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1. Introduction 

Quantum field theory (QFT) or quantum theory of fields offers an e xcellent frame wor k that
explains a great variety of phenomena in our world and describes curious features such as the
crea tion and annihila tion of particles, the dichotomy between a particle and a wave, and so
on [ 1 , 2 ]. In fact, QFT has been applied to various systems and has been massi v ely successful.
For example, particle physics at the electroweak scale is e xcellently e xplained by the standard
model [ 3 ], and superconductivity becomes better understood by BCS theory [ 4 ] in condensed
matter physics. 

In spite of such prominent features and triumphs of QFT, it cannot be the ultimate frame-
work of physics because it suffers from intrinsic problems. For instance, QFT has a divergence
difficulty in which theoretical values of physical quantities di v erge to infinity after radiati v e
corr ections ar e incorporated. In particular, this problem becomes serious after the gravitational
interaction is introduced, because there appear infinities that cannot be removed by the reno-
malization procedure. Hence, QFT is currently understood as an effecti v e theory of quantum
fields [ 5 , 6 , 7 ]. 

Furthermore, we have several questions in mind. 

(1) Why does QFT work so well as an effecti v e theory of elementary particles? Why are
particles or fields quantized in the first place? 

(2) W ha t is the origin of particles (fields) and spacetime? Which came first, particles or space-
time? 

(3) Why is our uni v erse described by the standard model at the electroweak scale? 

For Q1, the relationship between QFT and quantum mechanics (QM) can be a key to solve
the riddle by the following reasoning. QM describes a system with a definite number of particles
very well in a simple fashion. In contrast, QFT is applied to a system in which the number of 
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particles can vary as well. In other words, the range in application of QFT is wider than that
of QM, and QM can actually be reconstructed from QFT by fixing a number of particles in a
system. Hence, if there were a theory that rebuilds QFT, an answer to Q1 could be deri v ed. 

Q2 can be expanded and deepened as “what is the origin of physical laws and our uni v erse?”
and “which came first, physical laws or our uni v erse?”, respecti v ely. If there were a frame wor k
to deal with particles and spacetime (physical laws and our uni v erse) as a unit, the which-came-
first-particles-or -spacetime problem (which-came-first-physical-laws-or -our -universe problem) 
could be solved. 

Q3 stems from the fact that QFT possesses no powerful principle to select realistic models
theoreticall y and completel y. If there were a huge variety of uni v erses with different particle
contents and physical parameters, called “the le v el II multi v erse” [ 8 ], there is a possibility that
the existence of our universe could be understood by the anthropic principle [ 9 , 10 ], and a pro-
found riddle like the cosmological constant problem is neutralized [ 11 ]. Thus, Q3 is a substitute
for the question of whether a frame wor k to describe the le v el II multi v erse can be constructed
or not. 

In this paper, we explore a wider theoretical frame wor k that has QFT built in, taking the
fact that QM is reconstructed from QFT as a hint. We formulate a quantum theory with an
embedded structure by introducing functional operators, and we find that it could describe the
le v el II multi v erse. Topics related to the beginning of the uni v erse such as inflation, the thir d
quantization, and the landscape are discussed in our formulation. 

The outline of this paper is as follows. In the next section, we review a framework of QFT
and explain how QM is derived from QFT. In Section 3 , we explore the underlying frame wor k
that embeds QFT, by the use of a toy model. In Section 4 , we extend our frame wor k in or der
to describe the le v el II multi v erse and discuss the physical implications of the birth of the uni-
verse. In the last section, we give conclusions and discussions. Explicit forms of Hamiltonian
operators are listed for se v eral species of particle in Appendix A. More details on the wave
functional are gi v en in Appendix B. 

2. Quantum field theory and quantum mechanics 
2.1. Fr amew ork of quantum field theory 

First, we re vie w the frame wor k of QFT, based on the Lagrangian density gi v en by 

̂ L ϕ = ̂ ϕ 

† ( x , t) i� 

∂ 

∂t ̂
 ϕ ( x , t) − ̂ ϕ 

† ( x , t) ̂  H ̂  ϕ ( x , t) , (1) 

where ̂ ϕ (x , t) is a quantum field, with x = (x 

1 , x 

2 , x 

3 ) and t standing for coordinates of space
and time, respecti v ely, � is the reduced Planck constant, and 

̂ H is the Hamiltonian operator in
QM containing x and its deri vati v es ∇, i.e. ̂ H = 

̂ H (x , −i� ∇) . Here, we choose the Lagrangian
density with the first time-deri vati v e term, because the compatibility (relationship) with QM is
easily comprehensible, as will be seen. 

For example, for a particle with a mass m in nonrelativistic QM, ̂ H is given by 

̂ H = − � 

2 

2 m 

∇ 

2 + V (x ) , (2) 

where V (x ) is the potential energy. For a free Dirac fermion (a particle with spin 1 / 2 and a
mass m ) in relativistic QM, ̂ H is given by ̂ H = −i� c α · ∇ + βmc 2 , (3) 
2/25 
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where c is the speed of light, and α = (α1 , α2 , α3 ) and β are 4 × 4 Hermitian matrices satisfying
αi α j + α j αi = 2 δi j I ( i, j = 1 , 2 , 3 , I : 4 × 4 unit matrix), αi β + βαi = 0 , and β2 = I . 

For simplicity, we assume that our spacetime is the 4D Minkowski spacetime and the system
is described by a free-field operator ̂ ϕ (x , t) in the Heisenberg picture. 

The canonical conjugate of ̂ ϕ (x , t) is defined by 

̂ π ( x , t) ≡ ∂ ̂ L ϕ 

∂ ( ∂ ̂  ϕ ( x , t ) /∂t ) 
= i� ̂  ϕ 

† ( x , t) , (4) 

and the Hamiltonian operator ̂ H ϕ in QFT is obtained as 

̂ H ϕ ≡
∫ 

(̂ π ( x , t) 
∂ ̂  ϕ ( x , t) 

∂t 
− ̂ L ϕ 

)
d 

3 x 

= 

∫ ̂ ϕ 

† ( x , t) ̂  H ̂  ϕ ( x , t) d 

3 x = 

1 

i� 

∫ ̂ π ( x , t) ̂  H ̂  ϕ ( x , t) d 

3 x. (5) 

We notice that the Hamiltonian operator in QFT is constructed by sandwiching the Hamilto-
nian operator in QM between two field operators. We refer to this construction as the “embed-
ded structure”, “nested construction”, and so on. We list explicit forms of ̂ H ϕ for particles with
spin 1/2 in Appendix A. 

The following quantization conditions are imposed on field operators with spin 1/2: 

{ ̂ ϕ (x , t) , ̂  π (y , t) } = i� δ3 (x − y ) , { ̂ ϕ (x , t) , ̂  ϕ (y , t) } = 0 , { ̂ π (x , t) , ̂  π (y , t) } = 0 , (6) 

where { ̂  A , ̂  B } ≡ ̂ A ̂

 B + 

̂ B ̂

 A . 
The field operators obey Heisenberg’s equation of motion: 

i� 

∂ 

∂t ̂
 ϕ (x , t) = 

[̂ ϕ (x , t) , ̂ H ϕ 

]
, i� 

∂ 

∂t ̂
 π (x , t) = 

[̂ π (x , t) , ̂ H ϕ 

]
, (7) 

where [ ̂  A , ̂  B ] ≡ ̂ A ̂

 B − ̂ B ̂

 A . Using Eqs. ( 5 ), ( 6 ), and ( 7 ), we deri v e the equations: 

i� 

∂ 

∂t ̂
 ϕ (x , t) = 

̂ H ̂  ϕ (x , t) , i� 

∂ 

∂t ̂
 π (x , t) = −̂ π (x , t) ̂  H , (8) 

and these equations agree with the Euler–Lagrange equation: 

∂ μ

( 

∂ ̂ L ϕ 

∂ (∂ μ̂ ϕ 

† ) 

) 

− ∂ ̂ L ϕ 

∂ ̂  ϕ 

† = 0 , ∂ μ

( 

∂ ̂ L ϕ 

∂ (∂ μ̂ ϕ ) 

) 

− ∂ ̂ L ϕ 

∂ ̂  ϕ 

= 0 , (9) 

which is deri v ed from the action integral ̂ S ϕ = 

1 

c 

∫ ̂ L ϕ d 

4 x , based on the least-action principle.

In the Schrödinger picture, the quantum fields ̂ ϕ (x ) and ̂ π (x ) are independent of time, and
they are related to those in the Heisenberg picture as ̂ ϕ (x , t) = e 

i 
� ̂

 H ϕ t ̂ ϕ (x ) e −
i 
� ̂

 H ϕ t , ̂ π (x , t) = e 
i 
� ̂

 H ϕ t ̂ π (x ) e −
i 
� ̂

 H ϕ t . (10) 

Using Eq. ( 10 ) and the conservation law of ̂ H ϕ , i.e. d ̂

 H ϕ / dt = 0 , ̂ H ϕ is rewritten in a time-
independent form as 

̂ H ϕ = 

∫ ̂ ϕ 

† ( x ) ̂  H ̂  ϕ ( x ) d 

3 x = 

1 

i� 

∫ ̂ π ( x ) ̂  H ̂  ϕ ( x ) d 

3 x. (11) 

The field operators ̂ ϕ (x ) and ̂  π (x ) obey the anticommutation relations: 

{ ̂ ϕ ( x ) , ̂  π ( y ) } = i� δ3 (x − y ) , { ̂ ϕ (x ) , ̂  ϕ (y ) } = 0 , { ̂ π (x ) , ̂  π (y ) } = 0 . (12) 

From the first condition in Eq. ( 12 ), ̂  π (y ) is gi v en by ̂  π (y ) = i� δ/ δϕ(y ) , i.e. ̂  ϕ 

† (y ) = δ/ δϕ(y ) , us-
ing the functional deri vati v e, in the r epr esentati v e diagonalizing ̂  ϕ (x ) such as ̂  ϕ (x ) | ϕ〉 = ϕ(x ) | ϕ〉
where ϕ(x ) is a Grassmann-valued field configuration. 
3/25 
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Any state | Ψ (t) 〉 is e volv ed by the Schrödinger equation: 

i� 

d 

dt 
| Ψ (t) 〉 = 

̂ H ϕ | Ψ (t) 〉 , (13) 

and its formal solution is gi v en by 

| Ψ (t) 〉 = e −
i 
� ̂

 H ϕ t | Ψ (0) 〉 . (14) 

Multiplying 〈 ϕ| by both sides of Eq. ( 13 ), we obtain the equation: 

i� 

∂ 

∂t 
Ψ (ϕ , t ) = 

̂ H ϕ Ψ (ϕ , t ) , (15) 

where Ψ (ϕ , t ) = 〈 ϕ | Ψ (t ) 〉 is a wave functional in QFT [ 12 ], and 

̂ H ϕ is written by ̂ H ϕ = 

∫ 

δ

δϕ(x ) ̂
 H ϕ(x ) d 

3 x, (16) 

using ̂  π (x ) = i� δ/ δϕ(x ) . The expectation value of ̂ H ϕ is given by 

〈 Ψ (t) | ̂  H ϕ | Ψ (t) 〉 = 

∫ 

D ϕ Ψ † (ϕ , t ) ̂  H ϕ Ψ (ϕ , t ) , (17) 

as seen in Eq. ( B4 ). We explain more about the wave functional in Appendix B. 
Here, for the sake of completeness, we comment on a boson with spin 0. For a free complex

scalar particle φ with a mass m , the Lagrangian density in QFT is gi v en by ̂ L φ = � c 
{
∂ μ̂ φ† ( x , t) ∂ μ̂ φ( x , t) −

(mc 
� 

)2 ̂ φ† ( x , t) ̂  φ( x , t) 
}

, (18) 

where ̂ φ(x , t) is the quantum field of φ. The canonical conjugates of ̂ φ(x , t) and 

̂ φ† (x , t) are
defined by 

̂ πφ ( x , t) ≡ ∂ ̂ L φ

∂ ( ∂ ̂  φ( x , t ) /∂t ) 
= 

� 

c 
∂ 

∂t ̂
 φ† ( x , t) , ̂ π

† 
φ ( x , t) ≡ ∂ ̂ L φ

∂ ( ∂ ̂  φ† ( x , t ) /∂t ) 
= 

� 

c 
∂ 

∂t ̂
 φ( x , t) , (19) 

respecti v ely, and the Hamiltonian operator ̂ H φ is obtained as 

̂ H φ = 

∫ 

� c 
{

1 

� 

2 ̂
 π
† 
φ ( x , t) ̂  πφ ( x , t) + ∇ ̂

 φ† (x , t) · ∇ ̂

 φ(x , t) + 

(mc 
� 

)2 ̂ φ† ( x , t) ̂  φ( x , t) 
}

d 

3 x. (20) 

