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Abstract
The spin dynamics in a thermal atomic vapor cell have been investigated thoroughly over the past
decades and have proven to be successful in quantum metrology and memory owing to their long
coherent time and manipulation convenience. The existing mean field analysis of spin dynamics
among the whole cell is sometimes inaccurate due to the non-uniformity of the ensemble and
spatial coupling of multi-physical fields interacting with the ensembles. Here we perform mode
analysis onto the quasi-continuous spin field including atomic thermal motion to derive Bloch
mode equations and obtain corresponding analytical solutions in diffusion regime. We
demonstrate that the widely used mean field dynamics of thermal gas is a particular case in our
solution, corresponding to the uniform spatial mode. This mode analysis approach offers a precise
method for analyzing the dynamics of the spin ensemble in greater detail from a field perspective,
enabling the effective determination of spatially non-uniform multi-physical fields coupling with
the spin ensembles, which cannot be accurately analyzed by the mean field method. Furthermore,
this work paves the way to address quantum noises and relaxation mechanisms associated with
non-uniform fields and inter-atomic interactions, which limit further improvement of
ultra-sensitive spin-based sensors.

1. Introduction

Over the past few decades, thermal atomic ensembles have attracted significant attention across diverse
fields, notably in quantum sensing [1], quantum metrology [2, 3], and quantum optics [4–6]. Relevant
research includes mono-species alkali metal ensembles [7–9], hybrid alkali metal atomic ensembles [10–13],
as well as hybrid atomic ensembles containing both alkali atoms and noble gases [14–16]. Despite substantial
number of atoms, these atomic ensembles exhibit remarkable preservation of macroscopic coherence, even
in the presence of numerous collisions [17–19]. This property has proven immensely beneficial for quantum
precision measurements [20–25], new physics exploration [26–33], and the study of macroscopic quantum
effects [34–37].

Most research has assumed a uniform spin distribution of atoms within atomic vapor cells, in other
words, has relied on averaging method, which is a practical and reasonable approximation [38–40]. However,
in actual situations, it is often inevitable to encounter spatially related non-uniform distributions. For
instance, in hybrid atomic ensembles containing both alkali metal atoms and noble gas, the effective
magnetic field (EMF) resulting from Fermi contact interactions is related to the polarization [41]. The
polarization is non-uniform due to factors such as diffusion, light attenuation and transverse distribution,
the probe region, and boundary conditions. Each atomic diffusion mode leads to specific unequal spin
relaxation rate and spin polarization distribution. The pump light is inhomogeneous along its propagation
direction through the cell due to strong absorption. Besides, it is also not uniform in the transverse plane
perpendicular to the propagation direction [42], yet it is often treated as a function only dependent on the
ẑ-direction with pumping rate Rop(z) [43]. Importantly, this observation has profound implications for
quantum technologies, particularly in the realm of quantum sensing. The spatial variability in the pump
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light and resultant atomic spin distributions challenge the assumptions underpinning current quantum
sensing methodologies, potentially calling for a reevaluation of strategies to overcome spin projection noise
through entanglement and squeezing. Furthermore, the probe light also has a transverse distribution. The
measured atomic spin by the probe light corresponds to the region where the probe light energy is
concentrated. This portion of atomic spin also exhibits spatial distribution with different modes, which
requires evaluating the weight by the overlap between the light mode and the spin diffusion modes [36].
Magnetic field generated by coils is not perfectly uniform, which results in a spatially-related manipulation of
atomic spins and spatially-related spin relaxation [44–46]. This nuanced understanding of spin dynamics
could be pivotal in refining the operational parameters of quantum sensors, thereby enhancing their
sensitivity and reliability. Other effects such as fluctuations in temperature lead to non-uniformity in the
atomic number density distribution within the cell [24], highlighting the need for a more sophisticated
analytical approach that accounts for the multi-physical field interactions within these systems. These
process will influence the dynamics behavior both in spin evolution and properties of the quantum noise
[36] and are sometimes difficult to evaluate due to the complex coupling among the facts above. The
fundamental cause of these issues stems from the fact that the atomic vapor cell represents a macroscopic and
multi-physical field system characterized by the presence of coupling effects among these physical fields. In
situations where these non-local multi-physical interactions are non-negligible, such as ultra-sensitive
measurement and inter-atomic correlation manipulation, the utilization of mean-field method for
describing the atomic state within the vapor proves to be inadequately precise [19, 29, 47].

In this paper, we treat atomic spin ensemble as a physical quasi-continuous field with spatial
distributions due to the dense atomic number and small volume of the cell. This methodology allows for a
detailed examination of the spin ensemble dynamics, providing insights that are critical for the advancement
of quantum sensing technologies. Firstly, we calculate the diffusion-corresponding orthonormalized
eigenfunctions with three different boundary conditions in vapor cells of typical shapes. Secondly, employing
the method of generalized Fourier expansion and combining the result with the obtained orthonormalized
eigenfunctions, we derive the Bloch mode equations considering the diffusion term. This allows us to
perform mode analysis on the described atomic spin fields and transform the problem of solving partial
differential equations into solving a linear system of equations, whose solutions are the Fourier expansion
coefficients of the field. We obtain an approximate 3D analytical solution for Rop in the case of collimation of
pump light and diffusion relaxation rate much smaller than other relaxation rates, which is necessary for
deriving Bloch mode equations in more detail. Through this approach, we uncover new avenues for
optimizing the design and functionality of quantum sensors. Furthermore, we consider the transverse
distribution of the probe light and define the overlap integral between the probe light mode and atomic
diffusion modes to evaluate the contribution from each diffusion mode to the total signal. Finally, we derive
steady-state analytical solutions for the longitudinal spin field and time-dependent analytical solutions for
the transverse spin field. The spin average value relevant to the final output signal is calculated considering
the actual measurement region, contrasting with the traditional approach of mean field method. As
examples, we employ the solution to show concrete expression for alkali spin field in a cylindrical cell,
relaxation rate considering diffusion, and transverse relaxation rate considering the gradient of the EMF
induced by Fermi contact interaction. We also discuss the influence of the behavior of quantum noise under
the consideration of atomic diffusion and multi-physics coupling.

The mode analysis method is particularly useful for quantum sensing based on thermal spin ensembles.
The applications using thermal atomic vapor cell based on mean field method have realized several records
for sensitivity such as ultra-sensitive atomic magnetometer [48], gradiometer [49], and new physics [50, 51].
However, further improvement of the ultrahigh sensitivity is limited by non-uniform multi-physical field
noises, such as light inhomogeneity, magnetic field gradient, and EMF gradient. Our results indicate that, in
comparison to mean-field methods, mode analysis approach provides a more accurate representation for the
practical conditions within the ensemble of atomic spin field. Particularly, our model remains applicable in
scenarios requiring the consideration of multi-physical field coupling. This precision is especially beneficial
for capturing measurement signals more effectively, potentially leading to breakthroughs in quantum sensing
technologies.

2. Method

Consider a thermal vapor cell with dense (typically 1012 ∼ 1015cm−3 for alkali atoms and 1019 ∼ 1020cm−3

for noble gas with nuclear spin I= 1/2) atoms constituting a spin field, S= S(r, t). Spin is equivalent to
polarization with the definition P(r, t) = S(r, t)/⟨S(r, t)⟩ and in the below the spin field refers to P(r, t). We
consider the thermal vapor cells in the Fickian diffusion regime, which the atomic motion is diffusive and
could be modeled by the diffusion term D∇2P [19]. Different from the Lagrange’s view of particle movement
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in fluid mechanics [36], we do not track on the dynamics of a single atom. This field is established by Euler’s
view of particle movement as in fluid mechanics. In other words, we focus on the spin dynamics in a small
volume around position r, ignoring the question of which atom provides the spin in this volume. The
advantage of Euler’s view is that it is suitable for describing macroscopic spin dynamics behavior, providing
insights into the overall spin field dynamics. Besides, mathematically, this field is spatially differentiable.
However, it cannot provide detailed information about an individual atom. In a number of sensing
applications involving thermal atomic vapor cells, such as atomic magnetometer, co-magnetometer and spin
gyroscope, the signal is obtained from a macro spin dynamics. Under these circumstances, more attention
should be paid to the spin in the probe region rather than which atom provides the spin in this region,
corresponding to Euler’s view. To consider the micro effects such as quantum correlation, entanglement and
random process modeling, it is better to use Lagrange’s view.

Alkali-metal atoms and noble-gas atoms are most widely used thermal atomic ensembles, which are
usually categorized as three types. The first kind is mono-species alkali atomic vapor cell, such as 87Rb. The
second kind is the hybrid alkali atomic vapor cell, such as 39K and 87Rb. The third kind is the hybrid alkali
atomic vapor cell with noble gas, such as 39K, 87Rb and 3He. The first two kinds are usually used in atomic
magnetometer, especially for the spin-exchange-relaxation-free (SERF) magnetometer, reaching a fT/

√
Hz

sensitivity [21, 48]. The third kind is typically used in atomic co-magnetometer [50] and gyroscope [52] for
seeking new physics such as dark matter [30]. The corresponding dynamic equations could be described by
Bloch equations [53–55].

