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It has been claimed that the cosmological constant in AdS black holes such as the BTZ black hole plays 
the role of the thermodynamic variable of a pressure in the thermodynamic first law and the Smarr 
relation from the scaling law of the Christodoulou-Ruffini formula. However, the dual solution of the 
BTZ black hole is the black string which is asymptotically flat despite the presence of the cosmological 
constant, and so the explicit form of the pressure with the role of the cosmological constant is unclear 
in the black string since the pressure is subject to the choice of the energy-momentum tensor. Thus, 
we show that if the pressure of the black string is still assumed to be proportional to the cosmological 
constant similar to the case of the BTZ black hole, then the thermodynamic first law is consistent with 
the Smarr relation from the Christodoulou-Ruffini formula, and the thermodynamic quantities for the 
pressure are well-behaved under the dual transformation.

© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

It has been claimed that the cosmological constant in anti-de 
Sitter (AdS) black holes plays a role of a thermodynamic variable 
[1,2], which is consequently interpreted as a bulk pressure [3–6]
and its conjugate variable is also identified with the thermody-
namic volume [7,8]. If the cosmological constant were not regarded 
as the pressure in the framework of the scaling law from the 
Christodoulou-Ruffini formula, then the Smarr relation [9] could 
not be defined in the asymptotically AdS black holes although the 
thermodynamic first law could be well-defined without the pres-
sure [10]. In this respect, it appears to be plausible to regard the 
cosmological constant as a thermodynamic variable of the pressure 
in order for the uniform and consistent formulation of the Smarr 
relation along with the thermodynamic first law [11]. Expectedly, 
the cosmological constant in the Bañados-Teitelboim-Zanelli (BTZ) 
black hole [12] plays a definite role of the pressure in the Smarr 
relation and the thermodynamic first law [6]. On the other hand, 
the dual description of the BTZ black hole in the framework of the 
low energy string theory [13,14] provides the three-dimensional 
black string; however, it is asymptotically flat in spite of the pres-
ence of the cosmological constant in contrast to the BTZ black hole. 
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Thus, one might wonder what the thermodynamic role of the cos-
mological constant in the black string is.

In this work, we find the pressure of the black string from 
the same energy-momentum tensor as that of the BTZ black hole; 
however, the conjugate variables to the mass, the charge, and 
the pressure take non-standard forms. Instead, assuming that the 
energy-momentum tensor of the black string comes from only the 
term of the cosmological constant, we can identify the suitable 
form of the pressure compatible with the standard definitions of 
the Hawking temperature, the potential, and the volume. Eventu-
ally, the pressure of the black string becomes to be proportional 
to that of the BTZ black hole. Employing this pressure, we derive 
the thermodynamic first law in the Padmanabhan’s formalism [15,
16] and the Smarr relation from the Christodoulou-Ruffini formula 
[17]. We also show that the advantage of the latter choice for the 
pressure is that thermodynamic quantities are well-behaved under 
the dual transformation.

In Sec. 2, we recapitulate the duality in the three-dimensional 
low energy string theory presented in Refs. [13,14]. In Sec. 3, we 
revisit the thermodynamics for the BTZ black hole at the inner and 
outer horizons in order to identify the corresponding pressures by 
using the Padmanabhan’s method. In Sec. 4, we choose the suitable 
form of the pressure of the black string by means of the Padman-
abhan’s method, and derive the thermodynamic first law from the 
equations of motion. Next, the Smarr relation is obtained from the 
scale invariance of the Christodoulou-Ruffini formula by employing 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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the pressure. In Sec. 5, we study the dual relation of the thermody-
namic quantities between the BTZ black hole and the black string. 
Finally, conclusion and discussion will be given in Sec. 6.

