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Abstract. Bulk-edge correspondence is a wide-ranging principle that ap-
plies to topological matter, as well as a precise result established in a large
and growing number of cases. According to the principle, the distinc-
tive topological properties of matter, thought of as extending indefinitely
in space, are equivalently reflected in the excitations running along its
boundary, when one is present. Indices encode those properties, and their
values, when differing, are witness to a violation of that correspondence.
We address such violations, as they are encountered in a hydrodynamic
context. The model concerns a shallow layer of fluid in a rotating frame
and provides a local description of waves propagating either across the
oceans or along a coastline; it becomes topological when suitably modified
at short distances. The edge index is sensitive to boundary conditions, as
exemplified in earlier work, hence exhibiting a violation. Here we present
classification of all (local, self-adjoint) boundary conditions and a param-
eterization of their manifold. They come in four families, distinguished
in part by the degree of their underlying differential operators. Essen-
tially, that degree counts the degrees of freedom of the hydrodynamic
field that are constrained at the boundary by way of their normal deriva-
tives. Generally, both the correspondence and its violation are typical.
Within families though, the maximally possible amount of violation is
increasing with its degree. Several indices of interest are charted for all
boundary conditions. A single spectral mechanism for the onset of viola-
tions is furthermore identified. The role of a symmetry is investigated.
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1. Introduction

Topological considerations in physics have risen to a prominent role in the
quantum domain, notably with the Quantum Hall Effect [1]. Later develop-
ments took place in the classical domain, and among them in hydrodynamics
[2-4]. The present work lies in that same context.

A sweeping concept in the realm of topological matter is bulk-edge cor-
respondence (BEC); in fact to the extent that it is often taken for granted.
In essence, it states that such systems admit two topological indices, inde-
pendently defined, but coinciding in value. The first one, known as the bulk
index, is associated in physical terms to the infinitely extended and gapped
system, and in more mathematical ones to some compact manifold, such as the
Brillouin zone. The second index, i.e. the edge index, is by contrast associated
with a system now having a spatial boundary. The index arises by way of a
count of edge states, chiral or otherwise, found at energies previously lying in
the gap. See the selected references [5-7], and [8] for a pedagogical review.

The correspondence was first established in the context of the Integer
Quantum Hall Effect [9-13] and soon extended to a variety of other models,
possibly having special symmetry properties [14-17], yet dealing with inde-
pendent particles. Different techniques were used and, among them, scattering
theory related to Levinson’s theorem [18]. That approach [19] will play some
role presently.

Models enjoying a continuous translational symmetry lack a compact
momentum space, thus putting the bulk index in need of attention. Some
extensions in this direction appeared in the literature and were obtained with
a wide range of mathematical tools, ranging from bifurcation theory for PDEs
[20] to homotopy of Fredholm operators [21] and more [22,23]. Notice that
BEC was shown to hold in various models with “soft” boundaries, namely
thick interface regions between different insulators [24,25].

In contrast to the aforementioned results, that aimed at extending the
validity of BEC, the present work attempts to pinpoint its limits and violations.
We shall do so in the context of a hydrodynamic model, known as the rotating
shallow-water model (SWM), thus extending the analysis of special cases [2,
4,19] to the generality that is proper to the model.

The rotating shallow-water model describes an incompressible fluid lying
on a rotating, flat bottom. It is derived from Euler’s equations by linearizing
and assuming small fluid height relative to the typical wavelength. It is used
to describe certain oceanic and atmospheric layers on Earth [26], where the
Coriolis force plays the same role as the magnetic field in the quantum Hall
effect [27]. Remarkably, it explains the stability of the eastward-propagating
Kelvin equatorial wave [3] by recognizing its topological nature.

The model is defined by a system of partial differential equations (PDEs)
that are formally equivalent to a Schrodinger equation, whence a similar treat-
ment as used for quantum mechanical systems becomes feasible. The corre-
sponding Hamiltonian is formally that of a topological insulator of symmetry
class D according to the periodic table of topological matter [28,29]. In order
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to restore the desired compactness, as hinted at before, we shall consider a
variant of the model, that is characterized by odd viscosity [30], and which
provides a small-scale regularization. Indeed, the latter in turn allows for a
compactification of the (otherwise unbounded) momentum space and for a
proper topological definition of the bulk index.

If BEC were to hold in the form introduced above, this bulk invariant
should predict the number of chiral modes appearing when a boundary, i.e. a
coastline in the hydrodynamic setting, is introduced. This is, however, not
always the case. As shown in [19], the number of edge modes depends on the
boundary condition imposed on the coastline, thus invalidating BEC, whose
claim does not depend on details of the boundary.

Reference [19] calls for systematic and extensive investigation on viola-
tions of bulk-edge correspondence. This work considers and answers the fol-
lowing questions:

Q1 What are the most general local self-adjoint boundary conditions for this
model? And what can be said about BEC for them?

Q2 What is the most natural edge index, i.e.the best way to count edge
states merging with the (bulk) continuum?

Q3 Are there other integers of interest?

Q4 What relations, like BEC or otherwise, exist between them? Do they hold
unconditionally?

Before detailing the structure of this paper, we briefly review some recent
literature. Like our work, Refs. [31-33] focus on bulk-edge correspondence in
the shallow-water model. Ref. [31] defines an edge index via spectral flow and
“averaging” over a loop of boundary conditions. This index coincides with its
bulk counterpart. Reference [32] studies topological properties of the SWM
on a spherical geometry. Reference [33] forgoes odd-viscous regularization and
considers a Coriolis force that varies in space, producing an interface where it
crosses zero. Violations of BEC are displayed for certain discontinuous profiles
of the Coriolis force. Other recent works concern the 2D Dirac Hamiltonian,
which is closely related to the SWM when viewing both as spin models. An
ultraviolet-regularized Dirac is shown to host violations of BEC in [34]. In fact,
boundary conditions are comprehensively classified, based on whether they do,
or do not, lead to bulk-edge correspondence. Finally, [35] notices that BEC is
restored for magnetic Dirac operators, at least with infinite-mass boundary
conditions.

Broadly speaking, this paper consists of three parts. The first part, com-
prising Sects.2 and 3, introduces the setup and main results, while glossing
over a number of technical details. The second part, comprising Sects. 4, 5, ex-
pands on the details omitted in the first one and culminates in the statement
of broader, more precise results. The third part, comprising Sects.6 and 7,
contains proofs, preceded by a preliminary exposition of the techniques used.

More precisely, Sect. 2.1 introduces the infinitely extended (bulk) shallow-
water model, its Hamiltonian and properties of the latter. Among them, spec-
trum, particle-hole symmetry (PHS), associated Bloch bundle. A bulk index
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C, is moreover defined through a compactification of momentum space. In
Sect. 2.2, the edge model is introduced by restricting physical space to the
upper half-plane. Local boundary conditions and associated von Neumann
unitaries are defined and grouped into four qualitatively different families DD,
ND, DN, and NN. A special role is played by those that preserve PHS. In
Sect. 2.3, we define our edge index as the number M of proper (P) and im-
proper (I) edge eigenvalues merging with the bulk band of interest. A third
relevant integer is F, the number of asymptotically flat edge eigenvalues. The
indices (P, I, E) collectively form an index vector V.

In Sect. 3, results are reported in terms of the index vector V. Its values are
charted in the three families DD, ND, DN, and in the particle-hole symmetric
subfamily of the fourth one, NN. Violations of bulk-edge correspondence are
proven “typical”’, and a single violation-inducing mechanism is identified.

Section4.1 provides further details on the bulk Hamiltonian, focusing
on its eigenstates and the compactification of momentum space that enables
the definition of the bulk index. Section4.2 reviews the scattering theory of
shallow-water waves. The scattering amplitude S is introduced, and its poles
identify edge eigenvalues. In Sect. 4.3, we connect S to the bulk and edge indices
at once, making it the central tool for detecting bulk-edge correspondence or
lack thereof. Section 4.4 contains further details on self-adjoint boundary con-
ditions, and a parametrization of the aforementioned families and associated
unitaries.

Section 5 deepens the results of Sect.3 by directly relating parameters
of the boundary conditions to values of V and extends those same results by
treating the full family NN (rather than its particle-hole symmetric subfamily).

Sections 6.1, 6.2, 6.3 detail how the evaluation of the integer P, I, F,
is performed, respectively, given certain boundary conditions. Finally, Sect. 7
presents the full proofs of the results of Sects. 3, 5.

The appendices either contain additional results that are not essential to
the main discussion, or proofs which were omitted in the interest of readability.

2. Setup

In this section, we will provide an overview of the model and introduce the
notions needed in order to state the results in Sect. 3. We shall discuss the bulk
picture, including its geometric objects, to be followed by the edge picture,
including a first discussion of the possible boundary conditions, that will turn
out to be of four main types.

2.1. Bulk Model

The rotating and odd-viscous shallow-water model is a 2D hydrodynamical
model describing a thin layer of incompressible fluid that lies on a flat, rotating
bottom extending over the whole plane. Its physical relevance, its derivation
by linearization, as well as its applications will not be treated in this work.
The interested reader is referred to [2—4,19].
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The model is governed by the following system of linear PDEs

On = —0zu — Oyv
Dy = 0, — (f + VA (2.1)
O = =0n+ (f +vA)u,

where (u,v) : R? — R? is the velocity field on the (z,y)-plane, 7 : R? — R the
height of the fluid w.r.t. to the undisturbed fluid level, while the parameters
fyv > 0 determine the Coriolis force f(—v,u) and the (odd) viscosity force
vA(—v,u), respectively. We denote the Laplacian by A and assume 4vf < 1
for simplicity, as will become clear later.

The system of equations (2.1) is formally equivalent to a Schrodinger
equation 10y = Ht, with wave function ¢ = ¥(z), (z := (z,y)) and Hamil-
tonian given as

n 0 —i0; —igy
wi=|ul, H=|-id, 0 —i(f +v(92+9}))
v —id, i(f +v(0F +02)) 0

(2.2)
Let us at first regard H as a formal differential operator. Being translation
invariant, its normal modes are of the form

Y = Pk, w)elEBz=wt) k= (ks ky) € R?, (2.3)

with 1[) bulk solutions of the time-independent eigenvalue problem (see Sect. 4.1)

Ul 0 kg ky
Hp=w), =|a|, HE) =k 0 —i(f —vk?) |,
0 ky, i(f—vk?) 0
(2.4)
where k? := |k|* = k2 + k2. The differential operator H is realized as a self-

adjoint operator on the Hilbert space H = L?(R?)®3, with domain given in
terms of Sobolev spaces as D(H) = H*(R?) & H%(R?) ® H*(R?).

The spectrum of H is purely essential [36] and consists of three bands,
labeled o = +,0. They arise from the discrete spectrum of H(k), (k € R?),
consisting of eigenvalues w_ (k) < wo(k) < w (k) (cf. Fig. 1):

wi (k) = £\ k24 (f —vk?)?, wo(k)=0. (2.5)

The bands are separated by gaps of size f at k = (0,0). Let moreover

(ko) = infw (ko, by) = wy (ke 0) = B2+ (f = k)" (26)
Y
denote the lower rim of the upper band.

Momentum space R? 3 k is unbounded, reflecting that translations give
rise to a continuous symmetry group. As we shall see in Sect. 4.1, the regular-
ization provided by v ensures the eigenspaces of wy (k) converge as k — oo,
thus allowing for a description based on the 1-point compactification S? of R2.
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We shall call Bloch bundle the trivial vector bundle E = S% x C3. It

decomposes as
E= P E., (2.7)

o=%,0
where
Ey = {(k,D)|k € 5, € ran(P(k))} , (2:8)
is the eigenbundle determined by the eigenprojections P, (k) of the eigenval-
ues wy(k), ie., E,p = ran(P,(k)), cf. [19] for details. The Chern numbers
ch(Py) = Cy, ch(Py) = Cy associated with the bands are proper topological
invariants, in view of the compactness of S2. They amount to

CL=+2, Cop=0, (2.9)

as shown in [19], Proposition 2.1.
The Hamiltonian H enjoys an antiunitary symmetry, formally akin to
(even) particle-hole (pseudo-) symmetry (PHS) [37],

EH(k)="" = —H(-k),
2=1;- K, (2.10)

with K denoting complex conjugation. Clearly, 22 = 1. The Hamiltonian
enjoys no further symmetry among those contemplated in the AZK table [28,
29]. Tt thus sits in class D, yet shares the same topological invariant (Chern
number) as the wider class A, compatibly with the table.

In the following, we will only focus on the upper band, the middle one
being trivial, and E_ = ZE,. We will refer to

C, = ch(Py) (2.11)

as the bulk index. Its value, +2, will be compared to that of other indices, that
arise by restriction to a half-plane.

2.2. Edge Picture and Boundary Conditions

Let us now introduce the edge picture. Details that are not needed for the
statement of the results will be returned upon in Sects. 4.2, 4.4.
A boundary is introduced by restricting the physical space to the upper
half-plane
R2 :={(z,y) e R?ly >0} =R x R, . (2.12)
Since translation invariance is retained in the z-direction only, normal modes
of the formal differential operator (2.2) are of the form:

W = 1(y; ko, w)el =) (2.13)
where 1 is in turn a normal mode of the formal differential operator
0 ks —igy
Hky)=| ka 0 —i(f + V(8§ —-E2) |, (kz € R).
—i0, i(f + V(é)f, —k2)) 0
(2.14)

These modes are more general than the modes (2.3) in that they can be evanes-
cent, i.e. decaying transversally.
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The formal differential operator (2.14) is likewise promoted, as in the
previous section, to a self-adjoint operator H# on the Hilbert space H# =
L*(R?%)®®, by way of specifying a suitable boundary condition that defines its
domain D(H¥).

Not all boundary conditions correspond to a self-adjoint realization of
H#. Von Neumann’s theory of self-adjoint extensions builds on the deficiency
spaces at z = =i of the (closed) operator realizing the differential operator
H with minimal domain. It then expresses the extensions in terms of unitary
maps between the two spaces; cf. ([38], Thm. X.2).

We shall determine all self-adjoint boundary conditions that are

(i) local,
(ii) invariant under translation along the boundary, and
(iii) involve derivatives 0, of the wave function of order 1 at most.

Let us first focus on conditions (i, ii). As a result, the deficiency spaces are
those of a minimal realization of H(k,), cf.(2.14). The defect indices of the
latter are finite, and in fact n4 = 2. The extensions of the formal differential
operator (2.14) are thus in some correspondence with unitary matrices of order
2, U(ky) € U(2) (cf. Sect. 4.4 and Appendix A). The same extensions can also
be expressed in terms of a boundary condition involving z/;(y) and ¢’ (y) ('=0y)
aty=20

¥'(0)

whence A(k;) is a 2 x 6 matrix that, far from being arbitrary, satisfies con-
ditions (to be discussed in Sect.4.4) arising from the requirement of self-
adjointness. The boundary condition can be spelled out as a system of two
equations, to be referred to as boundary equations.

Any such A(k,) determines U(k;), but not conversely. Rather, U(k,)
determines the orbit [A(k,)] of A(k,) under multiplication from the left by
GL(2,0),

Ak =0, W= (WO)) s, (2.15)

Aky) ~ A(ky) = A(ky) = G(ky)A(k,),  G(ks) € GL(2,C).  (2.16)

This reflects the fact that the boundary condition is unaltered when the bound-
ary equations are replaced by linearly independent linear combinations.

By including requirement (iii) above, the boundary conditions are of the
general form

Aoty + Ap0utp + A0y =0, (A; € Mataxs(C), j=0,z,y), (2.17)
with

Equation (2.17) then implies that the dependence k, — A(k,) in (2.15) is
affine. Alternatively, k, — U(k;) will turn out to be a fractional linear trans-
formation with coefficients in Maty(C). Moreover, a linear recombination of
the rows of Eq. (2.17) amounts to G(k;), cf. (2.16), being a constant matrix.
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Remark 2.1. Both the context of Eq. (2.16), which is pointwise in k,, and that
of (2.17), which is global, induce a notion of orbit, [A]. They are the orbits
under local vs global gauge transformations, i.e. G(k;) vs G, acting by left
multiplication. The former orbits are of course larger and decompose into the
latter. We take the point of view that only A’s arising from (2.17) are to be
considered, but any two of them shall be considered equivalent in the sense of
(2.16). This reflects the fact that this notion characterizes a same half-plane
Hamiltonian H#.

The complete, intrinsic characterization of the objects A, U, G so ob-
tained will be given in Sec.4.4. The following operative definition will be use-
ful. The cross-references to Appendix A fill the details that were left open up
to now, but can be skipped still.

Definition 2.2 (Boundary condition and von Neumann unitary). An affine
function

A : R — Matoys(C), ky — A(ky) (2.19)
satisfying (A.3, A.4a) is called a boundary condition. Likewise, the function
U:R—U(2), kg — U(ks) (2.20)

obtained from A by (4.32, 4.36, 4.51) is called the von Neumann unitary of
the boundary condition.

Remark 2.3. Conditions (A.3, A.4a) are equivalent to self-adjointness of H# in
the context (i-iii). The von Neumann unitaries provide a faithful parametriza-
tion of half-plane Hamiltonians H#, thereby eliminating the redundancies de-
scribed in Remark 2.1. The classification of boundary conditions, to be pre-
sented in Sect. 2.3, will rely on them.

We partition the set of self-adjoint boundary conditions into the following
four families.

Definition 2.4 (Families of boundary conditions). A self-adjoint boundary con-
dition k; — A(ks), cf. Definition 2.2, with A(k;) as in (2.18), belongs to family
DD: iff rk A, = 0;
ND/DN: iff rk A, = 1;
NN:iff tk A, = 2.

Clearly, the conditions are compatible with (2.16). The middle case will
be subdivided into two (overlapping) families in Lemma4.4. As will also be
explained in Sect. 4.4, the two families are related by a substitution, by way of
which results can be carried over between them. As they remain structurally
unaffected, only the case ND will be pursued.

The labeling by symbols D and N comes about as follows. We distinguish
between generalized Neumann (N, a.k.a. Robin or mixed) and Dirichlet (D)
boundary equations, in that they do, respectively do not, involve (9, f)(0) for
some linear combination f of the field components n, u, v.

The two occurring boundary equations will involve two linear combina-
tions f1, fo of the components u, v only. As explained, the boundary equations
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can be replaced by linearly independent linear combinations thereof. While
making use of this freedom, in order to get rid of equations of type N to the
extent possible, the four families of Definition 2.4 correspond to

DD: No derivatives dyu, 9yv appear in the BC;
ND/DN: Only one linear combination

adyu + bdyv, ((a,b) #0) (2.21)
appears in the BC;
NN: Both BCs must contain linear combinations of dyu, 0yv.
Let us provide examples of boundary conditions (2.15), and in fact of
types DD and DN, respectively.
e Dirichlet boundary condition

U(y)|y: =0 0 1.0 0 0 0
{v(i‘/)|y_(())=0 ’ Ap(ks) = (0 01 0 0 0) . (2.22)

e A family of boundary conditions parametrized by a € R [19]:

0(Y)ly=0 =0 Alhy) = (0 0 1 0 0 0)
ru(y) + adyv(y)ly=o =0 ¢ 0 ik, 0 0 0 a)”’
(2.23)
Clearly, 0, acts as ik, on states (2.13), whence the expression for A(k,).
See Fig. 1, right panel, for the spectrum of the corresponding Hamiltonian
when a = 4.

