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Abstract: In highly charged ions, significant nuclear hyperfine mixing (NHM) effects can
arise when the electromagnetic field generated by the electrons interacts strongly with
the nucleus, leading to mixing of nuclear states. While previous studies have primarily
attributed the NHM effect to unpaired valence electrons, we present a reformulation of the
theoretical framework using dressed hyperfine states and investigate the NHM effect in
205Pb76+, 205Pb75+, 205Pb74+, and 205Pb73+ ions. Our numerical results show that significant
NHM effects occurred in all of the studied ions, even in the absence of unpaired valence
electrons in 205Pb76+ and 205Pb74+. We found that the lifetime of the isomeric state was
reduced by 2–4 orders of magnitude compared with the bare 205Pb nucleus, depending
on the charge state of the ion. These results indicate that it is the active valence electrons
rather than unpaired electrons which play a key role in the NHM effect, thereby deepening
our understanding of this phenomenon.

Keywords: nuclear hyperfine mixing; highly charged ions; atomic structure and spectroscopy

1. Introduction

Highly charged ions play a fundamental role in the development of atomic structure
theory [1], tests on quantum electrodynamics [2–4], and astrophysical diagnostics [5],
among other applications. In these ions, pronounced nuclear hyperfine mixing (NHM)
effects can occur [6]. Initially referred to as nuclear spin mixing in hyperfine fields, this
phenomenon arises when the electrons generate a strong electromagnetic field near the
nucleus, leading to mixing of nuclear states [6–8]. A similar phenomenon can also occur
in muonic atoms, and it is known as a dynamic hyperfine structure, which has been
experimentally observed (see, for example, [9–11] and the references therein). In contrast,
the NHM effect in ordinary atoms has not yet been measured. The NHM effect can
significantly alter the radiative lifetime of nuclear isomeric states, providing a unique
means of actively controlling the nuclear properties [12–18].

The 229Th nucleus is particularly notable due to its exceptionally low-lying isomeric
state of energy near 8.4 eV [19–21]. This makes the NHM effect especially significant [8],
particularly in the hydrogen-like ion (229Th89+), where the lifetime of the isomeric state
is reduced by five orders of magnitude compared with the bare nucleus [12,14,15]. Typ-
ical isomeric energies, however, range from 1 keV to 1 MeV, and it has generally been
conjectured that the NHM effect is negligible in nuclei other than 229Th [7,8]. As a result,
research on the NHM effect has been largely limited to highly charged 229Th ions over the
past three decades [8,12–16]. Recent developments in the general theory of NHM have
nevertheless revealed that this effect is also significant in 205Pb [17], which has a 2.329-keV
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isomeric state [22]. For the boron-like ion (205Pb77+), the lifetime of the isomeric state is
reduced by four orders of magnitude [17]. Moreover, it is commonly believed that unpaired
valence electrons play a crucial role in the NHM effect [8]. Consequently, research on the
NHM effect has predominantly focused on hydrogen-like, lithium-like, and boron-like
ions [8,12–18].

In this work, we investigate the NHM effect in 205Pb76+, 205Pb75+, 205Pb74+, and
205Pb73+ ions. We reformulate the theoretical framework of the NHM effect by employing
dressed hyperfine states [23], which provide clarity to the discussion. Using the GRASP2018
package [24], we calculate the partial low-lying electronic energy levels of these ions.
Although the 205Pb76+ and 205Pb74+ ions lack unpaired valence electrons, our numerical
results reveal that significant NHM effects are still present. Compared with the bare
nucleus, the lifetime of the isomeric state is reduced by more than two orders of magnitude
in 205Pb76+, by over four orders of magnitude in 205Pb75+, and by over three orders of
magnitude in 205Pb74+ and 205Pb73+.