2. Dual solutions

Let us start with the action given as [13,14],

I = 1

2π

∫
d3x

√−ge−2φ

[
4

�2
+ R + 4(∇φ)2 − 1

12
Hμνρ Hμνρ

]
,

(1)

where φ is the dilaton field, Hμνρ is the three-form field strength 
of Hμνρ = ∂μBνρ + ∂ν Bρμ + ∂ρ Bμν , and the cosmological constant 
is � = −�−2. The equations of motion for the action (1) are given 
by

Gμν = Rμν − 1

2
gμν R = 8πGTμν, (2)

∇μ(e−2φ Hμλρ) = 0, R − 1

12
H2 + 4∇2φ − 4(∇φ)2 + 4

�2
= 0,

(3)

Tμν = 1

8πG

[
−2∇μ∇νφ + 1

4
Hμλρ Hλρ

ν

+ gμν

(
2

�2
+ 2∇2φ − 2(∇φ)2 − 1

24
H2

)]
(4)

with respect to each field, and 8G = 1 for convenience. One of the 
solutions to Eqs. (2) and (3) is the BTZ black hole described by

ds2 = −
(

r2

�2
− M

)
dt2 − Jdtdϕ + 1

r2

�2 − M + J 2

4r2

dr2

+ r2dϕ2, (5)

Bϕt = r2/�2, φ = 0, (6)

where the inner and outer horizons are r2± = (�/2)
(
M� ±√

M2�2 − J 2
)
. If we consider B = 0 as well as φ = 0, the La-

grangian (1) becomes L = R + 4� which is different from the 
conventional Lagrangian with the cosmological constant of L =
R + 2�. The mass and the angular momentum for the BTZ black 
hole are expressed as M = (r2+ + r2−)/�2 and J = 2r+r−/�. The 
angular velocity �+ , the Hawking temperature T+ , and the en-
tropy S+ on the outer horizon are also given as

�+ = J

2r2+
, T+ = r2+ − r2−

2π�2r+
, S+ = 4πr+. (7)

Next, performing the dual transformation of Eqs. (5) and (6)
[18,19] as

g̃ϕϕ = 1

gϕϕ
, g̃ϕμ = Bϕμ

gϕϕ
,

g̃μν = gμν − (gϕμgϕν − BϕμBϕν)/gϕϕ, (8)

B̃ϕμ = gϕμ

gϕϕ
, B̃μν = Bμν − 2

gϕϕ
gϕ[μgν]ϕ,

φ̃ = φ − 1

2
ln gϕϕ, (9)

where μ, ν run over all coordinates except ϕ , one can obtain the 
charged black string solution after some diagonalization,
ds̃2 = −
(

1 − M
r̂

)
dt̂2 + �2

4r̂2

1(
1 − M

r̂

)(
1 − Q2

Mr̂

)dr̂2

+
(

1 − Q2

Mr̂

)
dx̂2, (10)

B̃ x̂t̂ = Q
r̂

, φ̃ = −1

2
ln(r̂�),

where the outer horizon is r̂+ = M and the inner horizon is r̂− =
Q2/M. The geometry (10) is asymptotically flat since the square 
of the Riemann curvature vanishes at the asymptotic infinity. The 
mass M and the charge Q per unit length of the black string are 
related to the outer horizon and the angular momentum of the 
BTZ black hole as M = r2+/� and Q = J/2. The potential � of the 
charge of the black string can be read off from the field B̃ x̂t̂ at the 
outer horizon as

�+ = B̃ x̂t̂ |r̂= ˆr+ = Q
r̂+

. (11)

The Hawking temperature and entropy are given as [14]

T+ =
√
M2 −Q2

2π�M
, S+

bs = 2�
√
M2 −Q2 X̂, (12)

where X̂ = ∫
dx̂ is the comoving length of the black string [20]. 

Here, the entropy per unit length is simply written as s+ =
S+

bs/ X̂ = 2�
√
M2 −Q2.

3. Thermodynamic first law and Smarr relation in the BTZ black 
hole

The cosmological constant � is identified with the bulk pres-
sure and its conjugate variable can be treated as the thermody-
namic volume [3–8,21–24]. Then, the cosmological constant gives 
rise to the pressure term of V dP in the thermodynamic first law at 
the outer horizon in the BTZ black hole [5,6]. In order to identify 
the pressure at the outer and inner horizons, we consider the Pad-
manabhan’s method to get the thermodynamic first laws [15,16], 
and obtain the consistent Smarr relations with the thermodynamic 
first laws.

