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ABSTRACT: In the Standard Model (SM), electroweak (EW) corrections become significant
at high energies, particularly at the tera-electronvolt scale and beyond, due to the presence
of Sudakov logarithms. At these energy scales, the Standard Model Effective Field Theory
(SMEFT) framework provides an enhanced sensitivity to potential new physics effects.
This motivates the inclusion of EW corrections not only for SM predictions but also for
analyses within SMEFT. In this work, we compute EW corrections in the high-energy limit
for a selected set of dimension-six operators, specifically the class of four-fermion contact
interactions, in key hard-scattering processes relevant to both current and future colliders:
top-quark pair production at the Large Hadron Collider (LHC) and in a muon collider
scenario, as well as the Drell-Yan process at the LHC. We first discuss the technical details
and challenges associated with evaluating EW Sudakov logarithms in SMEFT, contrasting
them with the SM case. We then present phenomenological results for the aforementioned
processes, highlighting the non-trivial effects introduced by EW corrections arising from
the insertion of dimension-six, four-fermion operators. Importantly, the resulting K-factors
exhibit significant deviations from their SM counterparts, with dependencies not only on the
process but also on the specific operators considered. Finally, we explore the potential to
lift flat directions in the SMEFT parameter space by incorporating higher-order corrections,
using Fisher information techniques.
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1 Introduction

The most realistic approach to deepening our understanding of physics at short distances, in
the absence of clear indications of resonant production of new particles, is through indirect
methods. Following the discovery of the Higgs boson [1, 2] and the remarkable precision
with which the Standard Model (SM) has been confirmed as the most complete theory at
our disposal, a natural extension is to treat the SM as an Effective Field Theory (EFT). In
this framework, potential effects of unknown particles can be accounted for by incorporating
higher-dimensional operators constructed from SM fields, suppressed by a large ultraviolet
(UV) scale, A, where new physics (NP) is assumed to reside. The Standard Model Effective
Field Theory (SMEFT) consists of the SM and all such effective operators that respect
the gauge symmetries and the electroweak symmetry-breaking structure of the SM. The



construction of the SMEFT is general, provided that any additional degrees of freedom are
kinematically decoupled due to their heavy masses [3].

Searches based on the SMEFT framework have the substantial advantage of being able to
collect and correlate deviations across several analyses, potentially spanning various final states,
and even considering data from multiple colliders. This approach results in a greatly improved
sensitivity to NP. It is imperative, in this context, that the SM and SMEFT theoretical
predictions used in these analyses are achieved at the highest standard of precision available.
Whilst SM predictions at next-to-leading order (NLO), both in quantum chromodynamics
(QCD) and in electroweak (EW) couplings, are available for arbitrary processes in public
automated codes (see e.g. refs. [4-11]), with most analyses nowadays relying on accuracies
at the level of next-to-NLO (NNLO) or even higher, the case of SMEFT is not nearly as
developed. For example, whilst the structure of UV poles at O(«) and O(«yg) is known in the
literature [12-14], a general automated framework for the evaluation of NLO cross-sections is
only available for corrections of purely QCD origin [15]. The significantly more complicated
structures stemming from effective operators have so far prevented an equivalent general
evaluation of NLO EW corrections, and only a few calculations for selected 2 — 1, 2 — 2,
and 1 — 3 processes have been performed at this level of accuracy in EW couplings [16-40].

A naive power counting,

NLOQCD as

~1 1.1
NLOgw « 0, (1.1)

would suggest that EW corrections are one order of magnitude smaller than those stemming
from QCD and thus probably negligible. However, this is not necessarily the case. EW
corrections feature terms proportional to the so-called Electroweak Sudakov Logarithms
(EWSL), i.e., large logarithms resulting from loop diagrams featuring a massive EW boson,
whose mass acts as a regulator of the soft/collinear divergence. It is interesting to note that
such terms, which grow logarithmically with energy, are not cancelled even if the real emission
of the heavy boson, yielding a finite contribution to the cross-section, is included (see e.g.,
refs. [6, 41-44]), and therefore represent a genuine feature of EW corrections at high energy.
Since EWSL grow with energy, they become dominant in the tails of differential distributions,
which, incidentally, are also the kinematic regions most sensitive to SMEFT operators.

The evaluation of complete NLO corrections with all possible one-loop contributions
from QCD and EW origins in the SMEFT is highly desirable and will likely represent the
next key milestone in the quest for precise theoretical predictions in EFT studies. Leaving
this major undertaking aside for the moment, our focus in this work is the extraction of
NLO EW corrections in the high-energy limit,

M2, M%2,m? v* < s < A2, (1.2)

including only terms that grow with energy, namely the EWSL. Indeed, the extraction of
EWSL is, in principle, much simpler than an exact calculation of NLO EW corrections. Their
evaluation is expected to be relatively straightforward, and they are numerically dominant
when s > Mg, which is also the region where the sensitivity to SMEFT is maximised.
Electroweak corrections in the high-energy limit have been studied for a long time. The
pioneering works of Denner and Pozzorini [45, 46] resulted in a general algorithm, which we



will refer to as the DP algorithm, for the extraction of EWSL in the SM. This algorithm has
also been recently automated within general-purpose event generators [47-51]. In particular,
refs. [49, 50] address the automation within MADGRAPHS AMC@NLO [4]. The starting
point of our study has been to determine whether the DP algorithm for the calculation
of EWSL could be minimally modified for SMEFT calculations, as an approach based on
EWSL appears to be highly appealing.

The DP algorithm can EWSL for arbitrary processes, as long as the corresponding
tree-level amplitudes are not mass-suppressed, that is, not proportional to some positive
power of My, /y/s.! In the SM, mass suppression is exceedingly rare. However, in the SMEFT,
terms containing the Higgs doublet ® entering effective operators can result in Feynman
rules proportional to the Higgs vacuum expectation value (vev) v (and thus to the W boson
mass My, since My = % gv) when @ is not dynamical. It is important to note that the DP
algorithm is not expected to be applicable in these cases, and we will discuss an example
where the algorithm fails to capture all of the EWSL. On the other hand, dimensional analysis
dictates that non-mass-suppressed amplitudes at a given order in the SMEFT expansion must
grow maximally with energy compared to the SM, implying that the algorithm is effective
in scenarios where the best sensitivity to new interactions is expected.

In this paper, we consider selected processes and SMEFT operators for which the
computation of EWSL using the DP algorithm is not only possible but also structurally
similar to the SM case. However, as will become evident, this does not imply that the
numerical impact of EWSL in the SMEFT and the SM is identical. We will compute the
EWSL for the case of four-fermion operators at dimension-six, applied to the Drell-Yan process
and top-quark pair production, the latter both at the LHC and a future high-energy muon
collider. In recent years, there has been renewed interest in muon colliders, as accelerating
elementary particles to several tera-electronvolts (TeV) [52-58] could enable the probing of
fundamental interactions at unprecedented scales [59-64].

Once the numerical impact of the higher-order EW corrections on the differential distri-
butions is established, it becomes particularly interesting to investigate how these corrections
affect the linear combinations of Wilson coefficients probed by the observables of interest.
The presence of weakly constrained or flat directions often hinders SMEFT interpretations of
data and motivates the consideration of additional observables to constrain the parameter
space. Higher-order corrections are expected to both rotate and lift flat directions, and our
aim is to determine the extent to which this occurs through the computation of first QCD
corrections and then EWSL for the processes under consideration. A Fisher information
analysis is particularly well-suited to quantify these effects, and we will employ this approach
in the present work.

This paper is organised as follows. In section 2, we study in detail the theoretical
framework for the extraction of NLO EW corrections in the SMEFT, both in general and in
the high-energy limit via EWSL, and discuss the domain of applicability of the DP algorithm.
In section 3, we explain our setup and the Monte Carlo (MC) implementation. Section 4
presents the phenomenological results for the aforementioned processes involving four-fermion
operators, starting with the impact of the corrections on the differential distributions, followed

!Such amplitudes exactly vanish in the high-energy limit.



Process Collider Operator Class

Top-quark pair production LHC Colour-octet four-quark
The Drell-Yan process LHC Two-quark—two-lepton

Top-quark pair production Muon collider Two-quark—two-lepton

Table 1. Processes and SMEFT operators considered in this work, taken as a representative sample
for the LHC and future collider studies. The definitions of the operators listed in the table can be
found in section 3.1.

by an exploration of their influence on the flat directions in parameter space through a Fisher
information analysis. Finally, we conclude in section 5.

2 Theoretical framework

In this section, we discuss the theoretical framework of our computation. We provide a
general overview of the calculation of NLO EW corrections at high energies in the presence
of SMEFT operators. As mentioned in the introduction, we consider three processes and the
corresponding sets of dimension-six operators, summarised in table 1. These processes are
selected as representative examples. The choice of SMEFT operators included in this study
will be justified in the following discussion, where we demonstrate that four-fermion operators
present a particularly favourable case for computing approximate NLO EW corrections
via EWSL.

As noted in the introduction, the DP algorithm cannot generally be applied to the
SMEFT. It is only expected to work when the amplitude of interest is not mass-suppressed,
which, as we will discuss, is equivalent to the amplitude exhibiting maximal energy growth.
Four-fermion operators belong precisely to this class of operators that exhibit maximal growth,
and in this work, we will demonstrate how the DP algorithm can be applied in such cases.

This section is structured as follows: in section 2.1, we discuss the evaluation of O(«)
corrections in the high-energy limit, specifically the Sudakov approximation for amplitudes
involving dimension-six SMEFT operators at tree-level. In particular, we explain how the
DP algorithm can be applied to such SMEFT amplitudes. In section 2.2, we address the
associated physical cross-sections and their approximate NLO EW corrections, with a focus
on the additional complexities introduced by the triple expansion in «as, a, and 1/A.

2.1 EWSL at the amplitude-level
At high energies, N"LLO EW corrections are dominated by the EWSL, which correspond

to terms of order:

o' log™ |]7\a/[kl2‘, with m < 2n, (2.1)

w.r.t. the LO amplitude. The denominators in the argument of the EWSL contain M, which
represents the mass of any of the heavy particles in the SM:

M e {MW7MZ7MH7mt}; (22)



or, in the case of pure QED contributions involving photons, the IR-regularisation scale Q.
Following standard notation, we denote by rj; the kinematic invariants that can be constructed
from the momenta of a pair of external particles (all momenta defined as incoming),

ri = (pe +m)°- (2.3)

In a generic scattering process, one of the requirements for the DP algorithm to work
is that all invariants rp; in eq. (2.3) are of the same order as s, the total energy available
in the centre-of-mass frame:

((pr + p)?| = |rwa| = 5 = (p1 +p2)?, (2.4)

where p; and py are the incoming momenta.

Here, we focus on the high-energy approximation of NLO EW corrections, i.e., the
O(a) corrections to the LO prediction, corresponding to n =1 in eq. (2.1). The associated
EWSL are:

@ r
L(|rk1],M2) = — log? M and l(\rkl|,M2) =

|7t
i e log (2.5)

o
47 M2

Using the DP algorithm and its refinement presented in ref. [49], it is possible to compute
approximate one-loop EW corrections to a generic tree-level SM scattering amplitude. In

the SM, the DP algorithm states that, starting from a tree-level amplitude with particles

i1,...,1, With momenta pi,...,py,

(MM (py, .. pa), (2.6)
the O(«) one-loop EW corrections, denoted as M?}\éw, can be expressed in the high-energy
limit as:

: SM i1-..1n _ SM\...¢ ...2)... SM
M‘%IVI}‘I;*)O(MLEW)“ ’ (p17 s 7p'fl) - ;(MO ) Y (p17 s 7pn)5EW7 R (27>

In the summand, up to two external states, generically denoted by i; and ¢;, may be
replaced by 4, and i, corresponding, e.g., to the other component in the same SU(2) doublet.
For instance, in the computation of the EWSL for the process ™ p~ — tt, one of the examples
considered in this work, the tree-level amplitude for u*u~ — bb also contributes to the sum.

Eq. (2.7) states that M?l\éw in the high-energy limit can be written in a factorised form,
involving Born amplitudes (both for the original process and those with particle replacements)
and 6]%%, which is a product of logarithms from eq. (2.5) and couplings of fields to EW gauge
bosons, or related quantities such as EW Casimir operators.

The contributions to (5%% can be split as:

Sgw = OT8C + 058G + o + b, (2.8)

where dp,5c and dggc are the leading and sub-leading soft-collinear (LSC and SSC) logarithms,
respectively, both emerging from the eikonal approximation of one-loop diagrams with a
gauge boson exchanged between external legs. The term J¢ includes the collinear (C)



logarithms, originating from virtual gauge bosons collinear to external lines, as well as from
field renormalisation constants. All these contributions have an IR origin, whilst the last
term, Opg, arises from the UV parameter renormalisation (PR) of M%M, which is determined
from the running of the physical input parameters.

Further details on the DP algorithm, its refinement, and its automation in MAD-
GrAPH5 AMC@NLO can be found in refs. [49, 50]. In particular, ref. [49] introduces
several novel aspects, including the regularisation of IR divergences using dimensional regu-
larisation, an imaginary term omitted in earlier literature, and an efficient approximation of
logarithms among invariants (denoted as A7), which we account for in the predictions of
this work. For additional technical details, we refer the reader to these publications, and in
the following, we focus on aspects relevant to the application to SMEFT. Whenever possible,
we use notation consistent with refs. [45, 46].

2.1.1 Mass suppression and the validity of the DP algorithm

The brief introduction to EWSL in the previous section highlights why these contributions can
be computed in a much faster and more stable manner than the exact NLO EW corrections.
This has spurred renewed interest in EWSL and the DP algorithm in recent years. Unlike
exact NLO EW corrections, the DP algorithm framework does not require the computation
of loops, thereby avoiding the associated technical and numerical complexities.

It is natural to expect that this approach could be extended to the Beyond Standard Model
(BSM) case in a relatively straightforward manner, capturing the leading EW corrections at
high energies. However, there are a few crucial assumptions underpinning the derivation of
the DP algorithm, and one of these is particularly critical for the SMEFT program:

“For the helicity configuration considered, in the high-energy limit, the tree-level amplitude
Mo must not be mass-suppressed by powers of the form (M/\/s)k with k > 0. In other
words, by dimensional analysis, a 2 — n process requires that [M] = E*>~", where E has
units of energy, and therefore

M x /2 (2.9)

with no extra (M/+/5)* powers.”

In the SM, there are processes where all helicity configurations are mass-suppressed, such
as Higgs Vector-Boson Fusion production, but these are exceptions: it is usually the case that
at least one helicity configuration is not mass-suppressed. At most, what can occur is that,
in a specific corner of the phase space, a mass-suppressed contribution becomes numerically
dominant, spoiling the reliability of the approximation (see section 4.1.3 of ref. [44]). In the
SMEFT, the situation is quite the opposite: mass-suppressed contributions are ubiquitous.