The following commutation relations are imposed on the field operators with spin 0: [̂ φ(x , t) , ̂  πφ (y , t) 
] = i� δ3 (x − y ) , 

[̂ φ(x , t) , ̂  φ(y , t) 
] = 0 , 

[̂ πφ (x , t) , ̂  πφ (y , t) 
] = 0 , [ ̂ φ† (x , t) , ̂  π

† 
φ (y , t) 

] 

= i� δ3 (x − y ) , 
[̂ φ† (x , t) , ̂  φ† (y , t) 

] = 0 , 
[ ̂ π

† 
φ (x , t) , ̂  π

† 
φ (y , t) 

] 

= 0 , [ ̂ φ(x , t) , ̂  π
† 
φ (y , t) 

] 

= 0 , 
[̂ φ† (x , t) , ̂  πφ (y , t) 

] = 0 , 
[̂ φ(x , t) , ̂  φ† (y , t) 

] = 0 , [ ̂ πφ (x , t) , ̂  π
† 
φ (y , t) 

] 

= 0 . (21) 

In the Schrödinger picture, quantum fields are independent of time, and ̂ πφ (y ) and ̂ π
† 
φ (y ) are

r epr esented by functional deri vati v es such as ̂ πφ (y ) = −i� δ/ δφ(y ) and ̂ π
† 
φ (y ) = −i� δ/ δφ† (y ) ,

respecti v ely. A wave functional Ψ (φ, t ) = 〈 φ| Ψ (t ) 〉 is e volv ed by the Schrödinger equation: 

i� 

∂ 

∂t 
Ψ (φ, t ) = 

̂ H φΨ (φ, t ) , (22) 

where the Hamiltonian operator is rewritten as 

̂ H φ = 

∫ 

� c 
{
− δ2 

δφ† (x ) δφ(x ) 
+ ∇φ† (x ) · ∇φ(x ) + 

(mc 
� 

)2 
φ† ( x ) φ( x ) 

}
d 

3 x. (23) 

In a similar way to a particle with spin 1/2 and a particle with spin 0, a particle with spin 1
(gauge boson) and a particle with a higher spin are also described by the use of QFT. Actually,
4/25 
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particle physics at the electroweak scale is excellently controlled by the Lagrangian density 

̂ L SM 

of the standard model, and the basic formula in the Schrödinger picture is given by 

i� 

∂ 

∂t 
Ψ (ϕ SM 

, t) = 

̂ H SM 

Ψ (ϕ SM 

, t) , (24) 

where ̂ H SM 

is the Hamiltonian operator deri v ed from 

̂ L SM 

, and ϕ SM 

denotes a set of field
variables of the standard model particles. 

Let us come back to the scalar particle φ. When we deal with a relativistic scalar particle in
QM, we encounter the problem that the probability interpretation breaks down in the absence
of a positi v e definite e xpression of probability density. Because QM shows excellence in the de-
scription of a system with a definite number of particles, we do well to consider a nonrelativistic
case. Using the redefinition of a quantum field: 

̂ φ(x , t) = 

√ 

� 

2 mc 
e −

i 
� 

mc 2 t ̂ ψ (x , t) , (25) ̂ L φ is rewritten as 

̂ L φ = 

i� 

2 

(̂ ψ 

† ( x , t) 
∂ 

∂t 
̂ ψ ( x , t) − ∂ 

∂t 
̂ ψ 

† ( x , t) ̂ ψ ( x , t) 
)

− � 

2 

2 m 

∇ ̂

 ψ 

† (x , t) · ∇ ̂

 ψ (x , t) + · · ·

= 

̂ ψ 

† ( x , t) i� 

∂ 

∂t 
̂ ψ ( x , t) − ̂ ψ 

† ( x , t) 
(

− � 

2 

2 m 

∇ 

2 
) ̂ ψ ( x , t) + ( total deri vati v es ) + · · · , (26) 

where the ellipsis contains a second time-deri vati v e term and this term is neglected in the non-
relativistic limit, i.e. | mc 2 ̂ ψ | � | i� ∂ ̂  ψ / ∂t | . From Eq. ( 26 ), we find that the Hamiltonian operator

has an embedded structure such as ̂ H ψ 

= 

∫ ̂ ψ 

† ( x , t) ̂  H ̂

 ψ ( x , t) d 

3 x with 

̂ H = − � 

2 

2 m 

∇ 

2 . 

2.2. Derivation of quantum mechanics 
Let us examine the relationship between QFT and QM, paying attention to physical states,
operators of four-momenta, and the expectation values. 

A physical state in QFT is r epr esented in the x -r epr esentation ( x -space) as a superposition of 
states with various numbers of particles as follows: 1 

| Ψ (t) 〉 = ψ 

(0) (t) | 0 〉 + 

∞ ∑ 

N=1 

∫ 

d 

3 x 1 · · · d 

3 x N 

ψ (x 1 , · · · , x N 

, t) | x 1 , · · · , x N 

〉 , (27) 

where | 0 〉 is a vacuum state in QFT, ψ (x 1 , · · · , x N 

, t) is the wave function of an N-particle state
in QM defined by 

ψ (x 1 , · · · , x N 

, t) ≡ 〈 x 1 , · · · , x N 

| Ψ (t) 〉 , (28) 

and | x 1 , · · · , x N 

〉 is the ket vector satisfying 

̂ x l | x 1 , · · · , x N 

〉 = x l | x 1 , · · · , x N 

〉 ( l = 1 , · · · , N),
defined by 

| x 1 , · · · , x N 

〉 ≡ 1 √ 

N! ̂
 ϕ 

† (x 1 ) · · · ̂ ϕ 

† (x N 

) | 0 〉 , (29) 

using field operators ̂  ϕ 

† (x ) . Note that ̂  ϕ 

† (x ) plays the role of a creation operator of a particle ϕ
and an annihilation operator of its antiparticle ϕ , and ̂  ϕ (x ) plays the role of a creation operator
of ϕ and an annihilation operator of ϕ. 

First, we consider a zero-particle state (a state of vacuum) such as 

| Ψ ( t) 〉 (0) = ψ 

(0) ( t) | 0 〉 , (30) 
1 Strictly speaking, we need to include antiparticles, but we omit them for simplicity. 

5/25 
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where ψ 

(0) (t) is the wave function of the zero-particle state in QM and is rewritten as ψ 

(0) (t) =
〈 0 | Ψ ( t) 〉 . ψ 

(0) ( t) satisfies the equation: 

i� 

d 

dt 
ψ 

(0) (t) = E 0 ψ 

(0) (t) , (31) 

and its solution is obtained as ψ 

(0) (t) = e −
i 
� 

E 0 t ψ 

(0) (0) with a vacuum energy E 0 = 〈 0 | ̂  H ϕ | 0 〉 . 
Next we consider the one-particle state limited as 

| Ψ ( t) 〉 (1) = | ψ ( t) 〉 = 

∫ 

d 

3 x ψ (x , t) | x 〉 , (32) 

where ψ (x , t) is a wave function of the one-particle state in QM and is rewritten by 

ψ (x , t) = 〈 x | Ψ (t) 〉 = 〈 0 | ̂  ϕ (x ) | Ψ (t) 〉 = 〈 0 | e i 
� ̂

 H ϕ t ̂ ϕ (x ) e −
i 
� ̂

 H ϕ t | Ψ (0) 〉 
= 〈 0 | ̂  ϕ ( x , t) | Ψ ( 0) 〉 , (33) 

using Eq. ( 14 ), 〈 0 | e i 
� ̂

 H ϕ t = 〈 0 | , i.e. 〈 0 | ̂  H ϕ = 0 and Eq. ( 10 ). Here, according to the ordinary
procedur e, we r edefine ̂ H ϕ by using the normal ordering. From Eq. ( 33 ) and the first equation in
Eq. ( 8 ), we find that ψ (x , t) satisfies the Schrödinger equation in QM: 

i� 

∂ 

∂t 
ψ (x , t) = 

̂ H ψ (x , t) (34) 

with the Hamiltonian operator ̂ H = 

̂ H (x , −i� ∇) in QM. The Schrödinger equation is rewritten
by 

i� 

d 

dt 
| ψ (t) 〉 = 

̂ H | ψ (t) 〉 , (35) 

and its formal solution is gi v en by 

| ψ (t) 〉 = e −
i 
� ̂

 H t | ψ (0) 〉 . (36) 

In a similar way, using Eq. ( 13 ), we find that ψ (x 1 , · · · , x N 

, t) obeys the equation: 

i� 

∂ 

∂t 
ψ (x 1 , · · · , x N 

, t) = 

̂ H 

(N ) ψ (x 1 , · · · , x N 

, t) , (37) 

where ̂ H 

(N ) is the total Hamiltonian operator of noninteracting N particles: 

̂ H 

(N ) = 

N ∑ 

l=1 

̂ H (x l , −i� ∇ l ) . (38) 

In a quantum theory, the four-momenta become generators of the spacetime translation such
as x 

μ → x 

′ μ = x 

μ − ε μ where μ = 0 , 1 , 2 , 3 , x 

0 = ct, x = (x 

1 , x 

2 , x 

3 ) and ε μ is an infinitesimal
constant four-vector. Using the Noether procedure in analytical mechanics of fields, we derive
the operators of four-momenta 

̂ P μ in QFT: 

̂ P μ = 

1 

c 

∫ 

( 

∂ ̂ L ϕ 

∂ (∂ 0 ̂  ϕ ) 
∂ μ̂ ϕ − δ0 

μ
̂ L ϕ 

) 

d 

3 x = 

1 

c 

∫ ̂ T 

0 
μd 

3 x, (39) 

where ∂ 0 ̂  ϕ = ∂ ̂  ϕ / ∂x 

0 , ̂ T 

0 
μ is a component of the energy–momentum tensor, and we use the

fact that the field operator ̂  ϕ ( x )( = ̂ ϕ ( x 

0 , x )) transforms as ̂  ϕ 

′ (x 

′ ) = ̂ ϕ 

′ (x − ε) = ̂ ϕ (x ) under the
translation x 

′ μ = x 

μ − ε μ and a change of ̂ ϕ (x ) is gi v en by 

δε ̂  ϕ (x ) = ̂ ϕ 

′ (x ) − ̂ ϕ (x ) = ̂ ϕ (x + ε) − ̂ ϕ (x ) = ε μ∂ μ̂ ϕ (x ) . (40) 

Because the Minkowski spacetime has a homogeneity, a physical system is invariant under
the translation and then the four-momenta are conserved, i.e. i� d ̂

 P μ/ dt = [ ̂  P μ, ̂ H ] = 0 . Using
Eqs. ( 1 ), ( 39 ), and the conservation law of ̂ P μ, we obtain the formula of ̂ P μ: 
6/25 
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̂ P 0 = 

1 

c 

∫ ̂ ϕ 

† ( x ) ̂  H ( x , −i� ∇) ̂  ϕ ( x ) d 

3 x = 

1 

c 

∫ ̂ ϕ 

† ( x ) ̂  H ( x , −i� ∇) ̂  ϕ ( x ) d 

3 x = 

̂ H ϕ 

c 
, (41) 

̂ P = 

∫ ̂ ϕ 

† ( x ) ( −i� ∇ ) ̂  ϕ ( x ) d 

3 x = 

∫ ̂ ϕ 

† ( x ) ( −i� ∇ ) ̂  ϕ ( x ) d 

3 x. (42) 

In a similar way, we obtain the formula of the orbital angular momenta 

̂ J , 

̂ J = 

∫ ̂ ϕ 

† ( x ) { x × ( −i� ∇ ) } ̂ ϕ ( x ) d 

3 x, (43) 

fr om the r ota tion. In this way, it is ascertained tha t a nested structure exists for ̂ P and 

̂ J other
than the Hamiltonian operator c ̂  P 0 , as seen from Eqs. ( 42 ) and ( 43 ). 

