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ABSTRACT

The accretion of material on to a black hole modifies the properties of that hole owing to the capture of both matter and radiation.
Adding matter to the hole through an accretion disc generally acts to increase the hole’s spin parameter, while the capture of
radiation generally provides a retarding torque. The balance between the torques provided by adding matter and radiation leads
to a maximum spin parameter that can be obtained by a black hole which grows by accretion, known as the Thorne limit. In the
simplest theory of thin disc accretion this Thorne limit has the value a, ji,, >~ 0.998. The purpose of this paper is to highlight that
any modification to theories of accretion flows also modify this limiting value, and to compute precisely the modification arising
from a particular extension of accretion theory: the inclusion of bright emission from within the plunging region which is sourced
from the magnetohydrodynamic stresses ubiquitously observed in simulations. This extra emission further suppresses black hole
spin-up and results in new, lower, limits on the final black hole spin. These limits depend on the details of the magnetic stresses
acting within the plunging region, but typical values seen in simulations and observations would lower the limit to a, jim =~ 0.99,

a subtle but not negligible deviation.
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1 INTRODUCTION

The addition of material on to a black hole via an accretion flow
will, provided a sufficiently large reservoir of material is available,
profoundly modify the properties of the black hole itself. This
is because the accreted matter carries both energy and angular
momentum, the addition of which modifies the mass and spin
parameters of the hole. It was first argued by Bardeen (1970) that an
initially Schwarzschild black hole would be spun-up to an extremal
Kerr black hole (with dimensionless spin parameter a, = 1) once
the mass parameter of the hole had changed from M, = M; to
M, = /6M;. In other words, roughly doubling the mass of the black
hole by accretion also spins it up to maximal rotation.

The Bardeen (1970) argument only considers the effects of adding
matter to the black hole, which is not the only form of stress energy
present in an accreting system. Thorne (1974) refined the analysis of
Bardeen (1970) by including the energy and angular momentum
carried on to the black hole by the photon field emitted by the
accretion flow. Photons carry angular momentum and energy, and
therefore their capture also modifies the evolution of the black hole.
It is, generally speaking, difficult to capture a photon, even for a
black hole. Photons which are counter rotating with respect to the
black hole’s spin axis must ‘work against’ the rotation of the hole,
and have a larger capture cross-section (Thorne 1974). Therefore,
photons generally provide a net negative angular momentum flux
on to the black hole, spinning it down. Thorne (1974) showed that
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incorporating the effects of photon capture results in a limiting black
hole spin at which the torque from the accreting matter is balanced
by the retarding torque of the radiation field, at which point the spin
evolution of the black hole stops. This limiting spin has a very well
known value a, jim = 0.998, and is known as the ‘Thorne limit’.

What is perhaps less widely appreciated is that, while the spirit
of the calculation is model independent (photon capture will always
act to spin-down the hole owing to the basic properties of their
capture cross-section), the actual numerical value of the limiting
spin is a model-dependent statement. Any modification to theoretical
descriptions of accretion flows will also modify this limiting value,
and therefore this limit should be re-examined as our theories of
accretion flows develop from their 1970s forms.

One modification discussed in the original Thorne (1974) analysis
is the potential implications of magnetic fields acting in the innermost
regions of the disc. Indeed, Thorne (1974) notes that magnetic fields
could modify the vanishing ISCO (innermost stable circular orbit)
stress assumption employed in their analysis, which would result
in an increased photon flux being emitted on small scales (photons
which are therefore most likely to be captured), increasing the net
spin-down effect of the radiation field. We now of course know
that magnetic stresses are essential for driving the accretion process
(Balbus & Hawley 1991), and flux-freezing results in large enough
magnetic stresses in the plunging region to keep the accretion flow
hot in the innermost regions (Gammie 1999; Krolik 1999). This
basic result (which cannot be captured by the a-viscosity toy model,
which is unphysical in this regime) has been confirmed by numerous
General Relativistic Magnetohydrodynamic (GRMHD) simulations
over the years (e.g. Noble, Krolik & Hawley 2010; Schnittman,
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Krolik & Noble 2016; Wielgus et al. 2022). Some of the implications
for black hole spin evolution in the presence of a magnetic ISCO
stress were first discussed in Agol & Krolik (2000), although their
analysis neglected photons emitted from the plasma on the plunge
itself. Indeed, we do not believe any calculation including the
captured photon flux emitted from plunging gas has been performed
in the literature.

Itis the purpose of this short paper to revisit the Thorne (1974) limit
calculation using extended models for thin accretion flows which
now include emission from within the ISCO. We shall show that the
additional dissipation at and within the ISCO results in an increased
retarding radiation torque, and therefore a slower rate of black hole
spin-up and lower equilibrium spin limits.

