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Abstract
In recent years, Bayesianmethods have been proposed as a solution to awide range of issues in
quantum state and process tomography. State-of-the-art Bayesian tomography solutions suffer from
three problems: numerical intractability, a lack of informative prior distributions, and an inability to
track time-dependent processes. Here, we address all three problems. First, we usemodern statistical
methods, as pioneered byHuszár andHoulsby (2012Phys. Rev.A 85 052120) and by Ferrie (2014New
J. Phys.16 093035), tomake Bayesian tomography numerically tractable. Our approach allows for
practical computation of Bayesian point and region estimators for quantum states and channels.
Second, we propose the first priors on quantum states and channels that allow for including useful
experimental insight. Finally, we develop amethod that allows tracking of time-dependent states and
estimates the drift and diffusion processes affecting a state.We provide source code and animated
visual examples for ourmethods.

1. Introduction

Quantum state and process tomography are importantmethods for diagnosing and characterizing
imperfections in small quantum systems. Byfixing problems inmodels and implementations, and by having a
well-characterized system, wemay hope to composemultiple systems to build reliable larger quantum systems.
These larger systems require a scalable approach to characterization, such as using thematrix-product state
ansatz [3] or information locality [4, 5]. Quantum tomography has seenmany improvements since its inception
[6]. In particular, tomography has enjoyed advances in providingmaximum-likelihood estimators [7], region
estimators [8–10], model selection [11, 12], hedging [13], and compressed sensing [14, 15].

These techniques, though powerful, do not take advantage of prior information available to
experimentalists. Such prior information can include knowledge gained in building the experiment, or in
performing similar experiments, as well as knowledge gained from the calibration leading up to an experiment
of interest. A class of techniques that allowone to include prior information is called Bayesian estimation.

Bayesian techniques in the context of quantum tomographywere first suggested by Jones [16], Slater [17],
Derka et al [18], Bužek et al [19], and Schack et al [20]. In addition to the inclusion of prior information,
Bayesian estimation also naturally includes several other experimental advantages, such as optimality [21–23],
adaptive experimental design [1, 24], robust region estimates [25] andmodel selection criteria [2, 26]. These
advantages arise from the fact that Bayesianmethods provide a complete characterization of the current state of
an experimentalist’s knowledge after each datum.

Given themany proposals for and advantages of Bayesianmethods, the lack of adoption of Bayesian
methods in experimental tomography, with the exception of some recent work [24, 27], seems to be primarily a
practical problem. Bayesianmethods are rarely analytically tractable. Further numerical implementations of
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Bayesianmethods (for inference ofmany variables) are a small scale software engineering project and
computationally expensive. Bayesian reasoning, in the classical statistics literature, is typically realizedwith
efficient well-known classical algorithmswhich go by the names of particle filtering [28] and sequentialMonte
Carlo (SMC) [29]. Even though these algorithms can be numerically efficient, formultiple variables they are
non-trivial to implement and optimize. In the context of quantum state tomography SMChas been applied to
adaptive tomography [1] andmodel selection [2], generalizing and dramatically simplifying earlier efforts based
onKalmanfiltering [30]. However,much of the code developed for this application is either specialized to
particular cases, or has not been released to or adopted by the community. Releasing reusable code is critical not
only for practicality in experiments, but also for producing reproducible research results [31].

Another difference between the application of Bayesianmethods in classical statistics and its application to
quantum state and processes tomography is the lack of choice in priors. Experimentalists spendmany hours
designing, testing and calibrating their platforms. It would be nice to include the prior information from this
lengthy process into a quantum estimation procedure. Classically one can choose frommany different priors,
which could be ‘informative’ or ‘uninformative,’ depending on the domain of the probability distribution. In the
quantum setting,many canonical priors are unitarily invariant and have some uninformative distribution over
purity [32]. The lack of alternatives can be explained both by the lack of theoretical knowledge on how to
construct such priors andmore importantly there is no general purpose software available that couldmake use
of such priors once constructed.

Finally, there is a critical issue facing the tomography community, independent of the respectivemerits of
frequentist or Bayesian approaches. It is the fact that the output of realistic quantum sources vary in time, both
deterministically (‘drift’) and stochastically (‘diffusion’). Incorporating time-dependence in quantum
characterization protocols has been a topic of significant recent interest [12, 33–37]. For themost part,model
selection has been used in tomographic experiments to detect drift or diffusion.While useful, this does not yield
a protocol for incorporating that drift (or diffusion) into the estimation protocol once it has been detected.
Moreover,many of the current solutions are not general purpose, nor are they practical in a range of important
applications. For instance, see the proposal of Blume-Kohout et al [38], which requires quantummemory on
the order of the number of samples collected so that theDeFinetti conditions aremet. This is clearly impractical,
and further precludes adaptivity.

In this work, we address all three issues. The unifying theme is the use of the SMCalgorithm to perform
tomography.

To address the issue of adoptionwe implement SMC-based tomography using an open-source library for
Python [39] that integrates with thewidely usedQuTiP library for quantum information [40], and can be used
withmodern instrument control software [41]. The techniques thatwe introduce in this paper can readily be
applied in experimental practice—weprovide a tutorial on software implementations in appendix F.

Second, we give a constructivemethod for defining priors that represent initial estimates informed by
experimental insight.We use SMC to avoid the need towrite an analytic form for our prior. This is especially
useful in the context of quantum state and process tomography, where analytic expressions are available for only
a few distributions. Instead, SMConly requires that we provide ameans to sample frompriors. To do so, wefirst
draw sample states or channels from a reference or ‘flat’ prior, then transform each sample by a quantum
operation drawn from an ensemble. The only input required to define this ensemble is a prior estimate of the
state. Ourmethod then guarantees that this becomes themean of our newprior.

Third, we incorporate tracking of drifting and diffusing evolution into state tomography by using techniques
from computer visionwhich perturb a sample. Each such perturbation is drawn fromaGaussianwhosemean
and variance represent deterministic and stochastic evolution respectively.

This article is structured as follows.We begin by reviewing Bayesian tomography in section 2. Thenwe
describe prior work on priors for quantum states and channels in section 3. In section 4we transform these
priors into new priors for states and channels that include experimental insight. Using Bayesian tomographic
methods, we then describe how to track quantum states and channels as a function of time in section 5. In
section 6we illustrate these ideas andmore, then conclude in section 7.

2. Bayesian tomography

To infer the state of a quantum systemof dimensionD, we perform a set ofmeasurements onN identically and
independently prepared quantum systems. As is usually the case, wewill restrict tomeasuring each system
separately. In general, one could consider performing a different generalizedmeasurement on each system, and
the kind of generalizedmeasurement could adaptively depend on all priormeasurements. This can be included
in the expressions below at the cost of additional notational baggage.
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Consider a single positive operator valuedmeasure (POVM) Ek{ }whose K elements represent the outcomes
ofmeasurements. If we perform this generalizedmeasurement on all N systems it results in a string of
measurement results M M M, ,..., N1 2{ } = , where Mi is the POVMelement obtained in the ith trial. Let nk be
the number times that Ek is observed in, i.e. frequency of Ek. The statistical informationmeasurement
outcomes have about the preparation is described by a likelihood function; that is, a probability distribution over
measurement records, conditioned on a hypothesis r about the state. In particular, by using Bornʼs rule

E EPr Trk k( ∣ ) ( )r r= towrite out the likelihood, we obtain that

M aPr Tr 1
i

N

i
1

( ) ( ∣ ) [ ] ( )  r r r= =
=

E E E bTr Tr Tr 1n n
K

n
1 2 K1 2[ ] [ ] [ ] ( )r r r= ¼

Moreover, by using theChoi–Jamiołkowski isomorphism,we can associate a state J D( )L with each quantum
channel L. Aswe detail in appendix A, preparation andmeasurement in a process tomography experiment can
bewritten as ameasurement of the state J D( )L , such that (1a) also includes this case.

