
MNRAS 537, 1963–1972 (2025) https://doi.org/10.1093/mnras/staf060 
Advance Access publication 2025 January 11 

Black hole-disc coevolution in the presence of magnetic fields: refining the 

Thorne limit with emission from within the plunging region 

Andrew Mummery 

‹

Oxfor d Theor etical Physics, Beecroft Building, Clar endon Laboratory, Parks Road, Oxfor d OX1 3PU, UK 

Accepted 2025 January 8. Received 2025 January 6; in original form 2024 November 6 

A B S T R A C T 

The accretion of material on to a black hole modifies the properties of that hole owing to the capture of both matter and radiation. 
Adding matter to the hole through an accretion disc generally acts to increase the hole’s spin parameter, while the capture of 
radiation generally provides a retarding torque. The balance between the torques provided by adding matter and radiation leads 
to a maximum spin parameter that can be obtained by a black hole which grows by accretion, known as the Thorne limit. In the 
simplest theory of thin disc accretion this Thorne limit has the value a •, lim 

� 0 . 998. The purpose of this paper is to highlight that 
any modification to theories of accretion flows also modify this limiting value, and to compute precisely the modification arising 

from a particular extension of accretion theory: the inclusion of bright emission from within the plunging region which is sourced 

from the magnetohydrodynamic stresses ubiquitously observed in simulations. This extra emission further suppresses black hole 
spin-up and results in ne w, lo wer, limits on the final black hole spin. These limits depend on the details of the magnetic stresses 
acting within the plunging region, but typical values seen in simulations and observations would lower the limit to a •, lim 

� 0 . 99, 
a subtle but not negligible deviation. 

Key words: accretion, accretion discs – black hole physics. 
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 I N T RO D U C T I O N  

he addition of material on to a black hole via an accretion flow
ill, provided a sufficiently large reservoir of material is available, 
rofoundly modify the properties of the black hole itself. This 
s because the accreted matter carries both energy and angular 
omentum, the addition of which modifies the mass and spin 

arameters of the hole. It was first argued by Bardeen ( 1970 ) that an
nitially Schwarzschild black hole would be spun-up to an extremal 
err black hole (with dimensionless spin parameter a • = 1) once 

he mass parameter of the hole had changed from M • = M i to
 • = 

√ 

6 M i . In other words, roughly doubling the mass of the black
ole by accretion also spins it up to maximal rotation. 
The Bardeen ( 1970 ) argument only considers the effects of adding
atter to the black hole, which is not the only form of stress energy

resent in an accreting system. Thorne ( 1974 ) refined the analysis of
ardeen ( 1970 ) by including the energy and angular momentum 

arried on to the black hole by the photon field emitted by the
ccretion flow. Photons carry angular momentum and energy, and 
herefore their capture also modifies the evolution of the black hole. 
t is, generally speaking, difficult to capture a photon, even for a
lack hole. Photons which are counter rotating with respect to the 
lack hole’s spin axis must ‘work against’ the rotation of the hole,
nd have a larger capture cross-section (Thorne 1974 ). Therefore, 
hotons generally provide a net negative angular momentum flux 
n to the black hole, spinning it down. Thorne ( 1974 ) showed that
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ncorporating the effects of photon capture results in a limiting black
ole spin at which the torque from the accreting matter is balanced
y the retarding torque of the radiation field, at which point the spin
volution of the black hole stops. This limiting spin has a very well
no wn v alue a •, lim 

� 0 . 998, and is kno wn as the ‘Thorne limit’. 
What is perhaps less widely appreciated is that, while the spirit

f the calculation is model independent (photon capture will al w ays
ct to spin-down the hole owing to the basic properties of their
apture cross-section), the actual numerical value of the limiting 
pin is a model-dependent statement. Any modification to theoretical 
escriptions of accretion flows will also modify this limiting value, 
nd therefore this limit should be re-examined as our theories of
ccretion flows develop from their 1970s forms. 

One modification discussed in the original Thorne ( 1974 ) analysis
s the potential implications of magnetic fields acting in the innermost
egions of the disc. Indeed, Thorne ( 1974 ) notes that magnetic fields
ould modify the vanishing ISCO (innermost stable circular orbit) 
tress assumption employed in their analysis, which would result 
n an increased photon flux being emitted on small scales (photons
hich are therefore most likely to be captured), increasing the net

pin-do wn ef fect of the radiation field. We now of course know
hat magnetic stresses are essential for driving the accretion process 
Balbus & Ha wle y 1991 ), and flux-freezing results in large enough
agnetic stresses in the plunging region to keep the accretion flow

ot in the innermost regions (Gammie 1999 ; Krolik 1999 ). This
asic result (which cannot be captured by the α-viscosity toy model,
hich is unphysical in this regime) has been confirmed by numerous
eneral Relativistic Magnetohydrodynamic (GRMHD) simulations 
 v er the years (e.g. Noble, Krolik & Ha wle y 2010 ; Schnittman,
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rolik & Noble 2016 ; Wielgus et al. 2022 ). Some of the implications
or black hole spin evolution in the presence of a magnetic ISCO
tress were first discussed in Agol & Krolik ( 2000 ), although their
nalysis neglected photons emitted from the plasma on the plunge
tself. Indeed, we do not believ e an y calculation including the
aptured photon flux emitted from plunging gas has been performed
n the literature. 

It is the purpose of this short paper to revisit the Thorne ( 1974 ) limit
alculation using extended models for thin accretion flows which
ow include emission from within the ISCO. We shall show that the
dditional dissipation at and within the ISCO results in an increased
etarding radiation torque, and therefore a slower rate of black hole
pin-up and lower equilibrium spin limits. 

This is an important result, as the study of coevolving black hole–
isc systems have implications for the present day properties of
he population of supermassive black holes which reside in galactic
entres and, ultimately, of the properties of their galaxies themselves
Silk & Rees 1998 ). Unlike accreting stellar mass black hole systems,
hich generally do not have a large enough mass b udget a vailable to

ccrete and change the hole’s properties, supermassive black holes
re expected to change their natal mass by large factors across cosmic
istory (by accreting circumnuclear material, and/or undergoing
ergers), and therefore will have spin parameters set by the particular

istory of their cosmic evolution (see e.g. Piotrowska et al. 2024 , for
 recent discussion). A reduction in the rate of black hole spin-
p caused by accretion, and lower saturating spin values, therefore
ust be taken into account when inferring evolution histories from

resent day spin measurements. As the spin of a black hole sets
to leading order) the radiative efficiency of the accretion process
nd the power of relativistic jets launched from the disc (if powered
y the Blandford & Znajek 1977 , mechanism), this black hole spin
volution also influences all of the feedback mechanisms accreting
lack holes have on galaxy evolution (Fabian 2012 ) and, therefore,
n cosmological galaxy evolution. 
The layout of the paper is as follows. In Section 2 , we lay out the

horne ( 1974 ) formalism, and extend it to include photons emitted
rom fluid elements which are not on circular orbits. In Section 3 ,
he results of this analysis are presented, and are discussed in Section
 . A photon capture algorithm which extends the Thorne ( 1974 )
rocedure to include emitting gas with a non-zero radial velocity is
resented in Appendix A . 

