
Classical and Quantum Gravity

Class. Quantum Grav. 42 (2025) 115018 (14pp) https://doi.org/10.1088/1361-6382/addc2e

Ultra-massive spacetimes in 2 + 1
dimensions with positive Λ

Ingemar Bengtsson1,∗ and José M M Senovilla2,3

1 Stockholms Universitet, AlbaNova, SE-106 91 Stockholm, Sweden
2 Departamento de Física, Universidad del País Vasco UPV/EHU, Apartado 644,
48080 Bilbao, Spain
3 EHU Quantum Center, Universidad del País Vasco UPV/EHU, 48080 Bilbao,
Spain

E-mail: ibeng@fysik.su.se

Received 10 April 2025; revised 18 May 2025
Accepted for publication 22 May 2025
Published 6 June 2025

Abstract
We show that ultra-massive spacetimes exist also in 2+ 1 dimensions with a
positive cosmological constantΛ> 0. They can be created through the collapse
of a spherical null dust shell. The exterior of the shell is then a Mess spacetime,
that is to say a locally de Sitter spacetime that cannot be obtained as a quotient
of de Sitter space.

Keywords: ultramassive, positive cosmological constant, 2+1 dimensions

1. Introduction

In standard four-dimensional general relativity (GR) with a positive cosmological constant
Λ> 0 there is a bound for the area of spatially stable marginally trapped surfaces given by
4π/Λ [14, 24, 26]. As largely discussed in [22, 23] this does not lead to absence of ultra-strong
gravity collapsed objects, but rather to the existence of a new kind of extremely powerful col-
lapsed objects—called ‘ultra-massive’—that show gravitational properties even more power-
ful than those of black holes. In particular, future null infinity does not exist being replaced
by a future singularity, hence there is no concept of event horizon but there is a marginally
trapped tube (MTT) (see [4, 7, 8, 21] for definitions) with very peculiar properties [22, 23].
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In this paper we analyze the question of whether similar objects may exist in 2+1 GR with
Λ> 0. As is well known, there are no black-hole solutions in this case. By contrast, when Λ
is negative there are black hole solutions [5], as well as remarkable analogies between these
BTZ black holes and 3+1 dimensional black hole physics [9]. For positive Λ we will use
simple models with a collapsing finite shell of spherical null dust to prove that ‘ultra-massive’
spacetimes do arise in 2+1 dimensions with Λ> 0—along with other possibilities leading to
naked singularities. The ultra-massive models possess a future singularity of Misner type [19,
20] as well as a curvature singularity inside the matter. There is also a very special critical case
where a remnant of future infinity survives for timelike observers, but otherwise having a null
singularity too.

The regions outside matter in the ultra-massive cases are locally de Sitter (dS) but they are
not portions of a three-dimensional de Sitter spacetime, nor are they quotients thereof. That
such strange locally dS spacetimes exist was first noticed byMess [1, 18]. A simple explanation
of how they arise has been given [6], but we believe that this is the first time they arise in a
‘natural’ problem. It is interesting to compare to the case when a spherical null dust shell
collapses in 2+1 dimensional anti-de Sitter space. Then, provided the ‘mass’ is large enough,
the exterior of the shell is given by a portion of a BTZ black hole spacetime [12, 13], and the
BTZ black holes are quotients of anti-de Sitter space. In a sense then the Mess spacetimes are
needed to complete the corresponding picture in de Sitter case.

For orientation we devote section 2 to some facts about 2+1 dimensional locally de Sitter
spacetimes. Section 3 contains our main results, and section 4 provides some discussion.

2. Some expressions for three-dimensional (locally) de Sitter spacetime

De Sitter spacetime (dS for short) is usually defined as the hyperboloid

X2 +Y2 +Z2 −U2 = ℓ2 =
1
Λ

(1)

embedded in a one-higher-dimensional Minkowski spacetime with {U,X,Y,Z} standard
Minkowskian coordinates. Here ℓ is a length scale set by the cosmological constant Λ.4 Using
embedding coordinates adapted to the spheres at constant U on the hyperboloid, namely,

X= ℓcosh(u/ℓ)sinθ cosφ
Y= ℓcosh(u/ℓ)sinθ sinφ
Z= ℓcosh(u/ℓ)cosθ
U= ℓsinh(u/ℓ)

−∞< u<∞
0< θ < π

0⩽ φ < 2π .
(2)

one obtains the familiar form of the dS line element

ds2 =−du2 + ℓ2 cosh2 (u/ℓ)
(
dθ2 + sin2 θdφ2

)
. (3)

To orient ourselves we give a Penrose diagram for de Sitter spacetime, divided into four regions
depending on the values taken by the embedding coordinates, see figure 1. For purposes of
visualization a different global coordinate system, making use of a conformal embedding in
the static Einstein Universe, is often preferable [6].

