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Eikonal Model Analysis of α+ 32S and α+ 58Ni Elastic Scatterings at 386 MeV
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The differential cross sections of 386 MeV α−particles elastic scattering on 32S and 58Ni are

analyzed within the framework of the eikonal model using the tangential velocity at the distance of

closest approach. The calculation results successfully reproduce the structure of the experimental

angular distributions, and are in good agreement with the measured data. The oscillatory structures

observed around the crossing angle in angular distributions are explained in terms of the strong

interference between the near-side and the far-side scattering amplitudes. The effect of using

tangential velocity on the differential and reaction cross sections is investigated. Furthermore,

the critical angular momentum, the strong absorption radius and the reaction cross section are

examined.
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I. INTRODUCTION

Elastic scattering between heavy-ions (HI) has been

one of research topics in nuclear physics over the past

decades. The main observation quantity in HI elastic

scattering experiment is differential scattering cross sec-

tion. This physical quantity is theoretically obtained

from the square of the scattering amplitude. Meanwhile,

the scattering matrix element is a factor that constitutes

the scattering amplitude, and is closely related to the nu-

clear phase shift. Therefore, an important ingredient in

calculating the differential scattering cross section is the

nuclear phase shift. The eikonal model is a convenient

and useful approach to describe the HI elastic scattering

cross section in the incident energy range from several

tens of MeV/nucleon to about 100 MeV/nucleon. The

nuclear phase shift in this model is obtained by integrat-

ing the nuclear potential. There have been many studies

[1–8] attempting to describe HI elastic scattering using

the eikonal model. Trajectory corrections using the effec-

tive impact parameters in HI elastic scattering are dis-

cussed [5]. In our work [6] conducted a long time ago,
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analysis of 16O + 16O elastic angular distribution data

at incident energies of 480 and 704 MeV was performed

using the second-order eikonal model. Elastic scattering

of 240 MeV 6Li ions by 24Mg and 28Si was analyzed [7]

using an eikonal model that takes into account the tan-

gential velocity at the distance of closest approach.

Elastic scattering between α−particle and various tar-

get nuclei has been actively studied [9–13]. Nayak et

al. [11] measured the α + 58Ni elastic scattering cross

section at 386 MeV, and used a folding model to de-

scribe these data. The measured data of α + 32S sys-

tem were also obtained [12] at the same incident energy,

and analyzed using the DWBA. It is interesting to an-

alyze the measured data of 386 MeV α−particles elas-

tic scattering on 32S and 58Ni using the eikonal model.

In this paper, we analyze these experimental data using

the eikonal model considering the tangential velocity at

the distance of closest approach. It is also investigated

how the use of tangential velocity affects the results of

differential and reaction cross sections calculations. Fur-

thermore, the structure of angular distributions, the Ar-

gand diagram of scattering matrix element, the strong

absorption radius, the density overlap of two colliding

nuclei determined by strong absorption radius, and the
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effect of variation in potential radius parameters on the

differential and reaction cross sections are investigated.

II. THEORY

The elastic scattering amplitude f(θ) is expressed as

the sum of Rutherford scattering amplitude (fR(θ)) and

nuclear scattering amplitude (second term in the equa-

tion below), given as follows:

f(θ) = fR(θ)+
1

2ik

∞∑
L=0

(2L+1) exp(2iσL)(SL−1)PL(cos θ),

(1)

where k =
√
2µE/ℏ, and θ is the scattering angle. Here

Coulomb phase shift σL, nuclear scattering matrix ele-

ments SL, and Legnedre polynomial PL(cos θ) depend on

the orbital angular momentum quantum number L. The

SL has a relationship given by the following equation

with the nuclear phase shift δL

SL = exp[2iδL], (2)

where δL has a complex form. Then, the elastic differ-

ential cross section, called angular distribution, is calcu-

lated as

dσ

dΩ
= |f(θ)|2. (3)

In the eikonal model based on the Coulomb trajectory

of colliding nuclei, the nuclear phase shift δL(rc) is ex-

pressed as an integral over the nuclear potential U(r) as

follows [3]

δL(rc) = − 1

ℏv

∫ ∞

0

U(r)dz. (4)

Here v = ℏk/µ is the asymptotic velocity, r =
√
r2c + z2,

and the rc is the distance of closest approach for a

Coulomb trajectory given by [14]

rc = ac +
√
a2c + b2, (5)

where ac = Z1Z2e
2/2E is the Coulomb length param-

eter and b = (L + 1/2)/k is the impact parameter. In

the Coulomb trajectory, the straight-line trajectory is

deflected around rc due to the Coulomb field between

the two colliding nuclei. Thus, we will use the tangential

velocity considering the deflected trajectory at rc, and

the tangential velocity vc is given as follows [5]

vc =
b

rc
v. (6)

