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Active plasma lenses (APLs) have been proved as an effective device for focusing charged particles.
In this paper, we have theoretically studied the feasibility of using a discharged-capillary based high
gradient APL to focus laser accelerated pulsed proton beams. We specify equations of motion of proton
beams in both straight and curved discharge-capillary APLs, on which the regulation law of a specific APL
focusing and tuning protons can be calculated. Then, we summarize several constraints of APLs.
Confirmed by a 2D PIC simulation, we find that with a proper plasma state, the proton energy loss, the
transverse current distribution, and the Z-pinch effect do not significantly affect the beam transport, while
the passive plasma lens (PPL) effect can promote the APL focusing within an acceptable extent. The regime
of working parameters, including the plasma density n0, the discharge current I, the length L and the radius
R of APLs are given for different aimed proton energy. The results show that APL, whose parameters can
be adjusted flexibly, is suitable for focusing and transporting proton beams with energy of 1–100 MeV. It is
expected to build a beam-line based on plasma with centimeter length scale for pulsed proton beams. Such
compact beam-line can have significant impact on various applications.
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I. INTRODUCTION

Particle acceleration based on high intensity laser sys-
tems (a process known as laser–plasma acceleration, LPA)
has achieved high quality proton beams [1,2]. Such proton
beams are accelerated after the formation of electron sheath
[3] by means of spatially localized and temporally
synchronized fields from relativistic laser plasma inter-
actions [4], and exhibit exceptional beam properties includ-
ing low emittance (∼10−3 mm · mrad) [5], high intensity
(∼1013 particles) and short pulse duration (∼ps) [6]. Target
normal sheath acceleration (TNSA) [7], the acceleration
mechanism studied most extensively, has matured to a high
level of robustness and reliability. This has made studies
covering a wide range of laser and target parameters from
many different experiments [8,9]. As a more efficient
approach, radiation pressure acceleration (RPA), using

the high radiation pressure of lasers to accelerate protons
directly has also been explored [10]. So far, proton energies
of up to 85 MeV with TNSA [11] and 94 MeV with hybrid
RPA-TNSAmechanism [12] were generated using petawatt
lasers with pulse duration <1 ps at ultrarelativistic light
intensities of 1020 W=cm2. The proton beams have a broad
range of prospective applications such as material irradi-
ation [13], imaging technology [14], cancer treatment [15],
fast ignition [16], and warm-dense-matter generation [17].
For these applications, collimation and focusing of proton
beams to keep the desirable properties (high peak current
[18], micrometer source size [19], and low emittance [5]) is
important.
During preliminary attempts to implement the applica-

tion of the LPA protons, magnet quadrupoles [20], sol-
enoids [21], and laser-triggered micro-lenses [22] are
demonstrated as focusing elements. The quadrupole has
to be used in a combination of triplet or doublet, because it
cannot focus the beam symmetrically in two directions.
Although the magnetic gradient of one quadrupole can
reach up to 500 T=m, the effective acceptance angle of
triplet or doublet quadrupoles is small due to the inevitable
beam scattering and loss caused by the anisotropic focus-
ing. A pulsed solenoid with cm inner diameter and

*lc0812@pku.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI.

PHYSICAL REVIEW ACCELERATORS AND BEAMS 24, 031301 (2021)

2469-9888=21=24(3)=031301(12) 031301-1 Published by the American Physical Society

https://orcid.org/0000-0002-7156-081X
https://orcid.org/0000-0002-7500-241X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevAccelBeams.24.031301&domain=pdf&date_stamp=2021-03-08
https://doi.org/10.1103/PhysRevAccelBeams.24.031301
https://doi.org/10.1103/PhysRevAccelBeams.24.031301
https://doi.org/10.1103/PhysRevAccelBeams.24.031301
https://doi.org/10.1103/PhysRevAccelBeams.24.031301
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