This is an important result, as the study of coevolving black hole—
disc systems have implications for the present day properties of
the population of supermassive black holes which reside in galactic
centres and, ultimately, of the properties of their galaxies themselves
(Silk & Rees 1998). Unlike accreting stellar mass black hole systems,
which generally do not have a large enough mass budget available to
accrete and change the hole’s properties, supermassive black holes
are expected to change their natal mass by large factors across cosmic
history (by accreting circumnuclear material, and/or undergoing
mergers), and therefore will have spin parameters set by the particular
history of their cosmic evolution (see e.g. Piotrowska et al. 2024, for
a recent discussion). A reduction in the rate of black hole spin-
up caused by accretion, and lower saturating spin values, therefore
must be taken into account when inferring evolution histories from
present day spin measurements. As the spin of a black hole sets
(to leading order) the radiative efficiency of the accretion process
and the power of relativistic jets launched from the disc (if powered
by the Blandford & Znajek 1977, mechanism), this black hole spin
evolution also influences all of the feedback mechanisms accreting
black holes have on galaxy evolution (Fabian 2012) and, therefore,
on cosmological galaxy evolution.

The layout of the paper is as follows. In Section 2, we lay out the
Thorne (1974) formalism, and extend it to include photons emitted
from fluid elements which are not on circular orbits. In Section 3,
the results of this analysis are presented, and are discussed in Section
4. A photon capture algorithm which extends the Thorne (1974)
procedure to include emitting gas with a non-zero radial velocity is
presented in Appendix A.

2 FORMALISM

2.1 The metric

For the remainder of this paper we shall work in a units system in
which G = 1 = c. The Kerr metric in Boyer-Lindquist coordinates
takes the following form, which we present here in terms of its
invariant line element ds? = g,,,dx*dx"

5 2M,.r , 4M,ra sin? @ A,
ds*=—(1— —— |dt* — ———drdop + = dr
z x z

2, oin2
+3do? + (r2+a2+ M) sin? 0 dg?, M
where M, is the black hole mass, and a is the angular momentum
constant of the black hole a = J /M, (with the same dimensions as
the mass in this unit system), where J is the total angular momentum
of the black hole. We have defined the following shorthand functions
following the notation of Bardeen, Press & Teukolsky (1972):

A =r? —2M.r+a2, 2)
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> =r2 4+ a%cos? . 3)

We shall also work with the dimensionless black hole spin a, in this
paper

a, =a/M,, |a.| < 1. @)

The coordinates have the following physical interpretation, ¢ is the
time as measured at infinity, and the three spatial coordinates (r, 6, ¢)
which have their usual quasi-spherical meaning.

2.2 Black hole evolution driven by accretion

Consider a fluid element of rest mass §m( which is accreted on to
a black hole through a disc. After it crosses the event horizon and
falls down to the singularity, it will increase the angular momentum
of the black hole by

§J = 51’}10 U¢(7‘+), (5)
and will increase the mass parameter of the black hole by
M, = _Smo UO(r+)s (6)

where Uy and Uy are the azimuthal and time components of the fluid
element’s covariant four-velocity, evaluated at the point the fluid
element crosses the event horizon (ry /M, =1+ /1 — a2). These
coupled evolutionary equations (5 and 6) were first solved by Bardeen
(1970) and — under the assumption that U, and Uy at the horizon are
given by their values at the last stable circular orbit — can be used to
show that thin disc accretion inevitably leads to a, = 1 after a finite
amount of mass is added to the black hole. This argument, however,
neglects the impact of the radiation emitted via the accretion process
on the black hole’s evolution, as was first pointed out by Thorne
(1974).

A fluid element which spirals on to the black hole through a
radiatively efficient accretion flow will also emit radiation over the
course of its journey through the disc. Some of this radiation will be
captured by the black hole, and as photons carry energy and angular
momentum this photon flux will impact the evolution of the black
hole’s mass and spin parameters. The evolutionary equations for the
black hole are thus modified to

8J :(Smo U¢(r+)+5~]rzldv (7)
and
M, = —8mo Up(ry) + 8 Eraq, ®)

where 8§ J;,q 1s the total angular momentum flux on to the black hole
from all of the photons which were emitted by the fluid element over
its journey through the disc, and é E.,4 the corresponding total photon
energy flux. Combining these modified evolutionary equations, one
can compute the evolution of

da, dmg d J
=My——— | — |, 9
din M, dM, dmy (M}) ©)
or explicitly
da, 1 U dJq/d
ae  _ o(r4) + dJraa/dmo a., (10)
dinM, M, | —Uy(ry) + dEqq/dmg

which is the most convenient form to use analytically. Clearly,
the non-trivial element of this calculation lies in computing the
photon flux quantities dJ;,q/dmo and dE,q/dmg. The technique for
calculating these quantities was described by Thorne (1974), for
which the interested reader may wish to turn for full details. For our
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purposes it is simplest to write down the final result of this analysis,
before examining the physical quantities involved and seeing why
this must be the correct result. Over the course of the fluid elements
evolution through the disc the angular momentum flux on to the black
hole from its emitted photon field is given by

dJrag 1/00/n/2 Zn{ . 0. B)C(r. 6. )
= — ng\r, N r, 5
dmg M J,, Jo 0 ’

S(©, ®)cos O sin O 4rr F(r)} dP dO dr, (11)

while the energy flux is similarly given by

dErud 1 00 /2 2
= *-/ / {(=no(r.®, @) C(r, 0, ®)
M J.. Jo 0

dmo
SO, d)cos O sin @ 4nrF(r)} dP dO dr. (12)

Let us begin by defining the quantities involved. The angles ® and ®
represent the emission angles of each photon in the rest frame of the
orbiting fluid element, where © is the angle down from the vertical
(defined by the disc axis, which we shall assume is also the black hole
spin axis) and @ the angle around the disc axis. The function S(®, )
is an emissivity shape function, which is formally arbitrary and
describes the angles into which photons are emitted in the rest frame
(e.g. isotropically, from an electron-scattering atmosphere, etc.). This
shape function must only satisfy the normalization condition

2 /2
/ / SO, P)cos®Osin®@dOdD = 1. (13)
0o Jo

The factor sin® here is the usual Jacobian factor of spherical
coordinates, while the factor cos ® comes into the analysis as
the disc flux escapes in the vertical direction, and so it is the
vertical component of the photon stress-energy tensor which we
are ultimately therefore interested in.