 FORMALISM  

.1 The metric 

or the remainder of this paper we shall work in a units system in
hich G = 1 = c. The Kerr metric in Boyer–Lindquist coordinates

akes the following form, which we present here in terms of its
nvariant line element d s 2 ≡ g μνd x μd x ν

 s 2 = −
(

1 − 2 M •r 
� 

)
d t 2 − 4 M •ra sin 2 θ

� 

d t d φ + 

� 

� 

d r 2 

+ � d θ2 + 

(
r 2 + a 2 + 

2 a 2 r sin 2 θ

� 

)
sin 2 θ d φ2 , (1) 

here M • is the black hole mass, and a is the angular momentum
onstant of the black hole a = J /M • (with the same dimensions as
he mass in this unit system), where J is the total angular momentum
f the black hole. We have defined the following shorthand functions
ollowing the notation of Bardeen, Press & Teukolsky ( 1972 ): 

 = r 2 − 2 M •r + a 2 , (2) 
NRAS 537, 1963–1972 (2025) 
 = r 2 + a 2 cos 2 θ. (3) 

e shall also work with the dimensionless black hole spin a • in this
aper 

 • ≡ a/M •, | a •| < 1 . (4) 

he coordinates have the following physical interpretation, t is the
ime as measured at infinity, and the three spatial coordinates ( r, θ, φ)
hich have their usual quasi-spherical meaning. 

.2 Black hole evolution driven by accretion 

onsider a fluid element of rest mass δm 0 which is accreted on to
 black hole through a disc. After it crosses the event horizon and
alls down to the singularity, it will increase the angular momentum
f the black hole by 

J = δm 0 U φ( r + 

) , (5) 

nd will increase the mass parameter of the black hole by 

M • = −δm 0 U 0 ( r + 

) , (6) 

here U φ and U 0 are the azimuthal and time components of the fluid
lement’s co variant four-v elocity, evaluated at the point the fluid
lement crosses the event horizon ( r + 

/M • = 1 + 

√ 

1 − a 2 •). These
oupled evolutionary equations ( 5 and 6 ) were first solved by Bardeen
 1970 ) and – under the assumption that U φ and U 0 at the horizon are
iven by their values at the last stable circular orbit – can be used to
how that thin disc accretion inevitably leads to a • = 1 after a finite
mount of mass is added to the black hole. This argument, ho we ver,
eglects the impact of the radiation emitted via the accretion process
n the black hole’s evolution, as was first pointed out by Thorne
 1974 ). 

A fluid element which spirals on to the black hole through a
adiati vely ef ficient accretion flo w will also emit radiation o v er the
ourse of its journey through the disc. Some of this radiation will be
aptured by the black hole, and as photons carry energy and angular
omentum this photon flux will impact the evolution of the black

ole’s mass and spin parameters. The evolutionary equations for the
lack hole are thus modified to 

J = δm 0 U φ( r + 

) + δJ rad , (7) 

nd 

M • = −δm 0 U 0 ( r + 

) + δE rad , (8) 

here δJ rad is the total angular momentum flux on to the black hole
rom all of the photons which were emitted by the fluid element o v er
ts journey through the disc, and δE rad the corresponding total photon
nergy flux. Combining these modified evolutionary equations, one
an compute the evolution of 

d a •
d ln M •

= M •
d m 0 

d M •

d 

d m 0 

(
J 

M 

2 •

)
, (9) 

r explicitly 

d a •
d ln M •

= 

1 

M •

[
U φ( r + 

) + d J rad / d m 0 

−U 0 ( r + 

) + d E rad / d m 0 

]
− 2 a •, (10) 

hich is the most convenient form to use analytically . Clearly ,
he non-trivial element of this calculation lies in computing the
hoton flux quantities d J rad / d m 0 and d E rad / d m 0 . The technique for
alculating these quantities was described by Thorne ( 1974 ), for
hich the interested reader may wish to turn for full details. For our
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urposes it is simplest to write down the final result of this analysis,
efore examining the physical quantities involved and seeing why 
his must be the correct result. Over the course of the fluid elements
volution through the disc the angular momentum flux on to the black
ole from its emitted photon field is given by 

d J rad 

d m 0 
= 

1 

Ṁ 

∫ ∞ 

r + 

∫ π/ 2 

0 

∫ 2 π

0 

{
n φ( r, �, � ) C( r, �, � ) 

S( �, � ) cos � sin � 4 πr F ( r ) 
}

d � d � d r, (11) 

hile the energy flux is similarly given by 

d E rad 

d m 0 
= 

1 

Ṁ 

∫ ∞ 

r + 

∫ π/ 2 

0 

∫ 2 π

0 

{
( −n 0 ( r, �, � )) C( r, �, � ) 

S( �, � ) cos � sin � 4 πr F ( r ) 
}

d � d � d r. (12) 

et us begin by defining the quantities involved. The angles � and �
epresent the emission angles of each photon in the rest frame of the
rbiting fluid element, where � is the angle down from the vertical
defined by the disc axis, which we shall assume is also the black hole
pin axis) and � the angle around the disc axis. The function S( �, � )
s an emissivity shape function, which is formally arbitrary and 
escribes the angles into which photons are emitted in the rest frame
e.g. isotropically, from an electron-scattering atmosphere, etc.). This 
hape function must only satisfy the normalization condition ∫ 2 π

0 

∫ π/ 2 

0 
S( �, � ) cos � sin � d � d � = 1 . (13) 

he factor sin � here is the usual Jacobian factor of spherical 
oordinates, while the factor cos � comes into the analysis as 
he disc flux escapes in the vertical direction, and so it is the
ertical component of the photon stress-energy tensor which we 
re ultimately therefore interested in. 

