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Abstract In this paper, we investigate the existence of sta-
tionary scalar clouds in the magnetized Kerr black hole back-
ground within the framework of Einstein–Maxwell theory.
We consider the dynamics of a massive, charged test scalar
field governed by the Klein–Gordon equation. Under the
assumption of a weak magnetic field, we demonstrate that the
Klein–Gordon equation admits separable solutions in radial
and angular variables. The angular equation reduces to a gen-
eralized spheroidal harmonic form, while the radial equation
can be expressed in terms of the double confluent Heun func-
tion. By analyzing the asymptotic behavior of the radial solu-
tion, we establish the existence of bound-state scalar clouds
characterized by a discrete mass spectrum. We further out-
line how the (quasi)bound spectrum can be extracted using
the continued-fraction method of Vieira–Bezerra–Kokkotas
(VBK).

1 Introduction

Black holes immersed in external fields provide a fertile
ground for exploring the dynamics of classical gravity, quan-
tum field theory in curved spacetime, and astrophysical phe-
nomena. Among such interactions, the behavior of scalar
fields around rotating black holes has been a topic of sus-
tained interest due to the superradiant scattering process,
where energy and angular momentum can be extracted from
the rotation of the black hole [1–3]. At the threshold of super-
radiance, specific scalar modes may form long-lived, non-
radiating configurations known as scalar clouds–bound states
that signify the onset of scalar hair and break the standard
no-hair paradigm [4,5].

These stationary bound states have been thoroughly inves-
tigated in the Kerr and Kerr–Newman families of spacetimes
[6–8], and in alternative black hole geometries such as those
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arising in modified gravity theories [9–12]. Their significance
extends to a variety of contexts, from the search for light
bosonic fields in the string axiverse [13,14] to tests of strong-
field gravity through gravitational waves [15,16]. Addition-
ally, analogous configurations have been proposed in ana-
logue gravity systems such as acoustic black holes [17,18].

When considering more realistic astrophysical scenarios,
however, the role of magnetic fields cannot be ignored [19].
Observational and theoretical studies suggest that black holes
may reside in environments threaded by magnetic fields orig-
inating from accretion disks, jets, or interstellar plasma [20–
22]. The influence of such external fields on black hole
dynamics and field perturbations has sparked a series of
investigations, notably on scalar instabilities and modified
quasi-bound states [23–26]. In this context, the Melvin–Kerr
spacetime, describing a rotating black hole embedded in a
cylindrical magnetic universe, offers a compelling testbed.
This class of solutions is generated via Harrison transfor-
mations applied to the Kerr metric and constitutes an exact
solution to the coupled Einstein–Maxwell equations [20,21].
Shadows and gravitational lensing in magnetized black holes
have been investigated in [27,28], whereas the quasinormal
modes are discussed in [29]. Several extensions have further
explored its generalizations involving NUT charges, electric
charges, and holographic interpretations [30–35].

Despite the growing literature on magnetized black hole
spacetimes, the existence and structure of stationary scalar
clouds in Melvin–Kerr backgrounds remain largely unex-
plored. For instance, the investigation in [25] addressed
scalar clouds specifically around magnetized Reissner–
Nordstrom black holes. In a rotating spacetime, the intro-
duction of a magnetic field modifies both the geometry and
the gauge interaction experienced by a charged scalar field,
leading to a more intricate dynamics and richer phenomenol-
ogy [22,33,34,36–38]. In particular, the interplay between
gravitational attraction, centrifugal barriers, and magnetic
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coupling reshapes the conditions for the formation of bound
states.

In this paper, we study the dynamics of a massive,
charged scalar field in the Melvin–Kerr background under the
assumption of a weak magnetic field (bM � 1). We demon-
strate that the Klein–Gordon equation in this background
is separable, yielding an angular equation that generalizes
spheroidal harmonics and a radial equation characterized by
effective potentials that include magnetic corrections. The
resulting radial equation admits solutions in terms of special
functions, including the double confluent Heun function–a
structure that naturally arises in complex gravitational sys-
tems with irregular singularities [39–41].

Our goal is to establish the existence of scalar clouds in
this setting, i.e. regular stationary solutions that correspond
to discrete values of the scalar mass μ, synchronized with
the horizon angular velocity via the superradiant threshold
ω = m�H . By analyzing the asymptotic behavior of the
radial wave function near the horizon and at spatial infin-
ity, we derive a quantization condition that characterizes the
bound-state nature of the solution. To ensure both bound-
ary conditions are consistently implemented, we also out-
line the Vieira–Bezerra–Kokkotas (VBK) continued-fraction
method [42–44], which provides a robust framework for
extracting (quasi)bound-state spectra from double conflu-
ent Heun equations. In this way we extend earlier studies
of scalar clouds around Kerr [4,6], Kerr–Newman [5,7], and
other rotating black hole backgrounds, and highlight how
the presence of an external magnetic field modifies the con-
ditions for cloud formation compared with the unmagnetized
case.

The results presented in this work extend previous inves-
tigations on scalar clouds in Kerr [4,6], Kerr–Newman [5,7],
and various modified black hole spacetimes [45,46], by intro-
ducing a magnetic field as a nontrivial background element.
Our analysis also intersects with ongoing research on scalar
hair, quasinormal modes, and nonlinear extensions [6,8,47],
thereby contributing to a more comprehensive understanding
of scalar field dynamics in physically motivated black hole
backgrounds. For analytical simplicity, we adopt the method
employed in [4], where the black hole is assumed to be in an
extremal state. Remarkably, the extremal condition for both
Kerr and Melvin–Kerr black holes coincides, characterized
by the relation M = a, with M denoting the black hole mass
and a the spin parameter.

The structure of this paper is as follows. In Sect. 2, we
briefly review the Melvin–Kerr solution. Section 3 presents
the Klein–Gordon equation for a massive charged scalar field
and its separation into radial and angular parts. In Sect. 4, we
establish the conditions for scalar cloud formation, analyze
the resonance mass spectrum, and discuss the role of the
magnetic field. Section 5 summarizes our findings and out-
lines possible extensions. For completeness, the appendices

provide the mapping of the radial equation to the double
confluent Heun form and the details of the Vieira–Bezerra–
Kokkotas (VBK) continued-fraction method used to imple-
ment the boundary conditions. Throughout this work, we
employ natural units where c = G N = h̄ = 1.

2 Review of the Melvin–Kerr spacetime

The Melvin–Kerr spacetime describes a rotating black hole
immersed in an external, axisymmetric magnetic field. This
solution generalizes the standard Kerr black hole by incor-
porating a uniform magnetic field through a Harrison-type
transformation in the Einstein–Maxwell theory [20]. The
resulting geometry remains stationary and axisymmetric but
features a nontrivial interplay between rotation and electro-
magnetic fields. In this section, we review the structure of
the Melvin–Kerr metric and the associated electromagnetic
field, focusing on the form of the line element, metric func-
tions, and vector potential components. These expressions
form the foundation for the analysis of charged scalar field
dynamics that follows in subsequent sections.