The quantity F(r) represent the total locally emitted flux of the
disc at each radius, meaning that 277 F(r) dr is the locally liberated
luminosity from the surface of each disc annulus (the extra factor 2
in the above expressions therefore making this the total luminosity
emitted from each disc annulus accounting for both of the upper and
lower disc faces). This means that the integral

/ drr F(r)dr = Ly, (14)
I+

where Ly, is the bolometric luminosity of the disc.

The final, and most important, factors are C(r, ®, ®) and the
components n,(r, ®, ®). The function C(r, ®, @) is a ‘capture
function’, and is equal to C = 1 if the photon emitted from radius r
at rest-frame angles ®, & is ultimately captured by the black hole,
and C = 0 otherwise. The components n,(r, ©®, ®) represent the
normalized covariant four-velocity of the photon emitted from radius
r atrest-frame angles ®, @ in the Boyer—Lindquist coordinate frame.
Therefore, n, represent the normalized angular momentum of the
angular momentum carried by the photon, and —n the energy. This
normalization condition is chosen so that n° = 1 in the rest frame of
the fluid element, as the total energy emitted from all the photons is
already fixed by the inclusion of the factor 47 r F'(r).

Therefore, if C =1 for all photons, the above integrals would
simply count the total energy and angular momentum carried by all
photons emitted from the disc per unit time. By normalizing both
integrals by 1/ M, where M is the physical mass accretion rate in the
disc, this then becomes the angular momentum and energy carried
by the photon field per unit rest mass accreted. The inclusion of the
capture function C therefore specialises these integrals to only those
photons which are captured by the black hole, and therefore they

Magnetic fields and black hole evolution 1965

represent the angular momentum and energy flux on to the black
hole from the disc radiation field, per unit accreted mass.

As a general rule, it is more likely that a photon with angular
momentum component pointing in the opposite direction to the black
hole’s angular momentum will be captured by the black hole. In
some sense these photons have to ‘work against’ the dragging of
space—time in the direction of the black hole’s spin. Therefore, it is
generally the case that more negative angular momentum photons
are captured by the black hole, and the effect of disc radiation is
ultimately to produce a retarding torque on the black hole, stopping
it from reaching the Bardeen (1970) result of a, = 1.

The degree to which the disc photon field acts to retard the spin-up
of the black hole is dependent on the precise model for the accretion
flow itself. This model dependence enters in two distinct physical
areas. First, the spin-up itself is dependent on the components of the
fluid energy and angular momentum at the horizon, and therefore is
sensitive to the assumed dynamics of the accretion flow. Secondly,
the locally emitted flux F(r) naturally sets the overall scale at which
photons can/cannot effect this spin-up, and so the spin evolution is
sensitive to the assumed thermodynamics of the disc flow.

Thorne (1974) solved the evolutionary equation (10) under the
assumption that the orbital fluid components Ug(r,.), Uy(r;) where
given by the values associated with the circular motion at the ISCO,
where it was then assumed they dropped out of the flow without
communicating with the disc further. Correspondingly, the disc
flux F(r) was assumed to vanish at the ISCO under the classical
‘vanishing ISCO stress’ assumption. Thorne (1974) noted that in
the presence of magnetic fields (which we now know are essential
to the accretion process; Balbus & Hawley 1991), this dynamical
assumption may be modified, something we now know is true
from numerous GRMHD simulations (see e.g. Noble et al. 2010;
Schnittman et al. 2016; Wielgus et al. 2022, among many others).
Thorne (1974) also noted that this modification to the dynamics
would only have a very small effect on the ultimate spin-up of the
black hole, even for moderate ~10 per cent deviations in Uy (r)
and Uy(ry) from their ISCO values.

This part of the Thorne (1974) argument is correct (and will
be verified in this paper), however what was not noted at that
time was that a modification to Us(ry) and Upy(ry) will result
in a corresponding increase in the disc dissipation, which can
substantially modify F(r) in the innermost disc regions. We will
show in this paper that this modification to F(r) is much more
important than the effects of a pure change in the disc dynamics,
and results in further, more substantial, modification of the limiting
spin-up value.

Before we compute these final spin-up values, we must first
construct the capture function C(r, ®, ®) and relate the photons
covariant four velocity n; to the rest-frame emission angles ©
and .

2.3 Locally inertial frames in the Kerr metric

The Kerr space—time can, at all radii » > 0, always be described by
(an infinite family of) locally inertial coordinate systems, in which the
metric is locally flat. This infinite family of such coordinate systems
at each radius are simply related by (formally arbitrary) rotations
and Lorentz boosts. As the construction of a rotation/Lorentz
transformation between any two inertial frames is trivial, the key
ingredient in this analysis is finding any sufficiently general local
coordinate system to work with as a base transformation.