To avoid mass suppression in an amplitude featuring a single insertion of a dimension-six
operator, the amplitude must scale with energy as:

g(4—n)/2
M x Az (2.10)
The energy dependence in eq. (2.10) corresponds to cases where SMEFT predictions at
dimension-six exhibit the maximal possible growth with energy. This is the case, for instance,



for vertices involving four fermions, directly related to the four-fermion operators considered
in this work. However, it is quite common to observe dependencies of the form:
v s(3—m)/2 M g(4—n)/2

or even:

2.(2-n)/2 2 (4—n)/2
MochocMszT, (2.12)

which are suppressed by one or two powers of M//s, respectively, compared to eq. (2.10).
The Higgs vacuum expectation value (vev) dependence in egs. (2.11) and (2.12) arises from
effective operators containing the Higgs doublet ® when the field is not dynamical.

A simple and general example related to eq. (2.12) occurs when an operator induces
a vertex that can be rewritten as one already present in the SM, multiplied by a coupling
modifier, with all diagrams contributing to M featuring the same number of such vertex
insertions. An instance of this is the modification of the top-quark Yukawa coupling in
ttH production, which corresponds to the SMEFT equivalent of the ‘kappa’ framework
widely discussed in the literature. Indeed, an SMEFT-induced modification that does not
introduce any new Lorentz structure compared to the SM must be proportional to v2/A?
due to dimensional analysis.

The case described in eq. (2.11) is also common. One relevant example for some of the
processes considered in this work is the ttg vertex induced by the top-quark chromomagnetic
operator Oz, defined as:

O = QP "G tr, (2.13)

where o/ = L[y, ~"], ® = ioy®' is the conjugated Higgs field, G = GﬁyTA is the gluon
field strength tensor, and ();, and tr represent the third-generation left-handed quark doublet
and the right-handed top quark, respectively. After electroweak symmetry breaking, the
new Lorentz structure induces modifications to the tree-level ¢gg — tt amplitude that scale
as described in eq. (2.11).

For both energy scalings described by egs. (2.11) and (2.12), the DP algorithm is not
generally expected to work, as these cases lie outside its domain of applicability. We do
not claim that it is never possible to use the algorithm in the presence of mass-suppressed
tree-level amplitudes; rather, we emphasise that there can be cases where the DP algorithm
fails to capture all of the EWSL contributions. We have explicitly verified that this is the
case for NLO EW corrections to the dimension-six amplitude ¢g — tt induced by O;g. The
details of this calculation are provided in appendix B, where we demonstrate how the explicit
computation of virtual corrections in the high-energy limit leads to a contribution different
from the naive application of the DP algorithm to the SMEFT scenario.

It is straightforward to understand, simply by examining the Feynman diagrams in figure 1,
why mass-suppressed terms can cause problems when the DP algorithm is applied: Apart
from corrections to the top-quark wave function,? the contributions of loops induced by Higgs

2See eqs. (B.6)—(B.8) of ref. [65].



Figure 1. Representative diagrams for one-loop EW corrections to qg — tt at O(y?), with the
insertion of O, denoted by the black blob. In Feynman gauge, similar diagrams involving the
Goldstone bosons, G and G*, are also present.

boson exchange are always neglected in the DP algorithm, as they result in mass-suppressed
terms at high energies. For example, the diagram on the left in figure 1 contributes at O(v?/s)
relative to the tree-level amplitude involving Ouq. As in the SM case, this contribution can be
safely neglected in the high-energy limit. In contrast, the diagram on the right does not have
an equivalent in the SM and cannot be ignored. The vertex involving the ttgH interaction
from SMEFT, unlike the ttg vertex stemming from the same operator, is not mass-suppressed
because the Higgs field is dynamical and the Feynman rule substitutes v — h. Whilst this
diagram is essential in the Sudakov approximation, it cannot be captured by a straightforward
application of the DP algorithm to the SMEFT case.

This result carries an important implication. Whilst SM amplitudes are rarely mass-
suppressed, the opposite is true in SMEFT. However, several classes of operators, notably
all four-fermion operators, never lead to mass-suppressed contributions, i.e., they always
lead to amplitudes that grow maximally with energy, as shown in eq. (2.10). For these
operators, we can validate the applicability of the DP algorithm and subsequently study
the phenomenology of NLO EW corrections at high energies. The three cases listed at the
beginning of section 2 belong precisely to this category.

2.1.2 Multi-coupling expansion in the DP algorithm

We begin this discussion by examining the multi-coupling expansion within the DP algorithm
in the SM case, before extending the analysis to the SMEFT framework.

A scattering amplitude at tree-level can involve multiple coupling combinations in QCD
and EW. In the context of our discussion on EWSL, we identify M%M as the amplitude
with the highest power of ag. However, as discussed in ref. [10], when multiple coupling
combinations are present, O(«) virtual corrections become more intricate. Specifically, the
amplitude M?l\éw receives contributions not only from ‘EW loops’ on top of MgM, but
also from ‘QCD loops’ on top of Mg/M, i.e., the tree-level amplitude with one power more
in a and one power less in ag.

A simple example is top-quark pair production from light quarks, where:

MM = M(qq — g — 1), (2.14)
is the amplitude with the highest power of ag, and:
MM = M(qq — Z/y — t), (2.15)

features one power more in « and one power less in ag.



Indeed, NLO corrections at O(a) involve EW perturbations applied to M§M, as well
as QCD perturbations applied to ./\/lg,l\/[, both resulting in an O(agsa) amplitude. It is
important to note that the distinction between ‘EW’ and ‘QCD’ loops is a useful mnemonic
but is not well-defined on a diagram-by-diagram basis. Certain Feynman diagrams cannot
be unambiguously categorised into one group or the other (see, for example, the detailed
discussion in section 2 of ref. [66]).

However, since this categorisation aligns with the structure of IR and UV limits, one
can extend eq. (2.7) as:

MgljﬁzoM%W = OMR\y
= MMaghw + MM (2.16)

where, for brevity, we have omitted the explicit dependence on momenta and the summation
over indices. In the case of 5(%1\611), the summation would refer to colour indices rather
than SU(2) partners. The explicit expression for 5(8;%]3 is available in the literature.? We
emphasise that whenever M%,M =% 0, these EW corrections of QCD origin arise; see also
the discussion in ref. [66].

Having discussed the SM case above, we use it as a guideline to examine how the DP
algorithm can be applied to SMEFT amplitudes, provided that the leading contribution at
tree-level is not mass-suppressed. Our discussion here is general, and we take the case of
four-fermion operators entering a 2 — 2 scattering process as a relevant example.

Before starting our discussion, we clarify our conventions. We assign auxiliary powers
of SM couplings to the SMEFT interactions such that their amplitudes carry the same
powers, (n,m), as the corresponding SM amplitudes. For the case of contact interactions,
the associated vertices are assigned a power of g7~ 2/A? or ¢g"~2/A2, depending on whether
the coupling order is attributed to QCD or EW interactions, respectively. Here, n denotes
the number of particles entering the vertex.

It is important to emphasise that this is an arbitrary choice, as SMEFT operators do
not inherently need to carry any SM couplings. The decision to assign coupling powers is a
matter of convention. In our case, these assignments are auxiliary and are introduced purely
for bookkeeping purposes to facilitate the mixed counting of loop and EFT contributions.
We consider the QCD and EW corrections as if the SMEFT operators were assigned these
underlying coupling powers. However, we do not actually rescale the numerical values of
the Wilson coeflicients by powers of gs or ¢g in our simulations.

Starting from a tree-level amplitude involving contributions from dimension-six operators,
denoted as MYT| the structure of O(a) corrections, which we denote as Mll\{gw, is rather
intricate. To appreciate this complexity, we first briefly discuss the simpler case of QCD, or
O(as), corrections to M{T | which we will refer to as MII\ZECD' At one loop, as illustrated
in figure 2, there are two distinct contributions to ME%CD.

The first contribution to le,%cn arises from adding a purely QCD perturbation to the
SMEFT amplitude MJ?. The second contribution originates from starting with the SM

3 An expression for 565%13 can be found in ref. [49] at the level of squared matrix elements and in the so-called
SDKyeak scheme introduced later in section 2.2. For a general case, this quantity can be derived from, e.g.,
the high-energy limit of eq. (B.2) in ref. [67].



Figure 2. Illustration of the structure of O(ays) corrections in the SMEFT for an arbitrary 2 — 2
process with the inclusion of colour-octet four-fermion operators (black blob). Top row, from left to
right: MYT at O(as/A%) and MM at O(as). Bottom row, from left to right: one-loop perturbations
to the corresponding amplitudes contributing to MIEECD'

amplitude MgM for the same process and adding a QCD correction involving a SMEFT
insertion. Both procedures yield a contribution to le{gc]) that includes one additional power
of ag relative to ./\/IONP and one additional factor of ag/A? compared to MSM.

Now moving on to EW corrections, the general concept is similar to the QCD case, but
due to the multi-coupling expansion in three quantities — ag, a, and 1/A?—rather than two
(as, 1/A?), the number of terms proliferates compared to the purely QCD scenario.

First, to categorise loop corrections, as in the SM case discussed in section 2.1.2, MONP
should factor a unique combination of powers of ag and «. However, at tree-level, several
such combinations are often possible. We denote M{F as the combination with the highest
power of ag (this is the only one needed for the computation of purely QCD corrections),
whilst Mgp represents the tree-level amplitude with one power more in o and one power
less in ag compared to MONP. Thus, MEEW receives contributions from:

« ‘SM EW loops’ on top of M,
« ‘SM QCD loops’ on top of MJF,

e ‘NP loops’ on top of M(S]M (loop corrections to SM amplitudes involving a SMEFT
insertion).

The ‘NP loops’ further subdivide into either ‘NP EW’ or ‘NP QCD’ contributions,
depending on whether they involve additional EW or QCD interactions, acting on M(S)M
and Mg}w, respectively. An illustrative example of this structure, for an arbitrary 2 — 2
scattering process mediated by both gluons and EW bosons, is shown in figure 3. In the
example shown in figure 3, the third and fourth diagrams in the bottom row vanish due
to colour configurations. However, processes such as four-top-quark production provide
examples where equivalent contributions do not vanish.

As in the SM, diagrams in SMEFT cannot always be unambiguously associated with a
single category. Nevertheless, this categorisation matches the structure of IR and UV limits.

,10,



Figure 3. Tllustration of the structure of O(«) corrections in the SMEFT for an arbitrary 2 — 2
process with the inclusion of colour-octet (black blob) and colour-singlet (white blob) four-fermion
operators. Top row, from left to right: MYT at O(as/A?), MYF at O(a/A?), MEM at O(as), and
M(S),M at O(«a). Bottom row, from left to right: one-loop perturbations to the corresponding amplitudes
contributing to Mll\{lgw.

Thus, in the dimension-six case, the analogue of eq. (2.16) reads:
lim My = oM
M2, 50" EW

= My"8Rw + MyTogen + MM oRw + MM aen , (2.17)

where, for simplicity, indices and momenta are omitted.

We emphasise that the term 5%1\\,/{, can always be computed using the DP algorithm,
which has been formally derived and proven valid for non-mass-suppressed amplitudes. The
additional terms discussed here naturally arise in the generalisation of the multi-coupling
expansion to include 1/A?, in a manner analogous to the role of ag in 5(%1\61]3 in the SM.

To summarise, the underlying assumptions in the power expansion and factorisation
are as follows: if

MEM o aa™AY (2.18)

with n and m being positive integers, then:

M(%/M o agn_l)a(m+1)A0 , (2.19)
MYF o aa™ /A%, (2.20)
MYP o oD m D) /72 (2.21)
and:
SN o aA? 6%1\6113 ox asA®,  ORE oc /A% 58&3 o ag/A?, (2.22)

such that M%l\éw factors one additional power of a compared to MgM, and the same holds
true for MLy, relative to MEF.

2.1.3 Processes considered in this work

So far, our argument has been general. In this section, we demonstrate that significant
simplifications occur for the class of processes considered in this paper presented in table 1.
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Figure 4. Tree-level diagrams contributing to pp — e~ et and p~pt — t#, both in the SM and the
SMEFT. The black blob represents the insertion of a dimension-six four-fermion operator.

We associate an auxiliary power of as/A? (a/A?) to the four-fermion vector vertex arising
from a colour-octet (colour-singlet) dimension-six four-fermion operator. This follows the
convention discussed above, where octet operators are categorised as QCD order, whilst singlet
operators are deemed to be of EW order. Under this convention, it becomes evident that, in
the case of Drell-Yan and top-quark production in lepton collisions, only one combination of
as and « is possible for tree-level amplitudes: a2a!. This leads to the conclusion that:

for pp—ete  and p pt —tt: MY = MM = 0. (2.23)

Moreover, 58813 must also vanish, as no O(ag) corrections from NP are possible with the
operators under consideration. The only tree-level diagrams contributing to eq. (2.23), both
in the SM and the SMEFT, are shown in figure 4.

Furthermore, the four-fermion vertices do not induce any additional soft and/or collinear
singularities. Therefore, in the high-energy limit, the IR logarithms in 55\1,3\, must vanish. The
UV high-energy logarithms within 55\% can, in principle, be present, as M%M can depend
on the SM parameter m;, which is the only relevant parameter renormalised at one loop by
four-fermion operators. However, all helicity configurations of MgM that explicitly depend
on m; are mass-suppressed and are therefore negligible in the high-energy limit. The non-
mass-suppressed helicity configurations are independent of m;, and consequently, 5]15]\5)\] = 0.
Given these arguments, when colour-singlet four-fermion operators are considered, eq. (2.17)
simplifies to:

for pp—ete and pu pt —tt: lim MY Ew = MYTSR . (2.24)
M2, /s—0 ’

Moving on to the process g — tt with colour-octet four-fermion operators, the situation
is slightly different. Since MSM is of O(as), M(S],M can, in principle, be non-vanishing, and
corrections of QCD origin may be present. However, as we shall see in section 2.2.1, these
terms vanish due to colour configurations.

At this point, we note that with our choice of operators in table 1—driven by simplicity —
we also have MYP = 0. Furthermore, since no NP effects of O(a) are assumed to be present,
55\% also vanishes. Similarly, due to colour considerations, 588]3 = 0 in all cases. In conclusion:

for pp—tt: lim MY = MOPORAL (2.25)

M2, /s—0 ’
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From eqs. (2.24) and (2.25), it is evident that, in the cases studied here, the only inputs
required for the computation of O(«) corrections to the M{F amplitude are the tree-level
amplitudes involving NP effects and the quantity 5%1\\,/{,

We remind the reader that in egs. (2.24) and (2.25), a summation over SU(2) partners
(e.g., by, for the t7, in the final state) is implicitly understood. The computation of tree-level
amplitudes is straightforward, and in the following, we will discuss how to extract (5]%%

2.1.4 Evaluation of EEI\V/{, in the SMEFT

Since the quantity 653 appears in the main formula, eq. (2.7), of the DP algorithm, which
was originally derived for the SM, a relevant question arises: “Is 5]%1\\,/{, different in the SMEFT?”
In other words, moving from eq. (2.7) for a general SM process to the simplified cases in
SMEFT described in egs. (2.24) and (2.25), we ask: “Can the DP algorithm be used for
calculating 6%1\\;/{, in the SMEFT?”. To address this, we first separate the discussion into two
components: the EWSL of IR origin and those of UV origin.