We rewrite the Hawking temperature of the BTZ black hole in 
Eqs. (7) as

T+ = h′(r+)

4π
− r2−

2π�2r+
, (13)

where h(r) = −gtt = �−2(r2 − r2+ − r2−). From the field equation of 
Gr

r = π T r
r in Eq. (2), one can obtain

− 2r2−
�2r+

dr+ =
(

h′(r+)

4π
− r2−

2π�2r+

)
d(4πr+) − T r

r d(πr2+) (14)

at the outer horizon after multiplying dr+ by using the Padman-
abhan’s method [15,16]. Then, the standard first law is expressed 
as

dE+ = T+dS+ + �+d J − PdV+, (15)

where the energy E+ is defined as E+ = r2−/�2. Here, the pressure 
of the BTZ black hole is naturally derived from the energy momen-
tum tensor as [3–5]

T r
r = P = 1

π�2
, (16)

and its conjugate variable of V+ = πr2+ is the thermodynamic vol-
ume [7,8].
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Now, separating the left hand side of Eq. (14) into the mass 
part and the angular part, one can obtain

d

(
r2+ + r2−

�2

)
=

(
h′(r+)

4π
− r2−

2π�2r+

)
d(4πr+)

+ r−
�r+

d

(
2r−r+

�

)
+ πr2+dP , (17)

and consequently it becomes

dM = T+dS+ + �+d J + V+dP . (18)

Note that the Padmanabhan’s approach and the extended phase 
space approach are quite different in interpretations as shown in 
Refs. [11,25]. In the former case, the energy is the internal en-
ergy of the thermal system and the pressure is just an intensive 
thermodynamic quantity, while in the latter case the energy is the 
enthalpy of the thermal system and the pressure is treated as a 
thermodynamic variable; it turns out that the enthalpy is nothing 
but the ADM mass. As a matter of fact, Eq. (15) and Eq. (18) are re-
lated to each other through the transformation of M = E+ + P V+ , 
which corresponds to the Legendre projection in Refs. [26,27].

On the other hand, black holes may have an inner horizon as 
well as the outer horizon. In fact, the quantized charges of various 
black holes are related to the product of the entropies of the in-
ner and outer horizons [21,24,28,29], which gives a looking glass 
for probing the microscopic properties of black holes [29]. For the 
inner mechanics of the BTZ black hole, it was shown that the ther-
modynamic first law is satisfied without the pressure term [21]
and the negative temperatures also arise inevitably on inner hori-
zons [24]. Now, let us derive the thermodynamic first law on the 
inner horizon by taking into account the pressure term.

The temperature and the entropy on the inner horizon of the 
BTZ black hole are given as

T− = h′(r−)

4π
− r2+

2π�2r−
= r2− − r2+

2π�2r−
, S− = 4πr−, (19)

where the entropy was obtained by the area law. In the Padman-
abhan’s method [15,16], the equation of motion of Gr

r = π T r
r at the 

inner horizon is written as

− 2r2+
�2r−

dr− =
(

h′(r−)

4π
− r2+

2π�2r−

)
d(4πr−) − T r

r d(πr2−). (20)

Then, the standard first law is expressed as

dE− = T−dS− + �−d J − PdV−, (21)

where the energy E− is defined as E− = r2+/�2.
Next, by considering the pressure as a thermodynamic variable, 

we can rewrite Eq. (20) as

d

(
r2+ + r2−

�2

)
=

(
h′(r−)

4π
− r2+

2π�2r−

)
d(4πr−)

+ r+
�r−

d

(
2r+r−

�

)
+ (πr2−)dT r

r ,

and then one can obtain the thermodynamic first law at the inner 
horizon as

dM = T−dS− + �−d J + V−dP , (22)

where the angular velocity �− and the conjugate variable V− to 
the pressure at the inner horizon are defined as �− = r+/�r− and 
V− = πr2− . We regarded the cosmological constant as the pressure, 
and admitted the negative temperature at the inner horizon. Note 
that Eq. (22) reduces to dM = −T D−dS− +�−d J in Ref. [21] if dP =
0 and T− = −T D− .

