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Abstract

The much-discussed Weak Gravity Conjecture is interesting and important in both the asymptotically flat
and the asymptotically AdS contexts. In the latter case, it is natural to ask what conditions it (and the closely
related Cosmic Censorship principle) imposes, via gauge-gravity duality, on the boundary field theory. We
find that these conditions take the form of lower bounds on the number of colours in this theory: that is, the
WGC and Censorship might (depending on the actual sizes of the bounds) enforce the familiar holographic
injunction that this number should be “large”. We explicitly estimate lower bounds on this number in the
case of the application of holography to the quark-gluon plasma produced in heavy ion collisions. We find
that classical Censorship alone prohibits realistically small values for the number of colours, but that the
WGC offers hope of resolving this problem.
© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. The instability of (near-)extremal black holes

Increasing the charge on a black hole' of fixed mass reduces its entropy; the temperature also
drops, and it turns out that a finite amount of charge, dependent on the mass of the black hole,
apparently suffices to reduce the temperature to zero. This shows that the black hole, if it is
indeed to continue to be a black hole, cannot accept more than this amount of charge. A black
hole carrying this maximal charge, such that its temperature is zero, is said to be extremal.

Thus we arrive at a remarkable conclusion: the charge and mass of a black hole cannot be
entirely independent of each other. Given the mass, we can put an upper bound on the charge of
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non-spinning, that is, Reissner-Nordstrom (henceforth, RN) black holes. In the strictly classical
context, this is the statement of Cosmic Censorship in this case. Notice that black hole thermo-
dynamics [1] allows us to discuss Censorship without passing judgement as to the undesirability
of naked singularities.

One way to understand Censorship is to study the stability of black holes as they near ex-
tremality, that is, exactly zero temperature: perhaps extremal black holes cannot be stable. This
is strongly supported on general thermodynamic grounds, since (in the RN case) an extremal
black hole has a small but non-zero entropy with a non-universal value. This would not normally
be considered acceptable. Notice that this argument can also be used in the near-extremal case,
since a system with an extremely low temperature but with entropy bounded away from zero is
also unacceptable from this perspective.

More specifically, the statement that extremal black holes must always be able to decay (to a
near-extremal black hole, which might itself be unstable) by emitting particles is the Weak Grav-
ity Conjecture [2—4] (henceforth, WGC).> If this conjecture is correct — and there is mounting
evidence that it is, see for example [6—8] — then a large charge on a black hole will trigger the
emission of charged particles, to the effect that extremal and (sufficiently) near-extremal black
holes cannot be stable in string theory.

Classical Censorship conditions have to be corrected when higher-dimension operators are
taken into account. Thinking about “quantum Censorship” in terms of the WGC has the advan-
tage that it allows us to predict at least the general form that these corrections should take: if
we require that they should not obstruct the decay of extremal black holes, then we can sketch
the shape that the modified locus of points describing extremal black holes should take in the
mass-charge plane [9]. This is very useful. For example, we learn from it that the WGC-modified
definition of extremality is such that, given the mass, larger values of the charge are permit-
ted than would be allowed in the classical case.” The WGC can be regarded as a more precise,
quantum-corrected, version of classical Censorship: we can speak of a “WGC/Censorship” con-
dition.

The WGC/Censorship condition can be formulated on an anti-de Sitter background.* Doing so
leads immediately to a natural question: what is the holographic dual [19-21] of this condition?
WGC/Censorship,” as a constraint on the mass and charge, must translate to a constraint on the
quantities dual to the mass and the charge. The implications of such a constraint, which may have
no obvious basis in terms of boundary physics, are clearly of great interest.

We find that the holographic dual of WGC/Censorship for AdS5-RN black holes implies a
lower bound on N, the number of colours describing the boundary field theory. As is well
known, the number of colours is normally taken to be “large” in applications of holography [36];

2 The fact that an extremal black hole can decay in this manner, despite having zero temperature, is explained clearly
in [5].

3 1tis argued in [10,11] that this may not necessarily be the case for all black holes when o’ corrections are fully taken
into account. We will assume that it is correct for the black holes we consider here, but these complications will have to
be considered in a complete theory.