In the IR, the SMEFT shares the same particle and field content as the SM. It is invariant
under the SU(3) x SU(2) x U(1) gauge symmetry and corresponds to the SM supplemented
with, in our case, dimension-six operators. Importantly, the SMEFT does not modify the IR
structure of the SM. Consequently, there is nothing in the derivation of the IR logarithms
within the DP algorithm that can be altered or invalidated by the inclusion of additional
operators. Thus, the answer to our question regarding the IR contributions is affirmative.

The case of EWSL of UV origin is different. The SMEFT includes the same input
parameters as the SM, along with the Wilson coefficients of the higher-dimension operators.
Both the SM parameters and the Wilson coefficients, in general, receive O(«) corrections
and EWSL of UV origin. These logarithms account for the running of parameters from their
renormalisation scale to the scale of the process under consideration.

The parameters already present in the SM (my, Myy, etc.) are renormalised using the ‘on-
shell’ scheme, whilst « is renormalised in the so-called ‘a(Mz)’ or ‘G, scheme [68, 69]. For all
these SM parameters, the associated scales are of the order of My < /s. Consequently, the
corresponding EWSL take the same form as in the original formulation of the DP algorithm,*
and they induce non-negligible corrections.

The situation for the Wilson coefficients is, however, different. Typically, Wilson coeffi-
cients are renormalised in the MS scheme, where a renormalisation scale, usually denoted as
uerT [70], must be specified and is generally set equal to the typical scale of the process.

First, we note that as long as one is interested only in the high-energy tails of distributions,
the EFT scale can be safely set to be of the order of y/s. In this case, the EWSL associated
with the parameter renormalisation of Wilson coeflicients takes the form:

I(s, ppr) = % log N%SFT ~ % logg =0, (2.26)
and is therefore subdominant, or strictly speaking, vanishing in our approximation. This
is also the reason why, when NLO QCD corrections are computed in section 3, the QCD

“We remind the reader that O(c/A?) corrections are part of 6%p , so NP effects are not present in this case.
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renormalisation group (RG) running of the Wilson coefficients is neglected.® Additionally,
even when the full spectrum from the threshold up to the very boosted regime is considered,
if one chooses a dynamical ugpr, the O(a) effects from RG running are exactly cancelled
by the EWSL of UV origin in 5%1\\,/{, In fact, at all orders, the dependence on pgpr must
cancel, and in an NLO EW calculation, it can appear only at O(a?).

In conclusion, within our calculation set-up, we can neglect the EWSL of UV origin
for the Wilson coefficients. As a result, 5%1\\,/{, corresponds to its SM counterpart for both
IR and UV terms.

2.2 EWSL at the level of cross-sections

So far, we have kept the discussion at the level of amplitudes. However, since our primary
interest lies in phenomenological predictions, in this section, we extend the discussion to
the level of squared matrix elements and cross-sections.

In fixed-order predictions, several contributions associated with different perturbative
orders can arise. Expanding in powers of ag and «, and adopting the notation from
refs. [6, 10, 11, 43, 66, 72-78], the contributions to the differential or inclusive cross-section,
up to NLO, can be expressed as:

LO(O&S,OC) =LO; + -+ LOg, (227)
NLO(ag, @) = NLO; + - - + NLOj41 , (2.28)

where k£ > 1 and is process-dependent. Here, LO refers to contributions from squared
amplitudes or interferences of tree-level diagrams only, whilst NLO refers to contributions
from interferences of tree-level and one-loop amplitudes or squared tree-level amplitudes with
an additional massless parton. Using the notation established above:

LO; D IMSM|?, (2.29)
NLO; 2R (MM (MPep) ) | (2.30)
NLO; 2 2R (MM (M) + MM (MSen) ) . (2.31)

where the symbol ‘D’ denotes “receives contributions from”. Taking LO; as a reference, NLO1
factors in one additional power of ag, corresponding to the QCD corrections, whilst NLO»
factors in one additional power of «, corresponding to the EW corrections.

Extending the discussion to the SMEFT framework, we restrict our analysis to amplitudes
containing at most one insertion of a dimension-six operator,’ and neglect operators of
dimension eight or higher. The notation in eqs. (2.27) and (2.28) can be generalised as:

LOW (ag,0) = LOY + .. + LOY | (2.32)
NLOW(as,a) = NLOY) +--- + NLOY), , (2.33)

5We emphasise that in our phenomenological analysis, the kinematic distributions start well above threshold.
If one is instead interested in evaluating Wilson coefficients near the EW scale, ugrr ~ Mw, RG effects must
be considered [70, 71].

5Tn all processes discussed in section 2.1.3, double insertions are not possible.
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where the case with apex (j) = (4), or simply no apex, corresponds to the SM as in eqs. (2.27)
and (2.28). The case (j) = (6) corresponds to one insertion of dimension-six EFT vertices
and arises from the interferences of SM and NP amplitudes, proportional to O(A~2). The
case () = (8) is proportional to O(A~%) and, for our purposes, originates from the square
of NP amplitudes with one insertion of dimension-six vertices. Since we restrict our study
to four-fermion operators, double insertions are not allowed.

In the following, we base our discussion on the sample processes and operators outlined
in section 2.1.3, which allow for significant simplifications in the structure of NLO corrections.
Specifically, we restrict our analysis to the first LO contribution, LO1, and the first two NLO
contributions.” Under these assumptions, the corrections are expressed as follows for (j) = (6):

Lo 5 21 (MM (MEP)") (2.34)

NLOY o 2R (MY (M) + MEM (MYBep)) | (2.35)

NLOYY 5 2R (MY™ (M) + M (MYEy) + MM (MYGep) ) . (2:36)
whilst for (j) = (8), they read:

LO® o MNP 2, (2.37)

NLOYY 5 2R (MYT (MYGep ) ) (2.38)

NLOYY 5 2R (MYT (MYEw)") - (2.39)

The relative simplicity of egs. (2.37)—(2.39) compared to egs. (2.34)—(2.36) arises from our
restriction to single insertions of dimension-six vertices and the omission of dimension-eight
operators.

Our discussion so far assumes ./\/lgI/P = 0, as no colour-singlet operators are considered in
this work. For completeness, if this assumption were relaxed — for example, by including
additional SMEFT operators — the following terms would need to be added:

NLOY 2R (MEF (MPep) ), NLOY D2 (MYT (MYEep) ). (240)

The terms LO&G)7 LO%S), NLO%G), and NLOgS)—corresponding to LO and NLO corrections
of QCD origin — can be computed in an automated way using MADGRAPH5 _AMC@NLO,
as outlined in ref. [15]. The new results presented in this paper are NLOéG) and NLOéS),
which are calculated in the high-energy limit M2,/s — 0. Applying egs. (2.24) and (2.25),
the virtual contributions at the fully differential level are:

N0 RMT (MPIR) M (4750
+ MM (MPMSED + MEPOSEL ), (2.41)
i NLOY) 2R [MY™ (M3 ] (2.42)

TAll the processes considered fall into this category: the Drell-Yan process and p~pt — ¢ have only
one LO and two NLO contributions, whilst top-quark hadroproduction features two LO and three NLO
contributions. However, LO2 and NLO3 are largely subdominant.
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Integrating eqgs. (2.41) and (2.42) over the relevant phase-space regions and dividing by the
initial-state flux and symmetry factors yields the high-energy limit of the NLO EW virtual
corrections at O(A~2) and O(A™%), respectively.

2.2.1 Treatment of photons/gluons and the SDKeak scheme

In our previous discussion, we have interchangeably referred to cross-sections and interferences
or squares of amplitudes. In doing so, we implicitly assumed that both tree-level and virtual
contributions share the same kinematic and phase-space integration, whilst postponing the
discussion of real-emission contributions, which also form part of the NLO corrections. Having
introduced the relevant notation and theoretical background, we are now ready to address
the inclusion of real-emission contributions.

The NLO EW contributions derived in the previous section stem solely from virtual
corrections and cannot directly be used for phenomenological predictions. This is because
they are IR divergent, as is typical for virtual corrections involving massless particles (in this
case, photons). Refs. [49, 50] discuss in detail how the DP algorithm, originally derived for the
high-energy approximation of virtual amplitudes, can be adapted to obtain IR-safe predictions
for physical observables through the proper inclusion of real-emission contributions. These
modifications are referred to as the ‘SDKyeax’ scheme.®

In ref. [49], it was demonstrated that the SDKyeak scheme, which retains only the
purely weak component of the EWSL of IR origin, is superior to other prescriptions for
obtaining physical predictions. This superiority is particularly evident in analyses where
final-state charged particles, both massless and massive, are clustered together with photons
and gluons. The SDKyeax scheme ensures IR safety whilst maintaining the precision of
the high-energy approximation.

For the remainder of this paper, we adopt the SDKyeax scheme, which facilitates the
simplification and practical use of eqgs. (2.41) and (2.42) for phenomenological predictions.
Under this scheme, the terms in egs. (2.41) and (2.42) can be rewritten as:

im  NLO® o 23 [ MNP (MSM(SSM )* MM (MNP(SSM
MEVI}?_)O 2 X [ 0 0 OBW g + Mo 0 OEW

)} . (2.43)

MY <M0NP5%1\V/{, oK k> ] . (2.44)

SDKweak

lim NLOY « 2R
Mg, /s—0

We denote by EWSL(®) and EWSL(®) the contributions arising from eqs. (2.43) and (2.44),
as these form the logarithmically-growing components of NLOSS) and NLO%S), i.e., taking
/s—0 Of NLO&G) and NLOéB), respectively.

In the transition from eq. (2.41) to eq. (2.43), one might observe that the term in the

the lim M2,

second line of eq. (2.41) appears to have been omitted. In a general case, an additional
contribution:

2R MM (MgMgggD]S +M§P55%D‘SDK k) ] (2.45)

weak

8The SDKyeak scheme is distinct from the ‘SDK’ scheme, which corresponds to the DP algorithm applied
solely at the amplitude level, and the ‘SDK’ scheme, a widely used alternative method. The SDKg scheme,
unless supplemented by real-emission contributions, can yield less precise predictions and fails to capture part
of the EWSL.
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can indeed appear in eq. (2.43). However, this term vanishes under the approximations
applied for the processes and operators considered in this study. We elaborate on the reason
for this omission below, as it is not trivial for the gg — tt process. For the other two processes
analysed in this work, MS,M is simply absent, making this term irrelevant.

First, we make a technical remark that has been somewhat obscured by our simplified
notation. When writing terms such as MZMSEN, or MEFPIEA | a summation over amplitudes
with SU(2) partners as final states is implied. Similarly, terms like MgMéggD and MoNpégl\é[D
involve a summation over SU(3)-rotated amplitudes, i.e., amplitudes with different external
colour configurations. This is one reason why the terms within the square brackets in eq. (2.43)
cannot simply be factorised or simplified, as implicit summations over different Mj’s are
involved.

Next, we note that ref. [49] constructed the SDKeax scheme to handle contributions
arising from QCD corrections applied to interferences of the form M(S],M(MgM)*, such as the
first term in eq. (2.45). It was shown that this scheme enables these contributions to be
rewritten in the high-energy limit directly in terms of the original interference itself, without
introducing colour-rotated terms, up to subleading logarithms such as log(ry;/7pq). The same
reasoning applies to the second term, involving SMEFT amplitudes, in eq. (2.45). Conse-
quently, these terms can be fully expressed as functions of MS,M (MEM)* and /\/lg/M(MONP)*,
without implicit colour rotations or summations. However, with the choice of operators
considered in this work (colour-octet ones, as listed in table 1), these two terms vanish. This
is due to the differing external tt colour states: in both cases, a colour-singlet amplitude
(M3M) interferes with a colour-octet amplitude (MM or MJT), leading to zero interference.

2.2.2 Summary of the different terms in the SMEFT

In summary, taking the SM LO (LO1, to be precise) as a reference, the LO quantities are:

LOY/LO x s/A% and LO® /LO o s2/A%, (2.46)

and the NLO ones:
NLO;/LO x ag and NLO2/LO x «, (2.47)
NLO&G)/LO o ag s/A? and NLO%8)/LO o ag 57 /AL (2.48)

All these quantities have been evaluated and are already available in automated codes.
The novel results of this work are the extraction and automated evaluation of the
following quantities:

EWSL® /LO o as/A%log™ (s/M3,), (2.49)
EWSL® /LO o o s%/A*log™ (s/ M), (2.50)
where m = 1,2.

Having summarised the different SMEFT contributions examined in this section, we
note that, when presenting our phenomenological predictions, we will refer to LO; simply
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as LO. For clarity, the following conventions will be used:

QCD =LO + NLOq,
EWgspk = LO + EWSL, (2.51)
QCD + EWgpk = LO + NLO; + EWSL.

These definitions apply both to the SM case and to the contributions of order O(A~2) (LO®),
NLO!®”, and EWSL(®)) as well as O(A~%) (LO®, NLOY), and EWSL®).

For simplicity, when referring to cross-sections associated with these three classes, we
will adopt the following notations:

oMo AY, oNT o 1/A%) 05 1/A4, (2.52)

where ‘INT’ and ‘SQ’ indicate contributions arising from the interference between dimension-
six EFT amplitudes and the SM amplitudes, and from the square of the EFT amplitudes,
respectively.

3 Implementation of SMEFT four-fermion operators

As previously discussed, the DP algorithm can consistently be used to compute the high-
energy approximation of NLO EW corrections with the insertion of four-fermion operators, as
those operators never lead to mass-suppressed 2 — 2 scattering amplitudes. Exploiting this
capability, in this work we present the first phenomenological SMEFT study at QCD+EWgpk
accuracy (exact NLO QCD corrections plus NLO EW corrections in the high-energy limit)
including dimension-six four-fermion SMEFT operators.

This section outlines our computational setup for the sample processes introduced
in table 1: top-quark pair production, both at the LHC and at a 10 TeV muon collider,
and electron-positron pair production at the LHC. After introducing the relevant SMEFT
operators in section 3.1, in section 3.2, we discuss our MC implementation, based on MAD-
GRAPHS5__ AMC@NLO, which will be made public following this work. A validation of our
implementation of the DP algorithm is documented in appendix A, showing through an
analytical calculation that it reproduces the high-energy behaviour of exact NLO EW cor-
rections and that it can be utilised in SMEFT computations when the amplitude is not
mass-suppressed, as discussed at length in section 2.

