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Abstract: This paper investigates the impact of bulk viscosity within the framework of f (T, B) gravity.

We consider a time-dependent viscosity model with a particular Hubble parameter expression.

Here, we looked into the viability of well-motivated f (T, B) gravity model, which takes the form

f = α log(B) + β T, and has free parameters α and β. The 46 observational Hubble data (OHD)

in the range 0 ≤ z ≤ 2.36 were used to constrain the model parameters to achieve the solution.

We have used the Markov Chain Monte Carlo (MCMC) method to estimate model parameters and

observe that the model appears to be in good agreement with the observations. In addition, we

evaluate the effective viscous equation of state parameter for the f (T, B) model. We have examined

the characteristics of different energy conditions for the stability analysis. The model is valid based on

the positive behavior of null energy conditions (NEC), weak energy conditions (WEC), and dominant

energy conditions (DEC); however, strong energy conditions (SEC) are in violation, suggesting that

the universe is expanding faster. Our model was found in the quintom region. We also discussed

how the tachyon scalar field corresponds to f (T, B) gravity.

Keywords: modified gravity; cosmology; f (T, B) gravity; viscosity

PACS: J04.50.-h; 98.80.-k; 65.40.gd

1. Introduction

Mathematical and theoretical aspects of cosmic physics have changed as a result of the
cosmic microwave background radiation (CMBR), observations of supernovae of type Ia,
and other discoveries; see references [1–4] for more information. As we know, the field of
cosmology has given conclusive proof that the universe is expanding. Gravitational theories
consistent with observations play a significant role in explaining the universe’s origin and
the presence of relativistic star populations. The most prominent method for studying
cosmic acceleration is the exposure of modified gravitational theories (MGTs) developed
by modifying the Einstein–Hilbert (EH) action. Geometric constants, which modify the
gravitational field equations, can be used to generate modified theories of gravity using
the Einstein–Hilbert action [5,6]. This adds new dynamical degrees of freedom to the field
equations, driving the dynamics and illuminating the observed phenomena [7–12].

In general relativity (GR), the Ricci scalar R of the Levi–Civita symmetric connection
is the fundamental invariant. However, this is not the case in the Teleparallel Equivalent of
General Relativity (TEGR), where the gravitational is determined by using the fundamental
geometric invariant. The torsion scalar T is part of the action integral. It is defined by the
antisymmetric connection of the non-holonomic basis, which is called the curvature-less
Weitzenbock connection [13,14]. In literature, there are various modified theories influ-
enced by teleparallelism that have yielded a variety of intriguing findings in cosmology and
astrophysics [15,16] like f (R) theory [8,17,18], f (T) theory [19–22], f (T, B) theory [23–25],
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f (R, T) theory [26–31], f (Q, T) theory [32,33], f (G) theory [34], f (R, G) theory [35], f (Q)
theory [18,36–38], F(R, T, Q, τ) theory [39], etc. Recently, Mardan et al. [40] have inves-
tigated the conformally flat spherically symmetric fluid distribution with a generalized
polytropic equation of state in f (R) gravity. Noureen et al. [41] also developed a general
framework to observe the instabilities in self-gravitating spherically symmetric through
cracking with anisotropic inner matter configuration in f (R) gravity. The impact of f (R, T)
gravity in the evolution of charged viscous fluids is studied by Noureen et al. [42].

These days, The f (T, B) theory of gravity has been thoroughly investigated. We are
interested in the f (T, B) theory, also known as the fourth-order teleparallel theory of gravity.
The gravitational action integral is defined by an arbitrary function f of the torsion scalar
T and the boundary term B, which is related to the torsion scalar and the Ricci scalar,
B = R + T [43,44]. Shekh et al. [45] have recently investigated the physical acceptability
of FLRW universe filled with two fluids, first the pressureless matter and the second as
different types of holographic dark energy in f (T, B) gravity. The cosmography for high
redshifts in f (T, B) gravity has been discussed by Escamilla-Rivera et al. [46] through the
statistical performance of cosmological observations. In the present day, the generalization
of the teleparallel theory has gained significant importance, which could provide alternative
explanations for the acceleration of the cosmos. The fact that the invariance under local
Lorentz transformations is broken is one of the most significant issues with the f (T) theory
of gravity. If there is no local Lorentz symmetry, then there is no way to fix any of the
four components that make up the tetrad [47]. As we know, if the Lorentz invariance is
lost, two different tetrads that have the same metric could give different field equations.
In reference [48], a new method was used to develop a new way to build a covariant
formulation of f(T) gravity. The authors [23] introduce new f (T) gravity, which is more
general, by adding a new Lagrangian function f (T, B), which has a boundary term B that
is related to the divergence of the torsion tensor. If we select the special form of f (-T + B),
this theory is the same as f (R) gravity.

