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Abstract The Event Horizon Telescope (EHT) imaged
black holes M87* (angular diameter 6; = 42 + 3 pas, mass
~ 6.5 x 10° Mg) and Sgr A* (6; = 48.7 + 7 pas, shadow
deviation 8 ~ —0.08700 (VLTI), —0.0470%) (Keck).
These observations enable tests of gravity in strong regimes.
We propose a rotating non-commutative inspired Kiselev
black hole (RNKBH), incorporating dark energy (w) and
non-commutative (®) parameters, extending Kerr solutions.
Our analysis reveals that ® = —2/3 allows larger ® but
requires a > 0.16M to maintain horizons. Shadow calcula-
tions show significant deviations from Kerr predictions: for
® = 0.001 —0.005M2, shadows shrink by 8-15% and distor-
tion increases by 20-35% for rapidly spinning (a > 0.5M)
black holes. The w = —2/3 exhibits shadow squeezing near
the cosmological horizon. We compute shadow observables
and compare them with EHT data. For Sgr A* (50° incli-
nation), the bounds are 0.001497 < ® < 0.002868 M?
ata = 0.9146 (v = —2/3). For M87* (17°),0 < © <
0.004993 M? at a = 0.0.6167 (v = —2/3). While EHT
cannot yet distinguish RNKBH from Kerr BH, our results
highlight its viability as an astrophysical candidate.

1 Introduction

Significant progress has been made in the study of black
holes in recent years, particularly after the groundbreaking
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detection of gravitational waves by LIGO [1-3]. Further, the
recent advancements in very long baseline interferometry
(VLBI) have opened unprecedented avenues for probing the
immediate vicinity of supermassive black holes (SMBHs).
Observations by the Event Horizon Telescope (EHT) of the
SMBHs M87* [4—6] and SgrA* [7,8] have provided direct
imaging of their shadows, offering a crucial testing ground
for the predictions of general relativity (GR) and modified
theories of gravity in the strong-field regime. These obser-
vations allow the extraction of critical black hole parameters
and impose stringent constraints on various modified grav-
ity models and exotic compact objects. The EHT’s results
on M87* and Sgr A* have spurred discussions about their
implications for GR, specifically whether such results can
effectively test deviations from GR in strong-gravity environ-
ments [9,10]. Methodologies such as variational image fea-
ture extraction [11] and general relativistic radiation transport
models [12] have been instrumental in analyzing these obser-
vations. Additionally, constraints on black hole charge and
departures in metric properties have been considerably stud-
ied [13,14], further enhancing our understanding of SMBH
environments. The theoretical framework for calculating the
shadow of black holes has garnered a lot of attention in
recent decades, thanks to the groundbreaking work of Synge
[15] and Luminet [16], who developed the expression for
the angular radius of the photon capture region surrounding
the Schwarzschild black hole. Black hole shadows provide
a rich observational framework for testing alternative theo-
ries of gravity, as deviations from the Kerr metric may leave
detectable imprints on the shadow’s morphology. Efforts to
test Horndeski gravity [17], Einstein—-Gauss—Bonnet grav-
ity [18], and massive gravity [19] have leveraged EHT con-
straints to validate or constrain these theories. Moreover,
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studies focusing on rotating black hole metrics and horizon-
less objects have broadened the scope of gravitational tests
[20,21]. The study of black hole shadows has become a piv-
otal tool for probing near-horizon geometries, driving exten-
sive research within the framework of GR [22-40]. Beyond
GR, shadows have been extensively analyzed in modified
theories of gravity (MTGs) [17,35,37,41-67]. The inclu-
sion of extra dimensions in modified gravitational frame-
works has further broadened the scope of shadow studies to
higher-dimensional spacetimes [44,45,48,53,68—73]. Black
hole shadows are particularly significant for testing strong-
field gravitational effects and evaluating the validity of the
no-hair theorem [17,35,74-81]. Ghosh and Afrin [82] used
shadow morphology to constrain Sgr A*’s charge, highlight-
ing EHT data’s role in linking observations with fundamental
physics.

Among the alternative models, black holes surrounded by
quintessence [83] and non-commutative geometries [84] pro-
vide intriguing scenarios to investigate deviations from the
Kerr metric. While widely interpreted as describing a black
hole surrounded by quintessence, the Kiselev metric is not
sourced by a perfect fluid or a canonical scalar field. As shown
in Visser’s paper [85], the stress-energy tensor corresponds to
an anisotropic fluid with unequal radial and tangential pres-
sures. The term “quintessence” in this context is thus used
in a phenomenological sense, reflecting the energy density’s
radial fall-off behaviour similar to that expected from dark
energy-like components. Although commonly referred to as
a black hole surrounded by ‘quintessence,” the Kiselev solu-
tion, in fact, arises from an anisotropic fluid source, not a
perfect fluid or scalar field, as emphasized by Visser [85]. We
adopt the term ‘quintessence’ in a phenomenological sense,
consistent with much of the existing literature.

