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Abstract. We consider a pair of driver/witness electron bunches propagating in an ionized
gas background a configuration similar to the one produced in a capillary discharge where a
plasma oscillation has been excited by a driving pulse. We assume as in the plasma nonlinear
regime that the plasma electrons behind the driver are completely expelled and an ellipsoidal
cavity filled with ions only is formed. The fields are linear in both longitudinal and transverse
directions, at least in the region of interest for particle acceleration, as the one produced by a
uniform ion distribution within a uniformly charged ellipsoidal volume. The fields produced
by the ions and experienced by a witness electron beam are purely electrostatic, being the
ions at rest in the laboratory frame on the time scale of interest and it can be represented
with the field distribution produced by a 3D charged ellipsoidal. The energy spread and
emittance degradation has been studied by slicing the bunch in an array of cylinders and
solving envelope equations for each bunch slice. The properties of transverse envelope and
emittance oscillations and energy spread degradation have been analyzed together with the
related matching conditions for optimal transport and acceleration.

1 Introduction
It is well-known that a plasma wave having a phase velocity close to the speed of light c, as the one
required in modern plasma-based accelerators, can be excited by a laser pulse [1] or by a particle beam
[2]. In the plasma wakefield excitation, the large amplitude accelerating fields are generated in the plasma
when a relatively intense relativistic charged particle bunch [2, 3] (hereafter called the driver) is therein
propagating. The main effect predicted by the theory, consistent with the experimental observations, is
the excitation of a large amplitude plasma wave behind the driver. A witness bunch follows the driver
at almost the same speed as the latter. The plasma wakefield excitation has been shown feasible in both
overdense (the beam density is much smaller than the plasma density) and underdense (the beam density
is nearly equal or a little above the plasma density) regimes. To describe the plasma wakefield excitation
most of the theories are confined to linear fluid theory and one-dimensional (1D) nonlinear fluid theory.
Recent plasma wakefield acceleration and laser wakefield acceleration experiments prove that the wakes
produced in the bubble regime or so-called blowout regime cannot be described by 1D fluid theory. The
plasma electrons behind the driver are completely expelled and a cavity filled with ions is formed. These
expelled electrons make a narrow sheath outside the cavity filled with ions. The ions pull the expelled
electrons back and overshoot. As a result, the plasma wave wake is produced. Nowadays, most of
the laser-driven and beam-driven plasma wakefield accelerator experiments are performed in the bubble
regime. Rosenweig et al. [4] first investigated the blowout regime of the plasma wakefield accelerator
for high-intensity electron beam. Pukhov and Meyer-Ter-Vehn [5] observed that the ion channel has a
solitary plasma cavity shape for a highly intense laser driver. Lu et al. [6] presented a nonlinear theory
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for wake excitation by laser driver or particle beam. They showed that the ion channel is spherical shaped
for large blowout radius. It is also reported that ion column has an ellipse shape for the blowout radius
(1 < rm < 4). The bubble shape and electromagnetic fields for ultra-intense laser wakefield acceleration
have been studied by Li et al. [7]. They assumed the bubble shape to be ellipsoidal where the bubble
moves with the speed of light and the residual electrons inside the bubble were ignored.

When longitudinal correlations within the bunch are important like the one induced by space charge,
longitudinal energy spread or any position dependent external fields, beam envelope evolution is generally
dependent also on the coordinate along the bunch. In this case, the bunch should be considered as an
ensemble of n longitudinal slices, whose evolution can be modelled by n-slice envelope equations, provided
that the bunch parameters refer to each single slice. Correlations within the bunch may cause emittance
degradation that can be evaluated, once an analytical or numerical solution of the slice envelope equation
is known. The basic approximation in the description of beam dynamics [8] lies in the assumption that
each bunch is described by a uniformly charged cylinder (with circular or elliptical cross-section) whose
time evolution is laminar both in transverse and longitudinal directions. Under these circumstances,
envelope equations can be conveniently adopted to describe the bunch dynamics. By slicing the bunch
in an array of cylinders so-called Multi-slices approximation [9], each one subject to the local field, one
obtains the energy spread and the emittance degradation.