Now, let us study the Smarr relations of the BTZ black hole on 
the outer and inner horizons compatible with the thermodynamic 
first laws (18) and (22) [5,6,11,22]. From the Christodoulou-Ruffini 
formula for the BTZ black hole given as [6]

M = S±2 P

16π
+ 4π2 J 2

S±2
, (23)

the conjugate variables of (T±, �, V±) to the thermodynamic 
quantities (S±, J , P ) are defined by

T± = ∂M

∂ S±

∣∣∣∣
J ,P

= P S±
8π

− 8π2 J 2

S3±
,

�± = ∂M

∂ J

∣∣∣∣
S±,P

= 8π2 J

S2±
, (24)

V± = ∂M

∂ P

∣∣∣∣
S±, J

= S2±
16π

.

Note that T− in Eqs. (24) is the same as the temperature in 
Eqs. (19) and it is negative [24]. Taking the mass function (23)
to be a homogeneous function of M = M(S±, J , P ) under the scale 
transformation of (M, S±, J , P ) → (M, λS±, λ J , λ−2 P ), we get the 
Smarr relation as

0 = T±S± + �± J − 2V± P , (25)

which is compatible with the thermodynamic first laws in the 
sense that the differentiation of Eq. (25) with Eq. (23) gives Eqs. 
(18) and (22).

4. Thermodynamic first law and Smarr relation in black string

The black string of being dual to the BTZ black hole also has 
the cosmological constant, but it is asymptotically flat. Thus, one 
might wonder how the cosmological constant of the black string 
plays the role of the pressure in the thermodynamic first law and 
the Smarr relation in the black string. Let us study the thermody-
namic first law by using the Padmanabhan’s method and the Smarr 
relation from the scaling property of the Christodoulou-Ruffini for-
mula.

4.1. Thermodynamic first law from Padmanabhan’s method

First of all, let us obtain the thermodynamic quantities of the 
black string by using the dual transformation. The coordinate x̂
along the black string (10) should be periodic since the angular 
coordinate ϕ of the BTZ black hole (5) is periodic. In this regard, 
the whole string can be divided into an infinite array of the identi-
cal periodic string, the so-called elementary black string, which is 
dual to the BTZ black hole [20]. Thus, the coordinate x̂ should be 
compactified on a circle of circumference of X̂ calculated as

X̂ = 2π

√
M

�(M2 − Q 2)
= 4πMtot

�
(
M2

tot −Q2
tot

) , (26)

where the total mass and charge of the black string are defined 
by the mass M and the axion charge Q per unit length as 
Mtot = αM X̂, Qtot = αQ X̂ with a calibration factor of α = 1/π . 
By plugging Eq. (26) into the entropy in Eq. (12), the total entropy 
of the black string is obtained as
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S+
bs = 2π�

√
M2

tot −Q2
tot, (27)

which is the same as the entropy of the BTZ black hole in Eqs. (7)
[14,30]. Further, we can also rewrite the temperature (12) as

T+ =
r̂+

√
M2

tot −Q2
tot f ′(r̂+)

2� X̂
=

√
M2

tot −Q2
tot

2π�Mtot
, (28)

where f (r) = 1 −M/r̂.
Now, let us consider the equation of motion (2) with the 

energy-momentum tensor (4). The equation of motion Gr̂
r̂
= π T r̂

r̂
multiplied by dr̂+ gives

r̂2+Q2
tot X̂

π�2M3
tot

f ′(r̂+)dr̂+ = π T r̂
r̂ dr̂+ (29)

at the outer horizon, where the pressure of the black string is 
found as

T r̂
r̂ = P = Q2

tot

π�2M2
tot

. (30)

Note that the pressure (30) relies on the total mass and charge 
as well as the cosmological constant. Using this pressure, we can 
express Eq. (29) in terms of the analogous form of the thermody-
namic first law as

dMtot =
Mtot

√
M2

tot −Q2
tot

2π�Q2
tot

dS+
bs + Mtot(2Q2

tot −M2
tot)