If v is replaced by vc in Eq. (4), the nuclear phase shift

δL(rc) can be written as follows

δL(rc) = − 1

ℏvc

∫ ∞

0

U(
√
r2c + z2)dz. (7)

In this study, the nuclear phase shift given by Eq. (7)

is used instead of Eq. (4). As the U(r), we use six-

parameters Woods-Saxon (WS) potential given as fol-

lows:

U(r) = −V0 f(r, rv, av)− iW0 f(r, rw, aw), (8)

where V0 (W0) is the real (imaginary) nuclear potential

depth, and the form factor f(r, rx, ax) is usually taken

as

f(r, rx, ax) =

[
1 + exp(

r − rx(4
1/3 +A1/3)

ax
)

]−1

,

x = v, w. (9)

In this equation rx (ax) denotes the radius (diffuseness)

parameter, where x = v (w) represents the real (imagi-

nary) part, while A is the target mass number. The po-

tential parameters given in Eqs. (8) and (9) are deter-

mined by the minimum χ2/N−fit to the measured data.

III. RESULTS AND DISCUSSION

1. Angular distributions

The elastic scattering cross sections of α + 32S and

α + 58Ni systems at 386 MeV were calculated using the

eikonal model considering the vc at rc. The WS potential

parameters that best describe the measured data [11,12]

when using Eq. (7) are listed in Table 1 and the corre-

sponding angular distributions are shown as solid curves

in Fig. 1. The dotted curves in this figure are the results

of using the asymptotic velocity (v) instead of the tan-

gential velocity (vc) in Eq. (7). Although the two curves

show relatively good agreement in the small θc.m. regions,

it can be seen that there is a substantial difference be-

tween the solid curve and the dotted curve in the large
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Table 1. Potential parameters extracted from the minimum χ2/N−fit to the measured data and corresponding
χ2/N−value in the eikonal model analysis using the tangential velocity at rc for 386 MeV α−particle elastic scatterings
from 32S and 58Ni. σR in the last column is the reaction cross section obtained using the partial wave sum given by
Eq. (10). Values in parentheses are the results obtained using the asymptotic velocity. χ2/N−values were obtained
under the assumption that all experimental data have a 10% error.

Target V0 rv av W0 rw aw χ2/N σR

(MeV) (fm) (fm) (MeV) (fm) (fm) (mb)
32S 63.7 0.883 0.843 29.6 0.991 0.671 1.33 (4.84) 1052 (1048)
58Ni 74.8 0.916 0.834 33.5 1.022 0.756 1.83 (3.30) 1539 (1532)

Table 2. Same as Table 1, but potential parameters that best fit the measured data when using the asymptotic velocity.
χ2/N−values were obtained under the assumption that all experimental data have a 10% error.

Target V0 rv av W0 rw aw χ2/N σR

(MeV) (fm) (fm) (MeV) (fm) (fm) (mb)
32S 75.4 0.836 0.909 34.2 1.003 0.622 2.17 1067
58Ni 85.3 0.883 0.883 40.1 1.014 0.700 2.11 1510

θc.m. regions. The solid curves reproduce successfully the

complex behavior of experimental angular distribution

and give good agreement with the elastic data [11, 12]

in the entire measured angle regions. The χ2/N−values

obtained from the calculations using v and vc at rc, re-

spectively, are shown in Table 1. As this Table shows,

the χ2/N−values using tangential velocity at rc are rea-

sonable for each scattering system.

In order to compare the degree of agreement with the

experimental data [11,12] in the calculation results of the

eikonal model considering the v and vc, the optimal po-

tential parameters that best fit the measured data were

found when using the asymptotic velocity, and the val-

ues found are shown in Table 2. The eikonal model cal-

culation results using asymptotic velocity and potential

parameters given in Table 2 are shown as dashed curves

in Fig. 1. As shown in Tables 1 and 2, the χ2/N−values

of the calculation results using the tangential velocity

are smaller than the results using the asymptotic veloc-

ity. This means that the solid curves of Fig. 1 match the

measured data better than the dashed curves.