2. General Theory of NHM

2.1. Dressed Hyperfine State

For the combined system of the electrons and the nucleus, the Hamiltonian is given by

H = He + Hn + Hen, (1)

where He and Hn represent the Hamiltonian of the electrons and the nucleus, respectively.
Hen is the hyperfine interaction, which can be expressed by [25]

Hen = ∑
τK

M(τK) · T(τK), (2)

where M(τK) denotes the spherical tensor operator of rank K (K ≥ 1) for the nucleus, with
its explicit expression provided in [25], and T(τK) represents the spherical tensor operators
of rank K for the electrons. Here, τ = E or M specifies whether these tensor operators are
of the electric or magnetic type. The explicit form of T(τK) is given as follows:

T(EK) =
∫

ρe(r)

rK+1 C(K)(θ, φ)dτ,

T(MK) =
i

cK

∫

je(r) · L[C(K)(θ, φ)]

rK+1 dτ,

(3)

where ρe(r) and je(r) are the electronic charge density and current density operators,
respectively. L = −ir × ∇ is the orbital angular momentum operator, and C(K) is a
spherical tensor whose components are defined by the spherical harmonics YKq as follows:

C
(K)
q =

√

4π

2K + 1
YKq, q = −K,−K + 1, · · · , K − 1, K. (4)

In the absence of the hyperfine interaction, the electron-nucleus system can be de-
scribed by a product state |IMI〉

∣

∣γJMJ

〉

, where |IMI〉 represents the nuclear state with
nuclear spin I and

∣

∣γJMJ

〉

is the electronic state with electronic angular momentum J.
Here, MI and MJ are magnetic quantum numbers of the nuclear and electronic states,
respectively, while γ encompasses all other electronic quantum numbers. When the hy-
perfine interaction is included, I and J are no longer good quantum numbers. Yet, the
total angular momentum F, formed by coupling I and J, remains a good quantum number.
Consequently, the electron-nucleus system is no longer described by the product state but
by the dressed hyperfine state, which is an entangled state between the electrons and the
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nucleus. The dressed hyperfine state has been used to describe the hyperfine electronic
bridge process and serves as a key tool in the development of the quantum-optical model
involving this process [23].

The dressed hyperfine state can be expanded by employing the hyperfine coupled
basis [26]

|IγJ; FMF〉 = ∑
MI MJ

〈

IMI JMJ |FMF

〉

|IMI〉
∣

∣γJMJ

〉

, (5)

where MF is the total magnetic quantum number and
〈

IMI JMJ |FMF

〉

is the Clebsch–
Gordan coefficient. We denote the dressed hyperfine state with a leading term |IγJ; FMF〉

as |[IγJ]FMF〉. Based on perturbation theory, this state can be written as follows:

|[IγJ]FMF〉 = |IγJ; FMF〉+
nh

∑
t=1

bt|Itγt Jt; FMF〉, (6)

where nh denotes the number of the hyperfine coupled basis |Itγt Jt; FMF〉 and bt is the
mixing coefficient between the states |IγJ; FMF〉 and |Itγt Jt; FMF〉. Here, |Itγt Jt; FMF〉

is a hyperfine coupled basis which differs from |IγJ; FMF〉. In the above equation, the
summation over different nuclear states gives rise to the NHM effect. Using Equation (2),
bt is calculated to be

bt = ∑
τK

(−1)I+Jt+F

E − Et

{

It Jt F

J I K

}

〈

It

∣

∣

∣

∣M(τK)
∣

∣

∣

∣I
〉〈

γt Jt

∣

∣

∣

∣T(τK)
∣

∣

∣

∣γJ
〉

, (7)

where E and Et represent the energies of the hyperfine coupled bases |IγJ; FMF〉 and
|Itγt Jt; FMF〉, respectively. The summation involving It in Equation (6) can be restricted to
the nuclear ground state Ig and the isomeric state Ie if there are large energy gaps between
these states and higher-lying nuclear states. For instance, in the case of 205Pb, the energy of
the isomeric state (first excited state) is 2.329 keV, while the energy of the second excited
state lies at 262.8 keV [22].

2.2. Nuclear Transition via NHM

Consider a process in which the combined electronic and nuclear system interacts
with a radiation field. Initially, the system is in the isomeric state

∣

∣[Ieγg Jg]Fe MFe

〉

. Through
the emission of a photon with energy equal to the nuclear excitation energy ω, the system
transitions to the nuclear ground state |[Igγg Jg]Fg MFg〉. Here, Fg (Fe) represents the total an-
gular momentum of the nuclear ground (isomeric) state, while Jg and γg denote the angular
momentum and all other quantum numbers of the electronic ground state, respectively.