Alternati v ely, under the assumption that a nested structure is present, such as Eqs. ( 42 ) and
( 43 ), we reaf firm tha t the momenta ar e r epr esented by the differ ential operator ̂ p = −i� ∇ in
the x -r epr esenta tion and the following commuta tion rela tion in QM holds: 

[ ̂  x 

i , ̂  p 

j ] = i� δi j , [ ̂  x 

i , ̂  x 

j ] = 0 , [ ̂  p 

i , ̂  p 

j ] = 0 . (44) 

Let us evaluate the expectation values of momenta P in the momentum space. There, a phys-
ical state in QFT is r epr esented by 

| Ψ (t) 〉 = ψ 

(0) (t) | 0 〉 + 

∞ ∑ 

N=1 

∫ 

d 

3 k 1 · · · d 

3 k N 

˜ ψ (k 1 , · · · , k N 

, t) | k 1 , · · · , k N 

〉 , (45) 

where ˜ ψ (k 1 , · · · , k N 

, t) is the wave function of an N-particle state in QM, k l ( l = 1 , · · · , N) are
wav e-number v ectors, and | k 1 , · · · , k N 

〉 is the ket v ector defined by 

| k 1 , · · · , k N 

〉 ≡ 1 √ 

N! ̂
 b 

† (k 1 ) · · ·̂ b 

† (k N 

) | 0 〉 , (46) 

using creation operators ̂  b 

† (k l ) of particle ϕ with the momenta p l = � k l . 
The momentum operator in QFT is written as 

̂ P = 

∫ 

� k 

(̂
 b 

† ( k ) ̂  b ( k ) + 

̂ d 

† ( k ) ̂  d ( k ) 
)

d 

3 k, (47) 

where ̂  b (k ) is the annihilation operator of ϕ with the momenta p = � k , and 

̂ d 

† (k ) and 

̂ d (k ) are
the creation and annihilation operators of the antiparticle ϕ with p = � k , respecti v ely. 

For a one-particle state gi v en by 

| Ψ ( t) 〉 (1) = | ψ ( t) 〉 = 

∫ 

d 

3 k 

˜ ψ ( k , t) ̂  b 

† ( k ) | 0 〉 , (48) 

the expectation value of P is calculated as 

(1) 〈 Ψ (t) | ̂  P | Ψ (t ) 〉 (1) = 〈 ψ (t ) | ̂  P | ψ (t ) 〉 = 

∫ 

d 

3 k 

˜ ψ 

† (k , t) � k 

̂ ψ (k , t) = 〈 ψ (t) | ̂  p | ψ (t) 〉 , (49) 

where we use { ̂  b ( k ) , ̂  b 

† ( k 

′ ) } = δ3 (k − k 

′ ) , ̂  b (k ) | 0 〉 = 0 , ̂ d (k ) | 0 〉 = 0 , 〈 0 | 0 〉 = 1 , and so on. To-
gether with the normalization condition 

(1) 〈 Ψ (t) | Ψ (t ) 〉 (1) = 〈 ψ (t ) | ψ (t ) 〉 = 

∫ 

d 

3 k 

˜ ψ 

† (k , t) ̃  ψ (k , t) = 1 , (50) 

we arri v e a t the probability interpreta tion tha t ˜ ψ 

† ( k , t) ̃  ψ ( k , t) is the probability density and
〈 ψ (t) | ̂  p | ψ (t) 〉 is the expectation value of momenta for the one-particle system in QM. 
7/25 
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In a similar wa y, f or a noninteracting N-particle system, the expectation value of the total
momenta is gi v en by 

(N ) 〈 Ψ (t) | ̂  P | Ψ (t) 〉 (N ) = 

∫ 

d 

3 k 1 · · · d 

3 k N 

˜ ψ 

† (k 1 , · · · , k N 

, t) 
N ∑ 

l=1 

� k l ̃  ψ (k 1 , · · · , k N 

, t) , (51) 

where | Ψ (t) 〉 (N ) is a state vector for the N-particle system given by 

| Ψ (t) 〉 (N ) = 

∫ 

d 

3 k 1 · · · d 

3 k N 

˜ ψ (k 1 , · · · , k N 

, t) | k 1 , · · · , k N 

〉 . (52) 

In the Schrödinger picture, observables in a system described by a Lagrangian density with
the first time-deri vati v e term are, in general, gi v en in the form 

̂ Ωa 
ϕ = 

∫ ̂ ϕ 

† ( x ) ̂  Ωa ̂ ϕ ( x ) d 

3 x, (53) 

where ̂ Ωa 
ϕ are operators including quantum fields in QFT, and 

̂ Ωa = 

̂ Ωa (x , −i� ∇) are operators
operating a wave function in the position space of QM. It is shown that both 

̂ Ωa 
ϕ and 

̂ Ωa satisfy
the same type of algebraic relations: [̂ Ωa 

ϕ , 
̂ Ωb 

ϕ 

] = i 
∑ 

c 

f abc ̂ Ωc 
ϕ , 

[̂ Ωa , ̂ Ωb ] = i 
∑ 

c 

f abc ̂ Ωc . (54) 

Changing the Schrödinger picture into the Heisenberg picture, ̂ x and 

̂ p possess time depen- 
dence such as ̂ x (t) = e 

i 
� ̂

 H t ̂ x e −
i 
� ̂

 H t , ̂ p (t) = e 
i 
� ̂

 H t ̂ p e −
i 
� ̂

 H t , (55) 

and ̂

 x (t) and ̂

 p (t) obey Heisenberg’s equation of motion: 

i � 

d ̂

 x (t) 
dt 

= [ ̂  x (t) , ̂ H ] , i � 

d ̂

 p (t) 
dt 

= [ ̂  p (t) , ̂ H ] . (56) 

Here, for the sake of completeness, we point out that QM is also reconstructed from QFT
in the case that particles interact with each other. In concrete terms, a Hamiltonian operator
consists of two parts such as ̂ H ϕ = 

̂ H 

(0) 
ϕ + 

̂ H 

int 
ϕ where ̂ H 

(0) 
ϕ is the part relating to the kinetic

energy and 

̂ H 

int 
ϕ r epr esents the interaction between particles. In the interaction picture, field

operators ̂ ϕ I (x , t) and ̂  πI (x , t) obey Heisenberg’s equation of motion: 

i� 

∂ 

∂t ̂
 ϕ I (x , t) = 

[ ̂ ϕ I (x , t) , ̂ H 

(0) 
ϕ 

] 

, i� 

∂ 

∂t ̂
 πI (x , t) = 

[ ̂ πI (x , t) , ̂ H 

(0) 
ϕ 

] 

; (57) 

they behave as free fields, and the Fock space is constructed using them. The physical state
| ΨI (t) 〉 is e volv ed by the Schrödinger equation: 

i� 

d 

dt 
| ΨI (t) 〉 = 

̂ H 

int 
ϕ ( ̂  ϕ I , ̂  πI ) | ΨI (t) 〉 , (58) 

and, for a one-particle state, we can effecti v ely deri v e the Schrödinger equation in the interac-
tion picture of QM: 

i� 

d 

dt 
| ψ I (t) 〉 = 

̂ V I (t ) | ψ I (t ) 〉 (59) 

with a potential ̂ V I (t) , using the Born approximation in the nonrelativistic limit. 
We list the central features of the relationship between QFT and QM, in a system described

by a Lagrangian density with the first time-deri vati v e term. 

� QM is reconstructed from QFT under the condition that the number of particles is un-
changed. 
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� From the transformation property of quantum fields under translation and rotation, it is
understood that the momenta p ar e r epr esented by the differential operator ̂ p = −i� ∇ in
the x -r epr esentation of QM. 

� Observables ̂ Ωa 
ϕ in QFT are, in general, constructed in the form of an embedded structure,

e.g. ̂ Ωa 
ϕ = 

∫ ̂ ϕ 

† ( x ) ̂  Ωa ̂ ϕ ( x ) d 

3 x , where ̂ Ωa = 

̂ Ωa (x , −i� ∇) are operators operating a wave

function in x -space of QM. 

3. Quantum field functional theory 

Let us come back to Q1, i.e. “Why does QFT work so well as an effecti v e theory of elementary
particles? Why are particles or fields quantized in the first place?” In concrete terms, why is a
fermion (boson) described by a field operator such as ̂ π (x ) = i� δ/ δϕ(x ) , i.e. ̂ ϕ 

† (x ) = δ/ δϕ(x )
( ̂  π (x ) = −i� δ/ δϕ(x ) ), using the functional deri vati v e? 

If ther e wer e a fundamental frame wor k that reached QFT in a similar way to the derivation
of QM from QFT, we could answer the above questions. To explore such a framework, we will
draw on the embedded structure in QFT, e.g. 

̂ H ϕ = 

∫ ̂ ϕ 

† ( x ) ̂  H ̂  ϕ ( x ) d 

3 x = 

1 

i� 

∫ ̂ π ( x ) ̂  H ̂  ϕ ( x ) d 

3 x. (60) 

For simplicity, we consider a toy model containing a particle ϕ alone in this section. 

3.1. Fr amew ork of quantum field functional theory 

Taking a hint from the nested construction ( 60 ), we introduce basic operators denoted aŝ Φ({ ϕ } , t ) and the canonical conjugate ̂ Π ({ ϕ } , t ) , whose role will be discussed in the next sub-
section. We refer to 

̂ Φ({ ϕ } , t ) and 

̂ Π ({ ϕ } , t ) as “functional operators” or “field functionals”,
and call the functional operator theory the “quantum field functional theory”, the “quantum
theory of field functionals”, or “QFFT” for short. 

Let us start with a Lagrangian with a nested structure: 

̂ L Φ = 

̂ Φ† ({ ϕ } , t ) i� 

∂ 

∂t 
̂ Φ({ ϕ } , t ) − ̂ Φ† ({ ϕ } , t ) ̂  H ϕ ̂

 Φ({ ϕ } , t ) , (61) 

where ̂ Φ({ ϕ } , t ) is a functional operator, { ϕ} and t stand for a field of ϕ and time, respecti v ely,
and 

̂ H ϕ is the Hamiltonian operator in QFT containing ϕ(x ) and its functional deri vati v es
δ/δϕ(x ) (see Eq. ( 16 )). For instance, ̂ H ϕ is gi v en by 

̂ H ϕ = 

∫ 

δ

δϕ(x ) 

(−i� c α · ∇ + βmc 2 
)
ϕ(x ) d 

3 x (62) 

for a free Dirac fermion. 
The canonical conjugate of ̂ Φ({ ϕ } , t ) is defined by 

̂ Π ({ ϕ } , t ) ≡ ∂ ̂  L Φ

∂ (∂ ̂  Φ({ ϕ } , t ) /∂t ) 
= i� ̂

 Φ† ({ ϕ } , t ) , (63) 

and the Hamiltonian operator ̂ H Φ in QFFT is obtained as 

̂ H Φ ≡ ̂ Π ({ ϕ } , t ) ∂ ̂
 Φ({ ϕ } , t ) 
∂t 

− ̂ L Φ

= 

̂ Φ† ({ ϕ } , t ) ̂  H ϕ ̂
 Φ({ ϕ } , t ) = 

1 ̂ Π ({ ϕ } , t ) ̂  H ϕ ̂
 Φ({ ϕ } , t ) . (64) 
i� 

9/25 
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We notice that the Hamiltonian operator in QFFT is also constructed by sandwiching the
Hamiltonian operator in QFT between two functional operators, and then it has a nested struc-
ture. We list explicit forms of ̂ H Φ for particles with spin 1/2 in Appendix A. 

