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Probing Undiscovered Particles with Theory and Data-Driven Tools

Abstract

The Standard Model has been precisely tested by a plethora of experiments and has proved extremely
successful at describing the fundamental interactions of subatomic particles. Despite this, there are numerous
exciting questions motivating the existence of additional physics beyond the Standard Model. In this disser-
tation, we study a variety of theoretical and data-driven tools for discovering this physics. For theoretical
tools, we explore various effective field theories, including those describing: axions mixing with other axions
or non-compact scalars, axion interactions with magnetic monopoles, axion strings interacting with massive
fermions, CP violating Higgs portal dark matter, scalar triplet and singlet-doublet models as solutions to the
CDF-II W mass anomaly, and modifications to Froggatt-Nielsen models for explaining the hierarchy between
different flavors of Standard Model Yukawa couplings. Additionally, we investigate machine learning based

data-driven tools for precision Top-quark mass measurement and for anomaly detection.
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Introduction and Literature Review

1.1 Introduction

The Standard Model is a remarkably successful description of the fundamental interactions of subatomic
particles. Since it was first theorized around 50 years ago, it has been precisely tested at a variety of
experiments. The largest and most general purpose experiments are colliders, including the Large Hadron
Collider (LHC), the Large Electron-Positron Collider (LEP), and the Tevatron. However, a variety of other
smaller scale experiments, including fixed-target experiments, beam dump experiments, cherenkov detectors,
time projection chambers, haloscopes, helioscopes, and many others, have also been used to precisely measure
Standard Model parameters, and to set limits on new physics beyond the Standard Model (BSM).

The Standard Model contains three generations each of leptons and quarks, as well as gauge bosons
(the photon, W and Z bosons, and gluons) and the Higgs boson, all transforming in representations of
the Standard Model gauge group! G = SU(3)¢ x SU(2)w x U(1)y. Out of these, the final piece of the
Standard Model to be discovered was the Higgs boson, which was discovered in 2012 at the LHC. While this
discovery was exciting, it was not surprising — a discovery was anticipated due to a “no-lose theorem,” where

longitudinal gauge boson scattering starts to violate perturbative unitary bounds at scales accessible to the

!Technically this is an oversimplification; there are actually four possible options for the Standard Model gauge
group. The other three are a quotient of G by Zs, Zs, or Zs, respectively [9].



LHC [10]. Since this discovery, however, the roadmap to find additional particles is less clear. Prior to the
first operation of the LHC, there was a sociological predisposition in much of the particle physics community
to expect that the LHC would find BSM physics in the form of low-scale supersymmetry (SUSY) shortly
after it found the Higgs. However, these hopes have gone unfulfilled by the LHC.

Despite this, there is reason to be optimistic that physics beyond the Standard Model (BSM) is still
waiting to be discovered. Many exciting questions remain unanswered. Some, such as the fundamental nature
of dark matter and dark energy, the source of the baryon anti-baryon asymmetry in the early universe, and
the origin of neutrino masses, are tied to experimentally measured quantities that are inexplicable within the
Standard Model and are guaranteed to have a solution beyond it. Others, including several problems with
fine-tuning and explaining large hierarchies (for example, the hierarchy problem, the Strong CP problem,
the cosmological constant problem, and the hierarchy between the size of the masses of different fermion
generations), are more theoretical. While it is in principle possible that there is no fundamental answer to
these more theoretical questions and nature is just tuned by chance, this explanation is unsatisfying and does
not align with our current understanding of small numbers and symmetries. Still other questions are more
contested experimental discrepancies, such as the CDF-II W mass measurement [11], the value of Rp [12-18],
and Hubble tension [19-23], which disagree with the Standard Model prediction but could be due to either
new BSM physics or mismodelled systematic errors. In addition to these questions which can motivate new
low scale physics, there are also questions which must be answered by physics at much higher scales, such as
the correct underlying characterization of quantum gravity or the detailed particle content of the underlying
mechanism (inflation [24-28] being the most compelling currently known possibility) which makes the Cosmic
Microwave Background (CMB) isotropic. Extended solitonic objects like topological defects also have the
potential to generate interesting effects and motivate further study of BSM physics. More details regarding
some of these questions and potential answers will be discussed in §1.2.

Without a clear theoretical prior about which of these questions will first yield a discovery, the most
sensible course of action is a simultaneous exploration of a wide variety of options. However, testing such a
wide variety of theories will be challenging. Making progress will require innovative approaches. In addition
to experimental progress, the development of a variety of theoretical and data-based tools will be necessary.
This includes effective field theory (EFT) based theoretical tools and machine learning (ML) based data-
driven ones.

ML tools in particular are necessary to sift through the enormous quantities of data produced by exper-
iments, to process data quickly, to find subtle patterns in sparse data, and to fully utilize and synthesize the
low level information that detectors collect. In the last decade in particular, the use of these tools in particle

physics has advanced tremendously from the previously state-of-the-art Boosted Decision Trees [29]. This



is partly driven by deploying similar advances from industry, and partly driven by customized architectures
adapted for particle physics tasks. Many different supervised and unsupervised architectures? have been
utilized, including autoencoders, convolutional networks, deep sets, diffusion models, fully-connected dense
networks, generative adversarial networks, graph networks, normalizing flows, recurrent networks, recursive
networks, and transformers. It is outside of the scope of this dissertation to discuss the details of each of
these architectures, but references describing them can be found in [30].

These architectures have been applied to a variety of applications. Many of these tools were studied and
developed in simplified proof of concept scenarios. One example is the many different types of classifiers which
have been explored, including both a wide variety of jet taggers [31-97] and BSM signal versus background
classifiers [38,48,98-109]. Another is anomaly detection algorithms [8, 108-207], which attempt to design
searches which are less model dependent, and will be discussed more in §9. Further examples include tools for
reconstruction and calibration [208-237], decorrelation [36,173,238-250], more efficient simulations [251-313],
parameter estimation [7,314-338] (an example of which is discussed in §8), pile-up mitigation [339-345],
uncertainty quantification and robustness [32, 213,249, 346-364], and unfolding [365-383].

On the experimental side, progress has been sufficient that essentially every state of the art experimental
analysis uses ML tools at some point in the data collection or analysis pipeline. In addition to analyses
which use ML for various smaller pieces (for example, in triggering, calibration, tagging, reconstruction,
and simulation), other analyses are starting to be completed that deploy ML as an indispensable part of
the underlying design of the analysis, such as unsupervised anomaly detection searches [384-387]. More
discussion of these tools can be found in the reviews [253,388-400]. Despite these substantial advances,
there is still room for the development of additional ML tools and also deployment of additional existing
tools to experiment.

Even if we do not discover new particles in the near future, innovations in experimental, theoretical, and
data-based tools are also vital to precisely measuring Standard Model parameters. These precise measure-
ments are both interesting questions in their own right, and also have the potential to indirectly characterize
sources of BSM physics.

The rest of this dissertation is organized as follows. First, in the remainder of this introduction, we
provide more detailed motivation for the existence of BSM physics. Then in §2, §3, and §4, we discuss some
results about and following from the periodicity of axion fields, including consequences of axion interactions
with topological defects. Next, we discuss several BSM models which are motivated by recent experimental
results. In §5, we consider models of CP violating Higgs portal majorana dark matter and discuss the

consistency of these models with various experimental constraints, including the Galactic Center Excess

2Supervised approaches refer to cases where labels are available; in the unsupervised case labels are not used.
Weakly- and Semi-supervised approaches which use incomplete or imperfect labels also exist.



(GCE) of gamma rays. In §6, we study the implications of the recent CDF-II measurement of the W-mass
by performing electroweak fits and exploring the viability of a scalar triplet model or the singlet-doublet
model for explaining the measurement. In §7, we show how BSM physics can be embeddded in nontrivial
ways in Froggatt Nielsen (FN) models (models which are a possible explanation of the flavor hierarchy
between SM couplings), and show how the recent Belle II BR(B — Kvv) measurement can be interpreted
in the context of these models. Finally, in §8 and §9, we investigate ML tools which can be used to precisely
measure the top mass and to perform anomaly detection searches for new physics, respectively. We conclude

in §10. More details about some calculations are also provided in appendices A through F.

1.2 Hints of BSM Physics

Many different questions motivate the search for BSM physics. These questions range from experimental
problems (e.g. dark matter, the origin of neutrino masses) where measured quantities cannot be explained
by the Standard Model, to theoretical ones (i.e. fine tuning problems, the nature of quantum gravity).

In this section, we review several different motivations for the existence of BSM physics in more detail.
Since this is an extremely broad subject, we cannot hope to do justice to all of these topics with thorough
explanations here. Instead, we will provide brief introductions to a subset of topics, primarily those which
will be relevant for later chapters in this dissertation. These topics include the hierarchy problem, weakly
interacting massive particle (WIMP) dark matter, axions and the strong CP problem, aesthetic concerns
within the Standard Model (including the flavor hierarchy), and current experimental anomalies. Some other
motivations for BSM physics, including models of inflation, the origin of neutrino masses, the cosmological
constant problem and the nature of dark energy, and the origin of baryon anti-baryon asymmetry can be

reviewed in [401-410].

1.2.1 The Hierarchy Problem

One of the most well studied motivations for BSM physics is the hierarchy problem. Here, we provide a
very brief introduction to the hierarchy problem and its solutions. A more thorough review can be found
in [409,411] and references therein.

At the heart of the hierarchy problem is the question “Why is the Standard Model Higgs so light?”
Two aspects of this question are worth emphasizing. First, the hierarchy problem applies to the Higgs in
particular because it is a scalar, and scalars get large loop corrections to their mass from heavy scales. This
is true regardless of regulator. For example, using a hard cutoff we will see the mass gets corrections that
depend quadratically on the cutoff, whereas using MS the scalar mass corrections depend quadratically on

the heavy matching scale. Even though we have not observed new BSM particles heavier than the Standard



Model, we know that eventually the Standard Model has to break down as an EFT (either at the Planck
scale due to quantum gravity or below it if additional new physics is discovered), so corrections from these
high scales matter. In order to get a small Higgs mass despite these large corrections, these corrections must
be tuned to cancel very precisely. Second, since the Higgs mass is a dimensionful quantity, we need a scale
to compare it to: the important question is really why the Higgs mass is so much lighter than the Planck
mass.

The hierarchy problem can be made more precise through the idea of naturalness. In its simplest form,
naturalness is the idea dimensionless numbers should be approximately O(1), and we should not expect
very small or very large numbers without justification; accepted justifications are typically related to the
existence of symmetries. More rigorously, naturalness can be characterized in a couple of different ways. 't
Hooft naturalness is the statement that it is natural for a parameter to be small if a symmetry would be
restored when it is set to zero. Technical naturalness requires that values we set to be small do not receive
large loop corrections, but does not explain the existence of small quantities in the first place. Another
valuable question about naturalness is how to quantify it precisely. While it is impossible to know exactly
how strictly satisfied these criteria should be by nature, several interesting measures have been proposed for
benchmarking different models [412-415].

The skeptical reader might ask why we expect a natural theory in the first place. The strongest reason
to expect naturalness in the case of the Higgs mass is that other small parameters in the Standard Model are
natural. For example, the proton mass scale arises naturally out of confinement and dimensional transmu-
tation. Other examples include: pion masses, which are small because pions are pseudo-Nambu-Goldstone
bosons for chiral symmetry breaking; fermion masses, which are protected by chiral symmetry; and the
Standard Model flavor hierarchy, which is ’t Hooft natural since the flavor symmetries are only violated by
the yukawas. Finally, mass differences such as those between the charged and neutral pion and between the
K% and K(S) are described by the expected quadratic sensitivity to heavy mass scales (the p meson and charm
quark, respectively).

Numerous solutions to the hierarchy problem have been proposed, many of which rely on the existence
of new particles at or near the weak scale. Historically one of the most popular solutions is supersymmetry
(SUSY) [416—419]. SUSY is an extension of the Lorentz algebra by fermionic generators Q, and QL called
supercharges. Because they are fermionic and therefore obey anticommutation relations, these supercharges
transform fermions into bosons and vice versa. Because of this, bosons and fermions always come in pairs

with the same quantum numbers in SUSY?, and they are organized together into supermultiplets.

3The exception to this is R-charge, under which fields in the same supermultiplet can have different charges. This
is allowed because the R-symmetry generator does not commute with the supercharges, but still leaves the SUSY
algebra invariant.



Theories can also have more than one supersymmetry. In four dimensions, there can be up to N’ = 8
supercharges if gravity is included and up to N’ = 4 if it is not. However, supersymmetric extensions of
the Standard Model that are actively searched for at experiments only have A/ = 1 supersymmetry because
only SUSY with a single supercharge allows chiral matter like the Standard Model fermions. The simplest
example SUSY model that has been searched for is the Minimal Supersymmetric Standard Model (MSSM),
but there are many other possibilities.

The reason SUSY would solve the hierarchy problem is simple: in a theory with perfect SUSY, all
large bosonic corrections to the Higgs mass would come with fermionic corrections with equal magnitude
but opposite sign. However, we know that in the real world superpartners don’t exist at exactly the same
scale as their Standard Model counterparts, or we would have seen them. This means that SUSY must be
softly broken. We will not discuss the details of the physics responsible for soft SUSY breaking here, but
there are several different mechanisms that can be responsible. See [416,420,421] for reviews. Regardless of
the mechanism responsible for it, soft SUSY breaking prevents a perfect cancellation between bosonic and
fermionic mass corrections. Nonetheless, approximate cancellation with substantially less tuning than the
Standard Model is still retained.

SUSY is also useful for far more than solving the hierarchy problem. In fact, SUSY was not even
originally proposed in the context of the hierarchy problem; instead, early studies of SUSY were motivated
by understanding the maximum amount of symmetry a theory could have.* If some form of SUSY were
discovered at accessible energies, there would also be a natural dark matter candidate in the form of the
lightest supersymmetric particle (also see §1.2.2). Additionally, unlike the Standard Model itself, unification
at GUT scales is still a possibility in supersymmetric theories. Even if the universe is not described by low-
scale SUSY, SUSY more generally is still a very useful theoretical tool: many quantities can be calculated
in SUSY theories that are too difficult to calculate otherwise, and the consistent quantum gravity theories
that we know of are supersymmetric string theories.

Another class of solutions to the hierarchy problem are composite Higgs models. These rely on using
strong dynamics to spontaneously break a symmetry, and are motivated in spirit by the light pions from
chiral symmetry breaking. These are similar to earlier Technicolor models [424,425], which introduced a new
strongly coupled gauge sector which was broken by a condensate of fermions. In the case of Technicolor,
the same dynamics that breaks the strongly coupled sector also breaks SU(2)w x U(1)y and gives mass to
the W and Z bosons. However, the original form of technicolor theories were long ago ruled out — they

generically generate flavor changing neutral currents, do not obey electroweak precision constraints, do not

4Supersymmetry was proposed as an exception to the Coleman-Mandula theorem [422], which states that the
maximal amount of allowed symmetry in a QFT (with a valid S-matrix) is the direct product of Poincare symmetry
and an internal symmetry. It was Haag, Lopuszanski, and Sohnius who showed that the Poincare algebra could be
extended to the supersymmetry algebra by allowing fermionic generators [423].
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have a Higgs boson, and have many (unobserved) light resonances around the confinement scale. After
technicolor, composite Higgs models were developed [426] (also see [427,428]). In these models, the Higgs is
still generated from strong dynamics breaking a symmetry, but now that symmetry is global, so the Higgs
is a pseudo-Nambu-Goldstone (pPNGB) boson. Specifically, these models separate the scale of confinement
and electroweak symmetry breaking, so that the pNGB is uneaten between the two. The original composite
Higgs proposal is now strongly constrained by Higgs coupling measurements to require substantial tuning,
but other variations allow more flexibility [429,430].

Models with extra dimensions can also lead to interesting solutions to the hierarchy problem. In these
models, the separation between the Planck scale and the electroweak scale is due to either a volume factor or
a warping factor, or a combination of both. In large extra dimension models [431,432], the higher dimensional
Planck scale is not too far above the TeV scale, and the four dimensional Planck scale is large because it
is the higher dimensional scale times the volume of compactified extra dimensions. In Randall-Sundrum
models [433,434], the Standard Model lives on a brane in five dimensional space. The five dimensional space
is warped, so that the four dimensional metric is multiplied by an exponentially suppressed function of the
fifth dimension, called the ‘warp factor. In RS models, it is this exponential suppression from the warp
factor that generates the hierarchy between the electroweak and Planck scales. More recently, a third class
of extra dimensional models utilizing a linear dilaton geometry has also been proposed [435-437]. In these
models, the hierarchy is generated by the combination of an exponentially large separation between branes
and a linear dependence of the metric on the extra dimension. See [409,411,438] for additional review of
extra dimensional models.

A qualitatively different solution to the hierarchy problem comes in the form of anthropic arguments.
The central idea of anthropic arguments is that there exists a multiplicity of different vacua, but only some
of them are conducive to life forming. The fact that we are here to make predictions, therefore, selects
those vacua. If some parameters are required to be small in the vacua that are compatible with life, then
this argument requires those parameters should be small in our universe. Anthropic arguments were first
made precise in the context of the cosmological constant problem [439], but have since been applied to the
hierarchy problem through the Atomic principle [440]. The atomic principle states that in order for life to
form, neutrons cannot decay in bound systems of nuclei, which places a bound on the Standard Model Higgs
vacuum expectation value. However, this argument is not airtight; loopholes include the case where other
Standard Model parameters besides the Higgs vev are allowed to vary [441].

Aside from anthropic arguments, these solutions all predict many particles starting to appear around
the Higgs mass. The lack of observation of these extra particles at the LHC has started to call into question

many of these solutions. Because of this, there has been a renewed focus on developing qualitatively different



solutions to the hierarchy problem. Often, these solutions can explain the hierarchy between the Higgs mass
and some intermediate scale A that is above LHC accessibility but far below the Planck scale, but require
one of the older solutions to take effect above this intermediate scale to explain the Hierarchy between A
and Mp). This is sometimes referred to as the “Little Hierarchy Problem.”

One type of solution to the “Little Hierarchy Problem” are neutral naturalness [442] approaches which
rely on discrete symmetries. In these models, there are additional mirror copies of the Standard Model
related to the Standard Model by a discrete symmetry. The additional Higgses have a potential with an
accidental symmetry that mixes them, and the Standard Model Higgs is a pseudo-NGB of that accidental
broken symmetry. By choosing the potential so that one loop corrections to the Higgs mass respect the
accidental symmetry, these models can postpone the scale at which the hierarchy problem needs to be
explained by one loop factor to ~ O(10TeV). The simplest example of this type of models is the Twin Higgs
model [443]. Another approach is the relaxion [444]. These models involve adding an axion like particle
which couples to gluons through the usual d)GG coupling as well as to the Standard Model Higgs through
gd|H|?, where g is a dimensionful shift symmetry breaking coupling. In this model, as the universe evolves,
the Higgs rolls down its potential. Once QCD confines, the potential gets instanton contributions whose
amplitude is proportional to the Higgs vev, which stops the Higgs from rolling further and allows for a light
Higgs. Typically relaxion-inflaton couplings are engineered to take advantage of slow roll inflation, and to
get the right value of the CP violating phase 0. Since the relaxion solution was proposed, there have also
been a variety of other cosmological approaches to solving the hierarchy problem which we will not discuss
here [445-448]. A third solution is N-naturalness. Like anthropic solutions, N-naturalness [449] is another
probabilistic approach. The difference is that in this case, there are N copies of the Standard Model in the
same universe, and there is a dynamic mechanism (typically during reheating) that selects the sector that
looks like ours to have virtually all of the energy density of the universe. The potentially unappealing part
of this model is that it requires an exponentially large number of copies of the Standard Model since the
cutoff scales as v/N; even extending up to 10 TeV requires 10* copies, and solving the full hierarchy problem
requires many more (and also lowers the scale where gravity becomes strongly coupled).

Finally, in addition to the recent solutions to the “Little Hierarchy Problem,” recent developments also
instill hope for qualitatively different hierarchy problem solutions which do not lead to new physics at the
weak scale. For example, there has been recent progress deriving constraints from quantum gravity by

utilizing Swampland conjectures like the Weak Gravity Conjecture [450-455].> Another area where there is

5The Swampland program uses constraints from quantum gravity to impose constrains on low energy EFTs that
aren’t apparent from the EFT point of view. The weak gravity conjecture is an example of a Swampland Conjecture.
There are several different versions of it; the original (electric) weak gravity conjecture [450] says that in an abelian
gauge theory coupled to gravity, there must exist a state of charge q and mass m such that qg > m/Mp;. See [456,457]
for reviews.



hope for additional progress is finding generalized symmetries (symmetries where the charged operators are

not just particles, but can have other dimensions) [458] which might make the Higgs mass 't Hooft natural.

1.2.2 Dark Matter

Astrophysical and cosmological evidence from a variety of scales necessitates the existence of dark matter.
The earliest hints of missing mass came almost a century ago from discrepancies between the potential
calculated from velocities due to Doppler shift and the potential calculated from the amount of luminous
matter directly observed in galaxies and clusters of galaxies [459,460]. Since then, additional evidence at
galactic, cluster, and cosmological scales has been uncovered. In addition to the famous galactic rotation
curves first measured by Vera Rubin and collaborators [461], evidence at galactic scales includes the stability
of dwarf spheroidal galaxies against tidal forces [462], strong gravitational lensing (and its weak modulation)
by elliptical galaxies [463-465], weak gravitational lensing of galaxies by foreground structure® [467], and
many other examples. At cluster scales, some of the strongest evidence comes from collisions of clusters
such as the Bullet cluster and MACS J0025.4-1222, where x-ray and gravitational lensing data were both
available to simultaneously and independently study luminous and total matter content, respectively [468—
470]. There is also more general strong lensing evidence from other clusters [471,472]. Many of the most
precise measurements of dark matter now come from cosmology, such as the most recent fit of the CMB power
spectrum to Planck data (including temperature, polarization, and lensing), which requires DM to constitute
27% of the energy density of the universe [20], as well as the matter power spectrum [473]. See [474-476] for
more detailed discussions.

The fundamental nature of the dark matter generating these gravitational effects is unknown. Many dark
matter candidates have been proposed with a diverse set of different masses. These range from ultralight
dark matter models with masses of order 1072 eV [477-480] to primordial black holes with masses of order
10M, [481-485]. Despite its unknown fundamental nature, dark matter is required to satisfy some general
constraints: it is required to be neutral with respect to the electromagnetic and strong forces,” to be cold,
to have a lifetime greater than the age of the universe, and to interact at most very weakly with Standard
Model particles. There is somewhat more flexibility for dark matter interactions with itself or other particles

in secluded dark sectors, though even self-interactions can still be constrained. There are many excellent

SGravitational lensing is the distortion of light by its gravitational interactions with matter. Strong lensing occurs
when the distortion is substantial enough to form multiple images or arcs. With weak lensing, the image is only
distorted (rather than forming multiple images or arcs) and distributions of lensed objects often must be studied to
draw conclusions. See [466] for a review.

"One proposed exception to this is millicharged dark matter, where dark matter has a very tiny electric charge.
While millicharged dark matter can arise in sensible models (for example, dark photon models) [486-489], its freeze-
out production is ruled out by structure formation and the CMB [490-494] and its freeze-in production is now also
strongly constrained [495].



reviews on dark matter candidates and constraints, see, e.g. [474-476,488,496-502].

Historically, the most popular dark matter candidates were thermal relic WIMPs. These particles were
proposed to be at approximately the same scale as the W and Z bosons (O(100 GeV)), and to interact with
standard model particles either through the weak force or a new mediator at a similar scale, depending on
the exact model. As thermal relics, WIMPs followed the standard cosmological freeze-out story. Because
they were in equilibrium with the Standard Model plasma in the early universe, their population started
to decrease exponentially due to annihilation after becoming non-relativistic. Before the dark matter could
annihilate completely, the universe cooled enough such that WIMPs were no longer in equilibrium with the
Standard Model plasma, leaving a relic density of dark matter. Specifically, thermal WIMPs in the mass
range were motivated by the so-called “WIMP miracle,” which is the observation that the interaction strength
required to correctly set the dark matter thermal relic abundance with thermal freeze-out is the same size as
that of the Standard Model weak interactions. Another reason for the popularity of thermal relic WIMPs was
their prevalence in many BSM theories; notable examples include the lightest supersymmetry particle (LSP)
in R-parity preserving SUSY and the lightest Kaluza-Klein particle (LKP) in extra dimensional Kaluza-Klein
theories. Minimal WIMPs in singlet-doublet and doublet-triplet models will be discussed more in §5.

More recently, the parameter space for WIMP models has been extensively probed by a variety of
experiments which have substantially limited (but not eliminated) their feasibility. While there are still
some viable regions of parameter space in certain thermal WIMP models, increasingly stringent constraints
have motivated interest in a wide collection of other potential dark matter candidates. These other models
relax several of the implicit assumptions made for the simplest thermal WIMP models, including thermal
production through 2 — 2 annihilation, a weak scale mass, and the types and strengths of interactions with
Standard Model and other dark sector particles. These dark matter candidates are characterized by several
features, including mass, spin, type of portal to the Standard Model, production mechanism, and interactions
with other dark particles. While the dark matter candidates are too numerous to comprehensively list,

examples include:

o Ultralight dark matter candidates with masses below the keV scale, which behave as classical fields.
The lightest of these candidates are referred to as fuzzy dark matter and have masses around 1072! —
10722 eV [477,478], but they are now strongly constrained [479,480]. Axions, which will be discussed

more in §1.2.3, also fall into this range.

e Light dark matter models, where the dark matter mass is between keV and GeV scale. Some of
the simplest examples include warm dark matter models like sterile neutrinos [503], but these are
substantially constrained by structure formation. More complicated examples of light dark matter

can be either thermal or non-thermal depending on the details of a given model and can sometimes
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evade these constraints (see [488] and references therein for examples).

e The heaviest possible dark matter candidates: black holes which formed in the early universe, called
primordial black holes (PBHs) [481,482,504,505]. In order to be all of dark matter, masses of roughly
10_11M® to 10_16M@ are required, but PBHs can be 5-10% of dark matter up to masses O(10)Mg,
[483-485].

e Dark matter candidates with masses between WIMPs and PBHs. At the lower end of this is particles
like Wimpzillas with masses between (O(100) TeV and Mp;, which must be produced non-thermally
[506-508]. Above Mp;, dark matter candidates must be composite objects, such as the PBHs previously
discussed, quark nuggets [509], or Q-balls [510].

e Weakly interacting candidates with a different cosmological history, including: asymmetric DM, where
the abundance depends on the asymmetry between the dark matter and its antiparticle [511-515]; for-
bidden dark matter, where kinematically forbidden dark matter annihilations occur for dark matter
particles with momenta in the upper tail of the thermal momenta distribution [516,517]; coannihi-
lations, where the abundance of dark matter changes because it annihilates against heavier states
[517,518]; semi-annihilation, where two dark matter particles annihilate to one dark matter particle
and one unstable particle [519]; and co-scattering, where the dark matter relic abundance is determined

by inelastic scattering of the dark matter off another particle [520].

o Light and weak scale models which change the interaction strength. Examples are feebly interacting
dark matter (FIMPs) [521,522], where interactions are too weak to ever reach equilibrium and the dark
matter abundance freezes-in because the interaction strength increases with decreasing temperature,
and strongly interacting massive particles (SIMPs) [523], where dark matter is at or below the GeV
scale and the relic abundance is set by 3 — 2 annihilation from dark matter strong self-interactions.
Other similar models that rely on 2 <> n interactions in the dark sector include cannibal DM [524,525]

and elastically decoupling relics (ELDERs) [526, 527].

e Many models with more complicated self-interactions and secluded dark sectors, some of which are
reviewed in [528]. Sometimes these dark sectors are realized in explicit models, but it is also common
to parameterize these in terms of their portal to the Standard Model. Example portals include kinetic
mixing of dark photons with ordinary photons, Higgs boson interactions with the dark sector, axion-

like particles (ALPs), and neutrinos.

See [488,529] for more details on many of these dark matter models.
This extensive collection of dark matter models has motivated a similarly extensive experimental pro-

gram. In addition to providing evidence for the existence of dark matter, many cosmological datasets can
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also constrain its properties. One example is the number of effective light degrees of freedom N from
the CMB and BBN, which can constrain warm dark matter models and other light dark sector particles.
Another is CMB data more generally: both anisotropies and spectral distortions can be used to constrain
dark matter interactions. A third example is the 21cm signal, which is sensitive to interactions which change
the temperature of baryons. Additionally, other constraints come from the matter power spectrum and
from gravitational lensing at an assortment of different scales. This is only a small fraction of the many
cosmological constraints on dark matter models; a more thorough list can be found in [476].

In addition to cosmological constraints, efforts to confirm the nature of dark matter include searches at
colliders, indirect detection experiments, and direct detection experiments. Collider searches try to observe
dark matter production, but are typically very model dependent and only sensitive to a small subset of dark
matter models. Indirect detection looks for annihilation or decay of dark matter from cosmic sources, usually
to photons, neutrinos, or charged particles. The brightest potential indirect detection signals often come from
the Milky Way, but searches using other dark matter sources can also be valuable because they tend to be less
contaminated. For example, whether the source of the galactic center excess (GCE) that has been observed
is from dark matter annihilation is an area of active debate (see §5 for more discussion of the GCE), but the
dark matter interpretation of this excess can be constrained by other indirect detection measurements such
as those from ultra-faint dwarfs. In addition, there are indirect detection signals from purely gravitational
interactions in some models, such as gravitational waves. See [494,496] for more discussion of indirect
detection. Finally, direct detection [530] searches look for dark matter scattering off of Standard Model
particles. Traditionally, this has involved looking for nuclear recoils from scattering at experiments like
XENONIT [531-533], XENONnT [534], PICO [535,536], and LZ [537]. More recently there has been
substantial progress in methods of looking for lighter WIMPs. Instead of nuclear recoils, these proposals
look for phonons, electrons and various different collective excitations [538-549]. See [488,497,500] for recent

reviews of direct detection, including of light dark matter.

1.2.3 Axions and the Strong CP Problem

The strong CP problem is another fine tuning problem. At its heart is the puzzle of why the neutron electric
dipole moment (EDM) is so small. Since CP is not a good symmetry of the Standard Model (it is violated
in the CKM matrix), there is nothing to forbid the Standard Model from possessing a 0GG term. This
term generates a neutron EDM of size 1071 § e cm.® Since the neutron EDM is actually measured to be

|dy) < 1.8 x 10726 e em [552], the very small value |0] < 10710 is required, which violates our naturalness

8See [550] for a review of this calculation; § = § — argdet(Y,Yq) is the invariant combination of 6 and the phases
of the quark Yukawa matrices. Also see [409,496,551] for reviews of the Strong CP problem more generally.
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expectations of O(1) numbers. It turns out that  is technically natural in the Standard Model because the
running of 0 first comes in at seven loops [553], but is not 't Hooft natural because there is no symmetry
that is restored if we set 6 = 0.

There are several classes of solutions to the strong CP problem. The simplest of these are massless up
quark solutions. The simplified form of this argument says that if we take one of the quarks to have zero mass
(the up-quark is usually chosen since it is known to have the smallest mass), then the phase of that quark can
be rotated freely, making 6 unphysical. More precisely, only the CP odd part of the mass parameter, which
is the imaginary part of M = e®det(Y,Yq), needs to vanish for this solution to work. Since instantons can
generate purely real M, it is enough to have a quark whose mass is purely generated by instantons [554-557]
(also see [558] for a longer discussion). However, data, lattice, and large N calculations have ruled this
solution out by showing that QCD instantons are insufficient to achieve the correct quark mass [559-562].
There have been some recent efforts to revive this type of solution with additional instanton effects that
come from embedding within a larger gauge group (see [558,563]), but as of now these solutions are either
not fully consistent with various constraints or not yet worked out for the full case of the Standard Model.
There have also been some efforts to choose a hidden sector quark be massless instead of the up-quark, see
e.g. [564].

Another type of solution makes generalized parity or CP a good symmetry in the UV, and then sponta-
neously breaks it. CP solutions are called Nelson-Barr [565,566] models. For these solutions, spontaneous
breaking must be engineered so that 0 is small but the CKM phase is large. The simplest example of these
models [567] has extra SU(2) singlet quarks with hypercharge +1/3 which communicate the CP breaking
from additional scalars to the Standard Model quarks. In minimal parity solutions [568-570], the Standard
Model is extended by SU(2)r and an additional set of mirror particles charged under this group is intro-
duced. The parity operation is then supplemented with SU(2);, <» SU(2)g. Although this generalized parity
symmetry doesn’t explicitly forbid a CKM phase, the symmetry still needs to be broken for the model to be
phenomenologically viable. There are some challenges that must be overcome for the minimal realizations
of both of these types of models (for example, stabilizing a low P or CP breaking scale; see [571-573] for
more details), but model-building can overcome many of them [574-582].

Axions are the third (and most popular) type of solution to the Strong CP problem [583-586]. In what
follows, 1 will briefly describe the QCD axion solution to the Strong CP problem, as well as summarize
a few other applications of axions more generally and outline some experimental techniques to search for
them. More about axions will be discussed in §2 - §4, and can also be found in many reviews including
[496,550,551,587-591].

The QCD axion is a periodic scalar a(x) whose purpose is to generate a 6 dependent potential which is
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minimized when d,, = 0, so that the strong CP problem is solved dynamically when 0 relaxes to its minimum.

The Lagrangian for the axion includes a kinetic term as well as a coupling to gluons

Lo % / a(x) TY[GG]. (1.1)

where f, is the axion decay constant. N € Z is an integer because a(x) is periodic; coupling quantization is
required in order for the path integral to be well defined [551]. In addition, derivative fermion couplings and
couplings to other gauge fields of the same form are also allowed;” other couplings which do not respect a
continuous axion shift symmetry should not be present. The axion potential is generated nonperturbatively
from the gluon coupling. It can be computed by expanding the Chiral Lagrangian mass term,'® after using

an anomalous Chiral rotation to move the gluon coupling to the phase of that mass term. The result is

4m,mgy Na 6
V(a) = —m?f? 1—*'2(— 7). 1.2
(a’) m’K ’K\/ (mu + md)2 sin 2fa + 2 ( )
This potential gives the axion an expectation value (a) = —0f,. Since d, ~ 0 + a/f,, this expectation value

sets d,, = 0 at the minimum of the axion potential and therefore solves the Strong CP problem.

Since axions couple to gauge bosons through dimension five operators, axion models are only EFTs that
must be UV completed. There are several different types of possible UV completions, which can be divided
into four dimensional field theory UV completions and higher dimensional ones. In four dimensional UV
completions, the axion is typically a pseudo-NGB of a broken U(1) Pecci-Quinn symmetry. There are two
classes of four dimensional UV completions: KSVZ [592,593] and DFSZ models [594,595]. In KSVZ models,
new heavy fermions which have gauge charge are added, along with a scalar p whose phase is the axion. The
scalar and some of the fermions are charged under the PQ symmetry so that the Yukawa couplings between
the new fermions and ¢ are respected by the symmetry, and the scalar has a PQ breaking potential. After
symmetry breaking and integrating out the fermions, the yukawa couplings generate aGG. An example
KSVZ like model will be discussed in §2. In DFSZ models, a second Higgs doublet and a heavy scalar
singlet are added, and all Higgs fields carry PQ charge. Again, the Higgs potential breaks U(1)pq, leading
to an axion that is a combination of the three scalars. In DFSZ models, since the Higgses are all charged
under U(1)pq, Standard Model fermions must also have U(1)pq charges. This leads to tree-level Standard

Model fermion interactions with the axion which can be constrained. In extra dimensional UV completions,

9In addition to quantized photon couplings of the the same form as (1.1), the QCD axion also has an axion coupling
to photons from the mixing with the pion. As discussed in §2, the coefficient of this coupling violates quantization
by a factor proportional to the axion mass squared.

10T his is the zero temperature potential. At finite temperature, there is also a contribution from thermal instantons
which is important for understanding axion cosmology.

14



there is no PQ symmetry that is spontaneously broken. Instead, the axion is a zero mode of a higher
dimensional gauge field, and the higher dimensional gauge symmetry protects the approximately conserved
axion current. The axion kinetic term is inherited from the higher dimensional kinetic term (with decay
constant depending on the volume of the compactification), and the GG coupling is inherited from the
higher dimensional Chern-Simons term. Extra dimensional models of axions were first motivated by their
appearance in string theory constructions [596-598], but there are also field theory examples. More details
and references on extra dimensional axions can be found in the review [551].

An important challenge for the axion solution to the strong CP problem is the axion quality problem
[599-601]. In the four dimensional field theory UV completions described above, there is nothing to forbid
operators which explicitly break PQ from spoiling the solution. In fact, we expect these operators to appear
at the quantum gravity scale, since quantum gravity is expected to break all global symmetries [602-604]. In
order for the axion Strong CP solution to be preserved, Planck suppressed operators with dimension up to 14
must be forbidden. While it is possible to do this using discrete symmetries or compositeness [605,606], these
solutions are complicated and spoil much of the simplicity which makes axions especially appealing. However,
the quality problem is circumvented in higher dimensional UV completions because other contributions to
the axion potential are also exponentially suppressed, and therefore it is reasonable to expect them to be
subdominant to the potential from QCD. To see this, note that in extra dimensional theories contributions
to the axion potential only come from couplings that depend non-derivatively on the higher dimensional
gauge field. This means there are only two additional kinds of contributions to the axion potential. One
is from Chern-Simons couplings to additional gauge fields, which are non-perturbative for the same reason
as the gluon potential. The second is from the covariant derivative coupling of the gauge field to charged
particles. In this case, the contribution to the potential is also an instanton effect coming from the charged
field worldlines winding around the compactified dimensions, resulting in exponential suppression by the
volume of the extra dimensions. See [551] for a more extensive discussion.

In addition to the QCD axion, there are also a variety of more general axion models which do not
solve the strong CP problem. These non-QCD axions are also sometimes referred to as axion like particles
(ALPs). Although ALPs do not solve the Strong CP problem, they are motivated by factors including the
multiple cosmological roles axions can play, their prevalence in string theory, and by wanting to understand
the parameter space of models that are now being probed by ongoing experiments. In these models, the
axion is still a periodic scalar with a continuous shift symmetry violated primarily by gauge boson couplings
of the form aFF. However, unlike in the QCD axion case where this coupling is to gluons, in the more
general case F can be the field strength of any gauge field. Additionally, many of these models are more

complicated and have more than one axion. While a general discussion of axion models is beyond the scope
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of this dissertation, some simple examples are discussed in more detail in §2.

Next, we turn to a discussion of the many different uses of axions. As mentioned in §1.2.2, one of the most
important roles for axions is to be dark matter [607-609]. Axions serve this purpose through the misalignment
mechanism: they behave as coherent classical fields, which redshift like matter. More explicitly, the equation
of motion of the axion field looks like that of a harmonic oscillator. At early times, the axion behaves like
an overdamped oscillator due to a large damping term called Hubble friction which is proportional to the
Hubble constant. This fixes the value of the axion field to a constant 6y.'' As the universe cools, Hubble
friction stops dominating, and the axion starts oscillating in its potential. Solving for the axion field in
terms of temperature and utilizing it to compute the energy density then shows that the axion redshifts
like matter once the axion mass stops changing with temperature. In order to get the correct dark matter
relic abundance for the QCD axion, this typically requires an axion decay constant of f, = O(10'?) GeV

12 Tn the ALP case, a larger section of parameter space is permitted. Additional

and a mass O(peV).
modifications [610-621] such as nonstandard cosmologies, kinetic misalignment, trapped misalignment, or
axiogenesis can further enlarge the allowed parameter space; see [591] for more discussion.

The details of axion dark matter formation depend strongly on whether there was a PQ symmetry which
was broken after inflation. If there was, then in addition to the the misalignment mechanism, there is another
contribution to axion dark matter which comes from axion strings. Axion strings (which are discussed more
in §4) are solitonic objects which form through the Kibble-Zurek mechanism [622,623]. In the Kibble-Zurek
mechanism, different regions of space take different degenerate values of the vaccuum expectation value after
symmetry breaking, which causes solitonic objects to form between these vacua. In the axion string case,
different patches of the universe will have different values of 8, after post-inflationary PQ breaking. There
will be regions around which 0 varies from 0 to 2w; at the core of these regions axion strings will form. The
network of strings that is formed in this way will persist and evolve as the universe expands (see [496,591]
for details). As the string network evolves, it radiates axions which can be an important contribution to
axion dark matter. While this contribution can be estimated analytically, state-of-the-art estimations rely
on detailed numerical simulations like [624]. Once the continuous axion shift symmetry is broken by QCD,
domain walls can also form. If the domain wall number N = 1, then these domain walls will self-annihilate.
Otherwise, they will become stable, which is a problem cosmologically because we do not see them.

In addition to being dark matter, axions can also perform several other important functions in the early

universe. One example is that the axion can be the inflaton which drives the exponential expansion of the

"Depending on whether there is a PQ symmetry which broke after inflation, there might be multiple patches with
different fixed 6y, but locally 0y remains fixed for large H.

12This assumes the initial 0 is O(1). If PQ breaks after inflation, this is a necessary assumption, since different
patches are expected to have different values of 0y and we should average them. Otherwise, a smaller dark matter
abundance can be obtained by tuning the initial 6y to be less than O(1).
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universe during inflation. The axion is a natural candidate for the inflaton [625] because the shift symmetry
can protect the flatness of the potential which is necessary for the slow-roll conditions to be satisfied.
However, there are challenges associated with engineering a large enough field range for these models to
work; see [590] or §2 for more discussion. Also note that an axion that plays the role of the inflaton
cannot also be a dark matter candidate. Other potential applications of axions include producing large-scale
magnetic fields [626,627], contributing to the matter/antimatter asymmetry in the Universe [621,628-630],
and helping to generate neutrino masses [631,632]. Finally, as previously mentioned, axions show up very
naturally in string theory as zero modes of higher dimensional gauge fields [596-598,633-637].

The axion’s abundant promise for solving multiple physics puzzles has motivated many different experi-
mental probes. Some of these probes rely on astrophysical and cosmological data, while others are dedicated
laboratory experiments. Many probe the axion-photon coupling, but others are sensitive to the axion nucleon
coupling or other axion fermion couplings. The validity of the experimental constraints also depends on the
axion mass, and on other assumptions such as the axion’s cosmological history and whether the axion is dark
matter. Since this is such an active area of research, we will only highlight a few examples; a more complete
set of constraints can be found at [638].

As mentioned above in the context of dark matter formation, the axion’s cosmology is strongly dependent
on whether there was a PQ symmetry which broke after inflation. In the case where such a symmetry
existed, constraints come from the previously discussed string-domain wall network. In the case where
PQ broke before inflation ended (or there was no PQ symmetry to begin with), the strongest constraints
come from limits on isocurvature perturbations, which exist for preinflationary axions because the quantum
fluctuations of axion fields would also be inflated and turn into isocurvature perturbations once the axion
attains mass. Additionally, whether PQ broke before or after inflation, cosmology also strongly constrains
thermally produced axions.

We conclude this subsection by listing a few example astrophysical and laboratory constraints on axions.
The most well-known laboratory constraints come from haloscopes like ADMX [639-644] which have probed
the QCD axion line. They use a resonant cavity with a magnetic field to try to convert dark matter
axions to an electromagnetic signal. Other terrestrial experiments searching for dark matter axions include
broadband experiments like ABRACADABRA [645-648] and DMRadio [649], which utilize the effective
current that is generated by an oscillating axion field in the presence of a magnetic field. Other laboratory
experiments which don’t assume the axion is dark matter include light shining through walls experiments like
ALPs [650,651] and OSQAR [652], which work by applying a magnetic field to convert an intense laser into
axions which could pass through a material, and then convert the axions back to photons on the other side.

There are also an increasing number of experiments which can directly probe the axion nucleon coupling,
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such as CASPER [653-655] and NASDUCK [656,657]. In addition to terrestrial experiments, other limits
on dark matter axions (especially those with relatively high masses) come from indirect detection of axions
annihilating into photons at various wavelengths [658-667]. There are also other astrophysical bounds which
do not rely on axions being dark matter, such as those from stellar cooling [668], from superradiance [669-672],
from the x-rays emitted by the decay of the irreducible cosmological axion background [673], and from solar
or globular cluster axion emission [674-677]. Finally, we reiterate that this is only a subset of the many
experimental probes of axion parameter space, and that a more complete list of constraints can be found

at [638].

1.2.4 Aesthetic Concerns

In the sections above, we have described in detail two important fine tuning problems with the Standard
Model. In addition to these precisely defined naturalness questions, there are also a host of other aesthetic
questions we can ask about the Standard Model.

One example of these types of questions is why the CKM and PMNS matrices have the structure that
they do. The CKM matrix in particular leads to a hierarchy of six orders of magnitude between the masses
of different flavors of charged fermions. Although (as previously mentioned) this hierarchy is technically
natural, setting fermion masses so far apart by hand is hardly appealing. Technical naturalness allows us
to generate this hierarchy at high scales, but it would still be preferable to have a dynamical explanation at
those high scales. We discuss models for the flavor hierarchy in more detail in §7.

Other aesthetic questions have to do with why the Standard Model isn’t simpler. For example, why are
there three generations of fermions? Or, why does the gauge group take the structure that it does? Why
do we live in 341 dimensions? There are models which are (partially) motivated by these questions, such
as Grand Unified Theories (GUTs), which embed the Standard model gauge group into a simpler unified
gauge group at high energies [407,678-682]. Another example is [558], which proposes a solution (in a toy

example) to the Strong CP problem utilizing Neglors = Ngenerations-

1.2.5 Experimental Anomalies

The potential sources of BSM discussed in the previous several sections are due to fairly well established
experimental and theoretical concerns. However, there are many other experimental hints of physics beyond
the Standard Model. These are measurements that do not currently agree with Standard Model predictions,
but whose disagreement could be transient due to theoretical or experimental mismodeling, including not
yet understood systematics. In this section, we briefly discuss some of these current experimental hints (as

of Spring 2024) of new physics.
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There are several anomalies in flavor physics data. One example which has gotten substantial atten-
tion is the muon magnetic dipole moment. When the first results from the muon g - 2 experiment from
Fermilab were released in 2021 [683] and confirmed the results of the Brookhaven E821 experiment [684],
the experimental result disagreed with the concensus of the Standard Model theoretical value [685] by more
than 50. Since then, additional results from the Fermilab experiment have been released [686] which are
consistent with previous results, but the theoretical value from [685] has been questioned. The challenge
arises because the largest contribution to the uncertainty (the hadronic vacuum polarization) cannot be
computed from first principles. Instead, it must either be derived using a data-driven dispersion relation
approach (from the optical theorem) or using the lattice. More recently, updated lattice results [687] as
well as new data from the CMD3 experiment [688] seem to point to a much smaller discrepancy between
theory and experiment. Another flavor physics anomaly is the Cabibo angle anomaly. The expectation
from a combination of CKM unitarity and the comparatively small size of Vy, is that [Vyq| and [V,| should
be determined from the Cabibbo angle by |Vu4| =~ cos812 and |Vys| =~ sin612. However, values of |V4],
[Vus/Vual, and |Vys| obtained from beta decay [689,690], leptonic Kaon decays [691], and semi-leptonic
Kaon decays [692] disagree with this expectation at ~ 3o. There is a similar ~ 40 discrepancy between
the two values of |Vyuq| which can be extracted from the neutron lifetime [693—695] when it is measured
two different ways: one which counts the number of remaining neutrons after waiting for decays, and
the other which measures the number of protons which are decay products. An additional anomaly is
Rp =BR (B = D™rtv) /BR (B — D™ ¢v), which disagrees with the Standard Model at ~ 30 [696]. This
is in contrast to R(K™)) = Br(B — K®)utp~)/Br(B — K*ete™), which was thought to be anomalous but
now agrees well with the Standard Model [697]. Other flavor physics anomalies include the recent (not yet
statistically significant) Belle-II BR(B — Kvv) [698] measurement (discussed more in §7) and the amount
of CP violation in B — K« decays, which is referred to as the Kr puzzle [699, 700].

There are also a few other claims of anomalies from collider data. The most significant of these is the
CDF-II measurement of the W boson mass [11], which disagrees with the Standard Model at 7o. Since
this anomaly is discussed extensively in §6, we defer additional discussion of it until then. There have also
been claims of hints of resonances with low global significance ~ 1 — 30 at several energies [701,702]. More
detailed discussion of these resonances and other collider anomalies can be found in [703,704].

Neutrino physics is another source of anomalies in data. These anomalies can be broadly divided into
two categories: electron (anti-)neutrino appearance anomalies in short baseline oscillation experiments, and
electron (anti-)neutrino disappearance anomalies in reactors and radioactive source experiments. The first
category comprises the LSND [705, 706] and MiniBooNE excesses [707]. Both the LSND and MiniBooNE

experiments used pion decay to produce muon (anti-)neutrinos, and searched for their oscillation into electron
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(anti-)neutrinos. LSND utilized pion decays at rest and could only run in anti-neutrino mode; MiniBooNE
used pions which decayed in-flight and could run in either neutrino or anti-neutrino mode. Both experiments
found excesses in electron (anti-)neutrino appearance. However, a simultaneous explanation of both excesses
is in tension with other constraints. Constraints also make explaining each of these excesses individually a
challenge. The simplest models which have been proposed are models with an extra sterile neutrino, however,
these are strongly constrained by both cosmology and recent experiments such as MicroBooNE [708]. The
second category includes electron neutrino disappearance experiments like SAGE [709], GALLEX [710],
and BEST [711,712], which use Gallium detectors to probe electron anti-neutrinos emitted by radioactive
sources. In these experiments, oscillations are too rapid to resolve but aggregating them gives the appearance
of a deficit. However, it is also difficult to come up with models which explain this anomaly and are
consistent with other constraints, particularly from solar and reactor data [713]. In addition, this second
category contains reactor experiments, which were thought to have similar hints of electron anti-neutrino
disappearance, but dependence on nuclear physics makes the modeling of the anti-neutrino spectrum in these
experiments complicated; recently it has been argued these reactor anomalies can actually be explained by
source mismodeling. More recent reactor experiments have also ruled out much of the parameter space
favored by previous reactor space in sterile neutrino models. See [714,715] for more details, as well as a more
thorough discussion of the various neutrino anomalies, constraints, and models to explain them.

Finally, we conclude this subsection by describing several anomalies in astrophysical and cosmological
data which could have explanations stemming from new fundamental particles. An important example which
has driven substantial model building in the last several years is the Hubble tension, which is the discrepancy
between early universe measurements of the Hubble expansion rate from the CMB data and late universe
measurements of the same rate [19-23]. Many different solutions [19,716] which introduce BSM particles have
been proposed to reduce this tension, however they run into obstacles completely eliminating the tension.
A similar cosmological tension is the Sg tension. Sg characterizes the clustering of matter at scales of 8 h™!
Mpc; the Sg tension arises because the measurements of Sg from late universe data do not agree with those
inferred from the CMB. The Sg tension is reviewed in [716]. Additionally, there have been several claims of
excesses in astrophysical charged cosmic ray data, including in positrons [717,718], anti-protons [719, 720],
and anti-helium nuclei [721-723]. While these have been suggested to be evidence of various WIMP dark
matter models, more recently it has been argued that the positron and anti-proton excesses can be explained
due to more conventional means. Specifically, positrons could be created and accelerated by pulsars [724],
and the anti-positron excess disappears when correlated systematic errors are taken into account [725, 726].
In contrast, astrophysical explanations for the anti-helium excess are more difficult [727]. See [724] for more

details on cosmic ray excesses. Another anomaly is the very recent measurement of the dark energy equation
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of state using baryon acoustic oscillation data from DEST [728], which shows a preference for time-dependent
dark energy over a cosmological constant. However, it has been argued that we should be cautious in taking
this result at face value, both because the phenomenological model that was fit to data is hard to describe
with sensible particle physics models and because the results depend on the choice of prior for the parameters
in the equation of state [729]. The final anomaly we will discuss is the statistically significant excess of gamma
rays found at the galactic center called the galactic center excess (GCE). Various analyses have showed that
the GCE is well fit by either dark matter or millisecond pulsars, and that we are not currently able to
conclusively determine its source. The dark matter explanation of this galactic center excess (GCE) will be

discussed in more detail in §5.
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Axion Periodicity and Coupling Quantization in the Presence of
Mixing
2.1 Introduction

Axion fields are ubiquitous in theories of physics beyond the Standard Model. For this chapter, the defining
feature of an axion (as compared with a generic scalar field) is that it is a compact boson, whose target space

is a circle. That is, an axion field by definition is identified under a discrete shift symmetry:
a(x) Za(x) +2mnF,, neZ (2.1)

where 27F, is the fundamental period of the field.

The periodicity (2.1) of an axion has significant consequences for the structure of axion effective field
theories. An immediate consequence is that axion potentials must be periodic functions. Less obviously,
for reasons that we will review below, couplings of the form aFwﬁ“‘“ of axions to gauge fields must have
quantized coefficients, which are integer multiples of e?/(16w°F,). This poses a significant challenge for many
phenomenological models that rely on axions. For example, in a cosmological model one might be interested

in an axion potential with a very large field range, but at the same time may want a large coupling of
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the axion to gauge fields (e.g., for reheating [730], magnetogenesis [626,627], or for the structure of the
inflationary model itself [731,732]). Because the axion potential and the aFF couplings both depend on F,,
our options for building such models are very limited, unless the constraints imposed by periodicity (2.1)
can be relaxed.

In this chapter, our chief interest is in the robustness of the constraints associated with axion periodicity.
Can an effective field theory containing periodic axions flow in the infrared to a new effective field theory
in which some of the axion fields have become effectively non-compact, and hence have fewer constraints
on their couplings? By considering various examples, in which axions mix with other axions or with non-
compact scalar fields, we will argue that the options are very limited. In particular, we claim that whenever
some of the axions remain massless in the IR, they will continue to ezactly respect periodicity constraints.
Deviations from these constraints are always proportional to powers of the axion mass. This is reminiscent
of the fact that quantum field theories with compact gauge groups in the UV flow to quantum field theories
with (possibly different) compact gauge groups in the IR. As we will discuss below, this is more than a
superficial similarity.

Before summarizing our results in more detail, let us briefly review the properties of axion effective field

theories enforced by the shift symmetry (2.1).

2.1.1 Review: quantized couplings in axion EFT

Readers who are thoroughly familiar with the reason why aFF couplings are quantized, and how to precisely
formulate this condition in theories with fermions, can safely skip this subsection, though it may be useful
for establishing our conventions.

Because we will be studying scenarios in which axions may not have canonical kinetic terms, it is often

useful to consider dimensionless axion fields 6 which are normalized to have period 2,
0(x) 2 0(x)+2mn, neZ. (2.2)

These identifications on field space may be thought of as discrete gauge symmetries. In certain theories,
such gauge symmetries may be spontaneously broken, in which case an axion may appear to acquire a non-
periodic potential or other interactions that violate the symmetry. In such cases, there is a monodromy when
the axion traverses its fundamental circle, so that the full set of states of the theory actually respects the
underlying symmetry. We will refer to such fields as “monodromy axions.” Monodromy axions have played
a major role in inflationary model-building [733, 734].

The periodicity (2.2) imposes important, well-known constraints on the effective field theory of an axion.

An obvious one is that (in the absence of monodromy) the potential is periodic, V(6) = V(6 + 2r). In many
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theories of axions, there are important couplings between axions and gauge fields of the form

0

wE", keZ, (2.3)

where the dual gauge field is defined as P = %8“‘““"15‘,)0. The requirement that k is quantized follows from
the axion periodicity (2.2). Here we have assumed that the normalization of F is such that the kinetic term is
—ﬁFWF*“’ and that particles of gauge charge q € Z couple to the gauge field through the action S = q fw A,
where ~ is the charged-particle worldline and A = A, dx" is the 1-form gauge field. The reason that the
coupling k in (2.3) is quantized is that the interaction Lagrangian is not gauge invariant: its coefficient
changes value under the shift 8 — 0 4+ 2nn. However, the path-integral measure is well-defined whenever
k € Z, because exp(i [ d*x L) is well-defined.

Our statement of the quantization of the coupling (2.3) applies when we consider this coupling in isolation.
In theories with fermions that couple to 6 and transform under the gauge field, the correct statement
of coupling quantization refers to an invariant combination of couplings. For example, if we consider a

Lagrangian containing the terms
iUPU + ca(a“,e)@y“«ﬁ\p — [meic‘“e@L\I’R + h.C.] + cp %wa‘wﬁ (2.4)
where the ¥ transform in the fundamental representation of the gauge group, then the field redefinition
Uy = 0, Up e 200y (2.5)
produces a different Lagrangian with replacements
CorrCop—a, Cytr>cy—2a, Cp+—>cCcp+t2a, (2.6)

with the shift in cp arising due to the chiral anomaly (e.g., from the anomalous transformation of the fermion
measure in the path integral). As a result, it is clearly not correct to demand that cg € Z in general. However,
if we first decouple the axion from the fermions by performing a field redefinition to set c,, = 0, so that the
axion couples only through interactions like cy that preserve a continuous shift symmetry and through OFF
type terms, then the latter terms are quantized. In other words, the correct quantization condition in the
case of the Lagrangian (2.4) is

Cm + CF € Z. (2.7)

This suffices to ensure that the path integral is well-defined under the identification (2.2). Invariant combi-
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nations of couplings including the derivative term, such as cy — %cm, can take any real value.

The quantization rules (2.3) or (2.7) apply for axion couplings to U(1) gauge fields or to nonabelian
gauge fields, up to a change in the linear combination of coefficients appearing in (2.7) that depends on
the Dynkin index of the gauge representation of the fermions. In most of the equations in this chapter, a
factor of wa‘“’“ may be replaced by %Ffwﬁa““ for a nonabelian group without changing the validity of our
statements. The only necessarily abelian gauge fields that we discuss will be those in §2.3 that eat axions
to acquire a mass, and the higher-dimensional gauge field in §2.4 that is used to engineer a simple scenario
with monodromy. (In both cases one could consider nonabelian extensions, but this would complicate the

physics without obvious dividends.)

2.1.2 Summary: motivation and results

Axions, like more general scalar fields, can mix with other fields in a variety of ways. They may have mass or
kinetic mixing with other axions (e.g., [735-737]). Some linear combinations of the axions may be eaten by
massive spin-1 fields (via the Higgs mechanism or Stiickelberg couplings, e.g., [738-742]). Axions may even
mix with other fields that are not periodic, whether these are ordinary scalar fields or monodromy axions
(e.g., [743]). When some of these fields acquire mass, we can integrate them out to obtain an effective field
theory involving only the light fields.

The central question of this chapter is: does the EFT of the light fields always inherit a periodicity
condition like (2.2) and the associated constraints? For example, can one begin with a theory of two axions,
one linear combination of which acquires a mass (either through a potential or through being eaten by a
massive spin-1 field) so that the remaining, light combination is no longer an axion (i.e., has no well-defined
period)? The answer to an analogous question in gauge theory is familiar: if we consider a theory with a
compact gauge group, which is reduced to a smaller gauge group in the infrared through Higgsing, then the
infrared gauge group will still be compact. For example, in the Standard Model, the photon couples to an
electromagnetic charge whose quantization is inherited from the quantization of SU(2)y, and U(1)y charges.
This follows from the fact that the Higgs field itself carries quantized charges. Similarly, even in theories
with kinetic mixing, there is a discrete charge lattice for the massless U(1) bosons, whether or not they mix
with massive spin-1 bosons [744,745]. Despite the existence of such analogous results, we emphasize that our
results for spin-0 bosons do not all precisely map to familiar results for spin-1 bosons. For example, we will
discuss cases in which spin-0 bosons are eaten by spin-1 bosons, quantization of aFF couplings and the role
of massless chiral fermions in determining the invariant quantized couplings, and axion monodromy. These
additional ingredients require different arguments from those of [744, 745].

