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Abstract
We investigate the influence of a minimal length and the accumulation of dark energy
on the structure of black holes, for Schwarzschild and Kerr solutions. We show that
near the event horizon the minimal length creates a region of negative temperature,
resulting in a negative pressure, which counteracts a collapse. When dark energy
is added, in addition the position of the event horizon will change and, depending
on the size of the dark energy, stable dark stars are created. Our study ranges from
standard black holes (no minimal length and no dark energy) to black holes with a
minimal length and various radial intensities for the accumulation of dark energy. The
dependence of the effects as a function of the black holes’s mass is studied. We find
that a minimal length is possibly responsible for the suppression of primordial black
holes.

Keywords General Relativity · psuedo-complex · General Relativity · minimal
length · black holes

1 Introduction

Black holes (BH) are still the subject of numerous investigations. They represent
extreme objects, predicted by General Relativity (GR): If a star is massive enough,
withinGR allmatter falls into a singularity at the center of a BH. It also creates an event
horizon at a certain distance from the center, marking a radial position below which
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not even light can escape. One can accept these consequences or not. A singularity at
the center and also the formation of an event horizon are signatures that GR reached
its limits and some information is missing. Even when event horizons are common
in GR and have a natural explanation [1], the one of a BH is different, as it is a
consequence of a very strong gravity. Extreme situations in a physical theory always
raises the question, if that theory has to be modified. One such possibility is Quantum
Gravity, a topic of intense research. Attempts to modify GR are numerous, we just
refer to theories like Quantum Loop Gravity [2] and String Theory [3]. While the first
supposes a discrete structure of space-time, the second introduces smallest elementary
objects in form of strings. There has been a lot of efforts in recent decades to extract
predictions from them, i.e., calculating consequences of these theories, with little
success. Therefore, the question is if not effective theories, easier to apply, can help
in these situations. And indeed, there are many attempts to extend and modify GR,
as for example modified gravity models [4], mostly adding higher terms in the Ricci
scalar R. In order to combine with a quantized description of GR, the Hořawa-Lifshitz
quantum gravity [5] description was developed, which breaks Lorentz invariance at
high energy by effectively introducing a minimal length. This model is combined with
non-commuting variables in [6], also introducing in such a manner a minimal length.
Apart of a minimal length, another effect is the presence of vacuum fluctuations,
denoted as dark energy. As noted, for example, in [7] a curved space provokes vacuum
fluctuations,which is also demonstrated in [8]. These vacuumfluctuations are repulsive
and act against gravitation. The vacuum fluctuations, from now on called dark energy,
increase toward lower distances to the BH and are singular (becoming infinite) at the
event horizon. However, no back-reactions were taken into account, i.e., the infinite
value has to be taken with a grain of salt. Another possibility is to model the increase
of the dark energy density by Bn/rn , as done in [9–11], within the so-called pseudo
complex General Relativity (pcGR). This theory doubles the number of variables
by introducing pseudo-complex variables, the only possible extension of coordinates
which does not result in tachyon or ghost solutions [12]. Reducing through a constraint
to a four-dimensional space [11] leads to the appearance of a dark energy term in the
Einstein equations. The dark energy results to be anisotropic [13] and in practical
applications the dark energy density is modelled by the above mentioned dependence
in the radial distance. The pcGR can be reduced to many other models with a minimal
length (maximal acceleration, see for example [14]), which we cannot mention here
all and we refer to the reference list in [11]. The pcGR includes both, a minimal length
and the presence of dark energy and it is, therefore, ideal to use for the purpose of
this contribution. It allows to vary the contribution of dark energy from non-existent
(GR) to any higher value, though there will be an upper limit for a representational
purpose. It also contains a minimal length, which we can skip or not, i.e., we can
determine the differences when a minimal length is taken into account and when not.
Also interesting is the change of the effects of a minimal length as a function of the
mass of the BH. We will introduce the parameter ε = l/m, which ranges from 1 to
very small values, which correspond to large mass BH. For large, macroscopic black
holes, the question is if the effects of the minimal length are still present or disappear.

This paper is organized as follows: In Section 2 a short resumé is presented on how
the dark energy and theminimal length arise in pcGR. In Section 3 theKerrmetric with
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a dark energy contribution is listed and in a first subsection the discussion is restricted
to the Schwarzschild solution (no rotation present). In a second, short subsection
rotation is added (Kerr), but only the main differences to the Schwarzschild solution
is outlined. In Section 4, Conclusions will be drawn.

