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1. Introduction

In four-body scattering with two protons
and two neutrons, two- and three-body thresh-
old structures significantly influence the sys-
tem. Universal properties emerge when the
effective range of two-body interaction is much
smaller than the system length scale. While
tuning two-body scattering length is possi-
ble in cold-atom experiments, it’s challeng-
ing in nuclear systems. This study examines
the impact of varying the two-body scattering
length and adjusting the three-nucleon inter-
action (TNI), with potential implications for
optimizing nuclear fusion rates and improving
reaction yields.

2. Theory

The leading-order interaction Hamiltonian
in effective field theory for few-body atomic
and nuclear systems can be expressed as:
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where T} is the one-particle kinetic energy,
V5, is the two-body potential, and V3 is the
three-body potential. The parameter A distin-
guishes between various potential forms, all of
which yield a two-body system near unitarity.
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For numerical methods, interactions are:

Vo = (e Ml (2)

Vi = d()\)e*A(\ﬂ'*?‘j|2+\Tﬁﬂc|2)7 (3)
with X\ as a cutoff. The scattering length a is
large compared to the interaction range r ~
A~L. The system approaches unitarity by ad-
justing two-body binding energies By(2) — 0.

3. Results and Discussions

Using a regularized 3-parameter contact in-
teraction with variational methods, we study
observables from the multi-channel scattering
matrix as functions of (i) the cutoff A, (ii)
bound trimer energies B,,(3), and (iii) dimer
binding energy By(2).

The observables show minimal dependence
on \ within 6 fm~2 < X\ < 10 fm 2. In scenar-
ios (2) and (3), both dimer-dimer (aég)) and
(1)

trimer-atom (a5’ ) scattering lengths are mod-

erate, while in scenario (1), the large aég) may
indicate an isolated pole, consistent with the
universal ratio found in [1], despite expected
deviations in non-unitary cases.

In scenario (2), with weaker TNI than (1),

both aég) and aéll) decrease until scenario (4)
is reached, where they diverge, and their ra-
tio ¢ = 2. Further attraction only causes di-
vergence when a third trimer bound state ap-
pears, returning to scenario (1). The number
of 3-body bound states does not impact the
scattering matrix, preserving discrete scale in-
variance.
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FIG. 1: Dependence of 4-body thresholds on the
2-body scattering length a. For a = 10 fm
(vertical red line), the gap between dimer-dimer
(DD, black) and dimer-atom-atom (DAA, gray)
is & 0.5 MeV. Four scenarios are shown: (1) a 2™
excited state at DAA with a 1°* excited state at
~ —4.5 MeV (green); (2) the 1** excited trimer
between DAA and DD (orange); (3) the trimer
below DD (orange); (4) the trimer at DD. Sce-
narios (1) and (4) show a diverging trimer-atom
scattering length correlated with an isolated 4-
body pole (black dotted), while (2) does not, in-

dicating a larger gap to the T1(2)A threshold.

For reactions, the cross section o;_, ¢(E) is
given by:
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where transition cross sections in scenarios (2)
and (3) are significantly smaller than elastic
cross sections. In scenario (4), where ¢ ~ 2+¢
with € < 1, the transition cross section can
approach the elastic cross section right before
the new channel opens. This symmetric be-
havior contrasts with findings in [2], possibly
due to differences in 3-body parameters affect-
ing trimer energy in the unitary limit.
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TABLE I: Cutoff dependence (in fm~?) of dimer-
dimer (aég)) and trimer-atom (aéll)) scattering
lengths (both in fm) for a range of Bi(3) renor-

malization conditions ((x)).

A Bi(3) Bo(3) Bo(4) aly aly
120 280  84.6 21.0(20) -19.0(20)
132 388 1206 19.0(15) -3.7(6)

g 130 630 2114 165(15) 3.9(11)
1.92 1192 516.7  4.5(5) -0.8(16)
596 8352 6457.8 7.1(2) -8.9(15)
9.00 1196.6 9132.44 4.5(2) -12(16)
120 27 84.8 21.6(19) -19.7(27)
1.30 388 1214 20.5(11) 2.1(11)

g 130 634 2098 153(17) 4.6(9)
1.92 237 4732 25(5) -0.3(17)
6.08 928. 7139.6 6.9(2) -9.4(11)
8.98 1366.0 10488.6 3.8(2) -10.1(18)
122 288  90.6 21.5(25) -21.0(30)

1o 130 376 1200 208(17) -11(14)
6.22 1011.6 7952.4 6.8 (2)  -9.4(9)
9.04 1510.0 11670.6 3.3(3) -10(15)
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FIG. 2: Reaction (04d—ta, solid) and elastic
(dd — dd (dotted), ta — ta (dashed)) cross sec-
tions for trimer binding energies below (B1(3) <
2 Bo(2), left), at (B1(3) =~ 2 Bo(2), middle), and
above (B1(3) > 2 By(2), right) the dimer-dimer
threshold. Results are for cutoffs A = 6 (red), 8
(green), and 10 (blue) with Bo(2) = 0.5 MeV. En-
ergy F is relative to the lowest threshold.
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