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It has been claimed that the cosmological constant in AdS black holes such as the BTZ black hole plays
the role of the thermodynamic variable of a pressure in the thermodynamic first law and the Smarr
relation from the scaling law of the Christodoulou-Ruffini formula. However, the dual solution of the
BTZ black hole is the black string which is asymptotically flat despite the presence of the cosmological
constant, and so the explicit form of the pressure with the role of the cosmological constant is unclear
in the black string since the pressure is subject to the choice of the energy-momentum tensor. Thus,
we show that if the pressure of the black string is still assumed to be proportional to the cosmological
constant similar to the case of the BTZ black hole, then the thermodynamic first law is consistent with
the Smarr relation from the Christodoulou-Ruffini formula, and the thermodynamic quantities for the
pressure are well-behaved under the dual transformation.
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1. Introduction

It has been claimed that the cosmological constant in anti-de
Sitter (AdS) black holes plays a role of a thermodynamic variable
[1,2], which is consequently interpreted as a bulk pressure [3-6]
and its conjugate variable is also identified with the thermody-
namic volume [7,8]. If the cosmological constant were not regarded
as the pressure in the framework of the scaling law from the
Christodoulou-Ruffini formula, then the Smarr relation [9] could
not be defined in the asymptotically AdS black holes although the
thermodynamic first law could be well-defined without the pres-
sure [10]. In this respect, it appears to be plausible to regard the
cosmological constant as a thermodynamic variable of the pressure
in order for the uniform and consistent formulation of the Smarr
relation along with the thermodynamic first law [11]. Expectedly,
the cosmological constant in the Bafiados-Teitelboim-Zanelli (BTZ)
black hole [12] plays a definite role of the pressure in the Smarr
relation and the thermodynamic first law [6]. On the other hand,
the dual description of the BTZ black hole in the framework of the
low energy string theory [13,14] provides the three-dimensional
black string; however, it is asymptotically flat in spite of the pres-
ence of the cosmological constant in contrast to the BTZ black hole.

* Corresponding author.
E-mail addresses: yongwan89@sogang.ac.kr (Y. Gim), wtkim@sogang.ac.kr
(W. Kim).

https://doi.org/10.1016/j.physletb.2019.03.014

Thus, one might wonder what the thermodynamic role of the cos-
mological constant in the black string is.

In this work, we find the pressure of the black string from
the same energy-momentum tensor as that of the BTZ black hole;
however, the conjugate variables to the mass, the charge, and
the pressure take non-standard forms. Instead, assuming that the
energy-momentum tensor of the black string comes from only the
term of the cosmological constant, we can identify the suitable
form of the pressure compatible with the standard definitions of
the Hawking temperature, the potential, and the volume. Eventu-
ally, the pressure of the black string becomes to be proportional
to that of the BTZ black hole. Employing this pressure, we derive
the thermodynamic first law in the Padmanabhan’s formalism [15,
16] and the Smarr relation from the Christodoulou-Ruffini formula
[17]. We also show that the advantage of the latter choice for the
pressure is that thermodynamic quantities are well-behaved under
the dual transformation.

In Sec. 2, we recapitulate the duality in the three-dimensional
low energy string theory presented in Refs. [13,14]. In Sec. 3, we
revisit the thermodynamics for the BTZ black hole at the inner and
outer horizons in order to identify the corresponding pressures by
using the Padmanabhan’s method. In Sec. 4, we choose the suitable
form of the pressure of the black string by means of the Padman-
abhan’s method, and derive the thermodynamic first law from the
equations of motion. Next, the Smarr relation is obtained from the
scale invariance of the Christodoulou-Ruffini formula by employing
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the pressure. In Sec. 5, we study the dual relation of the thermody-
namic quantities between the BTZ black hole and the black string.
Finally, conclusion and discussion will be given in Sec. 6.