magnetic strength of 2 T behind the target can catch most of
the protons and symmetrically focus them into a mono-
energetic beam, but it requires advanced pulsed magnet or
superconducting technology. Microlenses, generated by a
second short high-intensity laser pulse irradiating a tiny
cylinder, can focus traversing protons due to the rapidly
varying electric field. However, it suffers from complicated
geometries and strict synchronization between the two
lasers. Subsequently, various beam lines have been reported
by several institutes, including the beam line at GSI
Helmholtz Center, [23,24] the ELIMED beam line installed
in Prague for therapeutic purposes, [25] a compact gantry
design constructed for LPA proton radiotherapy combined
by pulsed magnets [26]. The CLAPA beam line at Peking
University, which transports proton beams of high current
with 1% energy spread reliably and practically [27]. The
beam lines above based on traditional magnet combination
are generally several meters long, which is unfavorable for
miniaturization of laser plasma accelerators. They also
encounter challenges when dealing with particles with
broadband energy spectrum, owing to their sensitive
dependence on energy [28]. The high peak current of
the LPA protons is also an unsolved trouble because the
space-charge field can not be neglected at micrometer size
[29]. The generalized perveance [30] (an important param-
eter describing focus characteristics of beams) contributed
by the space-charge fields is far larger than that of state-of-
the-art solenoids and quadrupoles. Plasma, as a macro-
scopic neutral medium composed of free electrons and
ions, can effectively neutralize the pulsed beam, strongly
relax the space charge restrictions, and provide certain self-
focusing of the beam, which is considered as the convenient
medium for beam transport [31]. Plasma can also sustain
extremely large fields [32] and currents [33]. When a strong
discharge current moving in the direction of the beam and
passing through the plasma simultaneously, according to
the Ampere law, an azimuthal magnetic field is generated,
which provides symmetric focusing of particles and pre-
serves the beam with longitudinal phase space [34]. This
current-based magnetic lens with focused magnetic gra-
dient up to kT/m is called active plasma lens (APL).
Distinguished from the passive plasma lens (PPL) [35]
that relies on the self-field driven by the beam in plasma,
APL is driven by an active, external current. The field of a
PPL is strongly affected by the beam parameters (charge,
current profile, and size), which limits its tunability. The
field of an APL is generated by discharged current and can
be flexibly adjusted, representing an alternative approach of
new compact devices.
The first APL with only 4 ft. length was constructed to

focus 350 MeV proton beams by Panofsky and Baker in
1950 at BNL [36]. Later, APLs have been installed on ions
beam lines at CERN [37] and GSI [38], implementing
symmetrical focus of different kinds of ions, such as from
MeV Krypton ions to GeV Gold ions. Remarkable precise

focusing properties of APLs over traditional magnetic
elements have been demonstrated [39]. However, the radii
of the APLs above are over centimeter level. So high
discharge current induces z-pinch effect and causes addi-
tional instability, thus limiting the application of APLs [40].
In recent years, APLs based on gas-filled discharge

capillaries [41] have been found, which can produce high-
magnetic gradients with flexible tunability. Gas-filled
discharge capillaries are typically described as a cm-length
gas-filled elongated volume with mm-diameter circular
cross section embedded in a glass or sapphire block, in
which the plasma is produced by an electrical discharge
current between two electrodes at both ends. The capillary
plasma can effectively guide relativistic intense laser pulse,
resulting in the generation of quasimonoenergetic electron
beams with the highest energy up to 7.8 GeV [42].
A curved plasma channel in a capillary has also been
achieved experimentally [43]. It is proved that the accel-
erated electrons moving along the trajectory in a curve
capillary can produce synchrotron radiation [44], which
becomes feasible for both compact multiple acceleration
stages [45] and synchrotron radiation source [46]. The peak
current in the capillary can easily reach dozens of kA
because the duration of the discharge pulse is only
hundreds of nanoseconds, corresponding to a magnetic
gradient higher than 3000 T=m. So attentions have also
been paid to the focusing and guiding for charged particles
through the channel. With proper synchronization between
the current and the LPA electrons, several experiments
performed in LBNL, [28] INFN [47] and Oxford [48] have
reported radially symmetrical focusing of electrons suc-
cessfully with the capillary discharge APLs, indicating their
potential for compact laser accelerator applications.
Unlike LPA electron beams, LPA proton beams are

nonrelativistic and much more divergent. Besides, consid-
ering the larger mass of protons, more stringent exper-
imental conditions are required, compared to electrons. The
goal of this paper is to investigate a solution to focusing and
guiding the LPA pulsed proton beam by using a discharge
capillary plasma. First, we analytically specify that both
straight and curved discharge-capillary APL can focus the
proton beam effectively in Sec. II. Then, we analyze the
physical constraints of proton propagation in plasma
channels in Sec. III and verify them in a 2-dimensional
particle-in-cell (2D PIC) simulation. The method to meet
the constraints is reported in Sec. IV. The possible
challenges in the experiment are discussed in Sec. V.
A conclusion is given in Sec. VI.