Apart from its intrinsic interest as a question about the structure of quantum field theory, our motiva-
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tion for studying this question is that the constraints imposed by the periodicity (2.2) can provide serious
obstructions to building interesting phenomenological models. The literature on applications of axions in
phenomenology is vast, so we cannot provide a complete bibliography, but some of the main themes and

specific examples to which our work is relevant include:

o Hierarchies between couplings. One interesting goal is to have axion couplings to FF terms
with very different sizes. In a theory where these couplings are quantized, this can only be achieved
by invoking a large integer, which one could then attempt to explain from within a UV completion
(e.g., [736,746-748]). An obvious application is to the QCD axion, where one might like to separate
the coupling to gluons (which determines the axion mass) from the coupling to photons (which is
often invoked to provide experimental tests of the theory). Various models can alter the ratio of these

couplings [749, 750].

e Achieving large field ranges. Especially in cosmological applications, it is often of great interest
to have a field that can evolve over a long distance in field space. For example, this is necessary to
produce large primordial gravitational wave signals from standard inflation models [751], or to allow
novel mechanisms like dynamical relaxation of the weak scale to operate [444]. In the context of string
theory, it is known to be difficult to find axions with fundamental period larger than the Planck scale
(e.g., [752-755]), which has motivated many efforts to build models where small field ranges in the UV

become large field ranges in the IR (which are too numerous to review here).

e« Reconciling a large field range with a large coupling. In some cases, the challenge is a blend
of the two previous ideas. One might want a large axion field range f appearing in terms like cos(a/f),
but also a large coupling %{%Ff‘, and hence a small scale f’. Because f and f’ are both related to the
axion period, again, it can be difficult to achieve a large separation of these scales. This issue arises in
chromonatural inflation [732], which in any single-axion model requires an enormous integer to appear
in the effective action [756,757]. Similar issues arise when using axion couplings to gauge fields for

preheating [730], to suppress the axion dark matter abundance [758,759], or to produce dark photon
dark matter [760-762].

Separate from these specific phenomenological or model-building goals, if an axion field is discovered ex-
perimentally in the future, precisely measuring its couplings and understanding whether they are quantized
could play a critical role in interpreting the signal. Clearly, it is important to understand our theoretical
expectations before any such discoveries are made.

We will see that in studying simple theories in which multiple axions mix, interesting subtleties arise in
examining the periodicity and couplings of a light axion. If one simply examines formulas that are present

in the literature, one might suspect that the IR theory in general does not inherit any periodicity constraint
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from the UV theory. We will encounter a case in which the light axion field appears to be non-compact,
and yet inherits periodic couplings just as a compact field would. We will also encounter a case in which
the light axion field at first sight appears to be compact, but periodicity-violating couplings appear in the
EFT. These results provide tantalizing hints for the construction of phenomenological models that can evade
various constraints, and in some cases claims of large effective field ranges in such models have been made in
the literature [740,741,763]. However, in every case that we study, a more careful examination reveals that
the periodicity of the axion field and quantization of (properly defined, invariant) couplings are properties
of the infrared theory whenever the light axions remain massless. In the particular cases referenced above
in [740,741,763], the authors overlook subtleties related to the absence of anomalies, which relates the various
parameters in the Lagrangian and enforces quantization. In particular, these relations prevent some of the
scenarios discussed in [740,741,763] from being able to generate large effective field ranges. Once a mass
is generated, the constraints are loosened. However, all such effects are proportional to powers of the light
axion mass.

In order to achieve hierarchies between an axion’s coupling to different gauge fields, or between an axion

field range and the scale suppressing its coupling to a gauge field, we find the following options:

e The axion couplings remain quantized due to periodicity, and the hierarchy arises from a large integer,

as in the clockwork scenario [736,746-748,764,765].

e The axion is massive, and its couplings deviate significantly from their expected quantization due to
mixing with other axions with masses generated at the same scale. This possibility is familiar from the
QCD axion’s coupling to the photon, which obtains a non-quantized contribution from mixing with

the n° [766-768].

e Mixing between monodromy axions and ordinary axions can “realign” monodromy to a light axion
with a larger field range than the original monodromy axion, as in the “Dante’s Inferno” model [743].

This effectively extends the axion field range by allowing it to “unwind.”

Some aspects of our claims have been noted in other recent work, including [750] by one of us and [742]. We
extend earlier work by surveying a wider range of models, but also by situating the question in the broader
theoretical context of compactness of gauge groups. Some of our arguments in §2.2 resemble those made
in the past about mixing of spin-1 gauge fields [744, 745], though various details (e.g., our use of the Smith
normal form in §2.2.2; or the effects of turning on a mass for the light axion) are not directly analogous to
results in those references.

The outline of this chapter is as follows: in §2.2, we discuss scenarios in which some linear combinations
of axions obtain periodic potentials. We show that the remaining, light scalar fields are always periodic (their

field space is a torus) and their couplings are quantized as expected. In §2.3, we consider the possibility that
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a linear combination of axions decouples because it is eaten by a massive spin-1 field (either via the Higgs or
Stiickelberg mechanisms). Again, we show that the uneaten combination is a periodic field with quantized
couplings. The results of this section were also obtained independently in [742], which appeared while this
work was being completed. In §2.4, we discuss the possible mixing of axions with other, non-compact
scalars. We show that a theory in which a monodromy axion mixes with a heavier ordinary axion can lead
to a “realignment” of monodromy to a linear combination of the original axions, so that the axion decay
constant is larger in the low-energy effective field theory. In §2.5, we discuss the relationship between our
studies of compactness in axion field spaces and the question of compactness of gauge groups. In particular,
we point out that in some cases these questions are related by Hodge (electric/magnetic) duality. We suggest
that our results fit into a larger picture in which theories with compact gauge groups in the UV always flow

to theories with compact gauge groups in the IR. Finally, we very briefly conclude this chapter in §2.6.

2.2 Mixing with a Heavier Axion with a Periodic Potential

2.2.1 Light axion remaining massless

The first scenario we will consider is when two axions mix and a periodic potential gives a mass to one linear
combination of them, leaving one massless axion in the IR. We will argue that there is a consistent EFT
description in which the light axion is periodic and has quantized couplings to gauge fields. Elements of our
discussion, involving the diagonalization of kinetic mixing in the case of a massive axion, have previously
appeared in [735,769], and some of the conclusions about quantized couplings were previously emphasized
in [750]. Nonetheless, it is useful to highlight a confusing aspect of the calculation that has not previously
been emphasized, and then explain how this confusion is resolved. We will encounter a similarly confusing

intermediate result in §2.3, which our experience in this section will help to resolve correctly.

Setting up the problem in a convenient lattice basis

We will denote our two axion fields 6; and 05 and assume that they both have period 2r. A different way to
say this is that our field space is a torus, obtained by taking the quotient of the plane (61, 62) by the lattice

(27ny, 2wn,), n; € Z. A linear transformation

6/1 a b 91
6/2 C d 62
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preserves this structure provided that

b
c d

€ GL(2,7). (2.9)

We will call any such basis for our field space a “lattice basis.” Other bases are, of course, possible, but they
require us to reparametrize the lattice of identifications of the plane.

We will consider an effective Lagrangian of the form

k181 + ko602

o FwE", (2.10)

1 . .
L= — 5P + Kj0,0:0"6; — V(161 +1202) +

where ji, k; € Z but Kjj is an arbitrary symmetric real matrix of rank 2. For concreteness, one could imagine

the potential to take the form
V(j101 + joB2) = A" [1 = cos(j1 61 + jo62)], (2.11)

which might be the leading approximation to the potential generated by a confining, pure glue sector via

the coupling

J101 + 3202 Sapw
- . 2.12
3972 GlLUG ( )

However, the only important assumption we will make is that V(x) has a minimum at x = 0, and a Taylor
expansion V(x) ~ Vo + sp'x? + O(x*). Without loss of generality, we will assume that ged(ji,j2) = 1, by
absorbing any common factor into the normalization of the function V.

In the subsequent discussion, we will often drop the —ﬁFWF““ term when writing our Lagrangian. It
is understood to be present whenever a coupling to FF appears.

It is always possible to perform a GL(2,Z) transformation so that the massive axion is a basis vector,
9’1 = j101 + j262. To see this, observe that there must exist integers ¢, ¢> such that j1fo — jof; = 1, as a
consequence of our assumption that ged(ji, j2) = 1. Thus, we can define a new lattice basis as 0] = j101 +j20,

and 9’2 = 0107 + £205. The Lagrangian (2.10), written in the new basis, has the same form, with

ki = loky — 1ko,
Ky = —joki +jiks,
/ —I\Tyenf—1 e
K' = (M™)TKM ™! where M = . (2.13)
0 4y

Here K denotes the kinetic matrix whose entries K;; appeared in (2.10). Notice that the GL(2, Z) transforma-

tion maintains the quantization of couplings, k! € Z, as any lattice basis should. Without loss of generality,
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then, we can study the Lagrangian (2.10) in the special case that the potential depends only on 6. Let us

do so, dropping the ’ labels:

k101 4 k205

£ = Ky0,0:0"0; = V(01) + —

F, F". (2.14)

We could, equivalently, rewrite this in terms of two periodic, dimensionful axion fields a; with period 2xF;,

as in (2.1), with a dimensionless kinetic mixing parameter &:

2
1 1 ay ap =
L=— 0,a;0"a; O,a10"as — V F — | ki =— + ko— | F,,F", 2.15
5 ;:1 a0 a; + €0,a10"ay (a1/F1) + 1672 ( IF + QFQ) M (2.15)
where
K
F,:=+2K; and ¢:i= ——2 (2.16)

VKiiKss

Diagonalizing the propagating states

The Lagrangian (2.14) clearly describes one massive propagating field, 61, and another massless propagating
field. For general Kj;, the massless field will be a general linear combination of 6; and 0,, not necessarily
aligned with any lattice vector. This means that it is not a periodic scalar, but rather winds around the torus
in an irrational direction, never returning to its starting point. To identify this direction, we can diagonalize

both the mass and the kinetic terms by performing a shift of the light field, i.e. by defining
ar, := ag + €ay. (2.17)

This resembles the familiar diagonalization of massive dark photons kinetically mixing with the massless
ordinary photon [744], which was further discussed in [745]. To canonically normalize the independently

propagating fields, we can further introduce a rescaled heavy field
ag := V1 —¢e2a. (2.18)

In terms of ay and ay,, the Lagrangian takes the diagonalized form

1 L 1 L 1 ay, aH Thv
L= iauaLai ar, + iauaHal ag — V(aH/fH) + m <k2fL + (kl — ka)fH) FHUFi , (219)
where
F
fg:=+v1—¢€?F;, fL:=Fy, and p:= e=L. (2.20)
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We have denoted the suppression scale in the couplings by lowercase f rather than capital F to signal that,
unlike in (2.1), they do not necessarily have an interpretation as the period of a compact boson. The quantity
p is essentially a measure of how misaligned the basis of propagating fields is with the lattice basis.

This form of the effective Lagrangian has been derived several times before, e.g., [735,750,769]. However,
there is an aspect of it that is, at first sight, puzzling and has not (to the best of our knowledge) been
commented on. Specifically: the field ay, being proportional to 607, is a periodic scalar, yet its couplings
to gauge fields depend on the (generically) irrational number p and thus are not quantized. On the other
hand, the field aj, is not a periodic scalar, but its couplings to gauge fields are quantized (proportional to
the integer ko).

Should this bother us? Our argument that periodic scalars have quantized couplings was based on
requiring that exp(iS) be gauge-invariant when the scalars are shifted. Because (2.19) is fully equivalent to
our manifestly gauge-invariant starting point (2.10), it must be the case that exp(iS) is well-defined despite
the non-quantized coupling of the periodic scalar ay;. The reason is that a gauge transformation 6; — 6;427n
does not only shift a, but also shifts ar,; our diagonalized Lagrangian (2.19) is, as it must be, invariant under

the gauge transformations

ag — ag + 27m1fH,

ap, — ap, + 27 (ng + pny ) f,, n; € Z, (2.21)

which simply reflect the coordinates of the lattice in our new, misaligned basis. The lack of quantization of the
ay coupling leads to a shift in the action under a gauge transformation of ay that is precisely compensated
by the corresponding, p-dependent shift of a;, under the same gauge transformation. Everything is as it
should be. However, one might wonder whether the lack of periodicity of a;, means that we can integrate
out ag and obtain a low-energy EFT of aj, that lacks the constraints that usually come from periodicity.
Given that our Lagrangian has quantized couplings of ap, to Ff‘, it does not seem to be so easy to escape
the constraints of periodicity. In fact, the non-periodicity of ay, is a red herring. Properly understood, the

low-energy effective theory is a theory of a compact field, as we will now explain.

Periodicity in the low-energy EFT

We have noted that the light axion field ay, is not a simple periodic field, but it still has quantized couplings.
We can understand this better by examining the two-axion field space, as shown in Fig. 2.1. The field space
consists of periodic variables a; and ay, whereas when we diagonalize the kinetic terms we find a light field

ar, which is an irrational combination of the two, and which is constant on the blue diagonal lines in the
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Figure 2.1: The space of two axions a; with periods 2nF;. The red lines indicate two periodically identified
values of the two axions. The blue lines are contours of constant a;, = as + €a;, with ¢ = —% chosen as an

example. Notice that a 27 shift of the heavy field a; shifts a;, by an irrational amount, but a 2w shift of ay
at constant a; simply shifts a;, — ap, + 2rnfy. This is the gauge symmetry of the EFT along the flat valley
minimizing the potential V(a;).

plot.

The potential V(a;) is independent of as, and hence constant along horizontal lines in this plot. This
means that there is a flat valley along the horizontal red line at a; = 0, which is repeated at a; = 2nF,
and other gauge equivalent locations. The effective field theory of the light axion should be defined along
this valley, since the field can move along it without incurring any potential energy cost. Notice that this
statement is independent of the kinetic term for the axions, and in particular of the direction along which
lines of constant aj, are oriented. The gauge symmetry a; — a; + 2nF; does not shift a;, by a quantized
multiple of 2nfy,. However, the only gauge symmetry that makes sense within the low-energy effective theory
defined in a valley of fixed a;, namely ay — as + 2nF5, does shift ar, by 2nfy: it is the horizontal translation
that takes, for instance, the diagonal at aj, = 0 to that at a;, = 2=nf;,. Furthermore, these facts are preserved
by any lattice basis in which the potential depends only on 6;; we could send 6, — 05 := 0, +10;, and in
the (01, 05) basis it is still true that V is a function only of §; and that the couplings of 0} are quantized.
The EFT with 0; frozen at the minimum of its potential takes exactly the same form in the new basis.

From this point of view, there is very little mystery: the EFT is defined along the flat direction in
field space, which is periodic. The couplings of the massless periodic axion should be quantized, and we
have found that they are. A lesson to draw from this, which generalizes to other contexts, is that although
diagonalizing the propagating states is a good way to proceed if you plan to do Feynman diagram calculations
with multiple fields, it can be an unnecessarily confusing step in the process of understanding the correct

way to think about the low-energy EFT.
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A natural, straightforward approach to understanding the low-energy EFT is to obtain a theory of the

periodic field 65 by directly integrating out 6, using its equation of motion,

k ~
—LF, P 4. =0, (2.22)

2K11|:|61 + 2K12[]62 + LL461 — B)
167

where the omitted terms arise from higher orders in the Taylor expansion of V(61). Solving this equation

reveals that

_2K12\:|92 4K11K12D262 k1

6 = F V’P\;U‘V o ..
1 o + 0 + 16m2pt " +
L ha+ S0y ——L B, P 4 (2.23)
= — | —=[0Ua —_— a — v P .
Fi | m? 2 m} 2 1672m?F; "

where in the second line we have rescaled to dimensionful fields and made the replacement p* = m?F2. This
makes it apparent that we could equally well obtain such an expansion by working with Feynman diagrams
defined in terms of the fields 8; » rather than the diagonalized fields. The kinetic mixing is then an insertion
proportional to eO that flips a 8, propagator to a 6; propagator or vice versa, and leads to the Oay terms
in the above equation.

In summary: the EFT of the light field is a theory of an axion 65, with couplings to gauge fields quantized
as expected given its periodicity. All of the effects of kinetic mixing with the heavy field are encoded in

manifestly shift symmetry-preserving derivative interactions.

2.2.2  An N-axion generalization

Above, we saw that if we had two axions (01, 0;) and a potential depending on one linear combination of
the two, we could change to a new lattice basis in which the potential is independent of the periodic axion
05. This allows us to integrate out the heavy field and obtain a theory of only the compact axion 05. It
is natural to generalize this to the case of N axions (61,...,0xn) with period 2r as follows: suppose that

we have a potential that depends on k independent linear combinations of the N axions and respects their

periodicity,
N
V=V(@,...,0) where ¥;=>Y Q;f;, Qj€Z (2.24)
j=1
Then we claim that there is a new lattice basis, 07, ..., 0, in which the potential has the form V(1,...,0)
and is independent of GLH, ..., 0%. Hence, we can integrate out the massive modes 07, ..., 0} to obtain an
effective field theory of the N — k massless, 2n-periodic axions 6{(4_1, o, 0%

This fact follows from the existence of the Smith normal form [770] for matrices over a principal ideal

domain (such as the integers): given the k x n integer matrix Q with entries Q;;, there exist integer matrices
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S e GL(k,Z), T € GL(n,Z) such that

rr 0 -~ 0 O 0
0 19 --- 0 0 --- 0
R :=85QT = , TIi€Z. (2.25)
0o 0 "~ 0 0 -0
0 0 -~ 1 O 0

(The Smith decomposition also implies that we can arrange that r; divides ri;1, but we will not need this.)
The definition of GL(m,Z) means that S and T are invertible and their inverses have integer entries.
In our original basis, the span of the rows of QQ defines the subspace of axions that obtain a potential.

We can change to a new lattice basis by defining
N
o =" T;'6;, (2.26)
j=1

where T} U are the entries in T~'. In terms of this basis, the potential depends on the span of the rows
of the matrix QT = S™'R. We can read off immediately that the span of the rows of R contains only
linear combinations of the first k basis vectors in the 0] basis. The form of R together with invertibility
of S71 guarantees that the rows of S™'R span the same subspace. Hence the potential is independent of
011 0%).

This shows that our discussion of the 2-axion case can be fully generalized to N axions. When a potential
gives a mass to k < N axions, we can always find a lattice basis where it is manifest that N — k axions with
period 2w are flat directions. By the usual logic of effective field theory, then, we can integrate out all of the
heavy axions, and obtain a theory of the N — k light axions that respects all of the expected quantization
rules for axion couplings. Any kinetic mixing with heavy axions, upon integrating them out, will produce

only shift-symmetric terms involving O acting on light axions, as we saw above.

2.2.3 Light axion obtaining a mass

So far we have discussed only cases in which light axions remain exactly massless, and have found that they
are periodic fields with exactly quantized couplings. The quantization of axion couplings can be violated
once the axions obtain a mass. One straightforward way to see this is by noting that within the effective

field theory, we can use equations of motion to make the replacement

ov
Oay, — _OVla) —mfap +..., (2.27)
3aL
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which exchanges a term that is manifestly invariant under continuous shift symmetries of 65 with one that is
not. Although the linear term coupling a, to FF is not necessarily quantized, if we keep higher-order terms
in ay, this replacement does preserve the discrete shift symmetry (2.1) because V(ar,) is a periodic function.
One could also see this effect from the Feynman diagram approach; an external, on-shell light axion of mass
my, that kinetically mixes with the off-shell propagator of a heavier axion of mass my will obtain an insertion
proportional to ep? = em? followed by a propagator factor of 1/(m% — m?), which agrees with the EFT
result obtained by integrating out 6; using (2.23) and expanding order-by-order in m? /m$ < 1. Thus, the
couplings of a massive axion field are not quantized, but to the extent that the mass of the axion is much
smaller than all other mass scales in the problem, we expect the deviations from coupling quantization to
be small.

It is instructive to compare this to the familiar non-quantized shift of the axion coupling to photons via
its mixing with the neutral pion. As explained in [750], this does not violate the shift symmetry (2.1) of the
axion because it is part of a set of terms that resum to a periodic function, similar to (2.27). Furthermore,
the effect is suppressed by m?2, and is large only because the axion mass arises from the same strong dynamics
as the pion mass, so that m2F2 ~ m2F2. In other words, in this case, the suppression factor m?/m?2 that
we have argued to exist on general EFT grounds is compensated by an enhancement factor of F2/F2. (One
could, in principle, perform a field redefinition to discuss this example in the language of kinetic mixing rather
than mass mixing, although because the kinetic mixing would then be nearly maximal, this is not a very
useful viewpoint to take.) This example shows that some caution is in order when asserting that effective
field theories of very light axions are expected to contain quantized couplings to gauge fields. On the other
hand, it also reveals that one needs rather special circumstances to obtain a very large violation of this
expectation, as arises when multiple periodic scalars obtain mass simultaneously from the same dynamics,

as in QCD confinement.

2.3 Mixing with a Heavier Axion Eaten by a Spin-1 Field

As our next example, we again consider a theory with two axions, but with a linear combination obtaining
a mass in a different way: by being eaten by a massive, spin-1 gauge field through the Higgs or Stiickelberg
mechanism [738,739]. This type of theory has been considered in great detail in [740,741]. A version of it in
a Randall-Sundrum scenario was recently discussed in [763]. In this scenario, we will again see intermediate
results that seem to break the expected connection between periodic scalar fields and quantized couplings. In
this case, the pattern will be reversed from what we observed in §2.2.1: the heavy axion will be a non-periodic
field, but will have quantized couplings; on the other hand, the light axion will be a periodic field, but will

have non-quantized couplings. These non-quantized couplings have led to earlier claims that super-Planckian
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field ranges can be obtained in models of this type [740,741,763]. However, our results do not support such
claims. Once again, a careful assessment of the underlying gauge invariance of the theory will show that
the proper understanding of the low-energy EFT is that of a periodic field with quantized couplings, despite
initial appearances. Our conclusions are in accord with those of [742], which appeared while this work was

being completed.

2.3.1 Diagonalizing the propagating states

Let’s begin by looking at an effective theory with two axions, one combination of which is eaten to provide
a mass to a spin-1 field via the Stiickelberg mechanism. (It is possible to obtain this effective theory as a
limiting case of a Higgs mechanism, so we expect our remarks to apply to both scenarios.) For the time
being, we will neglect kinetic mixing, as the points we wish to illustrate do not depend on it. We begin by

considering the action

k161 + k02

1672 GHVGHV + ‘CCOnv (228)

where F\,, = 0,A, —0,A, is the field strength of the massive gauge field, whereas G, is the field strength of
a different, massless gauge field G,. We are interested in the quantization of the 0GG coupling for the light
axion. The term L.,, denotes additional couplings that, in some cases, may be necessary for consistency of
the theory. We will discuss these couplings in more detail below.

The subtleties in this case, compared to our previous case, arise because we now must ensure invariance
under three different gauge transformations that shift the axions. These are the two discrete shift symmetries
0; — 0; + 27 associated with the periodicities of the axions, together with a continuous shift symmetry

associated with the U(1) group gauged by A,:
AH — AH + 8u0¢, 91 — 91 +qo, 62 — 62 + Qo (229)

When studying the theory on a spacetime of nontrivial topology, ¢*®) U(1) must be well-defined (single-
valued) but « itself need not be. Because ¢ ) must also be single-valued, we see that the gauge transfor-
mation (2.29) makes sense only if qi, q2 € Z. This is consistent with our expectations if the axions 8; arise as
phases of complex fields of charge g; that obtain a vacuum expectation value, in the case that (2.28) arises
as a limit of the Higgs mechanism.

Consistency of the theory under the axion shift symmetries imposes that ki,ks € Z in the absence of

additional interactions, just as in our earlier discussions. However, notice that in general the 0GG terms are
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not invariant under the U(1) gauge transformation (2.29), which shifts the Lagrangian by

kiqr +koqo

6@‘CGG€} = 1672

aGy, G (2.30)

Because « is a continuous quantity, the theory only respects the U(1) gauge symmetry if kyq; + koqa = 0.
Otherwise, it is necessary to add additional terms, indicated by L.on above, which are not gauge invariant
on their own but which serve to cancel the gauge variation (2.30). Such terms could arise from fermions
that carry G charge and transform anomalously under the U(1), or from generalized Chern-Simons terms
proportional to A K" where 9,K" = Gwé““ [739-741].

For the moment, let us leave L., unspecified and proceed to diagonalize the propagating states in (2.28).

We can change basis to diagonalize the kinetic terms,
L L2 0 Ay)(o" A* L2 Opar,0”
2 §mA( wam — Ay)(0"an — AY) + 5Macuarorar, (2.31)
where the “heavy axion,” the linear combination eaten by the U(1) gauge boson with mass my, is

1
an = — [Fiq101 + F3q20],  where mj} :=Fiq} + F3q3. (2.32)
A

The orthogonal light combination is

FF
ar = — 5> (b — q16y). (2:33)
g

The proportionality of aj, to an integer linear combination of our original axion fields is no accident; it
guarantees that aj, is invariant under the U(1) gauge transformation (2.29). In this basis, the couplings of
the propagating axion eigenstates to the gauge field G are

1 F F ~
L5 1672 Kkl%F? - k2Q1F;> ar, + (kiqr + koqo) an | G, G*. (2.34)

These results have already been obtained in [740,741], but let us discuss them from the point of view of
gauge invariance, periodicity, and quantized couplings. The fact that the coupling of ay is proportional
to kiqr + koqa follows from (2.30): when the Lagrangian is gauge invariant without further contributions,
i.e., when L.on = 0, U(1) gauge anomaly cancellation demands that the linear combination of axions that
transforms under U(1) decouples from the other gauge fields.

Recall that in §2.2.1, we faced a puzzle: after diagonalizing the mass and kinetic mixings, we found a

heavy propagating axion mass eigenstate that was a periodic scalar and yet had non-quantized couplings,

37



and a massless light axion that was not a periodic scalar and yet had quantized couplings. Here we seem

to see exactly the opposite situation: the heavy linear combination ay is not a periodic scalar, and yet its

coupling to GG is proportional to the integer k;q; +ksqz.! On the other hand, the light axion ay, is periodic;

from (2.33) we can see that under a general shift of the underlying fields 6; — 6; + 2wn;, the shift of ay, is

proportional to the integer qan; — qing. Thus, ay, is periodic, with minimal period given by the identification
F.Fy

ar, = ap, + 21— ged(qu, q2)- (2.35)
Ty

The puzzle is that despite this periodicity, the couplings of a;, do not seem to be quantized, as the GG
coupling depends not only on the integer charges k;, q;, but also on the ratio of decay constants Fy/Fs. In

particular, if we define a scalar field 0y, of period 2w by rescaling ay,,

1
O := ————— (207 — q102), 2.36
L gcd(qth)(% 1= q102) (2.36)
its coupling to GG is given by
1 kiqoF3 — koq  F? ~
— |gcd ————— | | 0L.G, G", 2.37
16,“2 |:gC (‘h&?)( q%F%—l—ng% LYoy ( )

where the term in brackets is, in general, not an integer. This appears to contradict the basic quantization
(2.3) of a 2m-periodic axion.

We emphasize that the periodicity of 6y, is entirely determined by the original periodic lattice of identifi-
cations of (01, 02) together with the charges q;, which specify which linear combination of the fields remains

uneaten. We can write the kinetic term of 61, as

1 FiF5ecd
iFfaueLa“eL, where Fp = Lw (2.38)

ma

The scale Fy, is the most natural definition of the “decay constant” of the light axion, and determines the
units in which the couplings of the canonically normalized axion to GG are expected to be quantized as
well as the expected field range when an axion potential is generated. This should be contrasted with the
approach of [740,741,763], which defines an effective decay constant Fog which is inversely proportional to
the factor in brackets in (2.37). In those studies, a small value of the factor kyquF3 — koq; F? is argued to
suppress the coupling and lead to a trans-Planckian F.g. While it is interesting that the coupling in (2.37)

allows for a very large Feog defined in this way, the fact that it is not related to the period 2nFy, appearing

' This is a bit of an overstatement: in the presence of Lcon, as noted above, the k; need not be integers, whereas
in the absence of Lcon, this coupling is not just any integer, but zero.
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in (2.38) should give us pause. In fact, the axion decay constant as we have defined it can only be smaller

than the decay constants we started with:
F, < min(Fy, Fy). (2.39)

How do we reconcile this with claims of large Feg extracted from (2.37)?

We have already laid the groundwork for the resolution of this puzzle: because the Lagrangian (2.28) is
not, in general, gauge-invariant in the absence of additional terms L., we should not be surprised that it
violates the expected periodicity properties. The physical coupling of an axion to gauge fields is quantized in
units that allow us to read off the maximum field range of the axion potential, but in theories with L.on # 0,
Lagrangian couplings like that in (2.37) do not determine the full amplitude, and consequently we do not
expect that the scale F g extracted from such a term is related to a physical field range. The discussion
in the introduction makes this clear: if we read off Fyy o< 1/cp from (2.4), then because cp shifts as in
(2.6) under a field redefinition, we could obtain absolutely any value of Feg by parametrizing our fields in a
different way. The physical amplitude which is quantized, in the presence of anomalous fermions, depends on
a combination of terms like (2.7). Ounly by first redefining the fermions to set c,, = 0 (which, in this context,
is the meaning of L., = 0) do we obtain quantized cr, at which point we can read off the axion periodicity
from this coupling. Hence, we cannot, in general, analyze the periodicity constraints on the effective action
of 6, without specifying the terms Lo, which we expect will always resolve the puzzle. The only case in
which we can directly resolve the puzzle is in the case when it is consistent to set Lcon = 0 because 8, Ly
in (2.30) is identically zero, i.e., the case kjq; +koqa = 0. In this case, the bracketed factor in (2.37) reduces

to
kiqoF2 — koq F?
qiF; + 43F3

et )] -2 et ez, (2.40)

To justify the claim that this is an integer: given that kiq; = —koqso, it follows that qi|(koqs). In order for
this to be true, qi/ged(qi, q2) must divide ko.

So far we have assumed the light axion to be exactly massless, and found that it has exactly quantized
couplings. We could also consider a theory which has a potential that provides a mass for the light axion
well below the mass of the heavy spin-1 field. Just as we discussed in §2.2.3, the effective field theory of the
light axion allows for terms proportional to O08p which, upon making use of the equations of motion, can
appear as effectively non-quantized couplings proportional to the light axion mass squared.

Summing up: when we give one linear combination of the axions a mass through the Higgs or Stiickelberg
mechanism, the massless light axion is a periodic field, with smaller field range than our initial axions. In

the case that the Lagrangian we have studied is gauge invariant in its own right, we have shown that the
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couplings of this periodic field are quantized, just as we expect them to be. This is as it must be; if we
integrate out the heavy fields, we obtain an effective field theory of a periodic axion, with all of the constraints
that this entails. Nonetheless, to illustrate the point more generally, let us look at at an example in which

Lcon # 0. Specifically, we will consider a theory in which light fermions cancel the gauge variation (2.30).

2.3.2 Analyzing a 4d UV completion

To clarify the physics, it is useful to consider an explicit, 4d UV completion of the effective Lagrangian
(2.28) in which the massive gauge field obtains a mass from the Higgs mechanism, and fermion fields supply
a non-vanishing contribution to L..,. The goal of this model is simply to show a consistent example that
generates the effective theory we are interested in, in which we can explicitly calculate the interactions and
understand how the constraints of axion periodicity are respected. This model is not meant to be natural
or aesthetically appealing, just to illustrate some points about the physics of axions. For this reason, we
will freely assume hierarchies in the dimensionless couplings, and invoke global symmetries that are not
necessarily accidental, with no need for further explanation.

In this model, the axions 6 7 arise from the phases of two complex scalars ¢, 5 with U(1) gauge charges
q1,2. We also consider an SU(N) gauge group that will provide the GG couplings we are interested in. Each
of the scalars will provide Dirac masses to some fermions Q, Q which transform in non-trivial, conjugate
SU(N) representations, so that from the SU(N) point of view the theory is not chiral. However, these fields
will have chiral couplings to U(1): Q carries charge and Q does not, or vice versa. To cancel the U(1)?
and mixed U(1)-gravitational anomalies, we also introduce fermions L, L that have the opposite U(1) charge
assignments but do not interact with SU(N) gauge fields (though they come in the appropriate number of
copies to compensate for the anomalies of the Q, Q fields). By construction, this theory has no SU(N)?, U(1)?,
or mixed gravitational anomaly, but the SU(N)?U(1) mixed anomaly still imposes a nontrivial constraint on
the representations and charged assignments, to which we will return shortly. The field content of this model
is summarized in Table 2.1.

The Lagrangian (2.28) can be obtained in a decoupling limit of this model. We begin with the complete

theory, including Yukawa couplings
Lyuc =Y (}HQithQh + Y1Li&PlL1ikEnk) +> (yQQiKPEszQQj + }’2Lj&Pngiki21k) +hc, (2.41)
i i
where sums over the copies k of the L fields are implicit. To generate an effective Lagrangian of the form

(2.28), we suppose that there is a hierarchy among the Yukawa couplings so that some are much larger

than others. Then below the symmetry breaking scale, we can integrate out the heavy fermions. In general,
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01 | P2 | Qu Qui | Lige Lin Qo Qoj | Lojk i2jk
U(D)gauge | a1 | a2 | a1 O] -q 00 Q@ |0 —aq

suN) |1 |1 [Rs Rul1 1| Ry Ry |1 1
U(Uglobal 1 0 1 010 —110 00 0
Ncopies 1 1 1 dim(Rh) 1 dim(RQj)

Table 2.1: Matter field content in a potential UV completion of the two axion model. The integers
ie{l,...,N;}andje€ {1,...,Ny} label the set of fields, while the subscripts 1 and 2 signal which Yukawa
couplings provide mass to the fields, e.g., kplQth. The full set of Yukawa couplings is displayed in (2.41).
The ¢ fields are scalars, whereas the Q, C), L, L fields are all left-handed Weyl fermions. The L, L fields come
in multiple copies, k € {1,..., Neopies}, to ensure anomaly cancellation. With these charge assignments, the
only anomaly cancellation condition that must be explicitly checked is the SU(N)?U(1) anomaly.

integrating out a term of the form m(ap)\Il\Tl + h.c. produces a term of the form

2p(Ry)

BL= T

arg(m) Gy, G, (2.42)

where p(Ry) is the Dynkin index of the representation of ¥ under the group G. For concreteness, let us
suppose that the fields with i = 1 and j = 1 are relatively heavy, whereas all of the others are much lighter
(i.e., have much smaller Yukawa couplings to ¢, p,). We further assume that the U(1) gauge coupling e is
small enough that we can integrate out the heavy fermions without integrating out the massive gauge field,
i.e., eqi2 < y1qQ1, YiL1, Y2q1, y2r1. We further assume that the fields ¢, , have a symmetry breaking potential

which does not mix them, e.g.,

A X
Vssg—f(lupll2 V) + f(lupgﬁ v2)?. (2.43)

The structure of this potential ensures that, when we turn off the U(1) gauge interaction, we have two
distinct Nambu-Goldstone bosons 61,2 which are the phases of ¢, , respectively. An example of a U(1) global
symmetry charge assignment that can be responsible for protecting the uneaten Nambu-Goldstone boson
is given in the “U(1)gioba” row of Table 2.1. We further assume that the radial modes of the ¢ fields are
sufficiently heavy that we can integrate them out, i.e., eq; 2 < \/E . The choice of which fields to integrate
out is not unique, but making this arbitrary choice suffices to illustrate our main points. We illustrate the
various interesting ranges of energies, and corresponding effective field theories, in this model in Fig. 2.2.
Integrating out the heavy SU(N)-charged fermions Qy1, Qi1, Qa1, Qo1 will generate couplings

1

0cG = ~ 1z (M(R11)81 + 1 (Re1)82] G G, (2.44)

1y
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Energy
S

UV Complete Lagrangian:
Complex Scalars (¢1,42), Gauge Fields (A,,G?), Fermions (Q, Q, L, L)
Renormalizable Couplings

Intermediate Scale Lagrangian: _ _
Axions (am,aL), Gauge Fields (A,,G%), Light Fermions (Q, Q, L, L with i,j # 1)
Non-renormalizable aFF terms
= Mu)
IR Lagrangian:

Light Axion (ar), SU(N) Gauge Fields (G2), Light Fermions (Q, Q, L, L with i,j # 1)
Non-renormalizable aFF terms

Figure 2.2: Schematic of important energy scales and effective field theories obtained from our UV comple-
tion. After integrating out the radial modes of the scalars and the heavy fermions at the Peccei-Quinn scale
Mpq, we obtain an effective field theory of two axions, one eaten by a spin-1 field, as considered in §2.3.1.
Below the mass scale My;) of the spin-1 field, an effective field theory of a single light axion is obtained.
We show that this axion is a periodic field with quantized couplings.

We follow the standard convention in particle physics that the Dynkin index of the fundamental represen-
tation of SU(N) is p(0O) = 1/2, in which case the Dynkin index of any representation R satisfies 2u(R) € Z,

which shows that the couplings of 0, are quantized in the way that we expect. Changing basis as described

in §2.3.1, this includes a coupling of the light axion 6p, of the form

ng(qla q2)

1 ~ v
1677 m] 5 [(R1)asF3 — p(Ray)an FY] 00,Go, G, (2.45)

While it appears that we can choose this to be as small as we like by carefully choosing representations
to impose relations among the q and p(Ryy,), we have not yet taken into account gauge invariance. The

condition for SU(N)?U(1) anomaly cancellation, given the field content in Table 2.1, is
N, Ny
> n(Ri)ar+ Y p(Ra)qe = 0. (2.46)

i=1 j=1

We can use this condition to eliminate p(Rq1) from (2.45), obtaining a coupling

Ny 2

cd(qr, g Z 3 q a Gapw

LG GG — -8 ( 12 2) H Rll Q2F2 H(RQJ) QFg - H(RQl)qu% eLGpUG "
L 16w m3 P p qi

ged(qr,a) | p(Rar) | - q
1,42 21 2 a a u
- > w(Ra) E : 9 z 2.4
1672 ” + 2 LL R1 Jr RQJ 2A LGWG ( 7)
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Notice that we have now written the coupling in terms of a single term that depends on one of the heavy
fields, together with a sum over only the light fields (i.e., the sums omit i = 1 and j = 1). The first term
in brackets in (2.47) is a rational number, while the others are, in general, irrational. However, recall that
this is not unexpected: there are additional light fermions in the theory, labeled by i € {2,...,N;} and
j € {2,...,Ny}. The quantization condition applies only to a combination of coefficients like (2.7), which
depends on how the light fermions couple to the axion. By either performing an anomalous field redefinition
to eliminate the 0; W couplings, or computing the one-loop triangle diagram contribution to the OLGé
amplitude, we find that the light fermion contributions cancel the irrational pieces of the terms in (2.47)
that arise from the sum over i and j. To compute these contributions, we note that the masses of the Qy;

and Qy; fields are proportional to

Q2ng(Q17Q2)F§e )]
— 0,
my

kp; ~ exp(—ifs) = exp [—i (qgaH Wq—;(m)e )] (2.48)

my

upI ~ exp(—if1) = exp [i <q1aH +

where we have changed to the basis of heavy and light fields. As a result, if we eliminate the 0y, couplings

to the light fermions, we produce new contributions to the GLGé coupling,

Cd q1,92 lapy
IV 317 ZM Ryi)quF2 — ZM (Rop)anF2 | 01.G2, G, (2.49)

The first of the new terms cancels the middle term in brackets in (2.47), while the second term combines

with the last term in brackets in (2.47) and simplifies:

Ny 2 2 2
_ S ng(qlan) “’(R‘Ql) 432 F2 QIFI a (Yapv
Ly ca+ALyca = 1672 ” + ?22 i (Rej) am + -~ OLGWG "

— 1 2 ng(Qh q2) = a apv.
= 5 ” j:ZIM(RZJ) 0,G2,G (2.50)

Now we have finally obtained a manifestly quantized coupling, as we expect for a periodic axion. We can
argue that the term in brackets is an integer in precisely the same way that we argued following (2.40), once

we make use of (2.46) and the aforementioned integer quantization of 2u(R).

2.4 Mixing with a Heavier Non-compact Scalar

In this section, we will study examples in which an axion mixes with a non-compact scalar. As in our

previous examples, our purpose is to study the periodicity of the light axion after decoupling the heavy field.
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In our first example, we consider mixing of the light axion with a radial mode of the same complex field. In
the second example, we consider mixing of an ordinary axion with a monodromy axion. For concreteness, we
consider an extra-dimensional realization of monodromy in which the two axions are the Wilson loop phases
of two different five dimensional gauge fields obtained after compactification on R*' x S'. One has been
Higgsed (H"), the other remains massless (A"), and both couple to the same charged bulk scalar. While
there is extensive literature on both the one-loop potential (e.g., [771-777]) and axion monodromy (e.g.,
[733,734,743,778-781]), we highlight features of their interplay which have not previously been emphasized
in the literature and use them to show our broader conclusions still hold in a more general setting. In
both of the examples we consider, if the non-compact field is much heavier than the axion, we find that we
can integrate it out to obtain a typical EFT of the light axion. In the case of mixing with a monodromy
axion, we find that in the limit where the monodromy potential is subdominant to a periodic potential for a
linear combination of the ordinary and monodromy axions, the monodromy is effectively “realigned” to the
surviving light axion in the EFT, which has a larger decay constant than the original monodromy axion. In
every case, we find that deviations of 0GG couplings from their quantized values are, as before, proportional
to the mass squared of the axion field.

The case of mixing with a monodromy axion that we discuss is related to an earlier discussion in [765],
in which certain axions obtain masses via fluxes (which makes them monodromy axions) and other axions
remain light. That paper emphasized that the light axions can have enhanced field ranges, providing an
implementation of alignment [736] in which the heavy mode is decoupled by fluxes rather than a periodic
potential. Our claims are in accord with theirs, but we consider an extended range of possibilities including

the scenario when a periodic potential provides a larger mass term than a monodromy potential.

2.4.1 Mixing with a Radial Mode

As our first example of mixing with a non-compact scalar, we consider a simple KSVZ UV completion of a

single axion [592,593] and add at least one PQ-breaking term:

_ N
£=X(9P v + (yoQQ+he) + (ilf% + h.c.) . (2.51)

The presence of the PQ-breaking term allows, when perturbing around a generic point in field space, for
the radial and angular modes of ¢ to mix with each other. (The Yukawa term also allows this, after
confinement.) An example of this potential for a particular choice of parameters is shown in Fig. 2.3. Our
purpose in studying this theory is to understand whether it can produce a non-compact scalar field after
integrating out the radial mode. We find that the answer is no, because even before integrating out the

radial mode, we see that there is a nearly-flat, periodic valley at the minimum of the potential.
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Figure 2.3: An example potential from mixing an axion with a radial Higgs mode through a KSVZ-like
model, including additional PQ breaking terms. Lines of constant r (defined to be the radial mode of ¢) are
shown in blue. Both the quark couplings and the PQ-breaking terms generate a potential along the 6 (the
phase of ¢) direction, but are unable to produce a non-compact valley at the minimum of the potential.

The potential, within the UV theory of two real scalar fields, has a periodic valley because of the form
of the radial dependence of each of the contributions to the potential. In order for the valley to unwind
into a non-compact flat direction, a cross section of the potential at fixed theta would have to oscillate as a
function of the radial mode. However, in each of the contributions to the potential in this example, the radial
dependence is polynomial. In general, models of this form will generate potentials that are a sum of periodic
functions of theta each multiplied by an envelope function that is a polynomial in the radial model. This
means that while PQ-breaking terms can generate complicated radial dependence for the precise location of
the minimum of the potential, they cannot make the valley unwind into a non-compact direction without

fine-tuning the coefficients of the radial polynomials to approximate a periodic function.

2.4.2 Mixing with a Monodromy Axion

The simple four-dimensional theory that we considered in the previous subsection is not sufficient to allow
the valley at the base of the potential to become a non-compact direction. Our discussion suggests that this
is more likely to occur in a potential that mixes the radial and angular modes inside a periodic function. To
generate this type of potential, we will consider the case where a monodromy axion mixes with an ordinary,
compact axion. In this model, the nearly-flat valley at the base of the potential is non-compact because of
mixing with the non-compact monodromy axion. On the other hand, there is still an underlying periodicity,
which is reflected in quantized aGG couplings. The mixing between one monodromy axion and a second
compact axion can lead to a low energy EFT of a monodromy axion which is lighter and has a larger field
range than the original monodromy axion on its own. This type of potential and string theory completions
have been discussed previously in [743]. Instead of a string theory construction, we will instead illustrate

the core concepts using a simpler mechanism for generating the potential from dimensional reduction of a
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higher dimensional QFT.

We consider the simplest toy example that has this effect: a five dimensional theory of two U(1) gauge
fields, where one has been Higgsed (H") and the other remains massless (A"). The use of massive U(1)
gauge fields in higher dimensions to produce monodromy axions in a compactified theory has been discussed
previously in [781-783]. After compactifying the fifth dimension on a circle of radius R, we obtain axions
as the Wilson loop phases 0; := § dx’Gs; of the fifth component of each gauge field around the compactified
dimension. We can see that the axion is normalized here to have period 2n because Gy and Gs; + % are
related by a large gauge transformation. The Higgsed field alone will generate a monodromy potential for
0. To generate a periodic potential that mixes 8y and 64, we couple both gauge fields to the same form
of matter. For simplicity, we take this matter to be a massless scalar and take the 5d spin-1 field to have a
simple Stiickelberg mass term, but these choices do not qualitatively change our results. (In particular, our
qualitative conclusions should carry over to the other shapes of monodromy potentials that are known to

arise in string models, e.g., [733,779,784].) The action in this theory takes the form

S = /d5x (—12HMN(X)HMN(X) - mj H H — 12 Ay (x) AMN (x) 4 DMXT(X)DMX(X)> (2.52)
4g5n 285y 4gsa
where the covariant derivative is
Dux (x) = pyx (%) — igaAm(x)x (x) — ignHn (%)X (x) (2.53)
and following [782] we have defined
Har(x) := Hyp(x) — ie® ) pye 06 (2.54)

where the Stiickelberg field 6(x) is a periodic scalar. Since 6 is an angular variable it can have nontriv-
ial winding around the extra dimension, % for integer w, which is responsible for the monodromy after
compactification.

The potential obtained after compactification contains two distinct contributions. At tree level, we only

see the monodromy potential of the Higgsed gauge field from the mass terms [782]

c Vo () e - (Ou 2712F2922 2.55
4D —Vion( H)~—*@ %*W **im i (0 — 27w)”, (2.55)

where we have defined the 4d gauge couplings g4 = gsi/v 2R as well as the decay constants of the 4d axion
fields, F; = 1/(2nguR). Since the kinetic terms are %F?(@Gi)g, we see that m is the canonically normalized
mass of 0. As is typical with monodromy, for the Lagrangian to remain invariant under a shift by the axion

period, we must also shift w. On any given branch of fixed w, the potential is effectively not periodic, so
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O behaves as a non-compact scalar. In addition to the tree level potential, both gauge fields get one-loop
potentials from their couplings to matter. Since they are coupled to the same form of matter, the one loop
potential will be a periodic potential that mixes the monodromy axion with the ordinary axion. In particular,
the potential generated by integrating out the mass terms for the tower of scalar Fourier modes

t Lt e (2.56)
X R2 QA?K QHQTY X .

will simply be a sum of cosines in the case where x is massless (e.g., [772]),

3 i cos(ngp 0 + nqpdy) (2.57)

 64mOR4 n’

n=1

Vper(eA7 eH) -

In the case where X is massive the exact form the potential is more complicated [771,773,774], but will still
be periodic and produce qualitatively the same effect.

Although Ve is a one-loop effect and Vinon is a tree-level effect in this model, it need not be the case
that the monodromy potential dominates. This is because V., originates from spontaneous breaking of
the discrete shift symmetry, which is preserved by Vper, so it is of parametrically different (potentially much
smaller) size. It is interesting to consider two different limits, one in which 812{Vm0n > |812_1Vpcr| throughout
the field space, and one with the opposite inequality. (Here 0 denotes 9/90y.) These are depicted in the
left- and right-hand panels of Fig. 2.4, respectively. The left panel shows the case where the monodromy
potential dominates over the periodic potential. The periodic potential creates a small perturbation, but
there is no obstruction to any nonzero value of 6y rolling down the potential toward 8y = 0. The right panel
shows the more interesting case, in which |5%Vpcr| > 04 Vmon- This creates a series of ridges in the potential;
it is conceivable that the field could be localized (for instance, during inflation) in a valley between ridges
far up the potential, and will evolve toward the minimum by following the winding path down the valley
rather than moving directly in the 8y direction.

The phenomenon exhibited in the case with a ridged potential might be thought of as “monodromy
realignment.” In the effective theory containing both 8y and 04, it is 0y that carries the monodromy. This
is because the Stiickelberg field that produced the monodromy shifted only under shifts of H,,. Nonetheless,
the low-energy effective theory is that of a monodromy axion that is a nontrivial linear combination of 6y
and 05. One way to see this is by noting that we could first integrate out the linear combination of fields
that obtains a mass from V.. As in §2.2.1, we could choose an alternative lattice basis (61, 02) in which

this field is 0;. Specifically, we can find integers ry, rg such that

61y  [pa pu) [0 (2.58)

09 r'a TIH Om
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Figure 2.4: The two-axion potential in the case where a monodromy axion 0y (horizontal axis) mixes with
a compact axion 04 (vertical axis). The front and back edges of the surface correspond to 84 = 0 and
0a = 27 and are identified. In the left plot, we have chosen parameters so that 8%1Vmon > |8%1Vper|. In
this case, the monodromy axion is heavy and can be integrated out; the light axion 6, has a smaller cosine
potential along the periodic valley at the base of the monodromy axion’s potential. In the right plot, the
opposite limit |812{Vper| > aﬁvmon is taken. In this case, the cosine potential is large enough to produce a
series of ridges. The light axion mode is neither 6 nor 8y, but the mode that traverses the valley in between
ridges, along which 6, = —qu6n/qa (mod 27). The colored arrows show the path of the minimum down the
potential, where arrows of a particular color should be identified together.

where
qa . qu

ba = ged(qa, qm)’ b= ged(qa, qu)’

and parg — pura = 1. (2.59)

In this basis, the potential is (choosing the branch where w = 0)

1
V(81,02) = Vper(81) + §m2F%I (paB2 —rab1)”. (2.60)

The effective theory along the valley in the potential is obtained by taking 6; = 0 (or a 2w shift thereof), so

that we can integrate it out to obtain an effective theory of the light field 0,
ngaHGQa“(a? - lmeiF%{eg + (terms proportional to 062), (2.61)
2 2
where, using (2.13), the kinetic term of 6 is proportional to
F3 = pAF} + piiFa- (2.62)

From this we can read off the canonically normalized mass of the light field,

202
2 Path

. 2.63
PIF, + pars (263)

m3 =m
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The nonperiodic potential for 05 indicates that, in the low-energy effective theory, it is a monodromy axion;
we say that the monodromy has realigned from 0y to 62 = rp0a 4+ rgfy. Monodromy realignment has both
increased the effective decay constant and, correspondingly, decreased the mass of the monodromy axion.
Both of these features are intuitively apparent from the winding valley in Fig. 2.4.

We could also ask if couplings to external gauge fields are quantized the way that we expect them to be.

To study this we consider adding Chern-Simons terms to the theory,

C Y C /
ACCS = 7161’;2 EMNPQRAM Tr[GNP GQR,] + 71612 EMNPQRHM Tr[GNp GQR}7 (264)

where G is an arbitrary gauge field (which could be one of the two already in the theory). Gauge invariance
requires that the coefficients ¢; be integers. After dimensionally reducing, these Chern-Simons terms will
contain GiGMé“ couplings of the axions to the four dimensional gauge fields with quantized couplings: gauge
invariance required us to start with ¢; quantized, and dimensionally reducing won’t change that. Just as in
earlier sections, the change of lattice basis from (04, 0x) to (61, 02) does not change the quantization of the
0GG couplings. However, even though we chose our (84, 0y) basis to have diagonal kinetic terms (which
need not be true, in general), the kinetic terms in the (81, 82) basis are generally not diagonal. As in §2.2.1,
when we integrate out 61, we will generally obtain terms o (DGQ)GG in the low-energy EFT. When we
consider the mass that 8, obtains from V.4, these will appear as effectively non-quantized couplings. Just
as in our earlier discussion, these contributions are all proportional to the mass parameter mj3 of the light

axion.

2.5 Non-compact Symmetries Should Not Emerge in the IR

We can summarize our results by saying that if we start with a theory of several axions and, in one way or
another, decouple some linear combinations of them while leaving others massless, the massless fields will
still be axions, i.e., their field space will be compact and their couplings will be quantized accordingly. In
cases where we found non-quantized couplings of a light axion field, we found that the field also obtained a
mass, and the deviation of the axion’s couplings from their quantized values were proportional to the mass
squared of the axion. As we noted in the introduction, this has the same flavor as a well-known fact about
gauge theory: if we begin with a compact gauge group and then Higgs it, the surviving infrared gauge group
will be compact (and hence will have quantized charges). Such a result is known to hold in many different
contexts with compact gauge groups in the UV, in cases where we decouple gauge fields via confinement, via
Chern-Simons mass terms in (241)d gauge theory, or even when we alter the gauge group entirely in the

infrared, as in Seiberg duality. It is also known to be robust against kinetic mixing [744, 745].
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Our observations about axions and the corresponding observations about gauge fields are linked in more
than a vague qualitative manner. In the case of (2+1)d theories, they are identical, because a massless axion
field 6 in (2+1)d is Hodge dual to a gauge field A, defined by dA = 2weFy x df, where 2nFy is the distance
in field space around the 0 circle and e is the gauge field coupling. The scenario discussed in §2.3.1, where
0 is eaten to provide a Stiickelberg mass to another gauge field B, maps to precisely the case where the
gauge field A dual to 0 obtains a mass through a mixed Chern-Simons term B A dA. The low-energy theory
contains a massless gauge field for a compact gauge group with finite coupling, which is dual to a compact
axion field.

One reason to expect that a theory with a compact gauge group in the UV flows to a theory with a
compact gauge group in the IR is that any effective field theory that contains a non-compact gauge group,
such as R, is believed to be inconsistent when coupled to gravity. In such theories, one can generally construct
black holes of irrational charge [602], which violate entropy bounds that are believed to be true in all theories
of quantum gravity [785]. If it were possible to construct UV theories with compact gauge groups that flow
to IR theories with non-compact gauge groups, the UV theory would lie in the Swampland [786]. This would
be an interesting new Swampland constraint, but we are unaware of any examples that realize such RG
flows.

One possible reason why such RG flows do not exist in general is that they lead to IR theories with a
continuum of operators that did not exist in the UV. In theories with a compact gauge group that has an
associated p-form gauge field A;, Wilson line or surface operators of the form exp(iq fz Ap)7 where ¥ is a
p-dimensional submanifold of spacetime, are defined for discrete choices of charge q € Z. If the gauge group
is R, then there is a continuum of well-defined operators with arbitrary q. A similar statement holds for
axions: if 6 is a 2m-periodic boson, then 6 itself is not a well-defined operator, but exp(iqf) for q € Z is a
sensible local operator. On the other hand, in the non-compact limit, there is no obstruction to constructing
such operators for arbitrary q € R. This suggests a possible general argument against the emergence of either
non-compact gauge groups or non-compact bosons from theories with compact gauge groups and axions in
the UV: this would be an RG flow from a UV theory with a discrete operator spectrum to an IR theory with
a continuous operator spectrum. It seems plausible that such RG flows are forbidden in sensible theories.

In this chapter, we will not go further in attempting to make these suggestions rigorous, but we believe
that they point toward a deeper understanding of why our results hold. The properties that arise in many
different effective field theories of axions are very closely akin to properties arising in gauge theories, and are

likely to be enforced by very general principles of quantum field theory.
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2.6 Discussion

Periodicity imposes strong constraints on the axion couplings and field ranges, even in cases where axions
mix with other axions or a non-compact scalar. Given our results, it appears the options for generating
significantly different axion couplings or field ranges than naively expected are: generating a large integer
in the effective theory of a single light axion, as in the clockwork scenario [736,746-748, 764, 765]; building
an effective theory that intrinsically involves multiple axions (e.g., kinetically mixing the axion of interest
with an even lighter one); or relaxing these constraints through effects proportional to the mass of the
light axion (e.g., realignment of monodromy). While the clockwork scenario has been explored extensively,
further studying kinetic mixing with a lighter axion and realignment of monodromy could have potentially

interesting phenomenological prospects.
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Axion Mass from Magnetic Monopole Loops

3.1 Introduction

It is well known that instanton effects can generate a potential for an axion 8 [585,586] when it is coupled to
a nonabelian gauge field via the topological coupling 0 tr(F A F). Even in the absence of axion interactions
with gauge fields, it is known that Euclidean branes can give rise to axion potentials [787-791]. Here, we
argue that axions coupled to abelian gauge fields through a 6F A F coupling acquire a potential through an
instanton effect whenever there are monopoles magnetically charged under F, due to the Witten effect [792].
Like nonabelian instantons, these effects are associated with 4d gauge theory dynamics. Like Euclidean
branes, they occur within a well-behaved semiclassical expansion free of infrared divergences. In fact, we
expect that our instantons are continuously connected to, or a limiting case of, known instanton effects in
specific UV completions [793]. The virtue of our approach is that, by working from the bottom up, we
deduce that such effects must exist [794] even when we do not know the UV theory.!

The Completeness Hypothesis postulates that any UV-complete theory of an interacting U(1) gauge
field (which has quantized charge) contains magnetic monopoles [796], which break a would-be 1-form global

symmetry [458]. This is, in particular, believed to be true of all theories of quantum gravity [602,604,753,797].

IThe existence of the instantons we discuss here has been noted previously by Jake McNamara [795] and commu-
nicated to MR in the course of writing [793], although neither considered computing an axion potential from them
at the time.
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Assuming the validity of the Completeness Hypothesis, the instanton effect that we discuss will give rise to
an effective potential for any axion interacting with photons. This is of great phenomenological interest,
since the OF A F interaction is the primary target of experimental searches for axions [588,798-800].

We consider an effective theory of a periodic axion field 6 = 6 + 2w coupled to a gauge field A normalized

such that the allowed Wilson lines Plexp(iq$A)] have integer charge q € Z:

1, 1 k0

The axion-gauge field coupling is of Chern-Simons type, with quantized coefficient k € Z. Through the
Witten effect, a magnetic monopole in the presence of a nonzero background 6 acquires an electric charge
—k0/(2w). A consistent description of this effect requires that the effective theory on the magnetic monopole
worldvolume contains, in addition to the usual translational zero modes x", a collective coordinate interacting
with the field 6. This takes the form of a compact scalar boson ¢ 2 ¢ + 27, with an action that (expanding

around a monopole worldline extended in time) contains [801]:
1 0
S= —lydao Axdpo + —dpo]|, (3.2)
~ 12 2w

where the gauge-covariant derivative dyo = do + kA respects a shift of o under A gauge transformations.
The mode o behaves as a quantum particle on a circle (see, e.g., App. D.1 of [802]). Its energy eigenstates,

labeled by integers n € Z, correspond to dyonic states of the monopole with electric charge k (n — 6/2%) and

1 0\’

There is a monodromy n — n + 1 when 6 — 6 + 27 that ensures the spectrum of the theory is periodic.

energy

We can estimate 1, by comparing (3.3) to the energy of the classical field configuration outside a monopole
in an axion background, following [803], from which we obtain:

47
——7T
e2k2

I, ~ . = max(re, 19), (3.4)
where 1. = 1/(e’my,) is the classical radius of the magnetic monopole (of mass m,,) and 1o = ke/(8nf) is
the length scale over which the axion field is screened near the monopole core. In the special case of critical
't Hooft-Polyakov monopoles [804, 805], we begin with an SU(2) gauge theory with coupling g. Matching
to (3.1) gives e = g/2 and k = 2, while matching to (3.2) (when r. > 19) gives I, = my,/m2 where

my, = 4nv/g and my, = gv is the W boson mass. (We have chosen the order-one coefficient in (3.4) to be

accurate for this case, but it will differ in general theories.)
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Because the dyon energy spectrum (3.3) is 6-dependent, we can integrate out the dyons and obtain an
effective potential for 6. This can be understood either as a sum of Coleman-Weinberg-type potentials [806]
from each dyon mode n, or as a sum over loops with nontrivial winding of o around the loop. These two
calculations are related by Poisson resummation, as we explain below. Although there is prior work on the
§ potential generated by a gas of (non-virtual) monopoles and antimonopoles (see [803,807-809] and follow-
ups) and similar ideas have been applied to Seiberg-Witten partition functions [810], the effect of monopole

loops on the vacuum 6 potential is, as far as we know, absent from the prior literature.

3.2 Monopole Loops

We would like to compute the vacuum energy in the presence of “fundamental” magnetic monopoles.

Schematically, the vacuum energy should be derived by computing a Euclidean path integral of the form

Z(e) — Z 'D(ﬂelds) e—Se[ﬁelds,worldlines,e] 7 (35)

worldlines

and taklng the hmll ()f lnﬁnlte Spacellme \/()lume V,
CH(E) IIIIl l:g '() (3 f)
V—o00 V

The worldline formalism has previously been applied to other physical processes involving monopoles, e.g.,
to pair production in magnetic fields [811].