The quantity F ( r) represent the total locally emitted flux of the
isc at each radius, meaning that 2 πr F ( r ) d r is the locally liberated
uminosity from the surface of each disc annulus (the extra factor 2
n the abo v e e xpressions therefore making this the total luminosity
mitted from each disc annulus accounting for both of the upper and
ower disc faces). This means that the integral ∫ ∞ 

r + 
4 πr F ( r ) d r = L bol , (14) 

here L bol is the bolometric luminosity of the disc. 
The final, and most important, factors are C( r, �, � ) and the

omponents n μ( r, �, � ). The function C( r, �, � ) is a ‘capture
unction’, and is equal to C = 1 if the photon emitted from radius r 
t rest-frame angles �, � is ultimately captured by the black hole,
nd C = 0 otherwise. The components n μ( r, �, � ) represent the
ormalized co variant four-v elocity of the photon emitted from radius
 at rest-frame angles �, � in the Boyer–Lindquist coordinate frame. 
herefore, n φ represent the normalized angular momentum of the 
ngular momentum carried by the photon, and −n 0 the energy. This
ormalization condition is chosen so that n 0 = 1 in the rest frame of
he fluid element, as the total energy emitted from all the photons is
lready fixed by the inclusion of the factor 4 πr F ( r ). 

Therefore, if C = 1 for all photons, the abo v e inte grals would
imply count the total energy and angular momentum carried by all 
hotons emitted from the disc per unit time. By normalizing both 
ntegrals by 1 / Ṁ , where Ṁ is the physical mass accretion rate in the
isc, this then becomes the angular momentum and energy carried 
y the photon field per unit rest mass accreted. The inclusion of the
apture function C therefore specialises these integrals to only those 
hotons which are captured by the black hole, and therefore they 
epresent the angular momentum and energy flux on to the black
ole from the disc radiation field, per unit accreted mass. 
As a general rule, it is more likely that a photon with angular
omentum component pointing in the opposite direction to the black 

ole’s angular momentum will be captured by the black hole. In
ome sense these photons have to ‘work against’ the dragging of
pace–time in the direction of the black hole’s spin. Therefore, it is
enerally the case that more ne gativ e angular momentum photons
re captured by the black hole, and the effect of disc radiation is
ltimately to produce a retarding torque on the black hole, stopping
t from reaching the Bardeen ( 1970 ) result of a • = 1. 

The degree to which the disc photon field acts to retard the spin-up
f the black hole is dependent on the precise model for the accretion
ow itself. This model dependence enters in two distinct physical 
reas. First, the spin-up itself is dependent on the components of the
uid energy and angular momentum at the horizon, and therefore is
ensitive to the assumed dynamics of the accretion flow . Secondly ,
he locally emitted flux F ( r) naturally sets the o v erall scale at which
hotons can/cannot effect this spin-up, and so the spin evolution is
ensitive to the assumed thermodynamics of the disc flow. 

Thorne ( 1974 ) solved the evolutionary equation ( 10 ) under the
ssumption that the orbital fluid components U φ( r + 

) , U 0 ( r + 

) where
iven by the values associated with the circular motion at the ISCO,
here it was then assumed they dropped out of the flow without

ommunicating with the disc further. Correspondingly, the disc 
ux F ( r) was assumed to vanish at the ISCO under the classical
vanishing ISCO stress’ assumption. Thorne ( 1974 ) noted that in
he presence of magnetic fields (which we now know are essential
o the accretion process; Balbus & Ha wle y 1991 ), this dynamical
ssumption may be modified, something we no w kno w is true
rom numerous GRMHD simulations (see e.g. Noble et al. 2010 ;
chnittman et al. 2016 ; Wielgus et al. 2022 , among many others).
horne ( 1974 ) also noted that this modification to the dynamics
ould only have a very small effect on the ultimate spin-up of the
lack hole, even for moderate ∼10 per cent deviations in U φ( r + 

)
nd U 0 ( r + 

) from their ISCO values. 
This part of the Thorne ( 1974 ) argument is correct (and will

e verified in this paper), ho we ver what was not noted at that
ime was that a modification to U φ( r + 

) and U 0 ( r + 

) will result
n a corresponding increase in the disc dissipation, which can 
ubstantially modify F ( r) in the innermost disc regions. We will
how in this paper that this modification to F ( r) is much more
mportant than the effects of a pure change in the disc dynamics,
nd results in further, more substantial, modification of the limiting 
pin-up value. 

Before we compute these final spin-up values, we must first 
onstruct the capture function C( r, �, � ) and relate the photons
o variant four v elocity n λ to the rest-frame emission angles �

nd � . 

.3 Locally inertial frames in the Kerr metric 

he Kerr space–time can, at all radii r > 0, al w ays be described by
an infinite family of) locally inertial coordinate systems, in which the 
etric is locally flat. This infinite family of such coordinate systems

t each radius are simply related by (formally arbitrary) rotations 
nd Lorentz boosts. As the construction of a rotation/Lorentz 
ransformation between any two inertial frames is trivial, the key 
ngredient in this analysis is finding any sufficiently general local 
oordinate system to work with as a base transformation. 

Such a coordinate system was first identified by Bardeen et al.
 1972 ), and is known as the Zero Angular Momentum Observer
MNRAS 537, 1963–1972 (2025) 
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hereafter ZAMO) frame. 1 The transformation from the Boyer–
indquist coordinate system to the ZAMO frame is described by

he following matrix: 

 

( a) 
μ = 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

√ 

�� 

A 
0 0 0 

0 
√ 

� 
� 

0 0 

0 0 
√ 

� 0 

− 2 aM •r √ 

�A 
0 0 

√ 

A 

� sin 2 θ

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

. (15) 

ote this transformation is well defined only for r > r + 

. The
orresponding inverse transformation is defined by the identity
 

( a) 
μ E 

μ
( b) = δa 

b , and is given by 

 

μ
( a) = 

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

√ 

A 
�� 

0 0 0 

0 
√ 

� 

� 
0 0 

0 0 
√ 

1 
� 

0 

2 aM •r sin θ√ 

�A� 

0 0 
√ 

� sin 2 θ
A 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

. (16) 

ere, we define 

 = ( r 2 + a 2 ) 2 − a 2 ( r 2 − 2 M •r + a 2 ) sin 2 θ, (17) 

gain following the notation of Bardeen et al. ( 1972 ). To be clear
n describing which quantities are e v aluated in which frames, we
se the notation X 

( a) (i.e. Roman alphabet and bracketed index) for
 quantity e v aluated in the ZAMO frame, while we use X 

μ (i.e.
reek alphabet and non-bracketed index) for the Boyer–Lindquist

oordinate system. 
This transformation corresponds physically to describing physical

uantities by their components as measured in the local ZAMO
bserv er’s frame. F or e xample, the four-v elocity a ZAMO observer
ould measure is U 

( a) = E 

( a) 
μ U 

μ, where U 

μ is the four-velocity
easured in Boyer–Lindquist coordinates. One can simply verify

hat 

 ( a)( b) = E 

μ
( a) E 

ν
( b) g μν = η( a)( b) = diag ( −1 , 1 , 1 , 1) , (18) 

eaning that one can use the transformation laws of special relativity
n this frame. 

