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4 Abstract

Abstract

The development of quantum computers has promised to greatly improve our
understanding of quantum many-body physics. However, many physical systems
display complex and unpredictable behaviour which is not amenable to analytic or
even computational solutions. This thesis aims to further our understanding of what
properties of physical systems a quantum computer is capable of determining, and
simultaneously explore the behaviour of exotic quantum many-body systems.

First, we analyse the task of determining the phase diagram of a quantum
material, and thereby charting its properties as a function of some externally
controlled parameter. In the general case we find that determining the phase diagram
to be uncomputable, and in special cases show it is P@MAeXP_complete. Beyond this,
we examine how a common method for determining quantum phase transitions —
the Renormalisation Group (RG) — fails when applied to a set of Hamiltonians
with uncomputable properties. We show that for such Hamiltonians (a) there is a
well-defined RG procedure, but this procedure must fail to predict the uncomputable
properties (b) this failure of the RG procedure demonstrates previously unseen and
novel behaviour.

We also formalise in terms of a promise problem, the question of computing the
ground state energy per particle of a model in the limit of an infinitely large system,
and show that approximating this quantity is likely intractable. In doing this we
develop a new kind of complexity question concerned with determining the precision
to which a single number can be determined.

Finally we consider the problem of measuring local observables in the low energy
subspace of systems — an important problem for experimentalists and theorists alike.
We prove that if a certain kind of construction exists for a class of Hamiltonians, ,
the results about hardness of determining the ground state energy directly implies

hardness results for measuring observables at low energies.
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Impact Statement

It is widely believed that the advent of quantum computers will enable researchers to
tackle computational problems previously thought to be intractable. Tasks concerning
modelling physical systems, such as those relevant to material science and chemistry,
are thought to be more amenable to quantum computers relative to their non-quantum
counter-partners.

This thesis analyses to what extent this is true, and furthers our characterisation
of what problems quantum computers will be able to efficiently solve. There are
many groups working not only in academia, but also in industry attempting to use
quantum computers for these purposes. As such this work will allow researchers
to focus their efforts on finding algorithms for physical systems which are more
likely to demonstrate a comparative speed-up for quantum computers. Furthermore,
the understanding of what makes a physical system hard to “solve” helps inform
algorithm design when solving other systems.

Aside from practical relevance to algorithms, the research contributes to a
broader understanding of quantum complexity theory and the power of logical
machines, and how quantum mechanics can be utilised by such machines. In
particular here we study a unique form of computation problem that may lead to
important insights into complexity theory.

Our results may have additional impact in the understanding of complex
behaviour such as phase transitions in many-body quantum systems from a condensed
matter perspective. In particular, we expect our methods to be of interest to scientists
working to demonstrate rigorous results about complex physical systems such as
spin glasses. In addition, some of the results here put hard limits on how effectively
algorithms can be used to analyse many-body quantum systems — such as limiting
the effectiveness of extrapolating numerical information for small systems to larger
systems.

The results in this thesis have been distributed via academic talks at conferences,

universities, and workshops as well as on social media.
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Chapter 1

Introduction

Quantum mechanics is a physical theory describing the microscopic physics of
bodies, such as atoms and molecules, whereas classical physics describes physics at
a larger scale, including almost all physical processes that a person might typically
experience. Compared to classical physics, quantum mechanics displays a huge
array of apparently mysterious and unfamiliar behaviour such as entanglement,
de-localisation, and interference.

Much of the physics of the 20 and 21° century has been devoted to under-
standing the behaviour of systems described by quantum mechanics, in particular
systems comprised of multiple interacting particles — known as many-body physics.
That is, furnished with a description of a set of particles and the interactions be-
tween them, can we determine a given property e.g. the electrical conductivity?
Intuitively, it might seem that, provided the interactions between particles are not
too complicated, the problem is straightforward. Regrettably, this is often not the
case. Although quantum mechanics may give a framework for studying microscopic
systems, determining physical properties from first principles is often not an easy
task and in most cases simple, closed-form solutions simply do not exist. This is
succinctly summed up by the Philip W. Anderson quote “More is different”, which is
to say that large collections of particles, even if they have simple interactions between
them, can display enormously complex behaviour — far more complicated than
one might reasonably expect [AndO8]. In general, the behaviour of these systems

cannot be straightforwardly extracted from the underlying interactions and requires
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a completely different toolkit to analyse them — a reductionist viewpoint can only
have limited success!.

Some of those systems which have been most frustrating to physicists are so
called “condensed matter systems”, which are essentially ensembles of particles which
can interact with each other in all manner of ways, such as in solid materials. Indeed,
many unusual and perplexing properties of these many-body systems have been
discovered and explained over course the past century which require the description
of quantum mechanics including the low-temperature superconductivity and the
quantum Hall effect. Many more have been observed but their mechanism remain
unaccounted for, such as high temperature superconductivity [GK82].

Of course, understanding the properties of microscopic quantum systems is
important, not just from a theoretical perspective but also for practical uses such as
designing new materials, new drugs, and studying chemical reactions. Often we find
these problems are simply intractable on classical computers. That is solving for
these properties — even if great simplifications are made — would take too long to
be practical.

Recently the development of quantum computers — computers which exploit
the properties of quantum mechanics to improve information processing — promise
to help tackle this problem. Quantum computers are capable of implementing a range
of algorithms which (are thought to) solve problems far more efficiently than classical
computers, especially problems related to physical systems such as simulating the
time evolution of molecules. But, even for quantum computers, some physical
systems and their properties are believed to remain highly non-trivial to determine.

In this thesis we are concerned with developing and improving the understand-
ing of which physical systems and their properties can be determined efficiently,
inefficiently, or not at all using either classical or quantum computers; a field called
Hamiltonian complexity.

Hamiltonian complexity borrows many techniques and concepts from computa-

Tn some sense this is obvious. Humans are capable of performing incredibly complex processes,
but are built from elementary particles, the laws governing which can be written down on a piece of

paper.
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tional complexity theory which is a field devoted to characterising how efficiently
computational problems can be solved. In particular, complexity theory typically
asks whether an efficient algorithm exists for a particular problem. For example
an efficient algorithm exists for adding two numbers, but is not thought to exist for
calculating matrix permanents. Perhaps surprisingly, these tools from complexity
theory are able not only to classify which quantum mechanical systems may or may
not be solvable efficiently using algorithms (or a variety of other methods), but also
can give us insight into the physical properties of such systems. This classification
approach stands in contrast to how much of physics is typically done — ideally we
would like a simple, closed-form solution, or perhaps a convergent perturbative series
which solves our problem. Hamiltonian complex is an admission that, in general,
this is not possible and many-body quantum physics is much more complicated and
messy than we would like. While Einstein, Dirac and other giants of physics have
produced beautiful and succinct theories describing nature, Hamiltonian complexity
gently tells us that much of physics won’t be like that. Instead, we’ll have to wrestle
with it numerically, and even then there will be many systems we cannot deal with.

Although Hamiltonian complexity has resulted in a rich classification of systems
and properties which are easy or hard to determine, there exists little understanding
or insight into where this boundary between simple and complex systems occurs.
It remains to be seen whether it is possible to tease out a boundary where physical
systems switch from simple to complex based only on the parameters describing the
system.

Furthermore, there is a noticeable dearth of results relating to systems in the
thermodynamic limit (i.e. systems that are infinitely large). This is an important limit
for several reasons. Perhaps most importantly, the thermodynamic limit gives the
“bulk” behaviour of materials and removes any finite-sized effects. Often this is the
regime condensed matter physicists wish to study materials — reflecting the fact we
usually deal with macroscopic systems of > 10?3 particles where finite sized effects
are assumed to be irrelevant. Moreover, important phenomena such as quantum

phase transitions only technically occur in this limit. In this thesis we seek to prove
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results about such systems, thus bringing Hamiltonian complexity closer to problems

studied by condensed matter physicists.

1.1 Structure of this Thesis

Chapter 2 gives preliminaries on notation, as well a more in-depth introduction to
quantum physics, complexity theory and Hamiltonian complexity. It also introduces
some of the relevant previous literature.

Chapter 3 explores the difficulty of computing the phase diagram at zero
temperature for a general Hamiltonian on a 2D lattice. In particular, we show that
the problem is uncomputable for a general Hamiltonian. That is, there exists no
general algorithm, no matter how inefficient, which determines the phase diagram of
a Hamiltonian. The results in this chapter are published in [BCW21].

Chapter 4 looks a new computational problem which characterises how difficult
it is to estimate the energy per particle in a 2D infinite lattice. Not only is this
one of the first complexity results in the thermodynamic limit, it introduces a new
type of complexity theory problem in of which we study a fixed property of a fixed
Hamiltonian and vary the precision. These results were first shown in [WC21].

Chapter 5 looks a set techniques for computing phases materials called the
“Renormalisation Group”” methods. We take a Hamiltonian which has uncomputable
properties (the Hamiltonian from [CPGW 15a]) and explicitly construct a renormali-
sation group flow for it. In doing so, we unveil an entirely new set of renormalisation
group behaviour, and demonstrate why such techniques must fail for Hamiltonians
with uncomputable properties. In particular, it shows the reason that the RG scheme
must fail to “solve” the system is not because it impossible to construct an RG scheme,
but instead because the RG scheme demonstrates pathological behaviour. These
results were first shown in [WOC21].

Chapter 6 examines the problem of estimating the expectation value of local
measurements on low temperature quantum systems. This is important as the only
access an experimentalist has to a low temperature quantum system is through

making local measurements. In particular, we prove a lifting lemma showing that if
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determining the ground state energy of a family of Hamiltonian is computationally
intractable, then computing the expectation values of local observables is too. These
results were first given in [WBG20].

Finally, in chapter 7 we outline results from [WB21], where we considered the
phase diagrams of physical systems which are simpler than those in chapter 3 —
these systems are such that they only undergo a single phase transition, and if one
takes a sufficiently large (and computable) section of the lattice then their phase is
the same phase as in the thermodynamic limit. We show even for these simpler class
of Hamiltonians, it remains computationally intractable to determine where a phase

transitions takes place.






Chapter 2

Background and Previous Work

2.1 Notation

Let B(H) be the space of bounded linear operators on a complex Hilbert space
H. For A € B(H), Null (A) is the null-space/kernel of A. Define A(L X W) :=
{1,...,L}x{1,...,W} to be the square lattice of length L, width W, with L,W € N.
We attach to each site i € A(L x W) in the lattice a Hilbert space H; = C? for a
constant d which we call the local Hilbert space dimension. The overall Hilbert
space on of a set of lattice points S € A(L), or indeed any graph in which the points
are embedded, is then the tensor product of the all the local Hilbert spaces (X);.¢ Hi.

Given a string x € {0, 1}", then |x| = n will denote the binary length of the string.
Systems with a local Hilbert space C? will often be called “qubits” and systems with
Hilbert space C¢ will often be called qudits. A qudit will often be referred to as a
“spin with local dimension d”, or a “spin” where the local Hilbert space dimension is
left implicit. Given some quantum state |¢) € H and a Hermitian operator A € B(H),
the expectation value of A with respect to |¢) is (A) = (Y| A |y).

A Hamiltonian is a Hermitian matrix describing the physics of a physical system.
We will generally denote Hamiltonians with the letter H. We say a Hamiltonian

H € B((C%®N) is k-local if it can be written as:

H:Zhi 2.1

if each h; acts non-trivially on at most k spins, &; € B((C%)®k). That is to say, each
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h; is implicitly tensored with an identity on all the qudits it acts trivially on. For

example, if given a 1D line of qudits of length N, the term A, 3 in implicitly means:
11®h3014815®...01y, 2.2)

where hy3 € B((C?)®?). Here the h; € B((C9)®¥) are called the local interaction
terms. Typically we will require ||A;|| < 1, which is to say that the norm of the local
terms is independent of the total size of the physical system.

All Hamiltonians observed in the physical world are local Hamiltonians. Note
that locality in this sense does not necessarily imply any sense of geometric or
physical locality: the particles which interact may be separated by large physical
distances. When specifying terms which reflect that interactions typically become
weaker with distance, we will refer to this as geometric locality. Examples include
nearest neighbour interactions, which only couple adjacent spins, or power-law
interactions where the interaction strength between spins distance r away decays as
1/r® for some constant @ > 1.

For a given Hamiltonian H, we will denote its eigenvalues as A;(H), such that
Amin(H) :=A0(H) < A1 (H) < A2(H) < .... The spectral gap, A(H), of a Hamiltonian
H is then defined as:

ACH) = A1 (H) = A(H). (2.3)

Given a lattice A(L X W), a Hamiltonian H = }; h; is nearest-neighbour if
h; € B(C?®C?) such that each h; acts non-trivially only on neighbouring pairs
of lattice sites. We write nearest neighbour sites as (i, j). Furthermore, on a
D-dimensional hypercube lattice, translational invariance implies h; i1 = hivk jiv1+k
for any k € N, along every cardinal direction of the lattice (this is sometimes called
shift invariance in other fields). We note that the interactions along any cardinal

direction may be different from the interaction along any other cardinal direction!.

'For example, on a 2D lattice, a translationally invariant Hamiltonian will have the same interactions
along all the rows, but may have a different set of interaction along the columns
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By a classical Hamiltonian, we mean a Hamiltonian which is diagonal in the standard
basis.

A special subclass of Hamiltonians are frustration free Hamiltonians. A
Hamiltonian H = }; h; is a frustration free Hamiltonian if {A;}; are all positive
semi-definite and the ground state energy of the overall Hamiltonian is zero. This
implies that the ground state of H is also the ground state of each 4; individually.

Occasionally we will make use of the Pauli x, y and z operators which we denote
as X, Y and Z respectively, where:

01 0 —i 1 0

X: , Y: , Z: .
1 0 i 0 0 -1

2.1.1 Quantum Mechanics

All quantum systems have their state at a given time described by a complex vector
in some Hilbert space H which will evolve with time, | (¢)). The physics of the
system — the way in which the particles interact — is described by a Hermitian
linear operator known as the Hamiltonian H. These quantum systems then evolve

according to the Schrodinger equation:

0 .
(1) =iH |y (1)),

such that after time #’, assuming the Hamiltonian remains fixed, the system’s state is

updated as
(' +1)) = e |y (1) .
The Hamiltonian also gives the energy of the system as

(W[H|y)=E.

Remarkably, once the Hamiltonian for the system is known, we have a complete

description of the system and can use this to predict its properties — although we
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shall see this is often a difficult task! We also see that any local observable can
be represented by a Hermitian operator A, such that when a measurement is made
the outcome must always be an eigenvalue of A, and the state which results is the

corresponding eigenvalue of A.

2.1.1.1 Phases of Matter

The reader will most likely be familiar with phases of matter in the context of
thermal phases, such as ice melting to water and evaporating to steam. More
generally, many-body systems are often characterised by a set of parameters, such
as coupling strengths between atoms, temperature, or the strength of an applied
magnetic field. For certain ranges of parameters, the system may display particular
collective properties, and then undergo a rapid transition at a critical point to form a
new phase with different properties. For example, in the transition from water to ice,
the relevant parameters are pressure and temperature.

The mechanisms for phase transitions have confounded physicists since the early
20th Century (and probably before) due to the often surprising collective behaviour
of the relatively simple constituent parts. Early models for phase transitions include
the van der Waals gas model of hard sphere molecules, and the famous Ising model
of atoms modelled as tiny magnetic moments.

If one restricts the system to zero temperature, then these phase transitions can
still happen as a function of non-thermal parameters (e.g. applied magnetic field or
chemical composition), and are known as quantum phase transitions [Sacl1]. While
so called thermal phase transitions can usually be understood a being driven by a
change in temperature — the energy of the constituent atoms/molecules overcomes
some energy barrier — quantum phase transitions are best thought of as being
driven by quantum fluctuations which become relevant only near absolute zero.
Quantum phase transitions describe the many phenomena such as low temperature

superconductivity and the quantum hall effect.

Definition 2.1 (Quantum Phase Transition (QPT), from [Sacl1]). Consider a local
Hamiltonian H(¢) = Y, h;(¢), where the matrix entries of h;(¢) are analytic in .

In the thermodynamic limit, a quantum phase transition occurs where there is a
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non-analytic change in the characteristics of the ground state as a function of ¢ (e.g.
the ground state energy Anin(H(p))). If the matrix elements of a Hamiltonian are
functions of multiple parameters h;(¢1,03,...), then there is a phase transition at
@ = ¢" if there is a non-analytic change in the ground state energy at ¢* when all

other parameters are held constant.

Quantum phase transitions can be extraordinarily complex: the phase diagram
for the phase Hall effect consists of a fractal “Hoftstadter butterfly”” with an infinite
number of phases and phase transitions [OAO1]. Moreover QPT characterise
important behaviour in physics, such as the metal-insulator phase transitions [Voj00]
or the structure of atomic nuclei [Elh+16]. Despite the relative importance of quantum
phase transitions in explaining collective behaviour of systems, their complexity
means they remain poorly understood.

If an experimentalist is working in a lab, it is likely difficult to measure non-
analyticities in the ground state energy. Instead, it is often useful to work in terms of
an order parameter which characterises some property of the phase. In the example of
the transverse 1D Ising model, the order parameter corresponds to the magnetisation
along the Z axis. There is one phase which has zero expected magnetisation, and
another with +1 magnetisation. Throughout this thesis we will find it useful to work

with order parameters.

2.1.2 Spin Systems

A key model for condensed matter physicists are the spin lattice Hamiltonians.
These are idealised models of real materials in which a set of spins (which replicate
the magnetic moments of atoms or molecules) are arranged in a lattice and given
interactions between them. The interactions depend on the particular physical
system they are trying to model, and under different guises they are used as models
for everything from superconductivity [Hub63] to quantum memories [Den+02].
Remarkably, despite their simplicity, these models can accurately display a wide
range of physical phenomena, whether it be magnetism (quantum or classical) or
topological phenomena. This thesis will be concerned primarily with studying this

class of Hamiltonians.
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For the most part we will assume spin systems can accurately be described by

local Hamiltonians, usually with some sense of geometric locality.

2.2 Computability and Computational Complexity

Computational complexity is a subfield of theoretical computer science that seeks
to describe how difficult a given computational task is. Intuitively, it is obvious
that some tasks are more difficult that others. An example the reader can test for
themselves is the following: take two numbers of length 10 bits and add them together.
Now consider a second problem: choose a random 20 bit integer and try to find
its prime factors. The reader should have found the factoring significantly harder,
despite the information input to both problems being 20 bits.

Complexity theory attempts to formalise how hard these computational problems
are, and has lead to the development of so-called complexity classes. Complexity
classes classify computational problems (such as addition, factorisation, route finding,
etc.) in terms of the “amount of computational resources” need to solve them. By
“computational resources” we mean the amount of time or space a Turing Machine
needs to solve this class of problems. Turing Machines (TM) are a model of
computation consisting of a control “head” and an infinite tape, such that the tape is
divided up into cells. The head has several internal states that it can be in, and can
read the tape and write symbols on the tape. Upon reading a cell in the tape, the TM
head can write over it, transition to a new internal state and then move left or right
— the particular action it take at a given point depends on the contents of the cell it
is reading and the state the head is in. Turing Machines have become the standard
model of computation in theoretical computer science. We give a rigorous definition
of a TM a little later in definition 2.2. Remarkably, it is believed that all models of
computation are equivalent to Turing Machines, and hence Turing Machines provide
a natural way of characterising computation complexity (known as the Church-Turing
thesis).

We have been deliberately imprecise in the previous paragraph, which we clarify

here. Computational complexity primarily deals with “decision problems”; those
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which can be formulated as having a yes or no answer. Thus, rather than asking
for the prime factors of a number, instead the decision version of the problem asks
whether a number has a prime factor above or below some integer k. It is clear that
one can convert easily between the two (i.e. the decision version of factoring can be
used to solve find the prime factors of a number by repeated applications).

The best known complexity classes are P and NP. The former, describes the set
of decision problems which are solvable by polynomial time algorithms run on a TM:
the algorithm runs for time at most O (n¢) for an input of length n and a constant c.
The class NP is the set of problems which can be verified in polynomial time: that
is if one is given the answer to a computational problem, then one can check it is
correct in polynomial time.

The factoring example above is a (notorious) example of a problem in NP, but
thought not to be in P. Finding the prime factors of an » bit problem is thought to be
difficult enough that no polynomial algorithm exists for the task. However, if one is
given a set of integers, and asked to check they are the prime factors of some larger
number, it is easy to do so by multiplying them together. Hence it has a polynomial
time verification algorithm.

A fundamental problem in computer science is the question of whether P = NP
or P # NP. Remarkably, this apparently simple problem is still open. Unfortunately,
this is a problem endemic to complexity theory: proving that complexity classes are
equal to each other (or not) is extremely difficult, and the exact relationships between
most important classes are unknown.

To compare the hardness of decision problems we often talk about reductions.
We say that one computation problem A reduces to another B under a polynomial
time reduction, if there is a polynomial time Turing Machine which takes the output
of B and then uses it to solve A. In this sense problem B is at least as hard as problem
A. If the reduction goes both ways then the two problems are equally hard.

Perhaps surprisingly, for most complexity classes there exist special subsets
of problems called “hard” problems such that any problem in the complexity class

can be reduced to a hard problem. If a problem is hard for a complexity class and
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contained in that same complexity class we call it “complete” for that class. Well
known NP-complete problems include the Travelling Salesman Problem and the

Satisfiability problem.

2.2.1 Quantum Complexity Classes

During the 1980s and beyond, it was speculated that Turing Machines running
according to the rules of quantum mechanics may show an advantage in a variety of
areas [Fey82]. Some initial evidence was supplied by the Deutsch’s algorithm which
was capable of solving a problem with fewer queries than a deterministic classical
TM, and then by a series of improvements which showed a quantum TM can use
exponentially fewer queries than a classical TM [DJ92]. Convincing evidence of a
quantum speed-up came with the arrival of Shor’s algorithm which demonstrated
that a quantum logic circuit could solve the factoring problem in polynomial time
[Sho97], whereas the best known classical algorithms take quasi-exponential time
despite decades of effort searching for improvements.

As such, there developed a parallel theory of complexity theory for quantum
computers [BV97]. These classes are typically formulated as the set of problems
which can be solved by quantum Turing Machines or quantum circuits. Quantum
circuits are simply logic circuits where the logical gates must be unitaries chosen
from some fixed, predetermined gate-set. Quantum Turing Machines (QTMs) are
Turing Machines in which the transition rules are unitaries [BV97]. We give a
rigorous definition of QTM later in definition 2.7.

Since quantum mechanics is inherently probabilistic, the complexity classes
are typically phrased in terms of what set of problems can be solved with high
probability, as opposed to those which can be solved deterministically. As such,
the natural analogue of P is a class known as BQP. A problem is in BQP if it the
correct answer can be found with probability > 2/3. Similarly, the natural quantum
analogue of NP is QMA: the set of problems for which given a proof of the answer,
can verify whether or not it is correct with probability > 2/3 [KSV02]. We note here
that the bound 2/3 is arbitrary and that by running the problem multiple times, one

can amplify the output probability to get exponentially close to 1 [NC10].
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We note that BQP and QMA are technically classes of promise problems, in
which one is guaranteed some property of the problem one is studying holds, and
cases where the promise does not hold are not studied.

As in the classical case, the relations between quantum and classical complexity
classes are unknown. The fact factoring is in BQP provides evidence that the
inclusion P ¢ BQP is strict, but it is not expected that NP € BQP or BQP C NP
[RT19]. Beyond factoring there exist other problems which are efficiently solvable on
a quantum computer which appear to be classically difficult. Two important ones are
simulating physical quantum systems [[.1096] and solving linear systems of equations

[HHLO09].

2.2.2 Computability

If complexity theory is the study of how hard it is for a TM to solve a problem, it
is natural to ask whether there are problems which cannot be solved by any TM
in any finite amount of time — they are undecidable or uncomputable?. Turing
demonstrated one such problem: determining whether an arbitrary TM halts on some
input is undecidable [Tur37]. That is to say, there exists no finite time algorithm
which will take as input a description of a Turing Machine and output, in a finite
amount of time, determine whether that TM eventually halts or not. This was then
extended by Rice to show that any non-trivial, semantic property of a Turing Machine
1s undecidable [Ric53].

Since Turing’s original proof, a wide range of problems in computer science,
mathematics and physics have been shown to be undecidable. These include
determining whether a finite set of tiles will tile a plane [Rob71], determining the
Kolmogorov complexity of a string [LV93], or determining whether a player has a
winning strategy in a game of Magic: The Gathering [CBH19], as well as many
others. Notably for physicists, the problems of determining the spectral gap of a
Hamiltonian on an infinite lattice is undecidable [CPGW 15b], as is determining the

trajectory of a particle in a potential [Mo0o90]. We will discuss the spectral gap

2Technically, undecidability applies only to decision problem whereas uncomputability applies to
functions.
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problem in more detail later.

While quantum computers promise to solve some problems faster than classical
computers, a quantum computer can be simulated by a classical computer with
exponential overhead, hence the set of decidable problems is the same for classical
and quantum computers — thus preserving the Church-Turing thesis. We note
that there exists a strong version of the Church-Turing thesis (conveniently known
as the Strong Church-Turing thesis) which postulates that all “reasonable” models
of computation are equivalent to each other up to polynomial overhead. As such,

quantum computation appears to violate this stronger version of the thesis.

2.2.3 Complexity Definitions

Here we give the formal definitions of the concepts we will need for complexity
theory. We include the definition of Turing Machines here for completeness, but we

will rarely use the full definition.

Definition 2.2 (Turing Machine [BV97]). A deterministic TM is defined by a triplet
(2,0,0), where X is a finite alphabet with an identified blank symbol #, Q is a finite
set of states with an identified initial state qo and two final states q ¢ # qo, and 6, the

deterministic transition function, is a function

0:0XXE—>EXQX{L,R} 2.4)

The TM has a two-way infinite tape of cells indexed by 7. and a single read/write
tape head that moves along the tape.

A configuration or instantaneous description of the TM is a complete description
of the contents of the tape, the location of the tape head, and the state q € Qof the
finite control. At any time only a finite number of tape cells may contain non-blank
symbols. The initial contents of the tape is known as the input.

For any configuration ¢ of TM M, the successor configuration c is defined by
applying the transition function to the current state q and currently scanned symbol
o in the obvious way. We write ¢ —y; ¢ to denote that c( follows from c in one step.

By convention, we require that the initial configuration of M to satisfies the following
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conditions: the tape head is in cell O, called the start cell, and the machine is in
state qo. An initial configuration has input x € (X —#)* if x is written on the tape
in positions 0, 1,2, ..., and all other tape cells are blank. The TM halts on input x
if it eventually enters the final state q r, from which there are no further transition
rules. The number of steps a TM takes to halt on input x is its running time on input
x. If a TM halts then its output is the string in X* consisting of those tape contents
from the leftmost non-blank symbol to the rightmost non-blank symbol, or the empty
string if the entire tape is blank. A TM which halts on all inputs therefore computes a
function from (X —#)* to X*.

The main objects of study in classical computer science are decision problems,

also known as languages, which we define below:

Definition 2.3 (Decision Problem or Language [AB10]). Consider a Boolean function
f:{0,1}* — {0, 1}. We identify such a function f withthe set Ly ={x: f(x) =1} and
call such sets languages or decision problems (we use these terms interchangeably).
We identify the computational problem of computing f (i.e., given x compute f(x))
with the problem of deciding the language Ly (i.e., given x, decide whether x € Ly ).

On an instance of a decision problem/language x € {0,1}*, we say that a TM M

accepts if it outputs 1 (i.e. M(x) = 1), and rejects if it outputs O (i.e. M(x) =0).

We note that sometimes rather than being given a single final state gy, TMs are
sometimes defined as having a pair of final states g4,gg which signal whether a TM
is accepting or rejecting on some computation (e.g. in [Pap94]). Similar to single
halting state, there are no transitions out of g4 or gg.

We now define the class NP. This is the class of decision problems for which, if
there is a “yes” output for the problem, then there is a witness or proof w which can

be efficient verified by a classical TM.

Definition 2.4 (NP). A language L C {0,1}" is in NP if there exists polynomial p,
and a deterministic polynomial time Turing Machine M such that for each instance

x € {0,1}* either:

Accepts: ifx € L, 3w € {0, 1}? "D such that M (x,w) = 1 with probability 1.
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Rejects: ifx ¢ L then Yw € {0, 1}?(5D M (x, w) = 0 with probability 0.
We will also be interested in the exponential version of this class:

Definition 2.5 (NEXP). A language L C {0, 1}* is in NEXP if there exists polynomial
p, and a deterministic exponential time Turing Machine M such that for each instance

x € {0,1}* either:
Accepts ifx € L, w € {0, 1}2p<|x|) such that M (x,w) = 1 with probability 1.
Rejects if x ¢ L then Vw € {0, l}zl’uxl), M (x,w) =0 with probability 0.

Clearly NEXP is a much larger class of problems than NP and NP ¢ NEXP. We also

define the concept of (Karp) reducibility:

Definition 2.6 (Polynomial Time Reductions [AB10]). We say a language A c {0,1}*
is polynomial-time Karp reducible to a language B C {0, 1}* (sometimes shortened to

just “polynomial-time reducible”) if there is a polynomial-time computable function

f:{0,1}* — {0,1}*, such that for every x € {0,1}*, x € A if and only if f(x) € B.

As mentioned, we can also define a quantum Turing Machine which can run
quantum computations. We note for simplicity, many formulations of quantum
computation use quantum circuits as they are conceptually easier to deal with.
However, we will make use of QTMs in this thesis and so include the definition for

completeness.

Definition 2.7 (Quantum Turing Machine [BV971). Call C the set consisting of a € C
such that there is a deterministic algorithm that computes the real and imaginary
parts of « to within 27" in time polynomial in n. A Quantum Turing Machine M is
described by a tuple (£,Q,0) where X is a finite alphabet with an identified blank
symbol #, Q is a finite set of states with an identified initial state qo and final state

qr #* qo, and 6, the quantum transition function, is a function

§:0xY — OPOALE} (2.5)
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The QTM has a two-way infinite tape of cells indexed by 7. and a single read/write
tape head that moves along the tape. We define configurations, initial configurations,
and final configurations exactly as for deterministic TMs. Let S be the inner-product
space of finite complex linear combinations of configurations of M with the Euclidean
norm. We call each element |¢) € S a superposition of M. The QTM M defines a
linear operator Uyy : S — S, called the time evolution operator of M, as follows: if
M starts in configuration c with current state p and scanned symbol o, then after
one step M will be in superposition of configurations ) = a P, where each non-zero
a; corresponds to a transition 6(p,o,T,q,d), and c; is the new configuration that
results from applying this transition to c. Extending this map to the entire space S

through linearity gives the linear time evolution operator U)y,.

For decision or promise problems run on a QTM, it is not immediately clear
how to define acceptance or rejection.

We now rigorously define the quantum analogue? of the class P.

Definition 2.8 (BQP). A promise problem L = (Lygs,Lyo) C {0,1}* is in BQP if
there exists a polynomial g and a Quantum Turing Machine M such that for each
instance x € L, M (x) halts in q(x) steps. Furthermore, let I1 = |1){1| be a projector

onto the first qubit of the QTM’s track, then if a M produces an output state |@):

Accepts: (¢|T1|p) >2/3 if x € Lygs.
Rejects: (¢|I1|¢p) < 1/3 ifx € Lyo.

The natural analogue of NP is the class of promise problems for which a witness
can be given as a quantum state and can be efficiently checked using a quantum

circuit or QTM.

Definition 2.9 (QMA). A promise problem L = (Lygs,Lyo) C {0,1}* is in QMA iff
there exists a a Quantum Turing Machine M such that for each instance x and any | )
on O(p(|x|)) qubits, on input (x,|¥)), M halts in O(q(|x|)) steps, for polynomials
p,q. Furthermore, let I1 = |1){(1| be a projector onto the first qubit of the QTM’s

track, then if a M produces an output state |¢):

3Technically, BQP is closer to the classical class BPP, but “morally” BQP plays the same role as P.
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Accepts: if x € Lygs, 3 |¢) such that M runs on input (x,|¥)) and the output satisfies
(o|1T]¢) >2/3.

Rejects: if x € Lno, then Y |¢), M runs on input (x,|¥)) and the output satisfies
(¢|I|g) < 1/3.

Problems which are QMA-complete are believed to be intractable for a quantum

computer. We can also define the associated exponential class.

Definition 2.10 (QMAgxp). A promise problem L = (Lygs,Lyo) C {0,1}* is in
QMAEgxp iff there exists a k and a Quantum Turing Machine M such that for each
instance x and any |¥) on 0(2|x|k) qubits, on input (x,|¥)), M halts in 0(2|x|k)
steps. Furthermore, let T1 = |1){1| be a projector onto the first qubit of the QTM'’s

track, then if a M produces an output state |¢):

Accepts: if x € Lygs, 3 |¥) such that M runs on input (x,|¥)) and the output satisfies
(¢|I|g) >2/3.

Rejects: if x € Lyo, then N &), M runs on input (x,|y)) and the output satisfies
(o|1L|¢) < 1/3.

We note that some previous literature has made use of the abbreviation QMAEXP,
which we avoid in this thesis.

Throughout, we will make use of oracle classes: these are the set of problems
solvable by a Turing Machine with access to an oracle solving some problem (or

class of problems).

Definition 2.11 (Oracle Turing Machines [AB10]). An oracle Turing machine is a
TM, M, that has a special read/write tape we call M’s oracle tape and three special
states qguery, Qyes» 4no- 10 execute M, we specify in addition to the input a language
O c {0,1}* that is used as the oracle for M. Whenever during the execution M
enters the state q gyery, the machine moves into the state qy. if ¢ € O and q,, if q ¢ O,
where q denotes the contents of the special oracle tape. Note that, regardless of the

choice of O, a membership query to O counts only as a single computational step. If
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M is an oracle machine, O C {0, 1} a language, and x € {0, 1}*, then we denote the

output of M on input x and with oracle O by M© (x).

Definition 2.12 (Oracle Classes [AB10]). For every O c {0,1}*, PO is the set of
languages decided by a polytime deterministic TM with oracle access to O and NP?

is the set of languages decided by a polytime nondeterministic TM with oracle access

to O.

There are often definitional problems with oracle classes which arise. We will

flag these and discuss them when necessary.

2.3 Hamiltonian Complexity and Current State of the
Field

We’ve briefly discussed condensed matter physics and complexity theory, but how
do these apparently vastly different fields relate to each other? While some physical
systems can be solved to give a neat set of formula for every property — such as the
2D classical Ising model — many systems of interest are simply too complex to be
nicely characterised by a set of closed-form equations. Sometimes these systems are
amenable to statistical arguments, but in general one must resort to using numerics
to study them. For such systems, the question then becomes “can we develop an
algorithm which will efficiently solve this system and output the desired properties?”
This very naturally becomes ‘“can we characterise the computational complexity of
Hamiltonians and their properties?”. This is the field of Hamiltonian Complexity.
As mentioned previously, studying physical systems is far from just an academic
interest: modelling Hamiltonians and predicting their properties is essential for
a wide range of commercial interests including battery development, optimising
chemical processes, and drug development [MBK15]. Classical algorithms for
solving physical properties of systems have been widely employed both for academic
and commercial purposes. Often these algorithms lack rigorous theoretical backing:
they appear to work “well enough”, are motivated by some physical intuition, or

make some simplifying assumptions to make the problem more tractable. Famous
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examples of such methods include the density matrix renormalisation group [Whi92],
and density functional theory [Par85]. By studying the complexity of Hamiltonians,

we can see to what extent we hope to find efficient algorithms for such problems.

2.3.1 The Local Hamiltonian Problem

Given some quantum system, described by a Hamiltonian, often the first properties
a physicist is interested in are its energy levels and the corresponding eigenstates.
The most important of these is the ground state (the lowest energy state of the
Hamiltonian), which characterises the low temperature properties of the Hamiltonian.

The first attempt to study the complexity of finding the ground state energy (or
indeed any property of a physical systems) was made by Barahona [Bar82], where
it was demonstrated that approximating the ground state energy of a classical Ising
model is NP-complete by giving a reduction from MAX-SAT to the ground state
energy of the Ising model. As a result, it is believed that finding the ground state
of spin-glasses is intractable, even if restricted to entirely classical Hamiltonians.
However, if the interactions of the Ising model are restricted to be a planar graph, then
the problem suddenly becomes tractable and there is a polytime algorithm [Had75].

A foundational result for quantum systems was proved by Kitaev [KSV02],
where it was shown that estimating the ground state energy of a 5-local Hamiltonian
was QMA-complete, and in the process demonstrated the class QMA is the natural
quantum analogue to NP. More formally, the result shows that the following promise

problem, is QMA-complete:

Definition 2.13 (Local Hamiltonian problem (LH)).

Input: A k-local Hamiltonian H = ;" h;, acting on N qudits, and m = O (poly(N)),
with two parameter a, 8 such that §—a = Q(1/poly(N)).

Output:

YES: if 1o(H) < @
NO: if 1o(H) > B.

Promise: 1o(H) ¢ [a,B].
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A key tool in Kitaev’s proof of QMA-hardness is a technique known as the
circuit-to-Hamiltonian mapping, which we review in the following subsection. The
QMA-completeness of the Local Hamiltonian problem implies that we do not expect
to efficiently estimate ground state energy of local Hamiltonians, even with access
to quantum computers. It is worth noting that the results [Bar82] and [KSV02]
only apply to spin-glasses: collections of particles for which the interactions can
be chosen independently. Furthermore, for these results there are no geometric
constraints on how the particles interact with each other. As such, these result do not
necessarily prove QMA-completeness of the Local Hamiltonian problem for systems

with interactions similar to those found in nature.

2.3.1.1 Circuit-to-Hamiltonian Mappings

The circuit-to-Hamiltonian mapping is the central tool for proving complexity results,
and can itself be viewed as a quantum version of the much celebrated Cook-Levin
theorem. The idea is to construct a Hamiltonian H € 8((C¢)®N) such that its ground
state is a superposition of some computation at all different steps of the computation.
Such Hamiltonians are also referred to as Feynman-Kitaev Hamiltonians or History
State Hamiltonians.

We let the Hilbert space of the Hamiltonian have two parts:
H =Hc®Hg

where H will contain a set of “clock states” which record which time step the register
is in, and Hx which is the computational register of the computation. In particular,
let there be a computation starting with an initial state |o) € Hg, and lasting for T
steps such that the computational register after ¢ steps is |¢;) = U;U;—;1 ... Uy [¢o),

then this can be encoded in a so called history state:

Definition 2.14 (History state). A history state | W) € HcQHR is a quantum state
of the form

1 T
Ti.&‘ == t ’ 2'6
W hisr) ﬁ;mcwb (2.6)
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where {|1),...,|T)} is an orthonormal basis for Hc, and |y,) = T1i_, U; o) for
some initial state |yo) € Hg and set of unitaries U; € B(HR).
Hc is called the clock register and Hy is called the computational register. If

1™ step of a quantum computation

U, is the unitary transformation corresponding the
— which may be a gate in a quantum circuit or a QTM transition — then |y;) is the
state of the computation after t steps. We say that the history state |¥) encodes the

evolution of the quantum computation.

To construct a Hamiltonian with |W;) as a ground state, Kitaev develops a

Hamiltonian which is the sum of three parts. The first is the propagation Hamiltonian.

Hoprop ::Z(n) (t—1|C®U;+|t—1)<t|C®U:). 2.7)
r=1
This forces the ground state to be the evolution of some quantum state through a

particular quantum circuit. Kitaev also introduces an initialisation term:
Hiir 1= [0)(0l ¢ ® iz (2.8)

This is a projector onto the first time step which ensures the computational register
is initialised in whatever we want the initial state to be (which will usually be the
input to the computation). There is a third term H¢j,or designed to enforce the
correct propagation of the clock. How the clock is implemented depends on the
particular construction and so we leave it nondescript here. The resulting Hamiltonian

H = H;pjs +Hpop + Hejoor has a history state ground state as per eq. (2.6).

Proving QMA-hardness

To prove QMA-hardness of the Local Hamiltonian problem, another term must be
added to the Hamiltonian above. This term is chosen to penalise rejected outputs. In
particular we assume that there is an output qubit which onto which the output of the

computation is placed. Then add the following term to the Hamiltonian:

Hoyu = |T><T| ® |O><O|0ut s
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to give:
H = H;pi +Hpr0p +Hour +Helock - (2.9)

To prove QMA-hardness of the Local Hamiltonian problem for this Hamiltonian,
we allow part of the initial computational register to be unconstrained; this part of
the register will be taken as a witness state. We then use the circuit-to-Hamiltonian
mapping to encode a verification circuit which takes as input some x € {0, 1}" and
some witness state |w) € (C2)®0®N () runs for time T = O(poly(n)), and then
outputs either |0) or |1) with high probability.

Remarkably, one can show using a basis transformation that the Hamiltonian in
eq. (2.9) has the same energy as a particle propagating along a line and receiving
an energy penalty on the final step, where the energy penalty is proportional to
Tr(|Yr)yr| 1®]0)0|,,,) [KSV02]. This allows us to reduce the eigenvalue analysis
to that of solving a tridiagonal Toeplitz matrix. The energy is then either 1o(H) < «
or 1g(H) > B if the computation accepts or rejects respectively, for some pair («, 8)

such that 8 —a = Q(1/poly(N)). Thus the Local Hamiltonian problem is QMA-hard.

Towards More Natural Systems

The initial construction by Kitaev to prove hardness of the Local Hamiltonian problem
was for a 5-local, non-geometrically local, highly non-physical Hamiltonian. In
natural physical systems, interactions between bodies tend to be 2-local, bodies
typically couple more strongly with particles which are geometrically closer to them,
and there is often some underlying interaction structure (e.g. particles are on a lattice
or some other graph).

The more “natural” or simple a Hamiltonian is while also displaying hard-to-
compute properties, the more insight this gives us into the intrinsic complexity of
nature and into the structure of Hamiltonians as a whole. While Kitaev’s initial
hardness proof prevents one from finding an efficient algorithm for solving ground
state energies of 5-local Hamiltonians with no geometric structure, it leaves open the
possibility that the same problem on a 1D chain of qubits with nearest neighbour

interactions efficiently solvable.
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The Hamiltonians observed in real physical systems possess a wide range
of properties which one might make them simpler to solve. First of all, almost
all interactions seen in nature are 2-local, and very often shielding factors mean
the interactions between particles decays exponentially with distance. Condensed
matter systems often possess symmetries, such as a regular lattice, and can be
effectively modelled as Hamiltonians with only nearest neighbour interactions.
Furthermore, the local interactions between particles are often the same between ever
pair of neighbouring particles, and hence the interactions are both rotationally and
translationally invariant. Beyond the properties of the local interactions, properties
such as having a large spectral gap, or being frustration free can be shown to make
systems easier to solve.

Perhaps intuitively one can understand this by the fact that by imposing simpler
interactions and symmetries on a Hamiltonian, and other conditions on a physical
system, there are fewer degrees of freedom in which one can “encode” complexity or
computation. Alternatively, more degrees of freedom reduces size of the solution
space on must search through.

An important goal of Hamiltonian complexity is to examine increasingly simple
systems and determine where the boundary between complex and simple lies. With
this in mind there has been a huge number of results proving QMA-completeness of
Hamiltonians for increasingly simple systems. The two primary methods for this
are improvements to the circuit-to-Hamiltonian mapping and through perturbation

gadgets. We review these advances separately.

Adaptations of the Circuit-to-Hamiltonian Mapping
Over many works, new variants of circuit-to-Hamiltonian mappings have been
developed to apply the method to more realistic Hamiltonians which have properties
similar to those we find in nature.

One of the first improvements was made in [KR03a] which improved locality to
3-local, and [KKRO06], who reduced the locality to 2-local Hamiltonians. In [Aha+07]
it was shown that the Local Hamiltonian problem was QMA-hard for 1D Hamiltonians

of local Hilbert space dimension 13. Remarkably, this was then improved upon in
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[GI09], where it was shown how a 1D, translationally invariant, nearest neighbour
Hamiltonian can be used to encode a circuit-to-Hamiltonian mapping #. This result
is especially important as the only input to the Hamiltonian is the length of the
chain it is specified on — all other parts of the Hamiltonian remain fixed. This
allows QMAEgxp-hardness of the Local Hamiltonian problem to be proven for 1D,
translationally invariant, nearest neighbour Hamiltonians.

However, the Hamiltonian in [GI09] has a huge local Hilbert space dimension
which is highly unlikely to be observed in nature. [BCO17] use Quantum Thue
Systems to reduce the local Hilbert space dimension to 42. [BP17a] proves QVMIAgxp-
hardness on a 3D lattices with face-centred cubic unit cells, but for a local Hilbert

space dimension of 4, and for 4-local Hamiltonians.

The Space-time Circuit-to-Hamiltonian Mapping

There is an similar, but slightly conceptually different version of the circuit-to-
Hamiltonian mapping that has been used throughout the literature, often known as
the space-time circuit-to-Hamiltonian mapping. The construction presented in the
previous sections has a ground state which consists of the computational register
tensored with a global clock, and then puts these in superposition. Space-time
circuit-to-Hamiltonian mappings forgo a global clock construction, and instead
give each qubit a local clock variable. The ground state is then a superposition
of all valid configurations of these clocks. The construction is based on those in
first utilised in [Zur90] and [JanO7]. This construction has been used to prove
QMA-completeness for interacting fermions [BT14], to develop better quantum
error-correcting codes [Boh+19], and give an alternative proof to the equivalence
between adiabatic computation and the circuit model [MLMO07; GTV15].

To illustrate how this works, we give an example of how the computation is
encoded in [BT14]. Assume we want to encode a depth D circuit of n qubits. Then
we give each qubit a local clock register of D —1 states, |t), t € {0,1,2,... D} which
records the time-step in the circuit. Let U/ [¢] be a 1-qubit gate acting on the qubit g

on the " time-step. Then for each single-qubit gate there is a term in H,4,,, of the

4Technically Gottesman and Irani encode a QTM’s evolution in a Hamiltonian rather than a circuit,
so this should more properly be called a “QTM-to-Hamiltonian mapping”.
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form:

H[q] = (U} [q]®t) =11 = 1)) (U} [g]® (1] - (1 = 1]).

Denote two qubit gates acting on qubits p and g at time-step ¢ as Ut2 [g,p]. Then

such a gate is encoded in the Hamiltonian as:

H?[q,p) = (UP[q,p]®|t,1) = |t = 1,t = 1)) (U] [q, pl@{t,t] - (t = 1,1~ 1]).

The D-dimensional qudit can then be mapped down to a set of D + 1 qubits as
1£) =10)110)5...10),11),4110),55...10) ;. Thus the time dimension of the circuit
is mapped to a spacial dimension, where rows of qubits represent a particular time
step (hence the inclusion of “space-time” in the name of the construction). Penalties
can then be added to the Hamiltonian such that only valid time configurations occur
in the history state (i.e. so that a gate on one qubit line does not get applied in an
incorrect order). Input and output penalties are then added on appropriately.

We also note an innovative construction used to prove the Local Hamiltonian
problem is QMA-complete for the Bose-Hubbard model [CGW 13]. Rather than
encoding the desired computation in the interactions, it keeps the strength and
form of the interactions constant and instead uses the interaction graph to encode
computations. Importantly, the interactions here are comparatively simple when
compared to the techniques above which encode circuits or Turing Machines (though
the interaction geometry is comparatively complex). These techniques were then

adapted to prove QMA-completeness for the X Y-model with magnetisation [CGW 16].

Although in this section we have focused on circuit-to-Hamiltonian mappings for
QMA-hardness construction, they have been used to prove a variety of other results.
Consequently there are a variety of constructions useful for different systems which
are often trying to improve on different properties of the system or construction

[CLN18; BC18a; GCI18].
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2.3.1.2 Perturbative Gadgets

Beyond circuit-to-Hamiltonian mappings, there exists another common method of
proving hardness results for Hamiltonians, known as perturbative gadgets.

First developed in [KKRO06] as an alternative method to prove QMA-hardness
of the Local Hamiltonian problem, perturbative gadgets are additional qubits (or
qudits) added to the Hamiltonian which allow the form and type of the Hamiltonian’s
interaction terms to be rearranged, while preserving the spectrum up to some small
error. Using perturbative gadgets, it is possible to take an initial Hamiltonian with
complicated interactions and high locality, and find a new Hamiltonian which has
simple, 2-local interactions with lower spacial dimensionality (e.g. of the form of
the Heisenberg Hamiltonian [CM13; CMP18]) such that the low energy spectrum is
preserved. The fundamental idea to change the form of interactions is the following:
suppose there is a 3-local interaction between qubits g1, g2, g3 that we wish to reduce
to a set of 2-local interactions. We call this 3-local Hamiltonian H;,,g.;. We then
introduce a new gadget Hamiltonian with auxiliary qubits H = H+V, where H is
diagonal and has spectral gap A, and where V is a 2-local perturbation with off
diagonal terms. The new qubits then “mediate” the interaction between the original
qubits g1, ¢, q3. By expanding H in the low energy subspace using a Feynman-Dyson
series (other expansions can be used), then for sufficiently large A and an appropriate
choice of V the difference ||H — Hiarge|| can be made sufficiently small.

The introduction of perturbative gadgets sparked a cascade of results: interacting
qubit Hamiltonians on a 2D lattice are QMA-complete [OT08], 2-local qubit systems
with restricted types of interactions are QMA-complete [BLO8], and that density
functional theory is QMA-complete [SV09] (this results also proves the LH problem
for the Hubbard model in an external magnetic field is QMIA-complete). Recently this
result has been utilised to prove that determining the ground state energy of interacting
electron orbitals is QMA-complete [O’G+21]. Finally, perturbative gadgets have
been used to providing a complexity classification for all qubit Hamiltonians [CM13].
Indeed, Cubitt and Montanaro demonstrate that the Local Hamiltonian problem for

a given class of Hamiltonian is complete for one of the following classes: P, NP,
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StogMA, or QMA. This result was then generalised to qudit Hamiltonians [PM18].
We note that one of the disadvantages of using perturbative gadgets to prove
complexity results is that one needs to add large energy factors to the local interaction
terms in the new Hamiltonians. For large systems, these factors can be enormous
and arguably non-realistic. Work has been done to address this criticism — making
the gadgets more “physical” — but these alternative constructions usually contain

undesirable trade-offs (e.g. additional ancillary qubits) [CN15; Baul9].

2.3.2 Problems Beyond Ground State Energies

The ground state energy of a Hamiltonian is far from the only property of interest
for physicists, and the Hamiltonian complexity literature reflects this. Indeed,
the problem of determining many physical properties can be formulated as a

computational problem and its complexity studied. We examine some examples here:

Local Observables: Ambainis considers the problem of approximating the expecta-
tion value of log(n)-local measurements on ground states and low energy subspace
— a natural extension beyond the Local Hamiltonian problem [Amb14]. Formally,
given an observable A, one is asked whether for states 6 = O (1/poly(N)) close to the
ground state if the expectation value (A) > 8 or (A) < a, for B —a = Q(1/poly(N)).

PQMA[log]

In particular, it is demonstrated that the problem is -complete. Gharibian

and Yirka improve on this result to O(1)-local Hamiltonians [GY 19]. This is further

improved to PQMALlog]

-completeness for 1D systems, and for physically realistic
systems such as the Heisenberg model using perturbative gadgets [CMP18]. Part of
this thesis furthers the study of this problems to new classes of Hamiltonians (see

chapter 6).

Low Energy Subspace Structure: Gharibian and Sikora examine the problem of
determining if parts of the ground state subspace have an energy barrier between
them [GS18]: this is important for quantum memories as for a quantum memory
to remain stable over time, it must have an energy barrier between codewords.
This problem can be formalised as a computational problem GSCON and was
shown to be QCMA-complete for 5-local Hamiltonians, for 21-local commuting

Hamiltonians [GMV 16], and for 21-local stoquastic Hamiltonians [Nag+21]. The
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result in [GMV 16] is particularly important as most designs for error correcting codes
involve commuting Hamiltonians (albeit not with 21-local interactions). In [WBG20],
it was shown that even for a 2-local, nearest neighbour, translationally invariant
Hamiltonian, the problem remains QCMAgxp-complete (or QCMA-complete if the
Hamiltonian is not translationally invariant). Furthermore, this work developed a
“lifting lemma” showing that if a circuit-to-Hamiltonian mapping exists for a family
of Hamiltonians (subject to certain constraints) then the GSCON problem is QCMA
or QCMAgxp-hard.

Spectral Gaps: The spectral gap of a Hamiltonian (the difference in energies between
the first excited state and the ground state energy) is essential to determining the
properties of Hamiltonians: systems which have large spectral gaps tend to be
significantly easier to solve for>. Indeed, there are efficient approximations to states
and local observables for gapped Hamiltonians in certain cases [Has07a; Has07b;
LVV15; DBI19].

In [Amb14] it is shown that the problem of estimating the spectral gap is
contained in POMAlIog] apd js PYOMATog]_hard. Beyond the spectral gap’s importance
physically, it also useful in characterising the complexity of the Local Hamiltonian

problem for different parameter regimes [DGF20].

Consistency of Local Density Matrices: The Consistency of Local Density Matrices
(CLDM) is another important problem which widely occurs in chemistry. Here
one is given a set of reduced k-local density matrices {p1,02...pm}, where each
p; describes the reduced state on some set of qudits §;, and are asked to determine
whether there is a global density matrix of a system such that |Trg, (07) — p;| < € where
Trg, traces out the entire system except S;. This was shown to be QMA-complete
under Turing reductions by Liu [Liu06], which was then improved to Karp reductions
[BG19]. A natural variation of this is the N-representability problem, in which the
Hamiltonian is restricted to only 2-local interactions between fermions, and the aim
to to determine the overall density matrix describing the system. This has also been

shown to be QMA-complete [LCVO07]. For stoquastic Hamiltonians, the the CLDM

5In this paragraph we only discuss the spectral gap with respect to finite systems. We discuss the
thermodynamic limit later.



54 Chapter 2. Background and Previous Work

problem has been shown to be StogMA-hard for a slightly different definition of
CLDM than that used in previous results [Liu07].

Time Evolution: The above properties are concerned primarily with the static
properties of a Hamiltonian. Naturally one might ask what happens if we evolve a
state under the time dynamics of a system? In general, predicting the time dynamics
of a Hamiltonian is BQP-complete problem [Fey84], and hence we do not expect
there to be classical algorithm which efficiently simulates time dynamics for quantum
systems (in contrast quantum computers are capable of this [L1096; BCK15]). One
might expect that Hamiltonians for which predicting ground state properties (for
example) are complex, also have difficult to determine time evolutions. However, this
is not the case in general. Examples of this include the existence of Hamiltonians for
which the Local Hamiltonian problem is StogMA-complete, but the time dynamics
are BQP-complete. Even more strikingly is the ferromagnetic Heisenberg model

which has a 0 energy ground state, but BQP-complete time dynamics [CGW13].

Partition Functions and Free Energies The partition function and free energy give
the thermal properties of a Gibbs states of some systems — that is, the properties of a
system in thermal equilibrium at some temperature. For both classical and quantum
systems it is well known that for sufficiently high temperatures, there exists efficient
algorithms for approximating the partition function [Bar18; MH21]. Classically, it is
well known that computing the partition function exactly is #P-hard, and that within

some relative error it is BPPNP

-hard in general [Sto83]. In the quantum setting, the
free energy has been studied under certain conjectures, and the problem of computing
the partition function has been shown to be equivalent to counting the number of
witness states accepted by a QMA verifier [Bra+21]. However, the complexity of
computing the free energy of a quantum Hamiltonian polynomial additive precision
remains unknown®. A more limited version of this problem where try to compute
the partition function normalised by a factor 27", to 1/poly(n) precision, has been

shown to be DQC1-complete. Here DQC1 is a quantum complexity class which is

thought to be weaker than BQP, but still stronger than P [BraO8]. However, general

%This corresponds to computing the partition function to relative precision.
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hardness results for the non-normalised quantum case remain illusive.

Others Problems: Properties such as the energy of excited states [JGL10], determin-
ing the critical point of phase transitions [WB21], determining ground state energies
of free fermion models with impurities [BG17]7, and calculating the density of states
[BES11] have all been studied from a Hamiltonian complexity perspective. We will
examine some of these in this thesis.

We also, note that Hamiltonian complexity techniques have been important in
formalising and understanding the idea of analogue Hamiltonian simulation. This
is the idea of designing a Hamiltonian which replicates the behaviour of another
Hamiltonian of interest (sometimes called the “target” Hamiltonian) [BK02; VCO05;

CMP18; PB20; Koh+20].

2.3.3 Hamiltonian Complexity in the Thermodynamic Limit

The problems in the previous sections we have been dealing with Hamiltonians
defined on a finite number of particles. However, much of condensed matter physics
is concerned with properties of Hamiltonians in the thermodynamic limit of an
infinite number of particles. The thermodynamic limit is employed to study the
bulk properties of materials — those which are independent from finite-size effects.
The bulk properties are typically those which occur when looking at macroscopic
behaviour, where the number of particles is of the order ~ 10>3. Such systems
are assumed to be large enough that their behaviour is considered independent of
finite-size effects. Furthermore, particular phenomena such as phase transitions
are only rigorously defined in the thermodynamic limit [Sacl1]. As a result it is
important to study this limit theoretically.

A series of computability and complexity results have been for developed such
systems. Notably, in a seminal piece of work, Cubitt, Perez-Garcia, and Wolf used
techniques from Hamiltonian complexity to demonstrate that determining whether
a system has a constant spectral gap, or is gapless in the thermodynamic limit is
undecidable [CPGW 15a; CPGW 15b]. Their construction applies to 2D, nearest

neighbour, translationally invariant Hamiltonians. Furthermore, their result implies a

7This result proves containment in QCMA, but does not prove hardness.



56 Chapter 2. Background and Previous Work

“Rice’s Theorem” for Hamiltonian ground states: (almost) any non-trivial property of
a ground state is undecidable in the thermodynamic limit. This includes determining
expectation values of local observables, correlation functions, entanglement measures
etc.

This undecidability of the spectral gap result was then improved to 1D systems
[Bau+18b]. Building on these works, a similar set of authors proved the existence of
“size-driven phase transitions”: phase transitions where the driving parameter is the
system size [Bau+18a]. Their system undergoes a phase transition at some finite,
but arbitrarily large and uncomputable system size, demonstrating that finite-sized
effects are in some sense always present. It has also been shown that thermalisation
of an observable on 1D translationally invariant Hamiltonians from an initial state is
undecidable [SM21]. 8

A key consequence of these results is that a system at a finite size may have
properties which do not necessarily reflect the properties of the system in the
thermodynamic limit. Importantly, this means that using an algorithm to determine
some property of an N X N system (for example) and then extrapolating to the
thermodynamic limit is not guaranteed to work (or rather, in some circumstances it
is guaranteed not to work!). This is often a working assumption for doing numerics
in condensed matter physics, and hence this result potentially undermines this
assumption.

An alternative formulation of the above paragraph is that finite-sized effects are
always present, and can radically alter the behaviour of the system even at large sizes.
Thus, in some sense using the thermodynamic limit as a mathematical “trick” to
study the bulk properties of some medium is not always well defined.

We note, however, that there are systems which are known to have computable
and well defined properties in the thermodynamic limit. There are also well known
results that allow the determination of the spectral gap in the thermodynamic

limit from finite sized systems. The Knabe bound shows that for frustration free

8 Although not directly relevant to the discussion above, we note an the following result for the
sake of interest: it has been proven that there exists supersymmetric quantum field theories for which
determining whether or not the theory breaks supersymmetric is undecidable [Tac22].
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Hamiltonians, if a spectral gap decreases slowly enough then the system must be
gapped in the thermodynamic limit [Kna88]. Bounds such as these have been used
to show that for frustration-free, translationally invariant, nearest neighbour spin-1/2

Hamiltonians in 1D the spectral gap problem is decidable [BG15].

Quantum Phase Transitions Though a large number of properties of Hamiltonians
have been studied, a somewhat glaring gap exists in the literature: there is a limited
understanding of phase transitions from a Hamiltonian complexity perspective.
The undecidability of the spectral gap results [CPGW 15a; Bau+18b], although
hinting at results about phase transitions (since the closing of the spectral gap is
necessary for a quantum phase transitions), do not actually prove results about
phase transitions for reasons that will be discussed later. This is notable given that
quantum phases, and quantum phase transitions are responsible for a huge amount
of interesting, low-temperature physics. Indeed, a huge amount of effort has been
devoted to determining phases: from a theoretical perspective the renormalisation
group methods were designed to better understand exactly this problem (we will
discuss this more later). Experimentally, analogue simulation has been used to probe
systems which exhibit QPTs [LS17; Eba+21], however, there are limitations on how
effectively some systems and properties can be simulated [CPD21]. In chapter 3 and
chapter 7 we seek to improve our understanding QPTs from a complexity perspective
and understand to what extent numerics and computation able to predict quantum

phase transitions.

Complexity (not Computability) in the Thermodynamic Limit The Local Hamil-
tonian problem plays a foundational role in Hamiltonian complexity, there is little
literature on the equivalent problem in the thermodynamic limit. In the thermo-
dynamic limit, the ground state energy necessarily diverges, and hence is not a
meaningful quantity, hence it is natural to ask about the energy per particle, better
known as the ground state energy density. On a lattice A(L X W) this is the energy
per particle, defined as

(2.10)
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and the quantity in the thermodynamic limit is found by taking L,W — co. In

chapter 4 we explore the complexity of computing this quantity.