In the limit where interactions between the configurations are small, we expect the partition function to
be dominated by disconnected vacuum paths characterized by the transition amplitude Zg (8), the Feynman-

weighted sum over all paths that are topologically a circle S!. These contributions exponentiate:

oo
20)= Y 1 (Zs)" = exp(Zs(6)) (3.7)
n=0
Hence Vg(0) = -5 Zs:(0); we work in the first-quantized picture to compute the amplitude Zg(0) [812]. We
sum over all trajectories that return to the same configuration. This includes an integral over the invariant
length (Schwinger proper time) T, weighted with a 1/271 to account for overcounting trajectories related by
translations and reflections. So,

*dr

ZS':/O 4 26,0 (3.8)

27

with Z(7,0) the sum over transition amplitudes at fixed 8 of all trajectories with invariant length .

There are two ways we can compute Zg. For a free particle of mass m, the gauge fixed transition
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amplitude for a trajectory of length T from point x to point x’ is

) = gz (g X - ) (39)

After integrating over all trajectories that begin and end at the same point and canceling off a factor of the

spacetime volume from the measure with the factor in the definition of the effective potential, we obtain

cdr 1 m?t
Vs = —/0 97 2(2mr P (— 5 ) . (3.10)

We will sum over all dyon modes, labeled by n € Z. To simplify the computation, we assume that the

dyon mass spectrum takes the form

0\’ m
2 _ 2 2 _ 2 _ Mm
m; = m; + mjx <n 27:) ,  Mj L (3.11)

This agrees with (3.3) to order 1/1,, and in certain cases is an exact consequence of a BPS condition. In

general, there may be power corrections in (mply)™'. Summing over the tower of states, we obtain the

*  dr m?2Tt  miT 0\
- _OmT _ ). 1
D /0 47 (2n7)2 P < 2 2 (n 211) (3.12)

nez

effective potential

Periodicity in 0, arising from the sum over n, is manifest after Poisson resummation:

“Im2r(n—2)’ 2w 2ﬂ2€2 :
Zez at(n—%) :Z mQATeXp(_mZAT +1€9>. (3.13)

nez LEZ

The effective potential then becomes

2 0 dr el m2 T 2w2f?
- i — LA . 3.14
After integrating, the result is
® 9 2 2
miams 3mp 3m
Ve 9) = — AHm 21lmyy, /ma 00 1 A 3.15
w(0) == gorase <os(0) {1+ 3 + @rtmn)? ) (8.15)

=1

where we have ignored the irrelevant constant from the divergent ¢ = 0 integral.
We can think of the integer ¢ as the number of times the coordinate o winds around itself for a particular
configuration, and so we expect that we can interpret the effective potential (3.14) in terms of the monopole

wordline action. Indeed, if we consider the relativistic completion of (3.2) with the dyon collective coordinate
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o treated as another (compact) spatial direction in which the monopole propagates, analogous to the DBI

dx, dxt 1, (dao\’ 0
N WY e dao 2 dxo, 1
i mA \/dxdx+mm<dx>+l2ﬂA0 (3.16)

then we can compute the transition amplitude for a trajectory of length 7 from point (x, o) to point (x’, o’),

action:

1 1 lo m2T 0
x' o'|x,0), = 2oty exp (_Z'r(X/ —x)? — T (o' — o) — + o o — 0)) . (3.17)

Again, we integrate over all trajectories that begin and end at the same point, this time getting a
contribution from the sum over windings ¢’ —o = 27/, which nicely reproduces (3.15). These calculations are
identical to those of loop effects of Kaluza-Klein modes propagating in a circular dimension [773,775,813,814],
but the physical interpretation is not; here the extra dimension is an internal one, visible only to the
monopole.

We can understand the exponential factor in (3.15) via a saddle point approximation for each ¢, corre-
sponding to a classical Euclidean instanton solution that winds ¢ times in the o coordinate while remaining
at constant x*. The saddle is at Schwinger proper time T, = 2n//(m;,,ma). The instanton action, which
controls the convergence of the Fourier expansion (3.15), is

2rm,,  4n% | max(re,1g)
e max{Tc, I'o)

S = : (3.18)

ma @ Te
Remarkably, for the critical 't Hooft-Polyakov monopole, the instanton action is S = 8n?/g?, precisely that

of the classical BPST instanton in Yang-Mills theory [815,816]!

3.2.1 Light and Massless Fermions

As is familiar from standard instanton physics, the presence of light, charged fermions can dramatically alter
a theory’s 6-dependence. In particular, any dependence on 6 should vanish as we take any charged fermion’s
mass to zero and thus restore a chiral symmetry.

While a full analysis of this effect—and the inclusion of multiple light fermions—is reserved for future
work, we can easily understand how it impacts the dyon mass spectrum on dimensional grounds. Since the
fermion dilutes the induced electric charge over a region roughly the size of its Compton wavelength, we
expect that r, ~ m~! in the estimate (3.4), and so the dyonic mass spacing becomes of order mzA ~ mym.

Since this spacing vanishes as m — 0, so does the 6-dependence of the dyon tower.

56



3.2.2 Higher-Derivative Corrections and Validity

Our calculation assumed the dyon mass spectrum presented in (3.11), which we expect to receive corrections
in effective field theory when monopoles are not BPS. We should check that our result is robust against such
corrections. These corrections can arise from higher derivative operators in the bulk effective Lagrangian,
like (FWF‘“’)2 or (FWF”“)Q, or higher powers of (0,0 +kA, ) in the worldline Lagrangian. These are related:
the former add B%, (E - B)?, B’E? and E* terms to the energy density p. Integrating p outside the monopole
core, similarly to the logic that led us to (3.4), implies that these terms modify the dyon mass spectrum. A
series of terms of the form cyE%/ AYY 4y p generates corrections to the mass spectrum in even powers of
(n—6/27):
) 6\ 2
m? = mfn—l—mQAZXQj (n— %) ) (3.19)

=1

where Xoj ~ ¢y [e’k?/ (167:2(1r*A)4)]j71 is small when j > 1 (and X\; = 1, by the definition of m%). Terms
involving powers of both B and E give subleading shifts to the definitions of m2, m%, and the \;.

Repeating our earlier logic, we can sum the loop corrections (3.10) using the mass spectrum (3.19).

Poisson resummation and relabeling n — /21 — n then gives

o dr 1 1.2 B
Ve 9 — _ = —§mmT+1€(-)Z E
ff( ) EGZZ/O 4t (27(7')2 ¢ ( aT)a

2(6m) = [ dnertisinirt ot (3.20)

To evaluate the integral over n, we work in a saddle point approximation: defining S;(n) to be the function

inside the exponent in (3.20), we ask that dS,(n.)/dn = 0. Treating X4 as a perturbation, we find that

2ril VAN
n, = - —21x4( z ) + O3 Ng). (3.21)

mMAT maT

We require a small correction to the subsequent integral over T, dominated by the saddle at T, = 27¢/(myma).
In particular, m3T. < 1 (for small £), which calls for caution: the semiclassical approximation requires suf-

ficiently small Xoj. In particular, (3.21) implies that a small correction to n, at the saddle T, requires

1 /mit S| ma S
X (22 ~2 (=) £—== 3.22
| 4<<2<2w£) 2(mm> ~ 82 r,’ (822)

where the last inequality can be derived from (3.4) and the surrounding discussion. Along similar lines,

we require |Xoj| < (ma/my,)20~Y. Focusing only on power counting in e, this requires that |cy| < 01,
This will always hold when the operator E% is generated through loops of charged particles, as in the Euler-

Heisenberg Lagrangian, where |coj| ~ €% /(16m7). In the case with r, = r., this verifies that our semiclassical
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Figure 3.1: Pink regions: axion oscillates with the monopole loop-induced mass dominating over the
monopole background-induced mass before CMB formation at temperature T,.. Green solid line: the
sum of axion abundance (£2,h?) and monopole abundance (£,,h?) today is Q,,ch? = 0.12, above which the
abundance overcloses the Universe. Black dashed lines indicate the fraction of axion dark matter in the
total abundance of axion and monopole today. Below the solid blue line, the axion’s mass is so small that it
never oscillates, while it is greater than 10713 eV to the right of the dashed blue line. When the axion is the
dominant component of dark matter today, its mass is around 107'® eV, safely above bounds from structure
formation. Left panel: monopole yield saturates the Kibble bound. Right panel: monopole yield is from a

second order phase transition with a critical exponent v = 0.5. We fix m,,,r. = 7/e?, the critical temperature
to be T. = 1/r., and f = 10 GeV.

calculation can be performed within the context of a sensible effective field theory in which higher derivative
operators produce controllably small corrections. The case r, = ry requires somewhat more care regarding

the allowed range of the scale A, which we will not delve into here.

3.3 Phenomenological Applications

There could potentially be many interesting phenomenological implications of this new monopole contribution
to the axion potential, which calls for future work. Here we will only consider a hidden sector with a gauged
U(1)q symmetry and a gauge coupling e as a minimal example to show that this new contribution could play
an important role in the cosmological evolution of axion-like particles. In the hidden sector, there is also a
global U(1), symmetry which is broken spontaneously at the scale f and results in a Goldstone boson, the
axion a.

In the presence of monopoles carrying magnetic charge under the U(1)4, the axion obtains a mass
from both the temperature-independent monopole loop, which is the new finding of this chapter, and

the temperature-dependent contribution from a monopole background as discussed in [803,807-809]. The
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monopole background could be generated via the Kibble-Zurek mechanism in a phase transition happening
at a critical temperature T, in the early Universe [622,623]. The monopole yield satisfies the Kibble lower
bound [622] and could be significantly above the bound if the phase transition is second order [623, 817].
In this model, both axions and monopoles could be components of dark matter. The relevant parameter
space is shown in Fig. 3.1, assuming that the visible and dark sectors share a common temperature at early
times. We see that when the gauge coupling e is large, e = 0.5, the monopole loop-induced axion mass would
dominate over the contribution from the monopole background before the CMB formation. In addition, the
axion abundance is negligible when e < 0.5, but it could take over that of the monopoles at larger values
e 2 0.5. In order not to overclose the Universe, the monopoles must not be very heavy [818,819]. Fig. 3.1
establishes that the new effect we discuss can modify the cosmology of axions and monopoles; it would be

interesting to incorporate it in a wider range of models in the future.

3.4 Discussion

In this chapter, we have presented and computed a new contribution to the vacuum axion potential from
magnetic monopole loops, when the axion is coupled to an abelian gauge field. Much more remains to be
studied, both in developing the formalism and exploring the phenomenological and cosmological implications.
We briefly comment on some possible future directions: 1) We have assumed Vg(0) is dominated by a single
monopole loop, but there are long-range Coulomb interactions between the monopoles. Their effect on the
semiclassical expansion should be explored. 2) We found that the action of the monopole-loop instanton
in the critical 't Hooft-Polyakov case is that of a BPST instanton, 8w?/g?. This may be a harbinger of
a stronger statement: we expect that the monopole-loop instantons can be continuously deformed into
nonabelian instantons. If not, the theory would have an unbroken global (—1)-form U(1) symmetry in 4d,
and a (d — 5)-form symmetry in higher dimensions [793]. Similarly, in cases where U(1) gauge fields arise on
D(n + 3)-branes wrapped on n-cycles in extra dimensions, one obtains axion potentials either from wrapped
Euclidean D(n—1)-branes or from magnetic monopoles, which are D(n + 1)-branes ending on the D(n + 3)-
branes. The winding of ¢ on the monopole worldline in 4d arises from a nonvanishing field strength on
the D(n + 3)-brane, which via the worldvolume Chern-Simons term, is equivalent to D(n—1)-brane charge.
Again, we expect that the monopole-loop instanton can be continuously deformed into a Euclidean brane
instanton in this context. These deformations between instantons should be constructed more explicitly. 3)
We demonstrated that this new contribution could be important in a hidden sector model with the axion
coupling to a dark U(1)q. Consider an axion coupling to the standard model photon instead. Does this
imply a minimum mass of the axion, even without nonabelian instantons? What are the effects of multiple
fermions, present in the standard model? Future work answering these questions will directly connect the

effect we have presented with ongoing experiments.
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Zero Modes of Massive Fermions Delocalize from Axion Strings

4.1 Introduction

In addition to the monopole potential discussed in Chapter 3, there are other interesting connections between
axions and topological defects. For example, axion strings can be important phenomenologically. One
example is in post-inflationary axion models, where the axion abundance is determined by radiation from a
network of cosmic axion strings [624,820-835]. Other examples include recent work on potential signatures
of axion string networks [836,837].

Recently, there has been renewed interest in the fact that axion strings can be superconducting: they
support charged zero modes localized to the string core, which lead to a current on the string proportional
to an applied electric field. That axion strings are superconducting has been understood for many years,
as it is intimately related to the phenomenon of anomaly inflow elucidated by Callan and Harvey [838],
which we will review in this chapter. A great deal of the physics of anomaly inflow and axion strings was
worked out in subsequent years: see [839-847] for a collection of early and important works on the subject.
The contemporary interest in axion string superconductivity is in part due to the realization that these
strings could interact with a primordial magnetic field, leading to striking signatures due to the formation
of vortons [848,849] or bound states [850].

The existence of the charged zero modes is often explained in the context of simple models with a classical
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PQ symmetry. In these models, the fermions acquire mass from the vacuum expectation value of the radial
mode of the scalar field whose phase is the axion. In classical string configurations, the vacuum expectation
value goes to zero at the core of the string solution and intuition strongly suggests that massless modes will
exist in a region localized at the string core. An analogous argument successfully explains the existence of
zero modes on domain walls.

While this simple picture is intuitive, for axion strings, it is clearly incomplete. For one, it pays no heed
to the crucial fact that the zero modes on axion strings are chiral—a property which distinguishes them
from zero modes on e.g., Witten strings [851]. Moreover, in more complicated models (for instance, the
DFSZ axion [594,595]), there can exist string configurations in which the vacuum expectation value of the
scalar does not vanish at the string core [852]. Despite this, there are arguments that these strings can be
superconducting as well.

This picture is also related to another puzzle. What happens to the zero mode when this classical PQ
symmetry is badly and explicitly broken? For instance, if the fermions have a very large mass m, we should
have no trouble completely integrating them out and the axion string should be blind to their existence. In
this case, there is no anomaly to inflow, and so these zero modes should not exist in the limit m — co. In
contrast, since they are chiral we still expect them to exist for small but non-zero m. So, there must be some
critical value of the mass m at which they cease to exist. What happens to the zero modes near this critical
mass?

The goal of this chapter is to shed some light on these puzzles. We will do so by studying a simple model
of axion electrodynamics in which the classical PQ symmetry is explicitly broken by a Dirac mass m for the
fermion. We demonstrate explicitly that there exist zero mode solutions to the equations of motion in the
axion string background, and numerically solve for their profile. We find that when the Dirac mass is roughly
equal in size to the mass p induced by the scalar field which spontaneously breaks the PQ symmetry, the
profile functions change dramatically: the zero mode becomes completely delocalized from the string and
onto a semi-infinite wedge. We also revisit the anomaly inflow story in the presence of the bulk mass term,
clarifying the topological origin of the zero modes even in the absence of a “classical” PQ symmetry. Finally,
we derive the low-energy two-dimensional effective theory for the zero mode and calculate the leading higher-
derivative interactions with the bulk gauge field. As one would expect, we show that this effective theory
completely breaks down as m — p. While this simple model is not relevant phenomenologically, our hope is
that this work can be applied to more realistic models, with potential astrophysical or cosmological effects
that can be studied in future work.

It is worth emphasizing that these considerations are entirely distinct from situations in which the zero

modes localized on cosmic (non-axionic) strings can acquire mass from the pairing of left- and right-moving
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modes [853], which can be induced e.g., by finite temperature effects [854]. The mass term we introduce is
for the “full” theory of fermions propagating in four-dimensional spacetime. The zero modes localized to the
string remain massless on topological grounds, as in the original example [838]. The zero modes we discuss
are also distinct from those found in the background of “Z-strings” [855-859]. Those string configurations
are not topologically stable and there is no mechanism that protects the zero modes from pairing up and
acquiring a mass [860,861].

The rest of this chapter is structured as follows. In §4.2, we review the axion string solution in the
usual case, with a global PQ symmetry, and solve for the massless zero modes explicitly. In §4.3, we break
the PQ symmetry with a Dirac mass and demonstrate that the zero modes still exist. We discuss how this
can be understood by analogy to the existence of zero modes on domain walls in 2 4+ 1 dimensions, present
numerical results for the profile of these zero modes on the string, and discuss the behavior in the “critical”
mass case. In §4.4, we recap the original anomaly inflow story, with appropriate modifications to account for
the mass term. Finally, in §4.5, we derive the low-energy theory of the zero modes on the string, and discuss
how it is impacted by the Dirac mass term. We conclude in §4.6. Appendix A provides more detail on the
numerical techniques used to solve for the zero modes with Chebyshev interpolation, and on the derivation

of the low-energy effective action.

4.2 Axion Strings

In this section, we will review the original ultraviolet completion of an axion string studied by Callan and

Harvey [838], with Lagrangian
1 _ _
L= = JFuF" + 4B + (0,2 + yb(®1 +ir )b~ V(). (41)

This theory lives in four-dimensional Minkowski space M, and consists of an abelian gauge field A, with

field strength F, = d,A, —0,A,, an uncharged complex scalar field ® = ®; +iP, =f (X)eie(x) with potential

V(@) =X (jo]? —=v2)*, (4.2)

and a single charged Dirac fermion 1, which chirally couples to ® with strength y. We use D,, = §,, — ieA,,
to denote the gauge covariant derivative, where Ip = A*D,, and ~" are the standard Dirac gamma matrices
with {~*,~"} = 20" and ~* = in’~y'~?~3. This theory enjoys a U(1)pq global symmetry, commonly called
the Peccei-Quinn symmetry, under which the complex scalar and fermion transforms as ® — ¢*® and

_iA‘ﬁ

P — e /20 respectively.
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4.2.1 The Axion String

The potential (4.2) forces the scalar ® to acquire a vacuum expectation value (®) = v. It also allows for the

existence of static axionic string configurations,
D, (x) = f(r)e"?, (4.3)

characterized by an integer topological charge n € Z. We work in standard cylindrical coordinates (x,y,z) =
(rcos &, rsin ¢,z), with the string oriented along the z-axis. In these configurations, the phase of the complex
scalar field, i.e. the “axion” 6(x) = arg ®(x), winds n times around its field space 6 ~ 6 + 21 as we move

around the string. Said differently,

1
= — 4.4
n 2ﬁ7§d9, (4.4)

where ~ is a closed contour that encircles the string at r = 0. The “radial profile” of this string is determined
by the real function f(r). Far from the string, the potential (4.2) forces the scalar to sit in the minimum of
its potential and so f(r) — v as r — oco. Likewise, regularity of the solution forces f(r) to vanish in the core
of the string: f(r) — 0 as r — 0. These solutions are also called “global vortices” in the literature, since they
are vortex solutions that are charged under the global U(1),q symmetry, as opposed to a gauge symmetry.

The tension of an axion string with charge n is given by
L 2 2
df D" o 2 2\2

Since f(r) — v as r — 0o, the tension diverges logarithmically with the size of the system or IR, cutoff L,

T, ~ 2mv’n? log < L

rcore

>, L — oo. (4.6)

Here, we have introduced the “size” of the string reee, which is of order ree = (VAV) ' This IR divergent
total energy is common for global strings and is typically regulated by either placing the theory in a box
or by positing that there is another string of opposite charge a distance L. away, as is often the case in, e.g.
cosmological simulations of axion string networks.

Minimizing the tension yields the equation of motion

1d [ df\ [n? ,

In general, this equation cannot be solved analytically but is amenable to numerics. We will restrict our
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Figure 4.1: The radial profile f(r) [blue], in units of v, for the axion string of charge +1 and corresponding
(non-normalized) zero mode profile F(r) | ] with y = v/\.

attention throughout to strings of charge n = +1. An asymptotic analysis of (4.7) shows that the radial

profile f(r) behaves as

vCl(\Fer)+'o~ r—0
f(r) ~ ) | (48)

with C; an overall constant that can be analytically determined by matching the two solutions in an inter-
mediate region, or by numerics. It is clear from the behavior as r — oo that the string solution varies over
length scales reoe = (ﬁv) _1. We may then use the techniques outlined in Appendix A.1 to numerically
search for the solution which varies over scales set by ree with the correct asymptotics (4.8). We show this

profile in Fig. 4.1.

4.2.2 Fermionic Zero Modes

We are interested in the low energy dynamics of (4.1) in the background of the axion string. Absent the
string, the fermion acquires a Dirac mass p = yv—which we call the “Yukawa mass” since it arises from
the spontaneous breaking of the U(1)pq symmetry—and so the low-energy theory only contains the massless
axion and the abelian gauge field. One might think that the low-energy theory in the presence of the axionic
string is similar; far from the string, the fermions again get a mass p and the low-energy theory should be
unchanged. However, as argued in [838] this reasoning is incomplete: there are instead massless chiral zero
modes which are localized to the string. In this section, we will review the direct construction of these zero

modes. A common intuitive explanation is that these massless modes exist because the radially-dependent
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“mass” of the bulk fermions yf(p) vanishes in the core of the string. However, we argue in §4.3 that this is
not a necessary condition, while in the §4.4 we discuss why these modes are necessary from the perspective
of anomaly inflow.

In the presence of the string of charge n = +1 and no background gauge field, the fermions obey the

equation of motion

(ia + yf(r)e”sd’)ﬂ) =0. (4.9)

For simplicity, we will restrict to solutions of the form

B(x) = d(r, d) e PEF2) (4.10)

where {(r,») = P, (r,) is a four-component spinor function with o = 0,...,3. This ansatz describes
solutions that travel in the (-z)-direction at the speed of light. In the Weyl representation, (4.9) reduces to

the set of coupled equations

0= 2p1l)2 + Ciid) (Yf(r)ﬂ)o + laflb‘g + Iﬁl@(l}ﬂ&)
0= yf(r)e*i‘jj Py + el® (iarﬂ)Q — 1"7184)1])2)
0 = yf(r)e®, —e® (iaﬂbl + r*léwl)

0 =2pY, + e (yf(r)wg — 10y + riladﬂb())

(4.11)

Such solutions should have definite helicity, and so we may set {; = 1, = 0. We then see that {; = (1)

and 5 = U4(r) are purely radial functions that satisfy the coupled system of equations

0= yf(r)lb() + iarwg

(4.12)
0 = yf(r)ps — i,
These equations can be easily solved to find two solutions of the form
P60
6 =2 ( § )ereriro, (1.13)
Fi

where F’'(r) = +yf(r)F(r) or
F(r) = Aexp (iy/o dr/f(r/)> , (4.14)

with A an overall constant of integration. For this solution to be appropriately normalizable,
[ i, () = 2elplao - o) (115)
-
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or specifically

2‘n/ drrF%(r) =1, (4.16)
0

so we must select the negative sign in (4.14). We thus find that the axion string with charge +1 supports a

chiral fermionic zero mode that travels at the speed of light in the (-z)-direction, with form

069 =4y /5§ )t e (- [arew)) (117)

-1

If we were to repeat this analysis with the charge -1 axion string, then it would support a normalizable

chiral zero mode that instead travels at the speed of light in the (+z)-direction,

P(x) = A\/E (%)eipﬁ—@ exp (—y /O rdr’f(r’)) . (4.18)

In Fig. 4.1, we show the radial profile F(r) for y = v/\. These zero modes are localized in a region about
the string of size r,m = T'eore/y-

Before we move on, it will be useful to understand why the presence of the axion string permits these
normalizable modes to exist, solely from the perspective of the differential equations. We will see that,
contrary to naive expectation, it is not because the fermion is “massless” in the core of the string. With

(4.10), we can decouple the equations in (4.12) to find two copies of the second order equation
— = = — —y*(r)|F(x) = 0, (4.19)

with {y(r) = F(r) and {4(r) = -iF(r). As is clear from Fig. 4.1, the function f(r) is smooth and non-singular
for all r € (0,00). This implies that the solutions to (4.19) are regular everywhere, except possibly as r — 0
and r — oo, which are regular and irregular singular points, respectively. A normalizable solution must be
regular at both of these points and generally fails to exist because the solution that is regular about one
singularity is not regular about the other.

Using the asymptotics (4.8) of the background f(r), far from the string (4.19) reduces to
& 24 |F(r)=0 (4.20)
drz H - b .
which has solutions that behave as
F(r)=C_F_(r) +C,F_(r) ~C_e™ + C_e", r— 00, (4.21)

where we have defined two linearly-independent solutions F (r) with definite scaling as r — oco. In this limit,
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the fermion zero modes do not “see” the string, but merely feel their acquired mass p = yv. However, near
the core of the string, (4.19) instead reduces to

& 1d

- I 4 ... | Fr)=0. 4.22

dr2  rdr + (x) (4.22)
As we move towards the core of string r — 0, there is a balance between the first and second terms in (4.19),
the latter of which only appears due to the existence of the string. The third term, due to the Yukawa

interaction, can be neglected. Solutions then behave as
F(I‘) = ClFl(I') + CQFQ(I‘) ~ C1 + CQTQ s r — 0, (423)

where we have again identified two solutions F o(r) which have definite scaling as r — 0. Importantly, both
of these solutions are regular near the origin.

We can understand why the axion string allows a normalizable zero mode to exist as follows. Since (4.19)
is a second-order differential equation, it has only two linearly-independent solutions. Above, we found that
a general solution can either be expressed as a linear combination of Fy 5(r) or F4 (r). Since these two sets of
solutions are not linearly independent, there always exists a linear map between them. For a solution to be
normalizable, it must decay as r — oo and so we must have that C, = 0; therefore we must be able to write
this solution as F(r) = C_.F_ = C_;F;(r) + C_,Fs(r). It is often the case that only one of the solutions
Fi(r) or Fy(r) is well-behaved at the origin r = 0 and, unless there is some special structure that ensures it,
the solution that is well-behaved as r — oo will not be well-behaved as r — 0. Fortunately, the presence
of the string ensures that both linearly-independent solutions are regular as r — 0. Since f(r) is a smooth
function, we are also guaranteed that the solutions are regular for positive r. Consequently, a normalizable
solution to (4.19) exists, regardless of its exact form.

An analogous situation occurs for the unbound states of the quantum mechanical hydrogen atom, whose

radial modes obey

1d/,d 0+1) « B
[_2r2dr (r dr)+2rz—r—E P(r) =0. (4.24)

Due to the centrifugal barrier, solutions behave as (r) ~ Cyrf + Cor= ¢+ as r — 0 and Y(r) ~ C_e V2P 4
C +e‘/ﬁr as r — 0o. Bound states, EE < 0, have a discrete spectrum because it is impossible to simultaneously
impose that the wavefunction be both regular at the origin and exponentially decay at spatial infinity, except
at a discrete set of energy eigenvalues. For all other energies, solutions with C, = 0 necessarily have Cy # 0.
For unbound states, E > 0, there is no restriction on the behavior as r — oo, and so there exists a continuum
of regular solutions with Cy = 0, for all positive energies.

Having reviewed how axion strings, and their associated fermionic zero modes, arise in the Callan-Harvey
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model (4.1), we are now in a position to understand how these zero modes behave as we deform (4.1). In
the next section, we will study what happens to these zero modes in the presence of a Dirac mass m for the
four-dimensional fermion. Even though the four-dimensional fermion is everywhere massive, these fermionic
zero modes still exist as long as |m| < p. Furthermore, we argue that there is an interesting “phase structure”
in which the zero modes become increasingly unbound from the string as |m| — p, eventually disappearing

for |m| > p.

4.3 Adding a Mass

In the previous section, we reviewed how fermionic zero modes could arise along an axion string in the
context of a simple toy model. In that specific UV completion, the axion string is a solitonic object in which
the U(1)pq symmetry that is spontaneously broken far from the string is restored at the core. This causes
the four-dimensional fermion to see effectively zero mass near the core, and a popular refrain is that this why
we should expect to see massless fermionic zero modes localized on the string. The goal of this section is to
explain why this is not a necessary condition and see that fermionic zero modes can arise even in theories
where bulk four-dimensional fermions have a nowhere vanishing mass.

We will deform (4.1) by adding a mass m to the Dirac fermion 1,
1 v T = . 5
L= - FuF" + YD — m)d + [0, @ + yb (1 + iV ®2) v — V(D) (4.25)

again with V(®) = \(|®|?> — v?). We restrict to the case where the amplitude of \ is small. This theory

permits the same axion string solution (4.3) as before. However, the fermion now obeys a modified equation,

(i = M(r, 0) "0 ) — 0, (4.26)

where M(r, (j))ei”‘s"‘(“d’) =m — yi(r) ei’o or, explicitly,

M(r,d) = \/(m — yf(r) cos d))2 + y2f2(r) sin? &
oyt (r)ei¢> . (4.27)

um@=wwhﬂ®““:m4 M, )

In this case, the fermion mass M(r, &) no longer goes to zero at the core of the string even though f(r) — 0,
but instead approaches the “core mass” M(r = 0, d) = m. Even so, we will still find that this string supports
fermionic zero modes as long as this core mass is less than the Yukawa mass, |m| < p.

To find these zero modes, we again restrict to axion strings with charge 4+1 and search for zero modes

of the form (4.10). The mass deformation mi») explicitly breaks the chiral symmetry or, analogously, the
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Figure 4.2: The profile functions of the zero mode wavefunction |{,(r, ¢)| in the presence of a Dirac core
mass m and normalized according to (4.15), for various values of m/p and vX = y = v/0.1, with contours in
units of \/wp. The other component satisfies 15(r, &) = =il (r, —~¢) and is thus identical in structure. The
white dot denotes the origin of the string, r = 0. As m — p, the zero mode profiles spread out and become
unbound from the string—mnote the difference in scales of the contours between the two rows. For m > p,
these zero modes cease to exist. Qualitatively similar results apply when v\ #y.

continuous axion shift symmetry & — ¢+ a, and thus changes the form of the axion string solution. However,
classically this potential is controlled by fermion’s number density {~1, and in the limit of small amplitude—
or, quantum mechanically, small occupation numbers—this effect is subleading and can be ignored. Similarly,
we will not consider the electromagnetic field generated by the charged fermion, setting the vector potential
A, =0, as this effect is also subleading in the limit of small amplitudes.

It is worth noting that integrating out the fermion generates a potential for the scalar that depends on
¢. The leading Coleman—Weinberg estimate oc M*(r, ¢) log(M(r, )/p) [806,862] is minimized along ¢ = 0
and leads to a domain wall for the axion that emanates off the string and extends in this direction. In what
follows, we are explicitly assuming that this contribution is fine-tuned away, though we will see that there is

a remnant of the axion domain wall in the orientation of the zero mode profiles.
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By Lorentz symmetry, we can set 1 (r, d) = Uy(r, &) = 0 since the modes we are searching for propagate

in the (-z)-direction at the speed of light, and so in the Weyl representation (4.26) reduces to

0= —my + e (yf(r) by + 10y + 170y 0)

| . (4.28)
0= —m; +e* (yE(r) s — 10y + 17 Dgby)

We can solve (4.28) numerically using Chebyshev interpolation, whose details we describe in Appendix A.1.
The resulting profile functions are shown in Fig. 4.2 for various values of m/p. In the plot, we see the
normalized zero mode as a function of dimensionless x and y variables, with a white dot corresponding to
the location of the origin and hence the axion string. Surprisingly, we find that this zero mode becomes
less localized to the string the larger the core mass m is. For large m < y, it is no longer centered at the
core of the axion string and instead stretches out along the positive x-axis. This direction is determined by
the orientation of the string and specifically the axis along which ¢ = 0, corresponding to the minimum of
M(r, ¢). As m — p, we find that there is a sort of phase transition in which case the zero mode completely
delocalizes onto a two-dimensional wedge. Finally, the mode completely disappears for m > p.

To better understand the counterintuitive results shown in Fig. 4.2, in §4.3.1 we first solve (4.28) by
treating m as a small perturbation. As in §4.2.2, we will see that it is the presence of the axion string, and
not a vanishing mass at the core, which allows for this zero mode to exist. In §4.3.2, we describe a simple
analog of this mechanism for Dirac fermions in the three-dimensional half-space ]Ri’l. In §4.3.3, we analyze

the zero mode for the critical case m = p.

4.3.1 The Small Mass Limit

In this section, we will argue that a normalizable zero mode solution to (4.28) exists in the small Dirac mass

limit by analyzing the structure of (4.28) when m < p. Expanding each spinor into Fourier modes,

Vo (r,0) = Z wq,é(r)ewd) ) (4.29)

LET

the zero mode equation (4.28) reduces to an infinite set of coupled equations

0=—mg g +yf(r)by, +i0Ps , + wl‘_lws,z

0=-—miy, +yf(r)bs, — iy, + iér_l%,r

(4.30)

When m = 0, the length scale over which the zero mode varies is set by the Yukawa mass p = yv, which
dominates the system of equations (4.30) as r — co. The mass m will also be relevant as r — oo, and so our

perturbative expansion will be in powers of m/p.
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We will thus search for solutions of the form

069 = /2 | () ) + bt 09| w0, (a31)

and work to first order in 3 = O(m/p). In this limit, (4.30) reduces to two identical sets of differential

equations,

(:r _ 1) G(r) = yf(r)H(r) (4.32)

(5 +3)10) = ¥i0)G) — mr()

where (G,H) = (81, -id0y,) or (G,H) = (idby ;, -0 ;). All other equations in (4.30) are trivially

satisfied by setting the other 31, ,(r) = 0. The function G(r) satisfies the inhomogeneous equation

| & rmd T

dr2 (v % 1f(r) YQfQ(Y)} G(r) = —myf(r)F(r), (4.33)

which can be solved using solutions to the homogeneous equation (with m = 0) via variation of parame-
ters [863]. These homogencous solutions will determine how the inhomogeneous solution behaves, and so it
will be helpful to understand their asymptotic behavior.

Far from the string, at r — oo, the homogeneous equation reduces to
2
[—u2+---}(}(r)=o, (4.34)
in which case the general solution behaves as
G(r) =C_G_(r)+ C.G, (r) ~C_e™ + C_eM, r— 00, (4.35)

where we have again introduced the two linearly-independent solutions G (r) with definite scaling as r — co.

We will choose their normalization such that the Wronskian is
W(r) = 2yf(r). (4.36)

Likewise, as r — 0, the homogeneous equation simplifies to

¢ 1d 1
44|l =0. 4.37
[dr2 rar 2t ] x) (437)
As before, the presence of the axion string introduces a regular singularity at r = 0, and solutions take the

form

Gi(r)=Cyx; Z akirk"'l +Cxo Z bfrk"'1 logr. (4.38)
k=0 k=0

71



Crucially, both of the linearly-independent homogeneous solutions are regular as r — 0, regardless of the

overall coefficients C+ 1 or C+ 2. The most general solution to (4.33) that decays as r — oo is

G(r) = %mC_G_ (r) + %m G+(r)/oodr’F(r’)G_(r’) + %m G_(r)/()rdr’F(r’)G+(r’) , (4.39)

for arbitrary values of C_. Since F(r) and G_(r) both decay as e™*, while G, (1) grows as e"’, all three terms
in (4.39) decay as e " as r — co. Likewise, both F(r) and the homogeneous solutions G (r) are regular as
r — 0, and thus so is (4.39). This solution is thus normalizable.

Given a solution for G(r), we can solve for the other profile function H(r) via

H(r) = y%@ (;r - 1)@@). (4.40)

This equation should cause some alarm: since f(r) oc v/ \vr diverges as r — 0, we might worry that H(r) is
not regular as r — 0 even though G(r) is. However, the free coefficient C_ in (4.39) can generally be chosen

to yield a normalizable H(r). Writing (4.40) as

) (4.41)
A (GmN [ /gG,(r)/r,, /
rdr< - >/0drF(r)G(r)+rdr - OdrF(r)G+(r)
the combinations
d [Gi(r) s 00
rdr< . ):Ctlzafkfk+Ci,2zbki(1+k10gr)rk, (4.42)

k=0 k=0
are crucially regular as r — 0, approaching a constant b(“,:. Furthermore, since each of the integrals in the
second line of (4.41) decay as o r’logr as r — 0, each of those terms vanish as r — 0 and thus do not
generate a non-normalizable contribution to H(r).

In contrast, the terms in the first line are dangerous: they can contain a constant piece which, when
divided by f(r), would cause H(r) ~ Hy/r as r — 0 for some constant Hy. Note, however, that we can
always! choose C_ so that the overall constant term in the square braces of (4.41) cancels. In this case,
H(r) ~ Hyologr as r — 0, for some constant Hy. But, this is still square-integrable, and so we conclude
that we can construct, at least perturbatively, a normalizable zero mode solution in the presence of a small,

non-zero Dirac mass m. As in the unperturbed case reviewed in §4.2, the axion string modifies the wave

!The only way this strategy could fail is if both G4 (r) also have definite scaling behavior as r — 0, such that
either af = b = 0. In this case, we cannot tune C_ to cancel the constant and the solution is non-normalizable.
While this behavior is extremely non-generic, we would need the connection formulae for (4.33) to prove it does not
happen. We take our numerical solutions to be proof that it does not.
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equation so that both linearly-independent solutions are regular as r — 0, allowing for a normalizable zero
mode.

The numerical solutions presented in Fig. 4.2 demonstrate that these solutions exist non-perturbatively
as well, as long as m < pu. As m — p, these solutions become unbound from the string and occupy a two-
dimensional “wedge” in the plane orthogonal to the string. To better understand the critical case m = p,
and why these solutions exist at all, it will be helpful to first study a simpler, albeit analogous, system in

which normalizable zero modes exist even in the presence of a nowhere vanishing gap.

4.3.2 Zero Modes on Domain Walls

That a massless field can emerge from one that is everywhere massive is counterintuitive, so it will be helpful
to consider a simpler system where it also occurs: the Dirac fermion on the half-plane Ri’l [838, 864—866).
Studying this system? will also help us understand why these zero modes completely delocalize onto a
two-dimensional wedge when m = p, which we will discuss in detail in §4.3.3.

Let us first consider a single Dirac fermion in the full space R*! with a spatially-varying mass, and
Lagrangian

L =0(id — m(x)). (4.43)

Here, (1°,~', %) = (01,103, —i0y) are the three-dimensional ~-matrices and we use the Cartesian coordinates
(t,x,2). We take the mass term m(x) to only depend on the coordinate x. We can search for zero modes

that move at the speed of light in the (+z)-direction by assuming that there exists a solution of the form

U(x) = /pe P : (4.44)

with m(x) and x (x) functions of x. With this ansatz, (4.43) reduces to

0=mn"+m(x)n - 2px (.45
0=x"—m(x)x

where the ’ denotes differentiation with respect to x. This solution must have definite helicity, with x (x) = 0,

so that solutions take the form

n(x) = Aexp ( /0 ! m(x')> , (4.46)

where the coefficient A is determined by a normalization condition analogous to (4.15).

For (4.46) to yield a normalizable zero mode propagating in the (+z)-direction, the mass m(x) must be

2This system naturally appears, for instance, in the study of the quantum anomalous hall effect [867] along
interfaces between topological and regular insulators [866].
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positive as x — oo and negative as x — —00o, and thus vanish for some value of x. Likewise, if the mass is
instead negative as x — oo and positive as x — —o0, there is a normalizable zero mode propagating in the
(-z)-direction. Thus, if there exists a domain wall in which the fermion mass crosses through zero, there will
be chiral fermionic zero modes—often called chiral domain wall fermions—localized and propagating along
it.> We see that in R?!, the fermion cannot be everywhere gapped and still yield a normalizable zero mode.
This is one case in which vanishing mass and the existence of fermionic zero modes are inextricably linked.

However, the situation changes if we restrict to the half-space Ri’l, with x > 0. In this case, constant
mass m(x) = p does yield a normalizable zero mode which is exponentially localized to the boundary at

x = 0. For example, by decoupling (4.45) we find that n obeys

"

n” + (m'(x) — m*(x))n = 0. (4.47)

To match onto the analysis of §4.2.2 and §4.3.1, we note that, since m(x) approaches a constant p at infinity,
then n(x) ~ C_e™ + C_ e as x — oo. Likewise, as long as m(x) is regular as x — 0, both linearly-
independent solutions will be regular, and so we will always be able to construct a normalizable solution
to (4.47). When m(x) = p is constant everywhere on R>', this solution is just n(x) = C_e™*. In contrast,
this fails on the full-space R*! because the solution that exponentially decays as x — oo never matches onto
the one which decays as x — —o0o, unless the mass m(x) switches sign for some x. We note in passing that
the existence of this edge mode in the half-plane depends also on the choice of boundary conditions for the
fermion; see e.g., [869].

To connect this simple system to the one we are interested in (4.26), we can picture the polar radial
coordinate in R>! as the analog of the x coordinate on the half-space Ri’l, while the axion string itself
provides an effective “mass” m(r) which is regular as r — 0, as are the solutions to (4.26). The same
mechanism is at work for both cases: both linearly-independent solutions are regular at the core of the string
or wall, and thus the solution that decays at spatial infinity is necessarily normalizable. As we discuss in the
next section, this simple system is also useful for understanding the critical case in which core and Yukawa

masses are equal, m = ., and the zero modes become completely delocalized from the string.

4.3.3 The Critical Mass Case

From the numerical results presented in Fig. 4.2, we found that there is a phase transition that occurs as we

tune the core mass to the Yukawa mass, m — p, wherein the fermionic zero mode seemingly delocalizes from

3This is a well-known fact which has been exploited [864] to simulate chiral fermions on the lattice. Many of the
phenomena we find in this chapter have analogs there. For instance, these chiral modes only exist for momenta p in
a particular region of the Brillouin zone [868], which we can denote as p € C. For p ¢ C, the chiral modes cease to
exist. In analogy with Fig. 4.2, the chiral modes have wavefunctions that are well-localized to the domain wall for
momenta comfortably inside C, while they completely delocalize from the domain wall as p approaches the boundary
0C, and are no longer normalizable for p ¢ C.
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the axion string. Beyond this critical mass, m > p, the zero mode ceases to exist. Since this critical case
turns out to be very difficult to study numerically, it will instead be helpful to attack this case analytically
to understand exactly how these modes behave when m = p.

First, however, it will be useful to qualitatively understand how solutions to (4.26) should behave in
the limit m — p. In the previous section, we described how a fermionic zero mode can arise whenever a
fermion’s spatially-dependent mass crosses through zero. At criticality and far from the string, the mass

(4.27) approaches

lim M(r, 6) = /(i — pcos )2 + p?sin 6, (4.48)

r—00

which crosses through zero at ¢ = 0 when (and only when) m = p. From the logic of the previous section,
we should then expect that the zero modes are no longer localized along the axion string, but are instead
allowed to propagate freely along—and are localized to—the plane defined by ¢ = 0. Thus, we expect that
these zero modes may have momentum along both the x- and z-directions, which we denote px and p,,
respectively, with frequency w = \/m .

We can exhibit these solutions in the critical case by searching for solutions to the equation of motion
(4.26) far from the string along the positive x-axis. In this limit, the equations of motion become approxi-
mately translationally invariant in both the x- and z-directions, and so we may search for solutions of the

form o .
(x) = b(x, y) e PR (4.49)

where U¥(x,y) varies slowly along the x-direction. Since these modes must have definite helicity, we will

assume an ansatz of the form

COS QU
R sin o

w(x7 Y) ~ 5 F(Xv Y) (450)
isin

—icos

with cos2a = -p,/w, and sin 2a = —p,/w. With this ansatz, when far from the string (4.26) reduces to

OF(x,y) ~ —p(y/x)F(xy), x>y, (4.51)

where we have dropped derivatives with respect to x and approximated ¢'® ~ 1 +i(y/x). This can be solved

to find N |
F(x,y) ~ A(x) exp (— ' dy’ M(X,y)) ~ (i> ! exp <—H2};> ) (4.52)

0 X

for x > |y|, where M(x,y) = py/(1 — cos )2 + sin® & ~ p(y/x) is the mass (4.48) far from the string, where

px > 1. The overall amplitude A(x) is determined by imposing the normalization condition,
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Figure 4.3: Plot of the approximate critical wavefunction |F(x,y)|, trustable for large positive x, with
contours displayed in units of \/ft. When py = 0 and p, = -w, |F(x,y)| = |[{y(x,y)|, and so this figure can
be directly compared to the bottom left panel of Fig. 4.2.

[0, () = 2rpes® (p - p) (4.53)

at any constant t, the direct analog of (4.15). For the ansatz (4.50), this translates into the requirement that
Jdy[F(x,y)] = 1.

We plot this approximate critical wavefunction (4.52) in Fig. 4.3 and find that it matches with the m — p
behavior we observe in the numerical results shown in Fig. 4.2. As our qualitative arguments suggested,
we find that the zero modes delocalize from the string once m = p and instead are free to move along the
half-plane defined by & = 0. They are relatively well-localized along y = ¢ = 0, but become more and more
spread out the further we get from the string, with an approximate width of Ay ~ /x/p.

To summarize, in this section we studied how fermionic zero modes along an axion string respond to the
addition of a non-zero Dirac mass m. Absent this core mass, the four-dimensional fermion sees effectively
zero mass at the core of the string, and so one might expect that this vanishing mass explains why the
axion string supports fermionic zero modes. However, we showed that these zero modes exist even when the
four-dimensional fermion has a core mass m and is thus everywhere massive, and we explained what it is
about the string that allows these modes to exist. Furthermore, we found that these zero modes completely
delocalize from the string as m — p, and cease to exist for m > . In the next section, we explain this
phase structure from the perspective of anomaly inflow, in which these zero modes are necessary to render

the low-energy effective theory consistent.
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4.4 Zero Modes from Anomaly Inflow

The existence of these zero modes can also be inferred on topological grounds, based on the logic of anomaly

inflow [838]. Under an infinitesimal U(1) gauge transformation, the fields in (4.25) transform as
A = ieA(x)0, BAA” = (9MA(X) , (4.54)

where A(x) is the U(1) gauge parameter. In a topologically trivial background, the action (4.25) is manifestly
invariant under such a transformation. In the presence of the axion string, however, gauge invariance is more
subtle. This symmetry is anomalous in the presence of the string, such that electric charge is not conserved
in a region localized to the string. The theory is then inconsistent unless there are some anomalous degrees
of freedom, i.e. charged chiral excitations, that are localized to the string and can cancel this anomaly and
carry away electric charge. These zero modes then allow electric charge and the anomaly to “flow” out of
the bulk spacetime and onto the string, ensuring that the full theory remains consistent.

The general strategy is as follows. We will attempt to construct a low-energy effective field theory of the
axion and abelian gauge field by integrating out both the fermion {(x) and radial mode f(x) of the complex
scalar. We do this by first ignoring the contribution from possible fermionic zero modes and by carefully
considering the effect of a gauge transformation on the effective theory. Our arguments are similar to the
original story, which can be found in [838,840,845], except that the U(1),q breaking mass leads to a subtlety
in the identification of the phase which should be rotated away. Depending on the relative size of m and p,
we find a gauge anomaly localized to the string. This inconsistency then forces us to include an additional
contribution from fermionic zero modes localized to the string which cancels this anomaly.

We are interested in the gauge invariance of the low-energy effective theory for the axion field after

integrating out the fermions. In the string background (4.3), the fermion sector of the theory can be written

LDV —m+ yf(r)eiﬂ“se(x))w7 (4.55)

with 6(x) the axion field, and so we wish to compute

Z,(0) = / DUDY exp {i / d*x O (i — M(x, e)eiﬁ'“(\@"’))m} , (4.56)

with M(r,0) and of(r,0) defined in (4.27). Performing the path integral by introducing a Pauli-Villars
regulator with mass M, we find
det (1]25 — M(x, 9)6”5(‘(“9))
Zy(8) = .
dec (i3 — M)

(4.57)
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Figure 4.4: The phase of fermion “mass” (4.59) far from the string. The phase is double-valued at
0 =2m ~ 0 for m < p [blue, , ]. The zero mode solutions vanish as m > p [red] once the phase
becomes single-valued.

Now we perform a spatially-dependent chiral field redefinition, 1\ — e a(r0)/ 29 to try and remove Z(0)’s
dependence on a(r, 0). However, due to the chiral anomaly, this transformation introduces a Jacobian factor

and we thus have

2,(0) = dec(il) ~ M@, %) exp [i/(x(r, 0)F A F} , (4.58)
det <1125 — M) 8m?

which can be written in the form of an effective action for the axion 0 interacting with the gauge field A,,.
Note that in the m — 0 limit, in which there is a classical U(1)pq symmetry, o(r,08) — 6 and this Jacobian
factor reduces to the usual quantized coupling of the axion to the gauge field, x 6F A F. Furthermore,
integrating out the fermions leads to a nontrivial effective potential for the axion via the 6-dependence in
M(r, 6).

It is this additional a(r,0)F A F term in the effective action that leads to a potential issue with gauge
invariance. Whether or not this term is gauge invariant is determined by whether the phase far from the
string,

a(0) = lim a(r,d) = arg(m — pe™?), (4.59)

r—00

is single- or multi-valued as a function of 8, and this depends on the relative size of m and p as illustrated

in Fig. 4.4. For instance, in the limit that m < p, we find
a(f) ~m—60, (4.60)

which is clearly not single-valued at 6 = 2w ~ 0, and this applies more generally for all m < p. In this case,
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we must integrate the effective action by parts to make it well-defined,
1 1

However, under the gauge transformation (4.54), this transforms as

5 { _ #/du(e) AAA F} - —#/da(e) Ad(AF) = +$/d20¢(6) A (AF), (4.62)

where we have integrated by parts again in the last equality, neglecting any potential surface terms at the
string core. Since «(0) is not single-valued, d>a.(0) # 0 but is instead localized along the string, and we find
an apparent gauge anomaly.

The reason for this apparent anomaly is that we have heretofore incorrectly assumed that there are no
zero modes at the core of the string. Their existence modifies the chiral transformation in (4.58) and, with
a careful treatment of the variation at the core,* we find a violation of gauge invariance precisely equal and

opposite to the gauge anomaly due to a massless chiral fermion localized to the string worldsheet,

1 1

On the other hand, it is precisely when m > p that the phase «(6) becomes single-valued since, near the end
points at § = 0 and 2w, we have a(0) = o(27) = arg(m — p) = 0. In this case the interaction o< a(8) F A F
is both well-defined and single-valued, and gauge invariance is maintained without the need for additional
degrees of freedom along the string. This analysis breaks down as m — p because it no longer makes sense
to define an effective field theory for the axion and gauge field “far” from the string since, as is evident from
our numerical results in Fig. 4.2 and is discussed in §4.3.3, the fermionic zero modes are no longer localized
at small 1.

It is worth noting that, from the IR perspective, these anomaly inflow arguments do not entirely deter-
mine the theory on the string. While we have focussed throughout on a particular UV model, in which the
zero modes are unambiguously identified with chiral modes of the fermion, in general, the anomaly could
be cancelled by a different theory on the string worldsheet. For strings with an even winding number, for
instance, the anomaly can be cancelled by compact bosons living on the worldsheet. Anomaly inflow guar-

antees that the IR theory has a U(1) symmetry with a particular anomaly, while the precise theory on the

4Somewhat famously, arriving at the exact value of the gauge anomaly, which matches the contribution from
two-dimensional chiral fermions localized on the string worldsheet, requires some care. A proper treatment involves
introducing a “bump-form” which extends the validity of the effective theory in (4.58) to all of spacetime and properly
includes the zero modes on the string core so that all surface contributions vanish [845]. This bump form can be
computed explicitly in terms of the zero modes profiles, and the calculation of [845] is unchanged in the case m # 0.
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Figure 4.5: Leading order diagram for the current (J"(z)) produced by a spatial variation of the axion
0,0(x0) in the presence of a background electromagnetic field Ay, used by Goldstone and Wilczek to compute
the effective action.

string depends on the details of the model in the UV.

Finally, it is illuminating to compare our effective action to the effective action computed via the method
of Goldstone and Wilczek [870], as in [838,840]. In that case, one computes the current at a point xq far
from the string core, in response to a background electromagnetic field, in the long wavelength limit. We

choose 0(xp) = 0, so that the fermion-scalar interaction can be expanded as
yOf (r)e"s 0 & i 9,0 (x0) (W — x0) by (4.64)

The leading contribution comes from the diagram in Fig. 4.5. For the theory (4.25), this yields

(J'(2) = @G(XO)/ d'p dlq d'k dly diw (w — x0) A, (y)e IPE)+ P+ =W+ (pra+k)(v—2)
(2m)* (2m)* (2m)* ’
(4.65)
x T |: ! v 1 5 ! 3 + 1 5 1 v 1 "
r
P—M prd—M ' prg+E-M' T p-M' p+K-M ' p+E+g—M
and evaluates to
2

<JH (Z)> = %ﬁaumkaﬁ(mﬂ:m . (466)

Following [840], we can posit an effective action (valid far from the string),

I p

Seff == Wu—im de N A A\ F 5 (467)

from which the current (4.66) can be computed. When m = 0, integrating (4.67) by parts yields the usual,
properly quantized, coupling of the axion to the gauge field. When m # 0, the p/(p — m) prefactor would
appear to violate the quantization condition for the axion—gauge field coupling. However, expanding for

small values of the axion field,

da(8) = {“ + 0(92)} do, (4.68)

p—m
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and we see that (4.67) is precisely the leading term of (4.61), which is properly quantized.

Let us note that there is an ambiguity in which field one calls the “axion,” 6 or a(6). Both are compact
fields, 6 ~ 6 + 27 and o ~ o + 2w. If one works in the “charge-quantized” basis in which the coefficient of
the topological coupling (4.61) is an integer, the axion « has a (possibly highly) non-trivial metric on its

field space given by

N cos
b y/1— (m/p)?sin® o

and so around 6 ~ 0 or o &~ 7 the decay constant is effectively reduced by a factor of (u — m)/p, which

Boa = V2 (8'())? = v°

: (4.69)

is identical to the factor that appears in (4.67). If one instead works with 6, the (classical) metric on field
space is flat but the coefficient of the topological coupling (4.67) is not an integer. This story is similar in
spirit to the reason for the non-quantized coupling of the axion to photons, due to mixing with the neutral
pion.

To summarize, we have shown that—with a careful treatment of the axion’s periodicity—the arguments
for anomaly inflow, and the resulting necessity of chiral zero modes on the string, persist in the presence
of a field-independent mass, as long as this “bulk” mass is smaller than the mass generated by the chirally
coupled scalar field. This makes it clear that it is the topology of the axion string, and not the dynamics
of the scalar field which spontaneously breaks the classical U(1),, symmetry, which is responsible for the

existence of the fermion zero modes.

4.5 Low-Energy Effective Theory

In the previous section, we found that the full four-dimensional effective theory was rendered consistent
when m < p by including chiral fermionic zero mode localized to the axion string, while they disappeared
for m > p. Our numerical results in Fig. 4.2 show that they disappear because the zero mode completely
delocalizes from the string as m — p. It will be useful to understand how this process appears from the
zero mode’s two-dimensional effective theory on the string worldsheet. At leading order in p~!, this action is
completely constrained by symmetry and does not depend on the ratio m/p. However, we will show that the
Wilson coefficients of the higher derivative interactions between the zero mode and the gauge field depend
sensitively on m/p and diverge as m — p, causing the two-dimensional effective theory to break down.

We again will specialize to an axion string with charge +1, and start by introducing the (quantized)

mode expansion for the fermion

“dp 1 (e “dp 1 . (it
X)= [ — dpi, (r, &) P +/ ————=bl b, (r, ¢)e ) 4 4.70
6 = [ Syt 0) o) (4.70)
where the --- denote the non-zero modes of the massive four-dimensional fermion about the axion string.
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Here, (1, $) is the zero mode wavefunction (4.10) found in §4.3, subject to the normalization condition
(4.15). The creation and annihilation operators, B;f,, 4, satisfy the canonical commutation relations appro-

priate for a two-dimensional fermion,
{a,,al } =2n3(p—p),  {b,,bl} =2nd(p—p'). (4.71)

Since the only place the momentum p enters into wp(r, ¢) is in its overall normalization, we can define the

spinor F(r, &) = ¥, (r, )/(/p and write (4.70) as W(x) = x _(t,2)F(r,d) + - - -, where

Oodp ) z N z
X_(t,z):/O o [ape pit) 4 bl elp(i+2) (4.72)

is a canonically normalized two-dimensional fermion field operator with negative chirality.
It will be convenient to repackage x_(t,z) into a two-dimensional Dirac fermion ¥ (t,z) living on the

axion string worldsheet

X_(t,z

x(t,2) = (t.2) ; (4.73)
X, (t:2)

by grouping it with a positive chirality fermion x_, (t,z), which we later set to zero. We will use a,b,... =0,3

to denote worldsheet indices, and define our worldsheet ~-matrices as ~* = (3°,4%) = (01,109)® with chiral
projectors v, = %(1 + ’?{OR(?’) such that v, X = x4. We will thus impose the constraint ~,x = 0 to remove

X 4 from the theory. The kinetic term for the two-dimensional fermion then takes the standard Dirac form,
Sy = /d%imaaax +oe= /dQZiXT_a+X_ - (4.74)

where we denote 9+ = 8, F 9, and use d’c = dtdz to denote the volume element on the string worldsheet,
while we will use d’r = rdrdé = dxdy to denote the volume element orthogonal to the string. The ---
denote terms in the effective action that encode how the chiral zero mode x _ interacts with the gauge field
A, which we now derive.

The zero mode generates a four-dimensional current that points along the axion string

L - el F(r, &) P(XV*x)(t,z) p=a=0,3
M= el = , (4.75)
0 p=1,2

where |F(r, ¢)|* = (FTF)(r, d), and so its interaction with the gauge field A, is determined by

5We use 4’ and A4® to distinguish these two-dimensional N-matrices from the four-dimensional ~° and ~2, used for
the four-dimensional Dirac fermion {(x).
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— - [atxia, = - [dixel P o) PO DA, (4.76)

Our goal is to encode the information contained in (4.76) into a series of effective interactions in the two-
dimensional effective theory between x and (derivatives of) the gauge field pulled back onto the string
worldsheet. This will encode the zero mode wavefunction’s multipolar structure into a set of effective two-
dimensional interactions and will define a set of multipole moments for the current (4.75).

To derive these effective interactions, we perform a long-wavelength expansion of the gauge field about
the axion string x = (t, 0, 0, z) following a procedure similar to the one outlined in [871] and explained in more

detail in Appendix A.2. After using current conservation and integration by parts, (4.76) can be written as

Sem = — /d2 e(X"x)Au(t, 2)
fz [/erx cooxi

(4.77)

F ,M o letem0o. 060

where we use i, j, ki, - - = 1,2 indices to denote directions orthogonal to the string, i.e. x' = (x,y). It is more
illuminating to rewrite the higher order terms in this expansion in terms of irreducible SO(2) tensors. This

introduces terms o< OXFy,, which can be rewritten using the equations of motion that follow from (4.58),

e?

k _ _ab
0 Fka— 0 Fba+ 167T2

M (u(0)Fap) +Ja (4.78)

where Fuv = %ewng"" is the dual field strength. To second order in the derivative expansion, we find that

the two-dimensional current 7* = X~*x couples to

~a ~a 1 ~a 1 r>~a r~a
Sem D) /d2 |: A +I F11+ 12] 8(1 ja — It2.7 abeq 64m 21t 8"(9qu) (479)
where
I = /d2r x| F(r, ) (4.80)
is the zero mode current’s “dipole,” while
L= / &r (' — §%%ed) | F(r, 0))7, 15 = / dre?| F(r, 0)2, (4.81)

are the current’s “quadrupole” and variance. Each of the operators in (4.79) are operators on the string
worldsheet, while the dimensionless coefficients ¢} = pli, ¢ = p2I§, ¢§ = p2I§ can be understood as Wilson

coefficients in the effective theory on the string worldsheet.5

SThere are only three independent Wilson coefficients that appear at each order in this multipole expansion.
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Figure 4.6: Plots of the Wilson coefficients ¢f, ¢3*, and ¢ vs. m/p. The coefficients ¢} and ¢;’ = ¢}
vanish due to the zero mode’s reflection symmetry about the x-axis, as evident in Fig. 4.2, while the other
coefficient ¢}’ is completely determined by ¢j” = —c¥*.

We plot these Wilson coefficients in Fig. 4.6 as functions of m/p. Two features are immediately obvious:
at m = 0, the dipole and quadrupole moments vanish due to the cylindrical symmetry of the zero mode
solution, as expected. The trace term cf does not vanish but instead approaches a value c§ — 2.19 asm — 0.
Such trace terms also appear in the generic multipole expansion of a point-like source [871] where, as here,
they multiply time derivatives of the field strength and thus do not appear in the static multipole expansion.