The above conditions (i-iii) will apply throughout the article.

Remark 2.5. It should be moreover remarked that a given self-adjoint realiza-
tion H# on the half-plane induces operators H# (k,), (k, € R) on the half-line
that are self-adjoint at all k, except possibly at isolated points.

Boundary conditions where such a failure occurs are themselves excep-
tional and excluded from the further discussion, as a rule.

Remark 2.6. Writing H# fiberwise, as in the previous remark, makes another
fact apparent: The global half-plane Hamiltonian H# is left unchanged (up
to unitary conjugation) by a reparametrization ky — ky = ky + 7, (7 € R).
Indeed, it amounts to a relabeling of the fibers H# (k,), cf. Remark 2.5. Under
this shift, a local boundary condition A(k,), cf. (2.18) transforms as

Alky) — A(ky) := (Ao + ik, Ar, A, (2.24)

where

Ay = Ay +iTA,, A, =A,, A, =A,. (2.25)
Unlike in Remark 2.3, the boundary conditions A and A from (2.24) will not

be identified, nor will their von Neumann unitaries. Rather, the topological
indices will display invariance under the above reparametrization.

There is a further condition worth considering. In view of the fact that the
bulk model enjoys particle-hole symmetry, it pays to single out those boundary
conditions that preserve it. We thus define:



462 G. M. Graf and A. Tarantola Ann. Henri Poincaré

C} ~+2

Co=0 Co=0

FIGURE 1. Left panel: Bulk spectrum, projected along the
k,-direction, and Chern numbers of each band, cf.(2.9).
Right panel: Spectrum of H# with boundary condition as
in Eq.(2.23) and a = 4. The blue shaded regions and yel-
low solid lines represent the essential and discrete spectrum
of H#, respectively. Figure adapted from [19] (color figure
online)

Definition 2.7. (i) (Particle-hole conjugation.) Let H be a self-adjoint re-
alization, as described above and having domain D(H#).
We define its particle-hole conjugate by

HI .= EH#=71, (2.26)
where = is as in (2.10). In particular, ¢ € D(H;E) iff =y € D(H?).
(i) (Particle-hole symmetry.) H¥ is particle-hole symmetric if H# = Héﬁ .
In particular,

Y € D(H?) < =y € D(H?). (2.27)

Let k, — A(k,) be the boundary condition, cf. (2.17), defining H#. Then,
A(—k,) defines Hé’k, because A(k,)¥(k;) = 0 implies A(—k;) ¥(k,) = O,
of. (2.15, 2.18).

Hence, H# is particle-hole symmetric iff

Ulky) = U(—ky). (2.28)

Indeed, symmetry states that the two maps, A(k,) and A(—k,), determine the
same boundary condition for H# (k) at any k., namely that their orbits are
the same point-wise in kg, i.e., (2.28).
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T_,@ T_,@ LQ) i Ay

FIGURE 2. Panel 1: Typical edge spectrum of a model with
discrete translation symmetry. The green circle represents the
natural orientation for the boundary of the bands, inherited
from the (k;,w)-plane. Panel 2: Same spectrum with addition
of a “topologically trivial” edge state. Panel 3: Compactified
spectrum of the SWM, with boundary condition as in (2.23)
with a = 4. Panel 4: Proper and improper mergers with the
top band for the spectrum of Panel 3. Bulk-edge correspon-
dence, as by Eq.(2.29), does not hold: ch(P) = 2, N =1
(color figure online)

We will specialize to the symmetric case on and off, for each family of
boundary conditions separately.

2.3. Edge Index and Associated Integers

As mentioned earlier, the bulk model enjoys continuous translational symme-
try and its momentum space is thus unbounded, at least at first. That sets
the model apart from most models in condensed matter physics, where trans-
lations are discrete, being those of a lattice, and momentum space compact
as a result, and typically a torus. In Sect. 2.1 that issue was addressed and its
remedy indicated, namely compactification of momentum space.

A similar issue shows up in the edge problem, i.e. when restricting the
model to a half-space. Then only the longitudinal momentum k, remains a
good quantum number, no matter whether translations are continuous or dis-
crete, at least if the boundary conditions share that symmetry. In the discrete
case, however, the range of k, is compact to begin with and the spectrum is
of the form seen in Fig.2 (first panel): It consists of bands (shaded regions)
and curves (in yellow). The energy ranges of the former give rise to the bulk
spectrum, collectively in k,; not so the latter, which represent the dispersion
relations of states propagating along the edge. When considered at fixed k,,
edge states correspond to bound states of H# (k).

Bulk-edge correspondence [9,10] relates the Chern number ch(P) of a
band, cf. (2.8), with the mergers of edge states with that band:

ch(P) =N, (2.29)

where N is the signed count of states leaving (+), resp. joining (-) the bulk
spectrum, as meant w.r.t.the natural orientation of its boundary. That ori-
entation, to be clear, is induced from the one of the plane (k;,w), see panels
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of Fig.2 in green, on the boundaries of the shaded regions. Equivalently, if
k. is taken to run in positive direction, it parametrizes the upper and lower
boundary of the band oppositely, as compared to its natural orientation. With
that convention,

N=N, - N_, (2.30)

where N counts both the edge states leaving the boundary at the bottom
and those joining at the top; similarly for N_.

The second panel of Fig.2 shows a cancelation between a state leaving
and then joining a band. Likewise, such a cancelation should be preserved in
the SWM. This, and more, can be achieved by a certain compactification of
the (kg,w)-plane, illustrated in panels three and four of Fig. 2. In contrast to
Fig. 1, the infinity inside the bulk spectrum is compactified to a single point
(the point at infinity co), whereas directions moving to infinity inside the gap,
either at k, — 400 or —oo, give rise to a continuum of points at infinity,
labeled by 0 < h < 400, if they attain a horizontal asymptote of that height.
In lack of a horizontal asymptote, convergence is to co.

So prepared, we may address edge eigenvalues connected to the top band
in relation to their behavior in the finite or at infinity. We say:

e An edge eigenvalue merging with that band at finite momentum k, has
a proper merger;

e An edge eigenvalue diverging for k, — oo has an improper merger;

e An edge eigenvalue having a horizontal asymptote at k, — 400 or —oo
has an escape.

Viewed through the compactification, proper and improper mergers look alike
and shall simply be called mergers. We remark that in [19] a somewhat different
terminology was used.

Definition 2.8. (Number of proper and improper mergers, number of escapes)
We denote by P, I, E the signed number of proper mergers, improper mergers
and escapes, respectively. Let moreover

M:=P+1 (2.31)

denote the signed number of mergers.

The sign convention for P and I is illustrated in Fig. 2. An escape attain-
ing asymptote 0 < h < 400 at k; — —oo (k; — +o0) contributes +1 (—1)
to E. The convention is such that I + F stays constant when an escape turns
into an improper merger or vice versa.

In the next section, our main results are reported, expressed in terms of
the integers P, I, E only. Given our choice of edge index, we set:

Definition 2.9. Bulk-edge correspondence (BEC) holds true if
M=Cy(=+2). (2.32)

Accordingly, violations occur for M # 2.
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X x X

FIGURE 3. The three spectral events (a—c¢) described in Theorem 3.1

Remark 2.10. Given that the half-space model is determined by the boundary
condition, all three integers P, I, E are functions of just U, i.e., V = V(U),
with

V:=(P,I,FE). (2.33)
Moreover, the boundary triple V is translation invariant, V(U) = V(U ), where
Ur(ky) = U(ky + 7), cf. Remark 2.6.

3. Overview of Results

This section reports the main results of this work and addresses the questions
Q1-Q4 raised in the introduction. At first, spectral events that occur while
continuously changing the boundary condition will be defined and listed. They
are linked to the integers P, I, E of Definition 2.8, and more properly to their
changes. As such, they matter for Question Q3. The number M of mergers,
cf. (2.31), turns out to be more stable than others, as boundary conditions
change; indeed, there is only one kind of change that prevents its invariance.
This addresses Q2. The more technical Question Q1 is addressed for its larger
part in Sects. 4.4, 5 and Appendix A. Question Q4 will be dealt with by charting
the values of P, I, E in a phase diagram of boundary conditions. Violations of
BEC are typical in all families except for DD, where they do not appear at all.
The first result connects changes in the value of our integers to spectral
events, while exploring the manifold of self-adjoint boundary conditions.

Theorem 3.1. Let self-adjoint boundary conditions be described in terms of
their von Neumann unitaries (2.20) and partitioned according to the cases of
Definition2.4. In each case, they form a manifold, that is in turn partitioned
into explicit subsets, or regions, R according to the values of V, cf.(2.33).
Each region is semi-open, in the sense that they are contained in the closure of
their interior, R C R. Any transition between regions can be achieved by com-
position of elementary ones, which occur across boundaries between just two
regions, possibly upon arbitrarily small deformation. Transitions are described
as follows in terms of spectral events (see Fig.3):



466 G. M. Graf and A. Tarantola Ann. Henri Poincaré

(a) A merging point reaches or leaves co; as it does so, P and I change at
once, but oppositely: AP = —AI = +1 (AM =0);

(b) An asymptotically parabolic states turns flat or vice versa; I and E change
at once, but oppositely: AI = —AE =+1 (AM = +1);

(c) A one-sided flat state disappears from the gap by crossing the zero-energy
band, while another one appears at the opposite end; E changes, |AE| =
+2.

Integers not mentioned in relation to a given event are left unchanged.

Remark 3.2. The theorem does not rule out further spectral events, not con-
templated above, that do not correspond to a transition between level sets of
V. An example is a simultaneous appearance (or disappearance) of two flat
states at opposite ends. Hence, AE = 0.

Remark 3.3. Within the restricted manifold of boundary conditions corre-
sponding to the particle-hole symmetric case, cf. Definition2.7, transitions
between regions exhibit more than one spectral event, thus failing to be el-
ementary. More than that, the restoration of that property by slight deforma-
tion may require that the symmetry is forgone. However, the regions remain
semi-open.

The proof of Theorem 3.1 is postponed to the last pages of Sect. 7, though
it draws on earlier sections. For now, we just describe its overall structure.

Structure of proof. The proof handles the different cases of Definition 2.4 sep-
arately, yet in alike ways.

The boundary conditions (2.19) and the von Neumann unitaries are ex-
plicitly computed in Sect.4.4, and the various regions R in Sect.5. A coarser
description of those regions is found already in the present section.

The values of the index triple V are determined using the following tools:
A version of Levinson’s theorem from scattering theory, cf. Theorem 4.3, which
contributes to the calculation of P; a direct study of the bound states at
k. — 00, both for infinite and finite energy w, which completes the calculation
of P and allows that of I and F altogether, cf. Sects. 6.1-6.3, respectively. O

An answer to Question Q3 follows as a corollary.

Corollary 3.4. Let Uy, Us be two distinct boundary conditions, and let M; =
M(U;), (j = 1,2) be the corresponding indices (2.31). If My # Ms, then
any path joining Uy to Us must undergo at least one transition of type (b)
(¢f. Theorem3.1).

In plain language, parabolic-to-flat transitions are the only spectral events
capable of altering M. Regions on the BC manifold where BEC is respected
or violated must thus be separated by “surfaces” of type (b) transitions.

Further details on existence and prevalence of BEC are gained by sep-
arately charting V(U) for all U’s within each of the families DD, ND, DN,
NN, starting with DD. In this specific case, no charting is actually needed, as
illustrated by the following proposition.
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FIGURE 4. Map of integers for family ND. Left panel: Drawn
in blue, red, orange are P, I, FE, respectively. To each integer
are associated transition lines. Lines of a specific color pertain
to one index only, like the orange {¢ = m — 1} line where E
alone varies. By contrast, if two indices change at once, the
corresponding line interpolates between the two colors per-
taining each index. The right panel highlights were BEC holds
(green) or fails (red) (color figure online)

Proposition 3.5 (Index charts, DD case). Any boundary condition A (as by
Definition2.2) within the family DD belongs to

[AD] ) (31)

where Ap 1is the Dirichlet boundary condition, cf.(2.22), and [Ap] its orbit,
cf. (2.16). As a result, the family corresponds to a single von Neumann unitary
U.

The value of V(U), cf. Eq.(2.33), for that unitary is

whence M = +2 = Cy and BEC holds, cf. (2.31, 2.32, 2.33).

Proposition 3.6 (Index charts, ND case). The integer tuple V, cf.(2.33), de-
pends on the von Neumann unitary U only through some real parameters
(m,q) € (—00,0] x R determined by the boundary condition, whence V(U) =
V(m,q). A boundary condition is particle-hole symmetric iff m = —1. The
values of V are charted in Fig. 4 (left panel).

Bulk-edge correspondence, namely M = 42, is true within the sector

¢ = {lgl < Im+ 1]} (3.3)

(cf. right panel of Fig.4), and violated outside of it. In particular, BEC is
always false on the particle-hole symmetric submanifold {m = —1}.
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N AZ

7= M=

FIGURE 5. Map of indices for the PHS submanifold within
the family NN. Color coding and transition lines follow the
conventions of Fig.4. The transitions moreover illustrate Re-
mark 3.3 (color figure online)

A comparison with [19] is in order. The boundary conditions of the 1-
parameter family considered there are all of type DN and particle-hole sym-
metric, whence BEC is false throughout that family by our definition. That
definition, however, differs from theirs, which was based on P rather than M.

In case NN, a graphical representation akin to Fig. 4 is not feasible, be-
cause of the sheer dimensionality of the associated BC manifold. Yet, restric-
tion to the particle-hole symmetric submanifold makes a drawing possible.

Proposition 3.7 (Index charts, NN case with symmetry). Within the particle-
hole symmetric submanifold of NN, the index triple V depends on U only
through parameters (X,A2, 1) € R x Ry x iR, whence V(U) = V(X, A% ).
For definitions, see (2.33, 5.5).

Bulk-edge correspondence, namely M = 42, is true within the region

{A? > 75 =52 — |u* - v?}, (3.4)

cf. Fig. 5, and violated outside of it. In terms of the real parameter space
R3 > (X, A,iu), the region is the one between the two sheets of a hyperboloid
of revolution about the YX-axis.

Question Q4 is finally answered by specifying a notion of typicality. We
say that a property is typical on the manifold of boundary conditions if it holds
true with positive measure. The notion is actually proper to the measure class
of the Lebesgue measure induced by any local chart.
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Theorem 3.8 (Typicality of BEC and violations thereof). Within the families
ND and NN, both BEC and its violation are typical, namely both M = C'y = 2
and its opposite M # C,. occur on subsets of positive measure.

In summary: Boundary conditions of the family DD exhibit bulk-edge
correspondence, but the latter is typically violated in all the other families
ND, DN and NN.

In the following sections the above results will be made more precise,
e.g. by determining the explicit dependence of V on the boundary condition.
It is in that version that they will be proven.

4. Details of the Setup

4.1. Momentum-Space Compactification and Bulk Eigensections

In this whole chapter, we shall review the setup of [19]. In this section, we
explain how the odd-viscous regularization enables the compactification R? —
S? of momentum space, mentioned in Sect.2.1. We moreover provide explicit
sections ¢ of the bundle E, of interest, associated with the positive eigenvalue
w4 of the bulk model. Such sections are regular everywhere but in a point
¢ € 5%, hence the superscript.

Above Eq. (2.7), we argued that eigenspaces associated with w,(k), (o =
+,0) converge as k = |k| — oo, thus allowing a compactification of momentum
space. That claim is justified below.

Consider the fiber H(k), cf. Eq. (2.4), of the bulk Hamiltonian H, cf. (2.2).
It can be rewritten as

H(k) =d(k)- S = (ka, ky, f — vk?) - S, (4.1)
where S = (51, S5, S3), and the matrices
0 1 0 0 0 1 0 0 0
Si=(1 0 0], Se={|0 0 0}, S3=(0 0 —if,
0 0 0 1 0 O 0 i O
(4.2)

are an irreducible spin-1 representation. The fiber H (k) shares eigenprojections
Py (k), Py(k) with its flattened counterpart

/ _g . a g — (RE) — 1 ) — v 2
H'(k) = e(k)- S, (k) : b 7W+(E)(ka,ky,f k5. (43)

The eigenprojections read

ék)- S)?£ék)- S oy &
P = AL 2AR S py a2, ()
and project onto the eigenspace of wy (k), wo(k), cf. Eq. (2.5), respectively.
The map € : k € R? — S? is convergent for k¥ = |k| — oo, and more
precisely to
lim €(k) = (0,0,—1), (4.5)

k—o0
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thanks to the odd-viscous regularization provided by the vk? term in (4.3).
We stress that the limit is attained irrespective of the direction along which k
is sent to infinity. Accordingly, P,(k), (0 = =£,0) attains a well-defined limit
for k — 00, and so do the fibers

E, =ran P, (k) (4.6)

of the eigenbundle F,, cf. Eq. (2.8). Along with the 1-point compactification of
the plane R? > k to the (Riemann) sphere S? = R? U {cc}, the Bloch bundle
extends as well.

Next, we shift our focus to the eigenbundle E, of interest and provide
sections that are global except for a single point.

An eigensection of E, is a smooth map ¢ : S? — C? that solves

Py (k)p(k) = o(k) (4.7)
and does not vanish, where defined. We present two eigensections, namely
1

N 1 A A
oo _ 0 —
P = ), P = ), 4
where
k?fwy 2
- . — vk
9= (ke b | o= T (1.9)
ky +ik.q TR
It is readily verified that they satisfy (4.7). We have
. 0
U(k) = | ke +iky | +o(k°),  (k—o0),
by ik (4.10)
~ O .
(k) = | ke —iky | +o(E*), (k—0),
ky + ik

because g(co) = —1 and ¢(0) = 1. Hence, (4.8) extend smoothly to k € S2\{¢}
with ¢ = o0, 0, respectively. Indeed, and contrary to appearance, ¥°° is smooth
at k=0

A 0
Pe0)=|[1]. (4.11)
i
Likewise,
A 0
P(c0) = [ 1 (4.12)

We note that the two patches cover S? and that the transition function ¢,
ke +iky
ok — ik

has winding 2, coinciding with Cy as expected.

P =10, ¢ (4.13)
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4.2. Scattering Theory of Shallow Water Waves

This section is placed in the context where physical space is the upper half-
plane R3 , cf. Eq. (2.12). The scattering of waves at the boundary y = 0 matters
in various ways [19]. In this section, we review how solutions of the edge eigen-
value problem are found as scattering states, namely as linear combinations of
incoming, outgoing, and evanescent “bulk” waves. At fixed boundary condi-
tion, longitudinal momentum k., and incoming transverse momentum x, the
(unique) scattering solution induces a scattering amplitude S(k,, <), mapping
incoming to outgoing waves. Eigenvalues w(k,) in the discrete spectrum of
H# (k) are found as poles of S when analytically continued to the upper half-
plane in k € C. The corresponding bound states arise as outgoing (evanescent)
waves without incoming counterpart. As k,, varies, the bound states are viewed
as edge states of dispersion &, — w(k,).