The technique of decomposing the f(θ) into near- and

far-sides using the Fuller formalism [15] helps to quali-

tatively understand the structure of the angular distri-

bution. The contributions of the near-side and far-side

components to the dσ/dσRuth obtained from the eikonal

model using vc at rc are shown as dotted and dashed

curves, respectively, in Fig. 2 along with the dσ/dσRuth

shown as solid curves. The near-side cross sections dom-

inate at small scattering angles, while the far-side cross

sections contribute little. However, the far-side contribu-

tions increase in magnitude as the θc.m. increases and

become equal to the near-side contributions at crossing

angle θcross (θcross = 3.30◦ for α + 32S and θcross = 4.50◦

for α + 58Ni). At scattering angles larger than the θcross,

the near-side amplitude does not contribute significantly,

while the far-side amplitude makes an important contri-

bution in determining the behavior of the elastic cross

section. The strong interference between the near- and

far-side scattering amplitudes can be thought of as giv-

ing rise to an oscillating structure observed around the

θcross.

2. Scattering Matrix Elements and Reaction

Cross Sections

Argand diagrams of the scattering matrix elements SL

using eikonal phase shift given by Eq. (7) are plotted in

Fig. 3. The Arabic numerals along the curve in this figure

represent the values of orbital angular momentum quan-

tum number L. The Argand diagrams of two scattering

systems show similar shapes. This graphical images of SL

shows two distinct characteristics. The first one is that

they starts at (Re(SL), Im(SL)) = (0.0, 0.0) and finally

end at (1.0, 0.0). The other is that the graphical image
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Fig. 1. (Color online) Angular distributions for the elas-
tic scattering of 386 MeV α−particles from 32S and 58Ni.
The solid curves are the eikonal model calculations us-
ing tangential velocity whereas the dotted curves are the
calculations using asymptotic velocity, where both re-
sults were calculated using the WS potential parameters
given in Table 1. The dashed curves are the calculation
results that best fits the experimental data when using
the asymptotic velocity, and the potential parameters
used are shown in Table 2. Experimental data are taken
from Refs. 11,12.

depicts the shape of a nautilus shell spiral, as shown in

Fig. 3.

The transmission functions TL = 1 − |SL|2 using

Eqs. (2) and (7) are plotted in Fig. 4(a). The TL func-

tions have a value of 1 for small L and 0 for large L,

and change rapidly from 1 to 0 around the critical an-

gular momenta L1/2 (42.44 for α + 32S and 54.17 for α

+ 58Ni) corresponding to TL = 0.5. The L1/2 is closely

related to the strong absorption radius Rs defined as

Rs = ac+
√

a2c + (L1/2 +
1
2 )

2/k2. The calculated Rs val-

ues are 5.688 fm for α + 32S and 6.912 fm for α + 58Ni

systems, respectively. Furthermore, using the Rs, the so-

called geometric reaction cross section can be calculated
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Fig. 2. (Color online) Differential cross sections (solid
curves) drawn as solid curves in Fig. 1 for the elastic scat-
tering of 386 MeV α−particles from 32S and 58Ni, their
near-side (dotted curves) and far-side (dashed curves)
components calculated from the Fuller’s formalism [15].

from the relationship σRs = πR2
s, and the obtained val-

ues are 1017 mb and 1501 mb for 32S and 58Ni targets,

respectively. Meanwhile, the reaction cross section σR

given in Tables 1 and 2 is obtained using the partial

wave sum given by

σR =
π

k2

∞∑
L=0

(2L+ 1)TL, (10)

where TL is the transmission function mentioned just be-

fore. From the σR values given in Table 1, the following

three facts can be known. First, the σR obtained using

tangential velocity is slightly larger than that obtained

using asymptotic velocity. Second, the σRs
value for each

scattering system is similar to the σR ones, which indi-

cate that Rs provides quite a satisfactory account of the

σR obtained using partial wave sum. Third, as the tar-
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Fig. 3. (Color online) Argand diagram of the scattering
matrix element for α + 32S and α + 58Ni elastic scatter-
ings at 386 MeV. The Arabic numerals along the curve
denote the L−values.

get mass increases, the Rs increases, and thus the σR (or

σRs
) increases.

The overlaps of the projectile and target densities are

shown in Fig. 4(b) when the distance between the centers

of the two colliding nuclei is equal to the Rs. In this

figure, it is assumed that both the projectile and the

target have a Gaussian-shaped density distribution given

by :

ρ(r) = ρ(0) exp(− r2

a2
), a =

Rrms√
1.5

, (11)

where root-mean-square radii (Rrms) were taken as 1.71

fm for 4He, 3.243 fm for 32S and 3.764 fm for 58Ni taken

from Ref. 16. The overlap provides an interpenetration

of the two colliding nuclei with a fixed absorption rate

(TL = 1/2) for two scattering systems. As Fig. 4(b)

shows, the density overlap of two colliding nuclei for α +
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Fig. 4. (Color online) (a) Transmission functions, and (b)
density overlaps of two colliding nuclei when the distance
between two nuclear centers is equal to Rs for α + 32S
and α + 58Ni systems at 386 MeV.