By applying multipole expansion of the radiation field (see, for example, [27]), the
nuclear transition rate of type order τL (L ≥ 1 is an integer) for the above process is
calculated as follows:

Γ =
2(2L + 1)

[(2L + 1)!!]2

(

ω

c

)2L+1
L + 1

L ∑
q

∣

∣

〈

[Igγg Jg]Fg MFg

∣

∣O
(τL)
q +M

(τL)
q

∣

∣[Ieγg Jg]Fe MFe

〉∣

∣

2
, (8)

where c denotes the light speed, M(τL)
q is the component of the nuclear transition operator

M(τL), and O(τL) is the multipole transition operator of the electron:

O(EL) =
1

ω(L + 1)

∫

je(r) · ∇ × L[rLC(L)(θ, φ)]dτ,

O(ML) =
−i

c(L + 1)

∫

je(r) · LC(L)(θ, φ)rLdτ.
(9)
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Here, C(L)(θ, φ) is a spherical tensor as given in Equation (4).
By substituting the expansions of states

∣

∣[Ieγg Jg]Fe MFe

〉

and |[Igγg Jg]Fg MFg〉 [given by
Equation (6)] into Equation (8), averaging over the initial state, summing over the final state,
and using the Wigner–Eckart theorem, the nuclear transition rate Γ can be simplified to

Γ = 2
(2L + 1)(2Fg + 1)

[(2L + 1)!!]2

(

ω

c

)2L+1
L + 1

L

∣

∣

〈

[Igγg Jg]Fg

∣

∣

∣

∣O(τL) +M(τL)
∣

∣

∣

∣[Ieγg Jg]Fe

〉∣

∣

2
, (10)

where the nuclear reduced matrix element
〈

[Igγg Jg]Fg

∣

∣

∣

∣M(τL)
∣

∣

∣

∣[Ieγg Jg]Fe

〉

and the elec-
tronic reduced matrix element

〈

[Igγg Jg]Fg

∣

∣

∣

∣O(τL)
∣

∣

∣

∣[Ieγg Jg]Fe

〉

are given by

〈

[Igγg Jg]Fg

∣

∣

∣

∣M(τL)
∣

∣

∣

∣[Ieγg Jg]Fe

〉

=

{

Ig Ie L

Fe Fg Jg

}

〈

Ig

∣

∣

∣

∣M(τL)
∣

∣

∣

∣Ie

〉

,

〈

[Igγg Jg]Fg

∣

∣

∣

∣O(τL)
∣

∣

∣

∣[Ieγg Jg]Fe

〉

=∑
t

[

be,t

{

Jg Jt L

Fe Fg Ig

}

〈

γg Jg

∣

∣

∣

∣O(τL)
∣

∣

∣

∣γt Jt

〉

+ b∗g,t

{

Jt Jg L

Fe Fg Ie

}

〈

γt Jt

∣

∣

∣

∣O(τL)
∣

∣

∣

∣γg Jg

〉

× (−1)Jt−Jg+Ie−Ig

]

.

(11)

Here, be,t and bg,t are the mixing coefficients in the dressed hyperfine states
∣

∣[Ieγg Jg]Fe MFe

〉

and |[Igγg Jg]Fg MFg〉, respectively. The matrix element
〈

[Igγg Jg]Fg

∣

∣

∣

∣M(τL)
∣

∣

∣

∣[Ieγg Jg]Fe

〉

corresponds to direct nuclear transition, which is independent of the electronic transitions.
The matrix element

〈

[Igγg Jg]Fg

∣

∣

∣

∣O(τL)
∣

∣

∣

∣[Ieγg Jg]Fe

〉

describes the nuclear transition induced
by the NHM effect, which depends on the electronic transitions. It should be emphasized
that Equation (10) is a general expression including different types of nuclear transitions
and mixing coefficients. In contrast, previous works only considered the mixing coefficients
corresponding to the electronic ground state [7,8,12–15].