4 See for example [12-15], and, most directly relevant here, [16,17]. For the asymptotically de Sitter case in four
dimensions, see for example [12,18].

5 Itis important to note that, in the case of four-dimensional, asymptotically flat and de Sitter black holes, doubts
regarding the validity of Censorship have recently been expressed [22-29]. But in the five-dimensional, asymptotically
AdSs case most relevant to holography, there is strong evidence [30-32] (see also [33]) that Censorship does hold
universally. Furthermore, the idea that the WGC “enforces” Censorship is particularly convincing in the asymptotically
AdS situation [34,35].
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but this is usually presented as a matter of expediency: it suppresses the most difficult quantum-
gravitational corrections. Here we are arguing that, if our lower bound is “large”, then “large”
values of N; are enforced by WGC/Censorship.°

We study this in a specific example, namely the well-known application of the duality to the
quark-gluon plasma [41]. We find that the classical Censorship condition for AdS5-RN black
holes, evaluated using actual data from phenomenological models and from experiment, forces
the number of colours to be considerably larger than the value in QCD. To put it another way:
any attempt to construct a holographic version of QCD will have to deal with the tendency of the
bulk black hole to violate Censorship as the number of colours approaches a realistic value.

On the other hand, we are able to argue that the WGC significantly reduces the bound imposed
by classical Censorship on N¢. Thus, it may be that the WGC will play a decisive role in future
attempts to construct realistic holographic models.

Classical Censorship for AdS5-RN black holes takes an unfamiliar form, since the constraint
imposed on the charge and the mass is not linear, as it is in the asymptotically flat case. This
immediately leads to a potential problem: even if the WGC is satisfied at one value of the mass,
it does not obviously follow that it is satisfied for all masses. Our first task is to confirm that no
problems of this sort arise. Having done this, we can proceed to deduce an explicit bound on N,
in terms of the other parameters of the boundary field theory.

2. Classical censorship for AdSs-Reissner-Nordstrom black holes

The AdSs-Reissner-Nordstrom black hole metric is

Coy oy Qz)dt2+ &
ol T ; :
L rtor L -

8(RNAdS5) = — ( ey

+ 2 (d92 + sin20dg? + coszedl//2> .

Here L is the asymptotic curvature scale, r and ¢ are as usual, and we take it that the r = constant
sections are three-spheres described by Hopf coordinates. The geometric parameters M and Q
both have units of squared length. In this Section and the next (only) we will use five-dimensional
Planck units, defined so that M and Q are the physical mass and charge.’

If Censorship holds, the black hole has an outer horizon located at r = ry, which satisfies

6
’
L—';+r,‘_‘|—2Mr,%—I—Q2=0. @)
This is a cubic equation in r,%l.
The behaviour of the roots of the general cubic ax> + bx? + cx + d is governed by the dis-
criminant [42],

A = 18abcd — 4b>d + b — 4ac® — 27a%d>. (3)

6 The cases in which N is not arbitrarily large are quite distinct, in several interesting ways, from the more familiar
cases in which it is. See for example [37-40].

7 Planck units are defined here by setting the five-dimensional Planck length equal to @r/#H)1/3, and the five-
dimensional Coulomb constant equal to 472 In “particle theory” units, the physical mass and charge of the black hole
are fixed multiples of M and Q: see below, equations (15).
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With the pattern of signs in the case at hand, one finds that the left side of (2), regarded as a
cubic, always has one negative real root. It has two distinct positive real roots if and only if A is
strictly positive, and it has one positive real root if and only if A =0.
Using this, we find that the condition for Censorship to hold here is
27 4 M\ , 2 8M

— 1+ — - M |1+—) <O 4

4L4Q +<+L2>Q +L2 < 4
This is not useful as it stands: we need to separate Q from M. To do this, we regard the expression
on the left as a quadratic in Q2. The discriminant of this quadratic can be expressed, after some

manipulation, as (14 6M/ L2)3, and so (4) can be put into the form

0l V2 oM\ om\ 1"
Ffm[(”ﬁ) ()] ©

This is the Censorship condition for these black holes.

