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Abstract

Matrix quantum mechanics provides an example of spacetime emergence where the underlying

system is non-geometric. Understanding the mechanism for this emergence, and the way in which

entanglement between the quantum mechanical degrees of freedom relates to the emergent field

theory, remains a key challenge in quantum gravity. Previous work has examined this relation in

the context of a single matrix theory, and its emergent theory upon the noncommutative sphere.

By using direct calculations of entanglement entropy of the matrix degrees of freedom, construction

of the emergent fuzzy geometry is examined. This thesis attempts to extend this work to the case

of a three matrix theory. The theory contains gauge-invariance, and a possible prescription is

explored for restricting the full theory to the gauge-invariant configuration space. The implications

for locality in the emergent theory, and thus potential for entanglement entropy definition, are

evaluated and discussed.
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Lay Summary

This thesis investigates physical questions related to the geometry of fuzzy spaces. In a fuzzy space,

it is not possible to define specific points in the normal sense. Instead, the notion of a point is

replaced with a small region of fuzziness, where we cannot differentiate locations specifically at

scales smaller than that of the fuzzy regions. Fuzzy spaces are of particular interest to the study of

quantum gravity, a theory which seeks to unify quantum and gravitational physics. Certain theories

of quantum gravity, describing physics in space-time, appear to be somehow encoded within base

mathematical descriptions which themselves do not describe space, nor time. The physics of these

theories is said to be ‘emergent’ from these alternate mathematical descriptions. Here we have

explored how specific aspects of these base descriptions correspond to the structure of the space

that emerges from them. In general, the emergence itself is a poorly understood subject in quantum

gravity research, and this work aims to address this gap in our knowledge.
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Chapter 1

Introduction

The effort to discover a quantum mechanical description of gravity has led us to the intriguing

notion that spacetime itself may be an emergent phenomenon. Indeed, among the most important

developments in our present understanding of quantum gravity was the discovery of how theories of

gravitating spacetime can emerge from the entanglement of underlying quantum mechanical degrees

of freedom [3, 4]. In fact, there are examples of this emergence wherein the underlying quantum

theory describes no space at all, and is nothing more than a quantum mechanics arranged within

large super-symmetric matrices. If emergence is to be foundational to an eventually consistent

quantum gravity theory, then a quantitative understanding of its operation is a theoretical necessity.

Attempts at formulating emergent gravity have called for the study of noncommutative geometry,

that is, geometry wherein coordinates are nonabelian and described, for example, by noncommuting

matrices. By studying nonabelian objects, we hope to further understand the potential utility of

noncommutative geometry to viable theories of emergent quantum gravity.

Recently, mathematical tools in the field of quantum information theory have been of great

utility in probing the structure of gravitational theories. Perhaps the most well-known example of

this is the gauge/gravity duality, where the gravitational theory of a spacetime is somehow encoded

in a different quantum mechanical theory that lives on the spacetime’s boundary. Calculations of

the entropy of quantum entanglement, and other quantities that are commonplace in quantum

information theory, have played a key role in uncovering how exactly this encoding works [5].

However, in much of the existing study, the physical theory on the boundary is a local one, where

physics at any given point is directly influenced only by its immediate surroundings. In contrast, it

is expected that the theory connected to our own spacetime is highly non-local [6]. Furthermore,
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noncommutative, non-local theories have been argued to be related to black hole horizons and

information scrambling [7]. Studying the entanglement entropy in nonlocal theories can allow us

to understand which properties of the entropy are dependent on locality and how.

This thesis is concerned with an emergent quantum field theory on the noncommutative sphere.

The noncommutative, or ‘fuzzy’ sphere, is the space of a two-dimensional spherical surface but

with coordinates that are noncommutative in the sense described earlier [8]. This particular field

theory is emergent from an underlying matrix quantum mechanics theory [9]. Matrix quantum

mechanics theories originally arose from considerations in string theory, purporting to present a

potential definition of M-theory, the latter being a possible framework for a unified theory of all

fundamental physical forces [10].

Recently, investigations into the nature of entanglement entropy in noncommutative theories

have produced qualitative disagreements. In studies of the matrix quantum mechanics of a single

matrix, it has been demonstrated that for small sub-regions of the emergent geometric space, en-

tanglement entropy obeys an extensive growth law, proportional to a region’s volume [11, 12]. This

differs significantly from the situation in ordinary, commutative theories, where entanglement en-

tropy grows with the size of a region’s boundary. The difference can be understood qualitatively as

arising from the blurring of coordinates by noncommutativity, such that more distant points, more

distant than those directly across the boundary from each other, may become entangled. These

‘volume-law’ results are in agreement with observations obtained from parallel studies of these same

theories using holographic techniques [13–16]. Conversely, an alternative computational approach

involving variational wavefunctions has found that the non-local character of noncommutative field

theory does not preclude partitions into sub-regions possessing boundary-law growth of entangle-

ment entropy [17]. This most recent work involved a theory of three bosonic matrices, possessing

invariance under U(N) transformations of the matrices, which in turn corresponds to invariance

under gauge, or spatially dependent, transformations in the emergent field theory. In addition,

this recent work utilized a partitioning of the emergent spacetime that differed in construction to

the methods of the single matrix work referenced above. It is not known what particular aspects

of these differences, of model and methodology, is resulting in the differing entanglement entropy

growth law results. Teasing out the cause of these observations is a primary motivation for the

present work.

The aforementioned work on the noncommutative sphere relied on methods for discriminating

between degrees of freedom inside and outside of spherical cap sub-regions [11, 12]. Studying

entanglement entropy in a model with gauge invariance will require comparable methods, but in
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a context where the correct geometric assignation of degrees of freedom will be less obvious. In

this thesis, an approach is made to the identification of a projection onto the space of gauge-

invariant states, where a geometric interpretation of different collections of degrees of freedom

can be retained. Analogous procedures have been described in gauge field theory more generally,

allowing computation of various classes of entanglement entropies [18–21].
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Chapter 2

Strings, branes, and matrices

In this chapter the study of quantum mechanical theories of N×N matrices will be motivated from

a starting point in string theory. Beginning with a single string propagating in flat spacetime, we

will make a series of generalizations so as to eventually consider theories that govern the dynamical

hypersurfaces to which the string’s endpoints may be adhered. Matrix theories will arise when we

aim to write down physical descriptions of these hypersurfaces, with particular dimensionality.

2.1 Open strings and D-branes

String theory is the study of the physics of 1d extended objects called ‘strings’. Strings can either

be ‘closed’ or ‘open’. For closed strings, the end-points of the string are connected such that the

object we’re dealing with is a 1d loop, propagating in spacetime. For open strings the end-points

are not connected up, and this has specific consequences for their propagation in spacetime. The

physics of a single open string propagating in D dimensional flat spacetime is captured by the

Polyakov action,

S = −T
2

∫
d2σ ηab∂aX

µ∂bX
νηµν . (2.1)

Here T is the string tension, σa for a = 0, 1 are the coordinates of the string worldsheet, and Xµ

for µ = 0, ..., D are the coordinates for the flat spacetime in which the string is propagating. The

worldsheet of the string is the 2d surface swept out by the string as it propagates, pictured in

Figure 2.1. In (2.1) the background spacetime is flat, as specified by the metric ηµν . The string
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worldsheet is a submanifold of the background spacetime, and we have used the gauge symmetry

of the Polyakov action (2.1) to set the metric upon this submanifold to likewise be flat, as specified

by ηab. From the perspective of the worldsheet, the Xµ(σ) are a set of D scalar fields living on the

worldsheet’s surface. It’s worth emphasizing that the Polyakov action describes both: a physical

theory of fields on the worldsheet surface, and simultaneously, the physics of a 1d object - the string

itself - propagating through the D dimensional spacetime. Consider the variation of (2.1),

Figure 2.1: As an open string propagates through spacetime, it sweeps out a worldsheet
parameterized by a timelike coordinate, σ0 ≡ τ , and a spacelike coordinate, σ1 ≡ σ.
Figure taken from [1].

δS = −T
2

∫
d2σ (∂a (δXµ) ∂aXµ + ∂aX

µ∂a (δXµ)) (2.2)

= T

∫
d2σ ((∂a∂

aXµ) δXµ − ∂a (∂aXµδX
µ)) . (2.3)

The variational principle applied to the first term yields the equations of motion,

∂a∂
aXµ = 0, (2.4)

i.e. that the string coordinates satisfy D − 1 dimensional wave equations. In typical variational

problems the second term vanishes by the argument that the variation falls off sufficiently fast at

infinity in the coordinates being integrated over. However, considering the integration of this term
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explicitly, the requirement that the variation of the action vanishes yields,

0 =

∫ τ=τf

τ=τi

dτ

[
∂σXµδX

µ

]σ=π
σ=0

−
∫ σ=π

σ=0
dσ

[
∂τXµδX

µ

]τ=τf
τ=τi

. (2.5)

We have chosen the conventional σ ∈ [0, π] parameterization of the worldsheet’s spacelike coor-

dinate. The second term in Equation 2.5 vanishes by the argument given above as we consider

bounds of infinite τ . Had this been a closed string, the first term would vanish by virtue of periodic

identification of the string endpoints at 0 and π. For an open string, this is not the case, and thus

we must impose additional constraints in order to have vanishing variation. We are presented with

two distinct choices of boundary condition at σ = 0, π,

∂σXµ = 0 (Neumann), (2.6)

δXµ = 0 (Dirichlet). (2.7)

Notice that we may utilize a combination of the Neumann and Dirichlet conditions in satisfying

(2.5), electing a different choice for each of the background spacetime dimensions µ. This restricts

the string to have completely fixed endpoints (Dirichlet) in some dimensions, while remaining free

in others (Neumann). Suppose we choose we such an admixture of boundary conditions in the

following way,

∂σX
a = 0, a = 0, 1, ..., p (2.8)

δXI = 0, I = p+ 1, ..., D − 1. (2.9)

This restricts the strings motion so as to break the pre-existing Lorentz invariance of its description

within the background spacetime. Specifically we have,

SO(1, D − 1)→ SO(1, p)× SO(D − p− 1). (2.10)

The open string’s endpoints are restricted to a Lorentz invariant p + 1 dimensional hypersurface.

This hypersurface is called a ‘D-brane’, where the D stands for Dirichlet. So as to specify it’s spatial

dimension, it may be referred to as a ‘Dp-brane’. The Xa directions coordinatize the D-brane, and

the remaining XI directions are transverse to it. To this point, the D-brane hypersurface is merely

a fixed submanifold of the spacetime, existing physically only in so far as it is the anchoring space

for the open string endpoints. Now though we will consider an alternative theory in which we
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consider the D-brane to be a dynamical object in its own right. It is at this juncture that string

theory becomes the study of a much wider collection of objects, with myriad dimensionality as

defined through conditions (2.9).

2.2 D-brane actions

Our starting point for a D-brane action is the Dirac action for a generic membrane,

S = −Tp
∫
dp+1ξ [−det (γab)]

1/2 , (2.11)

where ξa are the coordinates of the D-brane hypersurface or worldvolume, and Tp is the D-brane

tension. Here the term ‘membrane’ is used to refer to any objected extended in spacetime. In this

way, a string is a 1-brane, and a point particle is a 0-brane. Note that generic membranes are

an independent object from D-branes, as the latter specifically refers to those objects upon which

open strings end. The metric γab is the pull-back of the background spacetime metric - again taken

to be flat, ηµν - to the D-brane worldvolume,

γab =
∂Xµ

∂ξa
∂Xν

∂ξb
ηµν . (2.12)

Consider a choice of parameterization of the background spacetime coordinates, Xµ, so as to

coincide with the D-brane coordinates, ξa, upon the worldvolume,

Xa = ξa, a = 0, 1, ..., p

XI = 2πα′φI , I = p+ 1, ..., D − 1. (2.13)

Here α′ is a constant related to the string tension, and appears in this rescaling on dimensional

grounds. In these coordinates the action (2.11) becomes,

S = −Tp
∫
dp+1ξ

[
−det

(
ηab + (2πα′)2∂aφ

I∂bφ
JδIJ

)]1/2
. (2.14)

In the quantization of the open string, the details of which are beyond the scope of this discussion,

two types of quantum field are identified whose quanta are the states of the string. The physics of

these fields are contingent upon the boundary conditions (2.9) that define the D-brane, such that
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they can be viewed as field theories on the brane,

Aa(ξ), a = 0, 1, ..., p (2.15)

φI(ξ), I = p+ 1, ..., D − 1. (2.16)

The first of these fields, Aa carries the a index of the D-brane hypersurface coordinates, and

corresponds to a set of massless string states that transform as a vector under the SO(1, p) Lorentz

symmetry of the D-brane. Hence, Aa is a photon, U(1) gauge field living on the D-brane. The

second, φI , carries the index I of the coordinates in the space transverse to the D-brane. These are

states that transform as a scalar under the SO(1, p), but as a vector under the rotational group

SO(D − p − 1) of the transverse space. Notice that these fields are, for the D-brane, analogous

to the Xµ scalars of the string worldsheet. For the string, the Polyakov action (2.1) described

scalar fields Xµ(σ) living on the string worldsheet, which simultaneously described coordinates of

the string’s motion in the background spacetime. Here, the φI fields are scalars on the D-brane

worldvolume and we simultaneously understand them to parameterize the motion of the D-brane

hypersurface in the D−p−1 dimensional space transverse to it. It is in this sense that the D-brane

is formulated as a dynamical object, with its motion in the transverse space described by fields

whose quanta are excited open string states. In introducing the coordinates (2.13) we deliberately

make contact with these scalar fields, emphasizing that this yields a dynamical description of the

membrane in the action (2.14).