Q3
tot

dQtot

+ π�2M3
tot(M2

tot −Q2
tot)

2Q4
tot

dP

= T̃+dS+
bs + �̃+dQtot + Ṽ+dP, (31)

where Ṽ+ is the conjugate variable to the pressure P . However, 
the potential �̃+ and the temperature T̃+ in Eqs. (31) are dif-
ferent from the potential (11) of the axion charge defined by the 
two-form field and the Hawking temperature (12) defined by the 
surface gravity. Actually, there are no preferred forms of the pres-
sure for the black string yet, unlike the case of the BTZ black hole. 
On the other hand, using the Padmanabhan’s approach, we can ob-
tain the thermodynamic first law with the pressure (30) as dẼ+ =
T̃+dS+

bs + �̃+dQtot −PdṼ+ where Ẽ+ = 3Mtot/2 −M2
tot/(2Q2

tot). 
However, the energy Ẽ+ is not the ADM mass, and the tempera-
ture T̃+ and the potential �̃+ are still different from the standard 
forms.

Now, we redefine the energy-momentum tensor depending 
only on the cosmological constant by rearranging the equation of 
motion (2) and the energy-momentum tensor (4) as

Gμν = Rμν − 1

2
gμν R + 2∇μ∇νφ − 2gμν∇2φ + 2gμν(∇φ)2

+ 1

24
gμν H2 − 1

4
Hμλρ Hλρ

ν

= πTμν, (32)

Tμν = 2

π�2
gμν. (33)

From the energy-momentum tensor (33), we can simply read off 
the pressure as

T r̂
r̂ = P� = 2

2
. (34)

N
e
w

E

T

d

w
s
fi
T
b
r
t

4

i
i
i
f
v
S
b
[
a
n
c
i

t

M

a
t

�

π�
ote that it will give desirable standard conjugate quantities, for 
xample, the ADM mass, the Hawking temperature, and so on, 
hich will be discussed in the next paragraph.

Using the equation of motion G r̂
r̂

= πT r̂
r̂

multiplied by dr̂+ in 
q. (32) at the outer horizon, we can obtain

π2Q2
tot + (2r̂+ − r̂−)r̂2+ X̂2 f ′(r̂+)

r̂2+ X̂2�2
dr̂+ = πT r̂

r̂ dr̂+. (35)

hen, the thermodynamic first law is derived as

Mtot =
√
M2

tot −Q2
tot

2π�Mtot
dS+

bs + Qtot

Mtot
dQtot

+ π�2(M2
tot −Q2

tot)

4Mtot
dP�

= T+dS+
bs + �+dQtot + V+dP�, (36)

here the potential �+ and the temperature T+ in Eq. (36) are the 
ame as the potential (11) of the axion charge from the two-form 
eld and the Hawking temperature (12) from the surface gravity. 
he conjugate variable V+ to the pressure can also be expressed 
y the comoving length of the black string as V+ = π2� X̂−1. As a 
esult, it turns out that the pressure (34) is more plausible than 
he pressure (30) in formulating the thermodynamic first law.

.2. Smarr relation from Christodoulou-Ruffini formula

For asymptotically AdS black holes, the cosmological constant 
s regarded as the bulk pressure in the black hole thermodynamics 
n connection with the consistent formulation of the Smarr relation 
n the framework of the scaling law from the Christodoulou-Ruffini 
ormula, while the thermodynamic first law is granted as uni-
ersal [10]. In this regard, the thermodynamic first law and the 
marr relation should be formulated uniformly and consistently 
y treating the cosmological constant as a thermodynamic variable 
6]. Intriguingly, the pressure-volume term appears in spite of the 
symptotic flatness in the black string as seen from the thermody-
amic first law (31). Thus, we will examine how the cosmological 
onstant in the black string also leads to the pressure-volume term 
n the Smarr relation.