The 205Pb nucleus has an isomeric state with an energy of 2.329 keV. The spin parity
values of the ground and isomeric states are 5/2− and 1/2−, respectively. According to
angular momentum selection rules, the decay of the isomer in the bare nucleus is dominated
by the electric quadrupole (E2) transition, while the magnetic dipole (M1) transition is
forbidden. The radiative half-life T1/2 of the isomer in the bare nucleus is approximately
15 min, whereas the nonradiative half-life due to internal conversion is roughly 24.2 µs [22].
For the highly charged 205Pb ions under consideration, the internal conversion channel is
energetically closed, leaving only the radiative decay channel open. The nuclear reduced
matrix element

〈

Ig

∣

∣

∣

∣M(τL)
∣

∣

∣

∣Ie

〉

is related to the reduced nuclear transition probability by

B(τL, e → g) =
2L + 1

4π(2Ie + 1)

∣

∣

〈

Ig

∣

∣

∣

∣M(τL)
∣

∣

∣

∣Ie

〉∣

∣

2
. (12)

In the following calculations, the value of B(E2, e → g) is taken to be 0.127 W.u. [22].

3. Results and Discussions

3.1. Energy Levels and Hyperfine Structure of 205Pb76+, 205Pb75+, 205Pb74+, and 205Pb73+ Ions

The electronic ground state configurations of the 205Pb76+, 205Pb75+, 205Pb74+, and
205Pb73+ ions are 1s22s22p2 3P0, 1s22s22p3 2P3/2, 1s22s22p4 3P2, and 1s22s22p5 2P3/2, respec-
tively. The partial low-lying energy levels of these ions are presented in Table 1, which
includes only the electronic excited states associated with the configuration 1s22s22pn,
where n = 2, 3, 4, 5. It can be found that for all considered ions, there exist electronic states
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with energies close to the isomeric energy of the 205Pb nucleus. These states facilitate
mixing between the nuclear ground state and the isomeric state.

The calculation of the electronic levels listed in Table 1 was performed by using
the GRASP2018 package, which is based on a fully relativistic multiconfiguration Dirac–
Hartree–Fock method [24]. This package is specifically designed for medium-to-heavy
atomic systems and includes subprograms to calculate the relativistic wave functions,
energy levels, hyperfine structures, and other atomic properties. In our calculation, the
precision of these levels was systematically improved by applying an active set method
and layer-by-layer calculations.

Table 1. Partial low-lying energy levels of the 205Pb76+, 205Pb75+, 205Pb74+, and 205Pb73+ ions. For
each ion, only the states with the ground-state configuration are presented.

Ions Configuration Angular Momentum J Energy (eV)

205Pb76+ 2p2 0 0
2p2 1 2288
2p2 2 2306
2p2 2 4627
2p2 0 4701

205Pb75+ 2p3 3/2 0
2p3 3/2 2256
2p3 5/2 2279
2p3 1/2 2342
2p3 3/2 4605

205Pb74+ 2p4 2 0
2p4 0 71.34
2p4 1 2265
2p4 2 2283
2p4 0 4582

205Pb73+ 2p5 3/2 0
2p5 1/2 2247

For 205Pb76+, the angular momentum of the electronic ground state Jg was zero. As a
result, the nuclear ground and isomeric states did not split into sublevels. The total angular
momenta were equal to the nuclear spins; specifically, Fg = 5/2 and Fe = 1/2. For 205Pb75+,
Jg = 3/2, the nuclear ground and isomeric states split into four levels with Fg = 1, 2, 3, 4
and two levels with Fe = 1, 2, respectively. Similarly, for 205Pb74+, Jg = 2, the nuclear
ground and isomeric states split into five levels with Fg = 1/2, 3/2, 5/2, 7/2, 9/2 and two
levels with Fe = 3/2, 5/2, respectively. Finally, for 205Pb73+, with Jg = 3/2, the nuclear
ground and isomeric states split into four levels with Fg = 1, 2, 3, 4 and two levels with
Fe = 1, 2, respectively.