.4 From the fluid rest frame to Boyer–Lindquist coordinates 

ssume that a fluid element moving with four-velocity U 

μ (in Boyer–
indquist coordinates), emits a photon which, in the fluid rest frame ,
o v es in the direction ̃  n ( α) ≡ ˜ p 

( α) / ̃  p 

( t) (here ˜ p 

( α) is the photon four-
elocity). We once again take care to distinguish the different frames
f reference as far as possible, with quantities e v aluated in the fluid
est frame being denoted ˜ X 

( α) (i.e. with a tilde, the Greek alphabet
nd bracketed indices). For the purposes of our calculation it will be
mportant to determine what this rest-frame direction corresponds to
n the Boyer–Lindquist coordinate system. 

This direction four-vector can be defined in terms of two emission
ngles in the rest frame of the fluid element 

 

 

( α) = 

⎛ ⎜ ⎜ ⎝ 

1 
sin � cos � 

sin � sin � 

cos � 

⎞ ⎟ ⎟ ⎠ 

, (19) 
NRAS 537, 1963–1972 (2025) 

 Note that Bardeen et al. 1972 originally named this the Locally Non-Rotating 
rame. Both names remain in use in the literature. 

U

U

here we use the notation of Thorne ( 1974 ) to distinguish these
est-frame emission angles from the metric coordinates θ, φ. 

The Lorentz transform from the rest frame of the fluid to the
AMO frame is given by the standard 4 × 4 special relativistic

ransformation law 

 

( a) 
( α) ≡

(
γ + γ � β T 

+ γ � β I 3 + ( γ − 1) � β � β T /β2 

)
, (20) 

here the four-velocity of the fluid element in the ZAMO frame
efines γ and � β

 

( a) = E 

( a) 
μ U 

μ ≡ γ

(
1 
� β

)
, (21) 

he 3 × 3 identity matrix is denoted I 3 = diag (1 , 1 , 1), the transpose
peration is denoted with a superscript T , and β2 ≡ δij β

i βj . 
Combining these results one can relate the emission direction in

he fluid rest frame to that observed in the coordinate frame 

 

μ = E 

μ
( a) � 

( a) 
( α) ̃  n ( α) , (22) 

ith corresponding co variant four-v ector n λ = g λμn μ. This covariant
orm will be particularly important as it describes the (normalized)
ngular momentum and energy of the photon in Boyer–Lindquist
oordinates, which are the quantities which effect the evolution of
he hole. With n λ determined, the capture function C( r, �, � ) can
e determined with a modified version of the original Thorne ( 1974 )
lgorithm, presented in Appendix A . This modification is required
o account for those photons emitted from fluid elements which are
n plunging orbits, which were not originally considered by Thorne
 1974 ). 

As noted previously (e.g. in Bardeen et al. 1972 ; Thorne 1974 ),
his result (equation 22 ) can be written in a particularly simple final
orm for fluid elements following an equatorial circular orbit. For
lunging fluid elements a similar result can be derived, but it is not
articularly illuminating. 

.5 The full formalism 

e are now in a position to construct our full calculation of the
imiting black hole spin. We shall assume, for the purposes of
alculating the photon capture function, that the disc fluid follows
ircular orbits outside of the ISCO, and upon crossing the ISCO
lunges toward the black hole on a trajectory well approximated
y a geodesic infall. This results in four-velocity components (e.g.
isner, Thorne & Wheeler 1973 ) 

 

r = 0 , (23) 

 

φ = 

√ 

M •/ r 3 (
1 − 3 M •/r + 2 a 

√ 

M •/ r 3 
)1 / 2 , (24) 

 

0 = 

1 + a 
√ 

M •/ r 3 (
1 − 3 M •/r + 2 a 

√ 

M •/ r 3 
)1 / 2 , (25) 

or radii larger than the ISCO. Within the ISCO the fluid is assumed
o spiral inwards while conserving (to leading order) its angular
omentum and energy, which results in (Mummery & Balbus 2022 )

 

r = −
√ 

2 M •
3 r I 

( r I 

r 
− 1 

)3 / 2 
, (26) 

 

φ = 

2 M •γI a + J I ( r − 2 M •) 

r ( r 2 − 2 M •r + a 2 ) 
, (27) 
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2 Formally this ignores the possibility that the ISCO stress could be sourced 
from an external torque, such as that driven by magnetic field lines threading 
a spinning black hole’s horizon and the inner disc. In this case, the accretion 
flow would be directly tapping the spin energy of the black hole, which could 
lead to substantially lowered spins Agol & Krolik ( 2000 ). 
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0 = 

γI ( r 3 + ra 2 + 2 M •a 2 ) − 2 J I M •a 
r ( r 2 − 2 M •r + a 2 ) 

, (28) 

here we denote by r I the ISCO radius, and 

 I = 2 
√ 

3 M •

(
1 − 2 a 

3 
√ 

M •r I 

)
, (29) 

I = 

√ 

1 − 2 M •
3 r I 

. (30) 

hese four-velocity components are used for the purposes of calcu- 
ating the photon emission properties and capture function. These 
uid velocities are not exact solutions of the fluid equations, as
ngular momentum and energy are not perfectly advected with the 
ow. There are deviations at the per cent level (this is after all the
rigin of the ISCO stress). These discrepancies do not substantially 
lter the photon capture physics. 