2.3.4 The Renormalisation Group

So far we have focused on results demonstrating that properties of Hamiltonians
are intractable or uncomputable, especially at low energies/temperatures. But of
course, there are a wide range of results proving that in certain cases properties can
be efficiently computed.

Renormalisation group (RG) techniques are a broad range of numerical and
analytic methods which typically work by iteratively simplifying the systems at
different length scales or momentum scales while preserving physical properties.
The idea being that after many iterations, the small scale “microscopic” details will
have been integrated out, while the observable physics will remain. Based on ideas
by Wilson [Wil71; WK74] who used the techniques to solve the Kondo problem,
a huge number of techniques have emerged to determine the phase of physical
systems. Renormalisation group techniques and the associated ideas have become a
fundamental part of condensed matter physics and high energy physics since their
development.

Importantly for this thesis, RG methods have been of fundamental importance in
describing phase transitions (of both the quantum and thermal kind) and associated
phenomena such as universality. Given a description of a Hamiltonian in terms of the
couplings between spins, it is not at all clear a phase should emerge. But by iterating an
appropriate renormalisation group scheme, we can remove the necessary “irrelevant
physics” while preserving important properties about the phase (e.g. whether the
phase is spontaneously magnetised). This has been applied with incredible success
to a huge range of systems, including the 1D Ising model where RG techniques can
be used to solve the system exactly. Indeed, many of the tensor network techniques
such as MPS, PEPS and MERA were originally inspired by RG methods.

Despite their important role in modern condensed matter physics, the effective-
ness of RG techniques on the exotic systems that occur in Hamiltonian complexity

has not been analysed. In particular, what happens when we apply RG techniques
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to Hamiltonians with undecidable properties. We know they must fail, but it is
not immediately clear how they do so, or if even one can meaningfully apply RG
techniques to Hamiltonians with uncomputable properties. In chapter 5 we investigate

this.

2.4 Authors and Contributions

Chapter 3 is co-authored by Johannes Bausch and Toby Cubitt, and has been published
here [BCW21]. The problem of the computability of phase diagrams was initially
suggested by Toby Cubitt. Most of the proof idea is my own work, although many of
the details of the construction were added to, corrected and worked out by Johannes
Bausch.

Chapter 4 is co-authored with Toby Cubitt. The problem of estimating the
ground state energy density was initially suggested by Toby Cubitt. Most of what is
in this thesis is my own work — a section about the robustness of the tiling which
has significant input from Toby Cubitt have been omitted. A full version of the work
can be found in [WC21], and a condensed version in [WC22].

Chapter 5 is joint work with Emilio Onorati and Toby Cubitt and has been
submitted for publication. A preprint can be found here [WOC21] The idea of
applying renormalisation group techniques to the uncomputable Hamiltonian of
[CPGW 15a] was Toby Cubitt’s. Emilio Onorati’s contributions are primarily in the
section concerning the renormalisation of the classical tiling Hamiltonian which has
been excluded from this thesis.

Chapter 6 is joint work with Johannes Bausch and Sevag Gharibian. A preprint
can be found here [WBG20] The work was my idea, and initially inspired by a search
for a problem which was PQMAEXP-complete, which was then further refined and
generalised on by my co-authors. All authors of this work were heavily involved in
proving these results. We note that only some of the results from this work have been
included here.

Chapter 7 is joint work with Johannes Bausch. A preprint can be found here

[WB21] The idea was inspired by a conversation with Ashley Montanaro at a visit to
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the University of Cambridge. The proof idea and details were refined many times

and have equal contributions from the authors. For the purposes of brevity, some of

the main proofs have only been sketched out rather than being included in full.
Figures in chapters which are joint work with Johannes Bausch were designed

by him, and in all other chapters are my own work.



Chapter 3

Uncomputability of Phase Diagrams

3.1 Introduction

In this part of the thesis we address the problem of determining the phase diagram of
a condensed matter system in the thermodynamic limit. In particular can we find an
algorithm which will determine such a thing?

As described in chapter 2, quantum phase transitions describe a large number of
important physical phenomena. Examples include the 2D Hubbard model which is
thought to describe the behaviour of the high-temperature superconducting cuprates
but remains poorly understood [PKC15]; the structure of atomic nuclei [Elh+16];
nucleation processes in QCD [CK92]; and many more processes.

Some of these phase transitions are well understood: classic toy models of phase
transitions include the 1-dimensional transverse field Ising Model which is known to
have a transition from an unordered to ordered phase at a critical magnetic field strength
[Sac11]. On the other hand, in general numerical simulations are computationally
difficult, and may even be intractable [SMS13; SV09]. Moreover, quantum phase
diagrams can be highly complex. Experimentally and computationally one of the
best studied, the 2D electron gas—a model for free electrons in semiconductors—is
well known to have a complex phase diagram; the system undergoes a large number
of phase transitions, most notably those associated with the quantum hall effect.
Indeed, the phase diagrams of such systems are known to be incredibly rich with

some producing Hoftstadter butterfly patterns with an infinite number of phases
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[OAO1].

There are a variety of methods that are heuristically used to calculate phases, or
at least predict some properties of phases, but a general algorithm for determining the
phase diagrams of a system is unknown. As outlined in section 2.3.2, renormalisation
group methods have played a key role in this study, but are often applied in an ad hoc
way. That is, given a Hamiltonian, it is not clear whether a particular RG method
should be successful. The decimation procedure which is successful for 1D classical
Ising model [Car96] does not take into account factors such as entanglement, and
hence one should not expect it to succeed for highly entangled quantum systems (and
indeed, typically it does not).

As per definition 2.1, given a Hamiltonian H (¢) parametrised by ¢, a quantum
phase transition occurs where there is a non-analytic change in the ground state
energy in terms of ¢ [Sacll]. So a vanishing spectral gap is a necessary (though
not always sufficient) condition for a phase transition to occur. Cubitt, Perez-Garcia,
and Wolf [CPGW 15a; CPGW 15b] showed that determining whether the spectral gap
is zero or some constant is undecidable. Specifically, given a (finite) description of
a translationally invariant, nearest neighbour Hamiltonian on a 2D square lattice,
they prove that deciding whether it has a spectral gap or not is at least as hard as
solving the Halting Problem. This result was recently strengthened to the case of 1D
Hamiltonians [Bau+18b].

In both the 1D and 2D undecidability constructions mentioned above, the
Hamiltonian H () depends on an external parameter ¢. Whether the Hamiltonian
is gapped or gapless depends on the value of this parameter, with the former
corresponding to a non-critical phase and the latter to a critical phase. Hence
these results give Hamiltonians with highly complex phase diagrams [CPGW 15b].
However, the Hamiltonian H (¢) is not a continuous function of ¢. Specifically, the
Hamiltonian contains some terms which depend continuously on the value of ¢,
but also others which depend on the number of bits |¢| in the binary expansion of
¢. Clearly, the latter takes integer values, and has discontinuous jumps as ¢ varies

smoothly.
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This limitation significantly restricts the implications one can draw from the
spectral gap undecidability results, in particular for quantum phase diagrams, which
are one of the main reasons for caring about spectral gaps in first place. For example,
the definition of a quantum phase transition is a non-analytic change in the ground
state energy, however, if a model is allowed to have non-analytic changes in the
parameters of the Hamiltonian engineering a quantum phase transition is trivial.
Take the 1D transverse Ising model, and rather than having the magnetic field as a
parameter, take the binary length of the magnetic field strength as a coeflicient so
that the Hamiltonian is H = }; ; Z(,-)Z(j) + || X; X(i). It is trivial to show that the
ground state can vary non-analytically moving from one value of ¢ ot the next.

Furthermore, it is not “natural” for the spectral gap of a Hamiltonian to depend
on the length of ¢’s binary expression in the sense that no real system is likely to have
properties like this. Finally, the constructions in [CPGW 15a] do not allow anything
to be said about the spectral gap if ¢ and |¢| are decoupled: this means it is not
possible say anything about the full phase diagram of these models, except along a
disconnected collection of line-segments in the full 2D phase diagram.

It also means that the undecidability critically relies on fine-tuning the value of
one parameter in the Hamiltonian to precisely the integer value that matches |¢|; for
an arbitrarily small deviation from this precise value, the proof techniques cannot
say anything about the spectral gap, let alone about the phase diagram. The fact
that this discontinuous dependence on both ¢ and |¢| is fundamental to the proof
approach raises the possibility that undecidability and its consequences may not apply
to the continuous families of Hamiltonians traditionally considered in condensed
matter models, and may have no real consequences for understanding quantum phase
diagrams, even in principle.

The result proved in this chapter directly implies that the phase diagram of
systems such as this can be uncomputable: there provably does exist any procedure
or algorithm for determining the phase diagram of the system, even given a complete

description of the parameters of the model.
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3.2 Preliminaries

The quantum many-body systems we will consider are translationally invariant,
nearest-neighbour, 2D spin lattice models. Since we are interested in phase
transitions— which strictly speaking can only occur in the thermodynamic limit of
infinitely large lattices—we will take the thermodynamic limit by letting the lattice
size L go as L — oco. An alternative definition to a non-analyticity in the ground
state energy is that we can recognise phase transitions by a discontinuous change of a
macroscopic observable O 4/, Both conditions will be satisfied by our construction.

The resulting Hamiltonian over the entire lattice is then

L -1 -1 L
AL) row ol
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=1 J= =1 j=

As in [CPGW15a], we then define a Hamiltonian to be gapped or gapless as:

Definition 3.1 (Gapped, from [CPGW 15a]). We say that H A(L) of Hamiltonians is
gapped. if there is a constant y > 0 and a system size Lo € N such that for all L > Ly,
Ao(HAD)Y is non-degenerate and A(HME)) > y. In this case, we say that the spectral

gap is at least y.

Definition 3.2 (Gapless, from [CPGW 15a]). We say that HAD) g gapless if there is
a constant ¢ > 0 such that for all € > O there is an Ly € N so that for all L > Lo any

point in [Ag(HMP)), 10 (HMD) + ¢] is within distance € from spec HME).

We note that not all Hamiltonians are gapped or gapless as per this definition,
but these stronger definitions will help remove any ambiguities. Throughout the

paper we will be using the notion of a continuous family of Hamiltonians, defined as:

Definition 3.3 (Continuous family of Hamiltonians). We say that a Hamiltonian
H(yp) =2 hj(¢) depending on a parameter ¢ € R, made up of a sum over local terms
hj(¢) each acting on a local Hilbert space H, is continuous if each hj(¢) : R —
B(H) is a continuous function. We say that a family of Hamiltonians {H;(¢) }ic1 for

some index set I is a continuous family if each H;(¢) is continuous.
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3.3 Results

In this chapter we will explicitly construct a one-parameter continuous family of
Hamiltonians, such that for all values ¢ € R of the external parameter, the system is
guaranteed to be in one of two possible phases, distinguished by an order parameter
given by the ground state expectation value of a translationally-invariant macroscopic
observable/order parameter O 4,p. The two phases are also distinguished by the
spectral gap of the Hamiltonian H”. However, determining which phase the system
is in is undecidable, hence the phase diagram of the system as a function of ¢ is

uncomputable. More precisely, we prove the following theorem:

Theorem 3.1 (Phase Diagram Uncomputability). For any given Turing Machine TM,
we can construct explicitly a dimension d € N, d?* x d? matrices a,a’,b,c,c’ and a

d x d matrix m with the following properties:
(i) a,c and m are diagonal with entries in Z
(ii) a’ is Hermitian with entries in Z + %Z,

(iii) b has integer entries.

(iv) ¢’ is Hermitian with entries in Z.

(v) For any real number ¢ € R and any 0 < B < 1, which can be chosen arbitrarily

small, setting

he = c+ B¢’ independent of ¢,
% (¢) = a+p (a'+eiwb+e_i”‘pb7b) ,
we have ||i ()| < 2, | ()|l < 1.

Define HMY) as in eq. (3.1), andlet O yp = L2 ;e p mi. Then, given p € 277,277+

27170 with n € N, the following statements hold:

1. If TM halts on input n, then for some € > 1, H*(¢) is gapless in the sense of

definition 3.2, with a ground state that is critical (i.e. with algebraic decay of
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correlations), and for all eigenstates |Wg) with energy (Wg| H*(¢) |¥p) < 1 it
holds that (V| OA/B |¥g) =0.

2. If TM is non-halting on input n and € = 1, then H(y) is gapped in the sense of
definition 3.1, with a unique, product ground state |V 4) with (Y| O 4/p|¥a) =
1.

Undecidability of which of the two cases pertains follows immediately from
undecidability of the Halting Problem, by choosing TM to be a universal Turing
Machine. For simplicity we will refer to the phases A and B determined by the value
for the macroscopic observable O 4,p as the gapped and gapless phase respectively.

As a consequence of the new Hamiltonian construction in this paper, we also

obtain the following result:

Corollary 3.1. For all ¢ € [0,1], H () is either in a phase with a product ground
state and a spectral gap > 1, or it is in a gapless phase with algebraic decay of
correlations, where the two phases are distinguished by the expectation value of a
macroscopic observable O 4,p. Moreover, there exists a subset S C [0, 1] with Borel
measure (S) > 0, such that even for computable ¢ € S, determining the phase that

H (@) is in is uncomputable.
A less precise but simple interpretation of the above corollary is:

Corollary 3.2 (informal). The phase diagram of H(¢) as a function of its parameter

@ is uncomputable.

A set of schematic phase diagrams is shown in fig. 3.1.

3.4 Proof Overview

As shown in section 2.3.1.1 it is possible to construct a quantum many-body system
whose lowest-energy eigenstate represents the evolution of any desired computation
[KSVO02]. If we introduce a local term in the Hamiltonian that gives additional
energy to any state with overlap with the halting state of the computation, we can

arrange for states representing computations that halt to pick up additional energy
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Figure 3.1: A selection of sample phase diagrams of the continuous family {H*F) ()}, °
written for a series of possible universal encoded Turing machines varying from
top to bottom, plotted against ¢ on the x-axis (note the log scaling). Blue means
gapless (which is where the TM halts asymptotically on input ¢), yellow gapped
(TM runs forever). At the points 277 for 5 € N we can have a phase transition
between gapped and gapless phases, depending on the behaviour of the encoded
TM; there is a positive measure interval above these points where the phase
behaviour is consistent. The grey sections are parameter ranges which we do
not evaluate explicitly; there will be a phase transition at some point within that
region if the bounding intervals have different phases. The lighter yellow area
indicates a changing gapped instance. In our construction the gapless behaviour
is more intricately-dependent on ¢; but the TM can be chosen such that both
halting and non-halting phases cover an order one area of the phase diagram.

relative to states representing computations that do not halt, and open up a gap in the
spectrum. In this way, Turing’s well-known Halting Problem can be transcribed into
a property of the quantum many-body system, namely whether or not it has a spectral
gap. Thus determining whether the system has a spectral gap is at least as hard the
Halting Problem. Since the Halting Problem is known to be undecidable, determining
whether the Hamiltonian is gapped or gapless is also undecidable. Conceptually, this
1s how [CPGW 15b; CPGW 15a; Bau+18b] proved undecidability of the spectral gap.

The starting point for our construction is also undecidability of the Halting
Problem [Tur37]: in brief, this states that determining whether a universal (classical)
Turing machine (UTM) halts or not on a given input is, in general, undecidable. In
the quantum computation setting, [CPGW 15a] showed how an input can be extracted
from a phase in a quantum gate such as U = diag(1,exp(2xiyp)), using quantum
phase estimation (QPE, [NC10]) which outputs a binary expansion of ¢. The latter
can then be fed as input to a UTM. Thus this combination of QPE and UTM runs
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the universal Turing Machine on any desired input encoded in ¢, and the Halting
Problem for this combination is undecidable.

How do we reduce this QTM-based Halting Problem to a result about phases in a
many-body system? This is a culmination of the following techniques from previous
works. However, for each one of them, significant obstacles must be overcome to

prove uncomputability of phase diagrams.

1. The first necessary ingredient is a QTM-to-Hamiltonian mapping which allows
the construction of local, translationally-invariant couplings which result in a
1D spin chain Hamiltonian whose ground state energy is exactly zero if the
encoded QTM does halts within a certain time interval; or otherwise is positive
[GIO9]. Using such an QTM-to-Hamiltonian mapping, a QTM running the
QPE + UTM computation described above is encoded into the spin chain
Hamiltonian, with ¢ now appearing as a parameter of the resulting Hamiltonian.
However, the energy difference between the halting and non-halting cases
decreases as the time interval increases, meaning we need further techniques

to obtain a non-zero energy difference in the thermodynamic limit.

2. A second ingredient is amplifying this penalty. In [CPGW 15a] this is done
by combining the QTM-to-Hamiltonian mapping with an aperiodic tiling
Hamiltonian, thereby ensuring that, for each length of computation, a fixed
density of such circuit-to-Hamiltonian instances are distributed across the spin
lattice. In this way, the ground state energy density is zero iff the QTM-to-
Hamiltonian mapping always has zero energy, and thus depends on whether

the QPE+UTM computation ever halts.

3. In [Bau+18b] point 2 is replaced by a so-called Marker Hamiltonian. This in
combination with a circuit-to-Hamiltonian construction results in a ground
state which partitions the spin chain into segments just large enough for the
UTM to halt, if it halts. Here the segments do not have a fixed length, but
instead self-adjust to find their own length. In contrast to [CPGW 15a], this has

the effect that either all encoded instances of computations halt, or none do.
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4. The final step is the addition of an Ising-type coupling as in [CPGW15a;
Bau+18a], which breaks the local Hilbert space up into subspaces H4 @ Hp, and
which ensures that the low-energy spectrum is contained either entirely in the A
or B subspace, depending on the ground state energy density just constructed.
Since determining the ground state energy density is uncomputable, it is also
uncomputable to determine whether the system is in phase A or B with respect

to the Hamiltonian parameter ¢.

As mentioned, we require significant alterations to this collection of ingredients.
Concretely, the issue is that if we encode an input ¢ to be extracted using error-free
QPE then we require the circuit gates to depend explicitly on the binary length of ¢,
denoted |¢|. Consequently the resulting matrix elements of the Hamiltonian will also
explicitly depend on |¢|—a discontinuous function of ¢. To remove this dependence
we instead perform the QPE procedure approximately, by using a universal gate set
that approximates all the gates depending on |¢| [DNO5a]. However, [CPGW 15a;
Bau+18b]’s construction crucially relies on the QPE expansion of ¢ to be performed
exactly; any errors destroy the construction.

To overcome this obstacle, we first encode this approximate QPE plus the
evolution of a UTM in a QTM-to-Hamiltonian mapping, which has positive energy iff
the QPE + UTM computation does not halt. We label the resulting Hamiltonian Hopp.
This is outlined in sections 3.4.1, 3.4.2 and 3.4.3 where the QTM-to-Hamiltonian
mapping and the computation it encodes are explained, respectively. A significant
novel technical contribution of this work is then a proof that the Marker Hamiltonian
used in [Bau+18b] does, in fact, allow for some leeway in the precision to which
QPE is performed and can be used to provide a correction for the energy penalty
picked up as a result of any errors in the QPE.

To generate the required energy correction, we consider a 2D spin lattice and
construct an underlying classical Hamiltonian, which we denote H.p, that partitions
the lattice into a uniform grid of squares. We note that the method from [CPGW 15a]
would be inappropriate for this construction as it would lead to an accumulation

of energies we cannot correct for without matrix elements depending explicitly on
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|¢|. Within each square, the ground state encodes the evolution of a classical Turing
machine (encoded as a tiling problem akin to the ones used in [Ber66; Rob71])
which will calculate the energy correction necessary to offset the error introduced by
approximately performing QPE. The classical Hamiltonian is then coupled to the
Marker Hamiltonian. We denote this combination H®.

Section 3.4.5 describes the ground state of the resulting Hamiltonian H®
such that the halting or non-halting behaviour together with the Marker Hamiltonian
determines whether the energy density of the constructed Hamiltonian is non-negative
(in the non-halting case), or negative (in the halting case). Crucially, it is now robust
with respect to the errors present in the expansion of ¢ from the approximate QPE
procedure. Finally, in section 3.4.6 we show how Hcomp, Hep, H (®) are combined
mathematically to lift this undecidability of the ground state energy density, to
uncomputablity of the phase diagram, using now-standard techniques [CPGW 15a;
Bau+18a; Bau+18b]. For a mathematically rigorous derivation we refer the reader to

the later sections from section 3.5 up to and including section 3.9.

3.4.1 Encoding Computation in Hamiltonians

As explain in section 2.3.1.1, it is possible to encode the evolution of a computation
the ground state of a Hamiltonian. The ground state energy of the Hamiltonian can be
made dependent on aspects of the computation by adding a projector that penalises
certain computational states, and the resulting energy is known to high precision

[BC18a; Wat19].

3.4.2 The Encoded Computation

As in [CPGW15a; Bau+18b], the computation we wish to encode via such a QTM-to-
Hamiltonian mapping will be a pair of QTMs running in succession: the first will run
quantum phase estimation on a quantum gate U, which outputs a number in binary,
and the second will be a UTM which takes the output of the QPE as input. The
gate U, is encoded in the transition unitary U describing the QTM, which is in turn
encoded in the matrix elements of the Hamiltonian. The energy of the Hamiltonian

encoding the computation will then be made dependent on whether the computation
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halts or not, allowing us to relate its ground state energy to the halting property.

1 0

Phase Estimation. Given a unitary matrix Uy = (; iy

), the quantum phase estima-
tion (QPE) algorithm takes as input the eigenvector corresponding to the eigenvalue
'™, and outputs an estimate of ¢ in binary. If the number of qubits on which the
phase estimation is performed is smaller than the number of bits required to express
¢ in full, the algorithm is only approximate [NC10]. Furthermore, if a finite gate set
is used, some of the required unitary gates in the algorithm must be approximated

rather than performed exactly [DNO5a]. Hence from phase estimation we get an

output state consisting of a superposition over binary strings:

(@)= ) Belx), (3.2)
xe{0,1}n
where the amplitudes S, are concentrated around those values for which x ~ ¢ and

rapidly drop off away from ¢. Details are in section 3.5.

Universal QTM. We then feed the output |y (¢)) of this phase estimation into
the input of a universal Turing Machine, as in [CPGW15a], which then runs a
computation which may or may not halt. By the well-known undecidability of the
Halting Problem [Tur37], determining whether the QTM halts for a given string is

undecidable.

3.4.3 From QTM to Hamiltonian

Using the QTM-to-Hamiltonian mapping described in section 3.4.1, the computation
outlined above is mapped to a one-dimensional, translationally-invariant, nearest-
neighbour Hamiltonian Heomp(¢) [GI09], with a penalty for the non-halting case. It

can be shown that the ground state energy of Heomp () scales as

/lmin(Hcomp((p)) ~€(L)/polyL, (3.3)

where

eLy= ) IBI* (3.4)

xeS(L)
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The B, are the QPE coeflicients in eq. (3.2), and S(L) is the set of inputs for which
the universal TM does not halt within time 7'(L).

Since the B, are concentrated around the binary expansion of ¢, if the latter
encodes a halting instance there will be a length L for which e(L) ~ 0 for all L > Ly;
otherwise €(L) ~ 1 for all L. This immediately yields a Hamiltonian for which the
ground state energy is halting-dependent (and hence uncomputable). We refer the

reader to section 3.5 for details.

3.4.4 Tiling and Classical Computation

In eq. (3.3) we see that the difference between the Hamiltonian’s ground state energy
in the case where €(L) from eq. (3.4) is approximately 1 or O decreases with the
system size L. Thus the energy gap between the two cases goes to zero irrespective
of whether ¢ encodes a halting or non-halting instance. To amplify this gap so that
there is a finite energy gap in the thermodynamic limit (as per points 2 and 3), we will
combine the Feynman-Kitaev Hamiltonian with a classical Hamiltonian based on a
Wang tiling that partitions the space suitably to ensure a fixed density of computation
instances is spawned across the lattice. The result we achieve with this is an energy
gap opening up as L grows between the cases where € takes different values.

It is well known that there exist Wang tile sets that encode the evolution of
a classical TM [Ber66; Rob71] within a square grid: TM tape configurations are
represented by rows, such that adjacent rows represent successive time steps of the
™ (fig. 3.2).

We combine both Wang tiles and the Turing Machine tiling ideas by constructing

a tile set whose valid tilings have the following properties:

1. A tiling pattern that creates a square grid across the lattice A (much like a
checkerboard). The side length of the grid squares can be varied (provided all
grid squares are the same size) and still correspond to a valid tiling (depicted

in fig. 3.3).

2. Within each square of the grid we use the tiles to encode a TM which first

counts the size of the square it is contained in, and then outputs a marker e on
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Figure 3.2: The evolution of a classical TM can be represented by Wang tiles, where colours
of adjacent tiles have to match, and arrow heads have to meet arrow tails of the
appropriate kind. Here the evolution runs from the bottom of the square to the
top, where it places a marker e on the boundary as explained in section 3.4.5.
In this image, the TM’s evolution is contained in an individual square in the
checkerboard grid shown in the figure below.

the top border of the square, where the placement of this marker is a function

of the size of the square (depicted in in fig. 3.2).

Having developed this tiling, we map it to a corresponding tiling Hamiltonian
using the mapping described in section 3.7.1, which we denote H,, such that its
ground states retain the properties of the valid tilings listed above. The reader is

referred to section 3.7 for details.

3.4.5 Classical Tiling with Quantum Overlay

We now want to combine the classical Hamiltonian encoding the Wang tiles, and
the quantum Hamiltonian encoding the Halting Problem computation, to create an
overall Hamiltonian which has a large ground state energy difference between the
halting and non-halting cases, without the ~ 1/poly(L) decay in eq. (3.3). To do so,
we split the local Hilbert space of each lattice spin into a classical part H, and a
quantum part H, @ Hy giving H = H. ® (H. ® H,), where H. = {|e)} just contains
a filler state |e).. The ground state can then be designed to be a product state of the

form |C), ® |¥0)eq> Where |C), is a valid classical tiling configuration—as described

eq’
in section 3.4.4—and |¢¢).q is a quantum state with the following properties:

1. We use the 1D Marker Hamiltonian from [Bau+18b], and couple its negative
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Figure 3.3: Section of the checkerboard tiling Hamiltonian’s ground state. The white squares
form borders, and in the interior we place tiles simulating the evolution of a
classical Turing Machine.

energy contribution to the size of each grid square in the classical tiling and
the placement of the e marker. The negative energy each square contributes is
a determined by where the e marker is placed, and thus by the action of the

classical TM. We denote this combined Hamiltonian H® |

2. We effectively place the ground state of a Hamiltonian Hcomp encoding the
quantum phase estimation plus universal Turing machine along the top edge of
the square, by adding additional penalty terms to the Hamiltonian that penalize

the classical and quantum layers to occur in this configuration elsewhere.

3. Everywhere not along the horizontal edge of a grid square in H. is in the

zero-energy |e), filler state in H, & Hj,.

As mentioned, the patterns in the degenerate ground space of H.p, are checkerboard
grids of squares with periodicity w X w, where the integer square size w is not fixed.

By choosing the classical TM encoded in the tiling to place a ¢ marker at an
appropriate point, we are able to tune the ground state energy of H® such that the

total energy of a single w X w square A in the checkerboard pattern is:
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>0 ife(w)>e(w) VYw.
Amin(W) = Amin (H(EE) | +Hc0mp|A) (3.5)

<0 ife(w) <e(w)Vw > wy

where €(w) is some cut-off point, wy is the halting length (recall from the previous
section that the runtime of the computation encoded in the ground state depends on
the size of the available tape, i.e. the size of the checkerboard square edge that the
TM runs on), and where Ain(wo) = —6(wg) < 0 for the halting length wy is a small
negative constant.

The Marker Hamiltonian’s energy bonus thus compensates for the QPE approxi-
mation errors by lowering the energy by just enough such that a halting instance has
negative energy. On the other hand, the energy of the non-halting instance remains
large enough that the energy of a single square remains positive [Bau+18b; Wat19].

Thus, provided e(w) is sufficiently small, the ground state of Hcp + Heomp +
H'® (+coupling terms) is a checkerboard grid of squares with a constant but negative
energy density. Otherwise the ground state energy density of the lattice is lower-
bounded by zero. Which of the two cases holds depends on determining whether
e(w) > ey(w) or < €9(w), which is undecidable; undecidablity of the ground state
energy density follows. The reader is referred to section 3.8 for more details.

We define the Hamiltonian formed by Hcy, Heomp, H (&) and the coupling terms
as H,(¢). Assume ¢ encodes a halting instance and set w = argmin {Amin(s) < 0},
and A is a single square of size w X w. Then the ground state energy H,(¢) on a grid

A of size L X H is given by
L||H
Amin (Hy (¢)) = \‘;| \‘;| Amin (Hy (¢)]4)- (3.6)

3.4.6 Uncomputability of the Phase Diagram

To go from undecidability of the ground state energy density, demonstrated at the
end of section 3.4.5, to undecidability of the phase (and spectral gap) we follow the
approach of [CPGW 15a; CPGW 15b] by combining H,(¢) with a trivial state |0)
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such that |0)®” has zero energy, and the spectrum of H, (¢) is shifted up by +1 (see

lemma 3.20). From this shift and eq. (3.6) it can be shown:

>1 in the non-halting case, and
Amin(Hy (9)) (3.7)
— —oo otherwise.

Let h,(¢) denote the local terms of H, (), let h; be the local terms of the critical
XY-model, and let |0) be a zero energy state, such that the total Hilbert space is
(H1®H>) ® {|0)}. Then the local terms of the total Hamiltonian H* () are defined

as

hi i1 (9) = 10)0] D @ (1 — [0)0)) ™D + (1 - Jo)o) D@ [0)0[ ) (3.8)

+h (9)e1Ve1i™ +10e1 N ent, (3.9)
The result is the following: the overall spectrum of the Hamiltonian is

spec(H"(¢)) = {0} U (spec(H.(¢)) +spec(Ha)) UG,

where G C [1,00). To understand this, we consider the two cases. If a non-halting
instance is encoded Api, > 0 in eq. (3.5), then H, (¢)—from eq. (3.7)—has ground
state energy lower-bounded by 1; the ground state of the overall Hamiltonian is the
trivial zero energy classical product state |0Y®A, and H” has a constant spectral gap.
If Amin < —9[, then H, () has a ground state with energy diverging to —co. We
further note that the critical X'Y-model has a dense spectrum with zero ground state
energy, hence from the H,; term we obtain a dense spectrum above the ground state
[LSM61]. As a result the Hamiltonian becomes gapless and has a highly entangled
ground state with algebraically decaying correlations.

Since existence of a halting length w( in eq. (3.5) is undecidable, discriminating

between A, > 0 or < —|d] is also undecidable. This implies determining whether
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the Hamiltonian is in the critical, quantum-correlated phase or the trivial product
state gapped phase is undecidable as well.

As H(¢) is a continuous function of ¢, there exist finite measure regions for
which all values of ¢ have the same ground state and for which there is no closing
of the spectral gap, which delineates the two phases. Setting IT; = 10)0]”, the
observable O 4/p = L7232 T1; has expectation value 1 when in the state |0y®A D)
and 0 in the other case. This is true even if the observable is restricted to a finite

geometrically local subset of the lattice.

We direct the reader to section 3.9 for details.

3.5 Modified Quantum Phase Estimation

We start by rigorously proving the results about quantum phase estimation (QPE)

described in the proof overview.

3.5.1 The State of the Art

In [CPGW15a], the QPE on a unitary U, with eigenvalue e'7¢ can output ¢ exactly:
this is due to the fact that, in their construction, the QTM has access to a perfect
gate set that is sufficient to expand precisely |¢| digits—in particular, the standard
QPE algorithm requires performing small controlled rotation gates R, with angles
272" forn=1,...,|¢p|, and since |¢| is explicitly encoded in the local terms of the
Hamiltonian, this circuit can be performed.

Furthermore, in [Bau+18b], one can detect when the binary expansion of ¢
is too long for the tape available to the QTM and penalize said segment lengths
accordingly—the Marker Hamiltonian then has as a ground state a partition of the
spin chain into segments of length just long enough to perform QPE on ¢ and for the
dovetailed TM to halt—if it halts.

In our new construction the situation is fundamentally different. Since the
local terms of our Hamiltonian H” (¢) do not explicitly depend on |¢| any more, we
cannot provide the QPE with a set of rotation gates sufficient to perform an exact
quantum Fourier transform. This means that we cannot guarantee the parameter we

are estimating is short enough to be written on the tape available.
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We therefore have to change the construction in two key ways. First, our
encoding of ¢ will be in unary instead of binary. Since this is a undecidability result
we are not constrained by poly-time reductions—or indeed any finite computational
resources; any runtime overhead is acceptable. Secondly, we will perform some
gates in the QPE only approximately. The gate approximation uses standard gate
synthesis algorithms from Solovay-Kitaev [DN0O5a], where we gear the precision of
the algorithm such that it suffices to obtain a large enough certainty on the first j
digits of ¢, given our tape has said length. The error resulting from truncating ¢ to j
digit is more involved, as QPE yields a superposition of states close in value to ¢,
which can for example mean that it rounds an expansion like 0.00001111 to 0.00010.
We will circumvent this issue by choosing an encoding which lets us easily discover

and penalize a too-short expansion, similar to the one in [Bau+18b].

3.5.2 Notation for QPE

Throughout we will denote the binary expansion of a number x as X, and the first j
digits of such an expansion as X...;. A question mark ? will denote a digit that can
either be a 0 or a 1. The j™ digit of X will then be % ;. For a given number x, we
define clzx to be the count of leading zeros until the first 1 within x—where we set
clz0 = oco. Similarly, we define the string pfxx to be the prefix of the string X such
that pfxx = 0X%¥1, i.e. ¥ = (pfxx)??....

Within this section, we will further denote by U,, a local unitary operator with
eigenvalue "%, and will refer to ¢ as the phase to be extracted.

Finally, let M be a universal reversible classical TM that takes its input in unary,
i.e. as a string 00...0100...; everything past the first leading one will be ignored;
we lift M to a quantum TM by standard procedures [BV97].

In the following analysis we first start with an encoding scheme and analyse how
the approximate QPE behaves on it; we finally show that each encoded parameter
¢ admits a small e-ball around it where the system behaves in an identical fashion,
making the behaviour of gapped vs. gapless robust and showing that our family of
Hamiltonians is undecidable on a non-zero-measure set over the entire parameter

range ¢ € [0, 1]. We do not make a claim of knowing how the construction behaves
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for any choice of parameter. That is, given a particular value of ¢, even if the halting
behaviour of M on input clz¢ were known, this would not always be sufficient to

determine the behaviour of the Hamiltonian at this point.

3.5.3 Exact QPE with Truncated Expansion

We deal with the expansion error of our phase estimation first. As already mentioned,

we need to choose an encoding that lets us detect and penalize expansion failure.

Definition 3.4 (Unary Encoding). Let n € N be the input we wish to encode. Then

0=0(n)=0.000---0100---=27".
—_————

n—1 digits

As mentioned, it is unclear a priori how much overlap the post-QPE state has
with binary strings that encode the same number in unary (i.e. the string with the same
number of leading 0 digits). The benefit of using the above encoding is that phase
estimation tends to round numbers that are too short to be expanded in full. Since
we are encoding small numbers (assuming a little Endian bit order), this rounding
will produce a large overlap with the all-zero state |(_)> If we then penalise this
outcome—e.g. by defining the dovetailed TM to move right forever on a zero input,
which means it does not halt—we can ensure that the tape length will be extended
until the input can be read in full, at which point there is no further expansion error
to deal with.

As a first step we analyse the approximate quantum phase estimation procedure
and compare the associated error with the perfect case, meaning that for now we give
the QTM access to the same operations as in [CPGW15a] and [Bau+18b], which
includes access to the unitary U, and rotation gates R, = 21727 " which suffice to
perform phase estimation exactly. We then do the QPE algorithm identically to that
laid out in [CPGW 15a]; as this is the standard QPE algorithm from [NC10], we

phrase the following lemma in a generic way.

Lemma 3.1. Let ¢(n7) € R be a unary encoding of n € N as per definition 3.4. On t
qubits of precision, QPE is performed on the unitary U, encoding ¢(n) defined in
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definition 3.4, denote the QPE output by |x). Then either:

1. t2]¢|, and |x) = @),

2. t<|g|, and
' 1
)= Belx) with |Bo] = 5.

xe{0,1}*

Proof. The first case is clear—we have a perfect gate set and sufficient tape, hence

QPE is performed exactly. For the second case where ¢ < |¢| the B, are given in
[NC10, eq. 5.25],
_ 1 1—exp(27i(2'p— (b +x)))

P = 2t 1—exp(2mi(p— (b+x)/2))’

(3.10)

where b is the best 7 bit approximation to ¢ less than ¢,i.e. 0 < ¢ —27'b <27'. By

definition 3.4 we have b = 0, and therefore here

1 1-exp(27i(279 —x))

Be= i1z exp(27i(2-9 —x/27))
and thus
1 1—exp(27i2"=*) 1 sin(72"77)
Po = 2 1 —exp(2mi2—9) ~ o sin(m2-9)
The claim then follows from x/2 < sin(x) < x for x € [0,7/2). O

Corollary 3.3. Take some n € N and ¢(n) as defined in definition 3.4. Running the
same quantum phase estimation QTM as in [CPGW15a] to precision m bits yields

an output state | y) given in lemma 3.1, such that either

1. m>nand|x)=|¢(n)), or
2. m<nand|{x|0)| > 1/2.

What if ¢(n) is not exactly given by the encoding in definition 3.4? It is clear
that | y) is still a superposition of bit strings |x), weighted by 8, as in eq. (3.10). But
our encoding allows us to derive a variant for corollary 3.3 that applies to an interval
around the correctly-encoded inputs. Here we prove that we still have a large overlap

with the all zero if the phase ¢ is not expanded fully.
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Corollary 3.4. Let n € N, and ¢(n) as in definition 3.4. Take a perturbed phase
¢ € (o), e(n)+2717%) for some € €N, € > 1. Running the same quantum phase
estimation QTM as in [CPGWI15a] to precision m bits yields an output state |y)

given in lemma 3.1, such that either
1. m>nand|{x|@(n))|>1-27¢ or
2. m<n,and|{x|0)| > 1/4.

Proof. We start with the first case. Take S, from eq. (3.10). Assume for now that
m = n; for increasing m the overlap with ¢(n) can only increase. It is clear that the
best m bit approximation to ¢’ less than ¢’ is given by b = 2" @(n) (as the first n

digits of both are identical, and (,5;7 .1 = 0 by assumption). Then

_ 11 —exp(2mi(2"¢’ — b)) Lsin(ﬂ2’"6)
—2m | —exp(2mi(¢’ —b/2m))  2m sin(me)

Bo >1-27,
where € = ¢’ — b /2™, and the last inequality follows from sin(x)/x > 1 —x for
x € [0,1].

The second claim follows analogously: here again b =0, and at most 2" ¢’ €
[0,3/4); the final bound is obtained by applying x/4 < sin(x) < x for x € [0,37/4),
via

1 sin(n2™¢’) S 1
2m sin(my’) 4
3.5.4 Solovay-Kitaev Modification to Phase Estimation

The second step in our QPE analysis is to approximate the small rotation gates that
were previously allowed in corollary 3.3. We construct a QTM which only uses a
standard gate set and U,, for some ¢ = ¢(77) =277, to run Quantum Phase Estimation
(QPE) on U, and output a state which is very close in fidelity to the expansion of ¢
if done without error (i.e. if all gates were exact).

First note that all steps of the QPE procedure as described in [CPGW 15a] can
be done exactly up to applying the phase gradient and locating the least significant
bit—i.e. up until Section 3.6. However, after this, controlled rotation gates of the

form R, = 22", for 1 <n < |@| =n, need to be applied to perform the inverse
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QFT. In [CPGW 15a], this was done by further giving the QTM access to the gate
2i72°" To circumvent this necessity, we approximate small rotation gates using the

Solovay-Kitaev algorithm.

3.5.4.1 Solovay-Kitaev QTM

First we introduce the standard statement for the existence of a TM which outputs
a high precision approximation to the gate R, = 272" using the Solovay-Kitaev

algorithm.

Lemma 3.2 (SK Machine [DNO5b]). There exists a classical TM which, given an
integer k and maximum error €, outputs an approximation Ry, to the gate Ry € SU(2)
such that ||Ry — Ri|| < €. The TM runs in time and space O(log®' (1/€)) for some
397<c; <4.

Part way through the quantum phase estimation procedure, we need to apply
the inverse QFT. However, we do not have access to gates of the form 227" and
our entire QTM will be limited to space L. As a result, whenever the procedure
requires a 272 " -gate or a power of such a gate, we run the Solovay-Kitaev algorithm
to generate an approximation. As there is O(n?) many gates to be approximated
overall, the procedure will have to be repeated this many times.

However, since we are performing the QPE on a finite length tape, we only have
L qubits onto which we can write out the output of the Solovay-Kitaev algorithm;
this limits the precision we can achieve using this technique.

Inverting the space bound in lemma 3.2 with respect to the error €, the best

approximation obtainable is thus
R = Re|| < e OF"D < geal1, (3.11)

where we wrote the constant in the exponent as ¢,. Both Solovay-Kitaev constants ¢

and c; can be written down explicitly.
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3.5.4.2 Approximation Error for Output State

The gates used in the inverse QFT in the previous section were only performed up to
a finite precision and hence there will be an error associated with the output state
relative to the case with perfect gates. We will see that the output is then a state that
is exponentially close to what would be expected in the case with perfect gates.

Let R, be the approximation to the rotation gate R, = 2™2"" such that ||R, —

—CQLI/Cl

R,|| < €, where € =2 is given by the Solovay-Kitaev theorem, eq. (3.11)

and lemma 3.2.

Lemma 3.3. Let Ugpr be the unitary describing the implementation of QPE by
a QTM on m qubits with each gate performed exactly. Let Ugpg be the unitary
describing the same QPE algorithm on m qubits, but where Solovay-Kitaev is used
to approximate the rotation gates R, to precision €, all other gates are implemented
exactly. Then the total error of the approximate QPE is

m2

2
||UQPE - UQPE” < m?e = 72_"2Ll/cl. (3.12)

Proof. The first part of the phase estimation procedure—the phase gradient operations
Upg—can be done exactly in both the approximate and exact cases. If QPE is
performed to m qudits, we see that there are m?/2 applications of R, gates during
the inverse QFT procedure. As Ugpg = 0(SFTUPG’ the claim follows from applying
the triangle inequality m?/2 times. O

3.5.5 Total Quantum Phase Estimation Error

We have seen previously that there will be errors from both the fact that the parameter
¢ may have a binary expansion longer than the tape length available, and from the
Solovay-Kitaev (S-K) algorithm we use to approximate and apply the rotation gates.
Here we combine the two errors and upper bound the total deviation introduced. We
continue using m to denote the number of binary digits that ¢ is expanded to, and L
is the full tape length.

We emphasize that the two are not necessarily identical, as we can always cordon

off a section of the tape to restrict the QPE to only work to within a more limited
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precision—i.e. we can execute the QPE TM on a subsegment of size m < L as in
corollary 3.3, and approximate the latter with Solovay-Kitaev that itself can make
use of the full tape space available, i.e. L. For now we treat L and m as independent
quantities, regardless of how they are implemented, and we will choose their specific

relation in due course.

Lemma 3.4. Let 1 € N and ¢(n) € R as in definition 3.4, and take Uqpg as the
Solovay-Kitaev QPE unitary with output | y). Then either

1. m>nand|{¥|g(n))|=1-06(L,m), or
2. m<nand|{x|0)| = 1/2-6(L,m).

Here
2

5(L,m) <m72—chl/c1.

Proof. Immediate from lemma 3.3, eq. (3.11), and corollary 3.3. O

As before, we add an approximate variant for the case where ¢’ # (7).

Lemma 3.5. Let 1 € N, and ¢(n) as in definition 3.4. Take a perturbed phase
o € o), o) +2717C) for £ €N, € > 1, and consider the same setup as in

lemma 3.4. Then either
1. m>=nand|{x|¢p(n))| = 1—2‘5—6(L,m), or
2. m<n,and|{x|0)| > 1/4-6(L,m).

Proof. Analogously to lemma 3.4, but using corollary 3.4. O

The bound in terms of (L, m) is only useful for large L, in which case it is easy
to see that since m < L, § — 0 for L — 0. Since we need § to be small in due course,

we capture a more precise bound in the following remark.

Remark 3.1. For any 6o > 0 there exists an Ly = Lo(c1,¢2,00) such that 6(L,m) < dg
for all L > Lo, where 6(L,m) is defined in lemma 3.4, and cy,c; are the Solovay-

Kitaev constants from eq. (3.11).
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instance 1
8 — . — )
= — ancillas QPE universal
= — all 0?7  — ™M ——
— halted?
|O>anc_ Rz?n —R—§ R—% _|OUt>anc

Figure 3.4: QPE and universal TM circuit. The construction uses one flag ancilla |0}, to
verify that as many ancillas as necessary for the successive computation are
correctly-initialized ancillas (e.g. |0)), and if not rotating the single guaranteed
|0) 0 flag by 7/3. On some ancillas, the problem instance / is written out.
Another rotation by 7/3 is applied depending on whether the dovetailed universal
TM M halts on 1 or not within the number of steps allowed by the clock driving
its execution, which in turn is limited by the tape length.

3.6 QPE and Universal QTM Hamiltonian

In this section we examine how to encode the quantum Turing machine performing
quantum phase estimation described in section 3.5 into a Hamiltonian on a spin chain
of length L, such that the ground state energy of the Hamiltonian is non-negative if
and only if a dovetailed universal Turing machine M halts on input ¢(77) and within
tape length L. We further prove that this ground state energy remains non-negative
(or negative, respectively) if instead of ¢(77) we are given a slightly perturbed phase
¢ € [o(n),o(n)+2717F), given £ > 1 is large enough.

To this end, we first amend the computation slightly. In [CPGW 15a], the authors
used Gottesman and Irani’s history state construction for a Turing machine with
an initially empty tape. To ensure a correctly initialised tape, the authors use an
initialization sweep; essentially a single sweep over the entire tape with a special
head symbol, under which one can penalize a tape in the wrong state.

Instead of using an initialization sweep, we make do with a single ancilla
(denoted with subscript “anc” in the following) which is initialized to |0),,., and
verify on a circuit level that all the other ancillas are correctly initialized. In order
to achieve this, we first execute a single R,,/3 rotation on |0}, to initialize it to a
R27/310) c-rotated state. Next, we execute a controlled R_ 3 rotation in the opposite

direction on |¢) ., where the controls are on all the ancillas we wish to ensure are in

anc?

the right state. If and only if all of the controlling ancillas are in state |1)—which we
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can check e.g. with a multi-anticontrolled operation—will we perform a rotation by
R_/3. After the controlled rotation, we apply X flips to all the ancillas we wish to
initialize to |0).

This ancilla will carry another role: in case the dovetailed universal TM M
from section 3.5 halts, we transition to a finalisation routine that performs another
R_y/3 rotation on it. The net effect of this circuit is that, after the entire computation

ends, the ancilla is in state |out),,. with overlap

0 if all ancillas are correctly initialized and M halted, or
(1lout) 4c = (3.13)

73 otherwise.

This idea in the context of circuit-to-Hamiltonian mappings was introduced in
[BCO17]; for completeness we give an overall circuit diagram of the entire compu-
tation to be mapped to a Hamiltonian in fig. 3.4. We remark that breaking down a
multi-controlled quantum gate into a local gate set is a standard procedure described

e.g. in [NC10]. We formalise the above procedure in the following lemma:

Lemma 3.6. Consider an initial state
190) = 0une (@ 1)°- +V1=a219)) where  16) L1D®E.

Assume the Turing machine M halts with probability € when acting on an initial

state |0),.. |1Y®L. Then, the final output state of the computation |yr) satisfies

(1-0%¢2).

BWw

<wT| [|1><1|anc®]l®L] |¢T> =
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Proof. By explicit calculation, we have

27r/3
190) > Ron3 [0)ane (1D 41 = a2[9)
CR_z/3 [
- aRﬂ'/3 |O>anc |1>®L +VI- a2R27r/3 |O> |¢>

M f
— aRﬂ'/3 |O>anc (6 |¢’ha1t> +V1-¢? |wn0n—halt>)
+V1- a/2R27T/3 |0>anc (6/ |¢halt> +VI- €? |¢n0n—halt>)

CR—ﬂ/3
— a€|0) [Ypa) +aV1 - €2R7T/3 |0) [¥non—halt)

I- aan/3 |O>anc |¢halt> +V1-€?V1- a'2R27r/3 |O>anc |¢non—halt>
=) .

Using

|0)»i>cos( )|O)+sm( )ll) and |O)|L/3>cos( )lO)—sm( )ll)

this means that

Wrl [ e ® 1] lpr) =sin? (3 ) (1-a?€?). o

3.6.1 Feynman-Kitaev Hamiltonian

Given our quantum Turing machine from section 3.5 augmented with a single
necessary “good” ancilla |0),,. as just described, we apply the Gottesman and Irani
construction from [GI09] to translate our desired computation in the ground state
of a one-dimensional, nearest neighbour, translationally invariant Hamiltonian with
open boundary conditions (cf. section 2.3.1.1 for a more detailed explanation). We
summarize the core ideas to set up the notation used in this section, but refer the
reader to [GI09; CPGW 15a; BC18a] for details.

As discussed in section 3.5.5, the QPE Turing machine we devised has two
meta parameters L and m. On a spin chain of length L, instead of expanding L —3
digits of ¢ as is the case in [CPGW 15a], we allow the expansion to happen on a

smaller sub-segment of length m of the chain. This can be done dynamically, i.e.
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by adding a Turing machine before the QPE invocation which sections off a part
m =m(L) of the tape and places a distinct symbol (D) there. Since it is obvious how
to do this we will not go into detail here, and remark that in the final construction we
will choose m = L —3: an explicit construction for such a Turing machine is given
in[Bau+18b, Lem. 15]. The QPE and dovetailed universal TM—augmented by the
single-ancilla construction described at the start of this section—we will jointly call
M = M’(L,m), i.e. such that there is L tape available; we emphasize that M’(L,m)
has an identical set of symbols and internal states for all L and m.

In all of the following we will analyse the spectrum of the history state
Hamiltonian within a “good” type of subspace, by which we mean a tape bounded
by special endpoint states < and . This subspace will, analogous to the 2D
undecidability construction, be called bracketed states; on an overall local Hilbert

space H = H, & Hj, such that |Q), |>) € Hj, we set
Spr(m) = |QYQHEL & |5). (3.14)

Since no transition rule for the history state Hamiltonian ever moves these boundary
markers, the overall Hamiltonian we construct will be block-diagonal with respect
to signatures determined by the brackets. A standard argument then shows that
within this bracketed subspace, the history state Hamiltonian encoding the QPE
Turing machine behaves as designed, and we can analyse the spectrum therein by
analysing the encoded computation. Outside of the bracketed subspace, a variant
of the Clairvoyance lemma allows us to always lower-bound the energy, such that it
does not interfere with the rest of the construction.

In order to make all of this precise, we first define the full QPE history state
Hamiltonian in the following theorem, which is adapted from [CPGW 15a, Th. 10].

Theorem 3.2 (QPE history state Hamiltonian). Let L,m € N, 0 <m < L—3. Let
there exist a Hermitian operator h € B(C¢ ® C¢), where the local Hilbert space
contains special marker states |<) and |>) that define the bracketed subspace Sy

as in eq. (3.14), such that
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1. h>0,

2. d depends (at most polynomially) on the alphabet size and number of internal

states of M,
3. h=A+e™ B4 7 BT yyhere

» B e B(C®CY) independent of n and with coefficients in Z, and

o A € B(C!®C?) is Hermitian, independent of n, and with coefficients in

Z+Z/N2;

Furthermore, a spin chain of length L with local dimension d, the translationally-
invariant nearest-neighbour Hamiltonian Horm (L) = ZiL:_ll D has the following

properties.
4. Hqrm(L) is frustration-free, and

5. the unique ground state of Horm(L)|s,,(m) is a computational history state as

in definition 2.14 encoding the evolution of M'(L,m).
The history state satisfies
6. T = Q(poly(L)2F) time-steps, in either the halting or non-halting case;

7. If M runs out of tape within a time T less than the number of possible TM
steps allowed by the history state clock, the computational history state only

encodes the evolution of M’ up to time T.

8. In either the halting or non-halting case, the remaining time steps of the
evolution encoded in the history state leave the computational tape for M’
unaltered, and instead the QTM runs an arbitary computation on a waste tape

as described in [CPGW15a].

Proof. Almost all of the above follows from [CPGW 15a, Th. 10]. Item 3 differs

727" que to the new modified

only in that we have removed any dependence on e
transition rules, as we now approximate the necessary rotations using the Solovay-

Kitaev theorem (see section 3.5). O
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3.6.1.1 Clock Construction

The history state Hamiltonian described above encodes an evolution of a computation
for T (L) steps, where T'(L) does not depend on the computation itself. This ensures
that the history state will be a superposition over 7'(L) time steps independent on
whether M’ halts on the tape of length L —2 and with cordonned-off subsection
m. As mentioned previously, in the case of the computation halting, this is done by
forcing the QTM head to switch to an additional “waste tape” where an arbitrary
computation is performed until the clock finishes.

Theorem 7.9 uses the clock construction designed in [CPGW 15a, sec. 4.2, 4.3,
4.4]. Bounds on the clock runtime are readily obtained: if 7(L) denotes the runtime

of the clock on a tape of length L, we have
Q (LgL) <T(L)<O (LgL log(L)) (3.15)

for some constant ¢ € N.

3.6.1.2 QTM and Clock Combined
Theorem 7.9 combines the QTM and clock such that the QTM head only makes a
transition when the oscillator from the clock part of the history state passes over the

QTM head. Details can be found in [CPGW15a, sec. 4.6.1].

3.6.2 The Initialisation and Non-Halting Penalty

We now want to introduce a penalty term which will penalise computations that have
not halted and not been initialised correctly.

Initialisation Penalty. In order to ensure that the single ancilla we require is
correctly initialized, we introduce a projector that penalizes |¢),,. in any state but
|0) . at the start of the computation. This can be done by a term of the form
|0){0]c ® (1 —|1){1])anc, Which is local if and only if we can locally detect the initial
clock state |0)- above the single ancilla on the tape. As per the constructions in
[GI09; CPGW 15a], this state can indeed be locally detected.

Finalisation Penalty. The final penalty follows precisely the same pattern: we add a

local projector of the form |T)XT'|c ® (1 —|1){1])anc, and ensure that the final clock
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state |T)c can be recognized locally above where |out),,. sits. To realise this, we
note that the ancilla bit is located at the end of string of qudits encoding the TM
tape. The final clock state can then be locally determined by a nearest-neighbour,
translationally invariant term that recognises the final clock state by looking at the

pair of qudits at the end of the chain. Again, this is done in [GI09; CPGW 15a].

Penalty Term Construction. The amplitude of the output ancilla |),,. depends on
correct initialization of the ancillas for the QTM, as well as on the halting amplitude,
and is given in eq. (3.13). To penalize the overlap (1|y),,.,—Which corresponds to
wrong initialization, or halting—we add the following nearest neighbour term to the

Hamiltonian:

B =W, .. 1) (M@, £,y ® (L= [1X(1]) ® 1.

As just mentioned, the input penalty term h;il.ll)l can similarly be written as a nearest-
neighbour projector onto a clock state at # = 0. Thus, on the entire chain we have the

penalty terms

L-1

HO =" h, (3.16)
i=1
L-1

HOW =" ho. (3.17)
i=1

Definition 3.5. We denote the QPE+QTM history state Hamiltonian including the in-
and output penalties from eq. (3.16) with Heomp (L, ¢) := Horm(L, ¢) +H) 4 glouw),

3.6.3 Ground State Energy in Halting and Non-Halting Case

The ground state energy of Hcomp depends on how much penalty is picked up
throughout the computation. Known techniques like Kitaev’s geometrical lemma

[KSV02; BCO17] for a lower bound and a simple triangle inequality for the upper
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bound can be used to show that

1 1
Q (ﬁ) < /lmin(Hcomp(()D(n))) <O (T) (318)

for a non-halting instance n € N. However, both the upper and lower bounds here are
not tight enough for our purposes.

In order to obtain tighter bounds, we realize that our history state construction
has a linear clock (i.e. one that never branches and simply runs from ¢t =0to ¢ =T);
in this case, tight bounds on the overall energy effect of the penalty terms already
exist; we refer the reader to [BC18a; CLN18; Wat19] for an extended analysis. For
the sake of completeness and brevity, we quote some of the definitions and lemmas

from prior literature in the appendix and reference them in the following.

Lemma 3.7. In case n € N correspond to a non-halting instance, the lowest eigenvalue
Ochomp satisfies /lmin(Hcomp(‘P(n))) = Q(T_z)-

Proof. It can straightforwardly be checked that Hcopyp 18 a standard-form Hamiltonian
as per definition A.2, and so as per the Clairvoyance Lemma [Wat19, Lem. 5.6] (and
also proven in lemma A.3, appendix A.1) we know that Hopyp breaks down into three
subspaces. The subspaces of types 1 and 2 are trivially shown to have ground state
energies Q(772).

Within the third subspace, which we label S, there are no illegal terms and
only the in- and output penalties H™ + H©" from eq. (3.16) have to be considered.
Again, using the Clairvoyance Lemma [Wat19, Lem. 5.6] or lemma A.3 the clock
evolution within this subspace is linear—meaning there is never any branching—and
hence Heompls is equivalent to Kitaev’s original circuit-to-Hamiltonian construction.

This means that the Hamiltonian therein is of the form
HcomplS = Hprop + |0)(0]c ® 1 4 |TYT|c® r1(0ut)

where Hpop ~ A®1 for a path graph Laplacian A, and 1/ are the in- and
output penalties inflicted at time O and 7'; this Hamiltonian is then explicitly of

the family of Hamiltonians studied in [BC18a]. In particular, by [BC18a, Th. 7],
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Hamiltonians of this form have ground state energy Amin(Heompls) = Q(T7?). Thus
all three of the subspaces have a minimum eigenvalue of the form Q(7~2), and since
they are invariant subspaces, we see that the overall minimum eigenvalue must be

/lmin(Hcomp) = Q(T_z)- o

Lemma 3.8 (Theorem 6.1 from [Wat19]). Let H(¢) € B(C?)®L be a standard form
Hamiltonian encoding a QTM with runtime T (L), with in- and output penalty terms
HI/W Lot there exist a computational path with no illegal states such that the

final state of the computation is |Yr) and such that the output penalty term satisfies

(T|wr| HO yr) |T) < e.

Then the ground state energy is bounded by

T €
0 < Amin (H(g)) < 6(1 —cos (m)) - O(ﬁ)

where Tinie = O(log(T)) is the time frame within which the input penalty term H™

applies to the history state.

With this machinery developed, we can derive the following lemma for the

specific Hamiltonian Heopp at hand.

Theorem 3.3. Take H.omp to encode a phase ¢" € [¢(n),¢(1) +270), with ¢(n), as
per definition 3.4, and let 5(L,m) be as in lemma 3.4. Then for

1. m < n we have

/lmin(Hcomp) =Q [T_z] .

2. m >n and ¢(n) corresponds to a non-halting instance, then

/lmin(Hcomp) =Q [T_z] .
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3. m > n and ¢(n) corresponds to a halting instance, then
_¢ 21
/lmin(Hcomp) =0 (2 +0(L, m)) ﬁ .

Proof. Combing lemma 3.5 with lemma 3.6 we derive upper and lower bounds on
the magnitude of the amplitudes that a given instance has on a non-halting state.
Together with lemma 3.7 this gives us the lower bounds for points 1 and 2. To get the
upper bound in 3, by lemma 3.5 and eq. (3.13), the output penalty is bounded as
1) .2 (T —¢ 2
Wr| T |yr) < sin (g) (2 +6(L,m)) .
Since no other term contributes a positive energy, the ground state of Hcomp can be

upper-bounded with lemma 3.8 as

Amin (Hcomp) =0

(2-C+6(L,m))’
T2 '

3.7 Checkerboard and TM Tiling

3.7.1 Wang Tiles and Hamiltonians

Wang tilings will play a central role in the construction (and the rest of this thesis).

Definition 3.6 (Wang Tiles). Wang tiles are unit length square tiles with markings
on each of the four edges. For a given set of Wang tiles {t;}'_,, the markings define
horizontal matching rules Ry, (respectively, vertical matching rules Ry ;) such
that two tiles t;,t; can only be placed next to each other horizontally (vertically) if

(ti,17) € Ruorz ((1i,1)) € Ryers).

There is then a standard technique to map a set of Wang tiles to a set of spins
on a lattice such that the ground state of the spins has the same configuration as the
tiling pattern when all tiling rules are satisfied (see [GI09, Section 3] or the appendix
of [Bau+18a] for a summary). Consider a set of Wang tiles 7 rules with horizontal
constraints Rz,-; €7 X7 such that if #; is placed to the left of ¢;, then it must be

the case that (#;,¢;) € Ruor, and likewise for the vertical tiling rules Ry,
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Map every tile type #; € 7 to spin state of a classical particle |¢;). We then
impose a Hamiltonian over the lattice such that if the tiling pair (#;,¢;) ¢ Ry, (o1
(ti,t;) ¢ Rvers depending on the orientation), then we introduce the term |t,~t j> <t,~t j|
for all forbidden pairings (#;,¢;) over all points in the lattice.

