomaly seems inconsistent with the

three neutrino paradigm and this motivates the search for sterile neutrinos.

The short-baseline MiniBooNE experiment at Fermilab, similarly to LSND,
reported an excess of electron neutrino events from a muon beam [122], but with
higher statistics. MiniBooNE’s task was to independently check the results of the
LSND and indeed the findings of the two experiments are in agreement with each
other, hinting at an anomaly that could potentially be resolved through the extension

of the SM with sterile neutrinos.

An additional hint pointing to tension with the three-neutrino paradigm comes

from the observed deficit of electron-neutrinos in the calibration tests of the gallium
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experiments GALLEX [70] and SAGE [123] and their combined results [124]. Sim-
ilarly to the short-baseline experiments above, these results favour the sterile neu-
trino hypothesis.

On the other hand, experiments such as the Daya Bay Neutrino Experi-
ment [125] and the Main Injector Neutrino Oscillation Search (MINOS) [126]
(alongside their combined results [127]), which also searched for a deficit of SM
neutrinos due to mixing with sterile states, did not observe the signal reported by
LSND and MiniBooNE. Therefore, further tests are required to resolve this experi-
ential tension.

Beyond the experimental hints, sterile neutrinos are well motivated theoret-
ically, appearing in seesaw, left-right symmetric, various dark matter, GUT and
leptogenesis models, to name a few. Through their incorporation they are able to
solve some crucial issue with the SM, such as the origin of light neutrino masses,

matter-antimatter asymmetry or the identity of dark matter.

3.5 Mass

In the SM, the fermions acquire Dirac masses via Yukawa Higgs couplings,
whereby the left-handed SU(2); doublets are coupled to the right-handed charged
SU(2)L, singlets. We have seen in Sec. 2.5.2 that the mass generation mechanism
involves fermion interactions with the Higgs field, which has a non-zero VEV once
the symmetry of the original gauge group has been broken spontaneously. In gen-
eral, the mass matrix of a fermion, m/ is related to the Yukawa coupling, y r and the
VEV, v, through

f
m

Thus, the experimentally measured values of v and the elements of m/ can be used
to determine the size of the couplings. The largest Yukawa coupling is O(1) for
the top quark, while the smallest ~ 107° for the electron. Even if there exists a
right-chiral neutrino allowing for the neutrino masses to originate from the Higgs
mechanism as in the case of the other fermions, the Yukawa couplings are already

heavily constrained and thus have to be very small ~ 10~!2, indicating that these
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masses may be generated in a different way.

Other than a Dirac mass arising from the coupling of a left- and right-chiral
neutrino field, the neutrinos may have Majorana mass, in which case the neutrino
and antineutrino are the same and thus there is no need for two fields of opposite
chirality to be present. In fact, from an EFT perspective, neutrinos should have
Majorana masses, since there is nothing to forbid it. In the following we review the

possibility of both Dirac and Majorana neutrino masses.

3.5.1 Dirac

The most straightforward way of incorporating neutrino masses is to add right-
handed neutrino SU (2), singlets to the SM particle content, one for each generation
of leptons, i.e. three in total: v,’;, where i = 1,2,3. The presence of both left- and
right-handed neutrino fields then allows for Dirac type masses for the neutrinos to
be obtained upon spontaneous symmetry breaking, analogously to the generation of

the other fermion masses, as discussed in Sec. 2.5.2.

Although there is nothing forbidding the addition of such v% states, they must
transform trivially under the SM gauge group and thus may not have colour charge,
hypercharge or electric charge — in other words they must be completely sterile, to
be consistent with experimental observations (or non-observations, rather). Extend-
ing the SM with three right-handed neutrinos will therefore result in the extension

of the Yukawa Lagrangian with the terms

3 ,
LYukawa — ﬁYukawa - Zyzijlq)v[je +h.c. (359)
i,
where L' are the left-handed leptonic SU(2) doublets, @ is the Higgs doublet before
symmetry breaking as defined 1s Eq. 2.39 and y}’j is a general 3 x 3 Yukawa matrix
for neutrinos. This leads to the neutrino mass term being generated upon the Higgs

boson acquiring a non-zero VEV

3 .
Lliiawa = — Y, m}Vivi+hee. (3.60)
i1
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where mY

i the neutrino mass matrix, is given by

m’ = —y". (3.61)

In exactly the same way as was done for the up-type quark case, the field appearing
in Eq. 3.59 is &, as defined in Eq. 2.74, rather than simply ®, since otherwise
the upper component of the left-handed doublet, i.e. the left-handed neutrino field
cannot acquire mass, due to the upper component of the unbroken Higgs field being

zero in Eq. 2.39.

It has already been explored in Sec. 3.1, and thereafter, that the flavour and
mass eigenstates of neutrinos are not equivalent and thus the flavour fields need to

be expressed in terms of the fields in the mass basis

3 3

i _ vL.,/ i L pt

vi=Y Uitvy, =Y Uity
k=1 k=1

3 3 (3.62)
Ve= Y Uik, th= Y Uitk
k=1 k=1
where the primed fields denote states in the weak basis and ¢ = e,u, T are the
charged leptons and UX are unitary matrices. Since each flavour is a linear su-
perposition of three mass states due to there being three generations of charged and
neutral leptons, as signified by the summation in the above expressions, we know
from the discussion on quark mixing in Sec. 2.5.2 that there will be two unitary ma-
trices diagonalising the neutrino and charged lepton mass matrices. As in the case
of the up- and down-type quarks, there is no reason for these diagonalising matrices
to be the same, i.e. implying mixing in the lepton sector. The interactions of the
left-handed neutrinos, v;, and the left-handed charged leptons, ¢; with the charged

current mediating W boson produce the charged-current part of the Lagrangian

3
Lec=——2) LY*W/vi+he, (3.63)
i=1

ol

2
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which can be rewritten using the field redefinitions in Eq. 3.62 as
P 3 . 3 ,

Loc=—"5 Y YUkl | wi | Y Uty | +he. (3.64)
i=1 1

q=1

leading to the identification of the PMNS matrix
Upmns = UFTUYE (3.65)

which is analogous to the CKM matrix parameterising the flavour mixing in the
quark sector. In Sec. 3.1, the PMNS matrix has already been introduced during
the discussion on neutrino oscillations. Since physical observables only depend
on the combination of unitary matrices as shown above, rather than on U’ or
UV" individually, the leptonic unitary matrix may be assumed to be diagonal with-
out loss of generality, i.e. U‘“T = diag(1,1,1). This approach is useful, because
then Uppns essentially parameterises the transformation between neutrino mass and

flavour eigenstates

Ve Vi Uel UeZ Ue3 Vi
Vu | =Upmns [ vo | = Ui Upo Upz | | »2 (3.60)
vV V3 Uy U Ug V3

As we have now seen that this mass generation mechanism corresponds ex-
actly to how the fermions obtain their masses, one might wonder why right-handed
neutrino fields were not included in the SM in the first place, as treating all fermions
in the same way would be the most natural approach. The answer to this is that no
experiment has ever found any indication of right-handed neutrinos and thus they

were left out of the model, to be consistent with the observations of the real world.

3.5.2 Majorana

In the previous section it was shown that neutrinos can acquire Dirac-type masses
in the same way as the other fermions with an associated Yukawa coupling, via the

extension of the SM with right-handed neutrino singlets. However, this is not the
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only possible mass generation mechanism in the case of neutrinos.

Another way of introducing mass terms is through the construction of Majo-
rana neutrino masses, without the addition of right-handed fields. Although this
may seem impossible, since we have seen that both left- and right-chiral fields are
required for a mass term, it turns out that the field content of the SM already con-
tains the necessary right-handed fields, in the form of the right-handed antineutri-
nos, which are the antiparticles to the left-handed neutrino. For a four-component
spinor, ¥, which describes a free fermion has both left- and right-handed compo-

nents. These can be used to write
Y =PY+PRY=Y+Y:, (3.67)
using Eq. 2.2, which will result in the Dirac mass term
—mPY = —m(¥ Wr +Pr¥.) (3.68)

for the Dirac Lagrangian

L="(iy"d, —m)P. (3.69)

Now if we would like to construct a mass term with only say the left-chiral field,
Y, we need to ensure it is a Lorentz scalar and that it is quadratic in the field.
To be able to construct a term adhering to these requirements, we introduce the
charge-conjugate spinor

we — o’ (3.70)

where C = iy}, is the 4 x 4 charge-conjugation. The charge-conjugate spinor, ¥*¢
can be shown to transform in the same way as W, which is essential to ensure

Lorentz invariance. Using this it is now possible to construct a mass term using
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only the left-chiral field to construct a Majorana mass term

m - - m -
=) (PSP +PLY5) = -3 (PIC¥,L+P.CP])
1 , Wy (3.71)
=3 (¥ ()" )mC " +he.
lIIC
R
where the mass matrix is given by
m 0
m= . (3.72)
0 O

The result of Eq. 3.71 is the addition of a Majorana mass term to the SM

L= % 23: mY;vy Cv] +h.c. (3.73)

i,j=1
where m" is a 3 x 3 neutrino mass matrix in flavour space, with i, j = 1,2,3 corre-
sponding to the flavour generations V., vy, V. As before, in order to parameterise
the neutrino mixing, the mass matrix needs to be diagonalised, which will result in
an alternative U%,INS. As opposed to Upyns Which was parameterised by one CP-
violating phase in the Dirac case, this new mixing matrix contains two additional

CP-violating phases.

In contrast to the Majorana case above, using the charge-conjugate spinor, the

Dirac mass term may be rewritten as

—m (‘PLlPR + li’]g‘PL) =-—-m (("PZ)TClPR + (T%)TCTL)

p (3.74)
— —m (¥, (¥ ympC | "

where the Dirac mass matrix is given by

0
mp = . (3.75)
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It is apparent from the explicit form of Eq. 3.75 above that the Dirac mass ma-
trix only contains non-zero entries along its off-diagonal in the basis of left- and
right-handed chiral components. This directly demonstrates why Dirac-type masses

couple left- and right-chiral components.

On the other hand, the Majorana mass matrix in Eq. 3.72 clearly ends up killing
all right-chiral components of the spinor due to the zero valued off-diagonal terms.
Upon the introduction of the four-component spinor, W, it was stated that it is a
four-component object: describing a particle and antiparticle field, each with two
possible spin configurations. It is easy to see from Eq. 3.71 that the Majorana mass
term only requires Wy, i.e. only half of the degrees of freedom associated with
WV and therefore we see that there is indeed no need for the extension of the SM
particle content with right-handed neutrino fields to construct Majorana mass terms.
Instead, it is sufficient to have a two-component object, & = ;. Physically what
this means, is that the two particles described by & still have two spin configurations,
but the particle and antiparticle states must be one and the same, leading to the
Majorana condition

pe (3.76)

Hence, although the construction of a Majorana mass term is mathematically pos-
sible and is advantageously more economical than a Dirac mass in terms of the
number of degrees of freedom involved, it has the serious real-world consequence

that neutrinos and antineutrinos must be the same particles.

Additionally, it is apparent from Eq. 3.73, that such a term violates lepton
number by two units, i.e. AL = 42, since neutrinos and negatively charged leptons
carry L = +1, while antineutrinos and positively charged leptons carry L = —1. In-
troducing lepton number violation (LNV) is a key feature of Majorana neutrinos
with experimentally testable consequences. Both the particle-antiparticle equiva-
lence and LNV can be probed in experiments, with the most notable example being

the search for neutrinoless double beta-decay.

It is important to point out, that although the Majorana mass term that has

been constructed for neutrinos is Lorentz invariant, it does not respect the gauge
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symmetry of the SM. From the perspective of EFTs, which require the inclusion
of all terms permitted by the underlying symmetries, this gauge-invariance require-
ment leads us to consider higher-dimensional operators, including the dimension-5
Weinberg operator

1 3 Cij

EWeinberg = 5 Z

(L'®)" (L/®) +h.c. (3.77)
i,j=1 ANP

where ¢;; are coupling constants and Anp is the scale of new physics. Since the
Lagrangian has a mass dimension of four, the fact that the scale of new physics in
the denominator is to the power of one shows that the operator is indeed dimension-
5. Upon spontaneous symmetry breaking

1 T
Lweinbers = 5 3 m};vy  Cvi +h.c. (3.78)

i,j=1
i.e. the symmetry breaking naturally gives rise to the Majorana neutrino masses.
Since the Higgs doublet, as introduced in Eq. 2.44 contains v + h and the Eq. 3.77

is quadratic in &, the mass matrix is given by

2
v v

T OANe

c. (3.79)

Although there are other terms upon expanding (v + /)2, only the one quadratic
in the VEV contributes to the Majorana neutrino mass term, since the cross term
vh is only relevant for neutrino-Higgs coupling, while 4? is related to the Higgs

self-interaction. Assuming ¢ ~ 1 and my ~ 0.1 eV and using v ~ 246 GeV means
Anp ~ 10" GeV. (3.80)

This demonstrates why Majorana neutrino masses are such an attractive prospect.
Although it has been discussed that Dirac mass terms may be obtained via the ad-
dition of right-handed fields, the resulting Yukawa couplings are tiny compared to

those of the other fermions, and their smallness is not explained by the mass gener-
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ation mechanism. Majorana mass terms on the other hand are more economical as
they do not require the extension of the SM particle content (although they do upon
UV completion) and the resulting small mass values are naturally explained by the

high scale of new physics associated with the effective Weinberg operator.

3.5.3 Mass Models

It has been shown in the previous two sections that there are two general ways
in which the active neutrinos can receive masses: the Dirac and Majorana mass
mechanisms. Although the Dirac approach successfully generates neutrino masses,
it suffers from several maladies: additional fields are needed even at low energies;
the resulting Yukawa couplings are extremely small and unexplained; no physical
consequences apart from mass, hence no testable predictions and lepton number is
no longer an accidental symmetry, but one that must be imposed. Majorana mass
terms on the other hand: do not require extra light fields only at UV completion; the
smallness of the neutrino masses are natural consequences of the high energy theory
and lead to the experimentally testable predictions of LNV and particle-antiparticle
equivalence. Therefore, the Majorana option is more popular and there are in fact
numerous BSM theories which generate the Weinberg operator as a low energy EFT
(LEFT) operator, which in turn gives rise to the Majorana neutrino mass term, as

discussed in the previous section.

The seesaw mechanism in a sense is a fusion of the Dirac and Majorana ap-
proaches, thus managing to get the best of both worlds. In the Type I seesaw
model [128-132], three generations of right-handed sterile neutrino singlets are
added to the SM (for a pedagogical overview of single generation Type I seesaw
see Appendix A). Similarly to the Dirac approach, this will also result in the usual
Dirac mass coupling the left- and right-chiral light neutrino components, however,
in this case the sterile neutrinos have a Majorana mass term, which must be added

since there are no symmetries forbidding it. Such extension of the SM with RH
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neutrino fields Ng results in the post EWSB Lagrangian

_ 1 _ vy
ﬁNR:NR,,i()NR,,—E M NG NRr +he s Ne=| 5. (38D

Ng

where the left-handed (LH), v;, and RH neutrino fields are combined into the
column vector N, the superscript ¢ denotes the charge-conjugate (as defined in
Eq. 2.84 with n. = 1) and where p and r are indices running over the flavour states
for n,, number of LH and ny number of RH neutrinos. The neutrino mass matrix is

M, = My Mp , (3.82)

ML Mg

with dimensions (ny + ng) X (ny +ny). The subblocks My, Mp and Mg denote the
mass matrices of the LH Majorana mass, the Dirac mass coupling LH and RH
neutrinos and the RH Majorana mass, respectively, with dimensions of ny, X ny,
ny X ng and ng X ng. Without any additional NP, My = 0, since vy is part of the
SU(2), doublet L and thus a Majorana mass term of the form MLVLT vy would break
gauge invariance. If the SM is extended with Ng, then the Dirac mass, Mp, can
be generated via the Yukawa coupling of the form y"l_ffi)vl'é (as in Eq. 3.59 with a
change in notation Vg — Ng), resulting in the mass matrix Mp = % (asin Eq. 3.61
with m¥ — Mp) once the Higgs acquires a non-zero VEV upon EWSB. For lepton
number assignment, we adopt the convention L(vy) = L(Ng) = +1. Therefore, if

lepton number does not need to be conserved, then Mg # 0 is allowed.

In order to obtain the mass eigenstates, the matrix M needs to be diagonalised
to decouple the light and heavy states, which rotates the weak states Ny into the
mass states N;, with masses m;, similarly to the procedure described in Sec. 3.5.3.
This involves assuming a unitary matrix of the form I/ = e ~ 1+ Q to first order
in

0 ©6
Q= (3.83)
-0" 0

which contains non-zero entries only along its off-diagonal, in order to remove the
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off-diagonal blocks in the mass matrix. Q is anti-Hermitian in order to ensure a
. Lo t _ .

unitary transformation, i.e. U'U = e? e? = e 2? = 1. @ is a small parameter

which is found to be ® ~ Mp /Mg upon computing U M. The diagonalisation

then yields
Nre=PrUiN; = m;&ij = Upilhrj[My]pr (3.84)

where U is an (ny 4 ng) X (ny + ng) unitary matrix. 3 In the SM, there are three ac-
tive neutrinos, n, = 3, and so the lighter mass states v; = N; for i = 1,2, 3, which to
be consistent with oscillation data and constraints from direct absolute mass mea-
surements should mostly mix with the active LH neutrino fields. The rest of the
mass states N; = N3 fori = 1,...,n, with masses my, = m; 3 should then mostly
mix with the RH sterile neutrino fields.

This is realised for M; < Mp < Mg and diagonalisation of the full mass matrix

My, yields the light and heavy mass matrices
My =~ My —MpMg'M}y, My ~ Mg. (3.85)

The above are not exact equalities because they are the result of a perturbative block-
diagonalisation up to leading order in Mp/Mpg. These matrices can then be used to

find the mass eigenstates by rotation via the unitary matrix U
mi5ij = U;iU;kj[Mv]pr, mM.Sij = UpNiUrNj [MN]pr- (3.86)
Thus, the weak and mass eigenstates are related via the mixing matrix

Pl =pe [ 7% NI L) (3.87)
Ngs Vsi Usn, N;

which can be shown by assuming the charged lepton mass matrix to be diagonal

31t should be noted, that in general this should be a bi-unitary diagonalisation (such as in the case
of chiral fields being coupled by a mass matrix), but since M, is symmetric due to the Majorana
condition W = ¥, only one unitary matrix is needed.
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(this can be done without loss of generality, with the relative rotation between the
charged lepton and SM light neutrino mass eigenstates being captured by the mixing
matrix). Up to non-unitary corrections 4, the element Ug; corresponds to the PMNS
mixing matrix, i.e. the overlap between the flavour and mass eigenstates of the light
SM neutrinos. Similarly, Usy, quantifies the overlap between the flavour and mass

eigenstates of the massive RH neutrinos. The two off-diagonal terms
Van, & (MpMg ") , Usv.» Vei = — (Mg 'Mp) Ui, (3.88)

quantify the active-sterile mixing, with the first describing the heavy mass content
N; of the flavour field v, and the latter the light active mass content of the heavy
state Ny. As in the case of the charged leptons, it is convenient to assume that Mg
is diagonal, i.e. Ugy, = 8. Then in the case of the Type I seesaw with M, = 0 and
Mp < Mg, the canonical seesaw relation |Vyy| ~ \/m is found by substituting
Eq. 3.85 into Eq. 3.88. This naturally explains the smallness of the active SM

neutrino masses and sets the scale of the active-sterile mixing angle.

Although the Type I seesaw thus correctly sets the scale of the light neutrino
masses originating purely from the addition of RH neutrinos fields, it should be
stressed that it is not the only model that can yield the results of Eq. 3.85. In the
case of the inverse seesaw [133—136], besides the RH neutrino fields an additional
ng number of LH gauge singlets, Sy, (with lepton number assignment L(Sy) = +1)
are added to the field content. Then the column vector consisting of the RH fields

is modified to include Sy, and the mass matrix is modified accordingly as

VIS M; Mp 0
Ne=|Ne | = My=| M5 we MI|. (3.89)
St 0 Ms us

where Mg denotes the Dirac mass coupling Sy, and Ng, and g and ug are the Majo-

“Due to the perturbative expansion being truncated at leading-order during the diagonalisation
process, and the presence of non-zero active-sterile mixing resulting in a correction factor of 1 —

5 Van|?
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rana mass terms of Sy and Ng, respectively. This matrix can be rewritten as

M; Mp O M
My D
My=|ME pr MI| = (3.90)
ME - My
0 Ms us
Hr M

with Mp = (Mp,0) and My = . This form looks very similar to the

Ms g
mass matrix in Eq. 3.82.

For My, ug,us < Mp < Mg (which is the usual inverse seesaw limit in order
to generate small SM neutrino masses without the need for large Majorana masses),

after diagonalisation, the mass matrix for the light SM neutrinos is
M, ~ M — MpMy ' usMy ' M. (3.91)

In this limit, lepton number is approximately conserved, as the Dirac masses Mp /g
dominate. Moreover, the soft breaking of the symmetry results in a small mass
splitting between the heavy states, forming pseudo-Dirac pairs, consisting of Ma-
jorana states that are a linear combination of S; and Ng, with almost degenerate
masses. In contrast to the Type I seesaw, where a large sterile mass suppresses M,
the inverse seesaw achieves small neutrino masses via the smallness of the lepton-
number-violating parameter is. While My o< M 1. a small ug alone can yield the
observed scale without requiring a very large Mg. Hence, what makes inverse see-
saw more appealing compared to Type I seesaw is that the active-sterile mixing
angle is proportional to |Vgy| ~ \/m Thus, rather than being forced to have
a very large sterile > mass scale, the SM neutrino data can be fitted to any mixing
angle value (even large ones inaccessible by Type I seesaw given the constraints on
my), as the magnitude of the neutrino mass is essentially decoupled from the heavy
mass scale and instead determined by L.

When lepton number is conserved exactly, i.e. My = ug = us = 0, the SM

>In the inverse seesaw scenario the physical sterile neutrino, i.e. the weak eigenstate, is generally
a linear combination of the heavy mass states Ng and S;.
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neutrinos are left massless, while the previously pseudo-Dirac heavy states become

1
V2
termediate fields N! and S}, which diagonalise the sub-block M s in Eq. 3.90 for

Dirac fermions. These Dirac states, N; = —= (iN/ + ;) are composed of the in-

ur = Us = 0. The mixing is then

Ve, Sui —%V;Ni \%V(;Ni Ve Sai O Vgn\ [ Vf

Nrs | =P | 0 ﬁasi ﬁasi N |=P| 0 & 0 N; |

S5 Vi —ﬁ&i %53,- Y Vi 0 & S¢
(3.92)

From the second equality it can be seen that all entries along the diagonal and off-
diagonal are non-zero, while the rest are zero and therefore the LH and RH com-
ponents transform differently and in fact independently of each other. Thus, the
flavour and weak eigenstates for the RH and LH fields are expressed as
v Oui Van, Vi
Nes=Pedali, %) =p | T L) (3.93)
Sts Vi O N;
So in this limit it is not possible to generate light masses for the SM neutrinos
without the addition of new degrees of freedom. Such new fields are usually RH

neutrinos which allow the SM neutrinos to acquire Dirac masses [137-139].

Extending the SM with right-handed sterile states is not the only way to gen-
erate the light neutrino masses. In fact, both Type II and Type III seesaw are exam-
ples of this. Type II seesaw [132, 140-143] involves the addition of a SU(2), scalar
triplet, A = (A%, A+t ATH)T

AT /\2 ATT
A= /V2 (3.94)

A0 —AT/N2

where the superscripts denote the electric charges of 0,+1,+2 of each component

of the triplet due to its hypercharge. The Lagrangian is then extended with the mass
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terms for the triplet alongside additional interactions

Lseesaw 11 = Lsm — MATr(A AT) + pudTA*® 4+ Yy LT AL/ +h.c. (3.95)

i,J
where U is a coupling constant parameterising the interaction between the triplet and
the Higgs doublet, M, is the mass associated with A and y* is the relevant Yukawa
coupling. Crucially, the electrically neutral component acquires an effective VEV

upon spontaneous symmetry breaking ©

) 0 o0 0 0 (3.96)
= == 7/2 .
(A% 0 i 0

and then the neutrino mass matrix is given by M, = y*(A%). Analogously to the
Type I seesaw, if the parameters are chosen such that M > », then the neutrino
mass matrix can be expressed as

_ Ak

M, = 3.97

and thus we see that again there is an inverse relationship between M, and My, i.e.
the more massive the scalar triplet, the lighter the active neutrinos and hence Type
IT seesaw is also able to naturally explain the lightness of the neutrino masses.
Finally, the third such mechanism is known as Type III seesaw [144], whereby
the SM particle content is extended with three generations (i = 1,2,3) of fermions
that transform as triplets under SU (2)7, Q' = (Q~,Q° QF)T where the superscripts
on the components denote the electrical charges of -1, 0 and +1 due to the com-
ponents being charged under U(1)y, i.e. they possess hypercharge. The SM La-

grangian is then modified to

ESeesaw I = ESM + Zy%LiTQ-jq) + ZMg-QiTQj (3.98)
i,J iJ

where y* is the Yukawa coupling and M, is the mass associated with the fermion

Only the neutral component is allowed to acquire a VEV, otherwise U(1),,, would be broken.
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triplet. As before, the neutrino mass matrix is then given by
or 1 o
My =(y*) —» (3.99)

in the limit where Mg >> y* and once again the resulting relationship between the
light neutrino masses, My, and the masses of the extra fields, Mg is inversely pro-

portional, thus naturally explaining the lightness of the SM active neutrino masses.

3.6 Effective Field Theories

In general there are two broad EFT approaches: top-down and bottom-up. Top-
down scenarios involve a specific UV model, whose degrees of freedom and field
content result in operators which can be evolved to a desirable energy scale by
integrating out heavy degrees of freedom. Bottom-up EFTs on the other hand do
not assume a specific UV theory and include all operators allowed by symmetry

considerations.

A historical and instructive top-down EFT example is the Fermi theory of beta
decay. Although in the SM the process of beta decay proceeds via a W boson,
in the Fermi approximation, which is valid at low energies E < my, the process
may be approximated as a point-like four-fermion contact interaction. This Fermi

interaction is described by the Lagrangian

GrcosO¢

Lremi = ——7 [Py (1= 7 )ellayu (1—7)d] +hec. (3.100)

where O¢ is the Cabibbo angle. It is apparent that the heavy mediator does not
appear explicitly, making this a dimension-6 effective Lagrangian and therefore a
low-energy effective description of charged-current weak interactions. The Fermi
constant Gr/ V2 = g? / Sm‘%v encodes the information of the high-energy scale my
and the coupling g. In this EFT, the SU(2); gauge symmetry of the full theory
is manifested in the V — A structure of the currents. While this theory is non-
renormalizable and its amplitudes grow with energy, it remains a highly accurate

description for E < my. This illustrates the core EFT principle: at low energies,
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the details of the heavy UV physics are irrelevant and can be parameterised by effec-
tive couplings of higher-dimensional operators, which in turn may be constrained

by experiments.

The SM has several shortcomings, as discussed in Sec. 2.8, necessitating ex-
tensions. This has motivated numerous BSM scenarios, which introduce additional
degrees of freedom. However, without experimental validation, assessing their vi-
ability remains challenging, making parameterization choices for BSM physics un-

certain and the results generally model-dependent.

The issue of model-dependency can be circumvented using the bottom-up EFT
approach, which treats the SM as a low-energy limit of a more complete theory at
a higher energy scale, Ayp, with Agw < Ayp 7. In this framework, NP effects are

incorporated in a model-independent manner through higher-dimensional operators.

In this thesis, EFTs frameworks are employed to study neutrino phenomenol-
ogy at two distinct energy scales. At regimes around and above the EW scale, the
standard model effective field theory (SMEFT [145-157]) extended with RH neutri-
nos (VSMEFT) and its low-energy descendant, low-energy EFT (LEFT [158-163])
with RH neutrinos (VLEFT) is used to study neutrino phenomenology at FCC-ee.
Below the EW scale, a hadronic-level EFT is adopted to explore the sensitivity of
future CRES experiments to BSM effects. In the following these two EFT frame-

works will be discussed.

3.6.1 VvSMEFT and VLEFT

The additional heavy degrees of freedom associated with the UV theory can be
integrated out due to the large energy scale difference, but the NP effects remain
encoded as corrections to the low-energy theory in the form of the series of opera-

tors, which are more suppressed the higher dimensional they are.

One of the most common and popular such frameworks is SMEFT, which treats
the SM as a low-energy EFT of some UV theory. The SMEFT respects the entire

gauge group of the SM and is therefore applicable to the unbroken phase and it

7 Assuming the full particle content below the EW scale is known.
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includes all of the SM fields. The SMEFT Lagrangian can in general be written as
Lswerr = Lsm+ LD +£0) 4 £D 4 (3.101)
where Lsvgrr is the SM Lagrangian and

L@ =y Dol (3.102)

for mass-dimension d with d > 5, where Ql(d) are the d-dimensional operators and

Cl.(d) are the dimensionful Wilson coefficients (WC)

c\ = i (3.103)

(@)

i

the UV theory. Since SMEFT is valid above the EW scale, A > v. SMEFT is

with ¢;”’ being dimensionless couplings and A denoting the scale associated with
usually considered from a bottom-up perspective, i.e. the starting point is the known
low-energy limit of the theory — the SM — while its UV completion is unknown but
can be constrained by putting limits on the relevant operators.®

In EFT analyses, interest is often focused on the operators themselves, rather
than the UV completions that can give rise to them. A number of different possi-
ble mass generation mechanisms for the SM light neutrinos exist, as discussed in
Sec. 3.5.3. The simplest extension of the SM to explain oscillation data involves
the addition of right-handed (RH) neutrino fields, N, otherwise called HNLs, which
are singlets under the SM gauge group. Due to their transformation properties, any
number of them will preserve gauge invariance and they are allowed to have Majo-
rana masses if the requirement of total lepton number conservation is relaxed °. The
use of a bottom up EFT framework to address the issue of light neutrino masses is
a desirable approach due to its model independent nature and makes a phenomeno-

logical analysis of such N fields generally applicable. If the mass of these RH

81In contrast, a top-down approach involves a specific UV theory being evolved down to lower
energy scales, generally resulting in very specific predictions.
Lepton number conservation is not a fundamental, but rather an accidental symmetry of the SM.



3.6. Effective Field Theories 104

vt w2H2D
ou | LyL)(Iy*r) | Q4 | (LyL)(HTi'D H)
O | (TpL)(er'e) | Q) | (Lyut'L)(H'i D)
Owvie| &j(L'N)(L'e) | Onn (N}/“N)(H'fi%)“H)
Oy | (LyuL)(NY*N)|Qune| (Nyue)(HTiD*H)
Qen | (€Yue) (NY'N)

viH w2 H3D
Ouitert | &ij€mn(EL)(LIL™)H" | Oni1 | & (N yuL’)(iD*HY)(HH)
Oinim | €j(LyuL)(N 7“ LYH'| Oy | &;(N“yL')HY (H D )
Qenirr | &ij(@Yue) (NYL)HT | Qrenip | & j€mn (L Yue)H/H™ D H"
(

OiNeH (LN)(N°¢ )
Qont H'(eL)(N°N)

Table 3.1: (V)SMEFT operators at d = 6 (above) and d = 7 (below) which contribute to
the four-fermion operators in Eq. 3.105 and effective W* and Z interactions in
Eq. 3.106. The tree-level matching conditions are given in App. D.

neutrinos is below the TeV scale, then they cannot be integrated out and need to
be part of the explicit field content of the EFT. © The addition of such degrees of
freedom to both SMEFT (vSMEFT) and LEFT (VLEFT) has been studied exten-
sively. For vSMEFT, the non-redundant basis of operators up to d = 9 has been
presented [164—167].

The effective Lagrangian including RH neutrino fields is given by

_ - U
£ = Lsu+NigN — |LY,NA + SNMN +hee.| + Y oW, 3104

where Ci(d) =1 /Ad_4 are Wilson coefficients (WCs) and N = CNT, with C the
charge conjugation matrix (note that here the coupling has been absorbed into the
WC as compared to Eq. 3.103). In Chapter 5, the sensitivity of the future FCC-ee
collider to HNLs will be explored within the VSMEFT and VLEFT frameworks,
focusing on operators with d < 7 that contribute to the relevant processes, shown in

Table 3.1, which can modify the SM process e™e~ — vv and induce the single and

10T his cut-off scale is loosely determined based on collider accessibility considerations.
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pair production of HNLs, eTe™ — VN/NN, as well as lead to their decays. These
operators can be generated at tree-level by various UV complete models as dis-
cussed in Appendix D, such as Type I and inverse seesaw. The table contains d = 6
(top) and d = 7 (bottom) operators, which generate AL = 0 and AL = +2 operators,
respectively (the LNV operators can be seen to include the charge conjugate fields

v¢ and N°).

Below the EW scale, the relevant framework is the low-energy EFT (LEFT).
This is an effective theory of the SM applicable to the broken phase, i.e. respecting
the residual SU(3),. x U(1),,, gauge symmetry. The field content of LEFT is iden-
tical to the SM, except for fields with masses comparable to », such as the W=, Z,
h bosons and ¢, the top quark, which are integrated out. This simplifies the opera-
tors and processes involved mathematically, while still retaining the effects of the
physics living at a higher scale. Any constraints derived on LEFT operators can be

matched onto the SMEFT operators via matching conditions.