In general, the Bloch equations for the sth species kind of atomic ensemble considering diffusion term
and its boundary condition [36] could be simply written as

∂

∂t
Ps = i [Hs (r) ,Ps]−Γs,0Ps+Ds∇2Ps, (1)

Ps (r)+αs (n̂ ·∇)Ps (r) = 0,r ∈ Ωb, (2)

where Ps = Ps(r, t) is the spin field of the s-th species kind of atomic ensemble at position r and time t.Hs(r)
is the Hamiltonian of the s-th species kind of atomic ensemble considering the ground state interactions,
such as Zeeman effects and hyperfine interactions, spin–spin interactions such as spin-exchange collisions
and light-atom interactions such as light-shifts at position r. Γs,0 is the relaxation rate of the s-th species kind
of atomic ensemble without diffusion induced relaxation and gradient relaxation rate in the interaction
Hamiltonian term, such as relaxation rate induced by magnetic field gradient. Ds is the diffusion coefficient

of the s-th species kind of atomic ensemble. αs =
2
3
1+e−1/Ns

1−e−1/Ns
λ̄ is the parameter describing the boundary for

the cell with Ns being the average number of wall collisions that the spin withstands before depolarizing [56]
and λ̄= 3Ds

2v̄ is the mean free path of the atoms, where v̄ being the thermal velocity. n̂ is the outward normal
unit vector at the boundary. Ωb is the boundary of the cell in geometry. When Ns ∼ 1, i.e. the s-th species
kind of atomic ensemble inside the cell rapidly depolarize through first wall collisions, we have αs ≈ 0, the
boundary condition equation (2) becomes Dirichlet boundary condition Ps = 0 corresponding to the ideal
uncoated vapor cell. When Ns ∼∞, i.e. the s-th species kind of atomic ensemble inside the cell never
depolarize through wall collisions, we have 1

αs
≈ 0, the boundary condition equation (2) becomes Neumann

boundary condition (n̂ ·∇)Ps = 0 corresponding to the ideal coated vapor cell or noble gas with stable
shielding structures. The practical condition in the experiments is the middle occasion when αs is a finite
number as equation (2), which leads to Robin boundary condition corresponding to the non-ideal coated
vapor cell. We demonstrate the explicit form of Bloch equations satisfying equations (1) and (2) for the three
kinds of ensembles including one species of alkali atomic ensemble, hybrid alkali atomic ensemble and
hybrid alkali atomic vapor cell with noble gas in appendix A. We use all the eigenfunctions {us,n(r)} of the
Helmholtz equation∇2us,i(r)+ k2s,ius,i(r) = 0, i = 1,2, . . . to expand the spin field of s-th species kind of
atomic ensemble. By performing the Fourier integral to obtain mode equations for expansion coefficients,
we combine the equations for the ensemble containing all the species. These coefficient equations can then
be written in a simpler form which we call them Bloch mode equations

APz =R, (3)

d

dt
P+ = (iΩ−A)P+ − iΩ+Pz, (4)

with the definition of coefficient matrix in appendix A. For mono-species ensemble, Pz and P+ are the
arrays composed by expansion coefficients. The i-th eigenvalue of iΩ−A is a complex number whose
absolute value of the real part is the relaxation rate and the imaginary part is the Lamor precession frequency
for the i-th mode. Ω+ is related to the transverse magnetic field. For multi-species atomic ensemble, same
form could be derived by combining the related expansion coefficients to an extended array and the
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coefficient matrix into block matrices as shown in appendix A. At this stage, we can directly solve the
expansion coefficient array under the condition of a modulated transverse magnetic field Ω+(t) = Ω̃+eiωt

Pz =A−1R, (5)

P+ (t) = [−ωI +Ω+ iA]
−1

Ω+ (t)Pz. (6)

After obtaining the expansion coefficients, one can recover the spin field with the definition of Fourier
expansion

Ps,z (r) = PT
s,zUs (r) , (7)

Ps,+ (r, t) = PT
s,+ (t)Us (r) , (8)

where Us(r) = [us,1(r),us,2(r), . . .us,n(r), . . .]
T is the 1-D array composed by the eigenfunction of the sth

atomic ensemble.
Specially, to the simplest case when there is only one species kind of alkali atomic ensemble and all the

field has only one uniform diffusion mode with the same eigenfunction u= 1√
V
, as shown in appendix A,A

is simplified to Rtot
Q =

Rrel+Rop
Q +Dk2 with k being the wave number of the uniform mode and Dk2 is the

diffusion relaxation rate of the uniform mode, Ω is simplified to ω0 =
γeB0
Q and Ω+ = γeB+

Q ,

R=
´
Rop

1√
V
dV=

√
VRop. By assuming the transverse magnetic field B+ = B̃+eiωt, we obtain in this case

Pe,z =
Rop
Rtot

, (9)

Pe,+ (t) =− iγeB̃+Pe,z
Q

1
Rtot
Q + i(ω−ω0)

eiωt, (10)

which is a common result for mean field method in alkali atomic magnetometer [53] where we have chosen
the subscript s= e in equations (7) and (8) for electronic spin of a single species atomic ensemble. This
verification is the same for other atomic ensembles mentioned above. In this way we conclude that the mean
field method is a special case in our method with uniform distribution mode.

Most research regards pumping rate R̄op as the average value though there is always absorption in light,
which is a practical approximation for mean field method. However, when we perform mode analysis,
pumping rate could be regarded as a spatial function Rop = Rop(r). This means it is still not sure when
determining the coefficient matrix such asR combined by the pumping rate of each order since this makes
the pumping term nonlinear when performing Fourier integral. Thus, in appendix B we have calculated
Rop(r) for several common cases. The pumping rate Rop(r) in a cylindrical vapor with the incident light
propagating along the axial direction is given by

Rop (ρ,z) = RrelW
(
A(ρ)e−nσ(ν0)z+A(ρ)

)
, (11)

where

A(ρ) =
Rop (ρ,0)

Rrel
. (12)

To demonstrate the validity of the approximation that the transverse distribution remains unchanged during
the propagation of the light, we compare the numerical solution results with this result. The reliability of the
results is verified for various common experimental parameter scenarios when diffusion effect is negligible.
According to equation (11), at a fixed relaxation rate Rrel = 400 s−1, we assume the transverse distribution is

Rop(ρ,0) = Rop(0)e
− 2ρ2

w20 and simulate the analytical solution at different pump beam waist radii w0, various
pump-to-relaxation rate ratios Rop/Rrel, and different absorption coefficients nσ in a cylindrical vapor cell
with length L= 1.2 cm and R= 0.6 cm, obtaining the result as shown in figure 1.

We have so far obtained the dynamics of the spin field under the consideration of pump light with
absorption in propagating direction, transverse distribution and diffusion of the atoms. However, in some
cases involving two beams that one of them is resonant which is used for pumping and the other one, whose
radius is usually small, has a large detuning and little absorption which is used for probing, one should
consider the overlap between the probe light modes and the atomic ensemble diffusion modes since only the
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Figure 1. Simulation of Rop(ρ,z) according to equation (11) at different parameters. The length of the cell is 1.2 cm. (A) w0 = 0.1
cm, nσ = 2 cm−1.(B) w0 = 0.5 cm, nσ = 2 cm−1. (C) w0 = 1.0 cm, nσ = 2 cm−1. (D) w0 = 0.5 cm, nσ = 5 cm−1. The α line
is the case for Rop = 0.1Rrel. The β line is the case for Rop = Rrel. The γ line is the case for Rop = 10Rrel. Column 1 corresponds to
the results for the cross-section at z= 0, and Column 2 corresponds to the results for the cross-section at y= 0.

overlap region is effective in measurement [36]. The calculation detail for this fact is trivial and we have
attached it in appendix C. Here, we only show that the final measured signal is given by

Im (t)∝ P̄s,+m (t) =
1

τ

ˆ τ

0

[
1

V

ˆ
V
Ps,+m (r, t)dV

]
dt. (13)

V is the volume of the cell and τ is measuring time. Ps,+m(r, t) is the transverse polarization of Ps,+(r, t)
measured by the probe light with specific mode at position r and time t. This is the general expression for the
measured signal considering diffusion effects. It could help to design the optimal parameters to obtain better
responses as a target function. In this way, we can evaluate the contribution of each segment of the atomic
ensemble within the cell to the final signal. Employing an effective detection radius to assess the effective
detection volume is a simple and useful approximation during this evaluation [43]. However, in this
approximation, the judicious selection of the effective detection radius becomes particularly crucial and
sometimes ambiguous. By utilizing our model, these difficulties can be circumvented, as the atoms within
the cell can interact with the light by evanescent field whose contribution is relatively small, making the
volume of integration in equation (C4) equal to the volume of the whole cell.

The Lamor precession frequency and relaxation rate of spin ensembles are two vital observable quantity
in a thermal atomic vapor cell since they reflect the quantum state of the atomic ensemble. The dynamic
response of the system is determined once these two parameters are determined. In the past, these two
parameters are usually regarded as constants having no connection with space. However, upon careful
consideration, the Lamor precession frequency and relaxation rate vary across different position due to
spatial coupling effects such as the motion of the atoms, the distribution of the light, and the gradient of the
magnetic field. Here, we demonstrate that our model could analyze the spatial distribution of the Lamor
precession frequency and relaxation rate by every order of the mode.

To obtain the relaxation rate, we calculate the eigenvalue of equations (3) and (4). First, we consider the
longitude relaxation rate. This relaxation rate is the real part of the eigenvalue given by equation (3)∣∣∣A− λ̃1I

∣∣∣= 0. (14)

Thus, the longitude diffusion relaxation rate for the ith mode is 1

T(i)
1

= Re[λ̃1,i]. If the pumping rate Rop(r) is

spatially uniform, thenA is a diagonal matrix and the diagonal element is the eigenvalue. For transverse
relaxation rate, the eigenvalue of equation (4) is given by∣∣∣(iΩ−A)− λ̃2I

∣∣∣= 0, (15)

In general, λ̃2,i = iωi − 1
T2,i
is a complex number whose real part is the opposite number of relaxation rate

and imaginary part is Lamor precession frequency of the ith mode [18]. Similarly, we obtain transverse
relaxation rate for the ith mode 1

T(i)
2

=−Re[λ̃2,i] and the Lamor precession frequency of the ith order is the

imaginary part of the eigenvalue given by ωi = Im[λ̃2,i]. At this stage, we conclude that the Lamor precession
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and relaxation rate frequency are given by the coefficient matrix of the mode equations. This result could
help us to consider some polarization-related relaxation such as EMF gradient induced by Fermi contact
interaction in hybrid atomic vapor cell involving alkali atoms and noble gas.