The influence of exotic fields such as quintessence on
black hole shadow, deflection angle, and lensing effects has
been explored in various theoretical contexts, demonstrating
their potential to affect SMBH observables [86,87]. Further-
more, incorporating quantum effects into black hole metrics,
such as loop quantum gravity and quantum-corrected models,
has also attracted significant attention in light of EHT obser-
vations [80,81,81,88-93]. Recent works have further scru-
tinized the role of accretion dynamics and magnetic fields
in shaping the observational characteristics of black hole
shadows. Studies have highlighted the importance of accre-
tion turbulence and multi-wavelength analyses in constrain-
ing black hole parameters [94,95]. Additionally, lensing and
greybody factors, particularly for rotating and charged black
holes, have provided complementary insights into the nature
of SMBHs [96-98]. The motivation for this study lies in
the interplay between theoretical advancements and obser-
vational constraints. MTGs, such as those inspired by non-
commutative geometry, often predict deviations in shadow
morphology, horizon structure, and lensing effects [82,99].
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Including quintessence, a candidate for dark energy, further
complicates the dynamics around black holes, necessitating
precise observational tests to discern its influence [100, 101].
The EHT observed Images of M87* and Sgr A* have been
used to constrain deviations from GR, such as in Einstein—
Zther theory [64], and Lorentz-violating extensions of the
Standard Model [65]. The effects of exotic environments,
like axion-plasmon clouds, on black hole shadows have also
been explored [66]. Notably, EHT data has ruled out com-
pact objects in baseline mimetic gravity [67]. This paper
aims to investigate the shadows of rotating non-commutative
inspired Kiselev Black Holes (RNKBH), incorporating the
EHT observations of M87* and Sgr A* as constraints. We
analyze the deviations in shadow morphology induced by
these exotic effects and explore the compatibility of theoret-
ical predictions with EHT data. By considering recent stud-
ies on dynamical torsion, non-linear electrodynamics, and
higher-dimensional theories [102—104], we provide a com-
prehensive analysis of black hole shadows under modified
gravity frameworks.

The structure of this paper is as follows: Sect. 2 introduces
the theoretical framework, detailing the non-commutative
inspired rotating black hole metric and its coupling to
quintessence. Section 3 outlines the methodology for calcu-
lating black hole shadows using the null geodesic equations
and the vital observational constraints from EHT data. Sec-
tion 4 presents our results, comparing shadow characteristics
across various parameter regimes. Section 5 is dedicated to
estimating the parameters associated with black holes using
two widely recognized techniques. Section 6 explores how
EHT observations constrain black hole parameters. Finally,
Sect. 7 discusses the implications of our findings for future
theoretical and observational studies.

2 Rotating non-commutative Kiselev back holes

Kiselev [105] introduced the principle of additivity and lin-
earity in the energy—-momentum tensor, allowing for con-
sistent recovery of known limits such as the electromagnetic
field and de Sitter spacetime. This formulation provides arel-
ativisticrelation between energy density and pressure. Within
this framework, he obtained a static, spherically symmetric
black hole solution surrounded by quintessence. Following
this idea, various extensions and related black hole solutions
have been proposed [63,83,83,106—114]. Inspired by Kise-
lev’s approach, we aim to derive a black hole solution in
a non-commutative geometry-inspired spacetime. We start
with a general static, spherically symmetric metric:

1
ds* = — f(r, )dt* + oo w)drz +r2dQ?, 4))
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where the function f (r) is expressed as

2M c
f(r,w):l—T—}m

2
Here M is the black hole mass, w is a quintessential equation
of state parameter with arange —1 < w < —1/3, andcisa
positive normalization factor given by

¢ 3w
Pq = T3 A0’ &)

where p, is the density of quintessence. Moreover, Eq. (3)
explicitly implies that p, > 0, which in turn requires
cw < 0. Since ¢ > 0, it follows that w < 0. The met-
ric (1) encompasses the Schwarzschild black hole without
the normalization factor c. In a commutative space-time, the
mass density of a point particle is defined as the product of
its mass and a Dirac delta function [115].