Similarly, VSMEFT operators induce VLEFT operators at low energies. How-
ever, at the energies applicable to the FCC, W+, Z and Higgs are all dynamical
fields, hence instead of being integrated out, the gauge fields are rotated to their
mass basis and the Higgs is expanded perturbatively around ». For the sensitivity
analysis, two Lagrangians are required, for the Majorana and Dirac cases, in terms
of effective operators in mass basis. To this end, we start with the y*H" operators

in Table 3.1, which generate the four-fermion effective interactions at the EW scale

1 VLX(

V.RX
C
2

ED{ Py v) +Cona (v yuN)+1CVRX(NyuN)} (ey" Pye)

2
1 1 - _
+ LC%’% V)+Coie (VN) + QCJ%SX(NCM] (ePxe)

T,RX

1
+ [ZCTLX(V OuvV) + CoaX (VouyN) + = Ci*

1
5Cne

2 (NCG’qu):| (éGuvPX€)+h.C.,

(3.105)

where CYRX are the Wilson coefficients, where Y =V, S, T denotes the vector, scalar

and tensor Lorentz structure of the effective operator, respectively, while X = R, L
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y w?H2D
Ois| (LyuL) (SYS) | Qus | (SyuS)(HTi' DM H)

viH v’ H?D
Ousitr | €j(LyuL)(SY*L')H' | Q11 | € (SyuL') (iD* H') (HH)
Qesirr | &j(€vue)(SYL)H | Osi 8ij<S7uLi)Hj(H?i%>HH)
Oisver|  (LSC)(N‘e)H
Qusvr|  H'(eL)(SN)

Table 3.2: Additional AL =0 vSMEFT operators at d = 6 (above) and d = 7 (below) when
the gauge singlet field S is present.

is the chirality of the charged lepton bilinear !' and Py is the chirality projection
operator. It should be noted that the weak eigenstate indices have been omitted for
simplicity. Instead, the operators of type w>H"D? induce the effective W* and Z

interactions at the EW scale

Lo-% [W‘f(\_/yﬂe) + W (Vpe) + Wi (N ye) +W15(N7ue>} W

V2
1 _ _ 1 _
_ Cﬁ [EZ‘L,(vyuv) +Z§N(vcyuN) + EZII\‘}(N}/MN)} Z* +hec., (3.106)
w

with g denoting the SU(2),, gauge coupling and c,, = cos 6,,, where 6,, is the weak
mixing angle. As the VSMEFT operators lead to LNV operators, the above expres-
sions are valid for the Majorana HNL case.

The lepton number conserving (LNC) limit of Eq. 3.104 can be considered if
beyond RH neutrinos the SM is further extended by the SM gauge singlet field S,
as in the case of the inverse seesaw, with lepton number assignment L(v) = L(N) =
L(S) = +1. Then the effective Lagrangian takes the form

i )

L = Low+NigN+5idS— |LY,NH+SM'N +he.| + Y V0", 3.107)

with the sum now running over only the LNC operators. Naturally, any further

"This can be found by algebraic manipulation of the projection operators, f; /r =P rf, and using
the properties (¥°)" = 7°, {¥*,7*} =0 and PI%/L = Pg/1, (and remembering that 6/ = S[y* 7"]).
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extensions of the field content will in general induce additional operators that will

contribute to the relevant processes and would therefore need to be included.

With the addition of S and forbidding any AL = 42 operators, the additional
AL = 0 operators in Table 3.2 need to be considered. As a result, besides the LNC
interactions in Eqgs. 3.105 and 3.106, the additional four-fermion interactions will

be induced

1 _
£ |y (78) + 565 (SwS) | (er Pre)

+CSRX(SN) (ePre) + C3X (SouyN) (66HY Pre) +hc., (3.108)

alongside the additional effective W* and Z interactions and effective W* and Z

interactions
_ 1 _
£ —S Wh@SyewH — |\ ZE(v9uS) + 2 ZE(SyuS) | 2* +hee.,  (3.109)
V2 Cw 2

3.6.2 Low Energy EFT for 3-decay

In Chapter 4, the sensitivity of tritium beta-decay experiments to new physics will
be assessed. For a model-independent analysis it is once again useful to adopt an
EFT approach. At the energies involved the appropriate framework is a low-energy

EFT, which considers all possible Lorentz bilinear structures, listed in Table 3.3.

Type | Form | Components
Scalar vy 1
Pseudoscalar | Wy vy 1
Vector Uy 4
Axial vector | ¥y, Yy 4
Tensor Youvy 6

Table 3.3: The five possible Lorentz invariant bilinear structures.

Using these Lorentz invariant structures, chiral combinations expanded in the
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(Ej) Oj O;
g | wud—-v) | *A-%)
& | md+y) | YI1-%)
er | w(dl—-x) | *{A1+r)
& | ud+y) | A+7y)
Eg ]l—’}/5 1
Eg 1+ 1
—€p 1-7 3
—&p 1+ s
er | opv(l—19) | oMV (1 —%)
& | opv(1+79) | oV (1 +95)

Table 3.4: Coupling constants and operators encoding new physics contributions to the ef-
fective CC Lagrangian in Eq. 3.111

basis of the 4 x 4 gamma-matrices can be constructed

LE]I—);, RE]H—)/S,
Ly =vL, Ry,=MW%R, (3.110)

Lyv =ouvLl, Ryy=ouvR

where 1 is understood to be the identity matrix of the same dimensions as the
gamma-matrices and Oy = %[}/“,yv], while the L and R symbols reflect the chi-

ral structures analogously to the projection operators in Eq. 2.2.

The process of beta-decay relevant to Chapter 4 is a CC process. Thus the
relevant Lagrangian encoding both the SM contributions as well as possible new

physics contributions arising from d = 6 operators is

Loc == | (11 83) (eLave) (aL4d) + X&) (20,v) (10%d) | +he.,

V2 ;
(3.111)

(~) . . . .
where €; are the coupling constants of the operators listed in Table 3.4, G is the
Fermi constant, u and d are the up- and down-quarks, respectively, while V,,; is the

CKM matrix element relating them, and 5[3 quantifies the deviation from the SM



3.6. Effective Field Theories 109

(with dg = 0 recovering the purely SM limit). Furthermore, e and v, denote the
electron and electron-type SM active neutrino fields (which can in general contain
a heavy RH neutrino component if the SM is extended with RH massive neutrinos).

) (~) . .
If there are no RH neutrinos, then the €; couplings vanish.



Chapter 4

Sterile Neutrinos in Tritium Beta

Decay

We have seen that the phenomenon of neutrino oscillation is confirmation of the
massive nature of the SM active neutrinos. It has also been shown explicitly in
Sec. 3.1, that oscillations depend on the mass difference of the states, and therefore
oscillation data cannot be used to determine the absolute values of the neutrino
masses. As we have seen in Sec. 3.3, the absolute mass scale of neutrinos is being
constrained through indirect cosmological measurements and in neutrinoless double
beta-decay searches, as well as in direct beta-decay experiments. In this section, we
focus on the single beta-decay of tritium, which is a popular choice of isotope for
future experiments due to its favourable properties, as outlined in Sec. 3.3.3. Thus,

the process of interest is
'H— *He+e +7, 4.1)

whereby the hydrogen isotope, tritium, decays into helium, an electron and an
electron-type antineutrino. Since the energy of this interaction is significantly lower
than the W mass, the Lagrangian can be written without including the W boson

explicitly, but instead using an effective dimension-6 operator to approximate the
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process as a four-fermion interaction of the form

L= —%Vud [éy”(l —ys)ve] [ﬁyu(l —f)d} the., 4.2)

where Gr is the Fermi constant, u,d,e and v, are up and down quarks, electron
and electron-type neutrino fields, respectively, and V,,; is the CKM matrix element
parameterising the mixing between up and down quarks. The above Lagrangian
is equivalent to that shown in Eq. 3.111 with dg = 0, all (gj) =0 and Ly given in
Eq. 3.110.

As has been discussed in previous sections, single beta decay is the only real-
istic direct probe to measure the absolute scale of neutrino masses and their order-
ings. The neutrino itself is relatively inert and rarely partakes in any interactions,
therefore it escapes detectors without being observed. On the other hand, the beta
particle, i.e., the electron, possesses EM charge and therefore interacts readily and
is thus easy to detect. As a result, neutrino mass experiments relying on single beta-
decay measure the outgoing electron’s energy to infer the mass of the neutrino,
which affects the energy available to the electron, and produces a characteristic sig-
nature, most pronounced near the endpoint energy of the spectrum. It can thus be
seen that this method relies solely on the kinematics of the process and is therefore
completely model independent. However, the difficulty that such experiments face
are mainly two-fold. Firstly, the electron energy spectrum is only instructive when
the emitted beta-particle receives maximal kinetic energy, i.e. when the neutrino is
effectively left with energy sufficient only to account for its mass. However, only
a very small percentage of electrons created in beta-decays will possess such high
energies and thus it may be challenging for experiments to obtain the required event
numbers and hence statistics. Secondly, the variation around the endpoint of the en-
ergy spectrum induced by the very light neutrino mass will will be correspondingly
small, requiring high precision measurements. Obtaining the necessary energy res-
olution can thus pose technical challenges in an actual experiment. In addition,
uncertainties in the form of spectral corrections — which will be discussed in more

detail — ultimately limit the precision with which the spectral shape may be know.
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The electron-type antineutrino produced in beta-decay is a linear superposition
of three mass states and therefore, the final state neutrino does not have a well
defined mass. With current technological limitations, it is not feasible to resolve the
different mass-states that the electron-neutrino is composed of. Instead, beta-decay
experiments constrain the so-called effective mass [168]

Ui |*m? (4.3)

i

-

=
1

1

where i = 1,2,3 denotes the three mass eigenstates and U,; are the PMNS mix-
ing matrix elements coupling these mass states to the electron type neutrino in the
flavour basis. At the time of writing, the most constraining upper bound on mg is
mp < 0.45 eV at 90% CL, set by the KATRIN experiment [42], which is projected to
constrain the effective mass at mg ~ 0.2 eV at 90 % CL [169] by the end of its cam-
paign. This ultimate sensitivity however, does not guarantee measurement, because
in the worst’ case scenario with a massless lightest mass state and normal ordering,
the effective mass is mg ~ 9 meV and thus below the reach of KATRIN. Therefore,
in order to ensure guaranteed measurement of the effective mass, new experimental
techniques need to be employed. The most promising of these is a proposal by the
Project 8 collaboration [170], who intend to infer the energy of the beta-electron
through a measurement of its cyclotron radiation, which is emitted in response to
the presence of a constant magnetic field. The upshot of this approach is that fre-
quency can be measured with a higher precision, resulting in improved resolution
with respect to the energy of the electron. Another area of improvement could be
the use of atomic tritium instead of a molecular source, as in the case of KATRIN,
since the uncertainties resulting from the molecular degrees of freedom ultimately
limit the precision of such neutrino mass experiments. Combining the use of cy-
clotron radiation measurements techniques with the use of atomic tritium, Project
8 estimate their sensitivity to the effective mass at mg ~ 40 meV [170], which will
guarantee measurement of the effective mass in the case of inversely ordered neu-
trinos, as in that case the minimum value is mg ~ 50 meV. The Cyclotron Radiation

Emission Spectroscopy Demonstrator Apparatus (CRESDA), in addition to the use



113

of atomic tritium and cyclotron radiation, aims to develop quantum technologies to

increase the sensitivity reach of future experiments even further [171].

Such B-decay neutrino mass experiments need high statistics to make statisti-
cally robust measurements. This translates to approximately 10°—10° tritium decay
electrons in the last eV of the electron energy spectrum when probing mg at the
order of O(10) meV. Since the end-point region is the least populated, a large event
number in the tail necessarily means that high statistics are achieved across the
spectrum. Such tritium decay experiments can thus be designed in a way as to be
sensitive to the entirety of the spectrum and look for signatures of new physics,
that produce experimental signatures towards the bulk of the distribution. In this
section, which is based on [172] and largely follows the same structure, we study
the sensitivity of such future tritium f3-decay experiments to New Physics, focusing
on the phenomenology of keV-scale sterile neutrinos and also touching upon exotic

charged currents that differ from the usual V — A current of the SM.

As we have seen, the SM contains fermions with Dirac masses, that are gen-
erated by Yukawa couplings between the right handed singlets and the left handed
doublets under SU(2). The SM neutrinos however, lack right handed singlet part-
ners therefore motivating the extension of the SM. These additional particles need
to be completely uncharged under the SM gauge group to be consistent with their
lack of participation in any of the SM interactions and are thus referred to as sterile
neutrinos. The simplest and most natural extension involves the introduction of a
right handed sterile neutrino that can be coupled to the Higgs boson alongside the
left handed SM neutrinos to give rise to a Dirac mass term for the active states,
analogously to the fermionic mass generation mechanism. Being a gauge singlet,
the sterile neutrino is free to have a Majorana mass. This type of extension consti-
tutes the seesaw mechanism [173], resulting in a mass matrix that involves the Dirac
mass terms as well as the Majorana mass term associated with the sterile state. Di-
agonalisation of this matrix results in mass states that are combinations of the sterile
neutrino and the SM neutrinos, thus inducing mixing between the active and ster-

ile sectors. As a result, the PMNS mixing matrix needs to be extended to 3 + n;
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dimensions, where n; denotes the number of sterile states introduced. In tritium
decay experiments, such an extension results in the production of keV-scale sterile
neutrinos via active-sterile mixing, as long as kinematically possible, i.e. as long
as the sterile mass is below the Q-value (the total energy released in the process) of

tritium, Q = 18.59 keV.

Extending the SM with right-handed neutrinos leads to the question of whether
there is a fundamental left-right symmetry in nature. This would involve a right-
handed weak interaction, mirroring its left-handed counterpart within the SM, al-
though differing in that it would need to be broken at much higher energy scales
than the weak force. If it exists, such a right handed force can induce exotic inter-
actions with phenomenological imprints on the -decay spectrum of tritium. Even
more generally, in this work we consider the full basis of Lorentz invariant hadronic

operators that may couple to the left- and right-handed leptonic currents [174].

4.1 Current & Future Experiments

The quest to measure the mass of the neutrinos has seen the emergence of numerous
experiments. Despite these experimental efforts, however, such a measurement has

yet to be made, with experiments only being able to put upper bounds on the mass.

The strongest bounds on the absolute masses of muon- and tau-neutrinos come
from precision measurements of decay processes. The most stringent constraint on

ny

’ 1S my, < 0.17 MeV at 90 % CL, which was extracted from precision mea-

surements of pion decay, #° — u*vy [175]. For my,, the strongest upper bound
is my, < 18.2 MeV at 95 % CL, set by the ALEPH experiment [176], which per-
formed precision measurements of the tau decay processes T~ — V;T 77~ and
= — v2x 2x 7~ (7°). Both of these bounds are orders of magnitude looser than
the constraints coming from oscillation experiments and the existing upper bounds
on the electron-neutrino mass, my, and therefore 3-decay experiments seem to be

the most promising direct searches.

Depending on the absolute mass of the neutrino, current 3-decay experimental

efforts may not be sufficient to guarantee measurement, calling for a new generation
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of tritium fB-decay neutrino mass experiments, with improved technical parameters
to reach the required precision and event counts. Therefore, this section is dedicated
to the discussion of current and future experiments that play and will play prominent

roles in the effort of measuring the masses of the neutrinos.

4.1.1 KATRIN & TRISTAN

Currently, the most stringent upper bound on the effective neutrino mass is mg <
0.45 eV at 90% CL set by the KATRIN collaboration [42], which presents an
almost factor of two improvement upon their previous result of mg < 0.8 eV at
90% CL [169]. The molecular gaseous tritium source emits electrons isotropically,
which are then collimated using strong magnetic fields, in a way that minimises the
transverse components of their momentum for transportation to the main detector.
Given that KATRIN’s goal is to measure the effective neutrino mass, with this mass
having the biggest impact near the end point of the electron’s energy spectrum, the
experiment focuses on the final 300 eV region of the distribution, by employing a
high-pass filter which only lets through electrons with a substantially high kinetic
energy. This way, rather than measuring the energy of each electron individually,
KATRIN performs an integrated count, from which the entirety of the spectrum is
reconstructed. In the absence of mass measurement, the collaboration estimates the
ultimate sensitivity to be mg < 0.2 eV [177]. Once this limit is reached, a new
generation of experimental efforts will be required. Increasing the energy resolu-
tion of KATRIN would require a weaker magnetic field to reduce broadening of the
electron energy, but this necessitates a larger cross-sectional area, due to flux con-
servation, @ = B-A. As the entire experimental set-up is around 70 m long, with
the collimator machinery being 10 m long alone, sizing up is not a practically or
financially realistic possibility [178].

TRISTAN is a proposed extension to the KATRIN experiment, with the objec-
tive of searching for sterile neutrino signatures in f3-decay using the same gaseous
molecular tritium source as KATRIN. As will be discussed in the coming sections,
the experimental signature of sterile neutrinos (depending on their exact mass) is

predominantly found along the bulk of the energy spectrum, rather than around the
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end-point, as is the case for the active SM neutrinos. Therefore, KATRIN’s read-
out system, which is designed to count the highest energy electrons of which there
are very few, is not suitable for TRISTAN’S purposes, due to the increased event
count resulting from studying the entire spectrum in a sterile search. TRISTAN will
thus be equipped with its own read-out and event processing system that is able to
handle the large number of events. The sterile neutrino search will commence upon

the conclusion of KATRIN’s campaign, expected around 2025 [179].

4.1.2 Project8

The Project 8 collaboration was formed with the goal of directly measuring the
electron neutrino mass in tritium f3-decay, using the novel technology of Cyclotron

Radiation Emissions Spectroscopy (CRES) [170].

When a charged particle, in this case the emitted electron, travels through a
region of space permeated by a constant uniform magnetic field, it experiences
Lorentz force, which, depending on the direction of the magnetic field and the
velocity of the particle, will result in axial or helical motion. Since circular mo-
tion involves acceleration due to the constant change in the velocity direction, the

electron will emit EM radiation termed cyclotron radiation, with a frequency

1 eB
=—— 4.4
f=5z E’ (4.4)
where B denotes the magnetic field strength, e is the charge of the electron and E, is
the electron’s energy. The technology to measure this frequency to a high precision

already exists and if the magnetic field strength is known well enough, yields high

energy resolution, which is crucial for neutrino mass measurement.

The Project 8 collaboration estimates that the use of molecular tritium presents
an irreducible limit in the energy resolution of ~ 0.3 eV [180], due to the Final
State Distribution (FSD) problem. The FSD arises due to the various rotational and
vibrational degrees of freedom associated with the final state daughter molecule.
The contributions from these different energy configurations available to the system

are included via a probabilistic sum, which leads to a broadening of the spectrum.
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To circumvent this issue, Project 8 is proposing to use an atomic rather than
molecular tritium source. The collaboration estimates that this modification com-
bined with the novel use of CRES technology will ultimately allow them to place
an upper limit on the effective neutrino mass of mg < 40 meV [170]. In addition,
the set-up will be able to analyse the entirety of the spectrum, not just the end point,
with an energy resolution of ~ 100 eV [181]. Since in the *worst’-case scenario the
effective mass is mg ~ 40 meV for 10 and mg ~ 9 meV for NO, Project 8 expect
to be able to decisively conclude the mass ordering of neutrinos, even if the exact
value of the effective mass is not measured in the NO scenario.

Phase I of the experimental effort involved demonstration of the feasibility of
the CRES concept using a gaseous source of krypton. In Phase II, the collabora-
tion successfully performed the first measurement of the tritium energy spectrum.
Currently, the project is in Phase III, with the aim of producing and trapping atomic
tritium and performing CRES measurements in free space, before moving onto the
final stage, Phase IV, which will see the measurement of neutrino mass with the

projected sensitivity. Phase IV is expected to commence in the 2030s [182].

4.1.3 CRESDA

Although the Project 8 experiment, based on their projected sensitivities, will be
able to conclusively decide the mass hierarchy of the SM neutrino sector, the exper-
iment’s sensitivity will not be enough, should the neutrino mass realised in nature
be below ~ 40 meV. Thus, for a guaranteed mass measurement, even higher energy
resolution is required. This motivated the formation of the Quantum Technologies
for Neutrino Mass (QTNM) consortium — a joint effort between several UK insti-
tutes — with the goal of making a guaranteed direct neutrino mass measurement, via
the employment of quantum technologies [183].

The CRES Demonstration Apparatus, the first and current phase of the project,
involves development and testing of the proposed technologies operating with hy-
drogen and deuterium atoms. In the following stage, the same techniques will be
tested on atomic tritium. The three main challenges associated with CRES tech-

nology that the QTNM consortium in its current development stage aims to address
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are: 1) production and trapping of tritium atoms using a magnetic trap, ii) high
precision mapping of the magnetic field using quantum sensors and iii) developing
quantum devices for microwave spectroscopy enabling the high precision detection
of cyclotron radiation. In the initial 3-year R&D period between 2021 and 2024, the
consortium will attempt to address these challenges and produce a prototype that is
‘trittum-ready’. To achieve this, CRESDA aims to achieve the following strategic
goals: i) produce deuterium and tritium atoms with densities of ~ 101> — 104 cm—3,
ii) to use the deuterium and tritium atoms in Rydberg magnetometry to map the
magnetic field with a precision of < 1 uT and ii1) to develop the electronics re-
quired for the detection and processing of the microwave radiation.

The next step, estimated to take place around 2025-2029 will involve mov-
ing the CRESDA set-up to a tritium facility, most likely to the Culham Centre for
Fusion Energy, where the experimental feasibility will be demonstrated on tritium
with O(eV) sensitivity. If all goes according to plan, the fully operational QTNM

experiment will start data taking from 2029 onwards.

4.2 Mathematical Formalism

The typical energies involved in tritium decay experiments are around O(10 keV)
and therefore the low energy EFT approach, outlined in Sec. 3.6.2, is appropriate
to use, as long as any other BSM physics states have masses mpggy > 10 keV.
The starting point is the quark-level Lagrangian shown in Eq. 4.2, from which the

analogous hadronic-level Lagrangian may be written as

L = = LVia(1-+ 8) [er"(1 = P)ve] [Hery (s —0a7”) ] +he. @)

This describes the effective 4-point interaction between tritium (*H), helium (*He),
an electron (e) and an electron-type neutrino (v,) where G denotes the Fermi con-
stant, gy and g4 are the vector and axial-vector couplings, respectively, with values
gv = 1 and g4 ~ 1.247 [184]. V,4 is the CKM matrix element relating the u and d
quarks, which are the constituents of the neutrons and protons and where Jg quanti-

fies the deviation from the SM and thus 5[3 — (0 in the SM case. As stated before, this
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is analogous to the quark-level Lagrangian, as the tritium and helium isotopes can
be treated as approximate constituents of an SU(2) isospin doublet. This is because
the u and d quarks form an isospin doublet, and therefore protons and neutrons
and hence the two isotopes under considerations also form an approximate doublet,
since the strong force affects them in a very similar way. The term ey* (1 —7°)v,
is the leptonic current, while ﬁyu (gv — gAY ) 3H is the hadronic current. Higher
order terms O(Q/myy) are neglected here, because Q ~ 20 keV and my ~ 3 GeV
and hence Q < my and thus the decay energy is much lower than the mass of the
tritium isotope [174]. The process of course is influenced by the particular spin
states of the fermions involved, however instead of averaging over them, we fo-
cus on specific spin configurations in order to explore correlation effects between
the direction of momentum of the emitted electron and the spin orientation of the

decaying tritium.

The above Lagrangian is the result of an effective operator approach, which
is perfectly fine to adopt, as the typical energies of the process are much below
the electroweak scale. Therefore, it is possible to integrate out any heavy particles,
such as the W-boson mediating the process of interest, as its mass is much above
the typical energy of the tritium decay, and hence the propagator does not appear in

the Lagrangian.

In order to explore the effects of New Physics, express the full Lagrangian of
interest as

L= ['SM + ['exotic + »CN (46)

exotic’

The term Lqxoic contains all possible Lorentz invariant contributions to the Fermi
interaction besides the left-handed V — A in the form of EFT operators. Such ex-
otic contributions can be right-handed V + A interactions, or scalar, pseudoscalar,

or tensor Lorentz structures. The consideration of such interactions results in the
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Current Hadronic Leptonic
Scalar Hg = g5 3He 3H jg—L =e(1£7)v,
Pseudoscalar Hp = gp 3He y° 3H jp=e(1£pP)v,

Vector/Axial H{ ., =3Hey"(gv+ga?¥’)H jb. =e*(1+PY)v.
Left-Tensor Hy' = gr 3He 6"V (1—9°) *H i =e ot (1-y)v,
Right-Tensor Hj}' = gr 3He 6*V(1+79°) *H i =e ot (1+y)v,

Table 4.1: Hadronic and leptonic fermion bilinear currents, where 6#Y = 4[y*, 7"].

exotic Lagrangian [174]

Gr - . . N .
Lexotic = _Evud <8LH\I}L_AJ/.L,V+A + SRH";L+A],LL,V—A + ERH\‘L/L_FAJ/J,V—FA

+&sHs jg + EHsj§ — epHpjp — EpHp jp

+erHy jruy +Erly vfwv) +he, @7

where H and j are the hadronic and leptonic currents respectively, with the sub-
scripts denoting the underlying Lorentz structure, i.e. V —A, V 4 A, scalar (S),
pseudoscalar (P) and tensor (7). The different currents are summarised in Table 4.1.
The strength of the interactions is parameterised by & and §;, where the subscript
refers to the nature of the hadronic currents, i = S, P, T, L, R and the tilde denotes a
right-handed leptonic current.

The parameters gx in Table 4.1, where X =S, P, T,V, A, are form factors, which
describe the interaction of a hadron with an external probe and therefore depend on
the momentum transfer, Q2. For low values of Q?, the hadron is only probed softly
and interacts similarly to a point-like particle. This leads to the form factor being
close to its value at Q> = 0, i.e. gx(Q?) ~ g.(0). On the other hand, for large
Q?, the probe is able to resolve the internal quark-gluon structure and the interac-
tion is distributed over the internal dynamics and the form factor is hence smaller
in value. Although in the process considered here there is no explicit probe, the
weak interaction itself serves this purpose and the general behaviour of the form
factors is as outlined. To assess the effect of Q% on gx one needs to study the

non-trivial Q%-dependence, however a simple approximation in the dipole parame-
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terisation form [184]

(4.8)

models the dependence well. The characteristic mass scale, My, is usually taken as
My ~ 1 GeV, which fits the experimental single-nucleon data well. Remembering
that Q ~ 20 keV, we see that My >> Q, hence gx(Q?) ~ gx(0) and the momentum
dependence can be safely ignored [184].

The third term in Eq. 4.6 is the Lagrangian containing sterile neutrinos, ex-

pressed as

G
N _ F N U aN i
E’exotic - __Vud €L HV_AJ;L,VfA + & HV_A-]/.L,V+A

V2
e Hy aJuv-a+EHy jJuvia

+ ey HsJg + &Y HoJ{ — ep HpJp — EpHpJ}

+87NH#VJT7Mv+é]NH#VjT,Mv) +h.C.. (49)

where once again SlN and élN are the coupling constants withi =L, R, S, P,T denoting
the nature of the hadronic current and the tilde signifying a right-handed leptonic
current. The possible currents are the same as those listed in Table 4.1 but with j —
J and v, — N exchanged. The N superscript is used to signify that these couplings

are associated with a sterile neutrino state.

In this work we assume a minimal particle content consisting of one electron
neutrino, Vv, and one sterile neutrino, N, with mass my < 18 keV. Since there are
only two neutrinos, the relation between the flavour and the mass eigenstates v; and

V, is expressed as

Ve cosO sinf Vi
= ) (4.10)

N —sin® cos6 \%)

Defining the active-sterile mixing angle as V,y = sin0 and using the relation
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sin? 6 + cos2 O = 1, the two interaction eigenstates can be expressed as

Ve = \/ 1_V62]V Vi +Ven Va2,
N=—=Voyvi+4/1-V3 v, (4.11)

Since the experimental constrains on the parameter V,y are quite severe [185], 0 <
Ven < 1 hence /1 — VezN > V,n and thus it is apparent that the state v; is mostly
active and SM-like, while v; is largely sterile. From the Lagrangian in Eq. 4.6 we
thus see that the sterile neutrino may be produced by exotic currents, or through

mixing with the active sector.

4.3 Spectral Corrections

Before deriving the decay rate of tritium in Sec. 4.4, there are theoretical correction
factors that need to be taken into account when considering the decay of atomic
tritium. Although the majority of these are not significant in most parts of the spec-
trum, they still affect the spectrum non-trivially when considering high energy res-
olutions such as in the case of neutrino mass-experiments where the very sensitive
end-point is the part of the spectrum that is being investigated.

In total there are six corrections considered. The first and largest of these is
the Fermi factor, F(E,), which accounts for the EM interaction of the daughter
nucleus with the beta-electron emitted during the decay. Additionally, there are cor-
rections accounting for radiative effects, G(E,); nuclear screening of the Coulomb
potential, S(Z, E, ); effects stemming from the finite size of the nucleus, L(E,)B(E,)
and finally the recoil effect on the Coulomb field, Q(E,). All of these effects are

combined into a single overall multiplicative factor
C(Ee) = F(E,) x G(Ee) x S(E,) X L(E,) x B(E.) x Q(E,). (4.12)

The functional form of these correction factors is given below.
Besides the corrections mentioned above, the second effect that needs to be

accounted is the quantum mechanical interaction of the emitted beta-particle with
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He™ State Energy [eV] |T(l.0)|2

Ls 0 70.36%
2s 40.81 24.98%
3s 48.37 1.27%
4s 51.02 0.38%
Ss 52.24 0.17%

continuum >54.42 2.63%

Table 4.2: Table showing the excitation energies of the final state helium daughter atom
available to the bound electron relative to the ground state energy alongside the
corresponding asymptotic branching ratios.

the orbital electron of the tritium atom. The tritium is prepared such that initially
its orbital electron is in the ground state, however the mathematical treatment of the
process needs to take into account that this bound electron may end up in one of
the bound energy states of the daughter nucleus or in the continuum, i.e. be emit-
ted. Furthermore, it also needs to consider the possibility of the emitted and bound
electrons being exchanged, as they are indistinguishable from each other once the
decay takes place. It should be noted, that in principle it is possible for both elec-
trons to end up in a bound state (i.e. forming a non-ionized daughter atom) , known
as bound-state beta-decay. However, the ratio of bound to continuum decay rates
for atomic tritium has been calculated to be I'vound /T continuum = 0.69% [186] and
therefore this scenario may be neglected, and it is a good approximation to assume
that the daughter atom is ionized, with only one orbital electron. Depending on the
energy it receives, the bound electron may end up in the ground state or in an excited
state, which in turn will affect the energy available to the beta-electron and hence
the end-point of the spectrum. Phenomenologically this is crucial, as besides the
kinks associated with each mass state at energies where they become kinematically
allowed will not be the only distortive effects, as now there will be numerous end-
points depending on the excitation of the bound electron. Mathematically this leads
to the decay rate being comprised of a sum over all the possible energy states that
the bound electron may occupy and an integral over the energies available to the

electron that escapes detection, as discussed in Appendix B. The position of these
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Figure 4.1: Branching probabilities of the orbital electron to helium energy levels 1s (or-
ange), 2s (green), 3s (magenta), 4s + 5s (blue) alongside emission into contin-
uum (cyan), as a function of the f-electron energy below the end-point.

kinks is determined by the energy separation of the helium energy levels, which are
summarised in Table 4.2 based on [187], alongside the corresponding asymptotic
probabilities for the electron to end up in a certain energy level of the helium atom.
These transition probabilities depend on the energy available to the orbital electron,
which in turn is affected by the energy taken away by the emitted -electron. This
is shown in Fig. 4.1. Unsurprisingly, it can be seen that the less energy there is
available to the orbital electron, the less likely it is to occupy a higher energy level.
From the table it is apparent that the separation of the energy levels is of the order
of 50 eV, which is smaller than the energy resolution of 100 eV assumed in this
work and therefore the effect of continuum and excited state emission could be ne-
glected. However, future neutrino mass experiments with a higher energy resolution
could benefit from the identification of the kinks associated with the excited states
and could exploit them to differentiate from the massless case more efficiently, thus
increasing their sensitivity.

Each of the aforementioned corrections is discussed in more detail in the
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following and their functional form is reproduced from [168] and [188]. The
correction factors are approximately discussed in the order of the magnitude of
their effect on the spectrum and natural units, i.e. 7 =c = 1 are used through-
out, unless otherwise stated and the electron speed is expressed in units of ¢ as
B = |pe|/E. = \/EZ — m2/E,, where E, denotes the electron energy. In the func-
tions below several quantities are given in units of electron mass, m,: the magni-
tude of the electron’s 3-momentum, k = |p,|/m, = VW2 — 1; the end-point of the
tritium fB-decay spectrum, Wy = E;"* —V, where V; quantifies the change in the
end-point of the spectrum for excited states; as well as the general electron en-
ergy, W = E,/m,. Furthermore, several numerical values are used: the absolute
value of the ratio between the axial vector and vector nuclear coupling constants,
A = |ga/gv| = 1.247; the atomic charge of the final state helium atom, Z = 2; the
fine structure constant, @ ~ 1/137.036; and finally the nuclear radius of the helium

atom, R, ~2.88 x 1073 /m, [168].

4.3.1 The Fermi Factor

The Fermi factor is a correction to the spectrum which corrects for the altering of
the Coulomb interaction between the emitted electron and the daughter nucleus.
The helium nucleus in the final state has a net positive charge resulting in attraction
with the outgoing negatively charged f3-particle which modifies the probability dis-
tribution of the electron, as the attraction decreases the electron’s speed. Hence, the
probability of finding the B-electron in the vicinity of the nucleus is enhanced, thus
finding electrons with lower kinetic energies is increased and including the Fermi
factor properly weights the distribution so that at low energies the spectrum is more

populated. The functional form of the Fermi function is [168]

21—y mn [Ty +in)?
F(Z.E) = 4(2|p.|R, 2(1—7) nn’— 4.1
(2.e) = 4CIplRe) 200 S 19
271 (1.002037 —0.001427|p, | /Ee)7 (4.14)
1 —e27M

where y= (1 — (aZ)?)'/2, 1 = (aZE,)/|p.| is the so-called Sommerfeld parameter

describing the strength of the Coulomb interaction and I'(x) is the Gamma function.
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The first line of the above expression is the fully relativistic Fermi function, which is
derived under the assumption of a point-like nucleus, i.e. assuming the electric field
is constant both within the nucleus and its surface [189], in order to avoid treatment
of the relevant wave functions in the presence of complex nuclear structure effects.
The second line of the F(Z,E,) expression corresponds to the approximate form
— often referred to as the Simpson approximation [190] — which is valid for small
values of the nuclear charge, Z, i.e. in the case when y ~ 1, which is satisfied for

our case with Z = 2.