So far we have described aspects of the physics of a single open string and the D-brane upon

which its endpoints are confined to move. Now we consider cases of multiple D-branes in spacetime,

beginning with two. The situation is depicted in Figure 2.2. For a background spacetime dimension

of D = 4, the possible open strings ending on a pair of parallel D2-branes are pictured. The

coordinates of the D-branes are xa with a = 0, 1, 2, and xI with I = 3 is the sole transverse

coordinate. Distinct cases, which are referred to as sectors of the given theory, are shown. Strings

could have both their endpoints lying on a single of the branes, or they could have one endpoint

on the first brane and the second endpoint on the opposing brane. Notice that this latter case, of

strings stretched between the branes, is further distinguished by arrows indicating the two possible

orientations of the string. As we summarized earlier, quantization of the string yields the gauge

field Aa and the scalar fields φI . In the parallel brane context we’ll have distinct fields labelled by

the sector of the string whose excited states are identified with the field quanta. We’ll introduce

a labelling [i, j], where i, j = 1, 2 indexing the two branes upon which string endpoints could lie.
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Figure 2.2: Open strings ending on distinct, parallel D-branes. Figure taken from [2].

These indices are known as Chan-Paton factors, and here they indicate the four open string sectors

in the theory with two D-branes. Recall that for the gauge field Aa, its carrying of the brane index

a implied that it was a field on the D-brane. Let us denote (Aa)
i
j as the gauge field of the [i, j]

sector. For the [1, 1] and [2, 2] sectors the interpretation is as before, with (Aa)
1
1 and (Aa)

2
2 living

on their respective branes. We are confounded by the fields (Aa)
1
2 and (Aa)

2
1 though, and perhaps

are led to an interpretation where the fields each live simultaneously on both of the branes. This

weirdness is our first exposure to variety of indications that D-branes experiences spacetime in an

unfamiliar way.

Returning now to D-brane actions, there are further steps we can take beyond the Dirac actions

of (2.11) and (2.14). In a chronicle that is beyond the scope of this chapter, renormalization of the

field theory on the open string worldsheet leads to the derivation of an effective action for D-branes.

The equations of motion for the effective action coincide with the vanishing of the beta function

for the open string endpoint coupling to the Aa on the D-brane. This coupling in particular will

be revisited in the next section. This effective action is known as the Born-Infeld action,

S = −Tp
∫
dp+1ξ

[
−det

(
ηab + 2πα′Fab

)]1/2
, (2.17)

where α′ is a constant related to the string tension, and Fab is the field strength associated to the
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1-form gauge field Aa. In comparing this to (2.14) we see that the metric on the D-brane is flat,

the scalar fields φI have been set to 0, and the dynamics of the brane are now coupled to the gauge

field. We may consider the case of low field strengths, Fab � 1
α′ , and expand (2.17),

S = −Tp
∫
dp+1ξ

[
1 +

(2πα′)2

4
FabF

ab + · · ·
]
. (2.18)

We see that in this limit there is a U(1) gauge field theory on the brane, i.e. the physics will

be governed by Maxwell’s equations. This makes contact with our earlier discussion of string

excitations producing an Aa photon field that is interpreted as living upon the brane worldvolume.

Terms of higher order in (2.18) are suppressed in α′, and for higher field strengths these non-

linear contributions would be governed by the full Born-Infeld action of (2.17). An analogous

renormalization calculation can be performed for the scalar fields φI and the implied effective

action is one which unifies the Dirac action (2.11) with the Born-Infeld,

S = −Tp
∫
dp+1ξ

[
−det

(
γab + 2πα′Fab

)]1/2
. (2.19)

Sensibly, this is referred to as the Dirac-Born-Infeld (DBI) action. The only difference from the

Born-Infeld action is that the pull-back metric (2.12) has reappeared. Once again switching to the

coordinates (2.13), and expanding in the limit of low field strengths Fab as well as small derivatives

∂aφ
I , yields,

S = −(2πα′)2Tp

∫
dp+1ξ

[
1

4
FabF

ab +
1

2
∂aφ

I∂bφ
JδIJ + · · ·

]
. (2.20)

The effective theory under this expansion is a U(1) gauge theory coupled to the scalar fields φI .

The DBI action describes the low-energy dynamics of the D-brane in a flat background space-

time. This description is arrived at by considering both the physics of a general propagating

(mem)brane, and the dynamical fields arising from the quantization of the open string. The effec-

tive theory is that of a U(1) gauge theory coupled to scalars, and it is perhaps natural to consider

a generalization of this action to the case of a non-Abelian gauge theory upon its worldvolume.

In the next section, we will motivate a physical situation in which such a generalization might be

desirable.
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2.3 N coincident D-branes

Let’s generalize our earlier discussion of parallel D-branes to the case where there are N -many

of them. The Chan-Paton factors are i, j = 1, ..., N , and so we have N2 sectors. A particularly

interesting case is that in which all the N D-branes are coincident in spacetime. Then, although the

Chan-Paton factors meaningfully distinguish which fields end on each brane, the fields themselves

must all live upon a single, common hypersurface. It is natural that we package the N2 gauge fields

and the N2 scalar fields into N ×N Hermitian matrices,

(Aa)
i
j , (φI)ij . (2.21)

Here, diagonal elements are those fields arising from strings that begin and end on the same brane.

Conversely, strings beginning and ending on differently labelled branes correspond to fields that

are off-diagonal elements. The matrix (Aa)
i
j has the structure of a U(N) gauge connection, and

this is indeed how it should be interpreted. The Aa field of any single open string is a U(1) gauge

field, and we have understood this as a field that lives on the D-brane. Suppose that we switch

perspectives and consider the action for the string’s endpoint, a 0-dimensional brane in its own

right, coupled to the U(1) gauge field on the D-brane it is confined to move upon,

S =

∫
dτAa

∂Xa

∂τ
. (2.22)

This is the pull-back of Aa to the worldline - parameterized by the proper time τ - of the 0-brane.

We also recognize this to be the action for a charged particle coupled to the U(1) gauge field of

electromagnetism. In the context of our N2 coincident D-branes, this means that the endpoints

of each string are charged under the various U(1) gauge fields as indicated by their Chan-Paton

indices. But, we will see that it does not mean that there is simply a U(1)N
2

symmetry in the

theory. For the diagonal elements of (2.21) there is nothing unfamiliar afoot, we have a U(1)N

gauge symmetry in considering these fields all together. However, consider, explicitly for N = 2

and (Aa)
i
j , a U(1) adjoint action upon the first D-brane,(

eiθ 0

0 1

)(
(Aa)

1
1 (Aa)

1
2

(Aa)
2
1 (Aa)

2
2

)(
e−iθ 0

0 1

)
=

(
(Aa)

1
1 eiθ(Aa)

1
2

e−iθ(Aa)
2
1 (Aa)

2
2

)
. (2.23)

Under the action on the second D-brane we’d of course end up with swapped signs. It’s clear that

under the two original U(1) symmetries, the (Aa)
1
2 and (Aa)

2
1 fields carry (+1,−1) and (−1,+1)
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charge, respectively. This type of structure can’t be made sense of by U(1)4, but is precisely the

structure of non-Abelian U(2) symmetry. We ought not be surprised by this, we have N identical

D-brane hypersurfaces all coincident in spacetime, and N2 field labels organized into Hermitian

matrices. The Lie group U(N) is precisely an N2-dimensional manifold and its adjoint action

implements a relabelling of all these matrix-embedded fields. The upshot here is that the field

theory living on the N coincident D-branes is a U(N) non-Abelian, or Yang-Mills, theory coupled

to the scalars (φI)ij , the latter transforming in the U(N) adjoint representation.

This leads us back to considering a possible non-Abelian generalization of the DBI action

(2.19). In order to correctly - i.e. U(N) gauge covariantly - describe the dynamics of N coincident

D-branes, such a generalization will be required. Unfortunately there are several reasons why such

a generalization is a subtle and perhaps illogical proposition. For the present work, it will be

sufficient to once again consider the low-energy effective theory, which we postulate as having the

form,

S = −(2πα′)2Tp

∫
dp+1 tr

1

4
FabF

ab +
1

2
DaφIDbφJδIJ −

1

4

∑
I 6=J

[φI , φJ ]2 · · ·

 . (2.24)

Here the field strength is that of a non-Abelian gauge theory,

Fab = ∂aAb − ∂bAa + i[Aa, Ab], (2.25)

with the gauge group representation indices suppressed. The kinetic term for the scalars has been

generalized to utilize the gauge covariant derivative,

DaφI = ∂aφ
I + i[Aa, φ

I ]. (2.26)

Lastly, we have introduced a potential term for the φI . We will not pursue a derivation of this

term, but will consider its implications for the dynamics of the N D-branes. First, note that it is

12



clearly positive semi-definite,

V (φ) ≡ −1

4

∑
I 6=J

tr
(
[φI , φJ ]2

)
(2.27)

= −1

4

∑
I 6=J

tr
(
[φI , φJ ][φI , φJ ]

)
(2.28)

= +
1

4

∑
I 6=J

tr
(

[φI , φJ ]†[φI , φJ ]
)
, (2.29)

a fact made manifest in the final line using anti-Hermiticity of the commutator of two Hermitian

matrices. This potential is a function of the D − p − 1 Hermitian matrix fields φI . The set of

configurations for which V (φ) is vanishing corresponds to those in which all the matrices commute

with one another, causing all the commutators in (2.27) to be 0. A set of mutually commuting

matrices are all simultaneously diagonalizable by single similarity transformation, φI → UφIU−1.

Notice that in this context, such a transformation is equivalently a U(N) gauge transformation in

the adjoint representation. So, there is a choice of gauge that would bring these matrices into a

basis where they are all diagonal,

φI =


φI1

φI2
. . .

φIN

 . (2.30)

Recall that these fields physically parameterize the fluctuations of the D-branes in the transverse

D−p−1-dimensional space. Then for these special, commuting, V (φ) = 0 field configurations, the

various elements φIi (ξ) have a clear interpretation of the Ith transverse coordinate of the position of

the ith D-brane. As long as these φI matrices remain mutually commuting, we can freely translate

the D-branes in the transverse space at no potential energy cost. In terms of the full, potentially

non-commuting, space of possible φI configurations these represent a subspace of transformations

under which V (φ) is invariant. But what are we to make of all the field configurations in which

the φI are non-commuting? The evident conclusion is that the spacetime locations of the D-branes

are described by non-commuting matrices, rather than commuting coordinate functions. As before

when we tried to reckon with the domain of the (A)12 and (A)21 fields in case of two parallel D-

branes, we again see hints of a potentially novel physical description of spacetime locality. In the

next section we will make a series of simplifications to the DBI action, and approach a model in
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which we can study this non-locality more acutely.

2.4 A D0-brane toy model

Suppose that we consider the case of p = 0, that is, a set of N coincident D0-branes. Geometrically,

these are 0-dimensional objects, i.e. particles. The action of (2.24) is reduced to an integral over

the coincident worldline. The field strength FabF
ab vanishes because there is is no such object in a

theory defined on a 1d space. In other words, there is no two-form F that is exact for the 1-form

gauge field A living on the 1d manifold of the world-line. Schematically, this gives us an action of

the form,

S ∼
∫
dt tr

1

2

(
DtφI

)
+

1

4

∑
I 6=J

[φI , φJ ]2

 , (2.31)

with I = 1, ..., D. In super-symmetric string theory, where D = 10, the theory with an action

of the form (2.31) forms the bosonic part of what is called the BFSS model [10]. It has been

conjectured that the BFSS model is mathematically dual to a theory of quantum gravity. We

may further simplify our theory by supposing that the D0-branes are restricted to move within

a lower-dimensional sub-manifold of the transverse, target space. In the models discussed in this

work, we will consider this submanifold to be three-dimensional. Thus, our theories will be of the

form (2.31), but with I = 1, 2, 3. These simplified theories will serve as toy models that will allow

us to make practical investigations of the noncommutative spacetime structure discussed in the

preceding sections.