If the right side of (5) is expanded as a power series in M/L?, one finds, to lowest order
in M/L?, that L drops out, and this inequality becomes simply |Q| < M; which is indeed the
statement of Censorship for an asymptotically flat five-dimensional Reissner-Nordstrom black
hole (obtained by taking the limit L — oo). That is, Censorship takes the familiar linear form in
the asymptotically flat case, but not in the asymptotically AdS case.

Before proceeding, we note for later use that there is a simple formula [42] for the repeated
roots of a cubic when A = 0, that is, when (5) is saturated. Using that formula and combining it

with (5), one can find an expression for rﬁ"t, the value of ry in the extremal case:

3/2
(re)? %[(1+6L—1‘§) - <1+9L—1‘§>]+%

L =
L 1+ 84

(6)

Notice that this does not vanish, in sharp contrast to the behaviour of the event horizons of AdSs-
Kerr black holes as extremality is approached [43].

The function on the right in (5) is shown as the lowermost curve in Fig. 1: all parameter
values corresponding to points below the curve, and only those, satisfy classical Censorship.
(We take it here, and henceforth, that Q is positive.) The function is unbounded, but its slope
tends monotonically to zero at large M/L?; we will discuss this further, below. For comparison,
the straight line corresponding to the asymptotically flat case is also drawn, as the uppermost
curve. (In this case, L is some arbitrary quantity with units of length.) The two curves are close
only for small values of M/L? and Q/L?. (The meaning of the middle curve will be explained
below.)

3. Instability of extremal AdSs-Reissner-Nordstrom black holes

Consider an extremal AdS5-RN black hole, corresponding to a point on the lowermost curve
in Fig. 1, with mass and charge (M, Q) in five-dimensional Planck units. Assume that the black
hole can emit a particle of mass m and positive charge g, after which its parameters become
(M +46M, Q4+ 6Q), where §M and 6 Q are of course negative. Then by the triangle inequality
(which is valid on the tangent spaces of any Lorentzian manifold), we have

M+SM+m<M, 7
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Fig. 1. Uppermost curve: extremality for asymptotically flat five-dimensional Reissner-Nordstrom black holes. Low-
ermost curve: extremality for asymptotically AdS5 Reissner-Nordstrom black holes. Middle curve: possible locus of
points representing quantum-corrected extremal asymptotically AdS5 Reissner-Nordstrom black holes. Event horizons
are spherical in all cases. The middle curve is asymptotic to the lowermost curve as M/ L2 increases, but comes close to
it only at extremely large M/ L2,

as well as ¢ = —4Q, and so we have

4, 98 ®)
m oM
(For convenience, we now set M* = M/L? Q* = Q/L?.) On the other hand, the requirement
that the translation (M*, Q*) — (M* 4+ §M*, O* 4+ § 0*) should move the point from being on
the lowermost curve in Fig. 1 to being below it — that is, the requirement that classical Censorship
should continue to hold — means that we must have

50 _ dor

M*, Q%).
s~ ae M5 27) ©)
Thus we have finally
q _ dO" o o
— M, . 10
— > o M0 (10)

In the asymptotically flat case, the right side of (10) is identically equal to unity, and so we
obtain the well-known consequence: if the extremal black hole is to decay by radiating charged
particles, these particles must satisfy g/m > 1, a result sometimes described, figuratively, as
meaning that “gravity is the weakest force”. It is conjectured that black holes too must be able
to satisfy this inequality, meaning that the definition of extremality is modified accordingly, as
we discussed earlier. This would be represented by a curve in Fig. 1 (not drawn) which must lie
above the straight line Q = M, though it must be asymptotic to the latter at large M: see [9]. Thus
we see very simply that the WGC allows larger values of Q, for a given M, than does classical
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Censorship. (Note that, in all cases, the graphs for small M/L? have only a formal meaning, as
they correspond to “black holes” with sub-Planckian masses.)

Now we turn to the asymptotically AdSs case. For these black holes, when M* and Q* are
close to zero, the right side of (10) is approximately equal to unity (as is to be expected, since
L — oo is the asymptotically flat limit). For all larger values, however, it is strictly smaller than
unity, as is evident from Fig. 1. If the WGC is satisfied in the case of arbitrarily large L — that is,
if there exist particles with g /m > 1 — then it is satisfied in all cases, that is, for all values of all
parameters, including L.