4.3.2 Radiative Corrections

There are two kinds of radiative corrections that need to be accounted for in the -
decay process: virtual photon interactions and soft photon emission. In the context
of the former, the outgoing electron can interact with the nucleus (initial neutron
or final proton) or the intermediate W boson via virtual photons in loop diagrams.
Such photon exchanges modify the decay rate of the process and therefore have
an effect on the energy distribution of the electron. The latter type arises because
accelerating or decelerating charged particles emit electromagnetic radiation in the
form of real photons, which naturally affect the energy distribution of the outgoing
electron and therefore the spectral shape. In order to model the spectrum more ac-
curately, one can consider soft photon emission to some order, but doing so leads to
infrared divergence, since the lower the energy of the photon, the larger the possible
number of configurations, leading to a diverging result when integrating over all
possible photon energies. This can be remedied by summing over photon emission
to all orders, leading to a finite and well-behaved corrections factor, i.e. treating all

possible photon emissions collectively, rather than individually. These effects are
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corrected for by including G(E, ) in the decay rate expression [191]

Emax _ g\ (20/m)(B) o) 3 EMx_[p
G(E,) = (—‘f . ) {1 +?a [t(ﬁ) <ln2—§+eE—)

+;L(’(/3)+ 0 (2(1+B2) —2n (1 Eﬁ) + (Eé“a;E_ezEe)z)

+% (L(ﬁ) —L(-B)+L (%) +%L (#) - %L (%))] }

(4.15)

where L(f3) = foﬁ 41n(1—t) is known as the Spence function and #(B) =
arctanh(f)/B — 1 and EI"* given in Eq. 4.25. At the endpoint of the spectrum the
electrons receive maximal energy from the decay, leading to a highly constrained
phase-space for photon emission and the probability of soft photon emission is
low, but the relative effect on the spectrum is largest. The radiative effect is most

pronounced at high energies, at the endpoint of the energy distribution.

4.3.3 Screening Factor

Considering the Coulomb force without any additional considerations assumes a
free B-decay process with a bare nuclear charge. However, in the context of the
bound system in consideration here, the orbital electrons of the daughter atom cre-
ate a screening effect, which reduces the effective charge felt by the outgoing elec-
tron and thus modifies the effective Coulomb interaction by lowering the Coulomb
barrier which needs to be overcome by the electron in order to be emitted. This
leads to a lower effective binding energy and therefore the total energy available
for the decay is reduced, shifting the end-point of the spectrum to a slightly lower

energy. The effect of the screening is encapsulated by the factor [192]

= s\ —1+2y —\2

W [k r -

S(Z,W)=— (_> ’(L’_mz‘eﬂ(n—n)’ (4.16)
W \k [C(y+in)?|

where the modified electron energy, the magnitude of the electron’s spatial mo-

mentum and the Sommerfeld parameter, denoted with bars, are given by W = W —

Vo/me, k= VW2 —1 and j = aZW /k, respectively and the screening potential of
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the electron cloud associated with the daughter nucleus is Vo = (76 +10) eV [193].

4.3.4 Finite Nuclear Size

In many cases it is sufficient to model the nucleus as point-like, however if one
wishes to account for nuanced spectral effects, then the finite spatial extent of the
nucleus needs to be acknowledged. This can be achieved via the inclusion of the
correction factor L(Z,W) x B(Z,W) [194]. The first term, L(Z, W) is the scaling of
the Coulomb field to account for the fact that the charge distribution of the nucleus
is in fact spread out over a finite volume, rather than being concentrated in a single

point located at the centre of the nucleus. Its functional form is [194]

13
L(ZW) =1+ —(aZ)?
(Z,W) =1+ (aZ)

WR,0Z41 =26y oZR,y17—-2y
15 2y—1 30W 2y—1°

4.17)

The acknowledgment of the finite size of the nucleus alters the wave functions of the
electron and the neutrino through their interaction with the potential of the nucleus,
and therefore the combined amplitude of the 3-particle interaction is described by
the overlap of their individual wave functions, in other words the convolution of
the electron and neutrino wave functions with the nucleonic wave function over the

entire range of the finite nuclear volume,

B(Z,W)=1+By+B W +B,W?, (4.18)
with
233 , 1 , 2
= —""(aZ)>— =(WoR — (WoR,0.Z

21 4

By =—sRi0Z+ 5WOR,%, (4.19)
4

Bzz—gR%.

4.3.5 Recoiling Coulomb Field

As the initial nucleus emits the final state electron and neutrino, it experiences a

recoil due to its finite mass in accordance with momentum conservation. Usually,



4.4. Tritium Decay Rate 129

the nucleus is assumed to be a stationary source of the Coulomb field experienced
by the -electron, however as a result of the recoil, it is in fact a moving source.
This effect introduces a change in the Coulomb field which is no longer spherically
isotropic, thus modifying the electron’s energy spectrum. As this effect modifies the
Fermi function taking into account the altered potential landscape, it will have the
biggest effect at the low energy end of the spectrum, since less energetic electrons
spend more time in the vicinity of the nucleus. As the energy increases, the ef-
fect of the nuclear recoil diminishes. The multiplicative correction to the spectrum

accounting for this is of the form [195]

Q(Z,W,Wy) =1— (4.20)

naZ 1-A? Wo—W
mHek

1+3A7 3W

4.4 Tritium Decay Rate

In the context of B-decay, both the energy and angular distributions of the outgoing
electron are insightful to study and thus we start by deriving both of these. The
differential decay rate is calculated as a function of the emitted electron’s energy
for the energy spectrum and as a function of the angle between the initial tritium
spin and the direction of the electron’s momentum for the angular spectrum. Thus,

we start from the fully differential decay rate

1 dp. &Ppy Ppue

dl =
2my (27)32E, (270)32Ey (27)>2Ex.

\M|?(27)*8* (Py — Pae — P. — P).

4.21)

where the subscripts H, He, e and v refer to parameters associated with the tritium,
helium, final state electron and final state neutrino, respectively. |M|> denotes the
matrix-elements squared of the interaction and px and Py are the 3-momenta and
4-momenta of particle X and a four-dimensional Dirac-delta function is included to

enforce energy-momentum conservation.

Since we are primarily interested in the kinematics of the outgoing electron,

the decay rate can be simplified by evaluating it in the rest frame of the tritium, i.e.
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where Py = (my,0). Expressing the electron and neutrino momenta in spherical
coordinates allows one to arrive at the differential decay rate as a function of energy

and angular distribution, of the form

T C(E.) / /Ev+ > Pie — D7 — Dy
- dQ dE,|M|?5 ( cos 6,y — PHe “Pe 7Bv ) iy 55
dE.dQ,  2mmula’ " Je, M3 | cos v 2/pe|lpv (322

In the above expression Qy is the solid angle describing the direction of emission of
particle X. The frame is chosen such that the polar angle is measured relative to the
direction of the tritium’s spin. The angle between the spatial momenta of the elec-
tron and the neutrino is denoted by 6,, C(E,) is the combined multiplicative factor
taking into account the spectral corrections discussed in Sec. 4.3. The integral that
runs over the neutrino energy has lower and upper limits £, and E,, respectively,

expressed as [174]

Ei(E ) = (my — E,)(muy + m%/ +myemy) £ |pe| \/(mHy<mHy + 2myenty )
v e) — 3 5
mys

(4.23)

where
y=E*—F,, 4.24)

is the difference between the maximum kinematically allowed electron energy E"**
and the electron energy, with EJ"** —m, ~ 18.59 keV [196, 197] being the maximal
kinetic energy that the electron can receive. When the electron takes the maximal
energy from the process, Ey ~ my (py ~ 0). Using this and the energy-momentum

relations, E"* can be shown to be

m% —|—m§ — (mye —|—mv)2

Emax _
¢ 2mH

, (4.25)

and we explicitly see that E;"** and therefore y is dependent on the neutrino mass,

my. The m}, parameter in the denominator of Eq. 4.23 is defined as
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My = (p — pe)? = miy — 2myEe+m?. (4.26)

To proceed, the spin states and the possible correlations arising from these need to
be considered. Usually, the spins of the particles are treated collectively by sum-
ming or averaging over them leading to a decay rate expression that considers up
and down spin states as equally probable, useful when the source has a net spin
alignment of zero, i.e. for an unpolarised ensemble. If however, one would like to
retain information about the spin directions for a polarised source, the spin com-
ponents of the wave functions need to be projected out using the spin projection

operator [198]
1
Ps=(1+7%), (4.27)

where § = ¥, S* and S* is the spin four-vector

S“:(p'§,§+ (p-3) > (4.28)

Here, p is the 3-momentum of the particle, § is the unit vector in the direction
of spin and E and m are the energy and mass, respectively. Since the process is
being considered in the rest frame of the tritium, p = 0 and hence S* = (0,8§) and
the projection operator is chosen such that Piuy, ¢ = & yup ¢ and Pyvp ¢ = 8 gvp ¢,
where u and v are spinors and s,s’ =], 1 corresponding to down and up spins. This
ensures that only those spinors are preserved by the projections whose spins we
are interested in. Since up and down spin states contribute oppositely to the net
polarisation, the number of up and down spins, Ny and N| are combined into a

polarisation factor

NT— Nt

TN 429

which helps to weight the net effect by replacing S — fS. The value of f, i.e. the

degree of polarisation of the ensemble of the tritium nuclei determines the angular
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distribution of the outgoing electrons. In the limit |f| = 1 corresponding to total
polarisation, the resulting angular distribution is maximally affected. This is the
case we consider. The other extreme case is f = 0, when the source is unpolarised,
resulting in a completely isotropic electron distribution, without any directional de-

pendence or preferential emission, as done in Eq. 4.37.

In the case when f # 0, i.e. the source is polarised, there exists a correlation
between the spin of the source and the direction of the emitted electron’s momen-
tum. In other words, the probability of emission of the electron in a certain direction
is dependent on the orientation of the tritium spin. The spin projection operator P
from Eq. 4.27, is included at the matrix element level. The matrix element squared
will then contain terms that are spin-independent from the “1”, and spin-dependent
terms from dot-products like pe - § from “y°§”, which can be expressed as cos 6,.

This will result in the differential decay rate taking the form

dr

m = a(Ee) + b(Ee) COoS 96, (430)

where a(E,) and b(E,)cos O are the spin-independent and spin-dependent terms,
respectively, with 6, denoting the angle between the tritium’s spin and the electron’s

direction of momentum.

When integrating this over the solid angle of the electron, Q, = sin8,d60,d ¢,,
the integral over the azimuthal angle contributes a factor of 27, the integral over
sin 6, contributes a factor of 2 and the integral over cos 6, vanishes, since it is an
odd function with respect to 6, and thus the contributions from the upper and lower
halves of the integration range lead to a cancellation. This results in the energy

distribution to take the form

dI’
dE,

= 47a(E,). (4.31)

where we see that the spin-dependent part has dropped out. Integrating over the
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electron energy then leads to the total tritium decay rate

Eénax
T=dn / a(E,)dE,. (4.32)

me

One may also start by integrating the doubly differential decay rate expression in

Eq. 4.30 over the electron energy, leaving only the angular dependence

dl’ r
SE—— [y 6.), 4.33
dcos 6, 2( +kcos6,) ( )

where we have defined the angular correlation factor, &,

Eg’l[LX E‘izﬂa}C

k:/ b(E,)dE, / a(E,)dE,. (4.34)
me me

which is the ratio of spin-dependent and spin-independent contributions, quantify-

ing the asymmetry of the angular distribution associated with the emission of the

electron due to the polarised tritium source.

The emission anisotropy captured by k stems from the chirality and helicity of
the particles involved in the process. The final state electron’s and neutrino’s com-
bined spin can either be S = 0', (the two spins are anti-aligned and thus cancel out)
or S = 12 (when both spins are aligned and add up). In the former case the emission
of the electron is completely isotropic, as there is no net spin and thus no directional
preference. On the other hand, in the latter case, the tritium’s polarisation deter-
mines the possible emission directions of the decay products. To conserve angular
momentum, the tritium’s spin and the combined spin of the electron-neutrino sys-
tem should be aligned. Given that the electron is a left-chiral particle (and therefore
mostly left helical), its momentum is predominantly opposite to its spin direction.

Therefore, in such a case the electrons are more likely to be emitted in the opposite

'The S = 0 combined spin corresponds to the vector current, as the vector bilinear is of the form
Wy* v for a spinor field y, which only affects the propagation of the particle (with 7° being the time
components and ¥ for i = 1,2,3) the spatial components.

>The S = 1 state, as opposed to S = 0, corresponds to the axial vector bilinear of the form
Wyt ysy, which can change the spin of the particle involved due to the presence of the chiral y°
matrix.
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direction to the tritium’s polarisation. Naturally, this effect is only present when
considering the differential decay rate as a function of 6, (coming from the p-§

term) and vanishes when integrating over the solid angle.

4.4.1 Standard Model

Having outlined the general approach for deriving the energy and angular distri-
butions in tritium B-decay, we begin by exploring the SM case. Based on the La-
grangian shown in Eq. 4.5, the matrix element for the process is written in terms of

the spinor bilinears

Msse = =2V, [er (1= P)ve] [y (v — a7 1 (4.35)

and thus the squared matrix element, |M|*> = MM?* is of the form

[Msm|* = 16GE|Val* Tr [(PHe +mpe) ¥ (gv —gA)’S) (1 +7’5$> (Py+mn) ¥’ (gv —gAYSH
<Tr| (Petme) 1 (1=7°) Py (1-7°))

(4.36)

where the traces arise due to the contraction of the indices. Using trace identities
and formulas allows for the matrix element squared to be expressed in terms of the

dot products of the four-momenta of the particles involved

\Msm|* = 16GE|V,al?
x {(8a+8v)*(Pe- Phic) (Py - Pu) + (84 — 8v)* (P - Put) (Py - Putc)
+ (g4 — & )mumue (P. - Py)
+ (g4 — &v)mue [(Pa - Py) (Pe-S) — (P - Po)(Py - S)]

+(ga —gv)°mu(Py - Puc)(Pe - S) — (8a + 8v)*mu(Pe - Prie) (P - S) } -
4.37)

From here, we first calculate the energy distribution assuming an unpolarised (f =

0) tritium source, i.e. by focusing only on the spin-independent terms of the above
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expressions, yielding

G2 Vud 2 3 m2 Pe| -
drasm(Ee) = %C(Ee) Y U Z'z e|yi®()’i)
i=1 12

my(myg — E,) myE, —m?
( 3 d S—= (yitrimy ;) (it Himpe)
my, my,

X {(8V+8A)2

_ mlz'l|p€|2 2
3m‘1‘2 '

my
+ (gv—2ga)*E. (yi + mv7i_e)
my

myE, — m?
+ (g%—g%)mﬂe% (yi+uimv,,~)}, (4.38)
12

where U,; and my; (i = 1,2,3) are the PMNS matrix elements coupling neutrino
v; with the electron and the neutrino mass eigenstates which are summed over all
three generations, respectively. The kinematic variable ; is defined as p; = (my,; +

mye)/mu, while y; and m?}, were given in Eq. 4.24 and Eq. 4.26, respectively and

- 2m
yi= \/yi (yi+mv,i He>- (4.39)
my

is introduced for a commonly occurring term. The heavy-side theta function ©(y;)

the shorthand

is present in order to enforce energy conservation (effectively it returns a zero result
when E, > E™*, i.e. when the electron wants to take more energy than is available).
Fig. 4.2 shows the Kurie plot of this expression as a function of AE = E — Ey, i.e.
the electron energy below the endpoint for a massless lightest neutrino, m; = 0,

where

mpg =\ Vet P2 +|Uoa 2(m? + Amdy) + [Ues 2 (m? + Ay ) (NO) o)

mp = \/|Uet P(m -+ A, 1)+ [Ueal2(m? + |Amidy)) + [Ussf2m? - (10)

is the effective neutrino mass expressed in terms of the lightest neutrino mass
and the mass splittings, for the two mass hierarchies. The Kurie function,
dT'/dE [ (|pe|* F(Z,E.)), produces a linear energy dependence, as showcased by

the gray line labeled "massless’, corresponding to my, = 0. The exact form of the
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Figure 4.2: Kurie plot of the energy spectrum as a function of electron energy below the
zero-mass endpoint, for a massless lightest neutrino. The single massless neu-
trino case (gray) is a straight line, while the exact expressions for NO (red
solid) and IO (blue solid) exhibit kinks, associated with the individual mass
states that contribute. Also plotted is the approximate spectrum involving the
effective mass, for NO (red dashed) and 1O (blue dashed).

rate in Eq. 4.38 is plotted for both mass orderings: NO (red solid) and 10 (blue
solid). In both cases, the three distinct endpoints, emphasised with thin vertical
lines, due to the contributions of the three individual neutrino mass states are clearly
visible and manifest themselves as kinks in the spectrum. The position of these
kinks is at E, = E¢ — m; for each mass state m;. Going from right to left along the
horizontal axis, each of the kinks appear when the associated mass states becomes
kinematically producible. Their separation is determined by the mass splitting be-
tween the mass eigenstates, while the amplitude of the kinks is influenced by |U,;|?,
the mixing matrix element quantifying the coupling between m; and the electron

flavour.

Since myg ~ O(GeV) and myp. ~ O(GeV) while E, ~ O(keV), m, ~

O(10~'MeV) and m, ~ O(107'eV), it is safe to make the approximation that
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my ~ mye > E,,m,,my. Then, the energy distribution simplifies to

G2 V d 2 My mHE — mz
drasm (E,) ~ %C(Ee)(g‘z/ + 3gf21)mHmHe n:2|Pe| ’;2 £
12 12

3
2my my ; + my
<) |Uei|2®()’i)\/yi (yi+mv,i e) (yi+mv,i—v’l e) :
i—1 my m

This expression may be rewritten [117,177] in a simpler form by removing the in-
dividual neutrino contributions and instead introducing the effective neutrino mass,
m% = Y2 | |Uei|* m?, and using yo = y(m, = 0) to ensure that there is no neutrino

mass dependence outside of mg, yielding

Gz de my|Pe| mukE —m?
47'L'aSM(Eg) ~ %C(Ee)(g‘z/ —+ 3gi)mHmHe m’2 e| nzz eyO y% . m%
12 12
4.42)

As opposed to the exact expressions shown with the solid lines in Fig. 4.2, this
approximate form naturally results in a single endpoint located at E, = Ep — mg,
shown for both mass ordering: NO (red dashed) and 1O (blue dashed). Since there
is only one endpoint, there are no kinks in the approximate rate, but it is clearly
visible that the two cases converge nicely once all mass contributions have been
turned on in the exact case. Therefore, the difference between the approximate
and exact forms of the energy spectrum are negligible for experiments with energy
resolutions much bigger than the neutrino mass and when studying the spectrum far
from the endpoint region. In this study, we focus on the bulk region of the spectrum

and therefore the approximate form is safe to use.

Having discussed the energy spectrum in the SM case, we turn to the angular
distribution, i.e. we calculate b(E,) in the second term of Eq. 4.30, which appears
as a non-zero contribution when the tritium ensemble is polarised. To this end now

the spin dependent terms of the matrix element shown in Eq. 4.37 are used, yielding
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the angular correlation

G2 ‘V d|2 my 2~
bsm(Ee) = ——E——C(Eo)—|p.|*yi
84 m%z
mH(mH —E )
X { [(gA _gV)ZmH + (3/2; —gxz/)mHe—ze
mi,
mMymy, my
+ (g4 — 8‘2/)—26Ee +(8a +gv)2—2(0‘ —m;)
mi, mi,
2 My my(my — E,)
—(ga+gv) — it imy;) —————=| (Vi + Wimy ;)
my, my,
1 ms myg—E,) _
—(ga—gv)*my; — g(gA —l—gv)z%%z} (4.43)
12

with a combination of kinematic parameters, & = myE,""" + m%,l, -+ myemy,. This
expression can be simplified dramatically if one assumes my ~ mye > E.,m,,my

(as before when calculating the approximate form of the energy spectrum), yielding

282 _2gAgV |pe| ’pe|
bsm(E,) ~ — =24 asm(E,) ~ —0.12"Z asm(E,). 4.44
SM( e) g%/+3g/24 Ee SM( e) Ee SM( e) ( )
The half-life
In(2
Ty, = é) (4.45)

can be calculated using Eq. 4.32 and Eq. 4.38, yielding 7, = 12.6 yr, while the
angular correlation factor, k, is calculated in the SM case using Eq. 4.44 to be

ksm = —0.0154.

4.5 Massive Sterile Neutrinos

In the previous sections we have discussed the spectral details and calculations rel-
evant to tritium f3-decay neutrino mass experiments. Building on this, we now turn

our attention to the sensitivity of such experiments to keV-mass sterile neutrinos.

Assuming that the only production mechanism available to the sterile neutrino
is via its mixing with the active sector as shown in Eq. 4.11 — parameterised by
the active-sterile mixing angle, |V,y|? — then the changes to the energy and angular

distribution are easily modified to the extended particle content. The sum in the
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energy distribution expressions shown in Eq. 4.38 needs to be modified to run over

the sterile neutrino states as well, i.e. Zf’:l — Z?j{“, where ny denotes the number
of sterile neutrinos, with corresponding mass states mg, ..., m, 43 and mixing matrix
elements Veq, ..., V,(, 43). Considering only one active and one sterile neutrino (n; =

1), N, with a corresponding mass state my, yields the energy spectrum

dI’
dE,

dl'sm
dE,

dl'y
dE,

= (1—|Ven|?) + [Von |2 (4.46)

where the subscripts ’SM’ and N’ denote the SM and sterile contributions to the
differential decay rate. Now dI'sy/dE, corresponds to Eq. 4.31, with a(E,) as
given in Eq. 4.38, while

=dron(E 4.47
dEe N( e) ( )
where
G2 |V,ual? m|pe| —
amay(E,) = TVl oy malPel g
27 mi,
my(myg—E,) m Eg—m2
X 4 (gv+ea)’ H(HZ ) i 5 (v+vmy) (yn-+Hnmie)
my, mi,

mIZ—I‘pelzva
- 4 JIN
3mi,

m
+(gv—8a)°Ee (yN + my— )
my

mpkE. — m2
+ (g4 —g%/)MHe# (yn + Unmy) } , (4.48)
12

where yy is given by Eq. 4.24 with the replacement m, — my in Eq. 4.25, yy is
given by Eq. 4.39 with y; — yy and my, — my and uy = (my + mye)/my. The
phenomenological consequence of such a sterile neutrino is shown in Fig. 4.3,
where dI"/dE, is plotted as a function of electron kinetic energy, E, — m,, for four
choices of sterile mass, my = 0 (gray), 5 (red), 10 (blue) and 15 (green) keV and
[Ven|? = 0.25 3. The massless sterile neutrino scenario corresponds to the SM case,

while the presence of a massive sterile particle induces a kink in the energy spec-

3This is an unrealistically large mixing value, that is already excluded by experimental searches.
It is chosen solely for visual purposes.



4.5. Massive Sterile Neutrinos 140

20—

_ 15 ]
>

[

CH

mh L

T 10 ]
s 7

o)

1S3

—

o

o
in

massless

|Ven[?=0.25

I L L L 1 L L L L 1 L L L L L L
00 5 10 15 20

E.—m, [keV]

Figure 4.3: Plot showing the differential decay rate as a function of the electron kinetic
energy, in the four neutrino paradigm (3 active + 1 sterile) for a mixing angle
value |V,y|?> = 0.25. The energy spectrum is presented for four examples of the
sterile mass: my =0 (gray), 5 (red), 10 (blue) and 15 keV (green).

trum, positioned at EJ*™* — my, which explains why the kink is located at lower
(higher) electron energies for larger (smaller) my. At energies higher than the kink,
the spectrum is reduced by the same amount, irrespective of the sterile mass, as
in this region only the SM part of the decay rate contributes (sterile neutrino pro-
duction for my corresponding to kink location kinematically forbidden), which is
why all lines with my # O converge at high energies. At energies below the kink,
the spectrum is also reduced, due to the phase space suppression resulting from the
presence of the massive sterile state, with a larger degree of suppression for larger
values of my. The overall amplitude of the spectrum is suppressed by the active-
sterile mixing angle, as can be understood from Eq. 4.46. The kink is a pronounced
phenomenological signature, that can be searched for in experiments.

Having discussed the effect of the sterile neutrino on the energy spectrum, we
now turn our attention to the angular effects, as shown in Fig. 4.4. This shows the
deviation of the angular correlation factor associated with the sterile neutrino, ky,
from its SM value, ksp, as a function of the sterile mass, my, for two choices of
mixing angle values, |V y|? = 0.025 (orange) and 0.25 (blue). It can be seen that the

smaller mixing angle value results in the quantity ky — ksy being closer to zero, i.e.
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Figure 4.4: Deviation of the angular correlation factor from the SM as a function of sterile
mass, for two choices of the active-sterile mixing angle: ]VeN\z = 0.25 (blue)
and |V,y|> = 0.025 (orange).

closer to the SM result. This is because when mixing with the active neutrinos is the
only production mechanism available to the sterile neutrino, the smaller the mixing
angle, the more the neutrino behaves like the SM active neutrino, due to the minimal
sterile component. It is also apparent from the figure, that for any value of the
mixing angle, the SM result is recovered as my approaches zero. Similarly, for the
largest values of my, sterile neutrino production is prohibited kinematically and thus
its effect on the angular correlation is diminished also. In between the two extremes,
the sterile neutrino’s mass acts to decouple chirality and helicity, the degree of the
decoupling depending on the value of my. This reduction in the correlation leads to
a smaller value of k£ and thus a more isotropic emission. Thus, at a certain value of
my, the sterile neutrino is heavy enough to cause significant decoupling, but light
enough to be producible, producing a maximal deviation, corresponding to a peak

in the distribution.

Thus far it was assumed that the sterile neutrino may only be produced via
active-sterile mixing. However, it is also possible for the sterile neutrino to couple
directly to exotic currents in the Lagrangian of Eq. 4.9. Considering such effects

will impact both the energy and angular distributions at the matrix element level.
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Once the matrix element is squared, this should result in three types of terms: purely
SM, purely exotic currents involving a sterile state and interference terms. Such an
interference term would involve two distinct final states (active neutrino in the SM
case and sterile neutrino from the exotic currents) and therefore it cannot exist. The

energy and angular spectra thus take the form

E.) = E.)+ Y Ee;
a(Ee) = asm(Ee) 1 |ex |“ax (Ee) (4.49)

b(Ee) = bswi(Ee) + | |*bx (Ee)-

The functional forms of the sterile exotic contributions are given in Appendix C. If
the sterile neutrino is produced solely via active-sterile mixing then ax (E,) corre-
sponds to ay(E,) as in Eq. 4.48 and similarly by (E, ) is the same as in the SM case
but using the sterile mass instead of the active neutrino masses, and eV, the sterile
exotic coupling is zero.

Thus we consider two production mechanisms for the sterile state. It can either
be produced indirectly, with the emitted electron-neutrino possessing the heavy my
component through active-sterile mixing, or the sterile neutrino may be produced
directly by an exotic current. It is interesting to note, that for specific choices of
parameter values, the two scenarios have an almost identical effect on the energy
spectrum, as shown in the left panel of Fig. 4.5. Thus, it may pose a challenge
to assess the origin of the sterile neutrino from the phenomenological imprints on
the energy distribution for certain combinations of parameter values. This may be
remedied by simultaneously studying the angular distribution as well, which for the
same parameter values is shown on the right panel of the same figure. The two cases
have a significantly different impact on the angular spectrum and can thus be easily

differentiated.

4.6 Target Sensitivity

4.6.1 Event Count

In a B-decay experiment, the electrons observed over a given exposure make up the

total number of events, Ny;. Experimental details, such as any acceptance cuts or
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Figure 4.5: Energy and angular distributions showcasing the difference between an active-
sterile mixing and an exotic right-handed leptonic current for producing a
10 keV neutrino. Left: Normalised energy distributions with active-sterile mix-
ing, [Vn|? = 0.25 (blue, dashed), overlapping with an exotic sterile |} |* =
0.33 (orange) contribution. Right: Deviation of the angular correlation factor k
from the SM value as a function of the active-sterile mixing |V,x/| or the right-
handed leptonic current parameter | €5 |.

efficiency corrections can be combined into an overall multiplicative factor, n <1,

resulting in the number of collected events
Nevents = nNtoty (4.50)

but for the purposes of this work we assume 1) = 1 throughout. Normally, 3-decay
experiments of the type considered in this work focus on a specific region — or
window — of the energy spectrum, predominantly around the end point, making the

quantity of interest the number of events within this window

Noo — Nevents E dI’
win T £l dEe

dE,, (4.51)

where E| and E, are the lower and upper bounds of the energy window and the

expression is normalised with respect to the total decay rate of tritium.

Since B-decay experiments for neutrino mass tend to focus on the end point
region of the energy spectrum, we consider an energy window with a width of 1 eV
below the end point, in order to estimate the required statistics. To assess the relative
change in the number of events needed to distinguish between the two possible

neutrino mass orderings, one must consider the "worst’-case scenario of mjjghest =
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Figure 4.6: Change in percentage of the number of events in the final eV window of the
energy distribution as a function of the lightest neutrino mass, for NO (red)
and IO (blue) mass ordering cases. The gray shaded regions correspond to the
95% CL for a detectable change, for total number of events in the last eV of the
spectrum of Nj oy = 10%, 10° and 10°.

0. This is captured by Fig. 4.6, which shows the percentage change in the number
of events in the final eV of the energy spectrum below the end point, as a function

of Myjgheest, for the two possible mass hierarchies: NO and 10.

The statistical uncertainty for N; .y events in the final eV is given by [199]

1
leeV.

ON = (4.52)

From Fig. 4.6 it is visible that the percentage deviation for a massless lightest
neutrino in the 10 case is ~ —0.37%. Inverting the above expression and using
the 95% CL constraint for a one-tailed test gives a minimum number of events
of Nj ov ~ 2.8 x 10°. Hence, rearranging Eq. 4.51 for N, setting Nyin = Niot =
2.8 x 10° and accordingly setting E; = Eg — 1 eV and E, = Ej yields

Ey 4T !
Nt =T (/ SMdEd) 2.8x10° ~1.3x10'8. (4.53)
Ey—1ev dE.

Therefore, throughout the analysis, Nyt = 10'8 is used.
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4.6.2 Molecular Impurities

In a realistic experiment, the atomic tritium source is not completely pure due to
technical limitations — most notably recombination along the container walls —
hence some level of molecular impurity is to be expected. It is therefore crucial
to assess the impact of such molecular impurities to the sensitivity of future CRES-
type experiments. The level of impurity present in the source is difficult to estimate
without precise knowledge of the experimental set-up and techniques employed, but
a good starting point is the estimate given by the Project 8 collaboration based on

their proposed experiment.
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Figure 4.7: Endpoint of the differential decay rate of atomic tritium (blue), molecular tri-
tium with fixed endpoint (black) and molecular tritium with variable endpoint
(red).

For a molecular process, the daughter molecule of the beta-decay has a finite
probability of ending up in excited rotational and vibrational states. The more ener-
getic excited state the daughter occupies, the less energy there will be available to
the outgoing electron and thus the endpoint will be shifted down by the correspond-
ing amount. However, molecular tritium also has a higher binding energy than
atomic tritium and therefore the total Q-value available to the process is slightly
larger. This results in a smeared molecular endpoint that is roughly 10 eV higher
than that of atomic tritium. A more precise modelling of the molecular endpoint

requires knowledge of the final state distribution (FSD) which causes the broad-
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Figure 4.8: 90 % CL y? variation as a function of the effective active neutrinos mass mg,
for three choices of molecular impurity levels, n(7>)/n(T) = 1072 (peach),
1073 (red) and 0 (burgundy).

ening. These effects are illustrated in Fig. 4.7, which shows the logarithm of the
differential tritium decay rate as a function of the emitted electron’s kinetic energy
for atomic tritium (blue), molecular tritium with fixed endpoint shift of ~ 10 eV
(black) and molecular tritium with FSD taken into account (red) (this is modelled

by convolving the molecular differential decay rate with the FSD from [200]).

Since the energy available to the most energetic electrons is dictated by the
mass of the active neutrino — which is constrained to sub-eV level — such a change
in the endpoint of the spectrum will significantly impact neutrino mass measure-
ments. To asses the effect of the molecular contamination on the measurement of
mg in future CRES-type experiments, a minimal x? analysis was performed under
the assumption of different levels of molecular impurities, n(73) /n(T ), where n(73)
and n(T) are the molecular and atomic tritium densities, respectively. The results of
this are shown in Fig. 4.8, for three choices of impurity levels: n(T3)/n(T) = 1072
(peach), 103 (red) and 0 (burgundy), motivated by the Project 8 collaborations
upper limit estimate of n(75)/n(T) < 10~% [200]. The black dashed line shows
90 % CL, corresponding to 2 = 2.71, the critical value for 1 d.o.f. The x-axis value

at the intersection of this line with each of the curves gives the respective effective
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mass that the corresponding impurity levels allow sensitivity to. The higher the
molecular contamination, the lower the sensitivity to mg is. The highest and low-
est constraining power is associated with n(73)/n(T) = 0 and n(T3)/n(T) = 1072,
resulting in mg ~ 9 meV and mg ~ 15 meV, respectively. The uncertainty in the ef-
fective mass measurement is thus of the order Amg ~ 6 meV. This is much smaller
than the energy resolution of AE ~ 100 eV assumed in this work, and therefore

molecular effects can be neglected.

4.7 Projected Sensitivity

4.7.1 Statistical Analysis

Currently, sterile neutrinos have not yet been observed, which results in experimen-
tal bounds being placed on the relevant parameters associated with them, such as
|V.n|?. To estimate the bounds that a CRES-like experiment will be able to place,
a minimal-y? analysis is used. This is achieved by dividing both the angular and
energy distributions into bins, where the integrated event count in each bin over the
entire range of the spectrum makes up the total number of events. For the angular
distribution, we use two bins: the first for the ’aligned’ and the second for ’anti-
aligned’ hemispheres. In the case of the energy distribution, the width of the bins
must be larger than the expected energy resolution of the experiment, but otherwise
there is no constraints on their size and thus number [177].