In general, a likelihood function completelymodels an experiment by specifying the probability of observing
anymeasurement, conditioned on the hypothesis wewould like to learn. Thus, the likelihood function serves as
the basis for subsequent estimation.

For instance, inmaximum likelihood estimation (MLE), an estimate r̂ of the state r is formed by

arg max . 2MLEˆ ≔ ( ) ( )r r
r

Here, however, we use the likelihood function to instead performBayesian inference as described by Jones [16],
Slater [17], Derka et al [18], Bužek et al [19], and Schack et al [20]. Belowwe followBlume-Kohoutʼs [22]
presentation closely.We begin by using Bayes’ rule

Pr d
Pr Pr d

Pr
, 3( ∣ ) ( ∣ ) ( )

( )
( )




r r

r r r
=

where Pr d( ) ≔ ( )p r r r is called the prior distribution, and

Pr d Pr Pr 4( ) ( ∣ ) ( ) ( )  ò r r r r= =

is a normalization constant.We shall write r p~ to indicate that the randomvariable r is drawn from the
prior p.

In the next two Sections, wewill return to the question of how to choose the prior distribution Pr d( )r r.
Henceforth, we drop themeasure dr unless we are integrating a distribution, as wewill later use a numerical
algorithmwhich approximates this continuous distribution by a discrete distribution.

The Bayesianmean estimate (BME) is then given by the expectation

d Pr , 5BMEˆ ( ) ≔ [ ∣ ] ( ∣ ) ( )   òr r rr r=r

where  indicates an expectation value, andwhere conditional bars and the subscript denote the distribution the
expectation is taken over e.g. f x y f x x yPrx x

[ ( )∣ ] ( ) ( ∣ ) å= denotes the conditional expectation
of f x ygiven( ) .

The Bayesianmean estimator is an optimal estimator for any strictly proper scoring rule on states [21]. These
scoring rules arise fromBregman divergences [42] such as theKullback–Leibler divergence or the quadratic loss
L Q, TrQ ( ˆ ) ≔ [( ˆ ) [ ˆ]]r r r r r r- - , where Q is a positive semidefinite superoperator8. Aswewill discuss in
more detail below, the error incurred by the BME iswell-characterized by spread of samples from the posterior
distribution. Importantly, if one uses infidelity as a loss function, the BME remains approximately optimal, even
though the infidelity is not a Bregman divergence [23].

Tomake the problemof estimating states and channelsmore concrete, it is helpful to specify a real-valued
parameterization of the tomographicmodel.We start by considering the space of linear operators acting on a
D-dimensionalHilbert space.We represent an operator with an ‘operator ket’ A∣ ⟫ corresponding to A, while
the dual vector is the corresponding ‘bra’ A⟪ ∣and represents A†. This vector space has theHilbert–Schmidt
inner product A B A BTr⟪ ∣ ⟫ [ ]†= . In the D-dimensional Hilbert space, a statematrix can be represented as

D
x B

1
, 6

D

1

12

( )år = +
a

a a
=

-



where x B⟪ ∣ ⟫r=a a for a basis ofHermitian operators B{ }a that is orthonormal under theHilbert–Schmidt
inner product B B B BTr ,⟪ ∣ ⟫ [ ]† d= =a b a b a b. For simplicity, we choose B D0 =  to be the only traceful

8
This definition of the quadratic loss follows from the typical definition by interpreting the scalematrix as a superoperator.
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element. The corresponding operator ket representation of r is

x
x
x

x

B

B

B

B

D
B
B

B

1
Tr
Tr

Tr

. 7

D
D D

0

1

2

1

0

1

2

1

1

2

1
2

2 2

∣ ⟫

⟪ ∣ ⟫
⟪ ∣ ⟫
⟪ ∣ ⟫

⟪ ∣ ⟫
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r
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As a consequence of r being considered as a randomvariable, each parameter xi is also a randomvariable. That
is, we have represented r in terms of a vector-valued randomvariable ∣ ⟫r ; becausewe have chosen aHermitian
basis, ∣ ⟫r is also a real vector.Moreover, each parameter xi is then by definition equal to themean value Biá ñof
the observableBi, taken over possiblemeasurement outcomes. In general, tensor products of Paulimatrices and
generalizedGell-Mannmatrices can be used as such aHermitian basis formultiple finite-dimensional quantum
systems.

Having chosen a parameterization in terms of observables, we can now reason about the error in parameters
of r̂. Suppose that for a given posterior, r is normally distributed about the estimated state r̂, then the
distribution over r is fully described by itsmean, i.e. (5), and covariance i j,s between xiˆ and xjˆ (the i and j
components of r̂ )

x x x xCov . 8i j i j i i j j, , (∣ ⟫) [( [ ])( [ ])] ( )  s r= = - -r r r

The covariancematrix for the posterior is then

Cov

0 0 0 0
0

0

0
0

. 9
D

D

D D D D

1,1 1,2 1, 1

1,2 2,2 2, 1

1, 1 2, 1 1, 1

2

2

2 2 2 2

[∣ [ ]⟫⟪ [ ]∣] (∣ ⟫)

( )

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟

  r r r r r r

s s s
s s s

s s s

S = - - =

=

¼
¼

¼

r

-

-

- - - -

  

Becausewe havewritten the covariancematrix in the basis of ∣ ⟫r , we can apply rS as a superoperator on linear
operators. The action of rS on an observable X then gives the variance of the value taken on bymeasurements
of X in terms of the law of total variance as

X X X X

X X X X X , 10

2 2

2

[ ] [ ]

⟪ ∣ ∣ ⟫ ⟪ ∣ ∣ ˆ⟫ ( )
[ ] [ ]

[ ]

   

r r

= á ñ + á ñ - á ñ

= S + - á ñ

r r r r

r

where r is the variance over the state r andwhere ·á ñr is the expectation value overmeasurement outcomes,
conditioned on the state r. Note that althoughwe have used a coordinate form to arrive at the above expression,
it is basis independent.

As discussed in detail by Blume-Kohout [22], the covariancematrix rD describes a credible region
(ellipsoid) up to a scaling parameter Z corresponding to the level of the region [43]. Specifically, the eigenvectors
and eigenvalues of rD are the principal axes and lengths of the axes respectively.Minimizing an appropriate
normof rS thus provides a natural objective function for adaptively designing tomographic experiments, as we
will discuss further in section 6.

Returning to the problemoffinding posteriors, we note that in practice, the integral in (5) is rarely
analytically tractable. Thus, Blume-Kohout suggested an approximation such as theMetropolis–Hastings
algorithm could be used instead [22]. Rejection samplingmethods such asMetropolis–Hastings tend to be
prohibitively expensive, however, and suffer from vanishingly small acceptance probabilities as data is collected.
Though there have been recent advances in rejection sampling for Bayesian inference [44], the assumption of a
normal posterior is difficult to use in the context of quantum tomography. Consequently, we instead follow the
approach ofHuszár andHoulsby [1], and later Ferrie [25], and use the SMCalgorithm [29], which does not rely
on the assumption of a normal posterior. A brief review of SMCcan be found in appendix B and the references
therein.