We end this section by summarizing the eigenfunctions for Helmholtz equation at 3 kinds of classical
boundary conditions, i.e. Dirichlet boundary condition (D-BC), Neumann boundary condition (N-BC), and
Robin boundary condition (R-BC) for 3 kinds of common shapes of vapor cells, i.e. rectangular, cylindrical
and spherical with their normalization coefficients as shown in table 2.

3. Applications and examples

We will illustrate the applications of the aforementioned model above with specific examples to demonstrate
its practical application value and potential scenarios. This includes calculating the field distribution of alkali
metal atomic spin polarization, the relaxation rate considering diffusion process within a given axisymmetric
cylindrical cell under D-BC, and the transverse relaxation rate considering EMF gradient generated by Fermi
contact interactions.

3.1. Spin field distribution of Rb in a cylindrical vapor cell
The eigenfunctions given by Helmhotz equation of an axisymmetric cylindrical cell possess characteristics of
both the rectangular cell and the spherical cell, making them versatile for demonstration. Here, we consider
such a cell without coating. In the absence of coating, alkali metal atoms inside the cell rapidly depolarize
through first wall collisions, corresponding to D-BC as N tends to 1. According to table 2, under
axisymmetric condition n= 0 since the different orders of the Bessel function Jn correspond to different
radial modes, and in axisymmetric situations, only the fundamental radial mode (n= 0) maintains
symmetry, and similarly we havem= 0. Thus, the eigenfunctions of D-BC in this case are

uνl (ρ,z) =

√
2

πLR2
J0 (kνρ)

|J1 (kνR) |
sin

(
lπ

L
z

)
, (16)

where kν is the ν-th eigenvalue for zero order Bessel function satisfying J0(kνR) = 0. Specifically, we consider
a cylindrical 87Rb atomic cell with parameters shown in table 1. We have obtained the spin field distribution
Pez of 87Rb as shown in figure 2 with cutoff order for Bessel function n= 4 and for z-modem= 40 to make
sure the overlap integral has been convergent.

At the boundary the spin is zero corresponding to our assumption of D-BC and we can clearly see the
distribution in both ẑ-direction and ρ̂-direction. Besides, the maximum polarization is 0.48≲ 0.5= Rop

Rop+Rrel
since we ignore the diffusion induced relaxation rate in the light to an approximation but we consider it in
the atomic ensemble and the total relaxation rate is Rtot = Rrel+Rdiff where Rdiff is the relaxation rate
induced by diffusion.

Now assume that we have another probe light propagating along x-axis. In experiment, measured Ps,+
could be obtained according to equation (C4). However, under this circumstance, we need to consider the
flattened overlap integral matrixHnm×nm defined in equation (C3) with extended index whose matrix
element is

hνlµk =

ˆ L

0
dz

ˆ 2π

0
dϕ

ˆ R

0
ρdρe

− 2ρ2

w20 uνl (r)uµk (r) . (17)

Additionally, as shown in figure 3, one could substitute the transverse distribution function of the probe light

with a bimodal Gaussian function, denoted as fBG(x,y) = Cf(e
−2 (x−x0)

2+y2

w20 + e
−2 (x+x0)

2+y2

w20 ), to determine the
optimal distance for differential measurement in magnetometer with two parallel detection beams or space
correlation analysis between the two beams due to diffusion effect. The normalization coefficient Cf of
general transverse mode could be obtained by

´
V f(r)d

3r= 1.

3.2. Relaxation rate considering diffusion effects
In the case of mean field method, the relaxation rate induced by diffusion is an inevitable and limiting factor
for precision measurement. Due to the diffusion of the atoms, the imperfection of the transverse distribution
of the light and other multi-physics coupling effects, the relaxation rate is non-uniform since each diffusion
mode is related to its own preferred region and specific mode relaxation rate. Here, we show an example in a
cylindrical Rb87 atomic vapor cell with D-BC. For simplicity, we assume that the length of the cell is much
longer than the radius L≫ R and azimuth symmetry, which means that the eigenfunction is

uν (ρ) =

√
1

πLR2
J0 (kνρ)

|J1 (kνR) |
, (18)
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Table 1. Simulation parameters for cylindrical 87Rb atomic cell.

Symbol Meaning Value/Expression

L Cell length 0.6 cm
R Cell radius 0.3 cm
T Cell temperature 393.15 K
pN2 Pressure of N2 500 Torr
w0 Pumping light radius 0.3 cm
Rrel Relaxation rate excluding diffusion 400 s−1

nRb Atomic density for 87Rb 1
T[1/K]10

21.866+A−B/T cm−3

A Parameter for nRb 4.312
B Parameter for nRb 4040 K
Q Slowing down factor 5.5
Rop(0) Pumping rate at z= 0 400 s−1

σ Absorption section of 87Rb 1.8× 10−13 cm2

Figure 2. Calculated spin field distribution of Pez(r) of 87Rb by D-BC. Simulation parameters are shown in table 1 .

Figure 3. Polarization distribution of two beams of Gaussian pump light in y= 0 plane. The distance between the two beams are
2x0 = (a) 0.2 cm, (b) 0.3 cm, (c) 0.4 cm corresponding to different coupling strength due to diffusion. Other simulation
parameters are the same as figure 2.

where the normalization coefficient in table 2. is Anνlm = AnνAlAm with Anν = Aν =
√
2/R|J1(kνR)| due to

azimuth symmetry, Al =
√
1/L and Am =

√
1/2π due to uniform distribution.

The dynamics of the spin field is shown in appendix A equations (A4) and (A5). Here we consider a 87Rb
atomic cell with a length of L= 5 cm and a radius of R= 0.3 cm. The cell is so long since it is beneficial for
enhancing light-atom interactions in some quantum entanglement experiments [37]. Other conditions are
the same as 3.1 while we choose average longitude pumping rate with transverse distribution

R̃op = 400
2√
π Lw20

e−2ρ
2/w20 s−1 so that the νth order pumping rate is given by R(ν)

op =
´
V R̃op(x,y)uνdV. In this

case, we have

Aij = cij +

(
Rrel
Q

+Dek
2
ν

)
δij, (19)

Ωij = ω0δij. (20)

Calculating the eigenvalue, we find the relaxation rate for each mode. To intuitively show the mode
relaxation rate, we display first 6 diffusion eigenmodes as shown in figure 4, which demonstrates that the
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Figure 4. First 6 normalized eigenmodes of diffusion process in the cylindrical 87Rb atomic cell in transverse plane. The color
stands for the normalized amplitude at corresponding position. Corresponding transverse relaxation rate is (a)
1

T2,0
= 200.18 s−1, (b) 1

T2,1
= 267.43 s−1, (c) 1

T2,2
= 340.76 s−1, (d) 1

T2,3
= 452.85 s−1, (e) 1

T2,4
= 602.16 s−1, (f)

1
T2,5

= 787.42 s−1. The length of the cell is L= 5 cm and the radius is R= 0.3 cm. The radius of the pumping light beam is

w0 = 0.3 cm. Other conditions are the same as figure 2.

relaxation rate for each mode indeed has a preferred area. When the atoms are in diffusion regime, multiple
modes can be stimulated, each contributing to the total field with a specific relaxation rate.

The mode relaxation rates become larger with the increase of the order. This is similar to electromagnetic
field in a fiber, the higher order mode usually has a higher damping rate since it has a larger attenuation
section in the ρ̂-direction. To obtain a narrower linewidth, the fundamental mode is needed. That means we
should use a probe light that has more overlap with the fundamental mode and less overlap with other higher
order modes. This could be realized either by the design of the geometry shape of the cell or by adjusting the
radius and transverse distribution of the probe beam. One more interesting thing is the manipulation of the
higher order modes. The relaxation rate is large for higher order modes which means it may have a broader
bandwidth than fundamental modes. The simplest way to simulate higher order modes is to find the
corresponding transverse distribution of the probe light to achieve the largest overlap integral between the
mode of probe light and the higher order modes of the spin field so that a higher coupling efficiency would
be obtained.

3.3. Transverse relaxation rate induced by EMF
In the following discussion, we consider the vapor cell filled with hybrid alkali atomic vapor denoted by e and
noble gas denoted by n. The gradient of the magnetic field is a primary factor influencing the relaxation rate
of the spin field in hybrid atomic ensemble including noble gas [57]. Previous research has focused on the
effects of classical magnetic field gradients and their suppression methods [29]. However, in hybrid
alkali-noble gas ensemble, an EMF gradient introduced by Fermi contact becomes significant and, in some
cases, even the predominant factor [11]. Nevertheless, research on this pseudomagnetic field gradient is
extremely limited. The mode analysis proposed in this paper offers a novel approach for its study and
suppression.

The gradient of magnetic field will lead to additional relaxation process and the corresponding relaxation
rate of normal magnetic field in spherical vapor cell has been analyzed in [29]. However, the magnetic field
experienced by alkali atoms is B(r)+λMnP

n(r) and the magnetic field experienced by noble gas is
B(r)+λMeP

e(r) where the second term is due to Fermi contact interaction between alkali atoms and noble
gas. Thus, it is not only of interest but also essential to analyze the relaxation rate generated by the
pseudomagnetic field gradient λMn∇Pn(r) and λMe∇Pe(r) as well in some research involving precision
measurement. Strictly, λ is dependent on the shape of the cell and the position which should be evaluated by
using the technique of scalar magnetic potential [58]. Nevertheless, the uncertainty influenced by λ in the
measured region leads to errors on the order of 1%∼ 2% which can be corrected by a shape factor C(r)
defined in (8) of [44]. We have assumed that this factor is a constant C= 8π/3 for a uniformly magnetized
sphere or a cube, C= 4π for a very long cylinder with a uniform magnetization parallel to its axis, or C= 2π
for a cylinder magnetized perpendicular to its axis. Under this assumption, in our method, the gradient
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operator∇ only operates on eigenfunctions since we have separated the variables by Fourier expansion.
According to equations (7) and (8), the corresponding gradient of eigenfunctions are related to eigenvalues,

∇Pa,α (r) =
n∑

i=1

P(i)a,α∇u(i)a (r) ,

a= e,n, α= x,y,z.