We impose the following quantization conditions on the functional operators: 2 {̂ Φ({ ϕ } , t ) , ̂ Π ({ ϕ } , t ) } = i� , 
{̂ Φ({ ϕ } , t ) , ̂ Φ({ ϕ } , t ) } = 0 , 

{̂ Π ({ ϕ } , t ) , ̂ Π ({ ϕ } , t ) } = 0 (65) 

or [̂ Φ({ ϕ } , t ) , ̂ Π ({ ϕ } , t ) ] = i� , 
[̂ Φ({ ϕ } , t ) , ̂ Φ({ ϕ } , t ) ] = 0 , 

[̂ Π ({ ϕ } , t ) , ̂ Π ({ ϕ } , t ) ] = 0 . (66) 

The functional operators obey Heisenberg’s equation of motion: 

i� 

∂ 

∂t 
̂ Φ({ ϕ } , t ) = 

[̂ Φ({ ϕ } , t ) , ̂ H Φ

]
, i� 

∂ 

∂t 
̂ Π ( { ϕ } , t ) = 

[̂ Π ( { ϕ } , t ) , ̂ H Φ

]
. (67) 

Using Eqs. ( 64 ), ( 65 ), and ( 67 ), we deri v e the equations: 

i� 

∂ 

∂t 
̂ Φ({ ϕ } , t ) = 

̂ H ϕ ̂
 Φ({ ϕ } , t ) , i� 

∂ 

∂t 
̂ Π ({ ϕ } , t ) = −̂ Π ({ ϕ } , t ) ̂  H ϕ , (68) 

and these equations agree with the Euler–Lagrange equation: 

d 

dt 

( 

∂ ̂  L Φ

∂ (∂ ̂  Φ† /∂ t) 

) 

− ∂ ̂  L Φ

∂ ̂  Φ† = 0 , 
d 

dt 

( 

∂ ̂  L Φ

∂ (∂ ̂  Φ/∂ t) 

) 

− ∂ ̂  L Φ

∂ ̂  Φ
= 0 , (69) 

which is deri v ed from the action integral ̂ S Φ = 

∫ ̂ L Φdt , based on the least-action principle. 

In the Schrödinger picture, the functional operators ̂ Φ({ ϕ} ) and 

̂ Π ({ ϕ} ) are independent of 
time, and they are related to those in the Heisenberg picture as ̂ Φ({ ϕ } , t ) = e 

i 
� ̂

 H Φt ̂ Φ({ ϕ } ) e − i 
� ̂

 H Φt , ̂ Π ({ ϕ } , t ) = e 
i 
� ̂

 H Φt ̂ Π ({ ϕ} ) e − i 
� ̂

 H Φt . (70) 

Using Eq. ( 70 ) and the conservation law of ̂ H Φ , i.e. d ̂

 H Φ/ dt = 0 , ̂ H Φ is rewritten in a time-
independent form as ̂ H Φ = 

̂ Φ† ( { ϕ} ) ̂  H ϕ ̂
 Φ( { ϕ} ) = 

1 

i� ̂

 Π ( { ϕ} ) ̂  H ϕ ̂
 Φ( { ϕ} ) . (71) 

The functional operators ̂ Φ({ ϕ} ) and 

̂ Π ({ ϕ} ) obey the anticommutation relations: {̂ Φ( { ϕ} ) , ̂ Π ( { ϕ} ) } = i� , 
{̂ Φ( { ϕ} ) , ̂ Φ( { ϕ} ) } = 0 , 

{̂ Π ( { ϕ} ) , ̂ Π ( { ϕ} ) } = 0 (72) 

or commutation relations: [̂ Φ( { ϕ} ) , ̂ Π ( { ϕ} ) ] = i� , 
[̂ Φ( { ϕ} ) , ̂ Φ( { ϕ} ) ] = 0 , 

[̂ Π ( { ϕ} ) , ̂ Π ( { ϕ} ) ] = 0 . (73) 

From the first conditions in Eqs. ( 72 ) and ( 73 ), ̂ Π ({ ϕ} ) is gi v en by 

̂ Π ({ ϕ} ) = i� δ/ δΦ({ ϕ} )
or ̂ Π ({ ϕ} ) = −i� δ/ δΦ({ ϕ} ) , respecti v ely, in the r epr esentati v e diagonalizing 

̂ Φ({ ϕ} ) such aŝ Φ({ ϕ} ) | Φ〉 = Φ({ ϕ} ) | Φ〉 with a configuration of field functional Φ({ ϕ} ) . 
Any state | ΨM 

(t) 〉 is e volv ed by the Schrödinger equation: 

i� 

d 

dt 
| ΨM 

(t) 〉 = 

̂ H Φ | ΨM 

(t) 〉 , (74) 

and its formal solution is gi v en by 

| ΨM 

(t) 〉 = e −
i 
� ̂

 H Φt | ΨM 

(0) 〉 . (75) 
2 If the eigenvalues of ̂ H ϕ are bounded below, this system can also be quantized using commutation 

relations although the Lagrangian consists of the first time-deri vati v e term and a (sign-flipping of a) 
Hamiltonian (see Eq. ( 61 )). This feature is different from that of the quantization for particles with spin 

1/2 in QFT. In fact, when we impose commutation relations on Dirac or Weyl fermions, the system 

becomes ill defined with the advent of negative norm states. This stems from the e xistence of negati v e- 
energy states in relativistic QM. 
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Multiplying 〈 Φ| by both sides of Eq. ( 74 ), we obtain the equation: 

i� 

∂ 

∂t 
ΨM 

(Φ, t) = 

̂ H ΦΨM 

(Φ, t) , (76) 

where ΨM 

(Φ, t) = 〈 Φ| ΨM 

(t) 〉 is a state functional in QFFT, and 

̂ H Φ is written as ̂ H Φ = 

δ

δΦ({ ϕ} ) ̂
 H ϕ Φ({ ϕ} ) or ̂ H Φ = − δ

δΦ({ ϕ} ) ̂
 H ϕ Φ({ ϕ} ) , (77) 

using 

̂ Π ({ ϕ} ) = i� δ/ δΦ({ ϕ} ) or ̂ Π ({ ϕ} ) = −i� δ/ δΦ({ ϕ} ) , respecti v ely. 

3.2. Derivation of quantum field theory 

Let us investigate whether QFT can be rebuilt from QFFT or not. 
Before proceeding to deal with this, we need to clarify the role of functional operators. To get

a hint, we list empirical laws concerning particles. 

� Elementary particles create and annihilate. Particles can appear in the vacuum, and a mul-
tiparticle state can return to the vacuum state. The vacuum state plays the role of a basis to
construct any physical sta tes, e.g. multiparticle sta tes are obtained by m ultipl ying creation
operators. 

� There is a hierarchical structure of ma tter, e.g. a toms consist of a nucleus and electrons,
nuclei are composed of nucleons (protons and neutrons), and nucleons are made up of 
quarks. 

� There is a hierarchical structure of physical laws , too . Equivalently, specific physical laws
hold at each le v el of the structure of matter. Physical laws are uni v ersal in our uni v erse. 

From the above laws, we form a conjecture that information on physical laws (par tic le contents
and r elated par ameter s) is built in a vacuum state and the vacuum state is universal in our universe,
in the sense that it obeys common physical laws everyw her e, although it can be differently described
depending on the situation of observers and the energy scale. Our vacuum state keeps a potential
to create some definite elementary par tic les in accordance with physical systems. Additionally, if 
our universe has a beginning, our vacuum state must also be created by the operation of anything.

According to the conjecture, let us assume that ̂ Φ† ({ ϕ} ) is an operator to produce a vacuum
state | 0 〉 { ϕ} with the potential to create an elementary particle ϕ ; ϕ obeys definite laws of QFT.
This assumption is expressed by ̂ Φ† ({ ϕ} ) | 0 

/〉 = | 0 〉 { ϕ} , (78) 

where | 0 

/〉 is a “nothingness state” or an “empty state”, and it satisfies ̂ Φ({ ϕ} ) | 0 

/〉 = 0 and
〈 0 

/| 0 

/〉 = 1 . Here, we list the relations: ̂ Φ† ({ ϕ} ) | 0 

/〉 = | 0 〉 { ϕ} , ̂ Φ({ ϕ} ) | 0 

/〉 = 0 , 〈 0 

/| ̂  Φ({ ϕ} ) = { ϕ} 〈 0 | , 〈 0 

/| ̂  Φ† ({ ϕ} ) = 0 . (79) 

Note that | 0 

/〉 is not a vacuum state in QFT but a more fundamental one. If ̂ Φ† ({ ϕ} ) produces
a vacuum state, it must be accompanied by the emergence of spacetime where ϕ li v es, and then
the introduction of gravity is ine vitab le to formulate a complete theory. We will discuss a topic
that is pertinent to gravity in Section 4.2 . 

If ̂ Φ† ( { ϕ} ) and 

̂ Φ( { ϕ} ) play the role of installing a vacuum state with a specific spacetime and
removing it, it would be suitable to refer to 

̂ Φ† ({ ϕ} ) and 

̂ Φ({ ϕ} ) as “installa tion opera tor” and
“r emoval operator”, r especti v ely. Then, “Which came first, particles or spacetime?” in Q2 can
be solved, because particles and a spacetime can be installed at the same time by 

̂ Φ† ({ ϕ} ) in
QFFT. 
11/25 
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Now let us deri v e QFT from QFFT, based on the x -r epr esentation in QM. 
For ̂ Φ† ({ ϕ} ) satisfying the anticommutation relations ( 72 ), a state | ΨM 

(t) 〉 in QFFT is written
as 

| ΨM 

(t) 〉 = Ψ (0) (t) | 0 

/〉 + Ψ ({ ϕ } , t ) ̂ Φ† ({ ϕ } ) | 0 

/〉 , (80) 

where Ψ ({ ϕ } , t ) is the state functional of one world made of ϕ and an expression for Ψ ({ ϕ } , t )
will be gi v en later (see Eq. ( 84 )). In this case, one uni v erse alone can appear and it has a literal
meaning. 

In contrast, for ̂ Φ† ({ ϕ} ) satisfying the commutation relations ( 73 ), a state is written as a su-
perposition of states constructed on various numbers of vacuum states, 

| ΨM 

(t) 〉 = Ψ (0) (t) | 0 

/〉 + 

∞ ∑ 

M=1 

Ψ ( { ϕ } , · · · , { ϕ } ︸ ︷︷ ︸ 
M 

, t ) 
1 √ 

M! 

(̂ Φ† ({ ϕ } ) )M | 0 

/〉 , (81) 

where Ψ ( { ϕ } , · · · , { ϕ } ︸ ︷︷ ︸ 
M 

, t) is the state functional of M worlds and 

1 √ 

M! 

(̂ Φ† ({ ϕ} ) )M | 0 

/〉 is a vac-

uum state described by 

1 √ 

M! 

(̂ Φ† ({ ϕ} ) )M | 0 

/〉 = | 0 〉 { ϕ} ⊗ · · · ⊗ | 0 〉 { ϕ} ︸ ︷︷ ︸ 
M 

. (82) 

In this case, M worlds can be interpreted as M identical uni v erses de v eloping accor ding to the
same physical laws. 

Let us study a state on one world limited as 

| ΨM 

( t) 〉 (1) = | Ψ ( t) 〉 = Ψ ( { ϕ} , t) ̂ Φ† ( { ϕ} ) | 0 

/〉 = Ψ ({ ϕ} , t) | 0 〉 , (83) 

where Ψ ({ ϕ } , t ) is a state functional depicted by 

Ψ ({ ϕ } , t ) = ψ 

(0) (t) + 

∞ ∑ 

N=1 

∫ 

d 

3 x 1 · · · d 

3 x N 

ψ (x 1 , · · · , x N 

, t ) 
1 √ 

N! 
ϕ 

† (x 1 ) · · ·ϕ 

† (x N 

) , (84) 

using Eq. ( B19 ). Note that Ψ ({ ϕ } , t ) should not be confused with the wave functional Ψ (ϕ , t ) ≡
〈 ϕ | Ψ (t ) 〉 in QFT. As seen in Eq. ( B20 ), they are related to each other as 

Ψ (ϕ , t ) = Ψ ({ ϕ } , t ) V 0 (ϕ ) , (85) 

with V 0 (ϕ) = 〈 ϕ| 0 〉 . Here and hereafter, we omit the subscript { ϕ} attached to the vacuum state
| 0 〉 and 〈 0 | in this subsection, for simplicity. 