The locally emitted disc flux is given by the extended disc model
f Mummery et al. ( 2024a ), which includes emission from within
he ISCO of the black hole’s space–time. The key component which 
nters the spin-down expressions is the locally radiated flux, which 
utside of the ISCO is given by 

 ( r ) = 

3 Ṁ 

8 πM 

2 •

f 2 ( x) 

x 6 

[
f 1 ( x) −

(x I 

x 

)
f 1 ( x I )(1 − δJ 

) 

]
, (31) 

here 

 ≡
√ 

r 

M •
, x I ≡

√ 

r I 

M •
, (32) 

 1 ( x) = 1 − 3 a •
2 x 

ln ( x) + 

1 

x 

2 ∑ 

λ= 0 

k λ ln | x − x λ| , (33) 

 λ ≡ 2 x λ − a •(1 + x 2 λ) 

2(1 − x 2 λ) 
, (34) 

 λ = 2 cos 

[
1 

3 
cos −1 ( −a •) − 2 πλ

3 

]
, (35) 

 2 ( x) = 

[
1 − 3 

x 2 
+ 

2 a •
x 3 

]−1 

. (36) 

his is precisely the generalization of the classical No viko v & Thorne 
 1973 ), Page & Thorne ( 1974 ) relativistic thin disc solutions, in
he presence of a finite ISCO stress. This finite ISCO stress is
arametrized by δJ 

, which can be thought of as the fraction of
he specific angular momentum ‘passed back’ into the disc from 

he r ≤ r I region by whatever process is generating the stress at the
SCO. In the limit δJ 

→ 0, this flux returns to the model used in
horne ( 1974 ). 
Within the ISCO, we use the solutions of the intra-ISCO ther- 
odynamic equations derived in Mummery & Balbus ( 2023 ). We 

ssume that the flow is radiation pressure dominated (as would be 
he case for a black hole disc accreting at high accretion rates), so
hat the intra-ISCO radiative flux is 

 ( r < r I ) = F I 

(
r 

r I 

)−17 / 7 [1 

ε

( r I 

r 
− 1 

)3 / 2 
+ 1 

]−4 / 28 

, (37) 

here ε � 10 −3 is equal to ε ≡ √ 

3 r I c 2 s / 2 M • where c s is the speed 
f sound in the inner-disc regions (normalized by the speed of light
n our unit system; see Mummery & Balbus 2023 , for more details).
n this expression, F I is equal to the extra-ISCO expression (equation 
1 ) e v aluated at r = r I . 
The final element of our analysis is to determine the fluid elements

ngular momentum and energy as they cross the event horizon. While 
he precise modifications to the fluid behaviour within the ISCO will
epend on the details of the angular momentum transport by magnetic 
tresses, it is possible to relate the fluid angular momentum at the
orizon to the ISCO stress boundary condition discussed abo v e. F or
here to be a finite ISCO stress the fluid’s event horizon angular

omentum must be reduced by a factor δJ 

from its ISCO angular
omentum 

2 , i.e. 

 φ( r + 

) = J horizon = J I (1 − δJ 

) . (38) 

his reduced angular momentum will also modify the energy of the
uid elements. Kerr metric circular orbits satisfy the energy-angular 
omentum relationship (e.g. Page & Thorne 1974 ) 

 

′ 
0 = −�U 

′ 
φ, � = 

√ 

M •/r 3 

1 + a 
√ 

M •/r 3 
, (39) 

here a prime denotes a radial gradient. While the fluid motion will
ot be precisely that of orbits with constants of motion of circular
otion (there remains a stress after all), we can use this result to

stimate the fluid’s (dimensionless) energy parameter at the horizon, 
y assuming that the angular momentum deviation is small and the
rbital elements will therefore be close to their circular values. This
mplies 

− U 0 ( r + 

) = γhorizon = γI − �I δJ 

J I , (40) 

here �I is the angular velocity of the disc material at the ISCO. 
We therefore now have all of the ingredients required to compute

he evolution of black hole properties resulting from the accretion of
aterial through a thin disc which contains a finite ISCO stress and

mission from within the plunging region. 

 RESULTS  

.1 The captured fraction 

ome photons emitted from the accretion flow are captured by the
lack hole at all radii. At all radii outside of the ISCO this is typically
 relatively small fraction, except for those discs around more rapidly
pinning ( a • � 0 . 9) black holes, were the ISCO itself becomes close
o the event horizon. Typically for stable disc regions outside of 5 M •
ess than ∼10 per cent of all emitted photons are captured, dropping 
o less than 1 per cent for r � 10 M •. 

This picture is radically altered within the plunging region how- 
v er. First, and ob viously, the plunging re gion e xtends right down
o the event horizon, where 100 per cent of emitted photons will
e captured. In addition ho we ver, and more interestingly, the fluid’s
ncreasing component of radial velocity will result in the relativistic 
eaming of the emitted radiation in the direction of the event horizon,
hich naturally results in an increasing capture fraction. This means 

hat at the same radial scale a photon emitted from plunging material
s significantly more likely to be captured than one emitted from
tably orbiting material (from a disc around a more rapidly spinning
lack hole). 

To quantitativ ely e xamine these effects we compute the local
aptured fraction f •( r), which quantifies the fraction of photons
MNRAS 537, 1963–1972 (2025) 
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Figure 1. The fraction of emitted photons which are ultimately captured by 
the black hole ( f •) plotted as a function of disc radius for different rest-frame 
emission laws in the Schwarzschild metric (top), and for different black hole 
spins and isotropic rest-frame emission (bottom). For each black hole spin 
the ISCO radius is denoted by vertical-dashed lines, while the horizon radius 
is denoted by vertical-dotted lines. 
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mitted at a given radius which ultimately end up crossing the black
ole’s event horizon. Formally this is given by 

 • = 

∫ 2 π

0 

∫ π/ 2 

0 
C( r, �, � ) S( �, � ) cos � sin � d � d �, (41) 

here in this work we shall consider two emissivity laws 

 = 

1 

π
, ( isotropic ) , (42) 

 = 

3 

7 π
(1 + 2 cos � ) , ( electron scattering ) . (43) 

he first is simple isotropic emission in the rest frame (the factor
f 1 /π resulting from the fact that S must be correctly normalized),
hile the second S ∝ (1 + 2 cos � ) is that of emission which is

limb-darkened’ in the manner expected for an electron-scattering
tmosphere. 

The radial structure of f • is shown in Fig. 1 . In Fig. 1 , we show
he fraction of emitted photons which are ultimately captured by the
lack hole plotted as a function of disc radius for different rest-frame
mission laws (top), and for different black hole spins (bottom).
or each black hole spin the ISCO radius is denoted by vertical-
ashed lines, while the horizon radius is denoted by vertical-dotted
NRAS 537, 1963–1972 (2025) 
ines. As can be seen for the upper panel comparing different rest-
rame emissivity laws, in the innermost ( r � 5 M •) regions there is
inimal impact to the capture fraction from different emissivity laws

close to the horizon relativistic radial beaming dominates the capture
hysics). At larger radii isotropic emission results in more photon
apture, this is simply a result of an electron scattering atmosphere
ending more photons ‘up’ (large cos � ) and therefore ‘o v er’ the
lack hole. We have verified that our algorithm reproduces the radial
ependence of the photon capture fraction (outside of the ISCO
here a comparison can be made) of the works of Wilkins et al.