Thus we end up with a Hamiltonian composed of local interactions of the form

hi,oliﬂ = Z |titj> <titj|k,k+1 (3.19)
(t:,t;)¥RHor:
Wi = Z jri17) <titf|k,k+1 ; (3.20)

(tivtj)¢RVert

3.7.2 Tiling to Hamiltonian Mapping

Given a fixed set of Wang tiles on a 2D lattice, we can map the corresponding tiling
pattern to a classical translationally invariant, nearest neighbour Hamiltonian over
spins on the same lattice, as described in section 3.7.1.

In case we need to have more than one tile set on the same lattice, we can simply

introduce lattice layers:

Remark 3.2 (Tiling Layers [GI09]). For multiple tile sets 71, ..., ¢, there exists a
meta tileset T with a set of meta-tiling rules, such that the meta-tiling rules are only
satisfied iff the tiling rule for each element of the tuple is satisfied. The corresponding
Hamiltonian is defined on the tensor product of the individual Hilbert spaces. Tile

constraints may also be placed between layers.

Proof. Given a lattice, we represent the meta-tile set as an ¢-tuple associated with
each site. Each element represents a layer in the tiling. Tiling rules for the k™ layer
are enforced between the k' elements of tuples on neighbouring sites. Tiling rules
between layers can be prevented from occurring by disallowing certain tuples from

appearing. m|

3.7.3 Checkerboard Tiling

In this section, we define a tile set that periodically tiles the infinite plane. The

underlying pattern we wish to create is that of a square lattice, where each grid
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cell within the pattern has the same side length, much like the boundaries on a
checkerboard. The tiling will not be unique; in fact, there will be a countably
infinite number of variants of the tiling which satisfy the tiling rules, corresponding
to the pattern’s periodicity. This non-uniquess is intended: the corresponding
tiling Hamiltonian will have a degenerate ground state, the interplay of the other
Hamiltonians’ energy eigenstates that are conditioned on this underlying lattice
pattern will then single out a unique ground state.

We constructively define this checkerboard tiling in this section. In order to
explain and proof rigorously how the highest net-bonus tiling, we break the proof
up into two parts; in the first part, we will create a checkerboard pattern of various
square sizes, but such that the offset from the lower left corner in the lattice is left

unconstrained. In the second part, we will lift this degeneracy.

Proposition 3.1 (Unconstrained Checkerboard Tiling). We define the tileset 71 to

contain the following edge-colored tiles:

comer&edge: { ) [0 () (_} {}
ineerior: () () () (C) ) (]

The rules for these tiles—by convention—are such that edges have to match up. Then

all valid tilings for a lattice A will either:
1. have no corner tile present, or

2. have corner tiles present as shown in fig. 3.7, i.e. such that they are part of
a checkerboard pattern of squares, where the squares’ side length—and the

offset of the left- and bottommost corner tile—is unconstrained.

Proof. Fig. 3.7 forms a valid tiling by inspection. What is left to prove is that given
we demand at least one corner tile to be present this is the only tiling pattern possible.
To this end, we first note that the tiles directly adjacent to the corner tile are

necessarily of the configuration in fig. 3.5.
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I
]

(I

Figure 3.6: Sub-tiling patterns A, A, and A3z from left to right, possible with at most four
tiles in proposition 3.1.

Figure 3.5: A tiling configuration.

We then note that the only way for multiple of these corner tiles to join up is via
blue horizontal links (called configuration A»), red vertical ones (configuration Asz),
or diagonal purple ones (configuration A;); we show sections of these links Ay, A,
and Az in fig. 3.6.

This reduces the problem to finding valid geometric patterns of horizontal blue,
vertical red and diagonal purple lines, which are only ever allowed to intersect jointly
together; the resulting pattern is a grid of squares laid out by the red and blue edge
tiles, where the fact that each enclosed area is a square is enforced by the purple
diagonals. If the square size is bigger than the lattice A, this means that only a single
corner tile is present; otherwise there is multiple ones, as shown in fig. 3.7. Naturally,

offset and square sizes remain unconstrained; the claim follows. m]

We emphasize that the tileset 7~ in proposition 3.1 does have valid tilings that
are e.g. all-grey- or all-black-edged areas, or those where only a purple diagonal with
grey on one side, and black on the other side is present, as shown in fig. 3.6. For this

reason, and in order to lift the offset degeneracy still present, we add extra constraints
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Figure 3.7: Section of the checkerboard tiling Hamiltonian’s ground state.

to the tileset.

In order to single out all those patterns that commence with a full square in the
lower left corner of the lattice region, we employ Gottesman and Irani’s boundary
trick which exploits the fact that on any hyperlattice there is always a very specific
mismatch between the number of vertices and the number of edges. In our case it

reads as follows.

Proposition 3.2 (Constrained Checkerboard Tiling). Take the tileset T~ from proposi-
tion 3.1 with the same edge-matching tiling rules, and define a new tileset T with

the following additional bonuses and penalties:

1. any interior tile gets a bonus of —1 if it appears to the top, and a bonus of —1 if

it appears to the right of another tile, and
2. any interior tile gets an unconditional penalty of 2.

Then the highest score tilings possible with 7' on a square lattice A are the
checkerboard patterns shown in fig. 3.7, but such that a corner tile lies in the lower

left of the lattice. All other tilings have net score > 1.

Proof. The only effect of the extra bonus and penalty terms are that the grey interior
tiles can no longer appear on the left or bottom lattice boundaries; edge tiles have to
be placed there. This, in turn, means that the only zero penalty configuration for the
lower left corner is to place a corner tile there, meaning that the only net zero penalty
configurations have at least one corner tile present. The rest of the claim then follows

from proposition 3.1. |
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With the tileset 7 defined such that the highest net-score tilings are checkerboard
patterns with unconstrained square sizes and offset (0,0) from the lower left corner

in the spin lattice, we can formalize the tiling Hamiltonian in the following lemma.

Lemma 3.9 (Checkerboard Tiling Hamiltonian). There exists a diagonal Hermitian
operator h € B(C4®CY) for d = 11 with matrix entries in Z as in eq. (3.19) such
that the corresponding tiling Hamiltonian Hey = ;. ; h9) on a square lattice A has
a degenerate zero energy ground space S., spanned by checkerboard tilings as in
fig. 3.7, of all possible square sizes, where the pattern starts with a corner tile at the
origin (i.e. in the lower left corner of the lattice), as laid out in proposition 3.2. Any

other eigenstate not contained in this family of zero energy states has eigenvalue > 1.

Proof. Translating the tileset 7 from proposition 3.2 into local terms as in eq. (3.19)
via [Bau+18a, Cor. 2] yields local Hamiltonian terms 4 € B(Cd®Cd), where d is the
number of tiles in the tileset—here 11; the local terms have entries in Z because all
the weights (bonuses and penalties) in the tileset are integers. H.p, will have a ground
space spanned by tilings with net score 0, which we proved in proposition 3.2 to look
as claimed.

Furthermore, since all other tilings must have integer net penalty, all other tiling

eigenstates will have energy > 1. The claim follows. O

3.7.4 Classical Turing Machine Tiling

It is well know that a classical TM which runs for time N and uses a tape of length
N can be encoded in an N X N grid of tiles [Ber66]. A brief overview of how this
is done is given in the following. We first recall that a TM is specified by a tuple
(Z,0,0) where Q is the TM state, X is the TM alphabet, and ¢ is a transition function

0:0XXE - QOxEX{L,R}. (3.21)

as well as an initial state gg, an accepting state ¢,, and a blank symbol # € . Here
L, R in the transition function output tell the TM head whether to move left or right

respectively.
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We now take the N X N grid which we can place tiles on. We will identify the
rows of the grid with the tape of the TM, where successive rows will be successive
time steps. Each tile now represents a cell of the TM’s tape at a given time step. We
now introduce a set of tiles which encode the evolution of the TM. We will need tiles
which represents every possible configuration that a cell can take (what is written in
the cell, whether the TM head is there, etc.).

To encode the evolution of such a TM into a set of tiles, we introduce three types
of tiles: variety 1 which is specified only by an element of X, variety 2 specified by
2~ X Qx{r,l}, and variety 3 specified by X x Q X {R, L}. At position P offset from

the left within a row, these tiles have the following function:

Variety 1 With marking (¢), ¢ € Z, the corresponding cell on the TM’s tape contains c,

and the TM head is not at position P at the corresponding time step.

Variety 2 With marking (c,q,d), c € X, g € Q, d € {r,l}, the corresponding cell on the
TM’s tape contains ¢, the TM head is at position P at this time step, but has
not yet overwritten the tape symbol. The TM is in state ¢ and the TM head has

just moved from the right/left of P.

Variety 3 With entry (c,q,D),c€ X, g € Q, D € {R, L}, the corresponding cell on the
TM’s tape contains ¢, the TM head has just moved right/left from position P
where it has just overwritten the previous symbol. The TM is in state ¢ at this

time step.

As a last remark, we note that one can always dovetail multiple TM tilings, as

shown by Gottesman and Irani.

Lemma 3.10 (Tiling-Layer Dovetailing [GI09]). Let My and M be classical Turing
machines with the same alphabet ¥ such that their evolution is encoded in a tiling
pattern on different tiling layers (see remark 3.2) of a rectangular grid with a border
as in fig. 3.7. Then—Dby potentially altering the tile sets—it is possible to constrain
the tiling layers at the border such that My takes the output of M as its input and

continues the computation.
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Proof. If M; and M, are TMs, then there exists a TM M which carries out M,
followed by M, [Tur37]. Define a tileset on each layer that corresponds to said
Turing machine, such that M; runs from bottom-to-top and M, runs top-to-bottom
on each respective layer. We now need to show that there is a way of enforcing
equality of the tapes of the two tiling layers next to the boundary; then the claim
follows.

Similar to remark 3.2, let the meta tile at position k be specified by a 2-tuple
Ty = (ti,tj)k. Let the set of tiles making up the border be B. Then we enforce the
2-local tiling rule that the only valid tiles that can appear next to the upper border tiles
have the form ((#;,2;),b), where b € B (i.e. the tiles must have the same markings
in both layers). Thus the output of M is the input of M;. M, then continues the

computation on the top layer of the grid. O

In this fashion, any Turing machine (e.g. a universal one) can be encoded in a
grid of tiles, which in turn can be used to define a local Hamiltonian with a ground
state that corresponds to the TM’s valid evolution; given a TM tiling, this can be
achieved by using the tiling-to-Hamiltonian mapping already explained. Giving due

credit, we capture this mapping for TM tilings in the following lemma.

Lemma 3.11 (Berger’s Turing machine Tiling Hamiltonian [Ber66]). For any
classical Turing machine (X,Q,0) there exists a diagonal Hermitian operator
h e B(CI®CY) for d = poly(|Z|,|Q|) with matrix entries in Z as in eq. (3.19) such
that the corresponding tiling Hamiltonian Y, _; h%D) on a square lattice A has a

degenerate ground space St iiling cONtaining
1. any tape configuration without TM head tiling the plane forward indefinitely,

2. atiling pattern corresponding to valid Turing machine evolutions where the
initial head is aligned on one side of the lattice and where the TM does not

halt on the initial tape and space provided, and

3. any valid Turing machine evolution starting mid-way that does not halt within

the space provided.
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Proof. See [Ber66]; the fact that the tape without head tiles the infinite plane is
obvious since the tape can be initialized arbitrarily and will consistently cover the
lattice, i.e. by being copied forward. If the TM’s head is present in a tile, and since
there is no transition into the initial state g; € Q of the TM, if the initial state is
present it has to reside on one side of the lattice. Similarly, if the TM halts within
the space provided there is no forward transition, meaning that tiling cannot have
zero energy. Finally, if neither initial nor final state are present the tiling can show
a consisten Turing machine evolution starting mid-way, with the tape being copied

forward, or potentially altered if the TM head passes by. |

We emphasize that the TM in lemma 3.11 does not have to be reversible. We
will later lift the large degeneracy of the so-defined ground space by forcing an initial
tape and head configuration; with such an initial setup, the tiling becomes unique

since the forward evolution of a TM head and tape is always unambiguous.

3.7.5 Combining Checkerboard and Turing Machine Tiling

As seen in remark 3.2 and lemma 3.10, we can combine two tilesets into one, by
defining the new tileset as the Cartesian product of the two. In this fashion we couple
the TM tile set to apper above grey-shaded interior of the squares in the underlying
checkerboard pattern from proposition 3.2; the area above the edge tiles we fill with
a dummy border tile. We use this dummy border to enforce initialization of the TM’s
tape and head: for a tape cell above but not to the right of the border, the tape cell is
blank. For a cell above and to the right of a border, we put the TM into its initial
configuration gy.

In case we need our Turing machine to run for more steps than are available
on a single L X L grid, we can do so as well by introducing multiple layers as per

remark 3.2.

Lemma 3.12. Let ny,n, € N be constant, and take a TM tileset S such that the TM
tiles appear over the grey-shaded interior of the checkerboard pattern in fig. 3.7. We
can define a new tileset S” such that the TM head will start in the lower left corner

on an empty tape; on a grey square of side length L it will have a tape of length ni L
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and runtime ny L available.

Proof. Initializing the head and tape on one edge of the grey square is achieved by
penalizing any other tiles from appearing there, which we can do using inter-layer
constraints as in remark 3.2. Once the TM tiling reaches one end of the grey square,
we can similarly copy its state to another layer with a separate TM tileset that makes
it evolve in the opposite direction. This shows that one can increase the available
number of time steps by another constant n,. An even simpler argument shows that
on finitely many grid cells L one can always increase the number of tape cells by a

constant factor n1, by redefining n; sets of separate symbols. The claims follow. O

3.7.6 Cordonning off an Edge Subsection

In this section, we show that one can define a classical TM tiling that puts a single
marker on an extra layer within each checkerboard square in fig. 3.7, namely on the
lower edge, and at position x = [L!/¢] for any ¢ € N, ¢ > 0. Since we have already
shown how to define a classical TM tiling to appear only within the grey shaded
interior of each checkerboard sqaure (remark 3.2), how to allow constant tape and
runtime overhead (lemma 3.12), and how to dovetail TM tilings (lemma 3.10), the

claim is immediate from the following two lemmas.

Lemma 3.13. Let f : N — N such that 1 < f(N) < N be computable within time
O(2"1) where |x| is the binary length of its input. Consider the checkerboard tiling
constructed in proposition 3.2 such that each square has side length N +?2 (which is
measured between corner tiles). Then there exists a set of tiles which has this same
checkerboard pattern, but for every corner tile, except those along the bottom edge,

there is a special symbol e at distance f(N) from the left border along the top edge.

Proof. The proof is a variant of a construction from [GI09]. First, we add an extra
tiling layer above the grey interior of the checkerboard tilings which translates the
square’s side length N into binary; this can be done with a counter tiling, see [GI09;
Pat14] and [BP17a, sec. F2.3].

Using lemma 3.10, we then dovetail this output with a TM that computes the

function f(N) by taking input from the previous layer. Since this is promised to be
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computable in time O(2!M) = O(N), this can be done via lemma 3.12. The output of
this computation is then f(N) in binary.

Finally we run a binary-to-unary converting TM on the binary output of f(N)
by reversing the binary counter tiling in [GI09; Pat14]; this requires N steps. This
leaves a marker at distance f(/V) along the square interior. We can then introduce a
tiling rule which forces a @ marker onto the edge above it. The configuration on the

upper white edge of each complete square of the tiling is then as per fig. 3.8

Figure 3.8: A tiling configuration.

where the black dot e marks distance f(NN) away from the left border. O

With lemma 3.13 in place, all that is left is to show existence of a TM that
calculates the 8™ root of a number given in binary, and obeys the required constraint

on the number of steps—i.e. at most linear in the square’s side length L.

Lemma 3.14. Let c € N, ¢ > 0. There exists a classical TM which, on binary input

L, computes [L'/%] in binary, and requires at most O(logg(L)) steps.

Proof. It is known that taking the square root of a number has the same time
complexity as multiplication (see [Alt79]). For a number of ¢ = log, L digits, long
multiplication has time- and space complexity ~ log% L. Taking the 8" root can thus

be done in ~ logg L steps by calculating

Now we have all the ingredients together to define the following augmented
checkerboard Hamiltonian, which is in essence the checkerboard tiling Hamiltonian
defined in lemma 3.9, but with a classical TM acting within its grey squares to place

an additional marker onto the horizontal edges.
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Lemma 3.15 (Augmented Checkerboard Tiling Hamiltonian). Let Hy, be the Hamil-
tonian defined in lemma 3.9. Then we can increase the local Hilbert space dimension
to accommodate for the extra tileset necessary in lemma 3.14, and define a new

Hamiltonian H), as per eq. (3.19) where

1. the zero energy ground state is spanned by the same checkerboard patterns as
in lemma 3.9, but such that the horizontal edges above a grey square carry a

special marker o at offset L'/8 from the left cornerstone,
2. any other eigenstate has eigenvalue > 1.

Proof. The first claim follows by lemmas 3.13 and 3.14, and lemma 3.11. The second
claim follows since the grey TM interiors feature unique tilings, enforced by penalties

only. i

For later reference, we further prove the following two tiling robustness facts.

Remark 3.3 (Checkerboard Tiling Robustness). We single out the pair of tiles in
fig. 3.9,

Figure 3.9: A tiling configuration.

in the tileset T’ used in proposition 3.2. Then either

1. the pair of tiles is part of an edge of some length L as shown in the proof of
lemma 3.13—i.e. fig. 3.8—with a grey square of size L X L below it, and a
valid TM tiling enforcing the position of the extra edge marker e at position

[L'/%7, or

2. there exists a unique penalty > 1 at another location in the lattice that can be

associated to the tile pair.
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Proof. Since the corner tile in the pair cannot be one on the left lattice boundary,
we follow the tiling to its left; it has to be a blue edge A, pattern as in fig. 3.6, and
necessarily end in another corner tile—if not, take the mismatching tile and resulting
penalty of size 1 as the unique associated one.

Given the blue horizontal edge is intact, this defines a distance between the two
corner tiles, L. The subsquare L X L below this defined edge then has to be a valid
checkerboard square with augmenting TM as in lemma 3.15, which in turn enforces
the position of the ® marker between the two upper corner tiles at the specified offset.
If the square is not intact—which includes it being cut off—take the closest penalty
in Manhattan distance from the tile pair as the associated penalty of size > 1 (or one

of the closest one in case of ambiguities). O

Remark 3.4 (Augmented Checkerboard Tiling Robustness). In any given ground
state of the checkerboard tiling, there can be at most one e between two cornerstone
markers; this marker is only ever present on blue horizontal edges that have a full
grey interior square below them, meaning the o is offset at [L'/3] from its left, as in

lemma 3.14. Any other configuration introduces a penalty > 1.

Proof. A bullet can only appear above the appropriate marker in the classical TM.
We design the TM such that it produces exactly one such marker and such a marker
gets a penalty if it is not above the point at which the TM places it. Thus, if there
exists more than one e per edge joining two cornerstones, at most one of them can be
above the marker left by the classical TM, and hence the other will receive an energy
penalty.

Furthermore, since e can only occur at the output of a valid TM tiling, it can
only occur on edges that lie above a full TM tiling. Since the lattice boundaries are

white edges by proposition 3.2, the claim follows. O

3.8 A 2D Marker Checkerboard

In this section we will introduce a Hamiltonian on a one-dimensional spin chain
which has a fine-tuned negative energy. More specifically, our goal in this section is

to take the tiling pattern given in fig. 3.7 used to define H, in lemma 3.15, and on a
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separate layer add the Marker Hamiltonian H') from [Bau+18b, Thm. 11].
In slight extension from the construction therein, we only allow the boundary

markers |m) to coincide with the cornerstones of the checkerboard tiling (see fig. 3.10)

Figure 3.10: A tile.

and condition the transition terms /; and s from [Bau+18b, Lem. 2] to only
occur in between two cornerstones and if and only if the marker e is present there,!

i.e. on the blue horizontal edge as per fig. 3.11.

CWH b CHH )W)

(. >

T L tiles

Figure 3.11: A tiling configuration.

All other configurations are energetically penalised. The negative energy
contribution of one such edge—and thus by remark 3.4 also of one square below said

edge in the checkerboard pattern—is
Ecqge(L) := Amin(H|5(1)), (3.22)

where S(L) denotes a single m-bounded segment of the original marker construction
of length L. The arrow T denotes the position of the special symbol that indicates
position L'/8, as explained in lemmas 3.14 and 3.15.

As the ground state energy of H'Y) depends on the choice of the falloff f
we carefully pick this function to be able to discriminate between the halting and
non-halting cases in theorem 3.3. In particular, we will choose f such that if a

universal TM halts on input ¢(77), then ming (Eedge(L) + Amin(Heomp)) < 0, if it

IThis can easily be enforced with a regular expression.
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does not halt then minz, (Eegge (L) + Amin(Hcomp)) > 0, where we assumed the Turing
machine’s tape length is L as well. For inputs ¢’ € [¢(17), ¢(17) +2777¢) for some
¢ > 1 a similar condition will be true depending on the amplitude that the output state
has on halting and non-halting.

One obstacle is that the bounds on the energy contribution in [Bau+18b, Lem.
7] is too loose for our purposes, i.e. it was asymptotically bounded as lying in the
interval Apmin(H) € (=277 —4=f(L)) In the following section, we prove that the

scaling of the upper bound is in fact tight.

3.8.1 A Tight Marker Hamiltonian Bound

In this section we improve on the bounds set out in [Bau+18b, Lem. 7] for the ground
state energy of the Marker Hamiltonian. To do this, we consider the following w X w

matrix:
AL =AM — [w)w]. (3.23)

We now adapt [Bau+18b, Lem. 7] to prove a better lower bound on the lowest

eigenvalue.

Lemma 3.16. The minimum eigenvalue of A, satisfies

, 1 3
/lmin(Aw) 2 _5 - 47 (3.24)
Proof. Our proof is essentially the same as in Bausch et al. except we use a better

ansatz for the lower bound on the ground state energy. We begin by noting that, as in

the proof of [Bau+18b, Lem. 7], the characteristic polynomial of A, is

-w—1

pw(d) = _m

(3VA00 (D) =y () + VA=A, (D430 (D)) (3.25)
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where

() = (A—\/ﬁ\//_l—z)w
Yu(d) = (vaz-z)w

Since it is not clear if p,, (1) = 0 has any closed form solutions in expressible in A
directly, we instead try to bound where the solutions can be.

First we calculate p,,(—1/2) = (=1)"*"27", and thus know that sgn p,,(=1/2) =
1 for w odd, and —1 for w even. If we can show that p,,(—1/2— f(w)) has the
opposite sign for some function f(w) > 0, then by the intermediate value theorem we
know there has to exist a root in the interval [-1/2— f(w),—1/2]. Since we are trying
to prove a tighter bound than [Bau+18b, Lem. 7], we will assume 0 < f(w) <27,

Let p,,(-1/2- f(w)) =: A,,/B,,, where we use the notation of [Bau+18b, Lem.

BW:2W¢wa0+;

:_alw(x yw) aZw(x +yw)

N
=\ Fon+3,
:(J?w0+§wa0+%—fwo—§),

:(~waa+§wa0+%—fwo—§).

Then B,,, a1, and ay,, are real positive for all w. We distinguish two cases.

7]:
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w even. If w is even, we need to show p,,(—1/2—1/2") > 0, which is equivalent to

Osﬂ
B,,
— 0<A,=-aw(x,—y,)—axy(x,+y,)
a
= 0>a(x,—y,)+ &, +y,) wherea::ﬂe[l,Z]
az.w
a-1, o
= x!.
a+1yw_ W

For w even, yj, > xj,, and furthermore we find that xivl / v/ y'wl/ " is monotonically
decreasing (assuming that f(w) > 0 and is itself monotonically decreasing), so it

suffices to find a f(w) which satisfies

a-1_(5 3\"(5 3\™ 1
S(223) (243 oL 3.26
a+1_(2 2) (2+2) v (3:26)

_ /f(w)+1/2
a=3 m, (327)

and substituting this into the above, we find

Expanding out a as

(w) > 0 —.
4(4") —10+5(4")

i (3.28)

Hence we can choose f(w) =3/4", which works for all w > 2.

w odd. Now y;, <x],, and it suffices to show

w?

a-1
a+1

’ ’
Yw S Xy

which is true provided Z—j < 1. This also holds true for all w > 0 for f(w) =3/4".

This finishes the proof. O
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Theorem 3.4. The minimum eigenvalue of A, satisfies

1 3 , 1 1
—5—47 S/lmin(Aw) < _5_47‘ (3.29)
Proof. Lemma 3.16 gives the lower bound, and [Bau+18b, Lem. 8] gives the upper

bound. O

3.8.2 Balancing QPE Error and True Halting Penalty

With this tighter bound derived in theorem 3.4, we can calculate the necessary
magnitude and scaling of Ecqee (L) as explained at the start of section 3.8 as follows.
As a first step, we notice that the clock runtime 7' =T (L) of the QTM is bounded
by eq. (3.15), which holds both in the halting and non-halting case, since the clock
idles after the computation is done. That is, the clock runtime does not depend on
the input to the computation.

Let Epenhale(L) and Epen too short (L) be the ground state energies of Heomp (L)
in the case where the encoded computation does not halt with high probability, and
when the binary expansion of the encoded phase is too long, respectively, i.e. when

|¢’| > m. Then from theorem 3.3 we get:

K
L2821 10g? L’

IV =

1
Epen,non—halt(L) 2 Epen,too short(L) =Q [_] (3.30)

T2

where we made use of remark 3.1 at step (). Similarly, let Epenpai(L) be the
minimum eigenvalue when the QTM halts on input ¢’ € [¢ (1), (1) +2777F), as
given in definition 3.4. Then again from theorem 3.3 and for sufficiently large ¢ we

get:

_ 1
Epenpaie(L) =0 l(z 5+6(L,m)) 772}
14
20 [(2—"+L22—L”“) i] K2
T2

=T (3.31)

where in step (**) we have used the fact that m < L, ¢y <4 and ¢, > 1. Both K;

and K in egs. (3.30) and (3.31) are positive constants, chosen sufficiently small and
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large to satisfy the two bounds. How large does ¢ have to be—or in other words, how
small does the interval around ¢(77) have to be that ¢’ is chosen from—for eq. (3.31)
to hold?

<127 o £>log, (L_22LI/4) . (3.32)

In order to discriminate between the two asymptotic history state penalties in
egs. (3.30) and (3.31), Eegge(L) thus has to lie asymptotically between these two

bounds, i.e. we need

1

Eeqge(L) =0 (W

1
) and Eedge(L) =w (W) .

Now we know by theorem 3.4 that Ecqge(L) ~ 4=10) for some f:N— N
marker falloff, which itself has to be computable by a history state construction on

the segment of length L. We therefore require

1 1 1
© (szzL 10g2 L) - 4f(L) - (§2L2L1/4) » Ot

w(L+logL+loglogL) = f(L) = o(L+L‘/4). (3.33)

This lets us formulate the following conclusion.

Corollary 3.5. There exists a constant C such that (L) = C(L+ L") asymptotically
satisfies eq. (3.33).

3.8.3 Marker Hamiltonian with L + L8 Falloff

The crucial question is: can we create a Marker Hamiltonian with a falloff exponent
like f(L) = C(L+L'®), which would satisfy corollary 3.5? As discussed in
[Bau+18b], this is certainly possible for any polynomial of L, or even an exponential—
in essence it is a question of creating another history state clock for which the runtime
of the segment of length L equals f(L). Herein lies the problem: while a runtime
L is easy—just have a superposition of a particle sweeping from one side to the
other—how do we perform L'/® additional steps?

While there might be a clever way of doing this purely within the scope of a



3.8. A 2D Marker Checkerboard 113

history state construction, we take the easy way out.? In section 3.7.6, we discussed
how we can place a special symbol on the lower edge, which by lemma 3.14 can be
at distance L'/ from the left corner. With this in mind and with the tighter marker
Hamiltonian spectral bound from lemma 3.16 to define the following variant of a

marker Hamiltonian:

Lemma 3.17. Let C € N be constant. Take the standard marker Hamiltonian H(()f )
from [Bau+18b] defined on a local Hilbert space Hy = C¢, where d’ depends on
the decay function f to be implemented. Then there exists a variant H) with
local Hilbert space H = Hy®C?, where | %) is one of the basis states of the second

subspace, such that H\Y) has the following additional properties:
1. HY) =3 h;, with h; € B(C?®CY), and d = O(C).
2. [h,[Ye)(k]|] =0.

3. If S(r) is the subspace of a single m-bounded segment of length L, containing

a single Y% offset at position r, then

< Amin (H<f ) S(,)) <- (3.34)

C4f ~ 4f(L)
where f(L)=C(L+r).

Proof. We design the marker Hamiltonian variant to perform the following procedure

before stopping:
1. Sweep the length of the edge L,
2. Sweep back to the |[¥) symbol sitting at offset r.

3. If the number of rounds is not yet C, switch to another head state and repeat,

where even iterations run in reverse.

2We note that if this task is possible within the history state framework, then it may be possible to
prove the main result of this paper for 1D. Indeed, the 2D tiling construction is only used to allow the
1D Marker Hamiltonian to have the correct drop off.



114 Chapter 3. Uncomputability of Phase Diagrams

Finally, employ Gottesman and Irani’s boundary trick, used as in [Bau+18b, Rem. 3],
which exploits the mismatch in number of one- and two-local interaction terms to
remove the constant —1/2 offset present in theorem 3.4 by only adding translationally-
invariant nearest neighbour terms to the Hamiltonian. The energy scaling then
follows directly from theorem 3.4, and the dimension and [Ayy, | % ){%|] = 0 follow

by construction. O

This marker Hamiltonian we will now combine with the Hilbert space of the
checkerboard Hamiltonian Héb from lemma 3.15, to obtain a 1D marker Hamiltonian
where the location of the boundary symbols m and offset marker % align with the

checkerboard tiles as

. :[:] and * —— [} (3.35)

and such that the marker Hamiltonian terms do not occur above any other but the

blue edge tiles.

Corollary 3.6 (1D Marker Hamiltonian). Let H), be the checkerboard Hamiltonian
from lemma 3.15, with local Hilbert space Hep,. Take H) from lemma 3.17, with
local Hilbert space H, and let C € N, C > 1. Then there exists a marker Hamiltonian
H;f) with one- and two-local interactions hy € B(H'), hy € B(H'®H’) where
H' .= (H & C)QH.p, and such that H ](f ) has the following properties.

1. If S(r) denotes the subspace of a good tiling edge segment fig. 3.8 of length L,
where the marker e is offset at position r from the left, then

3
45 (L)

1
4f(L)’

< Amin (Hl(f)lS(r)) <-

with f(L) = C(L+7).

2. Restricted to any other tiling subspace S’ which does not contain the pair of

tiles in fig. 3.12,
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Figure 3.12: A tiling configuration.

we have /lmin(Hif) ls/) > 0.

Proof. Let h' and I, denote the one- and two-local terms of H (f), trivially extended
to the larger Hilbert space H @ C. Let |0) denote the extra basis state in H @ C.
Denote with IT a projector onto the tiling subspace spanned by the corner and blue
edge tiles given in proposition 3.1. We explicitly construct the local interactions A

and hy of H ff ) by setting

hy = @I +]|0)0] ®IT+ (1 — [0X0) @TT*+

(1= kDo |+ )i} + (- 1mcmne|{_ N )|

and
hy := h,®TT®2.

The marker bonus is only ever picked up by the (final state) marker head running into
the right boundary in a configuration |- - - >>»m), which by the one-local Hamiltonian
constraints newly imposed can only occur above the tile pair blue edge—corner given;
any other configuration will have a net penalty > 0. By construction, the ground
space of H ff ) features the required alignment from eq. (3.35). The claim then follows

from lemma 3.17. O
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This is the last ingredient we require to formulate a two-dimensional variant of

the Marker Hamiltonian, with the required falloff from corollary 3.5.

Theorem 3.5 (2D Marker Hamiltonian). We denote with A the given lattice. Let hy
and hy be the local terms defining the 1D marker Hamiltonian from corollary 3.6
with constant C € N, C > 1. Further let H é b be the augmented checkerboard lattice
with symbol e offset by L'/3 on each of the horizontal edges, as defined in lemma 3.15.

On the joint Hilbert space we set

J) ' (i
H®D =10, + > b+ > 1)
ieA ieA

where the second sum runs over any grid index where the 2 X 1-sized interaction can

be placed. Then the following hold:

1. H®) plock-decomposes as H®S) = @SL:le(m,f) ® B; the family Hs(,m’f)
corresponds to all those tiling patterns compatible with the augmented checker-
board pattern in lemma 3.15 with square size s. B collects all other tiling

configurations.

2. The ground state of HAEEE’f), labelled |yg) is product across squares |Wg) =

X, |¢:), where i runs over all squares in the tiling.
3. B>0.

4. Denote with A a single square of the ground state |By) (i.e. a square making
up the grid), denoted |B;) 4. Then its energy contribution to the ground state
of H™!) is

1

< (@, H® (5) |4 |By) 4 < T AC(sslS)

_4C(s+s'/8)

where C is the constant from corollary 3.6.

5. Denote with Il = |8, )(By| 4 the projector onto the orthogonal complement of
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the ground state of H S(Ea’f ) |a. Then

nH®" |10 > 0.

Proof. We prove the claims step by step.

Claim1 & 2

Claim 3

Claim 4

Claim 5

3.9

The classical tiling Hamiltonian H, is diagonal in the computational basis.
Furthermore, by construction, 41 and h, defined in corollary 3.6 commute

with the tiling terms.

The bonus of —1/2 introduced in the marker Hamiltonian can only ever act

across a pair of tiles

Since we have proven the checkerboard tiling to be robust with respect to the
occurence of this tile pair in remark 3.3, we know that the combination carries
at least a penalty > 1 if it occurs in any non-checkerboard configuration; this
means that any tiling in B can never have a sub-configuration such that the

marker bonus offsets penalties inflicted by the tiling constraints; B > 0 follows.

The “good” subspace in the fourth claim we know by remark 3.4 to necessarily
look as the blue edge segment fig. 3.8. This, in turn, means that » = [L'/8] in

lemma 3.17, and the claim follows from the first energy bound proven therein.

Follows in a similar fashion as the fourth claim, from remark 3.4 and from the

second claim in lemma 3.17. m|

Spectral Gap Undecidability of a Continuous Fam-

ily of Hamiltonians

In this section we combine the 2D Marker Hamiltonian with the QPE History State

construction.
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3.9.1 Uncomputability of the Ground State Energy Density
Lemma 3.18. Let hy, hrzow, hg"l be the one- and two-local terms of H ®&.1) with local
Hilbert space Hy, and similarly denote with q1,q» be the one- and two-local terms
of Heomp from definition 3.5 with local Hilbert space Hy, respectively. Let Ileqge be a
projector onto the edge tiles in proposition 3.1. Define the combined Hilbert space
H = Hy, ® (Hy ®C), where |0) denotes the basis state for the extension of Hy.

We define the following one- and two-local interactions:

htOt =ml+ Hedge®‘]l + Hedge® |0><O| + Hedge®(1 - |0><O|)
ht20t,row i hr0w®]1 +H§12ge®q2

htot,col - hCOI®]l

ploteon ”DXD)@E] ® [18|@)Q)|] +
1| )N l|elIoxs1e1]

On a lattice A define the overall Hamiltonian

_ tot tot, row tot,row tot,col
=D M+ Z(hzo P2 ) 2

ieA ieEA iEA

where each sum index runs over the lattice A\ where the corresponding Hamiltonian

term can be placed. Then H has the following properties:
1. H=p, H;® B’ block-decomposes as H®5) in theorem 3.5, where B’ = BQ1.
2. B'>0.

3. All eigenstates of H are product states across squares in the tiling with square
size s, product across rows within each square, and product across the local

Hilbert space Hy ® (Hy @ C).

4. Within a single square A of side length s within a block Hy, all eigenstates are

of the form |By) [4® |ro) ® |r), where

(a) |By) is the ground state of the 2D marker Hamiltonian block H‘gm’f ),
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(b) |ro) is an eigenstate of Heomp ®0, i.e. the history state Hamiltonian with

local padded Hilbert space Hy ® C, and

(c) |r)e (Hy® C)®06X6=D) defines the state elsewhere.

5. The ground state of Hg| 4 is unique and given by|r) = |O)®(SX(S_1)) and |rg) = |P),

where

T-1
)= > Iy
t=0

is the history state of Hcomp as per theorem 7.9, and such that i) is correctly

initialized.

Proof. We already have all the machinery in place to swiftly prove this lemma. First

note that, by construction, all of {4, htZOt’rOW, ht2°t’°°l, hg"l, pt2°t’r°w} pairwise commute

with the respective tiling Hamiltonian terms {4, hrzow, hg"l}. Furthermore, the local

terms from Homp—q1 and g;—are positive semi-definite; together with theorem 3.5

this proves the first three claims. As shown in theorem 7.9 and since the Hamiltonian
tot,row

constraints in p, enforce the ground state of the top row within the square A to

be bracketed, the first and third claim imply the fourth and fifth. O

Lemma 3.19. Take the same setup as in lemma 3.18, and let Heomp = Heomp(¢)
for ¢ € [o(n), () +2717), where (1) is the unary encoding of n € N from
definition 3.4. As usual £ > 1. Then for a block H; we have

1. If s<n, Hy > 0.
2. If s > n and M does not halt on input n within space s, then Hg > 0.

3. If s > n and M halting on input n, and € > logz(s_22sl/4) as per eq. (3.32),
then Amin(Hy) < 0.

Proof. We start with the first claim. By lemma 3.18, it suffices to analyse a single
square A of side length s; the proof then essentially follows that of [Bau+18b, Thm.

20]. We first assume s < 1. Using the same notation as in theorem 3.5, and denoting
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with Ilegge the projector onto the white horizontal edge within A, we have

/lmin(HslA) = Amin H(Ea’f)(s)lA ®1 +Hedge ®Hcomp(¢,)

= Eedge(s) + Epen,tooshort(s) >0,

where we used corollary 3.5 and theorem 3.5 and the fact that the two Hamiltonian
terms in the sum commute.

The other claims follow equivalently: in each case by corollary 3.5, the sum of
the edge bonus and TM penalties satisfy eq. (3.33). For the second claim, by the

same process we thus get

Amin(Hg|a) = Eedge(s) +Epen,n0n—halt(s) > 0.

Then for the third claim,

/lmin(HslA) = Eedge(s) +Epen,halt(s) <0. U

Corollary 3.7. Take the same setup as in lemma 3.19, and let ¢(n) encode a halting
instance. Set w = argmin {Amin(Hy) <0}, and W a single tile of size w xw. Then

the ground state energy of H(¢’) on a grid A of size L X H is bounded as

in (HG) = | £ ]| 2| 21 ), (336

Proof. From lemma 3.18, we know the ground state of H(¢’) is a grid with offset
(0,0) from the lattice’s origin in the lower left. Each square of the grid contributes
energy Amin(H(¢")|lw) < 0; the prefactor in eq. (3.36) is simply the number of
complete squares within the lattice.

For all truncated squares on the right hand side, Heomp from definition 3.5 with
either the left or right ends truncated has zero ground state energy, since it is either
free of the in- or output penalty terms. Furthermore, we see that if we truncate the

right end of the 1D Marker Hamiltonian H l(f ) in lemma 3. 17, it has a zero energy
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ground state since it never encounters the tile pair

(_H.)

from theorem 3.5 necessary for a bonus. Truncating squares at the top does not yield
any positive or negative energy contribution. The total lattice energy is therefore
simply the number of complete squares on the lattice, multiplied by the energy

contribution of each square. O

Theorem 3.6 (Undecidability of Ground State Energy Density). Discriminating be-

tween a negative or nonnegative ground state energy density of H(¢') is undecidable.

Proof. Immediate from lemma 3.19 and corollary 3.7; the energy of a single square
is either a small negative constant, or nonnegative. Determining which is at least as

hard as solving the halting problem. O

With this result we can almost lift the undecidability of ground state energy
density to the spectral gap problem. In order to make the result slightly stronger, for

this we first shift the energy of H(¢’) by a constant.

Lemma 3.20 ([Bau+18b, Lem. 23]). By adding at most two-local identity terms, we

can shift the energy of H from lemma 3.18 such that

>1 in the non-halting case, and
/lmin (H )

— —00  otherwise.

3.9.2 Undecidability of the Spectral Gap

With the proven uncomputability of the ground state energy density, we can lift the
result using the usual ingredients—a Hamiltonian with a trivial ground state, as well
as a dense spectrum Hamiltonian that will be pulled down alongside the spectrum of
the QPE Hamiltonian, if the encoded universal Turing machine halts on the input
encoded in the phase parameter—to prove that the existence of a spectral gap for our

constructed one-parameter family of Hamiltonians is undecidable as well.
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Theorem 3.7 (Undecidability of the Spectral Gap). For a continuous-parameter
Jamily of Hamiltonians, discriminating between gapped with trivial ground state

|0Y®A, and gapless as defined in definitions 3.1 and 3.2, is undecidable.

Proof. So far we have constructed a Hamiltonian H(¢") with undecidable ground
state energy asymptotics given in lemma 3.20; we denote its Hilbert space with H.

We add the usual Hamiltonian ingredients as in [CPGW 15a] or [Bau+18b, Thm. 25]:
Hgense Asymptotically dense spectrum in [0, c0) on Hilbert space H>.

Hyivian Diagonal in the computational basis, with a single 0 energy product ground
state [0)®*, and a spectral gap of 1 (i.e. all other eigenstates have nonnegative

energy > 0); its Hilbert space we denote with HHj.

Hguard A 2-local Ising type interaction on H := H; ® H, & H; defined as
ngard = Z (]151’)2 ® ]lgj) + ]lgl) ® ]15{2)) s
i~j

where the summation runs over all neighbouring spin sites of the underlying

lattice A (horizontal and vertical).

We then define
HA(L) (()0/) = H(QDI) Q12803+ 11 ® Hyense D03 +01,2 ® Hyivial +ngard-

The guard Hamiltonian ensures that any state with overlap both with H; ® H, and

9H; will incur a penalty > 1. It is then straightforward to check that the spectrum of

Hiy is given by
spec(H™) = {0} U (spec(H (¢")) +spec(Haense)) U G

for some G C [1,00), where the single zero energy eigenstate stems from Hyjyial.
In case that Apin(H(¢’)) > 1, spec(H(¢")) +spec(Hgense) C [1,00) and hence

the ground state of H A is the ground state of Hyiyia With a spectral gap of size one.
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For Amin(H(¢")) — —00, Hyense 1S asymptotically gapless and dense; this means

that H® becomes asymptotically gapless as well. m|

Since the spectral properties of H(¢’) are—by lemma 3.19—robust to a choice
of ¢’ within an interval around an encoded instance ¢(n) as per definition 3.4—i.e.
for large enough £ we can vary ¢’ € [¢(1), ¢(17) +277~")—theorem 7.5 immediately
proves theorem 3.1 and corollaries 3.1 and 3.2.

The Hamiltonian we have used to prove this result had phases distinguishable by
an order O 4. However, we can adapt the Hamiltonian to change between any two
phases which have different properties. For example, let Hy and H_, be Hamiltonians
with zero ground state energy such that their grounds states have property X and
not X respectively in the thermodynamic limit (and assume H(¢’") has property X).

Then determining whether the ground state of the Hamiltonian:
HAWL) ((p/) = H((,O’) L, 80:+11®Hx®03+0; 2,0 H-x +ngard-

has property X in the thermodynamic limit is undecidable. Thus the phase diagram

between these two phases is uncomputable.

3.10 Discussion

One of the main aims of this work was as a first foray into the study of the complexity
of phase transitions. Quantum phase transitions are one of the best studied, but
poorly understood, physical phenomena. We envision this work can be extended in

several directions:

Uncomputablity in 1D. Here we have only studied phase diagrams in 2D. As
described in 3.8, our construction has relied on the fact we can encode a classical
Turing Machine into 2D tilings. This is not possible in 1D. However, since 1D
systems tend to be fundamentally easier to solve than 2D systems, it may still be
the case that the phase diagram of a 1D system is computable. However, given the
undecidability of the spectral gap in 1D [Bau+18b], it would not be unexpected that

computing the phase diagram in 1D is also uncomputable.
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More Realistic Systems. The complexity of determining the critical value of ¢ at
which the quantum phase transition occurs. This work has shown it is in general
undecidable, but for more physically realistic systems—for example those with

smaller Hilbert space dimension—does this remain the case?

Finite Systems. In this work we have only studied phase diagrams in the thermody-
namic limit; naturally, those cannot occur in reality. Yet for any finite-sized system,
determining any property is necessarily decidable (as we can simply diagonalise
the Hamiltonian). A natural question is thus what we can say about the complexity
of determining phases and phase parameters for finite system sizes, for a suitable
notion of phase transitions in this context. We do not know the limits for which
the properties of condensed matter systems become decidable. However, the study
of these limits has potentially far-reaching consequences for high-energy physics
and quantum chemistry, among other areas. We explore an element of this later in

chapter 7.



Chapter 4

The Computational Complexity of the
Ground State Energy Density

Problem

4.1 Introduction

In section 2.3 of the introduction of this thesis we reviewed a number of Hamiltonian
complexity problems which characterised how difficult it is to determine properties
of Hamiltonians beyond the ground state energy. The input to all of these problems
is (usually) a description of a local Hamiltonian on a finite number of particles, and
the complexity-theoretic hardness is a function of varying the Hamiltonian.
However, many-body and condensed matter physicists are more often interested
in estimating properties of a many-body system in the thermodynamic limit of
infinitely many particles. Many physical properties, such as phase transitions,
phase diagrams, spectral gaps, etc., are only well-defined theoretically in this limit.
Moreover, in experimental physics, these models often arise as idealisations of
physical materials, where a typical sample will contain such a large number of atoms
that the properties of the material are well-approximated by the infinite limit.
Furthermore, they are typically interested in computing the physical properties of
a single fixed Hamiltonian. Often, the local interactions have some regular structure,

such as translational invariance where all the local interactions take the same form.
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The standard formulation of the Local Hamiltonian problem does not capture this
type of question — every different instance corresponds to a different Hamiltonian —
rather than a fixed Hamiltonian.

Examples of these cases are the Fermi-Hubbard model (believed to be a model of
high temperature superconductivity) or Lattice Quantum Chromodynamics (a model
of the gluon-quark interactions). We wish to extract the properties both of these fixed
Hamiltonians in the thermodynamic limit. The Local Hamiltonian problem and other
problems where the Hamiltonian varies in the input do not capture the complexity of

this.

Related Work There are a small number of results proving hardness of estimating
the ground state energy for a translationally invariant Hamiltonian where the local
interaction is fixed, and the only input to the problem is the lattice size. Here, since a
lattice of size 2" can be specified in 7 bits, the natural complexity class is NEXP (or
QMAEgxp in the quantum case), rather than NP. The Wang tiling completion problem
is known to be NEXP-complete [Pap94; GI09], which can trivially be translated
to the ground state energy problem for a single, fixed, translationally invariant,
nearest-neighbour, classical Hamiltonian on a 2D square lattice, where the state at
some of the boundaries is fixed (fixed boundary conditions). As the interaction is
fixed, the only remaining problem input is the size of the lattice. Remarkably, this
alone suffices for the hardness result. Gottesman and Irani [GI09] also extended
these results to more natural types of boundary condition. They went on to prove the
analogous QMAgxp-completeness result for families of quantum Hamiltonians on a
1D chain. Howeyver, these results still concern Hamiltonians on finite numbers of
particles; indeed, the problem input is the number of particles the Hamiltonian acts
on.

In the thermodynamic limit, the ground state energy is no longer a meaningful
quantity; it typically has infinite magnitude, and is not physically measurable. In this
setting, the more relevant quantity is the ground state energy density: the minimum
energy per particle. Just as the ground state energy is a key starting point for studying

the physics of finite many-body systems, the ground state energy density (GSED) is a
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key starting point for physics in the thermodynamic limit. Methods of approximating
the ground state energy density in condensed matter systems have been the subject of
much study in the physics literature [Per+92; HW94].

Less is known about the computational complexity of the ground state energy
density problem, than for the ground state energy. Gottesman and Irani [GI09]
proved that the ground state energy density problem for translationally invariant,
nearest-neighbour, quantum Hamiltonians on a 1D chain with a Q(1/2") promise-gap
is NEXP-complete. Here, the input is a description of the local interaction of the
system, and the complexity is a function of varying over the Hamiltonian. Meanwhile,
as a stepping stone to their undecidability result for the spectral gap, [CPGW 15b;
CPGW15a] proved that deciding whether the ground state energy density is O or
strictly positive, with no promise gap, is undecidable, Their result holds for quantum,
translationally invariant, nearest neighbour Hamiltonians on a 2D square lattice with
a fixed local dimension. [Bau+18b] later extended this undecidability result to 1D
chains (again as a stepping stone to the spectral gap problem) and [BCW21] extends
to to 2D systems for which the local interaction are analytic in the input parameter
(as we saw in chapter 3).

However, as with most ground state energy complexity results, these results
still have as input the description of the Hamiltonian, and the hardness is a result of
varying the Hamiltonian. That is, to prove hardness we need to vary the physical
systems itself. Indeed, it is perhaps better to think of these results as being about a

parameterised family of Hamiltonians rather than a fixed Hamiltonian.

4.1.1 The Ground State Energy Density problem

If we restrict to a single, fixed Hamiltonian in the thermodynamic limit, it may seem
that there are no input parameters left, and complexity theory can have nothing to
say! However, one can still ask about the complexity of estimating the ground state
energy density to a given precision, where the only input is the precision required.
(See section 4.2 for precise problem definitions.) Arguably, this is the problem
formulation closest to that often encountered in condensed matter physics.

The ground state energy density of the specific Hamiltonian we construct is a
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single, real number &,. Our hardness results imply the solutions to all instances
of NEEXP-complete problem are encoded in the digits of this single number, with
successive digits of &, giving the solution to successive instances of a canonical
NEEXP-complete problem. In this sense, the ground state energy density of this
Hamiltonian is somewhat reminiscent of Chaitin’s constant [Cha75], but encoding

solutions to problems in a certain complexity class, rather than the Halting problem.

Aside: at the time that a preprint of this work was released, a similar work by
Aharonov and Irani was released with similar results on the estimation of the ground
state energy density [AI2 1] (with the published work now appearing here [AI22]).
Both results were achieved independently and publication of the preprints was

organised to appear simultaneously.

4.2 Results

Define the energy density of the finite lattice as:

Definition 4.1 (Ground State Energy Density). Consider a translationally invariant
Hamiltonian defined on an L x H lattice, HH)). The ground state energy density

is defined as
/l()(HA(LXH))

Ey(L,H) = TH

4.1)

The thermodynamic limit of the ground state energy density is defined as the limiting

value as the lattice width and height bare taken to infinity:
Ep = L’gtngP(L,H). 4.2)

If the ground state energy density is referred to without qualification, then it is

referring to the thermodynamic limit case.

This limit is well defined [CPGW 15a]. We now consider some useful definitions
for the computational problems. For all these definitions we will be referring to
the infinite lattice case. We can cast the problem of finding &, as a computational

promise problem similar in spirit to the local Hamiltonian problem:
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Definition 4.2 (Ground State Energy Density (GSED) promise problem).

Problem Parameters: A fixed, translationally invariant, nearest-neighbour Hamilto-
nian on a 2D infinite square lattice of d-dimensional spins.

Input: Two real numbers 8 and «, such that B—a = Q(27""), for some integer n
and polynomial p(n).

Output: Determine whether &, > 3 (No instance) or &, < a (YES instance).

Promise: The ground state energy density does not lie between in the interval [a, B].

This is perhaps more naturally thought of in terms of the corresponding function

problem:

Definition 4.3 (Ground State Energy Density (FGSED) function problem).
Problem Parameters: A fixed, translationally invariant, nearest-neighbour Hamilto-
nian acting on an 2D infinite lattice of d-level spins.

Input: An error bound e, specified in binary.

Output: An approximation to the ground state energy density, gp such that
|E,—Epl < €.

We will often restrict GSED in definition 4.2 to classical Hamiltonians, rather
than general (quantum) Hamiltonians. When we wish to highlight this distinction,
we refer to these as classical GSED and quantum GSED, respectively.

The main results of this work are as follows:
Theorem 4.1. PNEEXP ¢ EXPGSED ¢ EXPNEXP (o) classical GSED.

Here NEEXP is defined analogously with NP, but the verifying TM is allowed
doubly exponential time to run and the witness can be doubly exponentially long. We
expect that the EXPNEXP upper bound presented here is tight and there is potentially

room to improve the lower bound. The above theorem implies:

Corollary 4.1. GSED is NEEXP-hard under exponential time Turing reductions, for

a classical, translationally invariant, nearest-neighbour Hamiltonian.
We also prove:

Theorem 4.2. Classical GSED € NEXP.
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Corollary 4.1 and theorem 4.2 are not in conflict with each other. Allowing
exponential-time Turing reductions (as opposed to the polytime Turing reductions
usually considered) allows exponentially harder problems to be solved.

The fact we are considering EXPCSEP rather than GSED with polytime reductions
is fundamental to the problem being about estimating the the ground state energy
density for a particular Hamiltonian, where the problem instances differ only in the
precision to which that same ground state energy density should be computed (rather
than each problem instance corresponding to a different Hamiltonian). We show

PGSED

that, using our hardness construction, one should not expect NP C unless the

polynomial hierarchy collapses to 25 .

We can also consider the case of quantum Hamiltonians:
Theorem 4.3. PNEEXPCEXPGSED c EXPAMAeXP - guantum GSED.

For the function problem, one readily obtains the corresponding complexity

bounds:
Theorem 4.4. FGSED € FPNEXP for classical FGSED.
We also get the bound

Lemma 4.1. FPNEEXP ¢ FEXPFGSED ¢ FEXPNEXP 1, FGSED for a fixed classical,

translationally invariant, nearest neighbour Hamiltonian.

4.3 Preliminaries
Definition 4.4. NEEXP or N2EXP

A language L is in NEEXP if there exists a positive constant k and a deterministic
Turing Machine M such that for each instance x and a classical witness w such that

X k X k
lw| = 0(22| | ), on input (x,w), M halts in 0(22‘ | ) steps and
e ifx € L, 3w such that M accepts (x,w) with probability 1.
e ifx ¢ L thenVYw, M accepts (x,w) with probability 0.

We also define QMAggxp the same way as QMA, but allowing for a doubly-

exponentially long witness and circuit runtime.
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We also refer the reader to section section 2.2.3 for definitions of oracle machines
and their associated complexity classes. For the particular case of PSPACE® machines,
the PSPACE machine can execute exponentially many computational steps. Thus
there is a subtlety as to whether the space bound also applies to the oracle tape or
not. Multiple possible definitions for what the PSPACE machine has access to with
regards to the oracle tape have been considered in the literature [For94]. We discuss

the different results we get depending on the choice of definition in section 4.6.2.1.

4.4 Tiling Preliminaries

4.4.1 Robinson Tiles

Robinson’s tiling [Rob71] is based on a set of 5 basic Wang tiles, shown in figure
fig. 4.1, with the rule that one tile can be placed next to another only if the arrow
heads on the first tile correctly join with the arrow tails on the adjacent tile. L.e. the
tiling rules enforce the condition that arrow heads on one tile must meet arrow tails

of the same type on its neighbour in the appropriate direction.

*

1 » > < >
L y : L Yy L
(a) (b) (c) (d) (e)

Figure 4.1: The five Robinson tiles we will use. Image taken from [CPGW 15a].

Tile (a) in fig. 4.1 has arrows on all sides of the tile and is known as a cross and
in this depiction is said to face up and to the right. The other 4 tiles are known as
arms. Each of the arms has a principle arrow across the centre of the tile and which
indicates its direction (all the tiles depicted in fig. 4.1 are facing downwards). Arrow
markings can be either red or green. On a given arm the horizontal and vertical
arrows must have different colours and on cross tiles we force all arrow markings to
have the same colour. The Robinson tile set includes all rotations and reflections of

these basic tiles.



132Chapter4. The Computational Complexity of the Ground State Energy Density Problem

When these tiles are augmented with certain additional markings, described
in [Rob71; CPGW15a], the tiling rules force a pattern of interlocking, nested squares
to form in any valid tiling of the plane (see fig. 4.2(c)). The series of squares
have side lengths 3,7,15,31,...,2" -1, for n € N (see fig. 4.3). Robinson adds
additional coloured markings to the tiles, such that for odd n the borders formed by
the double-arrow tile markings running along the edges of the squares are green, and
for even n they are red. We direct the reader to [Rob71] and [CPGW 15a] for more

detailed discussions of tiling pattern and how it is formed.

A

A

(a) (b) ()

Figure 4.2: (a) A possible tiling arrangement to create a 3-square. (b) shows the same square
once the coloured arrows have been introduced. (c) shows a 7-square having
combined several 3-squares. Images (b) and (c) taken from [CPGW 15a].

For our purposes we will mostly focus on red borders, and refer to these as just
borders. The combination of the borders and the interior of the border is referred
to as a square. We refer to a red border of side 4" — 1 as an n-border. When green
borders are referenced, this will always be made explicit.

Consider fig. 4.4. Let Ry, Ri, RZ, RZ be the sets of Robinson tiles which contain
tiles of type (b), (c), and (d) markings, where the double-arrow markings going
across the entire tile are red, and where the arrow markings going across the entire
tile are respectively facing right, left, up or down. Let Rx be the set of red crosses,
and let RY®, RYE, RVE, RV be the cross tiles that have double arrow markings facing

up-right, up-left, down-left and down-right respectively.

Definition 4.5 (n-borders). Consider a (4" — 1) X (4" — 1) subset of a tiling grid,
not including its interior. Then the region forms 2-border if for every point along

the left vertical edge, right vertical edge, bottom horizontal edge, and along the
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Figure 4.3: A Robinson tiling pattern showing only red borders. Image modified from
[CPGW15al.

top horizontal edge is in R! ,Rz,Ri ,RZ, respectively. Furthermore, the tile in the
top-right corner R? L top-left corner is R? R bottom-left corner is RYR, and bottom

right corner is R%L.

Finally note that Robinson tiles allows for two half-planes to be translated
relative to each other without violating any of the tiling rules. We wish to avoid this
and hence use the modified set of Robinson tilings introduced in [CPGW 15a], such
that the final set of tiles is all rotations and reflections of those shown in fig. 4.4. It is
shown in [CPGW 15a] that these tiles produce the same pattern of nested squares, but

prevent any two half-planes from be translated relative to each other.

\A 4
A A
Yyv
A A

>
»

A A
\A

>
»

vy A

VY
A A
PLA
A A
A A
PRA
A A

A\ A 4 Yy

(a) (b) (c) (d) (e)

Figure 4.4: The standard Robinson tiles with additional dashed markings added in to prevent
slippage between planes. Image modified from [CPGW15a].



134Chapter4. The Computational Complexity of the Ground State Energy Density Problem

Figure 4.5: The evolution of a classical TM can be represented by Wang tiles, where colours
of adjacent tiles have to match, and arrow heads have to meet arrow tails. Here
the evolution runs from the bottom of the square to the top. The red labels
between adjacent rows represent the position and state of the TM head, and the
red labels between adjacent columns represent movement of the TM head after
it has acted on the cell.

4.4.2 Encoding Turing Machines with Tiles

It is well known that the evolution of a classical Turing Machine can be encoded as a
set of Wang tiles as explained in section 3.7.4 (see fig. 4.5 for an example of such
an encoding, and see [Ber66; Rob71; GI09; CPGW 15a; Bau+18a] for some further

detailed discussions on this topic).

4.4.3 Encoding Turing Machines in the Robinson Tiling

In this section we review how the tiling-encoding of TMs can be combined with the
Robinson tiling to create a new set of tiles which, when the plane is tiled according
to the tiling rules, encodes the evolution of a separate TM within each n-square in
the Robinson tiling pattern. This construction was introduced in [Rob71] to prove
undecidability of the tiling of a 2D plane.

Encoding the evolution of a TM directly within the interior of a n-border is not
possible as the Robinson tiling pattern is composed of m-squares nested within other

n-squares, m < n. Thus TMs would overlaps with each other. [Rob71] circumvents



4.4. Tiling Preliminaries 135

this problem by identifying a sub-grid within each Robinson n-border which allows a
TM to be encoded without overlapping with the smaller m-squares, m < n, nested

within.

Definition 4.6 (Free Rows/Columns and Free Squares, [Rob71]). A free row/column
of square is a row/column in a Robinson n-border that stretches across the border’s
interior uninterrupted by any of the m-borders with m < n.

A free square or free tile is a square in the grid that is both in a free row and a

free column. Within an n-square there are exactly 2" + 1 free rows/columns.

Lemma 4.2 (Encoding TM in Robinson Tiling, [Rob71]). Consider any classical
Turing Machine which can have its evolution be encoded in a (2" +1) x (2" +1) grid
of Wang tiles. Then the evolution of this TM can be encoded in the free rows and

columns of an n-square in a Robinson Tiling.

We will use the details of Robinson’s construction of lemma 4.2 later, hence we
provide some exposition here.

