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Abstract. We investigate how long-range power-law hopping interaction, ~ 1/r%, affects the
characteristics of dissipative quantum transport in a nonequilibrium setting. The model under
consideration is a noninteracting bosonic chain subject to thermal baths of differing temperature
at its boundaries and dephasing noise which is applied uniformly to all the sites. It is shown that
the steady-state current may vary nonmonotonically and has a peak for a finite a depending on
the position of the cold bath. This site-specific behaviour stems back to the interference effect
caused by the parity of the total sites N and the baths positions. The fractional nature of the
system, along with the interplay between coherent and incoherent transport, will affect the steady
state current that characterizes the transport.

1. Introduction
When a physical system, either classical or quantum, is placed in direct contact with two reservoirs of
different temperatures at its edges, it will typically tend to a nonequilibrium steady-state (NESS). In this
setting, energy (and particle) is constantly pumped at the hot reservoir to be absorbed at the cold
reservoir with finite current. This physical scenario relates to a vast range of major problems in open
guantum systems and condensed-matter physics, both theoretically and experimentally, ranging from
electron transport in semiconductors [1-3] and mesoscopic systems [4,5], current rectifiers [6,7],
dephasing and driven-assisted quantum transport [8-16], to thermal conductivity in gauge/gravity
models (AdS/CFT correspondence) [17-19], and even Horndeski's gravity [20]. NESS also plays crucial
role in biological building blocks such as DNA and protein, whose complex dynamics can be studied
classically [21-25] or in quantum regime [26-28], particularly in open systems setting [29-37].
Low-dimensional lattice of spins and fermions have become a powerful experimental playground in
recent years, mainly due to the rapid advances in experiments with 1D and 2D quantum simulators, e.g.,
ultracold atoms [38,39], trapped ions [15], and photonic networks [14]. Traditionally, the intersite (or
hopping) interaction in these systems is modeled with nearest-neighbour coupling. However, coupling
in any realistic systems is in long ranged, in which power-law interaction, 1/r%, is one of the most
common form. Dipole-dipole interactions (~ 1/r3) play a central role for polar molecules [40],
magnetic atoms [41], and nitrogen-vacancy centers [42]. Furthermore, tunable fractional power-law
effective interactions (0 < a < 3) are available in several systems [43,44], each having interesting non-
local entanglement and quantum correlation transfer properties. In disordered potentials, self-duality
breaking quasicrystals with power-law hopping possess rich localization properties and a hiearchy of
multifractality which heavily dependent on the exponent a [45]. Yet, the study of nonequilibrium open
system transport with power-law interaction has apparently been understudied.
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Figure 1. Schematics of the open quantum system considered in this paper. N linear two level systems
with long-range hopping is coupled to hot and cold baths at its ends.

In this paper, we study the nonequilibrium transport of a clean (disorder-free) 1D lattice which
facilitates the transfer of a noninteracting particle with power-law hopping. Our model is the simplest
as possible so that we can isolate the sole effect of the power-law interaction to the transport. We found
that the particle current varies nonmonotonically with respect to the power-law exponent a, meaning
that there exists an optimum exponent which enhances transport the most. This enhancement behaviour
strongly depends on the choice of which site is coupled to the cold reservoir, which we refer to as the
exit site of the particle.

2. Model
We consider a clean 1D lattice of N coupled bosonic modes in a tight-binding model using second-
guantisation language, which is commonly used in modern literatures,

N
H(t) = — z ]n—m(azam +H.c), (1)
n<m
where a;t (a,,) is the usual bosonic creation (annihilation) operator at site n. The hopping (or tunneling)
rate J,,_, takes the power-law form which decays over the distance n — m,

_ ]
In—m|®
In this paper we set 4 = 1 and take J as the unit of energy.

The system is coupled to two different environments: pair of thermal reservoirs (baths) of
noninteracting bosons at different temperature; see figure 1. The hot bath is coupled to the n = 1 site,
while the cold bath is to the 1-th site. We will vary the latter site to see the response in the transport
properties. The environmental coupling is modeled by a phenomenological-local [46,47] Markovian
master equation [48],

)

]n—m

p(t) = —i[H, p] + UinDin [a-li-]p + poutDoutlailp, (3)

where p(t) is the density matrix, and D[L]-= L-L* —%{L“LL, -} is the Gorini-Kossakowski-

Sudarshan-Lindblad (GKSL) dissipator of the Lindbladian L [49,50]. Here, u;, and p,,¢ are the particle
injection and exit rates, respectively.
To quantify the transport, we calculate the particle current [51],

J = —Tr(N DyytpnEss) (4)

where V' = Y, a; a,, is the total particle number operator, Dy:p is the dissipators acting on the exit
site [, and pygss IS the NESS density matrix, obtained by solving p = 0 [see equation (3)]. One can
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Figure 2. Transport properties for N = 15 and u = 5/. For row (a)—(c), exit site [ = N; for row (d)—
(f), I = 10. Column (a),(d): particle current J (in units of J) v.s. exponent a. Column (b),(e): Site-basis
population p,,. Column (c),(f): Eigenbasis population. The population graphs are superimposed from
a = 0% toa = 5 (with color variations).

simply show, using the commutation relation [ai, ajf] = §;; and the operator in 1-particle manifold a,, =
|0){n|, that the particle current is proportional to the exit site population of the NESS,

J = toutlllpnEss|)- (5)

Note that for the closed system the particle number is conserved, since [H, N'] = 0. Thus the change
of particle number in the chain is only done by the Lindblad dissipators, by the annihilation and creation
operators. However, there are several cases that a 1-particle manifold consideration is valid. The
common wisdom is when the injection rate is low, g, /tout < 1, Or alternatively when ui, /tour = 1
but with average particle number [43],

N+1 .Ugut
Ky X=N+Y ]’ ©)
close to 1. For this paper we tune the parameter u,,: SO that the latter case is satisfied. This way, one
can safely use the 1-particle manifold. Note that this expression for (V') is originally derived for a clean
nearest-neighbour nonequilibrium model. Nevertheless, nearest-neighbour hopping is the large
exponent limit a — oo of the power-law model, so that the particle number for hoppings softer than this
case should behave similarly.