The vacuum wave function is defined by 

ΨV 

(t) ≡ 〈 0 | ΨM 

(t) 〉 = 〈 0 

/| ̂  Φ({ ϕ } ) | ΨM 

(t ) 〉 
= 〈 0 

/| e i 
� ̂

 H Φt ̂ Φ( { ϕ} ) e − i 
� ̂

 H Φt | ΨM 

( 0) 〉 = 〈 0 

/| ̂  Φ({ ϕ } , t ) | ΨM 

(0) 〉 , (86) 

using Eq. ( 75 ), 〈 0 

/| e i 
� ̂

 H Φt = 〈 0 

/| , i.e. 〈 0 

/| ̂  H Φ = 0 and Eq. ( 70 ). From Eq. ( 86 ) and the first equa-
tion in Eq. ( 68 ), we find that ΨV 

(t) and 

̂ Φ({ ϕ } , t ) satisfy the same type of equation: 

i� 

∂ 

∂t 
ΨV 

(t) = E 0 ΨV 

( t) , i� 

∂ 

∂t 
̂ Φ( { ϕ} , t) = E 0 ̂  Φ({ ϕ} , t) , (87) 

where E 0 = 〈 0 | ̂  H ϕ | 0 〉 and 

̂ H ϕ is the Hamiltonian operator in QFT. Then, the time evolution of ̂ Φ({ ϕ } , t ) and 

̂ Φ† ({ ϕ } , t ) is determined as ̂ Φ({ ϕ } , t ) = e −
i 
� 

E 0 t ̂ Φ({ ϕ } ) , ̂ Φ† ({ ϕ } , t ) = 

̂ Φ† ({ ϕ} ) e i 
� 

E 0 t . (88) 

Note that ΨV 

(t) agrees with 〈 0 | Ψ (t) 〉 = ψ 

(0) (t) in QFT and it satisfies Eq. ( B16 ). 
12/25 
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From Eqs. ( 74 ) and ( 83 ), we can deri v e the Schrödinger equation in QFT: 

i� 

d 

dt 
| Ψ (t) 〉 = 

̂ H ϕ | Ψ (t) 〉 , (89) 

under the assumption that ̂ H ϕ is the Hamiltonian operator in QFT, as follows: 

i� 

d 

dt 
| Ψ (t) 〉 = i� 

d 

dt 
| ΨM 

(t) 〉 (1) = 

̂ H Φ | ΨM 

(t ) 〉 (1) = 

̂ Φ† ({ ϕ } ) ̂  H ϕ ̂
 Φ({ ϕ } ) | Ψ (t ) 〉 

= 

̂ Φ† ( { ϕ} ) ̂  H ϕ ̂
 Φ( { ϕ} ) Ψ ( { ϕ} , t) ̂ Φ† ( { ϕ} ) | 0 

/〉 = 

̂ H ϕ | Ψ (t) 〉 . (90) 

Multiplying 〈 ϕ| by both sides of Eq. ( 89 ), we obtain the equation on the wave functional in
QFT: 

i� 

∂ 

∂t 
Ψ (ϕ , t ) = 

̂ H ϕ Ψ (ϕ , t ) . (91) 

Next let us justify that a fermion (boson) field ϕ(x ) is quantized in order to satisfy the
anticommuta tion rela tions (the commuta tion rela tions). Under an infinitesimal transla tion
x 

′ = x − ε , the field ϕ(x ) transforms as ϕ 

′ (x 

′ ) = ϕ 

′ (x − ε ) = ϕ(x ) , and then an infinitesimal
change of ϕ(x ) is gi v en by 

δε ϕ(x ) = ϕ 

′ (x ) − ϕ(x ) = ϕ(x + ε ) − ϕ(x ) = ε i ∂ i ϕ(x ) . (92) 

If its field functional ̂ Φ({ ϕ } , t ) transforms as ̂ Φ ′ ({ ϕ 

′ } , t) = 

̂ Φ ′ ({ ϕ + δε ϕ } , t ) = 

̂ Φ({ ϕ } , t ) (93) 

under x 

′ = x − ε , ̂ Φ({ ϕ } , t ) changes infinitesimally as 

δε ̂
 Φ({ ϕ } , t ) = 

̂ Φ ′ ({ ϕ } , t ) − ̂ Φ({ ϕ } , t ) = 

̂ Φ({ ϕ − δε ϕ } , t ) − ̂ Φ({ ϕ } , t ) 

= − (̂ Φ({ ϕ } , t ) − ̂ Φ({ ϕ − δε ϕ } , t ) ) = −
∫ 

d 

3 x δε ϕ (x ) 
δ

δϕ (x ) ̂
 Φ({ ϕ } , t ) 

= −
∫ 

d 

3 x ε i ∂ i ϕ (x ) 
δ

δϕ (x ) ̂
 Φ({ ϕ } , t ) . (94) 

Note that Eq. ( 93 ) implies the translational invariance of the vacuum state, which is one of the
features in relativistic QFT. 

Then, the action integral ̂ S Φ = 

∫ ̂ L Φdt changes as 

δε ̂
 S Φ = 

∫ 

δε ̂
 L Φd t = 

∫ 

∂ 

∂t 

(̂ Φ† ({ ϕ } , t ) i� δε ̂
 Φ({ ϕ } , t ) )d t 

= 

∫ 

∂ 

∂t 

{̂ Φ† ({ ϕ } , t ) 
∫ 

d 

3 x ε i ∂ i ϕ (x ) 
(

−i� 

δ

δϕ (x ) 

) ̂ Φ({ ϕ } , t ) 
}

dt, (95) 

under the condition that ̂ Φ({ ϕ } , t ) obeys the equation of motion ( 68 ). From Eq. ( 95 ), the mo-
mentum operator ̂ P Φ i can be read off as 

̂ P Φ i ≡ ̂ Φ† ({ ϕ } , t ) 
∫ 

d 

3 x ∂ i ϕ (x ) 
(

−i� 

δ

δϕ (x ) 

) ̂ Φ({ ϕ } , t ) 

= 

̂ Φ† ({ ϕ } , t ) 
(∫ 

d 

3 x ̂  π ( x ) ∂ i ̂  ϕ ( x ) 
) ̂ Φ({ ϕ } , t ) 

= 

̂ Φ† ({ ϕ } , t ) 
(

1 

c 

∫ 

d 

3 x 

̂ T 

0 
i (x ) 

) ̂ Φ({ ϕ } , t ) , (96) 

where we use ̂ ϕ (x ) = ϕ(x ) and ̂ π (x ) = i� δ/ δϕ(x ) for the fermion ( ̂  ϕ (x ) = ϕ(x ) and ̂ π (x ) =
−i� δ/ δϕ(x ) for the boson), and 

̂ T 

0 
i (x ) is a component of the energy–momentum tensor in QFT.
13/25 
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Note that ϕ(x ) is a Grassmann variable for the fermion and a constant term in the integration
is subtracted. 

In this way, we find that there also exists a nested structure for momenta and verify that fields
become operators and satisfy the anticommutation relations for the fermion (the commutation 

relations for the boson). We notice that these features come from the transformation property
of field functional and an answer to the question “Why are particles or fields quantized in the
first place?” is obtained. 

Let us evaluate the expectation value of momenta for the state gi v en by Eq. ( 83 ). It is calcu-
lated as 

(1) 〈 ΨM 

(t) | ̂  P Φ | ΨM 

(t ) 〉 (1) = 〈 Ψ (t ) | ̂  P Φ | Ψ (t ) 〉 

= 〈 0 

/| ̂  Φ( { ϕ} ) Ψ † ( { ϕ} , t) ̂  Φ† ( { ϕ} ) 
(∫ 

d 

3 x ̂  π ( x ) ∇ ̂  ϕ ( x ) 
) ̂ Φ( { ϕ} ) Ψ ( { ϕ} , t) ̂  Φ† ( { ϕ} ) | 0 

/〉 

= Ψ † ({ ϕ } , t ) 
(∫ 

d 

3 x ̂  π ( x ) ∇ ̂  ϕ ( x ) 
)

Ψ ({ ϕ } , t ) = 

∫ 

D ϕ Ψ † (ϕ , t ) ̂  P Ψ (ϕ , t ) 

= 〈 Ψ (t) | ̂  P | Ψ (t) 〉 , (97) 

using the conditions ( 72 ) or ( 73 ), 〈 0 

/| 0 

/〉 = 1 , and Eq. ( B21 ). 
In the same way, the expectation value of energy for the state gi v en by Eq. ( 83 ) is calculated

as 

(1) 〈 ΨM 

(t) | ̂  H Φ | ΨM 

(t) 〉 (1) = 〈 Ψ (t) | ̂  H Φ | Ψ (t) 〉 = Ψ † ({ ϕ } , t ) ̂  H ϕ Ψ ({ ϕ } , t ) 

= 

∫ 

D ϕ Ψ † (ϕ , t ) ̂  H ϕ Ψ (ϕ , t ) = 〈 Ψ (t) | ̂  H ϕ | Ψ (t) 〉 . (98) 

In this way, we arri v e at the e xpression for e xpectation values in QFT, and the expectation
values in QM are also obtained by fixing the number of particles, as seen in Section 2.2 . 

4. Universes with different particle contents 
Now it is time to tackle Q3, i.e. “Why is our uni v erse described by the standard model at the
electroweak scale?” Under the precondition that the existence of our universe can be under-
stood by the combination of the le v el II multi v erse (an ensemb le of foreign uni v erses) and the
anthropic principle, and the above question is not really acknowledged as a problem, we face
the question of whether a frame wor k to describe the le v el II multi v erse can be constructed or
not. In the following, we investigate a theoretical framework to deal with a set of universes with
different elementary particles and parameters based on the physical laws of QFT. 

4.1. Level II multiverse 

We extend our formulation to an assembly of universes with different elementary particles and
parameters. 

Let us first introduce installa tion opera tors ̂ Φ
† 
(a ) ( { ϕ k (a ) } ) that produce a vacuum state | 0 〉 { ϕ k (a ) } 

where definite elementary particles ϕ k (a ) can be created and work obeying the laws of QFT. This
is expressed by ̂ Φ

† 
(a ) ( { ϕ k (a ) } ) | 0 

/〉 = | 0 〉 { ϕ k (a ) } , (99) 

where | 0 

/〉 is the nothingness state and it satisfies ̂ Φ(a ) ({ ϕ k (a ) } ) | 0 

/〉 = 0 and 〈 0 

/| 0 

/〉 = 1 . Here, a (=
1 , · · · , N ) is a label that specifies uni v erses with a set of particles { ϕ k (a ) } and parameters, and
14/25 



PTEP 2025 , 033B08 Kawamura 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2025/3/033B08/8021040 by guest on 06 April 2025
k 

(a ) is a label that r epr esents particles. 3 We have relations such as ̂ Φ
† 
(a ) ( { ϕ k (a ) } ) | 0 

/〉 = | 0 〉 { ϕ k (a ) } , ̂ Φ(a ) ( { ϕ k (a ) } ) | 0 

/〉 = 0 , 

〈 0 

/| ̂  Φ(a ) ( { ϕ k (a ) } ) = { ϕ k (a ) } 〈 0 | , 〈 0 

/| ̂  Φ
† 
(a ) ( { ϕ k (a ) } ) = 0 , (100) 

and impose the following conditions on 

̂ Φ(a ) ( { ϕ k (a ) } ) and 

̂ Φ
† 
(a ) ( { ϕ k (a ) } ) : { ̂ Φ(a ) ( { ϕ k (a ) } ) , ̂ Φ

† 
(b) ( { ϕ k (b) } ) 

} 

= δab , 
{̂ Φ(a ) ( { ϕ k (a ) } ) , ̂ Φ(b) ( { ϕ k (b) } ) } = 0 , { ̂ Φ

† 
(a ) ( { ϕ k (a ) } ) , ̂ Φ

† 
(b) ( { ϕ k (b) } ) 

} 

= 0 (101) 

or [ ̂ Φ(a ) ( { ϕ k (a ) } ) , ̂ Φ
† 
(b) ( { ϕ k (b) } ) 

] 

= δab , 
[̂ Φ(a ) ( { ϕ k (a ) } ) , ̂ Φ(b) ( { ϕ k (b) } ) ] = 0 , [ ̂ Φ

† 
(a ) ( { ϕ k (a ) } ) , ̂ Φ

† 
(b) ( { ϕ k (b) } ) 

] 

= 0 . (102) 

Because production of the vacuum state | 0 〉 { ϕ k (a ) } by 

̂ Φ
† 
(a ) ( { ϕ k (a ) } ) must be associated with the

emergence of spacetime, a graviton appears ine vitab ly and each uni v erse has invariance under
the gener al tr ansforma tion of coordina tes. The consequence of this will be discussed in the next
subsection. 