Let a boundary condition A, cf. Definition 2.2, be given. Scattering states
are obtained as normal modes (2.13) of the formal differential operator H (k;),
cf. (2.14), that are asymptotic to incoming and outgoing plane waves. In the
present context, the transverse momentum k, is no longer a good quantum
number. However, k, remains a well-defined property of the asymptotic states
Yin and oy, as they are of the form (2.3), and hence determined by their am-
plitude in E| . We thus retain a parameter x > 0 that describes the momenta
—k and +x of the incoming and outgoing parts, ¥y, and Y.y, respectively.
They are related by elastic reflection,

s: (kyy—k) — (kg k), (4.14)
because they then share the same frequency, wy(kz, —k) = wi (ks k) = w,
cf. (2.5).
Moreover, there are two more solutions of wy (kg, ky) = w, to be found in
the analytic continuation of w. They are k, = £Ke, With ke, in the complex
upper half-plane, and are related to x > 0 by

12
Fow (Ko, 1) = i\/rﬂ +2k2 + T”f c iR, . (4.15)

The two solutions are purely imaginary and correspond to evanescent and
divergent waves at y — oo, respectively. In particular, 1., participates in the
scattering state ¢ along with ¥, and Yoyt.

We summarize:

Definition 4.1 (Scattez“ing state) For k, € R and k > 0, a scaltering state
is a solution ¢y = ,(y; ks, k)e!F==9 cf (2.13), of H(ky)ths(y; ke, k) =
w(ky, K)s(y; ks, k) and of the form

g 1= win + Yout + Yev (416)

that moreover satisfies the boundary condition. (The solution exists for every
self-adjoint boundary condition A, and is unique up to multiples.)

The scattering state (4.16) defines a scattering map, acting between fibers
E. j =ran P, (k) of the eigenbundle E in Eq. (2.8), associated with the band
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B E+’(km,—ﬁ‘/) — E+7(kw7li) ) (F‘: > 0)
win — wout . (417)

Schematically, the following diagram is commutative:

E. 25 E,

l l . (4.18)

R?2 — R?
Underlying the definition of . is the identification of the amplitudes in E
with the waves seen in (4.16).

In view of the fact that E is nontrivial, sections will have to be local,
cf. Sect. 4.1. Let Uin, Uswe C R? be open subsets equipped with nowhere van-
ishing sections ¥y, Yout of E4. To be clear, Uy, and U,y are not required to
be subsets of the natural half-spaces (or hemispheres)

Soutsin = {(kas &) | £ >0}, (4.19)
nor are they required to be related by the reflection s; even less 1/}in, @/;out to be

related by (4.17). However, in case s(Uiy) and Uyyg overlap, then a scattering
amplitude S = S(ky, k) € C\{0} is defined for (ky, k) € $(Uin) N Uout by

y(qﬁin(kwa _K)) = S(ka K)lz)out(kwa K‘,) . (420)

An evanescent amplitude T can likewise be defined, by considering an open
set Uey C R X iR of evanescent momenta (k;, key). The role of the map s is
now taken by (kz, k) — (kz, Kev), as in (4.15).

Bound states of the edge eigenvalue problem are now found by analytic
continuation in x € C of the scattering amplitude. Provided that the sections
s above are analytic as well, 1oy and i, turn into exponentially decaying
or growing solutions, as y — +oo. More precisely, i = ¥ (ky, —k)e " is
decaying for Im(x) < 0, and the opposite holds for out. The state (4.16)
determines a bound state iff none of its terms is diverging in y — +o0. That
criterion is most useful for (k,, k) away from oo and small k # 0, thus exploring
a complex neighborhood of the boundary of the bulk spectrum. There, the
expression under the square root in (4.15) remains bounded away from zero.
Hence the criterion reduces to S(k;, k) = 0 and Im(x) < 0. Equivalently, a
bound state of energy w(k,, ) in the gap occurs iff

S (ky,k) =0 and Im(x)>0. (4.21)

That amounts to the stance that “bound states are outgoing states with no
incoming counterpart”.
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N

w, w,

T

FIGURE 6. Left panel: compactified momentum space,
patches U;, (blue) and Uy (red), contour C. (purple) ap-
proximating the {k, = 0} meridian as ¢ — 0. Central panel:
image under w of the loop C.. Right panel: Finite and infinite
portions of C, in the compactified (k,,w)-plane (color figure
online)

4.3. Topological Content of the Scattering Amplitude and Bulk-Edge Corre-
spondence

In the previous section, we introduced the scattering amplitude based on over-
lapping open sets $(Uin), Uout. Here, we will make more specific choices, such
as Uout = Uin.

First, however, we take Uy = Sgut and Uj, to be the open set containing
the closure of SZ, which thus slightly protrudes into SZ,, and includes oo. In
particular, Uyy, Uin form a cover of S2. Both sets are depicted in Fig. 6, along
with a loop C running within their intersection and having the same orientation
as OUqut-

Let i, be a section on Uj,. Then, a section 1&0“ is naturally defined on
Uout by (417),

y("ﬁin(kan _H)) = 1;out(kza H) s (K: > 0) . (422)

Since s$(U;n) and Ui, overlap, we may take Ui, in the role of Uyt in (4.20),
and obtain

y(i/;in(kxy _K')) = S(kxa ﬁ)l/;in(kxa /‘3) (423)
for (ky, k) € $(Uin) N Uin = Uout N Uin. Thus
szout(k'xv H) = S(kxa H)"[}in(kxa /f) (4'24)

there, which exhibits the scattering amplitude as the transition function be-
tween local bundle charts of E. The dlfferentla,blhty of the scattering am-
plitude S is inherited by that of the sections z/)m, 1/10ut The next proposition
relies on it.
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Proposition 4.2 (Theorem 2.7 of [19], first item). The scattering amplitude S,
cf. (4.20), relates to the Chern number Cy of E4 by

1
= j'{ S71ds = (4.25)

where C is any loop as described above.

At the same time, the scattering matrix S is sensitive to branches of
the discrete spectrum joining the upper band, as illustrated in this version
of Levinson’s theorem, originally developed in [14] and later adapted to un-
bounded Hamiltonians, particularly to the SWM, in [19].

Theorem 4.3 (Levinson’s relative theorem). Let € > 0, and pick (finite) kM <
kg) that do not correspond to a merger of an edge mode branch with the bulk
spectrum of H#. Then,

k(2)
lim arg S(k; , €) o= = 2mn (kM k2 (4.26)
where arg denotes a continuous argument and n(k;g(cl), kg)) is the signed number
of edge mode branches emerging (+) or disappearing (—) at the lower band
limit between kg(gl) and kg(f), as k, increases.

In simple terms, as we hover over the bottom of the positive band, the
phase of S jumps by +27 (—27) for each edge eigenvalue leaving (joining) the
band. The theorem may be termed as a relative version of Levinson’s theorem
[18], since it compares the phases of the scattering matrix at threshold for two
values of a parameter (here k), rather than at two ends of an energy interval.

Equation (4.26) accounts for the part of the winding (4.25) that occurs
because of proper mergers. More precisely, we consider a sequence of loops C.
that tend to the “meridian” {(ks, ky) | ky = 0} U {oo} in the limit ¢ — 0,
cf. Fig. 6. Let K > 0 and let

Ce=C i UCTK (4.27)

be a partition into two arcs such that CS,  converges to the part |k;| < K
of the meridian, and CZ% to the complementary part containing {o0}. For
any given boundary condition, proper mergers do not accumulate at k, — oo.
Thus,

Wy := lim = S71dS, Wy = lim i S7HS, W =Wy + W,
e—0 27i € e—0 27i C%
(4.28)
are well-defined, are integers, and do not depend on K, if sufficiently large.
Equation (4.26) states

Wo=P. (4.29)
Recalling Eq. (4.25) and W = Wy + W, we moreover conclude
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Our Definition 2.9 of bulk-edge correspondence, M = C,, where M =1+ P
is the number of mergers, thus amounts to

I=Wy. (4.31)

In other words, violations of BEC occur when the number of improper mergers
I differs from the winding of S at infinite momentum. Such events do occur.

4.4. Details on Self-adjoint Boundary Conditions and Particle-Hole Symme-
try Thereof

We shall characterize the families DD, ND, DN, NN of self-adjoint bound-
ary conditions (cf. Definition 2.4) and their particle-hole symmetric subsets.
Later, in Sect. 5, the main results of the paper will be formulated in the terms
introduced here. The proofs of the statements in this section are found in
Appendix A.

Boundary conditions A, cf. Definition 2.2, are affine linear maps R > k,, —
A(ky) € Mataxe(C). As is proven in [19], Lemma B.1-B.3, and as we shall re-
view in Appendix A, self-adjointness of H#(k,), see below Eq. (2.14), imposes
various constraints on the entries of the 2 x 6 matrix A(k,). For short, they
are of two kinds, linear and nonlinear. Quite generally [39], self-adjoint bound-
ary conditions correspond to subspaces V' of boundary values ¥ = (¢,v’),
cf. (2.15), that are maximally isotropic w.r.t. some matrix Q, ie.QV =V,

In the present context, V' C CS, but the rank of Q) is not maximal, i.e., not
6, but rk Q) = 4. This comes about because the deficiency indices of the half-
line problem are (2,2), rather than (3,3) as one might instead suspect in view
of 3 components of the field and the order 2 of the differential operator (2.2).
Note, indeed, that this differential operator is of first order in 7, but of second
in u,v. That accounts for the fact that the 2 x 6 matrix A can be expressed by
a 2 x 4 matrix A, which solves the linear constraint. The non-linear constraint,
now on A, comes from the isotropy.

The 2 x 4 matrix A is related to the 2 x 6 A by

A=AM, (4.32)
where
1 0 0 0 —v O
0 1 0 O 0 0
M= 0 0 1 0 0 0"’ (4.33)
0 0 0 O 0 v

as shall be justified in Appendix A. In this new notation, the boundary condi-
tion (2.15) is written as
Ak, ) MU =0. (4.34)
By locality of A, cf. (2.17), and (4.32), A must take the form
Ac = (ala alla a‘/27 0’2)7 Ak = (07 b17 b2v O) (435)
and we shall also write it as
Alka) = (Ar(ke), Az(k2)) , (4.36)
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with (-,-) denoting horizontal juxtaposition and A1, As square 2 X 2 matrices
given by
Ai(ky) = A7 + ko B,
A = (a1, a}), AY=(ah, az), Bi=(0, b1), Bo= (b, 0),(4.37)
a;,al,b; € C? (i=1,2).
The specific structure (4.35) of the 2 x 4 matrix
A(ky) = (a1, ay + kgb1, ah + kyba, az) (4.38)
determines the general form of the original 2 x 6 boundary condition A by
Alky) = Alke)M = (a1, a) + kgb1, ay + kzbe, 0, —vay, vas), (4.39)

cf. (4.33). Note incidentally that the vanishing entry in (4.39) states that no
boundary equation involves 0,1, as was stated following Definition 2.4, and in
line with the above comment on deficiency indices.
By (2.17), the local boundary condition A(k,) may moreover be written
as:
A(ky) = (Ao + 1k Az Ay) . (4.40)
Comparing Eqgs. (4.39, 4.40) then yields
Ao = (a1, df, ab), Az = (0, by, b2), Ay = (0, —vay, vas). (4.41)
The definition of families, Definition 2.4, is a distinction of cases. It affects
the matrix A, only, and thus the vectors a;, (i = 1,2), but not aj,b;. In the
next lemma, we state the implications for a1, as. In doing so, we separate the
case ND/DN into two, depending on whether rk A, # 0 is ensured by a; # 0
or az # 0.

Lemma 4.4. Let A(k,) = (Ao+ikg Az, Ay) be a 2x6 matriz such that A = AM
for some A(kz) as in (4.38). If the associated boundary condition

(Ap+ Az0r + Ayoy)h =0, (4.42)
cf. Eq. (2.17), belongs to family
DD: then a1 = ay =0;
ND: then a1 # 0 and as = aay for some a € C;

DN: then as # 0 and a1 = aasy for some a € C;
NN: then ay,as are linearly independent.

The nonlinear constraint on A remains to be solved. It says:

Aron ) =0, 0= (p ). (4.43)
almost everywhere in k,, see Appendix A. Equivalently, using (4.36),
A (ky) A5 (ky) + Az (ki) AT (k) =0 (4.44)
a.e.in k;, which is in turn to say
AJAY + A3AY =0,

4.45
B1AY + AYB5 + AYB} + B, A" =0, 445)
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cf. (4.37). Those conditions translate into others for a},b;, (i = 1,2). Remark-
ably, they amount to real linear equations. The next proposition states them,
and in fact separately for the different families of BCs, cf. Lemma 4.4.

Proposition 4.5 (Families of boundary conditions). Let A : k, — Matay4(C)
be as in (4.35). Depending on the cases DD through NN, see Lemma4.4,
Eq. (4.45) amounts to
DD: a), aly, by, by € C? (arbitrary);
ND: For some \,\' € R,

aadl +ab =iNay

O_lbl + bg = i)\al . (446)
DN: Same as ND, but with a1 and as interchanged.
NN: For some pu,p’ € C and Ay, Ag, A, A € R,
a) = p'ay +iNjas
a’2 = —/7,/02 + i)\/2a1 (447)
and )
by = pay + iAasg (4 48)

b2 = 7/]0,2 + i)\2a1 .

We shall also provide an explicit characterization of the particle—hole
symmetric (cf. Definition 2.7) subsets of those families.

Proposition 4.6 (Particle-hole symmetric families of boundary conditions).
The map A : k; — Mataxs(C) of (4.35) encodes a particle-hole symmetric
and self-adjoint boundary condition iff one of the following is true.
DDE.' a]; = as = 0.
NDz=: a; # 0, as = aay for some a € R and
aadl +ab, =0
Olbl + b2 = i)\al s <449)
for some A € R.
DN=: Same as ND=, but with a; and as interchanged.
NNz=: a1, as linearly independent and
ay = pay
ah = —p'ag
by = pay +ikias (4.50)
by = paz +ilsay,

for some p' € R, p € iR and A1, Az € R.

We now elucidate how von Neumann unitaries U, cf. Definition 2.2, relate
to orbits (under left-action of GL(2, C)) of boundary conditions A. First of all,
notice that A and A are in one-to-one correspondence, upon imposing self-
adjointness. Then, so are their orbits [4], [4], cf. Eq. (2.16).

The von Neumann unitary U associated with orbit [A] (equivalently [A])
is given by:

U:R —U(2)

2
by s U(ky) = (A1 (ka) + A (ka) "L (A1 (k) — Ap(ky)), (42D
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where Ap, Ay are as in Eq. (4.36). Equation (4.51) yields a well-defined map
A — U, that descends to a map v : [A] — U. The map v is moreover one-to-
one. These fine points are dealt with in Appendix A.

As we argued below Eq. (2.16), two representatives of the same orbit [A]
encode for the same boundary condition. The next proposition describes the
orbits, and it does so for each family of boundary conditions at a time. More-
over, it does so in terms of the unitaries that are in bijective correspondence
with those orbits, cf. Remark 2.1.

Proposition 4.7 (Families of von Neumann unitaries) (i) Let A be a boundary
condition parametrized as in Proposition4.5 and Lemma4.4. The correspond-
ing curves in U(2), cf. (4.51), are of the form

Ulks) = J + O(ks),  J= (-()1 ?) : (4.52)

with U depending on families as follows.
DD: U(k,) = 0.
ND: In terms of the parameters a € C and A\, N € R,

. 2 1 -«
Uk:) = - _ . 4.53
k) = T P T it T ) (a —|a2> (4.53)
NN: In terms of the parameters p, i’ € C and Ay, Ao, \j, N € R,
N 2 -
Uky) = — = Ul(ks),
det U (4.54)
O (k) = L4\ + k) A+ kg p '
v i+ ki fi —1—i(A\y+kzXe) /)~

The family DN is obtained by the substitution detailed in Proposition4.5.

(ii) The particle-hole symmetric subfamilies are given by the same formal
expressions, with restrictions on the parameters:

DD=: No changes, DD is always particle=hole symmetric;

ND=z: N =0 and o € R;

NNz: M =M, =0, p €iR and 4/ € R.

(1

Remark 4.8. Recall Remark 2.6. Shifts k, — k, + 7, (7 € R) induce corre-
sponding shifts A’ — X + 7\ in family ND. The parameter A’ can thus be
set to A = 0, if A # 0, with no effect on V. Similarly, in family NN, shifts
A= N4 T, (= 1,2), ¢ — p/ 4+ 7 are induced, and they are expected
to leave V invariant. The former fact is explicitly seen in Proposition 5.1, the
latter in Proposition 5.3.

5. Results

In this section, we deepen and extend some of the results of Sect. 3. More pre-
cisely, we deepen Proposition 3.6 (ND family) in that we relate the there not
yet specified parameters m, ¢ to the more fundamental ones (o € C, A, X' € R),
labeling the boundary conditions of that family; or rather their orbits, which
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is all that matters, cf. Propositions4.5 and 4.7. Likewise, we deepen Propo-
sition 3.7 (NN family) by relating the parameters ¥, A? to the parameters
w, 1 € C, N, N, € R (i =1, 2), labeling the orbits of that family. Moreover, we
extend Proposition 3.7, in that we treat all boundary conditions of the family
NN, rather than just the particle-hole symmetric ones. As a result, the charts
mapping the integer tuple V extend accordingly.

By contrast, Proposition 3.5 (family DD) does not require further details.
The same applies to other results (Theorem 3.1, Corollary 3.4, Theorem 3.8)
spanning across families.

As stated, we begin by rephrasing Proposition 3.6.

Proposition 5.1 (Proposition 3.6, ND family, full statement). Let A : k, —
A(ky) be a boundary condition in family ND, parametrized as in Proposi-
tion4.5. Let moreover
11+ ia)? 2)
=————" € (—00,0 =
M= T € 00
Then, the entries of the integer triple V = (P,I, E), cf. (2.33), take the follow-
g values.
17 q S *\/i
P=¢2, —\V2<qg<V2 (5.2)
3, 4=v2,
-1, (V2<g<—(m+1) V (=V2<qg< —|m+1])
I'=40, (lal <Im+1[ A lal <v2) V (lgl > [m+1] A la| > V2)
+1,  (m+1<g<—V2) Vv (Im+1]<q<V2),

(5.3)

. (g<m—=1) VvV (¢>|m+1|)

E=40, —m+1 <g<|m+1| (5.4)
+1, m—1<g<—|lm+1].

Here, the wedges N\ and V stand for “and” and “or”, respectively.

The proof of this result, and of the following one, will be given in Sect. 7.

Remark 5.2. As they should, the integers do depend on the boundary con-
ditions (4.38) only through their orbits, and thus on @ € C, A, ) € R at
most, cf. Remark 2.1 and 4.53. Actually, they do not depend on ), as argued
in Remark4.8.

Proposition 3.7 can similarly be rewritten, moreover considering the entire
family NN, rather than its particle-hole symmetric subset.

