UNIVERSITY OF SOUTHAMPTON

FACULTY OF SOCIAL, HUMAN AND MATHEMATICAL SCIENCES

Mathematical Sciences

AdS/CFT: Dictionary and Applications

by

Maria Ioanna Stylianidi Christodoulou

Thesis for the degree of Doctor of Philosophy

June 2017






UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF SOCIAL, HUMAN AND MATHEMATICAL SCIENCES

Mathematical Sciences

Thesis for the degree of Doctor of Philosophy

ADS/CFT: DICTIONARY AND APPLICATIONS

by Maria Ioanna Stylianidi Christodoulou

This thesis discusses two separate questions within the field of gauge/gravity dualities.
The first is what is the gravity dual of a CFT state and it is based on work done in col-
laboration with my advisor, Prof. Skenderis, and which was presented in [1]. In particu-
lar, we develop a systematic perturbative construction of bulk solutions that are dual to
CFT excited states. The second question concerns four dimensional theories that admit
charged planar AdS black hole solutions carrying axionic charge and which can sup-
port additional scalar hair. More specifically, we discuss a number of analytic solutions
in which the axions have a linear profile in the boundary directions and the additional
scalar field satisfies mixed boundary conditions. We focus on the effect of these features
on the thermodynamics and dynamic stability of the solutions and we use our results to
study phase transitions between solutions with the same asymptotic charges and which
satisfy the same boundary conditions. These results are based on work done in collab-
oration with M. Caldarelli, I. Papadimitriou and K. Skenderis and which was presented
in [2].
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Chapter 1

Introduction

1.1 From the Holographic Principle to the AdS/CFT Correspon-
dence

The holographic principle states that the physics governing quantum gravity ina d + 1
dimensional volume of spacetime is encoded in a quantum field theory without gravity
defined on the d dimensional boundary. Each degree of freedom of the gravitational
theory can be holographic projected to a degree of freedom on the boundary in such a

way that the two theories are in fact describing the same physics.

The holographic principle is a deep and fundamental property of quantum gravity that
emerged from observations about black holes dating back to the early 70s. In 1972,
Bekenstein introduced the notion of black hole entropy [3] as a measure of inacces-
sibility of information about the interior of a black hole, in analogy to thermodynamic
entropy which is a measure of our ignorance about the microscopic configurations of a
system, when our knowledge is restricted to its macroscopic properties. Since the en-
tropy of any system must be non-decreasing, he asserted that the black hole entropy
is proportional to the area of its event horizon which had already been shown to be
non-decreasing by Christodoulou and Hawking [4, 5, 6].

About twenty years after Bekenstein's area law for black hole entropy, 't Hooft proposed
a radical interpretation for it. Combining black hole thermodynamics with ideas from
quantum mechanics he postulated that at Planckian length scales where quantum grav-
ity takes over, the world is not 3+1 dimensional but instead the observable degrees of
freedom live on a 2 dimensional surface that evolves in time [7]. Said differently, given
a closed surface in spacetime enclosing a quantum gravitational system, all information
contained in the interior of the surface can be holographically projected onto the sur-
face. Moreover, the theory of quantum gravity governing the interior or bulk physics
can be described by a gauge field theory on the boundary surface. This was not the
first time a gauge field theory description was proposed for a theory of quantum gravity
and vice versa. Klebanov and Susskind [8], and Thorn [9] discovered that string theory
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can be described by a 2+1 dimensional gauge theory. However, 't Hooft's result is much

stronger as it states that any theory of quantum gravity must be holographic.

This idea was further refined by Susskind [10] and many others (see for example [8, 9]),
especially in the context of string theory, and in 1997 the first concrete example of a
holographic theory of quantum gravity was proposed by Juan Maldacena [11]. By study-
ing the low energy limit of brane configurations in string theory and M-theory, Malda-
cena was led to the conjecture that string theory and M-theory on anti-de Sitter (AdS)
spacetimes times compact manifolds are dual to lower dimensional gauge field theories.
The gauge theories are defined on spacetimes conformal to the asymptotic boundary of
AdS and, for this reason, we say that they “live on the boundary” and refer to them as the
‘boundary theory” and to string theory as the “bulk theory” The duality between the two
theories implies that their degrees of freedom and dynamics are in one-to-one corre-
spondence. For each field on the gravity side of the duality there is a boundary operator
of the dual field theory and one can study the equations of motion of the bulk field to

learn about the boundary operator dynamics and vice versa.

The first and most famous example of the duality emerged from the study of N coin-
cident D3 branes in string theory and it states that type IIB string theory on AdS; x S°
is dual to 4 dimensional N' = 4 super-Yang-Mills (SYM) with gauge group SU(N) and
coupling constant gsyy. The SYM is a conformal field theory (CFT) which led to the term
AdS/CFT correspondence. This duality holds for all values of N, gsyy and gs, the string
coupling constant. As such, it provides a definition for the full quantum IIB string the-
ory as a lower dimensional non-gravitational theory. Although this is a very power-
ful result, its utilitarian power is limited because of our limited understanding of string
theory at strong coupling. More commonly, one studies the duality in its weak form,
obtained when N and ¢2,,N are taken to infinity while g, is kept finite and small. In
this limit the gravity side reduces to classical type IIB supergravity which can be treated
perturbatively. On the other hand, the SYM becomes strongly coupled and can not be
studied using conventional methods such as perturbation theory. Hence, this form of
the AdS/CFT correspondence is a strong/weak coupling duality and it offers a powerful
tool for the study of strongly coupled field theories.

In the prototypical example of the correspondence the field theory is highly symmetric,
making it unrealistic for real world applications. This, however, is not an issue as the
duality can be extended to less symmetric more realistic setups such as field theories
with some or all supersymmetries and/or the conformal symmetry broken. For exam-
ple, perturbing the field theory Lagrangian by a relevant operator can cause the theory
flow to less symmetric theories. Moreover, the bulk spacetime need not be AdS but
only asymptotically (locally) AdS (AAdS or AIAdS). Such generalisations of AdS/CFT are
referred to as gauge/gravity dualities, although the term AdS/CFT is also used to refer to

them, and they allow for a wide range of applications of the duality.