2. Dual solutions

Let us start with the action given as [13,14],

1 3 2| 4 2 1
I= E/‘d X«/ —ge |:£_2 +R+4(V¢) - EHMU,@HMU'O ’
(1)

where ¢ is the dilaton field, H., is the three-form field strength
of Hyyp =0, Bvp +0vBpy + 9pB v, and the cosmological constant
is A =—¢~2. The equations of motion for the action (1) are given
by

1
Gpuv = Ruv = 5 8uvR =87 G Ty, 2)
1 4
VAe 2 Hyup) =0, R-— ﬁH2 +4V2¢p —4(Vg)? + 2=0
(3)
1 1 Ap
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i 24 2_l 2

teuw |z t2Vie—2(Vve) — o H (4)

with respect to each field, and 8G =1 for convenience. One of the
solutions to Eqs. (2) and (3) is the BTZ black hole described by

2
1
d52 = — (r— — M) dt2 — jdtd(p + rz—drz

22 J2
2 a2
+r2de?, (5)
By =12/?, ¢ =0, (6)

where the inner and outer horizons are 1'2i = (6/2)(M€ +
VM?2¢% — J2). If we consider B =10 as well as ¢ =0, the La-
grangian (1) becomes £ = R + 4A which is different from the
conventional Lagrangian with the cosmological constant of £ =
R 4+ 2A. The mass and the angular momentum for the BTZ black
hole are expressed as M = (r2 +r2)/¢> and ] =2r,r_/¢. The
angular velocity €4, the Hawking temperature T4, and the en-
tropy S+ on the outer horizon are also given as

J r2 —r2

= —, T = s
2rs T 2w,

Q+ S+ :47Tr+. (7)

Next, performing the dual transformation of Eqs. (5) and (6)
[18,19] as

_ 1 i By
Bpp = —> Bou=—""->
8o 8oy
Euv = &uv — (8pu&pv — BpuByv)/ gy, (8)
2 Sou = 2
By =——, Buv =Buv — —&p[18vips
8pp 8pp
~ 1
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where w, v run over all coordinates except ¢, one can obtain the
charged black string solution after some diagonalization,

2
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where the outer horizon is 7. = M and the inner horizon is f_ =
Q?/M. The geometry (10) is asymptotically flat since the square
of the Riemann curvature vanishes at the asymptotic infinity. The
mass M and the charge Q per unit length of the black string are
related to the outer horizon and the angular momentum of the
BTZ black hole as M = ri/ﬁ and Q = J/2. The potential ® of the
charge of the black string can be read off from the field B;‘cf at the
outer horizon as

= Q
@4 =Bgplizr, = 7 (11)
It
The Hawking temperature and entropy are given as [14]
MZ _ QZ ~
=" Sf =20/ M2-Q2X, 12
= =20/ M2 - Q (12)

where X = [ dx is the comoving length of the black string [20].
Here, the entropy per unit length is simply written as s, =

S/ X =20y M2 - Q2.

3. Thermodynamic first law and Smarr relation in the BTZ black
hole

The cosmological constant A is identified with the bulk pres-
sure and its conjugate variable can be treated as the thermody-
namic volume [3-8,21-24]. Then, the cosmological constant gives
rise to the pressure term of VdP in the thermodynamic first law at
the outer horizon in the BTZ black hole [5,6]. In order to identify
the pressure at the outer and inner horizons, we consider the Pad-
manabhan’s method to get the thermodynamic first laws [15,16],
and obtain the consistent Smarr relations with the thermodynamic
first laws.

We rewrite the Hawking temperature of the BTZ black hole in
Egs. (7) as

ey
T Tag 2me2ry’

(13)

where h(r) = —gy = £72(r2 — 12 —r2). From the field equation of
G/ =nT] in Eq. (2), one can obtain

22 _(h/(u) r2
L=

2
m r P 2n€2r+>d(4nr+) —Tid(mry)  (14)

at the outer horizon after multiplying dr, by using the Padman-
abhan’s method [15,16]. Then, the standard first law is expressed
as

dE; =T, dS, + Q. d] — PdV, (15)

where the energy E., is defined as E, =12 /¢%. Here, the pressure
of the BTZ black hole is naturally derived from the energy momen-
tum tensor as [3-5]

TI=P= !

r=P=e
and its conjugate variable of V = nri is the thermodynamic vol-
ume [7,8].