Such a coordinate system was first identified by Bardeen et al.
(1972), and is known as the Zero Angular Momentum Observer
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(hereafter ZAMO) frame.! The transformation from the Boyer—
Lindquist coordinate system to the ZAMO frame is described by
the following matrix:

D 0
z
Eo=| © \/: 0 0 (15)
0 0 V= 0
2aMqr A
- JTA 0 0 \/ T sin2 0

Note this transformation is well defined only for r > r,. The
corresponding inverse transformation is defined by the identity
EVE(, = &}, and is given by

A
SA 0 0 0
0 % 0 0
Eq = 1 (16)
0 0 = 0
2aM,r sin / £sin2 6
VIAA 0 0 A
Here, we define
A =024 d*? —d*(? —2Mor + a%)sin 0, 17

again following the notation of Bardeen et al. (1972). To be clear
in describing which quantities are evaluated in which frames, we
use the notation X® (i.e. Roman alphabet and bracketed index) for
a quantity evaluated in the ZAMO frame, while we use X" (i.e.
Greek alphabet and non-bracketed index) for the Boyer—Lindquist
coordinate system.

This transformation corresponds physically to describing physical
quantities by their components as measured in the local ZAMO
observer’s frame. For example, the four-velocity a ZAMO observer
would measure is U = E{PU*, where U* is the four-velocity
measured in Boyer-Lindquist coordinates. One can simply verify
that

8@ = E(yEp 8 = Naw = diag(—=1,1, 1, 1), (18)

meaning that one can use the transformation laws of special relativity
in this frame.

2.4 From the fluid rest frame to Boyer-Lindquist coordinates

Assume that a fluid element moving with four-velocity U* (in Boyer—
Lindquist coordinates), emits a photon which, in the fluid rest frame,
moves in the direction 7® = p@/p® (here p® is the photon four-
velocity). We once again take care to distinguish the different frames
of reference as far as possible, with quantities evaluated in the fluid
rest frame being denoted X@ (i.e. with a tilde, the Greek alphabet
and bracketed indices). For the purposes of our calculation it will be
important to determine what this rest-frame direction corresponds to
in the Boyer—Lindquist coordinate system.

This direction four-vector can be defined in terms of two emission
angles in the rest frame of the fluid element

1
~@) __ | Sin® cos @
"= | sin@sind |’ (19

cos ®

!'Note that Bardeen et al. 1972 originally named this the Locally Non-Rotating
Frame. Both names remain in use in the literature.
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where we use the notation of Thorne (1974) to distinguish these
rest-frame emission angles from the metric coordinates 6, ¢.

The Lorentz transform from the rest frame of the fluid to the
ZAMO frame is given by the standard 4 x 4 special relativistic

transformation law
a +yBT

A“E( L L ) (20)
@ +yB L+ —1BBT/B

where the four-velocity of the fluid element in the ZAMO frame
defines y and g

U9 =EYU" =y (é) 1)

the 3 x 3 identity matrix is denoted [; = diag(1, 1, 1), the transpose
operation is denoted with a superscript 7', and 8> = §;; 8/ 8.

Combining these results one can relate the emission direction in
the fluid rest frame to that observed in the coordinate frame

nt = Bl AT, 22)

with corresponding covariant four-vector n, = g;,n*. This covariant
form will be particularly important as it describes the (normalized)
angular momentum and energy of the photon in Boyer—Lindquist
coordinates, which are the quantities which effect the evolution of
the hole. With n; determined, the capture function C(r, ®, ®) can
be determined with a modified version of the original Thorne (1974)
algorithm, presented in Appendix A. This modification is required
to account for those photons emitted from fluid elements which are
on plunging orbits, which were not originally considered by Thorne
(1974).

As noted previously (e.g. in Bardeen et al. 1972; Thorne 1974),
this result (equation 22) can be written in a particularly simple final
form for fluid elements following an equatorial circular orbit. For
plunging fluid elements a similar result can be derived, but it is not
particularly illuminating.

2.5 The full formalism

We are now in a position to construct our full calculation of the
limiting black hole spin. We shall assume, for the purposes of
calculating the photon capture function, that the disc fluid follows
circular orbits outside of the ISCO, and upon crossing the ISCO
plunges toward the black hole on a trajectory well approximated
by a geodesic infall. This results in four-velocity components (e.g.
Misner, Thorne & Wheeler 1973)

U =0, (23)

/ 3
Ut = i 7 24)
(1 —3M.)r + 2a\/M./r3)
1+a\/M,/r?

U’ = , (25)

(1 _3M.)r + Za\/W) v

for radii larger than the ISCO. Within the ISCO the fluid is assumed
to spiral inwards while conserving (to leading order) its angular
momentum and energy, which results in (Mummery & Balbus 2022)

S EAC

_ 2M.ya + L(r —2M,)
T r(r2=2M.r +a?)

U? , 27
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U° , 28
r(r2 —2M,r + a?) (28)
where we denote by r; the ISCO radius, and
2a

J=2V3M,(1- , 29

' ( 3 \Y4 M.}’I ) ( )
2M,

=y 1= 2 (30)
3}”1

These four-velocity components are used for the purposes of calcu-
lating the photon emission properties and capture function. These
fluid velocities are not exact solutions of the fluid equations, as
angular momentum and energy are not perfectly advected with the
flow. There are deviations at the per cent level (this is after all the
origin of the ISCO stress). These discrepancies do not substantially
alter the photon capture physics.