 2020 ) and Dauser et al. ( 2022 ), who each used different algorithms
o compute the same results. 

The rest-frame angular distribution of the photons captured by
red) and escaping (blue) the black hole, for different emission radii
 of a Schwarzschild black hole ( a • = 0) is displayed in Fig. 2 .
e have represented the spherical rest-frame emission structure in a

wo-dimensional � –� plane. So as to be as explicit as possible the
ertical-dashed line separates photons emitted (in the fluid rest frame)
ehind (left of line) and in front (right of line) of the direction of travel
f the fluid element. The far left and right of each plot correspond to
hotons emitted radially towards r = 0, and the vertical-dashed line
orrespond to photons emitted radially away from the black hole.
ach curve is symmetric in the vertical direction about � = π/ 2. 
We note that there is an interesting topological change in the

oundary of the captured photon angular distribution at an emission
adius r � 3 . 4 M •, the origin of this effect is that at this radial
ocation the fluid elements are moving at a substantial fraction of
he speed of light. This change in topology explains why electron
cattering atmospheres (which send more photons with large cos � )
ave more captured photons within r � 3 . 5 M • (Fig. 1 ). We note
hat the asymmetry in the capture function shifts from being biased
owards retrograde photon emission for r > r I (upper left panel) to
eing biased towards prograde photon emission for r → r + 

(lower
ight panel). 

The effects of black hole spin are more interesting than the effects
f differing emissivity shape functions. Higher (prograde) spins push
he ISCO closer to the horizon, and therefore prevent relativistic
adial-beaming from beginning to dominate the capture physics until
uch later in the fluid element’s evolution. This is because at the same

adial scale a photon emitted from plunging material is significantly
ore likely to be captured than one emitted from stably orbiting
aterial (from a disc around a more rapidly spinning black hole).
or each black hole spin the capture fraction approaches f • → 1 as
 → r + 

, as it must. For radii r � 10 M • there is minimal difference
etween different black hole spins. 

The total fraction of emitted photons which are ultimately captured
epends on the radial structure of the locally emitted flux F , as well
s the radial structure of C. We define 

〈 f •〉 L = 

∫ ∞ 

r + f •( r ) r F ( r ) d r ∫ ∞ 

r + r F ( r ) d r 
, (44) 

hich is the luminosity-weighted capture fraction, a quantity which
epends only on the black hole spin a • and the ISCO stress parameter
J 

. We plot the dependence of 〈 f •〉 L on the ISCO stress parameter
J 

in Fig. 3 for a range of black hole spins. 

.2 Black hole spin evolution 

ow that we have a full formalism in place, it is possible to examine
he effects of an ISCO stress, and increased small length-scale
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Figure 2. The rest-frame angular distribution of the photons captured by (red) and escaping (blue) the black hole, for different emission radii r within the 
plunging region of a Schwarzschild black hole. The upper left plot shows the fate of photons emitted at the ISCO location, with subsequent panels getting 
progressively closer to the horizon. The vertical-dashed line separates photons emitted (in the fluid rest frame) behind (left of line) and in front (right of line) 
of the direction of travel of the fluid element. The far left and right of each plot correspond to photons emitted radially towards r = 0, and the vertical-dashed 
line correspond to photons emitted radially away from the black hole. Each curve is symmetric in the vertical direction about � = π/ 2. There is an interesting 
topological change in the boundary of the captured photon angular distribution at an emission radius r � 3 . 4 M •. Note that the asymmetry in the capture function 
shifts from being biased towards retrograde photon emission for r > r I (upper left panel) to being biased towards prograde photon emission for r → r + (lower 
right panel). 
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Figure 3. The luminosity-weighted total photon capture fraction, for black 
hole discs with different spins denoted by line colour (lowest spins have 
lo west 〈 f •〉 L at lo west ISCO stress) as a function of ISCO stress. At low 

ISCO stresses the variance in 〈 f •〉 L as a function of black hole spin is large, 
with higher spins resulting in much larger total photon capture. As the ISCO 

stress is increased both the total captured fraction increases, but also the 
variance between different spins decreases, a result of the dropping variance 
in the radial flux profiles F ( r) as more flux is produced, for all spins, at small 
radii. 

Figure 4. The rate of change of the black hole dimensionless spin parameter 
during accretion, as a function of spin parameter for different ISCO stress 
values in the disc. Spin-up corresponds to values d a •/ d ln M • > 0 (i.e. abo v e 
the black dashed line), while spin-down corresponds to regions below the 
black dashed line. The equilibrium spin parameter for a given ISCO stress 
corresponds to the point d a •/ d ln M • = 0. The original Thorne 1974 limit is 
shown by the vertical-dotted purple line. Increasing the ISCO stress parameter 
results in more emission from within the plunging region, and a lower horizon 
angular momentum, reducing the black hole spin-up rate and resulting in a 
lower equilibrium spin parameter. GRMHD simulations place the ISCO stress 
parameter roughly in the range δJ 

∼ 0 . 02 –0 . 15, depending on the simulation, 
reducing the equilibrium spin value to roughly a •, lim 

� 0 . 99. 
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mission, on the evolution of the black hole’s spin parameter. Our
ain result is displayed in Fig. 4 . 
In Fig. 4 , we display the value of the total ‘torque’ acting on the

lack hole as a result of the accretion process, namely d a •/ d ln M •,
NRAS 537, 1963–1972 (2025) 
s a function of black hole spin for a range of ISCO stress parameters.
pin-up corresponds to values d a •/ d ln M • > 0 (i.e. abo v e the black-
ashed line), while spin-down corresponds to regions below the
lack-dashed line. The equilibrium spin parameter for a given ISCO
tress corresponds to the point d a •/ d ln M • = 0. We see that for low
alues of the ISCO stress δJ 

� 10 −2 , the equilibrium black hole spin
arameter is largely unchanged from its Thorne ( 1974 ) value. This
s as expected. 