4 In what follows, we will use Λ> 0 or ℓ > 0 indistinctly, hoping this will not lead to confusion. Any of the two can
be replaced by the other by means of Λ = 1/ℓ2 everywhere.
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Figure 1. A Penrose diagram of the de Sitter three-dimensional hyperboloid. Here and
in the rest of the diagrams null radial geodesics are at 45◦ as usual. In the coordinates
of (3) each point represents a u=constant and θ =constant circle coordinatized by φ
—or equivalently, by X and Y with X2 + Y2 = constant—except for the vertical edges
where cosθ =±1 (that is, X= Y= 0 and Z2 −U2 = ℓ2) which represent the worldlines
of the north and south poles in the spheres with constant u. J ∓ are past and future null
infinity, corresponding to u→∓∞. The lines marked r= ℓ are two lightcones with
vertices on J ∓, given by Z=±U, and they divide the spacetime into four regions.

The coordinates that we will use in section 3 cover ‘one half’ of de Sitter spacetime—
namely regions I and II in the Penrose diagram of figure 1—and are given by

Z> U :

X= rcosφ
Y= rsinφ
Z+U= ev/ℓ (ℓ− r)
Z−U= e−v/ℓ (ℓ+ r)

−∞< v<∞
r> 0

0⩽ φ < 2π .
(4)

We find

ds2 = dX2 + dY2 + dZ2 − dU2 =−
(
1−Λr2

)
dv2 + 2drdv+ r2dφ2 . (5)

This is on the (advanced) Eddington–Finkelstein form.
Another coordinate system that can be made to cover the same region is that of the ‘steady-

state’ coordinates,

Z> U :

X=
ℓx
t̃

Y=
ℓy
t̃

Z+U= t̃− x2 + y2

t̃

Z−U=
ℓ2

t̃

t̃> 0
−∞< x,y<∞ (6)
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leading to

ds2 =
ℓ2

t̃2
(
−dt̃2 + dx2 + dy2

)
. (7)

A reparametrization of the time coordinate t̃= ℓeτ/ℓ takes us to themetric (17), whichwill play
a critical role for us. These coordinates are adapted to a pair of ‘null screws’ in the embedding
space. It pays to express the manifest Killing vectors in embedding coordinates,

ℓ∂y = (Z−U)∂Y−Y(∂Z+ ∂U) , ||∂y||2 = (Z−U)2 /ℓ2 , (8)

and similarly for ∂x. Surfaces at constant t̃ can be turned into cylinders by making the coordin-
ate y periodic: y→ ℓφ. As a result there will be closed null curves when Z=U (where the
coordinate system ends), and a null singularity of Misner type where Y = 0 and the Killing
vector vanishes. The null singularity consists of two portions, for which X=±ℓ. In covering
space they are two generators of the null cone Z=U meeting at a single point on J +, the
vertex of the null cone. Further details will be given in section 3.1.

To see a Mess spacetime arising we focus on region II in the Penrose diagram, in popular
parlance on a ‘contracting region’ of the hyperboloid, and introduce the coordinates

U<−|Z| :

X=
√
ℓ2 + t̂2 cosz

Y=
√
ℓ2 + t̂2 sinz

Z=−t̂sinhφ
U=−t̂coshφ

−∞< t̂<∞
−∞< φ <∞
0⩽ z< 2π .