There are two possible routes to obtaining the dual theories. The firstis known as the top
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down approach and it involves starting from string theory and M-theory and studying
the low energy dynamics of brane configurations, in analogy to what Maldacena did.
This method is quite involved and in principle it provides the dual field theory but there
is no control over what this theory is. In other words, this method will provide the field
theory Lagrangian which is fixed by the string theory configuration one considers. The
alternative, known as the bottom up approach, bypasses the high energy physics and
it involves postulating a gravitational theory on an asymptotically AdS spacetime which
contains supergravity fields dual to a desire set of field theory operators. The choice of
“desired” operators depends on field theory system being modelled which could be for
example a strongly coupled condensed matter system. The field theory is not known
in this case and one only knows of the elements they placed in the theory by hand.
This approach makes use of the AdS/CFT dictionary, the map that relates objects and
features of the bulk theory to objects and features of the boundary field theory. For
example, the bulk theory necessarily contains the gravitational field which, according to
the AdS/CFT dictionary, sources the field theory stress energy tensor. In addition, one
may want to have symmetry currents and operators of various dimensions in the field
theory which requires turning on gauge fields and matter fields in the bulk. Moreover,
one may want to study the field theory at finite temperature. In the bulk this translates
to considering black hole solutions in AdS. Once the building blocks of the field theory
under consideration have been placed in the bulk, one can compute its observables and
study its properties by performing the corresponding bulk computations. In fact, in the
bottom up approach there is no specific Lagrangian for the field theory and the only way
to study it is through the bulk. The work presented in this thesis is an application of the
bottom-up method and we begin by presenting the elements of the AdS/CFT dictionary

needed to understand the main part of the thesis.

1.2 The AdS/CFT dictionary

According to the AdS/CFT correspondence, the two sides of the duality describe the
same physics. This implies that the symmetries, degrees of freedom and dynamics of
the two theories must be in one-to-one correspondence. In this section we will make

this statement explicit.

1.2.1 Matching Global Symmetries

We begin by considering the global symmetries of the two theories. According to the
AdS/CFT dictionary, gauge symmetries of the bulk theory are mapped to global sym-
metries of the boundary theory. In particular the isometries of the bulk are mapped
to the global symmetry group of the boundary theory. For example, in the example of
AdSs x S° the isometry group of AdSs is SO(4,2) and of the S® SO(6). In the N = 4 SYM
we encounter the same symmetry groups. The SO(4,2) is the conformal group in four di-
mensions and the SO(6)~SU(4) is the group associated to the R-symmetry of the theory.
Moreover, the two theories have the same number of supersymmetry generators.
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Scale/Radius Correspondence

The identification of the diffeomorphisms of AdS with the conformal symmetry of the
boundary suggests that the extra dimension of the bulk, namely the holographic or ra-
dial direction, is related to the energy scale of the field theory. In particular, studying
the radial evolution of the bulk field equations tells us something about the renormali-
sation group (RG) flow of the dual operators in the field theory. To illustrate the relation
between the bulk holographic direction and the field theory energy scale we consider
AdS,;.1 in Poincaré coordinates in which the metric takes the form

162
ds? = - (nuydx“dx” + dz2) . (1.2.0)
z

z is the holographic direction and ¢ is the AdS radius. Constant z hypersurfaces are
parametrised by z#, i = 0, ...d, and their topology is R4~ According to the AdS/CFT
dictionary, the field theory metric is given by the asymptotic limit of the bulk metric, up
to conformal transformations. Hence, in this case, it can be taken to be the Minkowski

metric parametrised by the same coordinates x*.

The field theory is invariant under rigid scale transformations z# — az* which rescale
the energies of particles according to E — E/a. In the bulk, this transformation corre-
sponds to the diffeomorphism z# — ax*, = — az. This leads to the identifications of the
extra bulk dimension with the inverse energy scale of the gauge theory, z ~ 1/E, giving
rise to a scale/radius or UV/IR duality. High energies or equivalently short distances on
the field theory side translate in the bulk to large radii, that is, to moving closer to the
boundary. Another way of understanding this duality is to say that, as we move a bulk
excitation closer to the boundary of AdS, it localises in the field theory, i.e. the wave-
length of the field theory excitation becomes smaller and its energy larger. Conversely,
moving the excitation towards the interior of AdS smears the boundary excitation over
a larger area.

Understanding the relation between the UV of the field theory and the bulk IR is very
important for the understanding and treatment of divergences. Quantum field theories
suffer from short distance UV divergences. In accordance with the UV/IR relation of
AdS/CFT these divergences correspond to infinite volume IR divergences of the bulk
gravitational theory that arise when one integrates over the holographic direction. In
section 1.2.4 we explain how to deal with such divergences in the bulk using holographic

renormalisation.

1.2.2 Matching Bulk Fields to Boundary Operators

One of the most important ingredients of the AdS/CFT dictionary is the map between
bulk fields and boundary operators. The map between the spectrum of type IIB super-
gravity on AdS; x S° and 4 dimensional, N = 4 super-Yang-Mills was derived shortly
after the publication of Maldacena’s paper in [12] and it provided an important check of
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the conjecture. We do not delve into the details of this specific mapping as it requires
knowledge of the two theories which is beyond the scope of this thesis. Instead, we
provide general rules for mapping supergravity fields to field theory operators. The re-
sults and relations we discuss here are employed in the main part of the thesis to build

bottom-up models.

In general, for every field ®(z, z) that propagates in the bulk, there is a local, gauge in-
variant operator O(z). The boundary operator couples to the restriction of the bulk field
on the boundary ¢ () via a term of the form de ¢(0)O where B, is the boundary man-
ifold. Subleading terms in the asymptotic expansion of the bulk field are related to the
expectation value of the field theory operator. Accordingly, the bulk field and opera-
tor must have the same Lorentz structure and quantum numbers. In particular, a scalar
boundary operator is dual to a bulk scalar field, a conserved current associated with a
boundary global symmetry couples to a bulk dynamical gauge field, the boundary stress
energy tensor couples to the bulk metric, a boundary p-form operator couples to a bulk
p-form and fermionic fields in the bulk are dual to fermionic operators on the bound-
ary. Moreover, the mass of the bulk fields is related to the conformal dimension of the
dual boundary operators. The relations between the masses of various bulk fields and
the conformal dimension of the dual operators are

scalar or massive spin 2 field : m*P=A(A — d).
massless spin 2 field: m20?=0, A =d,

spin 3 or 3 field: |m|l=A — %,

p-form field: m2P=(A — p)(A +p—d),

rank s symmetric traceless tensor: miP=(A+s5-2)(A—-s+2—-d). (122)

Below we briefly explain how these relations arise by considering the simplest case of a
massive scalar field.

Mass/Conformal Dimension Relation

Consider a bulk free scalar field ®(z, z) with mass m propagating in the Poincaré patch
of AdS;1. The dynamics of the field is governed by the massive Klein-Gordon equa-
tion which admits two linearly independent solutions. Near the asymptotic bound-
ary (z — 0) the two solutions behave like 22 and 2 where A is the largest root of
A(A — d) = m*{. Generically the mode that asymptotes to ¢q) (z)2%~2 for some func-
tion ¢g)(z) of the transverse coordinates, is non-normalisable whereas the mode that
asymptotes to ¢aa_q) (z)z” is always normalisable. $(2a—q) () is again some function
of the transverse coordinates which can be determined by solving the equations of mo-
tion in the bulk but not from the asymptotic analysis. We discuss the significance of
these two functions with regards to the dual theory in depth in section 1.2.4. For now

we simply state that the coefficient of the non-normalisable mode, namely ¢y (), is
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related to sources that couple to the field theory operator O(z) dual to ®(x, z) whereas
the coefficient of the normalisable mode, namely ¢ _q) (), is related to its expectation
value (O(z)). A generic solution to the field equation is a combination of the two modes

but for now we focus on a purely normalisable solution ®(x, z) which asymptotes to
O(x,2) ~ 2A¢(2A_d) () + ... (1.2.3)

In chapters 3 and 4 we demonstrate that such purely normalisable field configurations
in the bulk are dual to excited field theory states obtained by acting with O(z) on the field
theory vacuum. Moreover, they only exist in Lorentzian AdS; in Euclidean AdS they are

no normalisable modes.