As m approaches the critical value, m = p, all three Wilson coefficients quickly blow up, reflecting the
breakdown of the two-dimensional effective theory. This is also expected since, as seen in Fig. 4.2, the zero
modes delocalize from the string as m — p and must completely disappear for m > p, and so the worldsheet
effective theory must fail. As is usual, the effective theory signals its own demise through Wilson coefficients
that become uncontrollably large.

So, far from a charge +1 axion string the theory (4.25) is well-described by the effective action

1 o), =
_ 4 LV 2 2 LV
S= /d X [—4FWF‘ +v7(00)" + 16112F”“Fl +
ij Ctr b eZCth ~ - (482)
/d o [XilPx + EJ "Fia + 4u2j “0iFj)a 4H2] “0"Fpa + 64K2M21‘0"(9Fap) +
The first line describes the dynamics of the gauge field and axion, where the --- denote interactions that

This can be most easily seen by remembering that the irreducible tensors of SO(2) with weight ¢ are in one-to-one
correspondence with the two Fourier modes e*'® and so, in general, correspond to two complex (or four real) degrees
of freedom, which we may denote as f; and f_,. Since the distribution is purely real, these coefficients obey f; = f*,,
and so the distribution is described by only two real degrees of freedom at each weight ¢. To this, we must add the
pure trace term at each ¢, e.g. Iy, which increases the number of moments at each order to three.

84



are induced by, for instance, integrating out the scalar’s radial mode f and the non-zero mode fluctuations
of the fermions and include a potential for the axion 6. The second line describes the chiral zero mode
living on the string and its interactions with the gauge field and axion. Here, the --- denote terms that are
either subleading in the derivative expansion or are nonlinear in the current j*, the latter of which are also
generated by the long-wavelength expansion (described above and in Appendix A.2) and upon integrating

out the heavy scalar and fermionic modes.

4.6 Discussion

In this chapter, we revisited the superconductivity of string solutions in a simple model of axion electro-
dynamics in which the U(1),q symmetry is explicitly broken by a mass term for the fermions. When the
PQ-breaking mass m is smaller than the asymptotic mass p acquired from the radial mode of the scalar whose
phase is the axion, the fermionic zero modes responsible for superconductivity persist. We demonstrated
the existence of these zero modes both by studying the asymptotic behavior of the equations of motion and
by solving for their profiles numerically. We also demonstrated how their existence can be understood from
anomaly inflow, with some modifications to the original arguments by Callan and Harvey.

For m > p, the zero modes cease to exist. As m approaches p, however, the zero modes exhibit an
interesting critical behavior, in which they delocalize from the core of the string and propagate along a
two-dimensional wedge.” We further studied the effective theory of the zero modes on the worldsheet and
their interactions with external gauge fields. As m approaches its critical value, we demonstrated explicitly
how this effective theory breaks down as a result of the zero modes delocalizing.

While we have focused on a simple “minimal” model of axion superconductivity here, there are several
aspects which may be phenomenologically relevant in more realistic theories that warrant further exploration.
First, as mentioned in the introduction, DFSZ axion models have multiple distinct, topologically stable
string configurations and at least one of these (the “Type-C strings” in [852]) has a scalar profile which does
not restore electroweak symmetry at the string core. It is possible that the nonzero vacuum expectation
value at the core in these configurations may play a similar role to the explicit PQ-breaking mass term we
have considered, which helps explain how these solutions may still be superconducting (as anomaly inflow
arguments suggest they must be). This should be studied in more detail.

It is also worth recalling that in a high-temperature background, fermions acquire a Debye mass ~ gT

which has the same effect as the explicit mass m. In an expanding universe, if the initial temperature is large

" Amusingly, this behavior is very similar to how light fermions behave in the presence of a magnetic monopole [872],
but in reverse. There, the light fermionic modes become more and more delocalized from the monopole core as their
mass decreases, ultimately explaining why the 0-angle becomes a redundant parameter for dyon physics once m = 0.
Here, counterintuitively, the light fermionic modes delocalize as their mass increases.
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enough that the Debye mass is larger than the Yukawa mass, a phase transition to the superconducting case
may actually occur. It may thus be of interest to study if the delocalization of the zero modes found in the
simple model studied here can have consequences for the evolution of string networks in cosmology.
Finally, we should emphasize that our numerical results were derived under the assumption that the
fermion amplitude is small. It would be worthwhile to understand how the profiles of the zero modes change
beyond the limit of small fluctuations. In the same vein, it would be enlightening to understand the higher-
order source terms in the worldsheet effective action that we have dropped. We hope to return to some of

these topics in the future.
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A Closer Look at CP-Violating Higgs Portal Dark Matter

5.1 Introduction

Dark matter constitutes the majority of the mass in our universe, but its properties remain largely unknown.
Over the years, there have been tantalizing hints in various experiments; while many of these signals have
vanished due to increased statistics or a better understanding of systematic uncertainties, some signals, such
as the Galactic Center Excess (GCE), have persisted for over a decade.

In astrophysical settings, the Galactic Center is expected to have some of the largest dark matter den-
sities, and is therefore one of the most promising targets for indirect searches. The GCE is a statistically
significant excess of gamma rays at energies of ~ 2 — 3 GeV observed in the Galactic Center by the Fermi
Gamma Ray Space Telescope [873]. As pointed out by [874-880], the GCE could be explained by a thermal
WIMP annihilating to Standard Model particles. To truly confirm such a hypothesis, it is crucial to observe a
signal in other indirect channels. In fact, it is possible that AMS-02 is observing an antiproton excess [881] at
a concordant energy range [882—-885], though the existence of this excess is not as well established [725,726].
While promising, it has also been suggested that the GCE signal could be generated by millisecond pul-
sars [886,887]. In recent years, the debate surrounding the origin of the GCE has intensified [888-903].
New measurements in the coming decade and a better theoretical understanding of Galactic diffuse emission

models will help settle this debate, but until then, the origin of the GCE remains unknown and dark matter
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annihilation remains a viable explanation.

As discussed in [879,880], the GCE can be well described by dark matter annihilations, particularly to bb.
This has fostered the development of many dark matter models with WIMP-like annihilation mechanisms,
which are too numerous to review here (see [502] for a review). Of these, models with pseudoscalar s-
channel mediators are particularly well-motivated because they are neutral and can evade direct detection
constraints. In particular, if the dark matter lives close to resonance, the annihilation cross section can be
boosted enough to explain the GCE [904-911]. While much of the previous work relies on the introduction of
a new pseudoscalar mediator, the authors of [912] proposed an interesting alternative. In their setup, the dark
sector is connected to the visible sector via a CP-violating coupling to the Higgs, which allows annihilation and
spin-independent scattering to be governed by different parameters. In principle, the CP-violating coupling
can generate a viable thermal relic candidate even away from the resonance, by suppressing the scattering
rather than enhancing the annihilation. However, in [912], the authors consider specific model realizations
within the context of supersymmetry where the benchmark best fit model still has the dark matter mass
very close to half the Higgs mass.

In this work, we extract the key ingredients of their model, namely a Majorana dark matter candidate
with CP-violating coupling to the Higgs, and explore the extent of freedom away from the mass resonance
that can be achieved with larger CP-violating couplings. We see that for large enough coupling in the dark
matter EFT, there is O(10) GeV flexibility for the dark matter mass when the phase is approximately /2.

We also consider and explore the phenomenology of two different minimal UV realizations of this scenario:
singlet-doublet dark matter [913-923] and doublet-triplet dark matter [918,920,923,924]. We study both
how these models translate to EFT parameters, and constraints governing these UV realizations, including
contributions to the electron electric dipole moment (EDM), the Peskin-Takeuchi parameters, as well as
possible collider signatures. We find that while the dark matter mass and CP-violating phase are independent
parameters in the EFT, their dependence in the UV completion is quite nonlinear since the Yukawa coupling
directly affects the dark matter mass. Specifically, it is difficult to achieve the phase tuning scenario without
also tuning the mass in the UV completion, because the large couplings that are required to generate the
annihilation cross section when away from resonance also change the dark matter mass. Additionally, we
find that the amount of CP-violation in the UV may not be reflective of that observed in the EFT. In the
singlet-doublet case, we find two different types of viable parameter space. When the UV couplings are
small, both the singlet mass in the UV and the dark matter mass must be very close to my,/2, but the phase
is flexible. When the UV couplings are larger, parameters must be chosen such that both the phase of the
dark matter-Higgs coupling and the dark matter mass must be somewhat tuned, but there is more flexibility

in the dark matter and singlet masses than in the small coupling case. In the doublet-triplet model, we find
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that EDM, spin-independent direct detection, and charged fermion collider search constraints are sufficient
to rule out any WIMP-scale annihilation signal.

The rest of this chapter is organized as follows. In §5.2, we discuss the effective field theory of Majo-
rana dark matter interacting with the Standard Model through a CP-violating Higgs coupling. The EFT
parameters dictate the annihilation and scattering cross sections which are broadly applicable independent of
specific UV completions. In §5.3, we UV complete the EFT by introducing a singlet Majorana fermion and a
doublet Dirac fermion. In §5.4, we consider another UV completion by introducing a doublet Dirac fermion
and a triplet Majorana fermion. We discuss the strong constraints placed on each of these models by a
variety of complementary experimental probes such as the electron EDM, precision electroweak parameters,

and collider searches. Finally, we offer some remarks in §5.5.

5.2 Model Independent Constraints in the Effective Theory

In this section we take an effective field theory approach and focus on the phenomenology of a single species of
Majorana dark matter which couples to the visible sector via a CP-violating Higgs portal. After spontaneous
symmetry breaking (SSB), the corresponding terms in the Lagrangian are given by

Yhyx 1 — y}tx — gZX — 5
L3 Wy Prx + —XhxPrx + 2227, X" 5.1
23 P S IEBXP R+ S5 AR (5.1)

where the CP-violation manifests in the complex nature of dark matter-Higgs coupling yy,y . Furthermore, we
have also allowed for a coupling gz, to the Z boson.!

As in all WIMP-type solutions to the GCE, the burden of the model is to reconcile the O(1) pb anni-
hilation cross section necessary to achieve both the observed gamma-ray excess and the dark matter relic
density, with the O(1071°) pb bounds on spin-independent scattering with nucleons from direct detection
experiments. Traditionally, this is achieved for Higgs-portal dark matter by tuning the dark matter mass to
the s-channel resonance 2m, ~ my, but an additional avenue is available in the case of our model.

In the non-relativistic limit, two Majorana fermions form a CP-odd state, so annihilation into the cP-
even Higgs through a CP-conserving coupling is p-wave suppressed. It then follows that if the coupling is
complex, the annihilation in this limit is dominantly set by the imaginary part of yy, which is reflected in
the result we obtain in (5.4). Conversely, the dark matter scattering off of the nucleon (or quark) does not
require any CP-violation since the initial and final states have the same CP properties, and thus we expect

the spin-independent scattering cross section to be proportional to the real part of yu,. This is reflected

in the result we obtain in (5.13). Therefore, the phase of the Higgs coupling can also contribute to a large

1y does not have a vector current coupling because X~"x vanishes identically for Majorana fermions.
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hierarchy between the scattering and annihilation cross sections. With this intuition, we describe the details

and corresponding phenomenology of this theory in the remainder of this section.

5.2.1 Annihilation

Annihilation is mediated by both the Higgs and the Z boson through an s-channel diagram. The dark sector
couplings contributing to dark matter annihilation into SM fermions are given in (5.1), and the visible sector

couplings have the form

Yt ¢ z 5
L3> %hff + guZy " (vi — agyP)E. (5.2)
-

The couplings are given by their SM values

\/imf (§

Yut = — y 8zt =
v

vi =13 — 2Qsin? 0y, af =15, (5.3)

2 cos By, sin 0,

where v is the Higgs vev, 0 is the Weinberg angle, and my, I3, and Q are the mass, weak isospin, and electric
charge of the fermion respectively. In the non-relativistic limit, the total spin-averaged amplitude squared

for annihilation can be written as

X~ mP)

(mf —4m3)? + mi I}

(m

2
m
M=t |20+ st 54

where I'}, denotes the width of the Higgs. The Higgs mediated piece depends only on the imaginary part of

the coupling as expected. The cross section is correspondingly given by

N, mi—mz
T S 53

647m3 xx =
my<my X

If the dark matter is a thermal relic, then the present-day dark matter abundance, QXh2 = 0.11, sets
the annihilation cross section at the time of freeze-out, which is the well-known O(1) pb weak-scale cross
section [517,925-935]. Recent work [936,937] has shown that for models with a hierarchy between annihilation
and scattering strengths, early kinetic decoupling before freeze-out alters this number, requiring a larger cross
section to achieve the observed abundance. At most extreme, a ~ 20 pb annihilation cross section may be
needed for a ~ 57 GeV dark matter with purely imaginary couplings, though this is quite sensitive to the
details of the QCD phase transition. However, this effect is significantly weaker for masses = my, /2, so we

do not take our annihilation cross section to be this large.
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At present, dark matter annihilation is expected to produce a distribution of gamma-rays whose flux is

given by
d’®, 1 dN,, p2 (r)de
= - —B i X 5.6
dQdE, 3{ov) < By 0 /1 drm? (5:6)
where Br, | _,; denotes the branching ratio to the ff final state, and dN, /dE, its corresponding injection

spectrum. px(r) denotes the dark matter halo profile and is integrated over the line-of-sight to the Galactic
Center. It has been shown that the Fermi GCE data is well-modeled by a Higgs portal dark matter with
a cross section (ov) ~ 3 pb, assuming a modified NFW profile [875]. As the precise best fit depends on
many details, including the galactic profile and background modeling [938], in conjunction with the modeling
uncertainties of the thermal relic argument, we will consider here a range of cross sections (ov) from 1 to 10

pb to be in concordance with both the GCE and the relic abundance.

5.2.2 Direct Detection

In contrast with annihilation, processes relevant for direct detection occur below the weak scale and should
be considered in terms of effective interactions with target nuclei. Much of the subsequent discussion fol-
lows [488]. At momentum transfers t < m3, the interactions in (5.1) and (5.2) are rewritten as the following

dimension-6 operators

Cs_ 2 Cps_ 5 2. Cv_ | 5 = Cev_ 5 =
L33+ XX + =5 XA X+ = XA XA (5.7)
my, my, myz myz

with Cg, Cpg, Cv, and Cpy denoting the scalar, pseudo-scalar, vector, and pseudo-vector pieces of the quark-
gauge couplings respectively. The contributions governed by Cps and Cy are velocity-suppressed and we

neglect them in the following. After matching to the UV theory, the coefficients are given by

1
Cs = §RC[YhX]Yhf Cpv = gzygztar. (5.8)

In the zero momentum transfer limit, the nucleon-level operators are matched to the quark-level ones via

form factors
(N(p) [F 4 EIN(p) = i (p) [ AT (@2)7" | un (') (5.9)

(N(p)[EEIN(p)) = %ffFaN<p>uN<p'> (5.10)

where N represents a nucleon (a proton or neutron), q = p’ —p denotes the momentum transfer, and the form
factors are listed in Table 5.1. We have neglected higher order terms in q?. For the scalar term specifically,

the heavy quarks also contribute via a gluon loop. After integrating out heavy quarks, the relevant operator
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N,u N,d N,s
AP AN A N A
Protons | 0.80 -0.46 -0.12 [ 0.018 0.027 0.037 0.917
Neutrons | -0.46 0.80 -0.12 | 0.013 0.040 0.037 0.910

Table 5.1: Here we show the light quark and gluon form factors for the proton and neutron. These values
come from [939-942] and are summarized in [488].

for each flavor appears as
CS Qg

_ GGy 5.11
m? 12manX " (5.11)

To match to the nucleon-level picture the following matrix element is taken into account

8m

(N(p)|G" Gy N(p)) = — x N (p)un(p’).- (5.12)

In terms of the quark-level couplings, the nucleon-level spin-independent cross section is given by

2

2 .2
mymy Re[yny] 2 my N
os1 = g Yhfff + g Vhf =5 . 5.13
4TY(I’I1X +mN)2 ml?l feu,d,s ' fee,b,t 27 g g ( )

As discussed earlier, the cross section only depends on the real part of the Higgs coupling. Furthermore,
the dependence on the coupling to the Z boson vanishes in the q — 0 limit. Likewise the spin-dependent

cross section is given by

3mNm 87y
= E A . 5.14
osb m(my + my)? 4mZ ; Bztat ( )

cu,d,s

5.2.3 EFT Results

In this subsection we examine the phenomenology of the effective theory, and discuss the regions of parameter
space where a high annihilation and low scattering cross section can be achieved — specifically we are interested
in an annihilation cross section between approximately 1 and 10 pb to fit the GCE and a scattering cross
section consistent with direct detection experiments. For spin-independent scattering, the strongest limits
come from XENONIT [531,532], while for spin-dependent scattering, the strongest limits come from both
XENONIT [533] and PICO [535,536]. LZ [943] and XENONnT [944] are projected to improve on current
limits within the parameter space of interest. The projected limits are comparable, so we show only one in our
figures for clarity. We omit limits from IceCube [945], LUX [946,947] and PandaX-II [948] because they are

slightly weaker than those we’ve shown for O(60) GeV dark matter. For the spin-independent constraints, we

92



1017 1018
3.0 1.65
15 ! 16
2.5 10 10
10%3 10 _
51.5 10115 g 10125
S S
B 1.55 B
1.0 10° ~ 1010
0.5 |l 107 1.50 108
[Vagl = 0.02, gzy= 0.01 [Vael = 1.0, gz = 0.01
0.0 y y y 10° y y y 106
60 61 62 63 64 65 20 40 60 80 100
my [GeV] my [GeV]

Figure 5.1: The ratio between annihilation and spin-independent direct detection cross sections on the
my — ¢, plane for different values of |yn,|. The region allowed by direct detection is inside the solid
XENONIT [531,532] constraint line, while the region allowed by annihilation is between the solid 1 pb and
10 pb lines. We also show projected limits from LZ [943] as dashed lines. Note that the axis scales on the
two plots are different. The left plot shows the mass resonance with small yyy. The right plot shows the
phase tuning, with a large coupling. Both plots include a small non-zero Z coupling; the limits are similar

for vanishing Z coupling.

consider only dark matter-proton scattering because in this case the difference between proton and neutron
cross sections is negligible.

First we review which masses and coupling magnitudes are in general concordance with scattering con-
straints and annihilation requirements. Typical couplings that can generate an annihilation cross section of

~ 1 pb are shown in (5.15) for two different dark matter masses.

Ay N L dmf —mi | [ycsin @y
1pb] 180 GeVl | 10¢ GeV? 1.0
o (5.15)
m 2 [ 4m? — m? Vi sin @y 12
_ X X h X hy
[62.5 GeV} 50 GoV? [ 0.007 }

In (5.16), we show approximate couplings and masses that are consistent with direct detection constraints.

Os1 _ |:yhX COS (,phX:|2
10~ pb| 0.02

[mcipr} - [(;g.zcﬁ]?

We remind the reader that the free parameters of the theory are m,, gz,, and the complex coupling yi,y

(5.16)

with phase ¢y, . While gz, and Im[ysy] set the annihilation cross section, only Re[yny] sets the magnitude
of scattering. In order to generate a large enough annihilation cross section while avoiding direct detection

constraints, Higgs portal dark matter models typically tune the dark matter mass close to half the Higgs
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Figure 5.2: Spin-dependent direct detection limits as a function of dark matter mass and dark matter-
7 coupling. Constraints are close to horizontal because the spin-dependent cross section depends on the

reduced mass. We show the strongest model independent constraints: XENONI1T [533] for neutrons and
PICO [535,536] for protons. Additionally, we show projected limits from LZ [943].

mass [904-910,912,949]. While tuning the mass is one way to generate the correct ratio in this model, we
emphasize that in the EFT, the correct ratio can also be obtained for a wider mass range by increasing the
magnitude of the Higgs coupling while tuning the phase, ¢y, , of the Higgs coupling close to © /2 to suppress
direct detection constraints. This is illustrated in Fig. 5.1, which plots annihilation and spin independent
direct detection constraints in the my — ¢, plane for different magnitudes of the Higgs couplings, assuming
my = 125.2 GeV. We can see that near the mass resonance, mass must be tuned to within less than a
GeV of the pole. In this regime, a small Higgs coupling (~ 0.02) is sufficient to generate the annihilation
cross section and the phase does not need to be near /2 to avoid direct detection constraints. However,
away from resonance, the larger Higgs coupling required to generate the correct annihilation cross section is
allowed with phase tuning, because direct detection only constrains the real part of yy,. This widens the
mass range considerably to O(10) GeV. Even for the mass resonance, the coupling cannot be purely real,
because the leading velocity dependent term is not large enough to generate the required annihilation cross
section given the finite Higgs width. See Appendix B for more details. Note that while in principle a large
pseudo-vector Z coupling could also generate a sufficient annihilation cross section, this is constrained by
spin-dependent direct detection constraints, as shown in Fig. 5.2. Within the range of Z couplings allowed

by direct detection, the effect on the allowed annihilation signal is negligible.

5.3 Singlet-Doublet Model

A well-motivated way to UV complete the dark matter EFT provided in §5.2 in a gauge invariant manner

is to introduce additional particles charged under Ggy. In this section, we discuss a simple potential UV
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completion, where the only additional particles we introduce to the Standard Model are a singlet Majorana

fermion and a doublet Dirac fermion. This model has previously been discussed in other contexts in [913-923].

5.3.1 Model in the UV

We start by establishing notation and describing the model. The model contains a singlet Majorana fermion
¢, and an additional SU(2) doublet Dirac fermion with hypercharge 1/2. We describe the SU(2) doublet
with two left handed Weyl fermions 1, (with neutral component 11;3 and charged component w%) and 1])2 (with
neutral component ﬂJg and charged component 1, 1). All new fermions are SU(3) singlets. The Lagrangian

for this model is
~ m ~ ~
£ = Lot + Lnese — ey ¥y — Ly, + Yo Hitby = T H -y + e (5.17)

As we introduce three new fields and four free parameters, there is one remaining physical phase. We make

the choice to fix each of the Yukawa terms to the same phase, which carries the CP-violation,

Y = yei&:r/Q’ Y = yeiECP/Q. (5.18)

After SSB, the mass terms are written as

~—1 ~0 m v V_ ~0
Emass = — 13 (rdr)Q lbé - wag) - 71%% + 5}’ elécp/lewg + 5}76 BCP/Q’LIJlTJ)? + h.C. (519)

, ~0 ~0
Let us define {5 = %(ﬂ)g +0,) and 3 = %(1})8 — ) to be the two Majorana fermions that constitute
~0
the neutral Dirac fermion {wg,%}. The mass eigenstates thus result from the mixing of the doublet and
singlet Majorana fermions, 1, = ({3,13,;);. We will denote the mass eigenstates X; = (X, X1, Xo)i, the

lightest of which, x, is the dark matter candidate. Then
~-1 ., 1
Emass = *meQ r‘bZ - iwiMi‘jw‘ja (520)

where M is the mass matrix. This basis change is governed by J, the matrix of eigenvectors that diagonalizes
both M*M and M, phase rotated such that J'MJ has real eigenvalues. After diagonalizing, the Higgs Yukawa

couplings are

1
Lriiggs = 5hxi[ﬂUhJ}UXj + h.c. (5.21)
where
Y+Y
0 0 D
Un=| o 0o O (5.22)
Y+Y Y-Y
0y v-H




Since one of the new fermions is an SU(2) doublet, the new fermions also couple to the electroweak gauge

bosons. The Z couplings are
Ly = x0T Zox; + ga(cos? Oy — sin? Oy ) (W3 Zawh — b, Zad, ) (5.23)
while the W couplings are
L =X DITWHsl, | + o WHaad, + he. (5.24)

where g is the SU(2) gauge coupling, g’ is the U(1) hypercharge gauge coupling, and gz = /g2 + g’?/2.
Here, a; = (g/2,2/2,0);, bi = (g/2,-g/2,0); and

0 —87 0
Uz=|-g, 0 o0f-: (5.25)
0 0 0

The dark matter candidate x obtains the couplings seen in the EFT via mixing between the singlet and
doublet. The strength of these couplings can be adjusted by altering the makeup of the lightest Majorana
fermion. The theory at this level is fully specified by five degrees of freedom: the singlet mass my, the doublet

mass my, the doublet Yukawa coupling magnitudes {y, 7} and the associated CP-violating phase d¢p.

5.3.2 Translating to the EFT

Now we discuss how the EFT parameters gz, ,m,, and yj, depend on the UV parameters y,y, m;, my, and
dcp. We focus mostly on the region where mj is large, but also comment on the more general case.? Since
the theory has a charged fermion with mass my, parameter space with small ms will generically be ruled
out by collider constraints [950,951]. EDM and electroweak constraints are likewise more stringent in this
regime.

Fig. 5.3 shows the EFT mass and phase as a function of m; and m; for different values of the UV coupling
magnitudes and phase. On the left we show multiple values of yy for fixed dcp while on the right we show
multiple values of dcp for fixed yy. In both cases, we can see that only a narrow range in m; translates
to dark matter with mass near the mass resonance. When my is large, the lightest fermion is mostly m;.

In this limit, mixing is small, so to have the dark matter mass near the mass resonance, m; must be fairly

2We also omit the case where both m; and my are large. In this case, extremely large couplings are required in
order to get dark matter with mass near my, /2. This means the d¢cp must be small to avoid EDM constraints, which
leaves us with ¢, mostly real and prevents us from simultaneously evading spin-independent constraints.
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Figure 5.3: EFT coupling phase and dark matter mass as a function of m; and my for different values
of y,¥, and dcp. Left: d¢cp is fixed to 1.5 while yy is varied. Right: y¥ is fixed to —0.375 while d¢p is
varied. The shaded regions give a sense of the width of the regions of interest: 60 GeV < m, < 65GeV and
1.55 <y, < 1.60.
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Figure 5.4: Diagram generating dark matter mass in the limit where m; is large.

close to half the Higgs mass. We can see that changing yy changes where ¢, == /2 is located but only
has a minimal effect on which m; value translates to the mass resonance. We can also see that for the same
m;, smaller yy requires a correspondingly smaller my to get dark matter with m, ~ m; /2. Changing Scp
also changes the location of Ppy =T /2 contour, but additionally affects the m; required to get the mass
resonance and the width of the ¢, ~ m/2 band.

Fig. 5.4 shows that the corrections to the mass scale as yyv?/m,.> This diagram also tells us that
Ppy = d¢p in the large my limit, as long as mixing is small and the dark matter mass comes mostly from
m; rather than the Higgs vev. This can also be seen in Fig. 5.5. When the dark matter mass gets a large
contribution from the Higgs vev the story is more complicated: when yy and m; have opposite signs, the
Higgs contribution can cancel with m; at y§ = —moym; /v? to get a massless state. There is a mass resonance
contour for yy both larger and smaller than this value, which can be seen in Fig. 5.6. We might also ask

whether a small §cp in the UV can translate to Ppy BT /2 in the IR and produce an annihilation signal

that evades both direct detection and EDM constraints. However, from the same figure, we can see that

3 Although we need to phase rotate 15, the phase rotations in the couplings and mass insertion cancel out.
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Figure 5.5: ¢, as a function of d¢p for different values of ms. As my increases, the IR phase maps directly
to the UV phase and ¢y, ~ dcp.
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Figure 5.6: Dark matter mass, EFT phase, and dark matter-Higgs Yukawa coupling as a function of the
UV parameters yy and d¢p for different values of my. In each plot we see a similar mass structure: we see a
massless state when yy and m; have opposite signs, and have a lightest fermion near 60 GeV for both larger
and smaller yy than this value. Note the different values on the yy axis in each of the plots.

although there is a point where small §cp translates to ¢, ~ /2, it corresponds precisely to the massless
state mentioned above and cannot generate our annihilation signal. This occurs because when my is zero,
we can freely rotate m; to absorb any value of the unphysical phase in y, which is evidenced by all phase

contours converging at this massless point.
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Figure 5.7:

Figure 5.8: Diagram that generates the dark matter-Z coupling in the limit where mj, is large.

In the small mixing and large my limit, there are two contributions to the Higgs coupling: one where 1)
mixes into V% and one where it mixes into ib'; as shown in Fig. 5.7. Each of these contributes (y & ¥)*v/ma,
with a relative minus sign between the two contributions because we need to phase rotate % to have positive
mass. This means the Higgs coupling scales as yyv/mo, which determines the scaling of the annihilation
signal. This can also be seen from the pink lines in Fig. 5.6. Note that this scaling breaks down once the
Yukawa contributions become the dominant contribution to the mass.

In the same limit, the dominant contribution to the Z coupling comes from Fig. 5.8, which scales as
gz(y?* — §%)v?/m3. Even away from this limit, we still get a vanishing Z coupling for y = ¥, because only
one of the doublet states mixes with the singlet when y = §. For small ms, spin-dependent direct detection
constraints require y &~ ¥, but for my 2 500 GeV this constraint becomes irrelevant, since the Higgs coupling
(which determines the annihilation signal) scales as m; ! while the Z coupling scales as m, 2. This can be

seen in Fig. 5.9.

5.3.3 Constraints

In this section, we discuss the experimental constraints that apply to the singlet-doublet model. We focus
on constraints that apply directly to the parameters in the UV theory, including discussing their scaling in

the large ms limit.
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Figure 5.9: Plot of gz, as a function of y? — 52 for different values of m,. gz, increases with increasing
y? — 72 and decreases with increasing ms,, corroborating the scaling derived from the diagrams in Fig. 5.8.

Electric Dipole Moment

Any new source of CP-violation in a given model can lead to additional contributions to electric dipole
moments. Since our model contains new CP-violating couplings to the Higgs, we expect electron EDM
constraints to be relevant for our model. For small mg, the EDM limit will be one of the strongest on our
model, since the EDM is precisely constrained to be below 1.1 x 1072 ¢ cm [952].

For the singlet-doublet model above, the only relevant diagram is the Barr-Zee diagram with W bosons
in the outer loop [953], displayed in Fig. 5.10. There are no other Barr-Zee diagrams with Higgs or Z legs;
since CP-violation is only in the neutral sector of this model and a charged particle is necessary to radiate a
photon, the inner loop must contain both a neutral and charged particle. Additionally, there are no other
non-Barr-Zee diagrams that contribute to the EDM at 2 or fewer loops. For any non-Barr-Zee diagrams to
contribute, there would have to be a CP-odd correction to a gauge boson or Higgs propagator. With only
a single external momentum, it is impossible to contract with an epsilon tensor and make a non-vanishing
CP-odd Lorentz invariant.

To compute the value of the relevant Barr-Zee diagram, we use a simplified version of equation 21 in [954],
where we have neglected the neutrino mass, approximated lepton couplings as flavor diagonal, and used the

fact that one of the fermions in the loop is neutral:

d MMy, jMe

?e = — (4i)4 ZIm([aJ]?[bJ*]i) (NI%V> G(meia O)- (5'26)

Here, x, = m? /M3, and G(a, b, c) is defined as

1 [hdx c c 1 1
G(a,b,c)—l_c/O 1—x<z—clog(z)+1—zlog(z>> (5.27)

100



Figure 5.10: Leading non-zero Barr-Zee diagram contribution in the large ms limit. In this limit, we can
work perturbatively in the gauge basis. The relevant W couplings are the coefficients of X;@W_XQO and

a

b
z(x,a,b) = - + (5.28)

1—x
Recall from §5.3.1 that couplings a; and b; parameterize the W boson couplings to the inner loop fermions
in the gauge basis, which are given in (5.24), and J is the change of basis matrix.

When my is large enough that we can integrate out the doublet and mixing is small, the dominant
contribution to the EDM comes from Fig. 5.10, since each helicity of charged fermion couples to a different
neutral doublet component and mixing with the singlet is necessary to generate CP-violation. This contri-
bution scales as yyv?/m3. The mj scaling follows from dimensional analysis: three factors of my from the

integral measure cancel with three of the five factors of m, from the propagators.*

Electroweak parameters

Here we consider constraints from electroweak precision measurements, where deviations from the SM are

parametrized by oblique parameters S, T, U, W, and Y [955,956], defined as

4¢3 s? e — s
§ = 2UW [17,(0) - S (0) - 11, 0)] (529)
1 [ IIww(0 1I77(0
T=_ |: V\V\Q/( ) _ zzg ):| , (5.30)
Q mW 1’I1Z
_ 43%&' / CW —/ /
U= Y Iy (0) — =117, (0) — I, (0) | — S, (5.31)
Q Sw
W _ m%V SVVC%V |:H// (0) + 2SJI—[// (O) _|_ S%V H// (0):| (5 32)
= STo 77 cw 7~ C%\v NN ) .
m%VS%V 2 " 2 " "
Y = 2 I (0) + sy T17,(0) — 2swew T (0) | (5.33)

“The 1, propagator also scales as m; ' since p = my >> my;.
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Figure 5.11: New particles that couple to the Standard Model gauge bosons contribute to the vacuum
polarization at 1-loop through this diagram. The X" represents an electroweak gauge boson. We ignore the
p'p” terms since they aren’t relevant for (5.29) - (5.33).

The masses and couplings are evaluated at m% and cw and sw are cosOw and sin Oy respectively. ITlxx

represents the new particles’ contribution to the vacuum polarization of the gauge boson X at 1-loop,
computed in MS scheme under the convention shown in Fig. 5.11.

To lend intuition, we note that T parametrizes custodial SU(2) breaking inherent in the asymmetry
within the doublet terms; in our theory this manifests in the difference in Yukawa couplings y and y. U is
the derivative of T, and thus is typically smaller. All these parameters fall off with increasing ms.

The most recent constraints, at 95% CL, from the LHC yield

S=-0.01+£0.10 T =0.03+0.12 U=-0.01£0.10 (5.34)

with correlations +0.92 between S and T, -0.80 between S and U, and -0.93 between T and U [957]. The
singlet-doublet model predominately contributes to the S and T parameters; see Appendix C for more details.

W and Y are measured to be

W= (-27420)x10"% Y =(42449)x107* (5.35)

with correlation —0.96 [958], though we find these to be subdominantly constraining for this theory.

Collider Experiments

Constraints from many collider searches (in particular SUSY searches) can be applied to this model. Specif-
ically, we consider those searches included in the database of the publicly available SModelS version 1.2.4
software [959-967]. To generate the necessary input, we use SARAH 4.14.3 [968-970] to create modified
versions of SPheno [971,972] and Madgraph [973,974] which include the singlet and doublet. Then we use
this version of SPheno at tree level to compute the spectrum and branching ratios for SModelS and the
run card for Madgraph, which was used to obtain the production cross sections that SModelS also needs as
input. These constraints are combined into a single exclusion limit labeled LHC when included in our plots.

In addition to this constraint, we also show the constraint from invisible Higgs decay. We do not include the
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constraint from invisible Z decay, since it is not kinematically allowed in the parameter space of interest.

5.3.4 Full Exclusion Limits and Discussion

Finally, combining all of these constraints, we examine the remaining parameter space for singlet-doublet
dark matter that has the desired amount of annihilation. Our results are shown in Figs. 5.12 and 5.13. We
find that in all cases, some tuning of the parameters is required, but that there is flexibility in which UV
parameters we need to tune.

As in the EFT, in order to achieve a pure mass resonance (and not have to tune the EFT phase) we need
small couplings. This can be seen in Figs. 5.12a and 5.12b. The spin-independent constraints are weak for
small couplings, regardless of dcp or the EFT phase. Other constraints are even less restrictive, except for
the EDM at very large dcp. Since the couplings are small, m; must be tuned near my,/2 in order to achieve
a sufficient annihilation signal, but there is flexibility in the value of ms, as can be seen in Fig. 5.13a. This
is the region of parameter space that is relevant for the best fit in [912].

If instead we choose our parameters so that we allow the EFT phase to be tuned near w/2, there is other
viable parameter space with larger couplings. Here, we have slightly more flexibility in m; (which still needs
to be roughly 60 — 70 GeV), but ms must be large (my = O(1) TeV) to avoid EDM, electroweak, and collider
constraints. This can be seen in Fig. 5.13b. Additionally, to achieve an EFT phase near ©/2 and avoid
spin-independent constraints, generally dcp 2 1. Note that limits from spin-dependent scattering can be
avoided, since they vanish when y = 4+§. This part of parameter space generally requires proximity to both
the mass resonance and the phase ©/2 line. However, there is still some flexibility in both values; masses
m, > 65GeV and phases ¢, < 1.5 are allowed in these intersections, albeit not simultaneously. Unlike in
the case of the EFT, it is very difficult to tune only the phase because we cannot make couplings arbitrarily
large without affecting the mass spectrum, as we saw in §5.3.2.

Figures 5.12b - 5.12d shows several examples of this. In Fig. 5.12b, we can see the case where we still
choose m; to be near my, /2 but allow larger couplings. If instead we choose m; further away from my, /2, the
only viable parameter space also requires large couplings in order to get the dark matter mass sufficiently
close to resonance. This is shown in Figs. 5.12c and 5.12d. Comparing these two plots, we can see that
there is more flexibility in dcp and larger required coupling values for higher msy, because higher my changes
the shape of the EFT phase 1/2 contour. Specifically, there is more overlap between Py Dear m /2 and the
annihilation signal in the large my case because the condition ¢,, = 7/2 becomes less dependent on yy at

larger ms.”

5This is because the Py =T /2 contour always goes through the massless state that exists for negative yy, which
occurs at larger couplings for larger mo. All phase contours go through this point since the phase becomes unphysical.
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Figure 5.12: Full constraints on the singlet-doublet parameter space in the yy — dcp plane, for different
values of m; and my. In this and subsequent plots the shaded regions denote parameter space ruled out
by experimental bounds [531,532,952,975]. For annihilation, we include both an upper and lower bound.
Constraints that are not relevant for these slices of parameter space are omitted. Dotted lines indicate
proximity to mass resonance and pure imaginary EFT coupling: the green dotted lines bound a region with
dark matter mass 60 GeV < m, < 65GeV, the yellow with EFT phase 1.55 < ¢, < 1.6. In figures (a)
and (b) we show that viable parameter space can be found at small couplings, corresponding to a pure mass
resonance with flexibility in ¢y - In this case, smaller values of my are allowed but m; must be close to
my /2. Figures (b) - (d) also show allowed parameter space for larger couplings: (b) shows m; &~ my/2; (c)
and (d) show m; further away from my, /2 for two different values of my. In all of (b) - (d), viable parameter
space requires m; ~ 60 — 70 GeV, dcp 2 1, and ¢y, ~ /2.
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Figure 5.13: Similar to Fig. 5.12, in slices of the m; — my plane and for different values of yy and dcp. We
show the same constraints as Fig. 5.12 and constraints from [533,535,536,957-967]. Dotted lines around the
critical mass and phase values give a guide towards the proximity of any viable space to mass resonance and
pure imaginary EFT coupling: the green dotted lines bound a region with dark matter mass 60 GeV < m, <
65 GeV, the yellow with EF'T phase 1.55 < ¢, < 1.6. The left shows a mass resonance with small couplings,
where my down to ~ 500 GeV is allowed. The right shows larger couplings, where we need ms > O(1) TeV.
We omit light charged fermion constraints since small ms is already ruled out.

5.4 Doublet-Triplet Model

In this section, we describe another potential UV completion: doublet-triplet dark matter. This model
includes the addition of a doublet Dirac fermion and a triplet Majorana fermion to the Standard Model. It

has been previously discussed in other contexts in [918,920,923,924].

5.4.1 Model in the UV

We begin by describing our model and establishing the notation. This model contains a Dirac doublet of two
left handed Weyl fermions with hypercharge 1/2 (denoted by 1, and 1~|)2 as in the singlet-doublet case) and a
triplet of Majorana fermions (with components 13,13, 13), all of which are SU(3) singlets. The Lagrangian

is given by

1 N - -
L = Lam + Luinetic — §m3lb31b3 - m2¢2 : Tbg - YHT%% - Y(SH*)T’*I)gﬂb +h.c (5-36)

As in the singlet-doublet case, this theory also has a single physical phase, and we can choose the same

convention as the previous section to localize CP-violation to the Yukawa couplings, where
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Y =yelor/2 ¥ =geltor/2, (5.37)

Next we describe our notation after SSB. We denote the gauge basis neutral particles by ¥, = {wg, Vs, (p;i}
and the gauge basis charged particles by v = {05, 5'} and ¥ = {{3 ", {b;l} We label the neutral mass
eigenstates X, = {X, X1, X} and the charged mass eigenstates X = {x{", x5}, and x; = {x;', x5 '}
Each is ordered from least to most massive, and x again denotes the dark matter. We call the basis change

:t:

£+ . ; , ,
« = JIxs. The phases of the eigenvectors are chosen

matrices J, and JF, which are defined by 1, = J,X,,, ¥

such that the mass eigenvalues are real. Then the mass terms are given by

1 _
Linass = _ixn[JEMan]Xn — Xe [JEMCJ+]Xj +h.c. (5.38)
with
m (Y =9IV/2V2 (v +7)v/2V2
mg  —yv/V2
My = [ (y-5)v/2v2 —my 0 . M= . (5.39)
~ *S’V/\ﬁ mo
(y +3)v/2V2 0 my
The Higgs Yukawa couplings are
1 _
Litiges = 50X [T Yadu X +0Xc DZYeI 4 X + e, (5.40)
with
0 ~(y=9)/2V2 ~(y+9)/2v2 -
y
Yo=| —(y—9)/2V2 0 0 s Y= (5.41)
y/V2 0
~(y+9)/2v2 0 0
The Z couplings are
1 .
L7 = §Z”6U,Xn [JlUnJll]XII +Z'xJa, [JLU-&-J-&-]Xj + 72 o [JLU T Ix s, (5.42)
with
0 0 0
U,=|o 0 —vgr+g? |,
0 —Ve*+g? 0 (5.43)
2 2
g __ =& 0
v, = | Ve N
+ = 2 ’ - = 2 ’
0 (g —g") 0 _(eg=g")
2/t 2 te



while the W couplings are

Ly = W 6, [JID_J |xo + W' x,6,[JiD, I x + hee. (5.44)
with
g 0 -g 0
D_=]o0 g/2 |, Di=|o0 g/2]-: (5.45)
0 —g/2 0 g/2

The charged fermions also couple to the photon with charge +1.

5.4.2 Constraints

We treat most of the constraints in the doublet-triplet model similarly to those in the singlet-doublet model.
There are two exceptions that we discuss in more detail: the EDM and collider constraints.

The EDM calculation differs from the singlet-doublet case because there are additional diagrams. Like
in the singlet-doublet case, the relevant contributing diagrams are all Barr-Zee diagrams [953]. The diagram
with charged W legs, shown in Fig. 5.10, that contributed in the singlet-doublet case is still relevant, but
for the doublet-triplet model there are two additional relevant Barr-Zee diagrams: Zh and ~h, shown in Fig.
5.14. There is still no ~Z contribution because in that case the same charged fermion runs through the entire
loop, leaving no place for CP-violation to enter since the diagonal Z coupling is real. We also neglect the hh
diagram since it is suppressed by two factors of the electron Yukawa. We use the general forms of the Zh

and ~h contributions from [976],

e 1 /ld 1 (m} A v, v e (5.46)
= X — = |g/cb— .
¢ 16m°m? J,  x(1— X)J m? " m? Be CO

where gV is the electron coupling to Z or ~, and we define

r—s\r—1 s—1

1 (1l 1
i(r,s) = (r ogt _*® Ogs>. (5.47)

<V
c}’) and A are determined by the inner fermion loop which only contains charged fermions for both ~h and

~Z. They are given by

e i * : * j * : *
b = — 55 Re(mix?(1 - x)(gle)” +ighel") + (1 — x)'ml(gle)” — igfgl")).
: . ) p A (5.48)
<z xmi+ (1 —x)mt o8 (1 - x)m AN _ (my)?
x(1 —x) ’ 0 212 ¢ x(1—x)’
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Figure 5.14: Additional class of Barr-Zee diagrams contributing to the electron EDM. ¥ is the tuple of
charged fermions in the mass basis. For the ~h diagram, i = j, whereas for the Zh diagram, we also have
contributions where i # j.

where

1 |
g = SOLYL + IV, g = STV - T, (5.49)

g/ =J'U, I + LU, gt =Jtu, I —Jlu .

are given in terms of the matrices defined in §5.4.1. By definition, ¥; is the fermion which radiates the
on-shell external photon, and g} = (gj)*.

A key difference between the singlet-doublet and doublet-triplet cases is that in the latter the mass of
the lightest charged fermion is set by similar scales as those that set the mass of the dark matter, and thus
generically the lighest charged fermion mass is O(100) GeV for the doublet-triplet model. This allows us to
treat collider constraints differently here than in the singlet-doublet case; we apply generic LEP constraints
on charged fermions rather than running the full collider pipeline we considered previously. Specifically,
charged fermions lighter than 92.4 GeV are ruled out as long as the mass splitting between the lightest

neutral and lightest charged particle is > 100 MeV [950,951].6

5.4.3 Full Exclusion Limits and Discussion

Unlike in the singlet-doublet case, there is no viable parameter space in this model. In order to show this,
we consider three different cases. First, we discuss the case where the magnitude of the couplings is small,
for any phase. Then we discuss the case of large coupling and large phase. Finally we discuss the case of

large coupling but very small phase.

51f the lightest charged state is more than 3 GeV heavier than the lightest neutral state, then there is a stronger
bound ruling out charged fermions up to mass 103.5 GeV [951]. We use the smaller of the two values for simplicity
since it is sufficient for our purposes.
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Figure 5.15: Example where the magnitude of couplings y and y are small, for different values of ms and
mg3. The left plot shows the values of the EFT parameters: dark matter mass, dark matter-Higgs coupling
phase, dark matter-Higgs coupling magnitude, and lightest charged fermion mass. Regions around the mass
and phase points of interest are shaded: 55 GeV < m, < 70 GeV and 1.3 < Phy < 1.85. The right shows
the annihilation signal and a subset of relevant constraints including EDM [952], spin-independent direct
detection [531,532], and charged fermion constraints from LEP [950,951]. The annihilation signal appears
as a single brown line because a viable annihilation signal is only achievable in a tuned region of parameter
space.

In the first case, parameter space is entirely ruled out by charged fermion constraints, as we can see
from Fig. 5.15. On the left, this figure shows the values of several EFT parameters for fixed y,y, and §cp
and various values of my and m3. On the right, we show the annihilation signal and a subset of constraints
that are sufficient to rule out this region of parameter space.” From these plots, we can see that since the
couplings are small, in order to get a sufficient annihilation signal one of my or ms must be 2 my,/2, with
the other UV mass larger. Since the magnitude of the couplings is small while the UV masses are large,
in this region there will only be a very small splitting between charged and neutral fermions. Therefore,
the parameter space here will be entirely ruled out by charged fermion constraints from LEP. This occurs
regardless of phase, though EDM constraints are also strong enough to rule this out for larger phases.

In the second case of large coupling and large phase, EDM constraints are typically very strong. The
only exceptions are if both my and mj3 are very large (which can’t generate the necessary annihilation signal)
or if one of my or mjy is very small. This is because in the limit where one of my or mjs is exactly zero, the
phase becomes unphysical since we can rotate it away. In the limit where my is small, the lightest state will
have mass even less than ms and the DM mass won’t be in the right mass range to generate the necessary

annihilation signal. But in the limit where mj is small, if the couplings are large enough we can potentially

"The other constraints from the singlet-doublet case still apply here, but we omit them from these plots for clarity.
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Figure 5.16: A case where the magnitudes of couplings y and y are large and dcp is also large, for different
values of ms and mj3. The left plot shows the values of EFT parameters: dark matter mass, dark matter-
Higgs coupling phase, dark matter-Higgs coupling magnitude, and lightest charged fermion mass. Regions
around the mass and phase points of interest are shaded: 55 GeV < m, < 70 GeV and 1.3 < P, < 1.85.
The right shows the annihilation signal and a subset of relevant constraints, and from here we can see that
the combination of EDM constraints and spin-independent constraints entirely rule out the parameter space
generating a viable annihilation signal.

generate the right annihilation signal. However, since the physical phase is small, the EFT phase will also
be small, and spin-independent direct detection constraints will always rule out any part of the annihilation
signal that isn’t constrained by the EDM. This can be seen in Fig. 5.16, which again shows various values
of EFT parameters for fixed y,¥, and dcp and different ms and mj values on the left, and the annihilation
signal and a subset of constraints on the right.

The third case of large magnitude coupling but very small phase is shown in Fig. 5.17. The top plots
show the case where y and y are similar in magnitude, while the bottom plots show a large splitting between
y and y. In both, the EFT coupling is mostly real since the phase is small. There are two different trends
depending on the magnitude of the coupling. In both plots, we see regions where the magnitude of the EFT
coupling is large, and the annihilation signal is ruled out by spin-independent constraints. In the case of
small splitting, we also see a region where the EFT coupling is small (because the lightest state doesn’t mix),

which is unable to generate the necessary annihilation signal.

5.5 Discussion

Given that the GCE is one of the most persistent signals of potential new physics, it is worth cataloging

and understanding what could generate it. While there is still substantial debate over the source of the
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Figure 5.17: Two examples where the magnitude of couplings y and § are large and dcp is small, for
different values of my and mj. The top plots show the case where y and ¥ have similar magnitudes; the
bottom plots show the case where their magnitudes are very different. As in the other doublet-triplet plots,
the left plots show the values of various EFT parameters with shaded regions of interest and the right plots
show the annihilation signal and a subset of relevant constraints. The annihilation signal appears as two
brown lines on each plot, since the region of allowed masses is so narrow. In both cases, spin-independent
constraints rule out the signal. In the case where the couplings are nearly equal, there is also a region
where the lightest neutral state decouples, and the dark matter-Higgs coupling is insufficient to generate the
annihilation signal despite the dark matter mass being close to my, /2.
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GCE, one promising and well explored possibility is dark matter annihilating to bb. In this work, we revisit
the particular case where dark matter is a Majorana fermion with a CP-violating Higgs coupling, which
allows annihilation and spin-independent scattering to be governed by different parameters. Specifically, the
leading contribution to annihilation is determined by the imaginary part of the coupling to the Higgs, while
spin-independent scattering constraints depend primarily on the real part of the coupling to the Higgs. We
study the EFT of this dark matter model for the GCE in detail, and find that while tuning the dark matter
mass very close to half the Higgs mass is one potential way to obtain a large enough signal, tuning the phase
of the Higgs coupling to be near pure imaginary loosens this restriction in the context of the EFT.

We also explore two potential UV completions: singlet-doublet dark matter and doublet-triplet dark
matter. In both, the story is more complicated than the EFT because the UV phase and mass are not
independent parameters. Although more elaborate supersymmetric realizations of a CP-violating Higgs portal
have been discussed in [912], our goal throughout this chapter has been to gain a more detailed qualitative
understanding of the mechanism through simpler models. In particular, we have discussed the scaling of the
signal and various constraints with the different parameters in the simplified models, as well as quantified
how much tuning is necessary to explain the signal without running into constraints. The singlet-doublet
dark matter case is particularly interesting because it is a minimal working example of how Majorana dark
matter could explain the GCE through the Higgs portal.

We find that in the minimal singlet-doublet case, there is still viable parameter space when the doublet
mass is much larger than the singlet mass. There are two viable regions of parameter space for the singlet-
doublet model. In the case where the UV couplings are small, the tuning of the dark matter mass manifests
as a tuning of the singlet mass, but the restriction on both UV and EFT phase is loose. When the couplings
are larger, the doublet mass is required to be 2 O(1) TeV. The EFT phase, and often the UV phase as
well, must be close to pure imaginary to avoid spin-independent constraints, and the dark matter and singlet
masses also must still be relatively close to my/2 to generate a sufficient annihilation signal (though the
allowed region is comparatively much wider).

Upcoming direct detection and EDM experiments, such as LZ, XENONnT and ACME, will search
through significant portions of the remaining parameter space. These two types of probes combine to
explore both the limits of minimal and maximal CP-violation, and we expect to definitively rule out doublet
masses below the TeV scale in the small coupling case. In the more optimistic case of larger coupling, new
experiments will be able to probe doublet masses up to O(15) TeV or larger for some phases. In either case,
this type of model offers a range of complementary detection avenues that may combine to elucidate the
nature of annihilating dark matter.

In the doublet-triplet case, we do not find any viable parameter space. Spin-independent and EDM
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constraints restrict the size of the real and imaginary parts of the Higgs coupling, respectively. When the
coupling is small in overall magnitude, the annihilation signal requires a dark matter mass near the my,/2
resonance, and the small splitting between the lightest charged and neutral states results in a prohibitively
light charged fermion. Hence, the remaining parameter space is ruled out by LEP.

While this chapter is framed in the context of the GCE, models with a CP-violating Higgs portal coupling
the dark and visible sectors are also compelling for other reasons. These interactions could be the key to
other mysteries in particle physics, such as the particle nature of dark matter and problems that CP-violation
is necessary to solve, including the matter /antimatter asymmetry of the universe and the strong CP problem.
For example, for some models the addition of a CP phase around the weak scale could increase the viability of
electroweak baryogenesis. While new Higgs boson couplings have the potential to make the hierarchy problem
worse, the minimal models we studied can also be realized within the larger framework of SUSY [912] which
can ameliorate this issue. These connections could be potential avenues for further exploration, if it turns

out that dark matter communicates with the Standard Model through a CP-violating Higgs portal.
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Oblique Lessons from the W Mass Measurement at CDF' 11

6.1 Introduction

The Standard Model of particle physics (SM) has been remarkably successful in explaining various experimen-
tal results. The discovery of the Higgs boson [977,978] at the Large Hadron Collider (LHC) was imperative
to confirming the pattern of spontaneous symmetry breaking in the electroweak sector of the SM. However,
as we continue to collect data and improve analysis techniques, we have seen a proliferation of precision
measurements that deviate from SM predictions, such as the muon magnetic moment [683,684,979] and the
Rk /Ry anomalies [980-982]. The most recent anomalous measurement reported is the mass of the W boson
My [11]. A discrepant measurement of My could be an indication of supersymmetry (SUSY), composite
Higgs, or other phenomena beyond the Standard Model (BSM) at potentially very high energy scales. It is
therefore essential that we explore the phenomenological implications of this new My measurement.

In order to quantify the compatibility of the W mass measurement with the SM prediction with high
precision, we perform a global fit of the SM, known as the electroweak fit. This method involves fitting over
a set of well-measured SM observables, and minimizing the x? value over both the fitted (‘free’) observables
as well as derived observables, see Refs. [983-985]. The electroweak fit leverages the small uncertainties of
the fitted observables to produce precise predictions of the derived observables. Additionally, since this fit

is an exceptional probe of precision measurements, it is also highly sensitive to BSM effects.
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For scenarios where new physics contributions dominantly appear as corrections to the SM gauge boson
propagators, we can parameterize the effects of new physics phenomena on the electroweak sector using
oblique parameters S, T, and U [955,986], which were previous defined in (5.29) - (5.31) (see also Refs. [987—
989]). These parameters capture the effects of higher-dimension operators [990, 991] that can arise in a
variety of UV completions. In many models, S and T are the dominant corrections since they arise from
dimension-6 operators, whereas U is dimension-8 and therefore suppressed by a factor of v/ A%V.

The power of the electroweak fit is dependent on precision of experimental measurements of SM observ-
ables, and improves along with collider technology and luminosity. The leading measurements are made
at the Large Electron-Positron Collider (LEP), Stanford Linear Collider (SLC), Tevatron, and LHC. The
discovery of the Higgs greatly improved the electroweak fit as it provided the final measured value to span
the free parameters of the SM [992-994].

The most recent update to the SM values used in the fit comes from the CDF collaboration at the
Tevatron [11]. Their analysis was completed with a four-fold increase of data, reduced uncertainty in PDFs

and track reconstruction, and updated measurements compared to their previous result [995]. They report
MW,CDF I = 80.4335 4+ 0.0094 G6V7 (6.1)

which, without averaging with other experimental results, shows a 7o deviation from the SM prediction. This
value is notably higher than the previous measurement averaged from the Tevatron and LEP experiments
(Mw = 80.385 & 0.015 GeV) [996], as well as ATLAS (My = 80.370 & 0.019 MeV) [997] and LHCb (My =
80.354 + 0.032 GeV) [998].

In this chapter we explore how new physics contributions, parameterized by the values of the oblique
parameters, can adjust the electroweak fit such that Myy is consistent with the updated CDF measurement.
We first perform our fits scanning over values of S and T with U fixed to zero (since U is suppressed) and
identify the range of these variables that can resolve the observed anomaly in My. We then study how the
fit changes if we allow U to float. Large values of U can easily accommodate the observed increase in Myy;
however, it is difficult to construct models with the primary new physics contributions affecting only U while
leaving S and T unchanged.

Next we consider several well-motivated simple extensions of SM that can produce nonzero S and T
values. The models discussed in this chapter include a scalar singlet, a two Higgs doublet model (2HDM),
a neutral scalar SU(2)y, triplet (referred to here as a swino), and various singlet-doublet fermion scenarios.
For each model we check if there is available parameter space that corresponds to the fitted values of T and
S. We find that extending the SM with a scalar singlet or doublet cannot explain the observed anomaly in

My measurements, while a singlet-doublet fermion extension is strongly constrained by various experimental
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bounds. A O(TeV) swino, on the other hand, can explain the observed anomaly while evading current bounds
and provides a well-motivated target for future high energy colliders.

The remainder of the chapter is organized as follows. In §6.2, we define the parameters and methodology
of our electroweak fit. §6.3 discusses the results and the implications of the oblique parameters on fitting
the measured observables. In §6.4 we map the values of the fitted oblique parameters to the parameters of

various models, and comment on the viability of this space. We discuss in §6.5.

6.2 Electroweak Fit

To assess the impact of the new measurements of My, and the implications for potential new physics,
we perform an electroweak fit to a representative set of observables, following the strategy of the GFitter
group [983-985,999]' with a modified version of the code used in Refs. [1001,1002]. A set of five core
observables are free to vary in the fit: the Z boson mass My, the top mass My, the Higgs mass My, the Z-pole
value of the strong coupling constant ags(My), and the hadronic contribution to the running of «, denoted
Aoy (M3).

These five values float between their experimental uncertainties. The other observables in the fit have
theoretical predictions formulated with the floating observables and are compared to their measured values
(see Table 6.1). In addition to measurements of these five parameters, the observables considered include
the W mass and a host of other electroweak precision measurements performed at SLC, LEP, the Tevatron,
and the LHC, which are listed with their measured values below the horizontal line in Table 6.1. These
other observables can be determined in the SM as functions of the five core observables, the Fermi constant
Gr, and the fine structure constant a(q?> = 0). In the electroweak fit, Gp = 1.1663787 x 10~° GeV~2 and
o = 1/137.03599084 are treated as fixed values since they are determined with much higher precision than
the rest of the observables [992].

For the W mass, we will consider several different values to assess the impact of the recent CDF mea-

surement on the overall state of the global EW fit. These are,

My = 80.4335 + 0.0094 GeV  (CDF II),
My = 80.4112 4 0.0076 GeV ~ (LHC + LEP + Tevatron), (6.2)

Myw = 80.379 £ 0.012 GeV (PDG 2020),

where the uncertainties quoted above include the statistical, systematic and modeling uncertainties used in

each experiment. The second scenario is our estimate for the global average of different My measurements,

"With respect to the GFitter results in Ref. [999], we consider an updated value of the Higgs and Top-quark
masses and the revised values of T'z and of,4 from Ref. [1000].
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Observable Measured Value

Mz [GeV] 91.1876 + 0.0021
M, [GeV] 125.25 £ 0.17
M; [GeV] 172.69 + 0.58
ag(M2) 0.1181 4 0.0011
Aal® (M2) | 0.02766 + 0.00007
Ty, [GeV] 2.4955 =+ 0.0023
I'w [GeV] 2.085 = 0.042
o} [mb] 41.481 +0.0325
R) 20.767 £ 0.0247
A%L 0.0171 4 0.0010
Ay 0.1499 £ 0.0018

sin2 0%:(Qrp) | 0.2324 =+ 0.0012
sin” 0%(Tevt.) | 0.23148 4+ 0.00033

Ay, 0.923 4 0.020
A, 0.670 + 0.027
A% 0.0992 + 0.0016
Ade 0.0707 £ 0.0035
ROP 0.21629 + 0.00066
ROc 0.1721 =+ 0.0030

Table 6.1: Summary of the observables included in the fit, and their experimental values. The five ob-
servables above the horizontal line are allowed to float in the fit, while the SM values of the remaining
observables are determined from these five values, as discussed in the main text. The values of My, M,
M, as(M2), A(xgd(M%), and Iy are taken from the most recent PDG average [992]. Following [999], for
M, we also include an additional theory error of 0.5 GeV in addition to the experimental error from [992].
For I'z and ogad we use the updated values computed in Ref. [1000]. The remaining Z-pole observables are
taken from the LEP and SLC measurements [1003]. For A, we use the average of the LEP and SLC values,
following Ref. [999].

assuming zero correlations between experimental result to first approximation.? In addition, to assess the
particular impact of the new, high precision measurement from CDF II, we will also perform the fit with
My taken to be the CDF II value with the systematic uncertainty artificially inflated by a factor of two,
Mw = 80.4335 £ 0.0157, to better understand the compatibility of the CDF measurement with the SM
prediction. This scenario is referred to as the CDF II (2x Syst.) throughout the chapter.