To be consistent with notation in the recent literature, we will write down a modified toy model

action in terms of the three matrices X1, X2, X3,

S =

∫
dt tr

(ẊI
)2

+
1

4

∑
I 6=J

[XI , XJ ]2 + µ2
(
XI
)2 , (2.32)

with ẊI ≡ DtXI . Note that the action continues to possess invariance under the adjoint U(N)

action on the three matrices, now constituting a relabeling of the D0-branes. There is also an

SO(3) symmetry of the Xi as a vector, which is a remnant of the SO(D− p− 1) symmetry of the

φI in the transverse space for Dp-branes. In this model, the noncommutative structure interacts

with the dynamics in a specific way. With the presence of the quadratic mass term, we have the
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following potential,

V (XI) = tr

−1

4

∑
I 6=J

[XI , XJ ][XI , XJ ]− µ2
3∑
I=1

(XI)2

 . (2.33)

It can be shown - see Appendix A - that a minimum for this potential, and hence a solution for the

equations of motion, is provided by any three matrices satisfying the µ-deformed su(2) algebra,

[Xi, Xj ] = iµεijkXk. (2.34)

These set of matrices defines a noncommutative, of ‘fuzzy’ sphere, an example of noncommutative

geometry. If we perform a background field expansion about this classical solution of 0-dimensional

fields, the resulting effective theory may be viewed as being defined upon this noncommutative

geometric space [22]. This brings to the forefront questions about the structure of the fuzzy sphere,

and the behaviour of objects defined upon it. We are naturally confused about how N coincident

D0 branes could experience spacetime as a noncommutative manifold. By studying the types of

field theories that are emergent - via this background field expansion - upon the fuzzy sphere, we

may gain insight into how this structure plays out.

It’s worth pausing to reflect on how we’ve arrived at this point. From considering the boundary

conditions required to solve the open string’s variational problem, we reasoned through to a very

strange type of physical behaviour for sub-manifolds known as D-branes. To study that behaviour,

we’ve simplified and modified the description greatly to that of a toy model (2.32) upon which we’ll

make an expansion about the noncommutative solution to the theory.

In the next chapter we will discuss noncommutative geometry in more formal terms, and con-

sider how a map from our matrices XI to the emergent theory on such a manifold is to be achieved

mathematically.
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Chapter 3

Fuzzy geometry and noncommutative

field theory

In this chapter noncommutative geometry will be discussed more generally. We’ll introduce the

fuzzy sphere and describe a mapping from matrix theory to noncommutative field theory on the

sphere. We’ll see that latter, image field theory, is in fact a U(N) gauge theory.

3.1 Noncommutative geometry

In noncommutative geometry, the ordinarily commuting coordinates of a space are replaced with

operators that are generally noncommuting. This ruptures our ability to specify position exactly

within the space. The coordinates themselves follow the logic of the Heisenberg uncertainty prin-

ciple, and only along one coordinate axis at a time can location be exactly specified. The notion

of a point in space is replaced with a minimal area that can be resolved, in direct analogy with the

cell of size ~ in the phase space of ordinary single particle quantum mechanics. As an illustrative

example, we consider the noncommutative plane. First define coordinate operators,

X =
θ

2
(a† + a), Y = i

θ

2
(a† − a).
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Here a, a† are the usual harmonic oscillator raising and lowering operators with [a, a†] = 1. The

coordinate operators then have the commutation relation,

[X,Y ] = i
θ2

2

and for any state, the generalized uncertainty principle gives us

〈∆X∆Y 〉 ≥ θ2

4
,

i.e. the minimal area cell as discussed above. In this setup, we wish to define states which we can

associate to points, or rather fuzzy areas about them, on the two-dimensional plane. A sensible way

of doing this is to define coherent states |α〉 that provide a symmetric saturation of the uncertainty

bound,

〈α|∆X|α〉 = 〈α|∆Y |α〉 =
θ

2
.

These states are exactly those coherent states of the harmonic oscillator,

|α〉 = e−|α|
2/2eαa

† |0〉.

They are eigenstates of the lowering operator,

a|α〉 = α|α〉,

and so in these states,

〈X〉 = θ[Re(α)], 〈Y 〉 = θ[Im(α)].

As α = x+iy is an arbitrary complex number, the coherent states cover the entirety of the complex

plane. This map is not injective since the states are overcomplete:

|〈β|α〉|2 = e−|α−β|
2

This construction allows for the definition of functions living on the noncommutative plane, and

can be generalized so as to define quantum field theory on various noncommutative manifolds. For

a pedagogical review see [23].
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3.2 The fuzzy sphere

In the previous chapter we discussed a toy model (2.32) with the classical solution of a fuzzy sphere

(2.34). If we perform a background field expansion about this solution, then we can understand the

effective theory to be defined upon the fuzzy sphere as a noncommutative base manifold. Before

addressing those details, let’s first consider how it is that the su(2) algebra can be said to define the

fuzzy sphere. Functions on an ordinary sphere form a commutative algebra. The noncommutative,

or fuzzy, sphere is what we get when we take this algebra of functions to be noncommutative. In

the commutative case, we can write any function in terms of the spherical harmonics, Yjm, i.e.

f(θ, φ) =

∞∑
j=0

j∑
m=−j

ajmYjm. (3.1)

Here ajm are generally complex coefficients. In the noncommutative case, functions are generated

by the same spherical harmonics, but truncated at some j = jmax. When taking the product of two

functions, f and g, we truncate the resulting sum by omitting any terms with total j exceeding

jmax. By choosing to enact this truncation in a way that is dependent upon the ordering of f and

g in the product, we replace an infinite dimensional algebra of ordinary functions on the sphere

with a j2 dimensional algebra of noncommutative functions on the fuzzy sphere. Such an algebra

is explicitly realized by setting the Cartesian coordinates of 3d space to be in correspondence with

the three matrices forming the basis for a representation of su(2). What we are describing is a

map, wherein any N ×N matrix will correspond to a function on the noncommutative sphere, and

these three specific su(2) basis matrices are special in that they map to the coordinate functions xi

of points (θ, φ) on the sphere. In the next section we’ll detail how this map, and thus realization

of the noncommutative sphere, is brought about.

3.3 A correspondence between matrices, and fields on an
emergent sphere

We can define a linear map from the space of N × N matrices to the space of scalar fields on an

emergent sphere. Here we will closely follow the exposition of Appendix C of [17]. In defining

this map, we will require that it establishes an equality between inner products defined on the two

spaces. In other words, the usual inner product between matrices will be preserved as an inner
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product between functions on the sphere,

1

N
tr
(
A†A′

)
=

1

4π

∫
dΩ f∗A(θ, φ)fA′(θ, φ). (3.2)

We will further require this map to maintain the su(2) adjoint action,

f[Li,A](θ, φ) = J if(θ, φ), (3.3)

where Li are the generators of SU(2) in the N -dimensional irreducible representation, and J i are

the differential operators generating rotations on the sphere,

J i = −iεijkxj
∂

∂xk
. (3.4)

In light of this last requirement, we will use a basis of functions on the sphere provided by the

spherical harmonics, Yjm(θ, φ). Under the su(2) adjoint action, these satisfy,

3∑
i=1

J iJ iYjm = j(j + 1)Yjm, J3Yjm = mYjm, (3.5)

and are orthonormal with respect to the inner product defined in (3.2),

1

4π

∫
dΩ Y ∗jm(θ, φ)Yj′m′(θ, φ) = δj,j′δm,m′ . (3.6)

On the matrix side, we will define a basis of ‘matrix spherical harmonics’, denoted as Ŷjm, which

we will find to be orthonormal as required. We begin by recalling the following property of the

spherical harmonics,

Yj,m±1 =
J±Yjm√

(j − 1)(j +m+ 1)
, (3.7)

where J± = L1 ± iL2. To maintain the su(2) adjoint action we will require of our basis matrices

that they satisfy the corresponding relation,

Ŷj,m±1 =
[L±, Ŷjm]√

(j − 1)(j +m+ 1)
, (3.8)

19



with L± = L1±iL2. Provided that we have Ŷj,−j , these raising and lowering relations can take us to

all the remaining basis matrices. The spherical harmonics also satisfy J+Yjj = 0 and J−Yj,−j = 0.

Likewise, for the matrices we’ll have [L+, Ŷjj ] = 0 and [L−, Ŷj,−j ] = 0. From this we may conclude

that,

Ŷj,−j = C
(
L−
)j
, (3.9)

where C is a numerical constant. Note that for j ≥ N , the right hand side vanishes, (L−)N = 0.

This is the first sign of the fact that expansions of matrices in terms of matrix spherical harmonics

will, unlike the expansion on the function side of the map, truncate at j = N − 1. We’ll choose the

constant C such that,

1

N
tr
(
Ŷ †j,−j Ŷj,−j

)
= 1. (3.10)

This and the above conditions turns out to not fix the sign of C, which we’ll take to be positive so

as to be consistent with the function spherical harmonics for which Yj,−j ∝ (x1 − ix2)j . It can be

shown that the matrix spherical harmonics satisfy,

3∑
i=1

[Li, [Li, Ŷjm]] = j(j + 1)Ŷjm, [L3, Ŷjm] = mŶjm. (3.11)

We observe here that the Ŷjm form an eigenbasis for the adjoint actions of both L3 and the Casimir

(Li)2. It follows that this basis is orthogonal for the indices j and m, and it is normalized due to

(3.10). We conclude that this is an orthonormal basis with respect to the inner product from the

left hand side of (3.2). This completes the construction of a linear map A 7→ fA, and the j ≤ N −1

requirement on our matrix basis translates into an angular momentum cutoff on the fields,

f(θ, φ) =
N−1∑
j=0

j∑
m=−j

ajmYjm. (3.12)

The relation (3.2) connects matrix observables to averages of functions over the sphere. This is

how the identification of the 3d Cartesian coordinates with su(2) basis representation matrices is

achieved. We interpret Xi = µLi to be those coordinate matrices, in that they map to coordinate

functions xi taking values given by the averages of the functions fXi(θ, φ) via (3.2). Such an
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identification allows us to compute the radius of the fuzzy sphere,

r2 =
1

4π

3∑
i=1

∫
dΩ (fXi(θ, φ))2 (3.13)

=
1

N

3∑
i=1

tr
([
Xi
]†
Xi
)

(3.14)

=
µ2

N
tr

(
3∑
i=1

(
Li
)2)

(3.15)

=
µ2

N

N2 − 1

4
tr(1) (3.16)

=
µ2(N2 − 1)

4
. (3.17)

Note that in the computations of Chapter 5 there emergent sphere’s radius will be set to r = 1, by

normalizing the coordinate matrices using this su(2)-Casimir-derived value. Due to the inherent

non-commutativity of matrix multiplication, our map implies that the corresponding fields on the

sphere must obey a noncommutative product. For two functions f(θ, φ) and g(θ, φ) this is given

by,

(f ? g)(θ, φ) =
1

N

∑
jm

tr
(
Ŷjmf̂ ĝ

)
Yjm(θ, φ). (3.18)

This definition of the product is referred to as the ‘star product’. Presuming that the matrix

product (f̂ ĝ) possesses an expansion in the spherical harmonic matrices Ŷjm, we see that the trace

pulls out the requisite expansion coefficient for the spherical harmonic function Yjm. The sum over

j is upper bounded by j = N − 1, as defined above, and this implies a truncation of the expansion

of (f̂ ĝ). These are matrices, hence the non-commutativity of this expression.

3.4 Noncommutative gauge theory on the fuzzy sphere

With our map from the space of N ×N Hermitian matrices in hand, we are ready to consider the

image of our matrix model (2.32) under it. We will not be interested in any computations within

the image field theory, but will state the form of the expansion and identify the emergent gauge

symmetry. In Chapter 4 we will revisit the consequences of this gauge symmetry.

We perform a background field expansion, about the matrix configurations that define the fuzzy
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sphere,

XI = LI + αxI , (3.19)

where α� 1, and xI are matrices parameterizing the fluctuations about the classical solution given

by LI . We will work in the basis where L3 is diagonal. It will be sufficient that we consider solely

the expansion of the potential V (XI),

V (LI + αxI) = tr

∑
ij

1

4
[LI + αxI , LJ + αxJ ][LI + αxI , LJ + αxJ ] +

3∑
I=1

(
LI + αxI

)2 . (3.20)

Using the Ŷjm 7→ Yjm map, this matrix potential becomes a potential for fields wherein all the

products are noncommutative and defined by (3.18).

We recall that the U(N) gauge invariance of the DBI action (2.19), which relabelled our stack of

N coincident D-branes, continues to exist in our dimensionally restricted, mass-deformed, D0-brane

model of (2.32). We will see that upon mapping to fields on the sphere, that this U(N) invariance

is manifest as a gauge symmetry in the noncommutative field theory.