Returning to our discussion about ®(z, z), up to an overall factor, the expectation value
of the dual operator is related to the ®(z, z) according to

(O(z)) ~ lim 272 ®(z, 2). (1.2.4)

z—0

Under the bulk diffeomorphism (x, z) — (uz, uz) the expectation value of the dual op-
erator transforms as follows

(O(2)) = lim 2~ 3(p, p2) = lim (2/u) ™ S, 2) ~ p (O(ux)). (1.2.5)

Hence the conformal dimension of O(z) is A where A is given in (1.2.2). Although this
calculation relies on the behaviour of a bulk scalar field under diffeomorphisms, the
same method applies for tensor fields if we use tangent indices rather than coordinate

indices.

1.2.3 Matching Observables

One of the most important statements of the AdS/CFT correspondence is identification

of the partition functions of the two theories,
Zstring — ZCFT- (1.2.6)

For example, the partition function of type IIB string theory defined on AdS5 x S is
equivalent to the partition function of N' = 4 SYM theory, defined on the conformal
boundary of AdS; [13, 12]. This statement implies that one can compute field theory ob-
servables by performing string theory calculations and vice versa. Below we will review
how such calculations are performed. For this we must restrict to the weak form of the
correspondence in which string theory reduces to semiclassical supergravity. More-
over, at the present we will focus on the Euclidean case. The Lorentzian signature re-

quires additional care and it is treated in section 1.2.5.

For the gauge theory, the weak limit of the correspondence amounts to taking the large

N large g% limit. In this limit the n-point functions of the theory are dominated by the
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planar contributions. Equation (1.2.6) becomes
Zstring = eisSUGRA = ZcpT = eW (1.2.7)

where IV is the generating functional for connected Green's functions in the gauge the-
ory and Ssycra is the supergravity (SUGRA) on-shell action. This relation is a general
result that holds for all gauge/gravity dualities and it plays a central role in the compu-
tation of observables.

Equation (1.2.7) is only schematic and additional information is needed to make it mean-
ingful. Focusing first on the field theory side, the generating functional of connected
Green’s functions for a field theory is obtained by modifying the action to include source
terms f(o)(x) for the operators O(x),

Scrrlf0); O] = Scrr[O] — /ddm fo)(x)O(x). (1.2.8)

Then,
Zerr [O; fo)] = Oifo)] = <exp (/ diz fo) (:E)O(:U))> . (1.2.9)

CFT

On the gravity side both (O(z)) and f(g)(z) are related to the dual field F(z, z). In partic-
ular, the general solution to the bulk equations of motion for F(z, z) has the following

asymptotic form
F(x,z) ~ zd_Af(O) () + -+ ZAf(QA_d) () + ... (1.2.10)

where the ... represent subleading terms in the expansion that are determined in terms
of fo) and fiaa—a)- f(0) and fiaa_q are the integration functions obtained when solving
the differential equations that govern the z-behaviour of F(z, z). In the simple case of
a free theory where the equations of motion are linear, these are the coefficients of the
two linearly independent modes in the asymptotic expansion of the general solution.
A is the conformal dimension of the field theory operator and it is related to the mass
of the bulk field according to equations (1.2.2). Usually one imposes Dirichlet boundary
conditions on the field which fix fq),

lim (z_(d_A)]:(x,z)) = fo) (). 1.2.1)

z—0

The boundary condition f(q) is associated to the source that couples to O and the coef-
ficient of 22 in expansion (1.2.10), i.e. f(2a—a), is proportional to the expectation value of
the dual operator (O). Putting all these concepts together, the supergravity generating
function is related to the field theory generating function according to the relation

ZSUGRA[]:(lH Z)? f(O) (x)] = exp <_Sonshell []:(Zv x)] (1.2.12)

lim. 0 (ZAid]:(Z@)):f(D) (z) >
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and the supergravity on-shell action and field theory generating function of connected

n-point functions according to

Son-shell[F (2, 2) ~ f(oy(z)] = —Warr[f(0)] (1.2.13)

where the supergravity action is evaluated on the solutions to the bulk equations that
satisfy the Dirichlet boundary condition (1.2.11).

Equation (1.2.13) allows us to compute field theory correlation functions for O through
the functional differentiation of the on-shell supergravity action with respect to the
boundary condition fp) (),

o Son—shell
6 foy(z1) ... 6 foy(zn)

(O(z1)...0(xp)) = (=1)"! (1.2.14)

fy=0

There are however a number of issues with this prescription. The field theory side suf-
fers from UV divergences. In accordance with the UV/IR relation between the two the-
ories, these correspond to infinite volume IR divergences on the bulk side. Hence, the
quantities on either side of equation (1.2.13) are infinite and need to be renormalised.
Moreover, as was mentioned at the start of this section, this prescription applies to the
Euclidean version of the correspondence. For the Lorentzian case, the dictionary be-
tween the two theories needs to be modified. All these issues are addressed in the fol-
lowing sections by looking at a single massive scalar field propagating in empty AdS;1
in Poincaré coordinates. We first study the Euclidean case and demonstrate the renor-
malisation prescription for the bulk theory. Once this is done, we study the Lorentzian
analogue, emphasising the differences between the Lorentzian and Euclidean cases and

providing a prescription for dealing with the issues that arise in Lorentzian signature.

1.2.4 Euclidean AdS,;,/CFT;: Computing Expectation Values

Consider a massive scalar field ®(z, z) propagating in empty AdS;1. Recall that in Poincaré

coordinates the metric for AdS,, is
2 o
ds? = Gdatdz” = = (dz2 + 5ijdmldxj) . (1.2.15)
The action for the scalar field is

So = % / dzd%z VG (G"9,20,® + m?®?) (1.2.16)
AdS

and the corresponding bulk equation of motion is

(—Og +m?) @ = \}éau (VGG o,0) +m*e =o. (1.2.17)
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We use latin indices i, j,--- = 0,...d to label the transverse coordinates z* and they are
contracted using the Euclidean metric ¢;;. Stability of AdS requires the mass of the field
is bounded from below by the Breitenlohner-Freedman bound, m? > —d?/4 [14, 15].
Here we are treating the scalar field as a perturbation on a fix AdS background.