Throughout the paper we use G = c = 1, where G is the gravitational constant.
The metric signature is (+ − −−).

2 Amodel with dark energy and aminimal length

Let us extend algebraically the GR, which means to define other types of coordinates
instead the real valued coordinates xμ (μ = 0, 1, 2, 3). One such coordinate type are
the pseudo-complex variables

Xμ = xμ + I yμ = Xμ
+σ+ + Xμ

−σ− (1)

with I 2 = 1 and σ± = 1
2 (1 ± I ). This introduces four real variables yμ and, thus,

increases the dimensionof space-time from4 to 8.Theσ± satisfy the propertyσ 2± = σ±
and σ+σ− = 0. Due to I 2 = 1 we call these variables pseudo-complex and hence its
name. Due to the properties of the σ± operators, the pseudo-complex variables form
a ring instead of a field. Furthermore, the components in σ+ and σ− are called zero-
divisor components. It is important to note, already mentioned in the introduction, that
only the pseudo-complex extension does not lead to tachyon and ghost solutions, all
other coordinate extensions do [12].

In each sector σ± a metric can be defined, namely g±
μν and their symmetric and

anti-symmetric combinations are, respectively,

gSμν = 1

2
(g+

μν + g−
μν), g

A
μν = 1

2
(g+

μν − g−
μν) (2)

The action of this theory is of the same form as in GR, namely

S =
∫

d4X
√−g(R + 2α) (3)

with the distinction that all expressions appearing in (3) are now pseudo-complex,
including the integral. With gμν = g+

μνσ+ + g−
μνσ−, the length element is given by

dω2 = gμνdX
μdXν =

{
gSμν[dxμdxν + dyμdyν] + gA

μν[dxμdyν + dyμdxν]
}

+I
{
gA
μν[dxμdxν + dyμdyν] + gSμν[dxμdyν + dyμdxν]

}
(4)

A constraint for the variation of the action S is deduced requiring that the infinites-
imal length dω2 is real, i.e., that the pseudo-imaginary part is zero, consistent with the
assumption that the path of a particle is a geodestic along real distances. This leads to
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Einstein equations which have on the right hand side the components of an energy-
momentum tensor [15]. The problem is simplified, assuming that in each zero-divisor
component the metric is the same, or g+

μν(X
+) = gμν(x) and g−

μν(X
−) = gμν(x).

With this assumption the antisymmetric metric combination gA
μν = 0 and the length

element reduces to

dω2 = gμν[dxμdxν + dyμdyν] + 2Igμνdx
μdxν (5)

where the first term is exactly the one proposed in [14] and also used for the study of
a minimal length in [16], whose approach will be followed by us, too. As shown in
[15] the constraint gμνdxμdxν = 0 delivers a solution for yμ , which is

yμ = l
Dxμ

Dτ
= l

(
dxμ

dτ
− �

μ
	ξ

dx	

dτ
xξ

)
, (6)

where D is the covariant derivative and τ the eigentime [17]. The derivation of Eq.
(6) can be found in [17], page 95f.

The l has the dimension of a distance and is introduced due to dimensional reasons
(the coordinate has dimension of length). In pcGR it is treated as a parameter, but here
for convenience we assume that it is the Planck length.

For aMinkowski metric gμν = ημν Eq. (6) just reduces to yμ = l dx
μ

dτ
, the commom

ansatz in theories with a maximal acceleration.

3 The pseudo-complex (pc) metric

In what follows, we will split the discussion into two cases: The first case is the
Schwarzschild solution, for a non-rotating black hole, where we can illustrate the
main structure and effects of the pcGR. The second case is the Kerr solution, which
corresponds to a rotating black hole, where new effects will be discussed. For the case
of a rotating black hole, we define the angular momentum L in units of mass, i.e.,
λ = L

m . For the case of a non-rotating black hole, the one also studied here, we restrict
to angular momentum L = 0, which implies λ = 0. This also modifies the equation
of motion for the mass times φ: mφ̈ = − 2λ

y3
ẏ, which for λ = 0 is just 0.

In a first step, we will describe the form of the general length element, where a
minimal length is included and list the metric for the Kerr case. The Schwarzschild
metric is simply obtained by setting the rotational parameter, a, to zero.