The energy shifts due to NHM in 205Pb75+, 205Pb74+, and 205Pb73+ were estimated to
be to the order of 0.001–0.01 eV. Given that the nuclear transition energy was 2.329 keV,
the impact of these shifts was negligible, and thus they are not discussed further. In our
calculation, the magnetic and quadrupole moments of the nuclear ground state were taken
to be 0.71 µN and 0.226 eb, respectively [22]. For the isomeric state, there were no available
data for the magnetic and quadrupole moments. Therefore, the isomeric magnetic moment
was estimated using the Schmidt model [28], yielding a value of 0.64 µN . For the isomeric
quadrupole moment, a valued of 1 eb was used to provide a magnitude estimate.
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3.2. Mixing Coefficients in 205Pb76+, 205Pb75+, 205Pb74+, and 205Pb73+ Ions

By means of the dressed hyperfine states, the nuclear ground states of the 205Pb76+,
205Pb75+, 205Pb74+, and 205Pb73+ ions are represented by |[Ig(2pn)Jg]Fg MFg〉, where Jg de-
notes the angular momentum of electronic ground states in these ions. According to the
expression of the mixing coefficients [Equation (7)], only those mixing coefficients corre-
sponding to the hyperfine coupled bases with energies close to that of the hyperfine coupled
basis |Ig(2pn)Jg; Fg MFg〉 are significant. Due to the large energy gaps between the hyperfine
coupled bases |Ig(2pn)Jg; Fg MFg〉 and |Ie(2pn)Jg; Fg MFg〉 as well as |Ie(2pn)Je; Fg MFg〉, the
mixing coefficients for the nuclear ground state |[Ig(2pn)Jg]Fg MFg〉 are negligibly small and
can be effectively approximated to be

|[Ig(2pn)Jg]Fg MFg〉 = |Ig(2pn)Jg; Fg MFg〉 (13)

for n = 2, 3, 4, 5. Here, Je is the angular momentum of the electronic excited state.
Similarly, the isomeric states of the 205Pb76+, 205Pb75+, 205Pb74+, and 205Pb73+ ions

are described by the dressed hyperfine states
∣

∣[Ie(2pn)Jg]Fe MFe

〉

. In 205Pb76+, as shown
in Table 1, the energy of the hyperfine coupled basis

∣

∣Ie(2p2)Jg; Fe MFe

〉

was close to those
of the hyperfine coupled bases

∣

∣Ig(2p2)Je = 1; Fe MFe

〉

and
∣

∣Ig(2p2)Je = 2; Fe MFe

〉

(with
2306 eV of energy). However, since the nuclear transition type was E2, and Jg = 0 for the
205Pb76+ ion, the mixing coefficient between

∣

∣Ie(2p2)Jg; Fe MFe

〉

and
∣

∣Ig(2p2)Je = 1; Fe MFe

〉

was zero according to the angular momentum selection rules. As a result, the isomeric state
of 205Pb76+

∣

∣[Ie(2p2)Jg]Fe MFe

〉

contains only one dominant mixing coefficient, and it can be
explicitly expressed as follows:

∣

∣

∣
[Ie(2p2)Jg]Fe MFe

〉

=
∣

∣

∣
Ie(2p2)Jg; Fe MFe

〉

+ b76

∣

∣

∣
Ig(2p2)Je = 2; Fe MFe

〉

, (14)

where b76 is the mixing coefficient between
∣

∣Ie(2p2)Jg; Fe MFe

〉

and
∣

∣Ig(2p2)Je = 2; Fe MFe

〉

.
In 205Pb75+, the hyperfine coupled basis

∣

∣Ie(2p3)Jg; Fe MFe

〉

had an energy compa-
rable to those of the hyperfine coupled bases

∣

∣Ig(2p3)Je = 3/2; Fe MFe

〉

(with 2256 eV of
energy),

∣

∣Ig(2p3)Je = 5/2; Fe MFe

〉

, and
∣

∣Ig(2p3)Je = 1/2; Fe MFe

〉

. Thus, the isomeric state
of 205Pb75+

∣

∣[Ie(2p3)Jg]FemFe

〉

is composed of three dominant mixing coefficients:

∣

∣

∣
[Ie(2p3)Jg]Fe MFe

〉

=
∣

∣

∣
Ie(2p3)Jg; Fe MFe

〉

+ b75,1

∣

∣

∣
Ig(2p3)Je = 3/2; Fe MFe

〉

+ b75,2

∣

∣

∣
Ig(2p3)Je = 5/2; Fe MFe

〉

+ b75,3

∣

∣

∣
Ig(2p3)Je = 1/2; Fe MFe

〉

,
(15)

where b75,1, b75,2, and b75,3 are the mixing coefficients associated with the hyperfine coupled
bases

∣

∣Ig(2p3)Je = 3/2; Fe MFe

〉

,
∣

∣Ig(2p3)Je = 5/2; Fe MFe

〉

, and
∣

∣Ig(2p3)Je = 1/2; Fe MFe

〉

,
respectively.