(21)

In this way, we obtain the gradient of EMF induced by Fermi contact interaction∇Ba,α(r) = λMa∇Pa,α(r).
The gradient of eigenfunctions is simple to calculate since these functions are all primary functions, which
enables us to design gradient coils. One ideal method is to design the gradient magnetic field according to the
eigenfunctions of diffusion. However, we have to point out that in some cases this may not be realistic since
the order of expansion modes are quite high especially in the ẑ-direction and further analysis is needed. This
design is more effective when the expansion order is low.

To emphasize the relaxation rate generated by the EMF gradient, we assume that the classical magnetic
field is spatially uniform. In other words, there is no relaxation rate generated by the gradient of the ordinary
magnetic field. We consider the vapor cell with D-BC for alkali atoms and N-BC for noble gas with a 2D
azimuth symmetry case, so that according to table 2, the eigenfunctions for alkali atoms and noble gas are

ue,ν (ρ) =

√
1

πLR2
J0 (ke,νρ)

|J1 (ke,νR) |
, (22)

un,µ (ρ) =

√
1

πLR2
J0 (kn,µρ)

|J0 (kn,µR) |
, (23)

where ke,ν is the νth eigenvalue for the electron spin in D-BC and kn,µ is the νth eigenvalue for the noble gas
spin in N-BC. According to equation (6), when the EMF is nonuniform, the eigenvalue equation is the given
by equation (15) and eigenvalue λ̃2 = iω̃− 1

T2,n
is a complex number whose opposite number of real part is

the relaxation rate of the corresponding mode and the imaginary part stands for the effective Lamor
precession frequency. Thus, the transverse relaxation rate for the ith mode of alkali atoms and jth mode of
noble gas atoms added by the Fermi contact interaction gradient is given by 1

T(i)
2,e

=−Re[λ̃2,ei] and
1

T( j)
2,n

=−Re[λ̃2,nj].

Here, we consider a 39K-87Rb-21Ne cylindrical vapor cell at a typical condition that the temperature is
T= 190 ◦C, filled with 50 Torr N2, the effective pumping rate is Rop = 3000 s−1, the relaxation rate of
electron spin is Re

rel = 4000 s
−1, the mole ratio between 39K and 87Rb is 0.05, the atomic density of 21Ne is 3

amg, the relaxation rate for 21Ne ignoring diffusion effect is mainly influenced by electric quadrupole
moment of 21Ne and in this simulation is Rn

rel = 0.0002 s
−1 [59], the radius of the pump light is w0 = 0.7 cm.

For geometry, the length of the cell is L= 1.2 cm, the radius of the cell is R= 0.6 cm. For magnetic field, we
employ the cell at so called compensation point Bz =−λMePez −λMnPnz [60]. Under these conditions, we
perform our model and obtain the relaxation rate considering the gradient of the polarization in Fermi
contact interaction terms. For fundamental mode, we calculate the first 25 modes for alkali atoms and first 4
modes for noble gas to make sure the overlap integral is convergent and obtain a relaxation rate for noble gas
1

T(0)
2,n

= 0.016 s−1 whose order of magnitude is consistent with the experimental results while we have assumed

uniform longitude distribution. The corresponding EMF gradient is among 101 ∼ 102 nT cm−1. To evaluate
the order of magnitude in the ẑ-direction, we also calculate the eigenvalues for a pair of longitude modes

ue,n(z) =
√

2
πR2L sin

nπ z
L and ue,m(z) =

√
2

πR2L cos
mπ z
L corresponding to D-BC and N-BC, respectively,

where we have assumed that the pump light is flat-topped with f(x,y) = 1 in equation (B5) and the diffusion
mode in transverse direction is uniform. In this case, we obtain a relaxation rate 1

T(0)
2,n

= 0.019 s−1 by

calculating the first 50 modes and after convergence at around the 10th mode, the average value is taken.
Thus, the gradient of the polarization is the main contribution in this condition reaching an order of
10−3 ∼ 10−2 s−1 depending on the pumping rate, transverse mode and the geometry of the cell. Numerically,
we find that the EMF gradient in the ẑ-direction is almost a constant reaching an order about∼101 nT cm−1.
This result could help to design gradient magnetic field coils to lower the relaxation rate of the ensemble.

4. Discussion

Besides the examples and applications above, there are also some recent research based on the consideration
of analyzing or manipulating the diffusion modes in quantum optics and precision measurement, like optical

9



Quantum Sci. Technol. 9 (2024) 035048 WWang et al

Figure 5. Calculated spin projection noise for probe light with different radii by mean field method with Veff = πw20L (blue line,
[43]),Veff = πR2L (red line, [21]) and Fourier expansion method (green line, this work). A and B are the intersection points. The
simulation condition is the same as figure 4.

control and coherent coupling of spin diffusive modes [61], or the analysis of the spin relaxation taking
diffusion and inhomogeneous magnetic field into consideration [62], showing the agreement and validity of
our methods for specific cases as shown in table 2. To emphasize the significance of our methods and the
connection to quantum science and technology, in this section, we extend the discussion of our model to
quantum spin projection noise. We reiterate that our model is capable of providing more rigorous relaxation
rate calculations for each mode under the coupling of multi-physical fields as shown in equations (14)
and (15), which will facilitate our subsequent discussion on quantum noise.

According to fluctuation-dissipation theorem, intuitively, a larger relaxation rate corresponds to a larger
uncertainty and the relaxation rate has a spatial distribution due to diffusion as shown in figure 4. For a cell
polarized along the−ẑ-direction, under the approximation of Holstein-Primakoff transformation [36], we
have added a random noise term in Bloch mode equations, which is essential for compensating for
conservation of commutation relationship of spin operators and in turn being the quantum vacuum noise
[63], to obtain the magnetic equivalent of the spin projection noise of single species alkali atomic
magnetometer considering diffusion effect by

δBx =
2Q

|γe
∑

ν gν
´
V ue,νdV|

√∑
ν

|gν |2
Qna|P̄ez|T2,ν

, (24)

where gν is defined in equation (C1) while n is the atomic density. Our method contributes the value for the
relaxation rate of the νth mode 1

T2,ν
.This result can derive the fundamental sensitivity limit

δBx =
Q
γe

√
1

naVeffT2t
given by the mean field method [21, 43] as shown in appendix D, where Veff is the so

called active measurement volume defined by the intersection of the pump and probe laser beams [43] and t
is the measuring time. We calculate the spin projection noise for probe light based on equation (24) with
eigenfunctions given by equation (18) and based on mean field method as shown in in figure 5, respectively,
with different radii for probe light. We make the verification for the mean field result that when the radius of
the probe light is the same as the cell, i.e. w0 = R , the projection noise is the same since their analytical
expression are the same. The so-called effective volume in this case can actually be determined by setting the
radius given by the intersection point of our result and mean field lines.

In our result, we find that the measured projection noise can be adjusted by designing the shape of the
cell and the mode of the probe light. From a practical perspective, this is essential since the existing technical
noise such as hysteresis loss typically reach 100 ∼ 101fT/

√
Hz @1 Hz [64, 65] so that the quantum limit could

not be obtained in some ultra high sensitivity magnetometers in low frequency regime with sensitivity below
technical noise. This imposes restrictions on the quantum characteristics of the cell as a macroscopic system.
However, by designing the modes as discussed above, we may reach a relatively higher quantum noise, which
enables us to perform quantum manipulation on such a macroscopic quantum system involving
entanglement and interface, being beneficial for quantum information field [37]. From the perspective of
developing, technological noise has approached levels close to quantum noise. To further enhance sensitivity,

10



Quantum Sci. Technol. 9 (2024) 035048 WWang et al

this method can be employed to design best parameters, such as radius for probe light, to obtain a higher
signal to limit noise ratio since there is a minimum for spin projection noise.

The reason for the differences in calculation of projection noise is obvious, since there must be influence
resulting from spatial distribution of the fields, including gradient of light field, magnetic field, thermal field,
spin field and other fields. These coupling effects actually determine the exact eigenvalues at specific position
in the vapor cell, including relaxation rate and Lamor frequency, while the projection noise is related to the
real part of the eigenvalues according to fluctuation-dissipation theorem. Essentially, these results are
induced by the spatial quantum correlation of the spin. During the coherent time, the spin for a single atom
including the projection noise, is carried by the motion of the atoms, causing the measurement taken at one
place r actually including the noise exactly at r and the noise around r due to diffusion. In our result, when
the radius is small (before point A), we find a larger projection noise measured by probe light since the
measured atoms is less in this regime with the enhancement by mode overlap from probe light. When the
radius is large (after point B), our result also becomes large even if more atoms are measured. This is because
more higher order modes with larger relaxation rates are distributed around the boundary of the cell as
shown in figure 4, which brings higher spin projection noise. Between point A and B, our result is
approximate to the result given by mean field method. Thus, we conclude that these two methods can be
highly close in some cases and our calculation is an extension to traditional mean field method rather than
denying the mean field method since this improvement can degrade into mean field method if one ignores
the spatial effects to the simplest form as shown in appendix D.