We stress that this was result was not inevitable: the lowermost graph in Fig. 1 might well
have had one of several different possible shapes incompatible with the WGC for some values of
the parameters. We can see this with the aid of a very interesting example, as follows.

As is well known [44], in the asymptotically AdS case there exist black holes with exotic
event horizon topologies. In particular, the event horizon can be a flat, cubic three-torus, T3. The
metric of a toral AdS5-RN black hole has the form

RNAST) — — (7 2 2% 4 dr 11
8( 5) = — ﬁ—r—2+r—4 t +m (11)
ZT T

+r2 (467 + dp® + ay?),

where now the angular coordinates are polar coordinates on a unit circle, with a periodicity 27 K,
where K is dimensionless and can take any positive value. Thus the r = constant sections are
modelled on a torus of dimensionless “volume” V = 873K?>. The parameters M and Q are
not the physical mass and charge: the physical mass is M = M/V, and the physical charge is
Q= Q/V.(We have compactified the event horizon so as to avoid irrelevant complications with
infinite parameter values; see below.)

Equation (2) becomes now

6

r

ﬁ1QMﬁ+Q2:Q (12)
and the requirement that the discriminant of this cubic in rﬁ should be non-negative is simply
(with positive Q)

0 3\ A a3/
c=(5) (&) o

This is the classical Censorship condition in this case. The graph of the function on the right is
shown as Fig. 2, with the straight line representing Censorship for the asymptotically flat case
shown for comparison. (There are no asymptotically flat black holes with toral event horizons;
this explains why the two curves need not have the same slope at the origin.) The inequality (10)
now becomes

g 3y 2\
4 . 14
m>@M> a4

The right side can be made arbitrarily large by selecting a suitably small value for M, or a
suitably large one for V. Therefore, the inequality (10) cannot be satisfied for all parameter
values in this case unless [a] there are infinitely many varieties of stable particles with g /m > 1,
a situation which the WGC itself is designed to avoid [2], or [b] there is some upper bound on

6
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Fig. 2. Classical Censorship for asymptotically AdS5 Reissner-Nordstrom black holes (with toral event horizons). (Clas-
sical Censorship for asymptotically flat five-dimensional Reissner-Nordstrom black holes, Q/ L2=M / L2, shown for
comparison.)

V L%/ M. A lower bound on the mass is quite possible, but an upper bound on V is hard to accept.
In particular, it would mean that the event horizons of AdS black holes with flat event horizons
must be compactified, and that the compactification scale is bounded by a quantity determined
by the maximal value of ¢ /m.

In short, the shape of the graph in this case means that these black holes are not compatible
with the WGC, at least not for all parameter values. The fact that the WGC does work for all
parameter values, in the case of interest to us here, is not trivial.

Conversely, one could claim that the WGC predicts that the graph must have the shape shown
as the lowermost curve in Fig. 1, even in the classical case. When quantum corrections are taken
into account [9], as discussed above, one expects to find a similar graph, again with slope every-
where smaller than unity; it would fit between® the upper and lower graphs in Fig. 1, but would
be asymptotic to the lower graph (because the WGC should agree with classical Censorship for
black holes with sufficiently large masses). An example of such a shape is shown as the mid-
dle curve in Fig. 1: that is, points on that curve correspond to black holes which are extremal
after quantum corrections have been taken into account. (We stress that this curve is chosen to
illustrate the point; it is not the result of a detailed calculation.)

Thus the WGC gives us a clear, if not altogether precise, picture of the form taken by quantum
Censorship in this case. Notice however that the WGC and classical Censorship are very similar
for extremely large values of M/L?. If we wish to use the WGC to improve on classical Censor-

8 We are assuming that the WGC always permits larger charges for a given black hole mass than does classical Cen-
sorship. This is certainly the case for asymptotically flat black holes [9]; it must persist in the asymptotically AdS case,
because, for any given M = M, no matter how large, it must be possible to make the two cases coincide for all M < M
to any desired accuracy by taking L to be sufficiently large.
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ship in some application, then we need to demonstrate that M /L? takes some value which, in a
sense we need to clarify, is not excessively large.

In an AdSs5 background, we can use the gauge-gravity duality to apply these findings to the
dual system on the boundary. We now turn to the details of that.