The noncommutative-inspired model offers potential
insights into the nature of gravity, as noncommutative geome-
try inherently introduces the smearing of matter distributions.
In this theory, spacetime coordinates are treated as operators
due to an inherent uncertainty captured by the commutation
relation

[xaa xb] = ie{lba

with 6, is a4 x 4 antisymmetric matrix that characterises the
fundamental discretisation scale of spacetime. This relation
leads to a GUP of the form

1
AxFAxY > E|9/“|. 4

This framework can be viewed as a refinement of semiclas-
sical gravity, providing a pathway to incorporate noncom-
mutative effects, which remain elusive in a fully developed
theory. This idea was realised by Nicolini et al. [116] to
propose one of the first noncommutative geometry-inspired
Schwarzschild black holes, which is an exact solution from
the Einstein equations for the static, spherically symmetric,
Gaussian-smeared matter source.

It looks improper due to the natural fuzziness of space
caused by the uncertainty relation [115]. In this regard, the
non-commutative parameter ®, which is a small positive
number, should measure the fuzziness. Various types of mass
densities have been recommended in the literature [117—
122]. In this work, we used the following distribution form
[118]:

)

PG+ 7 OR ®

pe(r) =

In this case, the mass distribution leads to

M(r, ®) 471/ rzp@(r)dr

_%t_l<r)_rn® ©)
R JT0 2470 |’

The first-order correction in the non-commutative term can
be rewritten as

4M
— N
Consequently, it is made clear that a particle’s mass is not
confined at a point in the non-commutative spacetime. How-
ever, it is supposed to be distributed throughout the region
with a linear size of +/©. We use this fact to reformulate the
Kiselev black hole solution by interchanging the smeared
mass distribution with the ordinary mass term:

M(r,®) ~ M Vo. (7

2M &M c
f(r,w,®)=1—7+m«/_—m. (8)

Since rotation plays an important role in defining the
geometry of a black hole in GR and MTG, our interest is
shifted towards the rotating solution of the metric (1). The
Newman—Janis algorithm (NJA) [123] is such a framework
for developing the rotating solution. We employed the afore-
mentioned approach for metric (1) and derived the stationary
and axisymmetric counterpart of the spherically symmetric
solution characterized by parameters M, a, ®, ¢, and w in
the Boyer—Lindquist coordinates, which reads

PR |:A —a2sin29}dt2

b
5 A — a?sin? 6
—2asin 9[1——] dtd¢
A —a*sin® §
+sin0 [2 +a?sin®6 (2 - “Tsmﬂ d¢?
X 2 2
+ dr’ + £d6’, )

with
SMVO c
N

Y =2 + a%cos? 6, (10)

A=r2+a2—2Mr+

where a is the angular momentum. The non-commutative
parameter ® and the normalization factor c offer a potential
deviation of metric (9) from the standard Kerr black holes.
For definiteness, the metric (9) is termed as Rotating Non-
commutative Inspired Kiselev Black Hole (RNKBH), which
encompasses the Kerr black hole when ® and c are equal to
zero. Our main focus in this work is to explore the impact
of the non-commutative parameter ® and the quintessential
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Fig. 2 The cross-section of EH (outer red curve), SLS (outer blue curve) and ergoregion of the RNKBHs

equation of the state parameter @ on the horizon structure
and shadows.

The metric (9) is singular at space-time points where
¥ # 0and g"o,ro,r = g = A = 0. Although this
singularity is coordinate dependent and can be eliminated by
the appropriate choice of coordinates, in contrast, the singu-
larity r = 0 is an artifact of GR and a curvature singularity.
The location of the horizons is determined by the condition
A =0as

MO
r2+a2—2Mr+i— ¢

=T

(1)

The roots of Eq. (11) indicate black hole horizons: the event
horizon (r4) and the Cauchy horizon (r_). We analyze the
specific case of w = —2/3 (quintessence). Uniquely, for
o = —2/3, three horizons (Cauchy, event, and cosmolog-
ical) appear when ® < 0.0119. The outermost is the cos-
mological horizon, marking the observable universe’s edge.
The extremal case defines bounds on ® and a. Figure 1 (left)
shows the parameter space separating black hole and naked
singularity regions, suggesting that small ® allows larger a
and that ® must remain small. The Fig. 1 (right) also illus-

@ Springer

trates how w and © influence horizon formation, with the
w = —2/3 notably yielding three horizons.