The locally emitted disc flux is given by the extended disc model
of Mummery et al. (2024a), which includes emission from within
the ISCO of the black hole’s space—time. The key component which
enters the spin-down expressions is the locally radiated flux, which
outside of the ISCO is given by

3M fr(x) X1
FO= g [ﬁ(x)—(;) ﬁ(n)(l—%)}, (3D
where
=/~ =/ 32
X = ﬁ. X1 = ﬁ. (32)
()—1—3“'1()+1ik1| - (33)
filkx) = . n(x XA,OAnx Xy,
_ 2x, —a.(l—f—xf)
bE T 69
X, = 2cos {% cos H(—a.) — MT)\} , (35)
3 2q,]7"
fl) = {1——2+ g] : (36)
X X~

This is precisely the generalization of the classical Novikov & Thorne
(1973), Page & Thorne (1974) relativistic thin disc solutions, in
the presence of a finite ISCO stress. This finite ISCO stress is
parametrized by 8, which can be thought of as the fraction of
the specific angular momentum ‘passed back’ into the disc from
the r < ry region by whatever process is generating the stress at the
ISCO. In the limit . — 0, this flux returns to the model used in
Thorne (1974).

Within the ISCO, we use the solutions of the intra-ISCO ther-
modynamic equations derived in Mummery & Balbus (2023). We
assume that the flow is radiation pressure dominated (as would be
the case for a black hole disc accreting at high accretion rates), so
that the intra-ISCO radiative flux is

NI 3 —4/28
Fr<m=F(L - (f - 1) +1 , (37)
s r

T €

where € >~ 1073 is equal to € = \/3rlc§/2M. where c; is the speed
of sound in the inner-disc regions (normalized by the speed of light
in our unit system; see Mummery & Balbus 2023, for more details).
In this expression, Fy is equal to the extra-ISCO expression (equation
31) evaluated at r = ry.

The final element of our analysis is to determine the fluid elements
angular momentum and energy as they cross the event horizon. While
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the precise modifications to the fluid behaviour within the ISCO will
depend on the details of the angular momentum transport by magnetic
stresses, it is possible to relate the fluid angular momentum at the
horizon to the ISCO stress boundary condition discussed above. For
there to be a finite ISCO stress the fluid’s event horizon angular
momentum must be reduced by a factor § ; from its ISCO angular
momentum?, i.e.

Ug(ry) = Jhorizon = Ji(1 = 8.7). (38)

This reduced angular momentum will also modify the energy of the
fluid elements. Kerr metric circular orbits satisfy the energy-angular
momentum relationship (e.g. Page & Thorne 1974)

o VM, /r3
T +a\/M./r3’

where a prime denotes a radial gradient. While the fluid motion will
not be precisely that of orbits with constants of motion of circular
motion (there remains a stress after all), we can use this result to
estimate the fluid’s (dimensionless) energy parameter at the horizon,
by assuming that the angular momentum deviation is small and the
orbital elements will therefore be close to their circular values. This
implies

— Uo(r4) = Yhorizon = Y1 — Sud 7 J1, (40)

where € is the angular velocity of the disc material at the ISCO.

We therefore now have all of the ingredients required to compute
the evolution of black hole properties resulting from the accretion of
material through a thin disc which contains a finite ISCO stress and
emission from within the plunging region.

Uy = —QUj, (39)

3 RESULTS

3.1 The captured fraction

Some photons emitted from the accretion flow are captured by the
black hole at all radii. At all radii outside of the ISCO this is typically
arelatively small fraction, except for those discs around more rapidly
spinning (a, 2 0.9) black holes, were the ISCO itself becomes close
to the event horizon. Typically for stable disc regions outside of 5M,
less than ~10 per cent of all emitted photons are captured, dropping
to less than 1 percent for r = 10M,.

This picture is radically altered within the plunging region how-
ever. First, and obviously, the plunging region extends right down
to the event horizon, where 100 percent of emitted photons will
be captured. In addition however, and more interestingly, the fluid’s
increasing component of radial velocity will result in the relativistic
beaming of the emitted radiation in the direction of the event horizon,
which naturally results in an increasing capture fraction. This means
that at the same radial scale a photon emitted from plunging material
is significantly more likely to be captured than one emitted from
stably orbiting material (from a disc around a more rapidly spinning
black hole).

To quantitatively examine these effects we compute the local
captured fraction f,(r), which quantifies the fraction of photons

2Formally this ignores the possibility that the ISCO stress could be sourced
from an external torque, such as that driven by magnetic field lines threading
a spinning black hole’s horizon and the inner disc. In this case, the accretion
flow would be directly tapping the spin energy of the black hole, which could
lead to substantially lowered spins Agol & Krolik (2000).
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Figure 1. The fraction of emitted photons which are ultimately captured by
the black hole ( f,) plotted as a function of disc radius for different rest-frame
emission laws in the Schwarzschild metric (top), and for different black hole
spins and isotropic rest-frame emission (bottom). For each black hole spin
the ISCO radius is denoted by vertical-dashed lines, while the horizon radius
is denoted by vertical-dotted lines.

emitted at a given radius which ultimately end up crossing the black
hole’s event horizon. Formally this is given by

fo= /02” /0”/2 C(r,®, 9)S(O, P)cosOsin® dO dd, (C3))
where in this work we shall consider two emissivity laws

S = %, (isotropic), (42)
S = %(1 +2cos®), (electron scattering). 43)

The first is simple isotropic emission in the rest frame (the factor
of 1/m resulting from the fact that S must be correctly normalized),
while the second S o (1 +2cos®) is that of emission which is
‘limb-darkened’ in the manner expected for an electron-scattering
atmosphere.