4. The holographic interpretation of WGC/censorship

In this section we set up a holographic dual of the Censorship condition, the inequality (5).
We work at first with classical Censorship, returning to the WGC at the end of this Section.

Henceforth, we drop five-dimensional Planck units and use instead natural units, with either
the electron volt or the femtometre (1 fm ~ (197.3 MeV) 1) as the base, with the exception that
we do not normalize the five-dimensional Coulomb constant,” ks.

In these units, we have to distinguish the parameters M and Q, which describe the geometry
of the black hole, from the latter’s actual physical mass'’ M and physical charge Q. With M
and Q appearing in the manner they do in equation (1), the relations between these quantities are
given by

3 M 332
M=—%, Q= 7J3_/2 ¢ (15)
s 1o ks

where £p is the AdSs5 Planck length. It is straightforward to express the Censorship condition (5)
in terms of M and Q.
The black hole entropy per unit physical mass, which we denote by S, is
3
S — 2wy : (16)
M
here we have used the first member of (15). Note that ry can be regarded as a function of M, Q,
and L by solving equation (2).
The asymptotic value of the electromagnetic potential form (computed, as usual, by requiring
that the potential form should be regular at the event horizon) is

V30k
_ —3/252dt; (17)
4Tl rg

here we have used the second member of (15).

Holography [19-21] identifies S with s/&, where s is the entropy density, and ¢ is the energy
density of the boundary matter. The holographic interpretation of ks is given by noting that
1/ (4n2k5) is precisely the energy corresponding to a pair of unit charges in the bulk, separated
by ér = ks. We therefore regard 1/ (4n2k5) as the characteristic energy scale, Ef, of the dual
field theory. (In the application to the quark-gluon plasma, this would be the QCD scale, ~ 220
MeV.)

The disproportion between matter and antimatter in the boundary field theory is measured [45]
by the baryonic chemical potential, g, which is dual [46] to a fixed multiple of the coefficient
of dt in A ; we have, eliminating k5 in favour of Ef,

Ay =

9 Our convention will be that electric charge in five dimensions, as in four, is dimensionless. This has the important
consequence that k5 is not dimensionless, as its counterpart is in four dimensions: instead, it has units of length.
10 1 particular, if we assert that a certain black hole has a “large” mass, this should refer to M, not M.
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3V30
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873203/ Err?
Finally, the “holographic dictionary”, which states that
L3
G ===, 19
P 2Ng (19)

allows us to replace the bulk quantity ¢p with the boundary quantity N, the number of colours
characterising the boundary field theory:

_ 3V30N
 4V2r2JErL3E

Now if, as above, we regard ry as a function of M, Q, and L, then (16) and (20) give us a pair
of equations which, in principle, can be solved to express Q and M as functions of S =s/¢, ug,
L, Ng, and Ef. Then the Censorship condition (5) predicts a novel relationship between these
quantities. This is the dual interpretation of the Censorship condition for these black holes.

Unfortunately, the expressions resulting from directly proceeding in this way are extremely
complicated, because one has to find an explicit solution of a cubic, and then solve a pair of
non-linear simultaneous equations; when the solutions are substituted into (5), the result is not
surveyable.

We can circumvent this problem by substituting (16) (with S interpreted as s/¢) and (20)
directly into equation (2), obtaining

(20)

M“B

2 4 2713
4 4 ry 327" ErpuglL
= — 1 =0. 21
L? 3(s/e) + 27N2 + @h

Regarding s/¢, ug, and the other parameters as being fixed, we see that this is a quadratic in ry,
so the Censorship condition is just
272 4 273
_ 4L 4 327" EpuglL -
9(s/g)? 27NZ -
Thus we obtain finally the Censorship bound on the number of colours in the boundary field
theory:

(22)

4272/ Ee L3 ug

4212 ’
3J3 o7 — |

Ne >

(23)

Of course, ug and s/¢ will vary from one case to another, depending on how the strongly
coupled matter they describe is prepared. However, they both have maximal possible values on
the parameter domain in which a description by such matter is possible. The right side of (23)
is an increasing function of these parameters, and so, if we evaluate it at the maximal values of
up and s/¢g, then we will obtain a universal (for a given kind of strongly coupled matter) lower
bound on Ng.