The influence of the dark energy is parametrized via the parameter Bn = bmn [18,
19], which enters the components of the metric, listed below and can also be found in
[11]. The influence of theminimal length is obtained by extracting in (5) the expression
ds2 =dτ 2 = gμνdxμdxν (dτ as the eigen-time), in linewith [16]. This straight forward
factorization of the eigentime squared, however, comes with a downside: As noted in
[16] the direct extraction of ds2 leads to the following problem: "the effective theory
presented is intrinsically non-covariant. Non-covariant is the quadri-acceleration that
appears in σ 2 and non-covariant is σ 2 itself which is not, therefore, a true scalar." The
problem is related to use the simple derivative and not the covariant derivative of the
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velocity and acceleration. Corrections according to Eq. (6) are in order but comlicate
the treatment. Therefore, due to simplicity we also use it as an approximation in order
to study the effects of a minimal length.

According to [16] (see also [11]), the line element of the pcGR, including aminimal
length, can be written as (Note, that the condition yμ = dxμ

dτ
is used here, which leads

to a real length element squared, though this condition is not the general solution as
given in (6).)

dw2 = Gμνdx
μdxν =

(
1 − l2

∣∣g	ξa
	aξ

∣∣) gμνdx
μdxν , (7)

where aμ are the acceleration components and Gμν , is the new metric

Gμν =
(
1 − l2

∣∣g	ξa
	aξ

∣∣) gμν = σ 2 (r) gμν . (8)

The aμ = duμ

dτ
is the acceleration component with τ as the eigentime. It is clear

that the conformal factor σ 2 (xμ, aμ) depends on the coordinates xμ, the components
of accelerations aμ and also a minimal length l that plays an important role in the
discussion on the structure of black holes.

The non-zero metric components, Gμν of the general Kerr solution within pcGR
are given by [20, 21]

G00 = σ 2 (r) g00 = σ 2 (r)
r2 − 2mr + a2 cos2 θ + Bn

(n−1)(n−2)rn−2

r2 + a2 cos2 θ

G11 = σ 2 (r) g11 = − σ 2 (r)
r2 + a2 cos2 θ

r2 − 2mr + a2 cos2 θ + Bn
(n−1)(n−2)rn−2

G22 = σ 2 (r) g22 = − σ 2 (r) (r2 + a2 cos2 θ)

G33 = σ 2 (r) g33 = − σ 2 (r)

⎛
⎝(r2 + a2

)
sin2 θ +

a2 sin4 θ
(
2mr − Bn

(n−1)(n−2)rn−2

)

r2 + a2 cos2 θ

⎞
⎠

G03 = σ 2 (r) g03 = 2σ 2 (r)
−a22mr sin2 θ + a Bn

(n−1)(n−2)rn−2 sin
2 θ

r2 + a2 cos2 θ
(9)

The n parametrizes the fall-off of the dark energy density outside a black hole and is, thus,
of phenomenological nature. The effects of this parameter is discussed in [11] and shown that
the changes, though continuous, are systematic without altering the quality of the result. As we
saw in [22, 23] the n = 2, 3 are excluded: The n = 2 is excluded by solar system experiment
and also n = 3 is excluded from the first observation of gravitational waves [23]. Thus, we
choose n = 4 (for larger n the characteristics will not change much). The proposition that there
is an accumulation of dark energy, increasing towards the center, is based on [24], where the
presence of vacuum fluctuations was deduced in a curved space (see also [8]).

The a in Eq. (9) is the spin parameter with themass unitm, themass value observed at infinite
distance. For a = 0, the metric (9) describes the limiting static and spherically symmetric pc-
Schwarzschild geometry with a minimal length.
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3.1 pc-Schwarzschild, a = 0

For a = 0, the line element of pc-Schwarzschild solution is given by

dw2 = σ 2(r)

⎡
⎣
(
1 − 2m

r
+ B4

6r4

)
dt2 − dr2(

1 − 2m
r + B4

6r4

) − r2
(
dθ2 + sin2 θ

(
dϕ2

))⎤⎦
(10)

In order to simplify the discussion, from here on we use the following scale parameters

y = r

m
, ã = a

m
, ε = l

m
, b = B4

m4 , (11)

where y is the scale for the distance and ã the scale for the rotation, used in the Kerr section.
The ε is a measure of the mass relative to the minimal length, corresponding to the Planck mass,
i.e., the smaller ε, the larger the mass. The b scales the intensity of the dark energy.