The radial structure of f, is shown in Fig. 1. In Fig. 1, we show
the fraction of emitted photons which are ultimately captured by the
black hole plotted as a function of disc radius for different rest-frame
emission laws (top), and for different black hole spins (bottom).
For each black hole spin the ISCO radius is denoted by vertical-
dashed lines, while the horizon radius is denoted by vertical-dotted

MNRAS 537, 1963-1972 (2025)

lines. As can be seen for the upper panel comparing different rest-
frame emissivity laws, in the innermost (» < 5M,) regions there is
minimal impact to the capture fraction from different emissivity laws
(close to the horizon relativistic radial beaming dominates the capture
physics). At larger radii isotropic emission results in more photon
capture, this is simply a result of an electron scattering atmosphere
sending more photons ‘up’ (large cos ®) and therefore ‘over’ the
black hole. We have verified that our algorithm reproduces the radial
dependence of the photon capture fraction (outside of the ISCO
where a comparison can be made) of the works of Wilkins et al.
(2020) and Dauser et al. (2022), who each used different algorithms
to compute the same results.

The rest-frame angular distribution of the photons captured by
(red) and escaping (blue) the black hole, for different emission radii
r of a Schwarzschild black hole (a, = 0) is displayed in Fig. 2.
We have represented the spherical rest-frame emission structure in a
two-dimensional ®—® plane. So as to be as explicit as possible the
vertical-dashed line separates photons emitted (in the fluid rest frame)
behind (left of line) and in front (right of line) of the direction of travel
of the fluid element. The far left and right of each plot correspond to
photons emitted radially towards » = 0, and the vertical-dashed line
correspond to photons emitted radially away from the black hole.
Each curve is symmetric in the vertical direction about ® = 7 /2.

We note that there is an interesting topological change in the
boundary of the captured photon angular distribution at an emission
radius r >~ 3.4M,, the origin of this effect is that at this radial
location the fluid elements are moving at a substantial fraction of
the speed of light. This change in topology explains why electron
scattering atmospheres (which send more photons with large cos ®)
have more captured photons within r < 3.5M, (Fig. 1). We note
that the asymmetry in the capture function shifts from being biased
towards retrograde photon emission for » > r; (upper left panel) to
being biased towards prograde photon emission for r — r, (lower
right panel).

The effects of black hole spin are more interesting than the effects
of differing emissivity shape functions. Higher (prograde) spins push
the ISCO closer to the horizon, and therefore prevent relativistic
radial-beaming from beginning to dominate the capture physics until
much later in the fluid element’s evolution. This is because at the same
radial scale a photon emitted from plunging material is significantly
more likely to be captured than one emitted from stably orbiting
material (from a disc around a more rapidly spinning black hole).
For each black hole spin the capture fraction approaches f, — 1 as
r — ry, as it must. For radii » 2 10M, there is minimal difference
between different black hole spins.

The total fraction of emitted photons which are ultimately captured
depends on the radial structure of the locally emitted flux F, as well
as the radial structure of C. We define

frof fo)rF(r)dr

(foho = I dr (44)

which is the luminosity-weighted capture fraction, a quantity which
depends only on the black hole spin a, and the ISCO stress parameter
8.7. We plot the dependence of ( f,); on the ISCO stress parameter
87 in Fig. 3 for a range of black hole spins.

3.2 Black hole spin evolution

Now that we have a full formalism in place, it is possible to examine
the effects of an ISCO stress, and increased small length-scale
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0
il

Figure 2. The rest-frame angular distribution of the photons captured by (red) and escaping (blue) the black hole, for different emission radii » within the
plunging region of a Schwarzschild black hole. The upper left plot shows the fate of photons emitted at the ISCO location, with subsequent panels getting
progressively closer to the horizon. The vertical-dashed line separates photons emitted (in the fluid rest frame) behind (left of line) and in front (right of line)
of the direction of travel of the fluid element. The far left and right of each plot correspond to photons emitted radially towards r = 0, and the vertical-dashed
line correspond to photons emitted radially away from the black hole. Each curve is symmetric in the vertical direction about ® = /2. There is an interesting
topological change in the boundary of the captured photon angular distribution at an emission radius r ~ 3.4M,. Note that the asymmetry in the capture function
shifts from being biased towards retrograde photon emission for » > r (upper left panel) to being biased towards prograde photon emission for r — r (lower
right panel).
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Figure 3. The luminosity-weighted total photon capture fraction, for black
hole discs with different spins denoted by line colour (lowest spins have
lowest (f,); at lowest ISCO stress) as a function of ISCO stress. At low
ISCO stresses the variance in ( f,);. as a function of black hole spin is large,
with higher spins resulting in much larger total photon capture. As the ISCO
stress is increased both the total captured fraction increases, but also the
variance between different spins decreases, a result of the dropping variance
in the radial flux profiles F(r) as more flux is produced, for all spins, at small
radii.
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Figure 4. The rate of change of the black hole dimensionless spin parameter
during accretion, as a function of spin parameter for different ISCO stress
values in the disc. Spin-up corresponds to values da,/dIn M, > O (i.e. above
the black dashed line), while spin-down corresponds to regions below the
black dashed line. The equilibrium spin parameter for a given ISCO stress
corresponds to the point da,/d In M, = 0. The original Thorne 1974 limit is
shown by the vertical-dotted purple line. Increasing the ISCO stress parameter
results in more emission from within the plunging region, and a lower horizon
angular momentum, reducing the black hole spin-up rate and resulting in a
lower equilibrium spin parameter. GRMHD simulations place the ISCO stress
parameter roughly in the range § 7 ~ 0.02-0.15, depending on the simulation,
reducing the equilibrium spin value to roughly a, jim > 0.99.