(16)
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Now, separating the left hand side of Eq. (14) into the mass
part and the angular part, one can obtain

2 2 ’ 2
h
d r+tr‘ _ (M r‘z d(4mry)
L %4 2w lery

r— f2r-ry 2
—d dp, 17
+ oy ( ; ) +ry (17)

and consequently it becomes

dM =T, dSy +Q.d] + V,dP. (18)

Note that the Padmanabhan’s approach and the extended phase
space approach are quite different in interpretations as shown in
Refs. [11,25]. In the former case, the energy is the internal en-
ergy of the thermal system and the pressure is just an intensive
thermodynamic quantity, while in the latter case the energy is the
enthalpy of the thermal system and the pressure is treated as a
thermodynamic variable; it turns out that the enthalpy is nothing
but the ADM mass. As a matter of fact, Eq. (15) and Eq. (18) are re-
lated to each other through the transformation of M =E, + PV,
which corresponds to the Legendre projection in Refs. [26,27].

On the other hand, black holes may have an inner horizon as
well as the outer horizon. In fact, the quantized charges of various
black holes are related to the product of the entropies of the in-
ner and outer horizons [21,24,28,29], which gives a looking glass
for probing the microscopic properties of black holes [29]. For the
inner mechanics of the BTZ black hole, it was shown that the ther-
modynamic first law is satisfied without the pressure term [21]
and the negative temperatures also arise inevitably on inner hori-
zons [24]. Now, let us derive the thermodynamic first law on the
inner horizon by taking into account the pressure term.

The temperature and the entropy on the inner horizon of the
BTZ black hole are given as

n (o) r2 r2 —r%
= - = , S_=4nr_, 19
4 2me2r_  2mwie?r_ (19)

T_

where the entropy was obtained by the area law. In the Padman-
abhan’s method [15,16], the equation of motion of G = T] at the
inner horizon is written as

2r2 i — (h’(r_) r2

- - ddnr_) —Tld(wr?). (20
£2r_ 47 27r£2r> (rr-) rd@@rs). (20)

Then, the standard first law is expressed as

dE_=T_dS_ +Q_dJ — PdV_, (21)

where the energy E_ is defined as E_ =12 /¢2.
Next, by considering the pressure as a thermodynamic variable,
we can rewrite Eq. (20) as

2 2 / 2
re4re h(ro) ry
= - Amrr_
d( 2 ) ( PP vl i
Ty 2ryr_
+ er—_d (T) + (”rz_)dTrr,

and then one can obtain the thermodynamic first law at the inner
horizon as

AM=T_dS_+Q_dj+V_dP, (22)

where the angular velocity _ and the conjugate variable V_ to
the pressure at the inner horizon are defined as Q_ =r;/¢r_ and
V_ = mr?. We regarded the cosmological constant as the pressure,

and admitted the negative temperature at the inner horizon. Note
that Eq. (22) reduces to dM = —TPdS_+Q_d] in Ref. [21] if dP =
0and T_ =—TP.

Now, let us study the Smarr relations of the BTZ black hole on
the outer and inner horizons compatible with the thermodynamic
first laws (18) and (22) [5,6,11,22]. From the Christodoulou-Ruffini
formula for the BTZ black hole given as [6]

Si2P  4m?)?
= =+ >
16w Si

) (23)

the conjugate variables of (T4, 2,Vy) to the thermodynamic
quantities (S+, J, P) are defined by

;. OM|  _PSy 8x?)?
FT sl 8t s3
M 8m?
oo=od ) (24)
2
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Note that T_ in Eqgs. (24) is the same as the temperature in
Egs. (19) and it is negative [24]. Taking the mass function (23)
to be a homogeneous function of M = M(S+, J, P) under the scale
transformation of (M, S+, J, P) — (M, AS+,AJ, A~2P), we get the
Smarr relation as

0=TiS++Qy]—2V,P, (25)

which is compatible with the thermodynamic first laws in the
sense that the differentiation of Eq. (25) with Eq. (23) gives Egs.
(18) and (22).