The line element for this geometry is given by

ds2 = � sin2 θ

f
dt2 − e2γ

f

(
dr2

�
+ dθ2

)

− f (ωdt − dφ)2 , (2.1)

where

� = r2 − 2Mr + a2, (2.2)

e2γ = sin2 θ
(
�a2 cos2 θ + r(r3 + a2r + 2a2 M)

)
, (2.3)

f = e2γ

c0 + c2b2 + c4b4 , (2.4)

and

ω = −2aM sin2 θ

e2γ

[(
d0 + d2 cos2 θ + d4 cos4 θ

)
b4 − r

]
.

(2.5)

The coefficient functions appearing in f and ω are given by

c0 = r2 + a2 cos2 θ, (2.6)

c2 = 2a2� cos4 θ + 2(r4 + 4a2 Mr − a4) cos2 θ

− 2r(r3 + a2r + 2a2 M), (2.7)

c4 = a2�2 cos6 θ

+
(

4a4 M2 − 2a6 + 12a4 Mr − 3a4r2 − 24a2 M2r2

+12a2 Mr3 + r6
)

cos4 θ

+
(

a6 + 8a4 M2 − 12a4 Mr + 36a2 M2r2 − 12a2 Mr3

−3a2r4 − 2r6
)

cos2 θ +
(

2a2 M + a2r + r3
)2

, (2.8)
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d0 = (2a2 M + a2r + r3)(a2 − 3r2), (2.9)

d2 = 6�(a2 M − a2r − r3), (2.10)

d4 = (2a2 M − 3a2r + r3)�. (2.11)

This geometry incorporates three fundamental physical
parameters, i.e. the mass M , the rotational parameter a, and
the magnetic field parameter b, representing the strength of
an external, asymptotically uniform magnetic field aligned
with the axis of symmetry. The inclusion of b profoundly
affects the structure of the spacetime. It modifies the gravi-
tational potential f and the frame-dragging effect encoded
in ω. For b = 0, the geometry reduces smoothly to the stan-
dard Kerr spacetime, while for non-zero b, it asymptotically
approaches a magnetized universe akin to the Melvin solu-
tion. Thus, the Melvin–Kerr solution may be regarded as
a non-asymptotically flat extension of the Kerr black hole,
offering a framework to model the influence of external mag-
netic fields on rotating compact objects, which is particularly
relevant in astrophysical environments such as those found
near accretion disks or active galactic nuclei.

The accompanying vector potential Aμdxμ = At dt +
Aφ dφ in the Melvin–Kerr background arises naturally from
the solution-generating procedure that embeds the Kerr
geometry in an external magnetic field. The components of
the vector potential are given by

At = 2bM
(
k0 + k2 cos2 θ + k4 cos4 θ + k6 cos6 θ

)
a �

,

(2.12)

Aφ = b
(
l0 + l2 cos2 θ + l4 cos4 θ + l6 cos6 θ

)
�

, (2.13)

where the coefficient functions are expressed as follows

k0 =
(

2a2b2 M + a2b2r + b2r3 − r
) (

a4b2 + 4a2b2 M2

+2a2b2 Mr − 3a2b2r2 + 2b2 Mr3 − a2 − 2Mr
)

,

(2.14)

k2 = 16M3a4b4 + 72M3a2b4r2 − 36M2a4b4r

− 24M2a2b4r3 + 6Ma6b4 + 24Ma4b4r2

+ 6Ma2b4r4 − 4Mb4r6 − 7a6b4r − 10a4b4r3

− 3a2b4r5 + 16M2a2b2r − 10Ma4b2

− 12Ma2b2r2 + 4Mb2r4 + 8a4b2r + 8a2b2r3

+ 2Ma2 − a2r, (2.15)

k4 = −b2
(

16Ma4b2r2 − 8M3a4b2 + 48M3a2b2r2

− 32M2a4b2r − 24M2a2b2r3 + 8Ma6b2

+ 14Ma2b2r4 − 2Mb2r6 − 3a6b2r − 10a4b2r3

− 7a2b2r5 + 8M2a2r

−2Ma4 − 6Ma2r2 − 2a4r + 2r3a2
)

, (2.16)

k6 = a2b4r�
(

2 Mr − 4 M2 + 3 a2 − r2
)

, (2.17)

and

l0 =
(

2a2 M + a2r + r3
) (

2a2b2 M + a2b2r + b2r3 − r
)

,

(2.18)

l2 = a6b2 + 8a4b2 M2 − 12a4b2 Mr + 36a2b2 M2r2

− 12a2b2 Mr3 − 3a2b2r4 − 2b2r6 − a4 + 4a2 Mr + r4,

(2.19)

l4 = 4a4b2 M2 − 2a6b2 + 12a4b2 Mr

− 3a4b2r2 − 24a2b2 M2r2

+ 12a2b2 Mr3 + b2r6 + a4 − 2a2 Mr + a2r2, (2.20)

l6 = a2b2�2
r , (2.21)

where the denominator � appearing in both components is
given by

� =
(

2a2b2 M + a2b2r + b2r3 − r
)2 + k2 cos2 θ

+ k4 cos4 θ + k6 cos6 θ. (2.22)

These fields obey the equations of motion in Einstein-
Maxwell theory, i.e.

Rμν = 2Fμα Fα
ν − 1

2
gμν Fαβ Fαβ, (2.23)

and the source-free conditions

∇μFμν = 0. (2.24)

This solution is generated by applying the Ernst magne-
tization procedure to the Kerr metric, serving as the seed
solution [20]. The Ernst magnetization is a special case of
the more general Harrison transformation, a class of power-
ful solution-generating techniques in the Einstein–Maxwell
theory. These transformations enable the construction of
new exact solutions from known stationary and axisymmet-
ric spacetimes by incorporating additional physical effects.
The Harrison transformation acts on the Ernst potentials,
which are complex scalar functions encoding both the grav-
itational and electromagnetic structures of the spacetime.
These potentials–denoted by E for the gravitational field and
� for the electromagnetic field–satisfy a coupled system of
nonlinear partial differential equations known as the Ernst
equations.

The process of Ernst magnetization can be summarized
as follows. Given a seed solution characterized by a pair of
Ernst potentials (E0,�0), the Harrison transformation yields

123



  988 Page 4 of 13 Eur. Phys. J. C           (2025) 85:988 

a magnetized configuration through the transformation:

E → E0

|
|2 , � → �0 + 1
2 bE0

|
|2 , (2.25)

where the function 
 is given by


 = 1 + b�0 + 1

4
b2E0, (2.26)

and b ∈ R is a real parameter quantifying the strength of
the external magnetic field. This transformation not only
alters the spacetime metric but also modifies the electro-
magnetic vector potential, leading to a geometry that is
no longer asymptotically flat but asymptotically Melvin.
This approach has been employed to construct a wide
range of magnetized black hole solutions, including Melvin–
Schwarzschild, Melvin–Reissner–Nordström, Melvin–Kerr,
and Melvin–Kerr–Newman spacetimes [20,33,34].

