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Abstract. Quantum fluctuation expression of the baryon number for a subsystem consisting
of hot relativistic spin- 1

2
particles are derived. These fluctuations seems to diverge in the limit

where system size goes to zero. For a broad range of thermodynamic parameters numerical
solutions are obtained which might be helpful to interpret the heavy-ion experimental data.

1. Introduction
For many-body systems, fluctuations seems to have significant role as they provide important
information about phase transition, dissipative phenomena, and clustering [1, 2, 3, 4, 5, 6]. In
our recent papers [7, 8], we studied the quantum effects and fluctuations of energy density in
a hot gas of bosons and fermions. We find the increase in fluctuations for small systems. An
interesting fact [7, 8] of our recent results is that even though fluctuations seem to diverge for
the system going to zero size, still the fluctuations agrees with the thermodynamic limit when
we sufficiently increase the system’s size.

This article is based on the work [9], where we studied the baryon number density fluctuations
for a subsystem containing spin-12 particles. Current results might be important to study the
QCD phase diagram and search for critical point and phenomena [10, 11, 12, 13, 14, 15, 16, 17,
18, 19]. Following our previous works [7, 8, 9], here we assume the fluctuation of the baryon
number density in a small system Sa of the larger thermodynamic system SV (with volume
V ), which is represented by the Grand Canonical Ensemble (GCE) and characterized by the
parameters T (Temperature or β (T−1)) and µ (Baryon Chemical Potential).

We derive the expression for the quantum fluctuations of the baryon number density operator
for a hot and relativistic gas of fermions and apply this result to situations to get interesting
physical insights about relativistic heavy-ion collisions. Throughout the article we assume
the metric tensor with the signature (+1,−1,−1,−1). Three-vectors are denoted in bold
font and a dot is used to represent the scalar product of both four and three-vectors, i.e.,
aµbµ = a · b = a0b0 − a · b.

2. Basic definitions
Spin-12 particles are represented by Dirac field operator which is given as [20]

ψ(t,x) =
∑

r

∫
dK√
2ωk

(
Ur (k)ar(k)e−ik·x + Vr (k)b†r(k)eik·x

)
, (1)

where dK ≡ d3k/(2π)3, while ar(k) and b†r(k) represent the annihilation and creation operators
for particles and antiparticles, respectively, whereas r denotes the polarization degree of



HEP 2021
Journal of Physics: Conference Series 2105 (2021) 012006

IOP Publishing
doi:10.1088/1742-6596/2105/1/012006

2

freedom. Operators ar(k) and b†r(k) satisfy the following canonical anticommutation rules,

{ar(k), a†s(k′)} = (2π)3δrsδ
(3)(k − k′) and {br(k), b†s(k′)} = (2π)3δrsδ

(3)(k − k′). Ur (k) and

Vr (k) are called Dirac spinors which have normalization Ūr (k)Us (k) = 2mδrs and V̄r (k)Vs (k) =
−2mδrs, and ωk =

√
k2 +m2 is the particle’s energy.

To calculate thermal averaging of quantum operators we need to evaluate the thermal
expectation values of the products of two and four creation and/or annihilation operators (for
both particles and antiparticles) [21, 22, 23]

〈a†r(k)as(k
′)〉 = (2π)3δrsδ

(3)(k − k′)f(ωk), (2)

〈a†r(k)a†s(k
′)ar′(p)as′(p

′)〉 = (2π)6
(
δrs′δr′sδ

(3)(k − p′) δ(3)(k′ − p)

− δrr′δss′δ(3)(k − p) δ(3)(k′ − p′)
)
f(ωk)f(ωk′). (3)

where f(ωk) = 1/(exp(β(ωk − µ)) + 1) is the distribution function for particles and similarly,
f̄(ωk) = 1/(exp(β(ωk + µ)) + 1) for antiparticles.

We define baryon number density [24] operator Ĵ0
a associated with the conserved baryon

current in a subsystem Sa as

Ĵ0
a =

1

(a
√
π)3

∫
d3x Ĵ0(x) exp

(
−x2

a2

)
, (4)

where Ĵ0 = ψ†ψ, and we use a smooth Gaussian profile with a length scale a placed at the
origin of the coordinate system in order to avoid sharp-boundary effects. Following expression
for variance is used to calculate the fluctuation for baryon number of the subsystem Sa

σ2(a,m, T, µ) = 〈: Ĵ0
a :: Ĵ0

a :〉 − 〈: Ĵ0
a :〉2 (5)

and the normalized standard deviation is expressed as

σn(a,m, T, µ) =
(〈: Ĵ0

a :: Ĵ0
a :〉 − 〈: Ĵ0

a :〉2)1/2

〈: Ĵ0
a :〉

. (6)

where 〈: Ĵ0
a :〉 is the thermal expectation value of the normal ordered operator : Ĵ0

a :, we use
procedure of normal ordering in order to remove an infinite vacuum part which usually comes
from zero-point energy contributions.