4. Thermodynamic first law and Smarr relation in black string

The black string of being dual to the BTZ black hole also has
the cosmological constant, but it is asymptotically flat. Thus, one
might wonder how the cosmological constant of the black string
plays the role of the pressure in the thermodynamic first law and
the Smarr relation in the black string. Let us study the thermody-
namic first law by using the Padmanabhan’s method and the Smarr
relation from the scaling property of the Christodoulou-Ruffini for-
mula.

4.1. Thermodynamic first law from Padmanabhan’s method

First of all, let us obtain the thermodynamic quantities of the
black string by using the dual transformation. The coordinate X
along the black string (10) should be periodic since the angular
coordinate ¢ of the BTZ black hole (5) is periodic. In this regard,
the whole string can be divided into an infinite array of the identi-
cal periodic string, the so-called elementary black string, which is
dual to the BTZ black hole [20]. Thus, the coordinate X should be
compactified on a circle of circumference of X calculated as

~ M 47TMtot
X =2 = , 26
VI =00 T - ) =

where the total mass and charge of the black string are defined
by the mass M and the axion charge O per unit length as
Mot = aMX, Qtot = «OX with a calibration factor of = 1/m.
By plugging Eq. (26) into the entropy in Eq. (12), the total entropy
of the black string is obtained as
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Sps = 2\ M — Qi (27)

which is the same as the entropy of the BTZ black hole in Egs. (7)
[14,30]. Further, we can also rewrite the temperature (12) as

My = QS ) M — Oy o8)
20X 2 Mot

where f(r)=1—- M/t

Now, let us consider the equation of motion (2) with the
energy-momentum tensor (4). The equation of motion G; = nT?
multiplied by df, gives

P2 0% X ;

+ =tot /o ~ T s

———— f'(ry)dry =n T.dr 29
”ZZM?otf H)dry rdry (29)

at the outer horizon, where the pressure of the black string is
found as

2
Qfot

=p=_—tot_ (30)

T .
TeMZ,

-

Note that the pressure (30) relies on the total mass and charge
as well as the cosmological constant. Using this pressure, we can
express Eq. (29) in terms of the analogous form of the thermody-
namic first law as

Mtot\/ Mtzot - Qtzot + Mot (2 Q?ot B M?ot
dMiot = 5 dS,; + 3 dQrot
2L Qi Qtot
EZZM?ot(-A/fot — ngt dp
2 Qtot
= ﬁds;rs + &>+det + ]~)+d'P, (31)

where f}+ is the conjugate variable to the pressure P. However,
the potential ®, and the temperature 7, in Eqs. (31) are dif-
ferent from the potential (11) of the axion charge defined by the
two-form field and the Hawking temperature (12) defined by the
surface gravity. Actually, there are no preferred forms of the pres-
sure for the black string yet, unlike the case of the BTZ black hole.
On the other hand, using the Padmanabhan’s approach, we can ob-
tain the thermodynamic first law with the pressure (30) as d€; =
T+dS) + ©1dQror — PdVy where £ =3Mor/2 — ML /(2Q%).
However, the energy & is not the ADM mass, and the tempera-
ture 73 and the potential & are still different from the standard
forms.

Now, we redefine the energy-momentum tensor depending
only on the cosmological constant by rearranging the equation of
motion (2) and the energy-momentum tensor (4) as

1
Guv =Ry — Eg/wR +2V,Vyp — 2g/1.vv2¢ + ZgMU(V¢)2

+ 21—4g,uvH2 - %H//,Ale);p
=T, (32)
2
Tuv = ﬁguw (33)

From the energy-momentum tensor (33), we can simply read off
the pressure as

2

— (34)

T?Angz

Note that it will give desirable standard conjugate quantities, for
example, the ADM mass, the Hawking temperature, and so on,
which will be discussed in the next paragraph.