3 Massive charged scalar fields in Melvin–Kerr
background

With the Melvin–Kerr geometry and its electromagnetic field
structure established, we now turn our attention to the dynam-
ics of a massive, charged test scalar field propagating in this
background. This analysis is governed by the minimally cou-
pled Klein–Gordon (KG) equation, which incorporates both
gravitational and electromagnetic interactions. The station-
ary and axisymmetric nature of the spacetime allows for
a separation of variables in the scalar field, facilitating a
decomposition into radial and angular parts. However, due
to the presence of the magnetic field parameter and the com-
plexity of the background, obtaining separable equations
requires a judicious approximation scheme. In the follow-
ing, we derive the approximate form of the KG equation in
the weak-field limit bM � 1, identify the separable structure
of the field equations, and investigate the resulting angular
and radial dynamics that underpin the formation of bound
scalar clouds around magnetized Kerr black holes. This limit
is motivated by astrophysical considerations, since regions
in the universe with significantly strong magnetic fields are
not known to exist.

Let us now consider the propagation of a massive, charged
scalar field in the Melvin–Kerr spacetime by analyzing the
covariant KG equation minimally coupled to the background
electromagnetic field. The equation governing the dynamics
of such a test scalar field is given by
{(∇μ − iq Aμ

) (∇μ − iq Aμ
) − μ2

}
� = 0, (3.1)

where μ and q denote the mass and charge of the scalar field,
respectively, and Aμ is the electromagnetic potential derived
in the previous section. Owing to the spacetime’s stationarity

and axisymmetry, the KG equation admits a separable ansatz
for the scalar field

�(t, r, θ, φ) =
∑
l,m

ei(mφ−ωt) Rlm(r) Slm(θ), (3.2)

where ω is the conserved frequency associated with time
translation invariance, and m is the azimuthal quantum num-
ber due to axial symmetry.

Substituting this ansatz into the KG equation leads to a
coupled partial differential equation that contains radial and
angular derivatives. Rearranging the terms and factoring out
the radial and angular dependencies, the equation takes the
form

1

Rlm

d

dr

(
�

d Rlm

dr

)
+ 1

sin θ Slm

d

dθ

(
sin θ

d Slm

dθ

)

+
[

f(μ2)μ
2 + f(ω2)ω

2 + f(ω)ω + f(m2)m
2

+ f(m)m + f(0)

] = 0. (3.3)

Here, the functions f(∗) encode the nontrivial couplings
between the scalar field and the geometry, as well as the elec-
tromagnetic background. These functions depend explicitly
on r , θ , and the spacetime parameters, and are provided in
detail in the appendix A. The full KG equation for a mas-
sive, charged test scalar field propagating in the Melvin–Kerr
spacetime exhibits a highly intricate structure due to the com-
bined effects of spacetime curvature, rotation, and the back-
ground electromagnetic field. In its general form, demon-
strating separability of the equation into radial and angular
parts is far from trivial. The nontrivial coupling between the
scalar field parameters (μ, q) and the black hole’s physical
properties (M, a) in the presence of an external magnetic
field (b) leads to cross-terms that obstruct a straightforward
factorization.

To make analytical progress, we invoke a physically
reasonable assumption that the magnetic field is relatively
weak compared to the characteristic gravitational scale, i.e.,
bM � 1. Under this approximation, magnetic interaction
terms can be expanded and truncated at leading order in b.
This simplification enables a manageable decomposition of
the KG equation, where the coefficient functions f(∗) reduce
to expressions that are either independent of b, or linear in
b and hence tractable analytically. In such consideration, the
approximated forms of the coefficient functions under this
weak-field limit are as follows

f(μ2) ≈ −r2 − a2 cos2 θ , (3.4)

f(ω2) ≈ a2 cos2 θ + r(2a2 M + a2r + r3)

�
, (3.5)

f(ω) ≈ −4aMmr

�
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+ 8M2qb

[
a cos2 θ + r(2a2 M + a2r + r3)

a�

]
,

(3.6)

f(m2) ≈ a2

�
− 1

sin2 θ
, (3.7)

f(m) ≈ −2bq

[
a2 cos2 θ + r(8M3 + a2r − 2Mr2 + r3)

�

]
,

(3.8)

f(0) ≈ 0 . (3.9)

These simplified expressions play an important role in facili-
tating the separation of the KG equation into radial and angu-
lar components, thereby allowing further analytical treat-
ment.

The application of the small-bM approximation to the
KG equation allows for a complete separation of variables,
yielding two coupled ordinary differential equations: one in
the radial coordinate r , and the other in the angular coordinate
θ . The radial equation governs the dynamics of the scalar field
along the black hole’s radial direction and takes the following
form

d

dr

(
�

d Rlm

dr

)
+

[
H2

�
+ 2maω − μ2(r2 + a2)

+2bqr Zr

a�
− Klm

]
Rlm = 0, (3.10)

where H = (r2 + a2)ω − am and

Zr = 4M2ω(2Ma2 + a2r + r3)

−am(8M3 − 2Mr2 + a2r + r3) (3.11)

which captures the interplay between the black hole’s angular
momentum, the external magnetic field, and the scalar field.

Within the small-bM regime, the influence of the mag-
netic field on the radial dynamics is entirely captured by the
term proportional to bq Zr . This contribution modifies the
effective potential and illustrates how the scalar field cou-
ples to the background electromagnetic field. In the absence
of this term, the equation reduces to the standard Kerr case,
as discussed in [4]. Furthermore, the presence of the 1/�

structure highlights that the behavior of solutions near the
event horizon, i.e. � → 0, is highly sensitive to both the field
parameters and the background geometry. Consequently, this
setup provides a useful model for studying the dynamics of
a charged massive scalar field around a magnetized black
hole, where the influence of the external magnetic field is
most significant near the horizon.

On the other hand, the angular part governs the latitudi-
nal variation of the scalar field and generalizes the famil-
iar spheroidal wave equation by introducing additional cou-
plings due to the mass μ and charge q of the scalar field, as

well as the magnetic field b

1

sin θ

d

dθ

(
sin θ

d Slm

dθ

)
+

{
Klm + a2(μ2 − ω2)

−
[
a2(μ2 − ω2) − 2aqb(4M2ω − am)

]

cos2 θ − m2

sin2 θ

}
Slm = 0. (3.12)

This angular equation reduces to the usual spheroidal har-
monic equation for Kerr case in the limit b → 0, and the
separation constant Klm plays the role of a generalized eigen-
value encoding the angular momentum and field interactions.
The term proportional to bq introduces an additional angular
dependence not present in the Kerr or Kerr–Newman scenar-
ios, reflecting the coupling between the scalar field and the
external magnetic field. This interaction affects the angular
eigenfunctions Slm(θ), which remain regular on the interval
θ ∈ [0, π ].