Proposition 5.3 (Proposition 3.7, NN family, full statement). Let A : k, —
A(ky) be a boundary condition in family NN, parametrized as in Proposi-
tion4.5. Let moreover

Mt A

P , A::)\l_A2
2

2 )

p=Rep+ilmpy=pg+iu;. (5.5)
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The integer triple V = (P,I, E), cf.(2.33), depends only on p € C, ¥, A € R
and its entries take the following values.

o Let
My =52~ > £+ V2(ur + 3). (5.6)
Then,
+2, AZ> M, M_
+1, M_<A?2 < M,
P =443, My < A2 < M_ (5.7)
0, AZ < M_ < My
+4, A< My < M_.
o Let

To =52 — |u* £ 2vpr — 2. (5.8)

The value of I stays constant within some regions of parameter space R* >
(R, pr, 2, A). A first property distinguishing them is the value of ug +
3, which leads to four tables. Within each of them, further inequalities
determine the actual regions. Combinations of inequalities that are empty
are denoted by &, or are omitted. The values of I are listed as entries.

o Let
E:=(Z—v)*—|u?. (5.9)

Then, the values of E, for each region of parameter space R* > (ug, pr,
3, A) where it stays constant, are listed in the following table.

Remark 5.4. A remark analogous to Remark 5.2 applies here, too. The integers
depend at most on the orbit of the boundary condition, and thus on A\;, A;, (i =
1,2), p, ', cf. Eq. 4.54 and actually do not change under the shifts mentioned
in Remark 4.8.

Remark 5.5. Since Proposition 5.3 is an extension of Proposition 3.7, the latter
can be recovered from the former by restriction to the particle-hole symmetric
subset of family NN. In practice, this is achieved by imposing the constraints on
w, 1 and Az, AL (i = 1,2) detailed in Proposition 4.7, point (ii). The thresholds
My, Iy, & are specialized to PHS, thus becoming

ME =22 |uPxvV2y,  IE=IF=%2—|u?-1?, @ E5=£. (5.10)
Figure 5 is then recovered by plotting the transition surfaces
{A? = M5, A =75, A’ =£5) (5.11)

and decorating each region, defined by such surfaces, with the values of (P, I, E)
found in the proposition above.
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TABLE 2. Values of F in different regions within family NN

A% > ¢ A2 <&
A2 < Ty +1 -1
I_-<A?<Ty 0 0
Ty <A2<T_ 0 0
A% > Ty -1 +1

6. Evaluating the Integers P, I, E
6.1. Number of Proper Mergers P

This section and the upcoming Sects. 6.2, 6.3 illustrate how to calculate each
entry of the integer triple V, given a choice A of 2 x 4 self-adjoint bound-
ary condition, cf. (4.38). Here, we focus on the number of proper mergers P,
cf. Definition 2.8. In view of the scattering matrix S playing the role of a transi-
tion function between incoming and outgoing sections of E (cf. Proposition 4.2),
P shall be computed as:

P=0Cy—We=2—Wax, (6.1)
cf. (4.30), where
Woo = lim i S~1ds, (6.2)

e—0 27i Co%
cf. (4.28) represents the winding of S along a contour C>%, entirely contained
in a neighborhood of {co} and approximating the {k, = 0} meridian of the
compactified momentum plane as € — 0.

Computing the winding number W, and in turn P, thus requires: Con-
necting a self-adjoint boundary condition A to its associated scattering matrix
S; expanding the latter around {oo}, i.e., the north pole of the compactified
momentum plane; extracting from that asymptotic behavior the winding W,
along C>%. The first two steps, in this very order, are detailed in the para-
graphs below. The third point, by contrast, is deferred to Sect. 7.

We start by reviewing [19] how S is obtained from a given 2x 4 self-adjoint
boundary condition k, — A(k,). Recall the definition 4.1 of a scattering state

Y = 'J}s (y§ ke, ﬁ)ei(kmm—wt) (63)
of energy w = w4 (kz, x). The scattering and evanescent amplitudes S and T,
cf. Eq. (4.20) allow the following rewriting

7/19 = &in + '(;out + &ev
= Pin (b, =)™ + S (ky, &) Pous (K, €)Y + Tk, 1) e (ki Fiov )Y
(6.4)
where sections z/A)j, (j = in, out, ev) of E4, cf.(2.8), have been chosen, and
in particular so that i, : S2 — C3 is normalized for all (k,,x) € S2. The

expressions for S, T, but not their topological content, depend on the choice
of sections.
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The scattering amplitude S is completely determined by imposing the
boundary condition A on the scattering state 1s:

_ )
AMU, =0, U, — <ay1/;s) ‘y_o, (6.5)

cf. (2.15, 4.32). The resulting form of .S is specified in the next lemma.

Lemma 6.1. Given sections 1[)j = (ny, uj, v;), (j = in, out, ev) of B4, cf. (2.8),
the scattering amplitude S takes the form

~ det(AViy)
S = Tt (AVo) (6.6)

’lU’Lth ‘/in/out = (Vlin/OUta ‘/Qin/out>T and

ViH/OUt _ <771n/out + WHRUin /out Nev — ZV"ﬁevuev>
1 = ’

Uin /out Uev
Vin/out _ Uin/out Vev (6 7)
2 :Filj'%vin/out WhKeyUey ' '
Proof. Let
D; ) .
W, = L ) , j =in, out, ev), 6.8
9 ) (6:5)
namely
ql;in/out ) ( ql;ev )
\I/in out — .7 5 \I/ev =1. ~ . 6.9
fout (:Fl"“/)in/out ey ey (6.9)
By linearity, Eq. (6.5) is equivalent to
AM(\I/in + SVt + Ty ) =0, (6.10)
which we rearrange as
(AM Uy, AMT,.) (?) — —AMY,, (6.11)

where AM¥; (j = in, out, ev) are 2 x 1 matrices. Then, by Cramer’s rule

det(AM 3, AM¥.,)
= — — . 12
§ det(AM\Ilouta AM\IICV) (6 )

The result follows by observing
Vvin/out = M(l:[lin/outv \Ijev) ) (613)
with M as in (4.33). O

We further specialize the choice of sections to
inn(k;v; _K) = 7~L0(kz7 _K) 9 Q;Out(k‘aiv K) = 7~L0(kl7 K:) )
"/A}ev(kza ﬂev) = d}oo(kxu ﬁev) 9 (614)
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cf. (4.8), s0 as to sit in the case oyt (kz, £) = Vin(s(ky, ) Where S acts as a
transition function of the bundle E (see Sect.4.3 for details). Equation (6.6)
then takes the form

ke, —K
S(ky, k) = gg((k:w,f{)) (6.15)
where the Jost function g(k,, x) is given by
g(kz, k) = det(AV), (6.16)
with V' = Vo, cf. (6.7), evaluated at
lows = (ke k), oy = 1%(kgs hey) s (L=mn,u,0). (6.17)

Remark 6.2. Notice that sections (6.14) can be replaced by nonzero multiples
thereof without changing the zeros of the Jost function g, cf.(6.16). Those
zeros are in turn relevant because they determine edge states, cf. (4.21).

Onuly the first few orders of the expansion of g(k,, x) around (k;, k) — oo
are relevant for the winding number W,. We perform that expansion by first
bringing {co} to 0 via the (orientation preserving) coordinate change

cose  singp
(ko) = (25, -225) (6.18)
and then expanding around € — 0. The leading orders of the resulting series
are reported in the next proposition, separately for the families DD, ND, NN of
Definition 2.4. As customary, case DN is not pursued, cf. comment right below
Definition 2.4.

Proposition 6.3. Consider the families DD, ND and NN of Definition 2.4, more-
over parametrized as in Lemma4.4 and Proposition4d.5. The Jost function
g(e, ), c¢f Eq.(6.16), has, for each family, the following expansion around
e=0.

DD: g(e,¢) = 2i (a) + “22b1) A (ab + <£€by) + o(1)

ND: g(e, ) =2 <2)\cost,0 +iv|l +ia)?sing — v|1 —ia|?\/1 + cosZ p + 2X€> :

a1 A (cos pby + eay) + o(1)
NN: g(e,¢) = e~*(a1 A az)[A1(e, ) Ba(e, @) — Az(e, ¢) Bi(e, )] + o(1),

(6.19)
where, in case NN,
Ai(e,0) = e(p/ + o) +ivsinp + (u+ A2) cos ¢,
As(e,0) = (i’ — Ny) + /1 +cos? o+ (u— Aa) cos o,
o) =e(u' = Ag) e+ ( ) cos ¢ (6.20)

(
Bi(e, ) =ie(\] + ') — vsinp +i(A\ + ji) cos ¢,
(

& ¥
Ba(e, ) =ie(\) — ') — ivy/1 + cos2 o +i(A; — fi) cos ¢ .

The proof of this statement is deferred to Appendix B.

As the last item of this section, we connect the winding of S along the
contour C2% appearing in (4.28) to that of g(e, ) along a circumference of
fixed radius around the point at infinity ¢ = 0.
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Lemma 6.4. Let A := (Mg, \y) 2 Ri be the reciprocal momentum variables, and
let T : Ri — Rz be the coordinate change

e Ay

7 (Aas Ay) = (p —ﬁ) = (kerky), A= A2+, (6.21)

Then, there exists an oriented contour

vr = Yr([0,27]), Yr(p) = (Rcosp, Rsinp) € Ry (6.22)
such that
Wi = lim —— S~1dS = lim i/ —1d (6.23)
Oo*e—>0271’i > 7R—>027Ti ’YRg 95 ’

where g is the Jost function of (6.15, 6.16).

Proof. We split the proof into two parts. First, we claim and prove that the
winding of S along a certain contour . C Ri equals the winding of g along
vr. Then, we show that . and the original contour Co% achieve the same
limit as € — 0.

Consider, for some €, T > 0, the oriented contour

Ye = 76([_T7 T]) ) ’76(75) = (_t’ —€) € Riv (6'24)

corresponding to a straight line, oriented right to left, in the A, < 0 half-plane
of Fig. 7. The winding of S along ~. is given by

1
—/ dlogS. (6.25)
271,

By (6.15), we observe that
dlog S(A) = dlog g(Asz, —Ay) — dlog g(Az, Ay) - (6.26)
Then,

—

1
27Ti/%dlogszﬁ,(/ dlogg()\l.,—/\y)—/ dlogg()\w,/\y)>

_1(/ |
o ~

dlogg(he )~ [ dlogghs. )
1

—e .
2mi

dlogg. (6.27)
Y—e Ve

As e — 0, the difference of contours v_. — v, becomes topologically equivalent
to a positively oriented circle yp (of small radius R > 0) around the origin of
Ri, cf. Fig. 7. Thus,

1 1
— d1 —— dl 2
Weo = 5~ L 0gs =5 AR 0gy, (6.28)

which is the first claim.
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<N )\y 7N Ay
_T 7—6 T
— «— TR
le > >
| i A R)o

;\Ql\

FIGURE 7. Winding contours at infinity. On the left, the 4.
straight contours. On the right, the topologically equivalent,
positively oriented circle vg

For the second part of the proof, we recall that CZ% can be any contour,
oriented in the direction of increasing k,, which approximates the infinite por-
tion of the {k, = 0} “meridian” as e — O:

lim C2% = {[kz| > K} x {k, =0} C R; . (6.29)
The candidate contour -y, is thus suitable for the computation of W, if
liH(l)T oY ([-T,T]) = {|ka| > K} x {k, = 0}. (6.30)
However,
. . —t € 1
lim o) =lim (5o ) = (- 39). (6:31)
whence the desired limit is achieved by picking T = K ~!. O

6.2. Number of Improper Mergers I

In this section, we show how to compute I, the number of improper mergers,
given the boundary condition. At first, we notice that I is tantamount to the
signed number of asymptotically parabolic edge eigenvalues. They correspond
to poles of the scattering matrix S in a region w > k2, k, — oo of the (ks,w)-
plane. There, both evanescent momenta (£, £ ) diverge, and it pays to replace
them by a point (ky4, k,—) on a Riemann surface. Working on this surface, we
express poles of S as zeros of G(k,, ky+), a close relative of the Jost function g,
cf. (6.15). The required parabolic behavior of the associated edge states imposes
the Ansatz ky+ = ticik,, cx € R, so that G(ky, kys = ficiky) = G(cx) =0
defines a curve in the plane (¢4, c_), whose type depends on the families DD,
ND, NN of the boundary conditions. Further constraints restrict eigenvalues
to lie on certain arcs A;, A, of a circle in the (c4, c_)-plane, and the value of
I is thus geometrically found as the signed number of intersections between
the curve and the arcs.



Vol. 27 (2026) Boundary Conditions and Violations of Bulk-Edge 487

Above Definition 2.8, I was defined as the signed number of edge eigen-
values diverging for k, — oo. Such eigenvalues are asymptotically quadratic
in k; — oo: Faster divergences would make the eigenvalue hit the positive
bulk band at finite k,, whereas slower ones would imply that the eigenvalue
and band edge never actually meet. The problem of finding I thus reduces to
identifying all asymptotically parabolic edge eigenvalues w(k,), and counting
them with sign. More precisely, this section considers a region

w2k (6.32)

of the (k,,w)-plane, meaning w > ck? for any fixed ¢ > 0. Other regions, for
example w < k2 will be considered later.

As discussed above Eq. (4.21), the edge states of interest shall be found
as solutions, in &, of

S ky, k) =0 (6.33)
at |k;| — oo, moreover with energy
w=wt(kg, k) (6.34)

lying in the desired region (6.32) and Im(x) > 0. Those edge states involve two
evanescent states of rates k, key that determine each other, cf. (4.15). In the
regimes (6.32), they will both diverge and it pays to treat them on the same
footing.
Fix w and ignore k, for the time being. Let X4 be the two solutions, in
X, of
w? =X+ (f —vX)?, (6.35)
namely

(1-20f) £ VA

202 ’
where we stress that A > 0 by 4vf < 1 (cf. comment below Eq. (2.1)). The
solutions are related by Vieta’s formulae

1—2vf
T2

Xy =— (A =1—dvf+4w??), (6.36)

X, +X_ = (6.37)

1%
f2—w2
5 .

X, X_ = (6.38)

v

A convenient way to view these equations is as follows. Equation (6.35) de-
termines a map w — (X4, X_) with X; > X_ for w real. For w — oo, we
moreover have

Xy = i% +OW™. (6.39)

Conversely, pairs (X4, X_) are constrained by (6.37), one of Vieta’s formu-
lae, and w is then determined by the other. By extension, (k,,w) determine
(ky+7 kyf) by

ki 4kl =Xz (6.40)
We thus find

kyr =Xy —k2 =k, ky_ =ik2 — X_ = Key(ka, K), (6.41)
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up to signs. Notice that x € iR iff X < k2, a condition equivalent to w sitting
in a spectral gap: w? < (w*(kx))z, cf. (2.6). By contrast, ke, € iR} is granted,
even outside of the spectral gap, by X_ < 0, (w € R), cf. (6.36). Moreover,

2
B, — k=X, —X_ = 7“’ +OW™). (6.42)

Again and conversely, we consider points (kg, ky+, ky—), where ky4 are con-
strained by (6.40, 6.37) and w is determined by (6.38). Equation (6.40) allows
for two branches of k,+ each. At first, we shall not distinguish between them,
thus viewing (k,+, k,—) as a point on a Riemann surface depending on k,.

We now consider functions on that surface, such as the scattering ampli-
tude S(ky, ky+,ky—) = S(ks, ky+) whose poles we wish to identify, cf. (6.33).
We moreover discuss such zeros only in the generic case where all the fibers
H#(k,) are self-adjoint one by one, cf. Remark 2.5, and actually including at
k, = £oo in a natural sense. In turn, that means that the Jost functions g,
related to S by (6.15), have an easily identifiable asymptotics at k, — +oo. It
allows to simplify the quotient

S = gy, —ky )9k, By ) = —Glhas —hy)/Glhin, Byy),  (6.43)
in favor of simpler expressions G (k, ky+ ), that are found, for families DD-ND-
NN, as follows. The expansions of Proposition 6.3 are still formally valid, upon
replacement (K, Key) ~ (ky+, ky—), because |k;| — oo was there explored along
a parabola C, cf.central panel of Fig. 6, that lies within the region w > k2,
here under study. However, there k,y = kyy(w) € R because w was in the
bulk band; here, k,+ € iR because w is chosen in the gap. The desired G’s
are obtained, family by family, from those expansions by retaining the leading
orders only and performing the simplifications alluded to in (6.43).

Proposition 6.5. Consider the families DD, ND and NN of Definition 2.4, more
over parametrized as in Lemma4.4 and Proposition4.5. Poles of the scattering
amplitude S, determined by the boundary condition through (6.15, 6.16), in
region (6.32) as |ky| — oo are encoded by G(kg,kyy) = 0, with G as listed
below, separately for each family.

DD: G(kg, kyy) =1,

ND: G(ky, kyt) = 2Mky — |1 +ia|?kyy +iv]1 — ia)?k,—

NN: G(km, ky+) = 2(|/L|2 — )\1)\2)]{/‘3 — iV(Q/J,R — )\1 — )\Q)kxker

—iw(2ur + M1+ Xo)koky— — 2%k, Ky

(6.44)

where pr = Re p.
Proof. We start by retaining the leading order in € of the expansions (6.19):
DD: g(e, ) ~ 2i (%bﬂ A (%bQ) ,

ND: g(e, ) ~ a1 A (=£b;) (2)\% +iv|l+ ia|2Si“T” —v|l— ia|27\/m ,

£

€

NN: g2 ) = (1 Aaz)[ (i 222 + (u+ ha)<222) (—1“7‘ et (- m%)

€ €

- (T e ) (o i ) =29) ]
(6.45)
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We pass to a notation in terms of k,+ by

2 ks —S”;‘p — ks 17”26082‘" k. (6.46)
This results in

DD: g(ky, £hkyt) ~ 2ik2(by A b2),

ND: g(ky, £kyy) = ky(ay Abr) (20, Fiv|l + ia?kyq + iv|l —ial?k,_ ),

NN: g(kg, £kyt) ~ —i(ar A ag) (2(|pf* = MA2)k2 Fiv(2ur — A — A2)kaky+
+iv(2ug + A1 + )\Q)kx/ﬂy, F 21/2k‘y+ky,) .

cos

(6.47)
By the assumption of self-adjointness at infinity, the prefactors 2ik2(by A bs),
ky(ay A by1), —i(a1 A az2) are nonzero in family DD, ND and NN, respectively.
They can thus be simplified in the spirit of (6.43), leading to the expressions
of G listed in (6.44). O

For all families DD-ND-NN, G is homogeneous in k;, kyi, ky—. This
prompts the Ansatz
kyt+ = Fici ks, (6.48)
with ¢4 € R, for solutions ky+ of G = 0 at |k;| — oo. The parameters c4
are constrained by consistency with (6.35, 6.40). In particular, solutions Xy
of (6.35) are related to one another by the first Vieta formula, cf.(6.37),

1-2vf 1-2vf
Xy + X =———05— — 2k2+ Koy + ko =— o (6.49)
At |k, | — oo, the above and our Ansatz imply
A+t =2. (6.50)

Moreover, at w — 400, Eq. (6.39) is rewritten, through (6.40) and in terms of
our Ansatz, as

ki(l—ct) = i% , (6.51)
from which the further constraint
lea| S 1. (6.52)

Finally, the branches corresponding to bound states have Im(k,+) > 0, namely
ey > 0,c <0 (cq <0,c >0)at ky — +00 (ky — —o0). All in all,
asymptotically parabolic edge eigenvalues at k, — —+oo, or k, — —oo, are
found as points (c;,c_) € R? belonging to the algebraic variety

{(cy,c2) | G(ky, kyx = ticyk,) =0}, (6.53)
and additionally satisfying the constraints
(crye) €A ={(es,c0) [ A +c2 =2, Jex| ST, cx 20}
={(cy,c ) =V2(cosh,sinb) | 0 € [-7/2,—7/4]}  (6.54)
for k, — +4o00, or
(cre) €Ay ={(cs,e0) [ A +c2 =2, |ex| ST, cx SO}
= {(cy,c_) = V2(cosb,sinb) | 6 € [r/2,3m/4]} (6.55)



490 G. M. Graf and A. Tarantola Ann. Henri Poincaré

Ay

A,

FiGURE 8. Graphical representation of the constraints of
Egs. (6.50, 6.52, 6.54, 6.55)

for k, — —oo. A graphical summary of all the constraints on the Ansatz
parameters (c4,c_) is provided in Fig. 8.