In cosmology, several investigations have been done in the framework of f (T, B)-
gravity. In the literature [49–54], many cosmologist have discussed the exact and analytical
cosmological solutions with an isotropic background, which are focused on the reconstruc-
tion of the cosmic history in the f (T, B) theory. The presence of nonzero spatial curvature
was recently considered in [55]. A new inhomogeneous precise solution was discovered
in [56], whereas [57] examined the minisuperspace quantization in f (T, B). The analysis
of anisotropic solution in f (T, B) is the most recent research, which is discussed in [44].
They observed that Kasner and Kasner-like solutions are asymptotic solutions for the field
equations; however, the theory does not favor anisotropic exponential solutions.

In this context, bulk viscosity is an important part of cosmology for studying how the
universe has changed over time because it tells us many interesting phenomena about how
homogeneous cosmological models work. The measurement of a fluid’s resistance to flow
is referred to as its viscosity. Viscosities can be divided into two categories: bulk viscosity
and shear viscosity. Most of the time, bulk viscosity is related to an isotropic universe, while
shear viscosity is related to an anisotropic universe. Bulk viscosity plays an important role in
cosmic expansion and pressure. The concept of viscous dark energy (DE) models has been
given in several ways to understand the development of the cosmos. Ren and Meng [58]
examined the development of the cosmos using a cosmological model with bulk viscosity.
Tawfik and Harko [59] investigated the phase transition of the viscous early universe. The
concept of bulk viscosity has also been thoroughly researched in modified gravity. Sharif and
Rani [60] studied bulk viscosity in f (T) theory, where “T is the torsion scalar”. In this theory,
the authors [61] investigated viscous and non-viscous holographic DE models. In this paper,
we investigate the cosmological implications of the f (T, B) gravity model with viscous fluid.
This paper focuses on the effect of fluid viscosity in the f (T, B)-gravity model.

The manuscript is organized as follows: we have discussed the basic formalism of
f (T, B) gravity in Section 2. The cosmological model with observational constraint is
discussed in Section 3. Dynamical parameters and their physical discussion for viscous
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fluid are mentioned in Section 4. The energy conditions are discussed in Section 5. We have
discussed the f (T, B) tachyon model in Section 6. Conclusions are mentioned in Section 7.

2. Basic Formalism of f (T, B) Gravity

The fundamental formalism of f (T, B) gravity and its field equations [44,62] are
introduced in this section. For the combination of f (T) and f (R) gravity, take into account
the following action, which is f (T, B) gravity [63] as

S =
∫

e

(

f (T, B)

κ2
+ Lm

)

d4x, (1)

where κ2 = 8πG and f (T, B) are a function of the torsion scalar T and the boundary term
B = 2

e ∂µ(eTµ) in which Tµ = T
µ
µν. Here, Lm and e = det(ei

µ) are the tetrad component’s
matter action and determinant, respectively. The field equation can be defined by varying
the action given in Equation (1) with respect to the tetrad.

2δλ
ν ∇µ∇µe fB − 2e∇λ∇ν fB + B fBδλ

ν + 4e[∂µe fB) + ∂µ fT)]S
λµ
ν + 4eα

ν∂µ(eS
µ
a λ) fT−

4e fTTα
µνS

λµ
σ − e f δλ

ν = 16πeτλ
ν , (2)

where τλ
ν = aa

νTλ
a is the standard energy momentum tensor and � = △µ△µ. This work

aims to establish several well-motivated f (T, B) gravity models and confine them to flat
FRW spacetime. The following metric describes this space-time in cartesian coordinates:

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2); (3)

where a(t) represents the scale factor of the universe. In these coordinates, the tetrad field
can be expressed as follows [64]:

ea
µ = diag(1, a(t), a(t), a(t)). (4)

The explicit torsion scalar for this spacetime is provided by

T = 6H2. (5)

In contrast, the boundary term is provided by

B = (6Ḣ + 18H2). (6)

The Ricci scalar and the torsion scalar are connected as

R = −T + B = (6Ḣ + 12H2). (7)

This shows how the concept of f (R) gravity is a subset of f (T, B) gravity, where

f (T, B) = f (−T + B) = f (R), (8)

which is only a tiny part of the models that can be made in f (T, B) gravity. In addition, the
contributions of the torsion scalar and the boundary term, which are of the second and
fourth orders, respectively, can be viewed simply through the utilization of this particular
tetrad. When the field equations for a universe, that is filled with a perfect fluid, are
evaluated, the Friedmann result comes out [23,65] as:

− 3H2(3 fB + 2 fT) + 3Ḣ + ḟB − 3Ḣ fB +
1

2
F = κ2ρ, (9)

− (3H2 + Ḣ)(3 fB + 2 fT)− 2H ḟT + f̈B +
1

2
f = −κ2 p, (10)
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where ρ and p are, respectively, the energy density and pressure of the perfect fluid. The
Friedmann equations show how a linear boundary contribution to the Lagrangian might
function as a boundary term in Equations (9) and (10). Other contributions of B would
nontrivially alter the dynamics of these equations at the same time.