SMCoffers the advantage that we need not explicitly write down a prior, but instead treat Bayes’ rule as a
transition kernel that transforms prior hypotheses called particles [45] into samples from the posterior. These
particles are then used to approximate the integral (5). For tomography, each particle represents a particular
hypothesis about the state r, so that the prior Pr d( )r r can bewritten under the SMCapproximation as [1]

wPr , 11
p

p p
particles

( ) ( ) ( )år d r r» -
Î

where wp reflects the relative plausibility of the corresponding state conditioned on all available evidence.
Initially, wp is taken to be uniform, as the density of samples carries information about prior plausibility. After
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updating the particles based on experimental observations, we can readily calculate the Bayesianmean estimator
and posterior covariancematrix by summing over the particle approximation.

Beforemoving on, wewish to point out that SMC also allows formore sophisticated credible region
estimators—we focus here on the covariance region estimator for simplicity. In particular, any set of particles Pa
such that w 1

p P p å a-Î a
forms an a-credible region. Taking a convex hull over such a region then provides

a regionwhich naturally includes the convexity of state space, and aminimum-volume enclosing ellipsoid over a
credible region yields a compact description [25]. Both of these credible region estimators are included in the
open-source package that we rely on for numerical implementations, QInfer [39]. Thus, we inherit a variety of
practical data-driven credible region estimators. For the remainder of this work, we choose to use to use naive
‘3s’ covariance ellipsoids for the purpose of illustration, bywhichwemean thatwe take the ellipsoid defined by
the covariancematrix and scale it by a factor of Z 3= .

3.Default priors: the sampling of states and channels

In SMC,we need to be able to draw samples from a prior, see (11). In this Sectionwe briefly review how to draw
samples from several well-established priors [16]. Loosely speaking, these priors are useful as they define a
notion of uniformity over states and channels, and do not posit any prior estimate other than themaximally
mixed state. Following the advice ofWasserman [46], wewill term thesewell-established priors as default priors,
as each of them is a reasonable choice to adopt as a prior in lieu ofmore detailed information.

Later, in section 4, wewill take priors as algorithmic inputs that definewhat states are feasible for a given
tomographic experiment.Wewill refer to priors that can be used in this way as fiducial. From the perspective of
the assumptions our algorithmmakes, we require inputs to have the property that

D
Pr d ; 12[ ] ( ) ( ) ( ) ò òr r p r r r r= = =r p~



fiducial prior( )
that is, that themean of the prior is themaximallymixed state. All of the default priors described in this section
arefiducial in the sense given in (12). Similarly, we say that a prior is insightful if itsmean is anything other than a
maximallymixed state. In section 4, we consider priors that are insightful by our definition, that is

Pr d , 13[ ] ( ) ( ) ( ) ò òr r p r r r r r= = =r p m~

insightful prior( )
where Dr ¹m  .

In constructing default priors, wewillmake repeated use of random complex-valuedmatrices with entries
sampled fromnormal distributions. Suchmatrices form theGinibrematrix ensemble [47].We provide
pseudocode for all default sampling algorithms in appendix C. For brevity, we refer to algorithms by the initials
of their authors; for instance, we refer to algorithm1 as the ZS algorithm afterŻyczkowski and Sommers [48].

3.1. Priors on states
For pure quantum states, the canonical default prior is theHaarmeasure. One can easily sample states from this
measure by sampling a vector in D withGaussian-distributed entries, then renormalizing. Alternatively, one
can sample unitarymatrices uniformly according to theHaarmeasure as detailed in theMezzardi algorithm
[49], see algorithm2. A randompure state is then aHaar-randomunitary applied to afiducial state. Note that the
Haarmeasure is fiducial; that is, itmakes a prediction of themaximallymixed state, in the sense of (12).

Generalizing tomixed states, we consider twowell-known ensembles of random states. First, we consider
states drawn from theGinibre ensemble, a generalization of theHilbert–Schmidt ensemble that allows for
restrictions on rank. Second, we consider the ensemble of states drawn from the Buresmeasure.

Samples fromboth ensembles are neatly captured by a single equation

U AA U

U AA UTr
, 14sample

( ) ( )
[( ) ( )]

( )
† †

† †r =
+ +
+ +

 

 

whereU is either the identity or aHaar-randomunitary, and A is a D K´ Ginibrematrix. IfU is taken to be
the identity, then the state is drawn from theGinibre ensemblewith rank K and is unitarily invariant. This
means the prior will only have support on states with rank less than or equal to K . If A is taken to be a D D´
Ginibrematrix andU isHaar-random, then the state is drawn from the Buresmeasure. Thus,

D K DGinibre , or Buressample sample( ) ( )r r~ ~ , respectively. These samples can then serve as anfiducial prior
for SMC, in the sense described by equations (11) and (12), or can be transformed into samples from a prior that
is insightful, as described in section 4.

5
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These procedures are given by algorithm3 and algorithm 4 respectively9.

3.2. Priors on channels
In developing applications to quantumprocess tomography (QPT), we use the fact that learning theChoi states
of unknown channels is a special case of state tomography, as derived in appendix A. Thus, it is also useful to
consider prior distributions over theChoi states of completely positive trace preserving (CPTP) quantummaps.
In particular, for process tomography, wewill use themeasure derived by BCSZ [50] to draw samples from a
prior over quantum channels that is fiducial. The resulting algorithm is unitarily invariant and supported over all
channels of a givenKraus rank; that is theminimal number of Kraus operators required to specify the channel.

As detailed by Bruzda et al [50], to generate a channel : D D L  , the BCSZ algorithm (see algorithm 5)
begins by selecting aGinibre-randomdensity operator r of dimension D2 and afixed rank K . For notational
simplicity, we let r be an operator acting on the bipartiteHilbert space D D Ä . The trace-preserving
condition is then imposed by letting Y Tr2r= be the partial trace over the second copy of D , then
transforming r into theChoi state of the sampled channel sampleL by

J D Y Y . 15sample
1 2 1 2( ) ( ) ( ) ( )rL = Ä Ä- - 

It is easy to verify that channels sampleL sampled in this way are indeed trace-preserving and completely positive.
Moreover, the transformation above preserves the property that J D Dsample[ ( ) ] L =  , such that themean of
the BCSZdistribution is the completely depolarizing channel. This condition on channel priors is precisely that
given as (12).Wewill showbelow that the BCSZ distribution suffices to construct a prior over channels that is
insightful.

4. Insightful priors for states and channels

Our basic technique is to transform the samples drawn fromfiducial priors, in particular the default priors
described in section 3, to insightful priors by applying a channel F to thefiducial prior

. 16sample

insightful

sample

fiducial

( ) ( )r r= F
     

The algebraic gymnastics below simply determine how to construct insightful priors with a givenmean rm.
Here, we seek to use the default priors from section 3 to construct a prior ( )p r over states with that has a

desiredmean [ ]r r=m r p~ , and introduces little other information. The choice of themean could be informed
by, for example, experimental design or previous experimental estimates. Critically, a prior p is not uniquely
specified by thefirstmoment of over , [ ]r p r r=m r p~ . Rather, themean state rm only is a complete
specification of observablesmeasured against a state drawn from the prior. Indeed, different sets of assumptions
can result in the samemean state, as illustrated infigure 1. Thus, additional constraints are required to select an
appropriate prior.