When the field functionals satisfy Eq. ( 101 ), a state | ΨM II (t) 〉 in the le v el II multi v erse is written
as a superposition of states constructed on various numbers of vacuum states as follows: 

| ΨM II (t) 〉 = Ψ (0) (t) | 0 

/〉 + 

N ∑ 

M=1 

N ∑ 

a 1 =1 

· · ·
N ∑ 

a M 

=1 

Ψ
({ ϕ k (a 1 ) } , · · · , { ϕ k (a M 

) } , t )
×̂ Φ

† 
(a 1 ) 

({ ϕ k (a 1 ) } 
) · · · ̂ Φ

† 
(a M 

) ( { ϕ k (a M 

) } ) | 0 

/〉 , (103) 

where the summation is taken in the range a 1 > · · · > a M 

, 4 t is an auxiliary parameter that
is identified as the time when the system is limited in some observable region of our uni-
verse, Ψ

({ ϕ k (a 1 ) } , · · · , { ϕ k (a M 

) } , t ) is a state functional related to M kinds of uni v erses, and̂ Φ
† 
(a 1 ) 

({ ϕ k (a 1 ) } 
) · · · ̂ Φ

† 
(a M 

) ( { ϕ k (a M 

) } ) | 0 

/〉 is a vacuum state described by ̂ Φ
† 
(a 1 ) 

({ ϕ k (a 1 ) } 
) · · · ̂ Φ

† 
(a M 

) ( { ϕ k (a M 

) } ) | 0 

/〉 = | 0 〉 { ϕ 
k (a 1 ) 

} ⊗ · · · ⊗ | 0 〉 { ϕ 
k (a M 

) } . (104) 

When the field functionals satisfy Eq. ( 102 ), | ΨM II (t) 〉 is written by 

| ΨM II (t) 〉 = Ψ (0) (t) | 0 

/〉 

+ 

∞ ∑ 

M (a 1 ) 
=1 

· · ·
∞ ∑ 

M (a N 

)=1 

Ψ ( { ϕ k (a 1 ) } , · · · , { ϕ k (a 1 ) } ︸ ︷︷ ︸ 
M (a 1 ) 

, · · · , { ϕ k (a N 

) } , · · · , { ϕ k (a N 

) } ︸ ︷︷ ︸ 
M (a N 

) 

, t) 

× 1 √ 

M (a 1 ) ! 

(̂ Φ
† 
(a 1 ) 

({ ϕ k (a 1 ) } 
))M (a 1 ) · · · 1 √ 

M (a N 

) ! 

(̂ Φ
† 
(a N 

) ( { ϕ k (a N 

) } ) 
)M (a N 

) | 0 

/〉 . (105) 

Any state | ΨM II (t) 〉 is e volv ed by the Schrödinger equation: 

i� 

d 

dt 
| ΨM II (t) 〉 = 

̂ H { Φ} | ΨM II (t) 〉 , (106) 
3 For the sake of completeness, installation operators and vacuum states should be denoted as ̂ Φ
† 
(a ) 

({ ϕ k (a ) } , { α j (a ) } 
)

and | 0 〉 { ϕ k (a ) } , { α j (a ) } , respecti v el y, w here { α j (a ) } is a label r epr esenting a set of param- 
eters, but here and hereafter { α j (a ) } is omitted to avoid complications. 

4 When a label a n takes continuous values, a summation should be replaced by an integration. The same 
applies to the following. 
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and its formal solution is gi v en by 

| ΨM II (t) 〉 = e −
i 
� ̂

 H { Φ} t | ΨM II (0) 〉 , (107) 

where ̂ H { Φ} is the Hamiltonian operator in QFFT gi v en by 

̂ H { Φ} = 

N ∑ 

a =1 

̂ Φ
† 
(a ) ( { ϕ k (a ) } ) ̂ H { ϕ k (a ) } ̂

 Φ(a ) ( { ϕ k (a ) } ) . (108) 

In Eq. ( 108 ), ̂ H { ϕ k (a ) } are Hamiltonian operators in QFT containing ϕ k (a ) (x ) and its functional
deri vati v es δ/δϕ k (a ) (x ) , and we see that the nested construction is realized. 

In the Heisenberg picture, installation and removal operators are gi v en in a form with the
time dependence by ̂ Φ

† 
(a ) ( { ϕ k (a ) } , t ) = e 

i 
� ̂

 H { Φ} t ̂ Φ
† 
(a ) ( { ϕ k (a ) } ) e −

i 
� ̂

 H { Φ} t , 

̂ Φ(a ) ( { ϕ k (a ) } , t ) = e 
i 
� ̂

 H { Φ} t ̂ Φ(a ) ( { ϕ k (a ) } ) e −
i 
� ̂

 H { Φ} t , (109) 

and they are e volv ed by Heisenberg’s equation of motion: 

i� 

∂ 

∂t 
̂ Φ

† 
(a ) ( { ϕ k (a ) } , t ) = 

[ ̂ Φ
† 
(a ) ( { ϕ k (a ) } , t ) , ̂ H { Φ} 

] 

, 

i� 

∂ 

∂t 
̂ Φ(a ) ( { ϕ k (a ) } , t ) = 

[̂ Φ(a ) ( { ϕ k (a ) } , t ) , ̂ H { Φ} 
]
. (110) 

The dynamics is summarized by the action integral: ̂ S { Φ} = 

∫ ̂ L { Φ} dt 

= 

∫ N ∑ 

a =1 

(̂ Φ
† 
(a ) ( { ϕ k (a ) } , t ) i� 

∂ 

∂t 
̂ Φ(a ) ( { ϕ k (a ) } , t ) 

−̂ Φ
† 
(a ) ( { ϕ k (a ) } , t ) ̂ H { ϕ k (a ) } ̂

 Φ(a ) ( { ϕ k (a ) } , t ) 
)

dt. (111) 

The canonical conjugate of ̂ Φ(a ) ( { ϕ k (a ) } , t ) is defined by 

̂ Π(a ) ( { ϕ k (a ) } , t ) ≡
∂ ̂  L { Φ} 

∂ (∂ ̂  Φ(a ) ( { ϕ k (a ) } , t ) /∂ t) 
= i� ̂

 Φ
† 
(a ) ( { ϕ k (a ) } , t ) , (112) 

and the Hamiltonian operator ̂ H { Φ} in QFFT is obtained as 

̂ H { Φ} ≡
N ∑ 

a =1 

̂ Π(a ) ( { ϕ k (a ) } , t ) 
∂ ̂  Φ(a ) ( { ϕ k (a ) } , t ) 

∂t 
− ̂ L { Φ} 

= 

N ∑ 

a =1 

̂ Φ
† 
(a ) ( { ϕ k (a ) } , t ) ̂ H { ϕ k (a ) } ̂

 Φ(a ) ( { ϕ k (a ) } , t ) 

= 

1 

i� 

N ∑ 

a =1 

̂ Π(a ) ( { ϕ k (a ) } , t ) ̂ H { ϕ k (a ) } ̂
 Φ(a ) ( { ϕ k (a ) } , t ) . (113) 

It is shown that this ̂ H { Φ} agrees with that in Eq. ( 108 ), using the solutions of functional oper-
ators (see Eq. ( 116 )). 

The following quantization conditions are imposed on field functionals: {̂ Φ(a ) ( { ϕ k (a ) } , t ) , ̂ Π(b) ( { ϕ k (b) } , t ) } = i� δab , 
{̂ Φ(a ) ( { ϕ k (a ) } , t ) , ̂ Φ(b) ( { ϕ k (b) } , t ) } = 0 , {̂ Π(a ) ( { ϕ k (a ) } , t ) , ̂ Π(b) ( { ϕ k (b) } , t ) } = 0 (114) 
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or [̂ Φ(a ) ( { ϕ k (a ) } , t ) , ̂ Π(b) ( { ϕ k (b) } , t ) ] = i� δab , 
[̂ Φ(a ) ( { ϕ k (a ) } , t ) , ̂ Φ(b) ( { ϕ k (b) } , t ) ] = 0 , [̂ Π(a ) ( { ϕ k (a ) } , t ) , ̂ Π(b) ( { ϕ k (b) } , t ) ] = 0 , (115) 

and then Heisenberg’s equation of motion ( 110 ) agrees with the Euler–Lagrange equation de-
ri v ed from the action integral ( 111 ), based on the least-action principle. 

4.2. Physical implications 
Under the assumption that each uni v erse contains specific elementary particle contents includ-
ing a graviton and physical parameters, and it is e volv ed by the physical laws of QFT, we discuss
the physical implications of the beginning of the uni v erse based on QFFT. 

4.2.1. Inflation. As a r efer ence for the discussion from Eqs. ( 86 )–( 88 ), we obtain the following
solutions: ̂ Φ(a ) ( { ϕ k (a ) } , t ) = e −

i 
� 

E (a ) 0 t ̂ Φ(a ) ( { ϕ k (a ) } ) , ̂ Φ
† 
(a ) ( { ϕ k (a ) } , t ) = 

̂ Φ
† 
(a ) ( { ϕ k (a ) } ) e 

i 
� 

E (a ) 0 t , (116) 

where E 

(a ) 
0 = 〈 0 | ̂  H { ϕ k (a ) } | 0 〉 is the vacuum energy of the uni v erse labeled by a . The vacuum wave

function Ψ
(a ) 

V 

(t) is e volv ed as 

Ψ
(a ) 

V 

(t) = e −
i 
� 

E (a ) 0 t Ψ
(a ) 

V 

(0) . (117) 

Here, we consider a uni v erse labeled by a with uniformity and isotropy, whose geometry and
dynamics are described by the Robertson–Walker metric. When the vacuum energy density
ρ

(a ) 
V 

≡ E 

(a ) 
0 /V ( V : the volume of the uni v erse) dominates ov er other energy densities, the scale

factor a (t) varies based on the Friedmann equation: (
˙ a (t) 
a (t) 

)2 

= 

8 πG N 

3 

ρ
(a ) 
V 

, (118) 

where ˙ a (t) ≡ da (t) / dt and G N 

is the gravitational constant. Then, in the case with ρ
(a ) 
V 

> 0 ,
inflation (an exponential expansion of the universe) (see Ref. [ 13 ] and r efer ences ther ein) occurs
as 

a (t) = a (0) e H 

(a ) 
V t , (119) 

where H 

(a ) 
V 

≡
√ 

8 πG N 

ρ
(a ) 
V 

/ 3 . In contrast, in the case with ρ
(a ) 
V 

< 0 , a (t) oscillates. 
In this way, we find that a uni v erse can e xpand at a v ery ear ly stage and a macroscopic wor ld

can emerge if a uni v erse is dominated by positi v e vacuum energy shortly after its birth. 

4.2.2. Third quantization. In a uni v erse labeled by a whose spacetime varies, the spacetime
itself is regarded as a dynamical object, and the theory must be invariant under the general
transforma tion of coordina tes and contain a gravita tional field. 

Let us study the invariance under the general transformation of coordinates in our formula-
tion. 