Solutions of G(kg,ky+ = =icik,) = 0 correspond to curves in the
(¢4, c—)-plane, differing between families DD-ND-NN as detailed in the lemma
below.

Lemma 6.6. Consider the families DD-ND-NN of boundary conditions, cf.
Definition2.4, parametrized as in Lemma4.4 and Proposition4.5. For each
family, let G(ky, kyt) be as in Proposition6.5. Let moreover

Glky,cx) = G(ky, kyr = ticsky). (6.56)
Then, solutions (cy,c_) of G(ky,cx) =0 for |ky| — oo belong to:
DD: The empty set &;
ND: The line
11+ ia? 2\
T2t L —iaf?

=mcy +q, (6.57)

with m,q as in (5.1);
NN: The hyperbola
2()p|? = A2 2R — A1 — A
o = 20l = Mre) +v(2un L 2)Cq 7 (6.58)
v(2ur + A1+ A2) + 202¢y

where again ur = Re p.

Proof. The claims follow by substitution of (6.48) into (6.44) and elementary
algebra. 0

The task of computing the number I of improper mergers was thus
reduced to counting the intersections (with sign) of the curves c_(c4) of
Lemma 6.6 with the arcs Ay, A|. By the conventions illustrated in the third
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and fourth panel of Fig. 2, intersections with A; (A)), corresponding to para-
bolic bound states at k, — —oo (k, — +00), contribute +1 (—1) to the total
number I of improper mergers. In summary,

I = (# of intersections of c_(cy) with A))
— (# of intersections of c_(cy) with A;). (6.59)

The value of I in the families DD-ND-NN will be computed in Sect. 7, making
use of (6.59).

6.3. Number of Escapes E

This section is similar to the previous one, in that we find edge states at
|kz| — oo as zeros of the Jost function g. It, however, differs from it, because
we require |w| = |w(k,)| < k2, |kz| — oo. Since this regime has very small
overlap with that of Sect. 6.2, cf. (6.32), the expansions thereby found for g are
generally not valid. With no assumptions other than |w| < k2, whence also
X < k2 by (6.35), we expand g around § := X/k2 — 0 and study the zeros of
its leading order for different behaviors of |w|. If |w| — 0,00 as |k;| — 00, g =0
is true only exceptionally in the space of boundary conditions. By contrast,
asymptotically flat solutions w — w, + at ky; — Foo are typical. The height
w,,+ of those asymptotes is separately computed and listed for families DD,
ND and NN.

Like in the previous section, we wish to find solutions £ with Im(x) > 0

of

S N ky, k) =0 (6.60)
at |k,| — oo, corresponding to eigenstates of energy

w=wt(ky,K). (6.61)

Moreover, we again see S = S(kg, ky4) as a function on the Riemann surface
of (kyy,ky—), cf. (6.40). Unlike before, however, we focus on edge eigenvalues
w = w(ky) such that

w| < k2, (|ks| = 00). (6.62)
This region only slightly overlaps (6.32). The union of the two is moreover the
whole (k,,w)-plane, ensuring that we explore all of the gap. Again in contrast
to the previous section, we fix the branches of ky1 that grant Im(ky+) > 0
from the very beginning:

. X+
Consider X as in (6.35). By (6.62), we have
X
§:= = -0, (|kz| = o0), (6.64)
whence
— Xe . X+ 2
by =ik 1= 55 = ik (1 S 00 ) (6.65)
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Since the regions (6.32) and (6.62) have a large symmetric difference, we cannot
rely on the expansions of Sect.6.2 to determine poles of S at |k;| — oo,
corresponding to edge states. We thus proceed as follows.

Equation (6.15) allows looking at zeros g(k,, ky+) = 0 of the Jost function
g, rather than at poles of S. The condition (6.62) on w is enforced by expanding
g(ky, kyy () around § = 0, and retaining the leading order. Within it, we
then look for zeros at |k,| — oo. These turn out to change depending on
the asymptotic behavior (in k;) of w, and we thus find it advantageous to
read g(ks, ky4(w)) = g(kz,w) = 0 as an implicit equation for w rather than
ky4, cf.discussion below Eq. (6.42). If |w| — 0,00, ¢ = 0 has solutions only
exceptionally in the space of boundary conditions. By contrast, if w — w, + <
oo at k, — £o00, solutions of g(k,,w) = 0 exist almost everywhere in the space
of BCs. These claims are formalized in the next proposition, where we also
provide the values w, + of the horizontal asymptotes, separately for each of
the families DD, ND and NN.

Proposition 6.7. Consider the families of boundary conditions DD, ND and
NN (cf. Definition2.4), parametrized as in Lemma4.4 and Proposition4.5. At
|kz| — oo, edge eigenvalues with dispersion |w| < k2 exist iff one of the
following holds.

o DD. w— wy 4+ <00 at ky — oo with

1

ot = £ (6.66)
e ND. |w| — o0 at ky, — o0 and
AF2war =0 «— g=x(m+1); (6.67)
or |w| — 0 at |k;| — o0 and
A—v(l+]a?)=0 «— g=m—1; (6.68)
Or W — Wy 4+ < 00 at ky — £0o with
2
o = m (6.69)
The parameters m,q are as in (5.1).
e NN. |w| — o0 at k, — o0 and
A =T, (6.70)
or |w| — 0 at |ky| — oo and
A?=¢; (6.71)
or W — Wy + < 00 at ky — oo with
e = L Z YO 29) — My (6.72)

T d2ug £ 20(Jpu2 4+ v - M)
See (5.5, 5.8, 5.9) for the definitions of A, Ty, &.
The asymptotically flat states contribute to E provided w, + > 0.
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In the interest of readability, the proof of this result is deferred to Ap-
pendix C.

Computing the number of escapes F, given some boundary condition,
was thus reduced to the following counting exercise. A flat asymptote of height
Wa+ >0 (wa,— > 0) at ky — +00 (k; — —o0) contributes —1 (41) to E. This
convention comes about by consistency with the counting of parabolic states,
cf. Fig. 2. By contrast, eigenvalues w, + < 0 give no contribution to E, because
they do not pertain the positive bulk gap of interest. In summary,

E = (#of asymptotes w, _ > 0) — (#of asymptotes w, 1 > 0). (6.73)

The value of E stemming from (6.73) is displayed, for each of the families DD,
ND, NN, in Sect. 7, and leads to the proof of Eq. (5.4) in Proposition 5.1 and
Table 2 in Proposition 5.3.

7. Proofs of the Main Results

In this section, we provide proofs of the main results. We start with Proposi-
tion 3.5, reporting the value of the integer triple V, cf. (2.33), on the single orbit
making up family DD. It is shown as a direct consequence of the preparatory
results Propositions 6.3, 6.5, 6.7. We then proceed to prove Propositions 5.1
and 5.3, concerning the values of V within families ND and NN. The first
(second) one immediately implies the “index map” of Proposition 3.6 (Propo-
sition 3.7). Jointly, the two also imply Theorem 3.8 on typicality of bulk-edge
correspondence and lack thereof. They are moreover essential in showing The-
orem 3.1 on the kinds of transitions of V, and their relation to spectral events.
Theorem 3.1 in turn implies Corollary 3.4 on the mechanism for violation of
bulk-edge correspondence.
We follow the program above, and start by discussing Proposition 3.5.

Proof of Proposition 3.5. The proposition consists of two statements. The first
one is that
[A]=[Ap], (A€DD), (7.1)

where Ap denotes the Dirichlet boundary condition. It is in DD because it
involves no 9, derivatives, cf. Definition 2.4, or equivalently because its 2 x 4

matrix form is
0O 1 0 O

cf. (2.22) and (4.32), whence a3 = a2 = 0 and A, € DD by Lemma4.4.
Moreover, DD consists in a single orbit, namely

[A,] = [A,] (A;,A, € DD) (7.3)

by Proposition (4.7). Thus, [4] = [Ap] holds true for all A € DD.
The second statement is that

v=V{U)= (P, I, E)=(2,0,-1) (7.4)
on the single orbit labeled by U. We proceed entry by entry.
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Number of proper mergers P. We argued in Sect. 6.1 that P is obtained
as

P=2-W, (7.5)
where W, is the winding of the scattering amplitude S(k,,k) in a neigh-
borhood of (ks, k) = (cosp/e, —sing/e) — oo (ie., € — 0). However, by
Eq. (6.19),

g9(e, —)
Sle,p)=—"=—"—">-~1, e—0 7.6
o)=Lt —0) (7.6)
at leading order, whence W, = 0 and
P=2. (7.7)

Number of improper mergers I. By Eq. (6.59), this integer is the signed
number of intersections of the curve c_(cy ), implicitly defined by

G(ky,cx) = G(ky, kyr = £icik,) =0, (7.8)
with Ay, Ay, cf. (6.54, 6.55). However, by (6.44),
G(ky,cx)=1#£0, (7.9)
and the curve c¢_(c4) is empty. Thus,
I1=0. (7.10)

Number of escapes E. Two asymptotically flat states exist, with asymp-
totic height

Wa b = :i:2i (ky — £00), (7.11)
v
cf. (6.66). By formula (6.73),
E=-1. (7.12)

O

For the proofs of Propositions (5.1, 5.3), we recall a few notions. The
first one is that of orbit parameters. The parametrization proposed in Propo-
sition 4.5 for the families DD-NN, cf. Definition 2.4, is redundant if the object
of interest are orbits [A] under GL(2,C) action, rather than single BCs A.
We call orbit parameters those that survive the lift A — [A4]. In practice,
they are the ones explicitly appearing in the von Neumann unitary U label-
ing the orbit, cf. Proposition 4.7. Even orbit parameters are partly redundant
when concerned with global properties of the edge Hamiltonian H#, due to
the freedom in reparametrizing k,, cf. Remark 2.6. Parameters invariant un-
der this freedom are called genuine. Concretely, those are (Rea,Ima, \) =
(ar,ar,A) € R3 in family ND, and (ug, pr, Im(p'fz), A1, A2) € RS in family
NN, cf. Remarks 4.8, 5.2, 5.4. The discussion does not apply to DD, since a
single orbit is parametrized by a single, constant parameter. Genuine parame-
ters are unconstrained and were chosen real. We thus call the parameter space
of ND or NN R3 3 (ag, ar, \) or R% 3 (ug, ur, Im(u'z), A1, A2), respectively.

Alongside these notions, we shall use the following argument several
times. Let R® 3 p — Z(p) € Z be a Z-valued function. Let Z be continuous
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everywhere except on a finite number of transition surfaces, namely manifolds
in R" of codimension one, implicitly defined by

fp)=0 (7.13)

for some f : R™ — R. The function Z is uniquely characterized by the (tran-
sition) surfaces where it changes, and its value in the regions that have those
surfaces as boundaries. A transition surface like (7.13) partitions parameter
space in two regions

fp) >0,  f(p)<O. (7.14)

In presence of a second surface g(p) = 0, R™ 3 p would overall be partitioned in
four regions, identified by the four ways of combining f(p) =2 0 and g(p) = 0.
The reasoning generalizes immediately to an arbitrary number of transition
surfaces. The value Z* of Z in a region R where it is constant is simply found
by evaluating Z(p*) for some p* € R.

As observed in Remark 2.10, the integers P, I, ' are global properties of
H# . and they hence depend on genuine parameters only. They are moreover
piece-wise constant functions R™ — Z (n = 3,5 for ND, NN respectively), and
the above characterization applies.

Remark 7.1. Recall Eq. (6.23):

1 1
Weo = lim — S71dS = lim —/ g~ g, (7.15)
R—0 271 VR

e—0 271 Cp
€,

where g = g(e, ¢). If the winding of ¢(0, ¢) is well-defined, then it is stable in
€ > 0 and provides W,. That need though not be the case, and in fact when
9(0, ) = 0 occurs for some . The latter will turn out to be the case in family
ND, but not in NN.

Proof of Proposition 5.1. We discuss the entries of the integer triple V one by
one. Throughout the proof, we shall assume 1 + i # 0. By continuity, the
assumption can be dropped.

Number of proper mergers P. The winding of g(0, ¢) is not well-defined,
cf. Remark 7.1, and does not dispense from computing that of g(e, ¢). We will
nonetheless consider ¢(0, ¢) first. The winding of S = —g(e, —¢)/g(e, ¢) is
unchanged when replacing g ~ €2 g =: ¢’, whence by (6.19), and dropping
primes,

9(2,9) = (d(g) +2V'=) ay A (cos by +za})
d(p) = 2\ cos ¢ + |1 + ial? sinp — v|1 —ia|?\/1 + cos? ¢

This means

(7.16)

9(0,¢) = d(p)(ar Abr)cosp. (7.17)
We note that
Imd(p) >0, O<p<m) (7.18)
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C3z=¢? z=el? Coz=¢¥

FIGURE 9. Left panel: ¢(0,¢) for d(0), d(m) < 0. Center
panel: g(e, ) for d(0), d(m) < 0, avoided crossing with the
origin. Right panel: ¢(0, ¢) for d(0) <0, d(7) >0

and that
d(0) = 2\ — V2u|1 —ia)?,
d(r) = =2\ — V2v|1 —ia|?, (7.19)
d(m/2) = zp, d(m/2) =Zg,
with
20 := v(i|l +ia)? — 1 —iaf?) (7.20)
having Im(zg) > 0. In Fig.9, left panel, we draw ¢(0, ) assuming d(0) <
0, d(m) < 0.
Let
o :=sgnlm(a; Ad})- (a1 Aby). (7.21)

We note the invariance of o under a; — a+7b;, cf. Remark 2.6, since it changes
only the real part of the product. For now, let o > 0.

The curve in the figure visits the origin both at ¢ = +7/2. We claim it
avoids it for small ¢, and in fact as shown in Fig. 9, center panel. The winding
then vanishes. In order to establish this, we consider g(e, ¢) at first order near
» = +m/2, i.e., for small v = cos ¢:

9(e,0) = (Fiw[l+ial> —v|1—ial*)ar A(ybr+ea7)+O((e,7)%) . (¢ — £7/2),
(7.22)
namely

9(e, ) = Zoar A (Yby +ea}) + O((e.7)%), (¢ — £7/2), (7.23)

cf. (7.20). Notice the invariance of the line v +— (a3 A b1) +e(ay A a}) (up to
reparametrization) under the usual reparametrization of a!.

We keep o > 0 for now. Then, the line for € > 0 runs to the left of that
for € = 0, provided they are oriented according to increasing . That is the
case near ¢ = —7/2, but not near ¢ = 7/2. Correspondingly, the origin will be
found to the right of g(e, ) near ¢ = —m/2 (respectively, left near ¢ = 7/2).
That confirms Fig. 9, center panel.

Though ¢ < 0 has the curve move to the other side of the origin, the wind-
ing around it still vanishes. The same conclusion holds for d(0) > 0, d(x) > 0.
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It remains to be seen what happens when d(0), d(w) are of opposite signs,
starting with d(0) < 0, d(w) > 0 as in Fig.9, right panel. The local situation
near the origin is as above, and the same avoidance occurs at € > 0. The
winding number of g(e, ¢) equals —1. A similar picture for d(0) < 0, d(w) > 0
yields the winding number +1. In summary,

1, d(m)<0<d(0)
2—-P=Wsx =40, d(0),d(r) <0 (7.24)
-1, d(0)<0<d(n).

Case d(0) > 0, d(m) > 0 has been omitted because impossible: At least one in
d(0), d(m) must be negative by d(0) + d(7) < 0, cf. (7.19).

It remains to rephrase the cases as in (5.2). The condition d(7) < 0 < d(0)
is rephrased as

(g < —V2 and ¢ <V2), (7.25)

namely ¢ < —+/2, using the definition (5.1) of ¢. Similarly, d(0) < 0 < d(r)
is equivalent to ¢ > v/2. Finally, d(0),d(n) < 0 is rephrased as |q| < /2. This
concludes this part of the proof.

In closing, we highlight that P has two transition surfaces, namely

Q(p) + \[2 =0, (p = (OL[, QR, )‘)) ) (726)

where ¢(p) is given as a function of the genuine parameters in (5.1).
Number of improper mergers I. We count intersections of

c_ =mey +4q, (7.27)

cf. Eq. (6.57), with Ay and A, cf. (6.54, 6.55). Their signed number determines
I through (6.59), and R® > (ag,ay,\) = p — I(p) € Z is a piece-wise constant
function on parameter space. We thus characterize it by: (a) its transition

surfaces; (b) its value in regions that have those surfaces as boundaries.
(a) Let

Ap 1= (-1,41), Aro = (0, \/i) (ALO = (0, _\/5)7 A= (+1, _1))

(7.28)
denote the edge points of the target arc Ay (A}). The number of intersections
of c_(c4) with A; only depends on the curve’s height at ¢4 = —1,0, namely
on the value of ¢_(—1;p) and ¢_(0;p). Since p — c_(&p) (€ = —1,0) are
continuous functions, the number of intersections only changes when the edge
points Ap ¢ are met, i.e.

Ar 1 (-Lip) =4+l qg=(m+1)

7.29
Aro: c-(05p) =vV2 —q=V2. (7.29)

Similarly, the number of intersections with A changes at
AL,O : 07(0317) = _\/§ —q= _\/E (730)

Ajrice(+lip)=-1<qg=—-(m+1).

No transition surface other than (7.29, 7.29) exists, and regions are defined by

picking
q<—V2, —V2<q<V2, q>V2, (7.31)
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g<m+1
qg>m+1

Ct+

A 4

FIGURE 10. Lines ¢_(cy) with same intercept ¢ < —/2 and
different slope m < 0. No intersection with A is possible for
q < —V/2, whereas Ay is intersected for ¢ > m+1

and one alternative for each of these two inequalities:
gz —(m+1), qgz(m+1). (7.32)

Some of those regions are empty and do not appear in Eq. (5.3). For example,
g < m+ 1 implies ¢ < 1 by m < 0 and is thus incompatible with ¢ > /2.