In this paper, we study the dynamics of beam envelopes in the elliptical blowout regime. We assume
that an ellipsoid blowout regime or bubble filled by ions is formed when the driver passes through
the plasma. To describe the rms driver/witness beam envelope dynamics we derive coupled envelope
equations. The equilibrium solution (i.e. the condition for matching beams in a plasma accelerator)
of coupled envelope equations under some assumptions is found. Finally, the numerical and simulation
results are compared and discussed.

2 Ellipsoidal Bubble Model
In the non-linear regime the plasma electrons behind the driver are almost completely expelled and an
ellipsoidal cavity filled by ions only is formed. A very simplified model for the plasma behind the driving
pulse is illustrated in Figure 1. We have considered an ellipsoidal uniform ion distribution, indicated
by the dashed ellipsoid, with particle density np. We have focused in this section on the beam driven
case, i.e. a plasma wave excited by a driving electron bunch with particle density nb, but the model
can be easily extended to describe also the laser driven case. This model is justified by the fact that in
this regime the fields are linear in both longitudinal and transverse directions, at least in the region of
interest for particle acceleration, as the one produced by a uniform ion distribution within an ellipsoid of
semi-axes:

X = 6.32
√
ασxd

Y = 6.32
√
ασyd

Z =
λp
2

 (1)

where α = nb/np ≥ 1 in the nonlinear regime, σxd and σyd represent the driving beam spot size and
λp = 2π/kp is the plasma wavelength. The computation of the X and Y semi-axes has been derived in
Ref. [6] while the assumption on Z is a reasonable approximation.

The fields produced by the ions and experienced by a witness electron beam is purely electrostatic,
being the ions at rest in the laboratory frame on the time scale of interest and it can be represented with
the field distribution produced by a 3D ellipsoidal filled by a charge of QB = 4πXY Zenp/3 according to
the expressions derived by Lapostolle [10] and reported also in [11]:
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Figure 1: Schematic representation of the longitudinal wake field (black line) and ion distribution (red
area) behind a driving laser or particle beam [12].

The quantity fd is the ellipsoid form factor that can be defined as:

fd =
1

3

√
XY

Z
= 0.21

√
Qdre
eσzd

. (3)

The electric field Ez is moving along the longitudinal axis, due to the plasma electron collective
oscillation, with the speed of the driving pulse, even if the source of the field, i.e. the ions remains
at rest in the laboratory frame. The propagating electric field through the plasma indeed produces a
time-varying azimuthal magnetic field Bϑ. From the Ampére’s law, one can compute the expression of
the induced magnetic field:

Bx = − enp
2ε0c

fdy and By =
enp
2ε0c

fdx . (4)

The accelerating component of the field is linearly increasing from the moving ellipsoidal bubble center and
depends on both the plasma density and the driver parameters. By changing the longitudinal coordinate
ζ = z − zc and using the definition of X, Y and fd we can write for the accelerating field:

Ez(ζ) =
enp
ε0

fdζ =
5.95e

ε0

√
npndσxdσyd

λp
ζ . (5)

If the driving pulse has a uniform cylindrical charge distribution the particle density can be written as:

nd =
Qd

πe(2
√

3)3σxdσydσzd
=

Id
12πecσxdσyd

(6)

with peak current Id = Qd/(2
√

3σt). The resulting accelerating field along the bubble axis reduces to:

Ez(ζ) = Anp
√
Idζ , (7)

where the constant A = 1.48√
3m0

( e
πε0c

)3/2.

The maximum gradient occurs on the bubble edge at ζ = λp/2 and scales like Ez(λp/2) = Ã
√
npId

with the constant Ã = 1.48
ε0

√
e

3πc .