The general solution to (1.2.17) is [12, 16]

Ay

a(z)z B(x)z”-

O(x, 2) :/ dda’ x —|—/ da’ x (1.2.18)
AAdS (22 tlz— a;’|2> + HAdS (ZQ tlz— a:’]2> -

where « and f are arbitrary functions of the boundary coordinates . A are the roots
of equation m?(? — A(A — d) = 0 with A, = d/2 + /d?/4 + m2(? the larger and A_ =
d—Ay = d/2—/d%/4 + m2(% the smaller. We only consider cases where AL are equal to
d/2+n4 with ny two positive integers. This choice is motivated by supergravity and the
spectrum of field theories that admit a holographic dual. Near the asymptotic boundary
at z = 0 the first term behaves as z*+ and the second as z2-. In particular, using the
relation

2A+—d F A _ g
lim z =7 QMW) (x —a') (1.2.19)

=7
=0 <22 + |z — m/’2>A+ '(Ay)

one finds that near the asymptotic boundary the bulk field ®(z, z) has the form

CI)(.T, Z) = ZA_ (¢(0)((L‘) + Z2¢(2)(33) +.. ) + ZA+ (¢(2A+7d)(x) + Z2¢(2A+7d+2)(1') + .. )
= 28 (00)(@) + () (1) + -+ 22T 0n (@) + T RG00 g+ )
(1.2.20)

where ¢(g)(z) and ¢oa, —g)(x) are linear functionals of a(x) and §(z). All subleading

-1

terms to order z2+~! can be determined in terms of ¢(0)() alone and all terms of or-

der z2+*! and higher can be determined in terms of b(0)(z) and ¢2a, —a), using the

equations of motion. In the special case A, = A_ = ¢ an additional logarithmic term

2
appears at order z22+~¢,

Usually ¢(g)(w) and ¢oa, —q)(z) are interpreted as the source that couples to the dual
operator and its expectation value, respectively. In this case conformal dimension of
the dual operatoris A . This configuration corresponds to imposing Dirichlet boundary
conditions at the asymptotic boundary. However, depending on the mass of the field,
this is not the only choice of bulk boundary conditions. In the next section we discuss
the different choices of boundary conditions and how these relate to the mass of the
scalar field and the conformal dimension of the dual operator. We then proceed to
renormalise the scalar on-shell action and compute the expectation value of the dual
operator which concludes our discussion of Euclidean AdS/CFT.
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Boundary Conditions

In this section we discuss the possible boundary conditions for the bulk field and their
field theory interpretation. According to the AdS/CFT correspondence the mass of the
bulk field is related to the conformal dimension of the dual operator, A, which is given
by the solution to the equation A(A —d) = m?¢%. As we have seen already this equation
has two roots, namely A and A_. The choice of either root determines the asymptotic
behaviour of the bulk field, as well as the dimension of the dual operator. Modifying
equation (1.2.20) slightly to allow either choice for A one requires that near the boundary

B(z,2) = 2472 (p0) () + O(2%)) + P (pa—ay(z) + O(z%)) (1.2.21)

where A can be either root. Usually one assumes that A = A corresponding to impos-
ing Dirichlet boundary conditions on the bulk field. However, under certain conditions
A = A_ is also allowed, corresponding to imposing Neumann boundary conditions on
the bulk field. The two different choices of boundary conditions give rise to two dis-
tinct AdS invariant quantisations each of which is dual to a distinct field theory, one
containing an operator of conformal dimension A and one containing an operator of

conformal dimension A_.

The conditions under which each boundary behaviour of the bulk field is allowed were
first studied by Breitenlohner and Freedman [15] who demonstrated that positivity of
the classical energy and the existence of a well-defined quantum field theory imply that

the mass of the scalar field must satisfy

d2
- < m2¢? 1.2.22)

for Dirichlet boundary conditions to be admissible and

2 2
_ dz <m22 < _& +1 (1.2.23)

4
for Neumann boundary conditions. Using the relations between Ay and m?/? we see
that the dimension of the scalar operator in the field theory has to be greater than or
equal to d/2 when Dirichlet boundary conditions are imposed in the bulk and greater
than d/2 — 1 and less than d/2 in the case of Neumann. It follows that the minimum
dimension the dual operator can have is d/2 — 1 which is the unitarity bound for scalar

operators in a d-dimensional field theory.

From the perspective of the dual field theory, the former choice corresponds to a the-
ory with a scalar operator of dimension A, and the latter corresponds to a different
theory with a scalar operator of conformal dimension A_. We proceed to make these
statements explicit, starting with the case where A = A.. Given a boundary condi-
tion ¢(g(), the bulk field can be constructed using the bulk-to-boundary propagator
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KA+ (Zv €, SU/) [16]'

—ae_ T(Ay) 2B+

Ka (z,z,2') =7

and
O(x,2) = /ddx'KA+(z,x,x’)¢(0)(x'). (1.2.25)
It follows that
e T(AY) )
d + d A
¢(2A+—d)(x) =T /Qm /d $l¢(0)($,)|l‘ — $l| 28+ (1.2.26)

Modulo subtleties associated with divergences, this expression suggests that ¢(oa , —a) ()
is the expectation value of an operator O(x) of conformal dimension A in the pres-
ence of another operator O located at /. To demonstrate this we proceed to com-
pute the on-shell action which will also allow us to make a direct connection with the
discussion in section 1.2.3. Introducing for convenience a new field ¢(z, z) through
®(z, 2) = 2472+ ¢(z, 2) and substituting into the action (1.2.16) we obtain

1
Sonshell = —2/ d% zd+1_2A+¢(x, 2)0,¢(x, z) + Sct (1.2.27)

where we have introduced a cut-off surface B, = {z = ¢} to regularise the integral over
z. In the limit € — 0 this surface is pushed to the AdS boundary, B. — 0AdS. S consists
of a set of counter-terms necessary to subtract divergences associated with infinite vol-
umes in the bulk and short distances from the field theory perspective. Here we bypass
these issues by restricting to d/2 < A, < d/2 + 1 for which there are no such diver-
gences and we postpone talking about the treatment of divergences until section 1.2.4.
Using the expression for ®(z, z) in terms of ¢ () as well as the series expansion of

Ka_ around z = 0 one eventually finds

d I'(A '
Son—shell[¢(0)] = — <A+ — 2) W_d/QI‘(A_"(__—i_C)l/Q) /ddxldde (1.2.28)

Then, according to the discussion in section 1.2.3 and, in particular, from equation (1.2.14),
it follows that the one-point function of the operator dual to ®(z, z) in the CFT is

_ oy |map TAY) [ r¢<0>(“’”l)]
= (2A4 —d) |:7r F<A+_d/2)/d:ﬁ’m_x,‘QA+
= (2A4 — d)pa, —a) (). (1.2.29)

<O(.’L’) — 58011—5}‘16“

3oy ()