Bulk Viscosity

The bulk viscosity in f (T, B) gravity is described in this section. Another way to define
bulk viscosity is to change the pressure (p) term by adding a dissipative term, Π, so that
the effective pressure pe f f is given by [66]:

pe f f = p + Π. (11)

Eckart [67] introduced the effective pressure in thermodynamical systems for relativis-
tic dissipative processes, where Π signifies the dissipative process and equals −3Hξ(t).
The bulk viscosity function is ξ(t) here. Since bulk viscosity of the fluid was assumed, the
energy-momentum tensor with the viscous term is defined [66] as follows:

Tij = (ρ + pe f f )u
jui − pe f f δ

j
i . (12)

The four-velocity is uk = (1, 0, 0, 0) and δi
j = 1 for i = j and δi

j = 0 for i 6= j. As

we know, the shear viscosity does not contribute to the energy-momentum tensor in the
background of the FRW metric, but bulk viscosity appears as an effective pressure. By
considering pm = 0, the field Equations (9) and (10) can be written as:

3H2 = κ2(ρm + ρT), (13)

3H2 + 2Ḣ = −κ2 pT , (14)

where the modified TEGR components are present in the effective fluid contributions as

3H2(1 + 3 fB + 2 fT) + 3Ḣ + ḟB − 3Ḣ fB − 1

2
f = κ2ρT , (15)

− 3H2(1 + 3 fB + 2 fT)− Ḣ(2 + 3 ḟB + 2 ḟT)− 2H ḟT + f̈B +
1

2
f = κ2 pT , (16)

where ḟT = fTT Ṫ + fTB Ḃ, ḟB = fTBṪ + fBB Ḃ and f̈B = fTTBṪ2 + 2 fTBBṪḂ + fBBB Ḃ2 +
fTBT̈ + fBBT̈B, these are denote the multiple partial derivation with respect to T and B.
The ρT and pT are the components of the effective energy density and effective pressure,
respectively, from f (T, B) gravity, and these are representative of DE. The expressions of
ρT and pT that are shown in Equations (15) and (16) are slightly different from those that
are shown in equations Equations (9) and (10) because the standard Friedmann equations
are shown in Equations (13) and (14). As a result, we conclude that Equations (15) and
(16) represent the density and pressure of dark energy for the f (T, B) gravity model. For
the purpose of discussion, we have assumed that the f (T, B) gravity model of the form
f (T, B) = γlog(B) + βT, where γ 6= 0 and β 6= 0. The equation of state (EoS) parameter
of a perfect fluid is proportional to the ratio of its pressure and density, whereas the EoS
parameter of a viscous fluid is denoted by

ωe f f =
pT + 3Hξ

ρm + ρT
. (17)

The EoS parameter is an essential parameter of the universe. As we know, the equation
of the state parameter is associated with energy density and pressure, which classifies the
universe’s expansion. In the de Sitter universe, Ḣ = 0, we have ωT = −1, which behaves
similarly to the cosmological constant.
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3. Cosmological Model with Observational Constraints

A Hubble parameter H must be utilized to obtain an expanding universe model that
agrees with observations. This model must start out decelerating and then accelerate
through time. As a one-parameter function discussed in [68], we look into the variation of
the Hubble parameter H.

H(a) = α(a−m − 1), (18)

where α > 0 and (m > 1) both are constants in the expression. The value of q for the
deceleration parameter is obtained as

q =
m

am + 1
− 1. (19)

In the context of Robertson–Walker space-time, Banerjee and Das [69] also proposed
a similar form of q. When a = 0, q = m − 1, q = 0 for am = m − 1, and for am

> m − 1,
q < 0, we can see from (19). For t = 0, we assume that a = 0. As a result, the universe starts
from the decelerating phase and then transitions to an accelerating one. This cosmological
scenario provides a unified view of the expansion history of the evolving universe and is
consistent with SNe Ia astronomical observations [1,70]. By using Equations (18) and (19),
we obtained H as

H−1 = −1 + q − m

m a
(20)

Integrating Equation (18), we obtain

am = e−1+ma(t+k1), (21)

where k1 is a constant of integration. Assuming a = 0 for t = 0, we obtain k1 = 0. Therefore,

a = (emαt−1)1/m. (22)

The scale factor (a) and the redshift (z) [71–73] are related in the following way:

a =
a0

(1 + z)
(23)