(9)

Note that the coordinate z is periodic, while φ is not. We receive

ds2 =− dt̂2

1+Λt̂2
+ t̂2dφ2 +

(
ℓ2 + t̂2

)
dz2 . (10)

We can introduce a new time coordinate T, so that we obtain the local metric in the form (16)
we use in section 3:

t̂= ℓsinh(T/ℓ) ⇒ ds2 =−dT2 + ℓ2 cosh2 (T/ℓ)dz2 + ℓ2 sinh2 (T/ℓ)dφ2 . (11)

What we have here is a region of de Sitter spacetime foliated by infinitely long cylinders that
touch past infinity at two antipodal points, where φ →±∞. But we can unroll these cylinders
by going to a covering space, so that −∞< z<∞. The result is a locally de Sitter spacetime
that cannot be fitted into de Sitter spacetime in any way. It is a perfectly sensible spacetime in
itself, in particular the Cauchy development of a surface at constant T is complete towards the
past. For an illustration, see figure 7 in [6].

There are two manifest Killing vectors. In embedding coordinates they are

∂z = X∂Y−Y∂X , ∂φ = U∂Z+Z∂U . (12)

It is seen that the Killing vector field ∂φ has fixed points onU= Z= 0, which is the equator of
a round sphere to the future of the coordinate region. In section 3 we will turn φ into a periodic
coordinate, and this will give rise to a Misner singularity at those fixed points.

As a final remark we note that the Mess spacetime is not a 2+ 1 dimensional pathology.
Similar examples can be constructed in 3+ 1 dimensions [6], but they are not of any concern
here.
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3. The models

In local advanced Eddington–Finkelstein-like coordinates {v,r,φ} the circularly symmetric
line-element we are going to study reads

ds2 =−
(
F(v)−Λr2

)
dv2 + 2dvdr+ r2dφ2 (13)

where φ is an angular variable (usually φ ∈ (0,2π)) describing the preferred circles of sym-
metry, r> 0 is a length coordinate such that full round circles (defined by constant values of
v and r) have length 2π r, and v is a null advanced coordinate with values in the real line. As
in the previous section, Λ = ℓ2 > 0 represents a positive cosmological constant and F(v) is a
function of v. When F(v) = 1 we recover de Sitter space. The null vector field k⃗ :=−∂r is
assumed to be future-pointing.

In analogy with the four-dimensional Vaidya radiating metric, sometimes the function F(v)
is rewritten as

F(v) = 1−m(v)

and then m(v) is called the mass function. It equals zero in de Sitter space, and will be non-
negative in all the solutions we consider. The metric (13) is a solution of the Einstein field
equations

Gij+Λgij = Tij

for an energy-momentum tensor of null dust type:

Tij =− Ḟ
2r
ki kj, k=−dv (14)

so that at any region with non-constant F(v) there is a curvature singularity at r→ 0.
Furthermore, the dominant energy condition requires Ḟ⩽ 0.

We recall that a submanifold is called (future) trapped, respectively (future) marginally
trapped, if its mean curvature vector H⃗ is (future) timelike, resp. (future) null, see e.g. [7, 11,
17, 21] and references therein. In our case, the preferred round circles defined by constant
values of v and r have the mean curvature vector

H⃗= ∂v+
(
F(v)−Λr2

)
∂r.

Notice that as a one-form this is just dr. Thus, computing the norm of H⃗ we deduce that the
round circles are future-trapped if r2 < F(v)/Λ, and marginally future-trapped if r2 = F(v)/Λ.
Hence, they can only exist in regions with F(v)> 0. In these regions, there is a surface foliated
by these marginally trapped circles, that is to say, a circularly symmetric MTT, defined by

r=

√
F(v)
Λ

. (15)

This MTT is spacelike (a dynamical horizon [4, 21]) whenever Ḟ := dF/dv> 0, timelike (a
timelike membrane [8, 21]) if Ḟ< 0, and it becomes null wherever Ḟ= 0. In particular the
MTT is null in any region of the spacetime which is locally dS (F is constant then). The
dominant energy condition then requires that theMTT is non-spacelike everywhere: a timelike
membrane with possible null portions.

The surfaces r= const. are spacelike if F(v)< Λr2, timelike if F(v)> Λr2 and null at the
MTT F(v) = Λr2 if this exists.
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3.1. Locally dS cases: F(v) = constant

The case with m(v) = 0⇐⇒ F(v) = 1 describes a locally de Sitter spacetime. This is just half
of the full dS spacetime, as explained in section 2. Actually, every region with F(v) =constant
is locally isometric to dS, however the regularity of the axis at r= 0 needs that F be 1. To prove
this, note that the axial Killing vector ∂φ has norm r2 and then the regularity condition for the
axis [16, 25] requires

lim
r→0

(
F(v)−Λr2

)
= F(v) = 1.