In short: Censorship puts a lower bound on the number of colours in the boundary field
theory,“ in terms of the boundary data s /e, ug, L, and EFf.

' The form of the denominator on the right shows that it also puts a lower bound on L: evidently we must have
L > 3s/(2me). In practice, the values of L we discuss below are far larger than this.
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In a particular application, one might be able to estimate all of the quantities on the right side
of (23), and so obtain an explicit bound, and we will see how this works in the next Section.
In the general case, we can regard all of these quantities as “known” properties of the boundary
system, with the possible exception of L.

However, we can obtain a weaker bound of this kind even if L is completely unknown, by
simply noting that the right side of (23), regarded as a function of L with all other parameters
fixed, has a positive global minimum. This minimum can be straightforwardly computed, and the
result is

Ne = 33427 (s/6) P EY g, 24)

Again, one uses this by inserting the maximal values of yg and s/¢ in a given situation.

As we will see, (24) is in practice much weaker than Censorship itself, (23); but it has the
virtue of showing that N, is bounded below, whatever the value of L may be.

The conclusion is simple, yet fundamental: when we assume, in using holography, that N,
must be “large”, this may be no mere matter of avoiding some mathematical complications. It
may be a direct consequence of Censorship. In the case where the bulk geometry approximates
that of an AdSs-RN black hole, if the bounds in (23) or (24) are large, then large N is required by
the Censorship condition for these black holes. We will see below that, in a concrete application,
the lower bounds on N, are indeed predicted to be large (though not “extremely large”).

This is not necessarily a particularly welcome conclusion, since the actual value of N¢ in
QCD is of course quite small: the hope has been that choosing large N is (in principle, if not
in practice) optional, so that holography might ultimately be extended towards (more) realistic
values when technical issues can be overcome. Censorship seemingly rules this out.

However, we have been using here classical Censorship. As we saw, the WGC permits larger
values of Q, for given M, than classical Censorship, at least for values of M/L? which are not
extremely large. Without a much more detailed account of the exact way in which the WGC
modifies the strictures imposed by classical Censorship, it is not possible to specify exactly what
happens to our bounds if the former replaces the latter. However, in qualitative terms, the result
is rather clear.

The WGC permits the existence of extremal black holes that would not be allowed by classical
Censorship: that is, by the inequality (23). It follows that the WGC must replace the right side of
(23) by some quantity which is smaller. In other words, the WGC weakens the inequality (23)
(and therefore also (24), which is derived from it). One might even hope that the WGC could
push the bounds down to the point where realistic (that is, of the order of 3) values of No become
possible. The WGC, then, could possibly play a central role in constructing more nearly realistic
holographic models of strongly coupled field theories.

We have stressed repeatedly that this would only be possible if M/L? is (in some sense to
be explained) not extremely large, since otherwise the WGC essentially coincides with classical
Censorship. To assess all this, we need a concrete example, such that the bounds in (23) and (24)
can be evaluated explicitly. We now turn to that.

5. Example: the quark-gluon plasma at the RHIC

A well-known application of the gauge-gravity duality [19-21] is to the study of the Quark-
Gluon Plasma produced in collisions [47], at a variety of definite impact energies, at the RHIC

10
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facility' [48]. Observational and phenomenological data are available for the entropy and energy
densities s and ¢ [49] and for the baryonic chemical potential ug [49,50] at each impact energy;
the characteristic energy scale here is that of QCD, ~ 220 MeV. Thus we can insert explicit
values for s/¢, up, and Ef into the right sides of the inequalities (23) and (24).

The values drawn from [49,50] are shown in the table. The first column is the impact energy
per pair, in GeV, for collisions observed in different runs. The second column is s /¢, in MeV~L,
and the third column is the baryonic chemical potential, in MeV. (For full details, including error
estimates, see the references; it would be pointless to belabour such matters here.)