The SM values of the other observables are determined from the free parameters using the full two-loop
electroweak results available in the literature. The running of « is computed using the floating value of
Au}(;?d as well as the leptonic piece, Aayep, = 0.031497686 [1004], which is kept fixed in the fit. The W

mass is determined using the parameterization in Ref. [1005], which also includes corrections up to O(aa?)

2While there are sources of uncertainty such as parton distribution functions that might introduce some correlation
between these results, when we repeated the world average Mw scenario (Tevatron + LEP + LHC) with a few
different values for the correlations, we arrived at similar qualitative results. A comprehensive global averaging of
these experimental results considering all correlations is left for future work.
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for the radiative correction (referred to as Ar in the literature). The expression for the width of the W is

taken from the parameterization in Ref. [1006]. For the Z width I'z, hadronic peak cross section oﬁad, and

width ratios Rg, Rg, R, we use the parameterizations in Ref. [1007]. For the effective weak mixing angle,

sin? 0%, we use the results in Ref. [1008]. The value of sin 0’ is used as a proxy for the weak mixing angle

to determine the left- and right-handed couplings of the Z, allowing us to compute the asymmetries:
_ 8ii — Sk

f = (6.3)
gis + Shs

for f = £,c,b. The value of sin? Ggff is also used to compute the forward-backward asymmetry A%’g. Finally,
for the other forward-backward asymmetries, we compute the effective weak mixing angles sin’ GEH and
sin? 0% using the parameterizations in Refs. [1008, 1009], respectively. These are then translated to AOF’E’C
using the standard relations summarized e.g., in Ref. [1009]. See also Ref. [1010] for a recent review of the
status of relevant theoretical calculations.

We parameterize potential effects of BSM physics in the electroweak fit in terms of the oblique parameters,
S, T and U [955,986], as defined in (5.29) through (5.31). Note that S, T and U do not completely characterize
potential BSM effects in the electroweak precision data—a larger set of oblique parameters was developed in
Refs. [956,958]. We will not consider their effects in this chapter, as they are typically smaller in universal
perturbative theories [1001,1011].> The new physics contributions to the electroweak observables can be
expressed as linear functions of S, T and U [955, 986, 1012-1014], which are summarized in Appendix A of
Ref. [993].

For a class of universal effective theories, both S and T are related to the Wilson coefficients [990,991,1015)
of dimension-6 operators?:

Loy >W (1 g (HIo* D H)D'W?, + —— Ep(HI D "H)8"B,, + EwgHc*HW? B"
v2 2SW Hv QCV\Y W pv

) (6.4)
CEr <v2> D, Hp?
where

452, 1 1

S = &gQ <EWB + ZEW + 4EB>
10‘ (6.5)

T = ~Enr.
Q

3There are some models which contribute dominantly to these other observables; in order to study these models,
an electroweak fit including these additional parameters would have to be performed. One such model is the dark
photon, which contributes only to Y (defined in (5.33)) at tree-level when the expansion in p? is done correctly. We
leave the study of these types of models for future work.

4This basis choice may look unfamiliar; see Ref. [1016] for a detailed discussion of the relationship between the
oblique parameters and effective theories.
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CDF-II CDEAL  \orid Average PDG
(2% syst.)

SM x2/(Ng.0t. = 15) 4.03 2.29 2.97 0.97
S 0.15+0.08 0.134+0.08 0.10+0.08  0.03+0.08
Best Fit (U = 0) T 0.25+0.06 0.224+0.07 0.18+0.06  0.07 £ 0.06

x2/ (.0t = 13) 1.23 1.18 1.03 0.87
Best Fit (U floating) S 0.01+0.10 0.014+0.10 0.01+0.10  0.01 £0.10
T 0.03+£0.12 0.034+0.12  0.03+£0.12  0.03+0.12
U 020+£0.09 0204+0.10 0.14+0.09  0.04£0.09

X2/ (ng.of = 12) 0.93 0.93 0.93 0.93

Table 6.2: Fit results including the oblique parameters and %2 per degree of freedom. Different columns
correspond to different input My measurement scenarios around Eq. (6.2). The first row shows the >
per degree of freedom for the SM in each My scenario. Results of the fit including (S,T) and excluding
(including) U in the list of floating parameters are included in the middle (bottom) row. See Appendix D
for correlations.

The U parameter is often fixed to zero in electroweak fits, as it corresponds to a dimension-8 operator from
an effective field theory point of view, and its effects are therefore subleading compared to S and T. We will
frequently set U = 0 in our fits, but consider its effect in more details in §6.3.2. We will discuss new physics
interpretations of S and T following the results of the fit with U = 0 in §6.4.

With all of these inputs, we perform the electroweak fit by minimizing a x? function,

X2 =D (Mi = 0) (V)i (M; — Oy) (6.6)
i,

where the sum runs over all the observables in Table 6.1, in addition to the W mass. Here, M; is the
experimentally measured value of the observable, O; is the predicted value in terms of the five free parameters
and S, T,U, and V_} is the inverse-covariance matrix for the observables. For the Z lineshape and heavy
flavor observables measured at LEP, we use the experimental correlations from refs. [1000,1003] to compute
the covariance matrix. For other observables, we neglect any correlations so that the covariance matrix is
diagonal with (V) = 1/07. We repeat this calculation for all the four scenarios for My measurements

cov

defined around Eq. (6.2).

6.3 Results of the Fit
6.3.1 Fitting S and T

We first consider the fit results where U is fixed to zero. The results of our electroweak fit with different
values of My are summarized in Table 6.2. Correlations are shown in Appendix D.

The first row of Table 6.2 indicates the x? per degree of freedom (d.o.f.) for the SM for the fit with
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Figure 6.1: The 95% CL preferred regions in the S and T plane with U = 0 from the electroweak fit,
marginalizing over the five input parameters and for various experimental values of My (see the discussion
around Eq. (6.2)). We do not include U in these fits. The blue curve is in good agreement with results of
GFitter group [983-985,999]. Including the recent CDF II measurement of My [11] (in the green, yellow,
and red curves) moves the best-fit region to larger positive values of S and T. The SM (with (S, T) = (0, 0))
is strongly disfavored when the new CDF II My measurement is included in the fit.

each value of My. We observe that, prior to the CDF measurement, the Standard Model provides a good
fit to the data using the PDG 2020 value of My, with x2/(ng.o.r. = 15) = 0.97 (p = 0.48). Taking instead
the recent CDF II measurement of My, however, the p-value for the SM drops to 2.11 x 1077, exemplifying
the tension discussed in Ref. [11]. This is somewhat ameliorated when considering the smaller world average
value of My (p = 9.01 x 107°), but notable tension remains.

In the middle row of Table 6.2 we summarize the results of the fit when we allow S and T to float in
addition to the five free observables. We report the best fit values and confidence intervals of S and T, and
then the 2 per degree of freedom. We find a good fit to the data with the PDG average value of Myy,
prior to the CDF measurement (p = 0.60), where the fit prefers small values of S and T at 0.03 and 0.07,
respectively. This is consistent with the electroweak fit presented in Ref. [992]. For all of the fits accounting
for the new measurement of My from CDF II, the fit instead prefers much larger values of S and T. Despite
this, we still find a good fit to the data, with p values ranging from 0.24 when using the CDF measurement
alone to 0.42 using the combination of measurements at LHC, Tevatron, and LEP.

The last row of Table 6.2 shows the results of the fit done when U is allowed to float as well. We find
that when including the CDF-II measurement, the fit favors a large value of U and small S and T. Since
this result is unnatural from a model building perspective, we proceed with the results of the fit with U = 0.

The results of the fit for the oblique parameters S and T are illustrated in Fig. 6.1. Here we show

ellipses indicating the 95% CL contours around the best-fit values of S and T. These are computed by
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computing the x? at each point in the S — T plane, marginalizing over the free observables, and requiring
Ax? = x%(S,T) — X2, < 6.18, where X2, is the minimum value of the x? as a function of all the free
parameters as well as S and T.

The 95% CL contours of the fit with the PDG average value of My (excluding the recent CDF II
measurement) are shown in blue and agree with the results of Ref. [999]. This fit slightly prefers T > 0,
though the correlation between S and T leaves some parameter space with S, T < 0 as well. Once the
new measurement of My from CDF II is included, however, the preferred region in the S — T plane shifts
dramatically. The correlation between S and T remains, but values of T < 0 are no longer allowed, even
when the systematic error on the CDF measurement is artificially inflated. In all, we find a strong preference
for BSM contributions in the electroweak fit, particularly for positive, nonzero values of T.

For each fit, we also find the best fit value of each individual observable both for the SM (with S and T
fixed to zero) and for the best-fit value of S and T. The results are shown in Table 6.3. Each entry indicates
the best-fit value of the observable, along with the pull (calculated as the fit value minus the measured
value, divided by the experimental uncertainty) shown in parentheses. For all three values of My including
the new CDF measurement, we see a significant pull (ranging from —4.6 to —7.0) on the fit value of My
in the Standard Model. This is entirely ameliorated at the best fit values of S and T, at the cost of a
small tension in the value of 'z, which has a fit value larger than the experimental value when S and T are
allowed to float. All of the other observables have quite similar values at their best-fit point and at the SM,
regardless of the experimental value of My used in the fit. Note also that the previously existing tension in
the forward-backward asymmetry, AOF’E, measured at LEP is unaffected by the floated values of S and T and

is roughly the same for any value of Myy.

6.3.2 The U Parameter

In the fits described above, we have fixed U = 0. As discussed in §6.2, this is motivated by the fact that the

U-parameter is dimension 8, and is typically suppressed relative to S and T in concrete models.
Nevertheless, in light of the large value of My measured at CDF II, it is worth examining the effects

of the U-parameter on the electroweak fits in more detail. This is because, of all the electroweak precision

observables we consider, the U parameter affects only two: the W mass and width [993,1012,1013]:5

M2 M2
Mw = Mw . sm <1 - %(S —2¢T) + o QZ)U>7
4(cyy — syy) 8siy 6.7)
3a(M3) s oy, 30(M3) '
I'w =Tw 1— ——2—(S — 2¢c5,/ T ———=20U ).
W W 7SM< 4((3\2/&7 — S%v) ( Cyw ) + SS%V

5We thank Ayres Freitas for emphasizing this point to us.
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Figure 6.2: Similar to Fig. 6.1, but now also including U in the global fit. We show the 95% CL preferred
region of all oblique parameters in the S — T plane (left), S — U plane (center), and T — U plane (right).
In each plot, we marginalize over the third parameter. We find that when we include U in the fit, S and T
remain nearly centered about 0, whereas U has a notable positive shift. Getting such large values of U are
quite challenging in perturbative models. Note that only one ellipse is visible in the S — T plane as the other
contours overlap completely.

The W decay width is not measured to nearly as high precision as My, so the observed discrepancy in
the W mass at CDF II [11] can be accommodated in the SM electroweak fit by setting U ~ 0.11, without
affecting any of the other observables as compared to the SM fit. These other unaffected observables include
S and T which take their SM values as well as the existing tension in the EW fit from the forward-backward
asymmetry.

To illustrate this in more detail, we perform the fit as described above but also allow the U parameter to
float, in addition to the S and T parameters and the free observables. We then plot 95% confidence intervals
for pairs of the electroweak precision parameters while marginalizing over the third parameter and the other
free parameters. The results are shown in Fig. 6.2.

We see that, when marginalizing over U, the 95% CL preferred range of S and T with the new CDF
measurement of My is quite similar to the allowed region using the smaller value of My. Instead, the U
parameter is inflated to account for the shift in mass.

The difficulty in this interpretation is that a large value of U is challenging to generate in perturbative
models, because, as mentioned in §6.2, U corresponds to a dimension-8 operator [1017], and a value of O(0.1)
indicates scales of order few 100 GeV for tree-level models, and < 100 GeV for particles contributing in loops.
As the U parameter violates custodial symmetry, it is difficult to imagine a model that generates a large,
nonzero value of U without also generating large values of T. We therefore do not attempt to construct
models generating large values of U. In the concrete BSM models we consider in the next section, we will

ignore the (subleading) U-dependence altogether.
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6.4 Implications for BSM Models

From the results of our electroweak fit shown in §6.3, we see that the value of My can dramatically change
the preferred values of the oblique parameters. While the 95% CL region fitting with PDG measurements is
nearly centered around the predicted SM values of (S, T, U) = (0,0,0), the updated value of My shifts this
region to positive O(0.1) values of oblique parameters (see Figs. 6.1, 6.2).

In this section we explore various tree-level and loop-level contributions to the oblique parameters from
simple models, and assess their viability. For clarity, we focus on the scenario of My equal to the updated
world average from Tevatron, LEP, and LHC measurements (the second scenario in Eq. (6.2)).

It is first worthwhile to estimate the scale of new physics implied by O(0.1) values of S and T. Comparing
to the dimension-6 operators defined in (6.4), we see that for tree-level matching with perturbative couplings,
these operators can be generated by new physics at a scale A ~ TeV. If the new physics arises in loops,
on the other hand, the loop factor suppression implies a scale closer to O(100 GeV). We will examine this
matching in both scenarios, first considering minimal extensions to the SM that can be integrated out at
tree-level, such as an additional scalar, then consider a one-loop example with new singlet-doublet fermion
pairs. Note that, as indicated in Fig. 6.1, it is important for these models to shift T to positive values to be

consistent with our electroweak fit.

6.4.1 Tree-Level Models

Here we consider models that lead to corrections to the oblique parameters at tree level. Given the results
of the fits shown in Fig. 6.1, we are particularly interested in models that can accommodate large positive
values of S and T.

The simplest examples of models leading to oblique parameter corrections are new scalars. An SU(2)y,
singlet scalar leads only to an overall rescaling of the Higgs couplings that do not affect S and T or shifts in
the Higgs self-coupling. Models with extra SU(2);, doublet scalars, such as a 2HDM [1018], can affect the
Higgs couplings to the gauge bosons, but these deviations are proportional to cos?(8 — ), the square of the
alignment parameter, which from an effective field theory perspective is dimension-8, and therefore cannot
affect the oblique parameters S and T, which are dimension-6.

An SU(2)y, triplet scalar ¢*, however, leads to more interesting possibilities [1019].5 Such a triplet can
have interactions with the SM Higgs ~ ¢*HTo*H. After electroweak symmetry breaking, this interaction
leads to a small vacuum expectation value for the scalar triplet, which shifts the mass of the W bosons

without changing the mass of the Z, therefore offering a possibility of resolving the tension between the CDF

SWe thank Matthew Strassler for bringing this model to our attention.
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measurement of My and the SM expectation.
For concreteness, we will consider a real scalar SU(2);, triplet ¢* with Y = 0 which we will refer to
as a swino; see Refs. [1020, 1021] for possible UV-completions and Ref. [1022] for a recent study of swino

phenomenology. The Lagrangian takes the form
1 aTyp L2 1 2 ja a aryt ~a T aa
ﬁDgDu¢D¢—§MT¢¢ +kd"H'o*H — nH'Ho" ™. (6.8)

The oblique parameters have been worked out in Ref. [1023,1024], where they include the matching up to
one-loop order. At tree-level, the contribution to S from scalar triplets vanishes. The Y = 0 swino does, on
the other hand, lead to a contribution to the T parameter given by

V2 K,Q

T=V"r (6.9)
o Mi

This contribution is positive for any value of k and can naturally explain the observed discrepancy in My mea-
surement.

One can also consider scalar triplets with Y = 1, but these lead to the wrong sign for T at tree level.
At one loop, both Y = 0 and Y = 1 triplets lead to additional corrections to both S and T, which can be
potentially large and positive, depending on the quartic couplings to the Higgs. We leave a more detailed
study of these possibilities to future works.

In Fig. 6.3, we show the band of values of Kk and My that are compatible with the electroweak fit with
the combined value of My at 95% CL. As is clear from the scaling in (6.9), the necessary large value of T can
be achieved even for large triplet masses. Requiring k/Mrt < 1, the triplet mass can be up to O(few TeV),

evading any potential collider bounds.

6.4.2 Singlet-Doublet Model

We now shift our attention to another simple extension of the SM, the SU(2)y, singlet-doublet fermion model.
Unlike the previous discussion, the contribution of this model to electroweak precision measurements first
occurs at loop level. The model includes N¢ families of a singlet Majorana and doublet Dirac fermion charged
under the electroweak sector [4,913-923].7 This is a minimal, UV complete, anomaly-free construction which
can generate a Higgs portal coupling, with the added benefit that such a setup can be readily embedded
inside supersymmetric extensions of the SM. The SU(2);, doublet has hypercharge 1/2 and is composed of
two left-handed Weyl fermions v\, and fbg. The Lagrangian is

~ m . - ~
L= Ly + Z Liinetic — moPy + Py — 71%’% + YCI&CP/2¢1HT“J)2 —Ye BCP/QTblH -1y + h.c. (6.10)
N¢

"For simplicity, we consider the scenario where these fermions do not mix with each other, but in principle mixing
could lead to richer phenomenology.
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Figure 6.3: The 95% CL band using the results from an electroweak fit with the updated world average
My measurement in the M —k plane of the triplet scalar model. We find viable parameter space for O(TeV)
swino masses that can potentially be probed with future high-energy colliders.

This Lagrangian has a physical CP-violating phase, as we have four new parameters and three new fields.
Since S and T are CP-even observables, we set dcp = 0 in this analysis for simplicity. However, this model
is also interesting with nonzero values of d¢p as it can potentially explain the Galactic Center Excess (see §5
or [4] for details). Additionally, because of the Yukawa terms, there is mass mixing between the fermions and
the 1; fields are not the propagating degrees of freedom. We call attention to this point because the mass of
the lightest propagating fermion is relevant for Higgs (and Z) decay constraints, which require M, > Mj, /2.
The singlet-doublet model contributes to the S and T parameters at loop-level with the new fermions running
in the loop. We provide a quick summary of this calculation in Appendix C.

The size of the contributions to S and T in this model scales linearly with the number of new fermion
generations, N¢. We can only get a nonzero T value when the custodial symmetry is broken, i.e. y # §.
Because of this, the value of T depends on the difference y — 7, so a relatively large difference between y and
y is required to generate a sufficiently large T. Furthermore, S and T both decrease as my or m; increase,
making it difficult to reach values consistent with both the updated electroweak fit and existing experimental
constraints without including multiple generations of new fermions.

In Fig. 6.4 we plot 95% CL region from our electroweak fit using the updated world average as a function
of the new fermion mass parameters m; and my to get a benchmark value of the couplings. Lower values of
m; and m, are strongly constrained by a host of different measurements (including LEP bounds on charged
fermions, Higgs and invisible Z decays, and direct searches for light fermions carrying electroweak charge).
In the left panel of the figure we consider the model with only one generation of new fermions. We find that

the contribution to S and T is only sufficiently large to fit Mw with the updated CDF II measurement in a
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Figure 6.4: The regions of singlet-doublet parameter space that are inside the 95% CL region from the
electroweak fit including the S and T parameters for the updated world average My value. The couplings
are set to benchmark values (y = 0.1, ¥ = 1, dcp = 0), and we consider N¢ generations of new fermions,
where Ny = 1 (N¢ = 4) on the left (right). We consider y # ¥ since nonzero T depends on the custodial
symmetry breaking y — y. Relevant constraints on the model are briefly discussed in the text; in particular,
direct LHC searches can potentially rule out most of the blue band for Ny = 1 and probe much of the Ny =4
allowed region.

small corner of the parameter space; direct searches at LHC strongly constrain this range of masses.

In the right panel of Fig. 6.4 we show the contribution of the model to the oblique parameters with
Nt = 4. We now find a larger range of masses that give rise to My values within 95% confidence of the
global average measurement. Direct LHC searches can again rule out some of this parameter space, but
there is still viable parameter space in the range of masses shown in the figure, specifically in the limit of
degenerate masses or at high values of my. A more thorough exploration of the viable parameter space

(including with other values of y and ¥) is left for future work.

6.5 Discussion

In this chapter we studied the effect of the recent My measurement at CDF II on global fits of electroweak
precision observables and the implications for physics beyond the SM. By performing a standard x? fit over
SM parameters as well as the oblique parameters S, T, and U, we explored the efficacy of a variety of models
for generating an upward shift in the My mass. After combining all My measurements at the Tevatron,
LEP, and the LHC, there exists a significant discrepancy with SM predictions.

The results of our fit suggest that new physics models that contribute to S and, more substantially, a
positive T are potential candidates to explain the anomaly. While we considered a global fit also including

U, the results did not have a natural model-building interpretation. Of the models we consider, we find
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that a singlet scalar extension of SM and a 2HDM model fail to yield S and T contributions consistent with
our fit. However, the swino model was markedly successful since it generated positive O(0.1) values of T in
unconstrained regions of parameter space. Viable triplet mass values were found to be near or above the
TeV scale, which can evade current experimental bounds while giving rise to interesting signatures in future
high energy colliders such as FCC-hh or muon colliders. We leave a detailed study of such signals for future
work. Additionally, we found some success with a singlet-doublet fermion model when considering multiple
generations.

As previously mentioned, there are other anomalies in the SM that could arise from discrepant elec-
troweak precision measurements, such as the anomalous magnetic moment of the muon g — 2. It was pointed
out in Ref. [1025-1027] that the existing discrepancy between the theoretical and measured values of (g—2),
can be absorbed in a shift to the hadronic vacuum polarization contribution by changing Aufi)d, at the cost
of increasing the tension in the SM electroweak fit, particularly by decreasing the preferred value of My. It is
of high importance to explore if the necessary change in the fit to ameliorate the (g — 2),, discrepancy can be
accommodated by the BSM effects of interest for the W mass measurement as studied in Refs. [1028,1029],
or if something much more exotic is required.

Finally, we would like to call attention to the fact that tension arising from the global SM electroweak fit
is not unique to the W boson mass. For example, significant deviations from the SM have been evident in the
forward-backward asymmetry observable at LEP for many years [1003], and there are numerous attempts
at explaining this with BSM physics (e.g. Refs. [1030], among others). This further motivates future study
of how potential new physics affects electroweak precision observables.

These results can be interpreted as new oblique signs of BSM appearing around the TeV scale. In light of
this new measurement, further experimental results, including improvement to measurement of My at the

LHC or future colliders, are strongly motivated.

Note added: As the paper this chapter is based on was being finalized, Refs. [1028,1029,1031-1035] appeared,
which also consider the implications of the recent My measurement. In particular, Refs. [1032,1034] similarly

consider an electroweak fit to evaluate possibility of new physics contributions to the W mass.
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Wrinkles in the Froggatt—Nielsen Mechanism

7.1 Introduction

Flavor physics has been a harbinger of physics beyond the Standard Model (BSM) at various points in
time, from predicting the existence of the charm quark [1036,1037] to estimating the mass of the top
quark [1038-1041] long before its discovery at the Tevatron [1042,1043]. Precision experiments, in particular,
help establish or find violations of the Standard Model (SM) symmetry structures, and prove to be noteworthy
indirect probes of new physics whose mass scale lies beyond the reach of direct collider searches; see [1044,
1045] for reviews of many such experiments.

A primary goal of flavor physics is to understand the appearance of large hierarchies in the masses and
mixing angles of the SM fermions. The two most popular solutions to this puzzle are (i) the Froggatt—Nielsen
(FN) mechanism and its variations [1046-1050], and (ii) extra dimensional models where an O(1) difference
in the bulk masses of fermions gives rise to an exponential hierarchy between the observed masses in the
IR [1051-1056]. Other notable possibilities include generating the mass hierarchy via running to the IR in
extensions of the SM with scale invariant sectors in the UV [1057], or radiatively generating the Yukawas
with the hierarchy governed by powers of the loop expansion parameter [1058-1061]. A review of these and
other dynamical solutions to the flavor puzzle can be found in [1062-1064]. In what follows, we focus our

attention on the FN mechanism.
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In the FN mechanism, the hierarchies in the SM fermion sector arise as different powers of a small
expansion parameter. This expansion parameter is given by the ratio of the vacuum expectation value (vev)
of a scalar field, known as the flavon, over a heavy mass scale. The SM Yukawa couplings are generated by
non-renormalizable operators involving the chiral SM fermions, the Higgs, and the flavon. The dimensionality
of these operators—and the resulting power of the expansion parameter that appears—is dictated by the
charges of the SM fermions under a new Abelian horizontal symmetry, U(1)y, which is broken by the flavon.
As we will discuss, there is additional freedom in the assignment of these charges that was overlooked in
Ref. [1046]. In the original FN paper, it was supposed that these irrelevant operators are generated by
“chains” including heavy vector-like matter, also charged under U(1)y. A number of variations to this model
have been proposed, including “inverted” models [1065], where the flavon vev is larger than the heavy mass
scale.

One of the drawbacks of invoking the FIN mechanism is that the new dynamics responsible for the SM
hierarchies can exist at scales far above the weak scale, beyond the reach of direct experimental probes.
Nevertheless, given the other shortcomings of the SM—the electroweak hierarchy problem in particular—
there is ample reason to expect new physics at or near the TeV scale. If the new physics is flavorful
(i.e., it involves non-universal couplings to SM matter fields), its flavor structure may also be dictated
by the FN dynamics. This argument can also be run in reverse: given the stringent constraints from
precision measurements of the SM, for new physics to exist at the TeV scale it must either be flavor-blind or
incorporate some symmetry arguments to suppress flavor-violation [1066, 1067]. This reasoning is familiar
in the supersymmetric context, where it is understood that squarks must either be degenerate or flavor-
aligned [1068].

In this light, it is clearly worthwhile to study the application of the FN mechanism to the couplings
of new BSM fields. This is particularly true when flavorful new physics is invoked to explain potential
discrepancies between experimental results and the SM expectations: should one of these discrepancies
become an unambiguous signal of new physics, we might glean information about the dynamics associated
with flavor in the UV. This approach was advocated in [1069-1071], and we will review it extensively in this
work. An immediate consequence of this framework is that many different experimental observables become
correlated. These correlations challenge some of the simplest solutions to various flavor anomalies, as the
couplings and masses required to explain the discrepancy violate bounds set by other observables such as
lepton flavor violating (LFV) processes or flavor changing neutral currents.

The goal of this work is to explore how these considerations can change if the FN setup is amended
with additional symmetries or structure in the UV. We do this by working in an effective field theory (EFT)

framework, including the SM and new BSM fields, with their couplings to fermions treated as spurions
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under the U(3)° flavor symmetry of the SM. In this framework, we can introduce controlled deviations
from the size of these spurions dictated by the horizontal charges. We refer to these deviations as wrinkles,
since they appear in the UV as changes in the length of the chain diagrams responsible for the Yukawas
in the IR. Wrinkles can exist in SM or BSM spurions, and allow us to relax the correlations between
different observables, permitting sizable new physics contributions to some observables while satisfying other
experimental bounds.

Importantly, while wrinkles allow for much greater flexibility in the couplings of BSM fields to SM
fermions, this flexibility is not without bound. If the effective theory is to be faithfully embedded in the FN
mechanism, radiative corrections must not spoil the relationship between the couplings in the IR and the
non-renormalizable operators in the UV. This requirement has been previously formulated as a consistency
condition in the context of minimal flavor violation EFTs [1069] (see also Ref. [1070]). While these conditions
are trivially satisfied in ordinary FN models, we show that they put meaningful bounds on wrinkled FN
setups.

Since this wrinkled FN setup can be applied to any new physics, we will illustrate its application in an
example, where the SM is extended by a single leptoquark, denoted S; in the nomenclature of Ref. [1072].
See [1071,1073-1075] for previous discussions of leptoquark models with horizontal symmetries. We will use
this leptoquark to enhance the branching ratio of BY — K*¥v, which currently shows a small discrepancy
with SM predictions [698] and will be precisely measured at the Belle IT experiment in the coming years.
Without wrinkles, the charges and masses required to generate a large BT — K*{v signal also imply the
existence of large signals in other correlated observables, such as LE'V decays or leptonic meson decays. We
will show a simple example where a wrinkled FN setup evades these bounds while satisfying the consistency
conditions alluded to above. As we will see, the bound on the wrinkles implies other correlated signals are
generated near detection thresholds in this example, and could potentially be seen in the near future.

In the coming years, troves of new data from colliders and small-scale experiments searching for signs of
flavorful new physics will begin stress-testing the delicate flavor structure of the SM. Given the substantial
motivation for BSM physics, this structure could break and potentially start showing signs of deviations from
the SM expectation. In preparation for such deviations, it is timely to develop new model-building tools
which enable embedding their solutions in UV complete frameworks. Wrinkles in an FN ansatz are a flexible,
bottom-up tool that allow for a broader exploration of the complementarity of different flavor probes, while
reliably parameterizing more sophisticated UV models of flavor. As such, they present a natural setup to
search for a consistent IR picture of new physics with flavor, should any deviations from the SM come to
light.

This chapter is organised as follows: in §7.2, we review the FN mechanism, its solution to the flavor
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hierarchy problem in SM and how it furnishes suitable ansétze for couplings arising from new BSM physics.
Next, in §7.3, we introduce the concept of wrinkles for the FN mechanism, discuss constraints on them, and
provide examples for how they can arise from UV complete models. In §7.4, we provide a concrete example of
applying wrinkles to the S; scalar leptoquark embedded in a FN model. We demonstrate that wrinkles allow
one to simultaneously explain bounds on BSM physics from current precision flavor observables, while also
retaining predictive power for potential future measurements. We conclude in §7.5. Appendix E.1 provides
details about bounds on wrinkles arising from consistency conditions. Appendix E.2 provides details on

flavor observable computations in the S; leptoquark model.

7.2 Froggatt—Nielsen and BSM Physics

The lepton and quark Yukawas and mixing angles present a clear generational hierarchy, with the charged
particle masses ranging over five orders of magnitude. This hierarchy implores an explanation in the UV.
Searches for flavorful new physics are carried out in pursuit of such an explanation. Hence, if any anomaly
emerges in these experiments, it is well-motivated to embed its BSM solutions within UV models that explain
the flavor hierarchy as well.

The FN mechanism [1046] provides a four-dimensional, field-theoretic explanation for this hierarchy,
replacing the small dimensionless parameters with a power counting in powers of an inverse mass scale, fixed
by a symmetry. In this section, we review how this mechanism can explain the parameters in the SM matter
sector, with an emphasis on the EFT point of view. We will then discuss how this perspective can naturally

be extended to BSM physics.

7.2.1 Review of the Froggatt—Nielsen Mechanism

The basic idea of the FN mechanism is to introduce a horizontal symmetry, U(1)y, under which different
generations of the SM fermions have different charges. The horizontal symmetry is assumed to be sponta-
neously broken by the vacuum expectation value of a SM singlet scalar field, d—the flavon. Assuming our
EFT is valid up to some cutoff scale M, we are led to a natural expansion parameter X = (¢)/M, which
appears in non-renormalizable operators involving the SM fermions. Later on, we will associate this scale M
with the mass of new heavy fermions. Without loss of generality, we take the SM Higgs to be neutral under
U(1)g and take the flavon charge to be —1.

At scales just below the cutoff, the lowest dimension operators involving the SM fermions and the Higgs

take the form
. d)(T)Hlij

ij M mjj

(b(T)lij

d ) () 0
ij Mlij

QiHﬁj + I‘ij M QiHCaj +r

LDr iHcéj + h.c. (71)
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where (Q;, 1ij, d;, Li, &) are different SM fermions, subscripts on fermion fields refer to different generations,

rj; are O(1) couplings,

; (7.2)

c oy = |[Qi] + [dy]

my; = |[Qi] + [1] ;o Ly =L+ [g)]

and the square brackets indicate the U(1)y charge. The hermitian conjugate on ¢ appears if the sum of
charges inside the absolute value is negative. At energies below (¢), these operators appear as the Yukawa

couplings of the SM Higgs, with the coupling matrices given by

ij u <(])(T)>mij mj; ij d <¢(T)>mj njj ij <¢(T)>1U I
Yéﬁ = Ijj M ~ A, YC])EI =T Mmi ~ N, YIJE = riej M ~ N (7.3)

This scaling implies that even modest differences in horizontal charges give rise to exponential hierarchies
in Yukawa couplings. To connect with the observed flavor structure of the SM, we identify X\ with the
Cabbibo angle, ~ 0.2, so that the CKM matrix hierarchies follow naturally from the Wolfenstein parame-
terization [1076]. We refer to this setup as vanilla FN.

At the O(1) level, the masses and mixing angles are
Vij ~ >\|[QJ - [QJ”7 Uij ~ >\“L1] - [Lj”’ (74)
m! ~ w@il+ [ﬁiH, md ~ wQil+ [Hi]\7 m! ~ ]+ [éi]|’ (7.5)

where V (U) is the CKM [1077,1078] (PMNS [1079,1080]) matrix.

The most general horizontal charge-assignment that gives rise to the observed structure of the CKM and
PMNS matrices and SM fermion masses is given in Table 7.1.! 'We have the overall freedom to shift the
charges of all quarks (leptons) by the same amounts ¢y (Ip), respectively. Once these shifts are chosen, the
CKM and PMNS structure constrain the other LH quarks’ and leptons’ charges. As indicated in Eq. (7.4),
these mixing matrices only fix the absolute value of the difference between charges, hence the freedom in
choosing X, Y = =1 in the table. The appearance of X,Y in multiple entries captures the correlation
between those charges. To find the RH fermion charges we use the measured values of masses in the SM.
As in the case of mixing, Eq. (7.5) only fixes the absolute value of the charge difference between LH and
RH fermions, leaving the sign undetermined. We choose the signs so that the eigenvector associated with
the heaviest (lightest) mass eigenstate has the biggest overlap with the third (first) generation for each type

of fermion. To check this, we generated 10000 mass matrices for each charge assignment, drawing new

u,d,e
ij

random numbers r € (0.2,1) for each test. For every charge assignment, we confirmed that a substantial

In general, shifts of -1 in most of these charges can be tolerated when random O(1) Yukawa couplings in the
UV model are taken into account and the fact that the expansion parameter X is not particularly small is considered.
The anarchic structure of the PMNS matrix, in particular, leaves room for such small changes in the charges;
see [1081,1082] for further exploration of these shifts.
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Gen. 1 Gen. 2 Gen. 3
Q —qp—3X | —qp —2X —do
U | q+3X£7| q—X qo
d | q+3X+6| q—3X | q—2X
L ly+Y lg lo
e —lg—-Y+£8| —lp+5Y | —1p +3Y

Table 7.1: The most general horizontal charge assignment that explains the SM masses and mixings in
FN with X\ ~ 0.2. qp and ly denote general shifts in quark and lepton charges, respectively, that leave the
IR masses and mixings unchanged. X,Y = =£1 denote the correlations between different charges that are
required by the CKM and PMNS matrices. For every value of (qg,ly), we have 2° choices for the charge
assignments. In supersymmetric theories, holomorphy sets X = —Y = —1 and picks the positive sign for
first generation RH fermions.

fraction of trials yield the correct mixing patterns and mass eigenvalues that are within a factor of two of
the experimentally-measured values.

In the original FN proposal, it was assumed that the charges of all five types of fermions (Q, 1, d, L, and
€) are ordered monotonically between different generations. Table 7.1 indicates that, while some correlations
between LH and RH fermions of the second and third generation (captured by X,Y) are needed to generate
the correct mass eigenstates, the monotonicity condition can be removed for first generation RH fermions
without distorting the model’s prediction for SM masses. This manifests itself as a binary choice in the
charge of each first generation RH fermion (1, d, &).

It is also popular to consider supersymmetric variations of FN models. In the supersymmetric case,
holomorphy of the superpotential forbids terms with d)T instead of ¢ [1047,1048]. This eliminates a great
deal of the freedom in charge assignments tabulated in Table 7.1. Specifically, it fixes X = —Y = —1 and
picks the positive sign for first generation RH fermions, leaving only the separate overall shifts in the quark
and lepton charges, qo and ly. It also enforces the monotonicity of the horizontal charges across different
generations. However, since we do not explore the supersymmetric case in detail in the rest of this chapter,
we do not need to enforce these constraints.

The simplest UV completion of this effective theory (and the one imagined by Froggatt and Nielsen [1046])
is to introduce a set of vector-like fermions F with mass M that live in an SM representation permitting
Yukawa couplings between the Higgs and SM fermions. We assume the existence of heavy fermions with
all horizontal charges necessary to complete the SM Yukawas with Yukawa couplings to the flavon ~ ¢FF’.
The flavon Yukawa couplings are assumed to be O(1), leading to the effective theory in Eq. (7.1) with O(1)
Wilson coefficients denoted by ;.

As an example, the up-type Yukawa couplings can be generated by “chain” diagrams such as those

shown in Fig. 7.1. The top Yukawa arises at the renormalizable level, but the suppressed couplings arise
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Figure 7.1: Example diagrams leading to the effective operators for the up-type Yukawa couplings with
vector-like heavy fermions U and U, where U has the same SM quantum numbers as G. The subscripts on
the U fields refer to the horizontal charge of U, and we have taken charges from Table 7.1 with X = —1 and

qo = 0.

by introducing the vector-like pair U and U, where U has the same quantum numbers under the SM gauge
groups as @. The subscripts indicate the U(1)y charge of U. For instance, the chain shown on the right side
of Fig. 7.1 gives rise to a \? suppression in the coupling of Q.tiz. If there exist heavy fermions with SM
charges similar to Q and the correct horizontal charges, chain diagrams with the Higgs and flavon insertions
interchanged will contribute as well. Similar chains give rise to the Yukawa couplings for other SM fermions.

Models of FN constructions with additional symmetries, multiple expansion parameters, or expansion
parameters that are allowed to freely vary have also been developed in the literature, e.g. see [1047,1048,
1081, 1083-1085]. For simplicity, however, in this work we focus on FN setups with only one expansion
parameter, which we identify with the Cabbibo angle, and develop a systematic way for small deviations
from them. We can straightforwardly generalize our discussions below to more baroque FN setups.

As a final note, in a UV complete model, quantum gravity considerations require that the horizontal sym-
metry be embedded in a gauge symmetry [602], which in turn demands the cancellation of all its anomalies.?
We have checked that the general charge assignment of Table 7.1 can not cancel all gauge anomalies in the
typical FN UV completion, see also Ref. [1091] for a similar conclusion. This conclusion is also corroborated
by [1092,1093], which deduce that the general charge assignments that can explain the SM Yukawa hierarchy
can not be anomaly-free by studying general extensions of the SM with a new anomaly-free U(1) gauge group.
As a result, in such a construction one should resort to either introducing new heavy chiral fermions (and
subsequently extending the scalar sector so as to generate a mass for these fermions) or the Green-Schwarz
mechanism to cancel anomalies [1094]. We leave further investigations of anomaly cancellation for future

work.

2The lack of evidence for the (pseudo-)Nambu-Goldstone boson associated with the spontaneous breaking of the
horizontal symmetry is also often used as motivation for gauging it. However, models with a potentially viable
Goldstone exist. See [1086-1091] for examples where the Goldstone is identified with the QCD axion.
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7.2.2 Froggatt—Nielsen and Flavorful New Physics

When introducing new physics, some assumptions must be made about the couplings of SM fields to new
particles. These couplings are generically non-universal unless governed by additional structure such as new
gauge symmetries. Given the hierarchies that exist in the SM fermion couplings, it is a priori unclear what a
“natural” size for such non-universal couplings should be. However, if one assumes a UV explanation of the
flavor hierarchy such as the FN mechanism, there is a natural ansatz for the new physics couplings as well.

The phenomenological significance of such an ansatz lies in the fact that it correlates predictions of a
BSM model for various flavorful observables in the IR. Thus, depending on the ansatz, a model built for
explaining a discrepancy in the data will give rise to correlated signals in other constraining observables. For
instance, any solutions of the (g — 2), anomaly with non-minimal flavor ansatz gives rise to unacceptably
large contributions to various LFV decays, especially T — p~.

To better understand such ansétze, it is useful to organize our thinking in terms of the global flavor

symmetry of the SM:
Giavor = SU(3)q x SU(3), x SU(3)a x SU(3)r, x SU(3) x U(1)?, (7.6)

where three of the U(1) factors can be identified with hypercharge, baryon number and lepton number.
This symmetry acts on the generation indices of the chiral matter in the SM, with the unbarred (barred)
fields transforming as triplets (anti-triplets), respectively. The symmetry is broken explicitly by the Yukawa
matrices, but formal invariance under Ggayor can be restored if we promote the Yukawas to transform as
spurions:
Yaqu ~ (3q, 3u), Yoa~ (3q,34), Yis ~ (3L, 30). (7.7)
This formalism can be extended in a straightforward way to new physics with any new spurions of Gaayor
[1069-1071]. New fields are taken to be singlets of the SU(3)® part of the SM flavor group, and their couplings
to SM fermions then have definite transformation properties under Gaayor-
As an example, consider the scalar leptoquark S;, a color anti-fundamental with hypercharge Y = 1/3.

This allows for the renormalizable couplings to SM fields,?

LD —A}e™81QuiLyy — AlSTiig + hoc., (7.8)

where the spinor indices are implicit, a,b are SU(2);, fundamental indices, e'> = +1, and (i,j) are flavor

3The SM gauge symmetries also permit the couplings S;ad and $;Q'QT, which lead to proton decay. We can forbid
these couplings by enforcing conservation of baryon number and endowing the leptoquark with a baryon number of
—1/3, or by potentially gauging some discrete subgroup. Therefore, in the rest of this work, we ignore these couplings.
We note that the “wrinkles” introduced in §7.3 cannot entirely alleviate the proton decay constraint, necessitating a
symmetry-based explanation.
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indices. The Aqr, coupling also appears in R-parity violating supersymmetric models, where S; is identified
with a down squark; these models have Ags = 0 [1095]. The new Yukawa couplings Aqp, and Ag transform

as

AQL ~ (ng gL)’ Agg ~ (3u7 3e)~ (79)

In the absence of any flavor ansatz, the matrices Aqr, and Ags are arbitrary 3 x 3 complex matrices.
However, when embedded in a vanilla FN setup, and assuming the S; leptoquark is neutral under U(1)y, we

find an ansatz for the hierarchies present in the spurions Aqp, and Ag. In analogy with Eq. (7.3), we find:
A?QL ~ >\|[Qi] + [LjH’ A:‘ii N >\|[éj] + [ﬁi”. (7.10)

Put differently, the SM charges and flavor symmetries are enough to determine how the new S; field
should be embedded in the effective theory below M. The power counting of the effective theory then
dictates that the expected FN scaling above holds, up to the O(1) Wilson coefficients of the effective theory
(analogous to the rj; in Eq. (7.1)). This ansatz generalizes to arbitrary new spurions of G,y that can arise
in other leptoquark models. A complete list of these spurions is given in Ref. [1070].

Once the effective theory is known, we can make predictions for the contributions of new physics to various
observables. Because the same spurion contributes to multiple observables, these predictions are correlated
by a FN ansatz. These correlations can lead to inconsistencies with experimental results. Consequently,
it is useful to have a systematic way of deviating from this scaling while still maintaining the predictivity
of FN models. We discuss a systematic way of doing this in the next section. Specifically, we show how
modifications of the UV spectrum of a FN construction can allow a controlled deviation from correlations

between various observables in the IR, alleviating violations of experimental bounds.

7.3 Wrinkles in Froggatt—Nielsen

As described in the previous section, the FN mechanism provides a natural ansatz for the hierarchies of
new flavor spurions coupled to the SM quarks and leptons. However, given our lack of knowledge about
the dynamics underlying the flavor structure of the SM, it is worth exploring how this ansatz could change
within the general framework of horizontal symmetry explanations for the SM flavor pattern.

In this spirit, we introduce the notion of “wrinkles”, as a way of parametrically changing the FN ansatz
for the flavor spurions that is described above without introducing additional scales. In §7.3.1, we will
define them precisely, and argue that they allow for more flexibility in correlations between different flavor
observables. While this flexibility inherently makes our ansatz less predictive, the freedom to introduce

wrinkles is not absolute: there is a bound on the number of wrinkles imparted by radiative corrections,
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Figure 7.2: A cartoon illustrating a “wrinkle” in the Yukawa coupling ®1;X;, which leads to a change in
the predicted scaling from the FN ansatz.

which we will discuss in §7.3.2. In §7.3.3, we give several explicit examples of realizations of wrinkles in UV

models.

7.3.1 Wrinkled Froggatt—Nielsen Chains

In §7.2.2, we described how the FN ansatz leads to a natural power counting for new flavor spurions in
powers of X = (¢)/M, which we identify with the Cabbibo angle. Here, we generalize this power counting
by considering modifications to the power of X\ that appears in the spurion.

Consider a flavor spurion Yyg, where 1, X are given SM matter fields. We introduce what we call
“wrinkles” to modify the scaling of a given element of Y:

Y!

5~ W NI = \etEal+), (7.11)

ij

V% which, for simplicity, is assumed to be an integer.

Here we denote the power of X that appears in WRX by w
This additional scaling is motivated by allowing for additional structure in the UV, such as symmetries
inducing obstructions in the heavy fermion chains which generate the non-renormalizable operators, and is
illustrated schematically in Fig. 7.2. In general, any modification of the UV theory that gives rise to deviations
from predictions of the vanilla FN setup without changing the number of power counting parameters can be
considered a wrinkle. Different UV completions can lead to different correlated patterns of matrix entries
wix as we will discuss in §7.3.3, but from the IR perspective, these correlations are not apparent.

To be concrete, consider the example of the spurions Aqr, and Ags for the S; leptoquark, as in Egs. (7.8)
and (7.9). With additional wrinkles, the couplings in Eq. (7.10) are modified to

Al ~ Aea QLI AT et E) (7.12)

where wqr, and wge are matrices of integers, whose elements ng and wgé can vary across generations inde-
pendently for both fermions. The idea of wrinkles can also be extended to models with additional scales by

allowing wrinkles for each power counting parameter. Here we will focus on the case with a single expansion
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parameter and not discuss the case of multiple parameters further.

Note that there are two distinct possibilities allowed by introducing wrinkles. The most straightforward
one is that the number of factors of X\ in some couplings of a new flavor spurion are modified, suppressing
or enhancing their contributions to some flavor observables. For instance, wrinkles could suppress BSM
contributions to observables such as electric and magnetic dipole moments (EDMs and MDMs) or light
meson decays, which are generally strongly constrained, and allow for spurions with smaller mass scales
to contribute to other observables. We will discuss this possibility thoroughly, again in the case of the S;
leptoquark, in §7.4.

The second possibility is that wrinkles could exist in SM chains—i.e., Yqu, Yqq, or Y1z could have fewer
or additional factors of X. In the IR, the SM Yukawa matrices must still match the measured masses and
mixing angles of the quarks and leptons. Wrinkles in SM chains therefore necessitate different horizontal
charges than the ones shown in Table 7.1. This changes the expected scaling for BSM spurions, leading to
different couplings than expected in a naive FN ansatz between the SM fermions and new particles. We will
not comment in detail on particular phenomenological applications of this scenario, but highlight that this

is an interesting direction for further exploration.

7.3.2 Bounds on Wrinkles from Radiative Corrections

Allowing for wrinkles would appear to entirely eliminate the predictivity of the FN ansatz. However, there
is a natural bound on the size of the wrinkles that arises from demanding that the observed flavor structure
in the IR arises predominantly from tree-level contributions to the effective operators below the scale M.
Requiring that the tree-level contribution (including wrinkles) to the Yukawa coupling is larger than any
subleading corrections from loops leads to a number of consistency conditions on the Yukawas, which in turn
set a bound on the wrinkles. Provided these conditions are satisfied, the flavor structure in the IR is still
determined by the FN mechanism in a predictive way, with departures from the minimal implementation
parameterized by the wrinkles.

To illustrate these constraints, consider the Yukawa coupling matrix between the right-handed up-type
quarks and the right-handed charged leptons for the S; leptoquark model in Eq. (7.8), Agé. In a FN setup,
this coupling arises from a non-renormalizable operator with a minimal number of flavons. It can be UV
completed with a tree-level chain of heavy fermions and flavons with a single leptoquark vertex, as illustrated
on the left in Fig. 7.3. However, the same operator can also be generated at higher order by including SM
fermions in the FN chain ' — Q¥ — L! — &, as shown on the right in Fig. 7.3. The first and last connections
include additional Higgs insertions that are tied together to form a loop, and the Q¥ — L! connection involves

a leptoquark interaction. Thus, the higher-order contribution to AEE is:
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Figure 7.3: Left: the tree level SJ{ﬁiéj coupling. Right: A loop contribution to the same spurion, leading
to the spurion contribution described by Eq. (7.13). In both diagrams the dots indicate a chain of flavon
and heavy fermion vertices, whose length is determined by the horizontal charges of the particles, which we
suppress for clarity.

1

ij N
loop 1672

ue

(Y8, - Agy - Yie)". (7.13)

Demanding this contribution to be smaller than the tree-level contribution, and assuming the absence of

ij

any artificial cancellations, leads to a lower bound on the Yukawa coupling Ajs and an upper bound on the

entries of AaL. This bound begets a set of consistency conditions on the wrinkles:

ij 1 * ij
8] 2 | (Van - 8w 1e) (7.14)
= Nt [ + [&1] > L|Ya_|ik>\ng+HQk] + L] ‘YU‘U ’
< Tom2 !t an el

where there is an implicit summation over the indices k and 1 above. While the SM Yukawas on the right
hand side of this relation may also contain wrinkles, it is the IR value of the coupling that appears, which
is fit to the SM masses and mixing angles.

Similar consistency conditions were proposed in [1069-1071], neglecting the loop factor. Other similar
constraints (including the loop factor) have been considered as naturalness constraints on models of flavorful
new physics [1096]. We settle for the weaker constraint, including the loop factor, as a concrete, irreducible
bound.* Note that there are also other higher order contributions to the spurions, such as those from higher-
dimensional operators with the Higgs replaced by its vacuum expectation value, but they will be smaller
than the one in Eq. (7.13), since v?/M? < 1/16%>.

More generally, a complete set of consistency conditions can be derived by again considering the Yukawas
as spurions under Ggayor. In the absence of any additional symmetries, contributions similar to Eq. (7.13)
arise from any combination of Yukawa couplings that transform in the same representation of Ggayor. The

complete list of leading consistency conditions for all of the Yukawa couplings in the SM extended with the

4RG evolution of the leptoquark couplings also does not change the above set of bounds, as long as one imposes
the consistency conditions at the matching scale of order M. The structure of the one loop Yukawa RGEs involves
the same higher order operators as appearing in our consistency condition. Thus, imposing the consistency condition
at the matching scale ensures that running is a small effect and can be neglected. Consequently, RG evolution to
scales below the matching scale ensures that the consistency condition (inequality) holds at all such scales.
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S1 leptoquark are listed in Appendix E.1.

These inequalities must be satisfied for any wrinkled FN setup involving additional flavor spurions, and
they impose non-trivial constraints on the size of the wrinkles introduced in Eq. (7.11).° The details of
these constraints depend on the particular charge assignment of the SM fermions, but once these are fixed,
a degree of predictiveness is returned to the FN ansatz, even in the presence of wrinkles. As pointed out
in [1069-1071], these consistency conditions are trivially satisfied in a vanilla FN setup without wrinkles, as
a result of the triangle inequality.

As an example of how this bound works with nonzero wrinkles, consider the charge assignment in
Table 7.1 with qp = 0, 1) = —1, X = +1, Y = —1 and all other sign choices being positive. Assuming no

wrinkles in the SM Yukawas, the bound on w32 from Eq. (7.14) becomes

ue

W<y (|[Qk] + ]| + |[Qu] + [L]| + wp, + |[Li] + [53H>
k,1

1 _ _
1
S 2 + w%SL + 10g>\ 16’N2 )

where in the last line we have assumed that k =1 = 3 is the largest entry in ng, which is typically the case.
We see that, at least for this consistency condition, up to five wrinkles on A%‘;’ are allowed, even without
extra wrinkles on A3QBL.

A similar argument for general couplings, again using the triangle inequality, makes it clear that if all

wii > 0, a sufficient condition on the wrinkles is that they are all greater than a loop factor:

N 1
W)l > —— . :
(Wex)' 2 155 (7.16)

Note that in this equation, we have assumed a mild separation of scales so that the logarithms in the loop
contribution can be neglected along with other O(1) factors in the loop calculation. In this work, we focus
on the bound in Eq. (7.16) and leave further studies of more accurate lower bounds on wrinkles for future
work. As shown in Eq. (7.15), this bound may be overly restrictive, but it provides a useful shortcut for

employing wrinkles in an EFT without having to manually check all the consistency conditions.

7.3.3 UV Completions

We now turn to UV completions of the wrinkles introduced in Eq. (7.11). Our goal is not to provide an
exhaustive or detailed list of examples, but demonstrate a proof of principle of potential ways these wrinkles

can arise from more complicated UV completions.

®The consistency conditions, as written, hold neglecting (1) couplings; there may be small deviations from
including them.
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Figure 7.4: An explicit realization of a “wrinkled” FN chain, where the heavy quark with horizontal charge
+1 is replaced by two heavy quarks, along with additional flavons, transforming under additional symmetries.

Missing Heavy Fermions

As a first concrete realization of the idea sketched in Fig. 7.2, we consider a situation where one of the heavy
fermions with a particular horizontal charge does not exist in the spectrum. Instead, the chain leading to
the effective operator can only be completed by including additional fermions and scalars, causing additional
suppression.

To illustrate this mechanism, we consider the example in Fig. 7.1 and replace a single heavy vector-like
pair of fermions Uy, Uy with two sets of vector-like pairs, which we will denote by U§1)7 I_ng) and UgQ), 652).
These are assumed to have the same SM and horizontal charges as Uy, Uy, but also transform as conjugate
pairs under new symmetry groups, G; and G, respectively. To be explicit, we will take G; = SU(N;) and
Gy = SU(Ny) to be two different continuous, non-Abelian groups, but the following construction works for

arbitrary (continuous or discrete) groups as well, with straightforward modifications. To complete the chain

diagram, we must also introduce new flavons, which we take to be in the representations,
oMW (N )y, 0P (1L, Ny, @M (Np, Ny), (7.17)

where the parentheses indicate the SU(N;) x SU(N3) representation, and the subscript is the horizontal charge.
These allow us to construct the diagram shown in Fig. 7.4, where both of the extra heavy fermion pairs are
traversed between Qo and tu3. The charge assignments forbid the couplings <|>(1)U2U§2) and d)(Z)Ugl)ﬁg, SO
that this diagram is the leading effective operator containing HQous.

Assuming all the scalars acquire vevs ~ (¢) and that the new fermions have vector-like masses ~ M,
this replaces the \? suppression inferred from the horizontal charges with a X\ suppression. In other words,
this leads to a “wrinkle”, W%}’ﬁ ~ A

This construction can be extended to include arbitrarily many wrinkles in place of a single heavy fermion.

3)

For example, WS’% ~ X% is obtained by introducing additional mirror quarks, Ug?’), U,”, replacing ¢(2) with

a bi-fundamental &% transforming as (1,Ns, N3)g, closing the chain with d)(g), which transforms as a
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(1,1,N3)_1; further wrinkles are obtained for additional mirror quarks. In these types of examples, the
Higgs and chiral fermions of the SM are neutral under the new symmetries, so as to be compatible with the
general arguments in Ref. [1047].

Note that with this mechanism, we see an example of the correlation between wrinkles in different chains.
We constructed this wrinkle in the context of the Q. and 3 chain, but since we have removed Uy, U; from
the spectrum, the wrinkle necessarily appears in any chain involving them. For instance, assuming heavy
up-like quarks are responsible for all of the up-type Yukawa couplings, it would also appear in the QHus

operator.

Extra Abelian Symmetries

Another concrete example in which wrinkles can appear in an effective theory with the FN ansatz is realized
by considering additional Abelian symmetries in the UV, under which the SM fermions are charged. In
particular, we can consider gauging the non-anomalous combinations of baryon number, B, and the individual
lepton numbers, L, Ly, and L, as is frequently done in model-building for various flavor anomalies [1097].
These symmetries are preserved by the SM Yukawa couplings, but generically violated by neutrino masses
and additional Yukawa couplings between SM fermions and new BSM fields, such as leptoquarks. For
concreteness, we again work with the S; leptoquark and assume it is neutral under the new symmetry;
therefore the flavor spurion must absorb the remaining U(1) charge. This means that additional flavons
charged under the extra symmetries also must be included in order to complete the leptoquark Yukawa
couplings. The usual flavon, with U(1)y charge —1, is still present, since it is required to complete the SM
Yukawa couplings.b

In contrast to the UV completions discussed in §7.3.3, where the wrinkles are always additional suppres-
sion factors, the wrinkles that result from these extra symmetries can naturally either suppress or enhance
the size of the flavor spurions. Another distinction is that we have not removed any fermions of particular
charges from the UV spectrum in this case: we allow fermions with all required quantum numbers to exist.

Just like other UV models, additional symmetries and the flavons charged under them can generate a
correlated pattern of wrinkles for the different chains. The details of those correlations depend on whether
the new symmetries are flavor universal or flavor specific; we will discuss examples of both cases. In order to
maintain the predictivity of our example, we also assume additional symmetries are spontaneously broken
at similar scales to the U(1)y symmetry.

The flavor universal case is simpler, but also less flexible because of interdependence between different

chains. For example, assuming U(1)g_1, is a symmetry of the theory, we can construct the leptoquark Yukawa

51In the presence of neutrino masses, the extra flavons may also be required to generate the PMNS matrix structure,
depending on the additional symmetries we impose.
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spurions by introducing an additional flavon, &), which we take to have B — L charge 1/3. The new flavon
will not change any of the SM chains, since they respect the B — L symmetry, but the leptoquark chains can
be different from the usual FN scenario. For instance, if (T) has no U(1)y charge, all the leptoquark Yukawas
will become smaller by X\?, since the external fermions all have B — L charge difference 42 /3 without the new
flavon. If d~> also has U(1)y charge > 1, then the pattern of leptoquark chains becomes more intricate. Since
each leptoquark chain must contain exactly two copies of the new B — L flavon and the remaining difference
in horizontal charge requires insertions of the original flavon, whether a given chain becomes shorter or longer
depends on the details of the assigned horizontal charges.

We have somewhat more freedom in the flavor specific case. As an example, consider introducing a new
U(1)p_3sr, symmetry. Now both the PMNS matrix and chains for the leptoquark Yukawa couplings require
new flavons charged under both U(1)y and U(1)g_3,,. We introduce two additional flavons: ¢, is necessary
to generate PMNS matrix entries of the correct size, and ¢ is necessary to complete the leptoquark chains

while respecting the additional symmetries. These flavons have B — 3L, charges

[0] =0 [dy] =3  [d5] =—1/3. (7.18)

Each also carries U(1)y charge —1. Including these extra symmetries and flavons charged under them creates
wrinkles by changing the required number of vev insertions for the leptoquark couplings compared to the
spurion size we would naively expect with only these U(1)y charges. For example, if we consider only the
couplings to the third generation leptons, we make the right-handed p and T couplings smaller while leaving
the right-handed e coupling and the left-handed couplings unaffected. This is shown in Fig. 7.5. Nonetheless,
despite the additional freedom in the flavor specific case, it is still challenging to obtain certain patterns of
wrinkles, such as those constrained by the triangle inequality.

Finally, we comment on a few modifications to the examples above. First, we note that it is possible to
modify this approach by charging the leptoquark under U(1)y instead of/in addition to additional flavon(s).
Similar to the B — L charged flavons, this is another mechanism to add wrinkles to the leptoquark couplings
without affecting the SM couplings. In principle, we can also charge the leptoquark under the additional
symmetries we discussed in this section, but note that we are not always guaranteed a charge assignment
which makes all of the couplings invariant. Second, we note that like the previous case, other modifications
such as using discrete Abelian symmetries also behave similarly. However, we can not replace these Abelian
symmetries with continuous non-Abelian ones [1047], because we are charging the SM fermions under the
new symmetry. This is in contrast to the previous case, where only internal fermions are charged under new
non-Abelian symmetries.

While we have provided two different ways in which wrinkles could be generated, we have not exhausted
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Figure 7.5: Chains before and after adding flavons charged under a U(1)g_3;, symmetry to generate
wrinkles. The horizontal charges correspond to Table 7.1 with qy =0, lp = 2, and Y = 1. We observe that
the new U(1)p_3r, symmetry and its flavons modify the prediction of the model for some of the leptoquark
couplings in the IR.

the possibilities. These are only examples, and there are undoubtedly many more options for generating
wrinkles, which would be interesting for future work. Since the details of a particular model are not the

central point of this chapter, we now move to discussing a full example in the IR.