Using the fields [as expressed in (2) and (4)], the Lorentz force acting on the electrons can be written
as:

Fx =
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2
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Here, k2p = e2np/(ε0m0c
2) is the plasma wave number. The equations for the longitudinal centroid motion

for each slice of the bunch traveling on the axis are represented by the following differential equation:

dzs
dt

= βsc and
dβs
dt

=
e

m0cγ3s
Ez(ζ, t) (10)

where the expression of the lorentz factor for each slice s is given by γs = 1/(1− β2
s )1/2.

It is worth mentioning that the total electric field acting on the trailing or witness beam is given by

Ez,t = Ed(z)− T Ew(z) =
enp
ε0

(fd − T fw) z , (11)

where T , which is equal to 1/2, accounts for the fundamental theorem of beam loading [13, 14] and the
fw is given by

fw = 0.21

√
Qwre
eσzw

. (12)

Note that we assume in our present investigation the driving/witness beam is a uniformly charged
cylinder. The uniformly charged cylinder is divided into slices whose evolution is described by the envelope
equations, like the beam. Therefore, one has to consider the average values of all slices’ spot sizes to

calculate the semi-axes (i.e., X and Y ) of the ellipsoid bubble. The average 〈 〉 = 1
N

∑N
s=1 is performed

over the N slices. We also consider a uniform charge distribution within each slice. We finally obtain the
complete coupled rms envelope equations for the slice of driver and witness as [8, 15, 16, 17]:
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where the alfvén current IA = 4πε0m0c
3/e and the emittance εn is normalized by γ.

We now look for an equilibrium solution to the above-coupled equations under some assumptions. We
neglect the adiabatic term (γ′d,w = 0), i.e. no acceleration. Under this assumption, one can find a proper
matching condition which holds at the entrance and exit of the plasma column. We finally obtain the
equilibrium solution of (13) - (16) with the above-mentioned condition as

σeq,xd,yd =

2Id +
√

4I2d + 2I2Aγ
3
dk

2
pε

2
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Figure 2: The matched beam envelope [represented by the equilibrium solution of (17) and (18)]. The
physical parameters of the driving beam (Left) and witness beam (Right) are displayed in Table 1.

The variation of the matched beam spot size [given by (17) and (18)] against plasma density, np is
displayed in figure 2. The spot size of both driving and witness beams decreases with the increasing value
of plasma density.

3 Results and Discussion
Since an exact analytical solution of the coupled rms envelope equations [given by (13) - (16)] is not pos-
sible we want to solve them numerically. For the numerical solution, we use the multi-slice approximation
while the beam is traveling on the axis [9]. We have used the following parameters: the Alfvén current
17 kA, the plasma density 1016 cm−3, the capillary length 60 cm, the ramp size 0.1 cm, the number of
slices of beam N = 150, and the other parameters as shown in Table 1.

We present here two examples for the (i) symmetric and (ii) asymmetric transverse beam spot size.
We have numerically integrated equations (13) - (16) from z = 0 to z = ∞ with the initial conditions
(i) σxd = σyd = 1.81 µm (symmetric case), (ii) σxd = 1.81 µm; σyd = 2.00 µm (asymmetric case),
σ′xd = σ′yd = 0 at z = 0; (i) σxw = σyw = 1.37 µm (symmetric case); (ii) σxw = 1.37 µm; σyw = 1.50 µm

(asymmetric case), σ′xw = σ′yw = 0 at z = 0. For the mismatched asymmetric beam spot size, we choose
the initial transverse spot size of both driver and witness as 3 µm along the x-axis and the spot size in
y-axis is greater than 10% of the spot size in x-axis. Note that the energy associated with both driving
and trailing beams γs, which is a function of z, has been calculated for each slice with the numerical
integration of (10) with the initial condition.

