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Non-stoquastic Hamiltonians in quantum annealing via
geometric phases
Walter Vinci1,2,3 and Daniel A. Lidar1,2,3,4

We argue that a complete description of quantum annealing implemented with continuous variables must take into account the
non-adiabatic Aharonov-Anandan geometric phase that arises when the system Hamiltonian changes during the anneal. We show
that this geometric effect leads to the appearance of non-stoquasticity in the effective quantum Ising Hamiltonians that are
typically used to describe quantum annealing with flux qubits. We explicitly demonstrate the effect of this geometric non-
stoquasticity when quantum annealing is performed with a system of one and two coupled flux qubits. The realization of non-
stoquastic Hamiltonians has important implications from a computational complexity perspective, since it is believed that in many
cases quantum annealing with stoquastic Hamiltonians can be efficiently simulated via classical algorithms such as Quantum Monte
Carlo. It is well known that the direct implementation of non-stoquastic Hamiltonians with flux qubits is particularly challenging.
Our results suggest an alternative path for the implementation of non-stoquasticity via geometric phases that can be exploited for
computational purposes.
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INTRODUCTION
It is well known that the solution of computational problems can
be encoded into the ground state of a time-dependent quantum
Hamiltonian. This approach is known as adiabatic quantum
computation (AQC),1–3 and is universal for quantum computing4

(for a review of AQC, see ref. 5). Quantum annealing (QA) is a
framework that incorporates algorithms6–8 and hardware9–13

designed to solve computational problems via quantum evolution
toward the ground states of final Hamiltonians that encode
classical optimization problems, without necessarily insisting on
universality or adiabaticity.
QA thus inhabits a regime that is intermediate between the

idealized assumptions of universal AQC and unavoidable experi-
mental compromises. Perhaps the most significant of these
compromises has been the design of stoquastic quantum
annealers. A Hamiltonian H is stoquastic with respect to a given
basis if H has only real nonpositive off-diagonal matrix elements in
that basis. This means that its ground state can be expressed as a
classical probability distribution,14, 15 and that the standard
quantum-to-classical mapping16 used in quantum Monte Carlo
algorithms does not result in a “sign problem” (a partition function
with Boltzmann weights taking positive as well as unphysical
negative, or even complex values).14, 15, 17–21 The computational
power of stoquastic Hamiltonians has been carefully scrutinized,
and is suspected to be limited in the ground-state AQC setting.5

For example, it is unlikely that ground-state stoquastic AQC is
universal.22 In many cases ground-state stoquastic AQC can be
efficiently simulated by classical algorithms, but certain exceptions
are known.23, 24

One is thus naturally motivated to consider a departure from
the stoquastic setting. Indeed, this is the setting of proofs of the

universality of AQC and of various specific results that use non-
stoquasticity to improve upon the performance of a stoquastic
Hamiltonian.25–31 For example, it is known that non-stoquastic
interactions that are turned on temporarily during QA can modify
the annealing path so that it encounters a polynomially small gap
rather than an exponentially small one, by replacing a first-order
quantum phase transition by a second-order one.31 Note that
(non-)stoquasticity is a global property of the entire Hamiltonian
(since once can always change the stoquasticity of a local term by
a local change of basis), and henceforth when we—with slight
abuse of language—refer to (non-)stoquastic interactions (or
terms) we have in mind a fixed basis. Motivated by experimental
considerations, we shall focus on the computational basis, i.e., the
basis in which the final Hamiltonian is diagonal.
Introducing non-stoquastic interactions is especially important

in the physical implementation of QA devices, in order to allow
them to escape the trap of efficient classical simulability. The D-
Wave devices,10–12 e.g., can only implement the Hamiltonian of
the quantum transverse field Ising model, which is stoquastic. To
remedy this would require additional couplings between the flux
qubits, to realize, e.g., σx ⊗ σx interactions, in addition to the
existing σz ⊗ σz interactions. However, the implementation of a
scalable architecture with such interactions is highly demanding,
at least with superconducting flux qubits.
Rather than attempt to introduce non-stoquasticity via new