For 205Pb74+, since the energy of the hyperfine coupled basis
∣

∣Ie(2p4)Jg; Fe MFe

〉

was
close to those of bases

∣

∣Ig(2p4)Je = 1; Fe MFe

〉

and
∣

∣Ig(2p4)Je = 2; Fe MFe

〉

, the isomeric state
of 205Pb74+

∣

∣[Ie(2p4)Jg]Fe MFe

〉

is therefore written as

∣

∣

∣
[Ie(2p4)Jg]Fe MFe

〉

=
∣

∣

∣
Ie(2p4)Jg; Fe MFe

〉

+ b74,1

∣

∣

∣
Ig(2p4)Je = 1; Fe MFe

〉

+ b74,2

∣

∣

∣
Ig(2p4)Je = 2; Fe MFe

〉

,
(16)

where b74,1 and b74,2 are the mixing coefficients corresponding to the hyperfine coupled
bases

∣

∣Ig(2p4)Je = 1; Fe MFe

〉

and
∣

∣Ig(2p4)Je = 2; Fe MFe

〉

, respectively.
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For 205Pb73+, there is only one hyperfine coupled basis
∣

∣Ig(2p5)Je = 1/2; Fe MFe

〉

whose energy is close to that of the hyperfine coupled basis
∣

∣Ig(2p5)Jg; Fe MFe

〉

. Conse-
quently, the isomeric state of 205Pb73+

∣

∣[Ie(2p5)Jg]Fe MFe

〉

is given by

∣

∣

∣
[Ie(2p5)Jg]Fe MFe

〉

=
∣

∣

∣
Ie(2p5)Jg; Fe MFe

〉

+ b73

∣

∣

∣
Ig(2p5)Je = 1/2; Fe MFe

〉

, (17)

where b73 is the mixing coefficient between
∣

∣Ig(2p5)Je = 1/2; Fe MFe

〉

and
∣

∣Ie(2p5)Jg; Fe MFe

〉

.
Using Equation (7), the mixing coefficients were numerically calculated, and they are

presented in Table 2. One can see that the mixing coefficients b76 and b75,3 were on the order
of 10−5, whereas the others were relatively smaller and on the order of 10−6. This is mainly
because the energy gaps associated with the mixing coefficients b76 and b75,3 were smaller
compared with those of the other mixing coefficients.

Table 2. Mixing coefficients of the isomeric states
∣

∣[Ie(2p2)Jg]Fe MFe

〉

,
∣

∣[Ie(2p3)Jg]Fe MFe

〉

,
∣

∣[Ie(2p4)Jg]Fe MFe

〉

, and
∣

∣[Ie(2p5)Jg]Fe MFe

〉

for different values of Fe.

Isomeric State
Total Angular Momentum

Fe

Mixing Coefficients
(×10−5)

∣

∣[Ie(2p2)Jg]Fe MFe

〉

1/2 b76 = −2.74

∣

∣[Ie(2p3)Jg]Fe MFe

〉

1
b75,1 = −0.16, b75,2 = 0.85,

b75,3 = 0

2
b75,1 = −0.32, b75,2 = 0.93,

b75,3 = −2.16
∣

∣[Ie(2p4)Jg]Fe MFe

〉

3/2 b74,1 = −0.15, b74,2 = 0.56
5/2 b74,1 = −0.47, b74,2 = 0.92

∣

∣[Ie(2p5)Jg]Fe MFe

〉

1 b73 = 0
2 b73 = 0.47

3.3. Nuclear Transitions in 205Pb76+, 205Pb75+, 205Pb74+, and 205Pb73+ Ions

The numerically determined mixing coefficients allowed for the calculation of nuclear
transition rates Γ via the NHM effect by employing Equation (10). The half-life of the iso-
meric state is related to the transition rate by the relation T1/2 = ln2/Γ. The corresponding

results are presented in Table 3. For each ion, the nuclear ground states
∣

∣

∣
[Ig(2pn)Jg]Fg MFg

〉

and isomeric states
∣

∣[Ie(2pn)Jg]Fe MFe

〉

are uniquely characterized by their total angular
momenta Fg and Fe. Accordingly, the nuclear transition channels from the isomeric states
∣

∣[Ie(2pn)Jg]Fe MFe

〉

with Fe = i to the ground states
∣

∣

∣
[Ig(2pn)Jg]Fg MFg

〉

with Fg = j are
denoted by Fe = i → Fg = j in this table and in the following discussions.