As a result, the Hubble parameter for the redshift is as follows:

H(z) =
H0

2
[1 + (1 + z)m], (24)

where H0 presents the value of the Hubble parameter [74]. One of the most significant
quantities in cosmology is the Hubble constant because it tells us how fast the universe is
expanding, which may be used to calculate the age and history of the universe. The Hubble
constant is defined as the unit of measurement, which is used for describing the expansion
of the universe. Hubble’s constant H is 160 km/s per million-light-years. In astrophysics,
gravitational redshift is denoted by a dimensionless quantity z (which is a function of the
radius of compact star r) and is defined as follows: 1+ z(r) = Observed wavelength/Actual
wavelength, as such when z > 0, it exhibits a redshift effect, otherwise it is a blueshift. In a
special case, a gravitational redshift is considered as a surface redshift at the surface of the
star, i.e., r = R and hence one obtains zg = zs (r = R). In essence, a surface redshift of a star
is then implying that it is nothing but a gravitational redshift on the surface only, however
the redshift will now be dependent on the mass or more precisely density of the star, what
is generally known as the surface gravity. As such, in the case of an astrophysical object,
a gravitational redshift will be maximum on the surface and minimum at the center of a
compact star. In this section, we present the observational data and statistical methodology
used to constrain the model parameters of the derived universe (see Figures 1 and 2). Here,
we applied 46 H(z) observational data points ranges 0 ≤ z ≤ 2.36 see Table 1, which were
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obtained by using the Markov Chain Monte Carlo (MCMC) method. To determine the
best-fitting values and limits for a fitted model, we use the χ2 statistic [75,76]. According to
46 observational Hubble data (OHD), the estimated values of are H0 = 65 ± 0.12 kms−1

Mpc−1 and m = 1.5+0.0026
−0.0026. To limit the model’s parameters H0 and m, we defined χ2 as

χ2(H0, m) =
46

∑
i=1

(Hth(i)− Hob(i))
2

σ(i)2
(25)

where Hth(i) denotes the theoretical values of H(z) according to [23], and σ(i)′s denotes
errors in the observed values of H(z)”. In Figure 1, the 1-dimensional marginalized
distribution and 2-dimensional contours were obtained for our derived model with 68.3%,
95.4%, and 99.7% confidence levels, respectively.

0.0 0.5 1.0 1.5 2.0 2.5
z

0

50

100

150

200

250

H(
z)

model
data

Figure 1. Error bar plot of H(z) versus redshift z.

Figure 2. One-dimensional and two-dimensional marginalized confidence regions (68%CL and 95%

CL) for a, H0 obtained from the 46 OHD data for the f (T, B) gravity model.
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Table 1. The behavior of Hubble parameter H(z) with redshift.

S.No Z H(Obs) σi Reference S.No Z H(Obs) σi Reference

1 0 67.77 1.30 [77] 24 0.4783 80.9 9 [78]
2 0.07 69 19.6 [79] 25 0.48 97 60 [80]
3 0.09 69 12 [81] 26 0.51 90.4 1.9 [82]
4 0.01 69 12 [80] 27 0.57 96.8 3.4 [83]
5 0.12 68.6 26.2 [79] 28 0.593 104 13 [84]
6 0.17 83 8 [80] 29 0.60 87.9 6.1 [85]
7 0.179 75 4 [84] 30 0.61 97.3 2.1 [82]
8 0.1993 75 5 [84] 31 0.68 92 8 [84]
9 0.2 72.9 29.6 [79] 32 0.73 97.3 7 [85]

10 0.24 79.7 2.7 [86] 33 0.781 105 12 [84]
11 0.27 77 14 [80] 34 0.875 125 17 [84]
12 0.28 88.8 36.6 [79] 35 0.88 90 40 [80]
13 0.35 82.7 8.4 [87] 36 0.9 117 23 [80]
14 0.352 83 14 [84] 37 1.037 154 20 [84]
15 0.38 81.5 1.9 [82] 38 1.3 168 17 [80]
16 0.3802 83 13.5 [78] 39 1.363 160 33.6 [88]
17 0.4 95 17 [81] 40 1.43 177 18 [80]
18 0.4004 77 10.2 [78] 41 1.53 140 14 [80]
19 0.4247 87.1 11.2 [78] 42 1.75 202 40 [80]
20 0.43 86.5 3.7 [86] 43 1.965 186.5 50.4 [88]
21 0.44 82.6 7.8 [85] 44 2.3 224 8 [89]
22 0.44497 92.8 12.9 [78] 45 2.34 222 7 [90]
23 0.47 89 49.6 [91] 46 2.36 226 8 [92]