Therefore, when F(v) ̸= 1, and in particular if F(v) is constant on a region but different from 1,
then there is either a conical singularity at r= 0 (if 0< F< 1) or something stranger if F⩽ 0,
as discussed next.

Consider first the case withF= k2 < 1. Then a trivial re-parameterization of the coordinates

ṽ= kv, r̃= r/k, φ̃ = kφ

allows us to rewrite the metric in the original form (13) in the new coordinates, but notice that
now φ̃ ∈ (0,2kπ). Thus, there is a deficit angle, ergo a conical singularity, quantified by k.

Let now F=−a2 < 0. In this case the MTT is not present, the surfaces r= constant are all
spacelike, so that r is a time coordinate, and all round circles are future-trapped. As shown in
section 2 in this situation the following change of coordinates

z= v+
ℓ

a
arctan

( r
aℓ

)
, r=−aℓsinh

(
T
ℓ

)
rewrites the metric in the form

ds2 =−dT2 + a2 cosh2
(
T
ℓ

)
dz2 + ℓ2a2 sinh2

(
T
ℓ

)
dφ2 (16)

where−∞< T< 0 corresponds to r going from∞ to 0. There arises aMisner-like singularity
[19, 20] at T→ 0, where null geodesics with say z=constant are incomplete, as they spiral an
infinite number of times without ever reaching T = 0, and they do that in finite affine parameter.

This type of metric (16) is locally dS but it is not a portion of full dS. See section 2 for
details of how such ‘Mess spacetimes’ arise.

There is a critical case when F= 0. Now the following change

x= v+
ℓ2

r
, r= ℓe−τ/ℓ

brings the metric to a ‘steady state’ form of dS

ds2 =−dτ 2 + e−2τ/ℓ
(
dx2 + ℓ2dφ2

)
(17)

with −∞< τ <∞ as r runs from ∞ to 0. Observe, though, that the surfaces of symmetry
τ = constant are not planes, but cylinders. As τ →∞ there arises a null singularity, but it has
several distinctive features that we will need to know because this type of spacetimes appears
in the critical case studied in section 3.2.3. To decipher the properties of this future singularity
we consider the geodesic equations, that can be easily derived leading to

φ ′ = ΛLe2
√
Λτ , x ′ = Ce2

√
Λτ , −τ ′2 + e2

√
ΛτC2 +Λe2

√
ΛτL2 = ϵ

where prime denotes derivative with respect to the affine parameter λ, C and L are constants
of integration and ϵ=−1 for timelike geodesics while ϵ= 0 for null ones.
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Consider first the null geodesics with C= 0. A direct integration provides then

x= x0, e−
√
Λτ =±ΛL(λ−λ0) , φ −φ0 =∓ 1

ΛL(λ−λ0)

showing again a Misner-like behavior for they reach τ →∞ in finite affine parameter but
spiraling indefinitely. The null geodesics without angular momentum L= 0, on the other hand,
are given by

φ = φ0, e−
√
Λτ =±

√
ΛC(λ−λ0) , x− x0 =± 1

CΛ(λ−λ0)
.

They reach τ →∞ in finite affine parameter but now half of them reach there with x→∞
and the other half reach there with x→−∞. Indeed, as discussed in section 2, the singularity
consists of two disconnected parts, meeting at J . One of them shows the endpoints of the
‘outgoing’ geodesics, the other the endpoints of ‘ingoing’ geodesics.

This can be further supported by considering the timelike geodesics with L= C= 0. They
are described by

x= x0, φ = φ0, τ − τ0 = λ−λ0.

Aswe see, these timelike geodesics are complete and they only arrive at τ →∞ after an infinite
proper time has elapsed. Therefore, there is future infinity in this spacetime, even though no
null geodesic can reach there. This future timelike infinity separates the two previous non-
curvature singularities where the null geodesics arrive in finite affine parameter. Therefore,
this structure will arise in the critical case of section 3.2.3.

3.2. The collapsing finite shell

We want to analyze the case where a finite circular shell of null dust collapses in a de Sitter
Universe. To that end, we choose

F(v) = 1 if v< 0;

Ḟ< 0 if 0⩽ v< v̄; (18)

F(v) = F(v̄) = K, if v⩾ v̄.