II. ACTIVE PLASMA LENSES

A. Straight plasma channel APL

An ideal APL, assuming a cylindrical channel filled
with plasma of uniform conductivity, can provide radially
symmetrically uniform focusing field. Figure 1(a) illustrates
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the principle of the APL: a proton beam collinearly
propagating along an actively externally current I is radially
focused. According to Ampere’s law the radial magnetic
gradient of a current with uniform density is

�∂B
∂ρ

�
uniform

¼ μ0I
2πr2

: ð1Þ

where B is the azimuthal magnetic strength, ρ is the
radial distance from the axis of channel, μ0 is the vacuum
permeability and r is the radius of the circular capillary.
Assuming I ¼ 1000 A and r ¼ 200 μm ∼ 500 μm, the
corresponding magnetic gradient ∂B=∂ρ can reach
1000–5000 T=m.
Under the effect of a constant radial magnetic gradient,

protons make a linear betatron motion [49] which can be
described by Hill’s equation

d2ρ
dz2

þ Kρ ¼ 0 ð2Þ

where K ¼ qð∂B=∂ρÞ=ðm0γβcÞ is the focusing function of
an ideal APL, q is the proton charge, m0 is the proton rest
mass, c is the vacuum speed of light and γ and β are the
Lorentz factors. For an APL with a length of L, the
equation above characterizes the focusing effect with a
focal length

f ¼ 1ffiffiffiffi
K

p
sin

ffiffiffiffi
K

p
L

ð3Þ

Due to the high-magnetic gradient, f is of the same order of
L, because of which we will not adopt the thin-lens
approximation in the following calculation.

B. Curved plasma channel APL

Proton propagation in a curved plasma channel with
uniform current can also be analyzed by orthogonal
toroidal coordinates ðξ; η; ζÞ shown in Fig. 1(b), where ζ
is the distance along the curved channel axis and ρ ¼
ðξ2 þ η2Þ1=2 is defined with respect to the channel axis. The
transform from ðx; y; zÞ to ðξ; η; ζÞ is [50]

8>>>>>><
>>>>>>:

ξ ¼ x

η ¼ R −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR − yÞ2 þ z2

p

ζ ¼
8<
:

R arccos R−yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR−yÞ2þz2

p ; z ≥ 0

R
�
2π − arccos R−yffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðR−yÞ2þz2
p

�
; z ≤ 0

ð4Þ

Considering a channel which is curved in the ðy; zÞ plane
with a constant radius of curvature R, we rewrite transverse
components of Newton’s second law md2ρ⃗=dt2 ¼ qv⃗ × B⃗
with toroidal coordinates based on Jacobian determinant as

8<
:

d2ξ
dζ2 þ Kξ ¼ 0

d2H
dζ2 þ KH ¼ 0

ð5Þ

where H ¼ ηþ η0 is the distance form the balance point,
η0 ¼ 1=ðKRÞ is the distance between the balance point and
the curved channel axis along the direction of R. The
equations above have the same form as Hill’s equation (2),
which indicates that a curved plasma channel can guide and
focus charged particles simultaneously, and the following
analysis method is applicable to both straight and curved
lenses.

C. Focusing and tuning of APL on protons

The effective focal length F is the most concerned
parameter of a magnetic focusing element. The parameter
of a radially symmetric solenoid lens and an APL is F ¼
ð2m0γβc=qÞ2=ðB2LÞ and F ¼ f, respectively. For a quad-
rupole, the expression F ¼ �f represents the effective
focal length in both orthogonal directions. The optimized
ideal triplet configuration �ð2f;−f; fÞ can achieve radi-
ally symmetrical focusing, where each quadrupole is
separated by distance s ¼ f0 and f0 is the single-element
focal length at the specific design energy (50 MeV in
Fig. 2), yielding F ¼ 2sþ ð2f3 − fs2Þ=ðf2 þ fs − s2Þ.
Note that the Lorentz factors γ(≈1 for multi-MeV protons)
and β(≈1 for relativistic electrons) in the expressions of F
have the same weight for all focusing elements, and
therefore the scaling laws of the focusing strength with γ
for relativistic electrons proposed by Ref. [28] also applies
to that with β for multi-MeV protons. Figure 2(a) displaces
the chromatic dependence jΔFj for a solenoid (black line), a
quadrupole triplet (blue line) and an APL (red line)