By introducing the substitution x = cos θ , the angular
equation (3.12) can be recast into the standard form of a
prolate spheroidal wave equation [41], which is well-known
in mathematical physics for describing angular functions in
oblate and prolate spheroidal coordinate systems. The result-
ing equation reads

d

dx

[(
1 − x2

) d Slm

dx

]
+

(
λlm − c2x2 − m2

1 − x2

)
Slm = 0,

(3.13)

where the effective spheroidicity parameter c2 and the angu-
lar eigenvalue λlm are defined as

c2 = a2
(
μ2 − ω2

)
− 2aqb

(
4M2ω − am

)
, (3.14)

and

λlm = Klm + a2
(
μ2 − ω2

)
. (3.15)

The equation above governs the angular behavior of the
charged scalar field in the magnetized Kerr background,
where the effect of the external magnetic field enters through
the additional term in c2 proportional to bq. In the limit where
c = 0, i.e. both a and b vanish, the equation reduces to
the standard associated Legendre differential equation, and
its solutions become the associated Legendre polynomials
Pm

l (x).
For small but non-zero values of c2, which is the case

under the weak magnetic field approximation bM � 1, the
spheroidal term c2x2 can be treated as a perturbation to the
Legendre equation. In this regime, one can approximate the
angular eigenvalue λlm to first order in c2 using perturbation
theory [41,48]

λlm ∼= l(l + 1) + 2c2
[
m2 + 1

2 − l(l + 1)
]

(2l + 3)(2l − 1)
. (3.16)
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This expression reveals how the angular eigenvalue deviates
from the unperturbed Legendre case due to the combined
effects of field mass, frequency, and magnetic coupling. The
perturbative form of λlm is instrumental for analytically esti-
mating the spectrum of bound scalar field configurations,
particularly when determining the existence and properties
of stationary scalar clouds in the next section.

Now let us turn our attention to the radial part of the KG
equation. To facilitate the analysis and handle the coordinate
singularity at the horizon, we introduce the tortoise coordi-
nate y, defined via the relation

dy

dr
= r2 + a2

�
, (3.17)

which maps the near-horizon region r → r+ to y → −∞,
and spatial infinity r → ∞ to y → +∞. This coordinate
transformation allows a clearer interpretation of the wave
behavior near the horizon and at infinity, particularly when
imposing physically relevant boundary conditions. In addi-
tion to the tortoise coordinate, we redefine the radial function
as Ylm = √

r2 + a2 Rlm , which absorbs some of the back-
ground geometry’s radial structure and simplifies the form of
the differential equation. In this approach, the radial equation
(3.10) can be written in a compact and self-adjoint form

�
d

dr

(
�

d

dr

(
Ylm√

r2 + a2

))
+ �K

Ylm√
r2 + a2

= 0, (3.18)

where the radial potential can be expressed as

K = H2

�
+ 2maω − μ2(r2 + a2) + 2bqr Zr

a�
− Klm .

(3.19)

After some algebraic manipulation, the radial equation can
be written more transparently as

d2Ylm

dy2 + Veff Ylm = 0, (3.20)

where

Veff = �

(r2 + a2)4

×
{
(r2 + a2)2 K − a2(r2 + a2) + 2r M(2a2 − r2)

}
(3.21)

which now clearly resembles a one-dimensional wave equa-
tion with an effective potential depending on both the geom-
etry and the scalar field parameters. This effective potential
is illustrated in Fig. 1, showing the influence of the external
magnetic field on the structure of the potential barrier and
the conditions required for the existence of bound states.

From Fig. 1, we observe how the magnetic field modifies
the potential barrier structure. Therefore, it plays a signifi-
cant role in determining whether bound-state solutions, such
as stationary scalar clouds, can exist around the magnetized

Fig. 1 Effective potential Veff(r) for the radial part of the KG equation
in the Melvin–Kerr black hole background. The solid curve corresponds
to the Melvin–Kerr case with bM = 0.01 and scalar charge q M = 0.1,
while the dashed curve shows the unmagnetized case or Kerr. Other
parameters are fixed as a = 0.3M , ωM = 0.4, μM = 0.45, m = 1, and
l = 1. The presence of the external magnetic field modifies the shape
and depth of the potential well, which has significance in supporting
stationary scalar configurations

Kerr black hole. To fully characterize such solutions, it is
important to examine the asymptotic behavior of the radial
equation in two key regions: near the event horizon and at
spatial infinity. These asymptotic limits dictate the bound-
ary conditions required for the existence of regular, localized
scalar field configurations.

Near the event horizon, r → r+, the radial equa-
tion simplifies considerably. In this limit, the potential
behaves as a constant, and the radial wave equation reduces
to a Schrödinger-like form with an effective frequency-
dependent term

d2Ylm

dy2 +
[
(ω − ωc)

2 + 8bM2q

a
(ω − ωc)

]
Ylm = 0,

(3.22)

where the critical frequency ωc is defined as

ωc = ma

2Mr+
. (3.23)

This result implies that the scalar field behaves as a purely
ingoing wave at the horizon, and the physical solution must
satisfy the condition

Rlm ∼ e−ik+ y, (3.24)
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where the effective horizon momentum is given by

k+ =
[
(ω − ωc)

2 + 8bM2q

a
(ω − ωc)

]1/2

. (3.25)

This ingoing behavior is required to preserve the causal struc-
ture of the spacetime and ensure that no outgoing flux escapes
from within the event horizon.

On the other hand, in the asymptotic region r → ∞, the
mass term μ2 dominates over the potential, and the radial
equation reduces to the simplified form

d2Ylm

dy2 +
[
ω2 − μ2 − 2qb

(
am − 4M2ω

)
a

]
Ylm = 0,

(3.26)

which yields the asymptotic behavior

Rlm ∼ 1

r
exp

{
i

[
ω2 − μ2 − 2qb(am − 4M2ω)

a

]1/2

y

}
.

(3.27)

Imposing the condition

ω2 − μ2 − 2qb(am − 4M2ω)

a
> 0, (3.28)

ensures the asymptotic solution (3.27) describes an expo-
nentially decaying field at spatial infinity, a necessary con-
dition for the existence of bound-state configurations. This
condition will be considered in the next section, where we
demonstrate the existence of scalar clouds.

4 Bound-state scalar clouds in Melvin–Kerr geometry

Here we demonstrate that, similarly to the scenario of scalar
clouds around extremal Kerr black holes discussed in [4], sta-
tionary bound states also exist in the presence of an external
magnetic field under the superradiant condition ω = ωc. To
proceed analytically, we define a new dimensionless radial
coordinate that simplifies the near-horizon expansion and
captures the asymptotic behavior of the radial equation

x = r − M

M
, (4.1)

where M is the mass of the black hole. This rescaling sets the
event horizon at x = 0, and transforms the radial equation
into a generalized second-order ordinary differential equa-
tion of the form

x2 d2 R

dx2 + 2x
d R

dx
+

(
h2x2 + h1x + h0 + h−1

x

)
R = 0,

(4.2)

with the coefficients

h2 = 2bq M2m − μ2 M2 + m2

4
,

h1 = 12bq M2m − 2μ2 M2 + m2, (4.3)

h0 = 26bqm M2 − 2μ2 M2 + 2m2 − Klm,

h−1 = 16M2bqm. (4.4)

Equation (4.2) belongs to the class of double confluent
Heun equations (dCHE), characterized by two irregular sin-
gular points at x = 0 and x = ∞. Its correspondence
with the canonical form of the dCHE, as presented in Ron-
veaux’s book [39], is outlined in Appendix B. To deter-
mine the (quasi)bound-state spectrum, we employ the Vieira–
Bezerra–Kokkotas (VBK) method [42–44,49], which incor-
porates the horizon-ingoing and infinity-decaying boundary
conditions into a single continued-fraction equation for ω,
constructed from the local series representation of the dCHE
solution to Eq. (4.2). The algorithmic steps, including the
reduction of recurrence relations and the resulting character-
istic equation, are detailed in Appendix B.