(b) Consider, for example, ¢ < —/2 and ¢ < m + 1. The third inequality
is necessarily ¢ < —(m + 1), or equivalently ¢ + m < —1, due to m < 0 and
g < —V/2. Geometrically, cf. Fig. 10, the three inequalities mean

c (1) <41, ¢ (0)<—V2, e (+1)< -1, (7.33)
whence the line c_(cy) avoids both A; and A, ie., I =0.
By contrast, if ¢ < —v2 and ¢ > m +1 (g < —(m + 1) still), we have
c(~1)>+1,  c (0)<—V2, c (+1)<-1. (7.34)

The arc A; is intersected while A, is still avoided, whence I = +1 by (6.59).
Repeating the analysis for all non-empty regions yields (5.3).

Number of escapes E. As per (6.73), we have to count the number of
horizontal asymptotes of positive height, encoded by Eq. (6.69):
A—v(l+af?) —ii
2w\ F2war) Dy’

Zeros of N, Dy, D_ identify the transition surfaces

g—(m—-1)=0, g+(m+1)=0, g—(m+1)=0, (7.36)

Wa, 4+ = (735)
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respectively. More precisely, the numerator N is positive for

A>v(l+a?) < g<m-—1. (7.37)
The denominators D4 are positive for

A>Hwar < ¢g<F(m+1). (7.38)

As a consequence,

>0, (g<m-—1) V g>—(m+1)
.t (7.39)
<0, m—1l<g<—(m+1)
and
-1 1
a >0, m <g<m-+ (7.40)
<0, (g<m-—-1) V(g>m+1).
Eq. (5.4) follows. O

Proof of Proposition 5.3. Number of proper mergers P. Like in the previous
proof, we start by inspecting g(0,¢). In fact, since its winding is identical to
e2(a; Naz)"1g(0, ), and a; Aas # 0 in family NN, we inspect the latter (while
calling it (0, ) all the same). By Eq. (6.19), it reads

9(0,¢) = g(p) = a(p) cos ¢ +ib(p) sinp, (7.41)

where

a(p) == v(2ur + A1 + M)/ 1+ cos? p + 2(|u|* — A A2) cos @,

o : B B (7.42)
b(p) :=2v°y/1 4+ cos? p + v(2ur — A1 — A2) cos .

The origin of the complex plane is met for no ¢ € [0, 27}, if not for exceptional
values of the parameters p € C, A1, A2 € R. There is thus no need to consider
the full Jost function g(e, @), € # 0, cf. Remark 7.1.

The winding number of a loop y(t) € C, t € [t;,ts] C R, about the origin
is completely determined by: The number of intersections with the real axis,
Im~(t;) = 0, j € J (J some index set); The position of Revy(t;) = ~(t;)
relative to each other and zero; The orientation of the curve. We exhibit the
data above for ¢(0, ), as a function of the parameters, upon noticing that

9(p) = 927 — ) (7.43)

allows us to study ¢ € [0, 7] only.
Zeros of Im g(p) are: @ ¢ = 0,7 for all pu, A1, A2; ¢ = ¢ implicitly given
by

5 2
cos ¢ _ v (7.44)

1+ cos? T 2uR — A — A
if solutions to this equation exist. Since the Lh.s.has range [~1/v/2,1/v/2],
that is the case for
20r — A1 — Xa| > 20V2 o |ur — | > V2, (7.45)

cf. (5.5) for the definition of 3. We moreover notice that ¢ € (0,7/2) if (ur —
¥) < —vv2and ¢ € (n/2,7) if (ug — %) > V2.
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The orientation is fixed by specifying g(¢) for some @ # 0,7, $, e.g.
g(m/2) = 2i?. (7.46)
At the intersection points, the value of g(¢) is
9(0) = 2(|uf? = Mde) + vV2(2ur + At + Xo)

=2(|ul* + A? = £%) + 20V2(up + £) = 2(A% = M_), (7.47)
g(m) =2(|uf* = MA2) — vV2(2uR + A1 + A2)
=2(|lul* + A? = £%) — 20V2(pp + £) = 2(A% — M), (7.48)

22443 + (= M)P) 2023+ A2)
2r — A1 — Xo)2 — 42 (up — %)% -2’
cf. (5.5, 5.6). Notice that g(¢) > 0, whenever ¢ exists as a solution of Im g(¢) =
0, namely when |ug — 3| > vv/2.

The winding number of g is thus uniquely fixed if we specify a region
with the following (candidate) transition surfaces as boundaries

pr—-X+vvV2=0, g(0)=0, g(x)=0. (7.50)

Let us inspect one such region. The others are in all respects analogous.

e g(m) < g(0) < 0and (ug — %) < —vV2.

To make contact with Eq. (5.7), we rephrase the constraints in the nota-
tion of that equation:

9(¢) = ( (7.49)

g(m) <0  — AZ< M,
g(0) <0 < AZ<M_ (7.51)
g(m) < g(0) & M_ <My,

whence we sit in case

A< M_ <My AN pp—Y¥<-uvV2. (7.52)
Drawing a curve according to this data, cf.left panel of Fig. 11, reveals
We =42 < P=0. (7.53)

Repeating the reasoning for all cases, some of which actually correspond to
empty regions in parameter space, leads to the following table, whose entries
represent values of P in a given region.

pr— X < —vV2 | |ur =3Bl <vvV2 | up — L > vV2
A% > My, M_ 2 2 2
My > A2 > M_ 1 1 2]
M_ > A% > M, %] 3 3
A< M_ < My 0 7] 2]
AZ< M,y < M_ @ @ 4
By inspection of this table,
pr—S V2 =0 (7.54)

were, in hindsight, not transition surfaces. Equation 5.7 follows.
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Number of improper mergers I. The curve c_(c4) whose intersections
with A;, A yield I is now a hyperbola. More precisely,

e (cy) = 2(|u> = Mido) + v(21r — A1 — Aa)ey
o v(2uRr + A1+ A2) + 2v%cy
2 2 2
+ A =¥ 4v —Y)c
— (‘:u| ) (/;R ) + = C_(C+;p), (755)
Vin + 5) + 1%
cf. (6.58) and (5.5), where p = (g, ur, %, A) € R* represents a point in pa-
rameter space (the genuine parameter Im(u'@) is not reported, since it does
not appear). Two facts will be important in the following. First, the center C
of the hyperbola lies at
b -
C= (xcayc) = (* (ILLR + )7 s ) . (756)

14 v

Second, the hyperbola always sits in the first and third quadrant w.r.t.its
(horizontal and vertical) asymptotes, namely

d
d (cy;p) = fc,(@r;p) <0 (cy €R, peRY). (7.57)
+

Like in the previous proof, we determine I(p) by: (a) identifying its the
transition surfaces; (b) evaluating it in each region with the transition surfaces
as boundaries.

(a) Once again, the number of intersections of the hyperbola with A;
only depends on its height at ¢y = —1, 0, namely on the value of ¢_ (—1;p) and
c—(0;p). If p— c_(&;p) (€ = —1,0) were continuous functions, like in family
ND, the number of intersections would only change when the edge points A; ¢

are met, i.e.
Apqie(Lp)=+1 = A =T,

Ao c_(0;p) =vV2 = A= M, . (7.58)

However, such functions are discontinuous for z. = z.(p) = £ (£ = —1,0),
namely

Te=—1:up+X=v (7.59)

Te=0: pr+X=0.
Jumps in the number of intersections with .A; must occur across the transition
surfaces (7.58) and could occur across (7.59).
Similarly, the number of intersections with A; may jump at

ALOZ C,(O;p):—\/EHA2:M,
At e (+Lp)=-1 o A?=T_
Te=0:pup+X=0
Te=1:pup+X=—-v

(the . = 0 transition is shared with A;).

A region whose boundaries are transition surfaces is thus specified by

picking

(7.60)

Ur+2>v, O<up+X<v, —v<up+32<0, pur+3<-v
(7.61)
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and one alternative

A? =y (7.62)
for each x € {M,, M_,Z,,Z_}. This entails a grand total of 4 x 2* = 64
regions, an example of which could be

Ry = {(/.LR,MI,E,A)ER4|/JR+Z<—V, M+<A2<M_, A2<Zi}.

(7.63)
The tally can be lowered to the forty-eight cases of Tab. 5.3 by observing that
MyE>M_ — pup+X>0. (7.64)

As a consequence, picking M, > A2 > M_ and —v < ugr +% < 0 or
Ur + 3 < —v at once would specify an empty region. The choice of A% = T
is still free, so this rules out 4 x 2 = 8 cases. Out of the remaining 56, another
8 are similarly eliminated by

Mo <M_ o up+3<0. (7.65)

(b) Given a region R as specified above, we evaluate I(p) by simply pick-
ing p € R, drawing c_(cy;p), and counting its signed number of intersections
with the target arcs. Consider, for example, Ry, cf.(7.63). The constraints
geometrically read

xc(p) > 17 _\/i < C_(O;p) < \[27 C_(—l;p) > +1a C—(+17p) > _15

for all p € R4, upon noticing that ¢_(—1;p) > +1 is equivalent to (709
(BR+E>v A A>TV (pr+S<v A A <Ty), (7.67)
c—(+1;p) > -1 to
(R +2> v ANA>>T )V (up+S<—v AN A2<T), (7.68)
and c_(0;p) < +v/2 to
(LR +E<0 A A2>My) vV (ur+2>0 A A2 < My). (7.69)

A representative curve c_(c4;p) is drawn in Fig. 11. By ¢’ (¢4;p) < 0 and the
constraints (7.66), the lower branch of the hyperbola intersects Ay and avoids
A,. By (6.59), the only intersection with A; contributes +1, whence

I=+1. (7.70)

Similar counting for the other 47 regions provides the entries of Table 1.
Number of escapes E. Just like in the proof of Proposition 5.1, we need
to count the signed number of positive horizontal asymptotes. This time,
w - |[1,|271/2+V()\1+)\2)7>\1>\2
BT g £ 2(|pl? +v2 — A1 A2)
2HAZ - (Z—-v)? N
- lul” + . (2 ”)2 =t (7.71)
2R £ 2v(|p? +v2 + A% — X2) Dy
cf. Eq. (6.72). E changes across the transition surfaces

N=0 « A= -v)?—|u?*=¢, (7.72)
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Coz=¢?
Ay
h—=T I
0=
|
1
|
p=m [‘( i |
@ (&\ﬁ;?
oc_(—1;p) -2
A c_(0;p)
oc_(+1;p)

FIGURE 11. Left panel: Curve g(y) for A2 < M_ < My,
pr — X < —vy/2. Notice that g(¢) > 0, and that the orienta-
tion is fixed by Img(w/2) > 0 and 0 < ¢ < 7/2. Right panel:
Hyperbola c¢_(c4;p) for p € R;. Highlighted are the points
c—(&p), (€ =-1,0,1), upon which constraints are imposed

cf. (5.9), and
Di=0 < A*=%%—|u?F2wup —1* =74 (7.73)

The last two were already encountered in the discussion of I.
Table 2 now stems from observing that w, + > 0 for

(A2>& ANA*Z2T5) v O (A’<E N APSTL), (7.74)
and recalling that w, y > 0 (wa,— > 0) contributes —1 (+1) to E, or zero
otherwise. g
Proof of Proposition 8.6. Trivial consequence of Proposition 5.1. O

Proof of Proposition 3.7. Follows by specializing Proposition 5.3 to the particle—
hole symmetric subcase of family NN, via the restrictions detailed in Proposi-
tion 4.6. In particular, (4.50) demands pugr = Rep = 0, and the new transition
manifolds are found by

XE = X‘,uR:O (X = M:tvz.:tvgzl:) . (775)

Notice that Z5 = Z= = Z=, cf. also (5.10). Two transition manifolds of I come
to coincide when restricted to the particle-hole submanifold within family NN.
As a consequence, I undergoes a non-elementary transition while crossing Z=,
cf. Theorem 3.1 and Remark 3.3. This is displayed in Fig. 5, where crossing Z=
yields AT = +2. O

Proof of Theorem 3.8. In family DD, there is no notion of typicality, since it
consists in a single orbit. In family ND, typicality of violations (or not) of bulk-
edge correspondence is already evident from Fig.4. In family NN, inspection



504 G. M. Graf and A. Tarantola Ann. Henri Poincaré

of (5.7) and Table 1 reveals that
Ci=2=M=P+1, (7.76)

namely bulk-edge correspondence holds, for A2 > T... Conversely, it is violated
in the complementary case. The proof is concluded by noticing that both sets
are positive-measure. O

Proof of Theorem 3.1. We divide the proof in two parts, (i) and (ii). In (i), we
argue, based on Propositions5.1 and 5.3, that the entries of V, cf. (2.33), only
change in the specified combinations (a)-(c). In (ii), we connect such changes
to spectral events.

(i) Relations between transitions of integers.

(a) The claim is AP = —AJ = +1, and that P does not change oth-
erwise. Both facts are trivially true in family DD, where parameter
space is a point and no transitions exist, cf. Proposition4.7. We an-
alyze ND and NN separately, while DN is recovered from ND by the
substitution detailed in Lemma4.4.

ND: Transitions of P only happen at

q(p):F\/izo, (p = (ag,ar, ) € R?), (7.77)

cf. Eq. (5.2). As a consequence of Eq.(5.3), they are shared by I.
When ¢ = v/2 (¢ = —+/2) is crossed in direction of increasing ¢,

AP =+1 (AP =+1) (7.78)
by Eq. (5.2) or Fig.4. At the same time,
Al=-1 (Al =-1), (7.79)

proving this part of the claim.
NN: By Eq. (5.7), transition surfaces of P are

A? — M4 =0. (7.80)
They are shared by I, cf. Table 1. Inspection of Eq. (5.7) and Table 1

allows checking AP = —AJ = £1 within each of the regions defined
by the boundaries

Ur+X=-v, pur+X=0, pur+X=v (7.81)

and

A’ =T.. (7.82)
The statement AP = —AI = +1 is seen to hold true while crossing
A? = My, for each such region separately, and thus generally for
family NN.

(b) The claim is that there exist transitions where I, E' change jointly,
and in that case Al = —AF = +1. Family DD is again trivial, and
will be omitted from now on. In families ND and NN, the transition
surfaces of I that are not shared with P are however shared with
E. They read

gF(m+1)=0, (7.83)
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in the former family, cf. (5.3), and
A*~T,=0 (7.84)

in the latter. That Al = —AFE = +1 while crossing the aforemen-
tioned surfaces follows from inspection of Fig.4 in family ND, and
of Tables 1, 2 in family NN. In the latter case, comparing the two
tables is actually not immediate, and requires careful ordering of
the surfaces in direction of increasing AZ.

In family ND (NN), E has a single transition surfaces

g=m-—1 (A% =¢), (7.85)

not shared with other indices, cf. Egs. (5.4, 5.9). That AE = +2
while crossing them is read by Eq.(5.4) (family ND), or by sub-
tracting the two columns of Table2 (family NN) along the rows
where AF # 0. In the rows with AE = 0, passing from one column
to the other does not constitute, by the definition of Theorem 3.1, a
transition of V. Incidentally, we notice that this move across columns
with AF = 0 is associated with the spectral event discussed in Re-
mark 3.2.

(ii) Correspondence with spectral events.

(a)

Levinson’s relative theorem, cf. 4.3, establishes a correspondence be-
tween P and the signed number of mergers with the bulk spectrum.
If P changes, one such merger must appear of vanish. By continu-
ity of edge eigenvalues w(k,) in k,, such mergers cannot appear or
disappear at will, but must rather be drawn from, or repelled to,
infinity. Hence the claim.

In families DD (trivially), ND and NN, the only typical asymptotic
behaviors of edge eigenvalues are parabolic, w > k2 (cf. (6.32)), or
flat, w — wa 1, (ky — £o0), cf. Egs. (6.66, 6.69, 6.72). This fact is
seen as follows. Parabolic behavior is typical because edge states
with w > k2 exist at |k,| — oo in positive-measure subsets of ND,
NN, cf. Propositions 5.1 and 5.3. By now considering |w|? < k2 at
|kz| — oo, we cover the entire (k;,w)-plane. In this region, Propo-
sition 6.7 proves that the only typical behavior is w asymptotically
flat. Different asymptotic behaviors w = O(k}), v € (0,1) U (1,2),
are admitted only exceptionally, and more specifically only on the
transition surfaces of F, cf. (6.67, 6.68, 6.70, 6.71).

If AT = —AF = +1, a parabolic state is lost and a flat one gained,
or vice versa. Due to continuity and the typicality statement above,
the loss and gain shall be ascribed to the same edge state turning
from parabolic to flat, or vice versa.

If E alone changes, the transition involves asymptotically flat states
only. At k, — +o0, there can be at most one flat state at a time,
cf. (7.71). These two facts, combined with AE = +2, cf. point (i),
lead to the only logical conclusion that two asymptotes, one at k, —
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—oo and the other one at k. — —+o00, cross zero in the opposite
direction. g

Proof of Corollary 3.4. Since bulk-edge correspondence was defined as C =
M, cf. Definition 2.9, only a change in C'y or M can alter its status. However,
C, is a constant, independent of the boundary condition. Thus, AM # 0 is
the only possible violation mechanism. Out of the allowed transitions (a)-(c)
of Theorem 3.1, only those of type (b) produce

AM =AP+AI=0+1#0, (7.86)

whence the claim. O
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A. Further Facts on Boundary Conditions

This appendix recalls the results of [19] on self-adjointness of 2 x 6 boundary
conditions A, cf. Definition 2.2, previously displayed in Sect. 4.4. Next, a proof
is provided for Lemma4.4 and Propositions4.5, 4.6, 4.7. We later turn our
attention to failure of self-adjointness at a single fiber k., signaled by A(k,)
failing to be maximal rank. Whether a boundary condition A is maximal rank
a.e.or everywhere in k, is the question tackled in Proposition A.7 below.

As anticipated, we start by reviewing the formalism and results of [19].
Recall Eq. (2.15): A scattering state 1, = ,(y)e!*=#=<1)  ¢f. (4.16) in Defini-
tion 4.1, satisfies the boundary condition A(k,) if

A(k,)¥ =0, (A1)
where ¥ = (1)4(0), ¢/,(0))” and
Aky) = Ap + ky Ay (A.2)

as per Eq.(4.35). The matrix A has precisely two rows because two equa-
tions suffice to uniquely identify a solution ¢ € L?(R;)®3 of H(ky)p = we,
cf. Eq. (2.14). On the other hand, one equation is not enough, so that
rk A(k,) = 2 (A.3)

a.e.in k. Differently put, all self-adjoint boundary conditions are represented
by matrices A of maximal rank.

It is proven in [19] that a given BC A : k, — A(k,), cf. again Defini-
tion 2.2, encodes for a self-adjoint realization H# of the formal differential
operator H(k,) if and only if

A(kz)N =0,  A(k,)QA*(k,) =0, (A.4a)
v 0 0 0 -2 0 0 0
0 0 0 0 0 0 0 —v~1
0 0 A = 0 0 0 v 0
N = 0o 1|’ Q= 0 0 0 0 0 0 ’
1 0 0 0 Av 00 0
0 0 0O —-v' 0 0 0 0
1
A= —— A.4b
1402 ( )
almost everywhere in k,. Equivalently, cf. (A.2),
AN=0 AN =0, (A.5a)

AQA =0, ANA; — AQAX =0, A QAL =0. (A.5b)
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Equation (A.5a) implies that two out of the six columns of A are redun-
dant, so that one may generically write

AC: (CL17 a/17 a’l27 07 —va, Va?)v Ak = (Oa blv 627 07 07 0)7 (AG)

where ay,as,a},ab,b1,ba € C? and (+,-) denotes the horizontal juxtaposition
of two (or more) matrices. This is to say, if X isan ! xm and Y is an [ x n,
Z = (X,Y) is an I x (m + n) built up by “gluing” Y to the right of X.
Equation (A.6) is equivalent to (4.39), whence our claim (4.41) on the general
form of Ay, A, Ay follows.