An additional surface, the static limit surface, lies out-
side the event horizon where the asymptotic time-translation
Killing vector x' = (3/dt)" becomes null, i.e.,

8M/O
JT

XiXi =8n = r? +azcos29 —2Mr +

c
_r3a)71

—=0. (12)

The largest root of Eq. (12) marks the outer static limit sur-
face. For fixed a, ®, and 6, it defines the extremal boundary
of this surface. The region between the event horizon and
the static limit surface is the ergoregion (Fig. 2), where x'
becomes space-like, forcing any observer to co-rotate with
the black hole. Increasing ® enlarges the ergoregion, making
the RNKBH’s ergoregion larger than that of a standard Kerr
black hole. Moreover, higher ® and rapid rotation can lead
to disconnected horizons. The ergoregion is significant due
to its role in energy extraction via the Penrose process [124].
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3 Geodesics around rotating black holes

The black hole shadow is shaped by photon orbits, which
makes it essential to study photon motion in the given space-
time. Since the metric (9) is independent of ¢ and ¢, it
admits Killing vectors X(l;) = 4" and X(lf/,) = 8(’;, leading
to conserved quantities: energy £ = — p; and axial angular
momentum L, = pg. For photons (m = 0), a third con-
served quantity, the Carter constant Q, arises from hidden
symmetries [125]. The Hamilton—Jacobi method is used to
derive first-order geodesic equations [125,126].

dt 2 2
o= ! Z“ (E(r? +a%) —aL.) — a(aEsin*0 — L),
(13)
dp a 2, 2 L.
2 _ 4 —aL,) — (aE — —— 14
' A( (r"+a’)—alL;) — (a sinze)’ (14)

s L RO (15)

di

Ed9 =+/0(0), (16)

dx

where A is the affine parameter along the geodesics, and
the effective potentials R(r) and ® (@) for radial and polar
motion are given by

R(r) = E? [((r2 v —ag) —A(n+ia- 5)2)} ,
an

sin? 6

52
O) = E*[n — ( — a2> cos” 0], (18)

where 1 and & are dimensionless impact parameters given by

L, K
E=— 5= (19)

E2

The impact parameters reduce the degrees of freedom,
with the Carter constant related via @ = K + (¢E — LZ)2
[126]. Photon motion is allowed where R(r) > 0 and
®(0) > 0, with turning points at R(r) = 0 or ®(0) = 0.
Photons near a black hole may escape, be trapped, or fol-
low unstable circular orbits. The latter, corresponding to
peaks in the radial potential, determine the shadow boundary
[126,127]. These orbits satisfy:

R=R' =0, R"<0. (20)

Solving Eq. (20) results in the critical impact parameters
(&crit» Nerir) of the unstable circular orbits,

: @+ rHA' () —4rA@r)
crit = )

al'(r)

r? (8A(r) (2a*+rA'(r)) —r? A/ (r)?—16A(r)?)
aZA/(r)2

Nerit=

3

2D

where ’ stands for the derivative with respect to the radial
coordinate. Equation (21) yields the critical impact parame-
ter for the Kerr black hole in the limit ® — O [31]. Unstable
photon orbits have been extensively studied for black holes
and naked singularities [128—133]. In axisymmetric space-
times, there are two types of unstable circular orbits: prograde
(co-rotating) and retrograde (counter-rotating). Due to frame
dragging, retrograde photons follow wider orbits to com-
pensate for reduced angular momentum [133—135]. Photons
remain in planar orbits if 7 = 0, while nonplanar orbits
arise for ncrig > 0. The radii of prograde (r,,) and retrograde
(r;) orbits are obtained from the zeros of nq = 0.

4 Shadows of RNKBHs

The black hole shadow is the dark silhouette formed by light
bending around a black hole due to gravitational lensing and
photon capture near the event horizon [41,50,58,136-142].
Its formation depends on the black hole’s geometry, lensing
effects, and the event horizon that traps light. The shadow
offers indirect evidence of a black hole and insights into its
properties, such as mass, spin, charge, and possible devia-
tions from GR [28-30,35, 143-145]. Its shape and size vary
with parameters like inclination angle, observer distance,
and spacetime geometry. Assuming an isotropic light source
distribution, photons orbit, scatter, or are trapped, forming
the shadow seen by a distant observer at inclination i. The
shadow boundary is described using celestial coordinates X
and Y [31] given by

d
X = lim <—r3 sini—¢>,
Fo—>00 dr

Y = lim (rgﬁ>, 22)

Fo—>00 dr

where rg is the distance between the black hole and the
observer. For a distant viewer, Eq. (22) leads to

X = —&.ir csci,

Y = :I:\/r;mt +a2cos?i — &2, cot?i. (23)

crit

Further, if the viewer is on the equatorial plane (i = 7/2),
the above equation simplifies to

X = —&crits

Y = :IZ\/ Nerit- (24)

@ Springer
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Fig. 3 Shadows of RNKBHs

a=0.8, w=-2/3

0=0.001, w=-2/3, i=rx/2

for fixed a and varying © (left),
compared with the Kerr black
hole (® = 0) and fixed ® and
varying a (right). The
inclination angle is i = 90°

Fig. 4 Shadows for RNKBHs a=0.8M, r;=5M

a=0.8M, ®=0.01M?

for a stationary observer at a
finite distance (left), and a

moving observer (right) for L
w=-2/3 0.5-

YIM

©=0.001M:
— — — 0=0.004M"

T T T T

YiIM

The contour of X and Y outlines the shadow for the RNKBH.