As an alternative approach to establishing the existence of
scalar clouds, we consider the far-region limit of the radial
equation. This limit enables us to extract analytic features of
the solution and, in particular, identify the quantization con-
ditions responsible for the emergence of scalar cloud con-
figurations. In the asymptotic region, where x � 1, terms
containing inverse powers of x can be neglected. Under this
approximation, the radial equation simplifies to a second-
order linear differential equation of the form

x2 d2 Rfar

dx2 + 2x
d Rfar

dx
+

(
h2x2 + h1x + h0

)
Rfar = 0.

(4.5)

This reduced equation closely resembles the radial equa-
tion for a massive scalar field in the extremal Kerr geom-
etry, as discussed in [4], with the crucial difference that here
the external magnetic field introduces additional coupling
through the coefficients h2, h1, and h0. Remarkably, the equa-
tion above can be mapped to a standard Whittaker equation
by introducing the substitutions

R̃(z) ≡ x Rfar(x), with

x = z√
(4μ2−8bqm)M2−m2

, (4.6)

where the denominator defines an effective inverse length
scale that encapsulates both the mass of the scalar field and
the strength of its magnetic coupling.

Substituting this ansatz into the far-region radial equation
yields the Whittaker differential equation

d2 R̃

dz2 +
(

−1

4
+ κ

z
+ 1 − 4β2

4z2

)
R̃ = 0, (4.7)

123
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where the parameters κ and β are defined by

κ = m2 − 2M2
(
μ2 − 6bqm

)
√(

4μ2 − 8bqm
)

M2 − m2
, (4.8)

β2 = 1

4
+ Klm − 2m2 + 2M2

(
μ2 − 13bqm

)
. (4.9)

The general solution to the Whittaker equation is given by
a linear combination of confluent hypergeometric functions
M and U , such that

Rfar(z) = C1zβ+1/2e−z/2M
(

β − κ + 1

2
, 1 + 2β, z

)

+C2zβ+1/2e−z/2U
(

β − κ + 1

2
, 1 + 2β, z

)
,

(4.10)

where C1 and C2 are integration constants. The confluent
hypergeometric function U decays exponentially as z → ∞,
and thus satisfies the requirement for a bound state. However,
the M function generally grows exponentially for large z, as
seen in the asymptotic form

M(α, β, z) ∼ �(β)

[
ezzα−β

�(α)
+ (−z)−α

�(β − α)

]
. (4.11)

To avoid the unphysical divergences at infinity, one must
eliminate this growing contribution. This can be achieved
either by setting C1 = 0 or, more interestingly, by requiring
that � (α) → ∞. The latter occurs if

β − κ + 1

2
= −n, n ∈ N0, (4.12)

which acts as a quantization condition for the existence of
bound-state scalar modes. Each value of n corresponds to a
specific discrete mode of the scalar field that is regular at the
horizon and decays at spatial infinity.

Equation (4.12) thus plays the role of a Bohr-like condition
for scalar clouds in magnetized Kerr spacetimes. It implies
that only certain discrete combinations of black hole param-
eters (M, a), scalar field properties (μ, q, m), and magnetic
field strength b allow the formation of such non-dissipative
field configurations. This is consistent with earlier studies
of stationary bound states in rotating geometries [4,6], and
shows how magnetization enriches the parameter space for
possible cloud formation.

Now, to ensure that the parameter κ defined in Eq. (4.8)
remains positive–a requirement for the validity of the bound-
state solution with decaying behavior at spatial infinity–the
mass μ of the charged scalar field must lie within a specific
range. This range ensures that the quantity under the square
root in Eq. (4.8) is real and positive, and thus yields mean-
ingful physical solutions. By direct analysis, one obtains the

Table 1 The first four discrete mass values Mμresonance of the scalar
field supporting bound-state solutions for l = m = 1. The left column
corresponds to the Kerr background without magnetic or electric cou-
plings, and the right column includes a weak external magnetic field
(bM = 10−5) and charge (q M = 10−4)

n Mμresonance(q = 0, b = 0) Mμresonance(q 
= 0, b 
= 0)

0 0.5256802790 0.5256802822

1 0.5101263130 0.5101263156

2 0.5052505930 0.5052505953

3 0.5031832280 0.5031832302

following band for the admissible values of μM

1

2

√
m

(
m + 8M2bq

)
< μM <

√
m

(
m + 12M2bq

)
2

.

(4.13)

It is evident from this inequality that modes with m = 0 are
excluded, since they do not support a non-trivial bound state
in the stationary case. This outcome is consistent with our
previous assumption that the scalar field is stationary with
angular frequency ω = ωc, which necessitates a non-zero
azimuthal quantum number m.

To further support the discrete nature of scalar clouds, let
us verify the resonance condition derived in Eq. (4.12), using
the expression for β and the approximate angular eigenvalue
Klm from Eqs. (3.15) and (3.16). Rather than explicitly pre-
senting the cumbersome analytic expression, we numerically
evaluate the mass spectrum for the fundamental modes with
l = 1 and m = 1. We consider two scenarios, one without
the magnetic field and scalar charge (q = 0, b = 0), and one
with small but non-zero values (q M = 10−4, bM = 10−5).

The numerical values in Table 1 demonstrate that the pres-
ence of an external magnetic field slightly shifts the reso-
nant mass spectrum, confirming the subtle but non-negligible
role of the bq coupling in shaping the structure of scalar
clouds. Importantly, all mass values remain confined within
the bounds specified in Eq. (4.13), validating the analytic
estimate of the allowed mass range. Explicitly, for the cho-
sen parameters, the admissible band reads

0.5000000020 < μM < 0.7071067852. (4.14)

This confirms that the condition κ > 0 not only guaran-
tees physically consistent bound states, but also constrains
the mass parameter μ in a manner influenced by the scalar
charge, magnetic field strength, and the mode number m,
consistent with prior studies on scalar clouds around rotating
black holes [4,7].