The factor σ 2(r) is expressed, as shown above, in terms of the acceleration component aμaμ.
This factor is a function of the rescaled radial distance variable y and energy parameter E , the
parameter for the accumulation of the dark energy b and a scale parameter for the mass ε. The ε

parameter starts with 1 for a black hole of Planck mass (m = l) and lowers continuously when
the mass is increased. We also restrict to the motion in the plane with θ = π

2 .

The factor σ 2 is of the form

σ 2(y) =
⎧⎨
⎩1 − ε2

∣∣∣∣∣∣−
(
1 − 2

y
+ b

6y4

) ··
t
2 + 1(

1 − 2
y + b

6y4

) ··
r
2 + y2

··
φ
2
∣∣∣∣∣∣

⎫⎬
⎭ (12)

where

··
t = −E(

1 − 2
y + b

6y4

)2
(

2

y2
− 2b

3y5

) ·
r

··
r =

(
− 1

y2
+ b

3y5

)

··
φ = 0

·
r
2 =

[
E2 −

(
1 − 2

y
+ b

6y4

)]
(13)

The length element can be written now as dw2 = σ 2ds2, with ds2 = gμνdxμdxν . The
modified metric thus is Gμν = σ 2gμν .

3.1.1 Event Horizons

In order to study the effect of a minimal length on the event horizon, it is necessary to determine
the position of the event horizons, where the new metric satisfies Gμν = 0. Of practical impor-
tance is only the outer event horizon, because all lower ones are inaccessible. Nevertheless, we
will discuss them, too.
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Fig. 1 The factor σ 2(y) as a function of y and b. The left figure is for ε = 10−2, the central one for
ε = 10−4 and the right one for ε = 10−6

The event horizons can be found by the condition

G00 = σ 2(r)g00(rh) = 0 → σ 2(yh) = 0 or (1 − 2

yh
+ b

6y4h
) = 0 (14)

By plotting σ 2(y)g00 as a function in y alone, one can read off the intersections with the
y-axis and determine numerically the position of horizons. The second condition has only
solutions for b ≤ 81

8 .
The event horizons deduced by the condition G00 = 0 includes automatically the event

horizons for the pc-Schwarzschild solution without a minimal length. Therefore, it is of interest
to study the structure of g00 and σ 2 separately, only to combine them at the end. In what follows
we will first plot the σ 2-function, posterior the g00 function and finally the G00. In all examples
studied, we will use the common energy scale E = 1, while using other scales do not change
the structure of the results.

In Figure 1 the σ 2(y) factor is plotted as a function in b. The left figure is for ε = 10−2,
the central figure for ε = 10−4 and the right figure for ε = 10−6, i.e., for 100, 10000 and a
million times the Planck mass. There is a parabolic like structure (see discussion further below),
where the maximum coincides with the value of b from which on no event horizon exists, i.e.,
the observed distinct structure of a deep valley is related to the appearance of an event horizon.
In Fig. 1 we note that for decreasing ε (increasing mass of the black hole) the valley gets
increasingly narrower, which gives evidence that for a macroscopic black hole it will resemble
a sheet. This is emphasized in Fig. 2, where epsilon decreased to 10−9 and 10−10, i.e., 109 and
1010 times the Planck mass, the last value corresponding to a black hole mass of approximately
200kg! The valley structure is clearly visible for these small masses, but it will be less and less
visible for increasing masses. For macroscopic black hole the valey is still there but impossible
to see in a graph.
The Component g00:

In Fig. 3 the g00 component is plotted versus y and b. No special structure is observed, only
that from b = 81

8 downward the g00 has a range where it is negative and also an event horizons
appears. Fig. 3 also shows in addition the effect of dark energy parameter b on the the event
horizon, with the following remarks on three observed cases: In the first case b = 8 < 81/8,
there are two event horizons y−, y+ such that y− < 3

2 < y+. In the second case b = 81/8,
there is a single event horizon at yh = 3/2. Notably, this case is important because the derivative
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Fig. 2 The factor σ 2(y) as a function of y and b, Schwarzschild case. In the left figure ε = 10−9 and in
the right one it is 10−10

Fig. 3 On the left g00 is plotted as a function in y and b. On the right hand figure some cuts for a given b
are shown. The solid line corresponds to b = 81