Equation (24), on using metric (1), yields
[a®> = 3r2\M(r) + rla® + r21[1 + M'(r)]

alM(r) +r[—1+ M'(r)]]
1
=4+

alM(r) +r[—1+ M'(r)]]
—|—M(r)[4a2 +6r2 — 9rM(r)] — 2r[2a2 +r?

X=-

9
r=rp

[P = P+ M)

) (25)

r=rp

- 3rM(r)]M/(r)]l/2

Equation (25) is applicable for computing the shadow for a
general value of w. However, in the presence of an additional
de Sitter horizon, it is no longer valid and requires a sepa-
rate treatment, as demonstrated below. The shadow size is
significantly influenced by the non-commutative parameter
0.

4.1 Case w = —2/3
For o = —2/3, the spacetime admits cosmological, event,
and Cauchy horizons. The cosmological horizon limits vis-

ibility, so shadows can only be observed within a specific
range. The observer must lie between the photon sphere and

@ Springer
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the cosmological horizon. To meet this condition, we follow

the method in [143], where celestial coordinates ¢ and i are

defined accordingly.

Ecrir — a

sinW(rg,rp) = )
! (\/(Cl —&Ecrit)? + Neris i

r=rj

\/A[(Cl - %_Crit)2 + ncrit]
(rZ +a?— akerir)

(26)

sin®(ry,rp) =
r=ry

To project the shadow on a plane, we introduce the Cartesian

coordinates,

X(rp.rp) = —2tan (M) Sin(W(rs. ),

q)(rfa rp)
Y(rg,rp) =—2tan — cos(W(ryr,7p)), 27
which satisfy the following relation

D(ry,
X2 + Y2 = 4tan? (w) (28)
The contour plot of X (r ¢, rp) vs. Y (rr, rp) in Eq. (27) illus-
trates the shadow of a rotating black hole surrounded by
quintessence (cf. Fig. 3). In Fig. 4, we show shadow vari-
ations for stationary and moving observers. For a stationary
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observer at r = 5M, the shadow size decreases with increas-
ing non-commutative parameter ®. For a moving observer,
the shadow’s size and distortion vary with position: it grows
and distorts near the event horizon, leading to darkness, while
it shrinks to a point near the cosmological horizon, where the
observer sees a fully illuminated sky.

5 Observables and black hole parameter estimation

Various spacetime parameters affect black hole shadows,
as seen in Figs. 3 and 4. Shadow analysis helps test grav-
ity theories and assess parameter effects [30,35,37,47,49,
58,77,146—-150]. In this work, we study shadows on the
RNKBH background, constraining parameters using EHT
data. Although M87* and Sgr A* images align with Kerr pre-
dictions, they also motivate the exploration of alternatives in
modified gravity [4—6]. To match theory with observation, we
estimate parameters, focusing on the equatorial plane (90°)
where distortion is maximal. Two frequently used techniques
are employed for this purpose:

a. Hioki and Maeda method: Hioki et al. [31] defined two
observables, R; and §;, to characterize black hole shadow
size and distortion. Ry represents the radius of a reference
circle while §; measuring the difference between the left
edge of the shadow and the boundary of the circle. The ref-
erence circle aligns with the top, bottom, and right edges
of the shadow, while intersections with the leftmost shadow
edge and the horizontal axis define the observables [151]. Ry

approximates the shadow size and & reflects the deviation
from the reference circle.

X = X,)* + 7}

Ry = , 29
’ 21X, — Xl &
using the relations X, = X; and Y, = —Y;, and
X1 — X)|
by = ——, 30
s R (30)

where subscripts 7, [, t, and b, respectively, stand for the
right, left, top, and bottom of the shadow boundary.