Using the equation of motion g; = an multiplied by df, in
Eq. (32) at the outer horizon, we can obtain

72 Qe + 2Ry — PR X[/ ()
a2 <
4 X2¢?

Then, the thermodynamic first law is derived as

V Mtzot - Q%Ot Qrot

27 € Mot Mot
nez(M%ot - ngt) dpg
4 Mot
= T+dSt; + @1 dQyor + V4 dPy, (36)

where the potential @ and the temperature 7 in Eq. (36) are the
same as the potential (11) of the axion charge from the two-form
field and the Hawking temperature (12) from the surface gravity.
The conjugate variable V; to the pressure can also be expressed
by the comoving length of the black string as V; = 72X~ 1. As a
result, it turns out that the pressure (34) is more plausible than
the pressure (30) in formulating the thermodynamic first law.

diy =T diy. (35)

dMiot = dS;; + dQtot

4.2. Smarr relation from Christodoulou-Ruffini formula

For asymptotically AdS black holes, the cosmological constant
is regarded as the bulk pressure in the black hole thermodynamics
in connection with the consistent formulation of the Smarr relation
in the framework of the scaling law from the Christodoulou-Ruffini
formula, while the thermodynamic first law is granted as uni-
versal [10]. In this regard, the thermodynamic first law and the
Smarr relation should be formulated uniformly and consistently
by treating the cosmological constant as a thermodynamic variable
[6]. Intriguingly, the pressure-volume term appears in spite of the
asymptotic flatness in the black string as seen from the thermody-
namic first law (31). Thus, we will examine how the cosmological
constant in the black string also leads to the pressure-volume term
in the Smarr relation.

The Christodoulou-Ruffini formula of the black string is ob-
tained by inserting Eq. (34) into Eq. (27) as

| S+2p,
Mot = "8571 + 02, (37)

and it gives conjugate thermodynamic quantities (75, ®4, V) to
the thermodynamic quantities (Sgs, Ortot, Pe) as

T O Mot _ SI;PZ
+ = 88+ - +2 2
bs | Qo Py \/ 87 (S, P+ 87w Qi)
T 2miMigr
o, Mol  _ VBTOw _ Qu (38)
+ 090t |5+ p +2 2 Mot
o Pe Sps Pe + 87 Qi
2
_ d Mot _ 8;;
= =
0Py St Qror \/327[ (S;;zpl +8m Q%ot)

— nzz(Mgot - QtZOt) )
4 Mot
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Then, we take the Christodoulou-Ruffini formula to be a homo-
geneous function of A2 Mo = Mtot(k38§,)\2 Qrot, A~2Pp), which
results in the Smarr relation of the black string as

2Mior =3T3 S, + 204 Qror — 2Pe V4. (39)

The pressure-volume term appears in the Smarr relation even
though the black string is asymptotically flat. From the Smarr rela-
tion (39) with the definitions of the conjugate variables (38), it is
straightforward to obtain the thermodynamic first law (36). Note
that the Smarr relation corresponding to Eq. (31) can also be read
off as 2Mior = 3735}, + 2@ Qrot —2V4 P from the Christodoulou-

Ruffini formula of Mo = \/ 47 QY /(4T Q% — PS?); however,
the conjugate quantities are different from the standard ones.

On the other hand, for the inner horizon, the temperature from
the surface gravity and the entropy from the Wald entropy [31]
vanish as

r r_
_ = +A I—T :O,
2mlr r

F=f_
_ A Qr |
sbszzfr_e 1-— M?,dxzo’ (40)

so that there is no thermal radiation and it seems to be meaning-
less to discuss the thermodynamic first law and the Smarr relation
at the inner horizon.

5. Dual description of the thermodynamic quantities

We find the dual relations of the thermodynamic quantities be-
tween the BTZ black hole and the black string. The dual invariance
of the thermodynamic first law in terms of the quasi-local ther-
modynamic quantities per unit length was studied in Ref. [30].
However, in order to investigate the duality of the thermodynamic
laws, it is convenient to employ the total mass and charge for the
elementary black string, since the dual solution to the BTZ black
hole is not the black string per unit length but the elementary
black string. Thus, we consider the dual relations of thermody-
namic variables of the BTZ black hole and the black string as
(M, S+, ) & (Mo, S, Qo) and (T, 24, Vi) < (Ta, @4, Vs)
on the assumption of the relation of the pressures P and P;.