Under the infinitesimal transformation x 

′ μ = x 

μ − ε μ(x ) , the field ϕ k (a ) transforms as
ϕ 

′ 
k (a ) (x 

′ ) = ϕ 

′ 
k (a ) (x − ε ) = ϕ k (a ) (x ) , and then the change of ϕ k (a ) is gi v en by 

δε ϕ k (a ) (x ) = ϕ 

′ 
(a ) (x ) − ϕ k (a ) (x ) = ϕ k (a ) (x + ε ) − ϕ k (a ) (x ) = ε i (x ) ∂ i ϕ k (a ) (x ) . (120) 
k 
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If the field functional ̂ Φ(a ) ( { ϕ k (a ) } , t ) transforms as ̂ Φ ′ 
(a ) 

({ ϕ 

′ 
k (a ) } , t ′ 

) = 

̂ Φ ′ 
(a ) ( { ϕ k (a ) + δε ϕ k (a ) } , t − ε t ) = 

̂ Φ(a ) ( { ϕ k (a ) } , t ) (121) 

under x 

′ μ = x 

μ − ε μ(x ) with ε 0 (x ) = cε t (x ) , the change of ̂ Φ(a ) ( { ϕ } k (a ) , t ) is induced such that 

δε ̂
 Φ(a ) ( { ϕ } k (a ) , t ) = 

̂ Φ ′ 
(a ) ( { ϕ } k (a ) , t ) − ̂ Φ(a ) ( { ϕ } k (a ) , t ) 

= 

̂ Φ ′ 
(a ) ( { ϕ k (a ) − δε ϕ k (a ) } , t + ε t ) − ̂ Φ(a ) ( { ϕ } k (a ) , t ) 

= −
∫ 

d 

3 x 

∑ 

k (a ) 

δε ϕ k (a ) (x ) 
δ

δϕ k (a ) (x ) ̂
 Φ(a ) ( { ϕ k (a ) } , t ) + ε t 

∂ 

∂t 
̂ Φ(a ) ( { ϕ k (a ) } , t ) 

= −
∫ 

d 

3 x 

∑ 

k (a ) 

ε i (x ) ∂ i ϕ k (a ) 
δ

δϕ k (a ) 
̂ Φ(a ) ( { ϕ k (a ) } , t ) 

+ ε t (x ) 
∂ 

∂t 
̂ Φ(a ) ( { ϕ k (a ) } , t ) , (122) 

and then the change of the action integral is gi v en by 

δε ̂
 S { Φ} = 

[̂ Φ
† 
(a ) ( { ϕ k (a ) } , t ) 

(
1 

c 

∫ 

d 

3 x ε μ(x ) ̂  T 

0 
μ(x ) 

) ̂ Φ(a ) ( { ϕ k (a ) } , t ) 
]t f 

t i 

= 

[̂ Φ
† 
(a ) ( { ϕ k (a ) } ) 

(
1 

c 

∫ 

d 

3 x ε μ(x ) ̂  T 

0 
μ(x ) 

) ̂ Φ(a ) ( { ϕ k (a ) } ) 
]t f 

t i 

, (123) 

using the Euler–Langrange equation. 
When δε ̂

 S { Φ} = 0 holds for arbitrary ε μ(x ) , we have a physical state condition, ̂ Φ
† 
(a ) ( { ϕ k (a ) } ) ̂  T 

0 
μ( x ) ̂  Φ(a ) ( { ϕ k (a ) } ) | ΨM II ( t) 〉 = 0 , (124) 

and this leads to the condition and the equation ̂ T 

0 
μ( x ) | Ψ ( t) 〉 { ϕ k (a ) } = 0 (125) 

and ̂ T 

0 
μ(x ) Ψ ( ϕ k (a ) , t ) = 0 , (126) 

respecti v ely. The time component of Eq. ( 126 ) is equivalent to the Wheeler–deWitt equa-
tion [ 14 ], which r epr esents the Hamiltonian constraint [ 15 ] at the quantum le v el, and we arri v e
at a fundamental formula on the third quantization [ 16 ]. 

4.2.3. Landscape. First, we list postulates about a vacuum state and multi v erse. 

� In each uni v erse, a vacuum state can change by a phase transition (like the electroweak tran-
sition and QCD transition in our uni v erse), and hence there can appear a v ariety of v acuum
states, which are represented as | 0 〉 { ϕ k (a ) } together for a uni v erse with a set of elementary par-
ticles { ϕ k (a ) } . 

� Ev en if uni v erse A produces uni v erse B [ 17 ] using a mechanism such as eternal inflation [ 18 ],
as long as the mechanism works under physical laws in universe A, universe B must obey
the same physical laws of uni v erse A. 

From the above postulates, we expect that a wider theoretical framework is necessary to study
the creation of uni v erses with different elementary particles and parameters and to discuss the
relationship among them. We investigate such a frame wor k by r efer ence to the landscape of 
string theory vacua [ 19 , 20 ]. 
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Here, we list features of string theories and those vacua [ 21 , 22 , 23 , 24 ]. 

� Ther e ar e fiv e kinds of superstring theories in 10D spacetime. Numerous 4D string models
are constructed after compactifying an extra 6D space. 

� A variety of models originate from a di v ersity of structures of the extra space and different
configurations of strings. 4D string models are specified by (the vacuum expectation values
of) scalar fields ϕ L m 

including moduli that characterize the structure of the extra space. The
space spanned by ϕ L m 

is called the “landscape”, and its altitude corresponds to a value of 
vacuum energy. The landscape can be regarded as a potential. 

� Particle contents in each string model are stored in string fields symbolically denoted bŷ ϕ st ( X ( σ ) , ψ( σ )) . 

Let us suppose that there is a Hamiltonian 

̂ H { ϕ L } containing a potential ̂  V { ϕ L } whose local min-
ima correspond to solutions describing uni v erses with different particle contents and physical
parameters, and the dynamics can be compactly expressed by the action integral: ̂ S ΦL = 

∫ ̂ L ΦL dt 

= 

∫ 

(̂ Φ
† 
L 

( { ϕ L 

} , t ) i� 

∂ 

∂t 
̂ ΦL 

( { ϕ L 

} , t ) − ̂ Φ
† 
L 

( { ϕ L 

} , t ) ̂ H { ϕ L } ̂  ΦL 

( { ϕ L 

} , t ) 
)

dt, (127) 

where { ϕ L 

} is a set of fields ϕ L m 

living on the landscape, and 

̂ ΦL 

( { ϕ L 

} , t ) is the functional oper-
ator concerning { ϕ L 

} . 
The functional operator satisfies the equation: 

i� 

∂ 

∂t 
̂ ΦL 

( { ϕ L 

} , t ) = 

̂ H { ϕ L } ̂  ΦL 

( { ϕ L 

} , t ) , (128) 

and, from the stationary condition: 
δ

δϕ L m 

̂ H { ϕ L } = 0 , (129) 

we obtain solutions { ϕ 

(a ) 
L 

} that are identified with models owning a set of elementary particles

{ ϕ k (a ) } . Then, ̂ ΦL 

(
{ ϕ 

(a ) 
L 

} , t 
)

becomes ̂ Φ(a ) ( { ϕ k (a ) } , t ) , and, putting together them, we arri v e at an

effecti v e formulation described by the action integral ( 111 ). 
As a mechanism to produce the le v el II multi v erse, eternal inflation using the potential ̂ V { ϕ L } 

in the landscape looks promising. Then, some of ϕ L m 

can play the role of inflatons. For more
detail, a vacuum state | 0 〉 { ϕ L } and a spacetime can emerge by the operation of ̂ Φ

† 
L 

( { ϕ L 

} , t ) such as
| 0 〉 { ϕ L } = 

̂ Φ
† 
L 

( { ϕ L 

} , t ) | 0 

/〉 . Each region of the space expands while ϕ L m 

are rolling down towards
a different local minimum of the potential or they are transitioning from a local minimum to
another one. When the potential has flat directions for some ϕ L m 

, those values can correspond to
values of parameters. After ϕ L m 

arri v e at the local minimum labeled by { ϕ 

(a ) 
L 

} including a set of 
parameters, the values of ϕ L m 

are fixed, the vacuum | 0 〉 { ϕ L } changes into | 0 〉 { ϕ k (a ) } , and a uni v erse
with | 0 〉 { ϕ k (a ) } comes into existence. If the universe is dominated by a positive vacuum energy
coming from some particle (called an inflaton) in { ϕ k (a ) } , inflation can occur in the uni v erse.
After the inflation comes to an end, the inflaton decays into other particles in { ϕ k (a ) } and the
uni v erse becomes e xtremely hot and dense (like the big bang in our uni v erse). In this way,
various uni v erses with dif ferent particle contents and parameters (dif ferent physical laws) can
be generated. 

A change between uni v erses with different physical laws can also occur and its rate can be
estimated in the setup based on the action integral ( 127 ), if there are no selection rules to forbid
19/25 
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the change. According to the laws of quantum physics, we can calculate the transition amplitudê S f i from a vacuum state in a uni v erse with { ϕ k (a ) } to a different one with { ϕ k (b) } by using the
formula ̂ S f i = 〈 0 

/| ̂  Φ(b) ( { ϕ k (b) } , t f ) e −
i 
� ̂

 H ΦL (t f −t i ) ̂ Φ
† 
(a ) ( { ϕ k (a ) } , t i ) | 0 

/〉 , (130) 

where ̂ H ΦL = 

̂ Φ
† 
L 

( { ϕ L 

} , t ) ̂ H { ϕ L } ̂  ΦL 

( { ϕ L 

} , t ) . 

5. Conclusions and discussions 
Taking the embedded structure in QFT as a guiding principle, we hav e arri v ed at a wider theo-
retical frame wor k called quantum field functional theory (QFFT) that has QFT built in. QFFT
is constructed by using functional operators and has a nested structure. 5 

The rationale behind such a structure is that a physical state should be e volv ed by the same
type of equation: i� d | Ψ� 

(t) 〉 /d t = 

̂ H � | Ψ� 

(t) 〉 for any quantum system in a world where the laws
of quantum theory hold. In concrete terms, for a system in the le v el II multi v erse, it is gi v en
by i� d | ΨM II (t) 〉 /d t = 

̂ H { Φ} | ΨM II (t) 〉 . For a system in which the number of particles can vary,
it becomes i� d | Ψ (t) 〉 /d t = 

̂ H ϕ | Ψ (t) 〉 based on QFT. For a system with a definite number of 
particles, it takes i� d | ψ (t) 〉 /d t = 

̂ H | ψ (t) 〉 based on QM. Hence the Schrödinger equation for
a state is worshiped as a master equation, and it makes us think that nature is not all that
complica ted a t a fundamental le v el. 

On the one hand, QFFT is not well defined ma thema tically in the same way as QFT, i.e. it
is not yet known whether functional operators can be rigorously defined or not. On the other
hand, QFFT has se v eral advantages. First, it is relati v el y naturall y understood that fermions
(fields as Grassmann variables) and bosons are represented by field operators satisfying the an-
ticommuta tion rela tions and the commuta tion rela tions, respecti v el y. Second, the w hich-came-
first-particles-or -spacetime problem (which-came-first-physical-laws-or -our -universe problem) 
can be solved, if particles and spacetime (physical laws and our universe) can be installed as a
unit by a functional operator. Third, the level II multiverse could be described by QFFT. Last,
topics related to the beginning of the uni v erse such as inflation, the third quantization, and the
landscape can be studied in our formulation. Our frame wor k might also be applied to the le v el
III multi v erse where the le v el III multi v erse means quantum mechanical many worlds [ 26 ]. 6 

At present, QFFT is merely an effecti v e frame wor k to formulate the laws of particle physics
or a tool in the understanding of quantum physics in the same way as QFT, and hence it might
not possess such powerful predictability. It is intriguing to examine whether QFFT has both
predictability and falsifiability or not, based on investigations of the level II multiverse. 

There is a possibility that QFFT plays a supporting role as follows. For se v eral decades, e x-
ploration of a fundamental theory has been acti v ely carried out by using two approaches, a
bottom-up one (which takes a route from the standard model to a theory beyond the standard
model) and a top-down one (which takes a r oute fr om a theory of e v erything to the standard
model). Superstring theory has been a hopeful candidate for an ultimate theory, and it offers
vast numbers of string models that can be identified with members of the le v el II multi v erse.
Even if current superstring theory did not answer the question “How are uni v erses created?”, it
5 Another extension of QFT with a nested structure has been carried out by promoting a wave func- 
tional in QFT into an operator in r efer ence to the second quantization [ 25 ]. In this formulation, the 
operator can create or annihilate a multiparticle state. 

6 It has been proposed that the eternally inflating multi v erse and quantum mechanical many worlds are 
the same thing [ 27 ]. 
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would be open to extend its framework. Thus, it is expected that QFFT serves as a good model.
Furthermore, a combination of the two approaches mentioned above and an extension of the
frame wor k would be promising in unraveling the secrets of our universe and beyond. 
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3 . 

A. Hamiltonian operators in QM, QFT, and QFFT 

We gi v e e xplicit f orms of Hamiltonian operators in QM, QFT, and QFFT f or se v eral cases. 

A.1. Hamiltonian oper ator s in nonrelativistic quantum theory 

For a nonrelativistic electron with a mass m e , the Hamiltonian operator in QM is gi v en by 

̂ H (x , −i� ∇) = − � 

2 

2 m e 
∇ 

2 + V (x ) (A1) 

and then the Hamiltonian operators in QFT and QFFT are gi v en by 

̂ H ϕ = 

∫ ̂ ϕ 

† ( x ) ̂  H ̂  ϕ ( x ) d 

3 x = 

∫ ̂ ϕ 

† ( x ) 
(

− � 

2 

2 m e 
∇ 

2 + V ( x ) 
) ̂ ϕ ( x ) d 

3 x (A2) 

and 

̂ H Φ = 

̂ Φ† ({ ϕ } , t ) 
{∫ 

δ

δϕ (x ) 

(
− � 

2 

2 m e 
∇ 

2 + V (x ) 
)

ϕ (x ) d 

3 x 

} ̂ Φ({ ϕ } , t ) , (A3) 

respecti v ely. 