components, here we revisit the assumptions that lead to the
derivation of the Hamiltonian generating the effective time
evolution of a continuous-variable system, such as inductively
coupled flux qubits. We show that non-stoquastic terms arise
naturally as a non-adiabatic geometric phase, due to the
Aharonov-Anandan effect,32, 33 when QA is performed in systems
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of inductively coupled flux qubits. The geometric effect discussed
here is distinct from earlier work on holonomic quantum
computation,34–36 and non-adiabatic geometric phases in quan-
tum computation using Josephson devices.37, 38

We study these geometric terms in detail, and show that the
geometric effect is amplified in proportion to the inverse gap of
the flux Hamiltonian, appearing and then disappearing during the
anneal. The geometric effect can thus be considered as a type of
non-stoquastic catalyst,5 with the potential to lead to quantum
speedups.25–31 From a more general experimental perspective, the
presence of the geometric terms studied in this paper has clear
signatures that must be taken into account in the validation and
characterization of current and future QA devices.

RESULTS
General formalism and the geometric term
For concreteness, we assume that QA is performed by implement-
ing a time-dependent Hamiltonian that can be generically
expressed as follows:

Hðϕ; tÞ ¼ � 1
2
EC

Xn
i¼1

∂2ϕi
þ Pðϕ; tÞ : (1)

Such Hamiltonians can be realized with superconducting flux
qubits,39 in which case the continuous variables ϕ ¼ ϕif gni¼1 are
the magnetic fluxes trapped by the n flux qubits, and EC
represents a charging energy. The term P(ϕ, t) is a time-
dependent potential that controls both the anneal and the
interactions between qubits. We assume that the lowest 2n energy
levels of the Hamiltonian (1) are separated from the rest of the
spectrum by an energy gap. For a slowly variable potential P(ϕ, t),
the system of Eq. (1) is then confined to an N = 2n dimensional
Hilbert space HNðtÞ.
To proceed, we follow the approach introduced by Anandan in

the discussion of non-adiabatic non-Abelian geometric phases.33

We first consider the time-evolved N-dimensional subspace HNðtÞ,
which is defined by the map

UðtÞ : HNð0Þ7!HNðtÞ ¼ UðtÞHNð0Þ; (2)

where UðtÞ ¼ T exp �i
R t
0H t0ð Þdt0

� �
is the unitary time-evolution

operator (T denotes time ordering) and H(t) is the Hamiltonian (1).
Let ψað0Þj if gNa¼1 denote an orthonormal basis for HNð0Þ. Thus,
HNðtÞ has a basis whose orthonormal elements obey the
Schrödinger equation:

i∂t ψaðtÞj i ¼ HðtÞ ψaðtÞj i: (3)

We now define another (arbitrary) orthonormal basis ψ′
aðtÞ

�� �
for

HNðtÞ, such that ψað0Þj i ¼ ψ′
að0Þ

�� �
. Then there exists an

N × N unitary transformation W(t) between the two bases such
that ψbðtÞj i ¼

PN
a¼1 WabðtÞ ψ′

aðtÞ
�� �

. An arbitrary state ωð0Þj i ¼P
a ωað0Þ ψað0Þj i 2 HNð0Þ thus evolves according to: ωðtÞj i ¼P
a ωað0Þ ψaðtÞj i ¼

P
a ωaðtÞ ψ′

aðtÞ
�� �

, where ωaðtÞ �
P

b WabðtÞ
ωbð0Þ. The unitary W(t) can thus be considered as describing the
effective evolution of the state ωðtÞj i inside the subspace HNðtÞ in
the frame rotating with the basis ψ′

aðtÞ
�� �

(see SM, section A, for
more details). By substituting the basis transformation into Eq. (3)
one easily finds:

i∂tWðtÞ ¼ HeffðtÞWðtÞ ; HeffðtÞ � ~HðtÞ � GðtÞ; (4)

where ~HðtÞ and G(t) are the N × N matrices defined by the
following matrix elements, respectively:

~HabðtÞ � ψ′
aðtÞ

� ��HðtÞ ψ′
bðtÞ

�� �
; (5a)

GabðtÞ � ψ′
aðtÞ

� ��i∂t ψ′
bðtÞ

�� �
: (5b)

Let us now assume that H(t) depends on t only via the invertible
and differentiable “annealing schedule” s≡ κ−1(τ), where τ≡ t/tf,

and tf denotes the final time. Then it follows directly from
Eq. (5b) that G(t)dt = G(s)ds (see SM, section B), which shows that
G(s) is a geometric term, i.e., it depends only on the schedule
s (and not on its parametrization).40, 41 Consequently, W tfð Þ ¼
T exp �i

R 1
0H

effðsÞds
h i

with the dimensionless effective Hamilto-
nian

HeffðsÞ ¼ tf _κðsÞ~HðsÞ � GðsÞ; (6)

where from hereon a dot denotes d/ds, and we set s≡ τ for
simplicity. Note that the geometric term is negligible only in the
adiabatic limit tf→∞.

Application to QA with superconducting flux qubits
Let aðsÞj if g, with a = 1, …, N, denote the N lowest instantaneous
energy eigenstates of the original Hamiltonian (1), i.e.,
HðsÞ aðsÞj i ¼ EaðsÞ aðsÞj i. We identify the earlier ψ′

aðsÞ
�� �� �

with
these eigenstates, so that W(s) describes the unitary evolution in
the subspace rotating with the instantaneous eigenbasis of H(s). In
this basis, the QA process is described by the dimensionless
effective Hamiltonian (6) with:

~HabðsÞ � EaðsÞδab ; GabðsÞ � aðsÞ i∂sj jbðsÞh i; (7)

in which bðsÞj i, with b = 1, …, N, also labels the N lowest
instantaneous energy eigenstates. In QA applications, the
Hamiltonian (1) is designed such that its N = 2n lowest energy
levels can be put into 1-to-1 correspondence with the energy
levels of a transverse field Ising model with n qubits. Thus, there
exists a unitary V(s) such that, up to a term proportional to the
identity matrix42:

VðsÞ~HðsÞV†ðsÞ ¼ AðsÞ~HX þ BðsÞ~HZ ; (8)

where the profile functions A(s) and B(s) are particular to the qubit
Hamiltonian (see SM, section C), ~HX ¼ �

Pn
i¼1 σ

x
i is the usual

transverse field driver, and

~HZ ¼
Xn
i¼1

hiσ
z
i þ

Xn
i>j

Jijσ
z
i σ

z
j (9)

is the problem Hamiltonian whose ground state encodes the
answer to the optimization problem of interest. The unitary V(s) is
the transformation between the energy eigenbasis and the
computational basis ψC

aðsÞ
�� �

. Note that the geometric term
transforms as a geometric connection33 (see SM, section D):

GCðsÞ ¼ VðsÞGðsÞV†ðsÞ þ iVðsÞ _V†ðsÞ : (10)

QA of a system of n flux qubits controlled by the Hamiltonian (1)
is then described by the following effective Hamiltonian in the
computational basis:

Heff;CðsÞ ¼ tf AðsÞ~HX þ BðsÞ~HZ
� �

� GCðsÞ : (11)

The first term, proportional to tf, is the usual Hamiltonian
discussed in literature in the context of QA. The second term
has a geometric origin and is non-vanishing for finite annealing
times tf. The geometric term is non-stoquastic. To see this, note
that the original Hamiltonian (1) is real, and thus there is a basis
choice in which the energy eigenbasis states aðsÞj i have only real
amplitudes. Consequently, the geometric term G(s) in Eq. (7) is
then a purely imaginary Hermitian matrix. The transformed
geometric term GC(s) (Eq. (10)) is also purely imaginary in the
computational basis, since the basis change of Eq. (8) can be
performed with a real unitary (i.e., orthogonal) matrix V(s).
Therefore, including only interactions up to two-body terms, the
geometric term can be written in the most general form as
follows:

GCðsÞ ¼
X
i

gyi ðsÞσ
y
i þ

X
i≠j

gxyij ðsÞσx
i σ

y
j þ gzyij ðsÞσz

i σ
y
j : (12)
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QA with geometric terms: one qubit
We now apply the results obtained so far to QA with one qubit.
For concreteness we focus on the C-shunt flux qubit with three
Josephson junctions. This qubit can be described by the following
Hamiltonian43–45 (see SM, section E):

H1ðϕ; sÞ ¼ � 1
8
ES∂2ϕ þ Pðϕ; sÞ (13a)

Pðϕ; sÞ ¼ �2EJ cos
1
2
ϕx
CJJðsÞ

	 

cos ϕxðsÞ þ 2ϕ½ � þ cosϕ

� �
; (13b)

where ϕ is the flux (in units of Φ0/2π) trapped in the super-
conducting ring, ES is the charging energy of the shunting
capacitor, and ϕx

CJJðsÞ and ϕx(s) are external fluxes used to control
the anneal.
We next construct the effective Hamiltonian of Eq. (11). We start

by numerically computing the ground state 0ðsÞj i and first excited
state 1ðsÞj i of the flux qubit Hamiltonian Eq. (13) (examples are
given in the SM, Fig. 5b, d), from which we numerically obtain the
effective Hamiltonian (Eq. (6)) in the instantaneous energy
eigenbasis:

Heff
1 ðsÞ ¼ tf

ΔðsÞ
2

σz � gðsÞσy ; (14)

(we have ignored a term proportional to the identity matrix)
where Δ(s)≡ E1(s) − E0(s) is the gap (plotted in the left
panel of Fig. 1) and gðsÞ � 1ðsÞh js 0ðsÞj i. We now transform
to the computational basis using the unitary VðsÞ ¼
exp i

2 arctan
AðsÞ
BðsÞ

� �
σy

h i
, after which the Hamiltonian of Eq. (14)

becomes

Heff;C
1 ðsÞ ¼ tf AðsÞσx þ BðsÞσz½ � � gyðsÞσy : (15)

This has the form of the most general single-qubit Hamiltonian:
Heff;C
1 ðsÞ ¼

P
α2x;y;z cαðsÞσα. It can be checked easily that (see SM,

section F):

ΔðsÞ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2ðsÞ þ B2ðsÞ

p
; (16a)

gyðsÞ ¼ gðsÞ þ 2

Δ2ðsÞ
_AðsÞBðsÞ � AðsÞ _BðsÞ

� �
: (16b)

It is interesting to note that the second term in Eq. (16b) is
similar to, but different from, the counterdiabatic term needed to
obtain a “shortcut to adiabaticity”46, 47 when QA is modeled
directly in terms of a spin-system Hamiltonian with a transverse
field.
By defining the computational basis as the basis of states with

well-defined persistent current, the annealing schedule functions
A(s) and B(s) (shown in the left panel of Fig. 1) can be determined
in terms of the external fluxes ϕx

CJJ and ϕx of Eq. (13b) (see the SM,
section C). Thus, Eq. (16b) shows that these flux parameters in turn
control the properties of the geometric term gy. The profile
function gy(s) for the geometric term, also shown in the left panel
of Fig. 1, is non-vanishing toward the middle of the adiabatic
evolution, when the gap closes. The effects of the geometric term
are shown in the right panel of Fig. 1, obtained by numerically
solving for the corresponding unitary evolution. The effects
become significant when the gap is small. There is also a
significant effect on the final ground-state population.