The test statistic, #, which quantifies the difference between the expected SM

and simulated BSM results, is given by

Nbins N(l) _ 1 A N(l) 2 2
t = miny Z( ssw — 1+ A)Nsw) +<i) : (4.54)

= NG, Ca

where the the N)((i) are the number of events in the i" bin in the X = SM or BSM
cases and naturally the sum iterates over all bins, with N, denoting the total num-
ber of bins. The variable A is a nuisance parameter, which is included to account for
the uncertainty in the overall normalisation of the energy distribution. The error on

A i1s represented by oy, which is set to 64 = 2 (conservatively large but with little
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impact). This differs from a simplistic x? test, as besides the inclusion of a nuisance
parameter, the summed expressions is also minimised with respect to A.

In principle, repeating the experiment many times will result in slightly differ-
ent event counts in each bin for each run. To simulate this statistical fluctuation,
one may perform a large number of Monte Carlo tests to find the median num-
ber of events for each bin. Since this is a computationally intensive and expensive
procedure, one may use the Asimov data-set instead, which allows for the median
values over a large number of runs to be replaced by their respective expectation
values [201] in the asymptotic limit (i.e. when the number of events is very large).
Thus, rather than being a randomly fluctuating distribution, the number of events in
each bin is a fixed value, which removes the degrees of freedom associated with the
bins (as each bin’s event count is in general independently variable). As a result of
the reduction of the degrees of freedom, the log-likelihood tends to a x 2 distribution
with one degree of freedom for each strength parameter (i.e. |V,y|? or one of the
eN). A yx? distribution is significant at 95% CL if it is in excess of 3.841 for one
degree of freedom, or 5.99 for two degrees of freedom. If no deviations from the
SM are observed, limits on the parameters of interest parameterising the BSM effect
can thus be placed at 95% CL. In this work, the x> analysis was performed using an
integrated event count of Ny = 10'8 across all bins, corresponding to ~ 2.8 x 10°

events in the last eV of the spectrum below the end point.

4.7.2 Production via Active-Sterile Mixing

In next-generational $-decay experiments, measurements of the energy and/or an-
gular spectrum of the outgoing electron will enable the observation of sterile neu-
trinos, or in the absence of a positive signal, bounds will placed on the relevant
parameter(s). Using the statistical analysis framework outlined in the previous sec-
tion for 10'3 total expected events and assuming an ideal experiment without any
systematic uncertainties, we present upper bounds on |V,y|? and €V, as the sterile
state may either arise due to the mixing between the active and sterile sectors, or be
produced directly from exotic currents. Both of these parameters in general depend

on the sterile mass, my.
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In the first case, i.e. when the sterile state arises due to the non-zero mixing
between the active and sterile sectors, we consider for simplicity a one active +
one sterile neutrino scenario. The estimated sensitivity to the mixing angle from
the energy spectrum as a function of my is shown in Fig. 4.9 for 10'® (red solid)
and 10'8 total events (black solid) at 95% CL. The gray shaded band around the
sensitivity contour for the latter case shows the 10 variation of the sensitivity due
to statistical fluctuations. It can be seen from the plot that the greatest sensitivity
to the mixing angle occurs at a sterile mass around half of the maximum kinetic
energy available in the process, as the greatest impact of the sterile neutrino is the
presence of the ’kink’, positioned at E"** —my. As the mass approaches zero, the
sterile neutrino vanishes and the energy distribution approaches the SM case, which
results in the sensitivity to the mixing angle weakening and vanishing completely
at my = 0. For large masses, the sensitivity is also reduced due to the limited phase
space availability, and completely vanishes at the kinematic threshold where the
sterile neutrino is too heavy to be produced. In this limit, all that is left behind is the
SM distribution with a reduced amplitude, however this difference is obscured by
the uncertainty in the overall normalisation which is the result of the minimisation

over the nuisance parameter, A, in the x> expression given in Eq. 4.54.

Fig. 4.9 also shows existing and projected future exclusions relevant in the
region of parameter space that is of interest. These include model independent

experimental results/projections as well as model dependent ones.

The model independent experimental constraints come from tritium (blue
shaded) and nickel (yellow shaded) -decay experiments. The nickel experi-
ment — a dedicated sterile neutrino search — was performed in the mass range
4 — 30 keV [202], while the tritium exclusion comes from regular SM neutrino
mass experiments, which concentrated their efforts on the end point region of the
spectrum, which is why the sensitivity to the mixing angle is constrained to a few

keV in the sterile mass range.

Besides the model independent experimental constraints, there are also astro-

physical bounds included in the figure, from X-ray, Cosmic Microwave Background
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Figure 4.9: Projected sensitivities to the active-sterile mixing |V,y|? as a function of sterile
neutrino mass my at 95% CL, for a total number of events Ny = 10'¢ (red solid)
and N,o; = 10'® (black solid), alongside corresponding expected sensitivities of
TRISTAN (dashed red and dashed black). The gray shaded band corresponds to
the 1o variation of the 95% CL for a large number of simulations. The shaded
regions are excluded by *H (blue) and %*Ni (yellow) searches together with
future experimental constraints expected from KATRIN (cyan dot-dashed) and
HUNTER (orange dot-dashed). The dotted lines show current astrophysical
constraints from: X-ray data (pink), CMB+BAO+H( observations (green) and
supernova data (purple).

(CMB), Baryon Acoustic Oscillation (BAO) and the Hubble parameter (Hp) mea-

surements. These measurements can place stringent limits on the active-sterile mix-

ing, though it should be noted that their validity is dependent on the underlying

astrophysical and cosmological models employed. If keV-mass sterile neutrinos

were present (produced via active-sterile mixing) in the early universe (motivated

by their properties which make them viable dark matter candidates), they are ex-

pected to have undergone decays into lighter particles and mono-energetic photons

with energies in the X-ray range, producing a corresponding distinct line in the
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spectrum when observing astrophysical sources. The data from the NuSTAR exper-
iment does not contain any observed lines above the background and thus found no
signs of sterile neutrinos, however it was able to place stringent upper bounds on the
value of the mixing angle for sterile masses below around my ~ 10 keV [203]. If the
early universe saw the production of sterile neutrinos through their mixing with the
active neutrinos, they would have frozen out earlier than the active neutrinos due to
the suppression of their interactions by the mixing angle, leading to a relic popula-
tion of sterile states. This will have contributed to the matter and energy density of
the universe, affecting the expansion history and structure formation of the universe.
Observables from the recombination era can thus constrain the active-sterile mixing
angle. The increased energy density of the universe due to the relic sterile neutrinos
leads to faster expansion rate and a younger universe than what is observed, which
in turn will affect the timing of recombination and structure formation, leaving an
imprint on the CMB. Structure formation also depends on BAO, which is altered
when sterile neutrinos are present in the early universe due to their free streaming,
preventing small-scale structure growth. Furthermore, as the expansion is expected
to be faster in such a case, the characteristic scale of BAO — called the sound hori-
zon *— is shorter [204]. Lastly, the study of supernova events can also be used to
probe sterile neutrinos, as neutrinos play a significant role in the general process.
If there is a non-zero active-sterile mixing, part of the active neutrinos present in
the core of the collapsing star may transform into sterile states and escape the col-
lapsing star due to the lack of available interaction channels. This means part of the
energy associated with the neutrinos in the core is carried away, and as as result of
the insufficient pressure build up, potentially preventing the explosion. Moreover,
the energy that escapes in the form of sterile neutrinos causes more rapid cooling,
which can be measured. So far no deviation has been observed from the expected,

producing upper bounds on the active-sterile mixing angle [205].

Additionally, Fig. 4.9 shows the projected sensitivities of future searches from

4The sound horizon is the maximum distance which the acoustic waves (due to the opposing
effects of gravitational pull on matter and the *push’ from photon pressure) were able to travel before
photons decoupled from the primordial plasma at recombination.
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KATRIN, TRISTAN and HUNTER. KATRIN, although primarily designed to mea-
sure or constrain the electron neutrino mass, has the potential to perform sterile
neutrino searches and thus constrain the active-sterile mixing angle with its current
technical set-up. The estimated sensitivity that can be reached is shown to be of
order |VeN]2 ~ 1074 [206] (cyan dot-dashed). In order to increase the search power,
TRISTAN, an extension to the KATRIN experiment for a dedicated sterile neutrino
search was proposed, as discussed in Sec. 4.1.1. The projected sensitivity of TRIS-
TAN is shown for 10'¢ (red dashed) and 10'® (black dashed) total number of events.
The first event count reflects the design sensitivity of TRISTAN that takes into ac-
count the details of the experiments, while the latter is the statistical limit [206].
These count rates translate to estimated sensitivities of order |V,y|*> ~ 107> and
IVon|? ~ 1077 — 1078, respectively. As can be seen, these projected sensitivities
are rather similar to our results, which is not unexpected given that both the phys-
ical processes and the event counts are the same in both cases, which explains the

similar shape and reach of the sensitivity contours.

HUNTER is another planned experiment, which will use trapped cesium atoms
undergoing electron capture. As this is a two-body process, with only a SM neu-
trino and the daughter nucleus in the final state, the energy-momentum and hence
the nuclear recoil will be singularly dictated by the active neutrino mass. The ex-
periment will rely on precision measurements of this recoil to measure the active
neutrino mass, with the capability of searching for signs of additional decays of
sterile neutrinos that the final state active neutrinos may mix into and thus con-
straining the active-sterile mixing parameter space. Although still under construc-
tion, Phase 1 of the experiment is expected to perform searches in the sterile mass
range 50 keV-280 keV, which is beyond the region of interest for this work. As
HUNTER will make nuclear recoil measurements, its resolution and sensitivity will
be significantly affected by uncertainties, limiting its reach at low sterile masses of a
few keV. Phase 2 and 3 on the other hand, due to the planned technological improve-
ments to reduce uncertainties and thus increase resolution, will extend the search to

lower mass regions. HUNTER’s sensitivity is projected to exceed |V3N\2 ~ 107 in
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Phase 2 and reach as far as !Vele ~ 10~ in Phase 3 of its operation [207]. It can
be seen from the figure that the estimated sensitivity of Phase 2 will be significantly
weaker than our projections for future CRES-type experiments, and although Phase
3 is expected to surpass these projections, a separate search would be required to

cover the mass range my < 5 keV.
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Figure 4.10: Projected sensitivities to the active-sterile mixing |V,y|* as a function of light
sterile neutrino mass my at 95% CL, for a total number of events N,y = 10'°
(red solid) and N,y = 10'® (black solid). The shaded regions are excluded
by SKICDC (blue), PROSPECT (orange), NEOS (mint green), Mainz (pur-
ple), Troitsk (light brown) and KATRIN (light green) searches. Future exper-
imental constraints are expected from DUNE (light blue dot-dashed). The
dotted lines show current astrophysical constraints from: CMB (yellow),
CMB+BAO+Hj observations (cyan) and supernova data (dark green).

Besides keV-mass sterile neutrinos, it is also possible to search for light sterile
states, with a mass of around a few tens of eV. Because their effect on the energy
spectrum is closer to the endpoint, modeling high-energy effects precisely is espe-
cially important. Using the same ¥ analysis approach as in the case of keV-scale

sterile neutrinos, the sensitivity of future CRES-type experiments to light sterile
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neutrinos was estimated. Based on the last 40 eV window of the spectrum, the pro-
jected exclusions of the active-sterile mixing angle as a function of light sterile mass
are shown in Fig. 4.10 for Ny, = 10'6 (red) and Nyo, = 10'® (black), with maximal
sensitivities is |Voy|? ~ 1073 and |V,y|? ~ 1074, respectively. Compared to the ke V-
search projections shown in Fig. 4.9, the sensitivities are a few orders of magnitude
weaker. This is simply the result of the more prominent spectral impact associated
with a heavier neutrino, alongside the higher event count around the bulk of the
distribution, than near the endpoint. As the sterile mass tend to zero, the sensitiv-
ity is lost completely, as the spectral distortion due to the sterile neutrino vanishes
and the distribution shape becomes identical to the SM one. Near my = 40 eV the
sensitivity to the mixing angle is similarly reduced, due to the sterile neutrino being

kinematically *pushed’ out of the energy window under consideration.

The most substantial existing exclusion comes from the KATRIN experi-
ment [208]. Similarly to the analysis performed here, the KATRIN results are based
on the last 40 eV window of the energy spectrum, but in contrast to our analysis the
endpoint is kept free and treated as a nuisance parameter. Although covering a
much smaller sterile mass range, a comparably sensitive exclusion was made by
NEOS [209], a reactor neutrino experiment observing inverse beta-decay using a
Gadolinium liquid scintillator. A bit broader in sterile mass range and going up
to ~ 5 eV is the PROSPECT [210] exclusion, similarly based on spectral measure-
ments of reactor antineutrinos. The excluded region labeled SKICDC is attributed to
Super-Kamiokande, IceCube and DeepCore (SK+IC+DC) which all provide com-
parable limits [211]. The excluded regions along the largest range of my come from
the two tritium beta-decay experiments, Mainz [212] and Troitsk [213]. The DUNE
experiment is expected to constrain the parameter space of interest very heavily
through indirect searches studying the effects of sterile neutrinos on the production
rates of active neutrinos [214]. In order to achieve the desired high sensitivities, it

is essential that the DUNE flux is known very precisely.
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Figure 4.11: Projected sensitivities to various exotic couplings at 95 % CL, as a function
of the sterile neutrino mass, based on the energy (solid) and angular (dashed)
distributions. The active-sterile mixing is turned off, i.e. is set to [V,y|> = 0.

4.7.3 Production via Sterile Exotic Currents

Besides mixing with the active neutrinos, sterile states might be produced via exotic
currents different from the V — A structure of the weak interaction, parameterised
by the coupling constants €V. Following the same x> procedure, the sensitivity to
the exotic currents as a function of the sterile mass can be determined from both the
energy and angular distributions.

The results are shown in Fig. 4.11 for various choices of couplings. All sen-
sitivity contours based on the energy spectrum apart from 8{.?’ have a similar shape
to the admixing case above, with the sensitivity falling off as the sterile mass be-
comes too small to cause significant deviation from the SM case and as the mass
becomes too large and sterile neutrino production is kinematically no longer possi-
ble. Maximal sensitivity is reached for a sterile mass of around my ~ 10 keV. The

sensitivity contours derived using the angular distribution on the other hand exhibit
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Figure 4.12: Left: Comparison of the spectral shapes of two exotic currents ggv (red) and
sg (green) and the SM (black), for my = 0 keV (opaque) and my = 10 keV
(light), with the areas normalised to 1. Right: Normalised ratio of 8§V (red) and
eg (green) to the SM distribution for my = 0 keV (opaque) and my = 10 keV
(light).

different behaviour. In the case of €}, the sensitivity associated with the energy
contour does not lose sensitivity even as my — 0. This behaviour stems from the
functional form of the pseudoscalar contribution to the decay rate. This can be seen
in Fig. 4.12, which compares the shapes of three distributions: SM (black), eév (red)
and 8110\7 (green) for my = 0 keV (opaque) and my = 10 keV (light), with the area
under each distribution normalised to 1. In the left panel of the figure, it is clear that
for my = 0 keV, the scalar and SM distributions look identical, while this is not the
case for the pseudoscalar current. This explains why in Fig. 4.11 89’ loses sensitiv-
ity as my — 0 but 8{.}' does not. Conversely, for my = 10 keV both exotic currents
produce distributions which are pronouncedly different from the SM and therefore
translate to increased sensitivity to the mixing angle. The right hand panel of the
figure shows the ratio of these exotic distributions to the SM distribution. Unsurpris-
ingly, the scalar exotic current for a massless sterile state is a straight horizontal line
of value 1, since the distribution does not deviate from the SM. In contrast, both the
scalar and pseudoscalar distributions for my = 10 keV, as well as the pseudoscalar
for a massless sterile neutrino deviate from the SM significantly.

In contrast to the energy distribution results, there is no loss of sensitivity at

low my, as there is no suppression by the mixing angle. > Although the overall nor-

SFor my — 0, dT'y /dE, becomes almost indistinguishable from dI'sy/dE, in Eq. 4.46, apart
from the overall normalisation difference, but this accounted for by the nuisance parameter A, in
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Parameter | Energy  Angular
ey 2x107* 2x1073
&y 2x 107 2x107°
ey 5x1072 04
&y 5x1072 04
e 3x107° 1x107*
ey 3x107° 1x1074
ey 8x 107 2x1073
ey 8x107° 2x107*
el 8x 107> 3x107*
gy 8x 107 5x1074

Table 4.3: Projected upper bounds on the sterile exotic couplings |e¥ | at 95% CL for 108
total events in the energy (left) and angular (right) distributions. The couplings
are turned on one at a time, the sterile mass is fixed to my = 10 keV and the
active-sterile mixing is switched off, [V,y|> = 0.

Energy Angular ]

Figure 4.13: Bar charts showing the projected sensitivity of the exotic couplings to the
scale of new physics at 95 % CL, using the energy (left) and angular (right)
distributions. One coupling is switched on at a time, the sterile mass is fixed
to my = 10 keV and the active-sterile mixing is switched off, \VeN|2 =0.

malisation differences may hide some of these effects as in the energy distribution
case, the contributions of the exotic currents to the angular distribution are varied
and thus not all effects can be masked by the normalisation uncertainty. At high
sterile masses, the drop-off in sensitivity is once again attributed to kinematic lim-
itations. The differences in sensitivity between the couplings stems from the func-

tional forms of their corresponding contributions to the energy and angular spectra.

Eq. 4.54. Moreover, the BSM term is suppressed by the mixing angle, which is constrained to be
small.
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Keeping the active-sterile mixing turned off (|V,y|> = 0) it is possible to con-
sider the sensitivity to each exotic coupling in turn (i.e. only switching on one at a
time), similarly to Fig. 4.11, but with the sterile mass fixed to my = 10 keV (since
this is the approximate mass at which the greatest sensitivity can be obtained). The
upper bounds at 95% CL for the various exotic couplings are summarised in Ta-
ble 4.3, alongside the bar charts of Fig. 4.13, which visually emphasise the varia-
tions in the projected upper bounds on the sterile exotic currents. The couplings are

6 As can be seen from the table, the weakest

assumed to be real and positive.
and strongest sensitivities are associated with the pseudoscalar and tensor currents,
respectively, which is again a result of their functional forms. As in the case of
Fig. 4.11, the table also shows that in general the angular probe is weaker than the
energy distribution based approach. This is because while the kink in the energy
spectrum — a rather distinctive feature — is naturally picked up in the energy dis-
tribution, the angular distribution integrates over the entire energy range and thus
washes out this signature. Furthermore, the angular probe relies on the angular
correlation between the tritium spin and the combined spin of the electron and neu-
trino final state system spin. The more massive the sterile neutrino, the weaker the
helicity-chirality links becomes, making the distribution more isotropic and hence

more sensitive to new physics effects. Despite this, the angular contours lose sensi-

tivity as my increases, due to approaching the kinematic limit.

4.7.4 Hybrid Production
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Figure 4.19: Schematic diagrams contributing showing the processes that contribute to the
hybrid production matrix element.

®This is acceptable, because the lack of an interference term in Eq. 4.49 means all observables
can only depend on |€}|, i.e. are insensitive to any complex phases. Furthermore, the assumption of
positive couplings is justified, because the x? procedure involves squaring the rate.
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Figure 4.14: Plot showing the 95 % CL sensitivity regions for the exotic couplings € (top)
and ég (bottom) and the active-sterile mixing angle, |VeN|2 for sterile masses
my = 10 keV (left) and my = 0.5 keV (right). The sensitivities have been
derived using the energy (blue) and angular (red) distributions, assuming 10'®
total events.

Above, two distinct sterile neutrino production mechanisms were considered: via
active-sterile mixing and directly from exotic currents. In fact, it is possible to have
both sin 0 # 0 and sterile exotic current € turned on at the same time, resulting in

the contributions to the matrix element squared shown in Fig. 4.19,

IMJ* =|cos @ MY, +esin@ MY|*+|sin@ My, +ecos® MY|?
= cos® 0| MYy, |> + €2 sin? | MY |* + 2&5in O cos @ R[ MYy, MY*]

+ sin® O] MY, |*> + €2 cos? 0| MY |? + 2 cos 0 sin 0 RIME,, MY*]. (4.55)
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Figure 4.15: Same as Fig. 4.14 but with E‘i" (top) and 8{3’ (bottom).

The first two terms produce an active light neutrino in the final state, via the SM V-
A and exotic interaction, respectively. The third and fourth terms instead produce a
sterile neutrino in the final state, again via the V-A and exotic interaction. The gray
circle denotes the effective operator, with the corresponding vertex factors shown

underneath it. Since dI'/(dE,d,) e |M|?, the contributions to the energy and
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Figure 4.16: Same as Fig. 4.14 but with sév (top) and E‘év (bottom).
angular spectra in Eq. 4.30 are given by

a(E,) = cos® 0aty,(E.) +sin® 0|e|*al (E,) + |€|* cos® OdY (E,)
+sin” 0aly, (E.) + 2R [sin 0€*] afy, . (E.) +2R[sin 0€*] afy . (Ee),
(4.56)
b(E,) = cos® Ob%,(E,) +sin® 0|e|*bY (E.) + | €| cos® ObY (E,)
+sin” 0by, (Ee) + 2R [sin 0€*] bYy, . (E.) +2R[sin 0€*] by, ¢ (Ee).
(4.57)

When considering one sterile exotic operator and non-zero active-sterile mixing, the

parameter space of interest is the € — V,n plane, which requires rewriting the above
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Figure 4.17: Same as Fig. 4.14 but with €Y (top) and &) (bottom).

expressions in terms of sin@ = V,y. Due to the existing constraints on the active-
sterile mixing, it is safe to assume sin?@ = V3, < 1 and therefore cos?6 = (1 —
VezN) ~ 1. The sensitivity regions for the scenario with one sterile exotic operator
turned on and V,y # 0O are shown in Fig. 4.14, 4.15, 4.16, 4.17 and 4.18 for all
sterile exotic couplings as a function of the active-sterile mixing, comparing the
sensitivities of both the energy (blue) and angular (red) probes for two choices of

sterile mass, my = 10 keV (left) and my = 0.5 keV (right).

The sensitivity contours based on the x? analysis will in general take the form

22(Von,€) = AX> +By> +Cxy < D (4.58)
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Figure 4.18: Same as Fig. 4.14 but with €} (top) and &) (bottom).

where x and y can be identified with the parameters of interest € and V. and D is the
critical value, with D = 5.99 for a y? confidence region at 95% CL for two degrees
of freedom. The shape of the confidence region will depend on the values and signs
of the coefficients. In general, the above expression describes a conic section, with
its type determined by the value of the discriminant, A = C> —4AB. If A < 0 and
A, B have the same sign, the region is a closed ellipse, such as in Figs. 4.14, 4.15,
4.16 and 4.18. If A = 0, the resulting shape is a band, as seen in Fig. 4.14, while
having either A > 0 or AB < 0 leads to a hyperbola of fork-like structure, as seen
in Figs. 4.14, 4.15, 4.16, 4.17 and 4.18. For A < 0 and A > 0O the decay rate is
dominated by the quadratic and interference terms, respectively, while in the case

of A =0, they are of comparable size. In general, all geometric features of the
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resulting shapes depend on all three coefficients, A, B and C. The relative size of C
compared to A — B sets the tilt angle and the sign of C determines the tilt direction.
Together, the magnitudes of A,B,C govern the thickness of the arms in the case
of a hyperbola, while the orientation and openness of the arms is set by the ratio

A:B:C.

In general, in most cases it can be seen from the plots that for all exotic cou-
plings for my = 10 keV the constraints derived from the energy distribution are
more stringent than the angular probe with respect to both the exotic couplings and
the mixing angle. This is because the spectral distortion due to the sterile neutrino
is a prominent kink in the energy distribution, while the sensitivity of the angular
spectrum depends on the internal Lorentz structure and functional forms of the rates
in a more complicated fashion. For all sterile exotic cases, the constraint based on
the energy distribution is weaker for my = 0.5 keV, than for my = 10 keV. This is
expected, since a lighter sterile mass leads to larger kinematic phase space overlap
with the SM. The angular probe on the other hand tends to get weaker as the sterile
mass becomes larger, since heavier masses break the chirality-helicity link more
severely thereby reducing the angular correlation and bringing the emission closer
to isotropy, at which point the angular probe gains full discriminating power, but

this is killed by the phase space suppression.

For ég , é,{v , 8{%’ , sév , éév , 8{3’ and éﬁ' , the sensitivity regions based on the energy
distribution are elliptical in shape. This is the result of the quadratic terms dominat-
ing over the interference terms. In these cases the interference terms linear in both
€ and V,y impact the sensitivity by tilting these elliptical regions, so as to break the
symmetry around € = 0. The direction and degree of the tilt depends on the sign
and magnitude of the two interference terms. For all of these cases except &V, the
angular confidence regions are hyperbolic forks with two arms, suggesting that the
exotic-mixing interference term dominates. In the case of the angular probe for E‘iv ,

the quadratic and interference terms are of comparable size, resulting in a band.

In the case of 82’ , the chiral structure is identical to that of the SM process and

hence the interference and quadratic terms are of comparable size. Thus, the result-
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ing sensitivity region for the energy probe is a band, along which the combination
of € and V,y is constant.

In the case of 8]TV and E"TV , the region based on the energy probe exhibits a hyper-
bolic fork shape, suggesting dominance of the interference terms over the quadratic
ones. The angular results in both cases are hyperbolic. Besides elTV , eév and all cases
with RH leptonic current, the sensitivity region based on the energy distribution also
exhibits a bulging, asymmetrical shape.

In many cases, the angular probes are narrower with respect to the exotic cou-
plings than the mixing angle, i.e. more sensitive to them. The difference comes from
the analytic forms of the bx (E,) expressions for €y, compared with by (E,), shown
in Appendix C. In general, the most sizable terms in the SM case are suppressed by
(g4 — gv)? terms, while in many exotic cases either g4 — —g4 as compared to the
SM, or the largest terms are unsuppressed. This leads to amplification and therefore
increased sensitivity. Although in the scalar and pseudoscalar cases the pure sterile
contribution to the angular spectra are zero, i.e. isotropic emission, the presence of
non-zero interference terms restores the anisotropy and thus the sensitivity of the

angular probe.



Chapter 5

Sterile Neutrinos at the FCC-ee

As we have seen in Sec. 3, observation of neutrino oscillations has confirmed the
massive nature of the SM active neutrinos. It was also discussed that the lack of
right-handed (RH) neutrino fields in the SM prevents the neutrinos from acquiring

mass after EWSB through a Yukawa coupling, like the other fermions.

The most minimal extension of the SM which accommodates the observed phe-
nomenon of oscillations is the addition of two RH neutrinos (in order to generate
at least two distinct non-zero masses, in accordance with the two measured mass-
splitting values) which are singlets under the SM gauge group, SU (3). @ SU(2); ®
U(1)y. Since lepton number, L, is no longer an accidental global symmetry in this
case, one can simply accept lepton number violation (LNV) and therefore allow the
RH neutrinos to have Majorana mass terms. Extending the SM with two RH neu-
trinos through the minimal Type I seesaw as discussed in Sec. 3.5.3 is an attractive
prospect, but it would produce sterile neutrinos with masses far beyond the reach of
collider searches and are thus difficult to probe. Even if experiments had the neces-
sary kinematic reach to accommodate such massive sterile states, the smallness of
the active neutrino masses would suppress the active-sterile mixing angle to such
a degree, that the number of sterile states producible would not yield high enough

statistics.
Another possibility is the extension of the SM with the inverse seesaw model.
In this scenario RH neutrino fields, associated with a small LNV Majorana mass,

U, are added to the SM. Since u is very small, the mass-splitting between the sterile
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eigenstates is small and they form a pseudo-Dirac pair, thus suppresses the mass
of the active neutrinos without themselves requiring a large mass. Phenomenologi-
cally, this is rather desirable, as it means the mass ranges of these sterile states are
within the reach of collider experiments [185,215-224]. This configuration also
allows for sizable active-sterile mixing angles, and therefore such sterile neutrinos

could be produced in sufficient amounts.

If the active neutrinos do not acquire their mass through the Dirac mechanism
and if the SM is not extended with RH neutrinos, there still exist models that can
give the active neutrinos masses. Such models include the Type II [132, 140-143]
and Type III [144] seesaw mechanisms, which introduce a scalar triplet and two or
more fermion triplets under SU (2)., respectively, to give rise to the light neutrino
masses at tree-level. Other models have also been developed which induce the light

neutrino masses at one-loop level or at higher orders.

Besides simple extensions of the SM with additional fields, as in the case
of the models mentioned above, one may also extend the SM’s gauge group it-
self to accommodate neutrino masses. The most popular of these extensions is
the minimal left-right symmetric model (LRSM), which assumes the gauge group
SU(2),®SU((2)g @U(1)p_r. This is then broken down to SU(2);, @ U(1)y and
then to U(1)gm, through two RH scalar triplets and a scalar bi-doublet acquiring
VEVs, respectively. The first symmetry breaking occurs at scales much higher than
the EW scale and creates the vector bosons WRjE and Z’, while the latter symmetry
breaking, around the EW scale, produces the WLlL and Z bosons, the SM-like media-
tors that couple to left-handed (LH) fields. Analogously to the three families of light
neutrinos, the LRSM contains three generations of RH neutrinos, whose masses are
of the order of the SU(2)g breaking scale. The existence of these RH states then
allows the active neutrinos to acquire a mass through one of the seesaw mechanisms
or a hybrid of them. The appeal of the LRSM, and indeed other gauge extensions,
is that rather than adding individual fields which can seem arbitrary, they describe
superior high-energy theories which naturally give rise to the necessary field con-

tent, through spontaneously broken symmetries, to explain phenomena such as the
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Figure 5.1: Single and pair production of HNLs at FCC-ee via the EFT operators consid-
ered in this work: four-fermion operators (left) and effective W* (centre) and
Z (right) interactions. The active-sterile mixing V,y induces the W= and Z dia-
grams, while V), and Vi induce the Z diagram only.

mass generation of light neutrinos.

Although there exist numerous theories which employ RH neutrinos to explain
the mass-generation mechanism of the SM light neutrinos, it is useful to compliment
these efforts with model-independent sterile neutrino studies adopting an effective
field theory (EFT) framework. In this approach, the effect of the heavy degrees
of freedom at energy scales A are parameterised by EFT operators at low ener-
gies, containing fields that comply with the gauge group at the given low-energy
regime. Therefore, the operators describing the complete unbroken phases existing
in SMEFT differ from the low energy EFT (LEFT) operators parameterising the
theory once symmetry breaking has taken place. Through numerous studies, the
complete set of SMEFT and LEFT operators have been mapped and their renormal-
isation group runnings studied. In the EFT approach, it is only models that exhibit
a non-zero matching to the d = 5 Weinberg operator and AL = +2 operators that
may impart mass onto the SM light neutrinos [225-229]. In the case that the RH
neutrinos have a Majorana mass that is below the TeV scale, then they are not heavy
enough to integrate out and must appear explicitly in the operators. EFTs containing
such fields are known as VSMEFT and vLEFT. In seesaw models the phenomeno-
logical effect of sterile neutrinos is felt through their mixing with the SM neutrinos.
However, operators including Ny, fields explicitly allow for various interactions with
rich phenomenology beyond active-sterile mixing.

In this chapter, which is based on [230] and largely follows the same structure,
we study the sensitivity of the future FCC-ee [231] to the scales of the EFT operator

involving sterile neutrinos discussed in Sec 3.6 and summarised in Tables 3.1 and
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Figure 5.2: A selection of decays of HNLs via the same EFT operators in Fig. 5.1. The
active-sterile mixing Vyy also induces the W* and Z diagrams.

3.2.

The FCC-ee is a proposed circular high-luminosity electron—positron collider
at CERN, envisioned as a cornerstone of the post-LHC high-energy physics pro-
gram. Designed to operate in a ~ 90 km tunnel, it would run at several centre-of-
mass energies corresponding to key electroweak thresholds: the Z-pole (91 GeV),
the WW threshold (161 GeV), the Higgs factory (240 GeV), and around the ¢
threshold (340-365 GeV). Operation at these energies would yield exceptional sta-
tistical precision and experimental accuracy. Unlike hadron colliders, the well-
defined electron—positron initial state provides a clean environment, enabling pre-
cise reconstruction of final states and accurate measurements of electroweak observ-
ables. While not a discovery machine in terms of energy reach, the combination of
high rates, extreme precision, and a clean environment makes FCC-ee an ideal in-
strument for precision tests of the Standard Model, observation of rare processes,
and searches for small deviations induced by new physics. A decision on the ini-
tiative by CERN member states is expected in 2028, with construction planned for
the early 2030s if approved. According to the tentative timeline, FCC-ee operations
could begin in the late 2040s and continue for approximately 15 years, after which
the FCC-hh hadronic collider would be installed in the same tunnel, extending the
facility’s high-energy program for roughly 25 years from the 2070s onward.

This phenomenological study uses two final states to constrain the d < 7 (with
d being the mass dimension) VSMEFT operators: monophoton plus missing energy
(mono-7 plus F) and displaced vertex (DV) signatures. The former is also used to
constrain the active-sterile mixing angle, V. Such mixing can induce single HNL

production via ¢#-channel W* and s-channel Z exchange, as shown by the center
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and right diagrams of Fig. 5.1, respectively. Conversely, the VSMEFT operators are
able to induce all three diagrams in Fig. 5.1, including single and pair production of
HNLs. For example, in the Majorana case, the effective four-fermion and effective
Z and W interactions producing HNLs are mediated by the ¥H" and W?H"D?
operators, respectively.

Besides the production of HNLs, active-sterile mixing as well as the VSMEFT
operators considered here allow the HNLs to decay, as shown in Figure 5.2. In
order for the mono-y plus £ signal to arise, the HNLs need to be long-lived enough
to appear as missing energy. One way to ensure longevity along the detector length
is to pair produce HNLs with a small mass splitting (such as in the pseudo-Dirac
scenario). In the intermediate scenario, the HNL is long-lived enough to not decay
promptly, but sufficiently short-lived to decay inside the detector to produce a DV
signature.

We note briefly that there are a number of works that have studied the phe-
nomenology of VSMEFT operators at colliders [164,232-256]. Additionally, the
set of VSMEFT operators of interest to us have been studied using mono-y plus £
and DV searches at LEP [238,244,250] and FCC-ee [245], however these studies
did not distinguish between the Majorana and Dirac HNL scenarios, nor did they

consider different mass splittings between the HNLs.