3. Quantum fluctuation expression
Using Equation (2), the thermal expectation value of : Ĵ0

a : is given as the following which agrees
with the kinetic theory definition

〈: Ĵ0
a :〉 = 2

∫
dK
[
f(ωk)− f̄(ωk)

]
. (7)

here, factor 2 accounts for degeneracy in spin.
Again using Equation (3) we obtain the variance to determine the fluctuation for the baryon

number in the subsystem Sa

σ2(a,m, T, µ) =

∫
dK

ωk

dK ′

ωk′
(ωkωk′ + k · k′ +m2)e−

a2

2
(k−k′)2×

[
f(ωk) (1− f(ωk′)) + f̄(ωk)(1− f̄(ωk′))

]

−
∫
dK

ωk

dK ′

ωk′
(ωkωk′ + k · k′ −m2)e−

a2

2
(k+k′)2×

[
f(ωk)(1− f̄(ωk′)) + f̄(ωk)(1− f(ωk′))

]
. (8)
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Figure. 1 – Variation of normalized fluctuation σn in the subsystem Sa with the scale a (Top left)
for different values of the temperature T with fixed particle mass m and baryon chemical potential
µ. (Top right) for different values of the baryon chemical potential µ with fixed particle mass m and
temperature T . (Bottom) for different values of the particle mass with fixed temperature T and baryon
chemical potential µ.

In Equation (8), which by the way is our main result, we discard the divergent temperature
and baryon chemical potential independent vacuum term [7, 8, 9]. Since the spin and particle-
antiparticle degrees of freedom are already included in above expression, therefore to take into
account the degeneracy factors (g) due to other internal degrees of freedom, we need to do the

following substitutions: 〈: Ĵ0
a :〉 → g〈: Ĵ0

a :〉 and σ2 → gσ2 [7, 8, 9].

4. Thermodynamic limit
Since Sa is a subsystem of the the larger thermodynamic system SV , the thermodynamic limit
can be obtained by by considering the a→∞ limit, in this limit, our quantum fluctuation reduces
to the formula similar to the classical statistical fluctuation. Hence to get the thermodynamic
limit we need to study the susceptibilities which describe the fluctuations in the baryon number
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obtained for thermo-chemical equilibrium [25]

χ
(B)
l =

∂l(P/T 4)

∂(µ/T )l

∣∣∣∣
T

. (9)

where P represents the thermodynamic pressure. Susceptibilities can also be represented by the
cumulants of the baryon distribution with nB ≡ NB/V being the net baryon number density,
as,

χ
(B)
1 =

1

V T 3
〈NB〉 =

1

T 3

〈NB〉
V

=
nB
T 3

,

χ
(B)
2 =

1

V T 3
〈(4NB)2〉 =

1

V T 3
〈(NB − 〈NB〉)2〉 =

V

T 3
〈(nB − 〈nB〉)2〉. (10)

The second order susceptibility χ
(B)
2 can again be evaluated by taking the derivative of the

thermodynamic pressure using Eq. (9), where at finite temperature and baryon chemical
potential, the thermodynamic pressure is given as [25]

P

T 4
=

2g

T 3

∫
dK

[
ln

(
1 + exp

(
−ωk − µ

T

))
+ ln

(
1 + exp

(
−ωk + µ

T

))]
. (11)

By making use of Eqs. (9) and (11) we can easily come to the following expressions

χ
(B)
1 =

∂(P/T 4)

∂(µ/T )

∣∣∣∣
T

=
2g

T 3

∫
dK
[
f(ωk)− f̄(ωk)

]
=
nB
T 3

(12)

and,

χ
(B)
2 =

∂2(P/T 4)

∂(µ/T )2

∣∣∣∣
T

=
2g

T 3

∫
dK
[
f(ωk)(1− f(ωk)) + f̄(ωk)(1− f̄(ωk))

]
. (13)

Hence, we arrive at

T 3χ
(B)
2 = V 〈(nB − 〈nB〉)2〉 = 2g

∫
dK
[
f(ωk)(1− f(ωk)) + f̄(ωk)(1− f̄(ωk))

]
. (14)

For the case of large volume limit, Eq. (8) should reproduce to Eq. (14), which can be seen by
using the following Gaussian representation of the 3D Dirac delta function

δ(3)(k − k′) = lim
a→∞

a3

(2π)3/2
e−

a2

2
(k−k′)2 . (15)

which leads to

lim
a→∞

a3(2π)3/2
[
〈: Ĵ0

a :: Ĵ0
a :〉 − 〈: Ĵ0

a :〉2
]

= 2

∫
dK
[
f(ωk)(1− f(ωk)) + f̄(ωk)(1− f̄(ωk))

]
,

(16)

Thus,

lim
a→∞

Va

[
〈: Ĵ0

a :: Ĵ0
a :〉 − 〈: Ĵ0

a :〉2
]

= T 3χ
(B)
2 , (17)

where Va = a3(2π)3/2 can be called the volume of the “Gaussian” subsystem Sa.
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Figure. 2 – Variation of normalized fluctuation Vaσ
2/(T 3χ

(B)
2 ) (Top left) for different values of

temperature (T ) with fixed baryon chemical potential (µ) and particle mass (m). (Top right) for
different values of baryon chemical potential (µ) with fixed temperature (T ) and particle mass (m).
(Bottom) for different values of particle mass (m) with fixed temperature (T ) and baryon chemical
potential (µ).