Ho we ver, at the level of the ISCO stresses observed in a typical
RMHD simulation δJ 

∼ 0 . 02 –0 . 15, the equilibrium black hole
pin value begins to deviate from this value (quite substantially for
he more extreme stresses). The dominant effect here is the increased
ounteracting torque stemming from increased radiative flux o v er the
lack hole’s horizon. If we introduce the values of the ISCO stress
arameter inferred from observations of systems when photons from
ithin the plunging region have been detected (e.g. Mummery et al.
024a ; Mummery, Jiang & Fabian 2024b ), which require δJ 

� 0 . 04,
hen the equilibrium spin is a •, lim 

� 0 . 99. The largest value of δJ 

the
uthor is aware of is δJ 

∼ 0 . 2, from the simulation of Noble et al.
 2010 ). If this value is accurate, then the equilibrium spin is even
ower a •, lim 

� 0 . 95 (red curve Fig. 4 ). 
As a result of this enhanced retarding radiative torque, the

volutionary histories of black holes accreting via a disc with a finite
SCO stress are modified. This can be most clearly seen by solving
he coupled evolutionary equations 

d a •
d m 0 

= 

1 

M 

2 •

[
U φ( r + 

) + 

d J rad 

d m 0 

]
− 2 a •

M •

[
−U 0 ( r + 

) + 

d E rad 

d m 0 

]
, 

d M •
d m 0 

= −U 0 ( r + 

) + 

d E rad 

d m 0 
, (45) 

hich describe the evolution of the black hole’s mass and spin
arameters as rest mass (parametrized by m 0 ) is accreted via a disc. 
The solutions of these coupled equations are shown in Fig. 5 ,

here we plot the evolution of the black hole mass parameter M •
upper panel) and spin parameter a • as rest mass �m 0 is added to
he hole via thin disc accretion with varying ISCO stresses ( δJ 

).
he parameter M •,i represents the initial mass parameter of the hole,
hich scales out of the problem, and we assume that the initial black
ole was described by the Schwarzschild metric (i.e. a •,i = 0). 
As an increased ISCO stress parameter results in the black hole

apturing more photons (e.g. Fig. 3 ), an increased stress results in
 more rapid mass evolution (as the photon flux carries a positive
nergy flux o v er the horizon), and a slower spin evolution (as on
verage the photon flux carries a negative net angular momentum
n to the hole). As was highlighted in Fig. 4 , this retarding photon
orque results in a lower saturation value for the spin parameter
or an increasing ISCO stress. The black-dashed line shows a
anishing ISCO stress solution which neglects photon capture (which
orresponds to the original Bardeen solution), while the smallest
SCO stress solution is to a very good approximation the original
horne solution. 

 DI SCUSSI ON  A N D  C O N C L U S I O N S  

he main result of this paper is shown in Figs 4 and 5 , namely
hat the finite ISCO stresses which are ubiquitously observed in
RMHD simulations of accretion flows reduce the rate of spin-up of
lack holes and ultimately the maximum black hole spin parameter
hich can be reached via thin disc accretion. For this deviation to be
on-trivial, the ISCO stress must transport a fraction δJ 

� 0 . 01 of
he ISCO angular momentum back to the disc. The smallest value of
J 

the author is aware of from GRMHD simulations is δJ 

� 0 . 02
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Figure 5. The evolution of the black hole mass parameter M • (upper panel) 
and spin parameter a • as rest mass �m 0 is added to the hole via thin disc 
accretion with varying ISCO stresses ( δJ 

). The parameter M •,i represents 
the initial mass parameter of the hole. As a result of the hole capturing 
more photons, increasing the ISCO stress parameter results in quicker mass 
parameter growth, and retarded spin parameter growth which ultimately 
saturates at a lo wer v alue. The black dashed line shows a vanishing ISCO 

stress solution which neglects photon capture, which corresponds to the 
original Bardeen solution. 
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Shafee et al. 2008 ), and observations require δJ 

� 0 . 04 (Mummery
t al. 2024a ), which would reduce the spin limit to a •, lim 

� 0 . 99.
ore recent simulations (Wielgus et al. 2022 ) show more substan-

ial deviations δJ 

� 0 . 1, which would reduce the spin limit even
urther. 

To compute this spin limit, we have developed techniques describ- 
ng the photon capture cross-sections of emission from within the 
lunging region, which to the best of our knowledge is the first time
uch calculations have been performed. Unsurprisingly, the fraction 
f photons captured by the black hole strongly increases once the 
uid begins its radial plunge, owing both to the increased proximity 
f the fluid elements to the horizon, but also to relativistic beaming
nd a growing radial velocity component. 

While this change in spin parameter is subtle, and it may at first
ppear that going from the original Thorne ( 1974 ) spin-up limit
f a •, lim 

� 0 . 998 to a •, lim 

� 0 . 99 is inconsequential, we remind the
eader that there are many quantities in the Kerr metric which are
 xtremely sensitiv e functions of 1 − a • in the limit 1 − a • → 0. In
erms of 1 − a •, the inclusion of finite magnetic ISCO stress effects
esults in order of magnitude changes to the final state of the black
ole. 
This calculation also highlights that as our models of accretion 
o ws de v elop and impro v e from their 1970s forms, it is important to
evisit fundamental questions such as the value of the Thorne ( 1974 )
imit. There are many ways in which the calculations in this paper
ould be modified, chiefly in a manner which would further reduce
he maximum spin. If black hole jets (often launched during the
ccretion process) are spin powered (e.g. the Blandford & Znajek 
977 , model) then the presence of jets will inevitably spin-down
he black hole. Similarly, magnetic field lines which thread both the
vent horizon and inner edge of the disc can provide a torque on
he flow, reducing the maximum spin to a significantly lower value
Agol & Krolik 2000 ), namely a •, lim 

� 0 . 36 (below which point
he horizon is rotating more slowly than the inner disc and cannot
rovide a torque). Finally, and more technically, reheating of the disc
y returning radiation will result in even more photon emission from
he innermost regions, and reduce the spin limit further from those
iscussed here. 
We encourage similar calculations of the Thorne ( 1974 ) limit to

e performed in parallel with developments in accretion theory, as 
his limiting black hole spin is a quantity of fundamental interest. 

C K N OW L E D G E M E N T S  

 w ould lik e to thank Raul for comments on an earlier version of
his manuscript. This work was supported by a Leverhulme Trust 
nternational Professorship grant [number LIP-202-014]. For the 
urpose of Open Access, AM has applied a CC BY public copyright
icense to any Author Accepted Manuscript version arising from this 
ubmission. 

ATA  AVAI LABI LI TY  

o observational data was taken or used in support of this manuscript.
umerical scripts will be shared upon request to the corresponding 

uthor. 