4. Dynamical Parameters and Their Physical Discussion for Viscous Fluid

Many authors have considered different types of bulk viscous coefficients when
analyzing the various cosmological models. The features of DE are examined in this article
by accounting for the bulk viscosity coefficient with pressureless fluid [93–95] as

ξ = ξ0 + ξ1H + ξ2(Ḣ + H2) (26)

where ξ0, ξ1, and ξ2 are all positive coefficients.
The choice of this bulk viscosity is motivated by the fact that the phenomenon of

viscosity is connected to the concepts of velocity and acceleration. We know that the
specific form of viscosity cannot be determined. Here, we use a parameterized bulk
viscosity, a linear combination of three factors, to discuss cosmological issues. The third
term links bulk viscosity to the accelerated expansion of the universe, while the second
term defines bulk viscosity proportionate to the Hubble parameter H. As a result, it is
possible that the results of the linear combination of these two with the acceleration term
(ä) will be improved and yields a better result. Here, we consider the Hubble parameter,
which is defined in [96] to investigate the behavior of the effective EoS parameter (ωe f f )
as follows:

H =
memαt−1

(emαt−1)1/m
(27)

Now, solving Equations (15) and (16) with the help of Equation (27), we obtained the
density and pressure of f (T, B) gravity as

ρT =

[

1

2(eαmt − 1)2(m − 3eαmt)2

(

2γm2 + 9
(

6α2(β + 1) + γ
)

e4αmt − 3γ(m + 4)meαmt

+ 3e2αmt
(

3γ + 2α2(β + 1)m2 + 8γm
)

+ e3αmt
(

−18γ + γm2 − 12m
(

3α2(β + 1) + γ
))

−
(

eαmt − 1
)2(

m − 3eαmt
)2

γlog

(

6α2eαmt
(

3eαmt − m
)

(eαmt − 1)2

)

)]

(28)
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pT =

[

eα(−m)t

6(eαmt − 1)2(3eαmt − m)3

(

γm4 − 2γ(m + 3)m3eαmt − 81
(

6α2(β + 1) + γ
)

e6αmt

+
(

m3 − 6m2 + 27m(10α(β + 1) + 1) + 54
)

e5αmt − m2
(

2m2(6α(β + 1)− 1)− 6m − 9
)

e2αmt

+ m2e2αmt
(

9γ − 2m2
(

6α2(β + 1)− γ
)

+ 6γm
)

+ e4αmt
(

−9m2
(

54α2(β + 1)− 5γ
)

− 81γ + γm4 − 12γm3 − 162γm
)

+ 3e5αmt
(

54γ + γm3 − 6γm2 + 27n
(

10α2(β + 1) + γ
))

+ me3αmt
(

81γ − 2γm3 + 9m2
(

14α2(β + 1) + γ
)

− 36γm
)

+ 3γeαmt
(

eαmt − 1
)2(

3eαmt − m
)3

log

(

6α2eαmt
(

3eαnt − m
)

(eαmt − 1)2

))

]

(29)

Now, solving Equations (28) and (29), we obtained the EoS parameter of f (T, B)
gravity as:

ωpe f f =

[

α2e2αmt

18(eαmt − 1)2

(

−
18αeαmt

(

a
(

eαmt − 1
)2

+ αeαmt
(

b
(

eαmt − 1
)

+ αc
(

eαmt − m
))

)

(eαmt − 1)3
+

+
18α2βe2αmt

(eαmt − 1)2
+

2γm2eα(−m)t
(

(m − 6)eαmt + m
)2

(3eαmt − m)3

+
γm2eα(−m)t

(

(m − 6)e2αmt + 4(m − 3)eαmt + m
)

(m − 3eαmt)2

+
3m
(

γ +
(

12α2(β + 1) + γ
)

e2αmt − 2eαmt
(

γ + 2α2(β + 1)m
))

(eαmt − 1)2(3eαmt − m)

− 9eαmt
(

γ +
(

6α2(2β + 1) + γ
)

e2αmt − 2eαmt
(

γ + α2(2β + 1)m
))

(eαmt − 1)2(3eαmt − m)

+ 3γ log

(

6α2eαmt
(

3eαmt − m
)

(eαmt − 1)2

))

]

. (30)

We have investigated the behavior of the EoS parameter (ωT) with cosmic time t
for the limiting conditions of the viscosity parameters shown in Figure 3a,b. The EoS
parameter appears to be negative in the beginning. Consequently, it moves from the
negative region to the positive region. It has been observed that ωT has entered the positive
region over time. The negative ωT is proposed as a constant vacuum energy density. It’s
worth noting that ωT = 0 shows Pressureless Cold Matter (PCM), ωT = 0, 1