(a)

(b)

laser target plasma channel

focal plane

curved-channel
plane

x

y

z

η

B( )Force
current

ζ

ξ

proton beam

FIG. 1. Schematic concept of a proton beam focusing propa-
gating in a straight (a) and a curved (b) APL. In the case of the
curved APL, the coordinate system is transformed from the
Cartesian coordinate system to the orthogonal toroidal one
ðξ; η; ζÞ as shown in (b).
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designed for 50 MeV protons, with focal lengths
F ¼ 5.87 m, 23.19 cm and 2.18 cm, respectively. The
corresponding proton spots on the focal plane are also
shown in Fig. 2 from (b) to (d), for a collimated initial
incident proton beam with a rms spot transverse radius
σr0 ¼ 300 μm (bi-Gaussian distribution) and an energy
spread of 30% around 50 MeV. One can observe that the
APL has the shortest focal length, the weakest energy
dependence and the smallest beam focal spot.
The adjustability of a focusing element is also an

important parameter in order to meet the complex and
changeable requirements in the experiments. We define the
length of a capillary APL as L, the distance between
the proton source (object point) and the entrance of the
capillary as object distance l, the distance between the exit
of the capillary and the focused spot (image point) as image
distance d, and the distance between the object point and
the image point as S ðlþ Lþ d ¼ SÞ. Figure 3 shows two
different adjustment methods for a APL with L ¼ 3 cm and
r ¼ 300 μm. First, assuming that l ¼ 4 mm is fixed in the

experiment, we try to find the optimum capillary discharge
current to achieve the smallest beam spot at an adjustable
image point for protons with various energies. In Fig. 3(a),
the blue area shows the scaling of the discharge current
with the aimed proton energy for different d. For example,
when I ¼ 1 kA, the 50 MeV protons can be focused at
d ¼ 0.5 m. The black dotted curve in Fig. 3(a) is for
d ¼ 1 m, which is set as the lower boundary of I, because a
too large d is not applicable for a compact device. While the
green area in the left indicates that too high I causes the
protons over-focused inside the capillary and d is negative.
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FIG. 2. (a) The chromatic dependence jΔFj is displayed for a
solenoid (black line), a quadrupole triplet (blue line) and an APL
(red line) designed for 50 MeV protons. The focal spot of an
initial collimated proton beam with energy spread of 30% around
50 MeV is displayed on the right side, after focused by the
solenoid (b), the quadrupole triplet (c) and the APL (d) with the
marked parameters values, respectively. The rms transverse
radius of the initial beam with a bi-Gaussian distribution is
300 μm.
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FIG. 3. Two different adjustment methods for an APL with L ¼
3 cm and r ¼ 300 μm. The parameters involved in the figure are
APL length L, object distance l (the distance between the object
point and the entrance of APL), image distance d (the distance
between the image point and the exit of APL) and distance
between object and image point S. (a) Scaling of the image
distance d with discharged current and aimed beam energy. The
object distance is fixed at l ¼ 4 mm. The black dotted line is the
lower boundary of I demarcated from unfocused beams, where
d ¼ 1 m. (b) Scaling of the object distance with the aimed proton
energy when the distance between the object and image point is
fixed at S ¼ 0.5 m and the discharge current is also fixed at
I ¼ 1 kA. The inset subgraphs show two different adjustment
methods corresponding to Fig. 3(a) and (b), respectively.
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Generally, the position of the proton source and the
irradiation point are fixed, meaning that S is fixed in
experiments. To focus aimed protons with various energies
complying waist-waist transport in the case of the fixed S,
we can either adjust the discharge current to keep K
constant along black lines shown in Fig. 3(a), or adjust
the distance l. Fig. 3(b) shows the focusing regulation law
for the capillary with same parameters in Fig. 3(a), and here
S ¼ 0.5 m and I ¼ 1 kA. If the energy of the focused
proton beams increases from 40 MeV to 80 MeV, l
increases correspondingly from 2 mm to 10 mm. Due to
the small size of APLs, electric stepping motors can be used
to adjust the posture of APLs with micrometer resolution.
The combination of the two as a zoom lens can raise
tunability in experiments, which is difficult to achieve with
conventional magnetic transport elements. More adjust-
ment methods in multidimension can be achieved for a
curved APL. For instance, by rotating the exit angle of the
capillary, we can easily adjust the propagation direction of
the proton beam, which has the similar function of the
curved AG-CCT magnet [51].