SNN - S/e uB
11.5 0.006822 400
14.5 0.006807 300
19.6 0.006779 220
27 0.006775 160
39 0.006702 120
62.4 0.006684 80
200 0.006515 30

Now the right sides of (23) and (24) are increasing functions of both ug and s/¢, so, as ex-
plained earlier, we are interested in the largest values of these quantities. It is clear from the
table that these correspond to the lowest impact energies. On the other hand, at very low im-
pact energies, it is questionable whether the QGP actually forms, so we cannot use arbitrarily
low energies. It is suggested in [49] that the threshold is somewhere between /sy = 11.5 and
/SNN = 19.6 GeV; for simplicity we therefore take the values at ,/snn = 14.5 GeV. Inserting
those values into (24), we find

No >~ 14.3. (25)

We stress again that this is a very conservative bound; the true value on the right is undoubt-
edly larger. The point is that we do not need to know L here.

If we are willing to estimate L, then we can use the exact (classical) Censorship bound, (23).
There are various ways in which one might attempt to do so: here is one.

In this discussion, we have concentrated exclusively on central collisions. However, peripheral
collisions are also of great interest and have recently yielded very interesting data, again from the
RHIC experiments [51-53]. In this case, the holographic model of the QGP involves AdS;-Kerr
black holes [54—57]. Apart from a small set of parameter values [58], which do not occur here, it
turns out that such black holes always satisfy a simple inequality:

A< L, (26)

where A is the ratio of the angular momentum of the black hole to its mass. This quantity is dual
to the ratio of the angular momentum density of the “vortical plasma” to its energy density, which
can be estimated in phenomenological models [59]. Thus (26) gives us an explicit lower bound
on L. Let us assume that the values of L permitted in this case are the same as in the collisions

12 The QGP is also studied at the LHC, but we will not consider those collisions here, because the baryonic chemical
potentials of the corresponding plasmas are completely negligible, and we will need numerical values of this parameter
in the sequel.
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we have been discussing (the reasoning being that one case can be continuously deformed into
the other, by reducing the centrality to approximately zero).

One finds [55,60] that, for collisions at impact energy /snn = 200 GeV per pair and centrality
17%, A attains its largest value for these experiments, 4 ~ 77 femtometres; so L must be at
least this large.'® With all of the other parameters fixed, the right side of (23) is a monotonically
increasing function of L for all values of L in this range, so we are now in a position to put a
lower bound on the right side of (23).

Again, we use the data corresponding to ./snn = 14.5 GeV for s /¢ and ug, and we find now
that

Ne >=~97.2. 27

This is an explicit form of the statement that N, must be “large”.

Any attempt to push the number of colours down, from values like this, towards realistic
values, will apparently be blocked by classical Censorship. However, we argued above that the
WGC might solve or alleviate this problem. To assess that, we need to see whether the black
holes used in this application correspond in some way to the domain in which the WGC differs
significantly from classical Censorship.

Let us begin with the AdSs-RN black hole describing the plasmas generated in central RHIC
collisions at impact energy ,/snn = 14.5 GeV as above. Let us fix M and imagine increasing Q
towards its extremal value; we think of this as defining a trajectory in Fig. 1, a trajectory that
takes us, from a starting point below all three curves, towards the lowest curve, where we cross
over into the parameter domain permitted by the WGC but forbidden by classical Censorship.
The objective is to argue that the crossing point is in some intermediate range, where the “WGC
curve” does indeed differ substantially from the “classical Censorship curve”.

Proceeding along this trajectory, we see that ry decreases monotonically (towards &, see
equation (6) above). The Hawking temperature of this black hole can be expressed as

6ry 4 4M

rH ra ’
which decreases monotonically as ry decreases, eventually reaching zero at classical extremality.

On the other hand, from equation (20) we see that up steadily increases from its already large
initial value, around 300 MeV. The trajectory we are studying in the (M, Q) plane is therefore
mapped holographically to a trajectory in the quark matter phase diagram, which begins in the re-
gion describing the quark-gluon plasma, and ends in the region corresponding to low-temperature
but very high-density forms of strongly coupled matter, such as may exist in the cores of certain
neutron stars [61]. The baryonic chemical potential for such matter is indeed large, but it is not
vastly larger than 300 MeV [62]. We take this as a sign that our starting point is not actually very
remote from extremality, in the sense that the physical parameters do not change very much as
we proceed along the trajectory described above.