Let U = exp(iM) ≈ 1 + iM where U ∈ U(N), M ∈ su(N), and therefore M is a Hermitian

matrix. The adjoint U(N) action on the background expansion, to linear order in α, is given by,

(1 + iM)(LI + αxI)(1− iM) = LI + αxI + i[M,LI ] + iα[M,xi].

From this we recognize a transformation law for the dynamical fluctuation matrices xI ,

xI → xI − i

α
[LI ,M ] + i[M,xI ].

Which, upon mapping to fields becomes,

χi → χi −
i

α
JIM+ i[M, χI ]?,

where the fields associated to the matrices M and xI are denoted by M and χI , respectively. We

have mapped the adjoint action on M to the action of the generator of rotation on the sphere,

following the map property (3.3). Here [·, ·]? denotes a commutator where multiplication is carried

out with the star product of (3.18). We see that the transformation law for the fluctuation field xI

22



possesses the form of a gauge symmetry. The emergent quantum field theory on the sphere will be

a U(N) gauge theory, albeit one defined upon a noncommutative manifold.
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Chapter 4

Entanglement entropy in matrix

quantum mechanics

In this chapter we will review review the use of entanglement entropy as a tool for interrogating

the geometry emergent from matrix theories. This involves a recasting of matrix theory with a

quadratic potential as a system of coupled harmonic oscillators. Using this method, previous works

have computed matrix entanglement and analyzed its dependance upon the emergent geometry

[11, 12]. We will review the complications arising upon considering the analogous calculation in

the three matrix model of (2.32).

4.1 Entanglement entropy

Given two quantum systems, A and B, with two respective Hilbert spaces HA and HB, we can

construct a tensor product space that describes the bipartite system, i.e. HAB = HA ⊗ HB. We

refer to a state in HAB as a product state if it can be written as a tensor product of states from

the separate Hilbert spaces of the two systems, i.e.

|ψ〉 = |ψA〉 ⊗ |ψB〉, |ψi〉 ∈ Hi. (4.1)
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States that cannot be factorized in this way are called entangled. Given an operator OA on HA,

it’s expectation value in a product state will depend only upon the factor from HA, i.e.

〈ψ|OA|ψ〉 = 〈ψ| (OA ⊗ 1B) |ψ〉 = 〈ψA|OA|ψA〉. (4.2)

In the more general case of entangled states, this will not be the case. However, we can always

find an ensemble of states for the A subsystem such that the expectation values of OA may be

reproduced. We consider an ensemble defined by the collection {(|ψi〉, pi)} of orthogonal states and

associated classical probabilities. The expectation value for an operator in the ensemble is defined

as a weighted average over the expectation values for the individual states,

〈O〉ensemble ≡
∑
i

pi〈ψi|O|ψi〉. (4.3)

And so, in a general state of the bipartite system, we can recover expectation values for an operator

OA by finding the right ensemble, i.e.

〈ψ|O ⊗ 1|ψ〉 =
∑
i

pi〈ψAi |OA|ψAi 〉. (4.4)

With an ensemble of states, {(|ψi〉, pi)}, we can define a new operator,

ρ =
∑
i

pi|ψi〉〈ψi|, (4.5)

called the density matrix. To compute the expectation value of an operator with the density matrix

we take a trace,

〈O〉 = tr(Oρ) =
∑
i

pi〈ψi|O|ψi〉 (4.6)

In terms of density matrices, we can reproduce the expectation values of operators OA on HA via

tr(ρOA) = trA(ρAOA) (4.7)

where ρA = trBρ is the reduced density matrix, and trA is the partial trace over the A subsystem.

In this way the expectation value of operators in a subspace can be reproduced at the cost of

introducing a classical uncertainty if the original state was entangled. This uncertainty may be
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quantified by computing the von Neumann entropy of the reduced density matrix, and this provides

a natural measure of the degree to which a state is entangled. We refer to this as the entanglement

entropy:

S(A) = −trA(ρAlogρA). (4.8)

If ρ were a pure state in HAB then the entanglement entropy computed using either subspace must

be equivalent, i.e. S(A) = S(B). Any classical uncertainty in the reduced density matrices upon

the respective subspaces arises from the entanglement alone. In the case of an ensemble of states,

this is no longer necessarily an equality, as the classical uncertainty may be distributed in arbitrary

ways between the two subsystems.

Now if our system is a field theory, then the partitioning into subsystems may naturally take

the form of a partitioning of the theory base space. We decompose H into those degrees of freedom

associated to a region in space, and those in its complement. Then the entanglement entropy we

compute is associated to a spatial subregion. When performing this decomposition in a gauge

theory, there are known ambiguities related to the non-locality of the physical gauge-invariant

Hilbert space. Prescriptions aimed at the resolution of these ambiguities are abundant in the

literature [19–21]. Note that the entropic ambiguities alluded to here are present in all gauge

theories. This is separate from the non-local ambiguity inherent in noncommutative theories. In

the ground state of local relativistic field theories, the entanglement entropy typically has an area

law divergence [24]. In d dimensions,

S(A) = C
|∂A|
εd−1

+ · · · , (d > 2), (4.9)

S(A) = Clogε+ · · · , (d = 2) (4.10)

where ∂A is the boundary of the subregion, |∂A| is the boundary’s ares, C is a regulator dependent

constant, and ε is a UV regulator such as a lattice spacing. Area law divergence is a manifestation of

the locality of the theory, as it reflects the short-range entanglement of degrees of freedom directly

adjacent to one another across the partitioning boundary.

The matrix theory that is the object of this work (2.32) can be considered to be a 0+1 di-

mensional field theory. Therefore, there is no base space to be partitioned. Instead, we will define

partitions of the vector space of matrix configurations, grouping collections of matrix degrees of

freedom onto either side of the defined partition. We will see that this can be be utilized to perform
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an entanglement entropy computation in the matrix theory following a reformulation of the theory

as a system of coupled oscillators. It is in this way that entanglement entropy will provide a useful

calculational tool for understanding how the physics upon noncommutative manifolds is structured.

If we can define a sensible entanglement entropy quantity in the matrix configuration space, then

it’s growth behaviour will yield insights into the geometric structure of the emergent field theory.

4.2 Entanglement entropy of N coupled harmonic oscillators

Here we review the calculation of entropy from [25], which we will reconsider later in the context of

matrix quantum mechanics. Suppose we have a system of N -coupled harmonic oscillators described

by the Hamiltonian,

H =
1

2

N∑
i=1

p2i +
N∑

i,j=1

xiKijxj , (4.11)

where K is a symmetric N × N matrix providing the couplings between the various oscillators.

The quantum mechanical ground state of this theory is,

ψ0(x) = π−N/4 (det Ω)1/4 exp
(
−xT · Ω · x

)
, (4.12)

where x here is a vector of the oscillators, and Ω is the square root of K in the sense: for K =

UKDU
T with U orthogonal and KD diagonal, then Ω = UK

1/2
D UT . To compute the entropy

associated with a partitioning into two groups of oscillators, labelled as ‘inside’ and ‘outside’, we

integrate out the degrees of freedom corresponding to the ‘inside’ oscillators,

ρout(xn+1, ..., xN ;x′n+1, ..., x
′
N ) =

∫ n∏
i=1

dxi ψ0(x1, ..., xn, xn+1, ..., xN ) (4.13)

× ψ∗0(x1, ..., xn, x
′
n+1, ..., x

′
N ),

to construct a reduced density matrix, ρout, for the ‘outside’ subsystem. We can introduce the

sub-matrices,

Ω =

(
A B

BT C

)
, (4.14)
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such that (4.13) is clearly organized into Gaussian integrals. We arrive at,

ρout(x;x′) ∼ exp
(
−
(
cT · γ · x+ x′T · γ · x′

)
/2 + xT · β · x′

)
(4.15)

where β = 1
2B

TA−1B, and γ = C − β. Here x and x′ are (N − n)-dimensional vectors. We need

not keep track of the overall normalization, since we may later invoke the fact that the eigenvalues

of ρout must sum to 1, given that it is a density matrix. Next consider the eigenvalue equation,∫
dx′ρout(x;x′)fn(x′) = pnfn(x), (4.16)

where we wish to identify the pn since in terms of them the entropy is, S = −
∑

n pn log pn. Consider

the transformation of (4.16) under a change of variables, x→ Gx for some non-singular matrix G:∫
dx′(detG)ρout(Gx;Gx′)fn(Gx′) = pnfn(Gx). (4.17)

From this we conclude that (detG)ρout(x;x′) and ρout(x;x′) possess the same eigenvalues. First,

we change variables with γ = V TγDV , where V is an orthogonal matrix and γD is diagonal, and

x = V Tγ
−1/2
D y, yielding,

ρout(x;x′) ∼ exp
(
−
(
yT · y + y′T · y′

)
/2 + yT · β′ · y′

)
, (4.18)

with β′ = γ
−1/2
D V βV Tγ−1/2. Then we perform a second change of variables, z = Wy with W an

orthogonal matrix such that W Tβ′W is diagonal, yielding,

ρout(x;x′) ∼
N−n∏
i=1

exp
(
−
(
z2i + z′2i

)
/2 + β′iziz

′
i

)
, (4.19)

where β′i are the eigenvalues of β′. The reduced density matrix of (4.19) takes the form of a product

of reduced density matrices for independent two oscillator systems, wherein one of the oscillators

has been traced out. For this simplest, N = 2, n = 1, of cases, the entropy can be shown to be,

S(ξ) = − log (1− ξ)− ξ

1− ξ
log ξ, (4.20)

where ξ is a function of the couplings between the two oscillators. In the general N oscillator

case, the entropy associated to the tracing out of the inside n oscillators is given by the sum,
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S =
∑

i S(ξi), with ξi = β′i/(1 + (1− β′i)1/2).

An upshot from this calculation, that will be central to our later discussion, is that if the coupling

matrix K were to have a null eigenvalue then it may imply a divergent entropy. Specifically, if K

has a null eigenvalue then the matrix A may not be invertible. As any eigenvalue of A approaches

zero, the corresponding eigenvalue of A−1 diverges, which carried through the transformations just

outlined, would ultimately lead to divergent ξi, and therefore divergent entropy. We will now outline

how this divergence appears in our attempts to compute entropies in matrix quantum mechanics,

and what we may do in response.

4.3 Entanglement entropy in a scalar matrix-field theory on the
noncommutative sphere

Understanding the individual matrix elements to define linearly independent dynamical variables,

we can view a quadratic matrix theory as defining a system of N coupled harmonic oscillators. The

following Hamiltonian defines a matrix theory with a single matrix, and a noncommutative scalar

field theory on an emergent fuzzy sphere,

H = tr

(
φ̇2 +

3∑
I=1

[LI , φ]2 + µ2φ2

)
(4.21)

The Hamiltonian (4.21) possesses the following potential,

V (φ;µ) = tr

(
3∑
I=1

[LI , φ]2 + µ2φ2

)
, (4.22)

where φ is an N ×N complex, Hermitian matrix, the LI are again the generators of SU(2) in the

N -dimensional irreducible representation, and µ is again a mass parameter. The argument to the

trace appearing in the potential is quadratic in the matrix φ, and so the potential itself consists of

a series of summands that are all quadratic in the matrix entries. The space of complex Hermitian

matrices forms an N2 dimensional vector space and thus the potential (4.22) may be recast in the

form of the N -coupled harmonic oscillator potential appearing in (4.11),

V (φ;µ) =
1

2

∑
ab

φaK
(µ)φb, . (4.23)
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In writing φa with a single index we assume a prescription for labelling the N2 real degrees of

freedom of the matrix φ with a = 1, ..., N2. Here the coupling matrix K(µ) is explicitly given by,

K(µ) =
1

2

∂2V (φ;µ)

∂φa∂φb
(4.24)

In light of (4.23), we see that entropies associated with sub-sets of the matrix configuration space

can be computed using the technique described in Section 4.2.

Separately consider the potential in the case that µ = 0,

V (φ; 0) = tr

(
3∑
I=1

[LI , φ]2

)
. (4.25)

The classical minimum configuration of φ is obtained when all these commutators all vanish, and

may in fact be identified as any matrix where φ ∝ 1. This 1D non-trivial space of minimum potential

energy configurations implies that the matrix K(0) will have a corresponding null eigenvalue. A

proof of this implication is provided in Appendix C.

As discussed at the end of Section 4.2, this leads to divergent entropy. We see clearly the

utility of turning on the mass term, in that the V (φ;µ) with µ non-zero lifts the degeneracy of this

classical minimum. The minimal potential energy configuration for µ 6= 0 is given uniquely by the

zero matrix, upon which the adjoint U(N) acts trivially. In this sense, the mass term regulates the

entropy computation for this potential.

In [11], entanglement entropy for the scalar field theory model was computed. The coupling

matrix for a system of N coupled harmonic oscillators was constructed in the manner of (4.24).