III. PARAMETER LIMITATION ON APL

The interaction of charged particles with plasma has
important influences on focusing. The APL can effectively
focus proton beams in a state where the plasma medium
cannot significantly affect the intrinsic characteristics of the
beam, such as emittance and energy.

A. Proton energy loss

Energy loss is a major aspect attracting attention in the
focusing process. The incident proton beam transfers part
of the energy to electrons and ions in fully ionized plasma
with a rate much higher than that in solid [52]. Extensive
research works indicate that the energy loss can be
expounded by linear theories include the dielectric theory
and the binary collision one, when the ion-plasma coupling
strength Z ¼ Zp=ND ≪ 1, where Zp ¼ 1 is the proton
charge state, ND ¼ n0λ3D is the number of particles in the
Debye sphere and λD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε0kbTe=ðn0e2Þ

p
is the Debye

length [53]. This applies for high energy injection protons
ðvp ≫ vthÞ [52] and nonmagnetized ðωce ≪ ωpeÞ [54]

plasma. Here vp ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2E=m0

p
is the proton velocity,

vth ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3kbTe=me

p
is the plasma electron thermal velocity,

ωce ¼ eB=me is the electron cyclotron frequency,
ωpe ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0e2=ðε0meÞ

p
is the plasma frequency, E is the

proton energy, kb is the Boltzmann constant, Te is the
plasma temperature, me is the electron mass, e is
the electronic charge, n0 is the plasma density and ε0 is
the vacuum permittivity. For proton beams with energy
higher than a few MeVand discharged plasma with Te on a
level of several eV, n0 below 1017 cm−3 and B ∼ 1 T,
the linear theory is well satisfied. The expression of the

proton energy loss can be written as a modified Bethe
formula [55]

−
�
dE
dz

�
¼ Z2

pe2ω2
pe

4πε0v2p
G

�
vp
vth

�
ln

�
4πε0mev3p
Zpe2ωpe

LBloch

�
ð6Þ

where Gðvp=vthÞ is the Chandrasekar function [56] and
LBloch is the Bloch modified term [57]. The calculation
result is ðdE=dzÞ ∼ 0.01 MeV=m for the condition above,
representing the energy loss of MeV protons propagating in
a capillary plasma can be neglected.

B. Quasineutrality condition

When propagating in the plasma, the proton beam carries
an equal number of electrons, therefore together they can be
described as moving plasma which meets the quasineu-
trality condition. There is an upper limit on the charge
density of protons inside the local plasma that can be
focused by the magnetic field of the APL, because the
condition that the magnetic skin depth is much longer than
the beam radius must be met [58], that is

c
ωpb

≫
σr
2

ð7Þ

where ωpb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nbe2=ðε0meÞ

p
is the local plasma frequency,

nb ¼ N=½ð2πÞ3=2σzσ2r � is theprotonbeamdensity assuminga
bi-Gaussian distribution, σr is the rms transverse beam size,
and σz is the rms beam length. The expression indicates the
upper limit on number of protons N ≪ ðc2meε0σzÞ=e2. For
the beam parameter σz ¼ 30 μm, the limit is about 109.

C. Transverse current distribution

The analysis above is based on the assumption that the
discharge current is uniform, however, magnetohydrody-
namics (MHD) simulations show that the transverse current
distribution in the plasma lens is nonuniform [59]. From the
J ∼ T3=2

e model with J the current density [60], we calculate
the B scaling with the radial distance from the central axis
of the capillary ρ, as shown in Fig. 4(a). Here, we still
assume a capillary APL with I ¼ 1 kA and r ¼ 300 μm.
One can observe an enhancement in magnetic gradient
for the nonlinear model compared with the uniform
model. Reference [61] gives an analytical approach to
optical properties with a nonlinear magnetic field profile.
Figure 4(b) shows the scaling of the beam emittance
increase Δε and the actual focal length fac with the spot
radius of the incident beam in the case of the nonuniform
current. For a collimated proton beam with energy of
50 MeV, the analytic focal length of the APL in the case of
uniform current is 2.18 cm. We can see that fac is shorter
than that of the uniform current case and the potential
emittance deterioration is severer at larger beam radius. The
primary consequence of the B nonlinearity is the reduction
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of the effective APL radius from 300 μm to about 200 μm,
which is consistent with the conclusion of Ref. [62] that
particles outside r=3 in the APL do not contribute effi-
ciently to the high-quality focus. One solution to sup-
pressing the B nonlinearity is to use heavier species of gas
to discharge [48]. The effective plasma channel radius can
be maintained due to current uniformity improved by more
radiation heating.