32S system is larger than the one for α + 58Ni system, in-

dicating weak absorption. This weakening absorption al-

lows colliding nuclei to interpenetrate more deeply with-

out being absorbed. Consequently, the σR of α + 32S

system is smaller than the one of α + 58Ni system.

3. Potential radius parameter effect on differen-

tial and reaction cross sections

To investigate how variations in real (rv) and imagi-

nary (rw) radius parameters of WS potential affect the

differential cross section, we plotted the dσ/dσRuth of α

+ 32S system by varying the rv (or rw) value, where the

other potential parameters except rv (or rw) were fixed.
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Fig. 5. (Color online) Angular distributions for α + 32S
elastic scattering at 386 MeV calculated using different
real (or imaginary) radius parameters rv (or rw). Other
input parameters in the angular distribution calculation
were fixed, and these values are given in Table 1.

The radius parameters are taken ±0.02 fm from rv (or

rw) value given in Table 1, and the calculation results

using the tangential velocity at rc are plotted in Fig. 5.

As this figure shows, in the relatively large angle region,

the dσ/dσRuth move upward (downward) as the value of

rv increases (decreases). On the other hand, an increase

(decrease) in the value of rw shifts the dσ/dσRuth down-

ward (upward). In both Figs. 5(a) and 5(b), the three

curves show that the difference becomes larger as the

θc.m. increases.

The TL function can be expressed as TL = 1 −
exp[−4Im(δL)] with the help of Eq. (2) because the phase

shift δL is given in complex form as δL = Re(δL) +

iIm(δL). Meanwhile, as given in Eq. (10), the reac-

tion cross section σR is related to the TL function ob-

tained from the Im(δL). Therefore, the σR is directly

related to the Im(δL). As given in Eqs. (7)–(9), the

Im(δL) is obtained from the imaginary part of WS po-

tential (Im(U(r))), so the σR is ultimately affected by

the Im(U(r)). Three different rw values produce some-

what different σR values (σR = 1016 mb, 1052 mb and

1089 mb for rw = 0.971 fm, 0.991 fm and 1.011 fm, re-

spectively) in α + 32S system. It can be seen that the

σR value increases as the imaginary radius parameter rw

increases.

IV. CONCLUDING REMARKS

This paper presented the results of eikonal model anal-

ysis for the measured data of 386 MeV α−particle elas-

tic scattering from 32S and 58Ni targets. For model cal-

culation, the WS potential with six-parameters and the

tangential velocity at rc are used. The calculation results

successfully reproduced the structure of experimental an-

gular distribution and were in good agreement with the

measured data. Strong interference between near- and

far-side scattering amplitudes is thought to give rise to

the oscillatory structures that appears around the cross-

ing angle in the angular distribution. In the regions of

scattering angle greater than crossing angle, the far-side

amplitude made an important contribution in determin-

ing the behavior of the elastic cross section.

The graphical images of scattering matrix elements SL

of two systems show similar shapes and display two dis-

tinct characteristics: the first one is that they begin at

(Re(SL), Im(SL)) = (0.0, 0.0) and end at (1.0, 0.0) ; the

other is that the graphical images look like a nautilus

shell spiral. The critical angular momentum L1/2 and

the strong absorption radius Rs for
32S target are smaller

than those for 58Ni target. The geometric reaction cross

section σRs can be extracted from the Rs in terms of

σRs
= πR2

s, and its values are comparable to the reac-

tion cross sections σR obtained using partial wave sum.

The fact that the σRs and σR values are similar indicates

that Rs can be usefully used to estimate the magnitude

of σR. When two colliding nuclei are separated by Rs,

projectile and target densities are found to overlap more

in α + 32S system than α + 58Ni case, indicating weak

absorption. As a result, the σR value of α + 32S system

is smaller than that of α + 58Ni system.

As the value of real radius parameter rv of WS poten-

tial increases (decreases), the elastic cross section moves



Eikonal Model Analysis of α + 32S and α + 58Ni Elastic Scatterings at 386 MeV – Yong Joo Kim 1257

upward (downward), especially in the relatively large an-

gle regions. On the other hand, increasing (decreasing)

the imaginary radius parameter rw value shifts the elas-

tic cross section downward (upward). Additionally, as rw

increased, the reaction cross section also increased.
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