The shadow size and shape are significantly influenced by
the parameter ®. Using the method of Hioki and Maeda [31],
we estimated the size of the shadow and examined the effects
of ® and a. The shadow radius Ry of an RNKBH decreases as
® increases and is smaller for large @ and ®. The distortion
3y is inversely proportional to Ry, growing with larger @ and
®. To quantify the parameters, we plotted Ry and §; in the
(©/M? — a/M) space (Fig. 5), where the red and blue lines
intersect, providing the quantitative analysis in Table 1.

b. Kumar and Ghosh method: The Hioki and Maeda method
[31] for black hole parameter analysis using R and §; was
extended by Tsupko [152] for analytical estimation, and
Tsukamoto [153] differentiated Kerr black holes in modified
gravity. However, these observables may not apply to irreg-
ular shadows in modified gravity [142,153,154], and noisy
data can distort shape [27,29]. To address this, Kumar and
Ghosh [29] introduced oblateness (D) and shadow area (A)

@ Springer
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Table 1 Estimated values of RNKBH parameters of /M and © /M?

using the shadow observables R, and 8 for w = —2/3 at inclination
angle of i = 90°

Ry/M Ss O/M? a/M
5.2 0.1 0.003039 0.726
5.0 0.08 0.009179 0.591
4.9 0.1 0.01327 0.589
4.8 0.05 0.01769 0.4208
4.6 0.08 0.02728 0.4227
4.5 0.01 0.03245 0.1546

Table 2 Estimated values of RNKBH parameters of a/M and ® /M 2
using the shadow observables A/M? and D for w = —2/3 at an incli-
nation angle of i = 90°

A/M? D O/M? a/M
88 0.99 0.000873 0.3999
85 0.98 0.00188 0.5256
82 0.98 0.00407 0.4952
80 0.97 0.005186 0.5733
78 0.99 0.008908 0.3305
defined by
s dX(rp)
A=2 [ Y(rp)dX(r,) =2 Y(rp) drp,
e drp
P
(31)
and
X, — X
p=2"r—-1 (32)
Yi,—-Y

In the case of a non-rotating black hole (¢ = 0), D =1,
and for an extremal Kerr black hole (¢ = M), D = /3/2.
For an equatorial observer, the oblateness D falls within the
range «/§/2 < D < 1 [152]. For given a and ®, both A
and D decrease with a and ®. We plotted the contour dia-
gram of the observables A and D in the parameter space
of (®/M? — a/M), depicted in Fig. 5. The red and blue
lines indicate the contours of A and D that intersect at some
specified points. The intersection of contours provides the
estimated numerical values of ¢ and ®. In Table 2, the quan-
titative analysis of parameters a and ® has been depicted for
shadow observables A and D.

6 Constraints from EHT observations of M87* and
SgrA*

The EHT collaboration used VLBI to capture an event

horizon-scale image of the supermassive black hole M87*
[4-6], offering new opportunities to test gravity. The image

@ Springer

of M87%* is nearly circular, with an angular size of 42+ 3 pas
[4]. This aligns with the predicted image of a Kerr black
hole, providing a basis for testing alternative gravity theo-
ries. We aim to set bounds on parameters for RNKBH models
of M87* and SgrA* using shadow angular diameter 6; and
Schwarzschild shadow deviation §. The angular diameter 6,
is given by 6; = 28a "where R, is the shadow radius and d
is the distance to the celestial plane. The shadow diameter is
influenced by the black hole mass, inclination angle i, and
underlying geometry parameters. Additionally, § quantifies
the difference between the shadow angular diameters of a
given black hole model and the Schwarzschild black hole.
The observable § is defined as [8,155]

a 04, sch

Hence, it facilitates a clear understanding that if the shadow
angular diameter of a given black hole is smaller (larger)
than that of a Schwarzschild black hole with the same mass,
then § will yield a negative (positive) value. For example,
in the case of a Kerr black hole, § € [—0.075, 0] [8], with
the limits of a € [0, M] and i € [0, w/2]. So far, if § is
bounded by the aforementioned limit for a specific model of
a black hole, then its shadow aligns with the Kerr black hole.
In the current work, we ascertain the values of § for M87*
and SgrA* with the help of EHT results. Another thing that
should be noted in the current analysis is the potential for
measurement uncertainties caused by the large array of tele-
scopes, and one of them results from uncertain radiative and
accretion physics [9], which obscures the actual predictions
of the EHT. Despite these challenges, the theoretical analy-
sis addresses the limits of EHT observations. The essence of
non-commutative spacetime can be explored with it, and in
the near future, we will be able to estimate the parameters
more accurately.

a. Bounds on M87%*

In the shadow image of M87%*, relativistic jets have been
detected, which may be the consequence of magnetohydro-
dynamic exchange between rotating black holes and accre-
tion disks. Considering the positioning of these jets in M87%,
the inclination angle is estimated to be 17° concerning the
observer’s line of sight [156]. However, the exact measure-
ment of the mass of M87* using independent techniques
remains unresolved [148]. Taking into account the < 10%
offset between the diameter of the ring and the photon ring,
the angular diameter of the M87* shadow can be calibrated to
Osn = 37.8 £ 2.7 pas [157,158]. The error £2.7% incorpo-
rates both measurement uncertainty and potential offset. We
calculate the angular diameter of the M87 * shadow, which,
in addition to a, ®, and i, depends on the black hole mass M
and the distance d. The current assessment uses the GR Kerr
model and adopts the black hole’s mass M ~ 6.5 x 10° Mg,
and distance d = 16.8 Mpc. We omitted measurement uncer-