3.1 Operators and notation

In this section, we introduce the dimension-six four-fermion SMEFT operators that are the
focus of this study, along with the corresponding notation. These four-fermion operators
describe contact interactions that mediate 2 — 2 scattering processes of constituent fermion
fields. We calculate the SMEFT contributions involving four-fermion operators under a
specific flavour symmetry assumption that singles out the top-quark interactions:

U(3); x U(3)e x U(2)y x U(2)y x U(3)a = U(2)* x U(3)?, (3.1)

where the subscripts correspond to the five fermionic representations in the SM. This minimal
breaking of the U(3)® symmetry allows for chirality-flipping top-quark interactions, such as
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dipole operators and modifications to the top-Yukawa coupling. Throughout, we adopt the
notation and operator conventions from refs. [15, 79, 80]. Unless otherwise mentioned, we
use ¢, u, and d to denote the left-handed quark doublet (¢) and right-handed quarks (u,d) of
the first two generations, and similarly, @, ¢, and b for the third generation. For the lepton
fields, e and [ represent right-handed singlets and left-handed doublets, respectively.

Top-quark pair production at the LHC. For this process, we focus on the four-fermion
colour-octet operators defined as follows:

2 3

Of, =" (T (@ " Taw), Of =y Tat)(diy"Tdy),

izl ijl
O = > (T4 @ Taa), 0%, = S (@ TaQ) @A T uy),

i? izl
Oda = 3 (QuuTaQ)(din"Tdy), 064 = 2_(@uTQ) @ Taa),

izl i—1
025681 - ;(@%TAUIQ)@’Y”TAUI%), (3.2)

where i represents the generation of the light fermion fields. Due to their colour structure,
these operators interfere with the dominant contribution to this process, namely gluon-
mediated qG — tt scattering. This is in contrast to colour-singlet operators, which only
interfere with the subleading SM amplitude, mediated by EW interactions. It is worth noting
that operators composed of four top-quark fields, either @) or tg, would also be compatible
with our flavour assumption in eq. (3.1) and, in principle, enter top-quark pair production.
These operators are not considered in our study as their contribution to t¢ production is
either suppressed by the b quark parton distribution function (PDF) or entirely loop-induced.

Top-quark pair production at a lepton collider. For this process, we consider the

following two-quark-two-lepton operators:

Ore = (1V"t) (Eivuei) , Oge = (QV"Q)(Euei) »
oﬂ = (By"t) (Tiyuli) 04 = (@1 Q) (Tiyuli) .
= (Q’Y“T Q)( iYuT z) ) (33)

with ¢ = 1 or 2, corresponding to the first or second fermion generation (for electron or muon
colliders, respectively). The operators involving b quarks could in principle contribute but
as they do not appear at LO in this production process, they are omitted. In line with the
conventions of refs. [15, 79], we make the following redefinitions of the Wilson coefficients:

Co =0 - ) C3 =0y (3.4)

This rotation specifically applies to operators involving fermion neutral currents and charged
leptons. Choosing such linear combinations makes explicit the number of degrees of freedom
involved in top-quark pair production at a lepton collider. Specifically, the redefined coefficient
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Cél mediates vertices with tt, whilst the redefined C%l is associated only with bb neutral
currents. Consequently, the LO contributions to top-quark pair production in lepton colliders
are governed by only four Wilson coefficients.

The Drell-Yan process at the LHC. For this process, we consider the following two-
quark-two-lepton operators:

3 3
Oue =) (Wi ui) (€ue) . Ode = Y _(dir"d;)(eye)
i=1 i=1
3 3 -
Oge = >_ (@ ai)(@r"e) Ouw = Y_ (@ us) (Iyul)
i=1 i 1
> - 7 3
Oar =Y _(diy"ds)(Il) Oél) = Z @l a) (Il
i=1 P
3 —
0( =@ ) () (3.5)
=1

Following the change of basis in eq. (3.4), and for consistency, we will use the redefined
coefficients:

C=ch o o =c. (3.6)

q q
We point out that in the results section, we will not present phenomenological results for
operators involving right-handed d quarks, i.e., O4 and Og.. The reason is purely a technical
one, relating to the present implementation of our UFO model, and they are planned for
inclusion in future work. As detailed at the end of section 2.1.2, solely for the purposes of
bookkeeping and ensuring a homogeneous power counting of SM couplings between different
orders in 1/A, the Wilson coefficients of eq. (3.2) are considered to be of O(as), whilst ones
of egs. (3.3) and (3.5) are of O(a).

3.2 Monte Carlo implementation details

In this section, we present our MC setup for extracting phenomenological results at NLO
with the inclusion of SMEFT four-fermion operators. NLO QCD corrections in the SMEFT
have been generally computed and automated [15] in MADGRAPHS AMC@NLO [4]. Our
implementation is standard, with the notable difference that we cluster QCD real-radiation
to nearby top quarks in the region of AR < 0.4, where AR is the separation between two
objects in the detector.” This clustering method ensures consistency with the treatment of
QED real-radiation in the SDKyeax scheme. We remind the reader that for EW corrections,
the SDKeak approach outlined in section 2.2.1 is the phenomenologically relevant one, as
it bypasses the inherent infrared sensitivity introduced by the DP algorithm. We use a
specialised version of MADGRAPH5__AMC@NLO capable of computing full QCD corrections,
as well as EW corrections in the Sudakov approximation, see ref. [49]. We also retain

AR = /(An)? + (Ap)2, where An and Ay represent the differences in pseudorapidity and azimuthal
angle, respectively.
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G, 1.16637 x 107° GeV 2
mw 80.419 GeV

mz 91.18 GeV

my 172.5 GeV

myg, f#t 0.0
as(myz)  0.118

Table 2. Common inputs used in the our MC simulations.

the logarithmic contributions among Mandelstam invariants via the A"k prescription
of ref. [49]. For SMEFT studies, we have prepared a UF0 model based on [10, 15], which
contains the relevant EFT operators.

LHC. For LHC phenomenology (tt production and Drell-Yan) we consider proton-proton
collisions at /s = 13 TeV. We use the PDF set NNPDF3. 11uxQED [81-83] via the corresponding
LHAPDF interface [84]. For t¢ production, the factorisation and renormalisation scales up
and pp are computed dynamically with a reference value defined as:
H .
ph= 3" = (3.7)

1€FS

where the sum runs over all final state particles, and Hr ; is the transverse energy of the final-
state particle i. For Drell-Yan, ur and pup are set to the final-state dilepton invariant mass,

UE = [LR = My (3.8)

When computing NLO QCD corrections, the SMEFT is renormalised separately at the fixed
scale pgpr = 1TeV, and since the SMEFT scale is kept fixed, there is no effect from RG
running of the Wilson coefficients included, as discussed in detail in section 2.1.4. We carry
out the computations in the G, scheme [85, 86], as it is considered a suitable choice for
SMEFT analyses, according to the recent recommendations of the LHC EFT WG [69]. Whilst
EW parameters and fermion masses are renormalised on-shell, the QCD sector is renormalised
in MS, with as(mz) as input. Our complete choice of inputs is as follows:

Muon collider. For the muon collider, we consider /s = 10 TeV, unpolarised beams, and
the same choice of input scheme and parameters described above. For simplicity, we choose
not to include effects stemming from initial-state radiation (typically encoded via PDFs of
the lepton) as they are expected to be negligible in the regions where Sudakov enhancements
are relevant (see e.g. [44]). The renormalisation scale is fixed to:

Similarly to the LHC case, in the NLO QCD corrections, the SMEFT is renormalised
separately, but in this case the EFT scale is fixed to the muon beam energy, ugrr = /s/2.
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4 Results

We now present the differential results for the three processes examined in this study,
incorporating dimension-six four-fermion operators and focusing on the impact of high-energy
approximations of NLO EW corrections compared to NLO QCD corrections. The former,
when combined with the LO prediction, are referred to interchangeably as ‘EWgpx’ (or simply
‘EW?”), and the latter as just ‘QCD’ (See eq. (2.51) in section 2.1.2 for their precise definition).
Predictions will be studied at the interference- and squared-level, generically referred to
as ‘INT” and ‘SQ’, as per eq. (2.52). The impact of corrections will be quantified using
differential K-factors, defined as the ratio of the higher-order to LO predictions. These will
be examined separately for the SM, INT and SQ contributions to provide the clearest picture
of the effects of higher-order corrections. In particular, we explore how the sensitivity of
kinematic distributions to the SMEFT coefficients varies with the level of accuracy employed
and how higher-order corrections can resolve flat directions that are indiscernible at LO.
It is important to note that four-fermion operators are classified based on their chirality
structure. Since EWgpk corrections depend on the helicity configuration of the external
states, the behaviour of these corrections is expected to be closely linked to the chirality
structure of the corresponding SMEFT operator. We have chosen values for the Wilson
coeflicients primarily for illustrative purposes, ensuring that the SMEFT contributions are of
O(1) in the kinematic ranges considered. We will highlight predictions for a subset of the
relevant operators, with the remaining set presented in appendix C.

4.1 Top-quark pair production at the LHC

We begin with the phenomenology of EW corrections in top-quark pair production at the LHC,
pp — tt, (4.1)

with the inclusion of the SMEFT four-quark operators in eq. (3.2). As an example, figure 5
focuses on the operator O%d, with a Wilson coefficient set to C’%d = 0.25TeV~—2. The main
plot in the left panel shows the differential cross-section with respect to the transverse
momentum of the top quark, do/dpt., including both QCD and EW corrections. The insets of
the left figure illustrate the relative impact of the linear and quadratic SMEFT contributions
compared to the SM at different orders in the perturbative expansion. The solid, dotted, and
dashed lines represent the ratios to the SM at LO, QCD, and EWgpgk accuracy, respectively,
whilst the solid black lines indicate the ratio of QCD+EWgpk. The right plot of figure 5
displays the corresponding differential K-factors in the SM, and order by order in the SMEFT
for the operator O%d indicated by the subscript on K. Figure 6 presents the same plots but
for the operator (’)612’2. The remaining plots for the other four-quark operators in eq. (3.2)
are compiled in appendix C.1.

Several interesting features can be seen when comparing the differential Kqy, KinT and
Ksq. Firstly, as expected, EW corrections are negative and grow with energy in absolute
value, resulting in a downward shift in the tail of the distributions, a feature that underlines
the importance of those contributions in precision SMEFT calculations. Secondly, whilst as
expected, QCD corrections are positive in the SM, they are mostly negative in the SMEFT
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such that they combine constructively with the EW corrections leading to strong suppressions
of the SMEFT effects in the tails. The negative QCD corrections in the SMEFT are likely
associated with the reduction of the centre-of-mass energy of the fermion-fermion contact
vertex due to QCD radiation. This observation is valid for all the four-quark operators that
we considered, both at linear and quadratic order. The different behaviour of the SM QCD
K-factors, in comparison to the SMEFT case, is likely due to the important gg-initiated
contribution, which is not impacted by the four-fermion operators. This contribution remains
significant despite its decreasing relevance due to the sharp decline of the gg luminosities with
centre-of-mass energy. Moreover, K-factors associated with different operators can differ,
often significantly. This can already be seen by comparing figures 5 and 6, and is further
confirmed by the additional figures 15 and 16 in appendix C.1. Therefore, we strongly advise
against using a simple K-factor approach for including higher-orders, as it fails to represent
the relevant underlying physical effects. This is particularly true when the K-factors evaluated
for the SM are applied naively to the SMEFT predictions. Such application results in an
almost 100% error in predictions, a conclusion that can be inferred for example from figure 6,
in which the QCD+EWgpk K-factor for the SM lies around 0.75 in the highest energy bin,
whilst the corresponding linear SMEFT one is close to 0.3.

Overall, the sensitivity to four-fermion operators in #¢ production at the LHC exhibits
significant variation at NLO compared to LO, as previously demonstrated in studies focusing
on QCD corrections [15, 80]. We observe that the numerical effect of the EW corrections is
comparable to that of the QCD corrections. Furthermore, the disparity in K-factors between
the SM and the SMEFT results in a significant reduction in the relative impact compared to
LO predictions. This significant change is evident in the insets of the left plot in figures 5
and 6, i.e. the difference between the solid black and coloured lines where the LO impacts
are strongly reduced when including the QCD+EWgpxk corrections.

4.2 The Drell-Yan process at the LHC

We continue our examination of key LHC processes by considering electron-positron pair
production,
pp —ete, (4.2)

with the inclusion of the SMEFT two-quark-two-lepton operators in eq. (3.3), and considering
the redefined coefficients in eq. (3.4). In figures 7 and 8, similarly to figures 5 and 6,
we plot the differential cross-section in the dilepton invariant mass myg, do/dmy,, for the
SM, and in SMEFT at linear and quadratic order for the operators (’)le_) and Oy, when
C/A? = 0.02 TeV~2. For completeness, the differential results for the remaining four-fermion
operators are shown in appendix C.2.

Similarly to the tt case, and as expected, at high energies, EWgpk corrections are generally
negative and grow in size with energy, with the characteristic alog?(s/M?) behaviour of
Sudakov logarithms. The QCD corrections, instead, are positive and grow with energy, which
leads to an interesting accidental cancellations between the two. In the SM, this results
in an essentially flat K-factor. Looking, for example at the interference contribution of
C{;;) in the right panel of figure 7, we see that the cancellation leads to a QCD+EWgpk
prediction lying very close to the LO one.
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Moving to the contributions from C. in figure 8, the aforementioned cancellation is
less evident, leading to a flatter but non-zero result. This case is more representative of
the remaining operators in appendix C.2, where QCD corrections are similar across the
board but EW corrections are relatively less important. The QCD corrections to SMEFT
contributions are known to be approximately SM-like. Indeed, the similarity of the differential
QCD K-factors between the SM and the SMEFT is evident in the right plots of figures 7
and 8 as well as the ones in appendix C.2. This explains the stability under QCD corrections
of the relative impacts w.r.t. the SM, as depicted in the insets of left plots in figures 7 and 8,

(=)
qt

considerably modified by the inclusion of EW corrections, especially at the linear level, where

as well as the additional figure 17 in appendix C.2. In the case of O’,’, the relative impact is
around 30% difference is predicted at high energies. However, for Oy, the overall impact is not
significantly modified when including higher orders QCD or EW corrections. A similar range
of sensitivity to EWgpxk corrections is observed across all of the operators that we considered,
leading to effects on the relative impacts at the level of a few tens of percent in the tails.

The key takeaway is that, in contrast to QCD, these corrections do not have a universal
behaviour, differing across operators and even between individual interference and squared
contributions. Our results once again demonstrate the importance of including NLO cor-
rections of both QCD and EW origin in precision SM and SMEFT predictions, particularly
for the tails of differential distributions.

4.3 Top-quark pair production at a muon collider

To conclude our phenomenological studies, we now consider the relevance of EW corrections in
the SMEFT within a muon collider scenario. We consider a circular muon collider operating
at /s = 10TeV, and focus on top-quark pair production,

php™ =t (4.3)

Our analysis is similar to the one of the LHC presented in section 4.1, apart from the difference
in the relevant four-fermion operators, that here are of the two-muon-two-quark type, as
given in eq. (3.5) and considering the redefinition in eq. (3.6). The SM-only component of this
analysis has been carried out also in ref. [44], where many more details have been discussed.