The Christodoulou-Ruffini formula of the black string is ob-
ained by inserting Eq. (34) into Eq. (27) as

tot =
√
S+

bs
2P�

8π
+Q2

tot, (37)

nd it gives conjugate thermodynamic quantities (T+, �+, V+) to 
he thermodynamic quantities (S+

bs, Qtot, P�) as

T+ = ∂Mtot

∂S+
bs

∣∣∣∣∣
Qtot,P�

= S+
bsP�√

8π(S+
bs

2P� + 8πQ2
tot)

=
√
M2

tot −Q2
tot

2π�Mtot
,

+ = ∂Mtot

∂Qtot

∣∣∣∣
S+

bs,P�

=
√

8πQtot√
S+

bs
2P� + 8πQ2

tot

= Qtot

Mtot
, (38)

V+ = ∂Mtot

∂P�

∣∣∣∣
S+

bs,Qtot

= S+
bs

2√
32π(S+

bs
2P� + 8πQ2

tot)

= π�2(M2
tot −Q2

tot)

4Mtot
.
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Then, we take the Christodoulou-Ruffini formula to be a homo-
geneous function of λ2Mtot = Mtot(λ

3S+
bs, λ

2Qtot, λ−2P�), which 
results in the Smarr relation of the black string as

2Mtot = 3T+S+
bs + 2�+Qtot − 2P�V+. (39)

The pressure-volume term appears in the Smarr relation even 
though the black string is asymptotically flat. From the Smarr rela-
tion (39) with the definitions of the conjugate variables (38), it is 
straightforward to obtain the thermodynamic first law (36). Note 
that the Smarr relation corresponding to Eq. (31) can also be read 
off as 2Mtot = 3T̃+S+

bs +2�̃+Qtot −2Ṽ+P from the Christodoulou-

Ruffini formula of Mtot =
√

4πQ4
tot/(4πQ2

tot −PS+
bs

2
); however, 

the conjugate quantities are different from the standard ones.
On the other hand, for the inner horizon, the temperature from 

the surface gravity and the entropy from the Wald entropy [31]
vanish as

T− = r̂+
2π�r̂

√
1 − r̂−

r̂

∣∣∣∣∣∣
r̂=r̂−

= 0,

S−
bs = 2

∫
r̂−�

√
1 − Q2

Mr̂−
dx̂ = 0, (40)

so that there is no thermal radiation and it seems to be meaning-
less to discuss the thermodynamic first law and the Smarr relation 
at the inner horizon.

5. Dual description of the thermodynamic quantities

We find the dual relations of the thermodynamic quantities be-
tween the BTZ black hole and the black string. The dual invariance 
of the thermodynamic first law in terms of the quasi-local ther-
modynamic quantities per unit length was studied in Ref. [30]. 
However, in order to investigate the duality of the thermodynamic 
laws, it is convenient to employ the total mass and charge for the 
elementary black string, since the dual solution to the BTZ black 
hole is not the black string per unit length but the elementary 
black string. Thus, we consider the dual relations of thermody-
namic variables of the BTZ black hole and the black string as 
(M, S+, J ) ↔ (Mtot, S+

bs, Qtot) and (T+, �+, V+) ↔ (T+, �+, V+)

on the assumption of the relation of the pressures P and P� .
The ADM mass M per unit length and the axion charge Q

per unit length of the black string are related to the ADM mass 
M and the angular momentum J of the BTZ black hole as M =
(1/2) 

(
M� + √

M2�2 − J 2
)

and J 2 = 4Q2 [14]. If we assume the 
relation between the pressure of the BTZ black hole and that of 
the black string as P = P�/2, then we can find the dual relations 
of the thermodynamic variables between the BTZ black hole and 
the black string as

M = M4
tot −Q4

tot

4M2
tot

, J = Qtot
(
M2

tot −Q2
tot

)
√

2πP�Mtot
, S+ = S+

bs (41)

with the dual relations of the conjugate variables as

T+ = M2
tot −Q2

tot

2Mtot
T+, �+ = 1

�
�+, V+ = MtotV+. (42)

Note that the timelike Killing vector was rescaled as ∂/∂t =
�−1(r2+ − r2−)1/2∂/∂ t̂ due to the rescaling of the time coordinate 
in order to make the dual metric to the BTZ black hole as the 
diagonalized form of the metric (10) [14]. Thus, the Hawking tem-
peratures are not the same but rather some multiple as T+ =
�−1(r2+ − r2−)1/2T+ . Using the dual transformation (41) and (42), 
one can show that the thermodynamic relations of the BTZ black 
hole such as the thermodynamic first law (18), the Christodoulou-
Ruffini formula (23), and the Smarr relation (25) are transformed 
to those of the black string, Eqs. (36), (37), and (39).