8 , dashed line to b = 8 and the dotted line to b = 14

of the component g00 is also zero, indicating that at yh = 3/2 corresponds to a minimum of
g00.
The Component G00

Now, we will examine the combined effects of dark energy b and the minimal length l on
the component G00, particularly near the event horizons

As we mentioned above, when g00 becomes negative, the plots will exhibit inversions with
respect to σ 2(y).With that, the plots ofG00 will show amore involved structure which, however,
can be disentangled by knowing the structure of g00 and σ 2(y) separately. The information on
the influence of a minimal length is contained only in the σ 2(y) factor of G00. In Fig. 4 the G00
is shown as a function in b and y. It has a similar structure as σ 2(y), save that the inner wall
of the parabolic valley goes to +∞ instead of −∞. This is because for b = 8 in the region
between the two event horizons the g00 is negative, thus inverting the corresponding figure of
σ 2. Because the g00 does not exhibit any chaotic behavior, all the rapid changes in G00 are due
to the σ 2-function.
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Fig. 4 The Component G00(y) as a function of y and b, for ε = l/m = 0.01. (The "wiggles" in the figure
are due to numerical/graphical errors)

The outer wall is going to −∞, which will result in a negative temperature and a negative
pressure, as will be discussed in the section of the Hawking temperature.

In Fig. 5 and Fig. 6 some cuts of the G00 as a function in y are presented, in Fig. 5 for b = 8
and in Fig. 6 for b = 81

8 . The curves correspond to different values of ε. Again we observe
that the valley becomes narrower when ε decreases (increasing mass). There are several brusk
changes at lower positions than themost outer event horizon. They are, thus, of no consequential
importance but rather of academic interest.

In conclusion, a valley of infinite depth is building up at the event horizon. This structure
disappears when b is large enough to avoid the forming of an event horizon.

The structure of the barriers and their position is now more involved: There are barriers
arising from the factor σ 2(y) = 0, indicating that the effect of minimal length acts as a barrier
near the event horizon only for b < 81/8. This results in the appearance of additional event
horizons is due to the influence of minimal length introduced by σ 2(y).
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Fig. 5 The component G00(y) = σ 2(y)g00 as a function of y for b = 8, Schwarzschild case, for different
value of ε. In the left figure the dashed line is for ε = 0 (no minimal length), the solid line for ε = 0.1 and
the dotted line is for ε = 0.01. In the central figure the dashed line corresponds to ε = 10−3, the solid line
to ε = 10−4 and the dotted line to ε = 10−5. In the right figure the dashed line corresponds to ε = 10−5,
the solid line to 10−6 and the dotted line to ε = 10−7

Fig. 6 The component G00(y) = σ 2(y)g00 as a function of y and b = 81/8, for different value of ε. In
the left figure the dashed line corresponds to ε = 0 (no minimal length), the solid line to ε = 0.1 and the
dotted line ot ε = 0.01. In the central figure the dashed line corresponds to ε = 10−5, the solid line to
ε = 10−6 and the dotted line to ε = 10−7. In the right figure, the dashed line is for ε = 10−10, the solid
line for ε = 10−11 and the dotted line to ε = 10−12

Figs 5 and 6 illustrate the different possible cases:

• 1. One horizon for b = 0 at yh = 2, this corresponds to the GR.
• 2. In Fig. 5 four distinct horizons for b = 8 (dashed curve), there are two horizons y−1 and

y−2 near y− and two horizons y+1 and y+2 near y+. For the case E = 1 and l = 10−2,
the values are y−1 = 1.21651, y−2 = 1.1234, y+1 = 1.68515 and y+2 = 1.81903 with
y−1 < y− < y−2 and y+1 < y+ < y+2;

• 3. In Fig. 6, left panel there appear two horizons near yh = 3/2, for b = 81/8, (Solid
curve). For example, for ε = 10−2 and E = 1, we find two events horizons near yh = 3/2,
y−h = 1.35532, y+h = 1.64506, (y−h < yh < y+h). This corresponds to an extremal
black hole, because when b is infinitesimal larger, there is no black hole anymore.

• 4. No horizons for b > 81/8 for y > 3/2;

For 0 < b < 81
8 we have a geometry with non-coincident inner r−1, r−2 and outer r+1, r+2

horizons. For b > 81
8 the effects of the minimal length are not dominant.