In general, these spacetimes have a portion of standard dS spacetime, given by the negative
values of the advanced time v. In this portion r= 0 is a regular center of symmetry and the
MTT is a standard null horizon placed at r= ℓ. When this null horizon meets the shell at
v= 0, it becomes a timelike membrane. The future fate of this membrane then depends on the
particular values of the final constant K.

When the shell reaches the center at r= 0 it produces a curvature singularity. This curvature
singularity always starts being timelike and it only becomes spacelike for negative values of
F(v), if they exist. Furthermore, this remains as a curvature singularity until the shell ends to
flow in at v= v̄. What happens then again depends on the value of K.

Thus, let us analyze the different possibilities in turn.

3.2.1. The case with K= k2 < 1. In this case the final value of F(v) remains positive. Thus,
on the one hand the curvature singularity is timelike everywhere, and on the other hand for
v ∈ (v̄,∞) we are in the situation considered in the previous section with a conical singularity.
These two singularities ‘meet’ at v= v̄. This can be considered the standard situation where
the collapsing shell produces a conical singularity due to having cut out part of the standard

7
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Figure 2. A conformal diagram of the collapse to a conical singularity. The shadowed
region represents the null matter. There is an MTT which is timelike within the mat-
ter, but otherwise null. These null portions of the MTT are represented by r= ℓ before
the shell arrives and by r= kℓ after it has passed, with F(v̄) =−k2. The curvature and
conical singularities are drawn with a zigzag line, and a double line, respectively.

sphere S2 and identifying the borders of the missing piece. The existence of future infinity is
not modified, though. A conformal diagram showing all these features is shown in figure 2.

3.2.2. The case with K=−a2. When the final value of the function F is negative, the
curvature singularity becomes spacelike for all values of v such that F< 0. The MTT within
the shell is a timelike membrane that eventually disappears at the curvature singularity. This
happens at the value of v= ṽ such that F(v= ṽ) = 0. At v= v̄, when the null matter stops
flowing in, the curvature singularity meets the Misner-like singularity which—together with
the curvature singularity—encloses the whole spacetime and becomes the final future fate for
every possible particle in the spacetime. There is no future null infinity and there exist observ-
ers who will never see the matter nor the MTT, still they live in a contracting world and will
end up at the future singularity. These characteristics are similar to those of the ‘ultra-massive’
spacetimes in [22], and actually the Penrose diagrams look alike and have a handful of similar
features as can be checked by comparison of figures 3 and 4 with figure 2 in [22]. Yet, there
are two different possibilities in this situation, depending on whether or not the curvature sin-
gularity is visible outside the matter flow.
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Figure 3. A conformal diagram for an ultramassive spacetime where the singularity is
visible outside the collapsing shell. The matter shell is drawn as the shadowed zone. The
function F(v) vanishes at v= ṽ, and at that value the MTT disappears into the curvature
singularity represented by a zigzag line. The outside region takes the form of a Mess
spacetime [1, 6, 18] with a future Misner-type singularity marked by a double line. The
red arrowed line indicates an outgoing null ray emitted from the curvature singularity
that emerges into theMess region, and thus it is visible for some outside observers before
they arrive at the Misner-like singularity. The green line describes a possible observer
who never sees the collapsing matter.

To discuss these possibilities, we need to analyze the outgoing radial null geodesics inside
matter. These are ruled by the ODE

dr
dv

=
1
2

(
F(v)−Λr2

)
. (19)

from where one immediately sees that there cannot be any such geodesics emanating from
the singularity at r= 0 for values of v such that F< 0 —because the curvature singularity is
spacelike there. At the beginning of the curvature singularity at v= 0, i.e. when the shell first
reaches the center, we can choose the initial condition r(0) = 0 for the outgoing radial null
geodesic and one has

dr
dv

∣∣∣∣
v=0

=
1
2
.

However, given that F(v) is a non-increasing function of v and it does decrease until it reaches
negative values, there will always be a value v= vmax where

dr
dv

∣∣∣∣
v=vmax

= 0

defining the maximum value of r reached by the geodesic: rmax := r(vmax). Notice that F(v=
vmax)> 0 is necessarily positive, so this happens before F becomes negative. From that value
v= vmax, r starts to decrease and eventually will come back to vanish at, say, v= vend. The
question is whether this will happen before or after the flow of incoming matter stops, that is
to say, whether v= vend is smaller or larger than v̄.