¢(0)=0

Hence, we have proven that given a bulk theory with a scalar operator whose asymptotic
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behaviour is

the dual field theory contains a scalar operator of conformal dimension A for which
there is a source deformation turned on given by [ ddx¢(0) (x)O. Moreover, the expec-

tation value of O is proportional to ¢ (o, —q)-

We now turn our attention to the case where the dual operator has dimension less than
d/2,i.e. where A = A_. Although this is a different field theory, it is not independent
from the theory with A;. The two are related via a canonical transformation that in-
terchanged the roles of ¢y and ¢(2a, —q4) as the “source” and the “fluctuating field" [16].
In particular, from the point of view of the A_ theory, ¢ is the field whose conformal
dimension is A and the source that couples to it is —(2A1 — d)¢aa, —a)- Accordingly,
the generating functional for the A_ theory is given by the Legendre transform of the

generating functional of the A theory,

Lorr[dea,—a)(@)] = Warr(¢ )] — / A%z ¢ (o) (x) ((2A+ —d)da,—a (93)) (1.2.31)
and ¢y (z) and (2A 1 — d)¢oa, —q) () are related to them via

OC[p2a. —a)l

Wo]
5 ((2A4 —d) poa,—a))’ '

1.2.32
590 (1.2.32)

b0y () = — (A4 —d)ppa, —a) =

From the perspective of the bulk, the A_ theory corresponds to fixing ¢(a_q) () instead
of ¢(g). In particular, introducing a more general notation for the boundary deformation,
exp (— [ d’z JO), where J is the source that couples to O, the usual Dirichlet boundary
conditions can be written as

Jp = b(o)() (1.2.33)

with the usual relation between the bulk on-shell action and the generating functional
of the dual theory

™ Son-sheltlé(0)~/o] — <exp/ddaz JO> = eWorrlJ], (1.2.34)
For Neumann boundary conditions one fixes (2A1 — d)¢oa, —q),

In = (204 — d)ban, —a) (1.2.35)

which requires an additional boundary term to be added to the bulk action, in accor-
dance with equation (1.2.31),

Son-shell = Son-shell [¢2a,—d) (b)) ~ In] + / d%z ¢ (o) In. (1.2.36)
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Boundary Mass range of bulk . Conformal Range of
o dimension of the conformal
condition field . .
dual operator dimension
2 Ay = d
iy 202> — A>—
Dirichlet miZ = d o d? 42 =9
2 4
d? 22
_Z <mAlr < A_ = d d
Neumann/Mixed 2 2 - —1<A< -
d d_ ]2 4 m2p2 2 2
—Z +1 3 4 m

Table 1.2.1: Boundary conditions for a free scalar field of mass m in AdS and correspond-
ing conformal dimensions for the dual operator.

Note that one must first solve ¢oa, gy in terms of ¢y and then use the resulting ex-
pression to evaluate the on-shell action.

A final possibility not discussed thus far is to impose mixed boundary conditions on
bulk field in which case one fixes a particular combination of ¢y and ¢ s, —q). From
the perspective of the field theory this choice introduces a multi-trace deformation. In
particular, suppose we want to introduce a deformation [ d%z f(O) to the field theory
action S;qrr[O0] = Sqrr + [ d%z f(O) where f(0) = 0. This modifies the generating
functional according to

(1.2.37)

SW[J]

Wi arr = WarrlJ] + / dz (f(0) - o ' (o))

o=

where o is the vev of O. In theory the vev of O can be chosen to be proportional to either
}(0) OF $2a—q) and have dimension A_ or A, respectively. However, the deformation
is relevant only if we choose ¢ ) and A_, i.e. if we are deforming the Neumann theory.
The boundary condition in this case reads

Jr=—(284 = d)pan,—a) — f'($0))- (1.2.38)
and order to impose it we must modify the bulk action according to
Spulk — Spulk + /dd% [0 2A4 —d)pen, —a) + [(d0) — d0)f (90)] - (1.2.39)

The additional boundary terms in the bulk action lead to a modification of the field the-
ory stress—-energy tensor. This topicis discussed further in chapter 6 as well as chapters 7
and 8.
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Boundary
condi- Source Vev WIJ]
tion
.. 2A L —
Dlll';;:h— Jp = ¢ d)(¢(2A++—d) —Son-shell[-/p]
JIN = d
Neumann| —(2A+ . d)¢(2A 0 ¢(0) _Son—shell[JN] - fd $¢(0)JN
-
‘ —Son-shell[n] — [ d%x ¢ o) In —
Mixed Je=Jn— f(d 10) on-sne
=M= S00) © [ d% f () + D0/ (D0))

Table 1.2.2: Source, vev and generating functionals for a field theory dual to AdS;; with
a single free scalar field.

Holographic Renormalisation

Next we shall compute the on-shell action and address the issue of divergences asso-
ciated with the infinite volume of AdS. To do this we must first solve the asymptotic
expansion of the field, given by equation (1.2.20),

O(x,2) = 22~ <¢(o) (@) + 22b) (@) + - + 222 P on, gy (@) + 222 2Pon, _aro) + - )

and determine its coefficients. Plugging this expression into the equation of motion (1.2.17)
and solving order by order in z one finds that ¢y = 0 for k¥ odd and

1
bom (@) =5, (2A —d —2n)

Hog2n—2)(z) (1.2.40)

where Oy = 69,0, and n < A — d/2. If 2A = 2m + d for some positive integer m then

there is an additional logarithmic term at order 2%,

O(z,2) = 274 <¢(0) () + 22py(z) + - + 22271 (¢(2A—d) () + da—a)(x)log Z) + .. )
(1.2.41)

with
~ 1

ea-a)(¥) = =gz (m)T (m+ 1)

(Oo)™ b0y (). (1.2.42)

All terms up to ¢a_g) (), including qg(m_d) (z) are determined in terms of ¢(g)(x) by
solving algebraic equations. ¢@a_q)(7) appears at order z® which is the order of the
second linearly independent solution, explaining why it can not be determined in terms
of ¢y (7). An attempt to apply the same procedure outlined above to this order leads to

a trivial equation!. In order to obtain ¢(2a—d)(7) one must solve the equation of motion

'In the cases where the bulk field is the metric of a bulk gauge field, the bulk equations of motion de-
termine the trace and divergence of the fields. These equations then lead to Ward identities for the dual
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in the bulk and not only asymptotically. Then, regularity in the interior combined with

the boundary condition ¢g)(z) uniquely determines ¢a—_q)(z) as well.

We already saw that ¢ () is the source term in the field theory and ¢(oa_q)(z) is pro-
portional to the vacuum expectation value of the dual operator. The new term, QE(Q A—a)(T),
has a field theory interpretation as well, it is related to conformal anomalies.