Consider a Robinson n-border. Following [Rob71], to demarcate where the
free tiles are so that we can encode a Turing Machine in them, introduce a new kind
of marking on the tiles called an ‘obstruction signal’. These signals are designed
so they are emitted and absorbed from the outside of a red border and while also
being absorbed by the inside of a border, as seen in fig. 4.6. In terms of tiles, these
markings are formed by adding an additional set of markings such that tiles of type
(b) in fig. 4.4 with a red double-arrow “emit” the obstruction signals from one side
and “absorb” them on both sides. Tiles that do not emit or absorb obstruction signals
force them to propagate in the same direction. The obstruction signals are only
emitted from the outer edges of a red Robinson border. A free tile is one which does
not have an obstruction signal going across it in either direction. In our new tile set,

we only encode the Turing Machine tape, head and state symbols in the free tiles.
Transmitting Signals between Free Tiles Thus we are able to encode the evolution
of a Turing Machine in these free tiles, effectively creating a (2" + 1) x (2" + 1) square

for it to run in. There is a problem in that the free tiles are not spatially close to
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Figure 4.6: The obstruction signals for a red 2*-square are shown in blue. Each of the tiles
within the 22-squares emits a signal outwards. The free rows are the rows in
which there are no obstruction signals running horizontally (for example the
central row). The free columns are the columns in which there are no obstruction
signals running vertically (for example the central column).

each other. To solve this, [Rob71] implicitly introduces a new set of tile markings:
Turing Machine signals. These signals can be emitted and absorbed by free tiles
and run along free rows and columns. Otherwise they are absorbed by tiles with
double arrowed red markings: tiles of types (a), (b), or (c), shown in fig. 4.4, on the
sides of tiles parallel to the red double arrow lines. Tiles which are not free tiles,
and do not absorb the TM signals, force the TM signals to propagate across them.
These signal markings allow the tiling to transmit the necessary conditions between

spatially distant free tiles.

Initialising the TM Finally, boundary conditions are needed to force the correct
initial configuration of the Turing Machine. To ensure this, [Rob71] introduces a
further set of tile markings that interact with the Turing Machine markings. The
markings are chosen so that every arm tile which is both horizontally facing and
forms the bottom border of an n-border, and which does not absorb an obstruction
signal, must emit a Turing Machine signal upwards. Choose this signal to be s¢
which will force the tiles in the initial layer at free positions to be blank, so that the
initial tape configuration is entirely blank.

The exception to this is in the centre of the edge where the tile will emit a Turing
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Machine signal sgqo indicating the Turing Machine head starts there. Similarly,
choose the tiling markings so any arms in the top, left and right parts of the square’s

border will absorb any stray Turning Machine signals along their inner edges.

4.5 Robinson Tiling Robustness

In this section we prove a series of results demonstrating that if a region R C Z? is
tiled with Robinson tiles, but tiling defects are allowed to occur (i.e. points between
adjacent tiles at which the matching rules are not satisfied), then only a finite number
of Robinson squares can be destroyed per defect. Similarly bounds were proven in

[Mie97; CPGW15a], but are not strong enough for our purposes.

4.5.1 Robinson Border Deficit Bound

Definition 4.7 (Tile configuration). A tile configuration is an assignment of a
Robinson tile to each point in the lattice Z.». The defect set of a tile configuration T

is the set of all points in Z; between non-matching tiles in T.

Definition 4.8 (Border deficit). The n-border deficit, deficit, (T, S, R), in a region
S of a tile configuration T with respect to Robinson tiling R, is the (magnitude of
the) difference between the total number of complete n-borders of T within S, and the
number of complete n-borders of R within S.

The total border deficit, deficit(T'), of a tile configuration T is the difference
between the total number of complete borders in T and the number of complete

borders in a Robinson tiling of the same region, maximised over Robinson tilings.

The bulk of the work proving a bound on the border deficit was done by Toby
Cubitt, and hence we exclude the proofs from this thesis, and instead state the relevant

theorem:

Theorem 4.5. Let T be a tile configuration of a finite subregion of Z.» with perimeter

of length L. Let D denote its defect set. The border deficit of T is bounded by
deficit(T)) < 399|D|+L. (4.3)

Proof. See the arXiv preprint [WC21]. |
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We now use theorem 4.5 to prove a bound on the deficit on the number of

Robinson squares.

Definition 4.9. An inner border of an n-border in a Robinson tiling is an m-border
(necessarily with m < n) located in the interior of the n-border, and not contained in

the interior of any other border.

Definition 4.10. An n-square is a tile configuration of a (4" — 1) x (4" — 1) region of
the lattice containing an n-border around the perimeter, inner m-borders in the same
locations as in a Robinson tiling, and no other borders and no defects in the region
between the n-border and the inner m-borders.

We call the region of the lattice between an n-border and the locations where
the inner m-borders would be in a Robinson tiling, including the n-border and the
inner m-borders themselves, the n-square region. The interior of the n-square region

is the region excluding the n-border and the inner m-border locations.

Definition 4.11 (Square deficit). The n-square deficit, square_deficit, (7, S, R), in a
region S of a tile configuration T with respect to Robinson tiling R, is the (magnitude
of the) difference between the total number of complete n-squares of T within S, and
the number of complete n-squares of R within S.

The total square deficit, square deficit(T"), of a tile configuration T is the
difference between the total number of complete squares in T and the number of
complete squares in a Robinson tiling of the same region, maximised over Robinson

tilings.

Theorem 4.6. Let T be a tile configuration of a finite subregion of Z., with perimeter

of length L. Let D denote its defect set. The square deficit of T is bounded by

square_deficit(7) < 799|D|+2L. 4.4)

Proof. See the arXiv preprint [WC21]. |
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4.5.2 Obstruction Signal Bound

We now bound the deficit of squares which have correct obstruction tilings. As
discussed in section 4.4.3, obstruction signals are used to demarcate free tiles. We
now add these markings to the modified Robinson tiles: we make a small change
relative to the obstruction markings in [Rob71] and choose all obstruction signals
to have a direction: the horizontal left-to-right or downwards. This new set of tiles

modified Robinson tiles + obstruction markings are labelled obstruction tiles.

Definition 4.12 (Correct Obstruction Tiling). A complete Robinson square has a

correct obstruction tiling if:

1. a tile has no obstruction signals iff it is in both a free row and free column.

2. atile has horizontal (vertical) obstruction signals run across it iff it is in a free

column (row).

3. all tiles not contained a free row or column of the n-border, and not contained
within another m-border, have obstruction signals running across them both

horizontally and vertically.

Consider the deficit in the number of squares present with correct obstruction

tilings in the case of defects versus defect-free tilings:

Lemma 4.3. Let T be a tile configuration of a finite subregion of Z, with perimeter
of length L, and D its defect set.

Define the obstruction deficit of T, obstruction_deficit(T'), to be the difference
between the total number of complete Robinson squares in T with a correct internal
obstruction tiling, and the number of these in a Robinson tiling of the same region,
maximised over Robinson tilings.

The obstruction deficit of T is bounded by

obstruction_deficit(7) < 800|D|+2L. 4.5)

Proof. Definition 4.11 and theorem 4.6, bound the square deficit. Given any complete

square, obstruction signals which are emitted by the smaller interior borders can
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terminate if (a) there is a defect in their path, or (b) they end on a tile with double
red arrows. Case (a) implies there is a defect in the interior of the square. Case (b)
implies there a tile with a double red arrow marking which is horizontal (vertical)
in a free column (row), which must immediately result in a defect if contained in a
square. Conversely, a tile without obstruction signals which is not placed in a free
row must be adjacent to a tile with obstruction signals, and thus must cause a defect.
It follows that if any of the conditions from definition 4.12 are not met, then there
must be an interior defect. Furthermore, if there is a complete n-square with a defect,
the tiling outside the n-border is unaffected as its n-border is identical to the case

without a defect. Thus

obstruction_deficit(7") < square_deficit(7T") +|D| (4.6)

4.5.3 Robinson + TM Tiling Bound

Finally, the obstruction tiles need to be combined with the obstructions tiles, which
are themselves a combination of the Robinson and obstruction tiles. We use the
full set of tiles described in section 4.4.3 which include the Robinson markings,

obstruction markings, and Turing Machine signals.

Definition 4.13. An n-square has a correct TM encoding if its (2" +1) X (2" +1) free
tiles encode the correct evolution of a TM from some fixed initial state according to

the TM’s transition rules.

Lemma 4.4. Let T be a tile configuration of a finite subregion of Z., with perimeter
of length L, D its defect set.

Define the total deficit of T, total_deficit(T'), to be the difference between the
total number of complete Robinson squares in T with a correct internal Turing
Machine tiling, and the number of these in a Robinson tiling of the same region,

maximised over Robinson tilings.
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The total deficit of T is bounded by
total _deficit(7) < 801|D|+2L. 4.7)

Proof. All tiles with no obstruction markings present must have TM markings (but
not TM signal markings) and visa-versa. Thus, assuming an n-square has correct
obstruction markings, TM markings only appear on free tiles, and the TM signals
only appear on tiles with obstruction markings going horizontally or vertically, but
not both.

All tiles with only a horizontal (vertical) obstruction markings have a TM signal
running vertically (horizontally). Since by definition 4.12, such tiles only appear in
the appropriate free column (row), the TM signals only run along the free columns
(rows). The TM signals propagate until they reach a free square, at which point they
may change. If a TM signal changes between tiles, not mediated by a free tile, there

must be a defect. Thus

total_deficit(7) < obstruction_deficit(T) + |D]|. (4.8)

4.6 Proofs of GSED Complexity Results

4.6.1 Classical hardness for PNEEXP

In this section we set out to prove the following theorem:

Theorem 4.7. PNEEXP ¢ EXPCGSED | 6, GSED as defined in definition 4.2, for a

classical, nearest-neighbour, translationally invariant Hamiltonian.

To prove this result, we will show that it is possible to encode the outputs of a
doubly-exponential time nondeterministic TM in the ground state energy density of a

particular, fixed, classical Hamiltonian.

Specifying the Encoded TMs We want to enumerate over all input strings for a TM

deciding some language, encode these using tiles, and arrange for the TMs running
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on different inputs to be encoded within Robinson borders of different sizes. This is

summed up as:

Lemma 4.5 (TMs in Robinson Squares). Let x,, € {0,1}* be the (n—ng)'" string in
lexicographic order where ny is a fixed integer, and let M be a non-deterministic
TM. It is possible to construct a tile set such that all valid tilings of an L X L lattice
consist of the pattern of nested squares formed by the Robinson tiling, such that within
each complete n-border, Vn > ny, the tiles encode a valid computational evolution of

M (x,) for time 220|X"|, c>1.

Proof. As per lemma 4.2, we are able to encode a TM in the (2" +1) x (2" +1) grid
of free tiles of a Robinson n-squares. Section 3 of [GI09] proves that given a L X L
grid with an appropriate border, it is possible to encode a computation of length kL
and space L, for k = O(1). Here the Robinson n-borders provide such a border.

We choose to encode a series of TMs as follows. This first TM is binary counter
machine Mpc which after time step 7', has 7" written in binary on the tape (see [Pat14]
or [GI09, Section 3] for an explicit construction of this machine). This outputs the
square size 2" + 1 in binary. Then run a TM computing log, (y — 1) — no on this output,
which outputs x € {0, 1}*, the (n—ng)"" string in lexicographic order. Finally encode
a non-deterministic TM which takes input x and runs for 22" (< 2(¢-2)m) gteps.

2)1x|

We can force M to run for 22" steps by employing a counter to limit the number

-2)|x

of steps to 22 ‘; if the TM halts before reaching end of the allotted time, the final
time step is copied to the next time step. If the timer runs out before the full grid
space is used, the final time step of the encoded TM is copied forwards until the grid
is filled. Choose ng to be the smallest integer such that these TMs have enough space

to operate properly on a grid of size (270 +1) x (2" +1). O

Note that, at this point, the tiling here can encode any computational path (even
those which reject when there is an accepting path) of the nondeterministic TM M as

we have not constrained the output in any way.
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4.6.1.1 Mapping Tiles to Hamiltonians

So far we have presented the problem in terms of a tiling problem and need to map
this to a classical Local Hamiltonian problem. We use the tiling to local Hamiltonian
mapping presented in section 3.7.1 to create such a Hamiltonian with translationally
invariant, nearest neighbour local interactions on a 2D lattice. In particular. we map
the tiling rules produced by lemma 4.5 to a Hamiltonian to get a nearest-neighbour,
translationally invariant Hamiltonian. We add a term penalising rejecting instances
of the verification computation; Ily¢ is an additional term we add in which assigns
an energy penalty to No problem instances.

We encapsulate the definition of the Hamiltonian in the following:

Definition 4.14 (Robinson + Computation Hamiltonian).

Let heol.Rob prow.Rob ¢ B(CR @ CR) be the local terms which encode the local
matching rules for the Robinson tiling, obstruction rules and TM rules from lemma 4.5.
Let (Tlno);,j+1 be a projector onto the reject state of the encoded TM, M, on a site in
row j, and a Robinson border tile on the adjacent site in row j+ 1. Then the overall

local terms are:

I = A @9
hiojlﬂ - Ah;,ojlﬁ()b +(no)j,j+1 (4.10)

where A € IN is a parameter that we will fix later.

I1yo is constructed such that the energy penalty is only applied at the edge of a
Robinson border where a TM has halted in the No state (i.e. once the TM has stopped
running). A characterises the energy penalty for breaking the Robinson tiling, the
obstruction signals, or the TM signals. We will need to choose A to be a sufficiently
large constant to make it energetically unfavourable to break the Robinson tiling in

the ground state.

Lemma 4.6. Define H(4")|p to be the Hamiltonian on a (4" —1) X (4" —1) region
described by the local terms given in eqs. (4.9) and (4.10), restricted to the subspace

P corresponding to defect-free tilings of the region that contain a complete Robinson
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n-border. Let x € {0,1}* be the (n—ng)'" string in lexicographic order and let M
be a non-deterministic Turing Machine running for time 2> on inputs of length m,
c>1

Then for n > ng, the ground state energy of H(4")|p is

0 M((x)outputs YES
Ao(HA")|p) =iy = (4.11)

1 M (x)outputs No.

Proof. H(4")|p is restricted to the subspace of valid tiling configurations containing
a complete Robinson n-border. Clearly, this border must run around the edge of
the (4" —1) x (4" — 1) region. By lemma 4.5 valid tilings encode the evolution of a
non-deterministic TM M (x), where x is the (n —ng)'” string in lexicographic order.
By restricting to the subspace P we have ensured the encoded TM evolves correctly.

If x is a YEs instance, then M (x) must have an accepting computational path,
and so there must be a set of states that encode the correct evolution which finishes
in an accepting state. Hence there is no energy penalty and the ground state is 0.

If x is a No instance, then there is no accepting path. Any correct evolution of
M (x) therefore enters the rejecting state, and the tile marking the rejecting state of
the TM picks up an energy penalty of 1 from the term (ITyo)x x+1 (and no other state

receives this energy penalty).

4.6.1.2 Robustness of the Ground State

We now want to find the ground state energy of the lattice with Hamiltonian from
definition 4.14. The possible energy contributions come from tiling defects and
energy penalties for No instances of the encoded computation. In the following, we
use the square deficit bounds established in section 4.5 to show that it is energetically
unfavourable to have too many tiling defects, regardless of how many No instances

might be encoded in n-squares.

Lemma 4.7 (Robinson Square Bound). The number of n-borders in a Robinson

tiling of A(L x H) C Z? using modified Robinson tiles is bounded by > (| H /2" | -
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D(LL/2™ ) = 1) and < (LH /2" [+ 1) (LL/2" | +1) for all n.

Proof. A Robinson border is completely contained in an L X H lattice iff its top
edge and its left edge are completely contained in the lattice. Lemma 48 of
[CPGW 15a] shows that the number of top edges of a Robinson n-square which
are completely contained in the L x H lattice is > | H/2"*'|(|L/2"!| - 1) and
<(LH/ 2 4 1)L/ 2"+ | From this it is straightforward to see the number of left
edges which are completely contained in the lattice is > (| H/ pat 1)L/ 21 and
< LH/2MH(LL/2 ] +1).

Combining these two bounds gives > (| H/2"'] —1)(|L/2™!'] - 1) and <
(LH/2™ ]+ 1) (LL/2 ] +1). O

We now want to check that the ground state of the Hamiltonian on the overall
lattice is a tiling of the lattice with Robinson squares in which a verification TM is

encoded as we expect, but potentially with a bounded number of defects.

Lemma 4.8. Let h"", h<°! € B(CR @ CR) be the local interactions that encode the
tiling rules given by eqgs. (4.9) and (4.10). Let HMEXL) be the Hamiltonian with these
local interactions on A(L X L).

Then for sufficiently large L, the ground state energy do(H*D)) is contained

in the interval

[log, (L/2)] L 2
[ Z ({22n+1| _1) Ao(H(4")|p) +A|D| = k{|D| - k2L,
n=ng

[logy(L/2)] ( { L

2
220+l +1) Ao(H (4")|p) +AID| = k1|D| - ks L (4.12)

n=ng

for some constants A\, ki and ky such that A > k| +k,, and |D|=O(L).

Proof. From lemma 4.6, we see that in the ground state energy contribution from
each sufficiently large, complete, Robinson n-square is Ao(H(4")|p) € {0,1}. By
lemma 4.7, the number of n-borders of a given size in an L X L region with no defects
is bounded by > ([ L/2*"*'|—1)? and < ([ L/2%"* | +1)2.

Let N(D) denote the number of borders correctly encoding the TM evolution

for some tile configuration 7 with defect set D. Let Nygs(D), Nyo(D) be the
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number of borders which encode Yes and No instances, respectively. Hence
N(D) = Nygs(D)+Nyo(D). Let E(|D| defects) be the energy of a configuration
with |D| defects. Then

E(|D| defects) = A|D|+ Nyo (D) (4.13)
E (0 defects) = Nyo (0) (4.14)
Combining these:
E(|D| defects) — E(0 defects) = A|D| — (Nnyo(0) — Nno (D)) (4.15)
E(|D| defects) — E(0 defects) > A|D|— (N(0) - N(D)) (4.16)

where the fact N(0) —N(D) > Nyo(0) — Nyo (D) has been used.
Lemma 4.4 gives total _deficit(T) = N(0) — N(D) < k1|D|+ kL for constants

k1, k-, hence

E(|D| defects) — E (0 defects) > A|D|— (k{|D|+ kL) (4.17)

Now choose the parameter A to be constant such that A > ki +k;. If |D|=Q(L),

then for sufficiently large L,

E(|D|defects) — E(Odefects) > (A—k1 — k) Q(L)k = Q(L).

Thus, for sufficiently large L, the O-defect case becomes the ground state.

If |D| = O(L'°(M), then for sufficiently large L we have that

E(|D|defects) — E (Odefects) > A|D|—ky|D|— koL =-0O(L).

Thus we see the minimum lower bound occurs for |D| = O(L'=°()
There is one energy contribution that has been omitted. Some Robinson squares
will be too small to have the TM’s encoded in them run correctly. However, there

are only finitely many square sizes for which this is the case, and each square size
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appears with constant density. So their contribution to to the ground state energy
density is a constant which can be computed in constant time, and subtracted off with

a 1-local term of the form ;e p(zxz) @ 1. (Cf. [CPGW15a].) O

For simplicity of the exposition, we omit the above constant energy shift from

the expressions and discussion, as it does not affect the analysis.

Lemma 4.9. Consider an L X L lattice with a local Hamiltonian interactions given
by eqs. (4.9) and (4.10), and let H(4")|p and i,, be defined as in lemma 4.6. In the

limit of L — oo, the ground state energy density is

Ao(H(4M)|p) _ 1 In
%=1 Z 16" 4 2 16" (+15)

Proof. By lemma 4.8, we have bounds on the ground state energy for the region:

[logy(L/2)]

2

n=ny

< &, (HMPXL)y (4.19)

[logy(L/2)] 1
el

2
< +1) Ao(HEM ) +(A=k)O(L™ ) + ko L7}

22n+1
n=ngp

Taking the limit L — oo gives

, L AHE ) _ 1 iy
ALXL)y _ o _ 1 E 0 =
LIEEO &p(H V=& 4 16" 4 16"

n=ny n=nqo

We now prove the main theorem, which we restate here for convenience.

Theorem 4.8 (PNEEXP CEXPGSED)  pNEEXPCEXPGSED £, GSED as defined in def-

inition 4.2, for a classical, translationally invariant, nearest-neighbour Hamiltonian.

Proof. Consider any polytime bounded TM M;. We will show we can simulate

MNEEXP with MZSEP where M is another exptime TM. If MNEEXP takes an n-bit

input, it can then make O (poly(n)) queries. Denote these queries by {q,}O(POIY("))
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Each individual query must have length |g;| = O(poly(n)). The M| machine then
runs for an O (poly(n)) time and produces some output.

To simulate this, M, takes the n-bit input and calculates each of the queries
which M| makes: {q,-}l.oz(]p()lym)). Each query g; is made to a NEEXP oracle. So M»
takes each query ¢;, and reduces it to an instance of determining the output of a
doubly-exponentially time non-deterministic TM, M, on input y;. This reduction can
be computed in polynomial time, as the problem of determining the output of double-
exponential-time non-deterministic TMs is manifestly NEEXP-hard. (Note by using
padding arguments we can reduce any language in NEEXP to NTIME (22™") for some

¢ > 1 [Pap94]). This defines a new set of inputs to the non-deterministic machine M,

O (pol
{yi}i:(lpo y(n))

, such that |y;| = O(poly(n)). Now order the {y;}; lexicographically and
take the largest one. Suppose the largest string, y;, is the k' string in lexicographic
order. Then k = 029Dy = O (2roly(m)),

We will use the GSED oracle for the Hamiltonian of definition 4.14 to perform
a binary search in order to obtain a sufficiently precise approximation to the ground
state energy density &, such that we can extract the result of computing M on all
inputs up to y;. To do this, we need to query the GSED oracle on all the instances
before it in lexicographic order, of which there are k = O (2P°Y") many.

By lemma 4.9, outputs i, to the queries {y;}; are encoded as
1w iy,

RV WART

n=ny

Ep (4.21)
We extract the iy iteratively as follows. Assume for simplicity that no = 1. (If this is
not the case, n can trivially be adjusted appropriately.) To determine the i;, note that
if i1 = 0, then the maximum &, can be is
o 1
Sp =

~42476" ~ 960
n=2

(4.22)

and otherwise the minimum it can be is 1/64. Hence we ask whether &, > 51 = 1/64
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or &, < ay =1/960. Thus

|0 if &, < 1/960
1 =
1 if & > 1/64.

We can then perform a similar process for all i,,,, 1 < m < k, assuming we have
previously extracted i1, i,...,i,;,—1. When extracting the m'" instance, we have that

either &, < @, or &, > B,,, where

5 L[] LN i
"4\ 16m 16"
n=1
m—-1 . )
1 in 1
=- . 4.2
m 4( 6t 2 16”) *23)
n=1 n=m+1

Since y; is the k' string in lexicographic order, k = O (2P°Y(), the maximum

- . _ppoly(n)
precision we need to go to is Q272"

), which is possible provided «,,,8;, can
have binary length |a,,|, |8 | = O(2P°Y™). Since M, is an exponential time machine,
it has time and space to write these strings to the oracle tape. Furthermore, M, only
needs to make O (2P°Y()) queries. Thus MfSED is able extract all the answers to the

. NEEXP
queries made by M,

, and hence after making these queries and performing the

relevant post-processing, output the solution. O

4.6.2 Classical Containment in EXPNEXP

We now need to show that for classical GSED, as defined in definition 4.2, EXPGSED ¢
EXPNEXP The first step is to show that the ground state energy density of a finite

L x L part of the lattice is a good estimate for the energy density of the full
lattice [CPGW 15a]:

Lemma 4.10. Consider a translationally invariant, nearest-neighbour Hamiltonian

on A(Lx L) lattice defined by local terms h'°" ,h<°. . Let E, (L) be the energy

Li+1° 7+

density of the Hamiltonian on this lattice, and let &, be the energy density in the
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L — oo limit. Then

ma (]| | et |
|E,(L)=Ep| = 7 . 4.24)

Proof. Let H(L) be the Hamiltonian defined on A(L X L) and let r € IN. Let
ngid(L,t) be the Hamiltonian with the same local terms, but with the terms

row pcol v .
hi,m,hm .1 removed for i, j € rN. Then:

Heria(L,t)=H(tL) = > W= > o, (4.25)

i mod =0 Jj mod =0

The interaction graph of H,,;q(L,t) is a set of 1% squares of size L x L. Hence

equation 4.25 gives

i Y Lo

s i+1

|Heria(L.0) ~ HGL)|| < 4L max |

I

It is straightforward to see that Ao (Hgyiq(L,t)) = t?Ao(H(L)). Combining these gives

I

i Lo

LI+

12 20(H(L)) - Ag(H(tL))| < 4Li* max ﬂ

Dividing through by 2L to get energy densities gives

ama || | st |
|E,(L) =8,y < : 7 : . (4.26)
O

Lemma 4.11. GSED € NEXP for any classical, nearest-neighbour, translationally

invariant Hamiltonian, for GSED as defined in definition 4.2.

Proof. (a,p) is the input of the problem, 8 —a = Q(279"). We show an EXP
machine will be able calculate E,(L) (using the notation of lemma 4.10) using a
classical witness for L = 27", for a polynomial p.

First compute the ground state energy of an L X L square of the lattice. Take

as the witness the ground state of the Hamiltonian restricted to an L X L region of
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the lattice: |) = |¢1) ® |¢2) ®...|p;2), where |¢;) € CIS! is the state of the spin at

lattice site i. Now,

Ep(L)= 5 " @il (3]s 100 0).
(@)
where (i, j) denotes pairs of nearest-neighbours. (¢,~|<¢ j|h,~,_,~|¢,~)|¢j> can be
computed in O(1) time, and there are O(L?) such terms. Since L = 27" the
estimate &,(L) can be computed in O(L?) = 0(2?’™) time. By lemma 4.10,
|E,(L) =&, = O0(L™Y), hence provided we choose p(n) to be sufficiently large
relative to g(n), the approximation &, (L) allows us to determine &, > for &, < «

for B—a =Q(277M). O

Lemma 4.12 (EXPNEXP Containment). EXPSSEPC EXPNEXP for GSED as defined

in definition 4.2, for a fixed, classical Hamiltonian.

Proof. For EXPESED CEXPNEXP we show that, given an exponential time TM M,
with access to an oracle GSED, its action can be simulated by an exponential time
TM M, with oracle access to NEXP.

Consider the action of M 1GSED. If it takes an n-bit input, it may make O (exp(n))
queries, each of length O (exp(n)), before outputting an answer based on these query
outcomes. Each query must be in the form of an («, 8) such that 8 —a = Q(Z‘zp("))
for some polynomial p.

The (a,B) queries made by M| must have input length of |g;| = O(exp(n)) By
lemma4.11 determining whether &, > Bor &, <aforf—a = Q(27laily = 9(2_275’("))
is contained in NEXP. Thus MQ‘EXP can simulate the queries to GSED by making

querying the NEXP oracle, and hence the entire action of EXPGSED, O

Why not polytime Turing Reductions, PGSEP? Naturally a question arises as to why
we consider EXPSSED here, rather than PGSEP | Here we show that using our hardness
construction, one cannot even hope to prove NP € PESED ynless the polynomial

hierarchy collapses to =7.

Lemma 4.13. Let PCSED: pe the class of languages decided by a polynomial time
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oracle machine with access to a GSED oracle for the Hamiltonian of definition 4.14
only. Let Pg . be the languages decided by a polytime oracle machine with oracle

O which is only able to make log(n) length queries to the oracle for an n-bit input.

Then POSED: ¢ PNEEXP,

Proof. Let MIGSED" be a polytime TM with oracle access to a GSED oracle for

the Hamiltonian defined in definition 4.14 only. Let an oracle machine

M&\IEEXP
which can only make O (log(n)) length queries to the oracle. We will show the latter

machine can simulate the former.

h can make at most O (poly(n)) length queries to the oracle, corresponding

to @, 8 queries such that 8 —a = Q(277™) for some polynomial p. After making
at most poly(n) queries, it performs some post-processing and finally outputs an
answer.
Mg‘EEXP can simulate this by simply calculating &, for the Hamiltonian in
definition 4.14 by querying the NEEXP oracle for the first O(log(n)) instances,
and then computing an estimate for &,, denoted gp, using equation eq. (4.18).

By making sufficiently many queries to the NEEXP oracle, one can make it so

|gp -&pl= 0(277™) for some polynomial ¢. Thus by making ¢(n) > p(n), M,

GSED,,

can then simulate all the queries that M

makes, do the same post-processing,

and output the same answer. m|

Theorem 4.9. Using the notation defined in lemma 4.13, if NP C PESED: then the

polynomial hierarchy collapses to 25 .

Proof. From lemma 4.13, PGSED: ¢ P{:‘EEXP. Now note P{\(I)EEXP C P/poly. This is

true because for an input of length n, can make at most O (poly(n)) different

P{\IEEXP
queries. Hence we could simply give a TM a O (poly(n)) length advice string giving
the answers to each of these queries, such that the advice string only depends on the
input length n.

Thus PGSED: ¢ P{\(‘EEXP C P/poly. However, it is known that if NP C P /poly,

then the polynomial hierarchy collapses to 25 [KL80].
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This provides strong evidence that our hardness construction is not NP-hard

under polytime Turing reductions.

4.6.2.1 Improving the Hardness Result

We can improve our containment and hardness results by using a PSPACE oracle
machine. There is, however, some controversy as to how a PSPACE oracle machine
should have access to its oracle; in particular whether the input tape to the oracle has
a polynomial space bound or not [Bus88; Har+93; For94]. Here we consider both of

these definitions and show how they can be used to tighten our complexity bounds

on GSED.

Definition 4.15 (1°" PSPACE Oracle Machine Definition).
A PSPACE? oracle machine is a PSPACE machine with access to an oracle input

tape, for which it can make polynomial length queries to the oracle.
For this definition we get:
Theorem 4.10. PSPACENEEXP ¢ EXPGSED,

Proof. Identical to the proof for theorem 4.8 except M is now a PSPACE machine

which needs to be simulated by the EXPGSEP oracle machine. O

A potentially more interesting result occurs when we use the following definition:

Definition 4.16 (2"¢ PSPACE Oracle Machine Definition).
A PSPACE? oracle machine is a PSPACE machine with access to a write only

oracle input tape, for which it can make exponential length queries to the oracle.

This is the preferred definition of several authors [LL76; For94]. For this
definition of oracle machine, we realise that one can do the binary search protocol

used in the proof of theorem 4.8 to get:
Theorem 4.11. PNEEXP ¢ pSPACESSED,

Proof. The proof will be similar to the proof for theorem 4.8, except now the PSPACE
machine will have to make exponentially long oracle calls to the GSED oracle for to

extract the query results while using only polynomial space everywhere else.
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Let MCSED be a PSPACE machine with (for convenience) two work tapes!
(bounded by polynomial space) and one unbounded oracle tape which is read only.
Let the GSED oracle be the one for the Hamiltonian of definition 4.14. Let MGSEP
have made (k — 1) queries to the oracle machine with outputs iy,7>...ix_1, fori; as
defined in lemma 4.6, such that it now needs to make a k’" query. To do so, it needs
to calculate a pair (g, 8x) which will allow it to extract ix. Assume M has the string
i1iy...ix—1 stored on one of the two work tapes. We need to write out the numbers
ag, By in binary as given in equation eq. (4.23).

Without loss of generality, assume the oracle input tape is initially in the all
0 state. To write out 8, on the input tape, M take a query outcome i;, then moves

14
1767

4j +2 down the tape and places i; in the (4 + 2)" cell (corresponding to value
Finally in the (4k +2)"" cell it places a 1. To determine where the head is on the
oracle input tape, we let M have a binary counter on its second work tape. M can
determine where the head is on the input tape by increment/decrementing the binary
counter whenever the head moves right/left.

M cannot write out @y exactly, as it does not have a finite binary expansion.

Instead, upper bound it by a number ay > ax, 8 —ay = Q(27P°Y(®)) which does have

a finite expansion

k-1 .
a = % ( Ln +L) > ay. (4.27)

To write this out, M also places i; in the (4, +2)"" cell, for j < k — 1. We then place
a 1 in the (4k +3)"" cell (which is the contribution from the 2 x 16 %~! term). Hence
querying the oracle for (ay, i) gives the same answer as querying with (ay, 8x).

M then continues with the computation until all the necessary queries have
been extracted. Since only poly(n) many queries are made, the PSPACE machine is
capable of storing them all on its work tape. It can then post-process the queries and
output the answer to the relevant PNEEXP computation.

Since M only needs to record the number of queries k = O(poly(n)) and the

IThis can be reduced to a single work tape by standard arguments.
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binary counter it uses to keep track of the TM head on the input string — which
counts up to 162PN(K) __ can be expressed in poly(k) = poly(n) bits, we have that

M only uses poly(n) space on its two work tapes, as required. O

This result maybe should not be too surprising given that it is known how to do
binary search procedures using exponentially less space.

The results from this section immediately give:

Corollary 4.2. PNEEXP ¢ pSPACECGSEP ¢ pSPACENEXP

4.6.2.2 Complexity Results for FGSED

We show containment of the function problem version FGSED of the ground state

energy density problem:
Theorem 4.12. FGSED e FP®SEP ¢ FPNEXP 11 classical FGSED.

Proof. Let € be the input to FGSED, such that |e| = n. Let M%SEP be a polytime
TM with oracle access to GSED. Then using poly(n) many (a, 8) queries to GSED,
for B—a = Q(27P°Y(™) we can use a binary search procedure to find an estimate
gp such that |5p -&pl = 0(27PN(™) < ¢, Thus a M®SEP machine can compute

FGSED. Since GSED € NEXP, this implies FGSED e FPGSED ¢ ppNEXP, O
Lemma 4.14. FPNEEXP ¢ FEXPFGSED ¢ FEXPNEXP 1 classical FGSED.

Proof. To show FEXPFGSED ¢ FEXPNEXP, consider two exponential time oracle
machines MFGSED and MQ‘EXP. Let M| make O(exp(n)) oracle calls to FGSED,
and then do some exponential time post-processing. M, can simulate these oracle
calls by, for each oracle call M| makes, estimating using the NEXP oracle exp(n)
to estimate the ground state energy density produced by FGSED. Since M| makes
exp(n) queries, M, needs to make O (exp(n)) X O(exp(n)) = O(exp(n)) queries. It
can then perform the same post-processing as M;. Thus FEXPTGSED ¢ FEXPNEXP,

To show FPNEEXP ¢ FEXPFGSED consider a polytime oracle machine M)EEXP
and an exptime oracle machine MIG'SED. M35 can make at most O (poly(n)) queries

to the NEEXP oracle of at most O(poly(n)) length, and then do post-processing
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to output the relevant function. M, can simulate all of these queries by asking the
FGSED oracle for an estimate for € such that |e| = O(exp(n)), from which it can
extract all the NEEXP queries. It can then do the relevant post-processing and output

the same function as M3.

4.6.3 Quantum Containment in EXPQMAex?

In this section we show containment of GSED for quantum Hamiltonians.

Lemma 4.15. GSED € QMAEgxp for any quantum, nearest-neighbour, translationally

invariant Hamiltonian, for GSED as defined in definition 4.2.

Proof. (a,p) is the input of the problem for 8 —a = Q(27P™). Let |y be the ground
state an L x L section of the lattice, for L = 29" which our QMAgxp machine will take
as a witness. Perform quantum phase estimation of e/ o g (n) bits of precision,
which gives an estimate Ay of 1o(H*®)) such that |1y — Ao(H )| <277 and
takes time O (29(") [NC10].

Since E,(L) = Ao, and by lemma 4.10 that |E(L)-Ep| = 0 (27PM), choosing
g(n) to be sufficiently larger than p(n) allows us to verify whether &, > 8 or

Ep <a. O

Corollary 4.3. EXPGSED c EXPOMAXP for ¢ fixed, nearest-neighbour, translationally

invariant quantum Hamiltonian.

Proof. The proof is identical to lemma 4.12, but making use of lemma 4.15. ]

Since classical Hamiltonians are a subset of quantum Hamiltonians, the following

result is an immediate corollary of theorem 4.8:

Corollary 4.4. PNEEXPCEXPGSED £ 1 fixed, nearest-neighbour, translationally

invariant quantum Hamiltonian.

4.7 Discussion

Quantum GSED A natural question to ask is if tighter results can be found for

GSED for quantum Hamiltonians. As we have seen, it follows straightforwardly
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that EXPCSED CEXPAMAEP  but a non-trivial quantum lower bound does not follow
easily.

Our proof of a PNEEXP Jower bound works as we can enumerate over NEEXP-
complete problems. Attempting to prove a similar quantum lower bound (e.g.
POMAeexp) runs into the problem that, since QMAggxp is a promise class, for a given
QMAEggxp-complete problem there may be instances which do not satisfy the promise
(so called “invalid queries”). This makes it impossible to enumerate over all instances
of a given QMAgexp-complete problem without potentially including instances which
do not satisfy the promise. It is not currently known how to avoid these instances

from occurring, although some techniques exist, such as [GY 19; GPY20; WBG20].

Closing the Classical Upper and Lower Bounds So far we have separate lower and

PNEEXPand EXPNEXP . The containment protocol given here works

upper bounds
via a natural binary search algorithm to determine &, and as such we believe it is
optimal. While it is not immediately clear how the lower bound might be improved, it

is not clear whether the construction presented here should give a tight lower bound.

Other Precision Problems As far as the authors know, this is the first complexity
result about a theorem in which the only input parameter which is varied is the
precision, but where the object of study is fixed. Furthermore, GSED can be viewed
as a precision version of the Local Hamiltonian problem; can similar “precision
based” problems be developed for other decision/promise problems? Is there a

natural situation in which they occur?






Chapter 5

Uncomputably Complex

Renormalisation Group Flows

5.1 Introduction

We’ve seen in Chapter 2 that there can exist Hamiltonians that undergo phase
transitions at points which are uncomputable to determine. However, there exists
an enormously useful tool set in theoretical physics known as the “Renormalisation
Group” (RG), which is used to extract macroscale properties of systems. A natural
question to ask is why can’t we use RG methods to solve the phase of the model seen
in the previous chapter? The uncomputability result implies that any computable
method must fail, but it’s not clear why. Is it simply because this model does not
have a well defined RG scheme available? Maybe any legitimate RG scheme fails
to preserve key properties. Perhaps something more perverse is going on. In this
chapter we consider the application of RG techniques to the undecidable Hamiltonian
in [CPGW15a; CPGW15b] and demonstrate not only that a “good” RG scheme
can exist, but that such an RG scheme presents novel and previously unexplored
behaviour. Unsurprisingly, this new behaviour is also uncomputable.

Determining phases of many-body systems from an underlying model of the
interactions between their constituent parts remains one of the major research areas
in physics, from high-energy physics to condensed matter. Indeed, the question of

how to go from a microscopic model of physics, in which for N particles there are
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O(2") degrees variables to a macroscopic description of a material which requires
only a few variables to describe has long befuddled scientists. Even more confusing
is the fact that many materials, although differing significantly in their microscopic
description, display apparently very similar behaviour.

Many powerful techniques have been developed to tackle this problem. One
of the most far-reaching and fundamental was the development by Wilson [Wil71;
WXK74] of renormalisation group techniques, building on early work by others [BP53;
GML54]. At a conceptual level, RG analysis involves constructing a map that takes
as input a description of the many-body system (e.g. a Hamiltonian, or an action, or a
partition function, etc.), and outputs a description of a new many-body system (a
new Hamiltonian, or action, or partition function, etc.), that can be understood as a
“coarse-grained” version of the original system, in such a way that physical properties
of interest are preserved but irrelevant details are discarded.

For example, the RG map may “integrate out” the microscopic details of the
interactions between the constituent particles described by the full Hamiltonian of
the system. This procedure produces a coarse-grained Hamiltonian that still retains
the same physics at larger length-scales [Kad66]. By repeatedly applying the RG
map, the original Hamiltonian is transformed into successively simpler Hamiltonians,
where the physics may be far easier to extract. The RG map therefore describes a
dynamical map on Hamiltonians, and consecutive applications of this map generates a
“flow” in the space of Hamiltonians. Often, the form of the Hamiltonian is preserved,
and the RG flow can be characterised as a trajectory for its parameters.

The development of RG methods not only allowed sophisticated theoretical
and numerical analysis of a broad range of many-body systems. It also explained
phenomena such as universality, whereby many physical systems, apparently very
different, exhibit the same macroscopic behaviour, even at a quantitative level. This
is explained by the fact that these systems “flow” to the same fixed point under the
RG dynamics — many degrees of freedom present in the microscopic description
are “integrated out” as the Hamiltonian flows and simply become irrelevant.

For many condensed matter systems — even complex strongly interacting ones
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— the RG dynamics are relatively simple, exhibiting a finite number of fixed points
to which the RG flow converges. Hamiltonians that converge to the same fixed point
correspond to the same phase, so that the basins of attraction of the fixed points map
out the phase diagram of the system. However, more complicated RG dynamics are
also possible, including chaotic RG flows with highly complex structure [MBK82;
SKS82; DEE99; DT91; MNO03]. Nonetheless, as with chaotic dynamics more
generally, the structure and attractors of such chaotic RG flows can still be analysed,
even if specific trajectories of the dynamics may be highly sensitive to the precise
starting point. This structure elucidates much of the physics of the system [GP83;
ER85; SS14]. RG techniques have become one of the most important technique in
modern physics for understanding the properties of complex many-body systems.
On the other hand, the work presented in chapter 3 of this thesis, as well as
previous work [CPGW 15a; CPGW 15b; Bau+18b] has shown that determining the
macroscopic properties of many-body systems, even given a complete underlying
microscopic description, can be uncomputable or undecidable. The result implies
that any RG technique which we may apply to this specific system to characterise
the spectrum and other properties is bound to fail: there can be no RG scheme — or
even more broadly, no algorithm — that can answer the spectral gap problem. Yet, it
is unclear how such a negative result will emerge. In principle, this obstacle may
be due to the fact that there may not exist an RG map which can compute a coarse-
grained version of an intractable Hamiltonian, or which cannot retain its macroscopic
properties at every iteration, or again whose fixed points are not well-defined (or do
not exist to begin with). In this work we prove that there are no such critical obstacles:
we show that a legitimate RG procedure actually exists by providing an explicit
construction. At the same time we illustrate in which way it fails in determining
the spectral gap. More specifically, we construct an RG map for the Hamiltonian
of [CPGW 15a] which has the following features: (i) The RG map is computable at
each renormalisation step. (ii) The RG map preserves whether the Hamiltonian is
gapped or gapless. (iii) The Hamiltonian is guaranteed to converge to one of two

fixed points under the RG flow: one gapped, with low energy properties similar to
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those of an Ising model with field; the other gapless, with low energy properties
similar to the critical XY-model. (iv) The behaviour of the Hamiltonian under the
RG mapping, the trajectory of the RG flow and which fixed point it converges to are
all uncomputable. Our RG scheme is based on the the block renormalisation group
(BRG) [Jul+78; JP79; PJP82; BS99].

Remarkably, our RG scheme exhibits a novel type of behaviour, displaying a
qualitatively new and more extreme form of unpredictability than chaotic RG flows:
unpredictability of chaotic systems arises from the fact that even a tiny difference
in the initial system parameters — which in practice may not known exactly — can
eventually lead to exponentially diverging trajectories (see fig. 5.1b). However, the
more precisely the initial parameters are known, the longer it is possible to accurately
predict it, and if the system parameters are perfectly known it is in principle possible to
determine the long-time behaviour of the RG flow. The RG flow behaviour exhibited
in this work is more intractable still. Even if we know the exact initial values of all
system parameters, its RG trajectory and the fixed point it ultimately ends up at is
provably impossible to predict. Moreover, no matter how close two initial parameters
are, it is impossible to predict how long their trajectories will remain close together
before abruptly diverging to different fixed points that correspond to separate phases
(see fig. 5.1a). Thus, the structure of the RG flow — e.g. the basins of attraction
of the fixed points — is so complex that it cannot be computed or approximated,
even in principle. We note that a similar form of unpredictability has previously
been seen in classical single-particle dynamics, in seminal work by Moore [M0090;
Mo091; Ben90], while our result shows for the first time that this extreme form of
unpredictability can occur in RG flows of many-body systems.

It is worth emphasising here that work in this chapter is not attempting to use
RG methods to determine properties of the Hamiltonian used in [CPGW 15a], rather
we wish to determine general properties about RG techniques by analysing their
behaviour when applied to Hamiltonians with undecidable properties. Finally we

note that this work can be found as a preprint here: [WOC21].
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k k

(a) Uncomputable RG flow. (b) Chaotic RG flow.

Figure 5.1: In both diagrams, k represents the number of RG iterations and n represents
some parameter characterising the Hamiltonian; the blue and red dots are fixed
points corresponding to different phases. We see that in the chaotic case, the
Hamiltonians diverge exponentially in k, according to some Lyapunov exponent.
In the undecidable case, the Hamiltonians remain arbitrarily close for some
uncomputably large number of iterations, whereupon they suddenly diverge to
different fixed points.

5.2 Preliminaries and Previous Work

5.2.1 Notation

We denote the renormalisation group map by R, and the k-fold iteration of this map
by R¥). We will denote renormalised quantities and operators with R or R¥) prefix
for the renormalised and k-times renormalised cases respectively. For example,
denote the renormalised Hamiltonians terms as R(A"")>*! and R(h¢°!)/-/*!, and
the local terms after k-fold iterations as R¥) (h"")5*1 and R (peol)J+1 We then
denote the Hamiltonian defined over the lattice by the renormalised interactions as
R(H)MP), and for the k-times iteration as RX) (H) ). We note that in general
R(A7) # R(h"°")"*! and similarly for the other terms.

If the initial local Hilbert space is 7, then the local Hilbert space after k iterations
of the RG map is denoted R%) (). Throughout, we will denote a canonical set of
local basis states by B, and after the renormalisation mapping has been applied &
times it becomes BX), so that R (H) = span{|x) € BK)}.

It will occasionally be useful to distinguish 42"°" acting on given row j. When

this is important, we write 47?", (j) to denote the interaction between columns i and

J+]
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i+1 in the j™* row. Similarly h;”.l ., (i) denotes the interaction between rows j and

J
j+1in the i' column.

Finally, following [CPGW 15a], we adopt the following precise definitions of
gapped and gapless given in definition 3.1 and definition 3.2. In [CPGW 15a] it was
shown that the particular Hamiltonians they construct always fall into one of these

clear-cut cases, allowing sharp spectral gap undecidability results to be proven.

5.2.2 Real Space Renormalisation Group Maps

The notion of what exactly constitutes a renormalisation group scheme is somewhat
imprecise, and there is no universally agreed upon definition in the literature. We
therefore start from a minimal set of conditions that we would like a mapping on
Hamiltonians to satisfy, if it is to be considered a reasonable RG map. The RG scheme
we define for the Hamiltonian from [CPGW 15a] will satisfy all these conditions as

well as additional desirable properties.

Definition 5.1 (Renormalisation Group (RG) Map). Let {h;}; be an arbitrary set
of r-local interactions h; € B((CH®"), for r = 0(1) and d € N. A renormalisation

group (RG) map
R({hi}) = {h:} (5.1)

is a mapping from one set of r-local interactions to a new set of r’-local interactions

’ d' \rer’ . 7] . . . .
h. e B((C*)®"), withr',d" € N, satisfying the following properties.
1. R({h;}) is a computable map.

2. Let H and R'™®) (H) be the Hamiltonian defined by the original local terms
and the k-times renormalised local terms respectively. If H is gapless, then
RWM (H) is gapless, as per definition 3.2. If H is gapped, then R (H) is

gapped, as per definition 3.1.

3. If the order parameter for the system has a non-analyticity between two
phases of H, then there is a renormalised order parameter which also has a

non-analyticity between the two phases for R (H).
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4. If the initial local Hamiltonian terms can decomposed into as
hi=)" a0, (5.2)
J

for some operator {0}, then k-times renormalised local Hamiltonian terms

are of the form

RO (h); =) oV RM(0),, (5.3)
J

where al.(k) = f({ozl.(k_l)}l-)for some function f.

The motivation for points 2 and 3 of definition 5.1 is that we want to preserve the
quantum phase diagram of the system. Point 3 of definition 5.1 requires that if we
start in phase A, the system should remain in phase A under the RG flow: a key
property of any RG scheme. Furthermore, any indicators of a phase change still
occur (e.g. non-analyticity of the order parameter). Point 4 asks that the “form” of
the Hamiltonian is preserved.

Hamiltonians under RG flows have “fixed points” which occur where the
Hamiltonian is left invariant by the action of the RG procedure. If H* is the fixed
point a particular Hamiltonian is converging to under the RG flow, and 4* is the
corresponding local term, then the local terms away from the fixed point can be

rewritten in terms of their deviation from the fixed point as:
h= h*+Z,3,~O,~ (5.4)
i
and after renormalisation

RO (my=n"+> g0}, (5.5)
i

where if ﬁfk) — 0 as k — oo then O; is said to be an irrelevant operator; if ,85") — 00,
then O; is a relevant operator; and if ﬁfk) — ¢ for a constant ¢, then O; a marginal

operator.
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We note that many well-known renormalisation group schemes fit the criteria
given in definition 5.1 when applied to the appropriate Hamiltonians. In the following
subsections, we review a number of these. However, in general, a given RG scheme
may satisfy the conditions for the family of Hamiltonians it was designed for, but
will not necessarily satisfy all the desired conditions when applied to an arbitrary

Hamiltonian.

5.2.2.1 The Block Spin Renormalisation Group Map

We base our RG map on a blocking technique widely used in the literature to study
spin systems, often called the Block Spin Renormalisation Group (BRG)! [Jul+78;
JP79; PIP82; BS99]. Modifications and variations of this RG scheme have also been
extensively studied [MDS96; WKL02].

The BRG is among the simplest RG schemes. The procedure works by grouping
nearby spins together in a block, and then determining the associated energy levels
and eigenstates of this block by diagonalisation. Having done this, high energy (or
otherwise unwanted) states are removed resulting in a new Hamiltonian.

As an explicit example, suppose there exists a Hamiltonian on a 1D chain
N-1 0 N
0) 7,0 0
H= ZK( 'n +c )Zni. (5.6)
i=1 i=1

The BRG first groups the lattice points into pairs

i,i+1 i,i+1
i odd i even

N-1 N-1 N
H=K" > 00 +k© > nl) +c© > 1, (5.7)
i=1

We then diagonalise the operators for odd i. (In higher dimensional geometries we
group the terms into blocks of neighbouring qudits.) Having done this, remove all
“high energy states” within each block, either by introducing an energy cut-off or just

keeping a chosen subset of the lowest energy states. The produces a renormalised

IThis is also sometimes called the “quantum renormalisation group”.
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Hamiltonian

N/2-1 N/2 N/2
ROH) =KD > hll) +b0 > hV+cD Y 1, (5.8)
i=1 i=1

i,i+1
i=1
For each further RG iteration the same process is repeated: the terms 4; ;41 for odd
are diagonalised and the high energy states are removed.
After k iterations, the RG procedure returns a Hamiltonian of the same form,

but now with different coupling constants:

N/2-1 N/2 N/2
RO(Hy=K™ > p% +6" Y p"™+C Y 1, (5.9)
i=1 i=1 i=1

5.2.3 Properties of the Spectral Gap Undecidability Construction

Constructing a mathematically rigorous RG flow for the undecidable Hamiltonian
exhibited in [CPGW 15b; CPGW 15a] presents particular challenges, since its prop-
erties are uncomputable. Nonetheless, we are able to construct such a scheme by
carefully analysing the local structure and properties of this Hamiltonian. We review
the structure here.

We start by stating the main result in [CPGW 15a], where the authors construct
a Hamiltonian depending on one external parameter, which is gapped iff a universal
Turing Machine halts on an input related to the Hamiltonian parameter. The spectral
gap problem for this Hamiltonian is therefore equivalent to the Halting Problem,

hence undecidable.

Definition 5.2 (From theorem 3 of [CPGW 15a]). For any given universal Turing
Machine (UTM), we can construct explicitly a dimension d, d?* x d* matrices
A,A’,B,C,D, D’ 11 and a rational number 8 which can be as small as desired, with

the following properties:
1. A is diagonal with entries in 7.
2. A’ is Hermitian with entries in 7.+ %Z,

3. B,C have integer entries,
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4. D is diagonal with entries in Z,,
5. D’ is Hermitian with entries in 7.
6. Il is a diagonal projector.

For each natural number n, define:

hi(n) = a(n)ll,
heot(n) =D+ BD’, independent of n

hyow(n) =A+p (A’+ei”‘/’B+e—i7T<PBT +ei7r2*|4’|C+e_m27\<p\CT) ,

where a(n) < B is an algebraic number computable from n and |¢| denotes the length

of the binary representation of ¢. Then:

1. The local interaction  strength is  bounded by 1, i.e.
max (|| ay ()], [ arow () ||, 1 Acor(R)|]) < 1.

2. IfUTM halts on input n, then the associated family of Hamiltonians {HMY) (n)}
is gapped with gap y > 1.

3. If UTM does not halt on input n, then the associated family of Hamiltonians
{HMD) (n)} is gapless.

We first explain the overall form of the Hamiltonian and the Hilbert space structure,

and later how the individual parts fit together.

5.2.3.1 Local Interaction Terms and Local Hilbert Space Structure

The Hamiltonian H,(¢) is constructed such that its ground state is composed of two
components: a classical “tiling layer” and a highly entangled “quantum layer”. The

local Hilbert space decomposes as:

H,=H.®(H,; @le)), (5.10)
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where H. is the Hilbert space corresponding ot the classical tiling layer and H, @ |e)

is the “quantum” layer. The local terms &, are constructed as
h, = h(Ti’”l)@]lgq)@]lgi;l) + ]lgi)®]l£i+1)®héi’i+l) + “coupling terms”. (5.11)

Let hff’j e B (C4®C?) be the local terms of the Hamiltonian H,, hg’j ) e
B(C?*®C?) be the local interactions of the 1D critical XY model, and let H,; be the
Hamiltonian composed of XY interactions along the rows of the lattice. This has a
dense spectrum in the thermodynamic limit [LSM61]. h,(j’j ) = h,(f’j)(go) is designed
so that H,(¢) = X, h,(¢) has a ground state energy which depends on whether a
universal Turing Machine (UTM) halts when given on input ¢ supplied in binary. In

particular, on a lattice of size L X L, the ground state energy is

—Q(L) if UTM does not halt on input ¢,
Ao(HY ™) = (5.12)

+Q(L?%) if UTM does halt on input .

Since the halting problem is undecidable, determining which of the two ground state
energies of H,(¢) occurs is undecidable.

The local Hilbert space of the overall Hamiltonian can be decomposed as:
H=10)dH,@H,. (5.13)

Here |0) is a zero-energy filler state, H; is the Hilbert space associated with the
dense spectrum Hamiltonian 4,4, and H,, is the Hilbert space associated with the
Hamiltonian with undecidable ground state energy #,,.

The local interactions along the edges and on the sites of the lattice are act on

this local Hilbert space as:

h(9) ) =10) 0] ® (1-10) OV + 1 (9) @147 + 18 @07 (5.14)

h(@) V) = —(1+a2) My, (5.15)

where I1,; is a projector onto H,,®H,, and a; = a(|¢|) is a constant depending
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only on |¢|. Importantly, the spectrum of the overall lattice Hamiltonian composed

of these local interactions is
spec H(¢) = {0} U {spec(H,(¢)) +spec(Hq)} US, (5.16)

for a set S with all elements > 1. This means that if /lo(H,i\(L)) — —oo then the
overall Hamiltonian has a dense spectrum, while if A¢ (H,i\ (L)) — +oo the overall
Hamiltonian has a spectral gap > 1.
In the Ag(H, ,i\ () (¢)) = +Q(L?) case, the ground state of the entire Hamiltonian
is |0Y*. In the /lo(Hf,\(L)(ga)) = —Q(L) case, the overall ground state is |¢,) ® [ 4)
where |,,) and | 4) are the ground states of H,,(¢) and Hy = ) ;cp hi}”] respectively.
We now explain the terms A7 and h, as well as the cumulative effects of the

coupling terms.

The Tiling Hamiltonian In [CPGW 15a] a Wang tile set is chosen to be a slightly
modified version the Robinson tiles from [Rob71], shown in fig. 5.2a. We refer the
reader to section 4.4 for a summary of Robinson tiles. When placed on a 2D grid
such that the tiling rules are satisfied, the markings on the tiles form an aperiodic
tiling consisting of a series of nested squares of sizes 4" + 1, for all n € IN, as shown
in fig. 5.2b.

This set of tiles can then be mapped to a 2D, translationally invariant, nearest
neighbour, classical Hamiltonian by the procedure explained previously in sec-
tion 3.7.1. Then, the ground state of the entire 2D lattice, |T'),., corresponds to the
Robinson tiling pattern as shown in fig. 5.2b. Any other configuration must violate a
tiling rule and thus receives an energy penalty. We denote the local interaction terms

of this Hamiltonian as h; € B(H.QH,).

The Quantum Hamiltonian H,(¢) is constructed so that its ground state energy
encodes the halting or non-halting of a computation as per the circuit-to-Hamiltonian
construction used in chapter 3. The fundamental ingredient required is the “QTM-
to-Hamiltonian” mapping, as explained in section 2.3.1.1 [GI09; CPGW 15a]. This

takes a given quantum QTM and creates a corresponding Hamiltonian which has a
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(a) The modified Robinson tiles used in (b) Ground state |T'),. of the classical Hamilto-
[CPGW15a]. nian.

Figure 5.2

ground state which encodes its evolution. It is then possible to add a local projector
term to the Hamiltonian which gives an additional energy penalty to certain outcomes
of the computation. In particular, [CPGW 15a] penalise the halting state, so that if the
QTM which is encoded halts at some point, the Hamiltonian defined by A, picks up
an additional energy contribution. As a result, the energy of the ground state differs
depending on whether or not the QTM halts within time 7'.

In particular, [CPGW 15a] adapt the QTM-to-Hamiltonian mapping originally
developed by Gottesman and Irani [GI09], which takes a QTM and maps its evolution
to 1D, translationally invariant, nearest neighbour, Hamiltonian. By H, we denote
this modified version of the Gottesman-Irani Hamiltonian (cf. section 5.2.4).

The length of the computation encoded on a chain of length L is T(L) ~

poly(L)2%, and the associated ground state energy is

0 if QTM is non-halting within time 7 (L),
Ao(Hy(L)) = (5.17)

6(1/T%) if QTM halts within time T'(L).
We give a more detailed analysis of the construction at the beginning of section 5.5.

Combining /7, h, and the Coupling Terms The terms 4, are designed so that

all eigenstates of HL/,\(L) are product states |T).®|¢),, where |T) € HE (EXL) and
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W) € Ho*E) [CPGW15a, Lemma 51].
Furthermore, the coupling terms are chosen such that the ground state has the

following properties:

1. the classical part of the ground state |7"),. corresponds to a perfect Robinson
tiling. The pattern created has a series of nested red Robinson squares as per

fig. 5.2b.

2. the quantum part of the ground state |y}, has the following structure: along
the top of every red Robinson square there is a history state (as defined in
definition 2.14); everywhere which is not along the top of a square is in the

zero energy filler state |e),.

The consequence of this is that ground states of H, (¢) of all lengths £ € 4Nylne
N, appear with a constant density across the lattice. If, for any length, the encoded
computation halts, then the ground state picks up a constant energy density, so that
the energy scales as Q(L?). However, if the encoded computation never halts, then
for all lengths the ground state of the Gottesman-Irani Hamiltonian has zero energy,

and (due to boundary effects), the ground state has energy —Q(L) [CPGW15a].

5.2.4 The Gottesman-Irani Hamiltonian

The particular circuit-to-Hamiltonian mapping used in the previous section will be im-
portant when it comes to renormalising the overall Hamiltonian. The overall structure
used in [CPGW 15a] is a modification of the one used in [GI09]. Following [GI09],
the QTM can be encoded into a 1D, translationally-invariant, nearest-neighbour
Hamiltonian, which we refer to as a Gottesman-Irani Hamiltonian, denoted by
H,(L) € B((C9)®L).

This is summarised by theorem 32 of [CPGW15a]; we write out a slightly

simpler version here.

Theorem 5.1 (Informal Version of Theorem 32 of [CPGW 15a]).
Let C? = C€ ® C2 be the local Hilbert space of a 1-dimensional chain of length

> > Denote the orthogonal complement of

> >) in C* by C472. Let d,Q and C all be fixed.

L, with special marker states |< >,

span(| < >
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For any well-formed unidirectional Quantum Turing Machine M = (£,Q, ) and
any constant K > 0, we can construct a two-body interaction h € B(C*®C?) such that
the 1-dimensional, translationally-invariant, nearest-neighbour Hamiltonian H(L) =

iLz_ll hEHD e B(H(L)) on the chain of length L has the following properties:
1. d depends only on the alphabet size and number of internal states of M.
2. h >0, and the overall Hamiltonian H(L) is frustration-free for all L.

3. Denote H(L —2) := (C¥2)®L~2 and define Sy, = span(|< >)®7’((L -
2)® span(| > >) C ‘H. Then the unique ground state of H(L)|s,, is a com-
putational history state (cf. definition 2.14 for a definition) encoding the

evolution of M.
Moreover, the action of M satisfies:

1. The computational history state always encodes Q(2%) time-steps. If M halts
in fewer than the number of encoded time steps, exactly one ;) has support
on a state | T) that encodes a halting state of the QTM. The remaining time
steps of the evolution encoded in the history state leave M’s tape unaltered,

and have zero overlap with | T).