3.1.2 Hawking Temperature of pc-Schwarzschild

We will determine the Hawking temperature within the pseudo-complex Schwarzschild curva-
ture to analyze the effect of a minimal length for ε = l/m << 1. Using [25, 26], we define
function κ(y), which for y = yh corresponds to the surface gravity. However, we choose y as
arbitrary under the assumption that even outside the black hole, when gravitation is still strong,
pairs of particles can be produced, which is in line with [32].

κ = 1

2

∂G00
∂r

= 1

2m

∂G00(y)
∂ y

, (15)
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The Hawking temperature for arbitrary y is given by

T (y) = κ

2π
= (

σ 2(y)

2πmy2
)(1 − b

3y3
) (16)

It is clear that the difference between the cases with and without a minimal length in the
pc-Schwarzschild metric is the presence of the factor σ 2(y). This factor will be responsible for
the appearance of negative Temperatures. Before doing so, the meaning and consequences of a
negative Temperature will be discussed, which are not so uncommon in physical systems:

Normally, in a system where the energy is open to large, infinite energy values, the tem-
perature can only increase, the reason why in atomic systems the temperature increases toward
larger excitation. This is different for finite systems, as for example a two-level system [27].
When the lowest level is less than half filled, the temperature is increasing, reaching ∞ when
the upper and lower level are half filled. When the excitation proceeds, the temperature jumps
from +∞ to −∞ and approaching 0 from the negative side for all particles excited to the upper
level. This example includes the physics of lasers and negative temperature are, thus, formally
possible. Note, however, that a negative temperature corresponds to a higher excitation and is
interpreted as being "hotter" than a positive temperature [28–31]. Because negative temperature
states are hotter than any positive-temperature state in thermal contact, heat would flow from
the negative-temperature system to the positive-temperature system. The consequence for the
entropy ( 1T = ∂S

∂E within a canonical ensemble), as a function of temperature, is as follows:
The entropy starts at zero, when only the non-degenerate ground state is occupied, and has a
positive slope (T > 0), rises to a maximum when the lower and upper levels are half filled
and then, with a negative slope due to a negative T lowers again until the maximal excitation
is reached, i.e., when the upper level is completely filled and only one microstate is possible.
At the maximum of the entropy the temperature jumps from +∞ to −∞. In other words, the
minimal length in pcGR not only reflects the quantum-gravitational discreteness of spacetime
but also plays a key role in producing the unusual thermodynamic behavior—such as negative
temperatures, that arises when the energy is saturated.

This is not the only example. In [28–31] classical spin systems where considered, as ultra-
cold atoms in an optical lattice. In these publications a possible simulation of a black hole
in terms of these finite spin system is discussed: As a consequence the authors encountered
negative temperatures, resulting in negative pressures, also its thermodynamical origin, which
is: The requirement that ∂S

∂V = p
T > 0 leads to the conclusion that when T is negative, also

the pressure is negative. The authors of [28, 29] obtained in this manner atomic system which
are stable under collapse, as in a simulated black hole. This begs the question, if black holes
correspond also to a finite system of elementary building blacks as spins. For more detailed
information, please consult the original references.

Transferring it to real black holes, the consequence is that a negative pressure can delay the
collapse, or avoid it at all, if T is −∞, with a pressure of −∞ acting against the collapse.

Figure 7 shows the effect of the minimal length for different values of ε = l/m = 10−3 and
ε = l/m = 10−5 and b = 81

8 , which manifests as a divergence of the Hawking temperature to
−∞ within the horizon interval ]3/2, 2] as b varies. The infinite positive temperature seen in
the right figure near y = 0 can be explained as follows: For the case b < 81/8, we have two
event horizons, an outer one at y+ and an inner one at y−. At y+ the Hawking temperature
is always negative. At y− the Hawking temperature is proportional to the factor σ 2, which
is negative around y− approaching infinity, multiplied with the derivative of g00 in y, whose
sign is negative near y−. Both lead to a positive value for the temperature, tending to infinity,
producing the spike seen. As seen, the influence of the minimal length becomes significant near
the event horizon.
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Fig. 7 The Hawking Temperature times mass of the pc-Schwarzschild metric as a function of y and b for
different value of ε. In the left figure ε = 10−3 and in the right figure ε = 10−5

Note, that the cut at b = 0 in the left figure describes a curve which increases in value,
starting from the event horizon, where T m = 0, to larger y values. It reaches a maximum from
which it decreases again. We calculated the Hawking radiation also outside the event horizon,
with the assumption, also made in [32], taking into account that pair creation is possible as soon
as there is a strong gravitational field, which is called the gravitational Schwinger effect [32].