9
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Figure 4. A conformal diagram for an ultramassive spacetime where the singularity is
invisible outside the collapsing shell. Features and representations are the same as in
figure 3 with the only difference that here the red arrowed line, representing a null ray
emitted from the curvature singularity, never emerges outside the matter and ends up in
another part of the curvature singularity.

If vend > v̄, then for all values of v> v̄ the geodesic equation (19) becomes simply

dr
dv

=−1
2

(
a2 +Λr2

)
whose solution is

r(v) = aℓ tan
( a
2ℓ

(vend − v)
)
.

In this case, the radial null ray emerging form the starting point of the curvature singularity
eventually comes out of the matter shell before reaching the future Misner-like singularity.
Therefore, there may be observers outside the shell that are able to see the curvature singularity
before reaching the non-curvature one. This is depicted in figure 3.

If, on the other hand, vend < v̄, then all rays coming out of the curvature singularity will
end up in another portion of the curvature singularity and this singularity will never be visible
outside the shell. This is shown in figure 4.

In both cases, the spacetime outside the shell is isometric to the locally dS spacetimes with
metric (16). Therefore, these models are explicit examples of how to create Mess spacetimes
[1, 6, 18] in 2+1 dimensions by collapsing matter.

3.2.3. The critical case with K=0. In this case the final value of the function F vanishes:
F(v̄) = 0. Again the timelike membrane inside the shell eventually disappears, in this case
at the end of the curvature singularity and the beginning of the external, non-curvature, sin-
gularity. Now, the spacetime outside the shell is isometric to the steady-state version with
cylindrical slices and metric (17). As argued at the end of section 3.1 this part of the space-
time contains a future singularity which is of Misner type for null geodesics with angular
momentum, but it has two different parts, each representing the end of the outgoing and the
ingoing null geodesics without angular momentum, respectively. These two portions are null
and separated by a future timelike infinity towards which some complete timelike geodesics
travel with no bound on proper time. The conformal diagram of the final spacetime is given

10
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Figure 5. A conformal diagram of the critical case, where the Misner singularity is null
and a portion of future infinity remains. Again the notation and representation are as
in figures 3 and 4, but now the Misner-like singularity is null and has two different
portions, the one on the right where the outgoing null geodesics end, and that on the left
where the ingoing null geodesics outside the matter end. In between, there is a remnant
of future infinity, marked here by i+, which some complete timelike geodesics reach in
infinite proper time. These are shown by the yellow lines. The region outside the shell
is isometric to a ‘steady state’ 2+1 spacetime with slices of topology S×R.

in figure 5. This can be compared with the extreme case of four-dimensional ultra-massive
spacetimes, figure 4 in [22]: the ‘point’ P there, representing the remnants of future infinity,
corresponds the upper vertex separating the two null portions of the singularity in the critical
case of figure 5.

4. Discussion

We have shown that in 2+1 spacetime dimensions with a positive cosmological constant, ultra-
strong gravitating objects arise in a similar manner as in 3+1 dimensions. The so-called ultra-
massive cases, objects more extreme than black holes [22, 23], also arise in a peculiar form
in 2 + 1 dimensions, as shown in figures 3–5 and discussed in section 3. Both the proper
four-dimensional ultra-massive case and the extreme case (having an extreme Kottler metric
in the exterior, figure 4 in [22]) are realized, with some particular different features, in three-
dimensional GR with Λ> 0. The extreme case in [22] would correspond to the critical case in
this paper, see figure 5.

11
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The only ultra-strong gravity object that does not arise in three-dimensional gravity with
Λ> 0 is the black hole. Of course this was well known, but the fact that the other, more extreme
cases, do arise brings up the question as to why the black holes are missing. The situation
similar to the formation of a black hole in four dimensions (figure 1 in [22]) would be the case
with F(v) positive everywhere studied in section 3.2.1. However, as we see in figure 2, the
2+1 model leads to a conical, naked, singularity rather than to a black hole. One may wonder
what the reason might be for this difference. A possible answer is that, actually, in 2+1 gravity
satisfying DEC there are no dynamical horizons, that is, spacelike MTTs, as proven in [15],
see also [10].