Quasi(bound) states are defined by the simultaneous impo-
sition of two physical boundary conditions: (i) purely ingoing
behavior at the event horizon and (ii) exponential decay at
spatial infinity. In the rescaled coordinate x = (r − M)/M ,
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with the extremal horizon at x = 0, the tortoise relation
dy/dr = (r2 + a2)/� gives y � −2M/x near the horizon
(a = M). The ingoing condition is therefore

Rin(x) ∝ e−ik+ y ∼ exp
(

i ηH (ω)
x

)
, (4.15)

where ηH (ω) = 2M k+(ω) and k+(ω) is the effective
horizon wave number including magnetic corrections (cf.
Eq. (3.25)). By introducing the gauge R = eτ/x u with
τ = i ηH (ω), the function u(x) remains regular at x = 0,
thereby enforcing the ingoing boundary condition. At spatial
infinity, the radial solution behaves as

R∞(x) ∼ 1

x
exp

( − M κ∞(ω) x
)
,

κ∞(ω) =
√

μ2 − ω2 − 2qb
a (am − 4M2ω), (4.16)

which decays exponentially whenever � κ∞(ω) > 0.
The discrete spectrum follows by enforcing both con-

ditions simultaneously. This is achieved by matching the
horizon-ingoing and infinity-decaying solutions at an inter-
mediate point x∗ > 0 within their common domain of
convergence. In practice, the matching is implemented
through the Vieira–Bezerra–Kokkotas (VBK) continued-
fraction scheme, applied to the local series of the double
confluent Heun solution of Eq. (4.2). The resulting charac-
teristic equation,

F(ω) := Lin(ω; x∗) − L∞(ω; x∗) = 0, (4.17)

yields the allowed (quasi)bound-state frequencies. Algorith-
mic details (series ansätze, recurrences, and continued frac-
tions) are provided in Appendix B.

5 Discussions and conclusions

In this work, we have investigated stationary bound-state
scalar configurations—scalar clouds—around magnetized
Kerr black holes in the Einstein–Maxwell framework. By
studying a charged, massive scalar field in the Melvin–
Kerr geometry under the weak magnetic field approxima-
tion (bM � 1), we showed that the Klein–Gordon equation
separates into radial and angular parts. The angular equation
reduces to a generalized spheroidal harmonic form, while the
radial equation belongs to the class of double confluent Heun
equations (dCHE).

In the far-region limit, the radial equation reduces to a
Whittaker form, allowing analytic treatment. By imposing
regularity at the horizon and exponential decay at infinity, we
derived a quantization condition that yields discrete bands of
admissible scalar masses μ. These results establish the exis-
tence of stationary scalar clouds at the superradiant threshold,
generalizing the well-known Kerr and Kerr–Newman cases
to magnetized Kerr black holes. The analytic resonance bands

highlight how the external magnetic field modifies both the
effective potential and the cloud spectrum.

To address the boundary conditions more systemati-
cally, we outlined how the Vieira–Bezerra–Kokkotas (VBK)
continued-fraction method can be adapted to the present
dCHE structure. Although not carried out in detail here, the
VBK scheme provides a natural framework to impose ingo-
ing behavior at the horizon and exponential decay at infinity
simultaneously, and thus to refine the spectrum beyond the
far-region approximation. Implementing this procedure con-
stitutes an important direction for future work.

Our findings extend earlier studies of scalar clouds around
Kerr and Kerr–Newman black holes [4–7] to the magnetized
Kerr geometry. They demonstrate that the interplay between
rotation, charge, and external magnetic fields does not pre-
vent cloud formation but instead enriches the spectrum of
possible configurations. These results are relevant for astro-
physical environments in which rotating black holes coexist
with strong magnetic fields, such as active galactic nuclei or
magnetized accretion flows [21].
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A Full expressions of radial potential coefficients

In this appendix, we present the explicit forms of the coef-
ficient functions f(∗) appearing in the radial part of the
Klein–Gordon equation (Eq. (3.3)). These functions encode
the interplay of various physical parameters, including the
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black hole mass M , spin parameter a, external magnetic
field strength b, scalar charge q, and the scalar field param-
eters (μ,ω, m). The external magnetic field induces a rich
angular dependence in the radial potential through powers
of cos θ , leading to the decomposition of several coefficients
into angular harmonics. The full expressions provided below
facilitate both detailed analytical investigations and precise
numerical implementations. Throughout this appendix, the
radial coordinate r refers explicitly to the original Boyer–
Lindquist coordinate.

f(μ2) =
{(

4a4 Mr−2a4r2−4a2 M2r2+4a2 Mr3−a2r4−a6
)

cos6θ

+
(

2a6 + 3a4r2 − 12a2 Mr3 − 12a4 Mr − 4a4 M2 − r6

+24a2 M2r2
)

cos4θ +
(

2r6 + 12a4 Mr + 3a2r4

−a6 − 36a2 M2r2 + 12a2 Mr3 − 8a4 M2
)

cos2θ

−4a4 M2 − 4a2 Mr3 − 4a4 Mr − r6 − 2a2r4 − a4r2
}

b4

+
{

2r
(

2Ma2 + a2r + r3
)

− 2a2� cos4 θ

+2
(

a4 − r4 − 2Ma2r
)

cos2 θ
}

b2

−a2 cos2 θ − r2, (A.1)

f(ω2) = a2 cos2 θ + 2a2 Mr + a2r2 + r4

�
(A.2)

f(ω) = 4

a�

{
b3 cos4 θ

[
3a6qr − 2a6 Mq + 4a4 M2qr

−8a4 Mqr2 + 2a4qr3 + 2a2 Mqr4 − a2qr5
]

+b4m cos4 θ
[
2a6 M − 3a6r − 4a4 M2r + 8a4 Mr2

−2a4r3 − 2a2 Mr4 + a2r5
]

+b3 cos2 θ
[
6a6qr − 6a6 Mq + 12a4 M2qr

−18a4 Mqr2 + 12a4qr3 − 12a2 Mqr4 + 6a2qr5
]

+b4m cos2 θ
[
6a6 M − 6a6r − 12a4 M2r + 18a4 Mr2

−12a4r3 + 12a2 Mr4 − 6a2r5
]

+b3
[
6a4 Mqr2 − 2a6 Mq − a6qr + 2a4qr3 + 3a2qr5

]

+b4m
[
2a6 M + a6r − 6a4 Mr2 − 2a4r3 − 3a2r5

]

+b
[
2a4 Mq cos2 θ − 4a2 M2qr cos2 θ + 2a2 Mqr2 cos2 θ

+4a2 M2qr + 2a2 Mqr2 + 2Mqr4
]

− a2mr
}

, (A.3)

f(m2) = − 1

� sin2 θ

{
f (0)

(m2)
+ f (2)

(m2)
cos2 θ + f (4)

(m2)
cos4 θ

+ f (6)

(m2)
cos6 θ + f (8)

(m2)
cos8 θ + f (10)

(m2)
cos10 θ

}
. (A.4)

Each term f (n)

(m2)
is given below in the original expansion.