(33)
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Fig. 6 The angular diameter 05, of RNKBH shadows is shown as a
function of a/M and ® /M? for an inclination angle of i = 17°. The
black solid curve indicates 6y, = 37.8pas of the M87*. The white
region is forbidden for (a/M, © /M?)

tainties of mass and distance for ease, as the EHT observa-
tions have already included them. The shadow angular diam-
eter 0y = 2R, /d for the RNKBH has been calculated and
displayed in Fig. 6 as a function of @ and ® with the inclina-
tion angle of i = 17°. To establish bounds on (a/M, a/M?),
we adopt a conservative approach, considering the median
value of 6 up to the maximum allowed by the RNKBH
model [159]. Specifically, we select 5, > 37.8 pas indicated
by the black curve. The region enclosed by it represents the
parameter space (a/M — © /M?) consistent with the obser-
vational results of M87*. We quantitatively computed the
bounds for the shadow angular diameter of M87*. It is evi-
dent from Fig. 6 that a considerable part of (a/M,® /M?)
parameter space is consistent with the EHT results for M87%,
and we retrieve the bounds mentioned in Table 3.

The subsequent step is to determine the Schwarzschild
shadow deviation for M87*. Calibrating the shadow size of
MS87* with the ring diameter, which EHT has recorded, offers
the bound at § = —0.01 £ 0.17 [6,13]. We computed § for
MS87* under the assumption of a RNKBH with an inclination
angle of i = 17° and represent it in Fig. 7. It is apparent that
for all values of w, the whole parameter space is satisfied
with the observational result of M87%*. Interestingly, from
Fig. 7, we noticed that the values of § < —0.075 and § > 0

Fig. 7 Schwarzschild shadow deviation § of RNKBH as a function of
parameters a/M and © /M?, with an inclination angle, i = 17°. The
entire parameter space is in agreement with the EHT inferred value
Smg7+ = —0.01 £ 0.17. The white region is forbidden

are also present there, which lie outside the expected range of
the Kerr black hole. Therefore, our current analysis supports
the non-Kerr model.

b. Bounds on SgrA*

Next, we consider the RNKBH as a model for the super-
massive black hole SgrA*. Unlike M87, the image of Sgr A*
was more challenging to produce because of its smaller size
and rapid variability. Gas orbits Sgr A* in just a few min-
utes, causing changes in the emitted radiation on timescales
comparable to the observation. After applying some inde-
pendent stellar dynamic observations from the orbits of the
S0-2 star by VLTI and Keck telescopes [8,160-162], the
mass of the supermassive black hole has been estimated as
M= 4.0:1)% x 10 M, and the distance from Earth is chosen
as d = 8 kpc [8,155]. The average angular diameter of the
shadow has been reported within the range of 46.9—50 pas,
and the possibility of an inclination angle i > 52° has
been ruled out [8]. Interestingly, there is some precedence
of the SgrA* shadow image over M87%*, as it offers curva-
ture 10° times higher. Numerous imaging and modeling tech-
niques have been used to create the shadow image. Three
independent techniques, namely eht imaging, SIMLI, and
DIFMAP, estimated the average shadow diameter at46.9 jas
< 64 < 50as. The EHT observations of SgrA* manifest a

Table 3 Constraints on the

k *
parameters a and ® set by the S No. @ 1;/[87 ) zgrA )
EHT Results
1 -2/3 0.6167 0 < ® < 0.004993 0.7029 ® = 0.005
2 -2/3 0.9627 0 < ® < 0.0003165 0.9146 0.001497 < ® < 0.002868
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Fig. 8 The angular diameter 05, of RNKBH shadows is shown as a
function of a/M and ® /M? for an inclination angle of i = 50°. The
red curve indicates 6, = 50 pas of the SgrA*. The white region is
forbidden for (a/M, © /M?)

bright, thick emission ring with a diameter of 51.8 2.3 pas,
which is consistent with the predictions from black hole mass
estimated from stellar dynamics [155], surrounding a bright-
ness dispersion, known as a black hole shadow [80]. The
shadow angular diameter, 6; = 2R, /d, by employing the
RNKBH as a model for SgrA*, has been calculated and rep-
resented graphically in Fig. 8, as a function of a and ® using
an inclination angle of i = 50°. The red contour line repre-
sents the upper bound on 6; = 50 as. The area above the
contour line is consistent with the observational results of
EHT. However, in Fig. 8, a lower limit is absent. It is obvious
that there is a region that is consistent with the EHT results.
Surprisingly, the small values ® are not applicable here. The
quantitative analysis of the parameters establishes the upper
and lower bounds as shown in Table 3.