Such an absence of dynamical horizons is due to the instability in spatial directions of
all possible marginally trapped circles. In what follows we provide a transparent argument
showing that there can certainly be MTTs—as shown in figures 2–5—, but they will never
form a dynamical horizon. Let us consider the stability operator for marginally trapped co-
dimension two submanifolds, as introduced in [2, 3], see also section 2 in [23]. The main
reason why the ultra-massive cases arise in four dimensions is the upper bound for the area
of spatially stable marginally trapped spheres, and ultimately this bound appears due to the
stability property. This is clear from the application of the stability operator, as we explain
next.

Any co-dimension two marginally trapped submanifold S has a vanishing expansion θk
along one normal null direction kµ, meaning that θk := Hµkµ = 0. However, if we perturb
the submanifold along an arbitrary vector field nµ normal to S (normalized kµnµ = 1), the
corresponding perturbed mean curvature vector field loses (in general) its null character and
acquires, at first order, a non-zero expansion given by

δf⃗nθ
k := Lnf (20)

where f is a function on S providing the ‘amount’ of the perturbation along n⃗ at each point on
S. Ln is called the stability operator for S in the direction n⃗ and is explicitly given by [2, 3]

Lnf =−∆f+ 2sBDBf+ f

(
R̄
2
− sBsB+DBs

B−Gµνk
µℓν − nρnρ

2
W

)
(21)

where R̄ is the scalar curvature on S, DB its covariant derivative, ∆= DBDB its Laplacian, ℓµ

the other independent null vector field normal to S (normalized ℓµkµ =−1), sB the one-form
on S defined by

s (⃗v) = kµ∇v⃗ℓ
µ, for any vector field v⃗ tangent to S,

and finally

W := Gµνk
µkν +Σ2

k

with Σk the shear scalar of kµ. Observe that, if the Einstein field equations and the null con-
vergence condition hold, W is non-negative.
Ln is a (generally non-self-adjoint) elliptic operator on S. Nevertheless, as proven in [2, 3],

it possesses a real principal eigenvalue denoted by λn. The corresponding real eigenfunction,
denoted by ϕn, can be chosen to be positive on all of S. A non-negative λn means stability of
the marginally trapped S along the direction nµ.

For positive f > 0, an equivalent way of writing (21) is [23, 24]

Lnf
f

=−∆ ln f +DBs
B− (DB ln f − sB)

(
DB ln f − sB

)
+
R̄
2
− nρnρ

2
W−Gµνk

µℓν (22)
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which, applied to f = ϕn and using Lnϕn = λnϕn, leads in 3+1 dimensions to formula (16) in
[23]

(Λ+λn)AS = 4π −
ˆ
S

[
(DB lnϕn− sB)

(
DB lnϕn− sB

)
+
nρnρ
2

W+Tµνk
µℓν

]
where one has used the Gauss–Bonnet theorem when integrating the scalar curvature on the
marginally trapped sphere S. Here, AS denotes the area of the sphere. It must be noticed that,
if DEC holds and nµ is spacelike, all the terms in the integrand are non-negative and thus
(Λ+λn)⩽ 4π leading to the area bound for marginally trapped spheres that are stable in the
spatial direction nµ.

Compare this with the same formula in 2+1 dimensions. Given that the scalar curvature
of any circle vanishes identically, in this case the corresponding formula for any marginally
trapped circle C does not have any 4π term coming from the Gauss–Bonnet theorem and reads

(Λ+λn)LC =−
ˆ
C

[
(DB lnϕn− sB)

(
DB lnϕn− sB

)
+
nρnρ
2

W+Tµνk
µℓν

]
where now LC is the length of C. In this case, ifΛ> 0 andDEC holds, thenλn < 0 is necessarily
negative for any spacelike nµ. In other words, all marginally trapped circles are unstable in
spatial directions. Therefore, marginally trapped circles perturbed outwardlywithin a spacelike
slice inevitably lead to trapped circles. This implies that any MTT cannot be spacelike and,
a fortiori, leads to the impossibility of having an event horizon for future null infinity. Thus,
only conical (and naked) singularities may arise if future null infinity remains. If not, the ultra-
massive cases (and the critical case) do emerge, and turn out to provide a natural ‘home’ for
the locally de Sitter spacetimes found by Mess.
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