EFERENCES  

gol E. , Krolik J. H., 2000, ApJ , 528, 161 
albus S. A. , Ha wle y J. F., 1991, ApJ , 376, 214 
ardeen J. M. , 1970, Nature , 226, 64 
ardeen J. M. , Press W. H., Teukolsky S. A., 1972, ApJ , 178, 347 
landford R. D. , Znajek R. L., 1977, MNRAS , 179, 433 
auser T. , Garc ́ıa J. A., Joyce A., Licklederer S., Connors R. M. T., Ingram

A., Reynolds C. S., Wilms J., 2022, MNRAS , 514, 3965 
abian A. C. , 2012, ARA&A , 50, 455 
ammie C. F. , 1999, ApJ , 522, L57 
rolik J. H. , 1999, ApJ , 515, L73 
isner C. W. , Thorne K. S., Wheeler J. A., 1973, Gravitation. W.H. Freeman

and Company, San Francisco 
ummery A. , Balbus S., 2022, Phys. Rev. Lett. , 129, 161101 
ummery A. , Balbus S., 2023, MNRAS , 521, 2439 
ummery A. , Ingram A., Davis S., Fabian A., 2024a, MNRAS , 531, 366 
ummery A. , Jiang J., Fabian A., 2024b, MNRAS , 533, L83 
oble S. C. , Krolik J. H., Ha wle y J. F., 2010, ApJ , 711, 959 
o viko v I. D. , Thorne K. S., 1973, in DeWitt C., DeWitt B., eds, Black Holes

(Les Astres Occlus). Gordon and Breach, New York, p. 343 
age D. N. , Thorne, 1974, ApJ , 191, 499 
iotrowska J. M. et al., 2024, Frontiers Astron. Space Sci. , 11, 1324796 
chnittman J. D. , Krolik J. H., Noble S. C., 2016, ApJ , 819, 48 
hafee R. , McKinney J. C., Narayan R., Tchekhovsk o y A., Gammie C. F.,

McClintock J. E., 2008, ApJ , 687, L25 
ilk J. , Rees M. J., 1998, A&A , 331, L1 
horne K. S. , 1974, ApJ , 191, 507 
MNRAS 537, 1963–1972 (2025) 

http://dx.doi.org/10.1086/308177
http://dx.doi.org/10.1086/170270
http://dx.doi.org/10.1038/226064a0
http://dx.doi.org/10.1086/151796
http://dx.doi.org/10.1093/mnras/179.3.433
http://dx.doi.org/10.1093/mnras/stac1593
http://dx.doi.org/10.1146/annurev-astro-081811-125521
http://dx.doi.org/10.1086/312207
http://dx.doi.org/10.1086/311979
http://dx.doi.org/10.1103/PhysRevLett.129.161101
http://dx.doi.org/10.1093/mnras/stad641
http://dx.doi.org/10.1093/mnras/stae1160
http://dx.doi.org/10.1093/mnrasl/slae056
http://dx.doi.org/10.1088/0004-637X/711/2/959
http://dx.doi.org/10.1086/152990
http://dx.doi.org/10.3389/fspas.2024.1324796
http://dx.doi.org/10.3847/0004-637X/819/1/48
http://dx.doi.org/10.1086/593148
http://dx.doi.org/10.48550/arXiv.astro-ph/9801013
http://dx.doi.org/10.1086/152991


1972 A. Mummery 

M

Wielgus M. et al., 2022, MNRAS , 514, 780 
Wilkins D. R. , Garc ́ıa J. A., Dauser T., Fabian A. C., 2020, MNRAS , 498, 

A
P

T  

w  

b  

v  

t  

h  

e  

o  

e  

t

n

f  

e

j

a

k

T
i

 

t

 

q

α

β

a

R

o

R

F

V

W

 

C

 

t
 

C

 

w  

h  

f  

e  

a

T

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/537/2/196
3302 

PPENDIX :  GENERALIZED  T H O R N E  ( 1 9 7 4 )  
H OTO N  C A P T U R E  A L G O R I T H M  

he original algorithm presented in Thorne ( 1974 ) for determining
hether or not an emitted photon is captured by the black hole must
e slightly modified for our purposes owing to the non-zero radial
elocity of the accretion fluid within the plunging region. So as
o be self contained, we reproduce a full version of the algorithm
ere. As the absolute value of the black hole mass M • does not
ffect the calculations in this section, we take M • = 1 without loss
f generality. One begins by picking a pair of rest frame-photon
mission angles � and � , for a photon emitted at radius r , and sets
he capture function C( r, �, � ) = 1. One then computes 

 μ = g μνE 

ν
( a) � 

( a) 
( α) ̃  n ( α) , (A1) 

rom which the following quantities related to the photons orbital
lements can be defined 

 ≡ a 2 • − a •n φ/ ( −n t ) , (A2) 

nd 

 ≡ ( j/a •) 2 − n 2 θ /n 
2 
t . (A3) 

hen the algorithm proceeds as follows, where r + 

= 1 + (1 − a 2 • ) 1 / 2 

s the event horizon radius 

(i) If both j < −( r + 

) 2 and r ≤ ( −j ) 1 / 2 then terminate. 
(ii) If both j < −( r + 

) 2 and r > ( −j ) 1 / 2 then set C = 0 and
erminate. 

If ho we ver j ≥ −( r + 

) 2 , then one computes the follo wing
uantities 
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= 1 + 

1 

3 
( j − 2 a •) 2 , (A4) 

= 1 − a 2 • , (A5) 

nd, if β2 > α3 then 

 = 1 + ( β + ( β2 − α3 ) 1 / 2 ) 1 / 3 + α( β + ( β2 − α3 ) 1 / 2 ) −1 / 3 , (A6) 

r otherwise 

 = 1 + 2 α1 / 2 cos 

(
1 

3 
arccos 

(
β

α3 / 2 

))
. (A7) 

inally, one computes the quantity 

 = 

R 

2 − 2 R + a 2 •
( R 

2 − j ) 2 
. (A8) 

ith these quantities calculated, the algorithm proceeds as follows 

(i) If each of r < R, n r > 0, and 1 /k > V are satisfied then set
 = 0 and terminate. 
(ii) If both of r > R and n r > 0 are satisfied then set C = 0 and

erminate. 
(iii) If each of r > R, n r < 0, and 1 /k < V are satisfied then set
 = 0 and terminate. 

If none of these conditions are met, then the algorithm terminates
ith C = 1. The only changes to the Thorne ( 1974 ) algorithm used
ere are in using the radial component of the photons covariant
our-velocity n r in these final steps as opposed to the sign of the
mission angle cos � as used by Thorne ( 1974 ). These algorithms
re equi v alent for r ≥ r I , where the fluid mo v es on circular orbits. 
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