The ADM mass M per unit length and the axion charge QO
per unit length of the black string are related to the ADM mass
M and the angular momentum ] of the BTZ black hole as M =
1/2) (ME+\/M2€2 - 12) and J2 = 4Q2 [14]. If we assume the
relation between the pressure of the BTZ black hole and that of
the black string as P = P;/2, then we can find the dual relations
of the thermodynamic variables between the BTZ black hole and
the black string as

M = M _ Qrot (Mtzot - Q%ot)

, = , Sy=8T  (41)
4M%0t V27T Py Mot bs
with the dual relations of the conjugate variables as
ME, - oF 1
T, ="~y Qi =-d;, Vi=MgV;. (42
+ M +=7%+ + tot V4 (42)

Note that the timelike Killing vector was rescaled as 9/9t =
¢ 12 —r2)1/23/3t due to the rescaling of the time coordinate
in order to make the dual metric to the BTZ black hole as the
diagonalized form of the metric (10) [14]. Thus, the Hawking tem-
peratures are not the same but rather some multiple as T4 =

¢71(r2 —r2)V/27,. Using the dual transformation (41) and (42),
one can show that the thermodynamic relations of the BTZ black
hole such as the thermodynamic first law (18), the Christodoulou-
Ruffini formula (23), and the Smarr relation (25) are transformed
to those of the black string, Eqs. (36), (37), and (39).

6. Conclusion and discussion

In the BTZ black hole, we revisited the role of the cosmological
constant in the thermodynamic first law. As expected, we con-
firmed that the negative temperature and the positive entropy ap-
pear on the inner horizon of the BTZ black hole. Our main result is
that, in the asymptotically flat black string, the cosmological con-
stant also gives rise to the pressure-volume term in the thermo-
dynamic first law and the Smarr relation. Consequently, it turned
out that the form of the pressure (34) written only in terms of the
cosmological constant is preferable to the complicated form of the
pressure (30), since the former pressure gives the standard form
of the conjugate variables in the thermodynamic first law and the
Smarr relation in contrast to the case of the latter pressure. Finally,
we showed that the thermodynamic quantities are well-behaved
under the dual transformation between the BTZ black hole and the
black string.

Let us discuss the energy-momentum tensor of the black string.
We identified the pressure (16) of the BTZ black hole by using the
energy-momentum tensor (4) which consists of the dilaton field ¢,
the three-form field strength H,,, and the cosmological constant
A as source terms. However, the energy-momentum tensor (4) for
the black string gave the unusual pressure (30) which was incom-
patible with the standard definitions of the temperature and the
potential, whereas the pressure (34) identified from the energy-
momentum tensor (33) was compatible with the standard ones.
Therefore, this fact implies that the dilaton field and the three-
form field strength should be included in the gravitational part
(32) and the cosmological constant plays a role of the gravitational
source (33).

The final comment is in order. There is another way to get
the Smarr relation without the pressure by considering the scale
invariance of the reduced action for hairy black holes [32]. Ac-
tually, authors in Ref. [33] derived a Smarr relation for the BTZ
black hole without the consideration of the cosmological con-
stant as a thermodynamical variable as M = (1/2)T+Sy + Q4 ],
which is different from the Smarr relation (25) with the pressure.
However, one can obtain the Smarr relation without the pressure
from the Smarr relation (25) by rewriting the pressure-volume
term into the ADM mass and the temperature-entropy terms, i.e.,
2PV, =M+ (1/2)T+S+. In this regard, one can also convert the
Smarr relation (39) in the black string into My = 718;5 + @4 Qror
without the pressure by using the relation of P,V = (1/2)718;5.
Consequently, the Smarr relations from the Christodoulou-Ruffini
formula are compatible with the Smarr relations from the reduced
action formalism.
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