In order to evaluate the degradation of the rms emittance produced by longitudinal correlation in
space charge effect and transverse external forces, we use the following expression for the correlated
emittance [9]

εcorn,x =
√
〈σ2
x〉〈(γsσ′x)2〉 − 〈σxγsσ′x〉2 , (19)

where the average 〈 〉 = 1
N

∑N
s=1 is performed over the N slices and an analogous equation holds for the

σy envelope. The total rms emittance will be given by

εn =
√

(εthn )2 + (εcorn )2 . (20)

The energy spread is defined as [9]:

∆γ

γ
=

√
〈(γs − 〈γs〉)2〉
〈γs〉

. (21)
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Table 1: Physical parameters for driving and witness beams.
Driver Witness

charge, Q 150 pC 50 pC
length, σz 30 µm 20 µm
matched symmetric σx = 1.81 µm σx = 1.37 µm
spot size σy = 1.81 µm σy = 1.37 µm
matched asymmetric σx = 1.81 µm σx = 1.37 µm
spot size σy = 2.0 µm σy = 1.50 µm
mismatched symmetric σx = 3.0 µm σx = 3.0 µm
spot size σy = 3.0 µm σy = 3.0 µm
mismatched asymmetric σx = 3.0 µm σx = 3.0 µm
spot size σy = 3.3 µm σy = 3.3 µm
rms norm. emittance 1.0 µm rad 1.0 µm rad
energy 600 MeV 600 MeV

Figure 3: The evolution of transverse spot size and emittance in the case of driving beam: (i) numeri-
cal results (left side) and (ii) PIC simulation results (right side).

Figure 4: The evolution of transverse spot size and emittance in the case of trailing beam: (i) numeri-
cal results (left side) and (ii) PIC simulation results (right side).
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Figure 5: The energy and energy spread in the case of both driver and trailing beams: (i) numerical
results (left side) and (ii) PIC simulation results (right side).

Figure 6: The evolution of asymmetric transverse spot size and normalized emittance of driving beam.

Figure 7: The evolution of asymmetric transverse spot size and normalized emittance of witness beam.

The numerical and particle-in-cell (PIC) simulation results are displayed in Figs. 3-7. Figures 3 - 7
display the evolution of both driver and witness beams with symmetric and asymmetric transverse spot
sizes. It is seen that both the transverse spot size and emittance saturate very quickly if we match the
beam with the spot size which is given by (17) and (18). However, the oscillation of transverse spot size
and growth of emittance have been observed at the beginning in the case of mismatch beam and then
reach saturation. The energy and energy spread of both driver and witness beams are shown in Fig. 5.
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We have compared our numerical results with the PIC simulation results. The simulation results have
been performed by using the hybrid code Architect [18, 19] where we have used the same set of parameters
(as shown in Table 1). It is found that our result has a good agreement with the PIC simulation results.

4 Conclusions
We have presented an elliptical model for the blowout regime in plasma wakefield acceleration. The
model provides the longitudinal and transverse field produced by a driving bunch interacting with the
plasma: the ion-filled region is modeled to have an elliptical shape and beam density greater than plasma
density has been considered. Within that framework, we studied the dynamics of the driving bunch and
a following witness trailing bunch. The envelope equations of the coupled system have been provided
and solved, analytically for finding the matching conditions in simplified conditions, namely disregarding
the adiabatic term and numerically in the general case. The length of the driver slice has been elongated
since the driver decelerates itself. On the other hand, the slice length of the witness beam has been
contracted since the witness beam feels the wakefield and is accelerated. As a result, the peak current
of each slice of the driver (witness) decreases (increases). If a beam is matched to an adiabatic plasma
profile, the transverse spot size and emittance oscillate around its initial value with a small amplitude.
For the mismatch beam, the emittance growth and transverse spot size oscillation have been observed
at the beginning and then they reach a stable condition. The properties of the transverse envelope and
emittance oscillation for both symmetric and asymmetric driver/witness beams have been studied.
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