2. If M runs out of tape within a time T less than the number of encoded time
steps, the computational history state only encodes the evolution of M up to
time T. The remaining steps of the evolution encoded in the computational

history state leave M’s tape unaltered.

We refer the reader to [CPGW 15a; GI09] for a detailed overview. We provide in
the following a more detailed sketch of how the modified Gottesman-Irani construction
works, and refer the reader to [CPGW 15a; GI09] for a detailed overview. We begin
by considering the general setup. Our basis states for (C?)®” (i.e. the chain of length

L) will have the following structure:
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< | -+ Track 1: Clock oscillator e | &
< | .-+ Track 2: Counter TM head and state --- | &
< | ---  Track 3: Counter TM tape e | &
< | --- Track 4: QTM head and state e | G
< | -+ Track 5: QTM tape e | &
< | .-+ Track 6: Time-wasting tape e | &

The local Hilbert space at each site is the tensor product of the local Hilbert space of
each of the six tracks H = ®l.6=1 H;.

The outline of the construction is the following: tracks 1 encodes the evolution
of an oscillator which goes back and forth along its track as per fig. 5.3 Tracks 2 and
4 contain the heads of a classical and quantum TM respectively. These heads are
only able to move when the oscillator on track 1 passes by their heads — in this way
their evolution can be encoded with only local Hamiltonian terms. Tracks 3 and 5
are the read/write tapes for the respective TMs.

The classical TM encoded by the track 2 head will be a simple counter: it will
write out binary number on its tape (on track 3) and then increment it by one to the
next binary number. The head on track 2 is only able to make a transition when the
oscillator head passes next to it in the track above. This continues until the tape is
filled, at which point it halts along with the clock oscillator.

The QTM on tracks 4 and 5 will be a generic QTM. The QTM evolves as per

its transition rules until either: (a) the counter TM runs out of space and hence the

Sojojoe
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SeIEe
codieke
SeeER
SerEee
Slejoloe
Soe9)
RECECE

Figure 5.3: Evolution of the Track 1 clock oscillator, from [GI09].
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oscillator stops, or (b) the QTM finishes its computation and halts. If the QTM
halts before the counter TM runs out of steps, it places a halting marker on track
5. The head then moves to track 6 where it performs some arbitrary time wasting
computation which is guaranteed not to halt before the counter TM.

We also note that tracks 1-3 evolved entirely classically whereas tracks 4-6
will contain quantum states. As such, we decompose the local Hilbert space into a

classical and quantum part C¢®C?.

5.2.5 Order Parameters

As per claim 3 of definition 5.1, we now discuss order parameters in more detail. It
can be checked that the Hamiltonian in [CPGW 15a] has an order parameter for its
two phases? (which we label A and B for convenience) which can be distinguished

by an order parameter O 4 p, defined as:

Oajn=137 210001 (518
ieA

Note this order parameter is identical to the one for the Hamiltonian in chapter 3.
In particular, upon moving from one phase to another, the expectation value of
the order parameter is expected to undergo a non-analytic change. In the case
Ao (H,i\ @ (¢)) = +Q(L?) the ground state of the entire Hamiltonian is then |0)" and
hence (O 4/p) = 1, and otherwise (O 4,p) = 0. This is true even if we restrict O 4/
to subsections of the lattice, hence O 4, is a local order parameter (as opposed to
the global order parameters required to distinguish topological phases). Thus O 4/
undergoes a non-analytic change between phases, which itself demonstrates a phase
transition. More generally for a ball B(r) of radius r, and for a state |v) € H®" we

can define a local observable

__ 1! (i)
Oarp(r) =50 @Z(r)mxm , (5.19)

which acts as a local order parameter.

2Phase in this context refers to the state of matter, not a quantum mechanical phase factor (of the
form e'?).
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5.3 Results and Overview of RG Procedure

The main results of this chapter are the following set of theorems and corollaries:

Theorem 5.2 (Exact RG flow for Undecidable Hamiltonian). Let H(yp) be the
Hamiltonian definedin [CPGW15a]. We construct a renormalisation group procedure

for the Hamiltonian which has the following properties:
1. R is computable.

2. If H(y) is gapless, then R (H()) is gapless, and if H() is gapped, then
RWM (H(y)) is gapped (where gapped and gapless are defined in definition 3.1
and definition 3.2).

3. For the order parameter O 5,g(r) (as defined in eq. (5.19)) which distinguishes
the phases of HMY) and is non-analytic at phase transitions, there exists a
renormalised observable R (0 4 /(1)) which distinguishes the phases of

RV (HYML) and is non-analytic at phase transitions.

4. Under an arbitrary number of iterations, the renormalised local interactions
belong to a family F (¢, 11,m,{@;}i,{Bi}i), and for any finite k all of the

parameters are computable.

5. IfH(y) initially has algebraically decaying correlations, then R (H()) also
has algebraically decaying correlations. If H(y) initially has zero correlations,

then R™® (H(¢)) also has zero correlations.

Theorem 5.3 (Uncomputability of RG flows). Let h(g), ¢ € Q, be the full local
interaction of the Hamiltonian from [CPGW15a]. H(g) := Y h(¢)%) is gapped if
the UTM corresponding to h(y) halts on input ¢, and gapless if the UTM never hallts,
where gapped and gapless are defined in definition 3.1 and definition 3.2. Using the
RG scheme defined in theorem 5.2 then under k iterations of the RG scheme (defined
later in definition 5.14) acting on H(p), the renormalised local terms are given by
RO (h(g)), which can be parameterised as part of a family F (@, 11,72, {ei}i, {Bi}i)
(defined later in corollary 5.4). If the UTM is non-halting on input ¢, for all k > ko(y),
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(k) = =2%, for some computable ko(¢). If the UTM is halting on input ¢, then
there exists an uncomputable k() such that for ko(¢) < k < ki, (), 72 (k) = =2,
and for all k > kj, (@) then 7 (k) = =2k + Q(4*kn(@)),

A direct consequence of this is:

Corollary 5.1. Determining which fixed point the Hamiltonian flows to under this

RG scheme is undecidable.

The overall RG scheme is explicitly given in definition 5.14, and the family
F (¢, 71,72,{B:}) which the renormalised Hamiltonians belong to is given in corol-
lary 5.4. One of the consequences of theorem 5.3 is that the Hamiltonian is guaranteed
to flow towards one of two fixed points. However, determining which fixed point it
flows to for a given value of ¢ is undeciable.

The undecidability of the fixed point follows implicitly from undecidability
of the spectral gap [CPGW15a; CPGW15b], since the fixed point depends on
the gappedness of the unrenormalised Hamiltonian. However, theorem 5.3 shows
precisely how the trajectory of the Hamiltonian in parameter space diverges in an
uncomputable manner under RG flow.

We note a subtlety in the statement of theorem 5.2. It is important that we are
able to explicitly construct the RG scheme, rather than just prove the existence of
such an RG scheme. If only existence were proven, it would leave open the possibility
that finding the RG scheme is itself an uncomputable task, thus meaning it cannot

actually be determined.

5.3.1 Overview of the Proof of the Main Results

The renormalisation group scheme we will employ will be a variant of the BRG
described in section 5.2.2.1, where we block 2 X2 groups of spins to a single
“super-spin”” which preserves some of the properties of the original set. Due to the
complexity of the Hamiltonian in consideration, we will first renormalise the different
parts hy,, hg,|0) of the Hamiltonian separately, then combine these RG maps into
the complete map. For a finite size lattice, &, has a ground state which is product

between Hc and H, @ |e). This key property allows us to essentially renormalise
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the tiling Hamiltonian and the Gottesman-Irani Hamiltonian separately.

Renormalising the Tiling Hamiltonian

Section 4.4.1 (and fig. 4.3) shows that the ground state of the tiling Hamiltonian
corresponds to a particular pattern; notably the Robinson tiling creates a self-similar
pattern for across all sizes of squares, where smaller squares are nested within larger
ones. We design a blocking RG procedure which takes a set of 2 X2 Robinson tiles,
then maps them onto a single new tile which has the same markings and tiling rules
as one in the original set of Robinson tiles. Doing this we recover a set of tiles which
recreate the Robinson tiling pattern, but now with the smallest squares “integrated
out”. Repeated iterations of this process still preserve the Robinson tiling pattern.

The details are give in section 5.4.

Renormalising the Gottesman-Irani Hamiltonian
The Gottesman-Irani Hamiltonian /4, is a 1D Hamiltonian which serves as a QTM-
to-Hamiltonian map. As noted in section 5.2.3, in the ground state of )’ 4, ground
states of Gottesman-Irani Hamiltonians appear along the top edge of the Robinson
tiles. We aim to design an RG scheme such that the energy of the Gottesman-Irani
ground state attached to a square remains the same even when the square size is
halved. To do this, we map pairs of spins in the Gottesman-Irani Hamiltonian to a
new “combined spin” which now has local Hilbert space dimension d? if the original
dimension is d. As with the BRG, we consider the new 1-local terms and diagonalise
them. Since we know the form of the ground state explicitly, it is possible to identify
states which pick up too much energy to have overlap with the ground state. We
can truncate the local Hilbert space by removing these states and hence reduce the
dimension of the combined spin to something < d? (but still > d). This blocking
procedure will preserve whether the Hamiltonian has a zero energy ground state or a
ground state with energy > 0.

In mathematical terms, the procedure is implemented by a series of isometries
which are used to map the original states to the new blocked states, and then subspace
restrictions which remove the high energy states. This is summarised in lemma 5.4.

We refer the reader to section 5.5 for full details.
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Renormalising /,, Since h, = h(Ti’H])@]ng@]l g’;l) +]l£i)®]l§i+l)®hgi’i+l) + coupling terms,

to renormalise it, we do the following:

» Choose a 2 x 2 block of spins.
* Renormalise the classical tiling part of the Hamiltonian as above.

* To renormalise the quantum part of the Hamiltonian, break the 2 x 2 block into
two 2 X 1 blocks. Renormalise these two sections as the above renormalisation

for the Gottesman-Irani Hamiltonian. The 2 X 2 block is now a 2 X 1 block.

* Trace out part of the Hilbert space such the 2 X 1 block is now a single site in
the renormalised Hilbert space such that we are left with 1-local and 2-local
projector terms which introduce an energy shift. This energy shift exactly

compensates for any energy lost in the integrating out operation.

The above can be shown to preserve the ground state energy in the desired way. See

definition 5.13 in section 5.6.1 for the complete description.

Renormalising the Entire Hamiltonian We renormalise 4, and |0){0] in a straight-
forward way such that their properties are preserved. Thus the overall renormalisation
scheme acts on &, as above, and essentially leaves /1, and |0){0| unchanged.

Since h,, hy and |0)(0| have their respective ground state energies preserved
(approximately), whether the ground state is |0)* or the more complex ground
state of the tiling+quantum Hamiltonian, is preserved. Importantly it can be shown
the spectral gap of both cases is preserved. The RG process can then be iterated
arbitrarily many times: we show the relevant properties are preserved throughout.
Determining the properties of the ground state and spectral gap are undecidable for
the unrenormalised Hamiltonian, and since these properties are preserved by the RG
mapping, it is also undecidable for the renormalised Hamiltonians.

The renormalisation of the entire Hamiltonian is given in detail in section 5.6.
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Figure 5.4: Flow diagram of the proof.

5.4 Renormalisation of the Robinson Tiling Hamilto-

nian
The renormalisation of the Robinson tiling and the corresponding Hamiltonian were
primarily the work of Emilio Onorati, and as such we will only include a brief
sketch of the result in this thesis to reduce the overall length. We refer the reader to
[WOC21] for full details of the classical renormalisation procedure.
To renormalise the Robinson tiling an RG map will be constructed under
which the two graphs representing respectively the adjacency relations (roughly

speaking, the rules telling us what tiles can stay above / below / left / right of a

e e e e
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given tile) for the Robinson tiles and for a specific subset of 2 X 2 supertiles are
isomorphic. This implies that the pattern produced by the tiling of the 2D plane
using Robinson tiles is scale-invariant. This property is crucial in order to ensure
that the density of the Gottesman-Irani ground states (corresponding to the top edges
of the squares appearing in the pattern) which encode the QTM is preserved under

the renormalisation procedure.

More formally, we have that:

Theorem 5.4. (Adjacency Rules Isomorphism) Let T\ be the set of Robinson tiles
and Ay be the corresponding adjacency rules. Let T, be the set of 2 X2 supertiles,
obtained from all combinations allowed by A of four Robinson tiles placed in a
2 X2 square, and Ay be the adjacency rules of T,, derived from the principle that two
supertiles can be placed next to each other only if the Robinson tiles on the edges
that are put adjacent respect Ay. Then there exists a subset T; C Ty, |T;| = |T;| = 56,
with tiling rules A}, = A2|T21, and a bijection T; — Ty under which A and A, are

equivalent.
From this result it follows that:

Corollary 5.2. (Scale Invariance of the Robinson Tiling) Under the bijection in
theorem 5.4, the Robinson tiling pattern is preserved under the 2x2 — 1 X1

renormalisation of the grid.

We can then translate this scale invariance into a statement about the properties

of the Hamiltonian which describes the Robinson tiling, i.e.,

Theorem 5.5 ((Informal) Robinson Tiling Hamiltonian Renormalisation). Let hr €
CT @ CT be the local interactions which describe the Robinson tiling Hamiltonian.
Then there exists a renormalisation group mapping Ry such that Ry (hy) € CT @ CT,

such that Ry (hy) preserves both the ground state energy and the tiling pattern.
More formally we can write:

Definition 5.3 (Tiling Hamiltonian Renormalisation). Let h?l " eB (CTRCT) be

row

the local interactions describing the tiling Hamiltonian. Let h’?", () denote the row
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interaction between sites (i, j), (i+1, j) and similarly let h;fj.l L1 (D) be the interaction
between (i, ), (i, j+1). Let the 2 X2 supertiles be assigned at (i, j),(i+1,j), (i, ]+
1), (i+1,j+1) and sites consistent with it. Then the renormalised Hamiltonian has

local terms R(h;"l), R(h;"l) e B(CT®C),

R(AED 1211121101 = Vi), (o2,43) Vi), (i) (h??f-u,m(i) TR i+ 1)) I (5.20)
i T

XV 1,70 Vi), (42, j43) (.21

R(Ch™ ) pij=11,1i/2-1141 = Viiw2,i43), (1, j41) Vi 1), (. j+1) (hrrf’i”il,i+z(f )Hhp’i U+ 1)) 7 (5.22)

XV 1% (5.23)

(0,i+1),(.j+1) * ((42,i+3),(j.j+1)

where V is an isometry which can be explicitly constructed. In the above we have
used the standard abbreviation that each local term is implicitly tensored with the
appropriate identity terms, e.g. h;?;+1,j+2(i) is actually 1; ; ® 111 ® h;f’jl.+l’j+2(i) ®

1ij+3 ®1is1 43
The result is:

Lemma 5.1. The matrix form of the initial and renormalised Hamiltonian are the
same, i.e.,

R(hy"™ )i = byl and  R(hg™)j 01 = h;(,)Jl’,jH‘ (5.24)

5.5 Renormalisation of the Quantum Hilbert Space

In this section we will deal with the renormalisation of the quantum Hamiltonian.

For this, we will need a number of definitions from [CPGW15a].

Definition 5.4 (Standard Basis States). Let the single site Hilbert space be H = ®;H;
and fix some orthonormal basis for the single site Hilbert space. Label the set of
single site basis states for site i as %gi). Then a standard basis state for H®L are

product states over the single site basis.
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Definition 5.5 (Penalty Terms and Transition Rules). The two-local quantum Hamilto-
nian will contain two types of terms: penalty terms and transition rule terms. Penalty
terms have the form |ab)(ab| where |a) and |b) are standard basis states. This adds a
positive energy contribution to any configuration containing the state |ab), which we
call an illegal pair. Transition rule terms take the form %(lab) —|cd))({ab| —{cd])

with |ab) # |cd), where |ab) and |cd) act on the same pair of adjacent sites.

Definition 5.6 (Legal and Illegal States). We call a standard basis state legal if it

does not contain any illegal pairs, and illegal otherwise

We then define a standard form Hamiltonian on the joint system
He @ Hp = (CC @)L = (CO)®L o (C9)®L. (5.25)

Importantly, the Gottesman-Irani Hamiltonian we will be considering will be of
standard form. Standard form Hamiltonians are a particular type of Hamiltonian.
Due to the length of the definition, we leave it to definition A.2 and simply claim that

certain properties apply to standard form Hamiltonians.

The 1D Gottesman-Irani Hamiltonian H, (L) € B(CH®L, introduced in sec-

tion 5.2.4, can be written as:
Hq = Hypans + Hiy +Hpen +Hpaizs (5.26)

where H4,s contains transition rule terms, H,, is a set of penalty terms which
penalise states that should not appear in correct history states, H;, penalises states
which are incorrectly initialised, and Hp,;; penalises states which encode a halting

computation. Moreover, it has a six-fold tensor product form
6
Hy = (X)(Hy);. (5.27)
j=1

where each (H,); is identified with a different track.
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Lemma 43 of [CPGW 15a] identifies three subspaces of states, which are closed

under the action of H,,.

1. Illegal Subspace, S;: All |x) € S; C B®E are in the support of H ., and hence
(x| H|x) > 1. By [CPGW15a] Lemma 43, the minimum eigenvalue of these

subspaces is Ao(H|s,) > 1.

2. Evolve-to-Illegal Subspace, S,: All standard basis states |x) € S, C BeL
will evolve either forwards or backwards in time to an illegal state in O(L?)
steps under the transition rules. As per lemma 5.8 of [Wat19], the minimum

eigenvalue of these subspaces is Ao(H|s,) = Q(L™2).

3. Legal Subspace, Ss: all standard basis states in S3 are legal and do not evolve
to illegal states. By [CPGW15a] lemma 43, they have zero support on H,,,, or
H;,.

In our renormalisation procedure we seek to preserve only the low energy
subspace, hence at any point where we can locally identify states as being in subspace
S or Sy, we will remove them from the state space in the renormalisation step.

However, we note that in the general case we cannot locally identify all such
states in S;. That is, determining the whether a state evolves to an illegal under the
action of the transitions may be impossible if we only look at what the state looks

like on a O (1)-subset of the sites.

5.5.0.1 The Ground States

From [CPGW15a] we know that there are two cases we need to consider: the QTM

encoded in H, (L) halts or does not halt.

Lemma 5.2. Let a given UTM be encoded in the Gottesman-Irani Hamiltonian
H,(L). Then H,(L) has a ground state energy that is either 0 if the UTM does not
halt within time T (L) or 1 - cos(%) if the UTM does halt within T(L). T(L) is a
fixed, predetermined function. In the non-halting case, the ground state is

(L)

1
Whise == t] s 5.28
Whist (L)) ﬁ;ww (5.28)
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and in the halting case it is

T(L)
2t+ 1)t
[Whai: (L)) = ; ZCOS(%

Vg
in({—| |t 2
)sm( =) 101w (5.29)
where |t) is the state of the clock register and |y;) = ;.:1 Uj o) and |yo) is the
initial state of the computational register and the {U,} represent the action of the

QTM at time step t.

Proof. Combine the standard form property of H, from [CPGW15a] with Lemma
5.10 of [Wat19]. O

5.5.1 Block Renormalisation of the Gottesman-Irani Hamiltonian

In this section we will construct a renormalisation scheme for the Gottesman-Irani

Hamiltonian. For a given spin at site i, we write each possible conventional basis

state (i.e. basis state before the RG procedure has started) as > e C¢®C2, where

(i)
the top cell indicates the classical tracks of the construction encoded in [CPGW 15a],

while the bottom cell indicates the quantum tracks (see section 5.2.4).

We then define a pair of operations: the blocking operation 8, and the truncation
operation 7,. Given a line of qudits B, will essentially combine pairs of lattice sites
into single sites with a larger local Hilbert space dimension, while 7, will remove
any of the new single site states which can be locally detected to have zero overlap
with the ground state. Thus 7, reduces the local Hilbert space dimension.

We do not truncate all high energy states since in the halting case this would
remove the ground state of the Gottesman-Irani Hamiltonian (note this is a slight
difference from the standard definition of the BRG). Instead, we removed states based

on a combination of high energy and a priori knowledge of the ground state.

Blocking B,

The blocking part of the renormalisation procedure is defined as follows.

Definition 5.7 (Gottesman-Irani Blocking, 8,). Let |y) € Wq(i) ®7{q(i+l) ,i1 €IN. The

blocking operation, B, : Wq([) X 7-Iq(i+1) - W;(i/ 2 s given by the action of the unitary
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Upjr1 - H XHY — R(H,) as
By o Ui |0) (5.30)
where

Uiiv1 = Z Xy el ¥l - (5.31)
|x).1y)€B

We extend this to |y) € 7’(5“ as

B, )= Ulx), (5.32)

i<L)2
where U = Q) o, Uiit1-

This can be expressed more intuitively in terms of basis states

Bq(i,m): > ® > N ’> ) (5.33)
5
E (i+1) EE (i/2)

(@)
Note that B, is just a relabelling of the space, so the local Hilbert space dimension is
now €% and part of the tensor product structure is lost. We denote by H; this new
local Hilbert space spanned by the basis B’(1).
From here forward if |a),|b) are the initial states, then the image under the
blocking will be denoted |ab), and if the map is repeated |ab) . |cd) is mapped to
labcd), etc.

Truncation 7,
The truncation part of the RG map truncates the local Hilbert space to discard those

states which locally have support on the penalty terms.

Definition 5.8 (Gottesman-Irani Truncation Mapping, 7). Let B be the set of

basis states defined by B, such states with a preimage |a) |b), such that |a),|b) € B
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cannot be locally identified as being in subspace S| or Sy. That is

(al(b| i+t a) by = (al (b K" |a) |b) =0, (5.34)
(@l (b| hEHD D D 14y 1y = 0, (5.35)

The truncation mapping is then 7;(1',141) : R(H;) — R(H,) for R(H,) =
span{ﬁBgl)} C R(H)y. Then the full restriction is T : 7{,;®L/2 — R(ﬂq)@’L/z.

We now combine the unitary and subspace restriction to give an isometry which

implements 7, o B,,.

Lemma 5.3 (Renormalisation Unitary Structure). Let the renormalisation isometry
Vﬁil be the unitary map follow by subspace restriction previously described. Define

Vol ?{f’L — R(H,)®/? to implement the mapping T, 0 B, on a state in 7—15“, as
74084 :1x) = Ulx) [gen,yorr = Vel xy. (5.36)

where U is defined in definition 5.7 and R(H,) is defined in definition 5.8. Then Vol

can be defined as and decomposed as

i<|L/2] i<|L/2][ 6
GI ._ GI _ GI ()
V= ® Vi,i+1_ ® Vi,i+1J ’ (5'37)
ie2IN i€2IN j=1
with
VI T HE? — R(H,) (5.38)

and where each part of the decomposition acts on one of the six different tracks,

VL HE - R(H,),. (5.39)

i,i+1
Proof. The decomposition V! = ®EZL]1L\I/ 2l Vlcl;il is evident from the block procedure.

The decomposition V,Glil = ®§=1 Vgil(j ) arises from the fact that the procedure

keeps each basis state as a product across the different tracks and hence the different

7_{9,] ° o
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We now need to define how the Hamiltonian acts with respect to the RG
procedure. We want to break down the Hamiltonian into different subspaces and
renormalise them separately while preserving the ground state (in both the halting

and non-halting cases) and its energy.

Lemma 5.4 (Renormalised Gottesman-Irani Hamiltonian). Let h, be the local terms

of a nearest neighbour, translationally invariant Hamiltonian

L
Hq (L) = Z hél’H-l) = Hirans + Hpen +Hin+ Hout, (5.40)
i=1

such that H(L) is standard form. Let V : C?®@C¢ — C/D be the isometry

from lemma 5.3. Then the renormalised Hamiltonian, defined as

L-1
R(H, (L) = VO H,(L)VO!T = 3 vOIR{HDvOrt = R(H,) (L), (5.41)

i=1

is a translationally invariant, nearest-neighbour Hamiltonian with local interac-
tions R(hq)(i/Z,i/ZH) — VGI(héi_l’i) + h;”l’”z))VG” and R(hq)i/z — VG1hgi,i+l)VG14f.

Furthermore, R(H,;)(L) has the following properties:

1. R(H,)(L) is a standard form Hamiltonian.

2. R(Hirans) encodes a transition VGI(|ab> [Vabea)) = VGI(|Cd> Uabcd [Wabea))

i]?‘Htrans encodes the transition |ab> |wabcd> - |Cd> Uabcd |wabcd>'

3. R(Hpen), R(Hin),R(Hyy;) have support on a renormalised basis state

VOl(lab) |¥)) iff Hpen, Hin, Hous respectively have non-zero support on
lab) ).

4. Ao(H,(L)) = A0(R(H,)(L/2)) (the ground state energy is preserved).

5. R(H,) maintains the six-fold tensor product structure of the original Hamilto-

nian Hy in eq. (5.27), that is, R(Hy) = @°_; R(H,);.

Proof. First note that for all i € 2N, VG pt#DySTT e (C/@) is now a 1-

local term in the new renormalised Hamiltonian, for some f : N — N. However,
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ViV VIV s € BCT D 0 C1D)
Claims 1 and 2: From the linearity of V¢!, we see that R(H, (L)) = R(H;rans) +
R(Hpen) + R(Hin) + R(Hpye). It is trivial to see that R(Hyrans) = VO HyransVO! =
Yaboca(VO! led) ® Uapea = VO |ab)) ({cd| @ U, VOIT —(ab|VE'T), and hence
encodes transitions between the renormalised states. This also shows R(H;qns)
satisfies Claim 2. Due to the decompositional properties of V¢!, as shown in

lemma 5.3, we preserve that H;,,,s acts diagonally on the states in CC. Likewise, it

preserves the form of H,,,, H;,, H,, as projectors onto a subset of states.

Claim 3: Consider the penalty terms: given a renormalised state V! i), it is clear

that
(W VENYWVE H e, VT (VO )) = (W Hpen [0) = 1,

hence VY! |y) is penalised by the renormalised Hamiltonian iff |/) is penalised by

the unrenormalised Hamiltonian. The same applied to H;, and H,,;.

Claim 4: First note that any state
[P{a}) = > ai(ie) lye)). (5.42)

=1

which encodes a valid evolution is in the kernel of H;,,, H).,, and is contained in
subspace S3. Thus, V¢! |¥{a,}) € R(H)®/2, and after the RG procedure 7, 0 B,

the corresponding renormalised state is

T

¥ {aty = ) a Ve (16 lya)). (5:43)

t=1

To see the energy of such states is preserved note
(P {ad VO H L)V | ar}) = ($la}| Hy (L) [¥Har}) - (5.44)

From lemma 5.2 the ground states are of the form |¥{a,}). We know that the state
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VOl |¥{qa,}) has the same energy. Since the minimum eigenvalue is given by

Ao(H,(L)) = min el Hy (L) 1)
o Gl

x|UUTH,(L)UU |x
= min d a(L) ) (5.45)
xe‘H,;@L <x| UTU |x>
‘ <X| VGIVG”H(](L)VG”VGI |X>
< min
e (x| VOITVGI |x)
VO |x)y#0

=A0(R(Hy)(L[2)),

(5.46)

where going from eq. (5.45) to eq. (5.46) we have used the fact that we have
restricted the subspace to remove the states that are integrated out by V¢/. Since
A0(R(H,)(L/2)) = 20(H,(L/2)), then we can confirm V! [y4;,) and VO [ri5)

are the appropriate ground states after the renormalisation procedure.

Claim 5: The preservation of the structure in eq. (5.27) follows directly from the
tensor product form of the isometry given in eq. (5.37) applied according to the

renormalisation method described by eq. (5.41).

Consecutive steps of the RG procedure can be derived straightforwardly. The

Hilbert space obtained after k-th RG steps of can be constructed by induction
(750 Bq)o(k) =J,08,0(7;0 Bq)o(k_l)

We can thus concatenate multiple renormalisations of the Gottesman-Irani Hamilto-
nian in one isometry, VO/[k] : R&=D(H,)®2L — R®) (H,)®L, given by

Gl k Gl
Vv [k] = Hj=1VL/2j

where VLG/I2 ; 1s the isometry outlined in lemma 5.3, but now acting on the appropriate

local Hilbert space, and the subscript L/2/ indicates that the operator is acting on a

1D chain of L/2/ sites.
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Accordingly, the renormalised Hamiltonian is then
R (Hy (L)) = VI [k1Hy (L)Y [K].

It follows immediately from lemma 5.4 is that this RG mapping takes standard
form Hamiltonians to standard form Hamiltonians while preserving the energy of the

ground state.

5.6 Putting it all Together

In this section we combine the renormalisation group schemes for the separate parts
of the Hamiltonian. First recall Lemma 51 of [CPGW15a] which characterises the

ground state of the Hamiltonian defined by the local terms 4,,:

Lemma 5.5 (Tiling + quantum layers, Lemma 51 of [CPGW 15a]). Let h*¥, hg"l €
B(CRCC) be the local interactions of a 2D tiling Hamiltonian H., with two
distinguished states (tiles) |L),|R) € CC. Let hy € B(C2RC2) be the local inter-
action of a Gottesman-Irani Hamiltonian H,(r), as in section 5.5. Then there
is a Hamiltonian on a 2D square lattice with nearest-neighbour interactions
BV, heol € B(CHEH @CCHPHY with the following properties: For any region
of the lattice, the restriction of the Hamiltonian to that region has an eigenbasis of the
form |T).®|¢¥) g Where |T'),. is a product state representing a classical configuration
of tiles. Furthermore, for any given |T),, the lowest energy choice for |yr), consists of
ground states of H,(r) on segments between sites in which |T), contains an |L) and
an |R), a 0-energy eigenstate on segments between an |L) or |R) and the boundary

of the region, and |e)’s everywhere else.

The |L) and |R) tiles are identified in [CPGW 15a] with the right-down and
left-down red cross in the Robinson tiles respectively (see section 5.4). The ground
state can then be shown to be the ground state of the Robinson tiling Hamiltonian
plus a “quantum layer” in which the Gottesman-Irani ground states appear only over
the tops of the Robinson squares. Everywhere else in the quantum layer is a filler

state |e).
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A key point is that the eigenstates are all product states across H, and H,,.
We wish for the RG mapping to preserve this property. This restricts the type of

renormalisation isometries we use, as detailed in the following lemma.

Lemma 5.6 (Separable Eigenstates). Let H, f,\ CL) denote the Hamiltonian in lemma 5.5.
Then for an isometry Z = Z,®Zeq where Z. : HE?? — R(H..) and Z,, 7’(53;1”(2 —
R(H,y), the operator ZH,[}(ZL)ZT also has eigenstates of the form |T") . ® ), for
IT), € ROH)OND and ), € R(Hog) N,

Proof. As per lemma 5.5, the eigenstates of HL/,\ D) decompose as product states

T} ® [¥i) 4> hence we can write
Hy PP = 3" M TXT @ i) il - (5.47)
i

Applying the renormalisation isometry Z gives

ZH;\(ZL)ZT = Z /liZC |7;><Tl|c Zz'®zeq |l//i><wi|eq ZZq (548)
i
= Z /li |T;'I><Tl"|c’ ® |l’[/l,><wl,|eq’ : (549)
i
Thus the product structure across the two subspaces is preserved. O

Here we show that renormalising the full Hamiltonian preserves this Robinson

tiling plus Gottesman-Irani ground state structure.

5.6.1 Renormalising Hr ® (H, ® H,)

From lemma 5.6, we know the eigenstates of the Hamiltonian defined by 4, are
product states across the classical-quantum Hilbert space partition and this structure
is preserved under a tensor product of isometries on the two subspace separately.
Thus we can consider the basis states of Hr and H,, separately and then later show

this preserves the desired properties.

Blocking Operation 8B, We know that V¢ from lemma 5.1 will renormalise the

classical state space by mapping sets of 2 X 2 tiles to new tiles which recreate the
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tiling pattern at all but the lowest level. We use this isometry unchanged, acting on
the classical part of the Hilbert space.

Consider the quantum Hilbert space H,,. First note that the Gottesman-
Irani Hamiltonian to be renormalised is a standard form Hamiltonian, and so can be
renormalised as per section 5.5.1. However, the blocking procedure from section 5.5.1
is not sufficient for our purposes as it (a) takes a set of 2 X 1 lattice sites to a single
lattice site and so is not appropriate for a 2D lattice, and (b) does not include the filler
state |e),. To remedy this we need an isometry which acts as:

i, ] i+1,j ,j+1 i+1,j+1 ’ r \(i/2,f
Vel e | Heg oHG P eHG Ve HGT Y — (. @, ) 12112 (5.50)

We will find it useful to define the following notation:

Definition 5.9 (k-times Blocked Basis States). Let |x1),|x2),...,|xx) € BUle),,
then we denote the corresponding renormalised basis state after k applications of

the RG mapping as |x1x2 . ..x5k).

Now define V(ql. i1y (/) as follows, where VG is the isometry used in lemma 5.4:

Vi ey () = Vi +lee)ip ja (eli j Celiv (5.51)

+1xe) i o xlijCelivrj+1ex)ipn el j xlir ;- (5.52)

This defines a new set of quantum basis states which now reflect the fact |e), is part

of the Hilbert space. Denote this

CD = BD U |ee) U |ex) U xe). (5.53)

xeB xeB

V4 only maps 2 X 1 spins to a single spin. We need an operator which maps a 2 x2
block to a single spin. Define W : 7{;,(; /2. )®7{e',(1i/ R ARV (H,,H,,) %12 as

simply

Wity (j.j+1) = Z:(lﬂq1 ®|¥)g,)i2.5/2 Xlif2,j ® Y isa st - (5.54)
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This unitary acts to map the 1 X2 set of sites to a single lattice site in the renormalised
lattice.

The isometry:
eq —W q N4 ;
V(i,i+1)(j,j+1) = WAL+ (. j+1) (V(i,i+l)(])®v(i,i+1)(J + 1))’ (5.55)

then maps 2 X 2 spins to a single spin.

The overall blocking map 8, is then given by:

Definition 5.10 (Blocking Isometry, %3 B,). Let VE and V¢4 be the isometries from
definition 5.3 and eq. (5.55) respectively. Then the blocking isometry for H, is given
by

Vh

_yC
i) (1) =V OV (5-56)

(i,i+1)(j,j+1) @i+ (j,j+1) "

We now need to consider the full renormalisation process: the isometry defined
above will map a certain subset of states to states on the renormalised lattice. However,
some parts of the Hilbert space will be “integrated out”. For convenience we will
sometimes use indices /,J to indicate row and column indices on the new lattice
after the RG transformation.

Let héi’i+1)( Jj ),hg’m)( j+1) be the local terms of the quantum Hamiltonian

before renormalisation, then we see that

eq (i,i+1) /. (i,i+1) / . eqt
Vi) (o j+1) (hq (j+1D)+hy (1)) Vi) (oj+1)
Dr(1,J Dr(1,J
=h" 1y, +1g,0n)" " (5.57)
and
eq eq (i+1,i+2) / . (i+1,i42) , . eqT
V(i+2,i+3)(j,j+1)V(i,i+1)(j,j+1) (hq (J)+hg (J)) V(i+2,i+3)(j,j+1)

f (LI o (L) o (T+1L0) o (L) o o (T+1,0) o /(1I+1)
XViyGaen =gy @1y @1y, 1y Vel ®hy, L (5.58)
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Truncation Operation 7, The operator W has essentially merged two sites into a
single site. We now wish to integrate out one of these sites and restrict to the set

of “allowed states” in the other. We will implement this using the 1-local projector

Ig, (k)

Definition 5.11 (Truncation Operation 7). Let |) € H.®@H,q, then
T W) = (101, ®s(k)) ), (5.59)

where

k even

k k
e><2 ><e><2

Wnis: (47 + 1)ex2"—4"—1><¢hl-s,(4" + 1)ex2"—4"—1‘ ifk odd, 251 < 4741 < 2%,

Mgy (k) = 5 and non-halting (5.60)

What (4" + 1)exzk‘4"‘1><whah(4" + 1)ex2k—4"—1( if k odd, 2F1 <47 +1 < 2k,

and halting,

and where Y pis (L)) and |Wpqi: (L)) are defined in lemma 5.2. This extends to states

lx) € ('}{c®(]'{eq)®A(L): as

1.J 1J 1J
Tl () Ae1f" e’ (k) |x). (5.61)
(I.J)eA(L)
Definition 5.12 (Renormalisation Isometry, V¥). Let V(l;,l. G and Il be as

defined in definition 5.10 and eq. (5.60) respectively. We define the isometry
implementing the entire renormalisation scheme as

)= (1@, V;

Li+1)(7,j+1)" (5.62)

u
V(i,i+1)(j,j+1
To see why this is appropriate note that the Hamiltonian after the application of
the blocking isometries has two sets of local terms: a 1-local term and a 2-local term

(see definition 5.13 and the discussion following). First consider the 1-local term



196 Chapter 5. Uncomputably Complex Renormalisation Group Flows

W1, + 1,0k ") and examine how it transforms under 7, and Tl,. The
idea is that Il will “integrate out” the g, subspace by removing all states which are
not the ground state while maintaining the energy contribution from this subspace. If
the site is large enough to contain a full history state of length 4" + 1, for some n € IN,
then we keep only that state and the relevant renormalised |e) states. Otherwise we
keep only the renormalised |e) states. Hence

s () (hE D@1 ) 1D @p DDy () (5.63)

1

(I, \ , , , ,
:h[(“)/(l J)®Hé(,§1)(k)+tr (Héﬁj)(k)h;(zl J))]lf(fl J)®H£,§J)(k). (5.64)

Since I, is a projector onto a 1-dimensional subspace, we will often omit it when

writing the Hamiltonian. Thus obtain the term

B T (T (R ) 1, (5.65)

Now examine how the 2-local terms transform:

Mg (k)1 @ (k) T+ (R g1 D @ U1 (5.66)

+107 @1 @n D) g (k) I @y (k) 1) (5.67)

= h D @l (k) D @Iy (k) ) (5.68)
r(I,1+1) (I) I+1)\ ¢ (I.J) (I (I+1)

+tr(hq Mgy (k) T, (k) )11q, &, (k)1 Ty (k) ), (5.69)

Importantly tr (h;(I’I”)HgS(k)(1)®Hgs(k)(”1)) only picks up a non-zero contri-
bution from the terms proportional to 1V@1U*D (we also note that this lat-
ter term is zero for interactions going along columns). Again the subspace
spanned by Hgs(k)(’)®Hgs(k)(’+1) is a 1-dimensional subspace and hence we
will often omit writing it explicitly. Thus the 2-local terms effectively become
h;([’”l) +tr (h'q(l’“l)l'[gs(k)(1)®1'[gs(k)(”1)) ]lf]I’J)QZ)IL((IIH’J). This can be generalised
straightforwardly to further iterations.

We formalise the overall RG mapping in the following definition:

Definition 5.13 (i, Renormalisation Mapping). Let h< (i*D) prow(i Degis
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C% and V (l 1) (ga]) be as in definition 5.12. Then the renormalised local terms are

given by

L g row(i+l,i+2) , . row(i+1,i+2) , .
R: h“ (]) +h“ (J + 1) - V(ul+2 i+3)(j j+1)V(ul i+1)(j j+1)

row(i+1,i+2) row(i+1,i+2) T
(h“ ( ) h ( +1)) (Li+1)(J, J+1)V(Lj+2 i+3)(j,j+1)

— R(hFOW)(i,i+1)

col(j+1,j+2) col(j+1,j+2)
R hy (1) + hy (i+1) =V, (z+zl+3)(] ]+1)V(l i) (j,j+1) %

1(j+1,j42 1(j+1,j+2
(hm UHLI2) (jy 4 g0l UL +1)) Gty V2 (1)

. 1N (i,i+1
= R(h;o )(z i+1)

R - h;ow(i,i+1)(j)+h;ow(i+l,i+2)(j+1)+ Z (h’(dl)(i+k,j+£’)) N

N»—

VM

row(i,i+1) row(i+1,i+2) (1) (i+k,j+¢)
i) (o) | P (/) +hy G+D+ Z (h ))V(z H1)(j.j+1)

= R(h{)D.

R(k)(h;"w),R(k)(hffl)("”'”),R(k)(h,(ll))(") are defined in the same way but with the

appropriate isometries for the k' iteration of the RG mapping.

Remark 5.1. R(k)(h(l))(i) and R(k)(h"’w)(i’”l) have local projector terms of the
form Zk 4m Mm@ and Zk 21y MO 1D ywhere y &) and k*) are given by

pOp Tr( I, (k)" ”) (5.70)

Y0 = tr(h;(I’Hl)Hgs(k)(1)®Hgs(k)(I+l)) . (5.71)

We now examine the properties of the full Hamiltonian under this mapping, and

show that its ground state energy and other properties are preserved.
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Lemma 5.7 (H, Renormalisation). Let H, (L) = 3 #°" VD 4 52 peolGitD) - opore

n, a1 ey (5.72a)
i ooty 72
+19e1*Veh, (5.72¢)
+ILXLI ® (1,4 - |@ X)) P o1 (5.72d)
+(1o—LXL) Yol )] @1 (5.72e)
+10,@ [RXRIE @(1Leg - [S NS D (5.72f)
+10,0(1 - [RXRD e o) o] (5.72¢)
+19010%0| ® [RYR| @14 (5.72h)
+1LXLIY 1001 e |0)0] (5.72i)
+100 1001 ® (e — [LXLDI V@ (Leq — 100N (5.72))
+ (L= [RXRDI @ (Leq - [0XON @1 e [0)0[*, (5.72K)
+13,015" (5.721)
hY =— (1 +aa(p)1,, (5.72m)

where
ar(g)i= D 47 Ao(Hy(4), (5.73)

447> ||

as defined in Proposition 53 of [CPGWI15a]. Then the k times renormalised

Hamiltonian R© (H,) W) has the following properties:

1. For any finite region of the lattice, the restriction of the Hamiltonian to that
region has an eigenbasis of the form |T) . ® |y;) where |T),. is a classical tiling

state (cf. Lemma 51 of [CPGW15a]).

2. Furthermore, for any given |T),, the lowest energy choice for ), consists of
ground states of R™®) (Hy)(r) on segments between sites in which |T') . contains
an |R(k) (L)) and an |R(k) (R)), a O-energy eigenstate on segments between an
|R(k) (L)) or |R(k)(R)> and the boundary of the region, and |e)’s everywhere
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else. Any eigenstate which is not an eigenstate of R(k)(Hq)(r) on segments
between sites in which |T),. contains an |R(k)(L)> and an |R(k)(R)> has an

energy > 1 (cf. Lemma 51 of [CPGW15a]).

3. The ground state energy is contained in the interval

[logs(L/2)] W
22n+1(k mod2)

[(g(k) — 4y (@) LW 27 W +

n=1

L
X ({m| - 1) )ﬂo(R(k)<Hq>(4”‘“k modd2ly),

[logy(L/2)] W
k -k _
(g(k) -4 CVZ(‘P))LW -2 W+ Z ( (\‘22n+1—(k mod?2)

:

n=1

L
% {ml )AO(R(k)(Hq)(M—L(k mod2)/2J))]

where

glky =4k " 472 0(H,(4"), (5.74)
4n41<2k

(cf. Lemma 52 of [CPGW15a]).

Proof. The proof of this lemma is long and does not contain much insight. For the
sake of brevity we refer the reader to [WOC21, Appendix C]. The essentials of the
proof are that (a) the classical RG map recreates the Robinson tiling Hamiltonian
() the interactions between the “classical layer” and “quantum layer” are recreated
and (¢) the ground state of the Gottesman-Irani Hamiltonian is preserved. These
factors mean the ground state is similar in form to the ground state of the original
Hamiltonian, and thus almost all the relevant results about the original Hamiltonian

apply to the renormalised Hamiltonian. O

Lemma 5.8. Let Sy, (k) be the subspace spanned by states for which the left-most

site is of the form |e*P K {)c}><2k_1’_1 > for a fixed integer 1 < p < 2X and the right-most
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site is of the form {y}xzk‘q‘l > exq>f0rﬁxed integer 1 < q < 2. Then

20(R© (H,) (L = min  Ag(H,(x 5.75
o(RY(Hy)(L)ls,,00)= | min_ do(Hy () (5.75)
Proof. R(k)(hq) is block-diagonal with respect to the subspaces of R (7—(eq)®2

spanned by products of |[e*P & {x}xzk"’_1> and

{ y}xzk“/‘1 >e*q > for fixed p, g, together with the orthogonal complement thereof,
while acting as identity on R (H,.)%2.

Thus the ground state energy is equal to mingk-17 1<, <oy Ado(Hy(X)). m]

Corollary 5.3. If lim Ao(HMP)) = 400, then lim A0(R® (H)MD)) = oo forall k >
ko(l@)), and ko(|¢|) is the smallest integer such that 250 > || +17. Ileim /IO(H,/,\(L)) =

—o0, then Llim Ao(RO(H )AL = —co for all k > ko(g).

Proof. Consider applying the RG mapping k > ky(¢) times, then we see that

glky=4k " 47 00(H, (4")) (5.76)
4ny] <2k
=45 0 a4y (H ) +4E Y AT g(H, (A7) (577)
4n41<2k0 2k0 <4n41<2k
=4 ay(p)+4" Y A g (H(4"). (5.78)
2k0 <4n4] <2k

From lemma 5.7, the interval the ground state energy is contained in is

[LH Z 47214k 20 (H,(47)) - 2% H

2K0 <4n41<2k

[logs(L/2)] Jot I
— (k) n—|(k mod2)/2]
+ Z ({22n+1—(k mod2)| ({22n+1—(k mod2)| 1)) Ao(R™ (Hy) (4 ))s

n=1
LH Y 4 (H, (@) -2t H
2k0 <4n 41 <2k
Llog,(L/2)] I L
—_— e — (k) n—|(k mod2)/2]
- Z (({zznu—(k m0d2)|+1) {22n+1—(k mad2)|)/10(R (Hg) (4 N (5.79)
n=1



5.6. Putting it all Together 201

From lemma 5.8, if 1g(H,(4"+1)) =0 for all n, then Ag(R¥) (Hy)(4"+1)) =0 forall
n. In this case the ground state energy becomes 1o (R®) (H)AL)) = -2k Lo, —00,

We see that if for any ng, 4o(H,(4"+1)) > 0, then /lo(R(k)(Hq)(4” +1))>0
¥n > n; (n;, not necessarily equal to ng). Define g(k) =:n(k) +4%a, (), where g (k)
is defined in eq. (5.74), then (k) > 0, and we see that the lower bound of the ground

state is

[log4(L/2)] I I
2 -k
L n(k) -2 L+ Z ({22n+1—(k m0d2)| ({22n+1—(k m0d2)| B 1)) X

n=1

Lo

Ao(RM (H,) (47~ Lk modD)[2lyy Z77, 4oo,

For 2% < || +7 the above relationship is not necessarily preserved. To
see why, note that for lengths ¢ < |¢| +7 the Gottesman-Irani Hamiltonian will
not encode the correct computation and hence will pick up some energy. Since
A0(RM (Hy)(L)|s,,) = mingi-1741 <ot Ao (Hy (x)) rather than
/lo(R(k)(Hq)(L)| sy ) = Ao(Hy(x)), the energies in the summation term and the a;
term will not exactly cancel out until we reach higher order steps of the RG flow. This
is only rectified once we reach 250 > || +7 as the energy integrated out by the projector

I,, as given in definition 5.11, is exactly Ao(H,(x)), not Ao(RW (Hy)(L)ls,,)-

5.6.2 Renormalising H

The only part of the Hamiltonian acting on H; is H; there is no coupling to other
parts of the Hilbert space and so we can renormalise this part independently. Indeed,
we can choose H,; to be any Hamiltonian with a dense spectrum that is a fixed point
of an appropriate RG scheme. That is, H; should be preserved by the RG scheme.
For concreteness, following [CPGW 15a] (but with small changes), we will let

H, be the critical XY-model with local terms X;®X;;1 +Y;®Y;11 +,u/2(Z,-®IW+1) +
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19D®Z;,,), which can be written as:

h:{ow(i,iﬂ) = X;®Xj+1 +Y;®Y;41, (580)
hfi'Ol(isi"']) — O, (5.81)
O = 7, (5.82)

This has zero gap for any 0 > ¢ < 1. Since the critical XY model is critical, it forms
a fixed point in any reasonable RG scheme.

In particular, Penson, Jullien, and Pfeuty apply the BRG to renormalise this
model [PJP82]. Notably, they show that there are multiple fixed points depending on
the block size used: here since we are interested in blocking 2 X 2 blocks, we choose
a block size of 2, and set i equal to one of the relevant fixed point values, ensuring a
gapless spectrum. The authors demonstrate that the coefficient of h;ow(i’m) and Z;
terms maintain a constant ratio to each other. This RG scheme can then be expressed
in terms of an RG isometry V. Since the two coefficients maintain a constant ratio,

the renormalisation unitary simply rescales these two terms.

5.6.3 Renormalising |0)

If we wish to preserve the form of the possible ground states depending, it is
straightforward to see that this can be done if the states |0) simply get mapped to
themselves |0)®(2X2) — |0) under the RG operation. This can be implemented using

the isometry
0 —
Viiien. Gt = 100G72,72) Ol jy Ol jy Ol jon) Ol jany - (5.83)

5.6.4 The Overall Renormalised Hamiltonian

Accounting for the renormalisation of all the different parts of the Hamiltonian, we

can now define renormalisation group mapping for the entire Hamiltonian. Recall
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that the original local terms are

h(g) ™ =10y (0] ® (1 —0) (0]) + (1 —0) O))¥ ® |0) (0] V) (5.84)
+h () @1 +107 @ nlY (5.85)
h(@) D == (1+a2(¢) g, (5.86)

where a»(¢) is defined in lemma 5.7.

Definition 5.14 (Full Renormalisation Group Mapping). Let V%, V°, V¥ be the
isometries defined in definition 5.12, eq. (5.83), and section 5.6.2 respectively.
Define:
— /0 d
Viiisn. vty = Viiien .41 © (Vz',m),(j,jﬂ)®V<z’,z'+1),<j,j+1))' (5.87)

Then the overall RG mapping of local Hamiltonian terms is given by

. Li+1 ¥ j,i+1
R :h(@) ™™ = Vit G MO VG e (5.88)
R h( )(i+1,i+2) — VVT h( )(i+1,i+2)Vr Vr (5 89)
e (i+2,i43),(j,j+1) T\¥ (i,i+1),(j,j+1) ¥ (i+2,43),(j,j+1) -

Lemma 5.9. Applying the RG mapping from definition 5.14 to the terms in eq. (5.84)

we see that the renormalised 1- and 2-local terms become

R® (h() ™ =2%(10)0]? @ 1Y) + 11 @ [0)(0] /) (5.90)
+ R (h () @18 11 @ ) (5.91)
RO (h() ) =(g(k) —4*aa(p) - 25911 + RO (BD)® (5.92)

where g(k) is defined in lemma 5.7. All the terms are computable.

Proof. Note that the RG isometry acts block-diagonally with respect to the subspaces
spanned by |0)®*?) and those spanned by states in (R (H,) ® H,;)®®?) . Further-
more, any state which is not in one of the two subspaces is projected out. The &, (¢),
hg and 1-local terms transform as they would in the absence of the |0) state, thus

giving the terms seen above. The term g(k) is computable for any k by calculating
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the Ao(H,) (4" +1) for all n < 2k +1. Since this is a finite dimensional matrix for
any finite n, this is a computable quantity.

The form of the overall renormalisation isometry means the 10)(0] ®H$
term must be preserved in form, however, we note that because all states of 2 x 2
blocks in different subspaces in the previous RG step must be in 10y op
(R (H,) @ RP (H);)® > then two neighbouring blocks must pick up an energy

penalty of X2 of the previous local terms. O

Corollary 5.4. The local terms of the initial Hamiltonian h(p) and all

further renormalised local terms belong to a family of Hamiltonians

F (@, 71,12, {@i }i, {Bi}i), which all take the form

RO (h()) @) =1,(0)0]” @ 1Y) + 11 & |0)(0] ) (5.93)
+ RO (h (0, {B:3)) ™ @187 4107 @ RV (ng) ™) (5.94)

RO (h(9)) D =021, + R® (hy (0, {a}1)) Y, (5.95)

where the sets {a,}, {Bi} characterises the parameters of the renormalised Gottesman-
Irani Hamiltonian. Furthermore, for any k € N, the coefficients ) (k), 72 (k),{a;(k)};

and {B;(k)}; are computable.

Proof. Follows immediately from lemma 5.9. O

Lemma 5.10. Ler R© (h()) @), RO (h(¢)) (D be the local terms defined by the RG
mapping in definition 5.14 for any k > ko(|¢|). The Hamiltonian R (H) defined by

these terms then has the following properties:

1. If the unrenormalised Hamiltonian H () has a zero energy ground state with
a spectral gap of 1/2, then R (H) also has a zero energy ground state with

zero correlations functions, and has a spectral gap of > 2K71.

2. If the unrenormalised Hamiltonian H () has a ground state energy —oo with
a dense spectrum above this, then R (H) also a ground state energy of —oo

with a dense spectrum, and has algebraically decaying correlation functions.
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Proof. First examine the spectrum of the renormalised Hamiltonian from lemma 5.9:

for convenience let

R (hg) ) 2= 2% (j0)0]? 1Y) + j0)0] P © T1Y)). (5.96)
Further let
RO (HY ™) = 5" R (ho) 7, (5.97)
i)
R(k)(HM)A(L) = Z ]lg’j)@,R(k)(hu)(fJ) (5.98)
(i)
RO (HYMD =" 17 @RW () ) (5.99)

(i.j)

We note R®) (Hy)*,R® (H,)*, R% (H,)" all commute. Further note that
spec R® (Hy)A c 2¥Zs9. (5.100)

If 20(H(¢p)) =0, then it implies 1o(H,(¢)) — +Q(L?) (see section 5.2.3). By
corollary 5.3, this implies 2o(R®) (H,(¢))) — +Q(L?) too. Hence the ground state
is the zero-energy |0)2) state. Since spec R®X) (Hy)® c 25Zs, then the first excited
state (provided L is sufficiently larger) has energy at least 2%, Finally, the state |O)A(L)
has zero correlations.

If 20(H(¢)) = -Q(L), then A9g(H,(¢)) — —Q(L) (see section 5.2.3). By
corollary 5.3, this implies 1o(R®) (H)) — —Q(L). Since spec(R® (Hp)) c 2¥Zs,
then the ground state is the ground state of R% (H,) ) + R (H,)ML) . Since
spec(RM (H;)ME)) becomes dense in the thermodynamic limit, we see that the
Hamiltonian has a dense spectrum in the thermodynamic limit. Let |), and
|¢); be the ground states of R%) (H,,)") and R (H4) ) respectively, then the
ground state of R%) (Hy)M) + RO (A )M is |yr), |¢),. Since RO (H )M is just
the critical X'Y-model and its ground state has algebraically decaying correlations

[LSM61], hence the overall ground state has algebraically decaying correlations. O
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5.6.5 Order Parameter Renormalisation

In section 5.2.5 we saw that the observable O4/p(r) functioned as an order
parameter which distinguished the two phases. Defining V, := V(Ol. i), j+1) D

(V(“l.,M)’(MH)®V(‘f,l.+1),(j,j+l)), and V,[k] as the corresponding isometry for the k"

step of the RG process, then define
R©(04/)(r) =V [k]OA/8(25r)V'T[K]. (5.101)

The following lemma then holds:

Lemma 5.11. Let |1//gs> be the ground state of R'*) (H,,). The expectation value of

the order parameter satisfies:

1 if2g(R®(H)) =0
Wes| RO On) (D |y =1 (5.102)
0 if(RM(H))=Q(L).

Proof. If 1o(R™ (H)) — —Q(L), then the ground state is that of H."“” and hence
the state |0) does not appear anywhere in the ground state.
If 1o(R™ (H)) = 0, the ground state is |0y Since, under V,[k], |O)®2kxzk — [0),

the lemma follows. O

Thus the renormalised order parameter still acts as an order parameter for the
renormalised Hamiltonian. In particular, it still undergoes a non-analytic change

when moving between phases.

5.6.6 Uncomputability of RG flows

We finally have all the ingredients for the proof of our two main results.

Theorem 5.6 (Exact RG flow for undecidable Hamiltonian). Let H be the Hamil-
tonian defined in [CPGW15a]. The renormalisation group procedure, defined in
definition 5.14, has the following properties:

1. R(h) is computable.
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2. If H(y) is gapless, then R%®) (H(y)) is gapless, and if H(y) is gapped, then
R®(H(p)) is gapped.

3. For the order parameter of the form O 4,p(r) which distinguished the phases
of HMD) | there exists a renormalised observable R (O 4 /) (r) which distin-

guishes the phases of R® (H)ML) and is non-analytic at phase transitions.

4. For k iterations, the renormalised local interactions of R®) (H) are computable

and belong to the family F (¢, 11, 12,{B:i}), as defined in corollary 5.4.

5. IfH(y) initially has algebraically decaying correlations, then R*®) (H(¢)) also
has algebraically decaying correlations. If H(y) initially has zero correlations,

then R (H(¢)) also has zero correlations.

Proof. Claim 1 follows from definition 5.14, where the renormalisation isometries
and subspace restrictions are explicitly written down and are manifestly computable,
and hence for any & the coefficients in lemma 5.9 are computable. Claim 2 follows
from lemma 5.10: we see that, for all k > k¢ the spectrum below energy 2! is
either dense with a ground state with energy at —oco, or is empty except for a single
zero energy state, corresponding to the gapped and gapless cases of H(¢). Claim 3
follows from lemma 5.11. Claim 4 follows from corollary 5.4. Claim 5 follows from
the properties of the ground states in the cases /lo(H,f (L)) — o0 and by lemma 5.10.

O

Theorem 5.7 (Uncomputability of RG flow). Let h(y), ¢ € Q, be the full local
interaction of the Hamiltonian from [CPGW15a]. Consider k iterations of the RG
map from definition 5.14 acting on H(g), such that the renormalised local terms are
given by R (h(y)), which can be parameterised as per corollary 5.4.

If the UTM is non-halting on input ¢, then for all k > ko(¢) we have that
(k) = =2K, for some computable k(). If the UTM halts on input ¢, then there
exists an uncomputable kj, (@) such that for ko(¢) < k < kj,(¢) we have (k) = =2,
and for all k > kj, (@) then (k) = —2F + Q4% kn(9)),
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k

A XY model
4

_'Ising Model

0 0 > (k)

Figure 5.5: A schematic picture of the flow of Hamiltonians in parameter space. o (k) is
defined in Orange represents some value of ¢ = ¢ for which the QTM does not
halt on input, while purple represents ¢ = ¢g + € for any algebraic number € for
which the QTM halts. For small k, the orange and purple lines coincide. Then at
a particular value of k, o-(k) becomes non-zero and then increases exponentially.

Proof. Consider the expression for 7, from lemma 5.9:

n(k) =4k Y 47 0(H,(4") + 45 () - 2. (5.103)
4n4] <2k
From the definition of a;(¢), we see that there is a ko(¢) € N such that g(ko(¢)) =

a>(¢), and hence we get

n(k)=-2F+45 N A (H,(4). (5.104)

2k0(#) <4n 1 <2k
If the encoded QTM never halts, then by lemma 5.2 1o(H,(4")) = 0 for all n such
that 4" + 1 > 2%(®) _If the encoded UTM halts then by lemma 5.2 there exists an ng
such that Ao(H,(4")) > 0 for all n > ny. Then kj,(¢) is defined as the minimum &
such that 4™ + 1 < 2k(#) Thus determining k() is at least as hard as computing

the halting time and thus is an uncomputable number.

5.7 Fixed points of the RG flow

Theorem 5.6 shows that our RG scheme satisfies the expected properties. We now

qualitatively examine the Hamiltonian for large values of k.
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5.7.1 Fixed Point for Gapped Instances

Here we show that for gapped instances the Hamiltonian becomes “Ising-like”, for

appropriately small energy scales. From corollary 5.4 the renormalised Hamiltonian

is
RO (7 () =24 (0X0/” @TL) +10)0|” ©T1,0)) (5.105)
+RO (R (9)) ) @157 4107 @ RW (hg) ™) (5.106)
+2n%en"’ (5.107)
RO (he! ()@ =2k (10)0]? © 1Y) + |0)(0] P @ 1Y) (5.108)
+RO (5 (9)) ) @1 (5.109)
RO ()" =(g (k) ~ 4 () =2 g+ RO () (9)). (5.110)

where here we have explicitly separated out H£Z®ng§) from the term
RO ()09 = RO (e () ) + T M)
Define the Ising-like Hamiltonian with local terms:
i (10D 2= 2% (100 © @ 11 + 11 00 + 1) 011
ol (0 2= 2% (00l ? @ 11 + 11 00| )

Hsing () = BT

This is reminiscent of the Ising interaction with both an ferromagnetic
100D @ |1)(1|D + |1)1|@ j0)0| V) along the rows and columns and an anti-
ferromagnetic |1)(1 D @[1%1]Y) term along just the rows, with local field
B(k) = (g(k) —4*ar(¢) —2%) |1)(1], but with the orthogonal projector IT,,4 playing
the role of the projector onto the |1)(1| state. However, note that I1,; projects
onto a larger dimensional subspace than |1)(1], so e.g. the partition function of this
Ising-like Hamiltonian is not identical to that of an Ising model.
We now show the following:
Proposition 5.1. Let E be a fixed energy cut-off and H}sing(k) =2anh (k)@D).