The study of squeezing and entanglement in macroscopic objects is an emerging and thrilling research
direction in the field of quantum science due to its potential abilities in breaking through the standard
measuring limits and applications in quantum technologies. This area requires effective suppression of both
technical noise and quantum noise. Seminal works in thermal atomic ensemble have provided critical
theoretical and experimental foundations for this field [37, 66]. However, current studies predominantly
utilize simplified models ignoring the spatial distribution of various physical fields on experimental
outcomes. In response to these limitations, we introduce a new method to provide a more precise calculation
of quantum spin projection noise, accounting for factors previously overlooked in traditional approaches to
enhance the accuracy and reliability of measurements in quantum entanglement studies. For squeezing, our
result shows that for the case in 3.3, the two-mode squeezing parameter given by [37] is ξ= 0.536 for mean
field method while our method is ξ= 0.530, with minor influence. However, our result has a significant
influence in the entanglement time for noble gas since the relaxation rate when considering diffusion effect
would raise an order due to the existence of EMF Although there are no significant differences in the case
shown in figure 5, it should be noticed that in some cases when diffusion effect and multi-physics coupling
are important to influence the result of projection noise, careful attention for calculation and experimental
demonstration are needed to calibrate a more exact result for quantum noise, especially in some experiments
like the overcoming of spin projection noise through entanglement or squeezing.

One more fresh point is the quantum noise coupling between macroscopic species. Considering a vapor
cell with 39K-3He, if we also add random noise terms similarly as in alkali atomic ensemble above to ensure
the commutation relationship conservation for both of alkali electronic spin and nuclear spin, then the two
noises can be coupled by Bloch mode equations by spin exchange interaction. After a simple algebra, the
coupling equations for the two species could be derived as equation (24), similar to equation (27) in [63].
The relevant calculation is complicated, so that we only show the result in the main text for brevity. The
magnetic equivalent of the spin projection noise of co-magnetometer with highly polarized single species
alkali atom and noble gas is

δBx =
|A|+ |B|
|A|2+ |B|2

√√√√√∑
ν

 g2ν
Ta
2,ν

+
∑
µ

g2ν

(
Jcµν
Tb
2,µ

)2
1

Tb
2,µ

. (25)

Here, A, B and cµ,ν are coefficients related to overlap integral. In greater detail, A is related to the overlap
between light and alkali atoms, while B is related to two parts: 1)the mode overlap between light and alkali
atoms and 2) the mode overlap between alkali atoms and noble gas. gν is defined in equation (C1). T2,ν is the
transverse relaxation rate for the νth mode while a stands for alkali atoms and b stands for noble gas. J is the
coupling constant proportional to spin-exchange rate between alkali atoms and noble gas. From
equation (25), the spin projection noise is actually contributed by both alkali atoms and noble gas. The first
term in the square is the same as equation (24) while the second term is coupled noise from noble gas due to
the spin-exchange collisions. For a specific case, if there is no noble gas, then there must be no coupling
between alkali atoms and noble gas so that J= 0, which implies that B= 0 according to appendix D. Together
with the expression of A, we can see that the result is the same as equation (24), i.e. only the existence of
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single species alkali atoms. In deriving equation (25), we have assumed that there is no correlation between
the quantum noise of alkali atoms and noble gas. However, this would not influence the fact that the initially
uncorrelated atoms would produce quantum correlation by spin exchange collisions. In fact, the noise
coupling induced by spin exchange has been found in alkali atomic ensemble [67, 68]. We also evaluate the
influence of coupling effects to projection noise of nuclear spin in appendix D. The result shows that the spin
projection noise will be promoted comparing with no coupling case with a factor of η > 1, which is induced
by the coupling from alkali atoms projection noise. Further analysis could be applied, like quantum
trajectories or quantum jump. However, these discussion is beyond the contents of this paper and we only
emphasize that our finding on the quantum noise coupling between alkali atoms and noble gas may lead to
new chances in quantum sensing since this provides a new way for manipulating the quantum noise by spin
itself rather than light-atom interactions.

The spin projection noise of two different atomic species can be coupled through spin-exchange collisions
at various locations. We can see from the equation (25) that the spatial coupling indeed has an influence on
the quantum noise of the spin system. The physical origin is the fact that the during spin-exchange process,
both of spin and spin projection noise can be exchanged since spin projection noise is essentially a small and
random spin with fluctuation. Such coupling establishes quantum correlations between alkali metals and
noble gas, thereby altering the quantum spin projection noise of the noble gases. In our model, the projection
noise takes similar form as noble gas in equation (D13). On the other hand, many ultra-high sensitivity
measurements that extend beyond the standard model are based on nuclear spins, such as searching for the
fifth force [69] and anomalous fields [25, 33]. Understanding the spin projection noise of nuclear spin is of
significant importance, yet currently under-researched. Our calculation shows that in the presence of other
species atoms exchanging spin with noble gas, the nuclear spin projection noise may be influenced. Thus,
this method can guide corresponding research efforts and provide reference models of substantive relevance.

Another important connection to quantum science and technology of our method is related to
Non-Hermitian physics. Non-Hermitian physics has been demonstrated abundant physical phenomena
when the measurement is operated around EP point due to phase transition [70]. Anti-parity-time(APT )
symmetry [71] and parity-time(PT ) symmetry [72] have been achieved through atomic diffusion effects
and multi-physics coupling, showing fabulous potential in sensitivity. As shown in figure 3, the signal in the
two beams couple through atomic motion, with the coupling strength controllable by experimentally varying
the distance between the two light sources. Our model can provide a specific analysis of coupling. This
phenomenon results from the competition between the average diffusion time of the atoms from one light
source to another Tdiff =

2x0
v̄/3 and the transverse relaxation time T2. When the central distance between the

light is close, i.e. Tdiff ≪ T2, the coupling strength is strong and it is indistinguishable to discriminate which
light polarize the atoms. When the distance becomes far, Tdiff ∼ T2, the coupling strength becomes weak, but
the coupling still exists. When the distance is far enough, Tdiff ≫ T2, the coupling will disappear. This result
could also be used for suppressing the signal crosstalk in differential gradient magnetometer in a more detail
to determine the best distance between the two beams. Thus, our method actually provides a quantitative
way to analyze Non-Hermitian physics in atomic ensemble induced by spatial coupling effects, which has
potential in improving sensitivity and extensive understanding of quantum mechanism.

5. Conclusion

In this article, we model the spin dynamics of thermal atomic ensembles from a field perspective. The model
is effective when the atomic mean free path is much shorter than the characteristic scale of the cell so that the
atomic ensembles are in diffusion regime which is usually satisfied in thermal vapor cells. The Bloch mode
equations of the ensembles are derived and we obtain analytical solutions for Bloch equations considering
the diffusion term. This result further extends and is compatible with the existing mean field model the when
the modes are purely spatially uniform. However, there are some typical spatially related problems as
discussed in the introduction section that mean field model could not explain precisely. Our mode analysis
approach provides a guideline of quantifying (1) the spatial multi-physic field coupling effects, such as
relaxation rate induced by non-uniformity of the magnetic field gradient containing both classical magnetic
field induced by the coils and EMF induced by Fermi contact interaction, (2) quantum spin projection noise
considering the diffusion effect and non-uniform of the polarization, (3) spin field distribution and practical
measured signal in 3 types of boundary conditions with typical shapes. Besides, the overlap integrals between
the probe light and the atoms are defined, allowing for the quantitative evaluation of the contribution from
each atomic mode to the overall signal. The 3D distribution of pump rate is also obtained in consistent with
the field perspective during the mode analysis approach under conditions of well-collimated pump light and
diffusion relaxation rate of pumped alkali atoms much smaller than other relaxation rate. The accurate
calculation of relaxation rate will enable us to determine a relatively precise quantum noise according to
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fluctuation-dissipation theorem. It reminds that in some experiments overcoming the quantum noise like
spin squeezing and entanglement by atomic ensemble, the quantum limit should be determined carefully
rather than simply calculating by mean field method.

The advantage of this approach lies in its ability to quantitatively account for coupling effects arising
from the multi-physical field among environment, light and atomic ensemble, as well as within atomic
ensembles. However, practical solutions sometimes require expansion to higher orders due to the mismatch
between spatial mode symmetry of light (axisymmetric) and atomic diffusion (spherically symmetric in a
spherical cell, for example). Furthermore, when computing overlap integrals, extensive flatten of the
coefficient matrix is necessary, which significantly reduce computational efficiency, especially in cases
involving a large number of mode indices in asymmetric situations. Nevertheless, once the coefficient matrix
computation is completed, performing spatial operations, such as calculating polarization gradient, becomes
straightforward by applying the gradient operator to the eigenfunctions. This yields results directly related to
the eigenvalues, obviating the need for repetitive calculations. From this perspective, subsequent spatial
analytical computations become highly convenient.
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Appendix A. The derivation of the explicit form of Blochmode equations

A.1. Single species alkali atomic ensemble
In a single-species alkali atomic vapor cell, the Bloch equation considering diffusion can be written as [53]

∂Pe
∂t

=
γe
Q
B×Pe−

Rop (r)+Rrel
Q

Pe+
Rop
Q

s+De∇2Pe, (A1)

where Pe = Pe(r, t) is the polarization at position r and time t. γe is gyromagnetic ratio of the bare electron.
Q is the nuclear slowing down factor. B is the magnetic field. Rop(r) is the pumping rate at position r. Rrel is
the relaxation rate without diffusion and we assume that it is uniform thus independent of position as in the
mean field Bloch equations. s is the average photon spin and for a right circularly polarized light propagating
along z-axis we have s=+1̂z. De is diffusion coefficient of the alkali atomic ensemble. The boundary is given
by equation (2), where N is the average number of wall collisions a spin withstands before depolarizing [56]
and n̂ is the outward normal unit vector at the boundary. λ̄= 3De

2v̄ is the mean free path of the atoms, with v̄
being the thermal velocity. We use the eigenfunctions {un(r)} of the Helmholtz equation∇2ui(r)+
k2i ui(r) = 0, i = 1,2,3. . . to expand the spin field Pe =

∑
iP

(i)
e (t)ui(r) so that the Bloch equation of

single-species alkali atomic ensemble is given by

∂

∂t

∑
i

P(i)
e (t)ui (r) =

γe
Q
B×

∑
i

P(i)
e (t)ui (r)−

Rop (r)

Q

∑
i

P(i)
e (t)ui (r)−

Rrel
Q

∑
i

P(i)
e (t)ui (r)

+
∑
i

R(i)
opui (r)

Q
+D

∑
i

P(i)
e (t)∇2ui (r) .