We also require that p has support over all feasible states; for instance, those states of the appropriate
dimension [10], possibly subject to rank restrictions. Bymaking this demand, our tomography procedure can
recover frombad priors, given sufficient data; wewill show the robustness of our algorithm in later in this

Figure 1.Two priors, onemean state. The prior on the left assumes support only on pure states while the one on the right includes
support onmixed preparations.We choose to illustrate ourmanuscript with rebits for visual clarity.

9
More generally, Osipov et al [47] show that by linearly interpolating between Uand in (14), one obtains a continuous family of

distributionswith theHilbert–Schmidt and Bures ensembles as its extrema.
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section as well as in section 6. Finally, we demand that our insightful priors can be sampled efficiently with the
dimension of the state under consideration.

4.1. Construction of insightful priors
To achieve the desiderata that all feasible states are supported, that we can sample efficiently, and that the prior
mean is rm, we proceed in two steps. First, we sample fr from an fiducial prior ( )f r i.e. fr f~ . The sample
from the fiducial prior is then transformed to a sample from the insightful prior under a generalized amplitude
damping channel (GAD)

, 1 Tr , 17f f fsample ( ∣ ) ( ) [ ] ( )
* *

  r r r r r r= F = - +

where 0, 1[ ] Î is the damping parameter and
*
r is thefixed point of themap. For 0 = , themap is the

identity channel, while for = 1, themap damps to themixed state
*
r . In ourmethod  is not a fixed number

but is drawn from an ensemble described by the beta distribution, i.e. Beta ,( ) a b~ .
Thus to determine themean of ( )p r wemust determine given and Beta ,( )r r f a b~ ~m , that is

D

D

,

1

, 18

,≔ [ ( ∣ )]

( )
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⎡
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⎤
⎦⎥
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*
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







r r r

r

b
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a
a b

r

F

= - +

=
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+
+

m r





where on the second linewe have used the fact that D[ ] r =r p~  for priors that arefiducial, and on the third
linewe have used Beta[ ] ( ) a a b= +~ . Inverting this relationship tells one how to choose the fixed point
of the channel (17) to obtain a givenmean

D
. 19( )

⎛
⎝⎜

⎞
⎠⎟*

r
a b
a

r
b

a b
=

+
-

+m


Clearly we needmore than thefirstmoment rm to specify the prior; wemust determine anda b to complete the
specification. Thefirst constraint on anda b comes from the positivity of

*
r , which is a valid state only if

D
i

1
0 , 20i ( )

⎛
⎝⎜

⎞
⎠⎟

a b
a

l
b

a b
+

-
+

> "

where il are the eigenvalues of rm. Thus, theminimumeigenvalue ofminl rm partially constrainsα and b by
Dmin [ ( )]l b a b> + . In order to completely determine the parameters of the beta distribution, we adopt the

principle that the action of the channel (17) should beminimized.We use this principle as an efficient heuristic
motivated by analogywithmaximum entropymethods. In other words, the insightful prior is as uninformative as
possible given the constraint of the chosenmean, andwith respect to a particular default prior.

We therefore choose tominimize the expected value Beta[ ] ( ) a a b= +~ , such that p is the closest
GAD-transformed distribution to fwith the givenmean rm. Thisminimization gives

D

D
1 and

1
. 21min

min

( )a b
l
l

= =
-

This construction naturally specializes to provide a procedure for estimating the bias of a coin, as discussed
in appendixD.

4.2. Convexity and robustness of insightful priors
Note that, because 0 = is in the support of all beta distributions, our prior ensures that its support is at least
that of the given fiducial prior, supp suppp fÊ . For the default priors listed in section 3, the prior constructed
by our procedure has support over all states of the appropriate dimension. In general, the fiducial prior defines
the states that we consider to be valid, as can be seen from the convexity of our construction.

That is, if rm is a convex combination over states in the support of the fiducial prior, then supp p is the
convex closure of supp f. On the other hand, if rm lies outside of the support of the fiducial prior, then our
algorithm chooses

*
r to lie outside aswell, such that the support of the insightful prior is bigger than that of the

convex closure of thefiducial support.
As our procedure preserves the support of thefiducial prior in both cases, our procedure also defines

insightful priors for rebits and channels by using the real Ginibre andBCSZ priors as fiducial priors, respectively.
In particular, using the BCSZ prior as thefiducial prior for aGAD-transformed distribution, we then obtain a
prior that is insightful and is supported over all completely positive and trace-preservingmaps of a given
dimension. Together with theChoi–Jamiołkowski isomorphismdescribed in appendix A, we can apply SMC to
process tomographywith little further effort.
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More exoticfiducial priors, such as distributions over stabilizer states ormundane states in the sense
described byVeitch et al (zero-mana) [51], can also be used, provided that they can be efficiently sampled and
have themaximallymixed state as theirmean. For example, a prior that is insightful formixed rebits is given in
figure 2.

Before proceeding, however, we note that our notion of afiducial prior does not imply that such priors are
uninformative— indeed, we have seen that they serve to definewhat states are considered valid at all. Indeed, as
Wasserman states [46], ‘by definition, a prior represents information. So it should come as no surprise that a prior
cannot represent lack of information.’As a further example, consider a prior over states of a given purity r ; for a
qubit, such states form a shell inside of the Bloch sphere. This prior conveys conveys information aboutwhat
states are considered feasible at all, but still reports as its initial estimate that the state of interest ismaximally
mixed, i.e. it isfiducial, and can be used as input to our algorithm. Indeed, were one to do so, our algorithm
would use this specification of what a feasible state is to define an insightful prior that is limited to a convex hull
of the ball of states of purity no greater than r and the desiredmean state (provided rTr 2( ) rm , such that rm lies
within the given purity ball). Taking the case as r D1 (that is, a d-function prior supported only at the
maximallymixed state), the situation becomesmore extreme, in that the insightful prior is then supported only
on the line connecting themaximallymixed state to

*
r . For this reason, the default priors given in section 3 are

chosen to have support over all states of a given dimension and rank,making them especially useful inputs to our
algorithm.

Finally, it is vital that the prior we have suggested is robust. Infigure 3we choose themean of our insightful
prior to be almost orthogonal to the true state. After 300 randomPaulimeasurements, the posterior has support
on the true state and themean of the posterior is approximately the true state. Thus, even if themean of the prior
is woefully wrong our procedure is robust in that it provides a reliable estimate. This robustness to a bad initial
prior requires additional data to be collected, such that useful prior information can accelerate experiments but
will not, in general, lead towrong conclusions.We explore this robustness further in section 6.

5. Tomographic state tracking

In this sectionwe use a generalization of particle filteringmethods to track a stochastic processes. In the context
of quantum state tomography, state-spacemethods allowus to characterize a stochastically evolving source
without having to ignore all previous data.We call the resultingmethod tomographic state tracking.

In particular we use the CONDENSATION algorithm,which interlaces Bayes updates with updates tomove SMC
particles (using drift and diffusing of the particles), to follow a stochastic process [53]. This technique has since
been applied in a variety of other classical contexts [29, 54] as well as in quantum information [37]. Such
methods, collectively known as state-space particle filtering, are useful for following the evolution of a stochastic
process observed through a noisymeasurement.