3 represents

Hot Matter, ωT = ( 1
3 ) is radiation, ωT = ( 1

3 , 1) is Hard Universe, ωT = 1 shows stiff fluid
(SF), ωT > 1 is Ekpyrotic Matter (Ek-M), ωT > −1 stand for the Quintessence (Q) region
and ωT < −1 stands for the Phantom (Ph) region, respectively. While ωT = −1 represents
the cosmological constant (Λ CDM) and ωT << −1 is precluded by SN Ia perceptions
(Supernovae Heritage Study, Gold example of Hubble Space Telescope) (see all details
in Table 2). Subsequently, our derived model’s evolving range of ωT is supportive of the
quintom region. In our derived model, the effective EoS parameter lies in the phantom
region −1 < ωT < − 1

3 , crosses the cosmological constant and entered the quientences
region for all the limiting conditions [97] for the viscosity parameter, see Figure 3a. Similarly,
Figure 3b lies in the phantom region if ξ0 < 0 is mentioned in Table 3. The effective EoS
parameter is sensitive to the choice of parameter ξ0, ξ1 and ξ2, at least at cosmic times
spanning from the recent past to a late epoch. However, the presence of viscous co-efficient
strongly affects the early time of evolution.
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Figure 3. The variation of EoS parameter versus time t for various limiting conditions of the bulk

viscosity coefficients. (a) ξ0 > 0; (b) ξ0 < 0.

Table 2. Existence of different substances according to EoS parameter.

Substance Observation EoS Parameter

Phantom Universe (Ph)
Lead to Big Rip, resist to weak

energy condition
ω < −1

Quintessence (Q) 68% of the universe ωT ∈ (−1/3,−1)
Cosmological constant Inconsistent with observation ωT = −1
Hard Universe (HU) high densities ωT ∈ (1/3, 1)

Radiation (R) Influential in past ωT = 1
Hot matter (HM) insignificant in present time ωT = 0, 1/3

Ekpyrotic matter (Ek-M) Resist DEC ωT > 1
Pressless cold matter (PCM) 32% of the Universe ωT = 0

Stiff Fluid (SF) ωT = 1

Table 3. The cosmological evolution and behavior of EoS parameter for the limiting case of ξ.

Range of ξ ξ0 ξ1 ξ2 ωe f f Behavior

ξ0 > 0, ξ0+ξ1 < 1, ξ2 < 2 0.9 0.02 1.5 −8.8 ≤ ωe f f = 0 Ph-ΛCDM-Ek-M- SF- PCM
ξ0 > 0,ξ0+ξ1 > 1, ξ2 < 2 0.45 0.65 1.5 −8.6 ≤ ωe f f = 0 Ph-ΛCDM-Ek-M- SF- PCM

ξ0 > 0,ξ0 + ξ1 = 1, ξ2 < 2 0.65 0.35 1.5 −8.5 ≤ ωe f f = 0 Ph-ΛCDM-Ek-M- SF- PCM
ξ0 > 0,ξ0 + ξ1 = 1, ξ2 > 2 −0.5 1.45 2.1 −37.9 ≤ ωe f f = 0 Ph-ΛCDM-Ek-M- SF- PCM
ξ0 < 0,ξ0+ξ1 > 1, ξ2 > 2 −0.5 2.5 3 −37.3 ≤ ωe f f = 0 Ph-ΛCDM- PCM

ξ0 < 0,ξ0 + ξ1 > 1, ξ2 > 2 −0.5 1.5 2.17 −38.8 ≤ ωe f f = 0 Ph-ΛCDM- PCM

5. Energy Condition

Energy conditions that assign the basic causal and geodesic structure of space-time
should be put up against any alternative theory of gravity. The earliest energy conditions
that were described in the literature are point-wise in nature; they limit the stress tensor’s
ability to compress at every point in space. The four main conditions are the weak energy
condition (WEC), the strong energy condition (SEC), the dominant energy condition (DEC)
and the null energy condition (NEC).

In its physical form, the WEC requires that for every future-pointing timelike vector ta,

Tabtatb ≥ 0.

The SEC imposes a bound on an expression,

(

Tab −
T

n − 2
gab

)

tatb ≥ 0,

where we assume n > 2. The SEC is generally violated more easily than the WEC.
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The physical form of the DEC can be written as

Tabtaξb ≥ 0,

for any two co-oriented time-like vectors ta and ξb. The DEC requires that the flux of
energy-momentum measured by an observer is causal and in the direction of observer’s
proper time.

The NEC is a variation of WEC, with the time-like vector replaced by a null vector ka

Tabkaka ≥

The NEC is the weakest of the four main point-wise energy conditions. Please consult
the references [98–100] for more information on the distinction between these energy
conditions and physical importance.