Having determined all possible coefficients in the asymptotic expansion of ®(z, z), the
next step is to compute the on-shell action. The on-shell action suffers from infinite
volume IR divergences related to field theory UV divergences. To deal with them we in-
troduce a cut-off at z = € and integrate over z > € where ¢ is a small positive parameter.
The on-shell action will have a finite number of terms that diverge in the limit e — 0.
These terms give the counter terms that have to be subtracted to remove the IR diver-
gences. This method of dealing with divergences in AdS/CFT is known as holographic
renormalisation. It was initiated in [17, 18] and developed in [19]. Detailed discussions can
be found in [20, 19, 21, 22]. A radial Hamiltonian version of the method was introduced

in [23, 24]. Here we follow the exposition in [25].

The determination of the divergent terms requires that, in addition to the asymptotic
expansion of the field, we also have an asymptotic expansion for the metric. The appro-
priate asymptotic form for the metric is given by the Fefferman-Graham gauge (FG),

02 .
ds? = = (d2? + gij (v, z)dz'dz?) (1.2.43)

with

In general, when studying as asymptotically AdS spacetime, one must also determine the
coefficients g(z);; (), either by computing the asymptotic expansion of the bulk metric
or, if the bulk metric is not known, by solving the corresponding equations of motion

order by order in z, as we did for ®(z, z).
Using these results, the regularised action is

Sreg = % / dz d%z VG (G*0,90,® + m>¢?)
z2>€

1 1
:/ dzddx\FGq)(—DG+m2)q>—2/
zZ>€

> 8 dlz (JEGZZ <1>azc1>)

Evaluating Sreg on-shell eliminates the bulk term and we are left only with boundary
terms,
G d,. d—2A 2
Sreg, on-shell = 9 d%z e ((d - A)¢ (1‘, 6) + €¢(x7 6)85¢($, 6))

= i1 / ddg d24 (a(o) + €2CL(2) + e4a(4) +...+loge Q(QA_d))(1.2.45)

operators.
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where the coefficients a(y; are local functions of ¢ ) that are determined using the se-

ries expansion of ¢(x, €). We present here four of them to demonstrate their structure.

1 d—A+1
a) = *g(d - A)Qb%o)v a@y = —(d—A+1)d)de) = *m@b(o)moﬁb(o),

1(d=2) Do)’ N 9 (o)’ é(0)
2\ 42+d—2A)%  8(4+d—2A)(2+d—-2A)

1
2

((d - A)Cf)%z) + ¢(0)¢(4)) = -

d
“@A=D) = T am T ()T (m + 1)

O = =

b0y (B0)™ b(0)-

All terms in (1.2.45) that appear at negative order in ¢ diverge in the limit ¢ — 0 and we
need to add counter terms to the on-shell action to eliminate them. The counterterms
are obtained by re-expressing (1.2.45) in terms of bulk fields. In particular, the derived
expression for Sieg on-shell is a function of ¢g)(z) and g;; = d;;. We need to expressed
these fields as functions of ®(z, €) and +;;, the restrictions of the bulk field and metric
on the hypersurface z = e. This ensures that the action transforms correctly under bulk

diffeomorphisms.

In general v;; = g;; (*/€*> which, for empty AdS in Poincaré coordinates becomes v;; =

6;j¢* /€. To obtain an expression for ¢ g)(z) in terms of ®(x,¢) one must invert the ex-

pansion (1.2.41) evaluated at z = € order by order in e. One must perform the inversion

to high enough order in € such that we are able to rewrite all divergent terms in Sieg in

terms of ®(z, €). The first terms of the covariant counterterm action are

Sct = —Sreg = 1/ d%e /5y <1(d — A)D%(x,€) + L@(m )0, P (z,€) + . >
LJ,_. 2 ’ 202A —d—2) TN

d—A
_L48((2A—2+—2c3)2(qu)<m’e))2 + .. ) .

The counterterm action computed this way contains the minimal set of terms necessary
for the theory to be renormalisable. We are free to add further finite terms which will
give rise to scheme dependence in the field theory. In either case, the renormalised on-
shell action is computed by adding the counterterm action to the regularised on-shell

action and taking the limit e — 0,

1
Ssub = Sreg + Sct = 2/ dzd% VG (G“”ﬁué(x, 2)0,®(x, z) + m?®?(z, z))
z>€

1 d 1 5 2
+- Zzed IE\/j}/ (2(d — A)(I) (l’,e) + m@(ZE,E)D»},@(JZ,E)
_p d-A+2) 2
1 S2A —2—d) (O,@(z,€))” +...
and
Stren = lim Sgp. (1.2.46)
e—0

The final part of our discussion is the computation of the vacuum expectation value for



12. The AdS/CFT dictionary 17

the dual operator. The expectation value is computed by varying the subtracted bulk

action, Sgp, with respect to ®(z, €) and then taking the limit e — 0,

, 4 5Squp
(0), = ll_r:% <6A\ﬁ6@(;u, 6)> — (2A = d)pa—a)(z) + C(9(0))- (1.2.47)
The subscript s is to stress that this is the one point function of O in the presence of a

source and C(¢()) is a scheme dependent local function of ¢ [19].

This prescription is straight forwardly generalised to other fields. In section 1.3.2 we
apply it to Einstein-Maxwell theories and in chapter 6 to a class of theories containing,
in addition to the Maxwell field, massive and massless scalars.

Most of the prescription described in this section did not rely on the signature of the
spacetime and can therefore be applied to both Lorentzian and Euclidean AdS/CFT.
However, there is a crucial difference between the two signatures related to the de-
termination of ¢34 _g). This is the subject of the next section in which we describe the

process for doing Lorentzian AdS/CFT.

1.2.5 Real Time Holography

In the previous section the field equation for ®(z, z) was solved only asymptotically and
boundary conditions were imposed which fixed the leading coefficient in the asymp-
totic expansion, namely ¢y (7). ¢2a—a)(z), the coefficient of the normalisable mode,
appears at a subleading order in z and as we saw, it can not be determined from the
boundary conditions. Moreover, despite it being an integration function, we do not have
the freedom to select ¢4 _q)(2), it has to be determined dynamically by the theory. This
is reflected in the fact that choosing a generic pair (¢(o)(z), ¢(2a—a)()) in general will re-
sult in singular fields. The analogue of this on the field theory side is that the vacuum
structure is a dynamical question and we can not tune (O). The first step towards ob-
taining a solution that is regular and unique is to solve the field equations in the interior
of AdS and impose regularity of the field. In Euclidean AdS this is sufficient; given ¢ (7).
imposing bulk regularity uniquely selects ¢(2a_), resulting in a unique, regular ®(z, z).
However, in Lorentzian AdS there are normalisable modes which are regular at the in-
terior and decay at the boundary and hence they can be added to any regular solution,
modifying ¢(2a—_q) but not ¢ ). This issue is discussed further is chapter 2, section 2.1.