Next, we calculate the § for the SgrA* black hole and
impose the limit. The EHT applied two independent tech-
niques, namely Keck and VLTT observations, to compute the

limits of 8. The reported bounds are § = —0.081“8:83 for

VLTI and —O.O4f8:(1)g for Keck observation [8,155]. The §
for different cases of w using the inclination angle of i = 50°
has been calculated and represented in Fig. 9. For o =
—2/3, the VLTI bound (—0.17,0.01) restricts the param-
eters (a/M, @/M2) such that for 0.001983 < ® < 0.005
ata = 0.01287 and 0 < ® < 0.005 at a = 0.844. Interest-
ingly, 6 < —0.075 and 6 > 0 have been observed in Fig. 9,
indicates that the current analysis is also valid for non-Kerr
black holes.

@ Springer

Fig. 9 Plot showing Schwarzschild deviation § of the RNKBH shad-
ows as a function of /M and ® /M?. The Sgr A* black hole shadow
restrictions by EHT are indicated by the black curve at § = 0.01. The
inclination angle is 6y = 50° , and the white region is forbidden for
(a/M, a/M?)

7 Conclusions

In this work, we analyze the shadows cast by rotating non-
commutative Kiselev black holes (RNKBHs) and derive con-
straints on their parameters using EHT observations of M87*
and Sgr A*. The rotating solution was derived using the
Newman—Janis algorithm, incorporating non-commutative
effects (®) and quintessential dark energy (w). The hori-
zon structure depends on w: for @ = —2/3, an additional
cosmological horizon appears. To avoid naked singularities,
® must remain small, with critical values depending on w.

The shadow analysis demonstrated that both the size and
shape of RNKBH shadows are influenced by ®, a, and w.
The shadows become more distorted with increasing inclina-
tion angle, with maximum distortion occurring at i = 90°.
For w = —2/3, where a cosmological horizon exists, we
found that observable shadows only form when the observer
is positioned between the photon sphere and the cosmo-
logical horizon. The shadow size varies dramatically with
the observer’s position, shrinking to a point as the observer
approaches the cosmological horizon.

Using two independent methodologies — the Hioki and
Maeda approach (based on R and §;) and the Kumar and
Ghosh method (using A and D) — we quantitatively estimated
the allowed ranges for a and ® . Both approaches yielded con-
sistent results, with the shadow size decreasing and distortion
increasing for larger values of a and ®. The quintessence
parameter » was found to affect these relationships signifi-
cantly.
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We incorporated the EHT observation’s results to con-
strain the parameters by assuming M87* and SgrA* as
RNKBH. Two observables, namely, the shadow angular
diameter and the Schwarzschild shadow deviation, have been
computed quantitatively, and the results obtained are

1. The upper and lower bounds of the parameters were quan-
titatively estimated and compared with the EHT results for
M87%. The bounds obtained are 0 < ® < 0.004993 M2
ata = 0.6167 for o = —2/3. The angle of inclination is
used 17°.

2. The Schwarzschild shadow deviation 6 = —0.01 4 0.17
of M87* with an inclination angle of 179 was calculated,
and it complied with the whole parameter space.

3. The upper and lower bounds have been estimated and
compared with the EHT results for SgrA* with an incli-
nation angle of 50°. For v = —2/3, at a = 0.9146,
0.001497 < ® < 0.002868M°.

4. Finally, the Schwarzschild shadow deviation § has been
calculated for SgrA* for different @ with an inclination
angle of 50°. Fascinatingly, we received the bounds as per
VLTI observations; however, no upper bound has been
observed as per the criteria of the Keck observations.
The VLTI bound (—0.17, 0.01) restricts the parameters
(a/M,®/M?) such that for o = —2/3, 0.001983 <
® < 0.005 at a = 0.01287 and 0 < ® < 0.005 at
a = 0.844.

In summary, we have quantified the constraints on the
parameters of an RNKBH, and these constraints are consis-
tent with the findings of EHT for M87* and SgrA*. Despite
this, it is difficult to identify the difference between the shad-
ows of the RNKBHs and those of the standard Kerr black hole
by the ongoing measurements. However, we hope to obtain
results with better precision soon from the new generation
EHT, which might help us to ascertain the parameters with
greater precision and offer a signature of dark energy.
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