Energy conditions have a great utility in classical GR which discusses the singularity
problems of space-time and explain the behavior of null, space-like, time-like, or light-like
geodesics [101,102]. The origin of these energy conditions is independent of any theory of
gravity and is purely geometrical in nature. These circumstances guarantee the application
of the second law of thermodynamics, which states that as the universe expands more
quickly, energy density reduces. The universe’s quickening expansion is also known as
violation (SEC). The various energy states can often be explained using the following form:

• Null energy condition (NEC) if ρe f f (t) + pe f f (t) ≥ 0;

• Weak energy conditions (WEC) if ρe f f (t) ≥ 0, ρe f f (t) + pe f f (t) ≥ 0;

• Strong energy conditions (SEC) if ρe f f (t) + 3pe f f (t) ≥ 0, ρe f f (t) + pe f f (t) ≥ 0;

• Dominant energy conditions (DEC) if ρe f f (t) ≥ 0, ρe f f (t)± pe f f (t) ≥ 0.

Figure 4 portrays the behavior of energy density versus time with the appropriate
choice of viscous parameters as ξ. Among all the energy conditions, the strong energy
condition is in the limelight of discussion. According to the recent data on the accelerating
Universe, the SEC must be violated on a cosmological scale [98]. The slight change in the
values of ξ towards the negative side results in the SEC’s change. SEC violates more in
the range mentioned above. We can notice this in Figure 4a,c,e for the limiting conditions
of the viscosity parameter ξ0 > 0 NEC, WEC, and DEC do not violate, but SEC violates.
Similarly, in Figure 4b,d,f, for ξ0 < 0, NEC is satisfied, but DEC and SEC are not satisfied.
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Figure 4. Cont.
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Figure 4. The variation of energy condition versus time t for various bulk viscosity coefficients.

6. f (T, B) Tachyon Model

Here, we investigate the correspondence of f (T, B) gravity with the tachyon scalar
field. The tachyon model, which emerged from string theory, has been proposed to account
for the DE scenario [103]. The fact that a rolling tachyon interpolates the EoS value between
−1 and 0 is an intriguing feature. The greatest contender for inflation at high energy is
the tachyon model, as well. There have been numerous attempts to create trustworthy
cosmological models using various self-interacting potentials, as noted in [104]. According
to reference [103], this scalar field has the following energy and pressure:

ρT =
v(φ)

√

1 − φ̇2
pT = −v(φ)

√

1 − φ̇2 (31)

Now, solving Equations (28) and (29), we have obtained the density of scalar field φ̇2

and potential of f (T, B) gravity as V(φ), leading to the EoS parameter as;

ωT = 1 − φ̇2 (32)



Universe 2022, 8, 650 12 of 17

φ̇2 = 1+

[

α2e2αmt

18(eαmt − 1)2

(

−
18αeαmt

(

a
(

eαmt − 1
)2

+ αeαmt
(

b
(

eαmt − 1
)

+ αc
(

eαmt − m
))

)

(eαmt − 1)3

+
18α2βe2αmt

(eαmt − 1)2

+
2γm2eα(−m)t

(

(m − 6)eαmt + n
)2

(3eαmt − m)3
+

γm2eα(−m)t
(

(m − 6)e2αmt + 4(m − 3)eαmt + m
)

(m − 3eαmt)2

+
3m
(

γ +
(

12α2(β + 1) + γ
)

e2αmt − 2eαmt
(

γ + 2α2(β + 1)m
))

(eαmt − 1)2(3eαmt − m)

− 9eαmt
(

γ +
(

6α2(2β + 1) + γ
)

e2αmt − 2eαmt
(

γ + α2(2β + 1)m
))

(eαmt − 1)2(3eαmt − m)

+ 3γ log

(

6α2eαmt
(

3eαmt − m
)

(eαmt − 1)2

))

]

(33)

V(φ) =
1

2
√

3

((

1

(eαmt − 1)2(m − 3eαmt)2

(

e3αmt
(

−18γ + γm2 − 12m
(

3α2(β + 1) + γ
))

+
2γm2eα(−m)t

(

(m − 6)eαmt + m
)2

(3eαmt − m)3
+

18α2βe2αmt

(eαmt − 1)2

+
γm2eα(−m)t

(

(m − 6)e2αmt + 4(m − 3)eαmt + n
)

(m − 3eαmt)2

+
3m
(

γ +
(

12α2(β + 1) + γ
)

e2αmt − 2eαmt
(

γ + 2α2(β + 1)m
))

(eαmt − 1)2(3eαmt − m)
+ 3γ log

(

6α2eαmt
(

3eαmt − n
)

(eαmt − 1)2

)

− 9eαmt
(

γ +
(

6α2(2β + 1) + γ
)

e2αmt − 2eαmt
(

γ + α2(2β + 1)m
))

(eαmt − 1)2(3eαmt − m)