5.1 Sterile Neutrinos in VSMEFT

In this chapter we use the VSMEFT framework to assess the phenomenological
reach of the future FCC-ee collider. The vSMEFT contains operators constructed
from the SM fields and the additional RH neutrino fields, N. The relevant set of
operators which generate the processes of interest were introduced and discussed in

Sec. 3.6.

5.1.1 Active-Sterile Mixing

The Lagrangian of Eq. 3.104 contains LY,NH and N°MN, which are the Yukawa
coupling and Majorana mass terms for N. Post-symmetry breaking, these terms

will lead to mixing between the active light neutrinos and the RH sterile ones, as
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discussed in the context of type I and inverse seesaw mechanisms in Sec. 3.5.3.

5.1.2 EFT Operators

In this chapter, we perform a phenomenological study to assess the sensitivity reach
of the FCC-ee to the VSMEFT operators in Tables 3.1 and 3.2. These operators
give rise to the single and pair production of HNLs, eTe~ — VN/NN and also can
alter the SM process eTe™ — vv. It should be noted that the list of d < 7 operators
considered contributing to the production and decays of HNLs is not exhaustive.
There are for example dipole operators, which are not considered here, as they have
already been analysed in the context of the FCC-ee [239, 244,245, 252], and more

crucially tend to arise at loop-level and thus suffer from extra suppression.

The four-fermion and effective W* and Z interactions induced by these op-
erators were given in Eqgs. 3.105, 3.108, 3.106 and 3.109. These were written in
the weak eigenstates, i.e. the interaction basis and therefore need to be rotated to
the mass basis. Throughout the analysis of EFT operators, only one Wilson coef-
ficient (WC) is switched on at a time, and the active-sterile mixing is assumed to
vanish. This makes the rotations to the mass basis trivial, resulting in the effective

four-fermion Lagrangian

5 (%) [cl XY (VTP v) (eTiPyre) + ConY (VIiPN) (€T Pre)

+Chye (NTiPx V) (€T iPre) +Cy,” (NTiPxN)(@TiPre)|, (5.

where I'; € {yu, 1,04y} for i € {V,S,T} and for simplicity we rewrite the mass

eigenstate fields as v/ — v and N’ — N. The effective W* and Z interactions are

given by
£o>-5 [Wj‘ (VyuPye) + Wi (NyuPXe)] Wt h.c.
V2
1
)Ci (ViuPx V) +Zyn(VyuPxN)
w

+Z¥ (NyuPyv) +ZX (NyuPXN)] z". (5.2)



5.1. Sterile Neutrinos in VSMEFT 172

The Lagrangians above contain factors of 1/2 in brackets. These are present, when

N is Majorana. The following relations are satisfied by the WCs in both the Majo-

rana and Dirac HNL cases

V.XY V. XY x VXY AV XYx VXY AV XYx
C ve — L ve CvNe - CNve ’ CNe - CNe )
afpo Baocp ajpo joop ijpo Jjiop
S XY S, Y X * S.XY _ S YXx SXY S YXx
Cve =Cve s Cyne =Chye » Cye =Cpn,
afpo Baocp ajpo joop ijpo jiop
T.XX T,YYx TXY  ~TYXx TXX  ~T.YYx
Cye =Cy. CvNe - CNVe ’ CNe - CNe ’
afpo Baocp ojpo joop ijpo jiop
X _ 17X 7* X 17X 7% X1, 7X*
[Zv]aﬁ = [Zv][}av [ZVN]OU - [ZNv]jou [ZN]U - [ZN]jh (5.3)

while in the Majorana case the extra relations

VXY VYY VXY VYY VXY VYY
Cye =-Cl. CvNe - _CNVe ) CNe - _CNe ’
afpo Bapo ajpo japo ijpo Jjipo
SXY S XY SXY  ~SXY SXY  ~SXY
C ve — ve CvNe _CNVe ’ CNe _CNe )
appo Bapo ojpo jopo ijpo jipo
TXX T.XX TXY T.XY TXX T.XX
Cve =—Cy.", CvNe - _CNVe ) CNe - _CNe )
afpo Bapo ajpc japoc ijpo Jjipo
X _ Y X L Y 1. X1, Yy
Zvlap = —Zv]gas  [Zunlaj = —[Znvlje,  [Zn)ij = —1Zn]ji- (5.4)

also apply. Since the three light neutrinos are assumed to be massless Weyl fermions

with LH components only, the WCs below do not exist in the Dirac case

VRX _ ~V.RX _ ~SXY _ SIX _ ~TXX _ ~TIL R _ R _ R
Cve” =Cne =Cvc =Ci, =G0 =Cn, =Wy =2y =Zyy =0, (5.5)

The SM CC and NC interactions are now contained within Wt and Z%. These may

be written in terms of the SM part and that originating from heavy new physics as
Wy =Wyl +0Wy, Zy=2Zy|g+06Zy, (5.6)

where W) |, = Tand Z7 |\, = ¢/ I with gy = 1/2.
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5.2 Monophoton Final State: Active-Sterile Mixing

Massive sterile neutrinos may couple to the SM through their mixing with the active
neutrinos. In such a case — given that the sterile state is uncharged under the SM
gauge group and the active neutrinos interact very weakly — it would be difficult to
observe the sterile neutrino directly. Thus, in a realistic experiment the final state of
the studied process must contain a state that interacts readily and hence indirectly
supplies information about the inert sterile neutrino. Motivated by this, in this sec-
tion we study the signal process e*e~ — VN7. This can proceed via the middle
and right diagrams shown in Fig. 5.1, where in this case the gray circles contain a
factor of Vgy. Due to the initial state particles being electron-flavour, for W+ ex-
change o = e, while for Z exchange o = e, i, 7. It should be noted, that the process
ete” — NN(y) for non-zero active-sterile mixing is also viable via Z exchange,
although it is not considered here, since the doubly inserted Vi heavily suppresses
the production cross section. Since the active and sterile neutrinos cannot be real-
istically detected and measured, the signal is the monophoton plus missing energy
(mono-Y plus £). The kinematic distributions of the monophoton can be studied, as

these supply indirect information about the final state HNL.

Although the presence of non-zero Vyy modifies the extended mixing matrix
and thus the SM process ete™ — vv(Y), it is still completely fine to take e*e™ —
vvy as the background process. This is because in the massless HNL limit (i.e.
on the same kinematical footing), while the rate of the SM process is reduced, the
rates of e e~ — VN(y)/NN(y) are increased. These two opposing effects cancel

out exactly due to the unitarity of the full extended mixing matrix.

The parameter of interest is the active-sterile mixing angle, |V,y|?, which pa-
rameterises the strength of sterile neutrino coupling to the SM sector. It should be
noted, that it is also possible to constrain [V,y|* and |V;y|? using the same signal
process, however this will result in slightly weaker constraints due to the reduced
cross section, as only Z exchange contributes to the production. Ultimately, we aim
to estimate the sensitivity of the FCC-ee to |V,y|* for two centre-of-mass energies

Vs =91.2 GeV and /s = 240 GeV, with corresponding integrated luminosities of
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L£=100ab ! and £ =5 ab !, respectively.

The above process was simulated using MADGRAPHS _AMC@NLO v3.4.2
— as described in Sec. 5.2.1 — with a model file from the FeynRules model database,
which extends the SM with three generations of Dirac sterile neutrinos, N > 3, tak-
ing N = Nj to be the lightest state. The resulting . 1he files — containing the kine-
matic information of the runs relating to the monophoton — were converted with the
help of DELPHES to root format, and these were subsequently analysed to derive

the sensitivity results, as explained in detail in Sec. 5.2.2.

5.2.1 Simulation Setup

The simulation process was carried out using MADGRAPH5 _AMC@NLO v3.4.2
and relied on the SM heavyN Dirac CKM Masses LO Feyn-Rules model file,
sourced from Ref. [257]. Upon performing a preliminary study of the kinematic
distributions for Dirac and Majorana sterile neutrinos, it was found that the two
cases produce very similar results. Therefore, we make the choice to focus on Dirac
sterile neutrinos in the final state for this process, but one should bear in mind that
the derived results will also similarly apply to Majorana final state sterile neutri-
nos. Additionally, the difference in sensitivity between Dirac and Majorana HNLs
is similar in the case of EFT operators and therefore the contrasting of these two
scenarios is postponed until Sec. 5.3.

Using MadGraph5_aMC@NLQ, Nyo = 5 x 10* events were generated for the sig-
nal e e~ — V,Ny+ V,Ny and background e*e~ — Y vV processes each, where
the multi-particle active neutrino state is defined as v = V., v, V7. In other words,
although the direct couplings between off-diagonal flavour states of the active and
sterile states have been explicitly switched off, indirect off-diagonal couplings can
still exist through the mixing amongst the active SM neutrino flavour states. For
the signal process around 40 sterile mass benchmark points (BPs) were selected,
spaced between 0.25 GeV and 90 GeV and between 0.25 GeV and 238 GeV for
/s =91.2 GeV and /s = 240 GeV, respectively. The BPs are not necessarily all
spaced equally, their required density was determined based on the behaviour of

the sensitivity contour, with more BPs being added where the structure of the curve
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required refinement and/or smoothing. In both the background and signal process
simulation we place a cut on the transverse momentum of the outgoing photon of
p’T/ > 1 GeV at event generation level. This is done in order to avoid the presence

of any soft radiation causing infrared divergence.

5.2.2 Analysis

The process of simulating events proceeded as detailed in Sec. 5.2.1. For the signal
process, which has an explicit sterile mass dependence, the full set of events was
simulated for each mass BP. In the case of the background process, the lack of a
sterile neutrino final state means there is no sterile mass dependence, therefore it is
only simulated one time.

The output of the MADGRAPHS simulation is a file with Les Houches Event
(.1he) extension. This file contains general information about the simulation, such
as the process itself alongside hard-coded and user settings. Its two main compo-
nents are the run card and the parameter card. The run card contains information
about the simulation, such as the beam energies, the number of generated events
and any kinematic cuts, while the parameter card stores parameter value settings,
such as the coupling and mass values. Once the 1he file is obtained, it is converted
to root format using DELPHES which in turn can be analysed on an event-by-event
basis. To this end, we used a PYTHON script specifically written to loop over all
the events and make selections based on logical comparisons concerning PID, par-
ticle status (initial or final-state), transverse momentum, particle lifetime while also
applying appropriate kinematic cuts. The resulting output of the analyser code is
a two-dimensional array of monophoton energy and the corresponding number of
events that survived all of the cuts imposed on them. Similarly, for the background
process the same kinematic cuts were applied in order to enable comparison.

In the case of the signal process, varying my will naturally lead to a change
in the kinematics of the phase-space. It is therefore crucial to maximise the signal-
to-background ratio at each BP in order to retain as much sensitivity as possible.
To this end, for each BP we examine the distributions of two kinematic variables

— monophoton energy, E?, and the cosine of the angle between the momentum
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vector and the beam axis, 87 — and thus determine the required cuts. Fig. 5.3 shows
the distributions of E” (top) and cos 87 (bottom) for /s = 91.2 GeV (left) and
V/s = 240 GeV (right). The kinematic cuts that are derived upon the qualitative
inspection of these panels are summarised in Table 5.1. The third column shows the
improvement in the signal-to-background ratios upon implementing the cuts. In all
four of the distributions, the background process is shown in black, while the other
colours correspond to the signal process for various my, values, as specified in the

legends in units of GeV.
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Figure 5.3: Normalised kinematic distributions showing monophoton energy (E7) (fop) and
cosine of the angle between the momentum vector and the beam axis (687) (bot-
tom) for ete™ — V,Nyy signal process and e e~ — vVy SM background pro-
cess (black) at /s =91.2 GeV (left) and /s = 240 GeV (right), for various
choices of sterile mass (in units of GeV).

The top-left distribution shows E7 at /s = 91.2 GeV. As expected, the majority
of the photons are of relatively low energy, due to the total available energy being
shared between all final state particles. We do not observe any resonant peaks,
since there is not sufficient energy available to produce any of the mediators on-

shell. It can be seen that the background surpasses all signal lines for approximately
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Vs [GeV] Cuts () ews/ (3)
91.2 |cos 6y < 0.9, Ey <4 GeV 1.03
240 ||cos®,| <0.95,E,<90GeV| 150

Table 5.1: Kinematic acceptance cuts used to maximise the signal-to-background ratio for
each /s in the active-sterile mixing sensitivity analysis. The improvement in
the signal-to-background ratios after cuts is shown in the last column for the
benchmark scenario my = 10 GeV and |V,y| = 1073.

EY > 4 GeV. Including this region in our analysis would drastically decrease the
sensitivity and therefore we discard it.

In the case of /s = 240 GeV, the EY distribution shown in the top-right panel
exhibits a resonant peak at around E ~ 100 GeV, due to the on-shell Z-boson pro-
duction. This peak is naturally most prominent for the background process, because
the final state contains two SM light neutrinos, whose combined mass is less than
the combined mass of all final state particles for the simulated signal process for all
BPs considered. Therefore, a kinematic cut was applied to this distribution, accept-
ing only events with E¥ < 90 GeV.

The bottom-left panel of Fig. 5.3 shows the cosine 67 distribution at /s =
91.2 GeV. Since the total available energy is not sufficient to allow the monophoton
to be emitted parallel (Y = 0°, cos 8 = 1) or antiparallel (8 = 180°, cos 87 = —1)
to the beam direction, the cos 87 are distributed relatively uniformly between 1 and
-1. For the background process with two SM neutrinos in the final state, the energy
available to the photon is more than in the case of any of the signal BPs, thus the
background distribution is shifted slightly towards the extremes. Thus, we only
accept events with |cos 87| < 0.9.

The angular distribution for /s = 240 GeV, shown in the bottom-right panel,
exhibits a pronounced shift towards the extrema of the possible cosine 67 values.
This is because the higher centre-of-mass energy now allows the monophoton to be
emitted along the beam direction and thus the distribution peaks at cos 8 = +1.
Accordingly, the corresponding acceptance cut is relaxed to |cos 87| < 0.95.

The production of a massive sterile neutrino via active-sterile mixing naturally

leads to the possibility of it decaying through the same mechanism to SM particles.
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The diagrams of such processes contributing to leptonic decays of the form N —
v/~ ¢ are shown in Fig. 5.2.

First, at event generation level we assume that the HNLs produced are stable
and do not consider any decays, and thus consider only the mono-y plus £ sig-
nal. Since the sterile mass range we consider corresponds to non-negligible decay
lengths as compared to the FCC detector length — approximated to be spherical of
radius L = 5 m based on the preliminary FCC-ee proposal [258] — the assumption
of stable sterile neutrinos is not appropriate and the HNLs can be expected to decay
inside the detector volume, producing displaced vertex (DV) signatures. An inclu-
sive analysis can be performed if these decays are not taken into account, while
the analysis is exclusive if the HNLs are assumed to decay outside of the detector
(and thus without any DV signatures). Therefore, the exclusive analyses requires
the decay probability to be taken into account.

To do this, the probability that the HNL decays between L; and L, needs to be

computed

Pin(LhLZ? \/57 mNaVOCN) = /dbf(\/ga mN7b) |:€_Ll/bTN - e_LZ/bTN y (57)

where b = B is the boost factor (with f = v/c, where v stands for velocity and ¢
denotes the speed of light), 7y = 1 /Ty is the lifetime (with I'y the decay width) and
f(\/s,my,b) being the boost distribution. In the case of a 2 — 2 process, the HNL’s
boost is trivial, as for fixed /s and fixed masses the final state momenta are uniquely
determined, with f(y/s,my,b) = §(b—1b'), with b’ = (s —m3)/(2my+/s) !. How-
ever, including the photon results in a 2 — 3 process, for which there is no simple
form for the boost distribution. In general, for a 3-body process the quantity b is
a distribution (rather than a single fixed value) that depends on the mass and en-
ergy of the sterile neutrino among other factors. Similarly, the decay-width also
depends on the specific properties of the sterile neutrinos. Therefore, the decay-

length is specific to each sterile neutrino that is produced and needs to be com-

ISince p = A(s,my,my)/2\/s, where A(x,y,z) = x> +y* + 7> — 2xy — 2xz — 2yz is the Killén
triangle function, A (s,0,m%) = (s —m3%)? and so p = (s —m3,)/(2/s). By definition By = p/my

and therefore b’ = (s —m3,) / (2mn+/5).
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puted on an event-by-event basis. To this end, for each HNL event i that survived
the kinematic cuts, the boost factor was extracted from the simulation one-by-
one, using an analyser script to iterate over each event. Using this, the probabil-
ity of each sterile neutrino decaying outside of the detector was calculated using

7D(i)ut =1- P'i

n’

with P! computed using the replacement f(v/s,my,b) = 8(b — b;)
in Eq. 5.7. This then allows the approximation of the geometric acceptance as
Pout 2 (bmax — Pmin) X Pl ot/ (€xNiot)» With & denoting the kinematic efficiency fac-
tor and thus the product &Ny being the number of events surviving the kinematic
cuts summarised in Table 5.1. The more massive the sterile neutrino is, the larger
I'y is and therefore the shorter its lifetime is, hence the probability of it decaying
inside the detector will be larger. Thus, we expect the sensitivity of the set-up to de-
crease for increasing sterile neutrino mass (of course in the massless case the decay
probability is zero and we recover the inclusive search limit). Once Py, has been
extracted, the code performs a weighting of each event by its corresponding decay
probability. This can then be used to calculate the total number of surviving mono-y

plus ¥ signal events, S,
S=0 XL XBR X Poy X &, (5.8)

where o is the cross-section of the process, L is the integrated luminosity and BR
denotes the branching ratio. In our analysis BR = 1, because communication be-
tween the sterile neutrino and the SM sector can only occur via the sterile neutrino’s
coupling to V,. In order to constrain the parameter of interest, V,y, the median sig-

nificance for a counting experiment of a known background is calculated using

S:\/2<(S+B)ln(1+%)—S)%%, (5.9)

where in the second equality S < B is used, based on the assumption that the

signal rate ee” — Y, ViNy+ V;Ny is much smaller than the background rate

+

e"e” — Y vvy. The expected significance, S, measures the deviation from the

expected background and quantifies the likelihood that the observed signal is not
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due to random fluctuations. It is computed for a range of active-sterile mixing val-
ues for each my point. Throughout our analysis, we strictly require S = 1.28 in
Eq. 5.9, and solve for the mixing angle value(s). This corresponds to requiring the
observation of 1.28 signal events, which corresponds to a positive signal at 90%
CL. Hence, for each sterile mass BP the value(s) of |V,y|? that satisfy the condition
imposed on the signal significance expression is calculated, which therefore outline

the excluded region corresponding to S > 1.28.

In the case of the inclusive search, the kinematic cuts summarised in Table 5.1
are similarly applied to the results of the simulation as in the exclusive search. How-
ever, contrary to the exclusive search, the decay probability is not taken into ac-
count, but simply set to Py, = 1, i.e. it is assumed that the HNLs are stable within
the detector length, or that they do not decay to any visible final states. However, in
the inclusive case the energy of the monophoton does not determine the missing sys-
tem, since in general the HNL may decay promptly to visible final states. The latter
is satisfied for instance in the case of the HNL decaying to a light axion-like pseu-
doscalar particle, a, via the process N — av [259]. This process may dominate over
other channels for sterile masses of 1 GeV < my < 100 GeV and can suppress the
decays to SM particles by factors of 107%(my =~ 1 GeV) — 1072 (my = 100 GeV).
It should be noted, that although an extra state @ would induce extra EFT operators,
those of interest here would remain present. Thus, setting the decay probability out-
side of the detector to unity, the sensitivity at each sterile mass BP for the inclusive
search is then derived in the same way as for the exclusive search using the signal

significance expression in Eq. 5.9.

It should be noted that ISR can be comprised of one or more photons. A proper
treatment would thus involve simulating the process of interest perturbatively, i.e.
ete” — VNy+ VN2y+ VN3y—+ ...+ VNny, where n is the maximal number of
photons that can be produced kinematically. At the Z-pole, i.e. for /s =91.2 GeV,
the phase-space is rather narrow and thus the emission of diphoton radiation, as
opposed to monophoton, is suppressed. However, in the case of /s = 240 GeV,

the available energy is well above the Z mass, which can be produced on-shell
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comfortably and thus the abundance of phase-space means there is a non-negligible
probability of diphoton radiation. For this reason we have also simulated diphoton
initial state radiation, i.e. next-to-leading order, and compared it to the monophoton
case. The resulting distributions for E? and cos 87 are shown in Fig. 5.4, with an
acceptance cut of pr > 1 GeV implemented at event generation level. For the sake
of this comparison, both the mono- and diphoton process were simulated for three
BP my, values: 1 GeV (blue/dark blue), 120 GeV (green/dark green) and 230 GeV
(red/brown). In terms of the general behaviour of the distributions as a function of
sterile mass, the expected Z-resonant peak is observed for the 1 GeV BP and not for
the others and similarly, the cos 87 distribution is shifted towards its extrema values
for the 1 GeV BP. Comparing the energy distribution for the mono- and diphoton
scenarios in Fig. 5.4 (left) it is apparent that the initial overlap grows into a more
considerable difference as the energy increases. This can be understood from the
kinematics of the process, since a larger total energy will allow for more phase-
space configurations in the diphoton scenario, whereby the two emitted photons can
have very similar or very different energies. The angular distribution (right) does

not exhibit any significant differences between the mono- and diphoton channels.
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Figure 5.4: Energy (left) and outgoing angle (right) distributions for mono- and diphoton
processes induced by electron-flavour mixing V,y, for three choices of sterile
mass, my, = 1,120 and 230 GeV.

In order to assess the importance of including the diphoton (or higher-order)
corrections, we have analysed the sensitivity to the active-sterile mixing angle for a

few sterile mass BPs. The results of this are summarised in Table 5.2. Here we show
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the derived sensitivities with and without any kinematic cuts (E¥ > 90 GeV, no cut
on diphoton) for the monophoton and mono + diphoton scenarios for BP masses of
1,120 and 230 GeV. The numbers in the table correspond to the |V,y|* values for
the given scenario. It can be seen that the sensitivity to the mixing angle without
imposing any kinematic cuts is non-negligibly increased if the diphoton channel is
also included in the analysis. However, this difference is almost completely erad-
icated once the kinematic selection cuts are put into place, for all three mass BPs
considered. Since the energy distribution for the background and signal processes
at /s = 240 GeV, as shown in the top right panel of Fig. 5.3, necessarily requires
a kinematic cut in order to maximise the signal to background ratio, we conclude

that the inclusion of the diphoton channel and further higher-order corrections is not

necessary.
My, (GeV) | Monophoton | Monophoton | Mono+diphoton Mono+diphoton
(no cut) (with cut) (no cut) (with cut)
1 10-3-163 10-3:063 10-3-19 10-3:095
120 10—2-807 10-2873 10-2822 10—2-889
230 10-0-638 10-0-875 10—0:634 10—0-873

Table 5.2: Summary of the active-sterile mixing angle, |V,y|?, values reachable for three
sterile mass BPs: 1, 120 and 230 GeV for the monophoton and mono+diphoton
scenarios, with and without a kinematic cut of E¥ > 90 GeV on the monophoton.

With the event generation and analysis procedure outlined earlier, as well as
having concluded that diphoton and higher-order corrections are negligible, we
present the estimated sensitivity of the mono-y plus £ search at FCC-ee electron-
flavour active-sterile mixing angle as a function of the HNL mass 500 MeV < my <
240 GeV in Fig. 5.5. The figure summarises the projected sensitivities for the
two centre-of-mass energies /s = 91.2 GeV (red) and /s = 240 GeV (black),
in the context of an inclusive search (dashed) and an exclusive search (solid).
For /s = 91.2 GeV, maximal sensitivity is capped well above 10~*, while for
/s = 240 GeV it slightly surpasses 1073, for both the inclusive and exclusive

searches. It might be surprising at first that the more energetic search performs
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worse, since intuitively one expects the provision of the extra phase-space to aid
the sensitivity. However, the integrated luminosities associated with the two sce-
narios are vastly different, with the /s = 91.2 GeV search having almost 20 times
the luminosity of the /s = 240 GeV search, thus severely constraining its reach.
Furthermore, since the process is dominated by the Z-boson mediated channel, the
cross-section scales as ¢ ~ 1/(s —myz)? due to the propagator, i.e. ¢ drops away
from the Z-resonance. In the case of the exclusive search, the resulting exclusion
contours exhibit a nose-like structure. This is due to two competing effects result-
ing in a double solution for the active-sterile mixing angle when solving the signal
significance expression for |V,y|? upon setting S = 1.28. When the mixing-angle
value is large, so is the cross-section that produces the sterile neutrino. In this case
the decay-width is also large, leading to a short lifetime and thus an increased prob-
ability that the sterile neutrino decays before leaving the detector. Ultimately this
results in a reduction of S. On the other hand, for small values of |V,y|?, the pro-
duction cross-section as well as the decay-width of the sterile state are reduced,
which leads to a longer lifetime and therefore a larger probability that the sterile
neutrino makes it out of the detector without undergoing decay. This corresponds
to a larger S value. Therefore, while the horizontal reach of the contours is dictated
by the cross-section, the tilted part of the contour is influenced by the decay-width
and thus the decay probability. Naturally, in the case of the inclusive search there is
no nose-like structure, since the sterile neutrino is allowed to decay anywhere and
it’s lifetime is not taken into account. The estimated sensitivity contours correspond
to the observation of 1.28 signal events, but it is understood that all larger values
lying above the contours are excluded. These regions have not been shaded, since
the figure also shows shaded regions of various colours, which correspond to the
regions of the parameter space which have been excluded by various experiments,

as indicated by the colour-coded labels.
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Figure 5.5: Sensitivity of mono-y plus £ searches at FCC-ee to the electron-flavour mixing
strength as a function of the HNL mass at 90% CL, for v/s = 91.2 GeV (red)
and /s = 240 GeV (black). Shown are the results of the exclusive signal anal-
ysis (solid), taking into account the probability of the HNL decaying outside
the detector of length L = 5 m, and inclusive signal analysis (dashed), where
this requirement is relaxed. The shaded regions correspond to the currently ex-
cluded regions of the parameter space.

The light green shaded region is the exclusion from the Belle collabora-
tion [260], where a direct search for sterile neutrino decays of the form v;, — A
(where ¢ = e, u denotes a charged lepton, 7 denotes a charged pion and v;, stands
for the heavy sterile neutrino) was performed in the mass range 0.5 GeV - 5.0 GeV.
The results rely on the B-mesons produced from the Y(4S) resonance at the KEKB
electron-positron collider and their subsequent decays into sterile neutrinos, of the
form B — X /vy, where X denotes either a meson or "nothing’.

The CHARM experiment [261, 262] looked for the signs of decay of heavy
neutrinos, Vj, in the mass range 0.5 GeV-2.8 GeV in two different experiments:
the cooper beam dump (BD) and the wide-band neutrino beam (WBB). In BD, the
experiment collided a beam of protons into a fixed copper target to produce a beam
of muon-type active SM neutrinos, v, and hadronic states, such as pions (), kaons

K and D-mesons D, which subsequently undergo the decay n/K/D — (v;,. The
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subsequent decay of the heavy state, N — {7/~ v, was searched for. In the case
of the WBB, the assumed heavy neutrino production mechanism was a nucleonic
scattering of active neutrinos v,N — XV;, (where N denotes the nucleon and X
is some hadronic state) and the subsequent decay of the heavy state v;, — uX was
searched for. No positive signal was found, but the parameter space was constrained
as low as [V,y,|> ~ 107 for my = 1.5 GeV by BD, as shown by the cyan shaded

region in the figure.

At the LEP collider, both L3 [263,264] and DELPHI [265] searched for sterile
neutrino production via on-shell Z production: ete™ — Z — Vv;,V,, and the subse-
quent decays: v, — (FW*, v, = v,Z and v, — v;H. L3 looked for the process
v, — eTW* followed by W — jj in the mass range 5 GeV-80 GeV and set a
limit on the mixing angle of |V, |> ~ 107, as shown by the yellow shaded region
in the plot. The same search was carried out by DELPHI which with improved
2

analysis pushed the L3 constraints down to |Vy, |> ~ 107>, indicated by the gray

shaded region of the parameter space.

Constraints on the active-sterile mixing angle have been derived using LHC
data around the Higgs boson mass, by searching for Higgs decay to sterile states and
their subsequent decays [266]. The derived limits are of the order |V,y, \2 ~107% as

can be seen from the dark blue shaded region in the figure.

If the SM is extended by a sterile neutrino and there exists mixing between the
active and sterile neutrino sectors, the PMNS matrix needs to be extended from a
3 x3 to a4 x4, to accommodate the extra neutrino state. This will result in the
original mixing matrix becoming a submatrix of the new extended mixing matrix,
whereby unitarity is no longer guaranteed and therefore non-unitarity effects are in-
duced in the active neutrino sector. These effects have consequences for electroweak
precision data (EWPD) observables, such as the W boson mass, the invisible decay-
width of the Z boson and the Weinberg angle, among others. The Fermi constant,
Gr, will also be modified as a result of the non-unitarity of the PMNS, since the ex-
traction of Gr from muon-decay relies on the assumption that the process is purely

SM-mediated. Such a modification of Gg will in turn affect the CKM matrix el-
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ements, whose values have been determined experimentally from weak processes
involving Gr. As these EWPD observables have been measured to high preci-
sion, they provide a constant bound on the active-sterile mixing angle [267-270],

as shown by the light blue shaded region in the plot.

The ATLAS detector at CERN searched for displaced vertices of sterile neutri-
nos produced in proton-proton collisions via the mechanism W — vyt or W — vje
followed by the subsequent decays into a pair of charged leptons accompanied by a
neutrino [271]. The data collected spans the mass range 3 GeV-15 GeV. Although
no positive signal was found, the collected data enabled the exclusion of a sizable

portion of the parameter space, as shown by the magenta shaded region in the plot.

The CMS detector at CERN has performed searches of prompt as well as long
lived sterile neutrinos in order to constrain the active-sterile mixing angle, in the vast
mass range 1 GeV to 10 TeV. In the case of the prompt search, the semihadronic
v, — (T qq and purely leptonic v, — £*¢Tv and v, — (T¢*v decays were inves-
tigated, where the predominant production involves the decay of a W boson. The
produced v;, then decays into a lepton and another W boson, with the W boson in
turn decaying into a pair of leptons. In the case of long-lived sterile neutrinos, var-
ious production mechanisms were studied, such as the s-channel W boson decay,

W* — (=N N — (F{Fvy({ = e, ) and displaced vertices were searched for.

As can be seen from Fig. 5.5, the estimated sensitivities based on our analysis
fall entirely within regions of the parameter space that have already been excluded
by various searches, for the complete mass range considered. It should be noted,
that these results and the corresponding existing bounds only apply to a Dirac sterile
neutrino final state. Although not shown here, the achievable sensitivity is very sim-
ilar in the Majorana case (although one should keep in mind that the corresponding
existing constraints are different). The only region of the parameter space where the
FCC-ee is projected to be competitive is in the case of the inclusive mono-7 plus £
search at 1/s = 240 GeV, for sterile masses of my ~ 80 — 130 GeV. Additionally, for
low HNL masses around my ~ 10 eV — 2.5 MeV, the relevant existing constraints

come from B-decay experiments, which tend to place weaker bounds than those
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estimated in here for /s = 91.2 GeV. Since the projected bounds are not compet-
itive for the vast majority of the parameter space, in the next section we turn our
attention to processes in which the production (and decay) of the HNLs proceeds

via EFT operators, which are typically constrained to a lesser extent.

5.3 Monophoton Final State: Four Fermion EFT Op-
erators

In the previous section we estimated the sensitivity of the future FCC-ee to the
active-sterile mixing angle, by investigating the monophoton process with a sterile
neutrino in the final state. However, besides active-sterile mixing, sterile neutrinos
may also be produced via four-fermion EFT operators. Hence, in this section we in-
vestigate the process e"e— — N;N;(y) (where i, j = 1,2 denotes the sterile neutrino
family) and estimate the sensitivity of the proposed FCC-ee to the four-fermion
WCs parameterising such a processes, switching one operator on at a time. Due to
the possibility of two distinct sterile final states, the HNLs may be identical (i = j)
or different (i # j). In the case of different HNLs, three different mass splittings are
studied. We perform the analysis for two centre-of-mass energies /s = 91.2 GeV
and /s = 240 GeV for both Dirac and Majorana HNLs. The sensitivity estima-
tion is carried out both in the context of an inclusive and an exclusive search. The

following scenarios are considered:

* Diagonal WCs of the four-fermion interactions with two HNLs:

cie {au™, oy, aurty, (5.10)
with i = 2, leading to the processes e*e~ — NN,y (Majorana) or ete™ —
N> N,y (Dirac). Due to the final state sterile neutrinos being identical, there
are no decay channels open. Thus, these WCs can only be probed by the

mono-y plus ¥ signal search.
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* Off-diagonal WCs of the four-fermion interactions with two HNLs:

C e {CX,’SR, CufR, Ci } (5.11)

ijee ijee ijee
with i = 1 and j = 2, resulting in the processes ete™ — NN,y (Majorana)
or ete”™ — N{N,y+ NN,y (Dirac). In our analyses we consider three mass
splittings, 6 = (my, — my, ) /mn,, between the HNLs: 6§ = 0.01, 0.1, and 1.
This mass difference allows N, to decay to N; via these WCs, enabling DV

searches, as discussed in Secs. 5.5 and 5.6.
* WCs of the four-fermion interactions with a light neutrino and an HNL:

Gie {Cla . Cne + Cue }- (5.12)

ajee o jee ojee

with ot = e, 1, 7 and j = 2, inducing the processes ete™ — ¥, ViN,¥ (Majo-

rana) and ee™ — Y,; ViN,y+ V;N,y (Dirac). It should be noted that Crﬁf

ajee
does not exist for the Dirac case (as this would require Vg as can be seen from
Eq. 3.105), but for simplicity it is retained and understood to label C‘Y}gf. The
o jee

constraints from the mono-y plus ¥ search on the above WCs can be found

by considering those for the off-diagonal limits for 6 = 1.