It is important to note that in a muon collider, and in lepton colliders in general, the
partonic energy available in the centre-of-mass frame is effectively constant (up to small
effects from lepton PDFs, see e.g. the discussion in ref. [44]). Therefore, logarithms of the
form log?(s/M?) and log(s/M?) are constant throughout the phase space. Only logarithms
depending explicitly on angles, such as log(—t/M?) or log(—t/s) are capable of inducing an
angular dependence from the Sudakov approximations.

Figure 9, along with the additional figures in appendix C.3, showcase our results for
the differential cross-section do/dp}., for the SM and at the linear and quadratic levels for
the relevant four-fermion Wilson coefficients, with C/A? = 0.001 TeV~2. The relatively small
value of the Wilson coefficients reflects the fact that the sensitivity of this process far exceeds
that of the LHC due to the larger partonic centre-of-mass energy.

Concerning QCD corrections, we find that they are generally positive and sizeable, with
the exception of the rightmost bin, where they become negative. This behaviour is primarily
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Figure 9. Differential distribution and corresponding K-factors for top-quark pair production in a
10 TeV muon collider, with the same notation and structure of figure 5, for the operator Oy.

due to QCD radiation escaping recombination, decreasing the invariant mass of the ¢t pair
and, consequently, reducing the value of p%. Given the shape of the distribution at LO, which
peaks at large p%., this dynamic results in the characteristic shape of the K-factor observed.

Moving to EW corrections, we find, as expected, that they are consistently negative,
but that they grow in absolute value at smaller p%., especially in the case of the SM. This
effect is counter-intuitive, but it has already been observed in ref. [44] for the SM case,
where it is also discussed in detail. The origin is the aforementioned independence of double
logarithms on angular distributions, at variance with the case of single logarithms. In fact,
the pY-dependence on the relative EW corrections is milder in the SMEFT, in particular
for the operator considered in figure 9 (cf. results in appendix C.3).

In summary, the inclusion of EW corrections is important at high energies, and is
therefore highly recommended when precise predictions are needed. This is especially the
case for a TeV-scale lepton collider, where EW corrections, for specific operators, can be of
order —50% of the LO. We note that such large negative corrections may have implications
beyond precision studies, and may even lead to a sizeable impact on projections for statistical
uncertainties in experimental analyses. Indeed, it is important to note that, in contrast to the
LHC case, the region at high p%. corresponds to the bulk of the cross-section. Furthermore, the
SM, the linear, and the quadratic SMEFT contributions generally exhibit different K-factors,
both in magnitude and energy dependence. Therefore, the point made in the previous two
sections — that the naive inclusion of higher-order corrections via a simplistic K-factor
approach does not provide an accurate physical description — also applies to this process
and is even more pertinent.
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4.4 Lifting flat directions in the SMEFT parameter space

Given a specific process, it is well known that EW corrections can induce sensitivity to
additional parameters or interactions that were not present at the LO. For instance, in
the case of pp — tt, these effects have already been studied in, e.g., refs. [87-91], showing
that they enable probes of the EW and Yukawa couplings of the top-quark, or new top-
philic scalars. The situation for the processes and the operators that we have considered
is analogous, with the minor complication that the newly probed directions correspond to
linear combinations of Wilson coefficients.

Hence, the improved accuracy of higher-order predictions can lead to new conclusions
on how data can indirectly constrain new physics. In the event that evidence for non-zero
Wilson coefficients is observed, higher-order corrections will also be essential to accurately
and precisely pinpoint their new physics origin. Independently of any discovery, in a highly
multidimensional approach such as the SMEFT, correlations among Wilson coefficients in
a given dataset are key in order to achieve a robust sensitivity.

It is also important to identify the presence of weakly-constrained or flat directions in
order to motivate future measurements aimed at globally closing in on the parameter space.
These features can be sensitive to higher-order corrections, given the non-trivial K-factors
that we have highlighted in the previous section. In order to highlight this fact, we will
mostly consider pp — tt in section 4.4.1 as a simple example. We choose to focus on this
process because it has a relatively simple dependence on the four-fermion operators, allowing
for an intuitive understanding of the flat directions at LO. We also briefly comment on the
Drell-Yan process and on p*u~ — tt production at the end of the section. Afterwards,
in section 4.4.2, a more systematic study based on Fisher information will be carried out
for all the three processes considered in this work.

4.4.1 Benchmarks and parameter subspaces

At LO, the partonic total rate for ui — tt at O(A=2) in the SMEFT (which enters in
ornT) only receives contributions from the purely vectorial combination of the four-fermion
Wilson coefficients, Cf,,. This combination is characterised by its equal coupling to left-
and right-handed fermions [80]:

1
Chv =7 (Chs +Coe +C5, + CF, +CB,) - (4.4)

Similarly, the total rate for dd — t¢ only receives contributions from the down-type vectorial
combination:

1
Clhv = 1(Cgy = Cgy + Cla+ Ciy + Ca) - (4.5)

The other five linear combinations (7 four-fermion operators minus C,, and C&,,) do not
contribute at this order when integrated over the angular phase space.
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Coupling combinations involving the axial current,'” such as those for the up-type quark,

u I, 18 38

CY4, = Z(CQq +Cg, +Ch— C — Cou) (4.6)

cuo = Lol 38 o8 o8 o8 4.7
AV_4( Qq Qq+ tu+ tq Qu)’ ( . )
. 1

CVA = Z( - Ocljf; - ngs + Ctsu - Ctsq + O(%u) ) (48)

can still manifest themselves in differential quantities constructed to sample the negative parity
of the corresponding interaction, for instance, in angular observables such as symmetries,
polarisation and spin correlations [92, 93]. Equivalent combinations for the down-quark initial
state can be obtained by replacing v — d and taking ngs — —C'g’s.

The LO dependence on only Cfy,, and C’{ﬂv therefore extends to all of the standard
non-angular observables, such as top-quark pr and the top-quark pair invariant mass. Here
we investigate how the sensitivity to certain coupling directions changes as higher-order
corrections are introduced, and demonstrate how such ‘conventional’ observables become
sensitive to directions that are flat, or insensitive, at LO.

We begin by considering the impact of higher-order corrections on the differential
predictions in p% from the vector (V') and axial (A) coupling combinations defined above. Of
particular interest are those involving the axial current, which do not contribute at LO. To
do so, we examine four benchmark parameter points that separately select purely-vectorial
(VV), purely-axial (AA), mixed vector-axial (V' A) and mixed axial-vector (AV') four-fermion
interactions, setting the corresponding combinations for up and down quarks equal as follows:

VV:Cl, =CL, =1TeV ™2,  AA:CY%,=C%,4=1TeV 2
VA:CL,=Cl,=1TeV™2, AV :CY%, =C%, =1TeV 2,

with all other combinations vanishing in each case. Figure 10 plots the interference contribution,
oINT, relative to the SM of these four benchmarks at different perturbative orders in bins of
pY, with MC uncertainties given by the coloured bands. The purely vectorial case shown in
the upper left panel is the only non-zero contribution to this observable at LO, and the higher-
order corrections display a familiar pattern with respect to those discussed in section 4.1. As
expected, the interferences of all three other coupling combinations vanish at this order.
When only QCD corrections are taken into account, the LO features are qualitatively
unaltered. Only the V'V combination is not vanishing, although it receives non-negligible
corrections. In contrast, EWgpk predictions lead to non-vanishing results both for the AV
and V' A combinations and the relative corrections on the V'V combination is even larger than
those induced by QCD corrections. The contribution of EW corrections to the AV and VA
combinations is of the order of 10% of the one induced to the V'V combination. Moreover,
including EW corrections, the p}. distribution does not depend on the AA combination.
It is clear that when EW and QCD corrections are combined, the results are qualitatively
equivalent to those at EW accuracy,!! with only an additional effect from QCD for the

YFermion currents involving 4*~° Dirac structures are sometimes denoted as ‘axial-vector’ currents. We
refer to them as just ‘axial’ for simplicity.
111 the last bin of the AV combination the difference observed is due to statistical fluctuations.
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Figure 10. Impact of the SMEFT interference contributions to pp — tt, relative to the SM, of purely
vectorial (upper left), purely axial-vector (upper right), mixed vector-axial (lower left) and mixed
axial-vector (lower right) combinations of four-fermion operators, differentially in pf.. MC statistical
uncertainties are represented by the bands around the central values.

V'V combination. It is important to note that the AV and V A directions at LO would
be accessible only at O(A~%) and/or via the measurement of the top-quark polarisation or
spin correlations [80, 94]. In other words, EW corrections introduce new sensitivity at the
interference level in a more inclusive and easy-to-measure observables such as p.

Beyond benchmarks for particular coupling structures, we can also consider flat directions
at the linear-level characterised by relations between Wilson coefficients. At this O(A~2)
order, one can always define relations between pairs of coefficients that lead to a cancellation
in a given cross-section. In figure 11, we plot two such flat directions in selected 2-dimensional
SMEFT parameter spaces at different orders in perturbation theory. They correspond to
flat directions in the cross-section for the 1500 < p% < 1800 GeV bin of our kinematical
distributions. The directions are defined by the relations:

1,8
CCSQd == tsda CQq = _Ctsqv (4.9)

where for both cases all the other coefficients are set equal to zero. Indeed, as can be seen
from egs. (4.4) and (4.5), when either relation in eq. (4.9) is satisfied and all the other
coefficients are zero, both Ct}y, and C"d,v vanish. In this case the interference contribution to

INT “also vanishes when integrated over the angular phase space. This can

the cross-section, o
also be seen in terms of the parity-conserving nature of strong interactions, noting for instance
that C%d and Ctsd mediate the partonic reactions dd — trt;, and dd — tptr respectively,

two processes that QCD cannot distinguish.
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Figure 11. Flat directions in the (C3,;, Cyy) and (Cg,, Cf,) planes for top-quark pair production in
the region 1500 < pf. < 1800 GeV, with thicknesses indicating their MC uncertainty. Blue: LO, Red:
QCD, Green: EWgpk, Black: QCD + EWgpk. The insets show the gradients of the plotted lines,
along with their MC uncertainties. The two flat directions of eq. (4.9), present exactly at LO and
approximately at NLO QCD, are shifted by NLO EW corrections.

Process LO EWgspk QCD

SM 7.96-107%* 6.61-107* 9.08-10*

Table 3. SM cross-section [pb] for 1.5 TeV < pf. < 1.8 TeV for the process pp — tt.

QCD corrections modify the correlations in the left plot of figure 11, (C’%d, C’fd), whilst
the picture is not significantly altered in the right plot for (C’é;g,
comparable shifts from the —45° lines, that are more important that the QCD corrections
in the right plot. Moreover, in the case of ng against Ctsd (left plot), both the QCD and
EW corrections leads to modification to the anti-correlation in the same way. The most
important result, however, is that in both plots, the QCD + EWgpk prediction leads to

larger departures from the —45° lines than either the QCD or EW predictions individually.

C’tsq). EW corrections induce

To provide slightly more detail, in tables 3 and 4, respectively, we present the cross-
sections in the SM and in the SMEFT at linear and quadratic orders for the four-quark
operators of eq. (3.2), in the kinematic region 1.5 TeV < pt. < 1.8 TeV.

It is interesting to note that the pattern observed in the LO predictions of table 4 — same
values for different operators — is in part altered by the QCD corrections and completely
disrupted by the EWgpgk ones. This picture is consistent with the discussion of figure 11,
where we have shown that for individual operators, such as Céjs and C’fq, the flat direction
at LO is rotated by the inclusion of higher-order corrections. We witness this effect at both

the linear and quadratic levels of the SMEFT contributions.
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Operator Linear Contribution Quadratic Contribution

LO EWspk QCD LO EWspk QCD
Céjj 2.79-1073% 1.98-1073 1.72-107% 1.52-1072 1.08-10"2 1.29.102
Con 781-107% 6.91-107% 4.08-107* 1.52-1072 1.26-10"2 1.25-10 2
Cy, 2.79-107% 2.18-107* 1.70-107% 1.52-10"% 1.18-107* 1.07-1072
Cs, 1.79-107% 1.61-107% 1.04-1073 9.52-1073 8.56-1072 8.11-1073
cs, 1.79-1073 1.49-107* 1.08-107* 9.52-107% 7.95-107% 6.74-1073
C%, 1.00-107% 9.00-10~* 6.67-107* 5.72-1073 5.14-107% 4.65-1073
Ca 1.00-107% 837-107* 6.39-107* 5.72-1073 4.73-107% 3.93-1073

Table 4. SMEFT contributions at linear and quadratic orders to the cross-section [pb] for 1.5 TeV <
pY < 1.8 TeV for the process pp — tt including the four-fermion operators of eq. (3.2), at LO, EWgpxk
and QCD accuracies. Wilson coefficients are set to unity, and the scale A is set to 1TeV. The
MC uncertainty is approximately +1 on the least significant digit. The full QCD +EWgpk result
can be obtained by combining the contributions additively whilst avoiding double-counting the LO
contribution as: QCD+EWgpk—LO.

As shown in section 4, EW corrections have a larger relative impact on the Drell-Yan
process at the LHC and top-quark pair production in a muon collider scenario. We therefore
anticipate even larger effects from these processes. To highlight this point, figure 12 illustrates
a pair of selected two-dimensional planes in the Wilson coeflicient space relevant for the
Drell-Yan process at the LHC and top-quark pair production at a 10 TeV muon collider.
In both cases, the highest energy bin of the differential distributions shown in section 4.2
and section 4.3 is selected. We remind the reader that, in the case of muon collisions, this bin
corresponds to the bulk of the cross-section. In the case of figure 11, we have chosen pairs of
operators that lead to a vanishing LO cross-section when the values of the associated Wilson
coefficients are anti-correlated, regardless of the bin considered, and therefore also at the
inclusive-level. For the Drell-Yan process (left plot of figure 12), and top-quark pair production
at a 10 TeV muon collider (right plot of figure 12), we simply select a pair of operators and
identify the flat direction. This flat direction depends, at LO, on the bin selected.

For the bins considered, the impact of the EW corrections is particularly significant,
especially for the top-quark pair production at a 10 TeV muon collider, compared to what was
observed in figure 11, with large rotations induced by higher-order corrections. In the case
of the Drell-Yan process at the LHC, QCD corrections have no impact on the flat direction
and the entire effect is dominated by EWgpk contributions. Conversely, for u™u~ — tt,
QCD corrections already modify the correlations between the interference contributions of
Wilson coeflicients. However, the effects arising from EWgpgk are more significant, with the
combined result inducing the largest rotation.

The selected results discussed in this section underline the non-trivial nature of EW
corrections in the SMEFT, again emphasising that a simplistic K-factor approach to estimating
higher-order corrections will not capture the significant changes in the sensitivity of the
data. However, whilst it helps us to understand the relative impact of approximate EW
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Figure 12. Same as figure 11 showing a selected 2D parameter planes for the Drell-Yan process at
the LHC with mge > 2900 GeV (left), and for top-quark pair production at a 10 TeV muon collider
with p% > 4500 GeV (right).

corrections, whether such a ‘lifting’ of blind directions represents the emergence of inherently
new information in a global sense or a simpler shift/rotation in the parametric dependence
of differential observables cannot be determined from this study alone.