7.4 B — Kvv in a Wrinkled Setup

To demonstrate the ideas of the previous sections with a specific example, in this section we study the
phenomenology of the S; leptoquark introduced in Eq. (7.8) with particular flavor ansitze in detail. Such
ansitze correlate the contribution of S; to different observables. As mentioned in the previous section,
the inclusion of wrinkles in a FN ansatz can change the relative sizes of predictions for different flavor
observables. This could allow a model to accommodate a significant excess over the SM in one observable,
while suppressing other observables that would otherwise be too constraining.”

As an illustration, we will focus on constructing a model that can give rise to a large signal in the semi-
leptonic decay BT — K*Tvv. BR (BT — K*iv) is an interesting test case for several reasons. Assuming the
vanilla FN ansatz, the mass range preferred for new physics near the current experimental sensitivity is in
the few TeV range, and small hints of flavorful new physics may have already been detected [698]. Like all
flavor-changing neutral currents, the b — svv transition is greatly suppressed in the SM. It is also relatively

clean theoretically, with the uncertainties in the hadronic form factors and from perturbative effects well

"Signals of leptoquarks in all flavor experiments can also be suppressed by choosing qo and 1 (defined in Table 7.1)
such that the quarks’ and leptons’ charges are very far apart, but this requires an unnaturally large separation of
charges. This choice also does not permit the explanation of any discrepancies in flavor experiments because it
suppresses leptoquark contribution to all observables.
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Figure 7.6: Example Feynman diagrams leading to b — svv transitions in the SM extended with an S;
leptoquark. The left (center) diagram show the leading one loop SM contributions with the penguin (box)
topology, while the right diagram illustrates the tree-level leptoquark contribution. The Z in the left diagram
could also connect to the top line instead.

under control [1098-1106]. This situation, along with the prospect of observing the decay at the Belle II
experiment in the near future, make it an intriguing probe of BSM physics [1107-1109]. We use this specific
observable as a testbed of various ideas introduced in the previous section; similar studies can be carried out

for any other flavorful anomalies that may emerge in experimental data.

7.4.1 B — Kvv in the SM and Beyond

In order to understand how various FN ansétze contribute to BR (Bt — K*iv), we first need to discuss
the SM and leptoquark contributions, as well as experimental bounds. Typically, BR (BT — K*vv) is pa-
rameterized in terms of the Wilson coefficients Cifji and CE, which are defined implicitly in the effective

Hamiltonian governing b — svv transitions

Heogr = —%thbv;;(cgog +ClOY)  he. (7.19)

where

Of = 32 (sLo"be) (vww),  Of = 52 (shobr) (v]5,m1), (7.20)

and i,j = e, p, T are neutrino flavor indices.

In the SM (and in the S; leptoquark model we consider below), only Cp, is non-zero. The leading
contribution to the SM value of the Wilson coefficient arises from diagrams such as those in Fig. 7.6. Also
including NLO QCD corrections [1098-1100] and two-loop electroweak contributions [1104], the SM Wilson

coefficient is

ClSM = (-6.353 +0.074) 3, (7.21)

where 0;; captures the fact that the SM contributions are lepton flavor conserving. This leads to a prediction

for the branching ratio [1108,1109],

BR (BT — KTiv) o (0.46 4 0.05) x 107°, (7.22)
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where we sum over neutrino flavors.

This process has been searched for at Belle and BaBar by tagging the second B meson in either a hadronic
or semileptonic decay [1110-1112]. Similar searches exist for BR(B — K*vv), e.g. see [1110,1111]. Each
of these channels leads to the same qualitative conclusions; thus, for the rest of this work we will focus on
BR (BT — K*iv) measurements, for simplicity. A combination of these results yields a 90% C.L. upper limit

on the branching ratio of

BR (B* — K"v) < 1.6 x 107°. (7.23)

Recently, Belle IT has searched for the same decay using an inclusive tagging technique, which allows them
to partially compensate for their smaller dataset and larger backgrounds [698]. Though not yet statistically
significant, a combination of these results (assuming their uncertainties are uncorrelated) leads to a best fit

value of
BR (BT — K™ov) = (1.1£0.4) x 1077, (7.24)

which leaves room for a BSM contribution on top of the SM prediction in Eq. (7.22). The uncertainties in all
of these estimates—both the tagged and inclusive searches—are predominantly statistical, and are expected
to improve and become comparable to the theoretical uncertainty in Eq. (7.22) with the forthcoming full
Belle IT dataset [1113]. Therefore, while it remains to be seen if any signals of new physics exist in this
channel, it provides an interesting application of our wrinkled FN setup.

The S; leptoquark contributes to b — svv transitions via the tree-level diagram shown on the right in

Fig. 7.6. It generates a Wilson coefficient
Ol v AN AT (7.25)
L 2 —QL :

QL
Si

for the effective theory of Eq. (7.19). Since this is the same operator as generated in the SM, it is convenient

to capture these effects by considering the ratio:

BR (Bt — K*iv)

Ry = — . (7.26)
BR (Bt — K+vv) |SM
The contribution from S; is given by [1114,1115] (see also [1072,1108])
A3i AQi* 2 (A3i A?)i *)(AZJ AZ] *)
" (AqAar) | |, 3y? (Aqulqr ) (AgLAqgL
Ry =1—yRe |——2 92| L 20 3 : (7.27)
Vi Vis 4 [V, Vi
with a sum over repeated lepton indices in each term, and
27y (1.2 TeV> ?
=- ~ . 7.28
Y GCiMummgl mg, (7.28)
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Observable S1 Yukawa Couplings Experimental Result Future Bounds
BR(BT — K*iw) Ay < (AGL)" (1.1+£0.4) x 1075 [698] -

electron EDM (V*Aqr)® x (AL <41x107% ecm [1116] | <1073 e cm [1117,1118]
(V*Aqr)™ x Afg

BR(p — ev) <4.2x 10718 [1119] <6 x 1071 [1120]
Agg* X (V*AQL)?’l*

CR(p — e)n (V*Aqu)* x (V*Aqr)™? <7.0x 1071 [1121] < 2.5 x 10718 [1122,1123]
(V*"Aqu)® x AR

BR(T — p~) < 4.2 x 1078 [1124] < 6.9 x 1079 [1125,1126]

AR x (Vg

BR(K* — wtiv) AL % (AGL)* < 1.88 x 10710 [1127] (8.440.4) x 107 1128

ACg, <0.09 [1129] ACg, < 0.026 [1129]

Amg, (Aqr Al )%

Table 7.2: Here we show the experimental results for BR (BT — K™vv) and a few other constraining
observables; we also show the predominant S; Yukawa couplings contributing to each. Note that for B-
mixing, we use the experimental uncertainty on the quantity Cp, as defined in Eq. (7.33). For Kt — nTvu,
the future bound corresponds to reaching a 5% experimental uncertainty on the SM branching ratio [1130].
The muon to electron conversion rate in nuclei, CR(pn — e)n, gets contributions from both dipole and four-
fermion operators; we show the Yukawas entering the four-fermion operator that is dominant in the FN
ansatz (associated with a left-handed vector current) here, while the complete set is given in Appendix E.2.
The current (future) bound listed for it is on the conversion rate in a gold (aluminum) nucleus.

In terms of Ry, the 90% C.L. limit and 68% C.L. preferred values of the branching ratio in Egs. (7.23)
and (7.24) translate to
Ry < 3.4,

RY € [1.5,3.3], (7.29)

respectively. The interpretation of these bounds in the context of the leptoquark depends on the assumptions

made about the hierarchies in Aicng’ to which we now turn.

7.4.2 Constraints with Different Flavor Ansatze

In addition to b — svv transitions discussed above, the S; leptoquark can contribute to a number of flavor-
changing processes or precision observables that are constrained by experiments. These include electric and
magnetic dipole moments of SM particles, LE'V decays, leptonic and semi-leptonic meson decays, flavor-
violating decays of gauge bosons, and neutral meson mixing. Some of the most powerful observables, and
their dependence on the leptoquark Yukawa couplings are summarized in Table 7.2.% As is apparent from

the table, the observables depend on numerous different combinations of the leptoquark couplings. More

8For simplicity, we work with flavor basis neutrinos, so no dependence on the PMNS matrix appears.
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details about the observables, including the dependence on the leptoquark couplings and references to more
complete treatments in the literature, are given in Appendix E.2.

Because the contributions to various observables are correlated, we need to pick a particular ansatz and
study it in order to understand these constraints. In the rest of this section, we study these constraints in the
context of three different flavor ansétze: flavor anarchy, vanilla FN, and FN with wrinkles. In particular, we
explore how adding wrinkles can alleviate constraints while maintaining consistency with BR (BT — KT iv)
measurements.

Without any assumptions about the underlying structure, a minimal assumption is that all elements of
Aqr and Ags are O(1). This assumption is commonly referred to as “flavor anarchy”. Under this assumption,
the mass of the leptoquark consistent with the BR (BT — K*¥v) measurements is mg, € (9, 18) TeV. On the
other hand, measurements of the electron EDM and other flavor-changing processes constrain the mass of the
leptoquark to be above ~ 10° TeV. The resulting limits for some of the observables considered are shown as
yellow bars in Fig. 7.7. To calculate these ranges for observables that are already measured experimentally,
we demand the leptoquark contribution to be within one standard deviation of the measured value, while
for others we use the reported upper bounds from Ref. [1131].° For the electron EDM, a CP-odd observable,
we assume a purely imaginary coupling to show the maximum reach of the experimental results.

It is clear that without any flavor texture on the leptoquark Yukawas, observables such as the elec-
tron EDM, LFV decays, or meson-mixing parameters rule out the leptoquark mass range relevant for
BR (BT — K*9v).1 We have also checked the contribution of our setup to many other similar observ-
ables (electron and tau MDM, T — e, K — ev, various other D meson decays, Dy — ev, B — ev, T — ee,
T — pe), but find that the constraints they place are not as competitive for our model.

Thus we are led to consider embedding the S; leptoquark in a FN model of flavor. This has the benefit
of not only alleviating some of the experimental constraints discussed above, but also relating it to the SM
flavor puzzle.

As discussed in §7.2, aside from the general shifts in the lepton and quark horizontal charges, there
are only a handful of possible charge assignments that give rise to the correct pattern of SM masses and
mixing angles. For concreteness, we choose horizontal charges from Table 7.1 with qy = 0, 1y = —1, and

X = —Y = —1. This yields

9The exceptions to this are Rp and a,, where we take the maximum leptoquark mass consistent to within 3o
and 40, respectively, of the experimental measurement for the anarchic coupling case, and use the 20 ellipse for the
preferred mass range in the wrinkled case.

0ur model can also contribute to a, at one loop to explain the observed anomaly [683,684], although recent
lattice calculations [687,1132-1137] and measurements [688] hint toward a smaller discrepancy with the experimental
data. However, other observables already rule out the leptoquark mass range that has a large enough contribution
to a,. See [1072,1084,1114,1138-1150] for other solutions to this anomaly, including attempts at embedding the
solution in a FN construction.
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Figure 7.7: The leptoquark mass range probed by various observables if the Yukawa couplings of the
leptoquark are either O(1) (yellow), follow the vanilla FN setup in Eq. (7.31) (green), or the same FN setup
plus the wrinkles from Eq. (7.32) (blue). The preferred range for explaining some existing anomalies are
shown in red, assuming the wrinkled setup. The undetermined O(1) factors in the Yukawas (folded in rj
in Eq. (7.1)) can further affect the leptoquark contribution and slightly change the mass range probed by
each observable. We see that in our wrinkled setup, the mass range that explains the current discrepancy
in BR (BT — K*9v) measurement (between the horizontal dashed lines) can also be probed by the LFV
processes . — ey and CR(p — e), and the electron EDM in near future measurements.

([Qi], [Qa), [Qs]) = (3,2,0),  ([w], [Wa], [0s]) = (4,1,0),  ([du], [da], [ds]) = (3,3,2),

(7.30)
(L, [Lo], [Ls]) = (0, =1, =1),  ([er], [e2], [es]) = (8,6, 4).
With these charge assignments, the FN ansatz for the leptoquark couplings is:
XN2OaZ 2 N2ZOZ10 38
Agu ~ [N X X |, A ~ | X N N | (7.31)
1 N ) N

The resulting bounds, neglecting O(1) Yukawa factors, are shown as the green bars in Fig. 7.7. Compared
to the anarchic ansatz, the bounds on the leptoquark mass are significantly relaxed.

Nevertheless, it is clear that the mass range consistent with the BR (B* — K¥vv) measurements at
Belle II is still excluded by other observables under the FN ansatz. We have checked that—while the ex-
act bounds for different observables can change significantly—this conclusion remains unchanged for the

other possible charge assignments enumerated in Table 7.1. If any deviation from SM is observed in
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BR (BT — K*vv), the S; leptoquark embedded in a vanilla FN model cannot explain the anomaly while
respecting bounds from other measurements.

Adding wrinkles to the FN ansatz as discussed in §7.3 can ameliorate the tension with these observables.
Using the scaling of the observables with the leptoquark Yukawas shown in Table 7.2 as a guide, we add the

following wrinkles (as defined in Eq. (7.11)) to the leptoquark Yukawa matrices:

IS SN
WE=X\,  Wqa=|x 1 1]. (7.32)
X111

This is the largest number of wrinkles we can add to suppress the leptoquark contribution to the most
constraining observables (especially electron EDM, p — e, T — p~, and meson mixing observables), while
retaining consistency with the naive constraint w > X* ~ 1 /16w from §7.3.2 and leaving the contribution
to BR (BT — KTvv) mostly intact. Further suppression with additional powers of X may be possible, but
must be carefully checked with all of the consistency conditions in Appendix E.1.

It is worth emphasizing that it is not obvious how to get the pattern of wrinkles in Eq. (7.32) from the
example UV completions discussed in §7.3.3. Nevertheless, we can treat them consistently in an effective
field theory approach, and leave the model-building to future work. Note also that with the additional
suppression of the right-handed Yukawa couplings, the phenomenology of this model resembles that of the
RPV down squark as discussed in §7.2.2.

The contribution of this wrinkled FN setup to various observables is shown by blue bars in Fig. 7.7. We
find that the set of wrinkles from Eq. (7.32) sufficiently suppresses the contribution to other observables, so
that they are all compatible with the mass range of interest for BR (BT — K™vv). In particular, bounds
from meson mixing observables and leptonic meson decays are circumvented. Within this wrinkled setup,
the viable leptoquark mass range that can account for a signal in BR (BT — K*vv) is slightly above the
current direct search bounds at the LHC (see [1151,1152]) and could be detected in future searches at the
LHC or future hadron [1153-1156] or lepton [1157-1162] colliders.

There are several observables which probe a similar mass range to BR (Bt — K*vv) which will see
significant improvement in experimental measurements soon. In particular, these observables include p — e,
CR(p — e), and electron EDM, though the precise mass range depends on O(1) Yukawa couplings in the
UV completion. As a result, they could be the smoking gun signal of an FN-like S; leptoquark solution
to any future excess observed in BR (BT — K*vv). Since the experimental precision on both of these (and
several other) observables is expected to improve significantly in the near future, we will dedicate the next

subsection to discussing potential discovery prospects for this wrinkled FN scenario.
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7.4.3 Predictions for Future Measurements

We have already seen that adding wrinkles to a FIN ansatz allows for greater flexibility in simultaneously
accommodating experimental deviations from the SM while satisfying constraints from other observables
and explaining the observed pattern of SM masses and mixing angles. As we will now emphasize, despite
this added flexibility, these choices still make concrete predictions for other observables, which can be tested
in future experiments. The importance of these tests lies in being able to probe indirect information about
the underlying UV model which is hidden in the charge assignments and wrinkles in the IR.

Several upcoming experiments will provide concrete tests of our wrinkled ansatz. When assuming the
wrinkled FN ansatz from Eq. (7.32) for the leptoquark Yukawa couplings, several classes of observables—
including LFV processes, the electron EDM, meson-mixing measurements, and the decay K — pv—have a
present sensitivity to roughly the same mass scale as BR (BT — KTvv). Moreover, the mass reach of many
of these observables is expected to improve significantly with forthcoming experimental data. Since we have
suppressed our model contribution to these observables as far as possible while satisfying the bound from
the consistency condition in Eq. (7.16), these correlated signals allow for a definitive test of these types of
wrinkled models within the FN mechanism.

At the moment, the strongest bound on LFV processes involving muons is the 90% C.L. limit, BR(p —
ey) < 4.2 x 10713 set by the MEG experiment [1119]. In the future, however, the most powerful probes of
this model will come from searches for u — e conversion in atomic nuclei. As discussed in more detail in
Appendix E.2, the conversion rate depends not only on the dipole operator relevant for p — e~y and p — 3e
decays, but also on four-fermion operators including the first generation quarks generated by integrating out
the leptoquark. Future prospects for detecting p — e conversion include the COMET experiment, which will
set a limit on the conversion rate of 7 x 107! (2.6 x 10~'7) in Phase-I (Phase-II) [1163,1164], and at Mu2e,
which aims at a final sensitivity of 2.5 x 1071® [1122,1123]'!, both in aluminum nuclei. For more discussion
on current and forthcoming searches for LEV, see [1045,1165-1169].

In the top left panel of Fig. 7.8, we show the predicted @ — e conversion rate in aluminum nuclei
as a function of the leptoquark mass, with the wrinkled FN ansatz taken for the Yukawa couplings. The
BR (BT — K*vv)-preferred region discussed in §7.4.2 is highlighted in red, while the dashed horizontal lines
show the future sensitivities for the conversion rate. We see that even Phase-I of the COMET experiment
will be sensitive to the mass range preferred by Bt — KTiv measurements, while Mu2e will decisively test
all of the relevant parameter space predicted by this model of flavor.

For the electron EDM, the bounds from the ACME II and JILA experiments [1116,1170] are at the level

"This sensitivity might be achievable at Mu2e-II, a proposed upgrade of Mu2e using the PIP-II accelerator at
Fermilab, potentially with a target material other than aluminum [1165,1166].
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Figure 7.8: Predictions for the Sy leptoquark contributions to precision observables with the wrinkled (blue,
solid) and vanilla (green, dashed) FN ansétze described in §7.4.2. We show the p — e conversion rate in an
aluminum nucleus (top left), the electron EDM (bottom left), the relative new physics contribution to Amp,
(top right), and BR(t — p~) (bottom right), using solid (dashed) lines for current (future) experimental
bounds or sensitivity. We do not show the best current bounds on p — e conversion rate, < 7 x 1073, from
SINDRUM 1II [1121] since it was made with a different nucleus (gold). The red band indicates the mass
range of interest for BR (B* — K*vv), as in Fig. 7.7.

de < 1.1 x 1072 and 4.1 x 107 e cm, respectively. For anarchic flavor couplings, this excludes masses up
to ~ 10°TeV. A vanilla FN ansatz relaxes this constraint to ~ 102 TeV, and with the additional wrinkles
invoked in Eq. (7.32), this bound weakens to mg, 2 2.7 TeV. Random factors of O(1), neglected throughout
our calculations, can slightly affect the reach on mg,. The fact that this is the same mass range as favored
by BR (BT — KTvv) measurements, and that the reach in mg, scales faster with improvements to electron
EDM measurements compared to other observables, underscores the importance of future electron EDM
experiments in probing our model. In the coming years, experimental advances and new technologies promise
to increase the sensitivity of EDM experiments by an order of magnitude or more [1117,1118,1171]. In the
lower-left panel of Fig. 7.8, we show the predicted value of the electron EDM as a function of the leptoquark
mass, alongside current bounds and a projected constraint of 1073l e cm, assuming an O(1) CP-violating
phase. As is clear from the figure, future EDM experiments will decisively test this model, up to scales
mg, ~ O(10) TeV.

For the meson mixing observables, we focus in particular on the neutral By meson mass difference, Amp_,
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whose matrix element is directly related to the BT — K*vv process for the S; leptoquark. To understand
the current sensitivity to new physics of By — B, mixing, we follow the UTFit analysis [1129,1172,1173] and

compute the quantity Cp,, defined as

C eQMB‘ o <BS‘HIS‘111}/£(+NP|BS> (7 33)
T BB '

mix

where Hpix includes the four-fermion operators responsible for AF = 2 transitions, as defined in Ap-
pendix E.2.6. The SM is defined as the point Cp, = 1, pg = 0, and the allowed size of the new physics
contribution is determined by a global fit to the flavor sector, with the range determined primarily by the
uncertainties on the input parameters, such as the CKM matrix elements. To be conservative, we consider
only the absolute value of the matrix elements above, and avoid making any assumptions about the relative
phase between the SM and leptoquark contributions, which is constrained by ¢y .

The resulting current and future sensitivities (where we assume the current central value is at the
SM, for consistency with future projections) are shown on the top right in Fig. 7.8. The projected future
sensitivity of ACp, = 0.026 is taken from Ref. [1129], based on projections of HL-LHC results and Belle II
results with 50ab™! integrated luminosity. We see that the improved sensitivity will start to probe the
leptoquark mass range preferred by the BR (BT — K*¥v) measurements. It is also worth emphasizing that
these projections do not account for potential improvements in lattice inputs, and thus could be quite
conservative. A statistically significant signal in any of the aforementioned channels would also warrant a
much more careful analysis of these Bs-mixing constraints and projections, including phase information that
depends in more detail on the flavor ansatz, which could improve sensitivity even further.

A number of additional flavor-changing or flavor-violating decays will be probed with increasing sensi-
tivity at Belle II. A notable example is the LFV decay T — p~, for which the current bound set by Belle is
BR(T — pry) < 4.2 x 1078 [1124]. Belle II is projected to improve this bound to 6.9 x 107 [1125,1126]. In
the lower-right panel of Fig. 7.8, we show the predicted branching ratio of T — p~ as a function of mass. We
see that, for the mass range preferred by the BR (BT — KTvv) measurements, the addition of wrinkles in
our flavor ansatz suppresses what would otherwise be a predicted signal from assuming the FN mechanism.

Finally, the K — mvi decays, which would rule out the preferred mass range for BT — K+ v without
wrinkles, have a sensitivity ~ 1TeV in the wrinkled FN ansatz. The K¥ — nTvi decay was only recently
measured (with a significance of 3.40) at the NA62 experiment [1127]. A 10 — 20% precision on this branching
ratio is necessary to start excluding mg, ~ 2 — 3TeV, and the requirement for K;, — w"vi is similar. Both
of these may be achievable with future runs at NA62, or at future experiments planned at the NA62 hall at
CERN [1128,1174] and at J-PARC [1175], and would be an interesting complementary probe of the same

physics considered here.
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The preceding discussion demonstrates that all of these powerful, forthcoming measurements could have
a similar sensitivity to new mass scales for an appropriate choice of wrinkles. Exactly which search channel
is ideal depends on the precise pattern of charges and wrinkles in the IR. However, the expectation that we
will probe these other correlated signals is relatively robust since the wrinkles in Eq. (7.32) were chosen to
saturate the bound in Eq. (7.16) without diminishing the Bt — K*vv signal. While this enhancement to
BT — KTvv was only for illustration, and not a fit to a true, significant deviation from the SM, it reveals
that for some motivated UV models of flavor, upcoming experiments can simultaneously test explanations

for the SM flavor puzzle.

7.5 Discussion

When new physics is embedded in the FN mechanism, the FN ansatz determines the size of both the SM
and new physics couplings. In this chapter, we have put forward a systematic extension of this ansatz
which can change the expected scaling of the new physics and SM couplings. These changes, referred to
as wrinkles, deviate from the FN pattern that is dictated by the horizontal symmetry charges. Wrinkles
allow us to demand consistency with other experimental measurements and searches: modifying the relative
size of couplings restores some theories that would otherwise be unfeasible due to the correlations between
different observables from the FN ansatz. Therefore, they vastly increase the FN mechanism’s versatility
in accommodating solutions to flavor anomalies. However, owing to radiative corrections, we have also
argued that wrinkles can not give rise to arbitrarily large deviations from vanilla FN predictions. There are
consistency conditions which must be obeyed by the size of the new wrinkled Yukawas.

While the primary purpose of wrinkles is to give a consistent IR description for various flavor observables,
we have also explored how they can be UV completed by various different models. Specifically, in this chapter
we have given some simple schematic examples of possible UV realizations. In future work, it would also be
interesting to understand more about what patterns of wrinkles can be realistically realized in the UV and
the various models that can be used to realize them.

Throughout this chapter, we focused on the phenomenological example of the S; leptoquark. We dis-
cussed the implementation in the IR when the leptoquark is embedded in a FN model. We also provided a
detailed example of how an enhancement of the leptoquark contribution to BR (Bt — K*vv) can consistently
respect other experimental bounds, but only if wrinkles are invoked. This wrinkled setup also motivates
future measurements, since several signals would be on the verge of discovery in this model, even when the
number of wrinkles is enlarged to saturate the simplest consistency condition. In particular, we showed
predictions for the most sensitive upcoming probes, namely p — e conversion and the electron EDM.

While we limited our exploration to a specific example with the S; leptoquark in this work, it would be
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interesting to explore how wrinkles can be applied more broadly. For instance, in our example we fixed the
horizontal charges of the SM particles, but there are many other possible choices that reliably yield the SM
masses and mixing angles. One could explore how changing the charges affects the correlations and hence the
allowed wrinkled ansatz, and see which observables remain correlated to the same mass scale more generally.
It would also be intriguing to include other flavor spurions or to add wrinkles to the SM couplings in addition
to the new physics couplings. Moreover, it would be useful to do a broad methodical study on the effect of
O(1) numbers in different spurions to explore naturalness in these types of models; see [1081,1082,1085] for
previous studies of naturalness in such models.

Aside from the flexibility permitted by wrinkles, it is worthwhile to emphasize a separate point about
FN models in general: there is more than one charge assignment that can naturally generate the observed
SM masses and mixings, beyond just the overall shift in the quark and lepton charges. In particular, we find
that the charges of first generation fermions can be either larger than or smaller than other two generations.
This is in contrast to a criterion in Ref. [1046], where it was demanded that charges increase monotonically
between generations. However, this general FN charge assignment is still not anomaly free and requires some
cancellation mechanism, such as Green-Schwarz.

With a number of precision flavor experiments gathering data in the near future that could probe the
underlying mechanisms for the flavor structure of the SM, it is the right moment to think about sophisticated
UV flavor structures beyond the vanilla FN setup. Wrinkles—a systematic deviation from the vanilla FIN
prediction for the relationship between different couplings—are one such example that significantly increase
the versatility of FN constructions in confronting potential signs of flavorful new physics. We encourage

their use in embedding solutions to anomalous signals in UV complete models of flavor.
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Parameter Inference from Event Ensembles and the Top-Quark

Mass

8.1 Introduction

The number one goal of collider physics experiments is to determine the existence and properties of particles
in nature. In some rare cases first-principles theoretical calculations can be compared directly to data. More
commonly, theory is used to construct sophisticated simulations with adjustable parameters that are then fit
to data. Some of these simulation parameters, like coupling constants or masses, have straightforward phys-
ical interpretations while other parameters, such as elements of Pythia’s string fragmentation model [1176],
are required to provide enough flexibility for the data to be described. Often the parameters are highly cor-
related: varying one can sometimes be entirely compensated by varying another. Typically the uncertainty
generated by profiling the unphysical parameters is smaller than other sources of uncertainty, however for
precision studies it can be important.

The example of parameter extraction studied in this chapter is the determination of the top-quark mass.
The top mass is one of the few parameters in the Standard Model for which a measurement with improved
precision is both extremely important and feasible at the LHC. For example, our current best estimate of

the lifetime of our metastable vacuum in the universe is limited by precision on top quark mass and the
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strong coupling constant [806,1177-1179]. Moreover, the lifetime is exponentially sensitive to the top quark
mass. Using m} ole — 173.1 GeV, our universe is predicted to last 10'67 years, but if the top mass were
0.6 GeV higher it would last only 10" years, and if it were 0.6 GeV lower, the universe would last 1022
years [1179]. Another example, is searches for certain supersymmetry (SUSY) models, in which stop squarks
that are nearly degenerate with the top quark are difficult to constrain because the signal is so similar to
tt background. This similarity allows the stops to contaminate precision measurements of the top quark, so
the consistency of top measurements can be used to search the SUSY parameter space [1180-1185].

It is possible to measure the top-quark mass by direct theory-data comparison, for example through
total cross section measurements [1186]. The cross-section approach has two main advantages: it allows for
a direct comparison between data and precision theory and the top mass extracted has a clean short-distance
definition (typically the MS mass). However, current mass determination by this method has an uncertainty
of 1-2 GeV [1182,1187-1191]. The method for extracting the top-quark mass from LHC data that currently
has the smallest uncertainty is fitting the invariant mass peak from the decay products of top quarks in
tt events [1192-1196]. While such fits typically have errors at the sub-GeV level, there are systematic and
theoretical uncertainties associated with such a procedure that are not present in the cross section method.
The main complication is that one is more reliant on simulation. For example, there is an uncertainty about
how to translate the mass extracted this way, called the Monte Carlo mass, to a scheme like the MS mass
which is more theoretically sound.

It is important to separate the challenges in converting between a Monte Carlo mass parameter and a
short distance scheme like MS from the extraction of the Monte Carlo mass parameter itself. Typically,
the conversion to MS is done by equating the Monte Carlo mass with the pole mass. One could attempt
to systematically improve this mapping, for example by comparing precision theory and simulation directly
(without data) [1197-1203]. Regardless of how or whether this is done, one cannot hope to begin converting
from the Monte Carlo mass to another scheme if different Monte Carlo tunes lead to a different value of
the top mass when fit to the same data. Thus, a prerequisite for considering the conversion between Monte
Carlo and pole mass is to reduce the tune-dependence of the extracted mass. This reduction is the primary
target of this chapter.

The problem of reducing tune uncertainty of the top mass was examined in [1204]. There it was estimated
that using classical histogram fitting, the tune-uncertainty on the top Monte Carlo mass was around 500
MeV. This number results from a comparison among the masses extracted using a standard set of tunes
in Pythia. It was then shown that the uncertainty could be reduced to 200 MeV by calibrating to the
W mass (as is often done by the experiments), and further reduced to 140 MeV by applying soft-drop jet

grooming [1205] to the data before fitting. In this chapter, we reproduce the main results of [1204] and
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explore whether further reduction is possible using machine learning or with linear regression on ensembles
of events. Additionally, we also compare these methods to a profile likelihood fit that is similar to what is
currently done in the best experimental measurements.

Using machine learning (ML) to fit a parameter like the top Monte Carlo mass involves complementary
challenges to typical collider physics ML applications. Typical collider ML applications such as top-tagging
or pileup removal have essentially a right answer: which event was a top and which was background, or what
does an event look like with pileup removed? For top mass measurement, there is no right answer: a perfect
oracle would not be able to determine the mass from a single event. Instead, only after a collection of events
are observed can the top mass be extracted.

There are a number of approaches that have been suggested for learning from ensembles of events.
For example, the JUNIPR framework uses a jet-physics inspired architecture to construct the likelihood
distribution [42,258]. This can be done as a function of the top mass, or other training parameters which
can then be regressed on data. This application for JUNIPR was suggested in [42] but has not yet been
implemented to our knowledge.

Another approach is the DCTR method proposed in [314]. DCTR works by learning the relative weights
of a distribution of events as a function of some reference tuning parameters. Then it can be used for
regression by minimizing the loss over the tuning parameters to find the best fit. DCTR takes as input events
processed through a Particle Flow Network [1206], which is an adaptation of the “Deep Sets” framework
developed in [1207] to particle physics. In [314], it was shown to be able to fit simultaneously three Monte
Carlo tuning parameters in eTe™ — jet events with good results. Thus it is a natural candidate method to
test on top-mass extraction where there is a clear metric for what a “good” fit would be. Although the top
mass is physical, the top mass parameter in the Monte Carlo can be treated as a tuning parameter and fit
in the same way as other Monte Carlo parameters. A discussion of the DCTR method is given in §8.5.

While the DCTR method is promising, it is somewhat cumbersome to implement and train. Moreover,
learning the full likelihood ratio as a function of a very high-dimensional input (such as ParticleFlow) may
not be necessary if the goal is the regression of a single parameter, like the top mass. Thus we also consider
a simpler approach, where ordered sets of high-level observables are input to a dense neural network. We
discuss this approach in §8.4. The dense network is very effective, even if the activation functions connecting
the nodes are linear. Thus, the entire network is a linear function acting on a sorted ensemble of events. We
compare the linear network performance to an ordinary least squares regression, finding similar performance.
Moreover, the linear mapping can be examined to see how it depends on the tune and the various elements
of the input ensemble. This analysis is also included in §8.4. A summary of our main findings is given in

Fig. 8.1.
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Figure 8.1: Summary of main results. The bars show the estimate of the Monte-Carlo tuning uncertainty in
top-quark mass extraction from top events at the LHC. The errors on the uncertainties include uncertainties
from training and statistical variations. The top row is a histogram fit, using soft drop and normalizing to
the W-mass (following [1204]). The second row uses a 2D likelihood fit to profile over correlations between
the top and W masses. The third row uses the DCTR technique of [314]. The fourth row is an ordinary
least squares linear regression on an ensemble of 30,000 events. The fifth row shows the result of using a
linear network for regression, also on an ensemble of 30,000 events. Numbers here correspond to the total
envelope excluding PDF uncertainties, as in Fig. 8.14.

The chapter is organized as follows. Event generation and general elements of our fitting procedure are
discussed in §8.2. §8.3 describes our implementation of classical fitting methods that are similar to what is
often done in experimental work, including a histogram fit modeled after [1204] and a 2D profile likelihood
fit, to benchmark our samples and fits. §8.4 discusses the regression approach, using both a linear network
and an ordinary least squares regression. §8.5 discusses the DCTR, approach of [314]. Our conclusions and

a discussion are given in §8.6.

8.2 FEvent Generation and Uncertainty Estimation

For this study, events with pairs of top quarks are produced using Pythia 8, including both qq and gg
production channels in /s = 13 TeV proton-proton collisions. We restrict to semi-leptonic events with
t — bltv, and t — bqq’, where ¢ stands for electrons or muons. The events are showered to final state
particles, which are then clustered into jets using the anti-k; [1208] algorithm in Fastjet [1209] with R=0.5.
For simplicity, we do not attempt to include any realistic detector effects or experimental efficiencies. Thus,
we mark any jet within AR < 0.4 of one of the b’s from the top decays as a b-jet and assume the lepton
is correctly tagged. A more realistic study would of course need to incorporate b-tagging, jet energy scale

resolution, pileup, backgrounds, and so on. Each of these effects will necessarily increase the top-quark mass
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uncertainty. However, since our goal is mainly to understand the relative performance of different ensemble
regression methods, we do not believe our simplifying assumptions will affect the qualitative conclusions.

The event selection is as follows. We require a final state ¢ with p‘% > 20 GeV and |n| < 2.4. We only
keep jets if they have pjT > 30 GeV and ’n’ < 2.4 and demand that there are exactly 2 b-tagged jets and
at least 2 un-tagged jets. The invariant mass of pairs of un-tagged jets is scanned to find the pair with a
mass closest to my = 80.3 GeV. If this two-jet invariant mass, my; is not within (70 GeV, 90 GeV), the event
is discarded. Next, we find the three-jet invariant mass for the two jets of the W and b-tagged jet coming
from the b. This is overly simplified and ignores combinatoric background.! However, we take a tight cut
on the three-jet invariant mass, and only accept events with 150 GeV < mg; < 200 GeV?, which reduces such
contamination. This still allows for a comparison of the different methods.

The uncertainty in the regression of the Monte Carlo top mass from each of the methods is computed
using the A14 Pythia 8 Tunes of the ATLAS 7 TeV data [1211]. The 14 tunes cover 4 different families of
variations: VarPDF, Varl, Var2, and Var3. VarPDF covers variations in the parton distribution functions
with tunepp:19-22 corresponding to the CTEQL1 [1212], MSTW2008LO [1213], NNPDF2.3LO [1214], and
HERAPDF1.5LO [1215] PDFs, respectively. Varl, Var2, and Var3 all use the NNPDF2.3LO [1214] PDF but
vary other parameters, with Varl covering underlying event effects, Var2 accounting for jet substructure,
and Var3 covering different aspects of extra jet production. Var3 includes three separate variations (Var3a,
Var3b, and Var3c) since it could not be reduced to a single pair. The tuning parameters for all A14 variations
are shown in Table 8.1.

There are of course many more tunes one can consider. But again, since the main purpose of this study
is to compare the relative strengths of different approaches, not to produce a final numerical value of the
uncertainty, we believe this set should be sufficient.

We attempt as much as is possible to use the same fitting procedure to compare different methods. In
all cases, after a method is fit or trained, it provides a mapping from an ensemble of events to a regressed
mass. To assess the uncertainty of the regressed mass, we first assess its variation for fixed Monte Carlo mass
within each tune family. We denote the maximum, minimum and mean regressed mass within the family
for the fixed mass by m?®, mf", and mg,, respectively. We compute the uncertainty for the given mM¢ and
tune family as
MC

(mg‘:x — mg‘ti“) e . (8.1)

MC __
Am™~ = —
g

N =

The factor of mM€ /mfl* reflects that the fit mass (especially in the histogram fit with soft drop) can be

'Ref. [1210] introduces a machine learning method to identify the correct combination of jets in tt without the
factorial scaling of scanning each combinatorial permutation.

2In the dense network section, we also generate events without this cut to see the effect of the mj3; range on AmMC.
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Variation Tunes ‘ ColorRec ‘ als\/IPI ‘ p}T{Sf
VarPDF 19-22 1.71 0.126 1.56
Varl 21, 23, 24 [1.69,1.73] [0.121,0.131] 1.56
Var2 21, 25, 26 1.71 0.126 [1.50,1.60]
Var3a 21, 27, 28 1.71 [0.125,0.127] [1.51,1.67]
Var3b 21, 29, 30 1.71 0.126 1.56
Var3c 21, 31, 32 1.71 0.126 1.56
Variation ‘ p%ampFudge ‘ OLESR ‘ p?axFudge ‘ OL%SR
VarPDF 1.05 0.127 0.91 0.127
Varl 1.05 0.127 0.91 0.127
Var2 [1.04,1.08] [0.124,0.136] 0.91 0.127
Var3a [0.93,1.36] [0.124,0.136] [0.88,0.98] 0.127
Var3b [1.04,1.07] [0.114,0.138] [0.83,1.00] [0.126,0.129]
Var3c 1.05 0.127 0.91 [0.115,0.140]

Table 8.1: Table shows the relevant parameters for the Al4 tune variations. Varl through Var3 tunes

are listed in order of central, 4+, then -. The relevant tuning parameters are the strength of the color

reconnection (ColourReconnection:range), the strong coupling constant for multiparticle interactions OLgIPI

(MultipartonInteractions:alphaSvalue), the initial state radiation (ISR) pr cutoff pRet (spaceshower:pToRef),

the factorization/renormalization scale damping p%ampFUdgC (SpaceShower :pTdampFudge), the strong cou-

pling constant for final state radiation (FSR) afS® (TimeShower:alphasvalue), the multiplicative factor

on the max ISR evolution scale p?axmdge (Spaceshower :pTmaxFudge), and the ISR strong coupling ofS®

(SpaceShower :alphaSvalue).

linearly offset from the true Monte Carlo mass.

An example of this procedure is shown Fig. 8.2 for the Varl tunes. The blue, orange, and green data
points denote the fits from the central, +, and — variations, respectively. The x-axis shows the true Monte
Carlo mass of the sample and the y-axis gives the fit value. We compute AmM€ for five different values
of the top mass: mM©=172.0, 172.5, 173.0, 173.5, and 174.0 GeV. The spread between the maximum and
minimum fit mass at each point is marked, and the average mass is reported along with AmM¢ for each
Monte Carlo mass. Note that the value of AmM¢ is different for each mM¢.

In order to get a statistical estimation of the the uncertainty, we repeat the analysis on the same five
masses using four more independent data sets generated with new random seeds. The maximum and mean
uncertainties from the 25 samples (5 masses times 5 data sets) are presented in the following figures. To
visualize these uncertainties, we show box-and-whisker plots. These start by placing a box covering the
25th-75th percentiles of the AmMC values. The whiskers then extend as a line out to the maximum and
minimum, unless these are further away from the box than 1.5 box lengths, in which case the points are
considered to be outliers and denoted by open circles. The line in the box denotes the median. An example

of this statistical estimate is also shown in Fig. 8.2.
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Figure 8.2: How uncertainties on mM¢ are estimated. These particular numbers are from the uncorrected

histogram fitting method using the Varl tune, but the same error estimation is used throughout. Left: we
show the fitted mass for different truth mM¢ values and + and — variations of the tune parameters. For each

m%VIC, the uncertainty Am%VIC is computed using (8.1). We repeat the fits with 5 test sets. Right: the values

of AmM€ for each test set and each mass are shown. The markers correspond to specific mM® samples. The

distribution of these uncertainties are shown in the box-and-whiskers plots (“summary” row of right panel).

8.3 Classical Fitting Methods

In order to benchmark the tune uncertainties for the top mass, we first implement two template fitting

procedures modeled roughly on what is often done for actual experimental data.

8.3.1 Histogram Fitting

We employ an iterated Gaussian histogram fit, similar to that used in [1204]. For each test set at each tune
and mass, we create a histogram of the three-jet invariant mass, ms;, using anti-kt R = 0.5 jets. We then fit
a Gaussian to the distribution along the full range 150 GeV < mg3; < 200 GeV. The fit range is then adjusted
to include one standard deviation on either side of the mean of this Gaussian and a new Gaussian is fit to this
new range. We continue to iterate this fitting procedure until the mean and width of the Gaussian converge
to stable values. The mean is then used as the fitted top mass mf"* and the width discarded. The left panel
of Fig. 8.3 depicts this procedure. We also tested iterated fits of different functions such as a crystal ball
function and a skewed gaussian, but do not display the results since they do not improve the top mass fit
compared to the Gaussian case.

The top mass mfit extracted from this method is very nearly linearly proportional to the top Monte
Carlo mass mM€. This linear fit is shown on the right panel of Fig. 8.3. We then use the fitted mass and

Monte Carlo mass to compute an uncertainty as described in the previous section.

We consider three variants of this method, again following [1204]. We first fit directly to the 3-jet mass
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Figure 8.3: Shows the iterative fitting procedure used to fit a top mass to the 3-jet mass distribution. The
left panel shows the distribution and several fits. In each iteration the fit range is adjusted to include one

standard deviation on either side of the mean of the previous fit. The right panel demonstrates the linear

relation between the fitted values of mf!* from tune 21 data and the Monte Carlo mass mM¢ used to generate

the events. The fit ranges shown are 150 — 200 GeV, then 159.4 — 185.6 GeV and finally 162.3 — 183.1 GeV.

histograms. Second, we calibrate to the W mass. To do this, we rescale the 3-jet mass so that the 2-jet
mass, myj, is equal to the W mass:
Ingj

Mecalibrated = MW . (82)
mgj

Finally, we apply the soft drop algorithm [1205] with parameters 3 = 0,1,2 on the jets before computing
the histogram.

A summary of the resulting uncertainties from the histogram-fitting approach is presented in Fig. 8.4.
We find that the best variant, including both W calibration and soft drop with 3 = 0, yields a mean
total envelope uncertainty of about 65 MeV and an uncertainty of about 100 MeV when the variations are
added in quadrature. This is roughly consistent with the values in [1204], and similar to values found by

ATLAS [1194].

8.3.2 Profile likelihood fitting

The histogram fitting method does not easily extend to more than one observable and does not include
information from every event. A second method which is used by the experiments is to perform a profile
likelihood fit. The idea behind this method is to find the mass which is most likely to have generated the
observed events. To do so, a likelihood function is used to model the distribution. The likelihood function
is able to incorporate more than one observable, allowing for more flexibility than the histogram fitting.
Here, we model the top and W resonances as Gaussian distributions. The mean value of the top
distribution will be fit, and the mean of the W distribution is set to 80.3 GeV. The standard deviations

of the distributions are determined from fitting the resonances across all tunes simultaneously and are

164



Histogram Fitting Comparison

—Em— mean: 274.7, max: 297.9
O —m~ mean: 70.8, max: 89.5
VarPDF | —BEB— mean: 31.6, max: 53.9 i
—— O mean: 248.9, max: 285.1
—mm— mean: 36.4, max: 64.3
mean: 349.1, max: 369.7 ~mEm—
—E— mean: 67.2, max: 92.1
Varl fHE— mean: 20.3, max: 40.6 .
—Em— mean: 40.0, max: 64.1 Uncorrected
—@m— O mean: 33.3, max: 68.9
W calibration
mean: 444.8, max: 473.7 —mE—
—EmE— mean: 73.7, max: 93.3 W calibration

il 10l

Var2| +—@B— mean: 52.2, max: 77.4 _
@m0 mean: 101.2, max: 123.9 Soft drop (5=0)
—@mm— mean: 38.7, max: 64.6 W calibration
—Em— mean: 268.1, max: 294.2 Soft drop (8=1)
—Em— mean: 57.7, max: 84.3 . .
Var3a f—mmm—— mean: 36.8, max: 77.4 2D Likelihood Fit

Var3b

Var3c

Envelope |

excluding PDFS

Envelope [

including PDFS

Tune uncertainties |

——m— mean: 63.4, max: 88.1
—@— mean: 29.3, max: 45.9

mean: 382.0, max: 412.5 ——mmm—
—m— mean: 67.2, max: 86.7
- ——mm— mean: 49.1, max: 73.0
—mm— mean: 90.9, max: 110.3
—Em— mean: 29.8, max: 59.9

—mm— mean: 120.1, max: 149.3
—m— mean: 29.7, max: 56.5
HHI— O mean: 19.5, max: 49.8
HI— O mean: 22.4, max: 54.3
OO0 mean: 27.8, max: 54.2

mean: 451.4, max: 474.1 —mm—
—— mean: 91.0, max: 108.5
—Em— mean: 65.3, max: 87.1
O +—m— mean: 108.3, max: 123.9
—mm— mean: 59.4, max: 77.9

®-— O mean: 108.7, max: 133.4
—m— mean: 66.5, max: 87.1

—mm— mean: 60.5, max: 77.6

——@Em— O mean: 293.8, max: 335.5

mean: 535.9, max: 552.0 O —m—~

—E=1— mean: 156.7, max: 179.0
—mm— mean: 95.4, max: 127.8

mean: 792.7, max: 812.7 ==

added in quadrature ——mmm— mean: 295.4, max: 328.8

O {m—oO mean: 85.3, max: 107.0
0 100 200

300
AmMC [MeV]

400 500 600

Figure 8.4: Box-and-whisker plot for the uncertainties on the top mass histogram fit and profile likelihood
fit within each group of variations in the A14 set of tunes, as in Fig. 8.2. The open circles denote outliers
which are further away from the box than 1.5 box lengths. The uncertainties are calculated with and without
W calibration and soft drop grooming methods. The bottom three rows show several ways of combining the
error for the different variations.
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oy = 6.5 GeV and ow = 3.5 GeV. In addition, we include a nuisance parameter, ¢, in the model to help
account for fluctuations in the ratio of the reconstructed top and W masses coming from differences in the

tune parameters. Explicitly, the likelihood is given as

L (mf‘t,c) = H <Q (mg;c |mff‘,0t) G (my; ¢ lmw, ow) G (c |1,0C)) , (8.3)

i€Events

where G(x|p, o) is the probability density evaluated at x for Gaussian distribution with mean p and standard
deviation o, and o, is the standard deviation of the fitted value of the my; peaks across a range of tunes.
We use o, = 0.13.

For a set of events with a fixed tune, the value of the top mass is extracted by maximizing the likelihood

fit

function over both mf® and c. The value of mf*

that maximizes the likelihood does not equal mMC, but is
linearly correlated. The linear relation between mM® and mf* is used for the inference of top mass.

Fig. 8.4 shows the results using this method as the brown bars denoted by “2D Likelihood Fit”. Overall,
this method does similar to the histogram fitting with grooming and calibration, even though these are not
done explicitly here. The likelihood fit improves the mean AmM€ by around 10% when taking the envelope
of the tunes or adding the uncertainties in quadrature. This improvement comes as a result of using the
values of my; and mg; from every event and including a nuisance parameter. In principle, it is possible to
implement a nuisance parameter for each of the tuning parameters, but this is challenging in practice, as
the effects of each tuning parameter may not be well modeled by a Gaussian. Instead, we advocate for the
method presented in the next section, which still includes the values of my; and ms; from every event, but

allows for a flexible function—unlike the fixed form of Eq. (8.3)-which uses changes in the distributions to

account for tune variations.

8.4 Regression on Sorted Ensembles

In this section, we study whether doing regression on ensembles of events can improve on the traditional
template histogram fit. We consider both using a dense neural network (DNN) to do the regression with
machine learning, and alternatively an ordinary least squares (OLS) linear regression. The two methods give
comparable results. The DNN with linear activations is slightly better, but the OLS regression is simpler

and faster (but uses more memory).

8.4.1 Inputs

We take as inputs to the regression ensembles of observables computed from simulated events, sorted by one
of the observables. We use these sorted ensembles as inputs to regress out the top-quark Monte Carlo mass,

mMC,
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For training, we use events simulated with mM® ranging from 170 to 176 GeV in intervals of 0.2 GeV.
For each mass we generate 300,000 training events for each of the Al4 tunes. We have also tested using
a larger total number of events in each sample and finer spacings between the masses, but this does not
improve our results. There is no apriori reason why a uniform prior necessarily gives the best performance,
but we find it to be sufficient for our purpose. To train the regression, we use a random ensemble of 30,000
events (with replacement) from the total set of 300,000 at a given tune and mMC. The number 30,000 is
chosen because taking a smaller number of events per ensemble gives a larger error, while taking a larger
number is prohibitively slow (at least in the DNN case) and does not lead to noticeable improvement. Both
the DNN and OLS regression see many different ensembles from each training sample, but the total number
of ensembles and which samples they are from differs between the two regression methods. For the DNN,
batches of 100 ensembles are seen in each training step, and each ensemble is from a randomly selected mass
and tune. In contrast, the best OLS regression uses 20 ensembles for each mass and tune.

The basic observables we consider are the 3-jet invariant mass (i.e. top), ms;, the 2-jet invariant mass
(i.e. the W boson mass), my;j, and their ratio Rsy = 2—2 [1216,1217]. The inputs to the regression are the
values of these observables, sorted by one (or more) of them. Sorting the ensemble is important because it
determines which parts of each observables’ distribution the different weights are applied to, and allows the
regression to exploit correlations in different observables across tunes. Example input distributions sorted by
mgy; are shown in Fig. 8.5. We tested different orderings and several different observables as inputs (discussed
more in section 8.4.2), and find that sorting by increasing mg; tends to give the best results.

To extract the uncertainty from the regression, we generate five more statistically independent samples
of 400,000 events at each mass between 172.0 and 174.0 GeV (in intervals of 0.5 GeV) and for each of the A14
tunes. From each of these test samples (at fixed mass and tune), we take an ensemble of 30,000 events and
evaluate the network to get an output value. We repeat this 100 times for each sample and take the mean
of those values to get a final predicted value for a given trial, mass, and tune. We then use those predicted

values to compute the error as described in §8.2.

8.4.2 Dense Network

First, we discuss using a linear network. We use a two layer network implemented in keras [1218], with
one node in each layer and linear activation functions between nodes.®> This is shown in Fig. 8.5. While
more than one layer is not strictly necessary since our activation functions are linear, additional layers can
help with training and hyperparameter optimization. We also tested more complicated neural networks with

different filter configurations (including deeper networks), removing various node connections, and nonlinear

3The exceptions to this are the R3 only networks, which train better when we use a third layer.
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Figure 8.5: Example DNN and its inputs. Example inputs are ms;, my;j, and Rap for 30,000 events, sorted
according to increasing ms;.

activation functions, none of which seemed to improve performance. Networks were trained with the Adam
algorithm [1219] for 600 epochs of 750 steps each, with an early stopping patience of 60 and a batch size
of 100. The initial learning rate was 0.0005, with a learning rate decay of 0.7 after 8 epochs without
improvement. We did not exhaustively optimize these hyperparameters, so it is possible that there would be
further performance gains with a more systematic hyperparameter search. We also normalize all inputs by
subtracting a constant so that the mean of each sorted ensemble is small compared to its spread, which helps
ensure consistent results when the network is trained multiple times. This amounts to subtracting 173 GeV
from ms;j, 80 GeV from my;j, and 2 from Rsy. We also tested other normalization methods, but found they
do not improve performance noticeably. We tested several loss functions and determined that the network
is mostly insensitive to which loss function was used and performs equivalently for loss functions such as
logcosh and mean squared error. The results presented use the logcosh loss.

We tested multiple different sets of observables as inputs. We considered including combinations of msy;,
my;, Raa, and my, (the invariant mass of the lepton and b-quark on the leptonically decaying top quark side
of the event). For each of these inputs, we considered sorting the ensembles in different ways before putting
them into the network. Sometimes, we sorted the events the same way for all the observables, and sometimes
we sorted the events differently for different observables. In either case, the orderings were determined by
making sure the sorted variables were strictly increasing, and then applying one of these orderings to each of

the other, unsorted variables. We find sorting is necessary to train the network, and that the results depend
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Figure 8.6: Uncertainties on the top mass linear network fits within each group of variations in the A14
set of tunes, with different observables as inputs. The Total Envelope section contains the envelope of all
tunes. For every network displayed (except that trained only on the means of the distributions and the soft
drop example), the distributions are sorted by increasing ms;. For the soft drop example, the distributions
are sorted by mg; with 3 = 0 rather than the original m3;. We have restricted ms; to between 150-200, except
for those networks labeled “No mj; cut”.
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on how the inputs were sorted. Generically, we find that sorting by ms; works best.

Additionally, we recomputed these observables for subjets determined in different ways and tested com-
bining these subjet observable ensembles with those for the original jets. We used subjets obtained by
applying soft drop [1205] with z = 0.1 and 3 = 0,1,2 to the initial jet, as well as telescoping subjets at
different radii [1220-1222]. We found that our results are not sensitive to the value of z used in soft drop
as long as it is small enough. Changing 8 has a small effect which is not noticeable in the best case of ms;
& my; inputs. For single observable networks, 8 = 0 often does best. For both types of subjets, our results
depend on the specific network inputs, but none of these networks perform noticeably better than the best
network without subjet observables.

A subset of our results for various different inputs is shown in Fig. 8.6. As previously mentioned, a
combination of ms; and my;j, both sorted by increasing ms;, is sufficient to give our best results. This is
shown in blue. From the figure, we can see that most of the contributions from the different variations are a
similar order of magnitude, in contrast to the histogram fitting case. The largest contributions to the error
are from Varl and VarPDF.

For completeness, Fig. 8.6 contains several other results, considering both different input variables and
different ms; ranges. We find many networks with additional variables perform similarly to the ms; & my;
combination (which can be seen by comparing the blue errors to the orange and green ones), while networks
that do not include both m3; and my; tend to perform worse. Like in the case of the histogram fit, using mass
alone (shown in yellow) gives the worst results, while R3s alone (shown in pink and brown) improves upon
the mass, though both do better than the histogram fit when the same inputs are used.* Examples including
soft drop variables and subjets at different radaii are shown in red and purple respectively. Including soft
drop variables or subjets at smaller radii can help when compared to networks trained on single variables,
but there is no further improvement on the ms; & my; combination. For reference, we also include two other
networks that do not use the full distributions for every tune as input. In gray, we show the case of taking
the average of the ensemble before inputting to the network. In turquoise, we show a network trained on
tune 21 only (but still tested on all the Al4 tunes). Unsurprisingly, we find that in both of these cases the
networks perform worse than the full sorted ensembles marginalized across tunes.

Next, we would like to understand why these networks are able to perform better than the histogram
fit. In the histogram fit, the mass is given by the center of a Gaussian which is similar to our average-only
network. Therefore, we look for improvements over the average-only network as a proxy for understanding

why the dense network does better than the histogram fit. In order to understand how different parts of the

4The improvement between Rs; and using multiple observables is dependent on the range of mg; used; for ms;
between 150-200 the difference is larger than when the full ms; distribution is used. This can be seen in the difference
between the pink and brown errors.
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Figure 8.7: Graphical representations of the contribution to the predicted mass as a function of entry
number in the ensemble using the mg; & my; network. In (a), we show a rolling average of the product of
the (normalized) ms; input multiplied by the network weight for each event number. Each color denotes a
different mass and tune. Only a subset of masses and tunes have been shown for clarity. In (b)-(d), each
point is the cumulative sum up to that event number of the (normalized) input value multiplied by the
network weight. (b) includes only the ms; contribution, with colors denoting masses and each mass including
1 sample from each of the A14 tunes. (c) includes only the my; contribution, with colors denoting tunes. One
sample at each mass is included for each tune. (d) sums over both mg; and my; with colors again denoting
masses. The bias is included in the zeroth entry.
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Figure 8.8: (a): Graphical representation of the contribution to the predicted mass as a function of entry
number in the sorted ensemble using the network that depends only on the average of the ensemble. The
zeroth entry includes the bias. Each point is the cumulative sum up to that entry of the (normalized) input
values multiplied by the network weight and divided by the total number of samples. Color denotes the
mass. There are fourteen different lines for each color; one example for each tune. (b): Histogram showing
an example distribution. The solid lines drawn show 5k, 15k, and 25k events for several masses and VAR1
tunes.

ensembles contribute, we examined the weights of the networks.

We use these weights to construct Figs. 8.7 and 8.8a. Since these weights are shared by all masses and
tunes, we multiply the weights by example input ensembles to construct the plots. Specifically, we plot a
rolling average of the input times the weights (as in Fig. 8.7a) or a cumulative sum of the inputs times the
weights (as in Figs. 8.7b-8.7d and 8.8a) as a function of event number. For Figs. 8.7d and 8.8a, which include
all input observables, we have also added the constant bias learned by the network and accounted for the
normalization of the labels by adding 173 to the predicted outputs. In these two plots, we can read off the
predicted mM¢ value from event number 30,000. We include Fig. 8.8b for reference, to see which parts of
the top mass distribution are contributing the most in each network.

In general, we want to design a procedure that is sensitive to the Monte Carlo mass but not the tuning
parameters. The difficulty with this is that most variables that are strongly affected by mMC (such as ms;)
are also strongly affected by the tuning parameters, which we can see from Fig. 8.7b. This can be partially
corrected by including other variables (such as my;, seen in Fig. 8.7c) which are more sensitive to the tune
than the MC mass. When we just fit the mean of each distribution, there is not much more that we can
do, aside from trying to clean up the distributions themselves. However, in the case of directly inputting

a sorted ensemble into the regression, the network can look for other combinations that are less sensitive
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to the tune than the mean. The network can learn to use a particular part of an observables’ distribution
to differentiate the masses, and a different part to partially correct for the difference in tunes. This can be
seen in Fig. 8.7a, where the middle of the ensemble distinguishes the mass, whereas the upper tail is more
strongly correlated with the tune. We can also see this from comparing the average only network in Fig. 8.8a
with the full mg;&my; network in Fig. 8.7d. In 8.8a, most of the difference in masses comes from events
between 5,000-15,000, where the original distributions differ most, and the width of each mass band in the
upper half of the ensemble remains mostly constant. In contrast, in 8.7d, most of the difference in regressed
mass comes from event numbers greater than 15,000, and the difference in tunes shrinks substantially at the
top tail of the ms; ensemble.

For completeness, we also tried generating new samples uniformly spaced in the other tuning parameters
and regressing out these tuning parameters in addition to the mass. For this test we restricted to the VAR1
tunes, but an equivalent test could be conducted across all variations. We might think this type of network
would improve our results since the loss function explicitly depends on tuning parameters in addition to
mM€. However, we found that in the case of a linear regression, a multidimensional output did not help
improve the predicted top mass (in contrast to what we found with the DCTR method, discussed in §8.5).
In particular, we find that sorting the inputs encodes enough information about the other tuning parameters
that additional outputs are unnecessary. This can be seen from the solid lines in Fig. 8.8b. While the value
of the 15,000th event near the peak depends primarily on the Monte Carlo mass, the value of the 25,000th

event is also strongly dependent on the tune.