* WCs for the four-fermion process with two light neutrinos

Gie {Chet, ¢ ot et L (5.13)
aBee  aBee  aPec  apee
with o, B = e, u, T, which contribute to the SM process e"e™ — Y vvy. As
for the one light neutrino and one HNL scenario, the lack of vz means the
WCs Cﬁ’eLL and C\QLL are not present in the Dirac case, while in the Majorana
case they do not interfere with the SM. Hence, for the Majorana case the limits
on these WCs can be found from the diagonal and off-diagonal constraints
with my, — O (this is enough to give two light neutrinos even in the off-

. . . . LL
diagonal case, since my, > my, ). In both the Dirac and Majorana cases, CX;
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and C“,/;LR interfere with the SM process and thus must be properly accounted

for.

5.3.1 Simulation Setup

Similarly to the simulation set-up outlined in the case of active-sterile mixing, the
process is simulated in MADGRAPHS and the subsequent analysis of the event gen-
eration output is analysed with the help of DELPHES. The final state sterile neu-
trinos can either be Dirac or Majorana particles, and these two cases are treated
separately. The model files were written in FEYNRULES, which was converted to
Universal FeynRules Output (UFO) and then passed to MADGRAPHS to perform
the event generation. The model file contains information about particle content,
couplings and their values, as well as the Lagrangian that determines the allowed
interactions. Inside the model file, each fermion must be declared as Dirac or Ma-
jorana, by setting the self-conjugate option to “False” or “True”, respectively. In
the case of Dirac particles, everything works as expected without any issues. How-
ever, in the case of Majorana sterile neutrinos MADGRAPHS crashes. This is due to
the so-called “fermion-flow violation” problem and this essentially means that the
software cannot handle Majorana fermions in operators with two or more fermions.
In order to compute the amplitude of a process correctly, the software requires any
four-fermion operator to have a flow structure of (in, out) (in, out), in order to avoid
mixing-up flows. In older versions of MADGRAPHS a bug was found in the deter-
mination of the flows in cases where two or more Majorana fermions were present
at a single four-fermion vertex. Fixing this issue would have required the developers
to make fundamental changes to the code, but this being a difficult and time con-
suming task, they instead decided to crash the code for any ambiguous cases, with
a full fix expected in the coming versions of the software. To circumvent this issue,
for Majorana sterile neutrinos, we have implemented a ’trick’. This involves repre-
senting every Majorana particle with two Dirac ones. Of course this means that for a
given process involving different Majorana sterile states, we need to add up the two
possible Dirac processes to recover the same result. In other words: for Majorana

particles N1y and N,y in the final state, we simulate the process e e~ — NipNapy
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Scenario Majorana Dirac

Diagonal | ete™ — NoNoy ete” — NoNoy

Off-diagonal | ete™ — NiNoy | ete™ — NiN,y+ NiN>y

Table 5.3: Signal processes contributing in the case of identical and different Dirac and
Majorana sterile neutrinos.

and e"e™ — NypN)pY, where Nip and N;p are Dirac sterile states belonging two
two distinct families. It should be noted, that the use of this remedy is only nec-
essary in the case where the final state sterile neutrinos are different, because for
identical states o(eTe™ — NiyNiyy) = %G(e*e* — NipNapy) [272]. Therefore,
all processes are generated using Dirac fermions and hence we drop the “M/D”

subscript from here onwards.

Allowing the final state sterile neutrinos to belong to either of two distinct
families results in the contribution of four different signal processes, which are sum-

marised in Table 5.3.

Again, the monophoton process has the irreducible SM background ete™ —
vvy, where v = {V,, vy, V:} denotes the multiparticle state that includes all three
flavours of the SM active neutrinos. As before, we simulate Nio; = 5 x 10* events
in MADGRAPHS, for both the background and signal processes, for which the cor-
responding diagram is shown on the left of Fig. 5.1. The blob in the case of the
background process represents Z or W boson mediation, while in the signal process
case it represents the EFT operators of the three Lorentz structures (scalar, vector
and tensor) that we consider. We impose a cut of p; > 1 GeV at generation level, in
order to remove any IR singularities arising in the soft limit, where diverging inte-
grals can occur. The resulting kinematic distributions of the outgoing monophoton
were extracted from the .1lhe file, containing all information about the simulated
processes. The simulation was run with only one coupling being switched on at a

time and taking turns in simulating the signal process for each Lorentz structure.
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5.3.2 Analysis: Diagonal WCs

As before in the active-sterile mixing scenario, we perform the sensitivity analysis
using Eq. 5.9, because 6(e"e— — vVy) > o(ete” — N;N;¥) holds true through-
out. Just like in the mixing scenario, we perform the sensitivity analysis for both an

inclusive and an exclusive search.

For the diagonal process where i = j, i.e. where the two final-state sterile neu-
trinos are identical, evidently no decay can occur via the operator that is involved
in the production process and thus the only available search is the inclusive one.
Fig. 5.6 shows the kinematic distributions of the monophoton energy, xy = 2Ey/+/s,
(bottom) and the cosine of the angle, cos 87, (top), for the two centre-of-mass en-
ergies /s = 91.2 GeV (left) and /s = 240 GeV (right), considering Dirac sterile
final states. For the energy distributions, the units are normalised to the maximum
photon energy via , )

Xy = ziyn:x S (2S‘ o (5.14)

In the case of Majorana HNLs, the resulting kinematic distributions are only mildly

different and therefore we do not show them separately. The distributions shown are
for a fixed sterile mass of my, = 10 GeV the signal process proceeding via scalar
(orange), vector (blue) and tensor (green) effective four-fermion operators, the ef-
fective Z (red) and W+ (purple) interactions and the SM background process (gray
shaded). In the case of the four-fermion and effective Z interaction, the distributions
shown are for the process ete™ — N,N, 7, while for the effective W= the process is

ete” = Y, ViNay+ ViNoy.

The background process, which produces two SM active neutrinos in the final
state, can be a CC or an NC interaction, proceeding via W= (¢ and u channel di-
agrams) and Z boson (s channel diagram) mediation, respectively. In the case of
the Z-mediated NC background process, the energy distribution of the monophoton
exhibits a resonant feature, with the centre of this resonance occurring at [273]

E'y _S_M%
res — 2\/3 .

(5.15)
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Figure 5.6: Normalised binned distributions in the cosine of the outgoing photon angle
cos 0y (above) and energy xy = 2Ey//s (below) for mono-y processes induced
by the four-fermion, effective W* and Z interactions and SM background in
the Dirac HNL scenario. Distributions are shown for /s = 91.2 GeV (left) and
V/s =240 GeV (right). Solid lines indicate the scenario with my, = 10 GeV.
For the vector four-fermion operator, we also show the distributions for my,

close to the kinematic threshold, see text for details.

The full-width-at-half-maximum (FWHM) of this resonance is given by (Mz/+/s)I 'z,

where [’z denotes the decay-width of the Z boson and M7 is its mass. As can be

seen from Eq. 5.15, the existence of a resonant peak is dependent on s, i.e. the

energy of the process needs to be sufficiently large for a Z boson to be produced

on-shell. Evidently, this can never occur for /s = 91.2 GeV, as all the available

energy would go into producing the on-shell Z leaving no energy for the production

of the monophoton. In the case of /s = 240 GeV there is ample energy for both

monophoton and on-shell Z boson production and for my, = 10 GeV a resonant

peak at EXs ~ 102.7 GeV occurs. Similarly, the SM process also exhibits a resonant

peak, while the four-fermion and effective W interactions gradually decrease as

they approach x, = xy'®*. It might seem counter intuitive, that the majority of the

Y
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\/E [GeV] Cuts V.RR S(I%%) mtST/RSe%)
Cye |Cne |Cno | Wa | 2

91.2 |cos 6y < 0.4, |cosfy| >0.8 | 1.21 | 1.20 | 1.20 {1.22]1.01
240 |cos By| < 0.95, Ey <40 GeV| 2.30 | 2.30 | 2.23 {2.00{0.05

Table 5.4: Universal kinematic cuts for maximising the signal-to-background ratio for each
/s in the EFT operator sensitivity analysis, in both the Majorana and Dirac
HNL scenarios. The improvement in the signal-to-background ratios after cuts
is shown in the last column, for benchmark scenarios involving a Dirac HNL
with my, = 10 GeV.

photons are soft in the background case while a lot more energetic for the sig-
nal processes, despite the SM active neutrinos having much lower mass than the

10 GeV sterile states.

The angular distribution is strongly forward-backward peaked for all cases,
except the effective Z and SM processes, which showcase the effects of the p7 >
1 GeV cut on the s-channel diagrams. As can be seen, for the vector four-fermion
case two extra mass benchmarks have been shown, my, = 44.5 GeV (dashed) and
my, = 45 GeV (dot-dashed) for /s = 91.2 GeV and my, = 119 GeV and my, =
119.4 GeV for /s = 240 GeV, strongly peaked around cos 8 = 0. This is to illustrate
how drastically the distribution can change for different mass values and therefore

to motivate the cuts.

Carefully studying the kinematic distributions for the various processes is im-
portant in ensuring that the most favourable kinematic cuts are identified that max-
imise the signal-to-background ratio and thus stretches the sensitivity reach to its
maximum. Since both the operator type and the mass of the sterile neutrinos affects
the kinematics of the process, no single cut is ideal for all scenarios. However, it is
utterly unrealistic for an experiment to apply tailored kinematic cuts to its datasets
and therefore we choose a universal set of acceptance cuts, which are summarised

in Table 5.4.

Once the kinematic cuts have been identified, the root files converted from
1he format using DELPHES for the signal processes are passed through the analyser

script, which removes any events that do not fall within the acceptance ranges. As
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in the case of the active-sterile mixing scenario, we compute the number of signal
events using Eq. 5.8, with the difference that since the final state sterile neutrinos are
identical and thus only the diagonal couplings are non-zero, sterile neutrino decay
cannot take place and instead of the mixing angle, our parameter of interest is the
scale of new physics. Once again BR = 1, since only one coupling is turned on
at a time. The integrated luminosities are the same as before: £ = 100 ab~! and
L =5ab~! for \/s =91.2 GeV and /s = 240 GeV, respectively. Once the number
of events have been calculated, A is varied, while keeping the signal significance,
Eq. 5.9, fixed at 1.28.

As mentioned already, the analysis is performed in the vanishing active-sterile
mixing limit of the HNL(s). The advantages of this are three-fold. Firstly, this
allows for easier matching between the WCs C; and those of VSMEFT, since the
relationship between the weak and mass eigenstates of the neutrino fields are sim-
plified to v = P.v' and N = PgN’ in the Majorana case and v = P, V', N = PxN’ and
S = P.N' in the Dirac case for |V | < 1. The second advantage is that setting |Vg; |
to be negligible assures that the HNL production channels are dominated by the
EFT operators, rather than by active-sterile mixing. Thirdly, a sizable active-sterile
mixing angle increases the decay width of the HNLs and thus would invalidate the
assumption that N, is stable for the diagonal WCs considered in Eq. 5.10, and the
exclusive search results derived in the case of the off-diagonal WCs in Eq. 5.11

would be altered, too.

5.3.3 Results: Diagonal WCs

The projected 90% CL sensitivities of the mono-7y plus ¥ searches at FCC-ee to the
diagonal four-fermion WCs in Eq. 5.10 are shown in Fig. 5.7 as a function of my,.
The estimated sensitivities for the scalar (green), vector (red) and tensor (blue) four-
fermion interactions are considered for /s = 91.2 GeV (left) and /s = 240 GeV
(right) for Dirac (solid) and Majorana (dashed) HNLs. The gray shaded region
bounded by the dotted line indicates the parameter space where the EFT frame-
work’s validity breaks down, assumed to be satisfied for A < 34/s, or equivalently

for C;=1/A> < 1/(9s).
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As can be seen from the figure, the sensitivity is relatively constant over the
majority of the mass range and only decreases sharply at the high mass limit, due to
reaching the kinematic threshold at my, < /s/2. However, it is immediately appar-
ent, that despite the lower luminosity, the /s = 240 GeV search is roughly 3 times
more sensitive than the /s = 91.2 GeV one. This is because the signal process
proceeds via a four-fermion EFT operator and therefore the cross-section scales as
o ~ s/A%, i.e. at higher energies there is more available phase-space and hence the
cross-section is larger, since it scales directly with the centre-of-mass energy. This,
together with the reduced SM background (since the Z-peak is removed by the kine-
matic cuts) compensate for the weaker luminosity. In both energy regimes, DT is
the most sensitive mode. This is simply because the tensorial production cross-
sections turn out to be larger than the scalar and vector ones. In the Majorana case,
the tensor four-fermion coefficient vanishes and thus there is no associated sensi-
tivity. Lastly, it is apparent that in the case of the vector four-fermion coefficient,
the Majorana constraint becomes weaker than for the other coefficients, as my, in-
creases. This is due to the mass suppressed negative cross-term in the Majorana

cross-section (Eq. E.9), which is not present in the Dirac case. >

Mono-y /s =91.2 GeV Mono-y /s =240 GeV
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Figure 5.7: Sensitivities of mono-y plus £ searches at FCC-ee to the diagonal four-fermion
interaction WCs as a function of the HNL mass at 90% CL, for /s =91.2 GeV
(left) and /s = 240 GeV (right). Limits are shown for N, being a Dirac (solid)
or Majorana (dashed) HNL. The parameter space where the EFT is not valid is
indicated by the gray shaded region.

2This is due to the final state neutrinos being distinguishable in the Dirac case while they are
indistinguishable in the Majorana case, leading to the amplitudes adding incoherently and coherently,
respectively. Hence, there are no interference terms in the former scenario, only in the latter.
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5.3.4 Analysis: Off-diagonal WCs

Besides the identical pair of sterile neutrinos in the final state explored earlier, the
mono-y plus £ search at FCC-ee may also be performed for off-diagonal WCs,

te~ — NiN,y+ NiN,Yy. In simulating this process, we only turn on the off-

ie. e
diagonal couplings, i.e. it is assumed that my, # my,. Since the labeling is arbitrary,
it was assumed that my, < my,, without loss of generality. Similarly to the simu-
lation of the identical sterile final state case, MADGRAPH was used to generate
Nt = 5 x 10% signal events (the background process is the same as for the NoN,
case and therefore did not need to be simulated again) with a cut of pr > 1 GeV
implemented at event generation level. As before, the analysis is performed at the
two centre-of-mass energies /s =91.2 GeV and /s = 240 GeV, as well as for three
values of the mass-splitting, § = 0.01,0.1 and 1, for each mass BP for my;,, up to

the kinematic threshold my, < /s/(2—8). The same kinematic acceptance cuts

were used as in the diagonal HNL scenario, summarised in Table 5.4.

At the analysis stage, once again the procedure mostly follows that outlined
in Sec. 5.3.2. The only difference is that since the two final state neutrinos have
different masses for the WCs in Eq. 5.11, it is possible for N, to decay via processes
such as N, — ve~e™ /Nje~e™, as shown in Figure 5.2 (with the decay rates given
in Appendix C) and therefore the probability of decay needs to be accounted for.
As for the case of active-sterile mixing, the geometric acceptance is obtained using
Eq. 5.7, which allows for the probability that N, decays outside of the detector
volume to be calculated for each simulated event. Based on this, the sensitivities for
the exclusive mono-7 plus £ search are derived. We also perform the analysis for

the inclusive search, taking Pyy¢ = 1, as in Sec. 5.2.

The geometric acceptance together with the kinematic cuts are used in Egs. 5.8
to calculate the number of surviving signal events, S, for each HNL mass BP. This,
alongside the SM background events surviving the kinematic cuts, B, is used in
Eq. 5.9 to obtain the signal sensitivity, S. As before, the active-sterile mixing of the

HNLs is assumed to be negligible.
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5.3.5 Results: Off-diagonal WCs

The estimated sensitivity of the mono-y plus ¥ search at FCC-ee at 90 % CL to
the off-diagonal WCs in Eq. 5.11 is shown in Fig. 5.8 for the inclusive (light) and
exclusive (opaque) scenarios. The results are shown at /s = 91.2 GeV (left) and
Vs = 240 GeV (right) for the scalar (top), vector (middle) and tensor (bottom)
four-fermion operators, for the three mass-splitting values 6 = 1 (blue), 0.1 (red)
and 0.01 (green), for both Dirac (solid) and Majorana (dashed) HNLs. As before,
the gray shaded region shows the portion of the parameter space where the EFT

approach is no longer valid.

For the inclusive search, the larger 0 is, the higher my, reach the search has,
since now the mass reach extends to the kinematic threshold at my, < \/s/(2 —9).
This is easily understood from the kinematics of the process, as for a fixed value
of my,, a larger mass-splitting means a lower value of my, and thus there is more
energy available to the photon. We see that in the case of 6 = 0.01, the diagonal
results in Fig. 5.7 are almost recovered. This is expected, since the smaller the mass
difference between the two sterile neutrinos, the closer we approach the identical
HNL limit. Similarly to the diagonal search, /s = 240 GeV constrains the four-
fermion WCs more heavily and in the case of the vector Majorana scenario the
sensitivity falls off more rapidly as a function of my, than it does in the case of

Dirac HNLs for both centre-of-mass energies.

For the exclusive search, all contours corresponding to the various scenarios
considered exhibit a nose-like structure. This is the result of the lifetime criteria
that is imposed on the heavier sterile state, my,, 1.e. that it has to be long-lived
enough that it does not decay within the L = 5 m detector volume. Generally speak-
ing, the horizontal reach of the search is determined by the cross-section (and its
dependence on the centre-of-mass energy, s), while the angle of the nose is the re-
sult of the lifetime requirement imposed. Mathematically, the nose structure can be
understood as the competition between the cross-section and the decay-rate which
results in a double solution when setting S = 1.28 and solving for A. When A is

larger, the cross-section has a smaller value and therefore the decay-rate is also low,
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Figure 5.8: Sensitivities of the exclusive and inclusive mono-} plus £ searches at FCC-ee
to the off-diagonal four-fermion interaction WCs as a function of the HNL mass
at 90% CL, for /s = 91.2 GeV (left) and /s = 240 GeV (right). Limits are
shown for Dirac (solid) and Majorana (dashed) HNLs for three different mass
splitting ratios 0 = (my, — my, ) /my,. The sensitivity of the inclusive search is
also shown for the Dirac (opaque) and Majorana (light) cases. The parameter
space where the EFT is not valid is indicated by the gray shaded region.

hence the particle is longer lived and the probability that it will not decay within the
detector is also increased. Conversely, for smaller values of A, the cross-section as
well as the decay-rate are larger, leading to a shorter lifetime and lower probability
that the sterile neutrino will travel through the detector without decaying. As in

the case of the inclusive search, the \/E = 240 GeV channel is more sensitive than
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the /s = 91.2 GeV one, since the cross-section of the process when mediated by
a four-fermion EFT operator scales with the centre-of-mass energy, rather than the
energy-dependence in the denominator of the intermediate propagator. In all chan-
nels considered, the mass-reach increases as the mass-splitting becomes smaller.
This is simply because for 6 < 1, the mass difference between N, and N is small,
therefore the decay rate N, is suppressed. The horizontal constraints coming from
the Dirac and Majorana HNL scenarios are identical, as can be seen from the overlap
of the horizontal part of the solid and dashed lines. This is due to the normalisation
of the cross-sections. On the other hand, the angled constraints are slightly differ-
ent, which results from the difference in the Dirac and Majorana decay rates of N,.
In most cases, including scalar and tensor four-fermion operators, the decay rates
in the Majorana case are twice as large as the Dirac case, while for vector operators
they are three times as large as compared to the Dirac HNL scenario for small mass
splittings. The difference in the latter case comes from the interference term in the

Majorana decay rate.

5.4 Monophoton Final State: Effective Z and W Op-

erators

Besides the four-fermion operators explored in Sec. 5.3, the mono-y plus £ signal
process may also proceed via effective W /Z interactions, giving rise to the single
and pair production of HNLs, e*e™ — VN(y) and ete™ — NN(7), respectively, as
shown in Fig. 5.1.

As in the previous sections, one operator is switched on at a time and the

active-sterile mixing is assumed to be negligible. In this section we consider:

* Diagonal WC for the effective Z interaction with two HNLs:
2 R
Cie {512z8li . (5.16)

with i = 2 and again leading to the Majorana and Dirac processes ete™ —

NN,y or ete™ — NaN, v, respectively, and thus producing the mono-y plus



5.4. Monophoton Final State: Effective Z and W Operators 200

F signal since no decays are possible via this WC.

» Off-diagonal WC for the effective Z interaction with two HNL.s:
2 R
Cie {28} (5.17)

with i =1 and j = 2 and as in the previous section giving rise to the Majo-
rana and Dirac HNL pair production processes ete™ — N{N>y or ete™ —
NiN>y+ N1N,Y, respectively. Again, three mass-splitting values are consid-

ered: 6 =0.01,0.1 and 1.

* WCs of the effective Z interaction with one light neutrino and an HNL and

the effective W= interaction with one HNL:

Cre { ZWlie, SWilje S1Zvlas} (5.18)
where oo = e, i, T and j = 2, giving rise to the single HNL production through
the processes ete™ — Y, ViN>y, and eTe™ — Y; ViN, Y+ ViN, ¥, for the Majo-
rana and Dirac HNL scenarios, respectively. As before in the case of C‘Y}\Iff ,
ZR,, is not present in the Dirac case (as this would require Vg as can be seen
from Eq. 3.106), but the notation is kept for simplicity but understood to de-
note ZéN. For the effective Z interaction, the constraint on the above WC

from the mono-y plus ¥ search may be obtained from the off-diagonal WCs

in Eq. 5.17 with § = 1.

* WCs of the effective Z interaction involving two light neutrinos and the ef-

fective W™ interaction with one light neutrino:
2 2 2
Cie { SWlae 510WHae, —5[6ZEap |- (5.19)

where «, B = e, 1, T contributing to the SM process e e~ — Y, vvy. The WC
WE vanishes in the Dirac case due to the lack of vg. The WCs WL and

8ZL can modify the SM process (depending on the flavour of the fields) and
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therefore need to be taken into account.

5.4.1 Simulation Setup

As in the cases of active-sterile mixing and effective four-fermion operators, the
simulation is performed using MadGraph5_aMC@NLO. For the effective W operator,
the simulated signal process is et e~ — V.No Y+ Vo.Noyand eTe™ — VN Y+ VoNo Y
for Majorana and Dirac HNL scenarios, respectively. For the effective Z operator,
the simulated signal processes are ete™ — NoN,Y and ete™ — N>N, v for the di-
agonal Majorana and Dirac WCs in Eq. 5.16, respectively, and ete™ — N1 N,y and
ete” — NiN>y+ NN,y for the off-diagonal Majorana and Dirac WCs is Eq. 5.17,
respectively.

As in the previous scenarios, we generate Nyt = 5 X 10* events for each of the
signal processes and use the same simulated SM background events as in Sec. 5.2.
Once again the generator level cut in the transverse momentum is p’T/ > 1 GeV,
and the simulation is carried out for HNL masses up to the kinematic threshold.
As for the active-sterile mixing and four-fermion EFT production scenarios, the
simulation is performed for the two centre-of-mass energies /s = 91.2 GeV and
/s =240 GeV.

As in the case of the four-fermion EFT WCs, we consider both the diagonal
and off-diagonal effective Z and W* WCs.

5.4.2 Analysis: Diagonal WC

The only WC relevant to the diagonal HNL scenario is that in Eq. 5.16, associated
with the effective Z interaction. The effective W= cannot produce two HNLs in the
final state at all, due to the effective operator coupling one of the incoming electrons
to a light neutrino or HNL. The geometric acceptance for the diagonal effective Z
interaction, as in Sec. 5.3.2, is obtained by setting Py = 1, since N, cannot decay.
This value is then simply used in Eq. 5.8 to obtain the number of signal events
surviving both the kinematic and geometric cuts, S. Subsequently, together with the
number of background events surviving the kinematic cuts, B, the calculated S value

is used in Eq. 5.9 to compute the median sensitivity at 90% CL, i.e. excluding the
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(mp,,C;) parameter space with S > 1.28. As before, we assume the active-sterile

mixing angle to be of negligible size.

5.4.3 Results: Diagonal WCs

The estimated sensitivity of the mono-} plus £ search at FCC-ee to the diagonal
WwC ZIIS, in Eq. 5.16 at 90% CL is shown in Fig 5.9 for /s = 91.2 GeV (left) and
/s =240 GeV (right) for Dirac (solid) and Majorana (dashed) HNLs. It should be
noted, that C; = % [ZR],; in order to keep the units of GeV 2 (as to place the results
on the same footing as the four-fermion ones). As before, the gray shaded region

shows the portion of the parameter space where the EFT framework can no longer

be assumed.

103 Mono-y \/;=91.2 GeV 103 Mono-y \/F: 240 GeV

107 107
=5 Jrmm & 10-5
3 3
< O e
G 1070 S 107¢

1074 1077

7
10-8 107
10° 10! 10% 10° 10! 10?
my, [GeV] my, [GeV]

Figure 5.9: Sensitivities of mono-y plus £ searches at FCC-ee to the diagonal effective Z
interaction WC as a function of the HNL mass at 90% CL, for /s = 91.2 GeV
(left) and /s = 240 GeV (right). Limits are shown for N, being a Dirac (solid)
or Majorana (dashed) HNL. The parameter space where the EFT is not valid is
indicated by the gray shaded region.

Similarly to the four-fermion diagonal results, the sensitivity curve is essen-
tially constant as a function of my, and only falls of sharply at the kinematic thresh-
old. Unlike the four-fermion results however, for the diagonal effective Z interac-
tion /s = 240 GeV is less sensitive than /s = 91.2 GeV. This is simply because
the cross-section is inflated by the resonance at the Z-pole. For both centre-of-mass
energies, the sensitivity in the Majorana case falls of more quickly for high My;,.
This, just like in the vector four-fermion case, is the result of the presence of ad-
ditional interference terms (which are not present in the Dirac case) contributing

destructively and leading to additional suppression in the Majorana scenario.
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5.4.4 Analysis: Off-diagonal WCs

The analysis of the WCs in Eqgs. 5.17 and 5.18 proceed similarly to the off-diagonal
four-fermion WCs in Sec. 5.3. Once again, Ny = 5 X 10% signal events were simu-

lated and the SM background events were used as in Sec. 5.2.

As opposed to the diagonal scenario, the off-diagonal WCs allow the heavier
HNL to decay via processes such as N, — vvv /N vv, No — vq3/N1qg and Ny —
¢~ud. To this end, we consider both an inclusive and exclusive search. For the
former, we assume that the HNL is stable and does not decay within the detector,
setting Pour = 1. For the latter, the probability that N, decays outside the detector
volume, therefore needs to be calculated using Eq. 5.7 on an event-by-event basis to
give the total geometric acceptance, Poy;. As for all previous analyses, this is used
to compute S, which alongside B gives the median sensitivity, S via Eq. 5.9. The

requirement S > 1.28 gives the excluded region of the parameter space at 90% CL.

5.4.5 Results: Off-diagonal WCs

The estimated sensitivity of the mono-y plus £ search at FCC-ee to the off-diagonal
WCs in Eqgs. 5.17 and 5.18 are shown in Fig. 5.10 for the effective W* (top) and
Z (bottom) interactions at /s = 91.2 GeV (left) and /s = 240 GeV (right). Once
again we consider both Dirac (solid) and Majorana (dashed) HNL scenarios, for
both an exclusive (opaque) and inclusive (light) search. In the case of the effective
Z interaction producing two HNLs in the final state, we consider mass-splitting

values of & =1 (blue), 0.1 (red) and 0.01 (green).
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Figure 5.10: Sensitivities of the exclusive and inclusive mono-y plus ¥ searches at FCC-ee
to the effective W and (off-diagonal) Z interactions as a function of the HNL
mass, at 90% CL, for /s = 91.2 GeV (left) and /s = 240 GeV (right). The
benchmark scenarios for the mass splitting ratio § are the same as in 5.8.

For the inclusive search, the resulting constraints extend up to the kinematic
threshold at my, < /s = (2—8). In the case of the effective Z interaction, the
/s = 91.2 GeV is more constraining due to the Z-resonance, while the opposite
is true for the effective W interaction, which at /s = 240 GeV benefits from the
larger cross-section. The limits on [W&];, are stronger than on [W{] ., as the cross-
section of the former is larger.

For the exclusive search concerning the effective Z WCs, the impact of N,
decaying results in the same impact as observed for the off-diagonal exclusive four-
fermion WCs in Fig. 5.8: for both |C;| and my, values above a certain size, the HNL
is very unlikely to decay outside of the detector. The mass reach increases with
decreasing 9, as the the decay rate of N, to N; is suppressed with increasing my,,

and thus the heavier HNL becomes longer lived.
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5.5 Displaced Vertex Searches: Four-fermion EFT

Operators

In this section we estimate the sensitivity of the future FCC-ee in the context of
DV searches. As for the mono-y plus £ EFT searches, we set Vg, = 0 and C; # 0,
turning one WC on at a time. We consider both Dirac and Majorana HNLs and
perform the study at the two centre of mass energies /s = 91.2 GeV and 240 GeV,

with integrated luminosities of £ = 100 ab~! and 5 ab™!, respectively.

5.5.1 Simulation Setup

The diagonal four-fermion and effective Z interactions parameterised by the WCs
in Egs. 5.10 and 5.16, respectively, cannot accommodate any decays of N, if the
active-sterile mixing is turned off. Therefore, a DV analysis is not possible for
these diagonal operators. However, the off-diagonal WCs for the four-fermion EFT
WCs in Eqgs. 5.11 and 5.12 and the effective Z and W™ interactions in 5.17 and 5.18
can induce N, decays and may therefore be probed by DV searches.

As for the simulations in the previous sections, we once again use
MadGraph5_aMC@NLO to simulate Ny = 5 x 10 signal events. The signal process
in the four-fermion case is e" e~ — N{N, + NN, for both the Dirac and Majorana
scenarios (since the same issue is encountered with the Majorana fermions as in
Sec. 5.3). For the effective W+ and Z interactions, the fermion flow problem is not
present and thus the Majorana HNLs do not pose a problem. Hence, the simulated
signal processes are e e~ — V,N, + V,N, and e" e~ — NN, for the Majorana case,
respectively, and eTe™ — V,N, + V.N> and eTe™ — N{N> + NN, for the Dirac
case, respectively.

In terms of the decay mechanism, N, (and additionally N, for Dirac HNLs) is
required to decay through the effective operators considered in this work, to a di-
electron final state, via the decay process Ny — Nje~ e™. Asbefore, Delphes is used
to convert to root files, however this time instead of just a simple conversion, the
detector response is simulated using the Innovative Detector for Electron-positron

Accelerators (IDEA) card [274].
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5.5.2 Analysis

No background is considered alongside the signal process, since most SM pro-
cesses that could act as backgrounds are prompt. This means the decay rates
are large and hence 7 o< 1/I" the lifetimes are short. Additionally, an acceptance
cut of |dp| > 0.6 mm [275,276] may be imposed on the electron-track transverse
impact parameter, to filter out any prompt decays. A cut is also placed on the
transverse momentum of the electron, p% > 0.7 GeV, which sets the threshold for
identification. As before, Eq. 5.7 is used to compute the geometric acceptance,
with the assumption of a spherical detector with L1 = 0.1 mm and L, = 5 m,
and f(\/s,my, ,my,,b) = 8(b—1b') where b’ = A(s,m3, ,m3, ) /(2my,V/2) being the
fixed boost factor of the heavier HNL, to give the probability of N> decaying inside
the detector, P;,. With these ingredients, the number of surviving signal events (af-
ter the kinematic cuts and the application of the geometric acceptance condition)

are calculated via
S=Lx0xBRXPy x§g. (5.20)

where now BR denotes the branching ratio of the process N, — Nje~e™. As before,
the derived bounds on the WCs are presented at 90% CL, which in this background-

free scenario is achieved by requiring § > 2.3.

5.5.3 Results

The estimated sensitivities of the DV searches at the FCC-ee to the WCs in
Egs. 5.11 and 5.12 at 90% CL are shown in Fig. 5.11 for /s = 91.2 GeV (left)
and /s = 240 GeV (right), for vector (blue), scalar (orange) and tensor (green)
four-fermion operators, considering both Dirac (solid) and Majorana (dashed) HNL
scenarios. We also show the results for three mass-splitting values, 6 = 0.1 (light),
0.5 (medium) and 1 (dark). The gray shaded region shows the portion of the param-

eter space where the EFT approach is no longer valid.
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Figure 5.11: Sensitivities of the of DV search at FCC-ee to the off-diagonal four-fermion
interaction WCs as a function of the HNL mass at 90% CL, for /s =91.2 GeV
(left) and /s = 240 GeV (right). Limits are shown for Majorana (dashed)
and Dirac (solid) HNLs for three different mass splitting ratios 6 = (my, —
my, )/my,. The parameter space where the EFT is not valid is indicated by the

gray shaded region.

It can be seen that the DV search is much more sensitive to the |C;| coefficients

than the mono-y plus ¥ searches, reaching as low as |Cj| ~ 10~° GeV 2for§ =1in

the vector four-fermion case for both /s = 91.2 GeV and 240 GeV, and even going

beyond in the tensor case. Compared to the mono-7 plus £ searches, the DV bounds

for all scenarios weaken considerably as my, — 0. At Vs = 91.2 GeV, the mass
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reach decreases with decreasing &, as the kinematic threshold at my, < /s/(2 —6)
is reached, causing the vertical bounds. Conversely, at /s = 240 GeV, decreasing
0 values lead to a larger mass reach, since the lifetime of N, decreases with mass
and smaller values of 0 are required to keep the decay within the detector volume.
Although the phase space is looser, the kinematic threshold is hit eventually, again
resulting in the vertical bounds on the right. In essence, the curves are limited by

N, being “too long-lived” from the left, and “too prompt” from the right.

5.6 Displaced Vertex Searches: Effective Z and W

Operators

The DV searches discussed above in the context of four-fermion operators may also
be investigated for the effective Z and W™ operators. Again, we assume no active-
sterile mixing and turn on one operator at a time. Since in the diagonal case N,
cannot undergo decay, only the WCs in Eqgs. 5.17 and 5.18 are considered. For the
off-diagonal effective Z WC, the three values of mass-splitting 6 = 0.1,0.5 and 1
are considered (the 6 = 1 scenario coincides with the effective Z interaction with

N, and a light neutrino in the final state).