For this theory it was noticed that under a different formulation - from the spherical harmonic

based approach detailed in Section 3.3 - of the map from matrices to functions, there is an ex-

plicit association of matrix degrees of freedom with certain geometric regions on the fuzzy sphere.

Specifically, elements of the matrix φ in the set, {〈m1|φ|m2〉 | m1 + m2 > 2j(cos θ)}, are asso-

ciated to spherical cap region centred upon the north pole and delimited by the polar angle θ.

Here j = (N − 1)/2 is the spin of the SU(2) representation, and the mi are our basis elements,

or equivalently, SU(2) weights. The association is presented pictorially in Figure 4.1. With this

geometric interpretation in hand, computation of a geometric entanglement entropy was carried

out by selecting the oscillator degrees of freedom in the shaded triangle of Figure 4.1 as the ‘inside’,

and tracing those degrees of freedom out to produce a reduced density matrix for the ‘outside’
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j(2cosθ - 1)

...

Figure 4.1: Schematic illustration of the association between degrees of freedom in the matrix
φ and the scalar field theory on the fuzzy sphere.

oscillators. For caps representing a small fractional area, a, of the sphere, entanglement entropy

was found to have an extensive character,

S ∼ area(C)

4πR2
= sin2(θ/2). (4.26)

where R is the radius of the sphere, and C denotes the cap region delimited by the angle θ.

As the fractional area became larger, reaching the order of the size of the sphere itself, a cross-

over was observed to boundary-law behaviour, consistent with a commutative, local field theory.

In this theory, the fundamental length scale of the non-commutativity is denoted by
√
θ, with√

θ ∼ R/
√
N . Comparatively, the UV cutoff of the theory, ε, is a separate length scale determined

by the number of degrees of freedom and the full spherical area. There should be one degree of

freedom in an area of ε2 size, and so we determine that ε ∼ R/N . We observe that ε is parametrically

smaller than
√
θ. Naively, we might expect that for regions on the sphere of size larger than the

scale
√
θ that non-commutativity would not be relevant to calculations of entanglement entropy,

and that the results would coincide with expectations for scalar field theory on a commutative

sphere.

However, there is a property of noncommutative field theories known as UV/IR mixing, whereby
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physics at vastly different length scales become interdependent, that leads to the deviation from

commutative expectations, as was observed in this work. Specifically, UV/IR mixing is expected

to be relevant in the range of region sizes from
√
θ to θ/ε ∼ R (i.e. the size of the sphere, or

equivalently the IR cutoff) [26]. This coincides with the results observed, extensive behaviour for

small fractional areas, up until a cross-over to boundary law behaviour once the considered areas

approach the order of the sphere itself. In [12], the effective scale of this nonlocality is adjusted by

introducing a UV cutoff to this calculation with the same model of (4.21). The same crossover to

boundary law entropy was observed, with the UV cutoff magnitude controlling the fractional area

at which the crossover is observed.

One peculiarity of the association presented in Figure 4.1 is that the number of degrees of

freedom above the anti-diagonal matrix partition does not grow proportionally with area. This is a

fundamentally non-local characteristic of the theory. Specifically, the number of matrix degrees of

freedom is proportional to 2j2(1− cos θ)2, i.e. proportional to the square of the fractional area. A

possible interpretation of this is that these degrees of freedom are not uniformly distributed within

the spherical cap, and are subject to some form of organization that leads to the boundary law

behaviour for the entropy once the critical cap size is considered.

4.4 Entanglement entropy in a three matrix quantum mechanics

A natural extension of the single matrix work described in the previous section is to consider models

of multiple matrices. This will necessarily introduce a few complications. Once more we consider

the potential in the three matrix model of (2.32),

V (XI) = tr

−1

4

∑
I 6=J

[XI , XJ ][XI , XJ ]− µ2
3∑
I=1

(XI)2

 . (4.27)

Note that V (XI) is quartic in the matrix degrees of freedom due to the [XI , XJ ]2 term. The tech-

nique of computing entanglement entropy from Section 4.2 relied on the potential being quadratic,

and therefore will not be viable here. Thus, we will choose to truncate our background expansion

at quadratic order α, so as to retain an approximation to the theory that is still tractable for our

entanglement entropy technique. Explicitly, the quadratic expansion to the expanded potential is
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found to be

V2(L
I , xI) = tr

−∑
i 6=j

[LI + αxI , LI + αxI ]2 − µ2
3∑
I=1

(LI + αxI)2

 (4.28)

≡ 2α2 tr

(
iL3x1x2 − iL3x2x1 + (x1)2 − L1x2x2L1 − 2L2x1x1L2 + 2L1x2L1x2

+ L2x1L2x1 + x1L2L1x2 + L2x1x2L1 − L2x1L1x2 − x1L2x2L1

+ cyclic permutations

)
. (4.29)

In Appendix B this expansion is carried out more explicitly. Here in the second line the use of

‘≡’ reflects the fact that we are defining V2(L
I , xI) to be the expression with all terms O(α3) and

greater dropped. We have also dropped constant terms, and set µ = 1 as we will not be concerned

with it as a parameter. Recall that for the single scalar field theory model we observed that the

vanishing of the mass term introduced a divergence in the entanglement entropy computation.

Here a different divergence will appear, descending from the fact that the potential of (4.27) was

invariant under the U(N) adjoint action. Let us parameterize a general U(N) transformation as,

U = eiαM (4.30)

for M an N × N Hermitian matrix, i.e. M ∈ u(N), and again α � 1. We have inserted α into

the exponential map defining U so as to consider transformations parameterized by U(N) elements

that are of the same infinitesimal order as our fluctuations αxI . Then we consider an adjoint action

with this U(N) matrix, upon the expanded matrices XI = LI + αxI ,

LI + αxI → ULIU−1 + αUxIU−1 ≈ LI − iα[LI ,M ] + αxI + iα2[M,xI ] +O(α3), (4.31)

where this approximation is consistent with the truncation at quadratic order that we have made

in defining V2(L
I , xI). Viewed as a transformation in the configuration space of the xI we have,

xI → xI − i[LI ,M ] + iα[M,xI ]. (4.32)

Since the U(N) action was an invariance of the un-expanded potential, it follows that at this

order we have (4.31) as an invariance of V2(L
I , xI). The N2 degrees of freedom parameterizing

the Hermitian M give rise to N2 flat directions to V2(L
I , xI). These flat directions are the chief
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computational roadblock to computing entanglement entropy in this theory. In Chapter 5 the

primary object of our computations will be to find a prescription for handling these flat directions,

and thus regulating the divergent entanglement entropy.

As discussed in Section 3.4, the matrix transformation (4.32) is a gauge symmetry of the emer-

gent quantum field theory. Divergent entanglement entropy of the sort seen here is characteristic of

gauge theories more generally, and implies the need of alternative approaches for defining partitions

of the base space of the theory.

It’s not at all clear how potential prescriptions for addressing these flat directions will affect

the entanglement entropy growth behaviour. In recent works, three matrix models have been

investigated with prescriptions offered for computing entanglement entropy. In [17], a restriction is

enforced to the space of gauge-invariant physical states, and the computation is made possible by

using a variational approach to finding wavefunctions in a quartic matrix potential. The authors

find boundary law entanglement growth throughout the entire range of fractional areas on the

sphere. There is no cross-over from area law behaviour observed. While this clearly conflicts with

[12], as described in Section 4.3, it is not clear what aspect of their considered model is causing

the conflict. In going from a single matrix to three matrices, the authors of [17] considered an

alternatively quartic potential, and used a different prescription for defining partitions of matrix

configuration space. This underscores the motivation for considering the simplified three matrix

potential of (4.27) and expanding as described above. In defining this model and considering it

at quadratic order, we may gain insight into specifically the role played by the descendant U(N)

gauge invariance of (4.32), in so far as it may be modifying the entropic growth behaviour in the

theory.
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Chapter 5

Matrix configurations and geometry

in a gauge-invariant model

At the end of the last section we saw how the invariance of the expanded three matrix quantum

mechanics Hamiltonian under the adjoint U(N) action led to a divergence in the computation of

entanglement entropy. In this section we will discuss possible prescriptions for ameliorating this

divergence, and interrogating the nature of geometric emergence in this model.

5.1 Considering matrix configuration space as a vector space

In this chapter we will be considering various subspaces of the full configuration space of our three-

matrix model. To begin, recall that the set of all complex Hermitian matrices form a vector space

over R. Our model possesses three such matrices, and so we have a real, 3N2 dimensional vector

space associated to the configuration space of these N × N matrices. This vector space will be

denoted as V3N2 . To make manifest the fact that the field over which V3N2 is defined is R, we will

map the complex Hermitian xI matrices to a set of matrices with real-valued entries, x̃I . For each

such matrix x we carry out the mapping,

x→ x̃ =
1

2

(
x+ xT

)
+

1

2i

(
x− xT

)
. (5.1)

Now we will introduce a specific basis for V3N2 which identifies individual matrix elements of the

three real-valued x̃I with standard basis vectors for V3N2 . Explicitly, we are re-organizing the 3N2-
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many matrix elements into a 3N2 dimensional column vector under the following prescription.

Labelling the main diagonals of each of the x̃I as ‘0I ’, we proceed to label the successive upper

diagonals by ‘1I ’, ‘2I ’, ..., ‘(N−1)I ’. Similarly, the successive lower diagonals are labelled by ‘−1I ’,

‘−2I ’,..., −(N −1)I . We assemble the diagonals, retaining the order of the matrix elements in each

diagonal, into a vector in V3N2 as

(01, 02, 03, 11, 12, 13,−11,−12,−13, 21, ...,−(N − 1)1,−(N − 1)2,−(N − 1)3)T . (5.2)

For N = 3 this looks like,

[x̃1]11 [x̃1]12 [x̃1]13

[x̃1]21 [x̃1]22 [x̃1]23

[x̃1]31 [x̃1]32 [x̃1]33

 ,

[x̃2]11 [x̃2]12 [x̃2]13

[x̃2]21 [x̃2]22 [x̃2]23

[x̃2]31 [x̃2]32 [x̃2]33

 ,

[x̃3]11 [x̃3]12 [x̃3]13

[x̃3]21 [x̃3]22 [x̃3]23

[x̃3]31 [x̃3]32 [x̃3]33

→



[x̃1]11

[x̃1]22

[x̃1]33

[x̃2]11
...

[x̃3]13

[x̃1]31

[x̃2]31

[x̃3]31



. (5.3)

Henceforth we will denote this specific basis - in which real matrix elements x̃I are in 1-1 corre-

spondence with column vector entries - for V3N2 as {ei}.

Note that when formulated as the vector space of three complex Hermitian matrices, we had

the natural inner product given by,

〈v, v〉 =

3∑
I=1

tr
(

[xI ]†[xI ]
)
, (5.4)

where v ∈ V3N2 denotes a generic vector; a generic set of the xI . It is straightforward to convince

oneself that following the mapping (5.1), and the subsequent reformulation described above (5.2,

5.3), that the inner product on matrices (5.4) becomes the standard Euclidean inner product on

R3N2
.
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5.2 The operator K and its null space

At quadratic order in our expansion parameter, α, the U(N) adjoint action upon the XI can be

expressed instead as a transformation (4.32) of the fluctuation matrices, xI . Note that this is

defined upon the complex Hermitian xI , not the real-valued x̃I . The expanded potential, V2(x
I),

is invariant under this transformation. The transformation (4.32) is parameterized by an N × N
Hermitian matrix M , in turn possessing N2 independent degrees of freedom. These ‘directions’ in

matrix configuration space will be of interest to our study in this chapter. In terms of the vector

space V3N2 , these directions collectively span an associated subspace, VG ⊂ V3N2 . In other words,

the potential function V2(x
I) is flat along any direction lying within the VG subspace.

To the potential V2(x
I), we may consider an associated operator, K ∈ L(V3N2), such that,

〈v,Kv〉 = V2(x
1, x2, x3). (5.5)

In the {ei} basis for V3N2 we will denote the matrix representing K as K. The matrix K is the

three-matrix-model analogue of the K(µ) matrix of (4.23). Here the (µ) superscript is omitted as

we’ll only consider the µ = 1 case. In general, we will distinguish operators in L(V3N2) from their

associated {ei} basis matrix representations by use of calligraphic font for the former (K), and

bold-face font font for the latter (K). For 3N2 × 3N2 matrices such as K, the bold-face font is

used to distinguish them, in their dimensionality, from the various N ×N matrix objects discussed

in the thesis to this point.

Consistent with VG being the space spanned by the flat directions of V2(x
I), we anticipate that,

null(K) = VG. (5.6)

As discussed in Section 4.4, the presence of this null space will lead to divergent entanglement

entropy by the computational method outlined in Section 4.2.