D. Z-pinch effect

Another limiting factor is the z-pinch effect [40] that
reduces the plasma channel radius and induces plasma
instabilities, leading to degradation of beam quality. In
particular, the contraction of effective plasma radius should
be avoided to protect the collection angle. The pinch effect
can be ignored if the plasma pressure pT is larger than the
magnetic pressure pB, which means

n0kbTe >
μ0I2

8π2r2
ð8Þ

The condition demonstrates that there is an upper limit
for the focusing strength under given n0 and r, which

means the focal length f has a minimum value. For the
parameters above (n0 ∼ 1016–1018 cm−3, Te ∼ eV,
I ∼ kA), the Inequality (8) is well satisfied and the plasma
channel radius is almost equal to the capillary radius.

E. PPL effect

Passive plasma lens effect is always present even in an
APL [63]. When the beam of positively charged particles
moves through the plasma, the plasma electrons bring two
effects on the beam: neutralization of the beam charge and
neutralization of the beam longitudinal current [64]. For a
beam with a radius σr < c=ωpe, the longitudinal current is
not completely neutralized [65]. So it will experience the
self-focusing due to the shielding process produced when
the background plasma reorganizes to conserve the overall
neutrality. At the same time, a comoving plasma wakefield
is generated by the disturbance of the protons to the
background electrons, [66] and the profile of the beam
would be modulated by the radial wakefield. The inclusion
of nonlinear passive plasma wakefield on the beam also
affects the beam emittance [67]. However, it is hard to give
an analytical description of the PPL effect for a non-
relativistic proton beam with broadband energy spectrum.
In order to evaluate the related impacts, we have

performed 2D PIC simulations with EPOCH [68]. The
simulated transport domain is 300 μm × 3 cm in the y-z
plane. The simulations consider a uniform density
plasma channel with density n0 ¼ 1016 cm−3 located at
0 < z < 2 cm. Initially t ¼ 0, a laser accelerated proton
beam with an exponential decaying energy spectrum
from 8.5 MeV to 11.5 MeV and a Gaussian density
profile nðy; zÞ ¼ nb exp ð−y2=2σr − ln 10 z=σzÞ, where
nb ¼ 1016 cm−3 and σz ¼ 30 μm, is located at z origin
as channel entrance. Considering a few mm drifting before
entering the APL, the proton energy E establishes a linear
chirp in z direction, i.e., EðzÞ½MeV� ¼ 8.5þ 3z=σz.
To save computing resources, we adapted moving-window
method. As σz increase along with transmission,
the domain of the window is 300 μm × 6 mm with
600 × 12000 cells moving from z ¼ 0 to z ¼ 3 cm at
the same speed as the highest energy (11.5 MeV) proton.
A uniform linear magnetic field BðyÞ ¼ ky perpendicular
to simulation plane is added in plasma domain, where k ¼
1837 T=m is magnetic gradient. The focus image point is
expected at z ¼ 2.5 cm for 10 MeV protons using Eq. (3).
The simulation results after analysis is given in Fig. 5.

Figure 5(a) shows the evolution of the transverse beam
density profile with z from the initial z ¼ 0 to different
detection planes z ¼ 2.3 cm, 2.5 cm and 3 cm. In the
experiment, we usually use a truncated beam profile
detector, such as a scintillator, to measure the accumulative
superposition of the energy of all protons in a beam.
Therefore, the beam density profiles in Fig. 5(a) are also the
superposition of the whole beam with the broad energy
spectrum. We define the focal plane at the position where
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the beam can be focused to a waist σr ¼ 16.6 μm, that is
z ¼ 2.3 cm here. Compared with the result of the matrix
calculation (z ¼ 2.5 cm for 10 MeV), the focal length
obtained by the simulation is 8% shorter, indicating that the
self-focusing caused by the PPL effect [63] improves the
overall focusing ability for the beam. For a plasma medium,
certain parameters are approximate whether in calculation
or simulation, and the accurate K needs to be revised
according to the experiment. But it is proved that APL
effect is absolutely dominant compared with PPL effect, so
we can still use the theoretical calculation result as a
prediction of experiments.
During the propagation, the beam stretches longitudi-