’
Ising
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Then

2
< (f—k) . (5.111)

CTONPEAMOIR
Proof. Consider the local interaction term Ay = |0)(0]| ®I1,4 + I1,,;®]0){0|. This
commutes with all other terms in both the R‘¥) (H (¢)) Hamiltonian and the Ising-like
Hamiltonian, and hence the eigenstates of both of the overall Hamiltonians are also
eigenstates of |0)(0| ®I1,4+11,,®|0){0|. As a result, for each eigenstate, a given site
p € A either has support only on |0}, or only on R (K) (H,q). Therefore, an eigenstate
defines regions (domains) of the lattice where all points in the domain are in H,,4.

For a given eigenstate |y/), let D := {i e 72| tr(lO) (0|(i) |yr) <¢/|) = 0} denote the
region of the lattice where the state is supported on R*X) (H,,4), and dD be the set of
sites on the boundary of D. Then we see that the terms in eq. (5.106) act non-trivially
only within D, and that the boundaries of D receive an energy penalty of 2¥|D)|
from terms in eq. (5.105) and eq. (5.108).

Note that ||R(")(hd)(i’f)||op,||R(")(hu(go)’)("’f)||op,”R(")(hf,l)(go))Hop <2. For
||R(k)(hd)(i’j)||0p this is straightforward to see. For ||R(k)(hu(ga)’)(i’f)||0p, any states
which pick up non-zero energy, other than those which receive a penalty due to
halting, are removed from the local Hilbert space (as per section 5.5).

Let m € IN be a cut-off such that |dD| < m, hence |D| < m?/16. Since for each
boundary term we get an energy penalty of at least 2 from g, we can relate m to

the energy cut-off E to m as E := 2¥m. If we consider the Hamiltonians restricted to
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a subspace with energy < E := 2%m, then

|R® e e~ Hgg 1| (5.112)
= Z (R(k)(hu(tp)')(i’j) ®1%) 41 ®R(k)(hd)(i’f)) (5.113)
i.j) <Ell,p
2
< %(“R(k)(hu(go)')(i’j)“ _,_HR(k)(hd)(iJ)
o > (5.114)
+[ROR (o) )
op
2
m
< — A1
<3 (5.115)
2
E
< (2—k) . (5.116)

Going from eq. (5.113) to eq. (5.114) we have used the fact that the terms in the
sum are only non-zero within domains, and |D| < m?/16. Going from eq. (5.114) to

eq. (5.116) we have used the bound on the individual norms of the local terms. O

Thus, for appropriately small energies, we expect only small deviations from the
’Ising-like” Hamiltonian. And these deviations vanish as the RG process is iterated.

In particular, the spectrum will look like fig. 5.6.

5.7.2 Fixed Point for Gapless Instances

For a ¢ for which H(¢) is gapless, R (H(y)) is also gapless and we see that
the ground state is that of R%) (H,(¢)). If we restrict to a low energy subspace,
one can see that excited states are either the excited states of the Gottesman-Irani
Hamiltonians or the excited states of the critical XY-model. Indeed, let E (k) be the

subspace of states with energy less than 2, then for sufficiently large k we see that
ROE)M gy = RY (H(0) ey @1) + 14 0RY (Ho) ey (5.117)

Since R (Hd)AlE(k) has the same spectrum as Hy, the spectrum of R (H)AlE(k)
is also dense in the thermodynamic limit. Furthermore, R®) (H)*|g ) has alge-

braically decaying correlations since R'X) (Hz) | E(k) also has algebraically decaying
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Energy 4

0 |0)®AL)

Figure 5.6: The energy level diagram of R(X) (H). The blue levels represent excitations of
the 2% (J0X0|") ® HLEQ + Hlil; ®10%0]|)) term, while the red area represents the
excited states of RX) (h, ())&, R (hy)1) and R (h,(dl)(gp)). The size
of the red region increases as the domains get larger, and hence there are more
high energy states. The ground state has no associated red region due to the
presence of the spectral gap. The blue lines have an energy spacing of integer
multiples of 2% (although they are not necessarily as regular).

correlations [LSM61].

5.8 Discussion

We have seen under the renormalisation group procedure constructed here, the
Hamiltonian flows towards either an Ising-like Hamiltonian or an X'Y-like Hamiltonian.
Which case occurs depends on the parameter 75 in eq. (5.95). Let k be the number
of iterations of the RG procedure, then from theorem 5.7 we see that there are two
cases: T = —2% always, or 7» = —2* initially, and once a sufficiently large value
of k is reached it begins to diverge as 7 > —2K + Q(4%). Determining which case
occurs is undecidable. Moreover, the value of k at which we go from the first case to
the second is uncomputable. Thus, determining the trajectory of the system for an
arbitrary value of ¢ is uncomputable. Even if ¢ were known exactly, we see that the

Hamiltonian’s path in parameter space would be unpredictable.
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Contrast this with chaotic behaviour: for chaotic systems, a tiny difference in
the initial system parameters can lead to large diverges in trajectories later. Here
the difficulty in predicting behaviour arises as it is usually difficult to determine
the initial system parameters exactly. However, if the system parameters are known
exactly, it should theoretically be possible to ascertain the long-time system. RG
flows which undergo chaotic behaviour have been demonstrated before [MBK82;
SKS82; DEE99; DT91; MNO3].

The behaviour of the RG trajectory shown here is stronger than this in that
even if the initial parameters characterising the microscopic interactions are known
exactly, determining which fixed point the system may flow to is not possible to
determine. We compare this to a similar uncomputability result in [M0090] which
showed that computing the trajectory of a particle in a potential is uncomputable.

The Hamiltonian discussed in this work is highly artificial and the RG scheme
reflects this. Indeed, this Hamiltonian has an enormous local Hilbert space dimension
and its matrix elements are functions of both ¢ and the binary length of ¢, |¢|.
Both of these factors are unlikely to be present in naturally occurring Hamiltonians.
Thus an obvious route for further work is to consider RG schemes for more natural
Hamiltonians which display undecidable behaviour.

Furthermore, although the RG scheme is essentially a simple BRG scheme, the
details of its construction and analysis rely on knowledge of the structure of the
ground states. Due to the behaviour of this undecidable model, any BRG scheme
will have to exhibit similar behaviour to the one we have analysed rigorously here.
But it would be interesting to find a simpler RG scheme for this Hamiltonian (or
other Hamiltonians with undecidable properties) which is able to truncate the local
Hilbert space to a greater degree, without using explicit a priori knowledge of the
ground state, for which it is still possible to prove this rigorously.

The Hamiltonian and RG scheme constructed here could also be used to prove
rigorous results for chaotic (but still computable) RG flows. Indeed, if we modify the
Hamiltonian H(¢) so that tead of running a universal Turing Machine on input ¢, it

carries out a computation of a (classical) chaotic process (e.g. repeated application
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of the logistical map), then two inputs which are initially very close may diverge
to completely different outputs after some time. By penalising this output qubit
appropriately, the Hamiltonian will still flow to either the gapped or gapless fixed
point depending on the outcome of the chaotic process under our RG map, but the
RG flow will exhibit chaotic rather than uncomputable dynamics.

Given the RG scheme here, it is also relevant to ask is whether we can apply a
similar scheme to the Hamiltonians designed in [Bau+18b] or chapter 3. Although
we do not prove it here, we expect to be able to apply the modified BRG developed in

this work to these Hamiltonians in an analogous way.



Chapter 6

Complexity of Measuring Local
Observables for Systems with

Circuit-to-Hamiltonian Mappings

6.1 Introduction

Given that much of condensed matter physics is devoted to determining the low-energy
properties of materials, a natural question to ask is whether one can easily compute
expectation values of observables at low temperatures. Since local measurements
are the primary tools available to experimentalists for examining these systems, this
is an extremely important problem. With this in mind, we consider the problem
Approximate Simulation (APX-SIM), which asks how difficult it is to estimate the
expectation of a local measurement against the low energy subspace of a local
Hamiltonian.

Introduced in [Amb14], APX-SIM was shown to be PAMAllogl_complete for O(1)-
local Hamiltonians with 1-local measurements (with inverse polynomial precision)
in [Amb14; GY19]. Here, PAMAllog] is the class of decision problems decidable by
a polynomial time (deterministic) Turing machine with access to logarithmically
many adaptive queries to a QMA oracle (this is believed to be strictly larger class
than QMA). More recently [GPY20] showed PAMAIogl_completeness for APX-SIM

on physically motivated 2D models, such as for the Heisenberg interaction, and on



216Chapter 6. Complexity of Measuring Local Observables for Systems with Circuit-to-Hamiltonian Mappings

(non-translationally invariant) 1D chains.

The more realistic a system the Hamiltonian describes while retaining hard-to-
compute properties, the more insight about the intrinsic complexity of the system
one gains. For instance, a local spin dimension of 2 is often seen in nature (e.g. an
electron spin up/down); a spin dimension of 2!? less so. Furthermore, condensed
matter systems in real life often feature symmetries, such as a regular lattice structure
with nearest-neighbour couplings that are both isotropic and translationally invariant.
A goal of Hamiltonian complexity theory is thus to find increasingly “simple” systems
that retain hard-to-compute properties. This renders claims more generic, and the
resulting implications stronger.

Beyond their relevance for real-world systems, translationally-invariant Hamil-
tonians in particular are widely believed to be simpler than general Hamiltonians.
Intuitively, due to the spatial invariance of the system, the degrees of freedom
available to encode complex behaviour are limited; and less information can be
encoded into the couplings throughout the system (assuming they are specified to the
same precision).

As for spatial structure, the most basic lattice model is the one-dimensional spin
chain, for which any hardness results often immediately imply respective hardness
results for two- or higher-dimensional systems (by simply repeating the system
along the extra dimensions). And just like translational symmetry, having only one
dimension often renders systems more tractable, which is supported by empirical and
theoretical evidence [LSM61; Aff+87; Fral7]. For instance, algorithms like DMRG
[Whi92] to approximate ground state energies have long been known to work well in
practice in 1D. Indeed, this eventually led to rigorous polynomial-time algorithms to
solve ground state energy problems for gapped one-dimensional spin chains [LVV15].
Beyond that, there often exist closed form solutions in 1D, such as for fermionic 1D
systems described by the Fermi-Hubbard model or 1D Heisenberg model [Bet31];
similar systems are notoriously difficult to simulate in higher dimensions.

So are one-dimensional, nearest neighbour, translationally-invariant (TI) systems

tractable, or at least “more tractable” than their higher-dimensional counterparts?
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Alas, results such as [GI09] show that finding the ground state of a 1D spin chain
is QMAEgxp-complete (QMAEgxp is a quantum analogue of NEXP), and the question
of existence of a spectral gap in one spatial dimension—even for couplings with
translational invariance—remains undecidable [Bau+18b]. Yet for other natural
questions, such as APX-SIM, the verdict is still open.

Here, motivated by the goal of showing hardness of APX-SIM in the even
simpler setting of 1D TI systems, we give a much more general framework for
“lifting” hardness results about ground state energies (i.e. for LH) to hardness results
for APX-SIM. Formally, these are given via the Lifting Lemma (lemma 6.4) and

applications in section 6.3.5; here, we informally state the general premise as follows.

Theorem 6.1 (LH to APX-SIM (informal)). If the family of Hamiltonians ¥ admits
a circuit-to-Hamiltonian mapping such that approximating the ground state energy is
C-hard, then the APX-SIM problem for F is either P8 or PC-complete, depending

on how the input is encoded.

In contrast to previous approaches for showing hardness for APX-SIM, which were
custom-designed based on the circuit-to-Hamiltonian constructions in mind, here
we obtain a black-box mapping (lemma 6.4) which requires minimal assumptions,
and which automatically preserves structural properties of ¥, such as locality,
geometry, translational invariance, etc. This demonstrates that the Local Hamiltonian
problem fundamentally characterises the complexity of computing properties (such

as simulating measurements) of the low energy states of a family of Hamiltonians.

6.2 Preliminaries

6.2.1 Approximate Simulation (APX-SIM)

The approximate simulation problem (APX-SIM) is concerned with the properties of
ground states. However, it is usually more natural to consider a low-energy subspace.
With this in mind we follow [GPY20] and define a more symmetric variant of the
above problem APX-SIM which concerns itself with the low-energy subspace rather

than the ground state:
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Definition 6.1 (V-APX-SIM(H, A, k,l,a,b,5) [GPY20]). Given a k-local Hamilto-
nian H = ) ; H; acting on N qubits, an l-local observable A, and real numbers a, b,

and S such thatb—a > N~ and 6§ > N, for c,c’ > 0 constant, decide:
YES. If for all |) satisfying (4| H |¢) < Amin(H) +96, it holds that (Y| A |¢) < a.
NO. If for all \¢) satisfying (Y| H ) < Amin(H) + 9, it holds that (Y| A|y) > b.

The difference between APX-SIM and V-APX-SIM is that one requires all states
below a threshold energy ¢ above the ground state energy to have expectation value
upper-bounded by a. Throughout this work we consider the translationally invariant

version of V-APX-SIM which simply for translationally invariant Hamiltonians:

Definition 6.2 (V-TI-APX-SIM). Defined analogously to V-APX-SIM, except the input
Hamiltonian is specified via local term h of a translationally invariant Hamiltonian

H =} h acting on N qubits, where N is specified in binary, and each local term is
describable in O(log(N)) bits.

6.2.2 Useful Lemmas

We now state the Extended Projection Lemma, which consists of three claims, the
first of which was given in [KKRO06]. The lemma was later extended to include the

second and third claims [GY19].

Lemma 6.1 (Extended Projection Lemma ([KKRO06; GY 19])). Let H=H; + H, be
the sum of two Hamiltonians operating on some Hilbert space H =S +S8*. The
Hamiltonian Hy is such that S is a zero eigenspace and the eigenvectors in S* have
eigenvalue at least J > 2||H3||. Let K = ||H3||. Then, for any 6 > 0 and |{)
satisfying (W|H |¥) < Amin(H) + 6, there exists a |y') € S such that:

* (Ground state energy bound)

2

J-2K

/lmin(H2|S) - < /lmin(H) < ﬁmin(H2|S)’

where Anin(H2|s) denotes the smallest eigenvalue of H, restricted to space S.
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* (Ground state deviation bound)

Kl =1~

2
K++vK2+6(J-2K)
J-2K ‘

* (Energy obtained by perturbed state against H)

K++/K2+6(J -2K)

<'//|H|lr//>s/lmin(H)+6+2K J-2K

Next, we state a quantum analogue of the union bound for commuting operators

(see, e.g. [SKO19)).

Lemma 6.2 (Commutative Quantum Union Bound). Let {P;}", be a set of pairwise

commuting projectors, each satisfying 0 < P; < I. Then for any quantum state p,
m
L=tr(Ppy -+ P1pPy -+ Pp) < > te((I=P))p).
i=1

The following is a standard fact (see, e.g., Equation 1.33 [Ghal3] for a proof):

VYL = w)wllle = 24 1= [ Iw) 2 < 201 1v) = W) . (6.1)

6.2.3 Relevant (Oracle) Complexity Classes

As discussed extensively in [Koh+20, Sec. 4], the natural complexity class for
the local Hamiltonian problem for a translationally-invariant system is QMAgxp.
Intuitively, this is because for translationally invariant system, the only parameter is
the system size N. If N is the input, then it can be encoded in a string which has
length O (log(N)). Together with a promise gap which closes o 1/72, where T is the
run-time of the embedded computation, and a 1/poly(N) promise gap allowed in the
definition of the local Hamiltonian problem, this means that we can only saturate
this bound if we allow T = poly(N)—i.e., the encoded computation runs in time

exponential in the input size (poly(log N)), which naturally gives QMAEgxp.!

'We take care to distinguish this from the class QMAgy, of [FL16] which is for an exponentially
small promise gap in the input size, but polynomial length run time, also called PreciseQMA.
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In [GPY20], the authors prove that APX-SIM is PMALogl_complete by showing
that APX-SIM is PI9MA_complete, and in a second step that PlI@MA = pQMAllog] gqy
the translationally invariant version of APX-SIM, we are essentially dealing with
the same encoded computation, yet with exponentially input less information (i.e.
the problem is succinctly encoded), just like in the case for the local Hamiltonian
problem. Here, the base class now has a runtime poly(N), but an input of length
O(log(N)) and hence is an exponential time computation. The right class for which
TI-APX-SIM is complete is thus POMAexp Technically, this class comes out of
the EXPIIOMA_completeness result, but it is also motivated in another way. Since
QMAEgxp has verification time poly(N), its circuit-to-Hamiltonian construction will
have norm poly(N). Thus, the number of adaptive queries to the QMAgxp oracle
to estimate the ground state energy within 1/poly(N) error is log(N) = O(poly(n)),
which is polynomial in the input size. So the P machine, which runs in time
poly(log(N)) = O(poly(n)), makes poly(log(N)) = O(poly(n)) queries to the oracle,
which yields QMAgxp.

Oracle complexity classes. The classes pQMAllog] pIIQMA 45 d POMA denote the set of
languages decidable by a polynomial-time deterministic Turing machine with access
to, respectively, logarithmically many adaptive queries to a QMA oracle, polynomially
many parallel queries to a QMA oracle, and polynomially many adaptive queries to a
QMA oracle, respectively. It is known that P@VAllegl = plIGMA [GPY2()]. The classes
EXPIOMA and PAMAS are defined analogously, except the former has an exponential-
time deterministic Turing machine as its base (and hence can make exponentially

many parallel queries), and where the oracle is for QMAgxp, respectively.

6.3 Encoding Computation into Measurement Prob-

lems on Low Energy Spaces

6.3.1 Overview and Circuit-to-Hamiltonian Mappings
We point the reader to chapter 1 for an introduction to history states and circuit-

to-Hamiltonian mappings. We consider an abstract route. More precisely, we will

offload the question of proving EXPIOMA_hardness of TI-APX-SIM to a quantum
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universal scaling  symmetry interaction locality local instance ¢
for of T(N) graph dimension encoded ir
[KSVO02] arbitrary 5 2
[KRO3b] 1 arbitrary 3 2
[KKRO6] QMA I none arbitrary 2 2 local term:
[OTO8] poly 2D planar 2 2
[Aha+07] 1D line 12 2
1
[BBT06] StogMA I none arbitrary 2 2 local term:
poly
[GI09] 1 1D line 2 huge
[BCO17] QMAEgxp I translational 1D line 2 42 system siz
[BP17b] POy 3D fec lattice 4 4
[FL16]" . 1 none arbitrary 3 2 local term:
[Koh+20]* PreciseQMA exp translational 1D line 2 42 system siz

Table 6.1: History state Hamiltonians from existing literature that satisfy definition 6.4 with
varying characteristics. Shown the complexity class for which they encode a
witness in the ground state energy, size T of history state in terms of the system
size N, further properties of the Hamiltonian, as well as their dependence on the
problem instances ¢.

T references [KR03b] as the underlying construction; ¥ references [BCO17].

circuit that simulates the oracle calls. Starting from a rigorous definition of this type
of computation we wish to encode, we will then require two mild assumptions on the
type of circuit-to-Hamiltonian mapping used to translate the circuit to a ground state
(the ability to access two outputs of the computation locally). Given the mapping has

these two properties, EXPI®MA_hardness will follow.

6.3.2 Hamiltonians with a Universal Ground State

The specifics of the Hamiltonian used to encode computation is, for our purposes,
irrelevant: whether it takes the shape of a history state Hamiltonian, features a more
complicated clock construction such as in [Aha+07; GI09; BT14; BCO17], or is
something completely different is not important.

More concretely, what we require of the circuit-to-Hamiltonian mapping is
the ability to single out a low-energy subspace that encodes valid computations.
This valid low-energy subspace needs to be separated from the rest of the spectrum,

which may include states which do not encode a valid computation. Beyond this
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fundamental requirement, and in order to translate a circuit that simulates oracle
queries into a ground state energy problem, the circuit-to-Hamiltonian mapping

needs to have two high-level properties (formal requirements in definition 6.4):

1. The possibility to inflict an energy penalty onto the output of a computation,
which means that we can break the low-energy subspace of valid computations
into a space Vygs and V,, that correspond to computations that evolve correctly
and incorrectly, respectively; and such that the largest eigenvalue of Vygs is

below the smallest eigenvalue of V.

2. Locality in the encoding, in the sense that neighbouring qubits in the circuit at

some time-step need to map to neighbouring spins in the many-body system.

Both these assumptions are mild, and readers familiar with circuit-to-Hamiltonian

mappings will immediately recognise that both of these are generally satisfied.

Definition 6.3 (Conformity). Let H be a Hamiltonian with some well-defined structure
S (such as k-local interactions, all constraints drawn from a fixed finite family, with
a fixed geometry such as 1D, translational invariance, etc). We say a Hermitian

operator P conforms to H if H+ P also has structure S.

For example, if H is a 1D translationally invariant Hamiltonian on qubits, then P
conforms to H if H + P is also 1D translationally invariant.

We now define an abstract notion of local circuit-to-Hamiltonian mappings;
intuition given subsequently. The combination of an input penalty and history state

Hamiltonian we denote with Hy = Hpop + Hjy.

Definition 6.4 (Local Circuit-to-Hamiltonian Mapping). Let X = (C?)®" and Y =
(C?)®". A map Hy, : U(X) — Herm (Y) is a local circuit-to-Hamiltonian mapping
if, for any T > 0 and any sequence of 2-qubit unitary gates U = UrUr_1 --- U\, the
Jollowing hold:

1. (Overall structure) Hy,(U) > 0 has a non-trivial null space, i.e. Null (Hy, (U)) #
0. This null space is spanned by (some appropriate notion of) “correctly
initialized computation history states”, i.e. with ancillae qubits set “correctly”

and gates in U “applied” sequentially.



6.3. Encoding Computation into Measurement Problems on Low Energy Spaces223

2. (Local penalization and measurement) Let q| and q, be the first two output
wires of U (each a single qubit), respectively. Let Spre C X and Spost € Y
denote the sets of input states to U satisfying the structure enforced by Hy, (U)
(e.g. ancillae initialized to zeroes), and null states of Hy(U), respectively.
Then, there exist projectors M| and Py, projector M, conforming to Hy, (U),

and a bijection f : Spre V> Spost, such that for all i € {1,2} and |¢) € Spre, the
state |) = f(|p)) satisfies

Tr (|0)0]; (UrUr—1 ... Un) [$X @l (UrUr—i ... UN)T) = Tr (IyrXrr| Mi),
(6.2)
where [yr) = Pr W) [||Pr |Y)|l5 is |¥) postselected on measurement outcome
Py (we require P |¥) #0). Moreover, there exists a function g : NXN - R

such that

|1Pr |)II5 = g(m,T) for all |y) € Null (Hy (V)), (6.3)
M; = PrM,Py. (6.4)

The map Hy, and all operators/functions above (M|,M,,Pr, f,g) are computable

given U.
Intuition. We stress the following about definition 6.4:

1. It places no restrictions on the efficiency of computing Hy, My, M>, P, f, g.

Any such resource-restriction will later be application-dependent.

2. The term “local” in “local circuit-to-Hamiltonian mapping” is not referring to
the locality of Hy (U). Rather, it refers to the fact that local measurements on
the output qubits of U can be simulated via local measurements on the ground
space of Hy,(U) (up to postselection) via bijection f and eq. (6.2). Also, there

is no restriction a priori on g(m,T), other than g(m,T) # 0 for all m,T > 0.

3. For our applications, we only require simulation of local measurements on

output qubits 1 and 2 of U; hence the phrasing of Point 2 in definition 6.4
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(which, we note, makes this notion of local simulation milder than that used
in universality results such as [CMP18; Koh+20; PB20]). Intuitively, the first
qubit will encode whether U accepts or rejects (i.e. outputs 1 or 0, respectively).
In the setting of APX-SIM, M; will play the role of observable A from
definition 6.1; as such, M/ need not necessarily conform to Hy (U). In contrast,
M, will be used to penalize a certain “flag qubit” in our construction of
lemma 6.3, and will be part of the Hamiltonian H from definition 6.1; as such,
we require M, to conform to Hy,(U). Finally, there is nothing particular about

the choice of |0)(0]; in eq. (6.2); any fixed single-qubit projector would suffice.

4. Eq. (6.3) says all null states of Hy, (U) have the same weight on the final time
step, T. This is used, for example, in lemma 6.7 when we wish to exchange
one |¢’) € Spost With another state |¢) € Spost, and say something meaningful

about the computation encoded in |¢") versus |¢).

5. For the case of Kitaev’s circuit-to-Hamiltonian construction [KSVO02], Pr
projects the clock register down to |T°), and is 3-local since there the clock is
encoded in unary. In all history state Hamiltonians, g(m,T) = || Pr |w>||% =
1/(T +1) for |) a uniform history state.? Finally, eq. (6.4) captures the fact
that M; has a clock register projecting onto |T)T'|, and so is supported solely

on the Hilbert space corresponding to time 7 (i.e. projected onto by Pr).

6.3.3 Oracle Queries as Subroutines

Reducing PIAVA to a single quantum verification circuit. We now give a generic

construction for embedding an arbitrary PIQVA

circuit into a single quantum verifica-
tion circuit (i.e. an “un-sound QMA circuit”). In doing so, as explained in [GY 19],
we must allow for the possibility that QMA oracle queries may be invalid, in that
they might violate the QMA promise gap. This entails accounting for two potential

obstacles: first, from an “oracle query” perspective, a QMA oracle fed an invalid

QMA query may output O or 1 arbitrarily. Second, from a “QMA verification circuit”

2Modified history state Hamiltonians with non-uniform superpositions over the time steps such as
in [BC18b] scale accordingly with the weight on the last timestep.
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perspective, we cannot assume anything about the acceptance probability of the
verifier when fed the optimal proof for an invalid instance, even after standard error
reduction. Specifically, for a valid YES (resp., valid NO) QMA instance, standard
error reduction implies the optimal proof is accepted with probability exponentially
close to 1 (resp., 0); for an invalid instance, this optimal probability may still be

IQMA machine’s final

1/2. The first of these obstacles requires one to define a valid P!
output bit to be independent of how invalid queries are answered [Gol06] (otherwise,
the output of the PIIOMA machine is not necessarily well-defined on a given input).
We now give the construction in lemma 6.3. Since the aim of this paper is
generic reductions for lifting hardness results for one class of problems to another, we

state the following lemma rather abstractly. For this, we first require two definitions,

the first of which is standard.

Definition 6.5. (Deterministic class) A set C of languages is a deterministic class if,
for any language L € C, there exists a deterministic Turing machine M which can
decide L under the resource constraints specified by C. Formally, given any input
x € {0,1}", M halts after using R(n) resources (where R may specify bounds on time

or space), and accepts if x € L or rejects if x ¢ L.
Standard examples of deterministic classes include P, PSPACE, and EXP.

Definition 6.6. (Existentially quantified quantum verification class (QVClass)) A set
C of promise problems is an existentially quantified quantum verification class if
any promise problem A = (Ayes, Ano, Ainy) in C satisfies the following. There exist
computable functions f,g,h : N — N, as well as a deterministic Turing machine
M which, for any input x € {0,1}", uses R(n) resources to produce a quantum
verification circuit V (consisting of 1- and 2-qubit gates) and thresholds c,s € R*
such that ¢ —s > 1/h(n). Here, R(x) refers to resources such as time, space, etc,
as required by C. The circuit V takes in a quantum proof ) on f(n) qubits, g(n)

ancilla qubits initialized to all zeroes, and has a designated output qubit, such that:

* (YES case) If x € Ayes, there exists a quantum proof |y) on f(n) qubits such
that measuring the output qubit of V ) |0---0) in the standard basis yields 1

with probability at least c.
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* (NO case) If x € Ay, for all quantum proofs |¥) on f(n) qubits, measuring
the output qubit of V |¢) |0 - - - 0) in the standard basis yields 1 with probability

at most s.
Without loss of generality, we assume the output qubit of V is the first wire exiting V.

For example, for QMA, R(n) denotes a polynomial bound (with respect to n) on the
number of time and space steps taken by M, while f and g are fixed polynomials,
c=2/3 and s = 1/3. In this way, classes such as NP, NEXP, QCMA, QMA, and so
forth are examples of a QVClass.

We are now ready to state the following abstract lemma. As a concrete guiding

example, consider D = P and Q = QMA below.

Lemma 6.3. Let x € {0,1}" be an instance of a problem in DI, where D is a
deterministic class (such as P) and Q is a QVClass (such as QMA). Let U be a DIIQ
machine (we will typically think of U as a circuit with access to an oracle for Q)
making m parallel queries to a Q-oracle to decide x. Then, there exists a quantum

circuit V with the following properties:

1. Given x and U, V can be computed in time polynomial in the sizes of U and
the verifier for Q (both of which may be viewed as quantum circuits consisting

of 1- and 2-qubit gates).

2. V takes as input m+2 registers: n input register A containing x € {0,1}", m
proof registers B; containing a joint quantum proof |w1...,) (where ideally
(Wim) = |wi1) [wa) -+ |wy)), with register B; to be verified by a Q-circuit V;
(see fig. 6.1), and an ancilla register C which is assumed to be initialized to
the all-zeroes state. Without loss of generality, we assume each verifier V; has

the same completeness and soundness parameters c and s, respectively.

3. V has two designated output wires: qou is supposed to encode the output of
U, and qpag the number of Q queries made by U which were YES instances.
(Without loss of generality, these are the first and second wires exiting V,
respectively.) Formally, suppose V is fed the joint proof |wi...n), and let )

denote the output state of V.
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Let sets Sy and Sy partition {0,1}" such that the D machine underlying U
rejects (resp. accepts) when given a string of query responses y € Sy (resp.

y € 81). Define
m
Pyw = Pr (/\ Vi outputs y; |w1...m>) .
i=1
Note that in the ideal case |W1...n) = |W1) -+ |Wm), pyw simplifies to
m
Pyae = | [Pr(V; outputs y; | 1wi)).
i=1

In both cases,

> Py (6.5)

YESI

Z Pyw: sin?

ye{0,1}"

tr(jw)wl- 111,

. (6.6)

tr (I )wl - 11X1l,,,,) £-HW@>

where HW (y) is the Hamming weight of y.

Proof. As depicted in fig. 6.1, V is constructed by translating the D machine
underlying U into a quantum circuit U’, and then “simulating” the m (parallel) oracle
calls U makes as sub-routines, in the sense of executing their Q-verification circuits V;
on the relevant subset of [wy...,,) given by [w;Xw;| =Trp,2p, [|[W1..u)W1..m|]. Note
that U’ is diagonal in the standard basis, i.e. is a classical circuit, and computes the
inputs to the Q-verification circuits V; on-the-fly; the lanes |¢;) in fig. 6.1 indicating
the inputs to the respective verification subroutines are product states diagonal in the
computational basis, i.e. |q1) |g2) - |qm)-

The gate R(6) in fig. 6.1 denotes the rotation matrix

cosf —sinf
R(6) =
sind cos@

To formally state the action of the overall circuit V, let X,Y,Z denote the input
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lg1) outy
verifier V;
[wi)
gy — o v
verifier V,,
|Wm> ]
|x) /n — |qout)
10) R(3/(2m)) — - — R(3/(2m)) |8ag )

Figure 6.1: The circuit V constructed in lemma 6.3. The V; are the Q-verifiers, each taking
input |¢;) and proof/witness |w;). (In principle, states |w;) can be entangled as
one joint state |wj...,,); this is dealt with in the proof of lemma 6.7.) U’ denotes
the host postprocessing circuit in the original D! circuit U, which takes the
Q-query responses and outputs U’s final answer. The gates R(V3/(2m)) denote
a rotation in the standard basis of angle V3/(2m). For simplicity, we have not
depicted any preprocessing needed by U to compute the inputs |g;) to the Q
verifiers V;, nor have we depicted the ancilla register C. For clarity, as a black
box, the circuit V takes in the input to the U circuit, the joint proof |wj...,;;), and
the ancilla register C.

registers to U’ holding input x € {0, 1}", query response string y = yj ---y,,, and
ancilla (initialized to all zeroes), respectively. Since U’ is a classical circuit, without

loss of generality it maps any

D x [y 10---0)z = 0)x ¥y [0---0f(¥)z,

where f(y) is the output of U’ (i.e. the D machine) given query response string y. If

).
F

6.7)

we now let F' denote the flag qubit register, the output |) of V is given by

ﬁ -HW(y) |10) +sin ﬁ -HW(y)
2m 2m

) = Z Olylx)X|y)y|0---0f(y)>z(cos

ye{0,1}™

where for succinctness we omit registers such as those containing proof |wj....,;,),

since U’ does not act on these registers. Here, HW(y) is the Hamming weight of y,
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and where

m
|ay|2 =Pr (/\ V; outputs yi‘ |w1...m)) .

i=1

This immediately yields Equations (6.5) and (6.6). O

Remarks. We now make several remarks regarding lemma 6.3, including for the case
when Q is a class of promise problems. For concreteness, in our discussion here
we set D =P and Q = QMA, in which case the construction of lemma 6.3 runs in

polynomial-time in 7.

1. The construction of lemma 6.3 and fig. 6.1 says nothing about valid versus
invalid QMA queries (i.e. when g; is an invalid QMA query string in fig. 6.1).

This will be dealt with in section 6.3.4.

2. When we later use lemma 6.3, we will penalize the flag qubit register F
carefully so as to force all valid queries to be answered correctly. This is, in a

nutshell, the purpose of the flag qubit.

6.3.4 Generic Hardness Constructions via a Lifting Lemma

We now proceed by encoding a family of DIQ instances into a local circuit-to-
Hamiltonian construction and penalise the flag qubit (not the output qubit!) to
encourage the ground space of Hy (V) to encode correct query answers. We now

comment on outstanding issues following lemma 6.3.

How to fix soundness for lemma 6.3. The reduction of lemma 6.3 is not sound,

meaning a NO instance of PIGVA

was not necessarily mapped to a “NO QMA circuit”
V. This is because, intuitively, each of the verifiers V; in fig. 6.1 has a potentially
different implicit quantifier for its proof register |w;) (namely, 3 for YES queries |g;)
and V for NO queries |g;)).

By penalising the flag qubit, any YEs query |g;) which incorrectly has V;
outputting |0) is assigned an additional “unnecessary” energy penalty, lifting any
such history state above the true ground state energy. (Crucially, we have no

knowledge of the actual ground state energy itself, and this value encodes the number

of YEs and No queries.) In short, adding the flag penalty will have the effect of
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ensuring that the ground space will be spanned by states encoding computation for

which as many “good” witnesses |w;) as possible are fed into V.3

The Lifting Lemma. The main lemma of this section which encompasses all of the

open points raised is as follows.

Lemma 6.4 (Lifting Lemma for APX-SIM). Let x € {0,1}" be an instance of an
arbitrary DI problem, U a DIIR machine deciding x, and V the verification circuit
output by lemma 6.3. Fix a local circuit-to-Hamiltonian mapping H,, and assume
the notation in definition 6.4. Suppose, there exists a computable function @ : N — N,

such that, for any € satisfying

1(1 12||Ma]? 8m?2
vEesy (E+ A(HWW))) (3g<m,T>)’ (©8)

Then the Hamiltonian H = a(n)Hy, (V) + M, satisfies:
e Ifx is a YES instance, then for all |) with (Y| H |¢) < Amin(H) + é

12|| M
WMy <g(m,T) -m-max(l—c+e,s)+ ||A2||
o

e Ifx is a NO instance, then for all |) with (Y| H ) < Amin(H) + i

12[[ M, ||

W M |y)=g(m,T)(1-m-max(l-c+e,s))— A

Remarks.

1. The Lifting Lemma’s sole degree of freedom is the function «. All other
quantities appearing, ||M-|| (flag penalty, lemma 6.3), A (spectral gap of
Hy(V)), g(m,T) (weight of final time step T in history state, eq. (6.3)),
¢ (completeness) and s (soundness), m (number of Q-queries), are fixed
functions stemming from the choice of circuit-to-Hamiltonian construction

(definition 6.4) and classes D and Q.

3While we generally call states of the form definition 2.14 history states, adding a penalty will
result in a ground state as superposition of the same vectors, but with weights biased away from the
location of the penalty in the time register.
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2. If we think of M| as playing the role of observable A from definition 6.1 (where
we follow the notation from definition 6.4), the Lifting Lemma brings us very
close to obtaining DIIQ-hardness of APX-SIM for the class of Hamiltonians
produced by H,,. To formally “instantiate” such a hardness result for a fixed
class DIIQ, it remains to choose an appropriate function a(n) (n the input size)
so that e is sufficiently small so as to create an appropriate promise gap between

the YES and NO thresholds.

3. Note that for m € w(1), the standard completeness/soundness parameters of
2/3 and 1/3 will not suffice to create a promise gap in the Lifting Lemma.
Thus, error reduction for the QVClass Q to completeness 1 — 1/poly(n)
versus soundness 1/poly(n) appears necessary. This, in particular, means our
construction cannot a priori be applied with Q = StogMA, since the latter is

not known to have error reduction.

Proof of the Lifting Lemma. Step i. Low energy states of H are close to uniform
history states. We first show that for a suitably-chosen function @, any low energy
state with respect to H has a ground state of Hy, (V) which is nearby. (For clarity, we
define the spectral gap as difference between the two smallest distinct eigenvalues of

A)

Lemma 6.5. For brevity, define shorthand A for A(Hw(V)). Fix any function

« : N — N such that

4| M A
> max | 2 2”, -1, (6.9)
A 3| My

and any 8 < 1/a?. Then, for any |¢) such that (W|H W) < Amin(H) + 8, there exists
a uniform history state |¢) € Null (Hy (V) such that

12| M.
D (6.10)
aA
and where |¢) has energy
2
(GIHI) < Ain () 45+ 2 6.11)

aA
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Proof. The ground state deviation bound of the Extended Projection Lemma

(lemma 6.1), and Equations (6.1) and (6.9) imply the first claim via

||M2||+\/||M2||2+é)
( *) __6lMall_ 120M]

aA=2|| M| C A2 M)l T A

)| = 1o)Xl < 2

Here we have used eq. (6.9) to go from the second last to last expression in this chain
of inequalities.
A similar calculation using the third claim of lemma 6.1 yields the second claim

of this lemma. O

Step ii. Allvalid queries answered correctly. So far we have shown that all low-energy
states with respect to H are close to unbiased history states, i.e. the states in the
kernel of Hy, (V). Yet M, penalizes the flag qubit, as formalized in lemma 6.3. What
does this imply for the witness |w...,,»? We now show that given a sufficiently small
0, the history state close to |i/) encodes a series of queries such that as many of the

valid queries as possible are answered as YEs.

Lemma 6.6. Assume the notation of lemma 6.3, which showed

e (JX@1-10X0lg, ) = D, pyws-cos* (HW(3)V3/(2m)),
ye{0,13™
where ) denoted the output of V given joint proof |Wi..,), and p,,, =
Pr(/\;.’il Vi outputs y; | [Wi..m)). Suppose there exists ani € {1,...,m} and € > 0
such that \w...,,) is “e-suboptimal on proofi”, meaning there exists a local proof

|w; >such that
Pr(V; outputs 1| |wi..n)) =Pr(V; outputs 1| |w})) —e. (6.12)

Then there exists a pr00f|w’1mm> = |w’1 > ®-® |w;n> which causes V to output ")

satisfying

tr (|w><l/,| . |0><O|qﬂag) >tr (llr//,><lﬁ’| . |O><O|qﬂag) + %6.



6.3. Encoding Computation into Measurement Problems on Low Energy Spaces233

Proof. The proof of this lemma is long as was primarily proved by Sevag Gharibian.
As a result we omit it from this thesis and instead refer the reader to version in the

paper [WBG20]. O

We now translate lemma 6.6, which held for circuits, to the following main
lemma of Step ii, which gives us the corresponding desired statement for Hamiltonians

(i.e. after the circuit-to-Hamiltonian construction is applied).

Lemma 6.7. Suppose history state |¢) € Null (Hy, (V)) has preimage |¥in) = £~ (|¢))
(for bijection f from definition 6.4), where |Win) has proof |W1...n). If there exists € >0
and i € [m] such that |w...,) is €-suboptimal on proof'i (as defined in lemma 6.6),

then
3g(m,T)

(BIH19) > dnin () + 225

€, (6.13)

for g(m,T) defined in definition 6.4.

Proof. Let [You) =V |¥in) and |’v”f>ut> denote the output of V (fig. 6.1) when all proofs
are proofs are optimal (i.e. set to |w: > in the terminology of lemma 6.6). Recall
eq. (6.2) in the definition 6.4 of a local circuit-to-Hamiltonian mapping, which said

M, simulates the projector |0)(0] g via

Te (10)01 (UrUr-1 ... UD) WinXsil (UrUr-1 ... UN) = Te (1g7)Xer| M), (6.14)

(since we assumed in lemma 6.3 that the second output qubit of V' is the flag qubit),

where |¢7) is the history state |¢) projected down onto time step 7', which succeeds
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with probability g(m,T) (definition 6.4). We thus have

GIHIS) = (GIM: ) (6.15)
= g(m.T) (¢r| Mz lér) (6.16)
= g(m 1)t (WoudXWoul - [0X0L,,) (6.17)
> g(m.T) (tr (W )W - 1001, ) + %e) (6.18)
- (¢'|M2|¢'>+g(m,T)(#€) (6.19)
> /lmin(H)+%e, (6.20)

where the second statement follows from Equation eq. (6.4), the third from eq. (6.14),
fourth from lemma 6.6, fifth from eq. (6.14) and defining |¢’) = f(V' |w(’)ut>), and
the last since |¢’) € Null (Hy(V)) by the definition of f in definition 6.4 being a

bijection. O

Step iii. Sufficiently high overlap with computation. We now argue that any low
energy state of H must correctly encode the original DIQ computation, and hence
an appropriate measurement of a ground state will read off the DI computation’s

ansSwer.

Lemma 6.8. Consider any ) satisfying (W|H ) < Amin+0. If 6 < 1/a? and

12]M]1%\ (__8m?
) , 6.21
6<( " al 3g(m,T) 6.21)
then
e ifx is a YES instance for DI, then
12|| M
Tr(|y )Xy | M) < g(m,T) -m-max(1 —c+e,s)+%. (6.22)
e ifx is a NO instance for DIQ, then
12|| M
Tr(ly Xy | M) > g(m,T) (1 —m-max(l—c+e,s)) — I 2”. (6.23)

aA
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Proof. We first use lemma 6.5 to map, assuming § < 1/a?, |¢) to a history state

|¢) € Null (Hyw(V)) such that

12|| M 12||M,))?
[LZP1[p— (¢|H|¢>§/lmin(H)+6+”fA2H. (6.24)
a

)| =o)Xl <

We next use lemma 6.7 to obtain that, for any € satisfying

12||M>))? 8m?
<|o+ ,
aA 3g(m,T)

the preimage |¢in) = f~'(|¢)) contains proof |wj...,,) which is not e-suboptimal on

any proof i € [m]. In words, for any i € [m], if V; has optimal acceptance probability
p;, then
Pr(V; outputs 1| |¢in)  p] — €.

Now, by lemma 6.3, if g; is a YES query, p; > c, if g; is a NO query, p; < s, and if
q; is invalid, then p; can only be said to satisfy the trivial bounds 0 < p* < 1. Letting
Syes>Sno> Siny denote the partition of [m] corresponding to YES, NO, and INVALID

queries, it follows via the commutative quantum union bound (lemma 6.2) that

Pr /\ V; outputs correct answer | |¢in) | > 1— (|Syes|(1 —C+€)+|Snols) = Paood
i€[m]
where note |Sjny| does not appear since any answer to an invalid query is considered
correct.

Finally, since by definition 6.5, U’ in fig. 6.1 is a deterministic computation, it
follows that V' correctly accepts (respectively, correctly rejects) with probability at
least pgood, given |¢in), when the DIIQ instance x is a YES instance (respectively, NO
instance). Recall from eq. (6.2) that measuring M; on a history state |¢) = f(|Pin))

simulates a measurement on the output qubit of V (fig. 6.1) via

Tr (10)0]; V |¢inXin| V') = Tr (167X 7| M1), (6.25)
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for |¢7) = Pr|¢) /||Pr|#)|l,. Thus, if x is a YES instance,

IA

tr(V 1)l VI - 111,
L—tr(V IaXdal V' - 1001, )
L =Tr(|gr )7 My)
Te(I6) @I M),

Pgood

1
1_
g(m,T)

where the third/fourth statements follow from definition 6.4 and Equations (6.3) and

(6.4). Via an analogous argument for the NO case, we conclude:
e If x is a YES instance for D/IQ, then

Tr(IpX¢I M1) < g(m,T)(1 = pgood) < g(m,T)-m-max(1-c+e,s).

o If x is a NO instance for DI, then

Tr(|pXp| M) = g(m,T) (1 —m-max(1l —c+e,s)).

This was for history state |¢). The claim now follows for the original state |¢) in the

claim by combining eq. (6.24) with Holder’s inequality. O
The Lifting Lemma now follows; we restate it below for convenience.

Lemma 6.4 (Lifting Lemma). Let x € {0, 1}" be an instance of an arbitrary DIQ
problem, U a DIQ machine deciding x, and V the verification circuit output by
lemma 6.3. Fix a local circuit-to-Hamiltonian mapping Hy,, and assume the notation

in definition 6.4. Then, there exists a computable function a : N — N such that, for

1{1 12|M]|>? 2
0§e$—(—+ "2”)( Sm y 6.26)
o

any € satisfying

a A(Hw(V)) ] \3g(m,T)
the Hamiltonian H := a(n)Hy (V) + M, satisfies:
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» Ifx is a YES instance, then for all |y) with (Y| H ) < Amin(H) + é

12[|Ms ||

WM ¢y <g(m,T)-m-max(l—c+e,s)+
aA

* If x is a NO instance, then for all |v) with (Y| H ) < Anin(H) + ﬁ

12[| M ||

WM |W)>g(m,T)(1-m-max(1l—c+e,s))— A

Proof. Follows immediately from lemma 6.8 by setting § = 1/a?. O

As mentioned earlier, to apply lemma 6.4 to particular classes DIIQ, it remains
to select @ appropriately so that lemma 6.4 creates the desired promise gap between

YES and NO cases.

6.3.5 Applying the Lifting Lemma

We now employ the Lifting Lemma (lemma 6.4) to obtain hardness results for various
complexity classes and types of circuit-to-Hamiltonian constructions. For clarity, the
lemma applies for any local circuit-to-Hamiltonian construction (definition 6.4) and
class DIIQ for deterministic class D (definition 6.5) and QVClass Q (definition 6.6).
What is required to apply it is to set a (relative to the other fixed quantities, which
are || M;|| (flag penalty, lemma 6.3), A (spectral gap of Hy,(V)), g(m,T) (weight of
final time step 7 in history state, eq. (6.3)), ¢ (completeness) and s (soundness), m
(number of Q-queries)) so that the desired problem gap is obtained in lemma 6.4.
For a given QVClass we must be able to choose the completeness and soundness

bounds must satisfy

m-max(l—c+e,s):0( 1 ) (6.27)
poly(n)

Application 1: Translationally-invariant systems.

Corollary 6.1. V-TI-APX-SIM (and hence APX-SIM) is EXPIMA_hard for a nearest
neighbour, translationally invariant Hamiltonian on qudits of local dimension 44,

for a 1-local observable A, and 6 = 1/exp(n), b —a = Q(1/exp(n)).
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circuit-to-Ham. interaction topology measurement APX-SIM variant hardness

construction precision

[OT08] 2D planar, n-n, local dim 2 1 IQMA

[Aha+07] D line, n-n, local dim 12 poly APX-SIM P

[FL16] 3-local, local dim 2 1/exp APX-SIM PSPACE

[BCO17] t-i, 1D line, n-n, local dim 44 1 EXPIAMA
— TI-APX-SIM

[BP17b] t-1, 3D fec lattice, 4-local, local dim 4 poly EXPIIQMA

[Koh+20] t-1, 1D line, n-n, local dim 42 1/exp TI-APX-SIM PSPACE

Table 6.2: Hardness of APX-SIM variants for various families of many-body systems.
Measure precision is in terms of the system (Hamiltonian) size, not the input
size. n-n stands for 2-local nearest-neighbour interactions, and t-i abbreviates
translationally-invariant systems. Since PreciseQMA = PSPACE, and the latter
is low for itself, PlIPreciscQMA = pSPACE.

T By corollary 6.1, two extra symbols are necessary as compared to the raw
construction in table 6.1, increasing the local dimension from 42 to 44.

Proof sketch. Let x € {0,1}" be the input given to the EXP machine.

* First note that the circuit V constructed in lemma 6.3 takes in as input x, and
proof |wj...;,). Since the EXP machine can produce QMA queries |g;) of
length exponential in n, this means that although x is n bits, the proof |wj...,,)
is on exp(n) qubits and the verifiers V; are exponential-time. This exactly

matches what is expected for a “QMAEgxp”’-setup.

* Apply [GI09] as our local circuit-to Hamiltonian construction (where the local
terms for this construction are describable in O(1) bits). However, if we were
to write out the full circuit of lemma 6.3 during the reduction, it would take
exp(n) time (since recall V has exp(n) size). This is not an issue: [GI09]
implements the action of V from lemma 6.3, not as an explicit circuit, but via a
Quantum Turing Machines (QTM) (i.e. each V; is given via a QTM, and these

are called as subroutines by a global QTM taking in x and |[w1...,,)).

As per [GIO9], A = M; and M, can now be chosen as constant-norm 2-local
observables. Since, however, the length of the computations in EXP and verifiers V;
are exponential, we now require A, g(m,T) scaling as 1/exp(n) (since m and T are

in O(exp(n))). Similarly, since m € exp(n), we use standard error reduction on the
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verifiers V; to ensure ¢ > 1 —1/poly(N) (i.e. 1 —1/exp(n)) and s < 1/poly(N) (i.e.
s < 1/exp(n)). Setting « to be a sufficiently large fixed polynomial in N (i.e. a fixed
exponential in n), we obtain a 1/poly(N) (i.e. 1/exp(n)) promise gap in lemma 6.4.
Finally, due to our use of QTMs rather than explicit circuits, the reduction runs in
time polynomial in 7.

The reduced local dimension can be obtained by using [BCO17]’s translationally-
invariant construction instead of [GI09]; the rest of the argument is the same. We
obtain a 1-local observable A by incrementing the local dimension slightly (from
42 to 44; two extra letters for the quantum Thue system suffice to signal that the

computation halted, as can be seen easily). O

Results for higher-dimensional lattices can be trivially obtained by repeating the
Hamiltonian in a translationally-invariant fashion; a qualitatively different result for a

3D crystal lattice is the following:

Corollary 6.2. V-TI-APX-SIM (and hence APX-SIM) is EXPIA_hard for a 4-local,
translationally invariant Hamiltonian on qudits of local dimension 4 on a 3D fcc

lattice, for a 1-local observable A, 6 = 1/exp(n), b —a =Q(1/exp(n)).

Proof'idea. Follows as in corollary 6.1, but using [BP17b]. O

Application 2: Exponential Precision.

Corollary 6.3. V-TI-APX-SIM (and hence APX-SIM) is PSPACE-hard for a nearest-
neighbour translationally invariant Hamiltonian on qudits of local dimension 44, for

a I-local observable A, 6 = 1/exp(n), b—a = Q(1/exp(n)).

Proofidea. Use [Koh+20] (translationally invariant) as the circuit-to-Hamiltonian
construction. As PreciseQMA = PSPACE by [FL16], we know that PlPreciseQMA
plIPSPACE — pSPACE = PreciseQMA. We encode the circuit from lemma 6.3, but
modify it so that only a single query to a PreciseQMA oracle is made and have it
such that the flag qubit and the output qubit are the same. We note that while we
cannot generally amplify a PreciseQMA completeness-soundness gap polynomially

close to 1 and 0 in polynomial time (otherwise PreciseQMA = QMA), respectively,
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we can attain such amplification in exponential time in “circuit-world”. Namely, we
can apply the Marriott-Watrous strong error reduction technique [MWO05], which
will blow up the runtime of the circuit to exponential, but crucially keep the space
usage polynomial. We can thus augment lemma 6.3 such that it performs such an
amplification manually, so we can assume that the single oracle subquery has an
output which, for valid queries, gives a probability polynomially close to 1 and O.
We add a projector P which penalises the output/flag qubit. Finally, let the
observable we wish to measure in APX-SIM also be the observable P. Then
equivalents of lemma 6.5, lemma 6.5, and lemma 6.7 can be proven where the 1/poly
factors are replaced by 1/exp, and in lemma 6.7 is applies to just a single query. It is
then possible to prove lemma 6.8 where the measurement M| = P. Since PreciseQMA
has an exponentially small promise gap, and is a polynomial time computation, then

measuring P with promise gap b —a = Q(1/exp(n)) is PreciseQMA-hard. ]

6.3.6 Containment Results

In this section, we speak of the 1/poly-gap and 1/exp-gap regimes to mean the
settings in which all promise gaps in LH and APX-SIM are at least inverse polynomial

and at least inverse exponential, respectively, in the input size, n.

Lemma 6.9. Let F be a family Hamiltonians and Q a QVClass (definition 6.6) such
that LH(g) for F is in Q. In the 1/poly-gap regime, APX-SIM € PRU°gl and in the
1/exp-gap regime, APX-SIM € PQ.

Proof. This is a straightforward application of the algorithm given in Section A.2 of
[Amb14]. The algorithm first uses the Q-oracle to conduct a binary search in order
to obtain an additive error 77 estimate of the ground state energy of H. (This is where
the containment of LH(g, N) in Q is used, for example.) With 7 in hand, we run
one final Q-query to check if there is a low-energy state (relative to n7) of H whose
expected value for the observable A satisfies the YES-criteria for APX-SIM.

The only question is the level precision required, i.e. how should 7 scale? In the
1/poly-gap regime, it suffices to use logarithmically many adaptive queries to the

Q-oracle to obtain 7 € O(1/poly(n)), as required to distinguish inverse polynomial
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promise gaps. In the 1/exp-gap regime, we need polynomially many adaptive queries

to obtain 7 € O(1/exp(n)). This yields the claim. O
A similar, but not quite identical result is

Corollary 6.4. APX-SIM where Q = PreciseQMA in corollary 6.3 is contained in
PSPACE.

Proof. The proof follows as for lemma 6.9 in the 1/exp-gap regime; we need
1/poly N many queries to obtain 7 € O(1/exp(N)). As PPreciscQMA — pSPACE the

claim follows. O

Finally, corollary 6.1 showed V-TI-APX-SIM (and hence APX-SIM) is EXPIOMA.
hard (in the 1/exp-gap regime). This is a somewhat odd-looking complexity class;
the following theorem shows it is actually equal to something “closer to P@YA in

appearance’.
Theorem 6.2. EXPIOMA = pOMAsce

Proof. For EXPIOMA ¢ pQMAexe o rollary 6.1 showed V-TI-APX-SIM (and hence
APX-SIM) is EXPIOMA_hard in the 1/exp-gap regime. But since the family of
Hamiltonians in TI-APX-SIM can be verified in the 1/exp-gap regime in QMAEgxp,
lemma 6.9 says APX-SIM € PQMAexe

The reverse containment, P@MAexe ¢ EXPIIQMA

is similar to Beigel’s original
proof [Bei91] that PNPIogl ¢ pIINP. the EXP machine makes all possible queries
within the decision tree of the P machine up front and in parallel, then simulates
the P machine, along the way selectively using the results of whichever queries the
adaptive nature of the P machine would have needed. The only catch is that normally,
Hamiltonians verified in QMAgxp act on exp(n) qubits, whereas those in QMA act on
poly(n) qubits. However, since an EXP Turing Machine can write exponentially long
queries to the oracle, it can simply take the TI Hamiltonian H the P machine would
have fed to the QMAgxp oracle (here we are using that the TI-local Hamiltonian
problem is QMAEgxp-complete [GI09]), and explicitly write it out fully (i.e. write
out all exp(n) local terms H;), and feed it to the QMA oracle (which, being fed an

exp(n)-size input, is allowed an exp(n)-size proof by definition). O
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Corollary 6.5. V-TI-APX-SIM and TI-APX-SIM are both POMAeX®_complete for
families of Hamiltonians for which the Local Hamiltonian problem is QMAEgxp-

complete.
Proof. Follows from corollary 6.1, lemma 6.9, and theorem 6.2. O

Corollary 6.6. V-TI-APX-SIM is POMAEXP -complete for a 1D, nearest neighbour,
translationally invariant Hamiltonian for a 2-local observable A, and 6 = 1/exp(n),

b—a=Q(1/exp(n)).

Proof. From corollary 6.5. O

6.4 Discussion

A higher-level goal is to “unify” the complexities of other computational problems
with the hardness of the Local Hamiltonian problem, such that the completeness
of the latter for a family of Hamiltonians (relative to, e.g., QMA, QCMA etc)
immediately implies completeness of APX-SIM, GSCON, and potentially other low
energy properties for the appropriate related complexity classes. Furthermore, the
relation between the complexity of determining low energy properties and universality
properties for classes Hamiltonians should be investigated.

Finally, a minor point to be addressed is how to make the lifting construction
generalise to complexity classes for which we are unable to run error reduction:
e.g. StogMA (see section 6.3.4 for a discussion). The complexity of APX-SIM
for Hamiltonian for which LH is StogMA-complete is known to be PStaMAllog]_

complete, but we cannot simply include this at present as a consequence of our lifting

construction.



Chapter 7

Complexity of Finding Critical Points

7.1 Introduction

In chapter 3 and chapter 5 we emphasised the importance of quantum phase transitions
to modern physics, and in chapter 3 we demonstrated that determining the phase
diagram of a Hamiltonian is uncomputable in general. However, it is clearly the
case that there are subsets of materials for which we can compute the phase diagram
including the classic example of the 1D quantum Ising model and frustration free,
qubit Hamiltonians on a line [BG15]. Indeed one might expect that most Hamiltonians
which are not perversely complicated have computable phase diagrams.

A necessary condition for a phase transition to take place is the closing of the
spectral gap. A key tool in addressing the question of whether a system is gapped in
the infinite-size limit that is the so-called “Knabe bound” [Kna88]. Loosely speaking,
the Knabe bound is a “finite-size criterion” saying that, given a frustration-free
Hamiltonian, if the spectral gap of the Hamiltonian decays slowly enough with the
system size, then it is necessarily gapped in the thermodynamic limit. Over time,
multiple improvements and variations of the Knabe bound have been derived [BG15;
GM16; LM19; Lem20; Ans20]. Indeed, the Knabe bound has been used extensively
to determine phases and spectral gaps of frustration-free systems, including variants
of the AKLT model [AR+20; LSW20], to characterise the phases of translationally
invariant Hamiltonians on 1D chains of qubits [BG15; GM16], and characterising

gaps for Product Vacua with Boundary States (PVBS) models [LN19].
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Finite-size criteria similar to this are often (implicitly) assumed in condensed
matter physics when performing numerical studies: the idea that the phase (or gap) at
finite lattice sizes allows us to extrapolate to the phase (or gap) in the thermodynamic
limit [FS93; Tot+95; Yam97; GSMW13]. This is a very natural property — the idea
that once a system that is “large enough” to reflect the thermodynamic limit, that the
phase at that system size should reflect the phase in the thermodynamic limit.

Beyond the Knabe method, there exist other techniques for determining whether
spectral gaps close or remain open, including the commonly-used Martingale Method
[Nac96] and variants thereof [SS03; KLL18]. The Martingale Method says that given
an absorbing sequence of increasingly large sections of a lattice which tend towards
the full lattice, there are three extra conditions placed on the local terms of the
Hamiltonian which must be uniformly satisfied along the sequence. If so, there is a
lower bound on the spectral gap. Furthermore, several numerical algorithms have
been developed to compute spectral gaps, including variational algorithms [HWB19;
Jon+19] and using density matrix renormalisation group techniques [CM17]

However, as shown in [CPGW 15a; Bau+18b] and in chapter 3, we cannot resolve
the phase/spectral gap question in general. Nonetheless, these undecidability and
uncomputablity results only imply that it is impossible to study the phase diagrams
or spectral gap of models in full generality; no claims are made regarding more
restricted sub-types, which may well be solvable. By considering restricted families
of Hamiltonians (e.g. frustration-free 1D qubit Hamiltonians as above), we can still
hope to determine useful properties about these families.

Here we focus our attention on either one-parameter or two-parameter continuous
family of Hamiltonian which satisfy a computable “finite-size criterion” similar in
spirit to the Knabe bound, which gives an avenue to extrapolate to the infinite-size
limit, given conditions on how the local gap scales. Furthermore, the family of
many-body systems we include are promised to have a single critical boundary; either
a single critical point for the one-parameter case or a critical line in the two-parameter
setting. The two phases we delineate are a gapped and gapless phase, but can, in

principle, be any other type of phase of interest (e.g. topological).
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The finite size criterion assumes that if the gap decays sufficiently slowly
(resp. quickly) for increasing lattice sizes, then the overall Hamiltonian must be gapped
(resp. gapless) in the thermodynamic limit. This finite-size criterion immediately
implies that the system cannot have an uncomputable phase in the thermodynamic
limit, as solving for its phase on some finite-sized region is always a computationally
bounded task (if intractable, and where we exclude pathological cases of uncomputable
matrix entries or threshold sizes).