If we wish to use this method to study the nature of geometric emergence in this model then

we will have to provide a prescription for removing this divergence. In the ensuing sections of this

chapter, we will pursue a line of development in which we perform mappings onto the orthogonal

complement to VG, attempting to glean a geometric understanding from the remaining configuration

space. Recall that the invariance under (4.32) corresponds to a gauge symmetry in the emergent

noncommutative field theory. Thus, via the dual field theory description, the removal of VG -

mapping onto its orthogonal complement - can be equated with the implementation of a gauge-
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fixing constraint that would remove the symmetry.

5.3 Linear maps for gauge-fixing and height restriction

As in the scalar field model, height on the emergent sphere from this model is associated with

degrees of freedom from the three matrices. We may define a ‘height operator’, Z ∈ L(V3N2),

whose action on the xI is as follows,

Z : (x1, x2, x3)→
(

1

2

(
L3x1 + x1L3

)
,
1

2

(
L3x2 + x2L3

)
,
1

2

(
L3x3 + x3L3

))
. (5.7)

Notice that as we choose to work in a basis where the N ×N matrix L3 is diagonal, that it follows

that in the {ei} basis for V3N2 the matrix Z associated to Z will be likewise diagonal. Eigenvectors

of Z are those v ∈ V3N2 which are linear combinations of xI matrix elements all lying within a

common anti-diagonal; across the three matrices. Equivalently, through their eigenvalues under

Z, such v are all associated to a common height on the emergent sphere, following the illustration

of Figure 4.1. The only difference in this model is that there are three matrices each constituting

the same anti-diagonal-to-height pattern as was the case for the single matrix φ in Chapter 4.

The eigenspaces of Z are degenerate with multiplicity given by the length of the corresponding

anti-diagonal in the xI matrices, multiplied by three for the number of matrices in our model.

This degeneracy makes crude the geometric characterization of general matrix configurations, and

subspaces of V3N2 . Nonetheless, the eigenbasis of Z forms an orthonormal basis, trivially taken to

be {ei} given that Z is diagonal therein, with which we may construct orthogonal projections onto

certain subspaces interpreted as height-restricted regions on the emergent sphere. Specifically, we

will consider orthogonal projection operators Ph1,h2 ∈ L(V3N2) defined as,

Ph1,h2 ≡ P(h1 < Z < h2), (5.8)

where by the right-hand side we mean orthogonal projection onto the subspace formed by the union

of those eigenspaces of Z possessing eigenvalues falling within the range (h1, h2). We will refer to

this subspace as Vh1,h2 ⊂ V3N2 , and understand it geometrically as consisting of those configurations

of xI which are associated to field degrees of freedom falling within the spherical band (h1, h2). For

h2 = 1, which we will frequently consider, the projection is onto the region (h1, 1) of a spherical

cap centred upon the north pole. This was the type of geometric region discussed in Chapter 4,

and in [11, 12]. A schematic illustration of the interpretation of Ph1,h2 is provided in Figure 5.1
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Figure 5.1: The association, realized by the projection operator Ph1,h2 , between matrix
degrees of freedom and geometric regions on the emergent sphere.

Next let us consider linear maps involving the space null(K) = VG discussed above. We are in-

terested in restricting to the space of gauge-invariant configurations, a restriction we will implement

upon V3N2 by projecting onto the orthogonal complement to VG. Let us denote this orthogonal

complement as VR, i.e.

VR ≡ V ⊥G . (5.9)

In similar fashion to the definition (5.8), we define a projection operator PR ∈ L(V3N2),

PR ≡ P(K 6= 0). (5.10)

Consistent with our earlier discussion, this is a projection onto the space spanned by the non-null

eigenvectors of K. In practice, such an operator is constructed via the numerical diagonalization

of the matrix K.

To compute entanglement entropy by the method of Section 4.2 we will need to construct a basis

for VR. Furthermore this basis must admit a sufficient geometric interpretation. In the quantized

model of 3N2 harmonic oscillators, we will trace out certain of these basis vectors - certain of these

oscillators - and understand this as a tracing out of degrees of freedom associated to geometric

regions on the emergent sphere. Gauge-fixing will necessarily disrupt this interpretation, and we
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can begin to investigate this disruption by considering the composite operator,

Oh1,h2;R ≡ PRPh1,h2PR. (5.11)

The operator Oh1,h2;R is not a projection operator itself. In [12], a similar operator was constructed

for the single scalar field matrix theory (4.21) which involved the combination of: (a) geometric

restriction to a spherical cap region, and (b) imposition of a UV-cutoff. We can view (5.11)

as the analogue of that, with projection onto energy eigenstates below some UV cutoff replaced

by projection onto all non-null eigenstates of K. Furthermore, if gauge-fixing is to only minimally

disrupt the geometric interpretation of matrix configuration space, then we anticipate that Oh1,h2;R
will be approximately a projection operator, in that it’s spectrum should consist of mostly 0’s and

1’s.

In Figure 5.2 the eigenvalues of Oh1,h2;R are plotted in a histogram. The matrix dimension of
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Figure 5.2: Histogram of the eigenvalues of Oh1,h2,R ∈ L(V3N2) for h1 = 0, h2 = 1 and
N = 15.

N = 15 has been used, and the heights delimiting the spherical band are h1 = 0 and h2 = 1, i.e.

it is the upper hemisphere. This preliminary test passes; we see an operator that has spectrum

where the vast majority of values are equal to 0 or 1, or very nearly so, with few values filling out
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the intermediate region.

The extent to which Oh1,h2;R fails to be a projector is dependent on the interplay between

the non-commutativity of the emergent geometry and the effect of gauge-fixing. We would expect

that as we take the xI matrix size, N , to be large, toward the commutative limit of N = ∞,

that the fraction of eigenvalues falling in the intermediate region will decrease. In Figure 5.3

the magnitude of this fraction of the spectrum has been plotted as a function of N for various

values of h1, i.e. various spherical caps where we keep h2 = 1. The result broadly confirms our
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Figure 5.3: The magnitude of the fraction of eigenvalues of Oh1,h2,R falling in the range
(0, 1) is plotted against N for various spherical cap regions, where h1 is as indicated
and h2 = 1.

expectation, demonstrating that indeed this fraction is decreasing with N as we reduce the scale

of the non-commutativity.

In the gauge-fixed theory, we may choose to interpret the eigenspaces of Oh1,h2;R with eigenvalue

> 1
2 as associated to degrees of freedom within the (h1, h2) band, with all others interpreted as being

outside. This is sensible as we have seen that Oh1,h2;R nearly has the spectrum of projector, and

thus we are not making an unreasonable approximation. With this notion of a rounding procedure

in mind, it is worth checking how the number of degrees of freedom within (h1, h2) region scales
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with area on the emergent sphere. We define a new projection operator,

Ph1,h2;R ≡ P
(
Oh1,h2;R >

1

2

)
, (5.12)

which implements precisely this rounding. Then the quantity we are interested in is rank(Ph1,h2;R).

If gauge-fixing introduces minimal disruption to geometry then this quantity will grow with similar

behaviour to that of rank(Ph1,h2), i.e. similar to what was observed in the single scalar field model

as discussed in Section 4.3. Recall that the number of matrix degrees of freedom within an upper

triangular partition, as pictured in Figure 4.1, grows proportional to 2j2(1− cos θ)2, where j is the

spin of the SU(2) representation. This is quadratic in the fractional area of the spherical cap, C,

when θ ∈ [0, 2π]. Thus we expect the relationship,

rank (Pcos θ,1;R) ∼
[

area(C)

4π

]2
= sin4

(
θ

2

)
, (5.13)

where we have chosen a specific projection associated to a spherical cap delimited by the angle θ.

In Figure 5.4 this relationship is plotted and evidently matches the expectation of (5.13). This

provides further evidence for a retention of the geometric interpretation following the gauge-fixing.

At this point, we have obtained preliminary verification that the composite operator Oh1,h2;R,

and its rounded-to-projection version Ph1,h2;R, possess the characteristics required for use in a

tracing out procedure that would produce a geometrically meaningful entanglement entropy. In

the next section we will attempt to achieve a more granular view of the situation, and consider

how one might identify the most optimally-geometric basis vectors that could span gauge-fixed

subspaces such as range(Ph1,h2;R).

5.4 Searching for a basis for VR

Our aim in this section is to identify matrix configurations that are associated to well-localized

excitations in the theory on the emergent sphere. We will compute the degree of localization

associated to given configurations, and use this as a guide for assembling basis vectors that might

span the subspace associated to geometric regions.

Here we will again utilize the height operator (5.7). For a given configuration v ∈ V3N2 we will
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Figure 5.4: The quantity rank(Pcos θ,1;R)/(3N2) is presented as a function of the squared
fractional area of the corresponding spherical cap on the noncommutative sphere. The
rank has been normalized by dim(V3N2). The relationship is linear, as anticipated
from the arrangement of matrix degrees of freedom and their connection to geometric
degrees of freedom on the emergent sphere.

compute the variance,

〈(∆Z)2〉 = 〈v,Z2v〉 − (〈v,Zv〉)2. (5.14)

It is worth stressing here that Z is not a quantum mechanical operator. The interpretation of Z
as a random variable arises from the identification between the vector space V3N2 and the space

of fields on the sphere. In this sense we are viewing the field associated to each v, living on the

noncommutative sphere, as a probability density function over the spherical surface. By ‘local-

ization’ of the matrix configuration, we refer to the extent of the spatial spread of this associated

probability density function.

With the ability to compute 〈(∆Z)2〉, we may iteratively search for well-localized configurations

throughout the height of the sphere. We implement this by searching for v ∈ V3N2 for which 〈(∆Z)2〉
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is minimized, while subject to the constraints,

〈v, v〉 = 1,

〈v,Zv〉 = z̄. (5.15)

These constraints limit our search to unit normalized configurations, or simply directions in V3N2 ,

and to configurations that are centred at a height of value z̄ ∈ R on the emergent sphere. This

problem is now phrased as a constrained minimization, for which we may make straightforward

application of the fmincon built-in routine in MATLAB.

In Figure 5.5, this constrained minimization is carried out for various values of N . The results
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Figure 5.5: Constrained minimization applied to the height operator, Z, in the vector space
V3N2 . For a range of centering height constraints, z̄, the configuration v having minimal
variance, 〈(∆Z)2〉 is found through MATLAB’s fmincon routine. The variance for
this optimal v is plotted on the vertical axis.

may be understood as follows. For any value of the constraint z̄, the optimal v configuration is

simply the linear combination of the two eigenvectors of Z that are nearest to z̄ from above and

below. This follows from the fact that Z and Z2 are commuting operators. In the basis {ei} in

which we are performing these numerical computations, both matrices Z and Z2 are diagonal. The
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linear combination is the one which satisfies,

z̄ = 〈(αivi + αi+1vi+1) ,Z (αivi + αi+1vi+1)〉, (5.16)

= (αi)
2 zi + (αi+1)

2 zi+1, (5.17)

and,

1 = 〈(αivi + αi+1vi+1) , (αivi + αi+1vi+1)〉, (5.18)

= (αi)
2 + (αi+1)

2 , (5.19)

where αi and αi+1 are the coefficients of the linear combination for the two eigenvectors vi and vi+1.

The corresponding eigenvalues are zi and zi+1. It is clear that the repeated sinusoidal behaviour

seen in Figure 5.5 arises from (5.19).

In fact, the triviality of this procedure foreshadows a potential pitfall of this approach; a pitfall

we will encounter when attempting to repeat this analysis in the gauge-fixed model. Specifically, Z
has a highly degenerate spectrum by virtue of the fact that each anti-diagonal, across the three xI ,

lies in a shared eigenspace. This follows simply from the definition of Z in (5.7). When we combine

the left and right actions of a diagonal L3 upon a matrix xI , each anti-diagonal will have a unique

eigenvalue given by 2j − (a + b) for a matrix element [xI ]ab. Consider the complete collection of

vectors appearing for a given N generated by constrained minimization. We now see that every

one of these vectors is a linear combination of just two vectors, themselves being eigenvectors from

these degenerate subspaces. Optimization in this manner produces a small set of vectors, not

nearly sufficient for spanning the full vector space. Although every height on the sphere z̄ ∈ [0, 1]

is achievable via linear combinations of these minimal 〈(∆Z)2〉 vectors, there are only 2N − 1 of

them, i.e. the number of unique eigenspaces of Z. When we gauge-fix, we will be hoping that these

degeneracies will be somehow broken so that the procedure may identify far more potential basis

vectors.

As we have seen, this constrained minimization in V3N2 is trivial, and is not the object of our

search. Let us now apply this routine in the subspace of interest, VR. To similarly analyze the

emergent height of configurations in VR, we will again utilize the projection operator PR as defined

45



in (5.10). We compute the compressions of the operators Z, and Z2, to the subspace VR,

ZR ≡ PRZPR, (5.20)

[Z2]R ≡ PRZ2PR. (5.21)

With these we will consider a height variance quantity that is approximate for the gauge-fixed

theory,

〈(∆Z)2〉R ≡ 〈v, [Z2]Rv〉 − (〈v,ZRv〉)2 , (5.22)

where now we will be considering only configurations v ∈ VR. The minimization procedure will be

again subject to the constraints (5.15), but with Z substituted for ZR.