nally as well due to the large energy chirp. Figure 5(b)
shows the density profile in the moving window at t ¼
408 ps when the entire beam is close to the exit of the APL
plasma. It is focused transversely and stretches to milli-
meter longitudinally. The E-y caused by the background
electron density perturbation (wakefield) [66] is also super-
imposed, with wave length of λp ¼ 2πβc=ωpe ∼ 50 μm
[69], which is much shorter than that of the beam.

The nonlinear interaction with plasma may induce micro-
structures on the beam and deteriorate its transverse emit-
tance [67], causing phase diagram distortion. Figure 5(c) is
the phase diagram of the proton beam at the focal plane
z ¼ 2.3 cm, where protons with<9.5 MeV, 9.5–10.5MeV,
and >10.5 MeV are marked with red, green, and blue
colors. It shows that protons with higher energy are weakly
affected by the plasma, but the wakefield produced by them
will affect the subsequent lower-energy protons. From the
phase diagram, the emittance of the entire beam with
broadband energy spectrum [70] at focus is calculated as
Δε ¼ 0.06 mm · mrad, which is still small comparing with
that of traditional accelerators (∼mm · mrad). Therefore, we
consider that the influence by self-driven wakefield can be
acceptable. In addition, increasing the plasma density and
adopting the non-uniform plasma are the effective ways to
restrain thewakefield [64]. Figure 5(d) shows scaling of rms
beam radius σr with proton energy at the focal plane. For
beams with broad energy spread, the σr undulates within
20 μm, indicating that focusing through APLs indeed
weakly depends on energy.
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IV. APL PARAMETERS SEARCHING METHOD

The working parameters of APL are limited by the
multiple conditions above with implicit relationships.
Based on the analysis above that PPL effect is relatively
minor, we put forward a method to search the range of
parameters at working state. To design an APL for a center
proton energy E, four typical parameters ðL; r; I; n0Þ need
to be determined. Obviously, this is a nonlinear multi-
variable optimization [71] to be solved.
First, we write the energy loss constraint asR

L
0 ðdE=dzÞdl ≤ νE, where ν is the acceptable rate of
energy loss and (dE=dz) is a function of n0 and L. For
a short-pulse proton beam propagating in plasma, ðdE=dzÞ
should be obtained by PIC simulation rather than
Eq. (6). However, the nonlinear inequality constraint in
integral form will make the optimization too complicated.
Following the analysis above in Sec. III A, if we make sure
that the APL work in linear region, then this constraint can
be ignored.
The constraint due to the z-pinch effect is shown by

inequality (8), in which Te is also related to n0 and I. Using
the MHD simulation, people demonstrate that the temper-
ature does not change sensitively with n0 and I, so one can
estimate Te as a constant temperature, for example, 5 eV in
most of the discharge parameter range. Under this
assumption, inequality (8) can be simplified to a linear
constraint with three parameters (n0, I, and r). We optimize
the problem for various n0 respectively.
Another constraint is that the beam coming out of the

APL must be converged. The laser accelerated protons can
be considered as emitting from a virtual point source [19].
If the distance from the source point to the entrance of the
capillary APL is l, the angle r0 of a proton passing through
the lens at the exit of the APL can be written as

r0 ¼ −lr00
ffiffiffiffi
K

p
sin

ffiffiffiffi
K

p
Lþ r00 cos

ffiffiffiffi
K

p
L ð9Þ

where r00 is the initial angle of the proton. Only if r
0 < 0, the

converging condition of the proton beam is met, which can
be described as

ffiffiffiffi
K

p
L≳ π

2
: ð10Þ

The acceptance angle θ of the APL for a beam from a
point source can be described as

θ ¼ rffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 1

K

q : ð11Þ

Only those protons with initial angle smaller than θ can
pass through the APL. To enlarge θ and collect more
protons, the distance l should be small. We transform the
angle formula and get