(A2)

Note that we do not expand Rop(r) in the nonlinear term
Rop(r)
Q Pe(r) since this term could not be directly

linearized when Rop(r) is non-uniform. By multiplying the equation with un(r) and using the orthogonality
of generalized Fourier functions

´
V ui(r)uj(r) = δij, we perform the Fourier integral to obtain the n-th Bloch

mode equation,

dP(n)
e (t)

dt
= γB×P(n)

e (t)−
∑
i

cinP
(i)
e (t)− Rrel

Q
P(n)
e (t)+

R(n)
op

Q
s−Dek

(n)2P(n)
e (t) , (A3)

where cin =
´
VRop(r)ui(r)un(r)dV is the overlap integral between light distribution and atoms diffusion

mode. For simplicity, we denote γ = γe
Q as the gyromagnetic ratio of the electron considering slowing down
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factor. R(n)
op is the expansion coefficient of Rop(r) and represents the pumping rate for the nth atomic

diffusion mode. The diffusion term automatically becomes−Dek2nP
(n)
e (t) by operating Laplace operator on

eigenfunctions. Thus, diffusion will bring relaxation rate Dek2n for the nth mode and the relaxation rate is
different for different diffusion modes. Now the problem for solving Bloch equations has been transformed
into the problem of solving the expansion coefficients of the spin field, i.e. solving a matrix equation.
Following the conventional Bloch equation solution method, which involves taking the steady-state solution
along the pumping direction while describing the other two transverse directions using right-circular

polarization component P(n)e+ = P(n)ex + iP(n)ey , we have

0=
R(n)
op

Q
−
∑
i

cinP
(n)
ez −

(
Rrel
Q

+Dek
2
n

)
P(n)ez , (A4)

dP(n)e+
dt

= i
(
ω0P

(n)
e+ − γB+P

(n)
ez

)
−
∑
i

cinP
(n)
e+ −

(
Rrel
Q

+Dek
2
n

)
P(n)e+ (A5)

where ω0 =
γe

Q Bz is the Lamor precession frequency and B+ = Bx + iBy is the complex magnetic field in the
transverse plane. The dynamic equations can be simplified to equations (3) and (4) by defining

Pez =



P(1)ez
P(2)ez
P(3)ez
...

P(n)ez
...


,Pe+ =



P(1)e+
P(2)e+
P(3)e+
...

P(n)e+
...


,R=

1

Q



R(1)
op

R(2)
op

R(3)
op

...

R(n)
op

...


,C =

1

Q



c11 c21 c31 . . . cn1 · · ·
c12 c22 c32 . . . cn2 · · ·
c13 c23 c33 . . . cn3 · · ·
...

...
...

. . .
... · · ·

c1n c2n c3n . . . cnn · · ·
...

...
...

. . .
... · · ·


,

K = De



k21 0 · · · 0 · · ·
0 k22 · · · 0 · · ·
...

...
. . .

... · · ·
0 0 · · · k2n · · ·
...

...
. . .

... · · ·

+
Rrel
Q

I,A= C+K,Ω=
γe
Q
BzI,Ω+ =

γe
Q
B+I.

(A6)

where I is unit matrix.

A.2. Hybrid alkali atomic ensemble
In the case of a hybrid alkali atomic vapor cell containing elements such as 39K and 87Rb, we consider the case
where the pump light frequency matches the D1 line ofD1 line of 39K and propagates along the ẑ-direction.
In this case, 39K is pumped by pump light and 87Rb is pumped by the fast exchange collisions with polarized
39K to achieve a uniform polarization. The dynamics of the two-species atoms can be described by the
following Bloch equations [54]

∂

∂t
Pd =

γe
Qd

B×Pd +
Rdrex
Qd

(
Pr −Pd

)
−

Rd
rel

Qd
Pd −

Rop (r)

Qd
Pd +

Rop
Qd

s+Dd∇2Pd, (A7)

∂

∂t
Pr =

γe
Qr

B×Pr +
Rrdex
Qr

(
Pd −Pr

)
−

Rr
rel

Qr
Pr +Dr∇2Pr. (A8)

Here, the index d denotes ‘donor’, implying that this type of atomic ensemble, such as 39K, donates its spin to
another type, such as 87Rb, which is the spin receiver denoted by r, through rapid spin-exchange collisions.
Rdrex = nr

〈
σdrse v̄dr

〉
is the spin exchange rate of the donor atoms and Rrdex = nd

〈
σrdse v̄rd

〉
is the spin exchange rate

of the receiver atoms, where σdrse is the spin exchange collisional cross-section and v̄dr is the relative thermal
velocity between donor atoms and receiver atoms. Similarly, by expansion and denoting
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J dr =



j11 j12 . . . j1m · · ·
j21 j22 . . . j2m · · ·
...

...
. . .

... · · ·
jn1 jn2 . . . jnm · · ·
...

...
. . .

... · · ·

 ,J rd =
(
J dr
)T

, (A9)

Pz,nm×1 =

(
Pd
z

P r
z

)
,P+ =

(
Pd
+

P r
+

)
, (A10)

Rd−r =
1

Q

(
R(1)
op R(2)

op · · · R(n)
op 01×m

)T
, (A11)

Cd−r =

(
Cn×n 0n×m

0m×n 0m×m

)
, (A12)

Kd−r =

(
Kr

n×n 0n×m

0m×n Kd
m×m

)
, (A13)

J d−r =

(
0n×n

Rdrex
Qd J dr

n×m
Rrdex
Qr J rd

m×n 0m×m

)
, (A14)

Ad−r = Cd−r +Kd−r −J d−r (A15)

Ωd−r =

(
γe

QdBzIn×n 0n×m

0m×n
γe

QrBzIm×m

)
, (A16)

Ωd−r
+ =

(
γe

QdB+In×n 0n×m

0m×n
γe

QrB+Im×m

)
, (A17)

where definitions of the individual block matrices such as Kr and Kd are consistent with those defined in
equation (A6) while the matrix elements are defined by

jkn =

ˆ
u(k)r u(n)d dV, (A18)

cin =

ˆ
Rop (r)u

(i)
d u(n)d dV, (A19)

R(n)
op =

ˆ
Rop (r)u

(n)
d dV. (A20)

Consequently, the mode equations can be simplified to equations (3) and (4).

A.3. Alkali-nobal gas atomic ensemble
For a hybrid alkali-noble gas atomic vapor cell, the Bloch equations for describing the ensembles are as
follows [55]:

∂Pe

∂t
=

γe
Q

(B+λMnP
n)×Pe +

1

Q

(
Ropsp+Rense P

n −Re
totP

e
)
+De∇2Pe, (A21)

∂Pn

∂t
= γn (B+λMeP

e)×Pn +Rnese P
e −Rn

totP
n +Dn∇2Pn, (A22)

where Pe is the effective spin field of the electron and Pn is the spin field of the noble gas. γn is the nuclear
gyromagnetic ratio of noble gas. λMnP

n is the EMF of noble gas due to Fermi-contact interaction between
alkali and noble gas and λMeP

e of electron. Additionally, we have disregarded the anomalous force and
angular velocity input terms, under the ideal assumption that there is no pumping effect in purely linearly
polarized probe light. Here, Rr

tot and Rop could be regarded as a constant since the strong coupling between
two hybrid alkali species enables the spin field to be more uniform and thus effective pumping rate is also
uniform due to the diffusion. Rense is the spin exchange rate experienced by electron and R

en
se is the spin

exchange rate experienced by noble gas.
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By similar expansion and denoting

Ke = Dediag
{
k(e)21 ,k(e)22 , . . . ,k(e)2n

}
+

Re
tot

Q
In×n,

Kn = Dndiag
{
k(n)21 ,k(n)22 , . . . ,k(n)2m

}
+Rn

totIm×m,

J e−n =

(
0 Rense

Q J en
n×m

RneseJ ne
m×n 0

)
,Ke−n =

(
Ke 0
0 Kn

)
,Ae−n =Ke−n −J e−n,

He−n
(n+m)×(n+m) =

( γe
Q λMnHe (Pnz ⊗ 1n×n) −γe

Q λMnHe (Pez ⊗ 1m×m)

−γnλMeHn (Pnz ⊗ 1n×n) γnλMeHn (Pez ⊗ 1m×m)

)
,

He =He
n×nm =


He

(1)

He
(2)
...

He
(n)

 ,Hn =Hn
m×nm =


Hn

(1)

Hn
(2)
...

Hn
(m)

 ,

He
(i) =

(
h(e)i11 h(e)i12 · · · h(e)i1n h(e)i21 h(e)i22 · · · h(e)i2n · · · h(e)im1 h(e)im2 · · · h(e)imn

)
1×nm

, i = 1,2, . . .,n

Hn
( j) =

(
h(n)j11 h(n)j12 · · · h(n)j1n h(n)j21 h(n)j22 · · · h(n)j2n · · · h(n)jm1 h(n)jm2 · · · h(n)jmn

)
1×nm

, j = 1,2, . . .,m

h(e)ijk =

ˆ
V
u(i)e u( j)n u(k)e dV,h(n)ijk =

ˆ
V
u(i)n u( j)e u(k)n dV,

Ωe−n =

( γe
Q BzI 0
0 γnBzI

)
+He−n,Ωe−n

+ =

( γe
Q B+I 0
0 γnB+I

)
,P+ =

(
Pe,+

Pn,+

)
.