In Figure 5.6 the results of this constrained minimization are presented for various N . There is
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Figure 5.6: Constrained minimization applied to the projected height operators, Z and
[Z2]R, in the vector space VR. For a range of centering height constraints, z̄, the
configuration v having minimal variance, 〈(∆Z)2〉R is found through MATLAB’s
fmincon routine. The variance for this optimal v is plotted on the vertical axis.

again some semblance of the repeated sinusoidal behaviour observed in Figure 5.5. It is difficult to

ascertain whether or not this procedure is generating sufficiently many well-localized basis vectors
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to span VR. Furthermore, this procedure is too computationally intensive to be reasonably extended

beyond N ≈ 20. For these reasons we will take an alternative approach to our search, employing

the method of Lagrange multipliers, in the next section.

5.5 The method of Lagrange multipliers

Performing a brute-force constrained minimization to find the matrix configuration of lowest

〈(∆Z)2〉, or of lowest 〈(∆Z)2〉R, is a computationally intensive procedure. Instead, we will set

up the optimization problem such that we can search over a larger space of its potential solutions.

We define the auxiliary function; the Lagrangian,

L = 〈v, [Z2]Rv〉 − (〈v,ZRv〉)2 − λ(〈v, v〉 − 1)− µ(〈v,ZRv〉 − z̄). (5.23)

The equations specifying the configuration v which achieves the minimum, while satisfying the

constraints, are

∂L

∂vi
= 2([Z2]R)ijvj − 4(vk(ZR)klvl)(ZR)ijvj − 2λvi − 2µλ[ZR]ijvj = 0, (5.24)

∂L

∂λ
= (vivi − 1) = 0 =⇒ vivi = 0, (5.25)

∂L

∂µ
= (vk(ZR)klvl − z̄) = 0 =⇒ vk(ZR)klvl = z̄. (5.26)

Substituting (5.26) into (5.24) yields,

2([Z2]R)ijvj − 4(z̄)(ZR)ijvj − 2λvi − 2µ(ZR)ijvj = 0 (5.27)

=⇒ ([Z2]R − (2z̄ + µ)ZR)ij vj = λvi. (5.28)

Note that in the previous section we were iteratively minimizing ∆R for various fixed z̄ values. In

fact, we were actually minimizing only the quantity 〈v, [Z2]Rv〉 since the additional summand to

∆R,

(〈v,ZRv〉)2 = z̄2, (5.29)

was fixed as a constraint. The appearance of this term in (5.23) is redundant to the problem, and

with it dropped we arrive at the following three revised equations for the minimum ∆R configura-
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tion,

([Z2]R − µZR)v = λv, (5.30)

〈v,ZRv〉 = z̄, (5.31)

〈v, v〉 = 1. (5.32)

Here (5.30) takes the form of an eigenvalue problem. This allows us to take a step back from the

brute-force approach, and solve this eigenvalue equation iteratively for various values of µ, while

relaxing the height constraint (5.31). For every µ, this will produce dim(VR) many eigenvectors,

v, and we may compute z̄ for each of these. What we are doing is searching over the possible

solution space - the possible values of the Lagrange multiplier µ - and generating a much broader

set of configurations, {v}. Our hope is that we can implement some binning procedure upon {v}
according to the computed z̄, and perhaps see a structure emerge that provides insight into the

as-of-yet ambiguous results of Figure 5.6.

It turns out that no there is no particularly clever binning procedure that can yield results for

∆R as a function of z̄ reproducing those of Figure 5.6. The reason for this is that throughout the

range of z̄ on the sphere, there exists a single minimizing µ solution for large subsets of that range.

We can gain some understanding of why this is the case by considering once more the trivial case

of minimization in V3N2 with Z and Z2. Suppose we apply the Lagrange multiplier approach in

this context, reproducing (5.30-5.32), i.e.

(Z2 − µZ)v = λv, (5.33)

〈v,Zv〉 = z̄, (5.34)

〈v, v〉 = 1. (5.35)

Recall that the solution for v is given by precisely the linear combination v = αivi + αi+1vi+1,

as characterized in (5.16-5.19). The eigenvalues of Z are fully determined by our choice of SU(2)

representation,

spec(Z) = {−(N − 1),−(N − 1) + 1, ..., (N − 1)− 1, (N − 1)} . (5.36)

Given the linear independence of the eigenvectors of Z, vi and vi+1, the optimization equation
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(5.33) consists of the two equations,

z2i vi − µzivi = λvi (5.37)

z2i+1vi+1 − µzi+1 = λvi+1, (5.38)

where zi, zi+1 ∈ spec(Z), and are the respective eigenvalues of Z for vi and vi+1. Let zi+1 = m,

zi = m−1, and suppose we are solving the optimization problem for the constraint of zi ≤ z̄ ≤ zi+1.

The explicit solution for Lagrange multipliers λ and µ follows as,

λ = m(1−m), (5.39)

µ = 2m− 1. (5.40)

For heights z̄ that lie between each adjacent pair of eigenvalues, (zi, zi+1) = (m− 1,m) ∈ spec(Z),

the optimization problem is solved by these Lagrange multipliers (λ, µ). This provides a different

perspective on the degeneracy problem discussed above. There are only 2N −2 pairs of (λ, µ) from

which optimal v can be found for the entire range of z̄. This cannot yield a sufficient quantity of

basis vectors.

Now we turn to the problem in terms of ZR and [Z2]R (5.30-5.32). In Figure 5.7 the Lagrange

multiplier search approach is presented by plotting each of spec(Z2 − µZ) and spec([Z2]R − µZR)

as functions of µ. In each case, the matrix size of N = 5 has been used. In Figure 5.7a the

evolution of spec(Z2 − µZ) with µ is seen to just be a series of intersecting lines. This follows

simply from the fact that Z2 and Z are commuting operators, and so they share an eigenbasis.

At µ = 0, the values of λ are the eigenvalues of Z2, and as µ increases these values split into

lines of positive slope and negative slope, associated with the positive and negative pairs of Z
eigenvalues respectively. When two lines of negative slope intersect, it corresponds to a value of µ -

and subsequently λ - where (5.37) and (5.38) are both satisfied. Equivalently, it means that the two

lowest eigenvalues of (Z2−µZ) have become degenerate, on top of the already discussed degeneracy

of this spectrum originating in the anti-diagonal structure of the action on matrices. Since Z2 and

Z commute, the eigenbasis of (Z2−µZ) is independent of µ, and so we see that the optimal linear

combinations, v = αivi + αi+1vi+1, are each eigenvectors of (Z2 − µZ) lying in these series of

degenerate eigenspaces, appearing at the special values of µ given by (5.40). From this perspective,

the fact that the optimal configurations for any height zi ≤ z̄ ≤ zi+1 are supported entirely on

just the two vectors vi and vi+1 is re-framed as a statement about the range of heights covered

by vectors lying in a particular degenerate subspace of (Z2 − µZ). Each intersection between a
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Figure 5.7: The spectra of the operators spec(Z2 − µZ), and spec([Z2]R − µZR), are each
plotted as functions of µ.

pair of negative slope lines in Figure 5.7a corresponds to a region in z̄ where one of the curves of

Figure 5.5 increases from 0 in its value of 〈(∆Z)2〉, reaches a local maximum, and then falls back

down to 0.

Conversely, Figure 5.7b does not admit such a determined understanding. Here spec([Z2]R −
µZR) is far less degenerate. The operators [Z2]R and ZR are not commuting, and so the eigen-

basis for ([Z2]R − µZR) is dependent on µ. However, we do observe that the solutions to the

constrained minimization problem are again obtained from vectors v which lie in a sequence of de-

generate eigenspaces of ([Z2]R − µZR). Like for (Z2 − µZ), these degenerate eigenspace appear in

Figure 5.7b as points where two monotonically decreasing lines intersect, and their corresponding

shared eigenvalue is the lowest in spec([Z2]R − µZR). The range of z̄ associated to each of these

points of special degeneracy is given by,

〈v(µ)i ,ZRv(µ)i 〉 ≤ z̄ ≤ 〈v
(µ)
i+1,ZRv

(µ)
i+1〉 (5.41)

where v
(µ)
i and v

(µ)
i+1 are eigenvectors of ([Z2]R − µZR); the superscript denoting that they belong

to an eigenbasis that is changing under the parameter µ. There continue to be exactly 2(N − 1)

of these intersection points from which the degenerate eigenspaces collectively possess all of the

optimal configurations across the full range in height of the sphere.
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We can conclude that this approach will definitely not provide a sufficient basis for VR. The

space of VG is at least of O(N2), coinciding with the space parameterized by the Hermitian matrix

M of (4.32). Our investigation here has led to the conclusion that this constrained minimization

will consistently identify a set of vectors that is at most O(N). If we wish to identify an explicit

basis for VR to use in an entanglement entropy calculation, we will need to find a different approach.
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Chapter 6

Final remarks

The exact nature of spacetime emergence, and its origin in quantum mechanical entanglement, is

fundamentally obscured to us. Matrix models provide a pure example of emergence, where we

begin with a fully non-geometrical system, and discover a theory on a continuous spacetime. In

this thesis, we have explored the viability of a calculation - of geometrical entanglement entropy -

that would provide insight into the nature of of this emergence. In a matrix model that possesses

gauge symmetry, the implied null space associated to the pure gauge transformations presents an

obstacle for computing entanglement entropy. We have provided a prescription for approaching

this calculation while restricted to the gauge-fixed theory, thus side-stepping this obstacle. The

operator Ph1,h2;R defines a projection onto a subspace of the matrix model’s configuration space

that can be associated with a geometrical region, the spherical band of height (h1, h2), in the space

on which the emergent field theory is defined. Importantly the particular subspace, range(Ph1,h2;R),

lies in the space of physically distinct classical solutions, i.e. with the directions of gauge symmetric

transformations projected-out. However, there is necessarily some loss in this process. In the defi-

nition (5.12), of Ph1,h2;R, we are implementing a rounding procedure so as to define an orthogonal

projector and hence clearly decompose the space of matrix configurations into ‘inside’ and ‘outside’

of the geometrical region (h1, h2). In our inspections of the before-rounding operator Oh1,h2;R,

as well as of the dimensionality of range(Ph1,h2;R), we have observed behaviour that is consistent

with these linear maps admitting geometrical interpretations to their spectra and ranges. A clear

next step for this work is to use Ph1,h2;R as the arbiter of a tracing-out procedure for computing

entanglement entropy in the quadratic approximation to this matrix model.

Within VR there are certain vectors that correspond more precisely than others with specific
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locations on the emergent sphere. This fact is relevant and worth exploring quantitatively because

we know that by construction the operator Ph1,h2;R introduces some blurring - by rounding - of an

already fuzzy geometry. In Section 5.4 and Section 5.5 we sought a method for identifying these

well-localized vectors, and to acquire a more granular view of how gauge-fixing reshapes the matrix

configuration space.

At the end of Section 4.3 we discussed how regions in the emergent non-commutative geometry

have a non-standard relationship to the quantity of matrix model degrees of freedom underlying

them. It’s possible that degrees of freedom are not distributed uniformly - as is the typical case in

local field theory - and are organized in some way that leads to boundary law entropy growth for

sufficiently large regions. Matrix configurations are associated to averages of fields on the sphere,

and so we might reasonably aim to identify a basis of configurations where each element is associated

to a well-localized emergent field. Of course this picture is further complicated when gauge-fixing

enters, presumably distorting any geometric identifications. However, in Section 5.4 we saw that an

approach to identifying these basis vectors using constrained optimization of the variance in their

height, 〈(Z)2〉 is in fact a hopeless endeavour before gauge-fixing. The degeneracy of the Z operator

and the fact that it trivially commutes with Z2 renders us unable to identify sufficiently many well-

localized basis elements. When we gauge-fix though, and consider optimization in 〈(Z)2〉R, there

is a possibility of breaking that degeneracy and collecting many more elements. Unfortunately, the

perspective offered by the Lagrange multiplier approach of Section 5.5 shows that similar limitations

continue to arise when optimizing within VR.

A possible next step for furthering the search for a well-localized basis could be to combine

constrained optimization with a height-restriction before gauge-fixing, much as we did in Section 5.3

when constructing Oh1,h2;R in (5.11). Suppose a height restriction to the height operator itself,

taking the form,

Zh1,h2 ≡ (Ph1,h2)Z (Ph1,h2) . (6.1)

Then, as in (5.20) we may consider the subsequent projection to VR,

[Zh1,h2 ]R ≡ (PR)Zh1,h2 (PR) . (6.2)

Constrained optimization can be carried out for a pre-gauge-fixing height-restriction with the vari-

53



ance,

〈(Zh1,h2)2〉R ≡ 〈v, [Z2
h1,h2 ]Rv〉 − (〈v, [Zh1,h2 ]Rv〉)2 , (6.3)

as its object. These two projections, Ph1,h2 and PR are non-commutative, and thus we are right

to anticipate that the results from constrained optimization will be fundamentally different from

what we’ve seen thus far. In some sense, the reverse ordering, of gauge-fixing to VR followed by

restricting height is what is explored in Figure 5.6, if we imagine looking at a limited range of the

horizontal, z̄ = 〈v,ZRv〉, axis.