QA with geometric terms: two qubits
To study the interacting case, we consider two inductively coupled
compound Josephson junction flux qubits39 (see SM, section E):

H2 ϕ1;ϕ2; s; h1; h2; J12ð Þ ¼ H1 ϕ1; s; h1ð Þþ

þH1 ϕ2; s; h2ð Þ þ Pint ϕ1;ϕ2; s; J12ð Þ ;
(17)
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Fig. 1 One qubit. Left panel: annealing schedules A(s) (red) and B(s) (blue), gap Δ(s) (black) and the geometric term gy(s) (yellow) of Eq. (15). The
functions A(s) and B(s) are obtained according to the procedure described in the SM, section C. Right panel: populations of the states that are
connected to the final ground state (solid) and final excited state (dashed), for tf= 5 (ns/2π). Blue and red lines represents the populations of the
two states in the instantaneous energy eigenbasis (Eq. (14)) and the computational basis (Eq. (15)), respectively. Because the two Hamiltonians
are equivalent up to a time-dependent basis change, and the final basis is the computational basis in both cases, the populations at the end of
the evolution (s= 1) coincide. Yellow lines represent the populations during the anneal if the geometric term of Eq. (15) is dropped. The black

line is the fidelity ψC
1;GðsÞ

���ψC
1;no�GðsÞ

D E��� ���2 between the time-evolved states with (“G” subscript) and without (“no-G” subscript) geometric

interactions. Results shown are for ϕx
CJJðsÞ ¼ 2:9ð1� sÞ þ 2:2s and parameter values for the flux qubit Hamiltonian that match those of the

highly coherent flux qubits studied in ref. 43: ES/2πħ= 3.03 GHz, EJ/2πħ= 86.2 GHz (the control fluxes ϕx
CJJðsÞ and ϕx(s) are shown in the SM,

Fig. 2a)
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where the flux qubit Hamiltonian is given by

H1 ϕ; s; hið Þ ¼ � 1
4
EC∂2ϕ þ P ϕ; s; hið Þ (18a)

P ϕ; s; hið Þ ¼ 2EJ cosðϕÞcos
ϕx
CJJðsÞ
2

	 

þ EL

ϕ� hiϕxðsÞ½ �2

2
(18b)

and the interaction potential is explicitly written as:

Pint ϕ1;ϕ2; s; J12ð Þ ¼ �J12EM ϕ1 � ϕxðsÞ½ � ϕ2 � ϕxðsÞ½ �:

Proceeding as in the single-qubit case, we start from the
Hamiltonian (17) to numerically compute ~H and G appearing in Eq.
(7), and construct the effective Hamiltonian in the instantaneous
energy eigenbasis (Eq. (6)). Once again, the effective Hamiltonian
can be expressed in the computational basis by (numerically)
finding a unitary V such that the final Hamiltonian reads:

Heff;C
2 s; h1; h2; J12ð Þ ¼ tf AðsÞ σx

1 þ σx
2

� �
þ

þtf BðsÞ h1σz
1 þ h2σz

2 þ J12σz
1σ

z
2

� �
� GC s; h1; h2; J12ð Þ :

(19)

This is the usual transverse field Ising model, plus an additional
geometric term, whose general form is given in Eq. (12). The left
panel of Fig. 2 shows the gaps Δk,0 = Ek − E0, where Ekf g3k¼0 are the
ordered eigenvalues of Heff;C

2 , and the components of the
geometric term GC(s, h1, h2, J12) in the computational basis as
defined in Eq. (12). The left panel of Fig. 2 shows that, in general,
the geometric functions gyi ðsÞ; g

xy
ij ðsÞ; g

zy
ij ðsÞ are all non-vanishing,

and their magnitude grows as the ground-state gap shrinks. In
particular, as in the single-qubit case, geometric effects introduce
a non-stoquastic contribution to the driver term which is non-
vanishing toward the middle of the anneal. As in the single-qubit
case, the right panel of Fig. 2 shows that ignoring the geometric
terms results in consistently different final populations in the
computational basis.