The model-independent spirit of the SMEFT approach motivates a global approach,
accounting for all relevant Wilson coefficients at once. Flat directions should therefore
be analysed in a global way, rather than looking at the individual benchmarks or lower-
dimensional slices that have been shown so far. To address this, in the next section, we
analyse the parameter space using the Fisher Information, and we will see the qualitative
effects shown in this section be replicated at a more global level.

Before moving on, we note that, although the global approach is the right one for the
SMEFT, matching concrete UV models often significantly reduces the number of free param-
eter imposing relations among the Wilson coefficients. For instance, figure 10 demonstrates
that if potential NP were to predominantly affect the colour octet AV or VA coupling
combinations, EW corrections would induce an O(A~2) sensitivity in p}. distributions of ¢t
production at the LHC, which would not be the case at LO.

4.4.2 Global approach using the Fisher Information

The LO, QCD and EWgpk predictions calculated in this work all depend on the same
four-fermion operators that we have considered. By construction, no new Wilson coefficients
can enter via NLO corrections. In the previous section, we demonstrated how higher-
order corrections appreciably modify the relevant linear combinations of Wilson coefficients
to which the data are sensitive, in particular, how they can lift and/or rotate LO flat
directions. However, this analysis does not quantify whether the corrections bring genuinely
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new information in a global sense, beyond a rotation and/or dilatation in the space of
constrained directions.

Consider, for example, a process that is sensitive to some number of independent linear
combinations of Wilson coefficients at LO. Whilst higher-order corrections may significantly
modify these directions, the NLO results may still only depend on the same number of indepen-
dent directions. The predictions are more accurate/precise, and may indeed better constrain
specific UV scenarios, but they do not provide new information in the model-independent
global approach in which one considers all possible coefficients to exist simultaneously. In
this case, the relevant question to ask is whether the total number of independent linear
combinations of Wilson coefficients on which the data depend changes from LO to NLO.

To this end, we analyse the Fisher Information (FI) matrix, whose definition and relevant
properties are briefly summarised in appendix D. Here, it is sufficient to note that it is a
square matrix in the space of parameters-of-interest, which in this case, are the relevant
Wilson coefficients affecting the process at hand, C; = {C1,...,C,}. The eigenvectors, é;, of
the FI matrix correspond to linearly independent directions in the Wilson coefficient space
that are constrained by the data. The degree to which they are constrained is represented by
their eigenvalues, \;, which give the inverse of their variance. The expected 1-o statistical
uncertainty on each linear combination of coefficients for A = 1TeV is therefore, 1/v/L)\;,
where L is the integrated luminosity. Null eigenvalues, instead, are flat directions that cannot
be constrained by the data. Since we only consider statistical uncertainties in our analysis,
the \; are proportional to the integrated luminosity, £. Given that we are mainly interested
in relative sensitivities, we will work with the FI scaled by £, which has units of cross-section.

For each of the processes considered, we individually construct and diagonalise the FI
matrix for the differential distributions previously presented, namely the transverse momentum
of the top quarks, p%., in top-quark pair production at the LHC or at 10 TeV muon collider,
and the dilepton invariant mass, my, for the Drell-Yan process at the LHC.

It is important to note that this is a numerical method, and so flat directions can only be
identified within numerical uncertainties. We observe that the potential to lift flat directions
is process-dependent. Whilst the impact of EW corrections may not be very significant in
some cases, such as in the case of top-quark pair production, it can still yield interesting
outcomes in processes like Drell-Yan, as will be seen in the upcoming discussion.

To reliably identify flat directions in the FI matrix, we estimate the uncertainty of the FI
eigenvalues by generating toy samples of MC predictions, drawn from normal distributions
with standard deviations defined by the MC uncertainties. We then evaluate the standard
deviation of the FI eigenvalues over these generated samples, using this as a measure of
their uncertainty. Eigenvalues that are consistent with zero within two standard deviations
are considered indicative of flat directions. However, achieving precise predictions can be
challenging due to the eigenvalues spanning several orders of magnitude, which complicates
the accurate determination of flat directions amidst significant uncertainties.

The three rows of figure 13 show the result of this analysis for the three processes
studied in the previous section. In each row, the left panel displays the eigenvalues of the
luminosity-normalised FI matrix evaluated at different perturbative orders along with their
20 uncertainty evaluated as described above. Error bars crossing zero are those that extend
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Figure 13. Eigensystems of expected Fisher information matrices derived from the differential
distributions presented in section 4.1-section 4.3: top: p!. in ¢t production at the LHC, middle: my
in the Drell-Yan process at the LHC, bottom: p!. in ¢t production at a 10 TeV muon collider. The
left panels display the eigenvalues of the system with 20 MC uncertainties for LO, QCD, EWgpk,
and QCD+EWgpk predictions, coloured in blue, red, green, and black, respectively. The three other
panels illustrate the ratio of SMEFT predictions to the SM for the first four eigenvectors at the
perturbative orders specified in the upper left corner of each panel.

to the lower axis, indicating that the associated eigenvector is a flat direction. The remaining
three panels display the predictions of the first four eigenvectors for the kinematic distribution
used to construct the FI matrix, normalised to the SM. These are given for coefficient values
corresponding to unit-normalised eigenvectors with A = 1 TeV, again at different perturbative
orders. As we will discuss below, they can be useful to highlight the lifting of flat directions
due to higher-order corrections.

Top-quark pair production at the LHC. The results for this process are shown in the
upper row of figure 13. This process differs from the other two in being dominated by the
gg initial state, which does not receive SMEFT corrections from four-fermion operators.
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Ai [pb]

€

€1 056 | 0.15 | 0.36 | 0.21 | 0.21 | 0.56 | 0.36 | 7.6 x 10!
é | -0.12 | 0.69 | 0.29 | -0.41 | -0.41 | -0.12 | 0.29 | 1.4 x 1073
é3 | -0.56 | 0.32 | 0.18 | 0.51 | 0.49 | -0.13 | 0.19 | 2.9 x 1077
QCD
é1 1055 | 014 | 0.36 | 0.21 | 0.21 | 0.58 | 0.35 | 3.2 x 107!
é | -0.09 | 0.73 | 0.22 |-0.36 | -0.40 | -0.14 | 0.31 | 6.7 x 10~*
é3 | 0.57 | 0.01 |-0.10 | -0.18 | 0.38 | -0.67 | 0.20 | 5.6 x 10~°
EWspk
é1 1054 | 017 | 037 | 022 | 022 | 0.56 | 0.38 | 6.4 x 107!
é | -0.17 | 0.63 | 0.29 | -0.42 | -0.42 | -0.13 | 0.36 | 1.1 x 1073
é3 | -0.69 | -0.16 | 0.13 | 0.16 | 0.42 | 0.03 | 0.53 | 2.3 x 1074
QCD+EWsgpk
é1 | 051 | 0.17 | 0.38 | 0.22 | 0.23 | 0.57 | 0.38 | 2.4 x 107!
5| 0.01 | 0.67 | 0.17 | -0.39 | -0.50 | -0.16 | 0.30 | 4.5 x 10~*
31-0.48 | 0.02 | 0.16 | 0.04 | 0.51 |-0.31|0.62 | 3.1 x10~*

> | D>

Table 5. Composition of the first three eigenvectors of the luminosity-normalised Fisher Information
matrix in the space of colour-octet four-fermion operators. The eigenvectors are constructed from the
p4 distribution in ¢¢ production at the LHC, as shown in the top row of figure 13. They are shown at
different perturbative orders alongside their eigenvalues in units of pb.

Moreover, it also involves coloured particles in both initial and final states, leading to
significant QCD corrections in general. At LO, there are clearly two non-trivial constraints
over the 7-dimensional space of coefficients, which can be seen to predict significant energy
growing effects in the second panel from the left. A third direction appears to be constrained,
but its associated eigenvalue is nearly four orders of magnitude smaller than the next best
constrained direction. With the full 3 ab~! of LHC luminosity, the constraint on this direction
is equivalent to a new physics scale of 700 GeV, assuming Wilson coefficients of O(1). Given
that this analysis only considers statistical uncertainties, we can safely assume that this will
be a flat direction for all intents and purposes. The remaining directions are approximately
flat, reflecting the fact that data are not able to constrain them. Higher-order corrections,
either QCD or EWgpxk separately, or both combined, are able to lift the third eigen-direction
which we argued to be initially flat at LO, as seen on the most left panel in the upper row
of figure 13. The complete QCD+EWgpk predictions allow for it to be constrained almost
as well as the second eigenvalue.

Table 5 shows the composition of the constrained eigenvectors at the different perturbative
orders. As expected, at LO, the two eigenvectors are orthogonal linear combinations of
the vectorial coupling combinations Cf}y, and C’{fv. The first is essentially unchanged
when including QCD corrections, in fact, it stays approximately the same regardless of the
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perturbative order. The second eigenvector, by contrast, varies significantly across different
perturbative orders. As a consequence, é1, and especially é5, are no longer simple linear
combinations of C{;y, and C‘Cﬁv, but instead acquire components from all other coupling
combinations. This is the 7-dimensional analogue of the flat direction analysis presented
in section 4.4.1. As discussed in section 4.1, QCD corrections tend to be larger for the SM than
for the four-fermion operator contributions, leading to reduced sensitivity. This is reflected
in the smaller eigenvalues of the two constrained eigenvectors compared to those at LO.

In the presence of higher-order corrections, a third direction is probed. The eigenvalue for
this third direction is significantly smaller than those of the first two eigen-directions in the
presence of only QCD or EWgpk corrections, but becomes similar to Ay for QCD+EWgpk,
showing a comparable sensitivity. We observe that the remaining eigenvalues are consistent
with zero based on our analysis. The existence of potential additional flat directions that
may have been lifted cannot be confidently determined with the level of numerical accuracy
employed. Assessing their statistical significance would necessitate a substantial investment
in computational resources and time. Given that our MC uncertainty exceeds the precision
achievable in foreseeable experiments, pursuing further numerical investigation is considered
outside the current scope of this work.

The Drell-Yan process at the LHC. The results for this process are plotted in the middle
row of figure 13, for which a space of five Wilson coefficients are studied. The left panel shows
the eigenvalues of the luminosity-normalised FI matrix at different orders in perturbation
theory. At LO, we observe the existence of three constrained directions, whilst the last two
eigenvalues are consistent with zero, and are therefore identified as flat directions.

The four-fermion operators at hand can mediate interactions involving the right-handed
up, right-handed down, or left-handed doublet quark currents, leading to amplitudes that
grow identically with energy (o< s). These can only be distinguished once the matrix elements
are convoluted with the parton luminosities of different quark-antiquark initial states. Since
we have assumed flavour universal Wilson coefficients, these correspond to the u, dd and
sea quark-antiquark luminosities, each of which is expected to yield a different shape in my,
when convoluted with the four-fermion operator matrix elements. At LO, and at O(A~2) in
the SMEFT expansion, the three constrained directions should correspond to some linear
combinations of these partonic contributions, made distinguishable by the fact that the
underlying parton luminosities vary differently with the partonic centre-of-mass energy. The
second panel from the left shows the dilepton invariant mass distributions of the first four
eigenvectors. The fact that é,_; display a clear growth with energy is consistent with the
fact that the invariant mass distribution is able to constrain them. The fourth eigenvector
is, instead, flat and seems to predict no effect in this observable, within MC errors. This
behaviour persists when considering NLO QCD-accurate predictions shown in the third panel
from the left. However, when including EWgpgk corrections, the fourth eigenvector shows
an energy growth, as seen in the rightmost panel, indicating that this direction can now
be constrained. This exemplifies how EWgpk corrections can potentially lift globally flat
directions, enhancing our ability to constrain the Wilson coefficient space, compared to LO-
or NLO QCD-accurate SMEFT predictions. This can be understood from a matrix-element
point of view, where EW corrections introduce an additional form of energy dependence
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o) | e | c.

éi Cu | Cu | Xilpb]

LO

é1 | 0.27 | -0.79 | 0.20 | 0.23 | 0.46 | 4.8 x 10°
éy | 0.74 | 0.53 | 0.04 | 0.21 | 0.35 | 8.2x 1072
é3 [ -0.44 | 0.19 | 0.15 | 0.86 | 0.10 | 3.8 x 1075
QCD
é1 | 027 | -0.79 | 0.20 | 0.23 | 0.46 | 5.8 x 10°
€| 0.74 | 0.53 | 0.04 | 0.21 | 0.35 | 9.4 x 1072
é3 | -0.45| 0.20 | 0.19 | 0.84 | 0.11 | 4.8 x 107
EWspxk
é1] 022 |-0.80 | 0.19 | 0.22 | 0.47 | 4.9 x 10Y
€| 0.60 | 0.55 | 0.05|0.24 | 0.52 | 6.5 x 1072
é3 | 0.69 | -0.17 [ 0.03 | 0.16 | -0.69 | 3.4 x 10~*
é4 | -0.33 | 0.09 | 0.00 | 0.93 | -0.14 | 6.8 x 1076

QCD+EWgpk

é1 | 0.23 | -0.80 | 0.19 | 0.22 | 0.47 | 6.0 x 10°
€| 0.63 | 0.55 | 0.05|0.24 | 0.49 | 7.8 x 1072
é3 | 0.60 | -0.17 [ 0.05 | 0.27 | -0.73 | 1.9 x 10~*
é4 1 -0.43] 0.13 | 0.14 | 0.88 | -0.04 | 7.3 x 1076

Table 6. Same as table 5, showing the constrained eigenvectors in the space of four-fermion operators
constructed from the my, distribution in the Drell-Yan process at the LHC, as shown in the middle
row of figure 13.

proportional to log(s/M2,), or log?(s/M2,), with respect to the Born amplitude, enabling
the data to distinguish a new combination of coefficients.

Table 6 reports the composition of the constrained eigenvectors in our analysis. One can
see that é;_3 are essentially unchanged from LO to NLO QCD, reinforcing the fact that QCD
corrections do not alter the picture besides providing slightly stronger constraints. EWgpk
corrections, instead, rotate the space of constrained directions significantly modifying és.
Additionally, EW corrections introduce a sensitivity, albeit weak, to a fourth direction in the
parameter space. The full prediction at QCD+EWgpk accuracy resembles the eigensystem
constrained by the EWgpk predictions. We see that é4 at this order is more closely aligned
with é3 eigenvector of the LO/QCD predictions. The newly constrained direction from
EWgpk corrections corresponds to é3 of the full prediction, and it is better constrained than
the é3 eigenvector at LO/QCD. This underlines the fact that including EW corrections leads
to new and non-trivial constraining power in this process.