+ −
18αeαmt

(

a
(

eαmt − 1
)2

+ αeαmt
(

b
(

eαmt − 1
)

+ αc
(

eαmt − m
))

)

(eαmt − 1)3

−
(

2γm2 + 3e2αmt
(

3γ + 2α2(β + 1)m2 + 8γm
)

+ 9
(

6α2(β + 1) + γ
)

e4αmt − 3γ(m + 4)meαmt

− γ
(

−
(

eαmt − 1
)2
)

(

m − 3eαmt
)2

log

(

6α2eαmt
(

3eαmt − m
)

(eαmt − 1)2

))))1/2

(34)

In Figure 5, the evolution of the tachyon scalar field as a function of time indicates that
the tachyon scalar field φ̇2 increases with time and finally approaches a positive value (see
Figure 5a). However, the kinetic energy V(φ) of the tachyon potential decreases and will
vanish in the future [105] (Figure 5b).

We can also notice the potential decreases initially, but increases as the scalar field
increases (Figure 5c). The corresponding potential function expresses decreasing but
positive behavior with respect to t. Its decreasing behavior from maxima gives inverse
proportionality to the scalar field for the later times. This type of behavior corresponds to
scaling solutions in the brane-world cosmology.
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Figure 5. Correspondence of tachyon scalar field and potential versus t for various values of bulk

viscosity coefficients.

7. Conclusions

Recently, teleparallel theories of gravity and their extensions have drawn a lot of
attention in an effort to address a variety of cosmological issues. These theories are situated
in a globally flat torsionally supported manifold. As we know, the GR has a teleparallel
equivalent representation (TEGR) based on torsion (and tetrads) rather than curvature (and
metric). From this perspective, many modified teleparallel ideas have been advanced. By
changing the torsion scalar T in the action, the first one also referred to as f (T) gravity
naturally generalizes the TEGR action. This approach is comparable to f (R) gravity’s
metric equivalent. These two concepts have provided a very accurate description of the
cosmic behavior of the cosmos. In order to unify both f (R) and f (T) gravity and to
investigate the relations between these theories, a modified teleparallel theory of gravity
called the f (T, B) theory was devised, which, within some constraints, can recover either
f (T) or f (R) gravity.

In this work, we have obtained the cosmological analysis for the teleparallel f (T, B)
theory of gravity for flat FRW space-time. To find the exact solution of the field equations,
we considered the particular form of f (T, B) = γ log(B) + β T, which is proposed in [65].
We have estimated cosmological parameters and investigated the model’s physical and
geometrical behavior.

This paper also explores the behavior of viscosity by considering dust matter in the
background of f (T, B) gravity. We have assumed the logarithm well-known f (T, B) models
to evaluate the cosmological parameters. Using 46 OHD points, we have calculated the
cosmological parameter values of the resultant models in the present paper.

The main findings of our paper are as follows:
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• One-dimensional marginalized distribution and two-dimensional contour plots and
error bar plots of the Hubble data set are shown in Figures 1 and 2.

• Figure 3 shows the effective equation of state parameter involving the bulk viscous

pressure ωe f f = pT+Π

ρm+ρT
. The evolutionary trajectory of the EoS parameter exhibits

quintom-like behavior (transition from phantom to quintessence and evolution of the
LCDM limit) for the limiting conditions of the viscosity parameter ξ0 > 0 shown in
(Figure 3a).

• We have seen that the viscous EoS parameter achieves a phantom-like universe for
a particular choice of for ξ0 < 0 shown in (Figure 3b). Thus, the viscous EoS param-
eter represents a DE-dominated universe for all the models depending upon model
parameters. This behavior is compatible with the f (TB) gravity model.

• Figure 4 shows the temporal evolution of the energy conditions. Keep in mind that
to serve the late-time acceleration of the universe, the SEC has to violate. The SEC is
the most discussed of all the energy conditions. According to recent findings from the
speeding universe, the SEC must be violated on a cosmological scale. In our derived
model, NEC, WEC, and DEC satisfy the criteria established from the Raychaudhuri
equations. However, SEC is violated. As a consequence, our model is accurate and its
solutions are physically feasible.

• Figure 5 depicts the correspondence between the scalar field and the f (T, B) gravity
model. We have noticed that the scalar field φ increases and potential decreases as
time increases. The corresponding potential function exhibits a positive but decreasing
relationship with time. Later, the scalar field exhibits inverse proportionality to its
decreasing behavior from its maximum. In the brane-world cosmology, this kind of
behavior corresponds to scaling solutions.

Given the findings discussed above, we can anticipate that an extension in the form of
f (T, B) gravity could lead to exciting situations where we can consider how torsion and
boundary terms mix with astrophysical evidence to shed light on the study of the late-time
accelerating universe.
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