Dependence on the annealing time
The contribution of the geometric terms is inherently a non-
adiabatic effect, arising when diabatic transitions populate the

excited states. In Fig. 3 we show the fidelity ψC
1;GðsÞ

���ψC
1;no�GðsÞ

D E��� ���2
between the time-evolved states with and without geometric
terms, as a function of the total annealing time. As expected, the
effect of the geometric terms increases with decreasing annealing
time and it is reflected in the decreasing fidelity. Figure 3 shows
that the total annealing time over which this contribution is
significant is on the order of a few nanoseconds, for parameters
relevant for current QA devices. While this is significantly shorter
than the typical microsecond timescale of current QA experiments
using the D-Wave devices, this is the case for the one and two-
qubit cases which we have analyzed here. Since, as is clear from
Eq. (16b) and from Fig. 2, the magnitude of the geometric term
grows in inverse proportion to the gap, we expect it to become
more significant for multi-qubit problems whose gap dependence
can be inverse polynomial or even exponential. This effect is
already visible in Fig. 3, which shows that the fidelity for the two-

Fig. 2 Two interacting qubits. Left panel: gaps Δk,0(s) (black) and the geometric terms gyi ðsÞ; g
xy
ij ðsÞ; g

zy
ij ðsÞ computed numerically using Eq. (17)

for h1= 1, h2= 0.4, J12= −0.7. Right panel: populations Pi of the states of the instantaneous basis that are connected to the final eigenstates, for
the same value of the couplings as in the left panel and tf= 5 (ns/2π). The black dotted line shown in the top left panel is the fidelity as
explained in Fig. 1. Results shown are for EC/2πħ= 3.44 GHz, EJ/2πħ= 684 GHz, EL/2π= 570 GHz, and EM/2πħ= 3.98 GHz, values that are typical
for the D-Wave devices10–12 (the control fluxes are shown in the SM, Fig. 1a). For consistency with the one C-shunt flux qubit case we set
ϕx
CJJðsÞ ¼ 2:6ð1� sÞ þ 1:9s

2 4 6 8 10 12 14 16 18 20
0

0.2

0.4

0.6

0.8

1

Fig. 3 Fidelity at the end of the anneal as a function of the
annealing time for single qubit (blue) and two qubits (red)
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qubit system tends to be smaller than the one-qubit system for
larger annealing times.

DISCUSSION
We have shown that even the simplest implementation of QA with
flux qubits induces effective Hamiltonians with non-stoquastic
interactions arising from a geometric phase. The appearance of
such interactions is ubiquitous when the Hamiltonian of a
continuous-variable system is changed over time, and the
evolution is non-adiabatic, due to the appearance of the
Aharonov-Anandan effect. Since arbitrarily small gaps are
inevitable in QA for hard optimization problems, non-adiabatic
evolutions are ultimately inescapable. We thus argue that,
similarly, the geometric effects studied here are unavoidable
and relevant in practical applications of QA. It is possible that
inclusion of non-adiabatic excitations is enough to prevent the
existence of efficient classical simulations of stoquastic Hamilto-
nians: strikingly, an example of an exponential quantum speedup
is known in this case for the “glued trees” problem,48 and
stoquastic AQC is universal when the computation is crafted to
carefully exploit excited states.49 The inclusion of geometric
effects provides an alternative and desirable mechanism to
include non-stoquastic interactions in the effective Hamiltonian
of QA realized with continuous-variables systems. It is likely that, in
order to exploit geometric terms for computational purposes, a
certain level of controllability will be required. For example, the
relative strength of the geometric term can be directly controlled
by modifying the annealing schedule (e.g., the function _κðsÞ in Eq.
(6)) while keeping the total annealing time tf constant. We leave to
future work the important question of whether new designs of
flux qubits might enable a higher level of controllability of the
geometric terms discussed here.

METHODS
For more details on the experimental and numerical methodologies
employed, see Supplementary Information.
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