We nowbriefly explain the CONDENSATION algorithm, readers interested in further details are directed to the
original paper [53]. Consider figure 4which illustrates the CONDENSATION algorithm for tracking a coinwith a
dynamical bias p tPr Heads( ) ( )= . The current posterior of the coin bias, i.e.figure 4(a), is given an SMC
representation in figure 4(b). Infigure 4(c), the true probabilitymass function changes— at this point, we step

Figure 2. (Left)Adefault prior (rank-2Ginibre ensemble) for a single rebit. This fiducial prior is transformed into a prior that is
insightful (right) by first choosing amean, in this case z x

1

2

2

3

1

3
( )r s s= + +m  . Next, the generalized amplitude damping channel

consistent with thismean state, as in (17), is applied to the samples.
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Figure 3.Ademonstration of the robustness of our insightful prior. (Left)Aprior that is insightful in themean x
1

2

9

10
( )r s= -m  . The

true state, xtrue
1

2

9

10
( )r s= + , is almost orthogonal to themean of the prior and has purity Tr 0.905true

2[ ]r = . (Right)After 30
randomPaulimeasurements (10 shots each) the posteriormean is centered on the true state. A covariance ellipse at three standard
deviations is drawn in aswell, indicating the normal approximation to a 99% credible region. Notice that the ellipse slightly leaks out
of the state space; the SMCapproximation is rich enough to avoid this problem. An animated version of thisfigure is available online
[52].

Figure 4. Illustration of state-space tracking for particlefilters on a coin state via the CONDENSATION algorithm [53]. From top to bottom,
(a)we start with a continuous posterior over state space, (b) then discretize by sampling to obtain our initial SMC / particlefilter
approximation, (c) a dynamical change of the true distribution occurs, (d)we then perturb each particle by aGaussian and (e) truncate
to valid probabilities to complete the diffusion step, and (f) perform aBayes update on the next datum. The final posterior
approximation then forms the new approximation (b) for the next diffusive update. As explained in themain text, the Bayes update
actually updates the joint distribution of the parameters to be estimated and the drift and diffusion parameters. Thismeans the drift
and diffusion ‘co-evolve’with the posterior, which is at the heart of the CONDENSATION algorithm.

9

New J. Phys. 18 (2016) 033024 CGranade et al



through the CONDENSATION algorithm to track this change. Each SMCparticle is perturbed by aGaussian. In
particular, the ith particle is perturbed by aGaussianwithmean i( )m and variance i2 ( )s .

In keepingwith the terminology used by Isard andBlake [53], themean of the perturbation is termed the
drift, and allows one to track deterministic evolution of a probabilitymass function; this becomes evident if

i 02 ( )s = for all i. Similarly, the variance of the perturbation is termed diffusion andwill allow the algorithm to
track a stochastic process. Aswewill detail further below, both the drift and diffusion parameters can be learned
online, such that we do not require them to be known a priori.

Sometimes the perturbation by theGaussianwill cause the particles to fall outside of the state space, in this
case the unit interval, see e.g.figure 4(d). In this situation, wemodify the CONDENSATION algorithm to truncate
particles to be valid probabilities, completing theGaussian perturbation step, see figure 4(e). Finally, we obtain
the next datum and perform aBayes update on the next datum. Thefinal posterior approximation, figure 4(f),
then forms the new approximation (b) for the next diffusive update.

Interestingly, the CONDENSATION algorithm starts with a joint distribution over the parameters to be
estimated. For the coin case, these are the bias p(t), and the distribution parameters for drift and diffusion
N i i, 2( ( ) ( ))m s . Thus, when the Bayes update occurs the drift and diffusion parameters are updated aswell, even
though the likelihood does not explicitly depend on these parameters, which is referred to as co-evolution. It is
this co-evolution that powers the tracking capabilities of the CONDENSATION algorithm.

As the learning of deterministic evolution of states is well-understood [43, 55, 56], wewill suppose that the
state under study is with respect to a frame that has already beenwell-characterized. Thus, the dominant
remaining dynamics of the state under study are stochastic, such that we need not consider drift updates in our
state-spacemodel. Evenwith this assumption ourmodel can still track deterministic evolution, however,
provided that the diffusion is strong enough to include the true evolutionwith high probability (seefigure 5 for
an example of tracking deterministic evolutionwith diffusion alone).

Concretely, we update particle i by t ti k i k 1( ) ( )r r + by first adding drift and diffusion terms tofind a step
ti k( )rD to take in state-space, then truncating the negative eigenvalues of t ti k i k( ) ( )r r+ D . For each particle ir ,

we let ti k( )r m hD = D + D , where tk( )m mD = D is a deterministic drift, andwhere each traceless component
of hD is drawn from aGaussian N 0, 2( )s with standard deviationσ. As stated above, wework in a framewhere
the deterministic part has been taken out so that 0mD = for all particles and for all time. The diffusion standard
deviationσ is then taken to be a function of evolution time and the newmodel parameter η, t tk k1s h= -+ .
This allows the evolution rate to ‘co-evolve’with the statemodel ρ, as described above.

Diffusion is completed byfinding the spectral decomposition of t ti k i k( ) ( )r r+ D , then truncating and
renormalizing. In particular, let t ti k i k j i j i j i j, , ,( ) ( ) ∣ ∣år r l y y+ D = ñá . Then

t
1 if 0,

0 if 0,
22i k

i j

i j i j i j i j

i j
1

, , , ,

,
( )

∣ ∣
( )

⎧⎨⎩


år

l y y l
l

=
ñá

<+

where i is chosen such that tTr 1i k 1( ( ))r =+ . This truncation rule avoids expensive optimization tofind the
closest state consistent with a given drift and diffusion update ti k( )rD , while still generalizingmethods known to
be effective and efficient for coin estimation.

In order to determine the limitations of state space tracking, we considered tracking a single tone cosine
p t fk tcos 2k( ) ( )p= D , where t k tk = D is a discrete time and tD is the time between samples. Recall that we are

Figure 5.Diffusive tracking of a coin state (bias). Thisfigure illustrates that the CONDENSATION algorithm can track a deterministic
process evenwhen ‘drift’ terms in the CONDENSATION algorithm are not updated. Here, we consider a coinwith the true coin state

evolving as a two-tone sinusoidal function p t f t f t2 cos 2 cos 2k k k
1

4 1 2( ) [ ( ) ( )]p p= + + , sampled at discrete times t k tk = D where tD
is the time between samples. In thisfigure, the frequencies are f 1 801 = and f 1 2942 = .
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choosing not to include deterministic evolution (i.e. ‘drift’) in ourmodel, thus the following observation only
applies to purely diffusive tracking.We found the our algorithm could track a frequency up to
f t1 10 1track ( ) ( )= ´ D . At higher frequencies, our approach failed to track the oscillatory behavior of p(t), in
that it would report p t 1 2k( ) = for all time. Thismodality can be tested usingmodel selection [12, 37], such
thatmore a appropriate algorithm can be used in that case. Amore sophisticated, though less quantitative,
analysis of this failure can be found in appendix E.

6.Numerical examples

Wenow show examples of Bayesian state and process tomography using SMC,with priors that are respectively
default and insightful. These examples were generated usingQInfer [39].

For state tomography, we demonstrate ourmethods by learning qutrit states, as shown infigure 6.We
demonstrate the performance of our algorithm in this case by reporting the risk, defined as the expected
quadratic loss over repetitions of the algorithm

r , . 232( ˆ ) [ ∣ ˆ⟫ ∣ ⟫ ] ( )r p r r= -r p~  

Weuse each of a default, insightful and unbiased, and an insightful but biased prior. In all three cases, we draw
the ‘true’ states ρ from the prior thatmatches the insightful and unbiased prior.