Our objective is to compute, or at least bound, M /L? for the black holes along this trajectory.
Substituting equation (6) into equation (16), we obtain the extremal value, S®!, of the specific
entropy:

13 Since L sets the curvature scale of the boundary spatial sections, the fact that L is so large relative to all of the other
scales in the problem means that these sections are essentially flat, which is of course highly desirable in itself.
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Fig. 3. The extremal value of the specific entropy of an AdS5-RN black hole, as a function of M/ L2,
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The graph of this function is shown as Fig. 3. Notice that there is a maximum at M/L? = 4/3.
If we insert a value for the left side, then (29) can easily'* be solved numerically for M/L?.
There are always two solutions. One of these is necessarily smaller than 4/3, the other larger.

It turns out that the smaller solution corresponds to “black holes” with masses smaller than the

five-dimensional Planck mass, so we will not consider these further.

To investigate the meaning of the larger solution, note that the specific entropy at extremality
cannot be larger than its initial value (before we began to increase Q). In the case of the collisions
at /sy = 14.5 GeV, with s/¢ ~ 0.006807 MeV_l, this means (with L > 77 fm) that we have
an upper bound on the left side of (29), and consequently the larger solution of the equation gives
us a lower bound on M/L?. This lower bound is surprisingly large compared to the input: we
have

M
3 >~ 6.16 x 107. (30)

14 When, that is, it can be solved at all: as is clear from the Figure, this equation has no real solutions when S/L is
larger than approximately 0.855. Thus, with L = 77 fm, we find that the specific entropy of the boundary fluid cannot be
larger than about 0.334 MeV~!. In practice, this is far above realistic values for the QGP, as one can see from the table
above; but it is interesting, as illustrating the pervasive power of Censorship, that the latter constrains the entropy of the
black hole and therefore the entropy density of the field theory.
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To understand this, let us use it to compute the ratio of the physical mass of the black hole to the
(five-dimensional) Planck mass, mp = 1/£p. Combining equations (15) and (19), we have

M T % 4/3 M

— =3|—=) N/ —. 31

mp (16) ° L2 @D
Using (27) and (30), we now have

M~ 480 x 10", (32)

mp

Again, we stress that we had no reason to expect that these simple equations would lead to such
a large output.

A black hole with a mass of (say) 100 billion Planck masses is perhaps massive enough to be
semi-classical, but not so massive as to be indistinguishable from a fully macroscopic object. We
tentatively conclude that we are now precisely in the domain where the WGC differs significantly
from classical Censorship. That is, when our constant-M trajectory crosses over into the region
specifically permitted by the WGC, it still has far to travel before reaching the “WGC curve” in
Fig. 1. Thus there is ample scope for the right side of (23) to be usefully reduced.

Evidently, this argument is more of a programme than a calculation. It remains to be sub-
stantiated by explicit examples, in which the precise form of the “WGC curve” in Fig. 1, and
consequently the extent of the reduction in the right side of (23), can be computed. Nevertheless,
we feel that this discussion gives some grounds for optimism.

6. Conclusion

It has always been clear that it will be no easy task to construct a holographic dual for any
theory closely resembling QCD; see for example [63]. However, the AdS/CFT correspondence
posits an exact equivalence between string theory in the bulk and a field theory with N; colours.
It holds for all values of all parameters, including N; so, in principle, holographic duals of QCD-
like theories should exist. In practice, one knows how to make use of the duality only when the
number of colours is large, but, as is stressed in [64] for example, this is usually regarded not as
a “fundamental obstacle” but rather as a “technical difficulty”.

Our results here call this claim into question. If Censorship prevents a substantial reduction
in N, then, to the extent that classical Censorship for AdS black holes stands firm, we have a
fundamental obstacle. We have seen, however, that the WGC promises to convert this obstacle to
a (possibly formidable) technical difficulty.

It may be, of course, that field theories with relatively small values of N; do not have duals
which are at all similar to AdSs-Reissner-Nordstrom spacetimes. Whatever the true dual ge-
ometry of such a field theory may be, however, it almost certainly involves an asymptotically
AdS5 black hole, which will be subject to its own Censorship restriction; and this too will lead
to a bound on the number of colours in the boundary field theory. The problem will then be to
understand how this bound can be so low. Again, the WGC will no doubt be crucial here.
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