These coefficients reflect the coupling of the azimuthal quan-
tum number m to both the spacetime geometry and the exter-

nal field via b, and they include multiple powers of r , a, and
M .

f (0)

(m2)
= 32M3a6b8r − 16M4a6b8 − 96M3a4b8r3 + 8M2a8b8

+32M2a6b8r2 − 24M2a4b8r4 − 48M2a2b8r6 + 6Ma8b8r

+16Ma6b8r3 + 12Ma4b8r5

−2Mb8r9 + a8b8r2 + 4a6b8r4 + 6a4b8r6 + 4a2b8r8

+b8r10 + 32M3a4b6r − 16M2a6b6 + 16M2a4b6r2

+32M2a2b6r4 − 16Ma6b6r − 24Ma4b6r3 + 8Mb6r7

−4a6b6r2 − 12a4b6r4 − 12a2b6r6 − 4b6r8

+8M2a4b4 − 48M2a2b4r2 + 12Ma4b4r − 12Mb4r5

+6a4b4r2 + 12a2b4r4 + 6b4r6 + 8Mb2r3

−4a2b2r2 − 4b2r4 − 2Mr + r2, (A.5)
f (2)

(m2)
= 16M4a6b8 − 576M4a4b8r2 + 240M3a6b8r

+384M3a4b8r3 + 144M3a2b8r5

+24M2a6b8r2 + 48M2a4b8r4 + 24M2a2b8r6

−32Ma8b8r − 88Ma6b8r3 − 72Ma4b8r5

−8Ma2b8r7 + 8Mb8r9 + a10b8 − 10a6b8r4 − 20a4b8r6

−15a2b8r8 − 4b8r10 + 32M3a4b6r + 288M3a2b6r3

−16M2a6b6 − 288M2a4b6r2 − 272M2a2b6r4 + 72Ma6b6r

+120Ma4b6r3 + 24Ma2b6r5 − 24Mb6r7 − 4a8b6

+24a4b6r4 + 32a2b6r6 + 12b6r8 − 48M3a2b4r

+16M2a4b4 + 120M2a2b4r2 − 48Ma4b4r − 24Ma2b4r3

+24Mb4r5 + 6a6b4 − 18a2b4r4 − 12b4r6 + 8Ma2b2r

−8Mb2r3 − 4a4b2 + 4b2r4 + a2 (A.6)

Also we have

f(m) = 2bq

� sin2 θ

{
f (0)
(m) + f (2)

(m) cos2 θ + f (4)
(m) cos4 θ

+ f (6)
(m) cos6 θ + f (8)

(m) cos8 θ + f (10)
(m) cos10 θ

}
. (A.7)

The complete f (n)
(m) expressions similarly capture the inter-

play between charge q, magnetic field strength b, and the
spacetime’s rotation.

f (0)
(m) = −16M4a6b6 + 32M3a6b6r − 96M3a4b6r3

+8M2a8b6 + 32M2a6b6r2 − 24M2a4b6r4

−48M2a2b6r6 + 6Ma8b6r + 16Ma6b6r3

+12Ma4b6r5 − 2Mb6r9 + a8b6r2 + 4a6b6r4

+6a4b6r6 + 4a2b6r8 + b6r10 + 16M4a4b4

−48M4a2b4r2 + 32M3a4b4r − 16M3a2b4r3 − 24M3b4r5

−12M2a6b4 + 12M2a4b4r2 + 24M2a2b4r4

−12Ma6b4r − 18Ma4b4r3 + 6Mb4r7 − 3a6b4r2 − 9a4b4r4

−9a2b4r6 − 3b4r8 + 4M2a4b2 − 24M2a2b2r2 + 6Ma4b2r

−6Mb2r5 + 3a4b2r2 + 6a2b2r4 + 3b2r6

−8M3r + 2Mr3 − a2r2 − r4, (A.8)
f (2)
(m) = 16M4a6b6 − 576M4a4b6r2 + 240M3a6b6r

+384M3a4b6r3 + 144M3a2b6r5

+24M2a6b6r2 + 48M2a4b6r4 + 24M2a2b6r6
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−32Ma8b6r − 88Ma6b6r3 − 72Ma4b6r5 − 8Ma2b6r7

+8Mb6r9+a10b6−10a6b6r4−20a4b6r6−15a2b6r8−4b6r10

−96M5a2b4r + 32M4a4b4 + 192M4a2b4r2 + 96M4b4r4

−32M3a4b4r + 136M3a2b4r3 − 24M3b4r5 − 12M2a6b4

−216M2a4b4r2 − 204M2a2b4r4 + 54Ma6b4r

+90Ma4b4r3 + 18Ma2b4r5 − 18Mb4r7 − 3a8b4

+18a4b4r4 + 24a2b4r6 + 9b4r8 − 24M3a2b2r

+8M2a4b2 + 60M2a2b2r2 − 24Ma4b2r

−12Ma2b2r3 + 12Mb2r5 + 3a6b2 − 9a2b2r4

−6b2r6 + 8M3r + 2Ma2r − 2Mr3 − a4 + r4, (A.9)

f (4)
(m) = −�

(
48M3a4b6r − 144M4a4b6 + 288M3a2b6r3

+16M2a6b6 + 312M2a4b6r2 + 168M2a2b6r4

−60Ma6b6r − 120Ma4b6r3 − 60Ma2b6r5

+4a8b6 + 6a6b6r2 − 6a4b6r4 − 14a2b6r6 − 6b6r8

+32M4a2b4 − 24M3a2b4r − 56M3b4r3

−12M2a4b4 − 180M2a2b4r2 + 72Ma4b4r

+72Ma2b4r3 − 9a6b4 − 9a4b4r2

+9a2b4r4 + 9b4r6 − 4M2a2b2

−18Ma2b2r + 6a4b2 + 3a2b2r2 − 3b2r4 − a2
)
, (A.10)

f (6)
(m) = b2�

(
96M4a4b4 − 176M3a4b4r − 384M3a2b4r3

+344M2a4b4r2 + 344M2a2b4r4 − 60Ma6b4r

−120Ma4b4r3 − 60Ma2b4r5 + 6a8b4 + 14a6b4r2

+6a4b4r4 − 6a2b4r6 − 4b4r8 − 16M4a2b2

+24M3a2b2r − 8M3b2r3 + 12M2a4b2

−84M2a2b2r2 + 48Ma4b2r + 48Ma2b2r3

−9a6b2 − 15a4b2r2 − 3a2b2r4 + 3b2r6

−6Ma2r + 3a4 + 3a2r2
)
, (A.11)

f (8)
(m) = −b4�

(
64M3a4b2r − 16M4a4b2 − 104M3a2b2r3

−8M2a6b2 + 44M2a4b2r2 + 116M2a2b2r4

−30Ma6b2r − 60Ma4b2r3 − 30Ma2b2r5 + 4a8b2

+11a6b2r2 + 9a4b2r4 + a2b2r6 − b2r8 − 12M2a2r2

+12Ma4r + 12Ma2r3 − 3a6 − 6a4r2 − 3a2r4
)
, (A.12)

f (10)
(m) = a2b6�4. (A.13)

Finally, we present the term that effectively vanishes under
the weak-field approximation in the radial equation (3.3).
It includes corrections due to magnetization and black hole
parameters up to high polynomial order.

f(0) = −b2q2

�a2

{
f (0)
(0) + f (2)

(0) cos2 θ + f (4)
(0) cos4 θ

+ f (6)
(0) cos6 θ + f (8)