Due to the angular momentum selection rules, the M1 transition for the nuclear decay
in 205Pb76+ remains forbidden, and nuclear decay occurs solely through the E2 transition.
In the other ions, the NHM effect allows the opening of M1 transitions. Nevertheless,
the NHM effect significantly altered the isomeric decay process in 205Pb76+, reducing the
lifetime of the isomeric state by over two orders of magnitude from 15 min to 1.6 s.

For 205Pb75+, there were seven possible decay channels, with the corresponding decay
rates being from the order of 10−2 to 10 per second. The nuclear decay occurred through
either M1 or E2 transitions. Among these decay channels, the M1 transitions were more
efficient than the E2 transitions. The most efficient decay channel was Fe = 2 → Fg = 2, in
which the lifetime of the isomeric state was reduced by more than four orders of magnitude
from 15 min to 39 ms.
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Table 3. Nuclear transitions via the NHM effect for different channels in the 205Pb76+, 205Pb75+,
205Pb74+, and 205Pb73+ ions. The forbidden M1 transitions in the bare nucleus were open in the latter
three ions.

Ions Transition Type Rate (s−1) T1/2

205Pb76+ Fe = 1/2 → Fg = 5/2 E2 4.3 × 10−1 1.6 s
205Pb75+ Fe = 1 → Fg = 1 M1 4.5 × 10−1 1.5 s

Fe = 1 → Fg = 2 M1 1.2 0.60 s
Fe = 1 → Fg = 3 E2 1.7 × 10−2 40 s
Fe = 2 → Fg = 1 M1 7.8 89 ms
Fe = 2 → Fg = 2 M1 18 39 ms
Fe = 2 → Fg = 3 M1 2.4 0.29 s
Fe = 2 → Fg = 4 E2 1.7 × 10−1 4.1 s

205Pb74+ Fe = 3/2 → Fg = 1/2 M1 3.1 × 10−1 2.2 s
Fe = 3/2 → Fg = 3/2 M1 2.8 × 10−2 25 s

E2 2.1 × 10−2 33 s
Fe = 3/2 → Fg = 5/2 M1 1.6 0.43 s
Fe = 3/2 → Fg = 7/2 E2 6.6 × 10−3 1.8 min
Fe = 5/2 → Fg = 1/2 E2 4.7 × 10−2 15 s
Fe = 5/2 → Fg = 3/2 M1 7.3 × 10−1 0.94 s
Fe = 5/2 → Fg = 5/2 E2 4.2 × 10−3 2.8 min
Fe = 5/2 → Fg = 7/2 M1 6.0 0.12 s
Fe = 5/2 → Fg = 9/2 E2 1.7 × 10−4 69 min

205Pb73+ Fe = 2 → Fg = 1 M1 7.4 × 10−1 0.93 s
Fe = 2 → Fg = 2 M1 9.7 × 10−1 0.72 s
Fe = 2 → Fg = 3 M1 7.7 × 10−1 0.90 s
Fe = 2 → Fg = 4 E2 2.9 × 10−2 24 s

For 205Pb74+, there were nine possible decay channels, with the corresponding decay
rates being from the order of 10−4 to 1 per second. In the Fe = 3/2 → Fg = 3/2 decay
channel, there was no dominant transition type. Instead, the rates for the M1 and E2
transitions were comparable. Therefore, the transition rates for both M1 and E2 are listed in
Table 3. In the Fe = 5/2 → Fg = 5/2 decay channel, the M1 transition was allowed by the
angular momentum selection rules, but this channel was dominated by the E2 transition.
The most efficient decay channel was Fe = 5/2 → Fg = 7/2, where the isomeric lifetime
was reduced by more than three orders of magnitude from 15 min to 0.12 s.