5.6.1 Simulation Setup

The events are simulated very similarly to Sec. 5.5 with only a few differences.
As before, the events are generated using MadGraph and the detector response is
simulated using the IDEA card in Delphes. The relevant signal processes for the
effective W+ and Z interactions are ee~ — V,N» + V,N, and eTe™ — N|N; in the
Majorana case, respectively, and e*e™ — VN> + V.N> and eTe™ — NiN, + NN
in the Dirac case, respectively. Again, a background free approach is taken and in

total Nyot = 5 x 10* signal events are generated.

For the effective Z interaction we require the decay process N, — Nije e™,

while for the effective W+ N, — ve e™.
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5.6.2 Analysis

The same kinematic cuts are implemented as in the previous section: |dy| > 0.6 mm
and p% > 0.7 GeV, which determine &. Then Eq. 5.20 is used in the same way as
before, but now with BR for N, — ve e™, to compute the total number of signal
events, S. Once again impose the requirement S > 2.3, which produces the excluded

regions at 90% CL.

5.6.3 Results

The 90% CL results for the DV search at the FCC-ee in the context of effective Z
and W interactions is shown in Fig. 5.12 for the two centre-of-mass energies /s =
91.2 GeV (left) and /s = 240 GeV (right) for the W (top) and Z (bottom) WCs,
for both Dirac (solid) and Majorana (dashed) HNL scenarios. For the Z scenario,

the mass-splittings & = 0.1 (light), 0.5 (medium) and 1 (dark) are considered.
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Figure 5.12: Sensitivities of the DV search at FCC-ee to the effective W* and (off-
diagonal) Z interactions as a function of the HNL mass at 90% CL, for
Vs =91.2 GeV (left) and /s = 240 GeV (right). The benchmark scenar-
ios for the mass splitting ratio é are the same as in Fig. 5.11.



5.7. Operator Matching & Discussion 210

As in the case of the four-fermion DV results, the DV search provides more
stringent bounds on |C;| than the mono-y plus £ search. For the effective Z inter-
action WCs, the mass reach is affected by the size of & for the two centre-of-mass
energies in the same fashion as seen for the four-fermion DV results. Unlike those
sensitives however, the enhanced cross-section at the Z-resonance leads to signifi-
cantly stricter constraints than in the /s = 240 GeV case. The § = 0.1 curve is not
bounded vertically from the right, as the cross-section is not large enough to reach

the kinematic threshold.

For the effective W+ interaction, the /s = 91.2 GeV is able to place stronger
constraints on the WCs, than /s = 240 GeV. Firstly, this is due to the lack of any
backgrounds, which in the mono-y plus £ search benefited higher \/s. Secondly,
the reduction in luminosity has a stronger negative impact on the sensitivity than
the corresponding gain from the increased cross section. For both centre-of-mass
energies, the search is able to constrain [W] ;, more strictly than [W¥] ., simply due
to the cross-section being larger in the former case. The upper parts of the exclusion
bounds - dictated by the decays - are completely overlapping, because the rate of

the decay process N, — Ve~ e™ is independent of the operator it proceeds via.

5.7 Operator Matching & Discussion

In this section, the matching of the sensitivities to the EFT WCs obtained in the
context of mono-y plus £ (in Sec. 5.3 and 5.4) and DV searches (in Sec. 5.5 and
5.6) are matched onto the WCs of the VSMEFT operators in Tables 3.1 and 3.2.
Additionally, the obtained limits on these WCs are converted to lower bounds on
the scale of new physics, A. The derived constraints are then compared to existing

bounds.

It should be noted, that the EFT WCs are in the mass basis, while the vSMEFT
WCs are in the weak flavour basis and therefore rotations are required. The rota-
tions and the matching itself is considerably simpler to carry out if |Vgn,| = 0 is
assumed, as it prevents multiple VSMEFT operators from contributing to the low-

energy operators in the broken phase.
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5.7.1 d =6 vSMEFT Operators

In this subsection we perform the matching of the d = 6 operators in Table 3.1 that
contribute to the WCs in Egs. 5.10-5.13 and 5.16-5.19. First, the relations between
the mass and weak eigenstates needs to be established. These are simply N = PrN’
for Majorana HNLs and N = PgxN’ and S = P, N’ for Dirac HNLs, if the active-sterile
mixing angle is assumed to be negligible, i.e. |Vgy,| = 0. Then, the indices of the
VSMEFT oepraors can simply be rewritten in terms of the active neutrino flavour
indices p,o = e, u, T and the HNL mass indices i, j = 1,2.

Using this, the matching of the operators in Egs. 5.10, 5.16, 5.11 and 5.17 is
simply

2
CyiR = Coy v—z[Zzlfz]ijZCHl_fvy (5.21)

ijee eetj

while for those in Egs. 5.12

1 1 2

S.RR T.RR

Cone = Cinte + 5Cvie,  Cyive = gCivie, (Wil je = Crne - (5.22)
ojee ojee ejpe ojee ejpe v Jje

These matching relations allow the constraints on the WCs C; derived earlier in
Figs. 5.7-5.12 to be translated to bounds on the VSMEFT operators of d = 6, as
shown in Fig. 5.13.

The top two panels show the bounds on the coefficient C.y, corresponding to
the d = 6 operator Qv = (eyue)(NgiY*Ng;), as a function of my,, with i = j =2
(left) and i = 1, j = 2 (right) for assuming my, = 0 (equivalent to maximal mass-
splitting, i.e. & = 1). Similarly, the centre-left panel shows the bounds on the coeffi-
cient Cjy,, corresponding to the d = 6 VSMEFT operator Qv = (LpNgj)€(Lge),
with p = 0 = e and j = 2. The top-right panel shows the bounds on Cyy, for the
operator VSMEFT operator Qpn. = (Ng;yue)(H'iD*H) with j = 2. Finally, the
bottom panels show the constraints on Cgy, associated with the d = 6 VSMEFT
operator Qgy = (NR,-'}/“NRj)(HTi%}“H) fori=j=2(left)yand i =1, j = 2 (right).
The bounds on the various coefficients are shown for the Dirac HNL scenario, at the

centre-of-mass energies /s = 91.2 GeV (red) and /s = 240 GeV (black). In the
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Figure 5.13: FCC-ee sensitivities to the d = 6 VSMEFT operator WCs C,.y (top), Ciyie
and Cgp. (centre) and Cyy (bottom), in the Dirac HNL scenario, compared
to existing constraints. The red (black) curves correspond to /s = 91.2 GeV
(240 GeV), while the solid (dashed) and dot-dashed lines show the exclusive
(inclusive) mono-y plus £ and DV analyses, respectively. Existing bounds
(shaded) are discussed in the main text.

case of i # J, the results are based on the exclusive (solid), inclusive (dashed) and
DV (dotted) searches. The gray shaded regions show the existing LEP constraints
from mono-y plus £ searches. The original bounds were placed on a purely vector
four-fermion operator of the form (Ny,N)(ey*e), but these can be rescaled to give
ballpark constraints on our operator coefficients of interest, following the procedure

in [250], using DELPHI data [277,278]. This involves setting the cross-sections to
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be equal
ICi|*6: = |C;*6;, (5.23)

and finding the bound on the coefficient through the ratio of the two cross-sections.
The hat in the above expression denotes the cross-section with the coefficient de-

pendence removed by factoring it out.

For C,y, which gives rise to the vector four-fermion EFT operator, the bounds
on the VSMEFT operator WC are trivially found via the relation in Eq. 5.21. For
this coefficient, the rescaled LEP bounds are the only relevant existing constraints
in the parameter space and they are rescaled by setting CI‘\;’eRR =1/(A?) in Eq. E.8.
Our results suggest that the FCC-ee will be able to improve upon these bounds by
over an order of magnitude for both i = j and i # j, and even more significantly in
the 400 MeV < my, < 110 GeV mass range with the DV search.

The operator associated with Cjy;, contributes to both the scalar and tensor
four-fermion EFT operators, with relative strengths of Ci}\lff = 12C$ ;\I,ZR =3Cinie /2.
Since the processes were simulated with only one operator being turned on at a time,
in principle it is not possible to constrain Cjy;, from the separate results obtained for
Ciﬁf and Cg ;\I,ZR 3 In practice however, the relationship Ciﬁf = 12C€ ;\I,ZR shows that
the scalar WC dominates and therefore the bounds on Cjy;, are obtained from the
scalar results via Ci}\lff = 3Cjnie/2- In this case, the cross-section is computed using
Ci}gf = 12C3 ]’\I,ZR =3/(2A?) in Eq. E.8. The estimated improvement with respect
to the LEP bounds is very similar as in the i # j case for the C,y coefficient for all
searches.

The VSMEFT operator coefficient Cyy, gives rise to the effective W interac-
tion. The associated matching condition of the WCs from Eq. 5.22 means that the
results of the mono-y plus £ and DV searches can be directly translated onto the
VSMEFT coefficient. In this case, the parameter space is heavily constrained as

compared to the other coefficients. This is because processes involving the produc-

3Since situations where both coefficients are of similar size or where one dominates production
and the other the decay, cannot be captured.
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tion and decay of HNLs via active-sterile mixing, can also proceed via effective
W= interactions, if the V,y insertion is changed to W]{; = 7’;CHNe. The more nu-
merous constraints on the active-sterile mixing can therefore rather easily be trans-
lated onto Cyp,, with CC processes rescaling trivially, and NC HNL decays being
rescaled using the ratio of the decay rates via active-sterile mixing and W+ interac-
tions. Such rescaled bounds on the coefficient are shown as shaded regions in the
plot, coming from PMNS unitarity (blue) [279], CMS [280] (orange), ATLAS [271]
(pink), Belle [281] (green), CHARM [282,283] (teal), BEBC [284] (red), T2K [285]
(brown) and NA62 [286] (slate). Compared to these existing bounds, the exclusive
mono-Y plus £ search at FCC-ee is not expected to be competitive for either centre-
off-mass energy considered. Similarly, the inclusive search at /s = 91.2 GeV falls
entirely within the already excluded region, but at /s = 240 GeV for masses around
my, ~ 100 GeV the search is sensitive to a small portion of the unconstrained
parameter space. The DV search on the other hand, is able to place competitive
constraints on the VSMEFT coefficient for both centre-of-mass energies for HNL

masses in the range 2 GeV < my, < 60 GeV.

The final coefficient considered in the figure is Cyy. Once again, the rela-
tions in Eq. 5.21 allow us to take the results of the mono-y and DV searches di-
rectly and apply them as bounds on the VSMEFT coefficient. The gray shaded
region is the LEP constraint for the purely vector four-fermion effective operator,
rescaled via setting the relevant cross-sections equal, as before. The orange shaded
exclusion comes from the BaBar experiment’s upper bound on the branching ra-
tio of Y(1S) to invisible final states [287]. The blue shaded region is excluded at
90% CL, computed via a x2 fit to the invisible Z width measured at LEP using
the decay rate for the process Z — NN in Appendix C, since Cyy can mediate
the decay of Z to invisible states. Furthermore, similarly to LEP, the FCC-ee will
be able to perform precision measurements of the invisible Z width. Assuming
agreement with the SM, i.e. [jpy|sm = 501.48 £0.04 MeV [288], the projected
bounds are shown with the blue dashed lines, while those assuming the LEP result

of Fim,|exp =499.04 1.5 MeV [30] result in the blue dotted projected sensitivity.
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Apart from the exclusive search for i # j at /s = 240 GeV, all searches considered

are projected to be competitive.

5.7.2 Two HNL vSMEFT Operators atd <7

Before summarising the sensitivity of the FCC-ee to all d <7 vSMEFT operators,
we briefly discuss two operators whose matching is slightly less straightforward
than the ones considered so far, as they can give rise to more than one EFT operator
in the broken phase. Then we discuss the summary bar chart in Fig. 5.14.

The d = 6 vSMEFT operator Q;y induces the low-energy operators
(NyuPrN)(ey"Pre) and (NyuPrN)(Vey*PLV,). Besides the decay N, — Nje e™,
this also opens up the decay channel N, — N;vV. While the latter was not taken into
account upon computing the bounds in Fig. 5.11, for the DV search results in the
bar chart for C,y the extra decay mode was considered (decreasing the sensitivity
slightly).

In addition, the d =7 vSMEFT operator Q;sny.y also induces multiple oper-
ators at the EW scale, namely the scalar and tensor four-fermion EFT operators
for Dirac HNLs. The relative strength of the interactions is encoded in the rela-
tion Cf,’fR = 4C1€’6RR = —vCisnerz/(21/2). This poses a problem, since the signal
processes were simulated with only one operator turned on at a time. However,
the problem can be circumvented if the derived sensitivities are cross-section lim-
ited, because then A® = Ag +Ag (as being a d = 7 operator, Cigyey < 1/ A3 and
thus o o CZZSN oy <1/ A®). The scalar and tensor contribute individually, because in
Eq. E.2, the interference term is proportional to cos 8, which drops out of the expres-
sion for o upon integrating over the angle. The bar charts, to be discussed shortly,
show the maximal sensitivity for each coefficient for a given search, which may
occur at different values of my,. For the mono-y plus ¥ searches, the maximal sen-
sitivity is always cross-section limited, since the probability of decaying outside the
detector is P,,; ~ 1 as my, — 0. For the DV searches, the bar charts take the 6 = 0.1
results. In this case, although the contours are cut-off by the kinematic threshold
before fully reaching the cross-section limited plateau, we have checked that the

simple additive expression AS ~ Ag + A? is still a good approximation. Therefore,
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Figure 5.14: Maximum reach to the scale of new physics A for the d = 6 and d =7
VSMEFT operators involving two HNLs, inducing e"e™ — NN(Yy), in the
Majorana (left) and Dirac (right) scenarios. For each operator, the FCC-ee
sensitivities from the mono-y plus £ search are shown for i = j (left) and
i # j (centre) and the DV search for i # j (right). The LEP mono-y plus £
constraints are shown as black striped bars.

the results are converted using |Ci,’fR| =v/(2v2A3) and |C§,’6RR| =v/(8v2A3) for
the scalar and tensor WCs, respectively.

The summary bar chart in Fig. 5.14 shows the maximum sensitivity of the
FCC-ee to the d = 6 and d = 7 VSMEFT operators giving rise to effective in-
teractions with two HNLs at the EW scale, for both Dirac (right) and Majorana
(left)y HNLs, for § = 0.1 at /s = 91.2 GeV (darker) and /s = 9240 GeV (lighter).
The three bars for each coefficient from left to right correspond to: mono-y plus £
search for i = j, mono-} plus £ search for i # j and DV search for i # j. The black
striped bars show the LEP constraints for the inclusive and exclusive mono-Yy plus
F searches, excluding values up to A ~ 300 — 500 GeV. No LEP bounds are shown
in the case of the DV search, as the LEP results are not directly comparable. The
mono-7 plus J searches reach sensitivities of A~ 1—2 TeV and A ~ 600 —900 GeV
for d = 6 and d = 7 VSMEFT operators, respectively. This is a significant im-
provement over the LEP constraints. The DV searches reach A ~ 20 —30 TeV and
A ~3—5TeV ford =6 and d =7 vSMEFT operators, respectively.

5.7.3 Single HNL vSMEFT Operators atd <7

In Fig. 5.15 we summarise the sensitivity of the FCC-ee to the vSMEFT operators

inducing interactions involving a single HNL in the Majorana (left) and Dirac (right)
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Figure 5.15: Maximum reach to the scale of new physics A for the d = 6 and d = 7
VSMEFT operators involving a single HNL, inducing e"e™ — VN(7), in the
Majorana (left) and Dirac (right) scenarios. For each operator, the FCC-ee
sensitivities from the mono-y plus F (left) and the DV (right) searches are
shown. The LEP mono-Y plus £ constraints are shown as black striped bars.

case, for centre-of-mass energies /s = 91.2 GeV (darker) and /s = 240 GeV
(lighter). For each operator the bounds from the mono-y plus £ and DV searches
are shown by the left and right bars, respectively. The existing LEP constraints are
shown by the black striped bars. The mono-y plus £ searches are able to reach
sensitivities of A~ 1—2 TeV and A ~ 600 — 900 GeV for d = 6 and d = 7 op-
erators, respectively, while in the DV searches the lower bounds are as high as
A~20—-40TeV and A ~5—10TeV for d = 6 and d = 7 operators, respectively.
It should be noted, that due to the light neutrino in the final state, for the DV search
we have used the 6 = 1 results from Figs. 5.11 and 5.12. In contrast, 6 = 0.1 was
used for the summary bar chart in Fig. 5.14, which is why the reach of the search is

lower in that case.

There are some VSMEFT operators, which can induce multiple effective
operators after symmetry breaking. One such operator is the d = 6 Oy =
(LpNr;j)€(Loe), which can induce both the scalar and tensor four-fermion effective
low energy operators, depending on the flavours of the SU(2) doublet. For p = u, 7
and ¢ = e, only the scalar four-fermion operator is induced, and thus the matching
condition is simply Cﬁ}fff = Cinie- Similarly, only the scalar WC is generated for
p = 0 = e, in which case the matching condition is given by Ci}\lff =3/(2A3%). The

last case is p = e and o = U, 7, which gives rise to both the scalar and tensor four-
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fermion interactions, with Ci}\lff = 4C€ ;\I,ZR = Cinie/2. As before, the scalar and ten-
sor WCs may be matched separately as |C€}5§ =1/(2A%) and \C‘T;\I,Qf | =1/(8A%) if
the sensitivity is cross-section limited. Then the scale of new physics can be related

to the operator coefficient as Cjyj, = 1/A%, with A* = AL+ AF.

Another VSMEFT operator with a more involved matching is the d =7 Q.
This induces both effective W* and Z interactions in the Majorana case, with the
matching condition W = —2Z8, = —3Cy;1/(2v/2). Unlike in previous cases
where multiple low energy WCs were induced by a single VSMEFT operator,
here the contributions are not individual and in fact the interference needs to
be considered. Since for the d = 7 operator coefficient Cy;; = 1/A3 and using
Wk =v3/(2V2A3,) and |ZRy| =13 / (4v/2A3), we see that the scale of new physics

depends on both processes

6WZ 2(ATWZ
AS = AS, (1 —m) +A§(1 +m) (5.24)

where 6y, 67 and Gz are the W+, Z and interference mediated cross-sections for
the process e™e™ — VN(7), respectively. Similarly, the operator Qg;| contributes to

both WAL, and ZéN. This operator is therefore treated similarly to Qpyq.

5.7.4 SMEFT Operators atd <7

Besides the operators inducing interactions involving one or two HNLs, SMEFT
operators without any HNL content can also give rise to processes at the EW scale
which generate effective operators. Depending on whether they interfere with the
SM process e"e™ — vv(y), the results on the WCs |G| need to be recast differ-
ently. Below we discuss these various operators. It should be noted, that operators
involving S cannot lead to processes with vv in the final state, and therefore the
operators in Table 3.2 do not contribute. Since there are no HNLs, the difference
between the Majorana and Dirac cases is simply the presence and lack of LNV op-
erators, respectively. Thus, the operators Q;;.pz and Q.yp (the only operators in
Table 3.1 without any N fields) vanish in the latter case and the associated results

are understood to only apply in the Majorana scenario.
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Figure 5.16: Maximum reach to the scale of new physics A for the d =6 and d =7
VSMEFT operators involving the active neutrinos, inducing e™e™ — vv(y).
For each operator, the FCC-ee sensitivities from the mono-y plus ¥ search are
shown for p = o (left) and p # o (right). The mono-7 plus £ constraints from
LEP are shown as black striped bars.

The maximum reach of the d = 6 and d =7 SMEFT operators which contribute
to the process e”e~ — vv(y) are shown in Fig. 5.16, again for the two centre-of-
mass energies /s = 91.2 GeV (darker) and /s = 240 GeV (lighter). Since there
are no HNLSs that can decay to produce a DV signal, only the mono-7 plus £ search
results are shown. As before, the existing LEP constraints are shown as black striped

bars.

Starting with the d = 6 operators, we note that they can be separated into two
groups, depending on what they induce at the EW scale: four-fermion contact op-
erators and vertex corrections. For the former, the operators of interest are Q;; and
Qy., which at the EW scale induce the vector four-fermion effective operators, with

matching conditions of the WCs

cr=cy +cy, CVER=cC, . (5.25)

poee poee eepo poee poee

For off-diagonal indices, i.e. p # o, there is no interference with the SM. In the
case of p = o both Cj; and Cj, interfere with the SM Z exchange diagrams (due
to the structure of the propagator in Eq. E.15, the interference vanishes at the Z
pole). For these indices there is no interference with the SM W exchange, as

the initial and final states are not flavour matched. For the case p = 0 = e on the
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other hand, interference with the SM W¥ exchange occurs for Cj; (for C;, again
only interference with Z exchange, since W* does not couple to RH electrons).
The previous results can be recast straightforwardly using the matching relations
for the cases where there is no interference with the SM. For those coefficients
which do interfere, the coefficient-independent cross-sections are equated, similarly
to Eq. 5.23 but now also including the interference term. Then, as before, the FCC-
ee results can be recast by setting C; to the maximum reach and solving for C;. In

the case of the LEP bounds, C; is instead set to the maximum LEP reach.

The second class of d = 6 operators are those that result in vertex corrections,
Ql(,_l1 l) and QSZ) by contributing to the Z and W interactions with two light neutrinos.
The Fermi constant is shifted by QSI) through its contribution to the process = —

e~ V, vy which is used to determine the value of Gr, as

L r6), -0

where G = 1.1663787 x 10~> GeV ~? is the experimentally determined value. This
in turn will also shift the deviations in Eq. 5.6 as well as the Z — e couplings and
the QED constant, e. The rescaling procedure therefore needs to be carried out with
cross-sections that take these shifts into account. The resulting maximal sensitivities

are shown in Fig. 5.16.

Finally, we discuss the d =7 SMEFT operators Qy;j.z and Q;.gp. These do
not cause interference with the SM and therefore the matching conditions are given

by

S 1 1%
Coek = —V2v (CllleH + EcllleH) . CNE = ——Cutent

poee ee{pc} e{pec} poee 4\/§ elpeo]
2 v
SWERpe = ——=Crenip - 5.27
V2 [ \% ]Pe \/z legD ( )

The brackets around the indices depend on the symmetry properties. The curly
brackets are around symmetric indices, while the square brackets are put around

the anti-symmetric ones. As can be seen from the above matching relations, the



5.7. Operator Matching & Discussion 221

coefficient Cyj.p gives rise to both scalar and tensor four-fermion effective inter-
actions after symmetry breaking. When both Cﬁ’eLL and Cg;LL are non-zero, the Ag
and A7 reach of the coefficient is found individually using the above matching, and

translated to the scale of new physics via iy = 1/A%, with A® = AS + AS.



Chapter 6

Conclusions

Although the SM is one of the most successful theories in modern physics, it does
not predict nor does it explain light neutrino masses. Sterile neutrinos — hypothetical
right-handed singlets under the SM gauge group — appear in numerous extensions of
the SM, as they can not only explain the origin of the light neutrino masses, but also
serve as dark matter candidates or explain the baryon asymmetry of the universe.
Given their ambiguity and versatility, it is essential to study sterile neutrinos in a
model-independent fashion, for which the overarching framework is provided by
the SM effective field theory extended with sterile neutrinos (VSMEFT). Two such
approaches form the basis of this thesis. The first are single beta-decay experiments,
which are the only model-independent direct probes of the absolute neutrino mass
scale and potentially allow searches for keV-mass sterile neutrinos. The second is
the phenomenological study of VSMEFT in the context of the FCC-ee, where the
possible new interactions involving GeV-scale sterile neutrinos are parameterised

by effective operators in a model-independent fashion.

In Chapter 4, the next generation of f3-decay experiments employing cyclotron
radiation emission spectroscopy (CRES) technology combined with the use of
atomic tritium was introduced. The sensitivity of such experiments to keV-scale
sterile neutrinos and sterile exotic currents was estimated. Currently, the active-
sterile mixing angle in the relevant portion of the parameter space is constrained
by direct B-decay searches, with upper bounds of the order |V,y|?> ~ 1072 — 1073,

Having studied the effect of the presence of a sterile neutrino on both the energy and
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angular spectra of the emitted electron, we conclude that CRES-type experiments
have the potential to reach sensitivities of [V,y|> ~ 10~7 — 1078 in the sterile mass
range 1 keV < my < 18 keV for a total exposure of Ny, = 10'® events. Besides
mixing with the SM light neutrinos, sterile states may also be produced directly via
exotic charged currents with structures different from the SM V — A. Again, the im-
pact of these sterile exotic currents is assessed on both the energy and angular spec-
tra, with both sensitivities depending on the sterile mass. The constraining power is
maximal for my ~ 10 keV, with maximum reach to the scale of new physics around
A ~ 50 TeV and A ~ 30 TeV for the energy and angular spectra, respectively. At
this mass of my ~ 10 keV, the angular spectrum is less sensitive than the energy one,
as the mass of the sterile neutrino serves to wash out the angular correlations, while
the distinct kink produced by the sterile neutrino in the energy spectrum results in
noticeable difference compared to the SM. Therefore, future 3-decay experiments
have the potential to constrain such sterile exotic couplings via the electron energy
spectrum, while measuring the angular correlation is still useful, as it can serve to

distinguish the origin of a detected sterile neutrino.

In Chapter 5, a phenomenological analysis was performed, studying the sen-
sitivity of the FCC-ee to the active-sterile mixing and EFT operators mediating
the production and decay of GeV-scale sterile neutrinos using events simulated in
MadGraph. The analysis of the monophoton plus missing energy (mono-y plus
F) and displaced vertex (DV) searches was performed for the two centre-of-mass
energies of /s =91.2 GeV (£ = 100 ab—!) and /s = 240 GeV (£ =5 ab™ 1), con-
sidering both Dirac and Majorana sterile states. The active-sterile mixing angle was
probed using the mono-y plus ¥ search with a single Dirac HNL, in the context of
both inclusive and exclusive searches. The resulting bounds for both /s values lies
almost completely within already excluded portions of the parameter space, reach-
ing mixing values of around |V, ~ 10~* and |V, ~ 1073 for /s = 91.2 GeV and
\/s = 240 GeV, respectively. Due to the plentiful existing bounds with regards to
the electron-flavour mixing, it is instructive to explore the potential sensitivity of

the FCC-ee to the low-energy operators induced by VSMEFT operators with d <7,
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which in general are constrained to a lesser degree. The operators of interest are
those that give rise to effective four-fermion and effective Z and W interactions.
Therefore, the effective four-fermion scalar, vector and tensor and the effective Z
and W interactions were analysed in the context of double HNL production, for
diagonal as well as off-diagonal couplings, also considering various mass-splittings
between the two sterile states, in the limit of V,y = 0. The resulting constraints
obtained for each WC were then matched to the corresponding VSMEFT operators
and the maximum reach translated to a lower bound on the scale of new physics,
A, for the processes ete™ — NN(7y), Nv(y) and vv(y). The results for the op-
erators contributing to HNL pair production, i.e. the process ete™ — NN(y), are
summarised in Fig. 5.14. Of these operators, overall, sensitivity is greater to the
d = 6 operators than the d = 7 ones, as the latter are suppressed by an extra power
of the new physics scale in the denominator. While the mono-y plus £ searches
for the d = 7 operators Q.;ng and Q;n.m (alongside Q.;syg and Q;sy.m in the Dirac
case) are only around A ~ 600 —900 GeV, the sensitivity of the FCC-ee tothe d =6
operators Q.n, Q;ny and Qgy (as well as Q.s, Qs and Qys in the Dirac case) for
the same search are probed with A ~ 1 —2 TeV, which is a roughly 5-fold improve-
ment over the existing LEP bounds. The difference in sensitivity is even larger
for the DV results. While these searches are able to place lower bounds around
A ~ 20 —30 TeV for the same d = 6 operators, in the case of the d = 7 ones this
range is only A ~ 3 —35 TeV. The results for the operators contributing to the sin-
gle production of HNLs, i.e. the process e*e™ — NVv(¥), summarised in Fig. 5.15,
follow a similar pattern. While the mono-y plus £ (DV) searches for the d = 7 op-
erators probe A ~ 600 —900 GeV (A ~ 5 — 10 TeV), for the d = 6 operators they
reach A ~ 1 —2 TeV (A ~ 20 —40 TeV). For the former, this is again a four- or
five-fold improvement over the existing LEP bounds, while for the latter it would
set the first bounds in the yet unconstrained parameter space. Lastly, there are the
operators contributing to the pair production of light neutrinos, i.e. e e~ — vv(7),
for which the results are summarised in Fig. 5.16. Those operators which interfere

with the SM process result in enhanced sensitivities, probing operators QSI) and
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QSI) ,up to A ~ 40 — 60 TeV. Those operators without SM interference, Q. and
Qrerip, have considerably lower reaches of A ~ 0.6 — 1 TeV. Both the interfering
and non-interfering operators have the potential to be probed at the level beyond
current exclusions.

This thesis has attempted to show that the next generation of experiments will
have great potential to probe new physics in the neutrino sector. CRES-type tri-
tium beta-decay experiments being developed currently are expected not only to
measure the absolute neutrino mass and determine the mass ordering, but also to
push into unexplored territory by constraining keV-scale sterile neutrinos and ex-
otic charged-current interactions. Dedicated searches such as TRISTAN [179], the
planned KATRIN extension, will directly search for sterile neutrinos in the keV
range, while KATRIN itself is well suited to look for light sterile states in the eV
mass range [289]. At the high-energy frontier, the post-LHC era will likely be de-
fined by the FCC, operating with unprecedented precision and energies. The poten-
tial of this future collider cannot be overstated, not only with respect to the neutrino
sector, but the entirety of particle physics. The FCC will be able to perform preci-
sion measurements, constrain parameters as well as probe new physics, such as the
model-independent EFT operators involving GeV-mass sterile neutrinos discussed
here.

Despite its remarkable success, the SM leaves fundamental questions unan-
swered, many of which are rooted in the elusive nature of neutrinos. With a broad,
multi-front experimental program — from oscillation and reactor experiments to
colliders, direct kinematic searches, and cosmological and astrophysical observa-
tions — neutrino physics now stands at the threshold of a new era, one that could
both complete our understanding of the known neutrino sector and perhaps reveal
the first clear glimpses of new physics through its study. Exactly what exotic physics
lurks beyond the SM is unknown, but it is certain that neutrinos will play an exciting

and instrumental role in propelling particle physics into the realm of new physics.



Appendix A

Pedagogical Single Generation Type I

Seesaw

In the Type I seesaw model, three generations of right-handed ’sterile’ neutrino
singlets are added to the SM. These states are completely uncharged under the SM
gauge group and therefore do not participate directly in any interactions, hence their
name. Similarly to the simple Dirac approach, this will also result in the usual Dirac
mass coupling the left- and right-chiral light neutrino components, however, in this
case the sterile neutrinos are given a Majorana mass term. Doing so results in the

Lagrangian
I | , .
'CSeesaw | £SM - Zy,ij CDVIJQ + 5 ZMijV;éTCVI]-( +h.c. (A.1)
ij ij

where i, j = 1,2,3 are the indices iterating over the three generations of SM lepton
doublets and right-handed sterile neutrinos and M;; is a 3 x 3 Majorana mass matrix
for the sterile neutrinos. After symmetry breaking occurs, the seesaw contribution

to the Lagrangian becomes
| T
Lseesaw 1 = —IZj,mgVivfg—l- Elzj"MijV;é CVIJe—Fh.C., (A.2)
which can be expressed as

Lseesaw 1 = I’lz MC ng (A.3)
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where we have defined the vector

vi
m=| " (A.4)
v]e"c

and the 6 x 6 mass matrix, M, in block form is

0 mp
M = (A.S)

(mp)" M

1.e. mp and M are 3 x 3 Dirac and Majorana mass matrices, respectively and the
zero entry is in fact a 3 X 3 matrix containing only zeroes. As before, the next point
of business is to find the mass eigenstates by diagonalising the mass matrix. Since
the dimensions of M means that there will be six mass states in total, it is more
instructive to focus on the two neutrino scenario where the particle content solely
consists of vz and Vg, i.e. one active SM neutrino and one sterile neutrino. Then

the diagonalisation requirement is
Ur MU=M (A.6)

where M’ is the diagonalised matrix containing the masses

M = . (A.7)

The elements of this matrix have been labelled in anticipation of the neutrino con-
tent for each mass, with v denoting the active light SM neutrino and N the sterile

state. To this end, we consider U to be a two-dimensional rotation matrix

cos O —sin 6
U= (A.8)

sin O cos 0
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which can be used together with its transpose, as shown in Eq. A.6 and the method
of block diagonalisation to find the matrix M’, which is approximately diagonal in
the limit M > mp, known as the seesaw limit. Solving the characteristic equation

leads to the general mass eigenvalues

1 / 1 /

which in the seesaw limit after a perturbative expansion in 5?2 becomes

2 2
m m
mvz——D, my ~M+ -2 (A.10)

to first order in the expansion. Thus we see the appeal of this mass generation
mechanism: since m, and my are inversely proportional, the light neutrino masses
are naturally explained by a heavy Majorana mass for the right-handed neutrino.
If the Yukawa couplings are of order one and M ~ 10'* GeV, the resulting light
masses are my ~ 0.1 eV, consistent with experimental constraints.

In the one neutrino generation case and working in the small-angle approxima-
tion (cos 8 ~ 1 and sin 0 ~ 0) the flavour eigenstates appearing in the Lagrangian
can be related to the mass eigenstates, v and N for the light SM and sterile neutrinos

respectively, via the matrix U, yielding the relations

v, =cosOv —sinON ~ v — ON
(A.11)

Vg =sinOv +cosON ~ N+ 0v.

It is very interesting to note that the interaction eigenstate vz, in fact contains a small
sterile components, while Vg is in fact not completely sterile, as it can couple to the
SM via its small v content. Although the admixtures are present, it should be noted
that they are suppressed by the mixing angle 6, which in the seesaw limit assuming
the same values as before is around 0 ~ 10~'2. Furthermore, a major consequence
of this mechanism is that while the left- and right-chiral components are coupled
by the Dirac mass, mp, the resulting mostly active SM-like mass state, v in fact

acquires a small but non-zero Majorana mass, my, as can be seen in Eq. A.10.