Infigure 6, we also verify that ourmethod is robust for the qutrit example by considering an insightful prior
whosemean is nearly orthogonal to the true state. Notably, inwell over half of the 1200 trials considered in that
case, QInfer reported that the algorithmwas likely to fail, heralding the impact of the ‘bad’ prior.

We then proceed to consider state-space quantum state tomography, as detailed in section 5.We
demonstrate the performance of our state-spacemethod in an animation, available online [57], also seefigure 7
for a snapshot.

Finally, we demonstrate the application of ourmethod to learning quantum channels acting on a qubit. In
figure 8, we show an example of a single simulatedQPT experiment, where the true channel and the insightful
prior (generatedwith a BCSZfiducial prior) agree. The preparation andmeasurement settings are chosen to be
elements of the Pauli basis. Specifically, 20%of the experiments use randomPauli preparation and
measurements, while 80%of the experiment use settings thatmaximize E E, ,i i i i

T T⟪ ∣ ∣ ⟫r r rS out of 50 randomly
proposed Pauli preparations andmeasurements; that is, adaptively chosen to overlapwith the principal
components of the current posterior. The resulting posterior distribution characterizes the uncertainty
remaining about the ‘true’ channel, as shown infigure 8. In particular, we note the principal components of the
posterior covariancematrix are themselves quantummapswhich describe the directions ofmaximal uncertainty
in thefinal posterior. For this example, our error is dominated by uncertainty about the contribution of the
identity andHadamard channels, as ismade clear by visual inspection infigure 9 (bottom right).

Figure 6.Risk of SMC-based tomography for a qutrit, using three different priors, with true states drawn from the generalized
amplitude damping distribution for diag 0.9, 0.05, 0.05( )r =m . The default prior is taken to be the full-rank qutrit Ginibre
distribution, while the insightful prior is taken to be identical to the actual distribution over true states and the biased prior uses the
mean diag 0.87, 0.065, 0.065( )r =m . The nearly orthogonal prior is taken to be insightful with themean

diag 0.065, 0.065, 0.87( )r =m . Risk ismeasuredwith respect to the quadratic loss function on vectorized density operators,
L , 2( ˆ ) ∣ ˆ⟫ ∣ ⟫r r r r= -  . The risk is averaged over 1200 trials.Measurements are chosen to be rank-1 projectors onto randomly
drawn single-qutrit stabilizer states. Each such stabilizer state is thenmeasured 20 times.
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7. Conclusions

In this work, we have provided a new prior distribution over quantum states and channels that allows for
including experimental insight, a software implementation for numerically approximating Bayesian
tomography, and amethod for tracking time-dependent states. Together, our advancesmake Bayesian quantum
tomography practical for current and future experiments. In particular, ourmethods allow for exploiting well-
known benefits of Bayesianmethods, including credible region estimation, hyperparameterization andmodel
selection.

Wenote, however, that our insightful prior on states and channels is completely specified by itsfirst
moment. An interesting and open problemwould thus be to develop a prior on states and channels that is
completely specified by itsfirst and secondmoments.

Finally, with respect to the tomographic state trackingmethods presented in section 5, it is worth noting that
van Enk andBlume-Kohout [12] suggested thatmodel selection could be used to determine if a sourcewas
drifting or diffusing. In thismanuscript we have provided away that allows one to track a source that is drifting
or diffusing. It is also possible to combine the approaches and usemodel selection to determinewhen tracking is
necessary orwhen a staticmodel is sufficient as demonstrated byGranade [37].

Figure 7. Snapshot of ‘Video 1’ in the supplementarymaterial which demonstrates the use of tomographic state tracking to estimate a
diffusing quantum state. Shown at left is the projection of the true state (star), the sequentialMonte Carlo particle cloud (red dots), and
covariance approximation to the 99%credible region (red circle) to the x-z plane. Shown at right is aHinton diagramof the current
posterior covariancematrix. At each time step, each element of the vectorized true state is perturbed by aGaussianwithmean 0 and
standard deviation 0.0045, and then is truncated to liewithin the space of valid quantum states. The prior over this diffusion rate is
taken to be a log-normal distributionwithmean 0.006. Eachmeasurement consists of 25 shots along a randomPauli axis.

Figure 8.Example quadratic loss between estimated and true channels for SMC-based tomography for a qubit channel
H H0.7 0.3[ ]r r rL = + , whereH is aHadamard. The prior for both the SMCestimator and the true channel is taken to be the

insightful prior with amean taken to be a 90%mixture of the true channel and 10%of a completely depolarizing channel. Out of the
450 experiments, 20% are chosen to be randomPauli preparation andmeasurements, while 80% are chosen adaptively. In particular,
adaptation proceeds by proposing 50 different randompairs of Pauli preparations andmeasurements, then selecting the onewhich
has themaximumexpectation value P M P M, ,⟪ ⟫ ⟪ ∣ ∣ ⟫S = S , whereΣ is the current covariance superoperator.
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In short, with constructivemethods for sampling from insightful priors, andwithmodern statistical
methods, Bayesian state and process tomography aremade practical for current experimental needs. This in turn
allows us to explore new questions in tomography, and thus better characterize and diagnose quantum
information processing systems.

Figure 9. (Top)Covariancematrix for process tomography experiment shown infigure 8. (Bottom left) Spectrumof covariance
matrix (principal values). (Bottom right) Largest eigenchannel of the covariancematrix (principal channel), indicating the direction in
which the channel is least certain.
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AppendixA. Choi–Jamiołkowski isomorphism andQPT

In order to interpret (1a) as specifying probabilities forQPT [59] aswell as state tomography, we use theChoi–
Jamiołkowski isomorphism and represent a hypothesis about the channelΛ as a state

J . A1( ) ≔ ( )(∣ ⟫⟪ ∣) ( )L Ä L  

The formalismof using theChoi–Jamiołkowskiisomorphism [60, 61] to describe open quantumprocesses has
also been recently detailed in detail byWood et al [62] using tensor network diagramswith particular regard to
quantum tomography and its generalizations [63, 64].

In the case thatQPT is carried out by ancilla-assisted process tomography [65], we are done, as J ( )L is, up to
normalization, the state used in AAPT.On the other hand, we can also use that for any linear operatorX,

X J XTr1 T( ) [ ( )( )]L = L Ä to represent preparation followed by evolution underΛ andmeasurement as a
measurement of J D( )L [66]. In particular, suppose that aQPT experiment is performed inwhich each
observation consists of ameasurement effect E and a preparation ρ,

E J E aPr Tr , A2( ∣ ( )) [ ( )] ( )r¢ L = L

E J bTr , A2T[( ) ( )( )] ( )r= Ä L Ä 

E J c, , A2T⟪ ∣ ( )⟫ ( )r= L

P E J D d, , A2⟪ ∣ ( ) ⟫ ( )= L

where P DT≔ ·r and E P E¢ = Ä . This nowhas the formof ameasurement P EÄ beingmade on a state
J D( )L , such that (1a) completely describes the outcomes of both in-place and ancilla-assistedQPT
experiments. Thoughwe used the column-stacking basis to derive this equivalence, implicitly defining a
convention for theChoi state, we can insert a unitary operator on the space of vectorized operators to observe
that (A2d) is not dependent on the choice of basis.