Top-quark pair production at a muon collider. We carry out this study using the p}.
distributions, as shown in the bottom row of figure 13. Here, out of four Wilson coefficients,
only one direction can be probed at LO, which can be seen to correspond to an overall
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LO
ér] 014 | 078 | 054 | 027 | 3.1x10°
QCD

é | 0.17 0.72 0.63 | 024 | 5.3x103
é | 0.09 -0.66 0.74 | -0.06 | 2.9 x 10°
é3 | -0.58 | -0.14 | 0.01 | 0.80 | 3.1 x 1072
EWspk
é1 | 0.16 0.51 0.78 | 0.31 | 2.0x103
é | 0.03 0.85 | -0.52 | -0.12 | 1.2 x 10°
QCD+EWgpk
é1 | 0.19 0.49 0.81 | 0.25 | 4.7x103
é | -0.05 0.85 | -0.52 | 0.07 | 4.1 x 10!
é3| -0.59 | -0.12 | -0.03 | 0.80 |3.8x1072

[Caus | [CG)a | [Cules | [Culae | A [pD)

Table 7. Same as table 5, showing the constrained eigenvectors in the space of four-fermion operators
constructed from the pf. distribution in ¢¢ production at a 10 TeV muon collider, as shown in the
bottom row of figure 13.

rescaling of the cross-section in the second panel from the left, with no dependence on the
kinematic variable. This is expected from the fact that the muon collider operates at fixed
energy, and these operators mediate amplitudes proportional to Mandelstam s only, with no
non-trivial angular dependence at LO. This can be seen in figure 9 in the main text, as well
as figure 18 in appendix C.3. We observe that QCD and EW corrections, separately, can lift
the LO degeneracy, with one and two additional directions being constrained when including
EW and QCD corrections, respectively, as shown in the leftmost panel. The combined
QCD+EWgpk result maintains three non-trivially constrained directions, the latter two
of which are better constrained than in the individual QCD and EWgpk cases. The two
rightmost panels of the corresponding plot in figure 13 show how the perturbative corrections
lead to non-trivial shapes in the kinematic variable for all constrained eigenvectors, whilst
the fourth remains flat within 20 of the MC uncertainties.

Table 7 shows the composition of the constrained eigenvectors in our analysis. We see
that the decomposition of the best constrained direction, é;, is modified by higher-order
corrections, in particular the EW ones. The eigenvalue A; remains of the same order. Instead,
the additionally constrained directions when including QCD corrections are quite different
from the additional direction when including only EWgpk corrections, indicating that the
latter predictions do probe an independent part of the parameter space. The resulting space
of constrained directions appears to be a combination of the directions probed by the two
individual corrections. The second eigenvector, és, is somewhat aligned with the new direction
probed by EW corrections, whilst the third is similar to és of the QCD predictions. The
full prediction provide the best overall sensitivity. In particular, Ao improves by a factor of
14 (34) w.r.t. the individual QCD (EWgpgk) predictions.
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By comparing the eigenvalues listed in table 5 and table 6 against table 7, it is manifest
that the capabilities of a muon collider in constraining the operators considered are much
stronger than the case of the LHC, even without considering its ability to accumulate larger
luminosity. Indeed, as already mentioned, the eigenvalues correspond to the inverse of the
square of the 1o uncertainty for every inverse pb of accumulated luminosity. The origin of
this difference is twofold. First, the larger the energy, the larger the effect of EWSL and
therefore the possibility of inducing new independent directions. Second, and this is the
most significant aspect, whilst in the case of the LHC, the regions at high p%. or high my
correspond to the tails of the distributions, with very few events, in the case of a muon
collider, the high pf. region corresponds to the bulk of the cross-section, where EWSL are
large and almost all the events are present.

To summarise, our Fisher information analysis has quantified how higher-order corrections
can constrain new, independent linear combinations of Wilson coefficients at O(A~2) in the
SMEFT expansion. In other words, their inclusion can allow data to access genuinely
new information in the SMEFT parameter space. This was shown for all three processes
considered in this study. For the Drell-Yan process at the LHC, the entire sensitivity is driven
by the Sudakov EW corrections, whilst in top-quark pair production at the LHC and at a
muon collider, both QCD corrections and EWgpk are responsible for the new information
and consequently constraining directions in the SMEFT parameter space. However, in the
case of the muon collider, the resulting space of constrained directions appears similar to
a combination of the individual eigensystems of the two correction types, with an overall
improved sensitivity. Moreover, since the bulk of the cross-section is associated to large values
of s in a muon collider, all the eigenvalues (1o uncertainties) are much larger (smaller) than
at the LHC, both at LO, as well as when including higher-order corrections.

Finally, we remind the reader that this analysis considers only the linear, or interference,
contributions of the Wilson coefficients. Including quadratic terms introduces a dependence of
the Fisher information on the specific point in parameter space under consideration, rendering
general statements more difficult. A more comprehensive study, which incorporates these
additional EFT quadratic contributions, is beyond the scope of this work.

5 Summary and conclusions

We investigated NLO EW corrections within the SMEFT in the high-energy limit, where
these corrections are most significant and, conveniently, simpler to compute. At one loop, EW
corrections are predominantly driven by Sudakov logarithms, referred to as EWSL throughout
this paper. In SM, NLO EW corrections have been extensively studied, with their logarithmic
components extractable for arbitrary processes using the algorithm developed by Denner and
Pozzorini. This algorithm has been revisited and automated in MADGRAPH5 _AMC@NLO,
enabling efficient computation of these corrections.

In this work, we have applied the DP algorithm to the SMEFT. After reviewing NLO EW
corrections, both in general and specifically in the high-energy limit, we have examined the
principal theoretical aspects, initially focusing on amplitudes and subsequently on physical
cross-sections.

— 40 —



The DP algorithm is applicable to all processes provided that their LO amplitude is not
suppressed by powers of Myy/+/s, meaning it does not vanish in the s — oo limit. Whilst
such cases are relatively rare in the SM, they are more prevalent in the SMEFT, particularly
in scenarios where effective operators containing the Higgs doublet generate O(v) Feynman
rules when the Higgs field is non-dynamical. By restricting our focus to SMEFT amplitudes
that are not mass-suppressed, we show that the computation of Sudakov logarithms in the
SMEFT is structurally similar to that in the SM. We also provide an explicit counterexample
for the top-quark chromomagnetic dipole operator in appendix B.

We have detailed and validated our computational setup. Subsequently, we conducted
full-NLO accuracy computations, comprising exact NLO QCD and NLO EW corrections in
the Sudakov approximation, for selected representative SMEFT processes: top-quark pair
production and the Drell-Yan process at the LHC, as well as top-quark pair production at a
future 10 TeV muon collider, incorporating four-fermion operators.

As expected, NLO EW corrections become increasingly significant at high energies and,
in some cases, surpass the magnitude of NLO QCD effects. For the Drell-Yan process, we
observed a partial cancellation between the typically positive NLO QCD corrections and the
generally negative NLO EW corrections. Although the structure of NLO EW corrections
in the SMEFT is similar to that in the SM, their impact is not. The effects depend on the
specific operator, highlighting the limitations of using a simple K-factor approach. Rescaling
SMEFT cross-sections by SM K-factors fails to capture the relevant physical effects, and
we generally advise against this practice.

Moreover, we demonstrated the impact of higher-order corrections on the linear combina-
tions of Wilson coefficients probed by the processes considered in this work. We found that
both QCD and EW corrections can alter the linear combinations probed, thereby modifying
the flat directions in the parameter space. This effect was explored for all three processes
discussed in this study. EW corrections were found to have a non-negligible impact, often
more significant than that observed with QCD corrections alone.

To determine whether the higher-order corrections provide genuinely new information
rather than merely rotating the probed directions, we performed an analysis based on the
Fisher information matrix. Our results show that higher-order corrections indeed lift some
of the flat directions in the parameter space of the Wilson coefficients, which are present at
LO. Whilst QCD corrections alone lift some flat directions for all three processes, we found
that for the Drell-Yan process, EW corrections lift an additional flat direction.

This analysis further strengthens our argument against the use of a simplistic K-factor
approach for obtaining higher-order EW corrections in the SMEFT. This work presents the
first automated extraction of NLO EW corrections, albeit restricted to the high-energy limit,
for selected relevant processes in the SMEFT. Our implementation, carried out within MAD-
GrAPHS5__AMC@NLO, is computationally efficient and numerically stable. The corresponding
code will be publicly released, with the aim of facilitating the inclusion of NLO EW effects
in future SMEFT analyses in a convenient and effective manner.

Beyond its intrinsic interest, we regard this work as a preliminary step towards the
evaluation and automation of exact NLO EW corrections for arbitrary processes in the
SMEFT, a task that is currently advancing within the community.
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A Validation of the DP algorithm in the SMEFT

In this section, we present the numerical results produced to validate the application of the
DP algorithm in the SMEFT. We focus on the subset of processes and operators studied in
this work, rather than addressing the general case, since, as discussed in section 2.1.1, the
DP algorithm cannot be applied universally to arbitrary processes and operators.

The MC implementation of the DP algorithm, as formulated in refs. [45, 46] for
the SM case, has already been considered in ref. [49] for its automation within MAD-
GraPHS5__ AMC@NLO. Given the discussion of section 2, and particularly the one of sec-
tion 2.1.4, we expect the algorithmic procedure for the calculation of EWSL to be identical
in the SM and in the SMEFT. In other words, the computation of the quantity 5]%% remains
unchanged between the two cases, the only difference being the tree-level amplitudes that
are fed into the algorithm.

For the sake of clarity and completeness, in this section, we explicitly demonstrate the
agreement between the use of the DP algorithm and the results obtained by taking the
Mgv /s — 0 limit of an exact analytical calculation of the corresponding one-loop Feynman
diagrams in the SMEFT. Our validation has been designed to be the simplest and most
minimal comparison necessary to confirm the validity of the DP algorithm in the SMEFT,
for amplitudes that grow maximally with energy.

The evaluation of NLO cross-sections requires several components, which can be broadly
classified as: (%) tree-level amplitudes squared, which also constitute the LO contributions;
(it) virtual amplitudes, i.e., loops diagrams, interfered with tree-level amplitudes, which are
both UV and IR divergent; (i) UV counterterms interfered with the tree-level amplitudes
to cancel the UV divergences; (iv) real-emission amplitudes squared, which are themselves
IR divergent and cancel the remaining IR divergences.

Our comparison involves virtual one-loop amplitudes and their UV counterterms, which
we evaluate using the implementation of the DP algorithm in MADGRAPH5 AMC@NLO [49].
On the other hand, the analytical approach corresponds to explicitly computing the one-loop
Feynman diagrams and taking the high-energy limit. We note that there is no need to validate
both the dimension-six and the dimension-six-squared terms of the NLO cross-section. By
inspecting eqgs. (2.41) and (2.42), we observe that once the validity of the DP algorithm
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is confirmed for NLO%B), it is also implicitly confirmed for NLO?). This is because the
ingredients in the latter are the same as those in the former, with the addition of SM terms,
for which the validity of the DP algorithm has already been established.

Following these considerations, we selected two representative partonic processes:

ui — tt, uii — e e’ (A1)

and, for each, calculated the high-energy limit of the interference of the dimension-six tree-level
amplitude M)F with its one-loop EW correction MII\TEW, denoted in eq. (2.42) as:

lim NLOY| . (A.2)

M‘%V /s—0 virt.

To perform our validation, the calculation was carried out using two different approaches:

The analytical approach. We perform the calculation of the virtual part of ./\/lll\fgw, which
includes all the one-loop diagrams contributing to the process, using FeynArts [95] and
FeynCalc [96-98]. The loop integrals are evaluated analytically with PackageX [99, 100].
The calculation is carried out in the HV scheme [101] for dimensional regularisation, with ~°
treated according to the BMHV prescription [102]. UV counterterms contributing to MIEEW
are taken from the literature [65], and we confirmed the cancellation of UV poles. After
completing the full calculation and interfering the amplitudes with the tree-level ones MYF,
we take the high-energy limit. For simplicity, all r;; invariants are assumed to of the same
order of s, consistent with the original derivation of the DP algorithm [45, 46]. We retain
the EWSL of the form log?(|ry|/M?) and log(|ry|/M?), as in eq. (2.5), but neglect those of
the form log(|rmn|/|rpe|) unless they multiply the aforementioned logarithms.

The DP algorithm approach. We evaluate the quantity described in eq. (A.2) using the
DP algorithm, as implemented in MADGRAPH5__AMC@NLO and detailed in ref. [49].

Notably, the implementation of ref. [49] preserves logarithms among invariants, i.e.,
log(|rmnl|/|7pg|). However, and as previously mentioned, our analytical approach omits these
terms. Since the predictions for phenomenological results presented in section 4 account for
such logarithms, we have decided to retain them in this approach. This choice is deemed
appropriate, as we anticipate, a priori, a minimal impact from these logarithmic contributions
based on our choice of a fixed scattering angle, which ensures that [t| ~ s. A more detailed
discussion of this point will be provided later in this section.

We remind the reader that, for the purpose of this comparison, it is not necessary to
perform any combination with real emissions, and it is sufficient to validate at the level of
IR-divergent amplitudes. At the same time, we emphasise that the results presented in this
section, whilst sufficient for validating the high-energy limit of NLO EW corrections in the
SMEFT, are not directly relevant for physical observables.'> The reason is that we use the
DP algorithm for the evaluation of the amplitudes, an approach that has been dubbed as
the ‘SDK approach’ in ref. [49]. This approach inherently produces IR-divergent quantities

12Phenomenological results presented in the following sections will employ the SDKyeax scheme introduced
in section 2.2.1, which is IR-finite, includes real emission contributions, and is suitable for physical predictions.
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and, whilst it correctly approximates the virtual contribution to NLO EW cross-sections,
it is unsuitable for physical observables.

Finally, since our comparison here involves IR-divergent amplitudes, a dependence on the
regularisation scale is expected. In accordance with the choice already made in refs. [45, 46],
we set = +/s.

Whilst in the original DP algorithm the IR divergences are regulated by a fictitious photon
mass (soft limit) or the fermion masses for the light flavours (collinear limit), in modern
calculations, such regularisation is performed, similarly to the UV case, via dimensional
regularisation in d = 4 — 2e¢ dimensions. The corresponding formulae can be found for example
in refs. [49, 51]. In the following discussion, it is understood that in the comparison between
the analytical and the DP algorithm, only the finite term, which is proportional to €, is
considered, i.e, we do not consider the 1/e poles.