The structure (A.2) of A, with only four independent columns, prompts
the simpler rewriting as a 2 X 4 matrix A

Alky) = A, + ko Ay,

Ac = (ala a//]_; a/27 a2)7 Ak = (07 bl7 b27 0)7 (A7)
and the matrix M of (4.33) is read off by direct comparison of A., Ay with
A, A, cf. (A6, A.7).

Any BC A = AM, with A as in Eq. (A.7), satisfies (A.5a) by construction.

On the other hand, (A.5b) is yet to be imposed on A. Again by A = AM, it
translates to

Ak )QA* (k) = A(ks) MOM* A* (k,) = —A(k,)QA (k) 20 (A.8)

almost everywhere in k,, where

Q= —MOM* = (f 112) , (A.9)
2 0
the second identity following from Eqs. (4.33, A.4b) and matrix multiplication.
By (A.8), we have thus recovered (4.43).
We can now move on to proving Lemma4.4 and Propositions4.5, 4.6,
starting with the former.

Proof of Lemma 4.4. Recall Eq. (4.41), namely

A, = (0, —vaq, vas). (A.10)
Then,
DD: rk(Ay) = 0 iff rk(—vai, vas) =0, ie., a1 = az =0;
NN: rk(Ay) = 2 iff rtk(—vai1, vaz) =2, i.e., a1,as linearly independent.

If rk(A,) = 1, there exists an invertible matrix

G= <§1T> : (A.11)

93
with g1, g2 € C? and g1, g 1.i., such that
o _ [(—Vg1-a1 Vgi-a2
G(—vay, vay) = <—1/gg a4y Vg -a2> (A.12)

has one row equal to zero (w.l.o.g., the second one), where - denotes inner
product in C2. If the second row is zero, ai,as L go in C2, and thus a; || as,
i.e., linearly dependent.
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The further distinction between ND and DN arises as follows. Since g7 is
Li. from g, and non-zero, the inner products g - a1, g1 - a2 appearing in the first
row are only zero for a; = 0 or as = 0, respectively. If a term in dyu persists
in the BC after elimination of the second row, it means that the [GAy]12 # 0,
whence g1 - a; # 0 and thus a; # 0. This characterizes family ND. Family DN
is obtained in the same way, requiring 9,v to persist. 0

Proposition 4.5 reduces to two simpler propositions by means of the fol-
lowing reasoning. The condition to be met is

a.e.in ky, cf. (4.44). Recall the decomposition A;(k,) = AY + k. B, cf. (4.37).
If one lets |1) = (1,0)T, [2) = (0,1)", then

AY = lax) (1] + Jay)(2], A = la2)(2] + lag) (1], By = [b1)(2], Bz = [b2)(1].

(A.14)
The Lh.s. of (A.13) can be rewritten as
Ay (ka) A5 (ka) + Ag(ka) A (ka) = Co + Ciks + Cok7 (A.15)
and it equals zero a.e.in k; only if the (matrix) coefficients
Co=AVAY + he., Cy=DBAY +AIB; + he., Cy=DBBj+ he.
(A.16)

are identically zero (h.c. standing for “hermitian conjugate”). That Cy = 0, Vb,
by is immediate from (A.14). Whether or not Cy = 0 (C7 = 0) is the content
of Proposition A.2 (Proposition A.3). Their proof rests on the following pre-
liminary claim, to be proven later.

Claim A.1. (i) If ¢; € C?, (i = 1,2) are linearly independent, then so are
[pi) (e, (6,5 =1,2).
(ii) Let C? 2 ¢ # 0. Then,
o) (o] + [¥) (el =0 (A.17)
iff
|0) =1A[Y), (A.18)
for some A € R.

Proposition A.2. Depending on the cases DD through NN, cf. Lemma4.4, the
equation

Co=0 (A.19)
amounts to
DD: a),ay € C? (arbitrary);
ND: For some X € R,
aaj +ah = iNay; (A.20)

DN: Same as ND up to a1 < aa;
NN: For some i/ € C and Nj, M5 € R,
ay = p'ay +iXjas

0/2 = —,[_j,/CLQ + i)\'2a1 . (A21)
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Proof. Using the previously introduced Dirac notation, Cy = 0 reads
|at){az| + |az){ai| + |az)(a| + |a1){ag| = 0. (A.22)
Consider now cases DD-NN.

DD: Is evident;
ND: Egq. (A.22) becomes

(alay) + las)){ar| + |ar)(alar] + (az]) = 0. (A.23)
By (ii) of Claim A.1:
alay) + ag) = iXa1), (A.24)

as wished for;
DN: Same as ND up to a; < asg;
NN: Here, a1, as are a basis of C2, whence

la1) = palar) +nlaz)
|las) = pelaz) +y2la1) (A.25)

i vi € C.
Then,

|ai){az] 4 |az){(ai| = plar){as| + f1laz){a1] + (7 +31)|az)(az|,  (A.26)

and likewise for the other two terms of Eq. (A.22).
In view of linear independence of a1, as, the equations

p1 = —f2, Nn+n=0, Y2+752=0 (A.27)
follow by (i) of ClaimA.1. Therefore, setting

p=—fig=p', o =iN], 2 =i, (A.28)
the desired conclusion is read from (A.25).

O

Proposition A.3. Depending on the cases DD through NN, cf. Lemma4.4, the
equation

C; =0, (A.29)
with Cy as in (A.16), amounts to
DD: by,by € C? (arbitrary);
ND: For some X € R,
aby + by =iay ; (A.30)

DN: Same as ND up to a1 < aso;
NN: For some p € C and A\, A2 € R,

b1 = pai + i)\lag

. A.31
by = —puag + iXoa . ( 3 )
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Proof. Equation (A.29) consists of two halves with interchanged indices 1 « 2.
It therefore suffices to study

B1AY + A'B; =0 (A.32)

in the various cases. Switching to Dirac notation, the previous identity reads
[b1){az| + |az) (b1] + |b2){a1| + a1)(bo| = 0. (A.33)

The latter is formally equivalent to (A.22) upon identification by < a}, bs <«

ab. The claims follow by the same reasoning of Proposition A.2. U

Once the proof of Claim A.l is given, considering Propositions A.2 and
A.3 together yields Proposition 4.5 as a corollary.

Proof of Claim A.1. (i) Let {p;| be the dual basis of |p;), i.e.
(piles) = bij. (A.34)
Then,
> Aigleid{esl =0 (A.35)

(2%
implies \;j, = 0 by taking the matrix element between (p;,| and |¢;,).
(i) Let ¥ # 0 and assume |¢)) = v|p), v € C. Then,

[) (] + [} (el =)ol +le) (el =0 & v =iX AeR. (A.36)
Thus, |¢) = iA\|v), implying
o) (W] + ) (el = 0. (A.37)

The other direction follows from point (i).
g

Proposition4.6 is a statement about the particle-hole symmetric sub-
sets of families DD-NN. However, by Definition 2.7 and Eq. (2.28), particle—
hole symmetry is a property of the orbit [A], cf. (2.16), under point-wise (in
k,) multiplication by GL(2,C), rather than of the single map k, — A(k,).
Equivalently, it is a property of the von Neumann unitary k, — U(k,),
cf. Definition 2.2, once the claimed bijective correspondence between U and
[4] is proven.

We thus adopt the following strategy. First, the correspondence U « [A4]
is shown. Then, the image of the four families DD-NN under v : [A] — U,
cf. (4.51), is found by explicit calculation. Particle-hole symmetry is imposed
on the resulting k, — U(k;) by

cf. (2.28), completing the proof of Proposition4.7. The constraints stemming
from (A.38) are finally pulled back to k, — A(k,), yielding Proposition 4.6.

Lemma A.4. The map v : A — U, defined by Eq.(4.51), between boundary
conditions A and von Neumann unitaries U, cf. Definition2.2, is:

(i) Well-defined as a map on orbits [4], cf. Eq.(2.16);

(i) A bijection [A] < U.
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This Lemma rests on the following claim.

Claim A.5. Let

A= (Al,AQ) S Mat2X4((C) s (A39)
with A; € Matz(C), (i = 1,2) and
AL + A AT = 0. (A.40)

Then any among rk A = 2, rk(A; + A2) = 2, rk(4; — A3) = 2 implies the
others.

Proof. For any matrix M, we have
rtk M =rk(MM™*), (A.41)

both being equal to rk M*. Moreover, for any matrix M having two rows, we
have

tk(MM*) =2 <= det(MM*)#0, (A.42)
since M M* is a square matrix of order 2. We note that
AA" = A AT + AQAS,
(A1 £ As) (A1 £ Ag)" = A1 AT + Az A,
where the first equation comes from (A.39) and the second one from (A.40).

Applying now the above to M = A and M = Ay + Ay, or M = A and
M = Ay — As, the claim follows. O

(A.43)

Proof of Lemma A.4. (i) The map v is well-defined on orbits because
v(GA) = (GA; + GAy) HGA — GAs) = (A1 + A2) " 'GTIG(A; — Ay)
= (A 4 As) YA — Ay) = v(4), (A.44)
namely A and G A share the same image through v, for all G : k, — G(k,,)
with G(k,) invertible a.e.in k.

(ii) By picking a target space coincident with its range, we make v : [A] — U
surjective by construction. All that is left to check is injectivity, which

holds iff } ~ ~
v(A)=U=U=v4) = A Ac[4]. (A.45)
The equality U = U means
(A} + Ag) YA — Ay) = (A + Ay) YA, — Ay). (A.46)

By assumption of self-adjointness, A, ~A~ are maximal rank a.e. in k,. Then,
by Claim A.5 so are A; + Ay and A; + As. Therefore, there exists G :
kg — G(ks), G(ky) invertible a.e.in k,, such that

(A; + A2) = G(A; + Ay). (A.47)
Indeed, G is explicitly given by
G = (A1 + As) (A + Ay)7 L. (A.48)

Writing A + Az as in (A.47) inside of (A.46) results in
(A1 4+ A)1G71 (A — Ay) = (A + Ay) 7Y (A; — Ay)
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— (Al - AQ) = G(Al - 1212) (A49)
Summing and subtracting Egs. (A.47), (A.49) yields
Al =GA AN Ay =GA,, (A.50)

namely A = GAor A= G A with G invertible, as desired.
O

The calculations leading to the proof of Proposition 4.7 are simplified by
recalling the following elementary facts in linear algebra, gathered in a claim.
We recall the adjugate of a matrix M € Mat,,(C) for n = 2:

e () - (7Y

ma1 ma2 —ma21 mi1

Claim A.6. The operation adj enjoys the following properties:
1. M=t = (det M)~tadj(M), for all M € GL(n,C);
2. adj(M + N) = adj(M) + adj(N), for all M, N € Mat,,(C);
3. Let M, N € Maty(C) be given in terms of column vectors m;,n; € C? (i =
1,2), i.e., M = (mq1,m2) and N = (n1,n2). Then,

. . _[—miAng—ma ANy —2mao A no
adJ(M)N_adJ(N)M_ ( 2m1 A nq ml/\n2+m2An1)
(A52)
where
ZAw = <Zl) A <w1> =det(z,w) = zyws — w129, (A.53)
Z9 wa

is the cross product A : C? x C? — C.

Proof. 1.is known and 2.is obvious.

3. Upon writing m; = (m;1,ms2)7 in terms of components, the entries of
M end up transposed as compared to (A.51), and likewise for N. The property
is then shown by direct calculation:

adj(M) - N = ( a2 —’”21) (”11 nm)

—Mmi2 M1 ni2  N22
_ —Ma A\ ny —Ma A\ U»)
o ( mi A ny mi A ny > ’ (A.54)
cf. Egs. (A.51, A.53).
By interchanging M, N and taking differences, we obtain (A.52) O

Proof of Proposition 4.7. (i) Using the adjugation map adj(-), cf. (A.51), and
its properties 1 and 2 in Claim A.6, we notice that

(Ar + As) "} (4) — Ag) = mwﬁ(&) + adj(42))(A; — Ay)

1
= j(A1)A1 —adj(Aq)A
det(AlJrAz)(adJ( DAL~ adj(41)4;
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+ adj(A2)A; — adj(A3)As)

1
= — Al — A1
dot(Ay + ) \(detAr = det A)
+adj(A2)A; — adj(A1)Az) . (A.55)
The calculation of
U= (A1 + A2) (A1 — As) (A.56)

thus proceeds by explicitly writing out Ay, As, A1 + Ao and their determinants
in cases DD-NN, and applying the formula (A.55). The following expressions

A(k$) = (Al(kx)a A2(kw))a Al (ka:) = (a'lv a/1+kwb1)’ A2(kw) = (a/2+kwb2a a2)7

(A.57)

cf. (4.36, 4.38) will come in handy.

DD:

ND:

(AL + Ag)(ke) =

The starting point is Eq. (A.7). By Lemma4.4, family DD has a; =
az = 0. Self-adjointness is then achieved for all a},a}, by, by € C2, cf.
Proposition 4.5. The general element A : k, — A(k,) thus has

A(k‘m) = (0, a’l + kb1, a'2 + k.bo, 0) = (Al (k‘x), Ag(k‘m)) (A58)

The associated von Neumann unitary U = v(A4) : k, — U(k,) is given
by

U(A(ks)) = (A1 (k) + Aa(k2) " (A1 (ke) — Az(kz)) (A.59)
cf. (4.51), where explicitly
Al(kz) + A2(kx) = (a/2 + k;bo, a/1 + kmbl) ,
Aq(ky) — Ag(ky) = (—ab — kyba, a) + kib1), (A.60)

by Eq. (A.58).
In this simple case, there is no need to resort to the general formula
(A.55). Indeed, observing that

Aull) = Aalh) = (i) + a0 0) 0 e

immediately yields
-1 0
U(k,) = ( 0 1> =J (A.62)

by Eq. (4.51). Equation (A.62) holds for all k, € R and a}, a}, by, by € C2.
Lemma4.4 and self-adjointness, cf. Proposition 4.5, produce the general
form

A(km) = (al, a'l + kb, i(km>\+)\l)a1 —d(a’l +k‘zb1), aal) = (Al(kw), Ag(kw)

)
(A.63)
for A(k,), cf. (A.7). It follows that

Al(km) = (a1 s a/l + kmbl)
As(ky) = (i(ke A+ Nag — ala) + kib1), aay)
k (T +i(ke A+ N))ag — a(a) + kzb1), aar + () + kib1)),
(A.64)
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whence
det Al(kz)
det As(ky) = —|—|0¢|2 (A.65)
det(A; + As)(ky) = (L +i(ke A+ N) + |a|2)x
where

X =a1 A\ (a/l + kzbl) ) (A66)
for the scope of this proof. Moreover,
: . =ik A+ X)) —2a

adi(A2) Ay — adj(A1) Az = x ( i) @
Eq. (4.53) now follows by (A.55) and singling out J, cf. (4.52), as a sepa-
rate summand.

NN: Within this family, Lemma4.4 and self-adjointness, cf. Proposition4.5,
produce the general form

A(kz) = (a1, (' + kep)ar +i(N] + kzd1)ag, i(Ay + kxdo)ar — (3 + ke fi)az, az)

= (A1(ke), Az(ke)) - (A.68)
It follows that
Ai(ky) = (a1, (0" + kzp)ar +1(A] + kzA1)az)
Ax(ky) = GO + R o)ar — (' + kefaz , a2) a0
Uyt Ag)(ky) = (L I0G +Reda))ar = (8 + Eaaz) '
! 2 (1 +kzp)ar + (L+i(A] + kzA))as )
whence
det Ay (ky) = i(A] + kx A1) (a1 A ag)
det Aa(kz) = i(A\y + kzA2)(a1 A az) (A.70)
det(Ay + Az)(ky) = [(1+i(N + K A))(L+ 10 + i ha)) '
+(p + ko) (@' + kofi)| (a1 A az) .
Moreover,
adj(A2)A1 —adj(A1)A2 = (a1 A az)x
2(1 + l(/\ll + k;v)\l)) — det(A1 + Ag) 2(/./ + k‘m,u)
2(f + kefi) —=2(1 4+ (A5 + kzA2)) + det(A1 + As)
(A.71)
It then follows by (A.55) that
Ulky) = J + Ulky), (A.72)
cf. (4.52), where
(k) = -
A AN, F B )X+ 1N 4 kade)) + (1 + ko) (7 + kaft)
1 +i(A] + ko Ar) W+ g
< Btk —1— i+ ko) (A.73)
Noticing that
. 2 .
Ulky) = —————Ul(ky), (A.74)
det U (ky)
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where
~ i(\ /
o= (Y e Th) )
finally yields (4.54).
(ii) The second statement of the proposition concerns particle-hole symmetry
of the von Neumann unitaries obtained above. It is proven by imposing
Ulks) = U(—ky) (A.76)
to those unitaries.

DD: By (A.62), U(k,) is constant and real-valued for all k,. Equation (A.76)
is thus always satisfied, irrespective of the a/, aj, by, bs that appeared in
the A(k,) we started with, cf. (A.58).

ND: It is immediate from (4.53) that (A.76) is met for all k, only if

XN=0, a€cR. (A.77)
NN: Given that J = J is itself PH-symmetric, condition (A.76) translates to
Ulks) = U(—ks), (A.78)

a.e.in ky. Given moreover the structure (A.74) of U(k,), the condition
for particle-hole symmetry further reduces to

Ulky) = U(—kz). (A.79)
This is explicitly to say
~ AV ’

B+ ko =1 —i(A5 + kzA2)
(1 =i\ = kzA) i — kg F
= < Wk 1 — kedy)) TR (AS0)
recalling A;, \; € R (¢ = 1,2) by hypothesis. It is thus readily seen that
A =0, Ay =0, pE IR, ueR, (A.81)
as claimed.
O

Proof of Proposition 4.6. The claims of this proposition are simply obtained
by imposing the conditions detailed at the end of Proposition4.7 on the
parametrizations DD-NN of Proposition 4.5. O

We close this appendix by studying when A(k,) is maximal rank. Let us
introduce the property
P(ks) s 1tk(Ai(ks), A2(ks)) =2 (A.82)
and consider the statements

(a) P(kg) holds true a.e. in ky;
(b) P(k;) holds true for all k,.

Lemma A.7. With reference to the four cases of Lemmad4.4:
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DD:

ND:

(a) fails iff all of the following are met:
a&/\a’gzo, a’l/\bg—&—bl/\aé:O, by ANby =0, (A83)

where the A product in C? is defined as z A w 1= zwy — wyi2o, for z =
(21, 22) € C? (same for w).
(b) holds true iff

D(ky) = (a} Aah) + (a} Ay + by Aah)ks, + (by Abo)k? (A.84)
has no real zeros k.
(a) fails iff
al/\allz(), al/\b1:0. (A85)
(b) holds true iff
E(k’z) = ay A\ (a’ll + krbl) = ((11 N Clll) + (a1 A\ bl)kr (A86)

has no real zeros k.