emission, on the evolution of the black hole’s spin parameter. Our
main result is displayed in Fig. 4.

In Fig. 4, we display the value of the total ‘torque’ acting on the
black hole as a result of the accretion process, namely da,/d In M,,

MNRAS 537, 1963-1972 (2025)

as a function of black hole spin for a range of ISCO stress parameters.
Spin-up corresponds to values da,/d In M, > O (i.e. above the black-
dashed line), while spin-down corresponds to regions below the
black-dashed line. The equilibrium spin parameter for a given ISCO
stress corresponds to the point da,/d In M, = 0. We see that for low
values of the ISCO stress § 7 < 1072, the equilibrium black hole spin
parameter is largely unchanged from its Thorne (1974) value. This
is as expected.

However, at the level of the ISCO stresses observed in a typical
GRMHD simulation § 7 ~ 0.02-0.15, the equilibrium black hole
spin value begins to deviate from this value (quite substantially for
the more extreme stresses). The dominant effect here is the increased
counteracting torque stemming from increased radiative flux over the
black hole’s horizon. If we introduce the values of the ISCO stress
parameter inferred from observations of systems when photons from
within the plunging region have been detected (e.g. Mummery et al.
2024a; Mummery, Jiang & Fabian 2024b), which require § 7 >~ 0.04,
then the equilibrium spin is @, jim 22 0.99. The largest value of 6 7 the
author is aware of is § 7 ~ 0.2, from the simulation of Noble et al.
(2010). If this value is accurate, then the equilibrium spin is even
lower dq jim =~ 0.95 (red curve Fig. 4).

As a result of this enhanced retarding radiative torque, the
evolutionary histories of black holes accreting via a disc with a finite
ISCO stress are modified. This can be most clearly seen by solving
the coupled evolutionary equations

da. 1 U ( )+ dfmd 261. U ( )+ dE,—ad
= — r — —Uy(r ,
dmo 114.2 o dm() M. oM dmo
dm, dEy,
= —Up(ry) + —=, 45)
dmy dmy

which describe the evolution of the black hole’s mass and spin
parameters as rest mass (parametrized by my) is accreted via a disc.

The solutions of these coupled equations are shown in Fig. 5,
where we plot the evolution of the black hole mass parameter M,
(upper panel) and spin parameter a, as rest mass Amg is added to
the hole via thin disc accretion with varying ISCO stresses (§.7).
The parameter M, ; represents the initial mass parameter of the hole,
which scales out of the problem, and we assume that the initial black
hole was described by the Schwarzschild metric (i.e. a,; = 0).

As an increased ISCO stress parameter results in the black hole
capturing more photons (e.g. Fig. 3), an increased stress results in
a more rapid mass evolution (as the photon flux carries a positive
energy flux over the horizon), and a slower spin evolution (as on
average the photon flux carries a negative net angular momentum
on to the hole). As was highlighted in Fig. 4, this retarding photon
torque results in a lower saturation value for the spin parameter
for an increasing ISCO stress. The black-dashed line shows a
vanishing ISCO stress solution which neglects photon capture (which
corresponds to the original Bardeen solution), while the smallest
ISCO stress solution is to a very good approximation the original
Thorne solution.

4 DISCUSSION AND CONCLUSIONS

The main result of this paper is shown in Figs 4 and 5, namely
that the finite ISCO stresses which are ubiquitously observed in
GRMHD simulations of accretion flows reduce the rate of spin-up of
black holes and ultimately the maximum black hole spin parameter
which can be reached via thin disc accretion. For this deviation to be
non-trivial, the ISCO stress must transport a fraction § 7 2 0.01 of
the ISCO angular momentum back to the disc. The smallest value of
87 the author is aware of from GRMHD simulations is § ; 2~ 0.02
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Figure 5. The evolution of the black hole mass parameter M, (upper panel)
and spin parameter a, as rest mass Amg is added to the hole via thin disc
accretion with varying ISCO stresses (8.7). The parameter M, ; represents
the initial mass parameter of the hole. As a result of the hole capturing
more photons, increasing the ISCO stress parameter results in quicker mass
parameter growth, and retarded spin parameter growth which ultimately
saturates at a lower value. The black dashed line shows a vanishing ISCO
stress solution which neglects photon capture, which corresponds to the
original Bardeen solution.