(W)=

3. Results and discussions

The NESS is obtained numerically by solving p = 0 using QuTiP package in Python 3.x. For brevity,
from hereafter we simply refer to pygss as p. We take the common injection/exit rates, pin, = Hout = H-
Figure 1(a) and (c) shows the particle current ;J for chains with exit site [ = N = 15 (end site) and | =
10, respectively. For the one with end-to-end transport (I = N) the current profile is asymptotically
increasing along a. The highest value is obtained for large a, or equivalently, for the limit of nearest-
neighbour hopping. This behaviour is typical for larger chains, albeit with smaller current; the scaling
exponent of which (with respect to N) should be clarified further by analytically calculating the current
for nearest-neighbour case, which is actually a reasonable calculation.

If the exit site is not the last site, figure 2(d), interestingly the current increases nonmonotonically,
i.e., there is an optimum value of a, while for the nearest-neighbour limit the current vanishes. To
understand why this happens, we plot the NESS population p_nn in figure 2(b) and (e). For the end-to-
end transport, apart from the uniform plateau, population gradients are apparent, particularly near the
end site, while for [ = 10 the interference pattern is prominent even in the steady-state. The apparence
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Figure 3. Eigenstates occupation, |y, (n)|?, of short chains (for ease of viewing) with (left) N = 5 and
(right) N = 4. The graphs are superimposed with varying the long-range exponent a = 0" to a = 5
(color variations). Notice that for odd total sites N, the center site occupation is always an extreme node
(zero or maxima), whike for even N this node does not exist.

of population gradient should not be confused as the emergence of Fick's law diffusion (formation of
population gradient) since we are not incorporating dephasing noise, which triggers the quantum-to-
classical transition.

Why [ = 10 is special; is there other [ that gives the current peak? To answer this, we shall observe
the NESS population in eigenbasis, denoted by g, with the eigenstates |y) = X.,, Y (n)|n). For end-
to-end transport py, figure 2(c) shows a relatively monotonic profile with the maximum occupation is
at the highest eigenstate. This is in contrast with figure 2(f), for [ = 10, where there is a dominant
eigenstate governing the steady-state. Since particle current is proportional to the exit site population,
the dominant eigenstate must have a node of zero (or almost zero) occupation in the exit site. When a
increases, this occupation shifts upwards. Even a minute shift can result in huge variation of the current
(compared to zero; for monotonic behaviour at a — 0 and a - ).

The next logical step is to show whether the prominent eigenstate in figure 2(f) has a node for the
exit site occupation, i.e. whether |, (1)|? = 0 for the k-th eigenstates corresponding to the prominent
one—indeed it is (not shown here). In fact, the deduction is actually the reverse: if the eigenstates of H
have node at the exit site, the current will have peak with respect to the exponent a. However, plotting
all the eigenstates for N = 15 is unpleasing for the eye. Thus we plot all the eigenstates of the closed
system, without the dissipators, for shorter chains, N = 4 and N = 5 in figure 3. For instance, we see
there is a node in figure 3(left) at n = 4. If we take this as the exit site I, we shall get the current profile
like in figure 2(b). Interestingly, for odd total number of sites N only, if [ is set as the center site then 7
is always zero for all a. This is due to the parity symmetry of the system; chains with even N do not
have this property. The eigenstates at the center site always have zero and a maximum node, also for
larger chains with odd N. Now, what happen if the eigenstates do not contain node at all, such as in
figure 3(right)? In this case the only possible behaviour for ;J is monotonic, such as in figure 2(a).

Finally, we note that for larger N, the current profile may contain more peak. Further study needs to
check first, whether the number of peaks is at all correlated with the number of prominent eigenstates
occupation of the steady-state. So far we have analysed the connection between the nodes in the
eigenstates occupation and the nonmonotonicity of the current. This connection is in a sense similar to
the disorder-assisted quantum transport, where finite (nonzero) disorder may, counterintuitively,
increase the current [52]. Also for the exit site that coincides with the eigenstate nodes, current peak
appears. The remaining question is that why the current converge to either a finite value or to zero in
the first place, and also, why the eigenstates respond to variation in a in such way that the population
pu behaves nonmonotonically. These can be answered for a — oo by analytical calculations, which
surely gives progress toward general a.
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4. Conclusion

Finally, we note that for larger N, the current profile may contain more peak. Further study needs to
check first, whether the number of peaks is at all correlated with the number of prominent eigenstates
occupation of the steady-state. So far we have analysed the connection between the nodes in the
eigenstates occupation and the nonmonotonicity of the current. This connection is in a sense similar to
the disorder-assisted quantum transport, where finite (nonzero) disorder may, counterintuitively,
increase the current [52]. Also for the exit site that coincides with the eigenstate nodes, current peak
appears. The remaining question is that why the current converge to either a finite value or to zero in
the first place, and also, why the eigenstates respond to variation in a in such way that the population
pu behaves nonmonotonically. These can be answered for a — oo by analytical calculations, which
surely gives progress toward general a.
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