In figure 14, we examine the partonic processes uzi — tt and uu — e~ e', plotting
the LO|yp squared SMEFT amplitude (we assign the ‘VD’ tag to the quantities used in
this validation):

LOlvp = > > IMT P, (A.3)

col. hel.

which is shown by the solid lines in the main panel. We also plot the analytical NLO|yp
squared amplitude in the high-energy limit:

_ NP |2 : NP NP \*

NLOWn = 33 |IMGF* + Jim 2 (M5 (MYEw) )] , (A.4)
col. hel.

as dashed lines in the main panel. For clarity, instead of plotting the amplitude directly, we

rescale it by A?/s? to remove the leading dependence on s and A (see eq. (2.10)). The ratios

of eq. (A.4) to eq. (A.3) denoted as Ryp can be simply written as:

NLO|vp

Rvp =
VP~ Lol

(A.5)
and are plotted in the first inset. The differences between the NLO|yp of eq. (A.4) (a
quantity evaluated manually starting from one-loop amplitudes and taking the high-energy
limit) and the corresponding quantity utilising the DP algorithm as implemented in MAD-
GrAPH5_AMC@NLO according to the SDK approach in ref. [49], denoted as NLOPF |yp,
is quantified as follows:

NLO|yp — NLOPF|yp
LO‘VD ’

Dyp = (A.6)
and displayed in the second inset. We plot the aforementioned quantities as a function of
/s for a fixed value of the ratio t/s, corresponding to a final-state scattering angle of 75°.
Different colours correspond to contributions from different operators, with the corresponding
Wilson coefficient set to C/A? = 1/TeV?, whilst all other coefficients are set to zero. As
can be seen in figure 14, the EWSL induce negative corrections of order 10 to 50% of
the LO at partonic centre-of-mass energies between 1 and 10 TeV. The first inset of both
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Figure 14. Results of our validations for the partonic processes uii — tt (left) and uit — e~ e™ (right)
are presented. The main plot, generically labelled as |M|?-A?/s?, features the quantities LO|yp (solid)
and NLO|yp (dashed), as detailed in eqs. (A.3) and (A.4), respectively. This considers individual
contributions of the relevant four-fermion dimension-six insertions as discussed in section 3.1, one at a
time. The first inset depicts the ratio Ryp, as defined in eq. (A.5), whilst the second inset provides a
comparison between the two approaches utilised, Dyp, as quantified in eq. (A.6) and discussed in the
accompanying text.

plots shows that the relative corrections scale with s as alog?(s/M?) and alog(s/M?), and
strongly depend on the specific operator that is considered. Indeed, the dominant helicity
configurations are different for each operator and the EW corrections are sensitive to the
helicities of the external legs. For example, it is worth noting the comparatively small
corrections arising from the operator O, in the uzi — e~ e’ partonic process, owing to
its purely right-handed configuration. Independently of /s, and consequently of the ratio
Rvp, we observe in both plots that the quantity Dyp in the second inset of both plots
in figure 14 is constant and always at the sub-percent level for all operators. This feature
unambiguously confirms that all EWSL are correctly captured by the DP algorithm and
that its implementation into MADGRAPH5__AMC@NLO can be safely utilised. We give more
details concerning this check in the following.

Expanding in powers of M2,/s, in the high-energy limit (M3,/s — 0), the quantity
Ryp can be written as follows:

o S s M2
Ryp = Aslog? —— + Ajlog —— + B W A.
VD 47r83v<20g Mv2v+ logMVQVJr +O<S>>, (A7)

where the Ay, A1 and B terms are, in general, functions of the Mandelstam invariants s,t
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and u.'> Moreover, these three terms are also generally process- and helicity-dependent
and they are exactly of O(1), namely of order (M3,/s)? in the Mg, /s expansion. In other
words, eq. (A.7) explicitly shows the division of NLO EW corrections into logarithmically
enhanced contributions (Ag, i.e. the double logarithms, and Aj, i.e. the single ones), the
constant terms B, and the mass-suppressed corrections, namely, the remaining terms of
O (MI%/ /s). The DP algorithm in its original formulation, without taking into account the
A®7TrL terms introduced in ref. [49], consists of the exact calculation of Ay and A;. Any other
terms, including B, are discarded. On the contrary, when the high-energy limit is performed
for our analytical calculation, spurious terms from B are retained. In particular, we ignore
the subtraction of possible (single or double) logarithms of the form log(M?/M3,) in the
expansion of the poly-logarithms emerging from the exact loop calculation. Since such terms
do not depend on s and the largest possible value for M is my, if EWSL are correctly calculated
(A2 and A;) the quantity Dyp defined in eq. (A.6) should satisfy the following relation:

ODyp) = ——1 Qm—%fvow A8
( VD)—47T82 08" - = 0.2%, (A.8)
w w

and therefore manifest as a horizontal line, for any operator, in figure 14. This is precisely
what is observed in this figure, which validates our implementation.

For simplicity, in the previous argument, we have assumed that s ~ |t| ~ |u|, as in the
original derivation of the DP algorithm. Otherwise, logarithms involving the ratios among
these three invariants may in general be much larger than the one considered in eq. (A.8)
and, as discussed before, they are included in the DP algorithm validation approach but
not in the analytical one. However, in figure 14, we have chosen a final-state scattering
angle of 75°, which implies |t| ~ s/2 and therefore the aforementioned logarithms are of
the same order of the one in eq. (A.8).14

In principle, even if s > |t|, |u|, the previous discussion could be repeated taking into
account two steps: the expansion in powers of M3, /s and then in powers of [t|/s, |u|/s,
with either removing the contribution of A7 from the DP algorithm (as implemented
in ref. [49]) results or retaining all the logarithms among invariants in the analytical ones.
That said, we remind the reader that all the terms that are not logarithmically enhanced are
beyond the desired accuracy in this work and can only be controlled in an exact calculation of
NLO EW corrections; neither of the DP algorithm approach nor the analytical one discussed
here is expected to return the correct result if this level of accuracy is required.

B Mass-suppressed processes in the SMEFT

As discussed in section 2.1.1, the DP algorithm is not expected to be valid for processes that
feature mass-suppressed amplitudes at the tree-level. As an example of such situation, which —

1311 the cases considered here, since all diagrams entering the amplitudes with four-fermion operators have
the same topology, these functions are in fact constants. As can be seen in ection 6 of ref. [45], in the SM for
four-fermion neutral-current processes, these function are constant, but for instance they are not in the case of
the production of neutral gauge-boson pairs in {T1~ annihilation.

4Tn the high-energy limit, neglecting any mass, for a scattering angle of 75° we obtain t/s = (v6 — V2 —
4)/8 ~ —0.4 and u/s = (—/6 + /2 — 4)/8 ~ —0.6. This means that log(s/|u|) < log(s/|t|]) < log(mi/Mz,).
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unlike the SM — is quite common in the SMEFT, we have highlighted the case of the process:
wi — tt (B.1)

and the associated tree-level amplitude, MY, induced by the top-quark chromomagnetic
operator Oy, defined in eq. (2.13). The EW corrections, MIEEW, to the amplitude MYP
involve the diagrams depicted in figure 1. In section 2.1.1, we have emphasised why these
diagrams, in particular the one on the right, can lead to contributions that cannot be correctly
captured in the high-energy limit by the DP algorithm. In this appendix, we explicitly
report the calculation of the high-energy limit of ./\/lll\{gw, and we pinpoint the terms that are
omitted by the DP algorithm. We emphasise once again that we are not asserting a failure of
the DP algorithm. Rather, this calculation is performed not only within the context of the
SMEFT but also for a tree-level mass-suppressed amplitude and therefore lies beyond the
algorithm’s range of applicability. Since this type of amplitude is rather ubiquitous when
considering higher-dimensional operators, our results serve to discourage the generic use of
the DP algorithm for SMEFT calculations.

The Feynman diagrams of figure 1 lead to contributions of O(m?/v?) within MEEW
for the process in eq. (B.1), considering a single insertion of the Oy operator. Additional
corrections of the same order arise from the UV counterterm for the vertex. In particular, the
Feynman rule F associated to the ttg vertex in ./\/IONP, which arises from O, after electroweak
symmetry breaking, is of the form:

Fie oy Oys (B.2)

and therefore, the associated Feynman rule for the UV counterterm at one-loop for the
same vertex reads

FOT = Ftree(§y + §ipy + 6Cya) - (B.3)

The quantity d1; is the counterterm of the top-quark wave function, dv is the UV
counterterm of the vacuum expectation value and 6Cyg is the UV counterterm of the Wilson
coefficient Cyg. Since we are interested in the O(m? /v?) piece of the O(a) EW corrections, no
counterterms associated to the gluon field are present. We consider on-shell renormalisation for
all quantities besides Cyq, which is treated in the MS scheme and we set the renormalisation
scale up = /s. Our counterterms have all been extracted independently and agree with
the results in the literature [12, 65].

Defining MEEW as the unrenormalised amplitude, we obtain

Migw = MY Ew + MET (80 + 8¢ + 6Cic) (B.4)
which, in the high-energy limit and considering only the O(m?/v?) component of the O(a)
EW corrections, reads:

2
3 s 5 3 3 s 3 s
li e — MNP Yt (——31 — +————-log— —— —3lI )
sggoMl’EW O(m2 [v?) 0 3272\ & 8 m? + 2 2¢ 28 m? e %8 2
—— —_————
loops in Ml;tl]?:w oCa e o
2
Np Yi (15 s
~ “log —— B.5
Mo 327r2(2 OgMgv)’ (B-5)
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where we have dropped finite terms that do not grow with energy. As expected, the final
result is finite and in the last line of eq. (B.5), we have rewritten it in terms of log(s/M¢,),
dropping terms such as log(m?/M3,) and log(v?/MZ,) as done in the DP algorithm.

Let us now see the result we would have obtained had we performed the same calculation
using the DP algorithm as we do for the four-fermion operators (which do not induce
mass-suppressed contributions) in this work. The DP algorithm captures the logarithms
stemming from field and parameter renormalisation in the second line of eq. (B.5), but not
the mass-singular logarithm —3log(s/m?) ~ —3log(s/M3,) in the first line. It is easy to see
that this is a logarithmic divergence of collinear origin, arising from the bubble diagrams
on the right of figure 1, when the Higgs and the top-quark momenta, respectively pp and
pt, are aligned and of similar size: pp = xp;, with x ~ 1.

Following appendix A of ref. [46], the collinear mass-singularity of a bubble diagram
written generically as

- i N()  de
lo= [ o P ) (B.6)

is given by
p2 [l
Ion =log— [ N(xp”)dzx, B.
11 Ong/o (zp”)dz (B.7)

where m = max(m, ms).
For the class of bubble diagrams as the right one in figure 1, eq. (B.7) leads to the
collinear logarithm

3 2 2
) s
t

which is indeed what we see in the first line of eq. (B.5). The collinear contribution I.oq
factorises the Born matrix element M)F and a mass-singular logarithm. However, such
logarithm is not captured by the DP algorithm, whose derivation relies on Ward identities
based on the symmetry of the unbroken SU(2) x U(1) SM Lagrangian, and especially relies
on the absence of mass-suppressed contributions.

We notice that following refs. [45, 46], and in particular the argument around eq. (2.9)
of ref. [46], one would obtain

Ieon =0+ O(U), (Bg)

which in the limit M‘%V /s — 0, is formally correct since MY — 0. However, although
formally correct, such a result is not very useful.

C Additional distributions

This appendix contains additional differential distribution plots omitted from the main text.

C.1 Top-quark pair production at the LHC

Figures 15 and 16 of this section display the distributions for the top-quark pair production
at the LHC, similar to figure 5, but for the remaining four-fermion operators in eq. (3.2).
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Figure 15. Same as figure 5 for the operators O, (top row), 0%, (middle row) and 0%, (bottom

row).
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Figure 16. Same as figure 5 for the operators OF, (top row) and (’)22’2 (bottom row).

C.2 The Drell-Yan process at the LHC

Figure 17 displays the remaining distributions of the electron-positron pair production at the
LHC from the four-fermion operators in eq. (3.3) (and considering the rotation in eq. (3.4)).
C.3 Top-quark pair production at a muon collider

Figure 18 shows the distributions for the top-quark pair production at a 10 TeV muon collider,
similar to figure 9, but for the remaining four-fermion operators in eq. (3.5) (and considering
the rotation in eq. (3.6)).
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Figure 17. Same as figure 5, differential in myy, for the operators Oy, (top row), O, (middle row),

and (’)g’[

(bottom row).
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D Fisher information and flat directions

One way to study globally flat directions with respect to kinematic distributions is to define
an expected Fisher Information (FI) matrix:

0?log L(c|z)

Fi;=F l desde,

c] , (D.1)

where E denotes the expectation value and L is the likelihood function over an n-dimensional
Wilson coefficient space described by the vector, ¢ = {c1, ca, ... ¢, }, assuming the observation
of a generic dataset, . A simple treatment is to assume a multivariate Gaussian likelihood,
which yields a y? log-likelihood:

V(o) = (@~ u(e) - V7 (2 - (o)), (D.2)

where p(c) denotes the vector of predictions for the data points, @, as a function of the
coefficients, and V is the covariance matrix of the data. In the linear approximation, we have:

p(e)=p™ +H - c, (D.3)

where M are the SM predictions, and the x? can be written in terms of the FI and the
best fit point, ¢:

X€) = Xom + (=8 - F-(c—9),

D4
2 =& F ¢, (B4

with
F=(H"-V'.H), (D.5)

and 2. is the 2 value at the best-fit point which generally improves on the SM.

One can see that the FI measures the curvature of the log-likelihood in the vicinity of the
best-fit point and hence quantifies the sensitivity of the data to a given direction in parameter
space. The eigensystem of the FI matrix describes independent directions that are constrained
by a given dataset. Well-constrained directions have large eigenvalues and eigenvectors with
zero eigenvalue correspond to flat directions that cannot be probed by the input data.

We can apply this to study the impact of approximate EW corrections in the SMEFT
by constructing the expected FI matrices corresponding to the hypothetical measurement of
the distributions plotted in the previous sections, assuming the SM prediction is observed
and neglecting SMEFT contributions at O(A~*). For a given integrated luminosity, £, the
number of events observed in each bin is

i
z%:c<@M+%J;>, (D.6)
where JEM is the SM contribution to the cross-section in that bin and og; is the linear

contribution from the ¢; coefficient. We therefore have, from eq. (D.3),

Oa,i

Hyi = L5

(D.7)
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Taking only statistical uncertainties for simplicity, the covariance matrix for the number
of observed events is diagonal,

Vab = 5ab EasMa (D8>
where no sum over the indices is implied, and the FI is

Mbins H. . H. .
Fj=LY s (D.9)
a=1 a

Since we are mainly interested in relative differences in sensitivity, we will work with the
luminosity-normalised FI, F'/L, which has units of cross-section. Moreover, since eigenvectors
are only defined up to an overall sign and normalisation, we use a convention in which they
have unit norm and a positive inner-product with the unit vector in the (1,1,...,1) direction.
The Fisher information generally pertains only to the linear or interference contributions
of Wilson coefficients. Whilst it can be constructed for any likelihood function, it is not possible
to make as general statements when including, e.g., quadratic terms in the dependences
of eq. (D.3). This is because the Fisher information, being a second derivative, begins to
explicitly depend on the best fit point in parameter space, given the observed data. In the
case that one observes exactly the SM prediction, one recovers the FI from the linearised
approximation and no further information is added by the quadratic dependences.
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