On the field theory side this issue is related to the existence of multiple types of cor-
relators in Lorentzian signature. Moreover, one can compute correlation functions in
non-trivial states, something which is not possible in Euclidean signature. One way to
deal with these issues in quantum field theory is to specify a time contour in the complex
time plane. Consider for example the time ordered vacuum correlator (| 7 (O(z1)O(z2)) |©2).
This can be obtained from (¢_, —T'| T (O(z1)O(x2)) |+, T) by extending the time 7T"along
the imaginary axis. Here |¢p_, —T") and |¢4,T') correspond to initial and final states |¢_)
and |¢4) at times —T" and +7 respectively. These are time dependent states and they
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A A
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T -4 | e Te
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€ deform the [ T
> contour 7 J >
T(1 — e) —Tep-------

Figure 1.2.3: (Left) Complex time contour used in the example to obtain (| 7 (...)|2)
starting from (®_, —T'| 7 (...) |®4+,T) and taking the limit 7" — oo. The contour can be
deformed in the complex ¢ plane, as long as it does not cross any poles.

(Right) Deformation of the original contour shown on the left. Here the contour runs
from —T'(1 — ie) to =T to +7" and finally to T'(1 — i¢). Both contours project onto the
vacuum in the limit 7" — oc.

can be written in a time-independent form using the time-evolution operator U(t) =
exp (—iHt). Then |po, T) = e T ¢, (¢p_, —T| = (¢_| e T and

(6. ~T| T (O@1)0(@2)) |64, T) = (6| e T (O(21)O(x2)) T [64) . (12.48)

Complexifying time according to ' — T'(1 — i¢) and taking the limit 7" — oo projects the
desired vacuum correlator since

lim e AT 4.} = lim / Dy e HTA=1) |y) (hlop, ) = A|Q)  (1.2.49)
T—o00 T—o0

where A = limp_, o, e~ acT(17€) (O] 4, ) is a constant. A similar expression holds for (¢_|
which leads to

i {9, ~T(1~i6)| T (O(0)O(2)) |6+, T) = C (0] T (O(m)O(2))[2)  (1250)
where C'is another constant. The (1 —ie¢) factor corresponds to tilting the time line in the
complex time plane as shown in the left panel of figure 1.2.3. The right panel of the figure
shows a deformed version of this path consisting of a real segment and two imaginary
ones. Such path deformations are allowed as long as they do not cross any singularities
and the end points remain fixed. Upon taking the limit 7' — oo, the vertical segments
project the theory onto some initial and final states; in the example above the vacuum.
These states are evolved respectively forward and backwards in time and become the
initial and final states for the real field theory computations, associated with the real time
segment =T to T.

More generally, one may wish to compute (¥| 7 (O(z1) ... O(zy,)) |®) for initial and final
states |®) and |¥). In this case one can use time contour shown in figure 1.2.4, where the
vertical segments extend to complex infinity. The crosses along the contour represent
operator insertions at different times. The initial and final states |®) and |¥) are created
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Cr, C+i

Figure 1.2.4: Complex time contour used to evaluate (¥| 7 (O(z1) ... O(xy)) |®). The ini-
tial and final states |®) and (V| are generated by operator insertions along the imaginary
segments of the contour. These insertions are indicated by the red crosses along C_ and
C+. The operators O(z1), O(x2), ..., O(zy,) whose real-time expectation value is to be
computed are inserted along Cj, the real segment of the time contour. These repre-
sented here by the blue crosses. The choice of contour automatically enforces the time
ordering.

by operator insertions along the semi-infinite vertical lines C_ and C, respectively. The
operators O(z;) whose correlator we wish to compute are inserted along the real time
segment Cr. The path integral for this setup is given by

Zorr [6(0):C] = / [DO)] exp <—z’ /C dt / A2 /g (Lorr[O] +¢(0)0)> (1.2.51)

where O represents the collective set of operators in the theory and ¢ are sources that
couple to these operators. The time integration of the Lagrangian is along the complex
time contour. More specifically, ¢ is a complex variable which runs from —7" —ico to —T'
on C_, the from —T7" to T along C;, and then from T to T' + ico on C. Alternatively, one
can parametrise the contour using real variables. For the vertical segments we can write
t =—-T+ir_with7— <0forC_,and ¢t = —T + ity with 7 > 0 for C. For the horizontal,
real-time segment we can simply use ¢t with —7" < ¢ < T The time-ordered real time
correlator is computed simply by functional differentiation of Zqrr with respect to the

sources. The time ordering is naturally implemented by the choice of time contour.

Other types of correlators and different states can be computed by appropriate choices
of contours and operator insertions. The left panel of figure 1.2.5 shows examples of
some field theory complex time contours. Starting from the top, the first is the in-out
contour used to compute time order correlators, the second is the in-in time contour
used to compute path ordered correlators and the third is the thermal contour used to
compute thermal correlators. This formalism for specifying initial and final states and
computing correlators using the path integral is the Schwinger-Keldysh formalism [26,
27] and it has been extended to holography.

More precisely, to obtain unique fields in Lorentzian AdS, in addition to the boundary
conditions at the conformal boundary, one must provide initial and/or final data for the
fields. The initial and final data can be imposed by complexifying the AdS manifold to
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include both Euclidean and Lorentzian segments, in analogy to how the time contour in
quantum field theory is complexified. Then, the complex segments of the manifold, i.e.
the Euclidean ones, provide the initial and final data. In particular, they can be thought
of as providing a Hartle-Hawking wave function which is matched to the Lorentzian
theory on spacelike interfaces between Euclidean and Lorentzian segments.

The holographic analogue of the Schwinger-Keldysh formalism is known as real-time
gauge/gravity duality [28, 29] and it dictates that one should start with a complex field
theory time contour and “fill it in” with AdS spatial directions to obtain an AdS manifold
consisting of Euclidean and Lorentzian AdS segments, dual to the complex and real time
segments in the field theory. That is to say, given a field theory spacetime consisting
of a line in the complex time plane times a real space R x %91, the bulk spacetime
should be an asymptotically AdS spacetime whose boundary is conformal to R x ¥4-1,
Under this prescription, imaginary field theory time segments become Euclidean (A)AdS
manifolds and real time segments become Lorentzian (A)AdS manifolds. Figure 1.2.5
shows examples of field theory time contours C on the left and the corresponding bulk

manifolds M on the right.

For the construction of unique bulk fields one begins by solving the field equations,
including the Einstein equations, for each segment of the manifold and for the metric
signature dictated by the field theory contour. The solutions are then glued together and
matching conditions are imposed at the spacelike hypersurfaces between the subman-
ifolds. For example, consider two adjacent manifolds M_ and M and a spatial surface
0;M connecting them. To obtain a field ® in M_ U M we first solve the field equations
for ® in M_ and M, separately and then impose the following matching conditions on

the resulting solutions

‘I)—‘atM - (I’+‘atM
|y 0 = 0P|y, 0r (1.2.52)

The first condition implies that the field must be continuous on 9;M and the second
that its conjugate momentum is also continuous. The derivative in the second line is
with respect to the complex time ¢ introduced above in the context of the field theory.

Solving these matching conditions provides the initial and final data for the Lorentzian

fields.