This ordering of projections opens up the possibility of generating far more optimized vectors,

as we’ll be able to run constrained optimization for subsets of (h1, h2) height restriction. Suppose

we segment the emergent sphere into a sequence of bands, and then run constrained optimization

for 〈(Zh1,h2)2〉R in each band. The projection to a single band involves discarding a large fraction

of configuration space, and this could certainly be a limitation upon finding a sufficiently basis of

well-localized vectors. We also expect that for regions of smaller area that those optimally localized

vectors identified will be possess greater variance in height. Still, a less-localized basis is better

than no basis, and certainly better than the arbitrariness of whatever basis is returned numerically

in the construction of Ph1,h2;R. It is an avenue worth exploring.

Computation of entanglement entropies in gauge theories more generally is a possible extension

to this work. There are various proposals for this general problem [19–21]. However, these inves-

tigations inevitably encounter a separate problem that is characteristic to quantum field theories

with gauge symmetry, namely that it is non-trivial to define entanglement entropy in the first place.

The core issue is that in a gauge theory, there is no unique set of quantum mechanical operators

that can be associated with a given region of the space. Thus, there are several natural entropic

measures that could be associated to the region. A lack of clarity exists as to which entanglement

entropy is the appropriate one to be calculating in different contexts. In [27] an attempt to clarify

the entropic quantity computed in each proposal is made, given the sub-algebra choice. In the case

of a noncommutative gauge theory emerging from a matrix model, we may be able to realize these

choices concretely as subspaces of the matrix model configuration space, and thus provide further

clarity. Entanglement entropy in continuum quantum field theory more generally is often obscured

by the failure of the Hilbert space to factorize into a direct product of degrees of freedom within

a region, and those outside that region [28]. It is possible that the duality with matrix quantum

mechanics can provide a way of performing this factorization based on the structure within the
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matrix theory, and shed light on this important problem in quantum field theory.
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[27] Jennifer Lin and Djordje Radičević. Comments on defining entanglement entropy. Nucl.
Phys. B, 958:115118, 2020.

[28] Edward Witten. Notes on Some Entanglement Properties of Quantum Field Theory. Rev.
Mod. Phys., 90(4):045003, 2018.

57



Appendix A

Matrix model equation of motion

In this appendix we will derive the equations of motion for the theory of the three matrix quantum

mechanics defined by the Lagrangian,

L = tr

(
3∑
I=1

(ẊI)2

)
− V (XI), (A.1)

with,

V (XI) = tr

−1

4

∑
I,J

[XI , XJ ][XI , XJ ]− µ2
3∑
I=1

(XI)2

 . (A.2)

The equations of motion are given by the Euler-Lagrange equation,

d

dt

∂L

∂ẊI
=

∂V

∂XI
(A.3)
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Approaching this piece by piece, for the kinetic term we have,

d

dt

∂L

∂ẊI
αβ

=
d

dt

∂

∂ẊI
αβ

(
tr

(
3∑

I=J

(ẊJ)2

))
(A.4)

=
d

dt

∂

∂ẊI
αβ

(
tr
(

(ẊJ)†ẊJ
))

(A.5)

=
d

dt

∂

∂ẊI
αβ

(
ẊJ
abẊ

J
ba

)
(A.6)

=
d

dt

(
ẊI
βα + ẊI

βα

)
(A.7)

= 2ẌI
βα. (A.8)

The derivative of the mass term in the potential of (A.2) is of the same form,

∂

∂XI
αβ

(
−tr

(
µ2

3∑
I=1

(XI)2

))
= −2µ2XI

βα. (A.9)

This leaves the squared commutator term,

∂

∂XI
αβ

(
tr

(
−1

4

∑
JK

[XJ , Xk][XJ , Xk]

))
=

∂

∂XI
αβ

tr

−1

2

∑
J 6=I

[XI , XJ ][XI , XJ ]

 (A.10)

= −
∑
J 6=I

tr

(
∂

∂XI
αβ

(
[XI , XJ ]

)
[XI , XJ ]

)
(A.11)

= −
∑
J 6=I

[
XJ ,

[
XI , XJ

]]
βα

(A.12)

In the second line we have used the product rule and cyclicity of the trace. Putting everything

together we have the equation of motion for XI
αβ,

2ẌI
βα +

∑
J 6=I

[
XJ ,

[
XI , XJ

]]
βα

+ 2µ2XI
βα = 0. (A.13)

We observe that the classical solution is provided by any XI satisfying,

[XI , XJ ] = iµεIJKXK , (A.14)
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with the mass parameter deforming the su(2) algebra. Explicitly, we can see that this is an

extremum of the potential,

∂V

∂XI
= −

∑
J 6=I

[
XJ ,

[
XI , XJ

]]
− 2µ2XI (A.15)

= +2µ2XI − 2µ2XI (A.16)

= 0 (A.17)
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Appendix B

Background expansion of the matrix

model

In this appendix we will explicitly perform the expansion of the matrix model about the classical

fuzzy sphere solution of

XI = µLI (B.1)

where LI are the generators of the N -dimensional irreducible representation of SU(2), and µ is

the mass parameter appearing in the Lagrangian for this model. We will set µ = 1. We will

parameterize the fluctuations above this solution with Hermitian matrices αxI where α� 1.

V (LI + αxI) = tr

(∑
IJ

1

4
[LI + αxI , LJ + αxJ ][LI + αxI , LJ + αxJ ] +

3∑
I=1

(
LI + αxI

)2)
. (B.2)

We begin by considering the expanded mass term,

tr

(
3∑
I=1

(
LI + αxI

)2)
= tr

(
3∑
I=1

(
(LI)2 + 2αLIxI + (αxI)2

))
. (B.3)
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Consider one of the commutator factors appearing in (B.2),

[LI + αxI , LJ + αxJ ] = [LI , LJ ] + α
(
[xI , LJ ]− [xJ , LI ]

)
+ α2[xI , xJ ] (B.4)

= iεIJKLK + α
(
[xI , LJ ]− [xJ , LI ]

)
+ α2[xI , xJ ] (B.5)

A single term in the sum over squared commutators becomes,

1

4
tr

((
iεIJKLK + α

(
[xI , LJ ]− [xJ , LI ]

)
+ α2[xI , xJ ]

)
(B.6)

×
(
iεIJLLL + α

(
[xI , LJ ]− [xJ , LI ]

)
+ α2[xI , xJ ]

))
which we truncate at quadratic order in α,

≈ 1

4
tr

(
iεIJKLK

(
iεIJLLL + α

(
[xI , LJ ]− [xJ , LI ]

)
+ α2[xI , xJ ]

)
+ α

(
[xI , LJ ]− [xJ , LI ]

) (
iεIJLLL + α

(
[xI , LJ ]− [xJ , LI ]

))
+ α2[xI , xJ ]

(
iεIJLLL

))
.

(B.7)

From this vantage point, we can see that the entire expression will have the following terms that

are constant,

O(α0) = tr

(
−
∑
IJ

1

4
εIJKLKεIJLLL +

3∑
I=1

(LI)2

)
(B.8)

= tr

(
3∑
I=1

(
−1

2
(LI)2 + (LI)2

))
(B.9)

=
1

2
tr

(
3∑
I=1

(LI)2

)
(B.10)

=
1

4
(j2 − 1)N, (B.11)
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which we will drop from the result. Next we consider the terms at linear order in α,

O(α) = tr

(
1

4

∑
IJ

(
iεIJKLKα

(
[xI , LJ ]− [xJ , LI ]

)
+ α

(
[xI , LJ ]− [xJ , LI ]

) (
iεIJLLL

))
(B.12)

+

3∑
I=1

(
2αLIxI

))
(B.13)

= α tr

(
i

2

∑
IJ

(
εIJKLK

(
[xI , LJ ]− [xJ , LI ]

))
+ 2

3∑
I=1

(
LIxI

))
(B.14)

= α tr

(
i

2

∑
IJ

(
εIJK

(
[LJ , LK ]xI − [LI , LK ]xJ

))
+ 2

3∑
I=1

(
LIxI

))
(B.15)

= α tr

(
−1

2

∑
IJ

(
LIxI + LJxJ

)
+ 2

3∑
I=1

(
LIxI

))
(B.16)

= 0. (B.17)

We are left with the terms quadratic in α defining the expanded potential,

V2(x
I) ≡ tr

(
1

4

∑
IJ

(
iεIJKLKα2[xI , xJ ] + α2

(
[xI , LJ ]− [xJ , LI ]

) (
[xI , LJ ]− [xJ , LI ]

)
(B.18)

+ α2[xI , xJ ]
(
iεIJLLL

))
+

3∑
I=1

(αxI)2

)
(B.19)

= α2 tr

(
1

4

∑
IJ

(
2iεIJKLK [xI , xJ ] +

(
[xI , LJ ]− [xJ , LI ]

) (
[xI , LJ ]− [xJ , LI ]

))
+

3∑
I=1

(xI)2

)
.

(B.20)

Fully expanded we have,

V2(x
I) = 2α2 tr

(
iL3x1x2 − iL3x2x1 + (x1)2 − L1x2x2L1 − 2L2x1x1L2 + 2L1x2L1x2

+ L2x1L2x1 + x1L2L1x2 + L2x1x2L1 − L2x1L1x2 − x1L2x2L1

+ cyclic permutations

)
. (B.21)
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Appendix C

Proof regarding the null space of K

We have shown that for the theory of a scalar field upon the noncommutative sphere, represented

by the matrix model described in Section 4.3, there is in the massless case, a 1D subspace of

configurations that constitute degenerate classical minima of the theory. These are precisely those

matrices proportional to the identity,

φ ∝ 1. (C.1)

This is readily apparent from the expression for the potential, with m = 0,

V (φ) = tr

(
3∑
I=1

[LI , φ]2

)
, (C.2)

which clearly vanishes for any such matrix φ. In this appendix, we will demonstrate that the

coupling matrix, K(µ), will have a null eigenvalue associated to this subspace of configurations with

vanishing potential energy. First, let us consider the associated bilinear form to the potential of

(C.2), g : V × V → C, where V is the real N2-dimensional configuration space of φ. Recalling that

the trace defines an inner product on the space of hermitian matrices, we may express the bilinear
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form g as,

g(φ, φ′)←→ tr

(
3∑
I=1

[LI , φ]†[LI , φ′]

)
(C.3)

←→ tr

(
φ

(
3∑
I=1

(
−LIφ′LI + φ′LILI + LILIφ′ − LIφ′LI

)))
(C.4)

←→ 〈φ, Tφ′〉 (C.5)

where T ∈ L(V ). The linear operator T is uniquely defined because the matrices LI are themselves

belonging to the unique N -dimensional irreducible representation of su(2). It is apparent that T is

self-adjoint, or rather symmetric, given that we’re working with a real vector space. This follows

from the symmetry of g in conjunction with the symmetry of the inner product,

g(φ, φ′)←→ 〈φ, Tφ′〉 (C.6)

←→ 〈T ∗φ, φ′〉 (def. of adjoint) (C.7)

←→ 〈φ′, T ∗φ〉 (sym. of inner prod.) (C.8)

←→ 〈φ, T ∗φ′〉 (sym. of g), (C.9)

where T ∗ is the adjoint of T , and equivalence of (C.6) and (C.9) demonstrate that T = T ∗. We

note that T is positive semi-definite, following from the observation that the argument to the trace

appearing in (C.2) is of the form, A = B†B, for B ∈ L(V ). Furthermore, following from T being

self-adjoint, its associated matrix is orthogonally diagonalizable. Thus we can write,

Tφ =
∑
j

λjφj (C.10)

for any φ ∈ V . As previously stated, the set of φ where φ ∝ 1 constitutes a 1D subspace of V ,

which we’ll now denote as W , upon which V (φ) = 0. Correspondingly, for the quadratic form

associated to the bilinear g, and for φw ∈W , we have,

g(φw, φw)←→ 〈φw, Tφw〉 = 0 (C.11)

←→
∑
j

λj ||φj ||2 = 0. (C.12)
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In the final line, positive semi-definiteness of T implies that the only consistent possibility is λj = 0

for all j, i.e. that φw lies in a null eigenspace of T . We conclude that the matrix K(µ) of this linear

map T indeed has a null eigenvalue associated to the 1D subspace of matrix configurations that

are ∝ 1.
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