This is just the behavior encountered in amicroscopic derivation of the Hawking temperature
[32]. This reassures that our phenomenological approach, easier to apply, is able to reproduce
fundamental aspects of the BH and the Hawking temperature.

3.2 pc-Kerr: a > 0

In this subsection we will only report on the characteristic changes between the Schwarzschild
and Kerr solution.

The pc-Kerr metric corresponds to a > 0, using the Boyer-Lindquist coordinates and its
pseudo-complex equivalent. The line element is given by

dw2 = σ 2(r)

[
−
(
1 − �

�

)
dt2 + �

�
dr2 + �dθ2

+
((

r2 + a2
)

+ a2�

�
sin2 θ

)

sin2 θdφ2 − 2a
�

�
sin2 θ (dtdφ)

]
. (17)

Wewill restrict to E = 1, in order to define an energy scale, as already mentioned further above.
We also recall that the angular momentum per mass is defined as λ = L

m and assuming that
L = 0 also the λ = 0.
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The Boyer-Lindquist coordinates are defined by

�(y) = 2y − b

6y2
, �(y) = y2 + ã2cos2θ , �(y) = y2 − 2y + ã2 . (18)

In what follows, we will consider only motions in the orbital plane with θ = 0.
The factor σ 2(y), in terms of the parameters y , λ, ã, b and ε, is given by

σ 2(y) = 1 − ε2

[(
1 − �(y)

y2

)(..
t
)2 − y2

�(y)

(..
y
)2 −

((
y2 + ã2

)
+ ã2�(y)

y2

)( ..
φ
)2

+ 2̃a�(y)

y2

(..
t
..
φ
)]

(19)

and the accelerations are

ẗ =
[
2E

�
y − E�′

�2

(
y2 + ã2

)
− 2̃a�

y3�
(̃aE) + � ′ã

y2�
(̃aE) − ã��′

y2�2 (̃aE)

]
.
y

φ̈ =
[
−λ�′

�2 + (̃aE)

(
� ′
y2�

− 2�

y3�
− ��′

y2�2

)]
.
y

r̈ =
[
− �′
2y2

+ �

y3
− 1

r�

(
2E2

(
y2 + ã2

))
+
(

�′
2y2�

+ 1

�y3

)(
−E2

(
y2 + ã2

)2)

+ � ′
2�

(
−E2 + a2 (̃aE)2

y4

)
− (̃aE)2

y4�
�� ′ + (̃aE)2

2y4�

(
�′
�

+ 4

y

)
�2

+�

(
�′
2�2

(
E2 + ã2 (̃aE)2

y4

)
+ 2

�r3

(
ã2 (̃aE)2

y2

))]
(20)

with

� ′ = d�

dy
= 2 + b

3y3

�′ = d�

dy
= 2y − � ′ = 2y − 2 − b

3y3

.
y2 = − �

y4

[
y2 + (̃aE)2

�2

�2

]
− �

y4�

[
E2y4 − ã2 (̃aE)2

]

�(y) = �(r)

m2 , and �(y) = �(r)

m2 (21)

Though, the formulas show a more involved structure, it still shares a lot of properties with
the Schwarzschild case.

3.2.1 Event Horizons

The event horizons are determined in the same manner as in the Schwarzschild case, save that
G00 = σ 2(y)g00 has changed. Here, we will only take the specific value, namely ã = 0.75. It
is above 0.5, which is the limit from which on an accretion disk can reach the surface of the
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Fig. 8 The factor σ 2(y) as a function of y and b, for different values of ε and ã = 0.75. The left figure is
for ε = 0.01, the central figure for ε = 10−4 and the right figure for ε = 10−6

Fig. 9 The dashed line depicts the solution of b as a function in y of the event horizon equation (14), while
the solid line corresponds to a parabolic approximation of this solution

star [19] and it is not the maximal value of 1. A systematic study would take too much space
and not change the main conclusions. The valley structure reminds at a "‘parabola"’, though
strictly speaking it is not (see discussion further below). In Fig. 8 three cases for ε are plotted,
which can be compared to Fig. 1. The maximum of this curve is now shifted to lower values of
b, a consequence of ã > 0. Otherwise, the exhibited properties are similar to the Schwarzschild
case.