(A23)

Again, the mode equations for alkali-noble gas atomic ensemble are simplified to equations (3) and (4).

Appendix B. The derivation of pumping rate in 3D

The definition of Rop is

Rop =
Pσ

hν
, (B1)

where P is the power density of the pump light whose unit is Wm−2. σ is the absorption cross-section, h is
Plank constant. ν is the central frequency of the pump light and the term Φ(ν) = P

hν is refered to the total
flux of photons of frequency ν incident on the atom in units of number of photons per area per time [53]. P
has been regarded as a constant or as a function only in ẑ-direction, i.e. P= P(z), in the mean field method.
Nevertheless, except for flat-topped light beams, almost all the light has a transverse mode distribution, for

example, Gaussian mode PG = P0e
− 2ρ2

w20 , where w0 is the beam waist radius. That means, in fact, the power of
the pump light is a 3D function P= P(x,y,z).

We assume that the absorption of the light will not change the transverse distribution of the light for a
well-collimated pump light whose divergence is negligible within the vapor cell. That means we can perform

a separation of variables on the pump light power density P(x,y,z) = I(z) f(x,y)A , where I(z) is the effective
power of the pump light at z-plane, f(x,y) is the normalized transverse distribution of the light and A is the
normalization coefficient with an area dimensionm2 whose physical significance is the effective cross-section
of the light. In this way, the reduction of the pumping rate Rop along ẑ-direction is given by

∂

∂z
Rop (x,y,z) =−nσRop (x,y,z)(1− s · ẑPez) , (B2)

where s is the average photon spin for describing the polarization of the pump light [53]. Pez ≈ Rop(r)
Rop(r)+Rrel

is

the steady solution for z-component polarization without considering diffusion effect of the atoms since for
pumped alkali atomic ensemble the relaxation rate due to diffusion effect is negligible (100 ∼ 101 s−1)
compared to other relaxation processes such as spin destruction collision (typically 102 ∼ 103 s−1) in most
cases [73]. Based on the fact above, we have assumed that the relaxation rate induced by diffusion is
negligible compared to the sum of other relaxation rate Rrel. There are two typical boundary conditions for
equation (B2). One scenario that could obtain strict analytical solution is when the incident pump light
reaches the surface of the cell as a flat plane like a cube-shape cell

Rop (x,y,0) =
I(0) f(x,y)σ

Ahν
, (B3)
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where I(0) is the power of the pump light at z= 0 plane. The other one is when the chamber surface Ω is
curved like a spherical cell or the curve surface of a cylindrical cell

Rop (x,y,z) =
I(z) f(x,y)σ

Ahν

∣∣∣∣
(x,y,z)∈Ω

. (B4)

For the flat plane boundary case, the equation can be solved with the help of Lambert W function which is
the inverse function of f(W) =WeW and is also referred to as the product log

Rop (x,y,z) = RrelW
(
A(x,y)e−nσ(ν0)z+A(x,y)

)
, (B5)

where

A(x,y) =
Rop (x,y,0)

Rrel
. (B6)

For cylindrical vapor cell with pump light propagating along the axial direction of cylinder cell, one just need
to employ the transformation of coordinates x= ρcosϕ and y= ρ sinϕ to equation (B5) to obtain
Rop(ρ,ϕ,z) in cylindrical coordinate. For symmetry case, equation (11) is otained.

For the curved surface boundary case in spherical vapor, we obtain

Rop (r,θ,ϕ) = RrelW
(
A(r,θ,ϕ)e−nσ(r cosθ−R)+A(r,θ,ϕ)

)
, (B7)

where

A(r,θ,ϕ) =
Rop,0f(r,θ,ϕ)

Rrel
. (B8)

f(r,θ,ϕ) is the normalized transverse distribution function of light. Specially, for Gaussian beam, we have

fG(r,θ) =
√
4/πLw20e

−2 r2 sin2 θ
w20 . Note that Rop0 is the initial pumping rate at r= R,θ = π in the spherical

vapor cell since we have assumed that the pump light is propagating along z-axis and the center of the cell is
at r= 0. The general solution of the equation equation (B2) is given by

Rop (x,y,z) = RrelW

(
C(x,y)

Rrel
e−nσz

)
(B9)

where C(x,y) is the undetermined function which should be given by boundary condition equation (B4). For
a spherical vapor cell, one might naturally but incorrectly consider using a projection to map the initial
position’s extraction rate distribution at z=−R to the sphere’s surface. This is wrong since the beam
propagates in the ẑ-direction, its total energy is absorbed and this absorption is related to the internal atomic
states, i.e. it is related to the general solution of the equation (B9). Therefore, this creates a paradox, meaning
that one must know the light attenuation to determine the light’s boundaries, while on the other hand, one
must know the light’s boundary condition to determine the light attenuation.

We adopt an approximation in which the absorption does not alter the pump light’s transverse
distribution. This approximation is valid when the pump light is well-collimated. Thus, according to
equation (B9) at z=−R

Rop (x,y,−R) = RrelW

(
C(x,y)

Rrel
enσR

)
. (B10)

With the properties of the Lambert W function, we obtain

C(x,y) = Rop,0e
nσR+

Rop,0
Rrel . (B11)

Substitute equation (B11) into equation (B9) and we can obtain equation (B7) by transformation of
coordinate x= r sinθ cosϕ, y= r sinθ sinϕ, and z= rcosθ with the denoting of equation (B8).
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Appendix C. The overlap integral of the light and atomic ensemble.

We assume the attenuation of the probe beam within the cell is negligible due to large detuning from the
absorption frequency so that is uniform along propagation direction and the mode of the probe light is
Ip(r) = I0f(r) where I0 is mode normalization coefficient and f(r) is the transverse distribution, for example,

Gaussian distribution fG(r) = e
− 2ρ2

w20 . Here, the mode of the probe light is normalized by
´
V I
2
p(r)dV= 1 so

that I−20 =
´
f 2(r)dV. Then we employ the eigenfunction of atoms to expand the probe light mode by

Ip(r) =
∑

i Iiui(r). In this way, the overlap integral between probe light mode and the ith atomic diffusion
mode is given by

gn =

ˆ
V
Ip (r)un (r)dV=

∑
i

Iihin, (C1)

where hin is defined by hin =
´
V ui(r)un(r)dV. We denote the matrix composed by hij asH. The overlap

integral describes the contribution weight of each order of diffusion mode of alkali metal atoms to the final
signal. Therefore, taking the overlap integral into consideration, the Ps,+ measured at the position r and time
t by the probe light is

Ps,+m (r, t) =
(
IpHPs,+

)TUs (r) , (C2)

where

Ip = diag{I1, I2, . . . , In} ,

H=


h11 h12 · · · h1n
h21 h22 · · · h2n
...

...
. . .

...
hn1 hn2 · · · hnn

 .
(C3)

The final measured signal Im is proportional to the average value of Ps,+m due to Faraday rotation in a
continuous measurement with integration time τ in the detection devices such as photon detector (PD)

Im ∝ P̄s,+m =
1

τ

ˆ τ

0

[
1

V

ˆ
V
Ps,+m (r, t)dV

]
dt. (C4)

Appendix D. The derivation of projection noise for alkali atomic ensemble considering
diffusion

To derive the projection noise for an alkali atomic ensemble, we assume uniform polarization in the
ẑ-direction which could be realized by two pump light propagating along the opposite direction and the
atoms are pumped along the−ẑ-direction, so that we could employ Holstein-Primakoff transformation on
the density of collective transverse components [36, 63], i.e. a=

√
Qna/|P̄ez|Pe+/2, where na is the atomic

number density of alkali atoms. We have regard Pez as a constant |P̄ez| which is the average value of
polarization of alkali atomic ensemble and regarded P(ν)e+ = 2(Sx − iSy) as an operator. In this assumption,
the equation for the νth mode of a now becomes

daν
dt

=

(
iω0−

1

T2,ν

)
aν − irνB− + fν , (D1)

where the coefficient rν = γe
Q

√
Qna|P̄e,z|
2

´
V ue,ν(r)dV and

1
T2,ν

=
(

Rrel
Q +Dek2ν

)
is the relaxation rate for the

νth mode of a. The term f ν reprensents random noise for compensating commutation relationship and the
spin noise operator holds

〈
fν(t)f†ν(t

′)
〉
= 2

T2,ν
δ(t− t ′) and

〈
f†ν(t)fν(t

′)
〉
= 0 according to [36]. Taking

overlap integral into consideration, we solve the equation above

B− =

∑
ν gν

[
i(ω−ω0)+

1
T2,ν

]
aν

i
∑

ν gνrν
+

∑
ν gν fν∑
ν gνrν

. (D2)
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The first term stands for the magnetic equivalent of measured signal while the second term is the magnetic
equivalent of spin projection noise. So that by substituting the noise moment into the signal, the magnetic
equivalent of the spin projection noise is

δBx =
2Q

|γe
∑

ν gν
´
V ue,νdV|

√∑
ν

|gν |2
Qna|P̄ez|T2,ν

(D3)

as shown in equation (24) where we have used δB− =
√
2δBx. Specially, for I= 3/2 alkali atomic SERF

magnetometer operating at the most sensitive parameter for polarization |P̄ez|= 0.5 with uniform mode of
overlap integral gν = 1, and uniform mode of diffusion ue,ν = 1/

√
V and T2,ν = T2, taking the bandwidth

for measuring BW= 1/2t with t being the measuring time into consideration [43], setting γ = γe

Q , we obtain

δBx,u =
1

γ

√
BW

0.5naVT2

4

Q
≈ 1

γ

√
2BW

naVT2
=
1

γ

√
1

naVT2t
, (D4)

which is the same as the spin projection noise given by mean field method [21, 43]. We have used the same
approximation condition as mean field method by Q≈ 4 for I= 3/2 alkali atoms in deriving equation (D4).