A.2. Hamiltonian oper ator s in relativistic quantum theory 

(1) Weyl fermion 

For a free left-handed Weyl fermion (a massless particle with a helicity −1 / 2 ), the Hamilto-
nian operator in QM is gi v en by ̂ H (x , i� ∇) = −i� c σ · ∇ (A4) 

and then that in QFT is gi v en by 

̂ H ϕ = 

∫ ̂ ϕ 

† ( x ) ̂  H ̂  ϕ ( x ) d 

3 x = 

∫ ̂ ϕ 

† ( x ) ( −i� c σ · ∇ ) ̂  ϕ ( x ) d 

3 x, (A5) 

where σ are Pauli matrices. For a free right-handed Weyl fermion (a massless particle with a

helicity 1 / 2 ), ̂ H (x , i� ∇) = i� c σ · ∇ and 

̂ H ϕ = 

∫ ̂ ϕ 

† ( x ) ( i� c σ · ∇ ) ̂  ϕ ( x ) d 

3 x are obtained by re-

placing σ by −σ in Eqs. ( A4 ) and ( A5 ). 
The Hamiltonian operator in QFFT is gi v en by 

̂ H Φ = 

̂ Φ† ({ ϕ } ) 
{∫ 

δ

δϕ (x ) 
( −i� c σ · ∇ ) ϕ (x ) d 

3 x 

} ̂ Φ({ ϕ } ) (A6) 

for a left-handed Weyl fermion. 
(2) Dirac fermion 
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For a free Dirac fermion (a particle with a mass m and spin 1/2), the Hamiltonian in QM is
gi v en by ̂ H (x , i� ∇) = −i� c α · ∇ + βmc 2 , (A7) 

and then the Hamiltonian operators in QFT and QFFT are gi v en by ̂ H ϕ = 

∫ ̂ ϕ 

† ( x ) ̂  H ̂  ϕ ( x ) d 

3 x = 

∫ ̂ ϕ 

† ( x ) 
(−i� c α · ∇ + βmc 2 

) ̂ ϕ ( x ) d 

3 x (A8) 

and ̂ H Φ = 

̂ Φ† ({ ϕ } ) 
{∫ 

δ

δϕ (x ) 

(−i� c α · ∇ + βmc 2 
)
ϕ (x ) d 

3 x 

} ̂ Φ({ ϕ } ) , (A9) 

respecti v ely. 

B. Wave functional 
A wave functional in QFT is defined by 

Ψ (ϕ , t ) ≡ 〈 ϕ | Ψ (t ) 〉 , (B1) 

where 〈 ϕ| is a bra vector, its ket vector | ϕ〉 is an eigenvector satisfying ̂ ϕ (x ) | ϕ〉 = ϕ( x ) | ϕ〉 , 〈 ϕ| ̂  ϕ 

† ( x ) = 〈 ϕ| ϕ 

† (x ) , (B2) 

and ϕ(x ) is the configuration of a classical field. For the fermion, ϕ(x ) takes Grassmann values.
The eigenvectors 〈 ϕ| and | ̃  ϕ 〉 satisfy the relations: 

〈 ϕ| ̃  ϕ 〉 = δ(ϕ − ˜ ϕ ) = 

∫ 

D α e i 
∫ 

α( x )( ϕ( x ) −˜ ϕ ( x )) d 3 x , 

∫ 

D ϕ | ϕ〉〈 ϕ| = 1 . (B3) 

The expectation value of ̂ H ϕ is written by 

〈 Ψ (t) | ̂  H ϕ | Ψ (t) 〉 = 

∫ 

D ϕ 

∫ 

D ̃  ϕ 〈 Ψ (t ) | ϕ 〉〈 ϕ | ̂  H ϕ | ̃  ϕ 〉〈 ̃  ϕ | Ψ (t) 〉 

= 

∫ 

D ϕ 

∫ 

D ̃  ϕ Ψ † (ϕ , t ) ̂  H ϕ δ(ϕ − ˜ ϕ ) Ψ ( ̃  ϕ , t ) = 

∫ 

D ϕ Ψ † (ϕ , t ) ̂  H ϕ Ψ (ϕ , t ) , (B4) 

using Eq. ( B3 ). 
A general solution of the wave functional is given by 

Ψ (ϕ , t ) = 

∞ ∑ 

N=0 

e −
i 
� 

E N t U N 

(ϕ) , (B5) 

where E N 

and U N 

(ϕ) are eigenvalues and eigenvectors of the eigenvalue equation: ̂ H ϕ U N 

(ϕ) = E N 

U N 

(ϕ) . (B6) 

Note that Ψ (ϕ , t ) satisfies Eq. ( 15 ), i.e. i� ∂Ψ (ϕ , t ) / ∂t = 

̂ H ϕ Ψ (ϕ , t ) . 
In the x -r epr esentation, the state | Ψ (t) 〉 is expressed by 

| Ψ (t) 〉 = ψ 

(0) (t) | 0 〉 + 

∞ ∑ 

N=1 

∫ 

d 

3 x 1 · · · d 

3 x N 

ψ (x 1 , · · · , x N 

, t) | x 1 , · · · , x N 

〉 , (B7) 

where | 0 〉 is a vacuum state, ψ (x 1 , · · · , x N 

, t) is a wave function of N-particle states and
| x 1 , · · · , x N 

〉 is a ket vector satisfying 

̂ x l | x 1 , · · · , x N 

〉 = x l | x 1 , · · · , x N 

〉 ( l = 1 , · · · , N) that is
defined by 

| x 1 , · · · , x N 

〉 ≡ 1 √ 

N! ̂
 ϕ 

† (x 1 ) · · · ̂ ϕ 

† (x N 

) | 0 〉 , (B8) 

using ̂  ϕ 

† (x ) , which plays the role of a creation operator of a particle ϕ or an annihilation oper-
ator of its antiparticle ϕ . 
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Multiplying 〈 ϕ| by both sides of Eq. ( B7 ) and using Eq. ( B2 ), the following relation is ob-
tained: 

Ψ (ϕ , t ) = 〈 ϕ | Ψ (t ) 〉 

= ψ 

(0) (t ) 〈 ϕ | 0 〉 + 

∞ ∑ 

N=1 

∫ 

d 

3 x 1 · · · d 

3 x N 

ψ (x 1 , · · · , x N 

, t ) 〈 ϕ | x 1 , · · · , x N 

〉 

= ψ 

(0) (t ) 〈 ϕ | 0 〉 

+ 

∞ ∑ 

N=1 

∫ 

d 

3 x 1 · · · d 

3 x N 

ψ (x 1 , · · · , x N 

, t ) 
1 √ 

N! 
ϕ 

† (x 1 ) · · ·ϕ 

† (x N 

) 〈 ϕ | 0 〉 . (B9) 

From Eqs. ( B5 ) and ( B9 ), by taking V 0 (ϕ) = 〈 ϕ| 0 〉 and U N 

(ϕ) ≡ C N 

( ϕ) V 0 ( ϕ) , we obtain the
relations: 

e −
i 
� 

E 0 t C 0 (ϕ) = ψ 

(0) (t) , (B10) 

e −
i 
� 

E N t C N 

(ϕ) = 

∫ 

d 

3 x 1 · · · d 

3 x N 

ψ (x 1 , · · · , x N 

, t ) 
1 √ 

N! 
ϕ 

† (x 1 ) · · ·ϕ 

† (x N 

) . (B11) 

Multiplying | ϕ〉 by 〈 x | , we obtain the relation: 

〈 x | ϕ〉 = 〈 0 | ̂  ϕ (x ) | ϕ〉 = ϕ(x ) 〈 0 | ϕ〉 = ϕ( x ) V 

† 
0 ( ϕ) (B12) 

with V 

† 
0 (ϕ) = 〈 0 | ϕ〉 . 

Here, we present formulae including V 0 (ϕ) and V 

† 
0 (ϕ) : 

∫ 
D ϕ V 

† 
0 ( ϕ) V 0 ( ϕ) = 

∫ 
D ϕ 〈 0 | ϕ〉〈 ϕ| 0 〉 = 〈 0 | 0 〉 = 1 , (B13) ∫ 

D ϕ 

1 

N! 
ϕ (x 1 ) · · ·ϕ (x N 

) ϕ 

† (x 

′ 
1 ) · · ·ϕ 

† (x 

′ 
N 

) V 

† 
0 (ϕ ) V 0 (ϕ ) 

= δ3 (x 1 − x 

′ 
1 ) · · · δ3 (x N 

− x 

′ 
N 

) , (B14) 

V 0 ( ϕ) V 

† 
0 ( ̃  ϕ ) + 

∞ ∑ 

N=1 

∫ 

d 

3 x 1 · · · d 

3 x N 

1 

N! 
ϕ 

† (x 1 ) · · ·ϕ 

† ( x N 

) ̃  ϕ ( x 1 ) · · · ˜ ϕ ( x N 

) V 0 ( ϕ) V 

† 
0 ( ̃  ϕ ) 

= δ(ϕ − ˜ ϕ ) . (B15) 

As a r efer ence, the vacuum wave function ΨV 

(t) = 〈 0 | Ψ (t) 〉 = ψ 

(0) (t) is written by 

ΨV 

(t) = ψ 

(0) (t) = 〈 0 | Ψ (t) 〉 = 

∫ 

D ϕ 〈 0 | ϕ〉〈 ϕ| Ψ (t) 〉 = 

∫ 

D ϕ V 

† 
0 ( ϕ) Ψ ( ϕ, t) . (B16) 

In the same way, a component of the functional 〈 x 1 , · · · , x N 

| Ψ (t) 〉 = ψ (x 1 , · · · , x N 

, t) is writ-
ten by 

ψ (x 1 , · · · , x N 

, t) = 

∫ 

D ϕ 

1 √ 

N! 
ϕ( x 1 ) · · ·ϕ( x N 

) V 

† 
0 ( ϕ) Ψ ( ϕ, t) . (B17) 
23/25 



PTEP 2025 , 033B08 Kawamura 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article/2025/3/033B08/8021040 by guest on 06 April 2025
The state | Ψ (t) 〉 is rewritten as 

| Ψ (t) 〉 = ψ 

(0) (t) | 0 〉 + 

∞ ∑ 

N=1 

∫ 

d 

3 x 1 · · · d 

3 x N 

ψ (x 1 , · · · , x N 

, t ) 
1 √ 

N! ̂
 ϕ 

† (x 1 ) · · · ̂ ϕ 

† (x N 

) | 0 〉 

= ψ 

(0) (t) | 0 〉 

+ 

∞ ∑ 

N=1 

∫ 

d 

3 x 1 · · · d 

3 x N 

ψ (x 1 , · · · , x N 

, t ) 
1 √ 

N! 

∫ 

D ϕ | ϕ 〉〈 ϕ | ̂  ϕ 

† (x 1 ) · · · ̂ ϕ 

† (x N 

) | 0 〉 

= ψ 

(0) (t) | 0 〉 + 

∞ ∑ 

N=1 

∫ 

d 

3 x 1 · · · d 

3 x N 

ψ (x 1 , · · · , x N 

, t ) 
1 √ 

N! 
ϕ 

† (x 1 ) · · ·ϕ 

† (x N 

) | 0 〉 

= Ψ ({ ϕ } , t ) | 0 〉 , (B18) 

where Ψ ({ ϕ } , t ) is a wave functional defined by 

Ψ ({ ϕ } , t ) ≡ ψ 

(0) (t) + 

∞ ∑ 

N=1 

∫ 

d 

3 x 1 · · · d 

3 x N 

ψ (x 1 , · · · , x N 

, t ) 
1 √ 

N! 
ϕ 

† (x 1 ) · · ·ϕ 

† (x N 

) . (B19) 

From Eqs. ( B9 ) and ( B19 ), we obtain the relation: 

Ψ (ϕ , t ) = Ψ ({ ϕ } , t ) V 0 (ϕ ) . (B20) 

For an operator ̂ Ωϕ , it is shown that the following formula holds: 

〈 Ψ (t) | ̂  Ωϕ | Ψ (t) 〉 = 

∫ 
D ϕ Ψ † (ϕ , t ) ̂  Ωϕ Ψ (ϕ , t ) 

= Ψ † ({ ϕ } , t ) ̂  Ωϕ Ψ ({ ϕ } , t ) , (B21) 

using Eq. ( B13 ). 
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