Appendix B

Continuum and Excited State

Emission in Tritium [-Decay

Beta-decay neutrino mass measurements rely on precise knowledge about the end-
point of the B particle distribution and therefore its energy. It is thus crucial to
take into account the fact that the orbital electron of the tritium is in principle in-
distinguishable from the outgoing f electron, meaning that quantum mechanical
exchange between the two electrons may cause the originally emitted 8 particle to
become orbitally bound, while the daughter electron ends up in the continuum. Ta-
ble 4.2 shows the energy gaps separating the different excited states available to the
atomic electron alongside the associated branching ratios (transition probabilities).
Also shown are the population probabilities for each energy level in the zeroth order

sudden approximation !

Therefore, the full decay rate needs to be a sum over the decay rates to each
excited state and the continuum, where each of the constituent rates has its own

shifted endpoint. This is done by shifting the effective masses for the tritium and

'For a rapidly changing Hamiltonian, i.e. 1, —t; ~ 0, (b|U(t2,11)|a) =~ (b|a), where U (t2,t;) is
some transition function depending on time #; and a later time #,. Hence, the transition probability
is [(B|U (12,11)]a) > ~ [(Bl|a) .



230

helium by including the electron and its binding or kinetic energy,

E™(n), my — my — Ry, mye — mpe +m, — 4Ry, /n*, n=1,23,...,
EMX

EMX(1), my — my — Ry, Mye — Mye +me +4R, /7%, T= —2a/k,

(B.1)

where R, = 13.61 eV is the Rydberg energy [290] and with the top case being to a
helium bound state and the bottom being to the continuum. Combining these terms
with the appropriate weightings gives the full decay rate over all possible bound and

continuum helium final states [291],

dlfan o, dl s(n—2)""* a*(1) (n—2)"2
=) 2 EM 256 —lbn————ua
dE, El aE, B () { L PG PTa R g2y )
1 (% dt' dU 2nt
p WFCI—Ee(EZMX(T/))m [o? (1) — a(T)a(T') + & (7')]
(B.2)
where
2
(1) {% t ( 2)} i (B.3)
a(t) =ex arctan | —— — |, .
P T 1+472
and T = —2a /k. In the first line of the expression above a sum is performed over the

bound energy levels available to the electron, while the second line is responsible

for integrating over the continuum energies for an electron that escapes.



Appendix C

Full Analytic Expressions for Tritium

Differential Decay Rate

Below the individual sterile exotic contributions ax (E,) and bx(E,.) to a(E,) and
b(E,) are presented alongside the interference terms. In the expressions, yy is given
by Eq. 4.24 with the replacement m, — my in Eq. 4.25, yy is given by Eq. 4.39

with y; — yy and my — my and uy = (my + mye) /my.

C.1 Individual SM and Exotic Contributions

Vector Currents LL, RR, RL, LR The SM contribution (LL) is related to that of ég

(RR) by using 5 — —7s (and § — —S). This has the same energy distribution and
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reverse angular correlation,

arr(Ee) = agr(Ee)
~ M Ip | —
= C(E,)— ey
5 [ mu(myg — E)mHEe—m%

{ (gv+ga) l o s (N+Lvmy) (Vv +UNmHe) — — 71—
my, my, 3mi,

2
H
+(gv— gA) E, (yN-i-mN—He) +(8/2;—g%/)mHe—ze()’N+uNmN)},

bri(E.) = —bgrr(E.)

= —C(Ee) 2 - 1PN
my,
myg(myg — E,
X { {(gA —gv)zmH + (gfx _g%)mHeM
my,
mymny my
+ (4 —g%/)—zeEe +(ga +gv)2—2(0‘ —my)
m m
12 12

my(myg — E,
(yN“‘.uNmN)%l (VN + tvmy)
2 12
1 m3(my —E,) _
7 (84 +gv)zwmz : (C.2)
3 mi,

2
2 My

—(ga+gv) 2
y

—(8a—gv)’mi —

The contributions related to &Y (LR) and €} (RL) can be obtained from the SM
(LL) terms by applying g4 — —ga with an additional S — —S for the right-handed

lepton term,

arr(E.) = arr(E.) = arr(E.)(8a — —8a), (C.3)

bir(Ee) = —brr(E.) = —brr(E.)(ga — —8a)- (C4)
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Scalar Currents

1 o~ m%|Pe| —
as(Ee) = ag(E) = L GC(E) "5

my,
myE, —m? 1m2|5.12
X Q (mie +mp — Eo) == (yn+ tiymy) = 5 H—‘fe‘ W
my, mi,
—E E, —m?
_mH(m}; o) T o+ wmy)? (C.5)
Mya mi;
bs(E.) = bs(E.) = 0. (C.6)

Pseudoscalar Currents

1 mig|Pe| —
aP(Ee) = aP(Ee) = Egl23 (Ee) H2 :
12
mypkE, — 1 Pe|” —
x{—(mHe—mH+Ee) 62 e(YN+HNmN)—§ H‘4E| ?
12 12
B ( ! e) 62 e (yN+,LleN) , (C7)
my, mi
bp(Ee) = bp(Ee) =0. €8
Tensor Currents
ar(E.) = ay(E.) =
~ 2 | Pel | my(my — E) myE, —m
= 16C(E,)gr— 5 2 2 (v +Hymy) (3yn + 2ZUnmie + yvm)
iy 2 2
1}7’[2 1—5 2N My, mHE —m2
_#W%zb} N +my— | =2(my — E.) (yn+Unmy) ——5—= |,
3 mj, my my,
(C.9
bT<Ee) = _bT(Ee)
2 —
_ my - o~ [ mu(my— E;) my|pe| —
= 16C(Ee)g2T—2H!Pe|2)’N [g 2 2 N
myE, —m mykE, 2m3
4 (2+ B mn(yw + ) — —ot — N ) (yN+#NmN)]
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C.2 Interference Terms
Vector Currents: (LL) with (LR)
_~ my|pe| - 2 2 2, 2
arLir(Ee) = C(Ee)memvm—zy 2(gx — gv)mue + (ga+8v) (mu — E.)
12
my(myg — E
—<g§+g%>M(y+umv>}, (C.11)
my,
~ Ly M ~ m
i1 1r(Ee) = —C(Eo)gagymemy e 5 [1 - —2H<y+umv>}  cw
my, my,
Vector Currents: (LL) with (RL)
~ m .
arLre(Ee) = —C(E,) H|2pe|
my,
my(my—E,) myE,—m m¥| Pe|? -
X {(gi gv) { ( : d 5 e(y+umv)(y+umHe)—Lf|y2
my, my, 3mi,
m myE, —m?
+(ga—8v)Ee (ymv He) +(ga+8v ) mHe (%()*va)) } ,
my mi,
(C.13)

~ my, .
brrri(Ee) = —C(Eo)—5-| e[’y
mi,

my mH—E MMy
x { {(gi—g%)mﬁﬂt(gfﬁg%)mmgﬂ Atey :

2 8A +gv) 2 Ee
nmi, mi,
2 2 \MH 2 2 o My my (my—E,)
+(ga—8v)— (a@—mg)—(ga—gv)— (v+umy) ——————=| (y+umy)
my, mi, my,
1 m (my — E,)
—(gh—gy)my— 3 (&h—gv) = TV . (C.14)
12

Vector Currents: (LL) with (RR)

2 1=
~ miy|Pe| ~
() = ~ClEmom, "B [<z<g%; + 8} )me+ (6 — 3 (i — E.)
12

mH(mH—E)
—(ga—&v)———=(y+umy)|,
mi,

(C.15)

I
e

brr rr(Ee) (C.16)
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LL with Left-handed Scalar Current

~ my|Pe| -
arz.s(Ee) = C(Eo)gsgym, "Pel 5
my,
- F
x {mH <1 + —mHe(mI; e)> (y+ pmy) —m%} :
my,
2 1= 2
~ miy | Pel” -
brrs(Ee) = —C(E.)gsgamemue—- | 62’ Y+ pumy).
my, mi;
LL with Right-handed Scalar Current
~ my ]_5 ~
ary 5(Ee) = —C(E)gsgymy ™17
mi,
myE, — m?
X (mH +mHe)Ee - mg - mH# (er.Umv)} )
12

[Pel® [ iy

bLL.S(Ee) = _G(Ee)gSgAva—zy —2(y+ wmy) — (myg —I—mHe)] .

mi, LMy,

LL with Left-handed Pseudoscalar Current

~ my|pe| -
arrp(E.) =C (Ee)ngAme¥y
12

x [mH (M};_E‘e)—l) (y+umv>+m%},

mi,
~ m%l ‘ﬁe|2~
brrp(Ee) = —C(Ee)gpgvmemue— ——>—y(y + fmy).
mi, my,

LL with Right-handed Pseudoscalar Current

~ my|Pe| -
a1, p(Ee) = C(Ee)gpgamy—5=7
12

2
mygeE. —m
X (mH_mHe)Ee_mg_mH%()"f‘va)]7
12

~ ’ﬁe’2~ mIZ—I

by p(Ee) = C(Ee)gpgvmymu—s—y | —- (v + umy) — (mp — mHe)] :

my, LMy
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(C.17)

(C.18)

(C.19)

(C.20)

(C.21)

(C.22)

(C.23)

(C.24)
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LL with Left-handed Tensor Current

~ m n .
ar (o) = —12C(E)grm ™1 Pel 5
my,
MmMye\My — E
[ G+ ™D (g 1)) (5 ) (e =

12

(C.25)
~ mZH |ﬁe|2~
brir(Ee) = 12C(E,)gr(8a + gv)memue—-———y(y + Hmy). (C.26)
my, my,
LL with Right-handed Tensor Current
~ m 5 ~
aLL.,T(Ee) = 12C(E,)grmy H|2Pe|y
my,
mykFE, —m?
X {(gA +8v) (mHEe —my — mH#(y + umv)) +(ga _gV)mHeEe] ;
12

(C.27)

A |ﬁe|2~

by 7(Ee) = 4C(Ee)ngvam—2y

12

m2
x [3<gA — gy e+ (g4 + g )mi — (g4 +8v)m—2H(Y+HmV)] (C28)
12



Appendix D

Operator Matching

In the analysis, the WCs of the EFT operators at the EW scale, O; were constrained.
These need to matched onto the VSMEFT operators Q; in Tables 3.1 and 3.2. The
relevant matching conditions for the four-fermion effective operators in Egs. 3.105
and 3.108 are given in Table D.1. The matching conditions for the effective W+ and

Z interactions in Eqgs. 3.106 and 3.109 are given in Table D.2.



238

Vector Four-Fermion Operators

. Parameters .
Operator |Coefficient Matching (X = R,L)
Total CP-even
V.IX V.LX 2.2 |1
Ove Cve nyng |shvne(nyn.+1)]  Cy ,Cy +Cy
prst prst prst stpr
V.RX | V.RX 2 2 v
O, C 2nyngn nyngn —2C —2C
vNe \;]Xre vlhigh, vhgh, V2 e]g\tlrl[{I T2 Uv\ﬁ,{{
V,RX VRX 22 |1
Oy, Cy ning | sngne(ngne +1) Cen ,Cin
prst stpr stpr
V.IX V.IX 2 2 v v
O, the| C  |2nyngn; nyngn; 73 Cesin - \fClSlH
prst tsrp tsrp
V,LX V,LX 202 |1
Og, Cy, ngn; znsne(nsne—l-l) C. ,Cis
prst stpr stpr
Scalar Four-Fermion Operators (+ h.c.)
. Parameters .
Operator|Coefficient Matching (X = R,L)
Total CP-even
SIX S, LX 2|1 2
Oy 1Cy ny(ny +1)ng|5ny(ny +1)n;| 0, ﬁ (Cuttets + 3Cutent)
prsz rt{pr} s{ptr}
S.RX S,RX 2 2
OvNe CvNe znvnsne nyngsn, ClNle + ClNle ) 0
prst prst srpt
S,RX 1 S, RX 201 2
Oy C ns(”s + 1)” _ns<ns + l)n 5 =CiNer INH
Ne prsz ¢ ¢ 2\[ v{per}t ’ \[ eSfPV
S,RX S,RX 2 2
O, Ca, 2nyngn nyngn —_C,
SNe é‘)])\;e vitsite Vvitsite 2\[ ng[\{re;H ’ \f el.YS;%H
Tensor Four-Fermion Operators (+ h.c.)
i Parameters )
Operator|Coefficient Matching
Total CP-even
T,LL 1 ~T,LL 2[1 2
Oy 5Cve |ny(ny — )ng|5ny(ny — 1)n; SmeeH
prst s[ptr]
T,RR T,RR 2 2
O Ne CiNe 2nyngn; nyngn, ClNle
prst srpt
T, RR 1 ~T.RR 201 2
Oy 7CNe ng(ng—1)ng | sns(ns— 1)n SfClNeH
prst slprit
TRR TRR 2 2
OgNe Cone 2nyngn; nyngn, SfClSNeH
prst sprt

Table D.1: Matching between the vector (top), scalar (centre) and tensor (bottom) four-
fermion interactions and the d <7 vSMEFT operators.
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Effective W Interactions (+ h.c.)

P t
Operator Coefficient aramerers Matching
Total |CP-even

OveW’ OveW [W\ﬂpra [Wf]pr 2nvne nyne 5pr +v CI('-II) ) _2\[CleHD

2
ONew> Ofew |Watlprs (Wil pr| 285 | s VTCHNe ; —zf Can

OSeW [WSL ] pr 2ngne | ngne fCSll

Effective Z Interactions

Operator |Coefficient Tot:lararéllilesen Matching
0%, Z5) pr ny %"v(”v +1)|g 5pr — —( I(,’,;!) Cgl))
Ofvz+he| [Z8]pr [2nvng  nyn ™G (CN,1 + 2C]\£[,)2)
OJIS/Z [Zf@] pr ”g %”sms +1) - 7CHN
Ofsz (Z5slpr [2nvns|  nyns - 4?6 (Cs it + 2C§lz)
05, Z§)pr | n3 |gns(ns+1) —7(71;1;

Table D.2: Matching between the effective W* (top) and Z (bottom) interactions and the
d <7 vSMEFT operators.



Appendix E

HNL Production Cross-sections

Here we give the analytical cross-sections for the processes e e~ — vv(7y),eTe™ —
VN(y) and ete™ — NN(y), which can generated at the EW scale by the VSMEFT
operators listed in Tables 3.1 and 3.2. We work in the Feynman gauge and use the
Feynman rules from Ref. [292] to treat the Majorana fermions. The starting point

is the general process
Zéﬁg — Y NiNj(y) (Majorana), (4l; — Y NiNj(y) (Dirac), (E.D)
i<j i,

where the four-momenta are given by pg + pg = pi + p;. The fields label Ni=v;
for i = 1,2,3 and N; 3 = N, for i = 1,...n;. In the Dirac case, V; are massless
Weyl fermions and N; are Dirac fermions. In the Majorana case, both v; and N; are

Majorana fermions.

The differential cross-section for the 2 — 2 scattering (without the photon) at
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leading order (LO) is given by
do 1\ 1 &
=) — A2 2 m2
dce (2) g & A )

(mg_m§)2 k(s,m?,m?)z V.RR|2 V,RL|2
| (1 T ERG ) (L )

s ijop ijap
2 2
m; +m; 2 2
(1P (I a3
s ijap ijop
2 2 2 2\2 2 2
m: +ms  (m; —m; A(s,ms,m5
—|—16( i ]_( i > ]) + ( 21 J)C%)|Li’/’1:R’2
S S S /.
ijaf
4ml~mj

VIR ;V.RR% ;SR ;S,RR%
RC[ZLNe L/\/e _L/\/e LNe }

ijap  ijap ijap  ijap

1
242 (s,m?,m?)
MG M V.RR |2 V,RL|2 S,RR ; T,RR*
+ s CG(‘LNe _lLNe _4R6[LN€ L/\fe ])1
ijap ijaB ijaf  ijoap
+(L+R), (E.2)

with ¢y = cos 8, where 6 denotes the angle between the EE and NV;, A(x,y,7) is
the Killen function and s = (pg + Pﬁ)z =(pi+p j)2 the centre-off-mass energy.
For each of the terms, another term with L and R swapped needs to be added, as
indicated by (L <> R) at the end of the expression. The factor of 1/2 in brackets is
applicable in the Majorana case, to compensate for the double counting inside the

sum.

For the Dirac case, the coefficients appearing in the above expression are given

by

V.XX _ VXX X X XX

Ly, Dirae — N +XZ[ZN]ij[Ze]a/3 + xw (Wi ]ijaﬁa
ijap irac ijap

VXY — VXY +%Z[ZX Ji .[ZY] gy nmim,; [WYY]”
N o = oy R e lap 20537 WA Jjep
XX _ SXX aimj . xy

L > = » + _J W ..
;/j\éf; Dirac ljj\éf; XWZ 2 [ N LJ(XB,
S XY _ SXY oYX

L ’ f— ’ —2 W i1 9
%E Dirac i/j\él% XW[ N ]ljaﬁ
T.XX _ TXX aMiMmj . xy

L > = y _|_ W .. E3
i/j\lglei Dirac z’%[eﬂ W8 2 [ N ]Uaﬁ, ( )
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for X #Y =R, L, and using

WA lijap = WAis WA e (E4)
and
R ) L ] v o), A3)
[Ze ]aﬁ = gRéaB ) [Ze]aB = gLSaﬁ - E (CHI +CH1 ) ) (E.5)
af af

where g% = 52, and g¢ = —1/2+s2, with s,, = sin6,,. The coefficients in Eq. E.3

also make use of the propagator factors for the t-channel W+ and s-channel Z ex-

change
2 2
a_ 8 1 g 1
) ) =5 : E.6
%W 2 l‘é — M‘%V -+ ierW Xz c%} s _M% + iFZMZ ( )
respectively, with tq = (p; — pa)>.
In the Majorana case, the coefficients are given by

V.XX _ VXX BMim; vy

Ly =LY — WA ..
%fi’ Maj ,’/j\éf; Dirac WQM%V [ N ]/laﬁ ’
V.XY _ VXY B YY
iJJ'\(/X’E Maj ,»/j\éf; Dirac XW[ N ]ﬂaﬁ ’
SXX _ 1 SXX gmim; vy

Ly =LY + Wi 0B
Ne Imaj e IDirac X 2M3, WA Ljiap
SXY .S XY B YX

Ly =LY 2P WA .
P Ivaj — %6 Dirac 2w W jiap
TXX _  TXX gMim; vy

Ly =Ly - WAl E.7
i%/ea Maj 5 IDirac Xw 8M32, (WA jiap » (E.7)

forX #Y =R, L.

In order to compute the total cross-section, we note first that we take the ['yy <
My limit, so that the complex part of the 7-channel W* exchange is neglected and
the propagator simplifies to 1/(t — M32,). Then, the differential cross-section in

Eq. E.2 is integrated over the range [-1,1] for cg. Thus, the total cross-section at LO
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in the Dirac case is

S) |Dirac 19277:

122M4 .
><{9GF W(Féf\

2 i7 2
2 Wi jas) ™+ Gy [ WA e | )

+4<1 _mim <m2_m2>2> (ISP + L )

2s 252 ijof ijop
mzz+m2 S,RR S.RL
31T (g )
S lj(X U(X
2 2 2 2\2
m:+ms:  2(m; —m’
+m@+’ J—(’zﬂ)ﬁﬁw
S s ijop
12mim; VLR ;V,RRx _ 7 S,.LR  S,RRx
+ Re [ZLNe LNe _LNe L./\/e ]
ijaB  ijof ijaf  ijoB
48Gr My K ij 7V.RR VLR>
+ = WRe| ( B LR+ G L [WRR
s VW ,%B l/j\gsé N lijap
SRR ij +S.LR ij +T.,RR
+ (FU LNe +G.lS'jWL./\/e +F71"jWL/\/'e >[WN ]l]aﬁ‘H
ijap ijof ijop
+(L<R), (E.8)

where Gr = 1/(+/2v?) is the Fermi constant. Conversely, in the Majorana case, the
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total cross-section at LO is given by

1 O;i 1
= 1— Y \A2 2 2
()| g 19%;}( 2)/1 (s,m?,m?)

192G2M3, [ .
X {% (Fvy <‘ [W/I\Q/'R]ijaﬁ ‘2 + ‘[W/%/L]ijaﬁ |2>

ij 2 2
+ Gy (| WA + | WA )
o+ Fiy Re | W] o WA g+ WA jap WA |
Gl Re W40 Wl

2 imt (i m2)?
ral1= T ) (e )

2s 252 ijaB ijaB
2,2
m; +m; S.RR|2 S.RL|2
e CAR
§ ijop ijop
2,2 2 2\
m;+m5  2(m; —ms
+16( 1+ i j ( i ]> |LT,RR’2
s 52 Ne
ijap
12m;m; V.RR ;V.RR | yV.RL ;V.RL = ;S.RL +S,RR
B s Re[l’]\/’e LNe +L./\/e L/\fe +L./\/'e L]\/'e}
ijaf  ijBa ijaf  ijfa ijaf  ijBa
48GrM3, VRR [ -ij r/RR ij r7RR
+TRG LNE Fow Wi 5o — Gow WA Tiag
ija
V,RL ij LL i LL
+ L8 (G~ F W )
ija,
ij 7S,RRvx/RL ij 7SRL7LR
+ Fgy Ly, Wi [ijtaB +Ggy Ly, Wy Jijap
ijap ijap
ij +T,RR v, RL
+F;]¥1VLN§ [W/\/][maﬁH
ija
oo B, xex), (E.9)

where (Wi liinap = WA lijap + WA Liiap and (Wi lijiap = WA lijap —
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(W ]jiap- In both Eqs. E.8 and E.9, the coefficients are given by

V.XY VXY 7Y
Ly, =Cy, +xzIZX)ijlZd )ag
ijop ijap
S.XY S.XY
LNe _CNe ’
ijop ijop
TXX TXX
Ly, =Cp" - (E.10)
ijef ijop

The final line in Eq. E.9 indicates that for each term, an additional term must be
included with a <+ 8 and y <> x* in the coefficients in Eq. E.10. The factors F;j

and G;{ are given by,

ﬁ$:1+§%—%1+wﬂLﬁ+A%(L_U+Q£$2—Mj_@ﬂﬂ)’

Giy = % e +2£§;2 — A +A"2j<1 - +2£§;2 —Nij wijLij) ’

Filw :A’7<1 N lf;)(x)ij (i " % v +2(Zi(i))2 = _A%j)Lij> ’
Giw = 2(1 - l—fg)a)ij>Lij+Ai2j(1+ 1+02)a)ij (8_ (1+2a2)i£2_lij)Lij> ,

i 1—|—2(I),"2—A,"
GyW = _Aij<1 —2a),~j+2a)(l+ ( 420) ])Lij) ,

Fy = —Aij(1+30L;)
2
Gy = (14205 —20(1-43) )Ly,
i o (1+2a;)* =4
FTJW:SAZ']'<COZ'J'+§(1— 20 Lij ) (E.11)
where we define,
2 m2 2
mi m; Ftm m;m;
)'l]—l( T T)? (Dl]—a)_ 2 ) 1] ZM%/, (E 12)
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and,

1+20; +/Aij
Lij= T ”>, (E.13)

1
log(
\/Aij 1+2wij_ lij

for convenience.

Using Eq. E.8, we can calculate the cross section for the SM process W[; —
Y. vV, where the neutrinos are massless Weyl fermions with v;, = P.0p;V;. The SM
charged- and neutral-current couplings in Eq. 5.6 are inserted into Eq. E.8 and the
limit m;,m; — O taken. This yields
060 = S 0 (60 + 61)°) g+ 065 1455~ (1 + @) 10 (122
s 20 0]

+ 3328 ¢ Oup (3 420 —2(1 + ) log <1+Tw)>} ,

(E.14)
with @ = M%, /s and

5 s(s —M3)

= . E.15
(s = M3)2 + (TzMz)*’ X (s — M3)2 + (TzMz)? (E1)

X1 =

The first term in Eq. E.14 corresponds to s-channel Z exchange, the second to ¢-
channel W™ exchange, and the last to the interference between the two contribu-
tions. The cross section in Eq. E.14 is also applicable for light Majorana or Dirac
neutrinos with non-zero active-sterile mixing, as long as the PMNS mixing matrix is
approximately unitary. For non-zero EFT interactions, Egs. E.8 and E.9 provide the
leading interference effects between the SM and heavy new physics contributions

to the process ;¢ — Y vV, which we make use of in Sec. 5.7.

The expressions in Eqgs. E.8 and E.9 can also be used to compute the cross
section for the processes ({5 — Y;; ViN; (Majorana) and (3¢, — Y,;; ViNj+ V;N;

(Dirac) induced by the active-sterile mixing Von;. In both cases, the total cross
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section is

GFMZ

G(S ‘mlx Z‘VPN |

(1=y)2+y)x ((gk)*+(85)*) Sup
+6¢},(8ap + 8pp) (1 + ﬁ - (1 +o- yzf)L,-j>

+ 6285 ¢ 8 Oarp (3 +20—y;—2(1+0)(1+o —YJ)LiJ')] ;

(E.16)

where L;j = log[(1+® —yj)/w]/(1 —yj), and 1, x> are given in Eq. E.15. As in
Eq. E.14, the first and second terms in parenthesis in Eq. E.16 correspond to Z and
W+ exchange, respectively, and the last term to Z — W™ interference.

Finally, although the 2 — 2 cross-sections above are used for the DV searches,
the photon in the final state needs to be accounted for in the cross-section expression
used for the mono-y plus . These 2 — 3 cross-sections can be computed from the
total cross-sections o (s) in Egs. E.8 and E.9 as

Lo o1y 2 xS (E.17)

— B2’
b1 Xy 1 cy

dxydcy

where a = ¢?/(47) is the QED fine-structure constant, x; = 2E,//s is the fraction
of the beam energy carried away by the photon and ¢y = cos 6,, with 6, the angle

of the photon with respect to the beam axis.



N Decays

Operator ()™ <1 GeV? | (¢3)™> > 1 GeV? | (¢*)™> > M2, M3, M?
v NNN; NNN; NNN;
cr ot orX Nifglh Nifglh Ntz
Wilja Nitaly Nitlaly (TW
(EpP*)vE Cyud (04 ad)
NNN; NiNeN;
[Z\)ij Nitgt Nitatg Niz
NP /V0 Niqq

Table F.1: Majorana HNL decays induced by the VSMEFT operators in Tables 3.1, for
three different (g%)™ regimes.

Appendix F

HNL Decay Rates

Having considered the production mechanisms available to the HNLs, we now con-

sider their decay modes. The VSMEFT operators in Tables 3.1 and 3.2 that produce

the HNLs, may also mediate their decays. These decay modes are summarised in

Table F.1. In the case of the four-fermion effective operators, we assume that only

the &« = B = e WCs are present and therefore the only available decay channel

1S ./\/J — Nje~et. Additionally, the effective Z and W= interactions can lead to

the decay modes N; — Nily ¢y for a = p,7 and Nj — /\/}E&EE with o = e and

B = u,, respectively. Furthermore, in the case of Majorana HNLs, the channel

Nj — M@&E; with & = i, T and B = e is also available. Neglecting threshold
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effects, the decay rates for the above mentioned processes can be expressed as

N.m> .
s DNy iof V.RR |2 V,RL |2
TN — Nifafp) = 15360 [Il (}LNf | Jr|LNf |
ijop ijop

+%QL%?V+¢L%¥V)+1QQQ?F)

ijap ijaf ijaf
apBi V.LR ,VRRx L SR, SRR+
ijaB  ijofB ijap ijof
+(LR), (F.1)

for f = e = ¢ and the number of colors N, = 1. The above assumes that the HNL
mass much below the EW scale. In the above, Iiaﬁ = I (yi,Ya,yp) and I;X pi _

I; (ya,yﬁ ,¥i), where yx = my /m; and the functions /| (x,y,z) and I3(x,y,z) are given

by,
(1-2)?
Il(x7y7z> =12 é (l +Z2 —S)(S _x2 _yz)x'%(175722)2’%(‘9;)627)72) ;
(x+y)? S
(1-2)
B(x,y,z) = 241/( ; ?(s—x2—yz)l%(1,s,z2)lé(s,x2,y2). (E.2)
x+y

Furthermore, the coefficients in the decay rate expression are those in Egs. E.3
and E.7 for the Dirac and Majorana HNL scenario, respectively. Instead of using

the propagator factor of Eq. E.6, the limit

2 2

Xz

o
= — .

27 2 g2
2M2, 2 M3

w — — (F.3)

is taken, as we are assuming to be in the post EW-breaking regime with the heavy
mediators integrated out. This and therefore Eq. F.1 is valid for HNLs with masses

in the GeV range, i.e. the middle column of Table F.1.

max

In the same (g?)™** regime, the effective W* and Z interactions can also lead

to HNL decays to quarks. For the effective W™ interactions the induced process is
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Nj — lyupds, with the decay rate

5

Nem
] ocpa V.RL |2 V.LL |2 poo V.RL ;V, LLx
(N — L Mpda) 153673 [ (‘Le/\/ud‘ + ‘Le/\[ud > _13 Re [LeNudLeNud}} ’
ajpo ajpo ajpc  ajpo
(F4)
with N. = 3 and
VXL _

ajpo

where V' denotes the CKM matrix. The above decay rate is also applicable to the
process Nj — {iipds in the Majorana HNL case. For the effective Z this will lead
to processes N; — /\/,-qaq‘ﬁ, with the corresponding decay rate as given in Eq. F.1
with N, =3 and f = ¢, where o, 3 = u,c forg=uand a,f =d,s,b forg=d. In

the Dirac HNL case the coefficients are given by

2
VXY _ g

X Y SXY __ T,RR __
LNq = Z—W[ZN]U[Z(]](Xﬁ7 L/\fq :O, LN(] :O, (F6)
ijaB witzZ ijoB ijap

where [Z, ]a/g g#0qp and [Z ]aﬁ g7 8ap with gl = —252/3, 8% =1/2—252,/3,
g% =s2/3 and g¥ = —1/2+s2 /3. Conversely, in the Majorana HNL scenario, the
same coefficients are used but with the replacement [Z%/];; — —[ZF, Ji;- In order to
account for large QCD corrections to the decays involving final state quarks, the
decay rates in Egs. F.1 and F.4 are multiplied by the factor [293]

r hadr. o? ;
(7= Vet f‘r> 1+ +5 2—+264°‘—. (E7)
Zq F(T — Vet uq) |tree

1 + AQCD =

following the prescription of [221], with o, evaluated at maximum momentum

transfer.

Below the QCD scale, i.e. in the (¢2)™* < 1 GeV? regime corresponding to the
first column of Table F.1, instead of producing jets, the outgoing quarks hadronise.

In the case of the effective W this induces the decays Nj—=LgPTand N — LoV,
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producing charged pseudoscalar and vector mesons, respectively, with decay rates

G%f%m? Vag ?

DN =, PT) = e

Az(1,%,y3) [F(ya,yp) (| WRjal” + HWMJ'“P)

+dyaypRe| W Wil |
(E.8)
G} 1m Ve

TN — (V) = L

A2 (1,y20%) [G()’a;YV) (! W jal* + [W/Lv]jalz)

— 12yayfRe | WE ol Wi |

(F.9)

where F(x,y) = 1—y> =x*(2—x* +y%), G(x,y) = (1 =y*) (1 +2y*) + 2> (x> +)* —
2), and the pseudoscalar and vector form factors are defined via (0|gy,¥5q|P) =
ifppu and (0|gyuq|V) = ifymyey,, respectively. The values taken for these
form factors are given in Table IV of [294]. The lightest states are P+ =
{n* K*,D* D} and V* = {p* K**} and thus in the Majorana HNL case the
decay processes Nj — (5P~ and N — (LV ™~ are also allowed for the effective
W interaction, with the decay rates also given by the 2-body decay expression in
Eq. E8. In the same regime, the effective Z instead induces the decays \/; — N;P°
and \; — N;V? to neutral pseudoscalar and vector mesons, respectively. Here, the
states are P* = {7°, 1,1’} and V° = {p, @, ¢ }. The decay rates for these processes

are given by

0 _G%fgm; 1 2 2 R 2 L 2
TN = NiP°) = =225 (1,52 98 [F i) (12800 + 1260 7)
+dyRe| (21,125 ]| ®10)
G2 f2K2m’
TN = MV©) = =3 (1209) |Gl (1128 + 1250l

— 12y Re| 21112k 15|

(F.11)

where k, = 1 — 252, kp = —2s2,/3 and ky = —/2(1/2 —252,/3) [223].

The final regime is (g%)™>* > MVZV,M%,M,%, 1.e. when the vector bosons can be
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produced on-shell, corresponding to the third column of Table F.1. In such cases
the effective W and Z interactions can induce the decays N =l WHN; = NiZ
and N; — Njh, with decay rates

GFm3-
DOV = LW ) = =L 23 (105030) [ G0 w) (| W8+ W)

— 12yayiRe | WL jaWhlia| |

G m3 1
TG = NiZ) = 2023 (1,525 (GO v2) (1280 + 1280u°)

— 12ypdRe | [ZR2K5] | E12)

For (¢?)™* < M%, M2, the total HNL width in the Dirac case is

F-/vj }Dirac - Z r./\/i./\/k-/\_/l + Z F/\/}Z&KE

i<k, io,p
+) {917 Y Tppo+ 05 Y Tyypo+(1-05) Y FNiqaqﬁ}
i PO Vo o,f
+ Z {Qajzre;ﬁ + ®O¢jzregv+ + (1 = Og;) Z rz;upd},} )
o Pt v+ p.o
(F.13)
while in the Majorana case
Ly |Maj = Z CAinvn; + Z FN,[;@
i<k<I i,
+ Z {@UZFNI,PO +®UZFN1’VO +(1— ®ij) Z F/\anqls}
i PO 74l o,B
+2) [@)ajzrzam + ®ajzré;v+ +(1-0g;) Y, Feaupd}} )
o Pt v+ p,o
(F.14)

where we have used I'y = I'(V; — X) and the shorthand

N2
@abz@)(p%). (E.15)
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