1

θ2
¼ l2 þ 1

K

r2
¼ l2

r2
þ 2m0πβc

qμ0I
: ð12Þ

To optimize the problem for various n0, we rewrite the
parameters (L, r, I) as independent variable ðx1; x2; x3Þ and
the objective function in form of fractional polynomial. The
optimization is specified by

min
x1;x2;x3

l2

x22
þ 2m0πβc

qμ0x3
such that

8>><
>>:

π3

2
m0βcx22 − qμ0x3x21 ≤ 0

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

8π2

μ0n0kbTe

q
x2 þ x3 ≤ 0

10 ≤ x1 ≤ 100; 0.1 ≤ x2 ≤ 2

ð13Þ

where the unit of length is mm in the bound constraints, in
which the specific values are determined by experimental
conditions.
Assuming l ¼ 4 mm, we implement optimization above

for 1–100 MeV proton energy under different plasma
densities (1016–1018 cm−3), and the results are shown in
Fig. 6. Figure 6(a) indicates that the optimized maximum
collection angle θ↓ with E↑, for the reason K↓ with E↑; it
also indicates that θ↑ with n0↑, for the reason K↑ with I↑.
In the optimization, I is the most influential parameter.
Figure 6(b) shows that the upper limit of I↑with n0↑ due to
the z-pinch effect described by inequality (8). At the same
time, inequality (10) requires K to be large enough, which
requires ratio I=r2↑with E↑. Under these two premises, I↓
and r↓ with E↑ in first and second power level synchro-
nously, which are shown in Fig. 6(b) and (d) respectively, to
maintain the maximum magnetic gradient. On the other
hand, converging constraint in inequality (10) can be
compensated by L↑ as shown in Fig. 6(c). The parameters
above must be within the limit of the conditions to ensure
APLs working in a stable focusing transmission state, and
only when all parameters take the limit values simulta-
neously, the APL can achieve the maximum collection
angle θ.

V. DISCUSSION

FromEq. (6)we canget that the energy loss of protonswith
energy over MeV is not sensitive to plasma density of range
lower than 1020 cm−3, and thus increasing n0 is an effective
way to relax the limitation inequality (8). Consequently, the
focusing strength of APLs can be enhanced by continuously
increasing the current. If the focusing strength is kept, the
lens can be designed with a larger aperture so that the
collection angle will increase. We recommend a hundred-of-
μm-radiusAPLwith1016–1017 cm−3 density and several-kA
current to focus the protons with MeV level energy accel-
erated by laser pulses with 1018–19 W=cm2 intensity, and a
several-millimeter-radius APL with 1018 cm−3 density and
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score-of-kA current to focus the protons with energy
over scores of MeV accelerated by laser pulses with
1020–21 W=cm2 intensity.
In experiments, the large divergence angle of LPA proton

beams is a challenge to overcome for APLs based on
discharge capillaries. The APL has to be placed close to the
target in order to increase beam collection efficiency. At
sufficiently small distances, protons can also enter APLs
before the Coulomb explosion, thus maintaining a low
initial emittance. However, there should also be a safe
distance between the entrance of the APL and the target to
avoid the damage of the micrometer thickness foil and the
acceleration structure due to the ejected ionized gas from
the capillary [72]. Changing the settings of the laser and
target to decrease the initial divergence [73–75] is a
solution to the problem. Or one can explore new technol-
ogies for mounting targets on the electrode.

VI. CONCLUSION

In conclusion, we specify the discharge capillary APL is
a feasible solution to focusing and guiding the LPA pulsed
proton beam both in the straight and curved structure. We
also demonstrate a systematic APL parameters searching
method via a nonlinear multivariable optimization, dealing
with many fundamental restrictions include the energy loss,
the magnetic skin depth, the z-pinch effect and the wake-
field. Via 2D PIC simulation we illustrate the unapparent
impact of plasma on proton transport. The study confirms

that the APL has one order of magnitude higher magnetic
field gradient, shorter scale focal length and weaker energy
dependence, compared with solenoids and quadrupoles.
The hundred-of-ns discharge system of capillary APL is not
only simple in setup, but also suitable for LPA proton
beams with ultrashort pulse duration. The APL has the
ability to tightly focus protons to a micrometer transverse
size spot with good tunability, it also has great potential to
minimize the beam line of laser accelerator, which have
significant impact on various areas such as accelerator
physics, inertial fusion science, astrophysics, or even
proton oncology.
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