For 205Pb73+, since the mixing coefficient b73 for Fe = 1 was zero (see Table 2), the
nuclear transitions Fe = 1 → Fg = j were nearly identical to that of the bare nucleus.
Therefore, these transitions are not included in Table 3, and four possible decay channels
are presented in this table. The isomeric decay via the Fe = 2 → Fg = 2 channel was most
efficient, and the isomeric lifetime was reduced by about three orders of magnitude from
15 min to 0.72 s.

3.4. Potential Experimental Verification

In this section, we propose a potential experimental scheme to verify the NHM effect
using 205Pb ions. These ions could be created and stored in electron beam ion traps and
subsequently excited by X-ray free electron lasers (XFELs) [29]. Since the M1 transition
channel is typically much more efficient than the E2 channel, we focus on the optical
excitation of the 205Pb isomers via the M1 channel. The excitation probability involving the
NHM effect can be calculated by following a method similar to Equation (17) in [30]:
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Pexc =
4π

9
Beff(M1, g → e)E2

0

∣

∣

∣

∣

∫ T

0
f (t) sin(ω0t)eiωtdt

∣

∣

∣

∣

2

, (18)

where E0, ω0, and f (t) are the amplitude, angular frequency, and envelope function of
the laser pulse, respectively. Beff(M1, g → e) is a generalized nuclear reduced transition
probability, defined by

Beff(M1, g → e) =
3(2Fe + 1)

4π

∣

∣

〈

[Igγg Jg]Fg

∣

∣

∣

∣O(M1) +M(M1)∣
∣

∣

∣[Ieγg Jg]Fe

〉∣

∣

2
, (19)

and it can be determined by the nuclear M1 transition rate Γ [Equation (10)] as follows:

Beff(M1, g → e) =
2Fe + 1
2Fg + 1

9Γ

16π

(

c

ω

)3

. (20)

As an example, consider the excitation of the 205Pb75+ ion from Fg = 2 to Fe = 2 by
2.329 keV X-ray pulses. We utilized the parameters of the European XFEL [31], which
produces X-ray pulses in bunches. Each bunch lasts 0.6 ms and contains 2700 individual
pulses, each with a duration of 100 fs. The bunches are separated by a 100 ms gap, and thus
there are 10 bunches every second. Each pulse carries approximately 1013 X-ray photons
and can reach an intensity of over 1018 W/cm2. Using Equation (18), we calculated the
nuclear excitation probability to be approximately 1.7 × 10−4 per ion per bunch. Assuming
that there are 600 205Pb75+ ions, we would expect approximately one nuclear excitation
per second (i.e., every 10 bunches). The lifetime of the isomeric state was 39 ms, and thus
if excitation occurs during a pulse bunch, a decay photon should be emitted within the
following gap. The decay time can be measured relative to the time zero defined by the
previous bunch.

In the absence of the NHM effect, virtually no isomeric excitation would be expected,
and thus the detection of a decay photon would provide direct evidence for the presence of
the NHM effect. With the continued development of next-generation XFEL facilities, such
as the Shanghai High Repetition Rate XFEL and the Extreme Light Facility (SHINE) [32],
data collection efficiency can be significantly enhanced due to even higher repetition rates.

4. Conclusions

The theory of the NHM effect was reformulated using dressed hyperfine states. The
partial energy level structures of the 205Pb76+, 205Pb75+, 205Pb74+, and 205Pb73+ ions as
well as the nuclear transitions induced by the NHM effect in these ions were investigated.
Significant NHM effects were predicted in these ions, as they each have electronic energy
levels close to the energy of the nuclear isomeric state. Specifically, in 205Pb76+, the lifetime
of the isomeric state was reduced by more than two orders of magnitude due to the NHM
effect, while in 205Pb75+, the lifetime was reduced by over four orders of magnitude. For
205Pb74+ and 205Pb73+, the lifetime was reduced by over three orders of magnitude. It is
important to note that 205Pb76+ and 205Pb74+ do not have unpaired valence electrons. This
suggests that it is the active valence electrons, rather than unpaired electrons, which play
a critical role in the NHM effect. Our findings enhance the understanding of the NHM
effect and are expected to aid in the experimental validation of the NHM effect in the
205Pb nucleus.
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