6. Conclusion and discussion

In the BTZ black hole, we revisited the role of the cosmological 
constant in the thermodynamic first law. As expected, we con-
firmed that the negative temperature and the positive entropy ap-
pear on the inner horizon of the BTZ black hole. Our main result is 
that, in the asymptotically flat black string, the cosmological con-
stant also gives rise to the pressure-volume term in the thermo-
dynamic first law and the Smarr relation. Consequently, it turned 
out that the form of the pressure (34) written only in terms of the 
cosmological constant is preferable to the complicated form of the 
pressure (30), since the former pressure gives the standard form 
of the conjugate variables in the thermodynamic first law and the 
Smarr relation in contrast to the case of the latter pressure. Finally, 
we showed that the thermodynamic quantities are well-behaved 
under the dual transformation between the BTZ black hole and the 
black string.

Let us discuss the energy-momentum tensor of the black string. 
We identified the pressure (16) of the BTZ black hole by using the 
energy-momentum tensor (4) which consists of the dilaton field φ, 
the three-form field strength Hμνρ , and the cosmological constant 
� as source terms. However, the energy-momentum tensor (4) for 
the black string gave the unusual pressure (30) which was incom-
patible with the standard definitions of the temperature and the 
potential, whereas the pressure (34) identified from the energy-
momentum tensor (33) was compatible with the standard ones. 
Therefore, this fact implies that the dilaton field and the three-
form field strength should be included in the gravitational part 
(32) and the cosmological constant plays a role of the gravitational 
source (33).

The final comment is in order. There is another way to get 
the Smarr relation without the pressure by considering the scale 
invariance of the reduced action for hairy black holes [32]. Ac-
tually, authors in Ref. [33] derived a Smarr relation for the BTZ 
black hole without the consideration of the cosmological con-
stant as a thermodynamical variable as M = (1/2)T+ S+ + �+ J , 
which is different from the Smarr relation (25) with the pressure. 
However, one can obtain the Smarr relation without the pressure 
from the Smarr relation (25) by rewriting the pressure-volume 
term into the ADM mass and the temperature-entropy terms, i.e., 
2P V+ = M + (1/2)T+ S+ . In this regard, one can also convert the 
Smarr relation (39) in the black string into Mtot = T+S+

bs +�+Qtot

without the pressure by using the relation of P�V+ = (1/2)T+S+
bs. 

Consequently, the Smarr relations from the Christodoulou-Ruffini 
formula are compatible with the Smarr relations from the reduced 
action formalism.

Acknowledgements

We would like to thank Miguel Riquelme for very valuable 
comments on the manuscript, and thank Hwajin Um for exciting 
discussions. This work was supported by the National Research 
Foundation of Korea (NRF) grant funded by the Korea government 
(MSIP) (2017R1A2B2006159).

References

[1] M. Henneaux, C. Teitelboim, The cosmological constant as a canonical variable, 
Phys. Lett. B 143 (1984) 415–420.

http://refhub.elsevier.com/S0370-2693(19)30168-6/bib48656E6E656175783A313938346A69s1
http://refhub.elsevier.com/S0370-2693(19)30168-6/bib48656E6E656175783A313938346A69s1


Y. Gim, W. Kim / Physics Letters B 791 (2019) 390–395 395
[2] C. Teitelboim, The cosmological constant as a thermodynamic black hole pa-
rameter, Phys. Lett. B 158 (1985) 293–297.