8.4.3 Ordinary Least Squares Regression

Since non-linearities and a deep network structure do not seem to improve results, it is natural to ask if we
can reproduce the same results with something simpler. Therefore, we test the case of using a projection
matrix to do the ordinary least squares linear regression exactly (rather than using the Adam algorithm to
do the minimization). We implement this regression using scikit-learn [1223], and consider three separate
cases: using the full ensembles of 30,000 events, using the means across the ensemble only, and using the
ensemble means and their standard deviations. For the full ensembles we use 20 random samples from the
300,000 event training sets with each mass and tune; for the other cases we resample 200 times from each
mass and tune. We find that with full ensembles the results are worse when fewer samples are used, but
including more than 20 samples decreases performance. We suspect this is due to overparameterization, but
that it could be improved through regularization or dimensionality reduction techniques. Additionally, the
matrix operations in the OLS regression become memory intensive (using over 32 GB) with many samples.

The other regression methods are mostly insensitive to the number of samples, as long as there enough for
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Figure 8.9: Uncertainties on the top mass fit within each group of variations in the A14 set of tunes for
the OLS regressions, compared to the best linear network.

fitting. Results from the OLS approach are shown in Fig. 8.9. We find roughly similar, but slightly inferior,
performance to the linear network for comparable inputs. Though the linear network does slightly better, it

takes longer to train than OLS regression and is not deterministic.

8.5 DCTR with ParticleFlow

An alternative machine learning method developed to fit parameters is DCTR [314]. This method is based
upon parameterized neural networks [1224] and exploits a relationship between the loss function and the
likelihood ratio [118,333-338,375,1225-1227].

The DCTR method works as follows. Suppose we have some parameters 8 and some observables x. The
probability distribution p(x|6) of the observables depends on the values chosen for 6. An ambitious goal
is to learn a function f(x, ) which gives the full likelihood distribution of the observables x for any 0 (as
in JUNIPR [42,258]). In practice, DCTR learns this distribution relative to the distribution over x for a
fixed reference value 6y. To do so, we give it observables X, drawn from the distribution at fixed 68 = 0,

(the reference sample) as well as observables Xy, drawn from the distribution using many values of 6 € 0g
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(the scanned sample). We do not tell the network the value of 0y, however. Instead, we pretend that 6 is
equal to 0 and the network will learn that this is inconsistent. In practice, we train the network over pairs of

events {x;,x"} € {xpq,xp,} chosen over a distribution of § values and compute the binary cross-entropy loss

f= argmin( - Z Z [log (f'(xi,6)) + log (1 — f'(x{,6))] ) (8.4)

: 0 L} {xogx0 )
It is important that f’ in the second term takes 6 and not 6, otherwise the classification would be trivial.
Using such a loss function, the DCTR, process for inferring model parameters from an ensemble of events

involves two steps.

1. Train a parameterized classifier f(x, 0). In the application to top mass extraction, the reference sample
has 0y corresponding to a fixed mass and tune. The scanned sample has 6 which varies among values

of mMC and many values for the tune parameters.

2. Use the function f(x,0) for regression. To do so, we re-minimize the loss for an unknown sample
compared with an independent sample drawn using the same parameters as the reference sample.
Now the network is fixed, but the parameters 6 are varied to minimize the loss. The values which

minimize the loss are the prediction.

To give a better sense of how DCTR works, we include a toy example with a one-dimensional Gaussian

in Appendix F.1. For more details on DCTR, see [314] or [332].

8.5.1 Network architecture

In order to use DCTR to infer the top-quark mass, we need a parameterized neural network, f(x, 8) which is
flexible enough to learn the likelihood ratio. The parameter(s) 6 must include mM®, but can also include the
other tune parameters, depending on whether we try to regress those tune parameters or marginalize over
them and only extract mM®. We find the most effective network takes as input both low-level and high-level
observables. The architecture of the network is sketched in Fig. 8.10.

For the high-level variables we take mj; (the “top mass”) and my; (the “W mass”), as in previous sections.
We consider optionally applying soft-drop jet grooming to the jets before constructing the invariant masses.
These are indicated by the blue portion of the figure.

For low-level observables, following DCTR [314] we use four-vectors of the constituent particles of the
jets represented with a ParticleFlow Network [1206]. This is shown in the green region of the figure. For
the inputs to ParticleFlow, we include up to 75 particles, with a maximum of 25 from each of the three
jets. Each particle contains eight input variables: four variables are the four vector in (py,py,ps, E), three

variables are the momenta in a transformed coordinate system (pr,n, ), and a discrete tag for which jet the
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‘ Output
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High-level Observables

Parameters

Figure 8.10: Architecture used to infer the top-quark mass with DCTR. The green portion shows the
low-level information from the constituents of the jets. These are combined with a ParticleFlow Network,
denoted by ® acting on each constituent, with the resulting output being summed across the particles. The
® network is shown in the breakout box. Next are the high-level inputs of the three-jet and two-jet invariant
masses, shown in the blue portion. The last elements are the Monte Carlo parameters to be inferred, shown
in yellow. All of these are combined in the latent space, which is then connected to the final output with a
dense neural network shown in red.
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constituent came from (0 for the b-tagged jet, 1 for the hardest un-tagged jet, and 2 for the softer un-tagged
jet). A function ® is applied to each of the particles in the event, mapping from an eight-dimensional input
to a k-dimensional output. To ensure that the ordering of the particles is unimportant, each k-dimensional
output is symmetrized (summed) over the particles. These are marked by the Xy nodes in the figure. For
® we use a neural network with two hidden layers. Each hidden layer contains 32 nodes with the ELU
activation function and use a dropout rate of 10% during training. The final layer of ® contains eight nodes,
also using the ELU activation.? Many applications of ParticleFlow find that a larger latent space is needed,
however, we found our results to be much more stable with 8, rather than 16 nodes. We also tried not
including the ParticleFlow part of the network, but found better performance when it is included. As an
additional input, we sum the four-vectors of each of the constituent particles and pass the sum top-quark
4-vector directly to the latent space.

The combined information from the Monte Carlo parameters, the high-level inputs, and the low-level
inputs are concatenated together. From this space, another neural network is applied to generate the final
event level classification, shown in the red region of the figure. We use three hidden layers with 32, 32,
and 8 nodes, respectively. We again use the ELU activation function and apply a 10% dropout rate during
training. The output is a single node activated with the sigmoid function. This results in networks that
have between approximately 1400 and 3600 weights, depending on the number of Monte Carlo parameters

included in the parameterization.

8.5.2 DCTR on a single tune

First we test DCTR’s ability to regress mM¢ for a fixed tune (A14 tune 21). For the fixed reference sample
0y, we chose the top-quark mass to be 175 GeV.% In the scanned sample 6, we randomly choose mM€ for
each event from a uniform distribution between 170-176 GeV. We use 1 million events each for the fixed and
reference samples. The data set is split with 25% for validation and 75% for training.

As part of the study, we want to see if more information than just the three jet invariant mass can help
the network extract the top mass better. To do so, we allow the network to use only ms;; to use ms; and
my;j; or to use ms;j, my; and the low-level inputs (as described above). In addition to these observables, the
network is also given a value for § = mMC. For the scanned sample, this is simply the value chosen in the
random draw for the event. In the fixed reference sample, where 8, = 175 GeV, the value of 8 input is
masked to a random value, chosen from the same range as in the scanned sample.

The networks are trained using the Adam optimizer to minimize the binary cross entropy loss function.

5The weights of ® are trained along with the rest of the network, but could be pre-trained from a similar application.

5We found empirically that the DCTR procedure works better in practice if the Monte Carlo mass of the reference
sample is larger than the values to be inferred.
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Figure 8.11: Errors on the mass of the top quark returned by the DCTR methods when trained and tested
only on the central tune, for different soft drop parameters. Adding extra information (such as the mass of
the W jet) does not seem to increase the accuracy. The uncertainty for the method is on the order of 50
MeV.

We set the initial learning rate to 10~3 and use the default B values for Adam. When the loss on the validation
set has not improved for 10 epochs, the learning rate is decreased by a factor of 4/10, with a minimum rate
of 107%. We also implement early stopping; if the validation loss has not improved for 25 epochs, training is
halted. Training typically takes around 80 epochs.

After training the networks, the mass is extracted by computing the loss of the classifier between a test
set and an independent reference set. We repeat this with the same five masses and five iterations of the
test sets as in the regression methods presented earlier, with 4 x 10° events in each data set. The loss is
minimized for the combined (test and reference) data as a function of mM¢.

In Fig. 8.11 we summarize the results for different soft-drop grooming parameter, and with and without
the low-level inputs. Numbers shown are the absolute difference between the true and extracted Monte Carlo
mass. The median error for nearly all of the methods here is < 50 MeV, while the maximum error is around
100-150 MeV. For this exercise, where the tune is fixed and only mM€ varies, there does not seem to be an
advantage to using extra information (such as the mass of the jets from the W) or performing jet grooming.

This conclusion will change when we include tune variations.

8.5.3 DCTR on Var 1 tunes
We saw that with no tune uncertainties, the DCTR method can regress mM¢ with an uncertainty of order 50

MeV. When other parameters related to tunes are varied, such as in the showering or hadronization models,
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DCTR offers multiple ways to proceed. We could train only on a single tune, trying to learn mM%; we could

train on multiple different tunes, again trying to learn only mMC; or we could train over different tuning

parameters and try to learn those as well as as mM¢.

To asses which of these options works the best, we train networks on data using the Varl tunes. We
again use 10° samples for the reference set and 10° sample for the scanned set with 75% of these samples for
training and 25% for validation. For the reference set, we use samples drawn from the central tune (tune
21). The scanned set uses a uniform distribution for the mass (mM®), the color re-connection range, and the

MPI

strong coupling constant for multiple parton interactions (ag" ). To remove edge effects, the sampling space

is larger than the tune variations we eventually test against. Explicitly, the ranges are given by

mM¢ €170 GeV, 176 GeV],
Color re-connection range €[1.67,1.75], and (8.5)

o €[0.116,0.136],

and there is no correlation in the random samples. The training procedure is the same as above.

After training the network, we use DCTR to infer the mass (and possibly the color re-connection range
and strong coupling) on three different tunes: 21, 23, and 24. These are the central, up, and down tunes of
Varl. For reference the color re-connection range and the strong coupling constant for the tunes are (1.71,
0.126), (1.73, 0.131), and (1.69, 0.121) for 21, 23, and 24, respectively. For each test mass, we evaluate the
spread in the inferred mass from the different tunes. This process is repeated for five separate test sets, each
with 4 x 10° events for the reference and test set.

The results of the spreads are summarized in Fig. 8.12 with box-and-whisker plots. The results for the
ungroomed jets are in the upper left panel, using soft drop with 8 = 0 in the upper right panel, using soft
drop with B = 1 in the bottom left, and using soft drop with 3 = 2 are in the bottom right panel. In the top
row of each panel, the only observable given to the classifier is the three jet invariant mass. The networks
of the middle row have access to the two-jet invariant mass in addition, and the bottom row also includes a
ParticleFlow network for the constituents of the three jets.

There are many noteworthy trends in these results. First, we examine how the different grooming
methods affect the reconstruction. We saw before that the using soft drop for the histogram fitting methods
greatly reduced the uncertainty. A similar pattern is observed here, especially when looking at the first two
rows (not using ParticleFlow). For instance, all of the color bars for both the 3 = 0 and 8 = 1 panels have
significantly lower mean and maximum AmM® than the corresponding colors for not using soft drop. The
option of soft drop with 3 = 2 still does better than no soft drop, but not as good as the others.

The next noteworthy trend is that adding more information to the network helps to reduce the uncer-
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Figure 8.12: Results testing the input data for DCTR to use as well as the method of inference on VARI.
Including both ms; and my; along with the low-level information captured by ParticleFlow results in the
lowest uncertainty. DCTR works best when inferring all of the tune parameters (orange) as opposed to
marginalizing over them (blue).

tainty. In each panel, the uncertainty is largest when only using ms; and improves when adding in my;. The
uncertainty is further reduced when including the ParticleFlow information in most panels. However, these
networks are more challenging to train and often do not work for the full mass range. This is why the mean
(and median) values drop, while sometimes still having large maximum uncertainties.

The last important observation is that the networks with ParticleFlow do better when they are also
fitting to the tune parameters. The white data is for networks trained on the central tune alone, and thus
only capable of inferring the mass. The blue data sees the scan across the tune parameters, but only tries
to infer the mass, while the orange data also infers the tune parameters. For the ms; alone or ms; and
my; rows, marginalizing over or fitting the tune parameters actually tends to make the uncertainties worse.
With such a small amount of information (either one or two observables), the network does not learn how
to correlate the changes in the tune parameters to changes in the observables. However, when the network
also includes ParticleFlow, it can learn these correlations, and thus the uncertainty is reduced when fitting
the tune parameters.

To summarize these results, DCTR works better with more input observables. Using the information

contained in the four vectors of the constituents of the jets coming from the top quark decay allows DCTR
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to correct for differences in the distributions caused by changing the tune parameters. Therefore, for the full
set of tuning parameters in the next section, we restrict to the case of including ParticleFlow in the inputs

and fitting each of the Monte Carlo parameters.

8.5.4 DCTR on full set of A14 tunes

We now apply the DCTR methodology to the A14 variations. The PDF variations are not included in the
training, although we do evaluate on them. The reason for this is that PDF selection is a discrete choice, and
DCTR is designed to work on continuous parameters. That is, there are not specific Monte Carlo parameters
for DCTR to infer from the different PDFs. One can nevertheless assume that PDF variations are within
the range of other tune variations and test how well DCTR works on samples generated with different PDF
sets.

When considering multiple tunes, we must also decide which tune to use as the reference sample 6. Using
the central tune would be the most obvious choice. However, since we found that the DCTR algorithm works
better when we use higher reference masses, we allow for the possibility that it will work better using non-
central tunes. We therefore test taking as the reference sample both the central tune as well as each of the
“4+” tunes for each of the variations.

For the scanned sample, the Monte Carlo parameters are randomly sampled for each event. The mass is
drawn from a uniform distribution with a range of 170 GeV to 176 GeV. The tune parameters are sampled
from (minz — 0.5Az, maxz + 0.5Az), where z represents the value of an individual tune parameter, minz is
the minimum value across the variations, maxz is the maximum value across the variations, and Az is the
difference between the maximum and the minimum. The sampling space is larger than the values we will be
testing at to remove possible edge effects.

The results are summarized in Fig. 8.13. The left panel shows the total envelope of AmM€ caused by
changing the Pythia tune parameters across the 11 variations. The right panel additionally includes the 3
remaining PDF variations. The different rows show different amounts of grooming, with no grooming on top
and the three different soft drop options in the remaining rows. Each color denotes a different tune used as
the reference set.

Overall, there is not an obvious best choice for the reference tune. In some choices of grooming, one tune
will do better, but then it will not do as well on the different grooming choice. Similarly, some reference
tunes that do well without the PDF variations do not generalize as well to including the variations from the
PDF. However, we do note that using soft drop with B = 0 seems to consistently lead to worse results.

With an unclear best option, we chose to use no soft drop trained on the central tune to compare with
the other regression models. This option generalizes well from training without the PDFs to including the

PDF variations, only increasing the uncertainty by around 10 MeV.
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Figure 8.13: Total correlated uncertainty on the DCTR extraction of mM® coming from only the Pythia
tunes (left) and additionally including the PDF variation (right). The different rows show various grooming
options and the colors denote different tunes used as the reference sample (6y) for the DCTR training. The
no soft drop option trained using the central tune is chosen to compare with the other regression methods.

8.6 Discussion

In this chapter we have investigated an example of how machine-learning methods could help with mea-
surement tasks at particle colliders. In particular, we explored a situation in which regression is assisted
by learning simultaneously on an ensemble of events rather than on individual events. Despite the fact the
individual events are totally uncorrelated, we find the best performance when variables constructed from the
events are concatenated into an array, sorted, then input to the regression algorithm.

The case we explored is when the measurement is done by curve-fitting to simulated data to regress a
single simulation parameter marginalizing over other parameters. In particular, we looked at the top-quark
mass measurement. The traditional method is to extract the top-quark Monte Carlo mass mM€ by fitting
to histograms, and then to estimate an uncertainty AmM® on this extracted value due to Monte-Carlo
tuning uncertainty. This tuning uncertainty might be of order 500 MeV, which is comparable to statistical

uncertainties, experimental systematic uncertainties, and theoretical uncertainties (such as converting the
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mass to a short-distance mass). In this chapter we focus only on reducing the tuning uncertainty.

We explored 4 classes of methodology to regress mMC. First, we looked at histogram curve fitting.
Uncertainties from this method are around 500 MeV but reduce to around 100 MeV if jet substructure
techniques are used to clean the data before fitting (as shown in [1204]). Second, we used a 2D likelihood
fit using the raw my; and ms; observables incorporating a nuisance parameter to account for Monte Carlo
tune differences. Third, we looked at linear regression techniques, both using a dense but shallow linear
network and using ordinary least squares regression. Fourth, we used a machine-learning method called
DCTR. DCTR is a two-step method: first the weights of a distribution are learned as a function of tuning
parameters relative to a fiducial sample, and second the tuning parameters are optimized for a given test
data sample.

The results of our study are summarized in detail in Fig. 8.14, with more details of each method in
the appropriate section, and fewer details in the concise summary plot shown in Fig. 8.1. Fig. 8.14 shows
the box-and-whisker plots for the different families of variations, while the final three rows show different
methods of combining the variations. Probably the most realistic estimate of error is the “envelope including
PDFs”, which means we take the maximum and minimum values for the fit top mass across the A14 tunes.
Such an approach assumes that the tunes are correlated and that actual data will lie somewhere within the
complete range of variation. For completeness, we also include a more conservative estimate where each
variation is assumed to probe completely different physics and is uncorrelated with other tune variations. In
this case we add the errors in quadrature. The PDF variations are special because they are discrete: there
is no way to interpolate between different A14 PDF sets as we could for other parameters such as a.” It is
unclear how to train DCTR for PDF variations because of this complication. We thus include also numbers
for the total envelope not including PDFs. Note that for most tune parameters there is no “right” answer:
approximations such as the parton shower are made so the data can never be described perfectly. Thus in
the context of a particular Monte Carlo simulation there is an irreducible uncertainty on how well the data
could ever be described. In contrast, there is, in principle, a right answer for the PDFs, although in practice
they are always used and fit in conjunction with calculations at a fixed perturbative order. In any case, our
purpose is not advocating any particular choice of how to combine errors for an experimental analysis. We
are simply providing various metrics by which the different methodologies can be compared.

The main take-home lesson from the summary in Fig. 8.14 is that in practice regression on sorted event
ensembles does better than the classical histogram fitting approach or the profile likelihood fit. Using such
methods reduce the Monte-Carlo-based uncertainty on current extractions on the top-quark mass from LHC

data, perhaps even by a factor of 2. This is on top of the reduction gained from using jet grooming as

"There are other ways to study continuous variations of the PDF sets, but they are beyond the scope of this study.
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Figure 8.14: Summary comparison of the different methods. Upper six boxes show top quark tuning
uncertainty among six different families of variations. The bottom boxes combine the separate uncertainties
either by taking the envelope over the variations or by adding the uncertainties in quadrature. Here, DCTR
uses ParticleFlow to simultaneously extract the mass and the tune parameters, and both the ordinary least
squares regression and linear network are trained on ensembles of re-sampled events. The various methods
are discussed more in the text.

184



advocated in [1204]. We found that DCTR works fine for the families of variations for which it was trained
(not the PDFs), and has similar uncertainties to the histogram method. It has the potential benefit of being
able to fit other tuning parameters well, but if one is only interested in a specific measurement, such as the
top mass, then DCTR may be over-kill. Indeed, DCTR is somewhat challenging to implement and train,
sensitive to how the inputs are refined, and requires some hyperparameter adjustment to get reasonable
results at all. Tts killer application may be more along the lines of [332] than direct parameter estimation.

Having established that a regression on sorted event ensembles is more effective than curve fitting a
histogram, we also looked into what features of the ensemble the regression uses. In contrast to the histogram
fitting approach, which focuses on the center of each observable’s distribution, ensemble learning methods
can weigh various parts of each observable’s distribution differently. In §8.4, we showed how the ensemble
methods can use the center of the mj; distribution to learn the difference in masses, while using the upper
tail of ms; and the other observables to correct for the difference in tunes.

It is worth emphasizing that the point of this study is not a total numerical estimate for the uncertainty.
Values throughout this chapter do not include any estimate of experimental systematic effects on the Monte
Carlo tuning uncertainties, such as smearing due to jet energy resolution or detector effects. Thus one
should not take the absolute size of the numbers as indicative that the tuning uncertainty could be reduced
to the 30 MeV level. We do, however, conclude that linear regression, either through a linear network
or an ordinary least squared regression on an ensemble of events, is a promising technique that has the
potential to significantly reduce the dependence of the measured top-quark mass on Monte Carlo tuning
parameters beyond the methodology already being employed. Although the uncertainty from marginalizing
over unphysical parameters in simulation is smaller than other sources, it can be important for precision
studies such as SUSY searches or vacuum stability, as discussed in the introduction.

In conclusion, we have shown that machine learning regression methods can work most effectively when
trained on a sorted ensemble of uncorrelated events. We found these methods can improve upon a traditional
histogram-fitting procedure for determining the top-quark Monte Carlo mass. In particular, performing linear
regression using a shallow but dense network trained on sorted ensembles of events (30,000 at a time in our

study) seems to combine excellent performance with simplicity.
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Challenges for Unsupervised Anomaly Detection

9.1 Introduction

While many searches for physics beyond the Standard Model have been carried out at the Large Hadron
Collider, new physics remains elusive. This may be due to a lack of new physics in the data, but it could also
be due to us looking in the wrong place. Trying to design searches that are more robust to unexpected new
physics has inspired a lot of work on anomaly detection using unsupervised methods including community
wide challenges such as the LHC Olympics [123] and the Dark Machines Anomaly Score Challenge [150]. The
goal of anomaly detection is to search for events which are “different” than what is expected. When used for
anomaly detection, unsupervised methods attempt to characterize the space of background events in some
way, independent of signal. The hope is then that signal events will stand out as being uncharacteristic.
Anomaly detection techniques can be broadly split into two categories. For some signals, the signal
events look similar to typical background events and one must exploit information about the expected
probability distribution of the background to find the signal. Many anomaly detection techniques have been
developed to find signals of this type [109-128,384,1228,1229]. Alternatively, some signals are qualitatively
different from prototypical background and then methods that try to characterize an individual event as
anomalous can be used [100,108,129-157]. Here, we restrict to the latter type of anomaly detection, where

an anomaly score for individual events can be determined from the background ensemble and used for
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discrimination, without needing to characterize the full probability distribution of the signal ensemble. With
an effective method, events with a small score are likely to be a part of the background, while events
with a larger score are not. There are many different ways of defining an anomaly score. Some rely
on traditional high-level observables, like mass or N-subjettiness [1230], (see e.g. [109, 131, 384] which use
traditional variables in anomaly detection). Others attempt to directly learn how likely a given event or
object is using low-level information, like individual particle momenta (see e.g., [152]). Some methods that
search for outliers rely on abstract representations to try to characterize the event space, such as the latent
space of an autoencoder [125,148]. Others give the event space itself a geometric interpretation in terms of
distances [40,1231,1232]. Given the complexity and high-dimensionality of data at the LHC, many anomaly
detection techniques employ machine learning.

In this chapter, we begin by exploring the use of autoencoders for anomaly detection on individual fat
jets within events. Autoencoders were initially introduced for dimensionality reduction, similar to principal
component analysis, to learn the important information in data while ignoring insignificant information
and noise [1233]. Autoencoders contain an encoder, which reduces the dimensionality of the input to give
some latent representation, and a decoder, which transforms the latent space back to the original space.
In particle physics, autoencoders were first used for anomaly detection in [130, 132, 133], where they are
meant to reconstruct certain types of data (background) but not others (signals). In order to work as an
anomaly detector, an autoencoder should have a small reconstruction error for background events and a large
reconstruction error for signal events. To do so, the autoencoder must establish a delicate balance in achieving
a reconstruction fidelity which is accurate, but not too accurate. There are several cases where training a
network with adequate discriminating power is especially difficult, such as when the signal looks very similar
to the background, when the dataset has certain topological properties [124], or when innate characteristics
of the samples make the signal sample simpler than the background sample to reconstruct [148, 154].

A generalization of autoencoders called variational autoencoders (VAEs) were introduced in [1234]. Un-
like an ordinary autoencoder, where each input is mapped to an arbitrary point in the latent space, in a
VAE, the latent space is a probability distribution which is sampled and mapped back to the original space
by the decoder. In addition to the usual reconstruction error, the VAE loss also includes a Kullback-Leibler
(KL) divergence component that pushes the latent space towards a Gaussian prior and regularizes network
training. The latent space of the VAE encodes the probability distribution of the background training sam-
ple, which can be used in the anomaly score. VAEs were first used in anomaly detection in computer science
in [1235], and first used for particle physics anomaly detection in [130,131]. They have been widely studied
since then [125,142-148,265,1236].

The task of an autoencoder, variational or not, for unsupervised anomaly detection is to provide a
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strong universal signal/background discriminant for a variety of signals having access only to background
for training. In principle, this approach is advantageous because it opens the possibility to bypass Monte
Carlo simulations and work directly with experimental data, which is almost completely background.! The
autoencoder paradigm is based on the vision that there is trade-off between efficacy and generality: the
ideal discriminant for a given signal and given background would be ineffective for a different signal and
different background while a general discriminant, like the autoencoder, would work decently on a broad
class of signals and backgrounds. The ideal assumes, first, that such a general discriminant exists with an
appropriate use case, and second that it can be found by training purely on one or more background samples
without any direct information about the signal. However, one has reason to be suspicious: machine learning
methods work great at optimizing a given loss, which is meant to correlate strongly with the problem one
is trying to solve. For autoencoder anomaly detection, the optimization (background only) is not aligned
with the ultimate problem of interest (signal discovery over background), so it should not be surprising if
the autoencoder does poorly. In §9.4, we explore the challenges induced by trying to optimize a VAE in a
model agnostic way.

In order to understand what a VAE is learning, we study its latent space. In particular, we look at the
distance between events in VAE latent space (see [148,1237] for other studies of VAE latent spaces in particle
physics). Since we can think of the VAE anomaly score as a “distance” encoding how far any given event
is from the background distribution, it is also natural to ask about the distances between individual events.
We find there is a significant correlation between the Euclidean distance between events represented in the
VAE latent space and the Wasserstein optimal transport distance between events represented as images. We
study Wasserstein distances in particular because they were physically motivated in [40,1231,1232].

The correlation we observe between distances in the VAE latent space and between the event images
motivates us to explore using optimal transport distances between events to define an anomaly score in
§9.5. One method for using distances directly is to identify representative events in the background sample,
and use an event-to-event distance between a given event and the representative event as the score. The
advantages of this method we propose are that it does not require training a neural network and that it is
easily adaptable to different background samples.

This chapter is organized as follows. In §9.2, we provide information about the dataset used in our
study. In §9.3, we provide relevant background information on the metrics used (§9.3.1), and the details
of the VAE architecture (§9.3.2). In §9.4, we explore the effectiveness of an image based convolutional

autoencoder for anomaly detection, including its sensitivity to hyperparameters. We also explore correlations

LOf course, in the realistic situation where the training is performed on data, there could be signal events contam-
inating the background sample. Nevertheless, a number of studies have demonstrated that this has little effect on
the autoencoder performance (e.g., [132,133]). We will ignore this complication when we refer to “background only”
samples in what follows.

188



between Euclidean distances in the autoencoder’s latent space and optimal-transport distances among the
event images in §9.4.2. This motivates the development of methods that directly use the optimal transport

distances among events as an alternative to VAEs in §9.5. We conclude in §9.6.

9.2 Anomaly Detection Datasets

We begin by describing the datasets we use for our analysis. For concreteness, we focus on anomaly detection
in simulated jet events at the LHC. We will consider QCD dijet events as the background, and consider both
top and W jets as representatives of anomalous signal events. Although in practice anomaly detection
techniques would not be used for top and W jets since there are dedicated experimental searches for these
objects, these jets provide a simple benchmark for studying unsupervised methods. The authors of [146]
have provided a suite of jets for Standard Model and beyond the Standard Model particle resonances which
are available on Zenodo [1238]. A sample of QCD dijet background events are also provided on Zenodo
using the same selection criteria, showering, and detector simulation parameters [1239]. The datasets were
generated with MadGraph [973] and Pythia8 [1176] and used Delphes [1240] for fast detector simulation.
Jets were clustered using FastJet [1209,1241] using the anti-kr algorithm [1208] with a cone size of R = 1.0.
The event selection requires two hard jets, with leading jet having pr > 450 GeV and the sub-leading jet
having pr > 200 GeV. The QCD jets are created using the pp — jj process in MadGraph, while the top and
W jets we examine are produced through a Z’ which decays to tt or a W’ which decays to a W and invisibly
decaying Z. Samples are available in [1238] for a variety of top and W masses, but we use only those with
the SM values. There are around 600,000 QCD dijet events and 100,000 events for the “anomalous” top
and W events. We reserve 100,000 QCD events for testing and use 50,000 QCD events for validation when
training the VAE.

The leading jet in each event is used for the analysis. We pre-process the raw four-vectors into an image
following the procedure presented in [72]. Using the EnergyFlow package [1242], we boost and rotate the
jet along the beam direction so that the pr weighted centroid is located at (n,¢) = (0,0). Next, the jet
is rotated about the centroid such that the pr weighted major principal axis is vertical. After this, the jet
is flipped along both the horizontal and vertical axes so that the maximum intensity is in the upper right
quadrant. Only after the centering, rotations, and flipping do we pixelate the data [72]. We use 40 x 40 pixel
images covering a range of An = Ayp = 3.2. The final step of the pre-processing is to divide by the total
pr in the image. Note that we do not standardize each pixel by, e.g., subtracting the mean and dividing
by the standard deviation for the entire training dataset, because optimal transport requires positive values
in every pixel. It is important to note that the individual images are very sparse and do not resemble the
average of the dataset. For instance, out of the 1600 pixels, only 10.4 + 5.3, 13.5 + 4.3, and 10.1 + 3.3 pixels

account for more than 1% of the total pr of the image for the QCD, top, and W jets, respectively.
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9.3 Defining the Anomaly Score

Anomaly detection, in general, requires an anomaly score: we want to determine if an event is anomalous by
measuring how far away it is from a typical background event. This anomaly score can also be thought of
as the “distance” between an event and an ensemble. In order to define an event-to-ensemble distance it is
helpful first to explore event-to-event distance measures. For instance, given an event-to-event metric, one
could compute the distance from an event to some fiducial background event, and use this as a proxy for
the event-to-ensemble distance. To understand both types of distances, we need to review the metrics used
to define the distance, which we will do in §9.3.1. We can also use an autoencoder to generate an implicit
construction of an approximate event-to-ensemble distance, in the form of an anomaly score. We will provide

background and discuss the architecture of our autoencoder in §9.3.2.

9.3.1 Metrics

First, we define the metrics that can be used to compute event-to-event distances. One of the simplest event
representations is to treat an event as an image, with pixel intensities representing the particles’ transverse
momentum [1243].2 A simple event-to-event metric, the “mean power error” (MPE), can then be written

as:

1 (e
A (11, To) = No Z T1i — Lo - (9.1)
pixets i€pixels

where 7, (y) ; is the pixel intensity (transverse momentum) in pixel i of the image 1(2), and a is a parameter
that governs the relative importance of pixels with high/low intensity differences. This type of metric is
often used for doing regression. Frequently, the choice o = 2 is made, inspired by the x? statistic, in which
case dﬁl))}: is known as the mean-square error (MSE). The mean-absolute error (MAE) is another well-known
choice, corresponding to o = 1.

While dl(\ng makes sense in regression, using it on images does not make much sense from a physics point
of view.? For instance, let Z; be the image of a particle with energy E in a single pixel and Z, be the image
of a particle with same energy E in the neighboring pixel. These events are nearly identical physically, but

will have a very large MSE distance. Moreover, we will still get the same MSE distance if we move one of

the two pixels much further way. Physically similar events do not necessarily result in small MSE distances.

2In principle, it would be interesting to consider the complete set of four-vectors of the particles in an event as a
representation, rather than the pixelated image, and define a metric on these. The p-Wasserstein distances described
later in this section are well-suited for such a representation, but building an autoencoder architecture on the full set
of four-vectors is more challenging. It is also important to comment that our image representation is dependent on
its preprocessing. Although recent studies have shown that the processing done to events before anomaly detection
is inherently model dependent [154], we work with the images as described.

3In contrast, if one designs a neural network with higher-level variables as the input data representation, using
MPE as the metric is a sensible choice.
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A completely different way to assign distance between two events is to compute the minimum “effort”
needed to transform one image into the other, known as the optimal transport distance. There are many
possible optimal transport algorithms (see [1244] for a broad review). Finding the minimum effort is an
optimization problem: given a cost function c;j, where i and j label elements (e.g. pixel labels) of the two
events, we optimize over the transport plan, f;;. The cost can be thought of as how much work it takes to
transport a single unit of intensity a given distance, and the plan describes how much intensity to transport
and where to transport it to. In terms of the cost and plan, the total optimal transport cost dor is then

defined as
dOT = mfln Zfij Cij - (92)

1j
In some cases, the cost function c; is itself a positive definite distance, in which case dor is also a distance.

One example is the set of p-Wasserstein distances:
) 1/p
P .
dWass = (mfln Zfll (Cij)p) ) (93)
1,j

Depending on the problem, the set of f;; may have to satisfy additional constraints.

We define the underlying cost ¢;; as the Euclidean distance in the (n, ) plane between pixel i in image
Z, and pixel j in image Z,. The transport plan fj; is defined by the amount of pr that is moved from pixel
iin image Z; to pixel j in image Z,. The transport plan is constrained such that the amount of pr moved
from a pixel cannot be more than what was there, Zj fij < pr,i- Similarly the amount of py moved into
a pixel cannot exceed the amount in that pixel in Zy: ), f; < P/T,y Here, we consider normalized images,
preprocessed such that the total intensity summed over all pixels is equal to unity, so that there is no
extra cost of creating or destroying pr. In mathematical language, we are considering “balanced optimal
transport”.

In particle physics applications, unbalanced optimal transport with the choice p = 1 is commonly referred
to as the Energy Movers Distance (EMD) [1231,1232], as it has the interpretation of work required to
rearrange an energy pattern. This interpretation makes the EMD a natural choice for a metric on collider
events. This has prompted further work on using the EMD to define event shape observables characterizing
the event isotropy [1245], which can be useful in searching for signals that are very non-QCD-like [1246,1247].
Sometimes, p > 1 has been considered [1232], while the case of 0 < p < 1 has been less explored. Intuitively,
p < 1 gives more importance to smaller distances. While the EMD includes an additional term to account
for energy differences between jets, in our results, we will restrict to balanced optimal transport, since we
normalize the images.

The p-Wasserstein optimal transport metrics are more aligned with what one expects for physical events

than MPE. For example, two single-particle events where the particles are nearby will have a much smaller
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Figure 9.1: The pairwise (event-to-event) distances between event images for different metrics. The mean
)

squared error (dﬁPE) is displayed along the x-axis and the 1-Wasserstein distance (d&,)ass) is along the y-axis.
p-Wasserstein distance than when they are far from each other, in contrast to their MSE distance. We find
that the 1-Wasserstein distance and MSE have mild correlations, as shown in Fig. 9.1.

We reiterate that both dl(v?P)E and d&’,;ss are used to compare the distance between two images (or events).
However, for anomaly detection, we want to know how far an event is from the expected distribution. One

way to do this is with an autoencoder, which we describe next.

9.3.2 Autoencoders

A popular method for detecting anomalous data is with a neural-network autoencoder (AE). An autoencoder
works by first encoding the data in a lower-dimensional latent space, and then decoding it back to the original
higher-dimensional representation. The idea is that data similar to the training sample will be reconstructed
well, whereas data that is not similar to the training sample may be reconstructed poorly. The reconstruction
fidelity can then be used as an anomaly score. Often the data are represented as images, and the autoencoder
uses the MSE metric (eq. (9.1) with o = 2) to compare the input image to the reconstructed image.

In Fig. 9.2, we show an example of an autoencoder architecture that we will use, which we implement
in pytorch [1248]. The encoder is made up of some number of downsampling blocks (there are two in the
figure, each marked by a dashed blue line). Each block contains two sets of 3 x 3 convolutional layers with a
depth of five filters. The stride and padding are set to keep the image size the same and the ELU activation
function [1249] is applied after each layer. After the convolutional layers, the data is downsampled through
a 2 x 2 average pooling layer. After the final downsampling block, the data is flattened and then followed
by a dense layer with 100 nodes and an ELU activation. Finally the network is mapped to the latent space

through another dense layer. We experiment with one, two, and three downsampling blocks, and use a fixed
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Figure 9.2: Example architecture of an autoencoder, as used for this study. The autoencoder is made of
two networks, the encoder and the decoder, each with one, two, or three down(up)-sampling blocks.

latent size of 64 dimensions. Our latent space is substantially larger than what is often used, for example [132]
uses a six dimensional latent representation and [133] finds the optimal size to be around 20-34 for their
top-tagging data. We chose the latent space size by preforming a small scan over latent dimension sizes [2,
4, 8, 16, 32, 64] on the “The Machine Learning Landscape of Top Taggers” data [39] and found that the
larger latent space yielded better top tagging. We then changed to the current data set, as there are more
signals to consider (i.e. the W). The new data uses different transverse momentum cuts, so re-optimizing

would in general be required. However, part of the point of this chapter is to point out that one cannot
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optimize without a signal model in mind.*

The second part of the AE is the decoder, which maps the latent space back to the space of the input
data. In our setup, the decoder is a mirror of the encoder. The first step is a dense layer with 100 nodes and
ELU activation. From here, another dense layer is used, where the number of nodes is set to the number
of pixels in the final downsampling block. The ELU activation function is used again, and then the data is
reshaped into a square array. From here, the same number of upsampling blocks is applied as the number of
downsampling blocks. In each upsampling block, the first operation is a 2D transposed convolution which
doubles the shape of the image and contains a depth of five filters, followed by the ELU activation. After
this, two 3 x 3 convolutional layers are used with the ELU activation with the stride and padding set to keep
the image size the same. The final convolution operation reduces the depth to one channel.

During training and inference, the input image is compared with the reconstructed image via some
choice of event-to-event metric. A common method is to use the MSE as the loss function, with the aim of
reproducing the exact image. However, it is possible to use other metrics for the comparison. Furthermore,
the metric used for training does not need to be the same as the metric used for the anomaly score (see
for instance [146]). We will refer to the difference between the input and reconstructed image as the image
distance, also known as the reconstruction error.

A variational autoencoder enhances the basic autoencoder by adding stochasticity to the latent embed-
ding. In a regular autoencoder, which is a deterministic function, very dissimilar events can be placed near
each other in the latent space. Distances in the latent space of an ordinary AE therefore do not have a precise
meaning. In a VAE, the stochastic element makes the network return a distribution in the latent space for
each input event. Since the same input data can be mapped to several nearby points in a VAE, dissimilar
events cannot be placed nearby. Returning a distribution in the latent space is therefore essential for making
distances in the latent space meaningful. The stochasticity also connects the loss to the statistics method
of variational inference [1234,1250], as we summarize in appendix F.3 (see also [1250,1251] for reviews).
Specifically, we show that the autoencoder estimates a lower bound on the likelihood for any given event
given the assumption that the event comes from the background distribution that the network is trained on.

To implement the stochasticity of a VAE, our networks are trained using the standard reparameterization
trick [1234,1252]. A single element of the input data now yields a distribution, and these distributions are
treated as a set of D independent Gaussian distributions, where D is the dimension of the latent space.
The output of the encoder is then doubled: instead of returning a single point in the latent space, it now

outputs both the means p and the variances o2 of the distribution in latent space. The loss function for the

4On the other hand, as discusssed below, we can view the KL-divergence (and B) as regularizing the network.
There will be a strong correlation with the optimal value of $ with the size of the latent space. So making a different
selection for the latent dimension would lead to a different value of 8, but would not change the story.
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network also has to be modified: we want the background sample to be well modeled by a set of Gaussian
distributions in latent space. This is done by introducing a Kullback-Leibler divergence (KLD) term (see

appendix F.3 for details), which is estimated as:®
1
KLD = —5(1 +logo® — p* — o?). (9.4)

This KLD term acts to regularize the autoencoder by pushing the means in the latent space to zero and
the variances to one. Depending on the metric used to determine the distance between the original and
reconstructed data, more or less regularization may be needed. To account for this, we introduce another

hyperparameter 3, and define the loss function as
L = (1 —B) x Image distance + 8 x KLD . (9.5)

We scan over 3 € {0, 1079,107%,1077,107%,107°, 1074, 10_3}, typically finding the best results for small but
nonzero f3.

To minimize the loss given in eq. (9.5), we use the Adam optimizer [1255] with the default parameters
and an initial learning rate of 1073. The training data consists of around 550,000 QCD dijet events, and
we reserve 50,000 QCD events for an independent validation set. After each epoch of training, the loss is
evaluated on the validation set. When the loss has not improved on the validation set for five epochs, the
learning rate is decreased by a factor of 10, with a minimum learning rate of 10~°. Training concludes when
the validation loss has not improved for 12 epochs. We then restore the weights of the network from the

epoch with the best validation loss.

9.4 Autoencoder Results

Here we present the results of our studies of variational autoencoders. We start by studying the metric
dependence of VAE performance as anomaly detectors. Then we study the latent space to understand what

the VAE is learning.

9.4.1 Autoencoder performance

Now we study the performance of variational autoencoders as anomaly detectors using different metrics.
Anomaly detection with an autoencoder requires two metric choices. First, one must choose a training

metric, used for computing the image distance during training. Next, one must choose an anomaly metric

5This estimation assumes Standard Normal priors for the likelihood of the latent data, as described in appendix F.3.
There is a great deal of ongoing research into methods to improve the likelihood estimate by changing the latent
space priors or improving the posterior approximations of the encoder [148,150,1253,1254].
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to compute an anomaly score which determines how similar an event is to the training sample. The training
metric and anomaly metric can be the same, but do not have to be.

For the training metric, we consider MSE-type metrics dl(\il))E and dr(\/}I))E and p-Wasserstein metrics d&,)ass
and dg,)ass. Using a p-Wasserstein metric in the loss function to train an autoencoder is not standard, and
requires a little bit of extra engineering.® The challenge is that the optimal-transport metrics are not well-
suited for the back-propagation part of the training procedure of a neural network. To get around this, we
used the Sinkhorn approximation within the GeomLoss package [1256]. Even with this, training was slow
and sometimes timed out after three days of training on GPU. In contrast, the MSE and MAE networks
typically completed training in around 12 hours on the same platform.

For the anomaly metric, we consider either using the full loss (including both the training metric contri-
bution and the KL-divergence part in the variational autoencoder), just the MSE error between the input
and output images (dl(\?PE), the MAE (d1(v11)PE)> or the p-Wasserstein distances (d&’,lss) with p = 0.5, 1.0, and
2.0. The value of each of these is computed for the test samples for the QCD dijet events, the top-jet events,
and the W-jet events.

To evaluate performance in anomaly detection, we train the autoencoder on a QCD background using
the training metric. Then we evaluate the anomaly score using the anomaly metric for a boosted top jet
signal sample and a boosted W-jet signal sample. For a figure of merit of performance we use the Area Under
the receiver operating characteristic Curve (AUC). We also include the signal efficiency at a cut which allows
only 10% of the QCD events to pass, which is denoted eg(ep = 0.1).

Results are shown in Table 9.1 for the training metric choices dﬁl),E and d&,)ass and for different numbers
of downsampling blocks in the network. For each number of down samplings, we trained the network with
different values of the VAE parameter 3, and in the table present the results for the value of B which achieved
the smallest loss on the validation data. For the d%))E trained networks, the values of § which minimized
the loss were 1077, 1077, and 1078, for the one, two, and three down sample block networks, respectively.
The d&,)ass trained results are in the lower part of the table and had optimal values of 3 of 107°, 1078, and
10~7 for one, two, and three down sampling blocks, respectively. The entries highlighted in blue indicate the
configuration with the best AUC and eg(eg = 0.1) for top jets and W jets across all of our considered VAE
architectures, training methods, and anomaly score methods. The top row in the table shows the results (in
red) from a supervised approach, for comparison (see appendix F.4 for details of the supervised algorithm).

In general, we find the networks trained with dl(\/%I))E as the training metric and using the full loss as the
anomaly metric has the best AUC. The exception is when only a single down sample layer is used, in which

case using dg,)ass as the anomaly metric does slightly better for the top-jet signal than using the full loss as

5 [1237] also implements a VAE trained with a p-Wasserstein metric.
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Signal + Top jet W jet |
Trainin Down nomal
Metricg Samplings Metricy AUC  eg(ep =0.1) | AUC eg(ep =0.1)
Supervised - - 0.94 0.81 0.96 0.91
Loss 0.82 0.45 0.61 0.10
MSE 0.82 0.45 0.60 0.10
1 (8= 10—7) MAE 0.79 0.34 0.48 0.03
Wass(0.5) | 0.82 0.42 0.45 0.04
Wass 1; 0.83 0.47 0.41 0.05
Wass(2 0.81 0.45 0.39 0.08
MSE Loss 0.83 0.48 0.65 0.14
MSE 0.83 0.48 0.65 0.14
2 (B= 10*7) MAE 0.80 0.37 0.53 0.04
Wass(0.5) | 0.82 0.43 0.51 0.04
Wass(1 0.82 0.44 0.51 0.04
Wass(2 0.81 0.44 0.54 0.06
Loss 0.84 0.49 0.65 0.12
MSE 0.84 0.48 0.65 0.12
3(B= 10—8) MAE 0.81 0.39 0.53 0.04
Wass(0.5) | 0.83 0.46 0.52 0.04
Wass(1 0.84 0.51 0.52 0.05
Wass(2 0.82 0.51 0.54 0.08
Loss 0.78 0.35 0.44 0.04
MSE 0.71 0.23 0.57 0.12
1 (8= 1()—5) MAE 0.72 0.20 0.49 0.03
Wass(0.5) | 0.75 0.26 0.47 0.03
Wass 1; 0.78 0.35 0.44 0.04
Wass(2 0.76 0.37 0.39 0.05
Wass(1) Loss 0.79 0.37 0.46 0.04
MSE 0.76 0.33 0.61 0.15
2 (8= 1()*8) MAE 0.75 0.26 0.52 0.04
Wass(0.5) | 0.77 0.31 0.49 0.03
Wass(1 0.79 0.37 0.46 0.04
Wass(2 0.77 0.38 0.40 0.06
Loss 0.79 0.36 041 0.03
MSE 0.79 0.38 0.60 0.13
3(8= 10—7) MAE 0.77 0.31 0.51 0.03
Wass(0.5) | 0.79 0.33 0.47 0.03
Wass(1 0.79 0.36 0.41 0.03
Wass(2 0.7 0.32 0.36 0.06

Table 9.1: Results showing the ability of a VAE trained on QCD only samples to distinguish top and W
jets from QCD jets. The Training Metric column shows which distance metric is used in the loss function for
training, and the Anomaly Metric column shows the distance metric used at inference time. The bold blue
entries mark the highest AUCs and signal efficiencies overall. We indicate the p-Wasserstein distance metric
as Wass(p), and the MPE with power oo = 1,2 by MAE and MSE, respectively. The number in parenthesis
in the Down Sampling column denotes the value of 8 which yields the lowest total loss on the validation set
for the given number of down samplings.
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Figure 9.3: Results from scanning over 8. The value of 8 which minimizes the validation loss does not
yield the highest AUCs or signal acceptence for fixed background rejection for either the top or W samples.
If one were to use one of the signal samples to chose the value of 3, it can lead to worse results on the other

signal.

the anomaly metric. When d&,)ass is used as the training metric, the best performance is with dﬁ%E as the
anomaly metric.

We can see at this stage the proliferation of choices one has to make when deciding what architecture,
training metric, and anomaly metric to use. Making these choices is especially hard to do if one wants to
remain model agnostic. For instance, Fig. 9.3 shows the results of the network trained with dl(\zI))E as the
reconstruction loss. The left panel contains the loss on the QCD validation events. Using the idea that
minimizing the loss is getting a better estimate of the probability of an event, one would expect that the
network configuration (number of down samplings and value of ) which minimizes the loss will have learned
the QCD distribution the best. However, the remaining panels show the ability of the networks to distinguish
top and W jets from the QCD background in the upper and lower panels, respectively. The middle panels
display the AUC and the right panels show the signal acceptance at a cut that allows only 10% of the QCD
background events to pass. In particular, we see that the value of 3 which minimizes any of the loss curves
does not yield the best signal separation. We also point out that the network with a single down sample block

has the lowest loss, but is consistently the worst anomaly detector. This figure also highlights the danger
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of using the metrics of a particular signal to chose the hyperparameters of a universal anomaly detector.
Examining only performance on the top jets, it would be tempting to pick the three down sample networks
with a value of B = 1077, as this gives the best AUC and signal acceptance for the fixed background rejection
for the tops. However, these particular networks have poor score for the W jets. This is the challenge of
signal independent searches; without a signal model in mind, optimizing analysis strategies is hard to do in
a principled manner.

The network trained with dl(v?%’E with a small KL divergence term yields the best anomaly detection
performance. Therefore, we expect that it is learning a good representation of the underlying background

distribution. We next explore this hypothesis by examining event-to-event distances among different metrics.

9.4.2 What has the VAE learned?

In order for a variational autoencoder to be able to judge the likelihood of an event given the assumption
that it came from the set of training data, it must have a representation of the probability distribution of
events in the training sample. Moreover, since it first maps events to a lower-dimensional latent space, the
information about the relative likelihood should be encoded in the latent space in some way. It would make
sense if the network places similar events nearby in the latent space, and dissimilar events far apart. In this
section we attempt to quantify if this is indeed true by comparing to the more physical Wasserstein distance.

Since each input is mapped to a (Gaussian) distribution in the latent space, we use the Euclidean distance
between the means of these distributions, which is a simple measure of the distance in the latent space.” In
Fig. 9.4, we show the correlations between the Euclidean latent space distance and the 1-Wasserstein event
distance among all the ~ 10° pairings of 1000 events in the QCD test set for various values of the VAE
parameter 3. For this study, the events are passed through the encoder part of a VAE with three down sam-
pling layers, down to a 64 dimensional latent space where the Euclidean distance is computed. As the value
of B is increased, the network goes from having little regularization to being forced to approach a Gaussian.
Correspondingly, the correlation initially grows as the structure is forced upon the latent representation,
and then decreases as B becomes so large that the regularization dominates and the distribution becomes
nearly Gaussian. We observe similar results for the networks with one and two downsampling layers that
are trained with d%))E in the loss function. In this figure, the value of § which gives the minimum loss
corresponds to the 3 with maximum correlation, but we do not find this trend to hold in general. It seems
that the VAE with an intermediate value of B that balances the dr(j%,E and KLD terms in the loss function
creates a latent space where distances between events are correlated with the d%iss distance in the image

space.

"One could also try to take into account the variance of the distributions, by e.g., taking the KL divergence
between the two distributions.
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Figure 9.4: Each panel shows correlations between pair-wise distances of events in the QCD test set. The
y-axis always denotes the dsxl,zssdistance. The x-axis denotes the Euclidean distance in the latent space. The

representation learned by the network is more correlated with the d&l,zssdistances than the MSE distances
(see Fig. 9.1). The latent space distances were computed from networks trained with an MSE loss function,

with two downsampling steps.

After 3 down sample

I8 Pearson Correlation r=0.77

After 2 down sample

After 1 down sample

I8 Pearson Correlation r=0.75 Y Pearson Correlation r=0.87
8 8
B B |
S Sy S
3 5 6 5 6
j} () [}
o0 1Y) a0
CE < <
g E 4 g 4
S = =

0.05 0.10 0.2 0.4

Layer dﬁﬁlE Layer dﬁl))].:

0.02 0.04 0.06

Layer défl),E

Figure 9.5: Correlations of the pair-wise event distance in the image space with the interior activations of
the network after different numbers of downsampling blocks.

The downsampling operations are critical to the production of the latent space. As they combine infor-
mation from neighboring pixels, they introduce an element of scale which MPE would not exhibit. To verify
the importance of downsampling, we show in Fig. 9.5 the pair-wise event distance correlations for the same
network at different depths into the encoder. In the first panel, distances on the x-axis are computed in the
first downsampling block, where the events are represented as 20 x 20 x 5 tensors and the dl(v%l)’]-: goes across
all 2000 “pixels” (see Fig. 9.2). The correlation between the distance in this first downsampling layer and the
Wasserstein distance of the events is much larger than the MSE distance between the original events. The
correlation further increases from the first down sample block to the second. The correlation then decreases
after a third downsampling. Then, when the information is further reduced to the latent space, we get
smaller correlations than seen in the early stages of the network.

Although the EMD metric is a p-Wasserstein metric with p = 1, there is no clear reason why p = 1
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Figure 9.6: Correlations of the pair-wise event distance in the image space with the interior activations of
the network after different numbers of down sample blocks. This is the same network as in Fig. 9.5, but now
the image distances use a different power of p. The correlation is higher with p = 0.5 than p = 1.

should be preferred to other values. So, next we consider p = 0.5. In Fig. 9.6, we show the correlations
for the same network with three down sampling layers but now using dg%;s)s distances along the y-axis. The
distances between events at different layers in the network are ~ 5% more correlated with dsj(‘],';)s than d&iss.

In this section, we have explored the representation of the QCD event distribution that variational
autoencoders learn. Our conclusion from this study is that the Euclidean distances between QCD events
in the latent space are highly correlated with the p-Wasserstein distances between the events themselves.
This is particularly compelling because the VAE is trained with the MSE metric for its loss function and
has no direct access to any p-Wasserstein metric. A related question is how the correlations would look if
a p-Wasserstein metric were used for training. In that case, we find that the Euclidean distances between
events in the latent space of the Wasserstein trained networks are even more correlated with the Wasserstein
distances in the image space. Thus, it could be argued that the Wasserstein trained networks learn an even
better representation of the QCD distribution than the MSE trained networks. However, the VAE with MSE
training worked better for finding the top- and W-jet signals than those trained with a Wasserstein loss.
The fact that the method with the “best” latent representation does not yield the best signal separation

highlights the challenges of model agnostic anomaly detection.

9.5 Event-to-Ensemble Distance

In the previous section we showed that VAEs tend to work better when MSE loss is used for training
than when Wasserstein metrics are used for training and that the Euclidean distance in the latent space
correlates strongly with the Wasserstein metric on the data, regardless of the metric used for training. If
the power of the VAE for anomaly detection in physical problems stems from it implicitly learning aspects
of the p-Wasserstein metrics, we can then ask if there may be a way to use these metrics more directly for

anomaly detection, sidestepping the VAE entirely. One way to do this is to use the metric to compute an
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event-to-ensemble distance, as we explore in this section.

We would like to use the p-Wasserstein distance, or another metric, to characterize the distance of an
event to the background ensemble. There are already several options for using Wasserstein distances to
characterize different types of events in the literature, such as k nearest neighbor (kNN) classifiers [1231],
“linearized” optimal transport [40], where all the events are compared to a single reference event and this is
used to define a new distance, and event isotropy, which compares a given event to an isotropic configura-
tion [1245]. Our goal, using a method like these, is to extract from the background ensemble one or more
representative images and to compute the distance of a given signal or background event to those images.
This direct event-to-ensemble distance measure can then be compared to the VAE anomaly score, which is
also effectively an event-to-ensemble distance.

To compute the direct event-to-ensemble distance we need an algorithm to select or construct fiducial
events from the ensemble and a metric with which to compute the distance. As with the VAE architecture,
there may be no choice that is optimal for all signals. In choosing the fiducial events, we must decide which
sample to choose events from, how to select those events, how many events to use, how to represent the
fiducial events (e.g. as images), and how to combine the distances to the different events. To make a fair
comparison to the VAE approach, we would like our algorithm for generating fiducial events to depend only
on the background sample, independent of what anomalous signal we might search for. Thus we choose the
QCD jet event ensemble as our reference sample. To select events from the sample, the simplest possibility
is to arbitrarily select some number of random images. However, despite occasionally giving a large AUC for
classification, results with random images are very sensitive to fluctuations between the random images. A
second possibility that may seem sensible is to take the average of all events in the sample. A third option,
which we find to be the most natural, is to use k medoids as we now explain.

With a given metric, which we call the medoid metric, we can compute the pairwise distance d(x;,x;)
between any two events in the ensemble. Then for each event x we can sum over all the distances to all other
events d(x) = >, d(x,%;). The medoid of the ensemble is the event x that minimizes d(x). k medoids
generalizes this to finding the k events for which the sum of the distances of each event to the closest of the
k medoids is minimized. Thus the event fragments into a set of clusters, with each cluster closest to one
of the k medoids. k-medoids clustering is similar to k-means clustering when the medoid metric is chosen
to be the Euclidean metric, except that k-medoid clustering actually requires the medoid to be one of the
events in the set. Medoids have previously been explored in other contexts in [1231,1232,1257,1258]. To
use k medoids, we need to choose a value for k and a medoid metric. Then it is natural to take for the
event-to-ensemble distance the distance of an event to its closest medoid. Although one could in principle

use a different metric to compute the event-to-ensemble distance, it is also most natural to use the same
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Figure 9.7: Example of the elbow method. Left shows histograms of the 1-Wasserstein distance to the
closest medoid, with colors corresponding to the number of medoids. Right plots the peak of each of these
histograms, as a function of the number of medoids.

medoid metric that determines the medoids.

Choosing the number of medoids k is challenging to do in a signal independent way. One approach is
the elbow method, a common heuristic for determining how many clusters are in a dataset. In our case, to
use the elbow method we scan over the number k of medoids, and for each k compute the distances of all
the events in our sample to the nearest medoid and histogram the results. There will be a small number of
events very close to a medoid and a small number very far from all medoids, so the histograms will have a
peak at some finite value of the distance. Moreover, the distance to the peak will decrease monotonically
as the number of medoids increases. In many applications the decrease is rapid for small k, but at some k
this behavior abruptly slows down. Thus the peak distance as a function of k often has an elbow shape.
To determine the elbow location algorithmically we perform a linear regression to an elbow function (two
straight lines), and take the first integer value after the elbow as the suggested value of k. The result can be
seen in Fig. 9.7. The idea behind the elbow method is that increasing k past the location of the elbow should
not give much improvement. Moreover, in the case of anomaly detection, if we have too many medoids, we
can get one medoid that looks “signal-like” rather than “background-like”. We find that typically k ~ 2 — 4
medoids is selected according to this elbow method.

The main advantage of the elbow method is that it can be automated and used independent of the
sample or the use case. However, there often is not a clear elbow. In Fig. 9.7, the elbow is only apparent
because we have fit to a piecewise linear function. The data seems to follow more of a power law behavior.
In addition, the location of the elbow can be affected by the maximum number of medoids we include in

the fit. Additionally, the elbow can only be computed once we’'ve already made the arbitrary choice of the
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medoid metric, and of the metric being used for the comparison between the full sample and the reference
sample. Finally, there is no reason to expect that the elbow choice of k, which is determined only by the
background sample, would be optimal for anomaly detection tasks. Thus, we also consider values of k not
determined by the elbow method for this study.

The top of Table 9.2 shows results for top-jet vs. QCD-jet discrimination and W-jet vs. QCD-jet
discrimination when QCD jets are used for the reference sample. We show results for different values of k
with medoids, using different medoid metrics. We also show the result from using the distance to a single
composite average event determined by averaging each pixel intensity over all events in the reference sample.
For each case, we include both the AUC and the signal efficiency at a cut which allows only 10% of the QCD
events to pass. When we study the elbow for the most common 1-Wasserstein metric, we see reasonable
performance for both QCD and top jets, though it is best for neither of them. This is in line with what
we expect for unsupervised anomaly detection. For simplicity, we report results where the metric used to
select the medoids is the same one used to compute our observable. We could have chosen two different
metrics for the medoid metric and that used to compute the event-to-ensemble distance, but restricting to
the case where they are the same does not qualitatively change our results. Table 9.2 shows that the number
of medoids and the choice of metric matters substantially.

We find that the QCD medoids typically perform better than the average QCD jet. This is not surprising,
since the average QCD jet is much more concentrated in the center of the image than any real QCD jet,
as can be seen in Fig. 9.8. In this figure, the color shows the fraction of the total pr in each pixel on a
logarithmic scale. We also find better performance for anomaly detection with 5-6 medoids, rather than the
2-4 medoids suggested by the elbow method. When detecting top jets with QCD reference images, we get
the best results when the p-Wasserstein metric with p = 1 is used to compare images, though we also find
reasonable performance for the p-Wasserstein metric with p = 0.5 or p = 2 (not shown in the table) and when
the MAE metric is used. Although MAE is not a physically motivated metric, the performance in this case
is not surprising because MAE between events is highly correlated with p-Wasserstein distances between
events for QCD jets (the Pearson correlation coefficient between MAE and the 1-Wasserstein distance is
0.87).