Choosing this representative value of ã = 0.75, one observes the following: Fig. 8 shows
that there is no event horizon above b > 81

32 ( 1√
2

+ 11
16 ), unlike the case when ã = 0 when there
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is no event horizon for values b > 81/8. The solution of the limiting value of b is obtained
solving the equation for the event horizon as given in Eq. (14), second condition, which can be
rewritten into 6y4 − 12y3 + b = 0. This solution can be most easily found using an algebraic
routine. The solution of the equation will not be a parabola, though from the figures it looks like
it. To illustrate the deviation from a parabolic behavior, we plot in Fig. 9 two curves: The dashed
one is the solution of the event horizon equation, rewritten in terms of b = 6y3(2 − y) and the
second curve, a parabola, corresponds to the equation b = 81/8 − 27(y − 3

2 )2. While around
the maximum the agreement is fine, for lower values of y a clear deviation from the parabolic
behavior is seen. This indicates that the limiting value, from which on no event horizon exists,
decreases as the parameter ã increases. This relation between ã and b does not depend on the
minimal length.

The difference between pc-Schwarzschild and pc-Kerr is that the factor σ 2(y) diverges at
y = 3

4 (1+ 1√
2
) when b = 81

32 ( 1√
2

+ 11
16 ) for ã = 0.75, whereas the factor σ 2(y) approaches 1

toward y = 3
2 when b = 81/8 for ã = 0.75.

We note here, that the value b = 81
32 ( 1√

2
+ 11

16 ) represents the minimal value where g00 = 0

at y = 3
4 (1 + 1√

2
) for ã = 0.75.

This is the main characteristic change between the Schwarzschild and Kerr solution. All
other effects observed in the Schwarzschild case also will be seen in the Kerr case. Thus, it is
of no use to repeat the results here.

With respect to the Hawking temperature, the formula changes to

T = k

2π
= σ 2(y)

2πmy2

(
1 − a2 cos2(θ)

y
− b

3y2

)(
1 + a2 cos2(θ)

y

)
. (22)

Apart from a distortion due to a, every finding stays qualtitatively the same. The derivation
is the same as for the Schwarzschild case. Again, the metric G00 from Eq. (9) is derived with
respect to y.

4 Conclusion

We have investigated the effects of a minimal length on a black hole, with an emphasis on
small black holes. In order to do so, we applied an effective theory of General Relativity which
includes the possible effects of accumulating dark energy, a consequence attributed to vacuum
fluctuation in curved space [7, 8]. The effective theory applied is called pseudo-complexGeneral
Relativity (pcGR) [9–11]. In this theory the dark energy is modeled via a parameter b, which
for b = 0 corresponds to the standard theory of General Relativity.

The metric was modified such that the standard length element squared (dw2) acquires a
factor, called σ 2, which contains all information of the minimal length. When l = 0 the GR
is obtained, but for l �= 0 effects become dominant near and below the position of the outer
event horizon, which also depends on the amount of dark energy accumulated, modeled by the
parameter b. First, the Schwarzschild case was considered and then briefly extended to the Kerr
case. In both cases, the effects of the minimal length are characteristically the same.

The main effect is the formation of an infinitely deep valley in the metric at the position of
an event horizon. The effect disappears when there is no event horizon. The consequence of this
valley is the appearance of a negative temperature, which in turn produces negative pressures,
stabilizing the black hole. When the rotational parameter a increases, the basic structure is the
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same, save that the limiting b = 81
8 above which no event horizon exists anymore, shifts to

lower values.
Due to the similarity of a black hole to finite spin systems (see [28–30]) and the appearance

of negative temperatures which results in a negative, our results add to the suspicion that black
holes can be considered as systems of finite building blocks, which may be an important hint
to their microscopic structure.

We found that a black hole can not only be stabilized by adding a dark energy, but the
presence of a minimal length can do it, too. However, our considerations are made for a static
black hole. In order to verify that a collapsing mass, forming a black hole, can be stabilized, a
dynamical consideration has to be done, which we will consider in a future work.

Our interpretation is that, due to the potential barriers, combined with the appearance of
negative temperatures (implying negative pressures), the formation small (primordial) black
holes is suppressed and macroscopic black holes may be stabilized due to the appearance of
these pressures and of the minimal length.
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