[3] J.D.E. Creighton, R.B. Mann, Quasilocal thermodynamics of dilaton gravity cou-
pled to gauge fields, Phys. Rev. D 52 (1995) 4569–4587, arXiv:gr-qc /9505007.

[4] M.M. Caldarelli, G. Cognola, D. Klemm, Thermodynamics of Kerr-Newman-AdS 
black holes and conformal field theories, Class. Quantum Gravity 17 (2000) 
399–420, arXiv:hep -th /9908022.

[5] D. Kastor, S. Ray, J. Traschen, Enthalpy and the mechanics of AdS black holes, 
Class. Quantum Gravity 26 (2009) 195011, arXiv:0904 .2765.

[6] A.M. Frassino, R.B. Mann, J.R. Mureika, Lower-dimensional black hole chemistry, 
Phys. Rev. D 92 (2015) 124069, arXiv:1509 .05481.

[7] B.P. Dolan, The cosmological constant and the black hole equation of state, 
Class. Quantum Gravity 28 (2011) 125020, arXiv:1008 .5023.

[8] M. Cvetic, G.W. Gibbons, D. Kubiznak, C.N. Pope, Black hole enthalpy and an 
entropy inequality for the thermodynamic volume, Phys. Rev. D 84 (2011) 
024037, arXiv:1012 .2888.

[9] L. Smarr, Mass formula for Kerr black holes, Phys. Rev. Lett. 30 (1973) 71–73.
[10] G.W. Gibbons, M.J. Perry, C.N. Pope, The first law of thermodynamics for 

Kerr-anti-de Sitter black holes, Class. Quantum Gravity 22 (2005) 1503–1526, 
arXiv:hep -th /0408217.

[11] D. Kubiznak, R.B. Mann, M. Teo, Black hole chemistry: thermodynamics with 
Lambda, Class. Quantum Gravity 34 (2017) 063001, arXiv:1608 .06147.

[12] M. Banados, C. Teitelboim, J. Zanelli, The black hole in three-dimensional space-
time, Phys. Rev. Lett. 69 (1992) 1849–1851, arXiv:hep -th /9204099.

[13] G.T. Horowitz, D.L. Welch, String theory formulation of the three-dimensional 
black hole, Phys. Rev. Lett. 71 (1993) 328–331, arXiv:hep -th /9302126.

[14] G.T. Horowitz, D.L. Welch, Duality invariance of the Hawking temperature and 
entropy, Phys. Rev. D 49 (1994) 590–594, arXiv:hep -th /9308077.

[15] T. Padmanabhan, Classical and quantum thermodynamics of horizons in spher-
ically symmetric space-times, Class. Quantum Gravity 19 (2002) 5387–5408, 
arXiv:gr-qc /0204019.

[16] T. Padmanabhan, Emergent perspective of gravity and dark energy, Res. Astron. 
Astrophys. 12 (2012) 891–916, arXiv:1207.0505.

[17] D. Christodoulou, R. Ruffini, Reversible transformations of a charged black hole, 
Phys. Rev. D 4 (1971) 3552–3555.

[18] T.H. Buscher, A symmetry of the string background field equations, Phys. Lett. 
B 194 (1987) 59–62.
[19] T.H. Buscher, Path integral derivation of quantum duality in nonlinear sigma 
models, Phys. Lett. B 201 (1988) 466–472.

[20] N. Kaloper, Entropy count for extremal three-dimensional black strings, Phys. 
Lett. B 434 (1998) 285–293, arXiv:hep -th /9804062.

[21] S. Detournay, Inner mechanics of 3d black holes, Phys. Rev. Lett. 109 (2012) 
031101, arXiv:1204 .6088.

[22] C. Liang, L. Gong, B. Zhang, Smarr formula for BTZ black holes in general 
three-dimensional gravity models, Class. Quantum Gravity 34 (2017) 035017, 
arXiv:1701.03223.

[23] K. Bhattacharya, B.R. Majhi, Thermogeometric description of the van der Waals 
like phase transition in AdS black holes, Phys. Rev. D 95 (2017) 104024, arXiv:
1702 .07174.
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