The likelihood afterNmeasurements is

J J E JPr Pr , A3
i

N

i
1

( ( )) ( ∣ ( )) ( ∣ ( )) ( )  L = L = ¢ L
=

where is the string ofmeasurement results and Ei¢ is the observation of the i’th generalizedmeasurement.
Note that (A3) is of the same form as (1a), such that quantumprocess tomography can be treated as a special case
of quantum state tomography, provided that we use an appropriate fiducial prior.

Appendix B. Review of SMC

The purpose of this appendix is to provide aminimal summary and point the interested reader to the relevent
literature on the particle filtering and SMCalgorithms as applied to Bayesian inference. There is a wealth of
information in the references that need not be reproduced here.

The basic idea of SMC is to approximate a distribution over some parameters x conditioned on the jth data
dj, i.e. dxPr j( ∣ ). The approximation uses a weighted sumof delta-functions, specifically

d w dx x xPr , B1j
k

N

k j k
1

( ∣ ) ( ) ( ) ( )å d» -
=

where theN objects xj are called particles and w dk j( ) is theweight of the kth particle. Here (B1) should be
compared to (11) of themain text; wherewe suppressedmany technical and notational details. As the number of
particlesN increases the quality of the approximation improves. The initial particles are chosen by sampling the
prior distribution over x, and are taken to have uniformweight.
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The next step is to update the posterior distribution given newdata, say the j 1+ th datum is
dj 1+ . Then using the likelihood function the particle weights are updated from the previous weights (w dk j( ))
using

w d d w dxPr . B2k j j k k j1 1( ) ( ∣ ) ( ) ( )µ+ +

Clearly, the particle weights after this update need to renormalized such that w d 1
k k j 1( )å =+ .

As updates proceed, the concentration of weights on themost plausible particles causes the
distribution to be samples by amuch smaller number of effective particles, asmeasured by the effective
sample size n w d1

k k jess
2

1( )å= + . Thus, periodically particle locations have to be perturbed
and theweights reset to uniform, restoring numerical stability. This is called resampling. A video
demonstrating the Bayesian update and resampling steps for a simpleHamiltonian learning problem is available
online [67].

In the remainder of this appendix we provide references which can be used to obtainedmore details on SMC.
Doucet et al have provided amore through review from the perspective of classical statistics [28, 45]. In the
quantumdomain summaries of the SMC algorithm can be found in references [4, 25, 26, 43, 68, 69]. Finally,
Svensson has provided a useful video tutorial illustrating the application of particle filters in a simplified radar
application [70].

For our application (quantum tomography), Huszár andHoulsby [1] and by Ferrie [2] suggested SMCas
numerical tool for implementing (5). Of particular interest is Ferrie’s recent work on tomographic region
estimators with SMC [25]. Reference [37]has provided a summary of recent applications in quantum
information.

AppendixC. Sampling default priors

In this appendixwe review the algorithms necessary to sample fromdefault priors, provided by References
[47–50].

Algorithm1.ZS algorithm [48] for sampling from theGinibrematrix ensemble.

Input:Dimension D and K .

Output:An D K´ matrix, drawn from theGinibre ensemble.

functionGINIBREMATRIX D K,( )
Generate an D D´ matrix G with elements drawn independently from N i N0, 1 0, 1( ( ) · ( ))+ .

return G

end function

Algorithm2.Mezzardi algorithm [49] for sampling from theHaarmeasure.

Input:Dimension D( ).
Output:Aunitary operatorU D DÎ ´ , drawn from theHaarmeasure.

functionHAARUNITARYD

Z~GINIBREMATRIX (D,D)
Q R, ¬ QR-decomposition of Z

Rdiag( )L ¬

ii ii ii∣ ∣l l l¬
returnU Q¬ L

end function

Algorithm3.ZS algorithm [48] for sampling states from theGinibre ensemble.

Input:Dimension D and rank K D .

Output:A D D´ positive semidefinitematrix of rank K drawn from theGinibre ensemble.

functionGINIBRESTATE (D, K )
A~GINIBREMATRIX (D,K)

AA AATr( )† †r ¬
return r

end function
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Algorithm4.OSZ algorithm [47] for sampling fromBuresmeasure.

Input:Dimension D.

Output:An D D´ positive semidefinitematrix of rank K drawn from the Buresmeasure.

functionBURESSTATE (D)
A~GINIBREMATRIX (D,D)
U~HAARUNITARY (D)

U AA U U AA UTr( ) ( ) [( ) ( )]† † † †r ¬ + + + +   

return r
end function

Algorithm5.BCSZ algorithm [50] for sampling froma uniform ensemble of CPTPmaps.

Input:Dimension D, Kraus rank K

Output:A D D2 2´ Choimatrix J ( )L of a channel drawn from the BCSZdistribution.

functionBCSZCHANNEL (D)
X∼GINIBREMATRIX D K,2( )

XX†r ¬
Y Tr2r¬ >Tr2 indicates the partial trace over the second copy of D .

Z Y Y1 2 1 2( ) ( )r¬ Ä Ä- - 

return ZD

end function

AppendixD.GADFLI prior for coins

Aprior distribution over the bias of a coin is a special case of a qubit and rebit prior. It corresponds to a prior over
one axis of the Bloch sphere.Without loss of generality, wewill take that axis to be the ẑ-axis, such that the
density operator for a coin is given by

p

p
z

Z z
z

0

0 1 2 2

1

2
1 0

0 1
, D1( ) ( )

⎛
⎝⎜

⎞
⎠⎟r =

-
= + = +

-


where z p2 1= - is the ẑ-axis coordinate on the Bloch sphere at which the coin state is positioned.
Given the result of a coin toss r 0, 1{ }Î , we assign a likelihood for that outcomeconditioned on the coin p as

r p p pPr 1 , D2r r1( ∣ ) ( ) ( )= --

where the probability of heads is p pPr 0( ∣ ) = . Using the density operator definition of a coin, we define that the
minimumeigenvalue of a coin is p pmin , 1min ( )l = - .

We draw samples of the coin state p fromourGADprior by first choosing Beta ,( ) a b~ and p to be
sampled from afiducial prior such that p 1 2[ ] = . Through the rest of this example, we use
p Uniform 0, 1( )~ . TheGAD-prior sample p¢ is obtained by transitioning pwith a linear functionΦ given by

p p p p p, 1 . D3[ ∣ ] ( ) ( )
* *

  ¢ = F = - +

FigureD1.Two different priors on coins, eachwith the same priormean: p 1 3=m . Thisfigure should be compared tofigure 1.
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The expectation over this GADprior then gives the Bayesianmean estimator before any data is collected. Using
that p isfiducial (hasmean 1/2) and that Beta ,[ ( )] ( ) a b a a b= + , wefind that

p p p p,
1

2
, D4p,≔ [ ( ∣ )] · ( )

* *
 b

a b
a

a b
F =

+
+

+m

and p 1 2¹m . Inverting, we find that thefixed point p*needed to guarantee that the priormean is pμ is given by

p p
1

2
, D5· ( )

⎛
⎝⎜

⎞
⎠⎟*

a b
a

b
a b

=
+

-
+m

which is analogus to equation (19). In order for p* to be a valid coin, this constrains

p
1

2
. D6· ( )b

a b
>

+m

Themean of a Beta distribution does not fully specify the distribution, see figureD1. Because of this wefindα
andβ consistent with this condition and such that themean

D7( )[ ]
a

a b
=

+

isminimized.This represents that theGADchannelused todefine samplesdoes as little as possible to transformfiducial
(uniform) samples toourprior.Minimizing subject to the constraints that 0, 0a b> > and p 0

*
> ,weobtain that

D8
p

p

p

p
p

1 and

1

2 1
1 if 1 2,

2

1 2
if 1 2.