The mode coupling equations for alkali atoms and noble gas are given by equation (27) of [63]

daν
dt

=

(
iωa −

1

Ta
2,ν

)
aν −

∑
µ

iJcµνbµ + irνB− + fa,ν ,

dbµ
dt

=

(
iωb −

1

Tb
2,µ

)
bν −

∑
λ

iJc∗µλaλ + i
rµ
ϕ
B− + fb,µ.

(D5)

Here, a stands for alkali atoms and b stands for noble gas. ωa/b is the Lamor frequency for a/b. T
a
2,ν is the

transverse relaxation rate for the νth mode of alkali atoms and in a similar way for Tb
2,µ. J is the coherent

spin-exchange rate and ϕ is the phase induced by spin-exchange, both of which are defined in [63].

rν = γe
Q

√
Qna|P̄e,z|
2

´
V ue,ν(r)dV stands for the spin response to transverse magnetic field B− and

rµ = γe
Q

√
Qna|P̄e,z|
2

´
V un,ν(r)dV. cµν =

´
V un,µue,νdV is the overlap integral between alkali atoms and noble

gas. The solution for the coupled mode equations is

B− =

∑
ν gν

(
i (ω−ωa)+ 1/Ta

2,ν

)
aν (t)∑

ν gν
(
irν +

∑
µ J
(

rµ
ϕ

cµν

i(ω−ωb)+Tb
2,µ

)) +

∑
ν

∑
µ i J
(

−
∑

λ i Jaλ(t)c
∗
µλgν cµν

i(ω−ωb)+Tb
2,µ

)
∑

ν gν
(
irν +

∑
µ J
(

rµ
ϕ

cµν

i(ω−ωb)+Tb
2,µ

))
−

∑
ν gν fa,ν (t)∑

ν gν
(
irν +

∑
µ J
(

rµ
ϕ

cµν

i(ω−ωb)+Tb
2,µ

)) +

∑
ν

∑
µ i J
(

fb,µ(t)gν cµν

i(ω−ωb)+Tb
2,µ

)
∑

ν gν
(
irν +

∑
µ J
(

rµ
ϕ

cµν

i(ω−ωb)+Tb
µ

)) .
(D6)

The first line is the alkali atomic response to magnetic field. The second line is the noble gas response to
magnetic field coupling to alkali atoms. The third line is the magnetic equivalent of spin projection noise for
alkali atoms and The last line is the magnetic equivalent of spin projection noise for noble gas coupling to
alkali atoms. Here, we see clearly that the measured signal is composed by first two lines of magnetic
responses and last two lines of noises. By setting J= 0, i.e. if the case is that there is no coupling between
alkali atoms and noble gas such as applying a large magnetic field in z direction, then the real part of the
result can be simplified to equation (D2), which is obvious in physics and we show it mathematically to make
a verification. Similar to equation (D3), we can derive the the magnetic magnetic equivalent of spin
projection noise for alkali atoms in the presence of the coupling from noble gas by transforming the rotation
coordinate system into the Lamor frequency of noble gas ωb so that the term ω−ωb could be eliminated. By
doing so, we obtain

δBx =
|A|+ |B|
|A|2+ |B|2

√√√√√∑
ν

 g2ν
Ta
2,ν

+
∑
µ

g2ν

(
Jcµν
Tb
2,µ

)2
1

Tb
2,µ

 (D7)
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where

A=
∑
ν

gνrν , (D8)

B=
∑
ν

gν
∑
µ

J

(
rµcµνTb

2,µ

ϕ

)
, (D9)

cµν =

ˆ
V
ub,µ (r)ue,ν (r)d

3r, (D10)

r=
γe
Q

√
Qna |P̄e,z|
2

, (D11)

rν = r

ˆ
V
uaν (r)d

3r, rµ = r

ˆ
V
ubµ (r)d

3r. (D12)

Similarly, we obtain the magnetic equivalent of nuclear spin projection noise without overlap integral for
them-th mode

δBx,m =
|Cm|+ |Dm|
|Cm|2+ |Dm|2

√√√√ 1

Tb
2,m

+
∑
k

J2

(
cmk

Ta
2,k

)2
1

Ta
2,k

(D13)

where

Cm =
rm
ϕ
, (D14)

Dm = J
∑
k

rkcmkT
a
2,k (D15)

cmk =

ˆ
V
ue,m (r)ub,k (r)d

3r, (D16)

rm = r

ˆ
V
ubm (r)d

3r, (D17)

ϕ =
γe
Qγn

√
Qna|P̄e,z|
nb|P̄n,z|

. (D18)

To evaluate the influence of the coupling of nuclear spin, we define the non-dimension parameter by
projection noise with coupling, i.e. J ̸= 0 for δBx,m, divided by projection noise without coupling, i.e. J= 0
for δBx,m

η =
δBx,m|J̸=0
δBx,m|J=0

≈ 1+ |D0|
|C0|

. (D19)

The approximation is satisfied when the coupling of nuclear spin and alkali atoms is weak, which is common
experimental case for co-magnetometers operating at compensation point. We have also assumed that the
distribution of nuclear spin is uniform corresponding tom= 0. When η= 1, it means that the coupling will
not influence the projection noise of noble gas. When η < 1, it means that the coupling will reduce the
projection noise of noble gas. When η > 1, it means that the coupling will promote the projection noise of
noble gas. By setting L= 5 cm, R= 0.3 cm for vapor cell, w0 = 0.1 cm for probe light, temperature
T= 463.15 K, |P̄e,z|= 0.95 and |P̄n,z|= 0.75 [37], corresponding to J= 30.53 Hz, ϕ= 62.24 and the result
from previous modeling, we obtain η = 1+ 0.13> 1 showing approximate 10% promotion for noble gas
spin projection noise by coupling effect. This result is strongly dependent on temperature and we find a
range for 1.10⩽ η ⩽ 1.18 with the growth trend gradually slowing down when the temperature varying
from 443.15 K to 523.15 K in the case above.
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Appendix E. Eigenfunctions of the Helmholtz equation

Table 2. Eigenfunction and normalization coefficient at Dirichlet boundary condition(D-BC), Neumann boundary condition(N-BC),
and Robin boundary condition(R-BC) in 3 common vapor cell shapes. Jn/jl is the nth order Bessel/lth order spherical Bessel function

and knν /kln is the νth/nth eigen value for the nth order Bessel/lth order spherical Bessel function. Ylm = Pml (cosθ)

{
sinmϕ
cosmϕ

}
is

spherical harmonics while Pml (cosθ) is associated Lagendre function.

Cell Shape Rectangle Cylinder Sphere

Axis Range
0⩽ x⩽ a
0⩽ y⩽ b
0⩽ z⩽ c

0⩽ ρ⩽ R
0⩽ ϕ⩽ 2π
0⩽ z⩽ L

0⩽ r⩽ R
0⩽ ϕ⩽ 2π
0⩽ θ ⩽ π

D-BC
unlm(0,y,z) = unlm(a,y,z) = 0
unlm(x,0,z) = unlm(x,b,z) = 0
unlm(x,y,0) = unlm(x,y, c) = 0

unνlm(R,ϕ,z) = 0,unνlm(0,ϕ,z) ̸=∞
unνlm(r,ϕ,z) = unνlm(r,ϕ+ 2π,z)
unνlm(r,ϕ,0) = unνlm(r,ϕ,L) = 0

unlm(R,ϕ,θ) = 0,unlm(0,ϕ,θ) ̸= 0
unlm(r,ϕ,θ) = unlm(r,ϕ+ 2π,θ)
unlm(r,ϕ,0) ̸=∞
unlm(r,ϕ,2π) ̸=∞

Eigenfunction Anlm sin
nπ
a x sin lπ

b y sin
mπ
c z AnνlmJn(knνρ) sin

(
lπ
L z

)
eimϕ Anlmjl(klnr)Ylm(θ,ϕ)

Normalization

Anlm = AnAlAm

=
√

2
a ·

√
2
b ·

√
2
c

Anνlm = AnνAlAm

=
√
2

R
1

|Jn+1(knνR)| ·
√

2
L ·Am

Am =

{ √
1
2π m= 0

1 m ̸= 0

Anlm = AlnAlm

=

√
kln
πR2

2
J ′
l+ 1

2

(klnR)
·
√

2l+1
2πδm

(l−m)!
(l+m)!

,

δm =

{
2 ,m= 0
1 ,m ̸= 0

N-BC
u ′
nlm(0,y,z) = u ′

nlm(a,y,z) = 0
u ′
nlm(x,0,z) = u ′

nlm(x,b,z) = 0
u ′
nlm(x,y,0) = u ′

nlm(x,y, c) = 0

u ′
nνlm(R,ϕ,z) = 0,unνlm(0,ϕ,z) ̸=∞

unνlm(r,ϕ,z) = unνlm(r,ϕ+ 2π,z)
u ′
nνlm(r,ϕ,0) = u ′

nνlm(r,ϕ,L) = 0

u ′
nlm(R,ϕ,θ) = 0,unlm(0,ϕ,θ) ̸= 0

unlm(r,ϕ,θ) = unlm(r,ϕ+ 2π,θ)
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Eigenfunction Anlm cos
nπ
a xcos lπb ycos

mπ
c z AnνlmJn(knνρ)cos

(
lπ
L z

)
eimϕ Anlmjl(klnr)Ylm(θ,ϕ)

Normalization
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√
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c
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√

2
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,
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{
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α= 2
3
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λ̄

R-BC
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Normalization
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