As a first contribution, we show that these finite size conditions place an upper
bound on the computational complexity of approximating critical lines, by placing
them within the class P@MAexP__j . solvable by a polynomial-time Turing Machine
with a QMAgxp oracle—and which is deemed “slightly harder” than just QMAgxp
[Amb14].

For these restricted sets of one or two-parameter Hamiltonians, we show that
the problem of determining the critical boundary in parameter space to even constant
precision is QMAgxp (for the one-parameter case) resp. P@MAexP_hard (for the
two-parameter case).

Loosely speaking, we prove the two following theorems (the rigorous versions

are given in section 7.3).

Theorem 7.1 (Informal). Let {Hy} be a family of local translationally invariant
Hamiltonians on an infinite lattice, indexed by N € N, and such that Hy = Hy ()
depends on an external parameter ¢ € [0, 1]. Suppose the following promises hold
for Hamiltonians in this family: i. For all ¢, the phase in the thermodynamic limit
can be extrapolated from the order parameter obtained from a finite lattice size; and
ii. There exists precisely one critical parameter ¢* such that for ¢ < ¢*, the system
is in phase A; otherwise in phase B. Then the problem of determining ¢* to even
constant precision is QVIAgxp-hard; and determining ¢* up to polynomial precision

(in N) is contained in PAMAexp,
And the two-parameter case reads as follows.

Theorem 7.2 (Informal). Let the setup be as in theorem 7.1, but such that now

Hy = Hy(¢,0) depends on two parameters ¢ € [0,poly N] and 0 € [0,1]. Suppose
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the following promises hold for all Hamiltonians in this family: i. For all ¢ and 6,
the phase in the thermodynamic limit can be extrapolated from the order parameter
obtained from a finite lattice size; and ii. There exists precisely one critical boundary
©*(0) such that on one side the system is in phase A; on the other side in phase B. Then

determining the critical boundary ¢*(0) to constant precision is PMA®_complete.

We emphasise that in theorem 7.2, the precision to which ¢*(6) is to be resolved
in the ¢-direction is constant, but over a poly N parameter range, in contrast to the
f-direction, and the theorem 7.1 case. The two phase diagram cases that are hard to
differentiate between are shown in fig. 7.4 for the 1-parameter case and fig. 7.1 for
the 2-parameter case.

This means that even for systems satisfying the finite size criterion and a
promise of a single phase transition within the parameter range, there is unlikely to
be an efficient analytic method or efficient computational algorithm to determine
gapped/gaplessness—or, more generally, phase diagrams (unless QMAgxp is effi-
ciently solvable). In other words, even if we restrict to the set of Hamiltonians
which are known to be gapped/gapless in the thermodynamic limit based on some
finite-size scaling criteria, and even if we know that the regions within which the
system is gapped or gapless are delineated in a smooth manner, determining the
critical boundary between these regions is generally computationally intractable.
Alternatively, any efficiently-computable condition cannot fully characterise the set
of all many-body phase diagrams, even if the phase diagrams are simple, and even if
the many-body systems satisfy finite-size scaling criteria.

Furthermore, this implies that for nearest-neighbour, translationally invariant
Hamiltonians which have exactly two phases and a single critical boundary, de-
termining the phase diagram to O(1) precision is computationally difficult. In
particular, we show that there exists a Hamiltonian with two parameters (¢, §) with
a phase diagram which looks like one of the cases illustrated in fig. 7.1; however
determining which one of the two is P@MAexP_complete. We contrast this with the
undecidability/uncomputability results which require an infinite number of phases,

and which only satisfy a local-global promise for an uncomputably large system.
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Overview of the Chapter. This chapter is organised as follows. In section 7.2 we set
up necessary notation, give basic definitions and summarise some results derived
elsewhere that our construction relies on. Furthermore, we formally define the
local-global conditions (definitions 7.3 and 7.4), as well as the critical parameter
problems 1-CRT-PRM and 2-CRT-PRM in definitions 7.5 and 7.6. In section 7.3, we
summarise the two main results, leading up to the containment proof in section 7.4,
and the two explicit hardness constructions in sections 7.5 and 7.6. In section 7.7, we

finally give a fairly extensive discussion of further implications and open questions.

7.2 Preliminaries

7.2.1 Notation

We denote the evaluation of logical formula as with square brackets. For example, for
x,yeR, [x>y]isequalto 1 ifx >yandOifx <y. Forz € {0,1}, then [[x > y] Az]
is then the logically AND of [x > y] and z. We further abbreviate the integer set
[n] :={0,...,n—1} for n € N (context should make clear what the square brackets
mean). For sums in large expressions we will often write ., ., to represent a sum over
all y and x such that y < x, instead of >, >.,,.,. The domain and running variables in
these cases will be clear from the context. Finally, in this chapter we will also be

using the definitions of gapped and gapless used in definition 3.1 and definition 3.2.

7.2.2 Quantum Phase Transitions

We formally define one- and two- critical parameter problems rigorously in this
section; to this end, we first need to rigorously introduce what we mean by the term
critical parameter for a local Hamiltonian in the thermodynamic limit. We use the
definition of quantum phase transition given in definition 2.1 (which is the definition

given by Sachdev).

Definition 7.1 (Critical Parameter/Critical Point, ¢*). Let H(¢,{0;}:) be a Hamil-
tonian defined in the thermodynamic limit which undergoes a phase transition as
a function of ¢. Then a critical parameter is a point at which the phase transition

happens when all other parameters are held constant. We denote this point with ¢*.
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7.2.3 Finite Systems and Relation to the Thermodynamic Limit

For experimentalists with access to only finite-sized systems and finite precision
measurements, it may not be possible to determine where non-analyticities occur
in the ground state energy, and thus to determine where the phase transitions take
place. Instead of pinpointing the critical point itself, measurements that indicate
which phase one is currently in are often used instead; multiple such observations

then allow bounding the exact location where a phase transition is likely to occur.

Order Parameters. Commonly an order parameter is an observable which charac-
terizes a certain property of a phase and is used to distinguish phases for a system.

One possible definition is given as follows.

Definition 7.2 (Efficiently Computable Local Order Parameter). Assume a transla-
tionally invariant Hamiltonian HMP) (@) = 2.y hij (@) has two phases A and B,
and let h; j () be describable in n bits. A local order parameter O 4/ is a projector
O 4/ that is O(1)-local and computable in poly(n) time, if (O a/p) undergoes a

non-analytic change between phases A and B at a critical parameter ¢*.

All order parameters we will use will trivially fall into this category, as can be easily
verified. We note that compared to our definitions of order parameters used in
previous chapters, here we have a constraint on how easily the order parameter is
computable. For the most part, this is just a technicality.

For a finite system, examining how the order parameter of the systems changes
could yield insight over the phase that the system is in when approaching the
thermodynamic limit, assuming that for a particular set of parameter values ¢, 0, ...,
and a sufficiently large systems size the system is in the same phase as in the
limit. While this is not generically the case [CPW15; Bau+18b; BCW19], many
Hamiltonians studied in nature do have this property: for sufficiently large but finite
sizes, the order parameter indicates the same phase as it would in the thermodynamic
limit [PT81; BZJ85; HB8E].

We formalise this notion of being able to extrapolate from a finite-size system

to the thermodynamic limit with the following definitions.
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Definition 7.3 (Local-Global Phase Condition). A translationally invariant Hamilto-
nian HMP) (@) = 2.5y hi.j () defined on a square lattice A(L) is defined to have
the locally-globally phase property if in the thermodynamic limit it has two phases
A and B distinguished by an order parameter O 5;p. If h; j (@) is describable in n
bits, then there exists an integer Ly = O(exp(poly(n))), an w = Q(1/poly(L)) and
polynomials p,q with 1/p(L) —1/q(L) = Q(1/poly(L)) such that for the states |\yr)
satisfying (W| HMP) () ) < Amin (HAMP) (9)) +w the following holds:

Phase A: iffor L = Lo and |¢ — ¢*| > 1/poly(L), such that (y/|O a/p|¥) < 1/p(L), then

HMD) (@) is in phase A for all L > Lo and in the thermodynamic limit.

Phase B: if for all L = Ly and |¢ — ¢*| > 1/poly(L), such that (¢/| O o/g ) > 1/q(L),

then HML) () is in phase B for all L > Lo and in the thermodynamic limit.
Furthermore, L is independent of ¢ and is computable in time poly(n).

We note that this condition is fulfilled by many Hamiltonians. For example,
for the transverse quantum Ising model in 1D, a phase transition occurs in terms of
the ratio of magnetic field strength to coupling strength. In this case, we see that
magnetization along the Z direction acts as an order parameter and satisfies the above

condition [Sac11].

The Spectral Gap. Treating the Local-Global phase condition in a more generic
sense, i.e. as a property that holds locally and lets you deduce thermodynamic
properties, unveils other familiar conditions that allow a similar picture. One such
set of conditions are Knabe bounds [Kna88]. In brief, Knabe bounds treat the case
where one phase has is gapped while the other is gapless, and the gapped case can be
discriminated by the gap behaviour on finite-sized systems.

More concretely, the condition is such that the spectral gap remains open—i.e.
lower-bounded by a constant—in the thermodynamic limit if it closes sufficiently
slowly at finite lattice sizes. In other words, if we take a Hamiltonian restricted to
a finite but growing region of the interaction graph, and if the spectral gap on this

restricted graph closes slowly enough then the system is guaranteed to be gapped in
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the thermodynamic limit. Such a Local-Global gap bound has been shown to exist
for the unfrustrated case [Kna88].

In particular, Knabe proved that if the local gap on N spins is larger than the
threshold value 1/(N — 1) for some N > 2 the system is gapped in the thermodynamic
limit [Kna88]. Recently improvements to this bound have been made such that the
threshold value is 6/ N (N + 1) which is known to be asymptotically optimal [GM16].
Another well-known method of bounding spectral gaps is given by Nachtergaele
[Nac96], successively improved by [SS03; KL18]. Based on relations between
ground space projectors, it says that if a model is gapless then the spectral gap cannot
decay too slowly with system size.

We define a “finite-size criterion” which states that provided the spectral gap
decays sufficiently quickly/slowly as the lattice size increases above some computable
lattice size L, then the Hamiltonian is gapless/gapped in the thermodynamic limit.

Given this criterion, we examine the complexity of Hamiltonians which satisfy it:

Definition 7.4 (Local-Global Gap Condition). A translationally invariant Hamilto-
nian HMP) (@) = 2.5y hi.j (¢) defined on a square lattice A(L) is defined to be locally-
globally gapped if there exist polynomials p,q with 1 /p(L)—1/q(L) =Q(1/poly(L))
and Lo € N such that

Gapped: if A(H P (¢)) > 1/p(L) for some L = Ly, then there exists a constant ¢ > 0

such that in the thermodynamic limit the spectral gap lim _,., AC(HD) (¢)) > c.

Gapless: if A(HMP) (@) < 1/g(L) for some L = L, then the Hamiltonian is gapless in

the thermodynamic limit.

Furthermore, Ly is independent of ¢. Let h; j(¢) be describable in n bits, then Ly is

computable in time poly(n) and Lo = O(exp(polyn)).

This is in part motivated by Knabe’s bound: if we consider the gapped case as
providing a lower bound (and ignoring the gapless case with its 1/g(L) bound) then
we get a version of Knabe’s bound where it is explicitly promised that the system

size for which the “gappedness” can be verified at is poly-time computable.
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Knabe’s bound states that provided for some system size N > 2 if the spectral
gap is greater than 1/(/N — 1) then the Hamiltonian is gapped in the thermodynamic
limit. However, the point at which this happens can be at any N. As such this does
not necessarily conflict with the possibility of undecidability results for frustration-
free Hamiltonians (similar to those proved in [CPW15]). Instead, the size of the
systems for which the Knabe bound holds would be uncomputable (and thus actually
implementing the bound is uncomputable). The Local-Global gap we have assumed
to hold in definition 7.4 is explicitly computable and L is assumed to be computable
in polynomial time, thus forcing the problem of determining the spectral gap to be
decidable for systems satisfying definition 7.4.

As such our promise is strictly stronger than the regular Knabe bound. It is
further worth noting that the polynomials that bound the gaps will vary between
different classes of Hamiltonians and that by standard padding arguments the exact
scaling of these polynomials is not overly relevant: if, for instance, the gapped/gapless
property of the many-body system is determined by patches distributed across the
system, where the density of the patches goes as ~ 1/VL in the system size L, the
polynomials p (L) and ¢(L) can effectively be replaced by p(VL) and ¢(VL). This
argument is the same as for the local Hamiltonian problem, where the 1/poly promise
gap can be magnified with the same technique—naturally without any interesting
implications regarding the problems’ complexity, or the resulting phenomenology
exhibited by the system.

In this work, we shall consider different classes of Hamiltonians that have
distinct polynomial scalings; the exact form of which is irrelevant, but crucially all of

them obey the finite size criteria as per definition 7.4.

7.2.4 Critical Parameter Problem Definitions

With the notion of phase transitions and Local-Global properties clarified within the
last two sections, we can now define the Critical Parameter Problem (1-CRT-PRM)

as follows.

Definition 7.5 (1-CRT-PRM ).
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Input: N € N. A constant-size set of k-local interaction terms h'V (@) € B((C)®S),
forl € I, and such that S; C A, and |S;| < k V1. Two positive numbers @ < f3
which satisfy B—a =Q(1/f(N)). a,B and the matrix entries of each of the
{hD (@)} are specified to |N| := [log, N'| bits of precision.

Promise: Let S+ (i,j) ={(a+i,b+J): (a,b) € S}. Define the translationally-invariant

Hamiltonian on A via

Hi=) > hsuip(p). (7.1)

lel (i,j)eA

H has two phases A and B, and satisfies a Local-Global property as per
definition 7.3 or definition 7.4, for some Lo = poly N, independent of ¢. There
is precisely one critical parameter ¢* € [0,1]\ [, B] as per definition 7.1. If

@ < @* the system is in phase A, and for ¢ > ¢™ it is in phase B.

Output: Yes if ¢* < a.

No if ¢* > .

This problem characterises the hardness of estimating the point at which there is a
phase transition (e.g. from gapped to gapless), for a one-parameter translationally-
invariant Hamiltonian which is promised to have precisely one such transition; the
input is the specification of the Hamiltonian to precision N, and the input size (given
in, say, binary) is thus linear in |N|.

We kept the precision to which the critical point has to be estimated as a
parameter, denoted by the function f subscript to the problem definition; in brief,
I-CRT-PRM,,1y denotes the case where we wish to approximate it to precision
Q(1/poly), and we define the “precise” version of the problem to be Precise-1-
CRT-PRM = 1-CRT-PRM¢y;poly.  For ease of notation, we let 1-CRT-PRM =
I-CRT-PRMg(1) be the case where the phase transition has to be estimated to
constant precision.

We emphasise that while the subscript determines the precision to which we

wish to compute the critical point, the Local-Global property as per definitions 7.3
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and 7.4 is still required with polynomial precision throughout. Natural extensions of

definition 7.5 where either scalings are given as parameters are of course possible.

A two-parameter variant of 1-CRT-PRM can be defined analogously as follows.

Definition 7.6 (2-CRT-PRM).

Input:

Promise:

Output:

N € N. A finite set of k-local interactions h'V (6, ¢) € B((CH)®S), forl €I,
and such that S; C A, and |S;| < k VI. Four positive numbers a) < 81 and
) < B, such that the rectangle [a 1, B1] X [a2, B2] covers an Q(1/f(N)) area.
a1, 81,2, Bo and the matrix entries of each of the {h'") (8, )} are specified to

poly(|N|) bits of precision.

H is defined as in eq. (7.1), and satisfies a Local-Global property for two phases
A and B, as per definition 7.3 or definition 7.4 for Lo = poly N, independent of
0 and . The critical line 0 () is a function of p—i.e. for each ¢, there exists
exactly one critical parameter 0" as per definition 7.1 such that H(6, ¢) is in
phase A if 0 < 0%, and in phase B if 6 > 6*. The critical line 6*(y) is either
such that the rectangle R := [a1,B1+y] X [z, B2+ Y] lies completely in phase

A, or completely in phase B, where
y :=max{¢" : H(0,¢) is in phase BY¢ < ¢*,V0}.
is promised to be well-defined, and that H(0, ¢) is in phase A for all ¢ >y,

and in phase B for all ¢ < y.

YEs if the critical line is such that rectangle R lies in phase A.

No otherwise. !

We emphasise that this definition is a direct analogue of the 1-CRT-PRM case,

where the rectangle’s role was taken by the one-dimensional interval [a,f]; the

offset y is necessary to obtain a well-defined problem definition, and is analogous to

how

APX-SIM (definition 6.1) is defined with respect to a “natural reference point”,

IThis order is switched compared to the 1-CRT-PRM case, matching the bounds for APX-SIM,
whereas the bounds for 1-CRT-PRM match those of the Local Hamiltonian problem.
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Figure 7.1: The two possible phase diagrams for the family of 2-parameter Hamiltonians we
construct. The critical line ¢*(0) is continuous, and there is a (1)-sized area
which in the first case is guaranteed to be completely in phase A (e.g. a gapped

phase), and in the second case completely in phase B (e.g. a gapless phase), for

parameters 6 X ¢ € [0, 1] X [0,poly N]. We prove that determining which of the
two cases holds is a P@MAexP_complete problem.

i.e. the Hamiltonian’s ground state energy. The “natural reference point” for phase
diagrams we choose is simply a point along one of the parameter axes below which
the system is completely in one of the two phases, as shown in fig. 7.1.
Other equivalently well-motivated definitions can of course be given. We give
the following variant of 2-CRT-PRM, which reads more akin to the way 1-CRT-PRM

is formulated, but which is otherwise identical in meaning to definition 7.6.

Definition 7.7 (2-CRT-PRMy, alternative formulation).

Input: N € N. A finite set of k-local interactions h'V (0, ¢) € B((C4)®%), forl €1,
and such that S; C A, and |S;| < k V1. Positive numbers ¢,a1, 1, such that

Bi—a1 =Q(1). ay,B, ¢ and the matrix entries of each of the {h'") (6, @)} are
specified to poly(|N|) bits of precision.

Promise: H is defined asin eq. (7.1), and satisfies a Local-Global property for two phases

A and B, as per definition 7.3 or definition 7.4 for Lo = poly N, independent
of 8 and ¢. The critical line 6" (@) is a function of p—i.e. for each ¢, there

exists exactly one critical parameter 0 as per definition 7.1 such that H(60, ¢)
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is in phase A if 0 < 6%, and in phase B if 8 > 6. It is promised that

y = max{¢"* : H(0, ) is in phase BV < ¢*,V0}

is well-defined, and that H(0, ) is in phase A for all ¢ >y, and in phase
B otherwise. Furthermore, there is an interval S, = [y +«k,y+2«] for k =

Q(1/f(N)), such that if ¢ € Sy, then for all ¢ € S, either 0*(¢) > B or
0" (¢) < aj .

Output: YEs 0*(¢) > By forall ¢ € Sy.
No 60*(¢) < a; forall p € S,.2

While definitions 7.6 and 7.7 sound somewhat contrived, we emphasise that
the core idea behind it is analogous to how APX-SIM is defined. The latter asks:
if I take a low-energy state, what’s the expectation value with respect to a given
observable? It is natural, in this context, to imply the ground state within the problem
definition, and not to demand it to be given as input in first place. In a similar fashion,
to approximate a critical line in a phase diagram to some desired precision it is
conceivable that one knows a region below which the phase diagram is entirely in
one phase; and to draw the critical line from this reference point onward to some
desired precision.

Just as the precision to which we wish to approximate the ground state energy
dictates how hard a problem it will be, the Local-Global properties are in place
to ensure we can prove containment of the problems, i.e. to place them within a
complexity class that solely depends on how hard it is to solve the Local-Global
property. Example variants—and the ones we will focus on in this paper—are when
phase A and B are gapped vs. gapless states; the Local-Global property is then given
by definition 7.4.

When proving complexity results, we will be interested in the class QMAgxp,

which is to QMA what NEXP is to NP; its use over QMA is a technicality based

2This order is switched compared to the 1-CRT-PRM case, matching the bounds for APX-SIM,
whereas the bounds for 1-CRT-PRM match those of the Local Hamiltonian problem.
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on how the input for a translationally-invariant system is specified (i.e., as a single

interaction term repeated over the lattice).

7.2.5 APX-SIM

To prove the hardness result for the two-parameter case, we will prove a reduction to
the hardness of simulating measurements on local Hamiltonians.

As we aim to establish the hardness of 2-CRT-PRM for translationally-invariant
Hamiltonians, we will consider the following variant of APX-SIM discussed in
chapter 6. We put it in a form more comparable to the definitions of CRT-PRM, but

it is essentially the same as definition 6.1:

Definition 7.8 (V-TI-APX-SIM(H, A, a, b,0) [GPY20]).

Input: Local term h of a translationally invariant Hamiltonian H =} h, and a local
observable A, and real numbers a, b such that b—a > N~ for N the number

of qubits H acts on and c,c’ > 0 some constants.

Promise: Let Ss be the set of all states ) satisfying (Y|H |y) < A(H)+6 for 6 > N™C.
For any |§) € Ss, we have either (| A|y) > b or (Y| Aly) < a.

Output: YEs (Y| A|Y) = b forall |) € Ss.
No (Y| A|¢) < a forall |y) € Ss.

Thus the problem promises that all states within energy ¢ of the ground state (i.e.
low-energy states) have similar expectation values when measured relative to A.
(Note we have switched the yes and no instances from those defined in [GPY?20],
however, this choice is arbitrary and does not change any results). We will also make

use of corollary 6.1.

7.2.6 The Gottesman-Irani Hamiltonian and the Local Hamilto-

nian Problem

We will make direct use of Gottesman and Irani’s constructive hardness proof showing

that the translationally-invariant Local Hamiltonian problem is QMAgxp-complete,
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in the sense of utilising the ability to encode quantum computation into the ground

state of a Hamiltonian, and summarize their result in the following statement.

Theorem 7.3 (Gottesman and Irani [GI09]). A Gottesman-Irani Hamiltonian G y =
l].i hi is a translationally-invariant nearest neighbour Hamiltonian on a one-
dimensional spin chain with finite local dimension d € N, and with open boundary

conditions; Gy has the following properties:

1. Forall N > 10, the ground state of G y is a history state which encodes a binary
counter with output N — 2 in binary; and then takes this as input to a universal

quantum Turing machine M. Part of the input to M remains unconstrained.

2. If N describes a QMA verifier and a valid problem instance for it—as e.g.
shown in [BCO17, Fig. 11]—then there exist two polynomials p,q such that
1/p(N)-1/q(N) =Q(1/poly N), and

> 1/p(N) if M outputs No
/lmin(GN)
<1/q(N) if M outputs YEs.

Determining which case occurs is QMAgxp-complete.

The existence and construction of G is a by-now standard technique; aside
from Gottesman and Irani’s original construction there also exists a lower local
dimension variant with local dimension d =42 [BCO17]. Other nondeterministic
computations can be encoded in a similar fashion, and we will make use of this fact

in section 7.6 (as seen in chapter 6).

7.3 Main Results

Now that we have introduced the necessary technical background, we can give

rigorous statements of our two main results, theorems 7.1 and 7.2.

Theorem 7.4. 1-CRT-PRM is QMAgxp-hard and contained in POMAexp for Hamilto-

nians satisfying either definition 7.3 or definition 7.4.
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In fact, we prove a slight bit more than this; we show that 1-CRT-PRM is
QMAExp-hard, even if the parameter is only to be inferred to constant precision (as

stated in the informal theorem 7.1).

Theorem 7.5. 2-CRT-PRM is P@YAexe_complete for Hamiltonians satisfying either

definition 7.3 or definition 7.4.

Containment within some complexity class for the two cases hinges, as afore-
mentioned, on how hard it is to answer the respective local-global properties; the
corresponding reductions are proven in section 7.4; for us, we will constrain the
threshold system size for the local-global promises to be polynomial in the input
size, which in both cases will result in a containment within P@MAExP  Whether
containment for the 1-CRT-PRM case can be made tighter (e.g. prove containment
within QMAEgxp) is an open question (see the extended discussion in section 7.7).
We prove the two hardness results in sections 7.5 and 7.6, respectively, by explicitly
constructing translationally-invariant nearest neighbour families of Hamiltonians

which encode the answer of a QMAgxp resp. PAMAexp

-hard problem within the
decision problem of whether the system is in phase A or B.

Each Hamiltonian will be defined on a lattice A, {Hy(¢) }nen, Where Hy (@) =
inj hl(\’}’j)(go) + DlieA hx)(go) for neighbouring sites i ~ j, i,j € A. All local terms
hD = h}i} ® 1A\(i}» and analogously for h()) constructed from a constant two-site
matrix 4. Furthermore, all the matrix entries of 4! and h? will be specified
to O(|N|) = O(log, N) bits of precision; and naturally we allow the local terms
to depend on the family parameter N in a trivially-computable fashion (i.e. we
demand the matrix entries have to be computable classically from N in time
poly |N|), where we do however require a constant-bounded interaction strength

lRY), 172 < 1. As aforementioned, containment in P@MAe®is a corollary of the

local-global phase/gappedness promise imposed on the systems.

7.4 Containment of 1- and 2-CRT-PRM in PQMAzxp

Lemma 7.1. Consider a Hamiltonian H %) (@) such that the local terms are

describable in n bits, and that satisfies the global-local gap condition (definition 7.4)
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. Then for n = O(log(L)) determining whether A(HM) (¢)) > 1/g(L) or < 1/p(L)

for any point in parameter space is in PQOMAexp

Proof. The algorithm showing containment of SPECTRAL GAP (as defined in
[Amb14]) in PAVAIOGl can be used. However, now the Hamiltonian is promised
to be translationally invariant, we need exponentially less information to input the
Hamiltonian; the only input is now L which only requires n = O(log(L)) bits to
express. As the required precision, on the other hand, is still 1/poly L, the relevant

complexity class is now POMAexe O

Lemma 7.2. Consider a Hamiltonian HM%) (@) such that the local terms are describ-
able in n bits, and that satisfies the global-local phase condition (definition 7.3). Then
forn=0(log(L)) and all states (| HMP) (@) [¢r) < Amin(HMP) (@) +w determining
whether ({(¢/|Os/l¥)) = 1/q(L) or < 1/p(L) for any point in parameter space
such that |¢ — ¢*| > 1/poly(L) is in PAMAexe,

Proof. Follows directly from corollary 6.5 in the following way. Set ¢ from the
definition of V-TI-APX-SIM in definition 7.8 to be equal to the energy parameter
w from definition 7.3. Let the order parameter O 4,p be the local observable to be
measured (i.e. A in the definition of V-TI-APX-SIM), and let the polynomials p, g
correspond to the bounds a,b. Then finding (|04, |¢) for a state with energy
W H D (o) |¢) < Amin(HAE) + w is just an instance of V-TI-APX-SIM. O

Theorem 7.6. Let H be a translationally invariant Hamiltonian with local terms
describable in n bits, and on a lattice of size L = exp(polyn)). Further let H satisfy
either the global-local gap property in definition 7.4 or the global-local phase
property in definition 7.3, and have a critical point at ¢*. Then the 1-CRT-PRM and
2-CRT-PRM are contained in POMAex?,

Proof. We start with the more general case.

Local-Global Phase Assumption. For 1-CRT-PRM, we must show it is possible to
find an approximation ¢* such that for n = O(log(L))

| —¢*| < O(1/poly L) = O(1/expn).
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with an algorithm in P@MAex

The algorithm is as follows:
* Calculate Ly. By definition 7.3, this can be calculated in poly(n) time.

» Take a Lo X Lo region of the lattice. Using the algorithm in lemma 7.1,
determine (O 4,p) = (Y| H |y) for states satisfying (¢/| H [f) < Apin(H) +w to
precision 1/r(Ly), where r(L) > q(L) > p(L). As per lemma 7.2, this can

be done using poly(n) many calls to a QMAgxp oracle.

* If (O4/p) < 1/p(L)+1/r(L) then by the global-local phase condition defini-
tion 7.3, the Hamiltonian must be in phase A. If (O 4,5) > 1/q(L)—1/r(L),
then we know it must globally be in phase B. Due to the earlier promise, we

are guaranteed that it satisfies one of these conditions.

* Perform a binary search through the parameter space of ¢. Using O(poly(n)) =
O(log(L)) runs of the algorithm we can identify the point at which the order
parameter from (O4/p) < 1/p(L)+1/r(L) to {(Oa/p) > 1/q(L)—1/r(L) or
visa-versa to within O(1/poly(L)) precision. The interval in which the

expectation (O 4,p) changes must contain the critical parameter ¢*.

* The result is we get an estimate ¢* such that

|¢* —¢*| <O(1/poly L) = O(1/expn).

Finally we note that running the algorithm to compute the (O 4,p) takes poly(n) =
O(log(L)) QMAExp queries at each point in parameter space. To do the binary
search procedure, we choose poly(n) points, each of which runs this algorithm.
Thus, overall we make poly(n) = O(log(L)) queries to the QMAgxp oracle and hence
1-CRT-PRM is in P@MAexe,

For the 2-CRT-PRM case, the extra ingredient is the offset y = ¢* along the 6 =0
axis in definition 7.6. As we are promised that there is a unique such critical point,

we can use binary search for the special case H(0, ) to approximate y to precision
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O(1/expn) which takes at most poly(n) oracle queries. Using definition 7.7 as our
definition of 2-CRT-PRM, we choose some ¢ € [y +«k,y+2«] and query the order

parameter for that point as above. This can all be done in P@MAexe,

Spectral Gap Assumption. The proof for containment in the case that the Hamiltonian
satisfies the global-local spectral gap condition is almost identical. This is because the
algorithm to determine the spectral gap to precision O(1/expn) = 1/poly L precision

is also contained in P@MAexP a5 shown in lemma 7.1. O

7.5 QMAgxp Hardness of 1-CRT-PRM

In order to prove QMAEgxp-hardness of 1-CRT-PRM, we explicitly construct a 1-
parameter family of Hamiltonians Hy(¢) on a qudit lattice A, where N € N and
¢ € [0, 1] are encoded into phases of a local term, and with all matrix entries specified

to bit precision of at most |N|.

Proof Outline. The local terms 4" (¢) will be a function of two parameters: N and ¢
(both encoded into the phase of a local term). Here N encodes the problem instance
and should be thought of as changing the form of the Hamiltonian. This point is
subtle, but important: in the thermodynamic limit, where the lattice size is infinite,
the only term that encodes the instance is the local coupling terms A" (¢). For every
such 7", we now ask: is the critical point ¢* above or below some threshold? This is
entirely analogous to the local Hamiltonian problem, where say the size of the spin
chain N determines the instance, and we ask whether the ground state is above or
below some threshold. So what does N encode? It is an integer that encodes the hard
problem that we reduce to the phase decision; as such, not all N might be valid (as the
hard classes we use in the reduction are promise problems; as such, there might be
invalid N too for which we cannot say anything). When making reductions between
promise problems we need only show that if the promise of the initial problem is
satisfied, then the promise of the problem we are mapping it to much also be satisfied.
We will not be concerned with the case where N corresponds to an invalid instance.

In contrast to the LH Problem, or the question of whether a system is gapped or

not in the thermodynamic limit, we know by construction that the system will be in
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phase A or B for various choices of ¢. This means ¢ is the parameter of interest: we
ask whether the critical point ¢* is above or below some threshold—just as we could
have asked for the spectral gap to be larger or smaller than some threshold, or the
ground state energy for that manner—or the colour of the resulting material. This,
in turn, means that every instance, indexed by N, is itself a family of Hamiltonians,
parameterised by ¢, and 1-CRT-PRM asks questions about families of Hamiltonians.
The complexity scaling will then be in terms of |N|, i.e. the number of bits required
to encode N, as the input size, or precision to which we describe the matrix elements
of the local terms. This is entirely natural: we would expect the problem to be
ever harder the more precise we specify the local terms; and the precision to which
we want to resolve a critical point to be related to the precision to which the local

Hamiltonian is specified as well.

Proof Outline. Hy () is constructed so that its ground state partitions the lattice
into checker board grids of varying side length (motivated by the idea in [BCW19]).
Within each square of the checker board there is a QTM-to-Hamiltonian mapping,
which means that its ground state is a so-called “history state”; for the particular
Turing machine we choose to encode, the ground state represents the following

procedure:
1. Perform QPE to extract N from local terms.

2. Perform a phase comparator QPE on the unitary encoding ¢ and exp(itGy),
where Gy is a translationally-invariant local spin Hamiltonian with QMAgxp-
hard local Hamiltonian problem (on a spin chain of length N). This computation
is performed with an unconstrained input state. Assuming said input state is an
eigenstate of Gy with eigenvalue A, the phase comparator QPE extracts the

difference A — ¢ to bit precision ~ |N|.
3. If ¢ < A we set an output flag to |0). If ¢ > A we set it to |1).

We can then give an energy penalty to the |0) state of the flag qubit at the output
of this computation, which ensures that the hitherto unconstrained input state to

the phase comparator QPE assumes Gy’s ground state; we can thus assume that
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A = Anin(Gy). Adding an unconditional bonus on the square size that the history
computation runs on (using a 2D Marker Hamiltonian), this combination of history

state and Marker Hamiltonian results in a ground space energy

<0 if ﬂmin(GN) <, and
/lmin(HN(‘p)) =
>0 otherwise.

As G y satisfies a promise gap, there will also be a promise gap on Apin (Hy (¢)) with
respect to ¢.

We will describe this construction outlined above in rigorous detail in the
following sections; we start with the construction of the quantum Turing machine
performing the listed operations in section 7.5.1, and under the assumption of
having access to all necessary gates directly. In section 7.5.2, we do away with
this assumption and replace the execution of exp(irGy) with a variant based on
performing Hamiltonian simulation; as well as using Solovay-Kitaev to replace all
remaining gates by a fixed gate set.

We then embed the resulting quantum Turing machine into a history state
Hamiltonian in section 7.5.3, combine this construction with a 2D Marker Tiling in
section 7.5.4, lift the phase comparison ground state energy to a phase transition in
section 7.5.5, prove that our construction has a unique phase transition in section 7.5.6,
and show the reduction QMAgxp — 1-CRT-QTM in section 7.5.7. Finally, in
section 7.5.8, we prove that this constructed family of Hamiltonians indeed satisfies

the local-global gap property from definition 7.4.

7.5.1 A Phase Comparator Quantum Turing Machine

In this section we consider a multi-tape QTM which will take as input two different
numbers N € N and ¢ € [0,1]3 as well as an input state |v) € (C?)®V. Rather
than straightforwardly inputting N, ¢ on the tape, we will give the QTM access to
particular gates such that when it performs quantum phase estimation on these gates,

the resulting string will be an encoding of N and ¢.

3Some of the previous theorems are stated for ¢ € [0, poly(N)]. We will actually prove a result for
¢ € [0, 1] first and then extend it to a larger interval.
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As we require both numbers to be extracted from the complex phase of a unitary,
we need to encode them into the fractional part of the phase in some fashion. To this

end, we devise the following encoding map for N:

Definition 7.9 (Encoding). Let (- ,-) represent the string concatenation operation,
let k be a fixed integer, and let n = |N|. Let a string w € [4]*" = ([4]", [4]") be valid
if w e ([2]",2*"), and denote the set of all valid strings of length 2n as V,,, where
further V .= J" | Va,. For N € N, we define

n times
—_—

enc:N—V where enc(N)=(N{Ny---N,,22---2)

where N has binary expansion N = N\N»---N,,. For z € N, we set enc™'(z) to be

the number 7 truncated to the first half (rounded down) of the base-4 digits of z.

We remark that the encoding is in base 4 and hence the number of bits required
for enc(N) is |enc(N)| = 4|N|. We note that for the inverse map in definition 7.9, we
have that enc™!enc(N) = N for all N € N, and such that if z has m base-4 digits (i.e.
m < 4™), it always holds that enc™!(z) < 2.

In this section we loosely speak of performing QPE to base four; this is of course
simply a shorthand for performing base 2 QPE with twice the number of bits; it is
straightforward to verify that the following derivation is well-defined in this context.
In order to assess how well-suited said encoding is to get a precise handle on the

QPE error, we formulate the following technical lemma:

Lemma 7.3 (Encoded QPE Extraction). Denote with V the set of all valid strings

from definition 7.9. Consider the map

V—R where V>3y+—0.y (inbase4)

and set U, = diag(exp(in0.y),1). Denote with |y| the length of y in base 4. Let
the output of performing quantum phase estimation on the unitary Uy, (wrt. to the
eigenstate |0)) with a perfect gate set (i.e. all gates are performed without error) on

t € 2N, t > 2 qudits be Y., c(ay: B |m). Then ift > |y|, By =1 and all other B; = 0; if
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t < |y| the total probability amplitude on valid strings is bounded as

1
2
Z 1Bm|” < 2

Proof. We consider QPE on ¢ qudits for two cases: t < |y|, # > |y|. The fact that we
work with base 4 numbers bears no significance since we indirectly treat the setup as
a base-2 QPE of twice the length, and it is useful to view the following proof through

this lens.

Case t > |y|. In this case the quantum phase estimation can be done exactly; this
means the probability amplitude on states which are not y is precisely zero [NC10,

Sec. 5.2].

Case t < |y|. In this case the QPE is not performed exactly and the output is some
superposition clustered around the best ¢ digit estimates of y; the following analysis
closely follows the QPE error analysis in [NC10, Sec. 5.2]. As QPE is done in little
Endian order, if we denote with b € [4]’ the string such that b/4' is the best ¢ digit
approximation to y less than y, we know that b is simply y truncated on the right hand
side to 7 digits. We note that b ¢ V; as the truncation means that b;/, # 2 (remember
that we assumed ¢ even, so 1/2 € N).

Denote with b’ € V; the closest valid string to y, in the same sense as b (i.e.

’

t/2
|b—b’| > 4'/2, as the two strings have to differ by at least 1 at the (r/2)™ position.

such that b’/4" is closest to y amongst all b’ € V;). Since b/, =2, we clearly have

By [NC10, Eq. 5.27] we see that the probability of measuring an outcome m

further than e € N away from b is bounded by

1
2(e—1)"

p(lb—m|>e) < (7.2)

As b’ was the closest valid string to y, we know that all other valid strings m € V,

also satisfy |b —m| > 42, This means

1 2112 1
2
Z 1bul” < Z 2(4112-1) = 2(412-1) =0

meV; meV;
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as |V;| = 2/2 by definition 7.9. The claim follows. |

QPE extracts the phase A of some unitary U with respect to an eigenstate |u)—i.e.
such that U |u) = ¢'! |u). This means the algorithm assumes that there exists a “black
box” capable of preparing the register |u) to be the correct eigenstate. More often
than not we do not have such a state: obtaining an eigenstate for an operator is
generally at least as hard as estimating the associated eigenvalue.# On the other hand,
this allows us to form a nondeterministic variant of QPE, in the sense that if we leave
|u) unconstrained, we can ask questions like “does there exist a state |u) for which
A, 1s less than a certain quantity?” This notion of a nondeterministic QPE has been
employed in different contexts before, e.g. in the context of Hamiltonian simulation
[Koh+20].

In the following lemma we will thus assume that the eigenstate |u) is an
external quantity to be supplied to the procedure, where we keep in mind that we
translate the algorithm to a history state Hamiltonian in due course. As history state
Hamiltonians allow for an unconstrained section (which can later be filtered by a
suitable penalty addition), the above decision problem of existence of a state |u) for
which 4, is below or above some threshold then maps naturally to the eigenspectrum
of the Hamiltonian. More concretely, as the particular unitary we are interested
in performing nondeterministic QPE on is itself a local Hamiltonian with a hard
ground state energy problem, the notion of existence/non-existence of an eigenstate
|u) with a phase A, below a certain threshold can be analysed precisely as in the
case of encoding a (nondeterministic) QMA verifier in hardness proofs of the local
Hamiltonian problem [KSV02].

In the remainder of this section, we will leave the number of bits to which
QPE is performed (generally called ¢ in the following) vs. the length of the chain on
which the Hamiltonian-to-be-analysed sits (generally called N, or an integer z < N
depending on the context) independent; yet in order to prove hardness, we will later
on require the number of bits large enough to resolve the promise gap of the encoded

Hamiltonian to high enough precision.

4Generally, it is as “cheap” to calculate (u|U |u) as it is to write out |u#), modulo polynomial
overhead.
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la)y —— ‘ @
phase gradient
o — | of U, —
" phase gradient QFT;" &= |out)
of U}
|b) »

Figure 7.2: Phase comparator circuit. For two unitaries U, and U, with eigenstates |a),
|b) and associated eigenvalues A,, 1, the output register |out) contains a ¢-bit
approximation to the phase 1, — 4, as can be seen by writing out the phase
gradient operations as given in [NC10, Fig. 5.2].

In order to compare two phases extracted via QPE, there is two options: extract
each phase individually and perform a binary comparison, or perform QPE on the
first unitary and the second unitary’s inverse and compare against 0. We opt for the
latter, as it will be easier to prove that a single critical point exists. Details in due
course.

We now describe the QTM we will utilise for the rest of the 1-CRT-PRM

hardness proof.

Lemma 7.4 (Multi-QPE QTM). Let G, be a Gottesman-Irani Hamiltonian on a
chain of length z, defined in theorem 7.3. Let N € N. Denote by U,,Uy € SU(2) and

Ug, the unitaries

_ LTI gin0.enc(N) ()
Ug, =€ U, = Uy =
0 1 0 1
where enc(N) is given in definition 7.9. Let |v) € (C%)®N.

Then there exists a quantum Turing Machine, denoted M(N,¢,t,|v)), with
access to the unitary gates U,, Uy, and Ug, for all z € [N], all powers 2,4,...,2!
of the Ug, gates, as well as Ry = diag(l,ezni/zk)for all k =1,...,t in addition to
the standard gate set; such that M acts on a Hilbert space of 2+ 4t +t qubits and N
qudits, plus a slack space of size at most polyt (left implicit in the following); and

such that M performs the following operations:

1. Initialise the first 2+ 4t +1 registers to zero, and assume the last N qudit

registers are in state |v).
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2. Execute QPE on Uy on 4t qubits to get a state

'y =100y ;@[ > 7:12) |@10)* @ )
ze[4]

where the 7y, are the amplitudes from quantum phase estimation of Uy.

For any basis state |z) in |x’) that is invalid, M places a marker on the first
qubit of the tape (the flag space, labelled with subscript f), such that the first
qubit is flipped to 1 if 7 € V;. This gives

) = D 110072120+ > 100) 1 7212) | @10)* @ |¥)

zeVy ¢V,

Let 7/ := min{N,enc™'(z)} as per definition 7.9, such that always z’ <2'. On
|v), the QTM performs a phase comparator QPE as shown in fig. 7.2 with
the two unitaries Ug_, (on the |v) register) and UJ, (on a |0) ancilla register).
More concretely, for the Hamiltonian G ., let its eigenstates be {|g, )} and
let |v) = g kg(2') |82)

into 7' and N — 7' qubits; as we chose the basis of the first subsystem, the |§z’,g>

fzf,g> be a decomposition with respect to a bipartition

are not necessarily orthogonal, but can be assumed normalised. Then the

input to this step can be written as

)= > v llzeVi0) 1 @100 © 3 ke() g2 ) |€xe).
8

ze[4]*

where [z € V;] is equal to 1 iff z € V; and is otherwise 0 (cf. section 7.2.1 for

notation). The output of the total QTM after this stage is then

X"y= ) vllzeViloy ) D > e, )kg () Ix)ger) 1€ g)

ze[4]? x€[2]t g

The a, (7', g) are the coefficients obtained from the comparator QPE routine

for operator G, and U, on eigenstate |g ).



7.5. QOMAEgxp Hardness of 1-CRT-PRM 269

5. The flag qubit is updated via |b0) ; — |b[x < 0]]) ¢, which corresponds to the

comparison Anin(G,) < ¢ to t digits of precision. The resulting state is

Y= D D> @ ) yekg (DD ) g e )+ (73)

ZGV, .XSO 8

SIS @l ) vke () [10) 12) ) )

zeVix>0 g

D2 2, @) yekg () 101) 1 12) ) g} ) +

Z¢Vt XSO 8

Z Z Z ax(2,8) 72k (2)100) ¢ [2) 1x) |82/

7¢V, x>0 g

Evg)+

szg>'

The QTM M runs for time T = O(2%).

Proof. This QTM can be implemented by dovetailing a set of QTMs which perform
QPE on 47 qubits for Uy, as well as ¢ qubits for Ug_, and U, T, where the last one
implementing the conditional QPE for G, can be trivially implemented by adding
additional control lanes. QPE without gate approximation to ¢ bits of precision
normally takes O(#?) calls to Ug,, (which we assumed to have access to as a single
gate for now) [NC10, Sec. 5.2]. Implementing the up to 2*-powers of the three phase
gates Uy, Ug_, and U:f, takes time oc 2¥. All other operations take time poly ¢, and it
is clear that the QTM does not need in excess of polyt of slack work space. Hence

we have an overall runtime of O(2%). O

For the next set of lemmas we define the following quantity: for the output state

|x) of M(N,¢,t) from lemma 7.4, we set

n(N. .t ) 2= Te ((TD(11],91) L))

:ZZZ|“x(Z"g)|2|7z|2|l<g(z’)|2 (7.4)

ZEVZ x<0 8

where as in lemma 7.4 we have z’ = min{N,enc™!(z)}. This is the total probability
that | ) will have an accepted flag—i.e. the first qubit will be in the [11) ; state as
given in eq. (7.3). It will later be shown that when the above QTM is encoded in a

circuit-to-Hamiltonian mapping, then the ground state energy depends on 7.
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8]

x /27" fort=4, or ye[-1/4,1/4]

Figure 7.3: 17(y, 1) (red line) for t =4 from lemma 7.5, vs. y € (=1/4,1/4). The interval
between the black dashed vertical lines denote the region within which we prove
17 to be strictly monotonously falling, and hence 7 from eq. (7.4) to be strictly
monotonously increasing; within the grey dashed areas the slope of the red line
is > 1, as shown in lemma 7.5. The shaded green region marks the interval
[1/3,2/3], which lemma 7.5 proves 7(y,?) to be bounded away from.

As a first step, we present a monotonicity argument for the value of 1 around

the point where ¢ equals the eigenvalue associated to an eigenstate |v) of Gy.

Lemma 7.5. Let |v) be an eigenvector of Gy with eigenvalue A, t > |N|, and let

n(N,@,t,|v)) be defined as in eq. (1.4). Then fort > |N|and ¢ € (1-27"+273/2 1 -
2—3[/2)

an(Na 90’t7 |V>) >

1.
de

Furthermore, forall ¢ < A—=27"+2732 n <7224 and o > 12732 n > 1 —n?24.

Proof. We guide the reader to fig. 7.3 to aid in an intuitive understanding of the
proof. As a first step, we abbreviate & := A —¢. By [NC10, Eq. 5.26] and eq. (7.4),

and relabelling L = x to follow the notation in [NC10] closely, we can write

0

NN, et ) = D73 e ) Pl Pl (P = > lawl
€V x<0 g L=-21"141
1 —exp(2mi(27é - L sin(2!
for ay o 1ZORPH@ED) _,  sin(2'n¢) (7.5)

1 —exp(2ri(6 =277L)) ~ sin(x(¢£-27L))
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where in the step marked with = we have used the fact that for z > [N/, precisely one
of the y; and «,(z’) equal 1, and all others are zero; so a, = a,(z’, g) for those z and

g for which vy, = k,(2") = 1. We set j(¢£,1) :=n(N,¢,t,|v)). As

A& =) laP=1-> lacl, (7.6)
L<0 L>0
we can calculate the midpoint where 77(&,¢) = 1/2; this happens at £ =27'~!, as can
be confirmed by explicit calculation.
Set y = &—2"""! and define n(y, 1) := 7(x +27""1,¢), such that 7(0,7) = 1/2,

and

sin?(2'm(—y +27171))
sin?(m((—y +271-1) =2-1L))

0
A=y 1) =a(—x+27") = 27
L=-2!"141
N ZO: s sin2(2' (= y =271 +271))
sin?(nr(—y —27-1 =2-1(L —1)))

L=-2/"141

B 2012_2, sin?(2'n(y +27"1) —n)

LS s (r(y+27171=27(1- 1))

t—1
~ ZZ s sin(2'x (y +27°1)
L=1

sin?((y +271-1 =2-L))

= 1-7(x.1), (7.7)

where in the line with = we added 27! —=277~! = () in the enumerator and denominator,

and in the last step = we made use of eq. (7.6).

Gradient Bound: Note that we can now write:

cos>(2iny)

|a,L|2:2—2t — )
sin“(w(y —27"1(2L-1)))
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From the above we see that:

0
o=y <m0
L=—21"141 sin(n(x =277 (2L - 1)))
2t—l_1 2[_]_1
= 22—21‘ COSz(th[X) — |a, L|2
i sinf(n(y+271(2L+1)) & ’

where we have just relabelled L — —L. Differentiating this expression wrt. y gives

"1 2™ gsin(2'y) cos (2'my)

— t—1_
297060
sin?(m(y +271"1(2L+1)))

6)( L=0

cos’(2lny)
sind (r(y+2--12L+ 1)) |

_27TCOS(7T(X+2_I_1(2L+ 1)))

Now note that forr > 1, y € (0,27"") and 0 < L <2'"! — 1 we have that 2'7y < /2
and 0 < m(y+27""1(2L+1)) < 7/2. Thus all of the sine and cosine terms in the
above expression are individually positive, and hence both the terms in the summand
are individually negative, for all 0 < L <2/~ —1.

We now focus on the O coefficient, i.e. @y. For 0 <x < r /2 the following

holds: 1/sin(x) > 1/x, thus giving:

52 daol?| 2" 'asin(2'my)cos(2'my) 78)
Ix (m(x+2771))2 '
2 cos?(2imy) 1
|ﬂ_()(-'_Tl)l?)COS(7I'()(+2 ! )) (7.9)

Now we consider the interval y € (0,271 —273/2) Within this interval, and for
t > 1, cos(2'my) has its minimum value at the rightmost limit, cos? (/2 —727"/2) =

sin®(727"/2) > 27", Similarly, we have that
2732, < 7T|/\/+2_’_1| <27,

and hence cos(m(y +2771)) > cos(r/4) > 1/V2. Together with eq. (7.9) and
dropping the term with sin(2’ n )() in the denominator (which vanishes for y — 0),

the 0™ coefficient o thus satisfies
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| aol?
Ox

w2 1 8V2
n2 1 _8V2 g (7.10)

221‘
“(m2 13T \h x2

Hence d|ag|?/0x < —1. Since 0|az|?/0y <0 for all 0 < L <21 —1, then
d|aol?/dx > dn/dy for y € (0,27171 —2731/2),

Thus .
onbet)
dx
Using the antisymmetry of the function 77(y,?) — 1/2 around the point y =0, we
see the same bounds on the derivative hold for the whole interval y € (—27'~! +

273t/2 pt=1_2-31/2) Finally, noting that 8 y /d¢ = —1

on(N,t,¢,|v)) -1
o -

for the interval ¢ € (1—27"+2731/2, 1 —2731/2),

Bounds Outside Interval. To address the bounds when y is outside of the monotonic-
ity interval y € [—1/4,1/4]\ (=27%/2+2731/2,271/2 —2731/2) 'we again by eq. (7.7)

we only have to consider the right half of the interval. There we have

0

= . cos?(2'my)
At =) lalF=) 27—
Lzs() L:;IH sin’(z(x +2771 =27(L+1)))

211

2—2t

- ;) sin?(m(y +27"1+271(L - 1)))

2[—1
2—21
- (7.11)

where in the step = we again added and subtracted 2~'~! in the denominator. For

ye[2771 =232 1/4] and L=1,...,2""!, we can bound

Ay +27"7 427 L) > m2 7N (L+ 1) —n2732



274 Chapter 1. Complexity of Finding Critical Points

and thus

1
sin(n()(+2—f—1 +2—fL)) > sin(n(z—f(u ) —2‘3”2)) > > xm(27 (L+1) =277,

(7.12)
Combining eqgs. (7.11) and (7.12), we get
=( t) 27—1 1
PO = L v 1 -2y
431 (0 2717
5—22—2(1‘ )
b L:2L
4 51 227112 2~
=— ) —|1 o= 7.13
nZ;U( T T (LZ)) (7.13)
4l 8272 .
:—ZZ—2+—ZZ —+0(27) (7.14)
T L=2L ne = L
4 2
:;x(%—l)+0(2"/2) (7.15)
7T2
<—.
24

Here for eq. (7.13) we have used a binomial expansion and for eq. (7.15) we have
used the well known identity 3}, n~2 = n?/6. The bound for negative y follows by
eq. (7.7). O

Lemma 7.5 puts bounds on 7 for a specific input state |v). Here we consider the
maximum value 7 can take: this corresponds to the maximum acceptance probability

that M can have when the input state |v) is unconstrained.

Corollary 7.1. Let n be as defined in eq. (7.4), and |N| be the number of base-2
digits’ of N.

o Ift > |N| and if ¢ < Amin(Gy) =27 +273/2 we have

7T2

24"

5N is expressed in binary, but enc(N) in quaternary, hence |enc(N)| = 4|N|; note that we expand

to 4¢ bits in lemma 7.4, hence the statement “s > |N|” implies we expanded enough digits to see all of
enc(N) exactly.

ngxn(N,so,t,lv» <
v
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e Ift > |N| and ¢ > Amin(Gn) — 2732, we get

2

maxn(N, o,t, >1-—.
ax (N, .1, 17)) 2 1= 27

» Ift < |N|, then irrespective of the value of o,

1
HFSXU(N,SOJ, [v)) =0 (ﬁ) .

Proof. We address each case individually.

Case t < |[N|. We do not expand enough bits to expand enc(N) in full: by lemma 7.3,

the probability mass on valid strings (none of which are enc(N)) is < 1/2!/2.

Case t > |N|. Again by lemma 7.3 we know that yenc(y) = 1 and all other y, = 0. If
© > Amin(Gn) —2731/2, then choose input state |o) = |gmin) |€0) Where |gmin) is the
ground state of G (and |&y) is just the state resulting from the bipartition of |¢q)’s

state space in the proof of lemma 7.4). By applying lemma 7.5, we see that

2

N,o,t, >1-——.
n(N,e.t, o)) >4

The result for ¢ > Apmin(Gx) — 273/ follows.

If ¢ < Amin(Gy) =277 +273/2 then consider any eigenstate |y;) of Gy. We
see that if ¢ < Amin(Gy) —27'+273"/2, then for any |, ) = |g)|&, ), where |g) is an
eigenstate of Gy with corresponding eigenvalue A,, ¢ < A, —27"+273/2, As aresult,

for any energy eigenstate |lﬂg>, by lemma 7.5,

2
U(NJPJ,WO) < ﬂ_

<5
Any state |v) € (C?)®N can be written as |v) = 2o kg(N) |gN)|§N,g>; hence by

convexity of eq. (7.4) in the coefficients of |v) we have

2

T
N,op,t, < —. O
rrllgxn( @, 1,|v)) o
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7.5.2 An Approximate Phase Comparator QTM

So far we have assumed that the QTMs can implement the algorithms without error,
by providing them with all the necessary gates required. In this section we relax
these assumptions and show that the error in the output is bounded sufficiently small
for our purposes, even if the QTM only has access to a fixed universal gate set.®

If we wish our QTM to have a fixed predetermined number of gates available for
an arbitrary track length ¢ and arbitrary length inputs N, ¢, the gate powers of U ,,
as well as the controlled rotations Rj necessary for the Fourier transform subroutine
for QPE in lemma 7.4 cannot be given explicitly; we need to approximate them. The
Ry = diag(1,e7'" 2k) gates can be approximated via the Solovay-Kitaev algorithm to
the necessary precision. For Ug ,, however, such a simple compilation argument
does not work: we need to perform Hamiltonian simulation in order to implement
Ug,, itself, for any given spin chain length 7" € [N]; to this end, we include the

following result.

Lemma 7.6 (Hamiltonian Simulation QTM). Let S := {h")},¢; be a constant and
finite set of local interactions of a translationally-invariant Hamiltonian H = 3;_ h;,
h; € S, defined on a spin chain of length z € N, and let € > 0. Then there exists a
QTM which, on input S and z, simulates the time evolution U(T) = exp(iHT) as a

circuit U(T) to precision ||{U(T) —U(T)|| < € in spectral norm, in time O(T?z?/€).7

Proof. This is a straightforward application of a second order Trotter formula (see e.g.
[CS19]). We first assume that we can implement the local time evolution operators
U;(T) = exp(iTh;) for H = ); h; exactly. For time ¢ > 0, a second order Trotter
formula (e.g. [Ber+06]) breaks up :

Z 1
0() = |uie/v | |uiter2,
i=1

=z

6The motivation for this is that when the QTM is encoded in a Hamiltonian, in order to have a
fixed local Hilbert space dimension for all N, ¢, and ¢, the QTM must have a gate set which does not
depend on N, ¢ or t.

7As per convention, O hides polylogarithmic factors in the argument.
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which requires O(z) gates, and has an error bound
10()-U@)lI=025°).
As we require a simulation to time 7', the overall error will be
- T -
10T -U(DI < <lIU6)-U(6)l|=0(T62),

requiring O(z7T/6) gates. Demanding Téz < € means d = O(e/Tz); the Trotter
simulation thus requires ©(z>7T?/€) gates overall.

In case we cannot implement the local Trotter operators U;(5) exactly, we
have to approximate them with a sequence of elementary gates U;(5), e.g. using
Solovay-Kitaev [DNO5b]: as errors in a circuit accumulate at most linearly, the

approximation has to be precise to
1T:(8) = Ui(6)|| = €/©(z°T? /€) = O(e?[°T?) =: €

where €’ is now the precision we must approximate each U;(5) . Now we know that
Solovay-Kitaev can approximate any unitary operation to within precision €’ within

O(log*1/€’) many steps. The claim follows. O

Since we will be encoding our QTMs in a Hamiltonian where part of the ground
state is chosen in a nondeterministic manner, approximating gates leads not only to
slight errors in the gates, but also since the gates no longer have the same eigenvalues,
it may lead to differences between which eigenvalue is nondeterministically chosen
when the unconstrained input state |v) is nondeterministically chosen. In the following

two lemmas we characterise this error.

Lemma 7.7. Let V(s) = e'f'* for a Hamiltonian H such ||H||e < 7/4s, and let V(s)
satisfy ||V (s) =V (5)|le < €. Then there exist an effective Hamiltonian H' such that

V(s) = e"'S, and a constant k = O(1) such that

IH - Hljow < ==
S
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Proof. See supplementary information of [PW09]. O

The following lemma shows that even when the Hamiltonian simulation regime
is used (to sufficient accuracy) the new value of 7 maximised over all input states,

has similar bounds to the value obtained without Hamiltonian simulation.

Lemma 7.8 (Hamiltonian Simulation Error). Let M(N,,t,|v)) be the QTM de-
scribed in lemma 7.4 with all gates done without error. Then there exists a QTM
M'(N,,t,|v)) performing the same algorithm, except where the phase estimation
for Ug_, is instead performed by a Hamiltonian simulation algorithm in lemma 7.6,

and such that M satisfies the following:

1. Letny’(N, ,t,|v)) be defined in the same way as n(N, ¢,t,|v)) from eq. (7.4),

but corresponding to the output of M’. The following bounds are satisfied:

e Ift > |N| and if ¢ < Apin(Gy) =27 +0(273/2), we have

2

nﬁgxn’(N,so,t,M) < %-

e Ift>|N| and ¢ > Amin(Gy) —O(273/2), we get

2

T
"(N,o,t, >1-—.
rﬁlgxn( @, 1,]v)) o

» Ift < |N|, then irrespective of the value of ¢,

1

rr|1ya>x17 (N,p,t,]v)) =0 (ﬁ) )

2. The runtime overhead relative to M is at most poly(N,2").

Proof. We first note that the largest power of ¢V to be performed in the QPE in
lemma 7.4 is T = 2'. Writing G/, := 4Gy/nN, we have

2
. s 2 ., \T°NT /4
oTGNT _ LG mNT /4 _ (elGN) .
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We set V(s) := ¢!V, and note that V (s) satisfies the conditions of lemma 7.7 for
s < 1. Let H' be the effective Hamiltonian generated in the Hamiltonian simulation
scheme given in lemma 7.6 for the short pulse V (1), such that V(s) = ¢#’* and
IV(s) = V(s)|le < € is the precision to which we want to perform Hamiltonian
simulation of the small time step V(1); we leave € implicit for now, and determine
its scaling in due course. By lemma 7.7 it holds that ||H’ = G || < k€’ for some

constant k. Set H” = %H’, then

N N N KE
H// _ — _H/ _ < / < —
|H" =Gl = || H = =G| < e < —
where we have chosen
, 4e
< —=—,
m2NT

and consequently

|/lmin(7rGN) _/lmin(ﬂH”)l < KG/T

|/lmin(27TGN) _/lmin(zﬂ'H”)l < 2KE/T

|/lmin(7TTGN) _/lmin(ﬂ'TH”)l < Ke.

This immediately implies that the deviation for QPE even in the highest Endian bit is
upper-bounded by «e.