(0) cos8 θ + f (10)
(0) cos10 θ

}
,

(A.14)

where

f (0)
(0) =

(
2Ma2 + ra2 + r3

) (
20M2a6b4r − 8M3a6b4

−44M2a4b4r3 + 4Ma8b4 + 6Ma6b4r2

−2Ma2b4r6 + a8b4r + 3a6b4r3

+3a4b4r5 + a2b4r7 + 16M3a4b2 − 48M3a2b2r2

+8M2a4b2r − 4Ma6b2 + 4Ma2b2r4

−2a6b2r − 4a4b2r3 − 2a2b2r5 − 16M4r

−2Ma2r2 + ra4 + a2r3
)
, (A.15)

f (2)
(0) = 16M4a8b4 − 576M4a6b4r2 + 240M3a8b4r

+384M3a6b4r3 + 144M3a4b4r5

+24M2a8b4r2 + 48M2a6b4r4 + 24M2a4b4r6

−32Ma10b4r − 88Ma8b4r3 − 72Ma6b4r5

−8Ma4b4r7 + 8Ma2b4r9 + a12b4 − 10a8b4r4

−20a6b4r6 − 15a4b4r8 − 4a2b4r10

−192M5a4b2r + 64M4a6b2 + 384M4a4b2r2

+192M4a2b2r4 − 96M3a6b2r − 16M3a4b2r3

−48M3a2b2r5 − 8M2a8b2 − 144M2a6b2r2

−136M2a4b2r4 + 36Ma8b2r + 60Ma6b2r3 + 12Ma4b2r5

−12Ma2b2r7 − 2a10b2 + 12a6b2r4 + 16a4b2r6

+6a2b2r8 + 64M5a2r − 16M4a4 + 16M4r4

+12M2a4r2 − 8Ma6r − 4Ma4r3 + 4Ma2r5

+a8 − 3a4r4 − 2a2r6, (A.16)

f (4)
(0) = −a2�

(
48M3a4b4r − 144M4a4b4 − 288M3a2b4r3

+16M2a6b4 + 312M2a4b4r2 + 168M2a2b4r4

−60Ma6b4r − 120Ma4b4r3 − 60Ma2b4r5

+4a8b4 + 6a6b4r2 − 6a4b4r4 − 14a2b4r6

−6b4r8 + 64M4a2b2 − 48M3a2b2r − 112M3b2r3

−8M2a4b2 − 120M2a2b2r2 + 48Ma4b2r

+48Ma2b2r3 − 6a6b2 − 6a4b2r2 + 6a2b2r4

+6b2r6 − 16M4 − 6Ma2r + 2a4 + a2r2 − r4
)
, (A.17)

f (6)
(0) = a2�

(
96M4a4b4 − 176M3a4b4r − 384M3a2b4r3

+344M2a4b4r2 + 344M2a2b4r4 − 60Ma6b4r

−120Ma4b4r3 − 60Ma2b4r5 + 6a8b4 + 14a6b4r2

+6a4b4r4 − 6a2b4r6 − 4b4r8 − 32M4a2b2

+48M3a2b2r − 16M3b2r3 + 8M2a4b2

−56M2a2b2r2 + 32Ma4b2r + 32Ma2b2r3 − 6a6b2

−10a4b2r2 − 2a2b2r4 + 2b2r6 − 2Ma2r + a4 + a2r2
)
,

(A.18)

f (8)
(0) = −a2b2�

(
64M3a4b2r − 16M4a4b2 − 104M3a2b2r3

−8M2a6b2 + 44M2a4b2r2 + 116M2a2b2r4

−30Ma6b2r − 60Ma4b2r3 − 30Ma2b2r5 + 4a8b2

+11a6b2r2 + 9a4b2r4 + a2b2r6 − b2r8

−8M2a2r2 + 8Ma4r + 8Ma2r3

−2a6 − 4a4r2 − 2a2r4
)
, (A.19)

and

f (10)
(0) = a4b4�4. (A.20)
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B Double Confluent Heun structure and VBK method
for Eq. (4.2)

The Double Confluent Heun (dCH) function, HD(α, β, γ, δ,

z), is defined as the solution of a second-order ODE with
two irregular singular points at z = 0 and z = ∞. It gen-
eralizes hypergeometric and confluent Heun functions and
naturally arises in problems involving curved spacetimes,
external fields, or quasi-exactly solvable potentials [39,40].
A canonical form of the dCH equation is

x2u′′ + (ax + b) u′ + (Ax2 + Bx + C + D
x + E

x2 ) u = 0.

(B.1)

Our radial equation (4.2) maps directly onto this structure
upon the gauge transformation R(x) = eτ/x u(x) with τ ∈ C,
yielding the identifications

a = 2, b = −2τ, A = h2(ω), B = h1(ω),

C = h0(ω), D = h−1(ω), E = τ 2.

Thus Eq. (4.2) is a genuine member of the dCH family, requir-
ing no auxiliary constraints beyond the physical boundary
conditions. This provides the analytic foundation for treat-
ing bound and quasibound states in the Melvin–Kerr back-
ground.

To extract the (quasi)bound-state frequencies we apply the
continued-fraction method of Vieira, Bezerra, and Kokkotas
(VBK) [42–44], adapted here to the gauged dCH form

x2u′′ + (2x − 2τ) u′ +
(

Ax2 + Bx + C + D
x + E

x2

)
u = 0, (B.2)

with (A, B, C, D, E) as above. Choosing τ = i ηH (ω)

ensures regularity at the horizon and automatically selects
the ingoing branch. Near the horizon (x = 0), the solution
admits a Frobenius expansion

u(x) = xs
∞∑

n=0

an xn, a0 
= 0, (B.3)

with indicial exponent s = τ . Substituting into Eq. (B.2)
yields a five-term recurrence,

A an−2 + B an−1 + [
(n + s)2 + (n + s) + C

]
an

+[
D − 2τ(n + 1 + s)

]
an+1 + E an+2 = 0, (B.4)

valid for n ≥ 0 with a−1 = a−2 = 0. This can be reduced
by Gaussian elimination to a three-term form

αn(ω) an+1 + βn(ω) an + γn(ω) an−1 = 0 (n ≥ 1),

(B.5)

whose minimal solution, identified by a Pincherle continued
fraction,

a1

a0
= − β0

α0
− γ1

α0

1

β1

α1
− γ2

β2

α2
− γ3

. . .

, (B.6)

selects the purely ingoing solution at the horizon.
At spatial infinity the solution behaves as a Thomé-type

series,

R(x) ∼ 1

x
exp

( − Mκ∞(ω) x
) ∞∑

n=0

bn x−n,

κ∞(ω) =
√

μ2 − ω2 − 2qb

a

(
am − 4M2ω

)
, (B.7)

which guarantees exponential decay provided � κ∞(ω) > 0.
The coefficients bn again satisfy a finite-band recurrence
reducible to a three-term continued fraction, from which the
decaying branch is isolated. The spectrum follows by match-
ing the ingoing and decaying solutions at some intermediate
x∗ > 0. This is implemented by equating their logarithmic
derivatives, yielding the master equation

F(ω) = Lin(ω; x∗) − L∞(ω; x∗) = 0, (B.8)

whose roots give the discrete (quasi)bound-state frequen-
cies. Above, L(ω; x) ≡ u′(x)/u(x) denotes the logarith-
mic derivative of the local solution. In practice, Klm(ω) is
updated at each trial ω. For weak magnetic fields we employ
the perturbative expression (3.16), while higher accuracy can
be obtained by solving the angular equation numerically.
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