( )

⎧

⎨
⎪⎪

⎩
⎪
⎪

a b= =
-

- >

-
<

m
m

m

m
m

Wecanwrite this in terms of minl to obtain thefinalGAD-prior condition

1 and
2

1 2
, D9min

min

( )a b
l
l

= =
-

which should be compared to (21). Using this condition, we obtain the coin priors shown infigureD2 .

Appendix E. An estimate of the tracking frequency

Wenowgive anorder ofmagnitude estimate formaximumfrequency that is ‘smoothly’ trackableby our algorithm.
It is possibleour algorithmcan track higher frequencies but the evolution is likely to be fairly discontinuous.

Our estimate for the tracking frequency comes from sampling arguments in tracking a bias of a coin, with
probability p pPr 0( ∣ ) = for heads.Wewill assume the coin’s bias changes from p pPr 0( ∣ ) = to

p pPr 0( ∣ ) =  where 1  . The question is howquickly canwe detect such a change, i.e. howmany equally
spaced in time samples does it take to notice the difference of  .

Wemust specify an error tolerance—ò—for our sensing protocol and a confidence interval—Z—for our
estimate of p. It turns out if we use the trace distance between two coins p pdiag , 1( )r = - and

p pdiag , 1( ) s =  -  then D , 1 2 Tr( ) ( ) ∣ ∣ r s r s= - = . These two specificationswill in turn
(approximately) determine the number of samples required and therefore the bandwidth of our tracking
protocol.We chooseZ=1.9599which corresponds to a 95% level of confidence for our estimator and the
maximumacceptable error p ptrue est∣ ∣ - < . Using the standard deviation of the Bernouli distribution

p p N1( )- , we have Z p p N1( ) = - . The largest standard deviation (worst case) is when p 1 2= this

FigureD2.Ahistogramof the generalized amplitude damping (GAD)prior for the coin, with p 1 16, 4 16, 15 16{ }Îm . The
histogramwas generatedwith 4000 000 samples from theGADprior. TheGad prior is symmetric about p 1 2=m even though

p 1 2=m is not an allowed value.
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gives Z N2( ) = . Rearranging forN gives N Z 42 2( )= . To obtain thismany samples wemustmeasure for
a timeT tNmeas = D , where tD is the time betweenmeasurements. ThusTmeas is effectively the time between our
samples of p(t). Naïve arguments from theNyquist–Shannon sampling theorem imply that we can not
determine frequency components of p(t) greater than f T1 2max meas( )= , which is called the is detection
frequency bandwidth. The implication is we can track, for example, p t f1 2 sin max( ) ( )= + .

Appendix F.QInfer tomography tutorial

In this appendix, we demonstrate the use ofQInfer for Bayesian state and process tomography. In particular, we
showhow to estimate states and channels given data synthesized froma description of a true state, and discuss
how to obtain region estimates, covariance superoperators and other useful functions of tomography posteriors.
We then discuss how to apply these techniques in experimental systems.

The tomography implementation inQInfer is based onQuTiP andNumPy, sowe start by importing
everything here.

As a first step, we define a basis for performing tomography; the choice of basis is largely arbitrary, but
depending on the experiment, some basesmay bemore or less convienent. Here, we focus on the example of the
single-qubit Pauli basis B , , ,x y z{ }s s s=  .

Wewill get a lot of use out of the Pauli basis, sowe also define some useful shorthand.

Basis objects are responsible for converting betweenQuTiP’s richQobj format and the unstructuredmodel
parameter representation used byQInfer.

Quantumobject: dims=[[2], [2]], shape=[2, 2], type=oper, isherm=True

1.000 0.0
0.0 0.0( )

Having defined a basis, we then define the core object describing a tomography experiment, themodel. In
QInfer,models encapsulate the likelihood function, experimental parameters and other usefulmetadata about
the experimental properties being estimated. In our case, we useTomographyModel to describe the single-
shot experiment, andBinomialModel to describe batches of the single-shot experiment.

AModel defines a vector ofmodel parameters; for a single qubitTomographyModel, this is a vector of
length 4, each describing a different element of theHermitian operator basis. EachModel also defines
experiment parameters as aNumPy record array. A record then describes a singlemeasurement of themodel.

In this case, the experiment parameters record has two fields:measandn_meas. Thefirst is a vector of four
floats corresponding to M B M B M B M B M, , ,0 1 2 3∣ ⟫ (⟪ ∣ ⟫ ⟪ ∣ ⟫ ⟪ ∣ ⟫ ⟪ ∣ ⟫)= . The second is an unsigned integer
(uint) describing howmany times thatmeasurement is performed. For instance,measuring 2z( )s+ 40
times is given by the array:
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Thefields of a record array can be obtained by indexing. For instance, the[’meas’] field is then a 1×4
array, with thefirst index allowing for a sequence ofmeasurements to be described at once.

Note that by convention,meas is normalized to d1 .
Often, wewill not construct experiments directly, butwill instead rely onQInfer’s heuristics (described

below). In any case, oncewehave amodel, the next step is to create a prior.QInfer comeswith several
usefulfiducial priors, aswell as insightful priors constructed fromamplitude damping channels. For instance,
to create aHilbert–Schmidt uniformprior constrained to rebits, weuse theGinibreReditDistribution:

Here, we have toldQInfer that wewish to treat xs and zs as our rebit axes using therebit_axes=[1,3]

argument.
Insightful priors can be constructed by specifying afiducial prior and aQuTiPQobj representing the

desiredmean.
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Quantumobject: dims=[[2], [2]], shape=[2, 2], type=oper, isherm=True

0.833 0.167
0.167 0.167( )

Having constructed aprior and amodel,we cannowcontinue toperformBayesian inferenceusing SMC.We
demonstrateusing the true state 2 2 3 2z( )r s= + with thepriormean 2 4 5 z( )r s= +m  1 7 x( )s+ .
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The updater and heuristic classes track the posterior and the random-measurement experiment design,
respectively.

We synthesize data for the true state, then feed it into the updater in order to obtain ourfinal posterior.

We can use our tomography basis object to read out the estimated final state as aQuTiPQobj.

Quantumobject: dims=[[2], [2]], shape=[2, 2], type=oper, isherm=True

0.814 0.014
0.014 0.186( )

As discussed in themain text, the posterior can also be described by the covariance superoperator
Cov(∣ ⟫)r rS = .We demonstrate by showing theChoimatrix J Cov( (∣ ⟫))r .

Quantumobject: dims=[[[2], [2]], [[2], [2]]], shape=[4, 4], type=super, isherm=True,
superrep=choi

2.854 10 1.622 10 1.622 10 3.210 10
1.622 10 2.854 10 3.210 10 1.622 10
1.622 10 3.210 10 2.854 10 1.622 10
3.210 10 1.622 10 1.622 10 2.854 10

0.0012

04 05 05 04

05 04 04 05

05 04 04 05

04 05 05 04

Tr

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟

r

´ ´ ´ ´
´ - ´ ´ - ´
´ ´ - ´ - ´
´ - ´ - ´ ´

S =

- - - -

- - - -

- - - -

- - - -

 

Here, we use theHinton diagramplotting functionality provided byQuTiP to depict the covariance in each
observable that we obtain from the posterior.
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