Let U(T) = V(l)”zN /4 Then by an iterative expansion we have

IU(T) =T (T) |l = V)N 7 (1)7 NN

2
n“NT -
<7 V(D) =V(Dlle
B m’NT
€ = E€.
T4

Now we would like this deviation of QPE to be less than the smallest digit of
precision of the exact QPE, which is satisfied for € = 0(27%). We thus know

that if ¢ > Amin(G2) =272 or ¢ < Amin(G-) =27 +273/2 then ¢ > Apin(H”) —
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K€/ or ¢ < Amin(Go) =271 +273/2 4 ke /m, respectively. Thus, by lemma 7.5 and
corollary 7.1, the same bounds as in corollary 7.1 hold if we choose € = O(27%).
The runtime overhead is then determined by an outer loop of applying V (i)
m>NT /4 = poly 2 times, and by the cost of approximating V(s) to precision €’ in
spectral norm, which by lemma 7.6 takes O(N?/€’) = O(N3T /€) = O(N32%t), which
is O(poly(N,2"). The claim follows. i

We now fully characterise the output of the QTM when non-determinism and
approximate gate sets are taken into account. That is, the QTM only has access to a

standard universal gate set and the gates Uy, Uy.

Lemma 7.9 (Gate Approximation Error). Let M'(N, ¢,t,|v)) be the QTM described
in lemma 7.8 with the Hamiltonian simulation subroutine performed, but all other
gates still done exactly. Then there exists a QTM M” (N, ¢,t,|v)) that satisfies the
following.

1. M” only has access to a fixed universal gate set and the gates U,, Un.

2. Letn)”(N,p,t,|v)) be defined in the same way as (N, ¢,t,|v)) from eq. (7.4),
but corresponding to the output of M”. Then max,yn”" (N, p,t,|v)) satisfies

the same bounds as max,,n'(N,¢,t,|v)) in lemma 7.8.

3. The additional runtime overhead relative to M’ is at most a factor

polylog(N,2").

Proof. By lemma 7.6, we already know that the Hamiltonian simulation subroutine
utilises a fixed gate set. We approximate all other gates (apart from Uy and U, which
are given explicitly)—of which there are at most #g := poly(N,2") many by combining
the runtime of M from lemma 7.4 and runtime overhead of M’ from lemma 7.8.
We know that in order to approximate a const-local gate U to precision € using
Soloay-Kitaev, an overhead O(log* 1/€) is introduced. Choosing € = 1/poly(N,2%)

small enough such that #ge = 27 /¢ suffices to satisfy both claims. O

We need one final property of n””: we will need to show that it is monotonically

increasing within a certain region. This doesn’t follow straightforwardly from the
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monotonicity of  proved in lemma 7.5 as the approximation using Solovay-Kitaev
and the Hamiltonian simulation routine may change the gradient dn” /d¢ to negative

at some point. We show this is not the case for a sufficiently large precision.

Lemma 7.10 (Approximate r”” Monotonicity). Let |v) be an eigenvector of G y with
eigenvalue A, and let " (N, ¢,t,|v)) be defined as in lemma 7.9. Then, provided
the gates are approximated to precision € < 2%, n” (N, ¢,t,|v)) is monotonically

increasing for ¢ € (/1 214 0(2—3I/2)’ A1— 0(2—3t/2))_

Proof. We can express 1 = (/| U(¢) |¢) for some initial states |¢), and some appro-
priate state |i), respectively, and U(¢) = U Upg(¢)U,, where Upg(¢) denotes the
phase gradient part dependent on ¢, and U and U, collect all the unitary operations
before and after (and are independent of ¢). We then have

dn

on <w|ul(

_ oUpg(¢)
dg

90 )U2|¢>-

This means the deviation is entirely dependent on the gradient of the phase gradient
matrix (as expected).

Denote with Uy, U, the circuits U; and U, circuits with the Solovay-Kitaev
approximation used for any gates which cannot be performed exactly, which we
assume to be implemented to accuracy e, i.e. such that ||U; — Uj||e < € fori=1,2. We
emphasise our assumption that no gate in Upg has to be approximated. Analogously
to before, we then have

a1

on _ UG (¢)
dg

<¢’|01( 9o )Uzl¢>-

Consequently,

op Jdel| 0

AUpg ()
¢

@_@‘ - ‘Tr(auPG((P)

(01 1o)X | T2 Uy |gXw| Uz))

<

10,0, -U,U,]. . (7.16)

(o)

The dependence of Upg(¢) only comes from the controlled U, operations, and
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Upg(p) = cUg,Uf) el cU‘ff‘1 (Upg(¢) actually has a set of t Hadamards, however, we
can absorb these into U; for convenience). All controlled gate powers within the

phase gradient circuit are of the form
diag (1, 1,1,exp (27ri¢,02k)) with derivative 27ix2* diag (o, 0,0,exp (27ri<,02k)) .

Thus using the product formula we can write

oU, ocU ,
PG(‘P) chZ...cUz -1
00 o dp ¥ 7 e
dcU? .
+ cU(p 3 "DCUS%Z...CU;_I
dcU? 1
2 @
+ cU(ch‘p... 90
dcU? !
<t L4
Oy

From this standard product formula for the derivative of a sequence of gates and

using eq. (7.16) this means

on 0On

<2 xt2' x 2e.
op 0¢|~ d €

By lemma 7.5, dn/d¢ within the interval ¢ € (1-2"+0(2%/%),4-0(2%/?)) is
> 1; it thus suffices to demand 27 x 12’ x 2e < 27; a choice of € = 27 proves the

claim. O

The results within this section then culminate in a result proving that important
properties which hold for  hold for the approximated version 1”; in particular

montonicity in a particular interval and bounds on the energy outside of this interval.

Theorem 7.7 (Phase Comparator QTM). Let N € N, ¢ € [0,1]. For any Gottesman-
Irani Hamiltonian Gy there exists a quantum Turing machine M(N, ¢, t,|v)) with

access to special gates Uy and Uy as in lemma 7.4 which, oninputt €N, |v) € (C4)®N,
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and in time poly(2', N) produces an output state as M” in lemma 7.9. Abbreviating
(N, e,t) = rﬁlve;xn”(N,so,t,IW), (7.17)
where " (N, ¢,t,|v)) is defined in in lemma 7.9, we have that

>1-%  t>|N|and ¢ > Anin(Gy) —O(273/2)

S}

(N, ¢,t) t>|N| and ¢ < Amin(Gy) — 7t +O(2—3z/2)

IA
P

=0(27"%) t<|N|.

Furthermore, j(N, ¢,t) is monotonically increasing in the interval
¢ € [Amin(GNn) =O0Q27%), Amin(Gy) =27 +0(2772)].

Proof. We take M” from lemma 7.9, and leave the input for the |v) section uncon-
strained. The rest follows by corollary 7.1 and lemma 7.9. The fact 7 is monotonically

increasing in the given region is proven in lemma 7.10. O

One fact that we have glossed over is that we can assume that the QTM in
theorem 7.7 is well-formed as defined in [BV97, Def. 3.3]—as its evolution is trivially
unitary—and well-behaved as in [BV97, Def. 3.12]; the latter condition simply means
that the QTM halts in a final state such that the halting head state is in the same cell.

Moreover, we can assume further “good” properties we wish: unidirectionality
(meaning each state is only ever entered from one direction) which Bernstein and

Vazirani show can be simulated if not originally present ((BV97, Lem. 5.5]).

7.5.3 A Phase Comparator History State Hamiltonian

In this section we translate the QTM designed in section 7.5.1 into a history state
Hamiltonian. This technique is by now standard [KSV02; GI09] and used ubiquitously
throughout literature (see e.g. [Bau20, Sec. 4.1], or [BC18a, Sec. 1], for an overview).
We start with the following refinement regarding standard form Hamiltonians (those

with an initial and final penalty at the start and end of the computation).
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Theorem 7.8 (Adaptation of Theorem 3.4 from [Wat19]). Let H(u) be standard-from
Hamiltonian with minimum output penalty u on the final time step, such that the

encoded QTM has runtime T. Then if u = ﬁ for 0 < k <1, the following bound

holds:
0.99k < |u k _ 105k
25672 — M 256T ) ~ 256T2

Following from this, we take the arguably shortest rigorous route, and directly

formulate the following theorem.

Theorem 7.9 (Phase Comparator Hamiltonian). Let N € N, and ¢ € [0,1]. For
any Gottesman-Irani Hamiltonian G y there exists a constant d > 0, and Hermitian

operators h'V € B(C?), h? e B(C? xC?), such that
1. hY K2 >0, with matrix entries in Z.
2. hD = A+ €™ B+ ¢ 19 BT 4 i70-enc(N) 4 p=in0.enc(N) F \yhore

* B,C € B(C?) with coefficients in Z, and

« A € B(C?) is Hermitian and with coefficients in Z+7Z/\2 + ”"/*Z.

Define a translationally-invariant nearest-neighbour Hamiltonian on a spin chain of

length L via
L

L-1

1 2

HQTM(L) = Z ]’ll( ) + Z h;,i-)i-l'
i=1 i=1

Denote with |m) and |(D) two special basis states of C¢, and for m € N, denote the

bracketed subspace
Spr(m) = |)) ®(C)®" e |m) @(C)L=™) ). (7.18)

Then Horm (L) has the following properties.

3. Horm(L) = L H(L,m) @ R, where H(L,m) = Harm(L)|sym); ie.
Hqrm(L) is block-diagonal with respect to the subspaces spanned by Sy (m),

and R captures the remaining block.

4 R>1.
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5. Amin(H(L,m)) 2 1ifm=0,]1.

6. There exist Ly =poly N and my = polylog, N and an integer constant b, such

that the ground state energy Anin(H(L,m)) of the other blocks satisfies
< sharr (ML) = (mn. L) A @ = Amin(G n) ~O(N=6€)
Amin(H(Lym)) § 2 999 (1= 23] (m,L) = (mn, Ly) A¢ < din(G ) = N4C +O(N 7€)

= 256L°b

2
> 5561F (1—7;—4) m <INV (m,L) # (my,Ln),

where T(L) = L%/? is the runtime of the encoded computation.

7. If (m,L) = (my,Ly), then Anin(H(L,m)) is monotonically decreasing with ¢

for
# € [ Amin(GN) = N7*C + O(N ), din (G ) ~O(N ).

Proof. A QTM can be translated into a 2-local quantum Thue system [BCO17]; its
associated Hamiltonian is then a 2-local nearest-neighbour translationally-invariant
Hamiltonian. Classical QTS transition rules yield integer matrix entries; the only
nontrivial matrix entries stem from transition rules involving quantum letters (i.e.
those that label sites where the quantum state is encoded, and transitions between
those are unitary)—which in turn are simply the quantum gates available to the
computation we will encode; as the phase gradient gates Uy, U, and a universal
gate set comprising CNOT, Hadamard and T will suffice for our purposes, the first
two claims follow.

It is furthermore clear that one can statically penalise all but the bracketed
configurations, such that R > 1, and all bracketed states in Sp,(0) and Sy, (1) (see
[GIO9, Sec. 5] for how this can be done). Moreover, the QTM we will construct will
treat |m) as a passive state, i.e. it will never move the block; as such, on the bracketed
states themselves, the Hamiltonian is block-diagonal with respect to the position of
the |m) marker state, which is assumed to be at distance m along the spin chain. The
next three claims follow.

Let N~C be the promise gap of the local Hamiltonian problem A, (Gy) for
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some constant C € N.8 In order to resolve this promise gap with the given precision

of ¢ bits, we would require
277"<NC & t>2x4C[log,N] = my (7.19)

where the extra factor of 4 was added such that at least four times as many bits than
necessary are resolved. The computation we encode then performs the following

steps.

1. Translate the segment length L into binary onto a track, and do the same with

m.
2. Perform M from theorem 7.7, using ¢ = m as precision input.
3. Verify that

(a) L=Ly :=2+4t+t+N, and
(b) t=m =my as defined in eq. (7.19), and

(c) t is large enough such that (N, ¢,t) < 72/24 even in case t < |N|
(i.e. O(27"/%) < 72 /24 in theorem 7.7).

If any of the above conditions do not hold, set a penalty flag.

It is a standard exercise to ensure that in all computational branches the size of the
history state (i.e. the length of the computation) has the same length; this is usually
done by introducing a global clock and idling steps (we point the reader to [CPW 15,
Sec. 4]). We can assume that the runtime of all of the above computation is precisely
T(L) = L/? for some even integer constant b > 0.

We assume our history state Hamiltonian features a single in- and output penalty,
as in section 3.6; it is straightforward to show that H(L,m) is also standard form as
in [Watl19, Sec. 5]. We choose the output penalty to penalise the complement of the
accepting subspace defined by the projector IT = (1 — [11)(11] ) on the final time step

of the computation, as well as the case where L # Ly (this can both be done locally

8We can always shrink the promise gap to obtain this scaling for some integer C.
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for standard form Hamiltonians); the penalty will have strength 1/25672 = 1/256L".
Since we do not want our Hamiltonian to have another explicit dependence on L, we

remark that this can be done by rotating an ancilla

1

0y, —> 610y, +V1-0621), for 6= 325

(7.20)

as L and b are both known; then the penalty can be conditioned onto [0)(0| , ® TT =: TT".

Then for a valid history state | y) and by using theorem 7.8, we have that

1

Tl '] = 32 (1= E(L.N.)),

where E(L, N, ¢) is the weight on the accepting subspace of the computation, which
is the product of 77 (i.e. M’s output) and the test that L = Ly and m = |N|.°

The case where m =t is too short to expand N in full is captured by the output
of the QTM M, i.e. by theorem 7.7 we have that 7(N, ¢, 1) = O(27//?) in this case,
and hence also E(L,N,¢) = 0(27/?).

Let us thus focus on the case when ¢ is large enough (i.e. t > |N|). If L # Ly or
m #my, E(L,N,¢) =0 by construction, so we only need to analyse the remaining
case of L = Ly and m = my. By theorem 7.7 the accepting state overlap is then
>1-Z

I @< Amin(Gy) = N™C+O(N).

N ¢ 2 Amin(GN) — O(N_6C)
(N, ¢,1)

IA

where we made use of the fact that 277 = 27N = N~4C and 2731/2 = 2-3mn/2 = N—6C,

and thus overall

>1-Z

>1-% (L,m)=(Ln.mN) A > Anin(Gn) —O(N~C)

E(LN.9V< 5 (Lm)=(Ly.my) A¢ < Admin(Gy) ~NTHC+O(N7C) - (7:21)

Sg—: t=m<|N|V(L,m)# (Ly,mp).

®We note that the last test can fail to produce the right result if 7 = m was too small to begin with to
expand enough bits of N; but in this case, the output of the QTM M already asserts a small acceptance
probability, by theorem 7.7.
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The bounds in the statement then follow from combining eq. (7.21) with theorem 7.8.

Finally, to prove Anin(H(L,m)) is monotonically decreasing with ¢, we note
that 1 —77(NV, ¢, ) is monotonically decreasing ( since theorem 7.7 shows 77(N, ¢, 1)
is monotonically increasing). Since the Hamiltonian is standard form, this acts
as a penalty of the form ﬁ(l —7(N,¢,t)), which is monotonically decreasing,
and which can be shown by standard techniques to be equivalent to adding on a
positive semi-definite projector [Wat19]. As adding a positive semi-definite matrix
to another matrix can never lead to a decrease in the combined eigenvalues, the claim

follows. O

7.5.4 Combining the Comparator Hamiltonian with a 2D Marker
Tiling

We import the 2D Marker Hamiltonian from section 3.8, which describes a checker-

board pattern for which each checkerboard square of size L X L, with a special marker

offset at position m < L on one of the edges, has a net negative energy contribution

oc 1/45(Lm)

To do this, we introduce a special marker state |x)!© which interacts with the
Marker Hamiltonian. The function f is then defined by the placement of |x), and so
we can use the placement of |x) (controlled by a classical tiling pattern within each
of the squares) to define f to have the appropriate properties for our proof.

We paraphrase the following result, tightening the bounds on the Marker

Hamiltonian’s ground state energy as we go.

Theorem 7.10 (Adjustment from Theorem 3.5). Let H = (C4)®” be a square spin
lattice A with spins of dimension d, and let ¢ > 0. Further let f(L) be a function
such that f (L) < L is an integer and computable in time and space < kL, for some
constant k € N. Then there exists a translationally-invariant nearest-neighbour

Hamiltonian H®/) = 2.7) hfﬂj.’f ) with the following properties:

1. H®) =P, H®(L)oR"

Not to be confused with the bracketing state |m) in eq. (7.18); and note we also re-use the letter m
here to indicate the offset of |x). This is not necessarily the same offset as the offset for |m).
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2. R >0.

3. H®H (L) has a unique ground state corresponding to a checkerboard tiling.
Let H®1)(L)|s be the restriction of the Hamiltonian to a single checkerboard

square, then for all L > 2,

9/4

~ 9/4-9/47)
4f(L)

< Aun(H®D(L)]5) < -~

(7.22)

Proof. We construct an augmented checkerboard tiling as in section 3.7 which places
the a special marker |*) offset at (L), using a classical tiling within the checkerboard
square; as f (L) was computable within time and space < k L for some constant k € N
the existence of such a tiling follows by lemma 3.13.

Following theorem 3.4 and theorem 3.5 and the notation therein, the bounds for

a Marker Hamiltonian of length L to be found are denoted
1 , 1
-3 —lwr(w) < Amin(4},) < -3 —upr(w)

where A, denotes precisely one segment of the Marker Hamiltonian, encoding a
computation of length w—which is L here, but to follow the notation of the lemmas

we will amend we stick to w: this computation runtime can then be augmented to
f(w).

Lower Bound. Note that in the proof of lemma 3.16, the lower bound was obtained
by realising
a-1
a+1

3
<1lVw & lwr(w):4—w.

Analysing eq. (3.28) of section 3.8 more carefully, we note the same bound also holds

for Iwr(w) =9/4x47".

Upper Bound. In [Bau+18b, Lem. 8], it is easy to check that the inequality

a—1

<47
a+1
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also holds when starting with p,,(—=1/2—(9/4—-§) x4™"), for any

2 _
95x4-2) 9

T 42421 44wy T 4w

Thus upr(w) = (9/4+9/4") x4™" suffices.
Finally, the —1/2 offset are removed as in [Bau+18b, Th. 10]. O

7.5.5 From Phase Comparison to Phase Transition

Following section 3.9, we will now combine the QTM Hamiltonian Hgrm with
the 2D Marker Hamiltonian H®/)| to translate the outcome of the comparison
¢ s Amin(Gn), where Gy is the Gottesman-Irani Hamiltonian simulated by Horm,
into the question of existence of a negative eigenstate within one square of the 2D
Marker Hamiltonian. We will assume H®) is such that all checkerboard squares
have square sizes L € 4N; this can always be achieved by adding a fixed-dimensional
tiling, which we leave implicit in the following.

The aim is to produce an overall Hamiltonian which has negative energy density
when the encoded computation is accepting, but a positive energy density when
the encoded computation rejects. The checkerboard structure allows us to create a
repeated structure across the lattice; as each square will contribute a finite amount of

either positive or negative energy, the density will follow suit.

Lemma 7.11. Let H .= Horm® 1 +1 ® H®) on a spin lattice. Then its ground
state is a product state |) ® |T) ., where |T),. is the checkerboard tiling from H®/)
and |yr) the ground state of Horm. Consider an L X L square denoted S(L) within the
tiling and let H|s(r) be the Hamiltonian restricted to such a square. Then, adopting

the notation from eq. (7.21),

<0 if(L,m)=(Ly,mn)A¢ > Anin(Gy) —O(N~6C)

Amin(Hs(2)) {20 if (L,m) = (Ly,my) A < Amin(Gy) = N~4€ + O(N~6)

>0 if (L,m)# (Ly,my).

Furthermore, if L = Ly and m = my, then there is exactly one point in ¢ where
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Amin(H|s()) changes from < 0 to = 0 which occurs in the interval
¢ € [ dmin(G) = N7 + O(N™)  Apin(G) ~O(N ).

Proof. We choose the Marker falloff f(L) such that

Oprwy_ 2 1

4 "~ 16256L°

= f(L):5+10g4(Lb).

We now compare the energy (given by theorem 7.10) with the energy of the
Hamiltonian encoding the QTM (given in theorem 7.9) and see the following bounds

hold for sufficiently large L:

0.99 .9 . (9 90 1.05 n?
1= —|>24-f) d 4/W|Z_ > -
256LP ( 24) =4 a 4" 4x2L) = 25610 24

where b is the runtime exponent of 7 =T (L) = L?/2, as given in theorem 7.9. Note
f (L) is trivially computable in time and space k L for some constant k. This yields
a Marker Hamiltonian with a ground state energy as in theorem 7.10, such that the
ground state energy is “‘sandwiched” with ample margins between the upper and lower
bounds of the ground state energy of the Hamiltonian encoding the computation.

As the spectrum is product by construction, the joint spectrum is then spec(H) =
spec(Hq™m) + spec(H (®.£)), and the rest follows from lemma 3.18.

Finally the fact there is exactly one point where Ayin(H|s(z)) changes from
< 0 to =0 1is due to the fact that (as per point 7 of theorem 7.9) Amin(Hgrm(L)) is
strictly decreasing for ¢ € [Amin(Gn) = N4 +O(N)), Apin (G ) —O(NC)]. As
per the above analysis, the point at which | Apin (Horm (L))| = | Amin (H® (L)]5)]
occurs for energy values corresponding to ¢ in this interval, hence this point
at which | Amin(Horm(L))| < | dmin(H™(L)|5)| changes to | dmin(Horm(L))| =

| Amin (H®) (L)|s)| can only happen at a single point. O

Since we want the trivial ground state in the gapped phase to have eigenvalue

UIndeed: define a tiling pattern that counts in base 4, and does so b times; then counts another 5
steps. Penalise tile configurations indicating that the base-4 expansion of L is not of the form 100. . .,
corresponding to a number L = 4* for some integer x. This can all be done with k£ = 1.
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zero, we want to shift the Hamiltonian H := Horm® 1+1® H @./) constructed above

by 1; this is a standard trick, summarised in the following lemma.

Lemma 7.12. There exists a Hamiltonian H’, with the same properties as H' =

H+}; P;, where P; is a projector, such that on a lattice A(L)

=14 | L P i (H ) ife > Amin(G) —O(N-6C
Amin (H'(¢)) + |_LNJ ( (‘10)|S(L )) if > (Gyn) ( )
> 1 if ¢ < Amin(Gy) = N74€ + O(N76C),

where H := Horm® 1+ 1 @ H®JS),

Proof. From lemma 7.11 we know the energy of a single square S(Ly). If the
ground state Amin(H(¢)|s(zy)) < 0, then the overall ground state of the lattice
becomes a checkerboard of these squares. As per corollary 3.7 in chapter 3, it can
be shown that incomplete squares contribute zero energy, giving a total energy of
2 * Ammin (H (@) 5(2)- If Amin (H(¢)5(y)) = O, then the lattice has > 0.

Finally, by using the energy shift trick of [Bau20, Lem. 23], we can add on an

energy shift of 1 to the Hamiltonian, giving the bounds stated in the lemma. O

The final step is then to combine H’ from lemma 7.12 with a trivial, a dense,
and a guard Hamiltonian, to lift the ground state energy to a ground state energy
density statement — this is exactly what was done in theorem 7.5. This modifies
the Hamiltonian so that phase transitions can occur between the ground state of the

checkerboard Hamiltonian and the ground state of a trivial zero energy state.

Theorem 7.11 (Existence of Two Phases). Let Gy be a Gottesman-Irani Hamiltonian
with promise gap ~ N=C for some constant C. Then there exists a Hamiltonian
HM(N, @) = 2 th] (@) +Dien hfv, and an order parameter O 4 g acting on a subset

F c A of lattice sites, |F| constant, such that, as A — oo the following holds.
¢ if 0 < Amin(Gy) = N4 +O(N~6C), then

i H is gapped with spectral gap > 1/2.

ii product ground state.
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iii has order parameter expectation value (O 5/p) = 1.
* if ¢ > Amin(Gn) —O(N6C), then

i HN is gapless.
ii has a ground state with algebraically decaying correlations.

iii has order parameter expectation value (O 5/p) = 0.

Proof. Take Hgense to be a Hamiltonian that has an asymptotically dense spectrum
in [0,0) on H,. For convenience we choose Hgepse to be the 1D critical X' Y-model
[LSM61]. Hyivial to be diagonal in the computational basis, with a single product
ground state |0)®A, minimum eigenvalue 0 and spectral gap 1 acting on H3, and

Hgyarg acting on H = H; ® Hr ® Hs via
Hyura =y (113015410 011)).
i~j

Take H’ from lemma 7.12, and set
HA(N, ‘P) =H® 1, ®03+ 11 ® Hyense ® 03 +01,2 ® Hyivial +ngard-

Then
spec(H™) = {0} U (spec(H’) +spec(Hgense)) U G

for some G C [1,00), as in the proof of theorem 7.5. From lemma 7.12 we can

assume that for lattice sizes going to infinity,

NES! ¢ < Amin(Gy) =N +O(N6C)
/lmin(H)
—> -0 @2 /lmin(GN) - O(N_6C),

as eventually there will exist a checkerboard square size such that L = Ly and
t =my > |N| is satisfiable; the only differentiating condition left in lemma 7.11

is then ¢ < Amin(Gn) = N7*C + O(N79€). Then if Amin(H) > 0, we have that

spec(H) +spec(Hdense) C [1,00). The ground state of H” is the trivial ground state
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with spectral gap 1. Otherwise, if Apin(H) — —co0, H* becomes asymptotically
gapless and dense via Hgenge-

The order parameter is then defined as

Oa/ = % Z (0120 |0><0|3)(i)
ieF
which makes it clear that in case the ground state is determined by Hysivia, the
expectation value (O 4/p) = 1; otherwise zero.
The claim of the algebraically decaying correlation functions follows from the
fact that the critical X'Y-model has algebraically decaying correlations functions

[LSM61]. O

It is clear that for our construction we could choose F' to only contain a single

spin, but we leave the statement in its generic form.

7.5.6 Existence of Exactly One Critical Point

The following lemma shows that there is exactly one critical point between the two
phases of the Hamiltonian. We will give the statement of the lemma here, but defer

its proof to the two-parameter case (which is the more generic setting).

Lemma 7.13 (Existence of Exactly One Critical Point). Consider the Hamiltonian

H™(N, @) from theorem 7.11. This has exactly one critical point in the interval
¢" € [ Anin(Gr) = N4+ O(N "), in (G ) ~O(N~) .

Proof. As per lemma 7.11 there is exactly one ¢ within the given interval where
Amin(H|s(r)) goes from < 0 to > 0, which (as per the proof of theorem 7.11)

corresponds to the phase transition from gapped to gapless. O

7.5.7 Reduction of Translationally Invariant Local Hamiltonian

to 1-CRT-PRM

We first remark that the parameter range for ¢ where the critical point can possibly be

found is shrinking polynomially, due to the shrinking promise gap of the Gottesman-
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YES ( Amin(GN) = I/POIY(N)

— gl
B ¢

NO ( Amin(G ) = 27POW(N)

*—Iﬂ*so

Figure 7.4: The two YES and NO cases (left resp. right) of phase diagrams, for the
Hamiltonian in theorem 7.11. By lemma 7.14, the difference between the two
dashed vertical lines can be scaled up to Q(1). The light blue area indicates a
1/poly(N)-sized interval of uncertainty; yet in either case, by lemma 7.13, there
exists precisely one critical point ¢* therein. The red region indicates an interval
(of up to size Q(1), by lemma 7.14) which is either entirely in phase A or B;
determining which of the two cases holds is QMAgxp-hard.

Irani Hamiltonian that we encode, and the associated comparison of its ground state
energy A s ¢. There is now two approaches to scaling up the ¢ parameter, so that we
can get an O(1)-area within the phase diagram where we cannot locate the critical

point. This is summarised in the following remark.

Remark 7.1. Let 0 < x < t. There exists a modification to the phase comparator
QTM in section 7.5.1 that allows one to perform the rescaled phase comparison
a s 27D for the two unitaries U, and Uy, where we assumed 1/10 < b < 1, with an
error (in the amplitudes of the resulting QPE output) upper-bounded by 2=, and
with overhead poly(2').

Proof. By [SMMO09], we know that for an unknown “black-box” unitary U, we
can implement any power U” for y > 0 of it to precision € (in trace norm) in time
O(|ly]+log(1/€)/e) (i.e. with that many calls to U), as long as the phase ¢ we want
to estimate in U is not too close to 0, and no other phase lies in (0, ¢) (a gappedness
constraint).

For us, we want to implement U Z fory=2"*x2"form=0,...,t. By assumption,

b satisfies the gappedness condition (as 0 and ¢ are the only eigenphases of U, and
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€ < ). Since U, acts on a single qubit only and 0 < x < ¢, we know that a precision
of € = 27# suffices to implement UZ such that each controlled rotation gate is off
(in operator norm) by at most € X2 < 273 Vm. As we have ¢ controlled rotation
gates, the overall deviation is at most # x2~% <272 All amplitudes within the
rescaled phase comparator thus at most deviate by 2%, and the overhead is poly 2/,

as claimed. O

Lemma 7.14 (Existence of Two Phases with O(1) YES/NO Threshold). Let p,q
be the polynomials defined in theorem 7.3 such that 1/p(N)—1/q(N) = Q(N~°).
There exists a variant of the Hamiltonian H®(N, @) such that the two cases for ¢ in

theorem 7.11 read
1. if ¢* < A(N)=N¢(1/q(N)-0O(N~%%)), and
2. ifo* > B(N)=NC€(1/p(N)—N* +O(N6C)).
The two bounds satisfy B(N) — A(N) = Q(1).

Proof. Follows immediately from remark 7.1, by scaling ¢ down to be within ®(1)
of Gy’s promise gap (which is a factor 1/poly N > 277 for a polynomial we can

compute efficiently, proportional to p(N)). O
Corollary 7.2. [-CRT-PRM is QMAgxp-hard for an Q(1) gap.

Proof. Immediate from lemma 7.14. m|

The fact that we can rescale the range of ¢ to lie within an (1) region is, in a
sense, unsurprising: the same could be said to hold for the local Hamiltonian problem,
where one can scale the overall Hamiltonian by a factor to have a (1) promise gap
as well. Note, however, that this is a meaningless transformation: the precision to
which one wants to obtain the ground state energy is relative to the norm of the
Hamiltonian (cf. “relative promise gap” or “relative UNSAT penalty”, [BC18a]).
There are thus two scale choices for the local Hamiltonian problem: i. the norm of
the local terms, or ii. the norm of the overall (finite-sized) Hamiltonian. Naturally,

in the first case, one could obtain a stronger local interaction without increasing the
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individual coupling’s norm by increasing the interaction degree (see e.g. [CN15]).
The safer definition is thus the second one—or by limiting the interaction degree of
the Hamiltonian to some constant.

In our case, there is no natural “finite size” Hamiltonian relative to which one
can define a meaningful precision; the arguably right scale with respect to which
one thus has to define ¢’s order of magnitude is either the local coupling strength
(which is constant in our case), or relate it to the parameter N itself. In either case,
and after the scaling has been applied, it makes sense to speak of ¢ to be hard to
approximate to Q(1) precision, even if that means that ¢ is now indeterminate in
a range [0,poly N], as stated in theorem 7.1. It is also clear that if we know the
polynomial p(N) in lemma 7.14, and we know that it is tight for NO instances of
the embedded Hamiltonian G, then it would suffice to scan ¢ within a constant

region. 1

7.5.8 Verifying the Local-Global Promise

Finally, we need to check that the Hamiltonian used to prove hardness—defined

above—satisfies the local-global promises as per definition 7.3 and definition 7.4.

Lemma 7.15. Consider an instance of the Hamiltonian HMP) (N, ¢) = 20.7) hfvj (p)+
DA th , as defined in theorem 7.11, with local terms describable in |N| bits. Then
the Hamiltonian satisfies the global-local phase assumption definition 7.3 for the

order parameter

1 i
O/ = 7] Z (012 |0><0|3)( )

ier
defined in theorem 7.11, and for Lo = N*****_ It also satisfies the global-local gap

promise in definition 7.4 for the same L.

Proof. Consideran L > Ly =2+4t+t+ N. Then, by lemma 7.12, we see that

=1+ [ £ P Amin(H (@) Is(Ly)) ¢ < Amin(Gy) = N7 +O(N6C)
Amin (H' () v !
> 1 @ > Amin(Gy) —O(N~6C).

12We remark that this does not work for 2-CRT-PRM in section 7.6, as there the ground state energy
is not determined by a single QMAgxp query.
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Thus, when Apin (H(¢)) > 0 the ground state of H'(¢) that of Hyiyial, i.€. |0)A(L),

and (O 4,p) = 1. On the other hand, when Amin(H(¢)|s(z)) <0, then eventually the

ground state is a highly complex quantum plus classical state with (O 4,5) = 0.
Thus, when Ayin (H(9)|s(1y)) <0, for the highly quantum ground state to appear

the lattice size L must meet the following condition:

L2
{L_| Amin(H(@)|s(Ly)) < 1. (7.23)
N

Otherwise the ground state is the zero energy state |0yA B,

From theorem 7.10, when Amin(H(¢)|s(zy)) <0 and ¢ < Anin(Gy) — N+

O(N~9C), then the ground state energy is

L | o
{E| (‘i (Flora (L)) + Amin(H =D (L) I5) < {E|

L.
LN
where we have used that A i (Horm (Ly)) +Amin (H® (Ly)|s = —Q(T7?) =—c L7

for some constant c; (this can be seen by combining theorem 7.8 and lemma 7.11).

Thus by for L > Ly, where

1/2 1 14b/2
Lo > ¢ LN s

eq. (7.23) will be satisfied. Since Ly = O(N), we choose Ly = O(N>*?).
For all L > L the expectation value of O 4,p is then constant, regardless of
whether ¢ > Anin(Gn) —O(N6C) or ¢ < Apin(Gy) = N~4€ +O(N79€). Thus the

Hamiltonian satisfies the global-local phase promise in definition 7.3.

Global-Local Gap Promise: The proof for the global-local gap promise is almost
the same. For the Ly above, we see that if ¢ > Apin(Gy) — O(N7C), then the
system has a very negative energy and a spectral gap A(L) = O(1/L?). If ¢ <
Amin(Gy) = N~4€ + O(N~6€), then the ground state is |0)*") with zero energy and

has the same gap as Hyivial: A > 1. O
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7.6 PQMAexr Hardness of 2-CRT-PRM

In this section sketch an outline of the proof of PAMAeXP_completeness of 2-CRT-PRM.
We only sketch the proof for the purposes of brevity, noting that conceptually the
proof is conceptually similar to the 1-CRT-PRM case. The full proof can be found in
[WB21].

To prove this we will make a reduction from V-TI-APX-SIM, as defined
definition 7.8, which was proved to be P@MAexr_complete in chapter 6.
Proof Outline. The proof method here will be similar to the 1-parameter case, but
instead of a reduction to the Local Hamiltonian problem, we perform a reduction to
V-TI-APX-SIM, which is the question of approximating the expectation value of all
low-energy states of a Hamiltonian with respect to a local observable. This means
we construct—just as described in section 7.5—a Hamiltonian Hy (¢) which, in its

ground state, encodes the following computation.

1. Perform QPE to extract N from local terms.

2. Perform a phase comparison QPE on the unitary encoding ¢ and exp(itKy),
where Ky is a translationally-invariant local spin Hamiltonian with a PAMAexe_
complete V-TI-APX-SIM problem (on a spin chain of length N). The joint
witness stems from an unconstrained input state. If this input state was an
eigenstate of Ky with eigenvalue A, the phase comparator QPE extracts the

difference A — ¢ to bit precision ~ |N|.
3. If ¢ < A4, an output flag is set to |0); otherwise it is set to |1).

4. Another flag qubit captures the output bit of the P@MAexP computation performed

within the history state of Hy (¢).

An energy penalty is then given to the joint energy eigenvalue comparison and output

bit of the PQMAEXPcomputation, in the sense that

1. All eigenstates of Ky that are not considered “low energy” are penalised.

2. Those eigenstates of Ky that fall below the “low energy” cutoff are not

inflicted with a penalty; but they are subject to a penalty from the observable
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operator (B —01) for some scalar offset > 0. Here B is the operator for which

determining the expectation of on low energy states of Ky is P@MAEXP_complete.

The result is that the low-energy eigenspace of Hy(¢) plus penalties is greater
or smaller than some polynomial falloff we can calculate to high precision, and
which will depend on the scalar expectation value offset 6 that serves as the second
parameter.

As in the one-parameter case, we can combine this energy penalty with a bonus
of a Marker Hamiltonian to obtain a joint 1D spin Hamiltonian with the property
that it has a negative ground state energy if we have a YEs-instance—i.e. expectation
values of low-energy states lie below some threshold—and the scalar offset is below
a cutoff; and a positive ground state energy for a No instance, or for a too-small scalar
offset . With standard techniques this dichotomy is then amplified to a gapless
resp. gapped phase in the thermodynamic limit.

In order to understand why this two-parameter family of Hamiltonians has a
PAMAexP_hard-to-compute phase diagram, note that to figure out the relevant ¢ region
within which a phase transition can occur takes multiple queries to a QMA oracle,
as we need to identify A, (Ky) to sufficient precision; and then we don’t yet know
whether the output is a YEs or No case, so there is two possible 8-regions around

which to explore the phase diagram.

7.6.1 Additional Preliminaries
It was shown in corollary 6.1 that V-TI-APX-SIM is P@Aex>_complete for a Hamil-

tonian which we label Ky € 8(C¢)®V. For ease of reading, we restate the lemma

(and modify it slightly):

Lemma 7.16 (From corollary 6.1). There exists a fixed one-local observable A and
interaction terms ki ;y1 € B(C?® C%) acting between pairs of nearest neighbour
qudits, which define a Hamiltonian on a 1D chain of length N, Ky = Zfl Il kiiv1 such
that for all states ) that satisfy (Y| Ky |¢) < A0(Kn)+ 06 for 6 = Q(1/poly(N))
either of the following holds:

YEes: 1—1/poly(N) < (Y|Aly) <1, or
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No: 0 < (¥|A|y) < 1/poly(N).
Determining which case is true is POMAX®_complete.

This is not quite what was proven in corollary 6.1, where e.g. the overlap with
the observable in the first case was 1/Tk, —O(27PYW)) < (y| A |y) < 1/Tx,,, for
Tk, the length of the encoded computation. However, we can adjust the construction
using an idling technique from [CLN18] which increases the weight on the output
bit of the computation (such that the encoded computation has its runtime increased
to Py (N)Tk,, for some polynomial P;(N) we are free to choose). Furthermore, we
ask that there be some marker flag, placed next at or next to the output qubit, which
indicates when the first part of the computation—before the idling—has finished (this
allows us to keep A as a 1-local operator). These techniques are by now standard,
and we will not go into details.

We denote the set of eigenstates of K for which the energy expectation value is

below the cutoff as
Ss:={y : H|y)=A|y) where A < Amin(Kn) +6}, (7.24)

which means (/| H |¢/) < Amin(Ky) + 6 for all ) € Span(Ss). We also define the

shifted observable
B.=A+1, (7.25)

which if A is a projector has eigenvalues in the set {1,2}, which we label as 1o(B) =1
and A;(B) =2. This offset merely simplifies some of the maths in due course.
Together with lemma 7.16, this choice of B in eq. (7.25) immediately yields the

following corollary.

Corollary 7.3. We use the notation of lemma 7.16, for an observable A that is
a one-local projector, and B as defined in eq. (7.25). Any state |W) € Ss for
the Hamiltonian Ky then has expectation value either < 1o(B)+O(1/P1(N)), or

> A1(B)—=O(1/P1{(N)) for a polynomial P|(N) we are free to choose.
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7.6.2 A Modified Phase Comparator QTM

The following lemma follows the same setup as lemma 7.4.

Lemma 7.17 (Multi-QPE QTM). Let K, be the translationally invariant Hamiltonian
on chain of length z described in lemma 7.16. Take the same setup as in lemma 7.4, but
where the Hamiltonian G is replaced by K. The output of this QTM M(N, ¢,t,|v))

will then be

W= D0 DY al@ @) yekg (11D o) |x>Za,<g,z>|J>|gz DMevg)+ (126

zeVix<0 g

DD D () yang ()10} 412) |x>Zo,<g,z>|J>|gz e e)+

zeVi x>0 g

DD (@ 9)yake () 101) 12D |x>Za,<g )i gzr )z e)+

z¢Vy x<0 &

DU a2 8)7zke (2)100)  |2) |x>Za,<g,z ) g i) )

z2¢Vix>0 g

where we have expanded |g./) = 3, ;0;(g,2') |j) |gzr,j> such that the |j) denote the
eigenvectors of B defined in eq. (7.25).

Proof. Follows from the output state given in lemma 7.4 and the form of the

unconstrained state taken as “input”. |

We now need an equivalent expression to eq. (7.4) which captures the expected
output penalty that we wish to inflict later on. Here, we will modify the flag projector
slightly; instead of using [11)(11|, that just singles out those eigenstates of K, that
have low energy, we also add in the observable B as defined in eq. (7.25), which
acts on the output of the computation.’ As K, encodes a PAMAEXP_hard computation,
this output bit is a single qubit; and can be assumed to satisfy the bounds given in

corollary 7.3.
Taking the output state |y) of M(N, ¢,t,|v)) from lemma 7.17, and letting B

3This penalty can be made 1-local using standard methods. We omit this here.
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be the local observable from eq. (7.25) & corollary 7.3, we set

1N, 6,1, 1) =Tr ([[11X11] @ (B-61) @ 1] 1x)x)

=3 P DD a2 ) Plkg () (Zaj<3>|aj<z',g>|2—e :
J

ZeV;: x<0 g
(7.27)

Here, as before, vy, represents the amplitudes of QPE on Uy, while a,(7Z’,g)
represent the amplitudes of QPE over ¢ and K on eigenstate |g), and o;(z’, g) are
the coefficients of the eigenstates of B. k4(z) are coefficients of basis expansions of
|v) in the energy eigenbasis of K.

We further define

Nmax (N, @, 0,1) = rr|1::;xn(N,<p,9,t, [v)). (7.28)
v

This is the maximum acceptance probability that the computation can output for a

given N, ¢, 0,t, maximised over all states |v).

Remark 7.2. Fort > |N|, n(N,¢,0,t,|v)) assumes its maximum for an eigenstate

[v) =1g) of K.

Proof. Fort > |N|, yy =1 and all other y, =0 for z # N. Hence

argmaXM n(N, @, 99 t, |V>)

=argmax,, > |z (N)|? (Z (N, g)I° (Z A;(B)loj (N, g)I* - 9))
8 J

x<0

:argmax|v)Z|Kg(N)|2 (Zlax(N,g)|2) I'(g,6).
8 x<0
where [v) = S, k(N)[g) and T(g,0) := (zjaj(B)w,-(N,g)F—e). Thus
n(N,¢,0,t,|v)) is a convex combination of the (3 .<olax(N,g)*)T(g,0), and

its maximum is assumed at an extremal point. The claim follows. |
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Thus, for energy eigenstates {|g)}, we can write:

n;gxn(zv,so,e,r,w»=(Z|ax(N,g>|2(Zﬂ;(Bna,-(N,g)F—e)) (7.29)

x<0 J
We see that max is dependent on I'(g,60) := (Zj /l]~(B)|o-j(N,g)|2—0) which is
proportional to the expectation value of B on the input state. If this state is a low
energy state, then (| B |y) is promised to satisfy (¢/| B|¢) ~ 1 or = 2.

We then go through roughly the same proof as the 1-CRT-PRM proof: we
encode the QTM in a circuit-to-Hamiltonian mapping, then combine this with a tiling
Hamiltonian and a negative energy Hamiltonian. Except now 1, depends on both
@ (in the same way as it did in the 1-CRT-PRM proof) and 6, such that € changes the
value of nmax in a linear fashion. Since 1.« determines the ground state energy of
the circuit-to-Hamiltonian mapping, we see that the energy varies roughly linearly
with 6 provided ¢ and the input state are fixed.

Analogous to theorem 7.11, we obtain the following central result:

Theorem 7.12. Let Ky € (C4)®N be a the Hamiltonian from corollary 6.1 and
lemma 7.16 such that 6 = Q(N~P) for some constant D. Define the order parameter
O/ acting on a const-sized subset of the lattice as in theorem 7.11. We can
explicitly construct a Hamiltonian H*(N, ¢,0) = 240.j) hll.?’j(go,e) + DieA hfv such
that, in the infinite lattice size limit the following conditions hold. For any ¢ €
[Amin (Kn) +6/3, Amin (Kn) +26/3] and supposing for the Aj:(B) € {1,2} which
satisfies | (Yol B|yo) —A;+(B)| = O(1/P1(N)), where |yro) is the ground state of Ky,

then:
« if0>2;,(B)—%+1/Py(N):

i HM is gapped with spectral gap 1.
ii product ground state.

iii has order parameter expectation value (O 5/p) = 1.

« if0<1;,(B)-3-1/Py(N):
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Figure 7.5: The YES case two-parameter phase diagram. The shaded white area shows an
uncertainty region (of size 1/poly N); its inner extent indicates the minimal area
circumscribed by the critical line 6*(¢); it can be shown that the true critical
line has precisely one critical point whenever ¢ is fixed and 6 is varied, as well
as vice versa; i.e., the critical line 6% (¢) is a function, and monotonous, within
an Q(1) area of the phase space. It encompasses an (1) area (given ¢ is scaled
such that effecively 6 = Q(1), as explained in corollary 7.4) of the phase space
for which the system is guaranteed to be completely in phase A in this case. The
location of the rectangle is efficiently computable relative to the point along the
¢ axis below which the system is completely in phase B, irrespective of 6. The
NO case phase diagram is shown in fig. 7.6.

i HN is gapless.
ii has a ground state with algebraically decaying correlations.

iii has order parameter expectation value (O 5/p) = 0.

Furthermore, for any ¢ in the given interval, this Hamiltonian has exactly one

critical point in terms of 6, which we denote 6*. This occurs in the interval

0" € [1;.(B) - % —1/P2(N),4;.(B) - % +1/P2(N)].
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Figure 7.6: The NO case two-parameter phase diagram. The shaded white area shows an
uncertainty region (of size 1/poly N); its outer extent indicates the maximal
area circumscribed by the critical line 8* (¢) It encompasses an (1) area of the
phase space for which the system is guaranteed to be completely in phase B in
this case, and its location is efficiently computable relative to the point along the
@ axis below which the system is completely in phase B, irrespective of 6. The
YES case phase diagram is shown in fig. 7.5.

7.6.3 Reduction of V-TI-APX-SIM to 2-CRT-PRM

As per the 1-CRT-PRM case, we will find it useful to rescale the QPE process
implemented ¢ as per remark 7.1. This has the effect of mapping ¢ — N~ . This

allow us to write the following corollary:

Corollary 7.4 (¢-Rescaled Hamiltonian). Theorem 7.12 holds for a modified Hamil-
tonian if ¢ € [N? (Amin(Kn) +6/3), NP (Amin(Kn) +26/3)] such that NP6 = Q(1).

Having introduced this rescaling of ¢, we now show that determining the phase
transition point 8*(¢) is P@MAex*_hard by showing that determining 6*(¢) for a

specific O(1) interval of ¢ is gives the answer to a V-TI-APX-SIM instance.

Theorem 7.13 (POMAex?_hardness). There is a polynomial time Turing reduction

from N-TI-APX-SIM to 2-CRT-PRM, and hence 2-CRT-PRM is POMA&® _hard.

Proof. We refer the reader to fig. 7.5 and fig. 7.6 to aid this proof.
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From lemma 7.16 it is known that determining whether (/| B|y) > 8 or
(W| B¢y < a for states |¢) € Ss is PMAEXP_hard. From theorem 7.12 we know that
for all ¢ € [N? (Amin(Kn) +6/3), N? (Amin(Kn) +26/3)] it holds that the critical
point 6* (¢) is determined by whether (/| B [y) > S or (/| B|¢) < a for states |¢) € S5
and B—a =Q(1). O

Corollary 7.5. 2-CRT-PRM is PAMA®_complete.

Proof. Hardness and containment follow from theorems 7.6 and 7.13, respectively.

O

The two phase diagrams in the YES and NO cases are shown in figs. 7.5 and 7.6.

It can then be verified that the Local-Global promise is satisfied by the Hamiltonian.

7.7 Discussion

Comparison to Undecidability and Uncomputability Results. We also take care to
distinguish our results from the size driven quantum phase transitions [Bau+18a].
Here we are promised that in the thermodynamic we are always in a particular phase,
but that the transition takes place at some uncomputably large lattice size. Our result
differs significantly in that the spectral gap and phase are explicitly computable for
some finite size lattice, and the system can be gapped or gapless in the thermodynamic
limit.

We also emphasise the differences to the previous undecidability results [CPW15;
Bau+18b; BCW19]. There are two key differences here: the promise of the global-
local gap/phase means that the gap/phase are computable. The previous works prove
results for systems with an infinite number of phase transitions'4, and although this is
not totally unphysical, it is be no means a common property. The systems studied in
this chapter contain either only a single phase transition, or a small finite number,

which arguably better reflects the systems we see in nature.

K“For various technical reasons it is not possible to define phases for the systems studied in [CPW15;
Bau+18b], and we refer the reader to section 3.1 for a more extended discussion. Instead the authors
remark that there are an uncountably infinite number of points where the system changes from being
gapped to gapless.
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Containment of the 1-CRT-PRM Case. In the 1-CRT-PRM result, we prove that
determining the gap/phase 1-CRT-PRM for an Q( 1) region of the ¢ € [0, 1] parameter
space is QMAEgxp-hard. It is natural to ask whether we can prove containment in
QMAEgxp or at least P@MAExplconst]9 1 particular, the fact that for the Hamiltonian
constructed, the spectral gap is actually either > 1/2 or < 1/poly N suggests we
might be able to distinguish the two cases by estimating the spectral gap to only
constant precision in section 7.4 rather than the 1/poly N precision we currently
perform the algorithm to. However, both of the local-global algorithms (used for
determining the spectral gap or the order parameter at a given point, respectively)
require knowledge about the ground state to the relevant precision. In case we
promise that the Hamiltonian’s ground state energy can be resolved within a constant
number of bits, containment in aforementioned stricter classes follows. Naturally,
this leaves open the question whether an algorithm exists that can answer the spectral
gap or order parameter problems to constant precision without knowing the ground

state energy to the same precision.

Precise Variant. As mentioned below the definition of 1-CRT-PRM, definition 7.5,
there is a natural “precise” variant, Precise-1-CRT-PRM, where we want to ap-
proximate the critical point to exponential precision. As explained in [Koh+20,
Th. 4.1], for exponential precision one can allow the embedded computation to
run for time exppoly(L) in the size of the spin chain segment L; as such, one can
extract exponentially many bits of the parameter N, and the distinction between
translationally invariant and non-translationally-invariant models vanish. In this
case, as detailed in [WBG20, Cor. 29&31], the APX-SIM variant is simply PSPACE-
complete, by simulating a PSPACE computation within the history state. As such,
it follows that the Precise-1-CRT-PRM problem—and by a similar argument also
Precise-2-CRT-PRM—are PSPACE-hard. Containment in PSPACE, for a suitable
definition of a local-global gap (that is now allowed to shrink exponentially in the
system size), follows from a precise variant of Ambainis’s algorithm to determine

spectral gap; and because PPreciscQMA — pPSPACE — pSPACE. [DGF20)].

Open Questions. The following points are natural continuations of this line of work.
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1. One major open question is to pin down the exact hardness of the 1-CRT-PRM
problem, as we could show QMAEgxp hardness, but only an upper bound
of POMAexr  mostly because it is not obvious a priori how to reduce the
algorithm that decides the Local-Global promise to constant precision with
only constantly-many queries without negating them (as one would, otherwise,
require co-QMAEgxp queries). In all likelihood, a problem variant as formulated
in 1-CRT-PRM with the promise parameters « and 8 provided as input is indeed
contained in QMAEgxp, but that a more physically-motivated variant that just
asks about the approximation to some precision (i.e., the non-decision variant;
or a variant that just asks for the last bit of a poly-precision approximation to

be 0 or 1) to be POMAexe _hard.

2. The Knabe and Martingale methods for determining the spectral gap apply
to frustration free Hamiltonians, but the Hamiltonians used to prove our
results here are not. Can we prove a similar result to ours for frustration free
Hamiltonians, for the classes QMA | EXP or similar? The class QMA | naturally
characterises the Local Hamiltonian problem in where YES case correspond

to frustration free Hamiltonians [Brall; BT10].






Chapter 8

General Conclusions

For the past 20 years Hamiltonian complexity has been an enormously vibrant area
of research, drawing on a wide range of techniques across physics, mathematics and
computer science. We discuss some open problems related to the work in this thesis.

A key problem which has been noted for all of the results in thesis thesis, is the
condition of naturalness and simplicity. The Hamiltonians studied here are generally
highly unnatural, consisting of highly-tuned interactions on qudits with large local
Hilbert space dimension. Is there any way of reducing the apparently unnaturalness
of these Hamiltonians to find ones similar to which occur in the physical world? Some
authors have argued that we should expect undecidability and uncomputability results
to occur in almost all systems, with the exceptions of those which are extremely
simple [Cue20], but how to prove this is not clear. The fact that (for example)
proving gappedness appears to be difficult in all but the very constrained systems (e.g.
frustration free) lends credence to this hypothesis. Indeed, how one should “measure”
the complexity of inherent in a Hamiltonian in terms of its spatial and algebraic
locality, local Hilbert space dimension, interaction terms, system size, interaction
graph, etc is not clear, if it is possible at all.

Another major, related problem this author remains interested in is stability
of complexity or uncomputability phenomena under perturbations. It has been
shown that the spectral gap of a frustration-free Hamiltonian (satisfying some
other conditions) is stable under local perturbations [MZ13]. If complexity and

uncomputability results are to be relevant to real condensed matter systems — which
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in reality have imperfections and external fields — we should expect them to still
occur even after these local perturbations have been introduced. As far as this author
1s aware, it is an open problem whether any complexity/computability result retains
its properties under local perturbations. We note, however, that such stability results
are hard to come by and have only been proven for very limited systems [NYS18].

All the results in this paper have been proven for systems at zero temperature.
Yet in reality we are always at some small but non-zero temperature. How hard is
it to predict properties of such system, and in particular to any of the results in the
thermodynamic limit survive? As mentioned in the introduction, classical hardness
result are known for free energies/partition functions at non-zero temperature. Fur-
thermore, for finite systems of size N, if one goes to temperatures 7 = O (1/poly(N))
then one will be close enough to the ground state such that predicting properties
is QMA-hard. However, if we take a quantum system at non-zero temperature in
the thermodynamic limit, its complexity is not clear. This problem is relevant for
predicting phenomena such as phase transition, correlation functions etc. This is
closely related to the quantum PCP conjecture, which if true, would imply that for
a finite system predicting the properties of at non-zero temperature is QMA-hard
[AAV13]. Some partial progress has been made on this question with the proof of
the NLTS conjecture [ABN22].
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Appendix

In this section we prove some properties of the Hamiltonian used in chapter 3.
Importantly that it is a so-called “standard-form” Hamiltonian, and that this implies

certain properties.

A.1 Standard Form Hamiltonians and the Clairvoy-

ance Lemma

We begin with the following definition for a 1D chain of spins:

Definition A.1 (Standard Basis States, from Section 4.1 of [CPGW 15a]). Let the
single site Hilbert space be H = ®;H; and fix some orthonormal basis for the single
site Hilbert space. Then a Standard Basis State for H®L are product states over the

single site basis.

We now define standard-form Hamiltonians — extending the definition from

[CPGW15a]:

Definition A.2 (Standard-form Hamiltonian, from [Watl9], extended from

[CPGW15al). We say that a Hamiltonian H = Hyrans + Hpen + Hip + Hoyr acting

on a Hilbert space H = (C¢ ® C2)®L = (C)®L @ (C2)®L =: He ® Hy is of stan-
L—1 5 (i,i+1)

dard form llerans,pen,in,out = Zij=] htrans,pen,in,out’ and hlrans,pen,in,out satisfy the

following conditions:

1. hyrans € B((CC @ C2)®?) is a sum of transition rule terms, where all the
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transition rules act diagonally on C¢ ® CC in the following sense. Given

standard basis states a,b,c,d € C€, exactly one of the following holds:

* there is no transition from ab to cd at all; or

 a,b,c,d € CC and there exists a unitary Upp.q acting on C€ @ C€ together
with an orthonormal basis {|$Z be d>},~ for C2 ® C2, both depending only
on a,b,c,d, such that the transition rules from ab to cd appearing in
Nirans are exactly |ab) |l’[/;bcd> — |led) Ugpea |¢12bcd> for alli. There is

then a corresponding term in the Hamiltonian of the form (|cd) @ U pcq —

laby)({cd|®U!, —(ab).

2. hpen € B((CC®C2)®?) is a sum of penalty terms which act non-trivially
only on (C€)®? and are diagonal in the standard basis, such that hpen =
2 (ab) Iilegal |ab)c (ab| ® g, where (ab) are members of a disallowed/illegal

subspace.

3. hin= Y lab){ab|- ® 1y, where |ab){ab|. € (C)®? is a projector onto
(C€)®2 basis states, and H:Z') € (€2)®2 are orthogonal projectors onto (C2)®?

basis states.

4. houw = |xy) {xy|c ®ILyy, where |xy) (xy|c € (C)®? is a projector onto (C€)®?

basis states, and H,(C;") € (C2)®2 gre orthogonal projectors onto (C2)®? basis

states.

We note that although 4,,; and h;, have essentially the same form, they will

play a conceptually different role.
Lemma A.1. Hqrwm is a standard form Hamiltonian.

Proof. Comparing with definition A.2, we see that all terms fall into one of the four

classifications, and hence it is standard form. O
We now introduce the following definition.

Definition A.3 (Legal and Illegal Pairs and States, from [CPGW 15a]). The pair ab
is an illegal pair if the penalty term |ab) (ab|c ® 1¢ is in the support of the H e,
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component of the Hamiltonian. If a pair is not illegal, it is legal. We call a standard

basis state legal if it does not contain any illegal pairs, and illegal otherwise.

Then the following is a straightforward extension of Lemma 42 of [CPGW 15a]

with H;, and H,,, terms included.

Lemma A.2 (Invariant subspaces, extended from Lemma 42 of [CPGW15a]).
Let Hiyans, Hpen, Hin and H,y, define a standard-form Hamiltonian as defined in
definition A.2. Let S = {S;} be a partition of the standard basis states of Hc into
minimal subsets S; that are closed under the transition rules (where a transition
rule |ab)cp W) — |ed)ep Uavea W) acts on He by restriction to (C€)®2, ie. it
acts as ab — cd). Then H = (P Ks,) ® Hy decomposes into invariant subspaces
Ks, ® Hp of H=Hpen+ Hirans + Hin + Hou where Ks, is spanned by S;.

Lemma A.3 (Clairvoyance Lemma, extended from Lemma 43 of [CPGW15a]).
Let H = Hyrans + Hpen + Hip + Hou be a standard-form Hamiltonian, as defined in
definition A.2, and let Ks be defined as in Lemma A.2. Let 10(Ks) denote the
minimum eigenvalue of the restriction H|7(S®7{Q of H=Hqns+Hpep+Hip+Hyyy to
the invariant subspace Ks ® Hy.

Assume that there exists a subset ‘W of standard basis states for Hc with the

Jollowing properties:
1. All legal standard basis states for Hc are contained in ‘W .
2. ‘W is closed with respect to the transition rules.

3. At most one transition rule applies in each direction to any state in ‘W.
Furthermore, there exists an ordering on the states in each S such that
the forwards transition (if it exists) is from |t) — |t+ 1) and the backwards

transition (if it exists) is |t) — |t —1).

4. For any subset S C ‘W that contains only legal states, there exists at least
one state to which no backwards transition applies and one state to which no
forwards transition applies. Furthermore, the unitaries associated with the

transition |ty — |t+1) are U; =1, for 0 <t < Tjyjy — 1 and Ty < T, and that
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the final state |T) is detectable by a 2-local projector acting only on nearest

neighbour qudits.
Then each subspace Ky falls into one of the following categories:

1. S contains only illegal states, and H|yor, > 1.

2. S contains both legal and illegal states, and

Wi HlggoroW = @5 (A1V + > 1) (k] ) (A1)
i Kyek;

where Y iyek, |k) k| := Hpenlusor, and K; is some non-empty set of basis

states and W is some unitary.

3. S contains only legal states, then there exists a unitary R=W(1c ® (X ®Y)p)

that puts H|gxsep, in the form

Haa Hab
R'Hlyse1,R = , (A.2)

H', Hpp

where, defining G := supp ( Z[T;’g’_l Ht(i”)) and s = dimG,

* X:G—-G.

e Y:G— G-

* H,, is an s X s matrix.

* H,,,Hpp > 0 and are rank r,,ry respectively.

* H,, has the form

Tinit-1

Hao = D (A% +a]ISI-1) (ISI = 11) + > 10 (1 ® X T |6 X.

i t=0
(A.3)
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* Hyy is a tridiagonal, stoquastic matrix of the form

Hyp = (A1 481151 - 1) ISI - 1)). (A4)

1

* H,p, = Hy, is a real, negative diagonal matrix with rank min{r,,rp}.
Hop = Hypa = P i lISI - 1) (IS1 - 11. (A5)
i

where either we get pairings between the blocks such that

(a'i Yi ( L= p —yui(1 —ﬂi)) 1 0)
= or , (A.6)
Yi Bi) \—vVui(l—-p) Hi 0 1

Jor 0 < u; < 1, or we get unpaired values of a; = 0,1 or B; =0, 1 for which we

have no associated value of y;.
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