5. Numerical results
Our main finding is given by Eq. (8) which describe fluctuations of the baryon number density.
Using simple numerical integration and for a broad range of thermodynamic parameters (0.1
GeV ≤ T ≤ 0.25 GeV, 0.5 GeV ≤ µ ≤ 1.0 GeV and 0.0 ≤ m ≤ 1.0 GeV), we can get results for
any subsystem size a. Figs. (1) show the variation of the normalized fluctuation σn with respect
to subsystem size a on the x-axis for different values of temperature, baryon chemical potential
and particle mass, respectively, with the internal degeneracy factor to be g = 10.

From Figs. (1), we saw that the normalized fluctuation σn decreases with the increase in the
subsystem size Sa, but for small system size, the fluctuation increases drastically, which is due
to the quantum mechanical behavior. These plots indicate that σn decreases with the increase
in temperature and baryon chemical potential, and increases with the increase in the particle
mass.
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Vaσ
2/(T 3χ

(B)
2 ) should approach one in the a → ∞ limit (i.e., thermodynamic limit) as can

be easily seen from Eq. (17), which is demonstrated by Figs. (2), again plotted for broad range
of values of temperature, baryon chemical potential and mass of the particle, respectively.

6. Conclusion
In this paper, we have presented the quantum fluctuations in baryon number in subsystems of
a hot and dense relativistic gas of spin-12 particles. Even though our results seem to diverge for
the system going to zero size, they still agree with the results known from statistical physics
for the system going to sufficiently large size a. The numerical findings obtained here might be
useful to interpret the heavy-ion experimental data differently and give new information.

Acknowledgments
I am very thankful to A. Das, W. Florkowski, and R. Ryblewski for their fruitful collaboration.
This research was supported in part by the Polish National Science Centre Grants No.
2016/23/B/ST2/00717 and No. 2018/30/E/ST2/00432, and IFJ PAN.

References
[1] Smoluchowski M 1911 Bulletin international de l’Académie des sciences de Cracovie 493–502
[2] Jeon S and Koch V 2000 Phys. Rev. Lett. 85(10) 2076–2079
[3] Huang K 1987 Statistical Mechanics 2nd ed (Wiley New York) ISBN 0471815187
[4] Kubo R 1966 Rep. Prog. Phys. 29 255
[5] Lifshitz E and Khalatnikov I 1963 Adv. Phys. 12 185–249
[6] Guth A H and Pi S Y 1982 Phys. Rev. Lett. 49(15) 1110–1113
[7] Das A, Florkowski W, Ryblewski R and Singh R 2020 (Preprint 2012.05662)
[8] Das A, Florkowski W, Ryblewski R and Singh R 2021 Phys. Rev. D 103 L091502 (Preprint 2103.01013)
[9] Das A, Florkowski W, Ryblewski R and Singh R 2021 (Preprint 2105.02125)

[10] Berges J and Rajagopal K 1999 Nucl. Phys. B 538 215–232 (Preprint hep-ph/9804233)
[11] Halasz A M, Jackson A D, Shrock R E, Stephanov M A and Verbaarschot J J M 1998 Phys. Rev. D 58

096007 (Preprint hep-ph/9804290)
[12] Stephanov M A, Rajagopal K and Shuryak E V 1998 Phys. Rev. Lett. 81 4816–4819 (Preprint hep-ph/

9806219)
[13] Stephanov M A, Rajagopal K and Shuryak E V 1999 Phys. Rev. D 60 114028 (Preprint hep-ph/9903292)
[14] Hatta Y and Ikeda T 2003 Phys. Rev. D 67 014028 (Preprint hep-ph/0210284)
[15] Son D T and Stephanov M A 2004 Phys. Rev. D 70 056001 (Preprint hep-ph/0401052)
[16] Stephanov M 2009 Phys. Rev. Lett. 102 032301 (Preprint 0809.3450)
[17] Berdnikov B and Rajagopal K 2000 Phys. Rev. D 61 105017 (Preprint hep-ph/9912274)
[18] Caron-Huot S, Chesler P M and Teaney D 2011 Phys. Rev. D 84 026012 (Preprint 1102.1073)
[19] Kitazawa M, Asakawa M and Ono H 2014 Phys. Lett. B 728 386–392 (Preprint 1307.2978)
[20] Tinti L and Florkowski W 2020 (Preprint 2007.04029)
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