That our results depend on the exponent p is suggestive. For the p-Wasserstein metric with larger p
we get substantially decreased performance when comparing to QCD reference jets. This suggests that the
ideal value of p is related to the relevant scales in the problem: a smaller value of p places comparatively
larger emphasis on pixels with smaller differences. This is consistent with results such as [154], which finds
better AE performance when pixel intensities are rescaled to emphasize dim pixels. When we choose a better

(smaller) value of p, the results are also slightly less sensitive to exactly which QCD reference images are
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Top jet W jet
Reference Number
Sample Metric of Method AUC eg(ep =0.1) | AUC eg(eg =0.1)

medoids

Supervised - - - 0.94 0.81 0.96 0.91

- Avg 0.81 0.33 0.62 0.02

1 Medoid 0.83 0.28 0.63 0.02

Wass(1) 3 (e)  Medoids (min) | 0.85 0.43 0.67 0.04

5 Medoids (min) | 0.87 0.54 0.60 0.05

7 Medoids (min) | 0.87 0.54 0.61 0.05

- Avg 0.53 0.10 0.60 0.03

QCD 1 Medoid 0.62 0.21 0.36 0.03

Reference | Wass(5) 3 Medoids (min) | 0.66 0.19 0.41 0.05

4 (e) Medoids (min) | 0.67 0.22 0.41 0.04

5 Medoids (min) | 0.71 0.24 0.43 0.04

- Avg 0.83 0.47 0.71 0.08

1 Medoid 0.82 0.40 0.71 0.07

MAE 3 (e)  Medoids (min) | 0.82 0.49 0.61 0.08

5 Medoids (min) | 0.83 0.48 0.67 0.08

7 Medoids (min) | 0.83 0.48 0.65 0.08

- Avg 0.69 0.17 0.69 0.04

1 Medoid 0.58 0.20 0.79 0.31

Wass(1) 3 (e)  Medoids (min) | 0.32 0.07 0.79 0.53

) Medoids (min) | 0.45 0.12 0.84 0.62

7 Medoids (min) | 0.49 0.13 0.83 0.60

- Avg 0.72 0.18 0.40 0.01

Top 1 Medoid 0.53 0.12 0.52 0.05

Reference Wass(5) 2 (e) Medoids (min 0.72 0.32 0.70 0.06

3 Medoids (min) | 0.66 0.20 0.61 0.04

5 Medoids (min) | 0.61 0.16 0.54 0.03

3 (e) Medoids (sum) | 0.66 0.27 0.66 0.06

Wass(5) 5 Medoids (sum) | 0.73 0.30 0.58 0.02

7 Medoids (sum) | 0.75 0.31 0.60 0.02

- Avg 0.48 0.05 0.57 0.05

MAE ! Medoid 0.29 0.04 0.64 0.23

3 (e) Medoids (min) | 0.25 0.03 0.36 0.03

5 Medoids (min) | 0.31 0.10 0.58 0.31

Table 9.2: Results for QCD vs. signal classification, with signal labeled in the top row. Top rows use a QCD
reference sample, and bottom rows use a top reference sample (assuming W events are more “top-like” than
QCD events). When there are multiple medoids, distances are combined either by taking the minimum or the
sum of the distances to the k different medoids, as denoted in the table. Medoids are selected with the same
metric as the one used to compare images. For each metric, we note which number of medoids corresponds
to the elbow by (e). The best AUC and eg(ep = 0.1) values for each reference sample are denoted in blue.
We indicate the p-Wasserstein distance metric as Wass(p), and the MPE with power a = 1,2 by MAE and
MSE, respectively.
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Figure 9.8: Images of example QCD and top events. The top row shows QCD events; the bottom row
shows top events. The left column shows the average image in each case, and the other two columns show two
medoids computed with the 1-Wasserstein metric. Note medoids are more sparse and varied than average
images, and that one of the top medoids appears “QCD-like” when we include multiple medoids.

chosen than when a larger value is chosen.

While autoencoders are often trained on a QCD background, several studies have explored trying to train
an AE on alternative samples. One example is [154], which showed that AEs perform poorly when tagging
QCD jets if trained on a top jet sample. This can be attributed to top jets being more complex than QCD
jets, so that an AE trained on top jets can also reconstruct QCD jets despite them being out of distribution
samples. While modifications can be made so that an AE trained on top jets can tag QCD jets [148,154],
requiring sample dependent optimization defeats the point of unsupervised anomaly detection.

Unlike in the case of an AE, event-to-ensemble distances can be directly applied to other reference
samples, assuming an applicable metric is selected. We include in the bottom half of Table 9.2 results
using a top-jet reference sample for concreteness and brevity, but the method can be easily applied to other
reference samples. We find that for top reference samples, the best metric is not the same as for QCD
reference samples. In contrast to the case of the QCD reference sample, we find the p-Wasserstein metric

with higher p does better for QCD vs. top classification than that with p = 1. We suspect that top reference
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samples usually prefer a large value of the exponent p because a larger power prioritizes larger differences
in pT over smaller ones, and effective classification using top reference samples should deprioritize small
pT differences, since the top reference samples are spread out with substantial pixel-to-pixel variation. In
contrast, the QCD reference sample case has fewer populated pixels with less variation, so a smaller value
of the exponent p is needed. However, this result is signal dependent, in addition to being dependent on
the background sample: when trying to use the top reference sample to distinguish QCD vs. W-jet events,
we find using the p-Wasserstein metric with p = 1 is better than higher p. We also find that whether the
average event or minimum distance to the medoids does better depends on the signal sample — for QCD
versus top classification with a top reference sample the average event does better than medoids (unlike the
QCD reference sample case), but the opposite is true for QCD vs. W classification. Furthermore, we find the
somewhat counter intuitive result that the sum of the distance to the medoids does better than the minimum
for top vs. QCD classification with top reference jets, which is surprising because only the distance to the
closest event is actually used when determining the medoids. For QCD vs. top classification, using a QCD
reference sample still outperforms the top reference sample, but the opposite is true when doing QCD vs.
W classification.

Our best results using the event-to-ensemble distance approach are comparable to and even slightly
exceed the performance of the VAE in the previous section, which can be seen from comparing Table 9.2
to Table 9.1. This suggests that if we choose a smart, physically motivated metric like the p-Wasserstein
distance then we can use the medoid method, which is much faster and simpler than the VAE, and avoids
optimizing all the hyperparameters in the VAE network architecture. The trade-off is that we need to put
effort into optimizing the metric and choice of k for the medoid approach. This is not surprising, since
as we saw in the previous section, distances in the VAE latent space between two separate encoded latent
representations are fairly correlated with the p-Wasserstein distance between the original images. This
equivalence is further supported by our study of the number of downsampling layers in the previous section.
Like in the case of the p-Wasserstein metrics, locality is incorporated in the convolutional VAE on scales
other than the arbitrary pixel size due to the convolutions and down samplings.

The ease and speed of using the event-to-ensemble approach is a distinct advantage when compared to
AEs, where the architecture, normalization, and parameters all need to be optimized. However, since the
ideal metric and fiducial sample selection depend on both the background and signal samples, the signal
dependence of the event-to-ensemble approach further suggests that there may be advantages of weakly /semi-
supervised learning as compared to unsupervised learning, and that weakly/semi-supervised methods should
be explored further. The potential advantages of semi-supervised learning can be further seen from the fact

that the best QCD vs. W AUC values come from top reference samples, rather than QCD reference samples.
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9.6 Discussion

Using an autoencoder for anomaly detection is particularly challenging, since it must be trained well enough
to reconstruct the background, but not so well that it also reconstructs the signal. There are many details
about the network configuration that need to be optimized, such as the network size, metric used to compare
input and output images, the definition of the anomaly score, and hyperparameters. Many of the results
currently in the literature do not sufficiently emphasize these difficulties, so we have attempted in this chapter
to characterize and resolve them. To be concrete, we considered detecting boosted hadronic top and W jets
over a QCD-jet background. We considered using different metrics for training the VAE; we found that
using the more physically-motivated optimal transport-based metrics did not outperform the simpler mean-
squared-error metrics, and actually performed slightly worse. We found that the optimal values of various
hyperparameters depend on the signal that we are trying to detect and that the optimal hyperparameters
for describing the QCD sample are not necessarily those that detect anomalies the best.

In order to understand what the autoencoder has learned, we also studied the autoencoder latent space.
The latent space provides a representation of any particular event which can be used to study the background
distribution. In order to characterize this latent space, we computed the distance between distinct events.
One way to do this is by using the Euclidean distance between quantities in the latent space. Alternatively,
if we rely on a more physical, optimal transport based metric, we can compute the distances between images
directly. When we compared the two, we found that the event-to-event optimal transport based distances
between the background events are highly correlated with the Euclidean distances between events in the
latent space of the autoencoder. This suggests that the autoencoder is learning some aspects of optimal
transport, despite being trained with only a mean-squared-error based loss function.

This motivated us to develop methods that use optimal transport more directly. By choosing a repre-
sentation of the QCD background distribution, such as the average QCD image or several medoids of the set
of QCD jets, we can directly compute the optimal transport distance to this fiducial sample and use it as an
anomaly score. We found that this method is at least as effective as the autoencoder, with the added benefits
of being easier and faster to optimize, and generalizing more easily than the autoencoder to more complicated
background distributions. We also found that the best choice of optimal transport metric depends on both
the new physics signal and the qualities of the expected background distribution. Before using this medoid
method in practice, we suggest additional studies of this method, including exploring background sculpting,
testing the effects of signal contamination when selecting a background reference sample, and studying the
correlation of this anomaly score with known observables.

Although we have shown that the performance of variational autoencoders can be reproduced, and

improved upon, by the relatively simpler medoid method, neither approach is very close to optimal for signal
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detection. To be quantitative, when trained on a QCD sample, the best autoencoder performance we found
gave an AUC of 0.65 for W detection (see Table 9.1). The best performance using medoids with a QCD
background gave a slightly better AUC of 0.71 (see Table 9.2). These are both worse than the performance
of a fully supervised network which gave a nearly perfect AUC of 0.96. Somewhat surprisingly, we found
that when the medoids method was used on a top-jet background sample, it found W jets over QCD better
(AUC of 0.84) than when trained on a QCD background. This is comparable to what a supervised network
trained to find tops over QCD gives when tested on W vs. QCD (AUC of 0.86). These observations suggest
that a path forward might be to use a semi-supervised approach [99, 142, 1259, 1260], where a network is

trained with an example signal in mind, and then used for anomaly detection more broadly.
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Conclusion

The existence of new physics beyond the Standard Model is motivated by an assortment of open questions.
A combination of theoretical and data-driven tools will be essential to effectively probing the myriad of BSM
models that have been proposed to answer these questions. In this dissertation, we have explored several of
these tools.

We have explored many different EFTs, including typical Lorentz-invariant ones, as well as more sophis-
ticated ones where those assumptions break down, such as those with topological defects. First, we discussed
several different theories of axion interactions, consisting of EFTs for axions interacting with other axions or
non-periodic scalars, EFTs for axions interacting with magnetic monopoles, and EFTs for massive fermions
in an axion string background. We found that, even in the presence of mixing, in consistent EFTs axion
couplings to gauge fields are always quantized up to violations proportional to the axion mass; that in the
presence of abelian gauge fields axion interactions with virtual magnetic monopoles generate a new contribu-
tion to the axion potential; and that fermion zero modes delocalize from axion strings when the bulk fermions
have a Dirac mass term. Next, we studied several different models which can explain recent experimental
deviations from theoretical expectations, including CP violating Higgs portal dark matter, a scalar triplet
model, and modified Froggatt-Nielsen models. We considered the viability of CP violating Higgs portal
WIMP dark matter models for explaining the galactic center excess of gamma rays and determined their

consistency with other experimental constraints. We also performed updated electroweak fits including the
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CDF-IT W mass measurement and proposed scalar triplet and multiple generation singlet doublet models as
explanations of the CDF-II W mass anomaly. Additionally, we defined wrinkles in Froggatt-Nielsen models
and demonstrated that, when BSM physics is included in these models, wrinkles generate flexibility in the
size of new physics Yukawa couplings.

Finally, we utilized machine learning for precision Top-quark mass measurement and anomaly detection.
For Top-quark mass measurement, we showed that complicated ML methods such as DCTR do not improve
the precision more than traditional approaches like jet grooming do, but that simultaneously fitting to
ensembles of events can lead to additional precision. For anomaly detection, we identify Wasserstein distances
to multiple different reference samples as a useful tool and identify challenges with some autoencoder based
methods.

There are still many exciting open questions regarding these and other tools to look for BSM physics.
Some of these questions have been the subject of additional work since the papers contained in this disserta-
tion were originally published. For examples, see [862,1261,1262] on axion coupling quantization, [1263,1264]
on Higgs portal explanations of the gamma ray excess, and [1265] on axion string zero modes. However, our

understanding is far from complete, and there are still many opportunities for future work.
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Additional Information about Axion String Calculations

A.1 Numerical Techniques

We rely on Chebyshev interpolation to numerically solve the zero mode equations of motion (4.28). This
method is one of several numerical approaches used for collocation: the discretization of partial differential
equations (PDESs) to transform them into matrix equations. Here we give a brief introduction; more details
can be found in [1266,1267].

Chebyshev interpolation provides a method of approximating a smooth function f(() on the interval
¢ € [-1,1] using its values at a finite and discrete set of points. That is, given the function £(() evaluated at

the set of Cheybshev points,

B w(2k 4+ 1) B
C = cos <2(N—|—1)) , k=0,...,N, (A1)

we may approximate it at any point in ¢ € [-1, 1] via the interpolant

N (Q) =D £(C)pr(Q) (A.2)

N
k=0

where the functions pk((), defined such that py(C,) = dku, are the degree-N Lagrange polynomials associ-
ated to the points (A.1). Importantly, the Lagrange polynomials can be reliably evaluated away from the

interpolation points using the second barycentric form [1267,1268],
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Wll
Pk (C (A.3)
where we introduce the Chebyshev weights
2nk(N +2) +«
=sin | ———F— k=0,...,N. A4
Wik sin ( 2(N + 1) ) ) ) ’ ( )

The interpolant (A.2) then provides a degree-N polynomial approximation that exactly agrees with f(() at
the points (;, and has an error which decays exponentially in N for all other points on the interval.

The interpolant (A.2) allows us to represent the function f(¢) as a (N + 1)-component vector f = {£(¢,)}.
We can similarly represent derivatives of this function working with the derivative matrices p;(C,) and

pr(C,), defined by [1267,1269]

Wi/ Wi n#k
, GG
pk(gn) = ’
- Z pk n n=
k#n
(A.5)
204,00 (6,) — ?ﬂiz n Ak
Py (C) =
- Z p{!(gn) n=k
k#n

Any differential equation for £(C) on the interval ¢ € [-1,1] can then be approximated by a matrix equation
for the function values {f(C,)} by substituting (A.2) for £((), evaluating the equation at each Chebshev point
Cy, and using (A.5) to convert differentiation into matrix multiplication. This matrix equation can then be
solved by any number of standard numerical techniques.

For example, the equation

d2
[&3+g@ﬂﬂo:o, (A.6)

for any regular function g(C) on ¢ € [-1,1] can be approximated by the matrix equation

N
Z Dy + G)uc £(C) =0, (A7)
k=0

where (G)nkx = 8(Ci)dnk, (D2)uk = Py (C,), which is defined in (A.5), and the number of nodes is chosen to be
N+ 1. The solutions to (A.6) are then well-approximated by the interpolant (A.2) constructed from the null
space of the matrix (Dy + G). As long as N is large enough, this interpolant then provides an approximate
solution to (A.6) whose pointwise error decays exponentially in N.

When the equation we aim to solve is defined on the semi-infinite line r € [0, 00), we must first map

it to the interval ¢ € [-1,1] to apply Chebyshev interpolation. We find that the simplest map, the linear
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fractional transformation
r—L

Cr) = N (A.8)

works well, where L is a tuneable parameter that broadly controls which r values are sampled by the
corresponding Chebyshev nodes (A.1). In practice, we take L to be an O(1) number times the scale over
which the solution varies naturally (set by p! for the equations we are interested in) though we ensure that
our solutions do not depend on the precise choice of L.

For two-dimensional equations of motion like (4.28), we have a choice in how to apply Chebyshev in-
terpolation. The simplest approach is to expand in Fourier modes, as in §4.3.1, to reduce the problem to
a system of coupled ordinary differential equations. That is, we expand each spinor component into their

lowest 2J 4+ 1 Fourier modes

bo(1,0) = Y by o(r) e, (A.9)

le|<J
such that (4.28) reduces to a finite set of coupled equations (4.30) involving 2 x (2J + 1) mode functions. We
can then interpolate each radial function 1\, ,(r) with N+1 nodes to convert (4.30) into a 2x (2J+1) x (N+1)-
dimensional linear equation. The profiles displayed in Fig. 4.2 were generated with J = 41 and N = 61,
though our results are robust to changing both J and N.
Another approach is to interpolate the spinor components 1, (x,y) using a two-dimensional Cartesian

grid. This requires first mapping both x and y from (-0, 00) to [-1,1]. We do so via two different maps

arctan(x;/L;) 0 <m/p <0.8
((x) = , (A.10)
tanh(x;/L;) 0.4 <m/p <0.95

depending on the value of m/p, where x; = {x,y}. Here, the parameters L; = {Ly,L,} determine the
relevant scales in the original x or y coordinate. These maps efficiently sample small (x,y) values while
avoiding numerical artifacts at large x and y. Since the solutions elongate in the x-direction as m — p,
we used Ly ~ O(1) x 1/(p —m) and Ly ~ O(1) x p'. We find that with these ranges of Ly and Ly, our
Cartesian results agree with each other for overlapping m/p and that our solutions are independent of our
specific choice. For large numbers of nodes, Ny, Ny > 90, our results obtained with a Cartesian grid agree
with those obtained using a Fourier mode expansion, but formulating the problem in the Fourier basis is
significantly faster.

Finally, to compute the moments of our solutions and properly normalize them, we must numerically
evaluate integrals involving these profiles. We do so via quadrature, in which the integral is approximated
by a weighted sum of the function’s values on the Chebyshev grid. Explicitly, an arbitrary integral of the
density [{(r, d)[* = |[Uy(r, &)[* + [s(r, &)[* can be expressed as
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1 27
JEraaomol = 3 [ a0 [ dor(Qm(Qe e, (0 (©

a,n 0 7" (All)
=27 Z qkr’(Ck)an(Qk)%,e(Qk)wZ,un(Ck)
a,k,4n
where
1
= d A.12
a= | Q) (A.12)

is the quadrature weight, which can be efficiently numerically evaluated, and

ar,d) = > an(G)pi(C)e™ (A.13)

In|<J.k

is an arbitrary weight function, whose n’th Fourier mode has value a, (C;) at r(¢). For instance, to normalize
the profile functions in Fig. 4.2, we evaluate (A.11) with a(r, ) = 1, while to compute the dipole (4.80) we

choose a(r, ¢) «x rcos ¢ and a(r, d) o rsin ¢.

A.2 Multipole Moments

In this Appendix we provide more details on the derivation of the worldsheet effective action given in (4.77).
We follow the method in [871], adapted to the case of a string. Our starting point is the term in the action
that couples the gauge field to the four-dimensional current from (4.75), which is pointing along the axion
string,

Sem = — / d*x j*A,. (A.14)

As in the main text, we take p =0,1,2,3,a=0,3, and i,j,k; = 1, 2.
Our goal is an effective action describing these interactions which is valid when the wavelength of the
gauge field is much larger than the characteristic size of the source. In this regime, we can Taylor expand

the gauge field about the string source at the origin,
1
3z k ky
AL(t,%) = _Z X xS O - "%Au]xz(t,o,o,z)- (A.15)
n=0

Since our source of interest points along the string (see 4.75), we can drop the terms with p = 1,2. We are

left with the action

Sem =~ /dQU/er éxk“ X, R) [0 O, Ad (8, 2). (A.16)

n=0

It is useful to rewrite the action in terms of gauge invariant quantities. We first consider the A term, and

note that E& = F% = Ak 4§ A, This allows us to exchange radial derivatives of A® for time-derivatives
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of A% and terms involving the electric field, E. We find,

SA() = /dZO' /dzr jO [AO](t’Z) - ; % /d20' /er jUXkI_ . .an [akl . ak“i]EkD:I(t%Z)
0o 1 ' l .
+ ; E /d20' /dQY _]OXk e an l:akl .. ak.,flAk“](t, Z)

(A.17)

The last term in this expression can be combined with the A® term of (A.16) to get a gauge invariant term
involving the magnetic field. To see this, we integrate by parts within the d?c integral, and use current

conservation: 0" = —dsj%. This allows us to rewrite,

U d2r jPx x “]81( O, IA““‘[/ dr (5% x4 -- k“] Oy~ O, A

(A.18)
UerJx k}aklmak,,_,agAk",

where in the last equality we have integrated by parts again. With this replacement, the sum of the last

term of (A.17) and the A® term from (A.16) is

f/d% /erj3A3—Z%/dQO/erj3xk1~~-xk“8kl~~~6‘kn_l(03Ak“)
n=1 "
=1
> / do / &P e By Ok (95, As) (A.19)
n=1 "

I /d20' /d2rj3A3 _ ZE/d20'/d2rjsxkl"'Xk"akl"'akn,lﬁgkn']Bp
n=1 """

where we have used 0;A; — O3A; = FB = €3i-iBj. Adding back the remaining terms in Spo and relabeling

indices, we obtain the full action

/d2 /d2 (°Ag +i3A3) — /d2 [/dzrjoxkl ~~Xk“:| Oy -+ O, BN
n= 1

S oot

111

(A.20)

which can be written in terms of the field strength as

=1
——/d%/d% (jOAU+j3A3)—ZH/d20 U gk } Dy Ok, Frpa (A.21)
n=1

This action reduces to (4.77) using the current (4.75) and the normalization condition for |F(r, ¢)|?.
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Next-Order Velocity Expansion of the Dark Matter Annihilation
Cross Section

As established, to leading order in dark matter velocity, the annihilation signal is set by the pseudoscalar
coupling Im[yy, ] (and subdominantly by gz, ), while spin-independent scattering is set by the scalar coupling
Relyny]. However, we would also like to understand whether we can generate the annihilation signal at all
in the limit that yy, is real. In this limit, the leading velocity independent term vanishes, and we need to
consider terms of higher order in the halo velocity v.

For this argument we will neglect the contribution of the Z portal; a gz, consistent with spin-dependent
constraints cannot generate a thermal relic annihilation cross section, as it does not have a mass resonance.’
Thus, for hypothetically viable parameter space it is safe to assume that the Z-mediated annihilation is
subdominant.

When yp, has vanishing imaginary part, the leading contribution to the spin averaged annihilation

amplitude squared is

e i o i)
Xx—ff (mf1 — 4m§()2 + mﬁfﬁ

ovh). (B.1)

n fact, the O(VZ) Z-coupling term does have a mediator resonance, but enhancement is limited by the significantly
larger width of the Z boson.
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This term is suppressed by the non-relativistic speeds of dark matter, for typical values v? ~ 1076, and
the magnitude of the purely real coupling is stringently constrained by direct detection. Thus, any allowed
parameter space would require precise fine-tuning of the dark matter mass. However, the enhancement
obtained from the m, — my/2 resonance is limited by the finite width of the Higgs, which is ~ 4 MeV in
the SM [975]. Since the branching ratio of h — xx near the resonance is vanishingly small due to phase
space suppression, we may take 4 MeV as a conservative bound for the Higgs width. Thus, the comparative

ratio between annihilation and scattering cross sections, given in (5.5) and (5.13), can be bounded by

(V) ann 6 x 10* GeV* m? 10° GeV* m?

~Y
2 22 212 212
o m 4m +msT m:T
St Im[ypy ]=0 ( h X) h™h h™ h

~ 10°. (B.2)

As the current direct detection limits bound the spin-independent scattering rate at < 10~'% pb, a model
without CP-violation may exhibit an annihilation cross section of at most O(0.1) pb. We emphasize here
that these statements are specifically valid for Majorana fermion dark matter, and dark matter models with
a different CP-structure could certainly achieve the required hierarchy between annihilation and scattering

with sufficient tuning on this resonance.
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Oblique Parameters in the Singlet-Doublet Model

As mentioned in §5 and §6, the singlet-doublet model primarily contributes to the S and T parameters at
loop-level with the new fermions running in the loop. Here, we provide a quick summary of this calculation.
We write a generic coupling between a gauge boson X and fermions i, j as iy" (CVIJ cX aii Y ~%) where C%ij and

Ciij are the vector and axial vector couplings respectively. In MS, we find

—ighv

1
iHXY(pQ)gMV = 472 / ((CVIJCVIJ + CAIJCAIJ) p2X(1 - X)

(C.1)

2
(CVI]CVI] CA]JCAI_]) Iy — (CVuCVl] + CAl]CAu) A) log uZa

where A = m} + x(mf — m{) — x(1 — x)p?. The other relevant expression is II'(p?), which is given by

77/ 2 v figLW ! HQ
1l_IXY(p )gH = A2 /0 { (CVUCVU + CAI_]CAI_]) (1 - X) lOg K

|:(CV1_] CVI_] + CAU CA1J>p X(l ) (CVU CVIJ CAU CAIJ) m;m, (CZ)

1—
(CVI]CVu + CA]]CAI]) A:| X(AX)}

These expressions hold generically for any external electroweak gauge boson. To compute the oblique

parameters, as defined in (5.29) - (5.31), we sum over all fermions which contribute to the specific vacuum
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polarization and substitute in the relevant masses and couplings. The nonzero Yukawa couplings y and y
mix the neutral eigenstates in the low energy effective theory, so S, T, and U are nontrivial functions of the

couplings y and ¥ and the masses m; and msy.
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Correlations in the Electroweak Fit

Our electroweak fit results with different values of My were reported in Table 6.2 and in Figs. 6.1 -6.2. For

completeness, correlations between different oblique parameters in the fit are reported in Table D.1.

CDF-1I
CDF-II World Average PDG 2020
(2x syst.)
(S, T) Correlation 0.925 0.905 0.934 0.914
Best Fit (U=0) (S,T) 0.0060 0.0043 0.0065 0.0052 0.0058 0.0041 0.0062 0.0047
Covariance Matrix 0.0043 0.0037 0.0052 0.0050 0.0041 0.0033 0.0047 0.0042
(S, T) Correlation 0.908 0.908 0.908 0.909
(S, U) Correlation -0.629 -0.586 -0.639 -0.613
T, U) Correlati -0.859 -0.801 -0.873 -0.836
Best Fit (U floating) (T, U) Correlation i
,T,0) 0.0100  0.0108  —0.0058 0.0100  0.0107  —0.0058 0.0100,  0.0108  —0.0058 0.0100  0.0108  —0.0058
o . 0.0108  0.0141  —0.0094 0.0107  0.0141  —0.0093 0.0108  0.0141  —0.0094 0.0108  0.0142  —0.0094
Covariance Matrix
—0.0058 —0.0094 0.0084 —0.0058 —0.0093  0.0097 —0.0058 —0.0094 0.0082 —0.0058 —0.0094  0.0090

Table D.1: Correlation matrices and coefficients from the fits of the oblique parameters described in Section
6.3.1 and Section 6.3.2. Different columns correspond to different input My measurement scenarios around
Eq. (6.2). Results of the fit including (S, T) and excluding (including) U in the list of floating parameters
are included in the top (bottom) row.
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Further Discussion of Flavorful Physics

E.1 Full Set of Consistency Conditions

Here we list the full set of consistency conditions that arise for the Yukawa couplings of the S; leptoquark

model embedded in an FN setup.

i AL DAY
A > o5 (A Al - Ac)”| . T ']’
) . Al ‘>7‘A AL Aq)”,
‘Agé > 16“2‘(A119'Y£@'YL6)J, ’ 1617:2 (Aqr TQL QL)ij
‘Agé 2 ‘( Qi ’ Yaﬁ . Aﬁé)ij ) ’A ‘ > 161‘(2 ‘ (YQEI . YQ& AQL) ’
16m2 ‘ 1 ( t A )-i
) . - Al ‘>7‘Yﬁ~Yﬁ i
‘ATJ@ > 167:2‘( e A - Vi), 1617r2 Qu- You - 2L
1 ’A ‘ 2 @‘(AQL Yie-Yie)"|,
ij oyt )
’Yéa = 16“2‘(YQd'YQF1'YQd) ; ‘A ‘> #‘(YQH A YT,
ij 1 T ij "
‘chz&‘ 2 @‘(YQﬁ Y- Ya1)"|: i 1 i ; =
. 1 i ‘Yl ul 2 ‘ Yoi - Yo, Yan)' |
’Yéa > 716“2‘@% Ay Yaa)'. o 161“2 ( - Yor)
1 ‘YQu = W’(AQL Ay, Yan)'|
ij Ty )\
‘YL‘K’ - 16;(2‘(YLL Yie YLC) 7 ‘Y%ﬁ > 161’ﬁ2‘(YQﬁ Afs AT’)U )
yi_ ‘ AT CAR Y s ”) .
Vi 16w (Bav - Aar - Yie) . Y4 lﬁlﬂzl(YQa Yo+ Yan)'|,
i AL ALY
N N A [ B
VE| 2 o] (A% Vi 2w)']
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They arise from considering the representation of the Yukawas under the SM flavor symmetry group, Gaavor
(see (7.6)), and constructing the other combinations of Yukawas that transform in the same way. Each
combination produces a one-loop contribution via a diagram analogous to Fig. 7.3. The representations
of Yqu, Yga, Yie, Aqru, and Ags are listed in Eqgs. (7.7) and (7.9). We could also consider additional
consistency conditions with more Yukawa couplings on the right-hand side, but those will be sub-dominant
to those listed above. The consistency conditions listed above are specific to the spurions we have considered,

but this procedure generalizes to arbitrary new spurions under Ggayor-

E.2 Calculation of Other Observables

In this appendix we review the contributions of the Sy leptoquark to various flavor observables. The emphasis
is on the dependence on the flavor spurions, Aqr, and Ags, with many details left to the references. In what
follows, V is the CKM matrix and v is the SM Higgs vev. We use the CKM parameters as determined
in [1173] while the remainder of our inputs are taken from the PDG [1131]. Furthermore, we work with a set
of operators where the neutrinos are left in the flavor basis as the processes we consider have either a final
state neutrino of a specific flavor, or a sum over all possible final state neutrinos, which can be done in any
basis. Therefore, we do not include explicit factors of the PMNS matrix in the expressions for the Wilson
coefficients. We assume the leptoquark Yukawas are given in the IR and neglect the running effects. These
calculations are used in §7.4 to identify the most relevant constraints and the wrinkles which are useful for
evading them. We also employ mostly four-component spinor notation in this appendix for consistency with

the majority of the references.

E.2.1 Dipole Moments

First we calculate the contribution of S; to the electric and magnetic dipole moments of SM particles. After

integrating out the leptoquark, the one loop diagrams of Fig. E.1 can give rise to the effective operators
L D cifio™ PrfF,, + hc., (E.2)

where f;j are SM fermions, F,, is the electromagnetic field strength, and cg‘ is the corresponding Wilson
coefficient. By matching the diagrams in Fig. E.1 to this operator, we can calculate cin{ values in our setup.

See [976,1081,1167,1270-1273] for details of the calculation. Following the notation of [1081], we have

o = Z m {mq(V*AQL)Qi*Aﬁl* (QslA(r) - QaB(r)>
a 1 (E.3)
# (mALAL (V200" (V" Aa)?) (QsA0) - QiBO))|.

where the sum is over all possible up-type anti-quarks q that can go in the loop, Q is the electric charge,
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Figure E.1: Feynman diagram (in two-component notation) for the S; leptoquark contribution to the
dipole operators of charged fermions, including (g — 2),.. The largest contribution arises from the top quark
in the loop. The photon can attach to either internal line in the loop.

m; ; are the masses of the external leptons, r = m% / mgl, and the loop functions are defined in the appendix
of [1081].

In terms of these Wilson coefficients, the electric and magnetic dipole moments can be written as
df = 2 Imcf} af = — Recf. (E.4)

Note that because the two fermions in the operator (E.2) have opposite chirality, all the contributions in
(E.3) are proportional to the external fermion or internal quark mass. As a result, unless the Yukawas are
very suppressed, the S; contribution to EDMs and MDMs are dominated by diagrams with the top quark

in the loop, which are proportional to m;.

E.2.2 Lepton Flavor Violating Observables
The Lagrangian from (E.2) also contributes to LV decays as [1081,1167,1270]

BR (¢ — ¢ LT S E.5
(l—ly) = 22 (legw|* + legiel?) - (E.5)
Fiy

Similar to the previous section, dominant contributions to c?/ , come from diagrams with the heaviest quarks

in the loop. More concretely, we find that in the limit m,, my, < mg,

2
PR P T
167r2m§1 m?l 4

These dipole operators also contribute to the well-constrained LFV processes p — 3e and p — e conversion

(V*AqL) ¥ * AL~ (E.6)

ue

in nuclei. In our leptoquark model, the dipole operator is the only contribution to p — 3e, so these branching
ratios are directly correlated:

o m? 11

1
BR(p — 3e) = 3 (logm—g - —) BR(p — ev) ~ —BR(p — ev). (E.7)

4 162

The p — e conversion process in nuclei, however, also receives contributions from four-fermion operators
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coupling the muon and electron to quarks. The effective Hamiltonian for this process can be written [1274,

1275]:
] Gr (@) (@) (a) (@) .
HD g (CLS ePrp + cg ePLu) qq + (c ePrp +cgy ePLu)qwsq

V2

q=u,d,s

(a) (a) (a)

+ (el Ve Prp + ciyey" Prin)an, a + (i Ve Prp + el e Priu) 4y, ~sq (E.8)

(a)

1
i) (cfec" Prp + cigy

ec“”PLu) qouwq + h.c.
where for the S; leptoquark,

1 2
ofd = +elf = —cff = -5 - (V*Aq)"* AR

m ue
S1

w _ () (w)

12 A1l
Crs = —Crp = —CrT = (V Aqr) ™ Age

Ry = Cia =

11 A 12
ue —ue

2
1v
2m
u u 1 * *
iy = el = 5 (V Aqu)” (V*Aqu)"!
1
2m

The conversion rate is then computed by evaluating the overlap integrals of the fermion wave-function and
nucleon densities. This has been performed in [1276], assuming the coherent conversion process (where the
initial and final state nucleus are the same) dominates. We use the average values of their overlap integrals

for the different nuclei (Al and Au).

E.2.3 Leptonic Meson Decays

P— v

The EFT for a generic meson decaying to a neutrino and a charged lepton is [1071,1114,1277]

4GrVy, - _ -
o [CL wdey (ALA"dL) (fL“quL) + CX uaew (R dR) (fL“{uVL)
V2 (E.10)

+ Ci,ud@ (l_leL) (ZRVL) + C%,udlv (ﬁLdR) (ZRVL)] + h.c.,

Heer =

where u (d) labels the involved up-type (down-type) quark. In the SM, these decays are mediated by a W
exchange and the overall normalization is chosen such that C} = 1, with other Wilson coefficients set to
Zero.
For the Sy leptoquark, we can show that at the leptoquark mass scale
A F(VFAQL)M* 2
Vud 4111%1

Y4
o ARAR v
Lyudév —
ner Vud

)

)

2
4msl
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In our model there are no couplings to RH down-type quarks, so CSR,UMU = CX,udZV =0.
The meson branching ratio to fv is given by

f2G2 |V g2 2\ 2
BR (Pr, — fv) = 7prie2E Vudl® PGngW al m? (1 - EE,)

2
mp

2
— =P (S g —C ., (B11
mg(mu + md)( R,udév L,udéu) ( )

v V
X ’(CL,udév - CR,udéu) +

where Tp is the meson lifetime, mp is the meson mass, fp is the meson decay constant, m, is the final
state lepton’s mass, and m, (mg) is the mass of the up-type (down-type) valence quark of the meson. This
equation has been used to calculate the contribution of our model to various leptonic meson decays in the

main text.

P— ¢ and P — v/

The Hamiltonian describing a meson P decaying to charged leptons 1 and 1" is [1072,1278)]

4G r.opp! 1. opp! 1. pp! 1. opp!
TFxCKM Yoot oEtt et ot +he | (E.12)
2 X=S,P,9,10

Her D

Here, Ackn is a combination of two CKM entries involving the valence quarks of the meson, Cx are Wilson

coefficients, and their associated operators are

7 Qem ,_ 7 el Qem 72
O = = (qPrq) (E0') O™ = 22 (@Pra’) (I4°0)

74 Qem ,_ 7 74 Qlem ,_ 7 5
OF " = (@ Pua ) (B, ) OF = (A Pud) (0, ),

The operators with a prime on the subscript are obtained by the replacement Pr, /g — Pg 1.

At tree level, our leptoquark only gives rise to decays of D and w via t-channel diagrams, while decays
of K, B, and By take place at one-loop level and are suppressed. For the tree-level decays, the Wilson
coefficients above can be calculated as a function of the leptoquark Yukawa couplings [1072]

2

’ ! ! ’
aq’;e0 _ aq’;ee’ v * "
Co' ™ =-Ciy " =g (VAaer (VAqu)y
Qem CKMInS1
2
’ / / !
aq’;e0 aq’;e0" VT *
Cy = Clp" =5 (Auw)yer(Dus)ge
2 >\ 2 q
Qem ACKMIG,
o o Vi (E.13)
qq’ ;e _ qq’;ee
Cs = GCp = (Aw)yr (V' AqL)y
20Cem>\CKMrnsl
2
’ / !’ ’
qq’ ;e _ aq’ ;e _ VT
Cui® = e = T (V*Aqu)ye (B
20Lem>\CKMrnSI

For D and © mesons decays we set Acxm = Vi, Vgn with g, q’ referring to the valence quarks of the meson.
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In terms of the Wilson coefficients above, the BR of the meson to £~ and £'* is given by [1072,1278]

2 (2 Y ;
BR(P — (~¢'%) = tpfjm} 2oL xéKM\/ (1 _ (mlzm2)> (1 _ (mI+mﬂ>

P 64m3 m? m3
2 _ 2
. Kl B (m1+2m2)) ‘(09 o) L R (e o) (E.14)
mp mp my + Mgy
(m; — my)? m; + ms mp ’2
I 2 ~ Cyy — Cpr
* < ml% ‘(CIO ClO ) mp + mq/ + qu (CP CP ) ’

where Tp is the meson lifetime, mp is the meson mass, and m; (m2) is the mass of the ¢ (¢') lepton.
We can use (E.14) to calculate meson decay to a pair of neutrinos too. For that, we should set m; =
my = 0 and only keep couplings to LH fermions in the SM. Doing that, we find zero contribution for the S;

leptoquark.

E.2.4 Semi-leptonic Meson Decays

Next we compute the leptoquark contribution to semi-leptonic meson decays. We ignore constraints from
B — K®) ¢, since the S; leptoquark only contributes at loop-level, which is subdominant for leptoquark
masses above a few TeV [1108]. Instead, we study the more sensitive observables B — D™l and K — muv,

which receive contributions at tree-level.

Rpe

B — D™ proceeds at tree-level via the exchange of the W and the leptoquark [1072,1114,1277,1279-1281].
This and other leptoquark models have generated significant interest in the context of B — D®*)1u because

some evidence of a lepton flavor non-universal BSM contribution in this channel, captured by the ratio

BR (B — D(*)Tv)

RD(*) = (E].5)

BR (B — D()fv)’
has been detected in various experiments [12-18] (£ = e, p).
When computing the decay rate, integrating the heavy mediators out allows us to work with a set of

dimension-6 operators given by

4GFVcb
Her = 7 (OE’L+ > CﬁLoﬁL) (E.16)
X=S,V,T
M=L,R
where
O, = (@Pyb)(FPLv) Oy, = (€4'Pub) (7, PLv) Oy, = (6" Pyb) (o, PLy) (E.17)

Note that we have split apart the contributions to the vector operator such that the Wilson coefficients only
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capture leptoquark contributions.

For the process of interest, the helicity amplitude we wish to compute is

—IM = (£(pe: Xe), Te(py), DO (D e (\ar)) [Herr [B(p))- (E.18)

Each of these operators can be split apart into the constituent quark and lepton bilinears, which allows
us to split apart the total amplitude into a product of hadronic and leptonic amplitudes. Details of the
calculation can be found in [1282,1283]. The leptonic amplitudes, which are generically functions of various
angles, are identical for both D and D*, while the hadronic amplitudes, which are functions of q2, vary and
are determined by the specific helicity of the D*) meson. The leptonic amplitudes can be found in multiple
references, including [1282]; the expressions for the relevant hadronic functions are taken from [1279,1284].1

To compute the differential decay rate, we use

2

T = 5 [ M(a?. costy || Ym0y g — mp)? — (1 - mT) (E.19)
4

dgq2dcos 9 T om 25673 m3 q2

where we sum over neutrinos in the final state. Performing the angular integral over the leptonic functions
first, we recover Egs. (B.6) and (B.8) in [1283] for the differential decay rates of B — DTv and B — D*1v
respectively. This is the result for a T in the final state, but making the replacement m. — m, gives us
the expression for decays involving any of the SM leptons. The total decay rate can then be obtained by
performing the q* integral over the interval [m?, (mp — mp)?.

The expressions from (B.6) and (B.8) in [1283] are given in terms of the Wilson coefficients defined in
(E.16), therefore, the last ingredient required to complete this computation is the set of pertinent Wilson

coefficients for the leptoquark model. They are given by

3 A23
v2 AQL Az

CS _ ue
LL am?, Ve,
3j * *
v V2 AdL(V AQL)23
CLL == 4 2 V (EQO)
mLQ cb
3j 23
CT _ V2 AQ]L Aﬁé
M 16mE, Ve,

K — mvu

The decays KT — wtvi and K;, — ©’vi can be described with an effective Hamiltonian very similar to

(7.19) [1107,1285]:
4G c * v v v v
Heg = _T; HY) + ViV (CK OF 4+ CEYOK") + he. (E.21)

'The correct sign of hr,(w) is in [1279)].
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where

v Qem 5 " —
Oritry = o (A" Prmys) (0, (1 = 5 )v), (E.22)

and ’Hig includes operators that encode physics below the weak scale. The branching ratios for K — wtvu

and Ky, — wv are then written as

BRK* — wtop) = ks {(Im(NXK))? (- Pl + Re(NXK“))?]

X’ N
(E.23)
I XK\ 2
BR(Ky, — ©'v) = ki, (%)
where XXV = —sin? Oy (CK + CKv), N\ = ViV, and X\ = 0.2255 is the Wolfenstein parameter of the

CKM matrix. The k-factors encode input from hadronic matrix elements. Following [1107], we take ky =
(5.2740.03) x 10" and Ky, = (2.27£0.01) x 10~'°. The quantity P, ) = 0.41£0.05 encodes contributions
from charm and light-quark loops. These two decays are related via the Grossman-Nir bound [1286].
The SM Wilson coefficient CKVSM ig the same as (7.21), while the leptoquark contribution is
V2 - AékLA%!kL*

Cr = — —_— E.24
L mgl 2OCem >\t ( )

We set a constraint on the leptoquark mass by demanding that the total predicted branching ratio
(including the SM contribution) be less than the 20 upper limit of the measured branching ratio in [1127]:
BR(KT — wfup) < 1.88 x 1071°. The analogous limit for Ky decays set by the KOTO experiment,

BR(K}, — ’vv) < 4.9 x 107Y [1287] is not yet competitive in the context of this model.

E25 Z—u

Virtual corrections involving SM fermions and the S; leptoquark can also contribute to lepton flavor uni-
versality violating decays of the SM gauge bosons. The strongest bound on the leptoquark comes from
measurements of the Z — ¢’ decays, which are constrained by ATLAS [1288]. Constraints on Z decays can
be cast as bounds on anomalous couplings of the Z boson, dg, where

g - .
£ o 2 |(Biiglhy, + del )P + (el + 58l PR 7, (E.25)
f,i,j

with ggLM = Tg — Qg sin® Oy and ng“M = —Qssin® Oy being the left- and right-handed fermion couplings to the
Z boson in the SM.

The S; leptoquark contributions to these anomalous couplings have been worked out in [1289, 1290].
In particular [1290] includes additional finite terms that are numerically important. The S; leptoquark

contributions to the charged lepton couplings of the Z is
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LL(R) N, tj U, u Xt (Xt —1- log Xt) X7z
dg;; 16;2 LJ(R)(WL( ) [(gsﬁ” gsni’) + ofw) (x¢)

(x¢ —1)2
] 1 1 LL(R)
Xz Z WL WL(R) gSM ( ogxz — im — g) + G8sm

k=u,c

(E.26)

where xz = mj/mg , x, = m/mg , wy = (V*Aqu)l, wi = AL and Fpr(x) are loop functions, which can

ue»

be found in [1290].

[1291] sets bounds on combinations of these anomalous couplings with a variety of flavor ansétze, by
combining the LFV decay bounds with LEP data at the Z-pole [1003]. To extract a constraint on the S;
leptoquark, we simply demand that the anomalous couplings computed above satisfy their bounds assuming

generic LE'V coupling, which limits

V1852 + [3gf 2 < 1.2 x 1073, \/19gis ]2 + [3gsh|? < 4.8 x 1072 (E.27)

The ep bound is most constraining for the anarchic and vanilla FN flavor ansétze, while the pt bound is

strongest with the additional wrinkles from (7.32).

E.2.6 Meson Mixing

The leptoquark S; also contributes at the one-loop level to operators in the SM that are responsible for
meson mixing. In particular for the down type quarks, the important operator for meson mixing is the

dimension-six, four-quark bilinear

Hmlx D) Cl]

rrux( L

) (). (E.28)
The associated Wilson coefficient for this operator generated by the S; leptoquark is [1281]

Ol = = > [alal ] (8.29)

where the sum above is over all neutrino flavors. Several experimental quantities of interest can then be
derived from this; for instance (in the limit of negligible CP violating phases) the mass difference Am between

the mass eigenstates of the oscillating meson is given by

P|Humix|P)  C, S i
< ’mP | > _ Hnlr;x <P| “dJ)( i,\{udJL)‘p> ) (E.30)

Am =

Here, P denotes the meson whose constituent down-type quarks are in the i,j generation. The non-

perturbative hadronic matrix element above is
Ji ) FJip gl D\ _ 2 2 2
(P (dpy dL) (dpy dL) |P> = ngmPBPa (E.31)
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where fp is the meson decay constant and Bp is the meson bag factor, which can be extracted from lattice
computations [1292-1294].
In order to reduce uncertainties from the hadronic matrix elements, we find it advantageous to compare

ratios of the matrix elements of the mixing operator (as given in (7.33)). We define

(Ba[Ha ™" [Bq)

Cp, "% = _ , (E.32)
’ (B[ HN]B,)

where q = d,s and by definition in the SM, Cg, = 1 and ¢, = 0. By definition, the Cp_ are free from
the non-perturbative matrix elements and depend only on perturbative, short-distance Wilson coefficients.
The aforementioned ratio is experimentally determined by the UTFit collaboration [1129,1172,1173], and
can be understood as a short-distance proxy for the mass difference Am. In principle, there can be intricate
interplay between the phases of leptoquark couplings, leading to interference with the SM contributions
in this ratio. In this work, we avoid making any assumptions on the underlying complex phases of the
leptoquark couplings in Cp,, and simply compute the absolute value of Cg, .

Additional CP violation from BSM physics is also strongly constrained by other meson mixing measure-
ments, especially in the Kaon system. The quantity of interest is €k, which, following standard assumptions
(see e.g. [1295]), is given by B
(Ko Humis|Kp) 4

To account for £k, which is much more constraining than the Kaon mass difference, we define

Im (K| H N KO)
— — (E.34)
Im (KO |HSM|K?)

mix

EK

where again C., =1 in the SM.

For all of these quantities, we compute the leptoquark contributions using (E.29). We compare to the SM
matrix elements, which are computed following [1295-1297], including the scale-independent, short-distance
QCD corrections. Then we set constraints using the latest results from UTFit [1173].

We do not consider effects of the S; leptoquark on mixing in mesons with up-type quarks such as the
DY, primarily due large hadronic undertainties [1298,1299] in current SM predictions that make it difficult

to glean any information from new physics contributions.
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More Machine Learning Details

F.1 DCTR on a toy model

The overall idea of the DCTR method to extract the top mass is inspired by finding the value of the Monte
Carlo mass (and other tune parameters) which are most likely to have produced the data. In order to
assess this, one needs the likelihood function covering the range of data and parameters. However, this is
extremely difficult to obtain. Instead, DCTR uses the fact that, given two data sets, the likelihood ratio
between the data sets is given by an ideal classifier. While we cannot access the likelihood function itself,
it is still possible to find the parameters which maximize the likelihood using the ratio. We gain access to
an approximation of the likelihood ratio using a well-trained, flexible, neural network, which is close to an
ideal classifier. In this appendix, we review the two of the main components necessary for DCTR to work,
(a) training a parameterized neural network to find the likelihood ratio and (b) using the likelihood ratio to
maximize the likelihood and infer the most probable Monte Carlo parameter.

In a parameterized neural network, unobserved properties are included as input to the network. This can
be useful when needing to scan over a property. For instance, when looking for BSM physics, the mass of a
new resonance is unknown, and a classifier trained at one mass will be sub-optimal if the mass is substantially
different. Rather than training many classifiers for different masses, one can train a single classifier where

the mass is included as an input. This helps the classifier to interpolate between masses and reduces the
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Figure F.1: DCTR works by using a classifier to approximate the likelihood ratio. In this example, we
use Gaussian distributions to show the procedure using exact likelihood ratios. The left panel shows the
probability density for a sample of data in which the mean of the Gaussian can take any value between 0
and 5; this is referred to as the scanned sample. The middle panel shows the probability density for the
fixed sample, where the mean is always set to 3 and p has no meaning. The right panel shows what the
probability is for a point in the p,x parameter space to come from the scanned sample as opposed to the
fixed sample, which is the result of an ideal classifier.

amount of training data needed, because features are shared across the feature space.

The first step is to use a parameterized neural network as a classifier to derive an estimate for the
likelihood ratio between samples. In our full set up, we include the Monte Carlo mass of the top quark as
an input parameter. For this appendix, we will start by considering a simpler example. Consider the case
of Gaussian distributions with different values for the mean p. Draw samples x from this Gaussian, where
the mean p is changed for each draw. This produces a two dimensional array S = (u,x). We can train a
network f(p, x) to distinguish between S and a uniform 2D distribution, U. This network will yield the ratio

of their probability densities at any given point,

_ S(p,x)
) = S0 + 0 (E-1)

The probability density for the data distribution can easily be solved for in terms of the output of the
network,
f(p, %)

S(p,x) = m

Ulpax) - (F.2)

From this, we can use f to obtain the probability density of S for any p and x within the range of the training
data. This is possible because we know the probability density of the uniform distribution which we were
using as a reference. In fact, we did not need to use a uniform distribution at all; the processes generalizes
to choosing a different fixed reference sample. For the rest of this simple example, we will use a Gaussian
with fixed mean p = 3 as the reference sample. In the main text, we use a sample of events with a fixed
Monte Carlo top-quark mass and fixed tune as a reference, since a uniform distribution does not make sense
in the context of jets with differing numbers of particles.

This is shown in Fig. F.1. Specifically, we show this initial setup and the idealized network output. The
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Figure F.2: If the full probability density is known (shown in the left panel), the parameter of an unknown
sample (second panel) can be obtained by maximizing the likelihood. The third panel shows the probability
of observing each element in the unknown set, T. The final panel shown the total probability, obtained by
taking the product of the individual probabilities, and is maximized at the true underlying parameter.

first panel shows the probability density for our scanned sample P(S), where the x-axis denotes the Monte
Carlo parameter and the y axis denotes the observed value. The middle panel displays the same probability
density for the fixed reference sample, P(F). We can see that P(F) is uniform for all values along the x-axis
(the fake input parameters) but has a non-uniform y-axis, since the sample is drawn with a specific fixed
parameter. The final panel shows the ratio of these probability densities,

P(S(u,x))
PG + PG

R(p,x) = (F.3)

which would be the output of an ideal network trained to classify events as coming from the scanned or
reference sets.

The next step is to use the classifier to infer the most probable Monte Carlo parameter for a new dataset.
In this example, we use p = 1.5 as the new dataset, and denote this set by T(x). If we had access to the
full likelihood S(p,x), we could infer the value of p by multiplying the probabilities from each event in T to

maximize the likelihood,

(i = argmax H S(p,x;) = argmaXH S(p, X)T(x). (F.4)
o x €T " b'e

In going from the first expression to the second expression, we transition from discrete to continuous dis-
tributions. An example of this is shown in Fig. F.2. The first panel again shows the true probability
density S(p,x) and the second panel shows the distribution of x for the unknown set. The third panel shows
S(p,x)"™) which is the probability of observing each element in T given S. In the final panel, we take the
product of the probabilities to obtain the total probability of obtaining the data T as a function of . The
true value is the most probable one.

When using DCTR, we do not actually have access to S(p,x) but only the ratio R(p,x). However,

a similar procedure still works. We want to maximize the probability, but now we must also include the
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reference set. This is done by maximizing the likelihood that the new set will be classified as part of the
scanned set while the reference set will be classified as the reference set. We define the total probability of

events from T(x) to get classified as coming from the scanned sample as
Pr(n) = [ R x) . (F.5)

Similarly, let Pr(p) define the probability of events from the fixed sample F(x) getting classified correctly,

F(x
Pr(u) = [T (1 - R(ux)"™™ . (F.6)
Combining these two expressions yields total probability of classification,
x F(x
C(w) = [T R )™ (1= R, %)™, (F.7)

The value of p which maximizes C(p) then corresponds to the most probable value to have produced the
test dataset, T.

We make this more explicit in Fig. F.3. The panels on the left show the output of the ideal classifier
(the ratio of probability densities from the scanned and fixed sample) for the scanned (top) and reference
(bottom) datasets. The second column shows the new test PDF which we are trying to infer (top) and the
reference PDF (bottom). The third column displays the classifier output (R or 1-R) convolved with the
probability distributions. The top panel in the last column displays the product of these. In the bottom
right panel, we show the total probabilities. The new set Pr(p) is shown in blue, the fixed reference set
Pg(p) is shown in orange, and C(p) is the green line. Note that the blue and orange lines have quite
different shapes, however, when they are combined to make the green line, it is maximized at p = 1.5,
which is the value of the test set. The works for all values of p; a video showing a scan can be found at
https://bostdiek.github.io/Videos/DCTR_Gaussian_Example.mp4.

While DCTR is overly complicated for a single dimension, it can prove useful when the datasets have
many dimensions. We now generalize the method by taking the single observable x to be set of observations,
x; — Xj, where the subscript represents a given event. Similarly, the underlying parameter p is generalized
to many model parameters p — 6. In many dimension, an explicit likelihood ratio can be challenging to
obtain, thus a neural network will be used as an approximation. The network is trained to classify events
from a scanned set x; € xp, from events in a fixed reference set x; € xg,. We now represent the network
output by f(x, 0) and train it to maximize the probability of correctly assigning the training events. Namely,

f(x, 0) = argmax H f(x,0) x H (1—1f"(x;,0))
o

Xi €Xgg Xi €Xg

= argmin( — Z log ' (x;, 0) — Z log (1 — f/(xi,G))>.

f/
Xi €Xgg Xi €Xg

(F.8)
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Figure F.3: The classifier is now applied to a new unknown sample and the reference sample. The upper
left panel shows the classifier output R, which is the probability for a point in the space to belong to the
scanned sample. Similarly, (1 — R) is the probability to have come from the fixed sample, and is shown in
the lower left panel. The probability density for the new set and the reference set are displayed in the second
column, where neither depends on the model parameter p. The third column displays the classifier output (R
or 1-R) convolved with the probability distributions. The total probability is displayed in the top right panel;
it is the product of the individual probabilities for each sample in the datasets. In the bottom right panel,
the product of the individual probabilities along the y axis is shown as a function of the model parameter.
The blue, orange, and green lines denote the probabilities for the new sample, the reference sample, and
the combination, respectively. The green line is maximized at the value of the unknown parameter used to
generate the new PDF.

The second line is just the usual binary cross-entropy loss function which is used to train binary classification
neural networks.
Once the network is trained, we can infer the parameters of a new data, x; € xp, set by minimizing the

loss of classifying the new data versus the reference set. Thus,

6= argmin( — Z log f'(x;,0") — Z log (1 — f(x;, 9/)))_ (F.9)

e/
Xi €Xgp Xi €Xg

This is equivalent to maximizing the probability as we did in the Gaussian example.

F.2 Top Mass Training Curves

For completeness, we show training loss curves for DCTR and the linear network. As can be seen, training

is stable and early stopping only becomes relevant once a plateau has been reached.
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Figure F.4: (a): Training loss curve for the linear network. (b): Training loss curve for the DCTR classifier.

F.3 Variational Inference for Autoencoders

The idea behind variational inference for anomaly detection is to estimate the true probability distribution

of the background, p(x). Assuming we have an underlying latent space of elements z, we can write p(x) as
() = By [p (2)] = [ b (xl2) ple) (F.10)

where E denotes the expectation value, p (x|z) is the probability of x given z, and p(z) is the prior likelihood
of the latent data. We can take the latent space prior to be a set of independent Gaussians with zero mean
and unit standard deviation, z; ~ A(0, 1), where i runs over the dimension of the latent space. At this point
p(x|z) is an unknown and intractable distribution.

To make progress, we introduce a new tractable distribution q,(z|x), where ¢ are some parameters to
be optimized over. In an autoencoder architecture, this is the encoder. We can then write (F.10) in a more

useful form: <lz 2 olz
) = [ (e 2 pa)an = B, | PR (F.11)

The log likelihood, log p(x), is then given as

logp(x) =108 Eq, (1) [W}

2, [ (220 w12

G (2[x)

= Eq_ i {log p(x|z) — log (q“;i')" ) )} :

where we have used Jensen’s inequality in the second line above. Let’s first consider the first term in the last

line of (F.12). It is the expectation value of x given z when z is sampled from q,(z|x) (which is a distribution
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in z given x). This term can be interpreted as a (negative) reconstruction error term. If we approximate
p(x|z) by a decoder part of the architecture py(x|z) (where 0 is to be optimized over), Eq_(,x)(ps(x|2)) is the
usual (negative) reconstruction error term in the loss function for an autoencoder with decoder py(x|z) and
encoder q,(z/x).

The second term is by definition the Kullback-Leibler divergence (KLD) between the distributions q,(z|x)
and p(z). Recall that p(z) ~ N (0,1). We take q,(z|x) to also be a Gaussian distribution, but with a unknown
mean and standard deviation (to be fixed by the optimization), i.e. qe(z[x) = N (p(x),0%(x)). The KLD
between these two distributions is then given exactly by (9.4). Using the reparameterization trick [1234,1252],

we can write q,(z|x) in terms of a standard normal:

z ~ Qe (z|x), z = p(x) + o(x)e e ~N(0,1). (F.13)

Using the reparameterization trick allows for more efficient training of the network, as the back propagation
of the gradients extends to the parameters of the distribution (p and 6) even though a random draw from
the distribution is passed to the decoder.

It’s now clear that the last line in (F.12) is the negative loss for a VAE architecture. By training the
VAE, we are minimizing the loss. By the inequality in (F.12), the last line is also a lower limit for the log
likelihood. The optimized VAE therefore gives a maximized lower bound to the log likelihood, the so called
Evidence LOwer Bound (ELBO). Notice that in this discussion it is imperative to use the full VAE loss in

order for it to have the variational inference interpretation.

F.4 Comparing Anomaly Detection to a Supervised Method

It is well known that anomaly detection is sub-optimal for looking for any particular model; if the signal
is known before-hand, supervised classification will yield the best results. We use a similar setup for our
supervised classification as we did for the VAEs. The network consists of 1, 2, or 3 convolution blocks. Each
block is made of two successive convolutional layers with 5 filters with a kernel size of 3 pixels, followed by
an ELU activation function. After the convolutions, the data is down sampled with a 2 x 2 average pool
operation. Following the convolution blocks, the data is flattened to a vector and a fully connected layer
reduces the output to a single number with a sigmoid activation.

The networks are trained using 50000 events from the QCD sample and 50000 events from either the
top or W samples. Similarly, 5000 events from each dataset are used for validation and to stop the network
training when the validation loss has stopped improving. The training minimizes the binary cross entropy.
After training, the network is applied to the test data of 5000 events in each class. We find that the network

with three down sample layers achieves the best AUCs, with a score of 0.94 for top tagging and 0.96 for W

tagging.
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