(Shafee et al. 2008), and observations require § 7 2~ 0.04 (Mummery
et al. 2024a), which would reduce the spin limit to @, jim = 0.99.
More recent simulations (Wielgus et al. 2022) show more substan-
tial deviations § 7 2~ 0.1, which would reduce the spin limit even
further.

To compute this spin limit, we have developed techniques describ-
ing the photon capture cross-sections of emission from within the
plunging region, which to the best of our knowledge is the first time
such calculations have been performed. Unsurprisingly, the fraction
of photons captured by the black hole strongly increases once the
fluid begins its radial plunge, owing both to the increased proximity
of the fluid elements to the horizon, but also to relativistic beaming
and a growing radial velocity component.

While this change in spin parameter is subtle, and it may at first
appear that going from the original Thorne (1974) spin-up limit
of a, jim 22 0.998 to a, 1im > 0.99 is inconsequential, we remind the
reader that there are many quantities in the Kerr metric which are
extremely sensitive functions of 1 — a, in the limit 1 —a, — 0. In
terms of 1 — a,, the inclusion of finite magnetic ISCO stress effects
results in order of magnitude changes to the final state of the black
hole.

Magnetic fields and black hole evolution 1971

This calculation also highlights that as our models of accretion
flows develop and improve from their 1970s forms, it is important to
revisit fundamental questions such as the value of the Thorne (1974)
limit. There are many ways in which the calculations in this paper
could be modified, chiefly in a manner which would further reduce
the maximum spin. If black hole jets (often launched during the
accretion process) are spin powered (e.g. the Blandford & Znajek
1977, model) then the presence of jets will inevitably spin-down
the black hole. Similarly, magnetic field lines which thread both the
event horizon and inner edge of the disc can provide a torque on
the flow, reducing the maximum spin to a significantly lower value
(Agol & Krolik 2000), namely a, jim =~ 0.36 (below which point
the horizon is rotating more slowly than the inner disc and cannot
provide a torque). Finally, and more technically, reheating of the disc
by returning radiation will result in even more photon emission from
the innermost regions, and reduce the spin limit further from those
discussed here.

We encourage similar calculations of the Thorne (1974) limit to
be performed in parallel with developments in accretion theory, as
this limiting black hole spin is a quantity of fundamental interest.
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APPENDIX: GENERALIZED THORNE (1974)
PHOTON CAPTURE ALGORITHM

The original algorithm presented in Thorne (1974) for determining
whether or not an emitted photon is captured by the black hole must
be slightly modified for our purposes owing to the non-zero radial
velocity of the accretion fluid within the plunging region. So as
to be self contained, we reproduce a full version of the algorithm
here. As the absolute value of the black hole mass M, does not
effect the calculations in this section, we take M, = 1 without loss
of generality. One begins by picking a pair of rest frame-photon
emission angles ® and &, for a photon emitted at radius r, and sets
the capture function C(r, ®, ) = 1. One then computes

. = guEiy A, (A

from which the following quantities related to the photons orbital
elements can be defined

j =a?—awmy/(—ny), (A2)
and
k= (j/a.)* —n}/nt. (A3)

Then the algorithm proceeds as follows, where r, = 1 + (1 — a?)'/?
is the event horizon radius

(i) If both j < —(r4)? and r < (—j)'/? then terminate.
(i) If both j < —(r4)* and r > (—j)!/? then set C =0 and
terminate.

If however j > —(r,)?, then one computes the following
quantities

1
a=1+ g(j —2a.)%, (A4)

B=1-a, (A5)
and, if B2 > o then
R=1+@B+ B —aH)'HP taB+ B —aH)»H'3, (A6)

or otherwise

1
R =1+ 2a"?cos (5 arccos (%)) . (A7)

Finally, one computes the quantity

R?> — 2R + a?

e

(A8)

With these quantities calculated, the algorithm proceeds as follows

(1) If each of r < R, n; > 0, and 1/k > V are satisfied then set
C = 0 and terminate.

(>ii) If both of r > R and n, > 0 are satisfied then set C = 0 and
terminate.

(iii) If each of » > R, n, < 0, and 1/k < V are satisfied then set
C = 0 and terminate.

If none of these conditions are met, then the algorithm terminates
with C = 1. The only changes to the Thorne (1974) algorithm used
here are in using the radial component of the photons covariant

four-velocity n, in these final steps as opposed to the sign of the
emission angle cos ¢ as used by Thorne (1974). These algorithms

are equivalent for » > ry, where the fluid moves on circular orbits.

This paper has been typeset from a TEX/IZTEX file prepared by the author.

© 2025 The Author(s).

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.

MNRAS 537, 1963-1972 (2025)

G20 UdJBIN 80 U0 15aNB Aq 086156./€961/2/L€G/2I0IME/SEIUW/WOS"dNO"D1WapED.//:Sd)Y WOy PAPEO|uMOQ


http://dx.doi.org/10.1093/mnras/stac1317
http://dx.doi.org/10.1093/mnras/staa2566
https://creativecommons.org/licenses/by/4.0/

	1 INTRODUCTION
	2 FORMALISM
	3 RESULTS
	4 DISCUSSION AND CONCLUSIONS
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES
	APPENDIX: GENERALIZED THORNE (1974)
PHOTON CAPTURE ALGORITHM