DN: likewise (1 < 2).
NN: (a,b) both hold true.

Proof. By lower semicontinuity of the function k, — rk(A;(k;), A2(ks)), the
negation of (a) is “P(k;) fails for all k,”. With this observation in mind, we
compute the rank of

DD:

ND:

DN:
NN:

A(k@) = (a1 R Clll + kb, CLIQ + kybo, ag) . (A87)

In this case, the rank is the same as that of (a] + k.b1,a) + kzb2). Thus,
P(k;) holds true iff D(k,) # 0, where
D(ky) = (a) + kabr) A (ag + ki bs) (A.88)
= (a}y A ab) + (a}y ANbg + by Aah)ky + (by Abg)k2. (A.89)
By our first observation
- (a) fails iff D(k,) =0;
— (b) holds iff D has no zeros.
The conclusions follow.
By Lemma4.4 the vector
(L/Q + kxbg = (i/\’al - 5(0/1) + kI(IAal - dbl) (AQO)
=i\ + kzN)a1 — a(a) + kyb1) (A.91)
is a linear combination of two other vectors seen in (A.87). In view of

as = 0, the rank is that of (ay,a)} + kzb1). Thus P(k,) holds true iff
E(k;) # 0, this time with

E(kz) =a; N\ ((1/1 + kmbl) = (a1 AN 0/1) + (a1 A bl)km . (A92)

The conclusion then follows as in case (i).
By 1< 2.
By rk (a1, a2) = 2 the property P(k,) applies to all k.
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B. Infinite-Momentum Expansions of Bulk Eigensections and
Jost Functions

Through the change of variables (6.18), we derive the infinite-momentum ex-
pansion of the outgoing and evanescent amplitudes ﬁo(k;x,n),ﬁoo(kw,ﬂev),
cf. (6.14), employed in the construction of the scattering state (6.4). Such ex-
pansions are then used to prove Proposition 6.3. In this appendix, we often use
the shorthand notation I, Iy, l. (I = 7, u, v) for the incoming, outgoing and
evanescent components of the scattering state (6.4).

We start with the Taylor expansion of )°, 1) around (ks ky) — oo. This
limit is achieved as € — 0, given the coordinate change

cosp  sing
k:vak - y . B1
(horky) = (222,222 (B.1)

As a preliminary step toward the desired expansions, those of wy (k;, k) =
Wi (kg, Kev), g+ = q(kz, £k) and q— = q(ky, keyp) are carried out to the order
that turns out to be needed:

v Cv 1
wi(e, p) = = to5 Tt 8?(4Vf —1)e* + o(e?%),

_ 5
Q+(5a<p)__1+2 2+ {4 +O(E)a
ez &t 5

- =14+-—-— B.2
4(69) =1+ s — 4 ole), (B.2)

where the last one has been determined with the help of

(&, C c? 5 O 5 50t 8

o) =1 (4 g~ G+ o e FO) s B

with C' = (1 — 2vf)/v? and € = £(p) = (1 4 sin® ) 1/2.
With this small tool kit, we find

770<Ea 90) = Wo(kx(fa (P), KJ(*SWD))
i (5 1721/f€3+81/2f2781/f+3 5)+0(€6)

v 203 Su5

€

i Svf—3
Uo(g, ) i= ul(ku(e, ), ke, ) = 1+ iS;;;paQ +ising V8fy4 e* + o(e%)

Si Svf—3
(o) = 0k (e ) = i (14 e sin gL 4 ofe))

for the outgoing amplitude, cf. (6.17), as well as
ne(€, @) = 1> (ke (e, ), Kev (€, #))

_x, _C (1 s e, Wf-Ux © O,
=Z¢ 21/(5—&-)()5—1—41/[0)( 5/ +£+2§35
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ue(g,0) = u™(kz(e, @), kov(e, ) =1+ 2I§V2 g2 +o(e?)
0o(e,) = v (kale, ), R (e 9)) = (14 S5 + o) ) (B.5)

with x = x(p) :=sinp—£(p) and T' = T'(¢) := sin p+£(p), for the evanescent
amplitude.

If needed, the incoming amplitude I;(g, @) := 1°(ks (e, ), —r(e, ) (I =
n,u,v) can be obtained from the outgoing one by ¢ < —¢. Notice moreover
that the u,v terms are constant in ¢, i.e., they are O(1), whereas the 7 terms
go to zero as O(e). This observation will be useful when computing the e — 0
expansion of the scattering amplitude S(e, ¢).

The expansions above are now employed to provide a proof of Proposi-
tion 6.3.

Proof of Proposition 6.3. Before specializing to the three families DD, ND,
NN of interest, we bring AV, cf. (6.16), in a form more suitable to expanding
ine — 0.

By Eq. (4.37), we may rewrite

Vi

A%ﬂﬁ+%&A%¢ﬁﬁG§

= X + kY, (B.6)
)

where
AY = Jar) (1] + |a}) (2], A9 = [ab) (1] + |az)(2], B1 = [b1)(2], Ba = [ba2)(1],
V1 = D) {(no — iVKUo, Ne — Whevlie)| + |2) (o, ue)]|,

Va = [1){(vo, ve)| + [2){(iwrvo, ivkeyve)l,
(B.7)
in Dirac notation, with |1) = (1,0)T, |2) = (0,1)™. As a consequence,

X = A(I)Vl + Ang =+ |a1){(no — WKUo, Mo — WKeylie)| + |a2) (VKU IVEey V)|

+ Jat){(to, e)| + [a2){(vo, ve)l,
Y i= ByVi + BaV = + [b1) ((tor )| + [b2)(v6, ve)].
(B.8)
As observed below (B.5), u;,v; (j = o0,e) are O(1) as ¢ — 0, while n; is O(e).
Noticing moreover that ky, &, key = O(¢), we conclude that X = O(e~1), while
Y = O(1). We thus write their Taylor expansion as

X=X_1e"+Xo+ Xie+...
1 02 1 (B.9)
Y:YO+Y1€—|—Y26 —|—7

whence
(AV) (g, @) = X +e 'cos pY = M,l(ap)g_l + Mo(o) + Mi(p)e+..., (B.10)
with

M71 = X,1 + cos QOY(M M(] = X() + cos QDYl s (B].].)
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and so on. By inserting the expansions (B.4, B.5) of l,, lo (I = n,u,v) into
(B.9, B.11), we obtain the leading and subleading orders of AV

M_q =iv|aq +iag)(1|sin + v|a; —iaz)(2|\/1 + cos? ¢
+ ([b1 — ib2) (1] + [b1 +1b2)(2]) cos ¢

=— Xsinp+iXep/1+cos2p+Ycosp, (B.12)
My =+ |a) —ia5) (1] + |a} +ia5) (2] = Xo. (B.13)

The Jost function g, cf.6.16, hence reads
g(e, ) = det(AV) = e 2 det(M_; 4+ eMy) + O(1)

= e 2det x(g, ) + O(1), e—0. (B.14)
It is convenient to rewrite
x(g,0) = Xoe — X sinp +iXepy/1+cos?2 o + Y cosp, (B.15)

where

Xo i= |a — iag){1] + |} +ia5) (2
X = —iv|a; + iag)(1]
Koy 1= —iv]a; —1a2)(2]
In families DD-ND-NN, the first two orders in the expansion of g are thus
found by expressing Xg, X, Xey, Y in the parametrization of Proposition4.5,
and noticing that

(B.16)

T
det(|vr) (w1 | + |ve){ws]) = det V - det W, V= (v,0s), W= (w%) ’

Wy
(B.17)
where vj, w; (j = 1,2) are column vectors in C?, so that in particular
det(Jo1) (1] + |v2)(2]) = det V = v Avs. (B.18)

The expressions for Xy, X, Xy, Y in families DD, ND, NN are reported in the
tables below.

Xo X
DD la} —iab) (1] 4 |a} +iah) (2] 0
ND [(1+ia)a) + Na) (1| + (1 —ia)a) — Na1)(2] —iv|(1 +ia)aq)(1]
NN (0 + Ap)ar +1(A] + @)a2) (1] + (1 — Xp)ar +i(N] — @)a2)(2] | —ivfar + iaz)(1]
Y Xev
DD |b1 — ibo) (1] 4 by + 1b2) (2] 0
ND [(1+ia)by + Aay)(1] + [(1 —ia)bs — Aaq) (2] —iv|(1 —ia)a;)(2]
NN |(H + )\2)0,1 + 1(/\1 + ﬂ)a2)<1 -+ (,LL — /\2)(11 + 1()\1 - ﬁ)a2><2| 7‘11/|(11 — ia2><2|

The value of x (e, ¢) is now computed for each case DD, ND, NN. Its determi-
nant yields the leading orders in the expansion of g, cf. (B.14).

DD: By Tab.B and Eq. (B.15), we obtain
X(g,) =[(are + by cos @) — i(age + by cos ¢))(1]
+ |(a’e + b1 cos @) + i(ahe + by cos ¢)) (2] . (B.19)

The expression is already arranged so that its determinant immediately
corresponds to the first row of (6.19).
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ND: We similarly compute x and arrange it as

x(g, ) =|(iv(1 +ia)sinp + Acos p + Ne)ay + (1 + ia)(ea) + cospby)) (1]
+ |(v(1 —ia) sing — Acosp — Ne)ay + (1 — ia@)(ea) + cos by )) (2]
o (1] + o) 2] (B.20)

By (B.18, B.14), then
g(e, ) =e 2 det x(e, %) + O(1)
=e a1 A (ea} + cospby)[(1 —ia)(iv(1 + ia)sinp + Acos p + Ne)
— (14+ia)(v(1 —ia)y/1+cos? o — Acosp — Ne)| + O(1), (B.21)

and the second row of (6.19) follows by simple algebra.
NN: Using the notation of Eq. (6.20) and Tab. B, we obtain

X(&,¢) = [Ai(g, p)ar + Az(g, p)az) (1] + | Bi(e, p)ar + Ba(e, p)az)(2]. (B.22)
Then,

det x(e, ) = a1 A az(Ai(e, 9) Ba(e, ) — Aa(e, ) Bi(e, ¢)) , (B.23)

and the fourth row of (6.19) follows immediately from (B.14).

C. Proof of Proposition 6.7

Proof of Proposition 6.7. Under the assumption |w| < k2 at |k,| — oo, cf. (6.62),
we look for poles of the scattering matrix S through zeros of the Jost function
g, cf. (6.15). Its computation, cf. (6.16), relies on the two evanescent sections
VO(ka, ky) = thy, 0 (kay ky) = ¥, cf. (4.8), with k, = kyy, k, = k,_, respec-
tively. For the scope of this proof, we rescale those sections by

i (b +iky )y, o (ky — iky )i, (C.1)

which does not affect the zeros of g, cf. Remark 6.2. Thus, by = (N, ux,v1)
with
ne = Xu,
U4+ = kxw - lk}yi(f - VXi) 5 (02)
ve = kyzw + ik, (f —vXy).

The three components are functions of k,,w by way of (6.40, 6.35), with the
understanding that the evanescent branches of k,+ are chosen. Notice moreover
that the sections vanish at w = +f if Fk, > 0, a fact that produces spurious
zeros of g that need to be ignored.
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In terms of our modified bulk sections, AV, cf. (B.6, B.8), is rewritten as
AV =X + kY
=la1)((n+ — Whysuy, n- — ivky_u_)| + |az)((ikyvy, ivky_v_)|
+ah) (g, us)| + lag){(v4, v-)|

+ kg ([00) (s, u) |+ [b2) (v, v-)]) -
(C.3)
Unlike in the proof of Proposition 6.3, we refrain from making approximations
at this stage, and rather calculate g = det AV in full. At first, we rearrange
(C.3) as
AV =la1(ny — ivkyiuy) + az(ivky1vq) + (af + kb )us + (ag + kabe)v ) (1]
+ [+ —-){2l,
(C.4)
where the second summand is obtained from the first one by exchanging +
and — subscripts. Then, we use (B.18) to obtain

det(AV) =(a1 A az) (iV(ky—mU— = kypn-vy) + kg ky - (upv- — U—U+))
+ a1 A (@) + kzbr) ((77+u, —n-ug) — ivugu_(kyq — ky,))
+ a1 A (ay + kybs) ( nyv— —n_vy) — iv(kypupv_ — k:y_u_v+))
+ag A (@) + kybr) (w Y+ U—Vy — ky_uyv_ ))
(1uv+v ky,))

+ (@} + kub1) A (al + kibo) (u+v_ - u_v+> (C.5)

+a2/\ a2—|—k bg

E(al N ag)(il/Fl + I/2F2) + aq A (a'l + kxbl) (Fg — iVF4>
+ay A (a + kgbs) (F5 - quG) +as A (d) + koby) (qu7)
+az A (0 + hbo) (WFs ) + (af + kabi) A (ah + kaba) By, (C:6)

where
Fy = ky_nyv_ — kyin-vy,
Fy =kyiky (ugv- —u_vy),
Fs =niu_ —n_uy,
Fy=uju_(kyy —ky—),
Fs =niv- —n-vy, (C.7)
Fs = kyruyv_ —ky_u_vy,
Fr =kyiu_vy —ky_uyv_,
Fg = UV40U— (ky+ — kyf) s
Fy=uyv_ —u_vy.

We expand the factors Fj (j = 1,...,9) (one by one) around § = X/k2 — 0,
retaining the leading order. Since the F} are odd upon interchanging labels
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+, we can extract a common factor (X — X_). As for the remaining fac-
tors, Vieta’s formulae are used on X + X_ and X, X_, reinstating explicit
dependence on w. The resulting leading orders read

Fj=(X: - X )(f£0)E,  (G=1...,9), (C.8)

where

A
Iy

—i(20) " hylko|( F 14 20w + O(6)) ,
Fy = |k |(1+0(9)),

Fy = —i(20) k| (1 + 0(9)) ,

Fy = ik, |(1+ O(6)) , (C.9)
Fo = —v k| (F 14 vw + O(6)),

Fr = [y (w + O(9)) .

Fs = i(2v) k| (1 + 0(9)) ,

Fy = £i(20) 7 (F1+ 20w + O(9)) .
Above, the first (second) alternative refers to k, — 400 (k, — —o0). Two
comments are in order. First, the shared multiplicative factors (X — X_) and
(f £ w) do not contribute meaningful zeros to g. This is doubly true: On the
one hand, they are shared with the numerator g(k,, —k,+) of S and could thus
be simplified in the spirit of (6.43); on the other hand, X # X_ for all w # 0,
and w = Ff corresponds to the identically zero edge state. Second, including
the k, prefactors, the leading order of (C.5) in k, is O(k2). That is what we
shall retain next, while specializing to families DD, ND, NN and searching
zeros at |ky;| — oo.

Specializing to family DD. Here a; = as = 0, cf. Lemma4.4. Equa-

tion (C.5) reduces to

The only meaningful solution of g = 0 is given by Fy = 0, namely
1
a =+— 5 11
Wa,x 2v (C.11)

cf. (C.9). No solution with w — 0, 00 is possible. Equation (C.11) had already
appeared in [2].
Specializing to family ND. Here as = aay for some a € C, cf. Lemma 4.4,
and by Eq. (4.46)
(CLIQ + kxbz) = —5[((1/1 + kxbl) + 1(/\, + kx)\)al . (012)

Eq. (C.5) now becomes

g = a1 A(d, + kobr) (F3 —iwEy — aFs + waFs + ivaFr — ivlal>Fy — ikz)\Fg) :
(C.13)

having discarded subleading terms in k,. Inserting the leading orders of Fj (j =

1,...,9), cf. (C.8, C.9), we get

g = a1 A (@) +keby) (X =X ) (f4w)(2v) kg (1/(1+|a|2)—)\—4y2a1wi21/)\w)
(C.14)
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for k, — too. If |w| — oo, the constant terms in the big bracket are irrelevant,
and the only zero of g is obtained by setting the coefficient of w to zero, namely

AF 2var =0. (C.15)

This equation defines a surface of codimension 1 in the parameter space of
boundary conditions, which is of measure zero w.r.t. measures of Lebesgue
class, as claimed.

Similarly, if w — 0, we find zeros of g for

A—v(l+a?)=0. (C.16)

By contrast, generic zeros are found for w = O(1) — wa + at k; — %00, and
read

A—v(1+]|af?)
ot = F—————— = C.17
Wa,t 2v(\ F 2vag) ( )
as claimed. The particle-hole symmetric subfamily of ND is characterized by
ay = 0, cf. Proposition 4.6. Notice how, in that case, w, + = —w,,—, in agree-

ment with the spectral symmetry (k,,w) < (—k,, —w) induced by PHS.
Specializing to family NN. This time

(@) + kb)) = (1 + kpp)ar +1(N] + kg A1)az,

C.18
(Cllg + k‘xbg) = —(ﬂ/ + k‘xﬂ)ag -+ 1(/\/2 + kx/\g)al R ( )
and, upon discarding subleading terms, Eq. (C.5) goes to
g = (a1 A\ (LQ)(iI/Fl + I/2F2 + kx (1)\1(F3 — il/F4) - ﬂ(Fg, - il/Fﬁ)
(C.19)

—ivuFy + V)\QFS) + ki(/\l)\g - ‘M|2)Fg) .

We now employ the expansions of F; at k, — -+oo only. The result for k, —
—o0 is deduced by symmetry. Those expansions and some algebra lead to

g =(a1 A a2)(Xs = X)(f +w)@0) k2 (= 12+ v(h + Ao) + |uf?
(C.20)
— A Ay + 21/(,«)(—1/2 —2vuR + A Ay — |,u|2)) R

whose only generic zeros are for asymptotically flat states w = O(1) in k.,

with asymptote

N |M|2 — l/2 + V(/\l + )\2) — )\1/\2
Av?pp +2v(|pf? + 12 = A2)

at k, — +o0o. The |w| — 00,0 cases are again exceptional, and realized when

— V2 —2upp+MA — [uP =0 «— A?=T_ (C.22)

Wa, + (021)

or
VP v+ ) F =AM =0 — AZ=¢, (C.23)
respectively.

If ug = 0, we sit in the particle-hole symmetric subfamily, and thus
Wo,—|pr=0 = —wo,+|ur=0. Since the symmetry is broken by the term in ug,



Vol. 27 (2026) Boundary Conditions and Violations of Bulk-Edge 525

the latter must appear with the same global sign in the two asymptotic regimes.
All in all, we deduce

w _ |M|2—V2+V(/\1+/\2)—)\1)\2
ST —d2pp 202+ v — A de)

(C.24)

and thus
i |/L|2 — 1/2 + V()\l + )\2) — )\1)\2

 42pp £ 20(|p)? + 2 — M)
which is one of the claims. The zero for |w| — oo at k, — —oo is moreover
read by setting the denominator of (C.24) to zero,

(C.25)

Wa, +

— V4 wpup Mo — [uP=0 «— A =T, (C.26)
whereas the case |w| — 0 is left unchanged by k, < —k, exchange. This
completes the proof. O
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