Under this construction, the relation between the field theory partition function and the

supergravity action becomes
Zor1(0; é(0), C] = exp (Z / A*ay/=G L [0 ~ ¢(0)]> (1.2.53)
Mc

where M¢ is bulk manifold corresponding to C. For example, let C be the complex time

contour shown in figure 1.2.4 and discussed above. A version of this contour along with
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Figure 1.2.5: Field theory complex time contours and corresponding AdS manifolds.
(Top) In-out time contour with two operator insertions along the real time segment used
to compute time ordered correlators (left) and corresponding AdS manifold (right). The
two field theory semi-infinite Euclidean time segments 7_ and 7+ become the half Eu-
clidean AdS manifold E_ and E.. These provide the initial and final conditions for all
the Lorentzian fields, including the metric. The insertion of operators in the field theory
corresponds to the boundary conditions ¢g).

(Middle) In-In time contour used to compute path ordered correlators (left) and corre-
sponding AdS manifold (right). Again, the semi-infinite Euclidean time segments of the
field theory contour become half Euclidean AdS manifolds, providing initial and final
data for Lorentzian fields. The field theory time contour consists of two real time seg-
ments with opposite time evolution directions. On the AdS side this translates to having
two Lorentzian AdS manifolds with the time also evolving in an analogous manner.
(Bottom) Complex time contour for a thermal field theory (left) and corresponding AdS
manifold (right). For both theories, the Euclidean time is periodically identified, as in-
dicated by the shaded circles/surfaces. In the field theory this results in a periodic Eu-
clidean time with the period identified with the inverse temperature 5. On the AdS
side, this corresponds to imposing appropriate boundary conditions on the two shaded
spacelike surfaces which are identified.
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the corresponding AdS manifold M are shown in the top panel of figure 1.2.5. In this
case, the right hand side of (1.2.53) is given schematically by

exp <_ /M dT,ddl‘\/@ ﬁoEn—shell [(I) ~ gb(:))} + Z/

o dtd’sy/~GL Loy e [q) ~ P 20 P(0)
C

— L

_ /M dry d%\/Gp LE ) [‘I’ ~ ¢’(+0)D
C

+

where £Z . is the Lorentzian Lagrangian and £Z _ . is its Wick rotated version.
b0y ¢ﬁ]) and ¢ZB) are the boundary conditions imposed at the asymptotic boundaries of
Mec_, Mc, and M, respectively. Note that the Lorentzian action depends on both the
boundary condition (ﬁ(LO) as well as d)?f)). From the perspective of the Lorentzian fields,
the latter are related to the initial and final conditions imposed.

The above expression suffers from IR divergences due to the non-compactness of the
radial direction, just as was the case for Euclidean AdS/CFT. Moreover, there are addi-
tional divergences associated with the non-compactness of the temporal direction of
Lorentzian AdS. However, these new divergences cancel out and, thus, one can apply
the holographic renormalisation prescription introduced in section 1.2.4 “piecewisely”
to each segment of the manifold, without any modifications.

For a more detailed discussion of real time holography and examples of applications can
be found in [28, 29]. In the first part of the thesis we study a scalar field in Lorentzian
AdS and we use the formalism of real time gauge/gravity to derive the bulk setup dual
to an excited field theory state. In particular, we confirm that turning on source in the

Euclidean submanifolds corresponds to having the field theory in an excited state.

1.3 Applied AdS/CFT: Statistical Field Theories

In this section we will apply many of the concepts introduced and extend what was
already said to study a gauge/gravity dual system where the field theory is at finite tem-
perature and chemical potential. Such a system can be thought of as a toy model for the
study of condensed matter phenomena. Conventionally, condensed matter systems are
studied using Landau’s theory and the Fermi liquid theory. The former relies on the sym-
metries of the system and the latter makes use of perturbation theory. However, many
interesting phenomena such as high critical temperature superconductivity, the frac-
tional quantum Hall effect, heavy fermion compounds and spin liquids, fall outside the
spectrum of applicability of either of these two theories. There is, thus, a need for new
theoretical tools for the study of systems that are beyond the scope of the traditional
tools.

Gauge/gravity dualities, being strong/weak coupling dualities, provide an excellent frame-

work for studying strongly correlated systems. By considering bulk theories with a U(1)
gauge field and by looking at asymptotically AdS (AAdS) solutions with black holes, we
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obtain gauge theories at finite chemical potential and temperature. It is then possible
to study the phase diagram and thermodynamics of the gauge theories by studying the
black hole thermodynamics and the asymptotic behaviour of bulk fields. Moreover, by
perturbing bulk fields and studying the response of the bulk system one can compute

the transport coefficients of the gauge theory such as the conductivity.

The construction of dual theories with the desired features often relies on the bottom-
up approach in which one chooses the bulk setup phenomenologically as opposed to
deriving it through a consistent truncation of supergravity. In this case the field theory
Lagrangian is not known. This, however, does not pose an issue since the properties of
the theory are inferred from gravity computations. Moreover, condensed matter sys-
tems often display universality, implying that one can obtain useful information even
when studying toy models whose microscopic feature are unknown or are not realised
in a physical system. Such considerations motivate the study of bulk setups with differ-

ent features.

In part II we study the thermodynamics of a three field theories which have special fea-
tures such scalar fields with multitrace deformations and topological axionic charges.
The bulk solutions dual to these theories are known analytically and they are all solu-

tions of the same class of theories whose action has the form

d—1
Sbulk = /M A0 /=@ (R - % (06)2 — V(¢) — %W@) S (@9n)? - iZ(qﬁ)F?) (131)

I=1

where we have set Gy = 1/167. The fields ¢ and ¢ are a massive scalar and d— 1 massless
scalars respectively, W (¢) is the coupling between ¢ and +, F},,, is the field strength asso-
ciated with a U(1) symmetry, Z(¢) is couplings between the corresponding gauge field
and the massive scalar and V(¢) is the potential for ¢ which, at zero order in ¢, gives
the negative cosmological constant associated with asymptotically AdS spacetimes. A
full analysis of this action is given in chapter 6. This includes the asymptotic solution
of the action, the renormalisation, the computation of the one point functions and the
thermodynamic properties of the dual theory. However, before we study the theories
defined by (1.3.1) it is useful to look at the much simpler setup of Einstein-Maxwell the-
ories with a negative cosmological constant which provide the minimal setup for the
study of field theories at finite temperature and density.

1.3.1 Field Theories at Finite Temperature and Charge Density

In this section we review briefly the notions of the canonical and grand canonical en-
semble in statistical physics and demonstrate how the physical quantities of the system
in thermal equilibrium can be derived from a thermodynamic potential. This will mo-
tivate then next section in which we will discuss how the thermodynamic potential and

expectation values of various operators can be obtained holographically.

Consider a field theory with a time independent Hamiltonian A and a global U(1) sym-
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metry associated with a conserved current J* and a conserved charge Q. The expec-
tation value of this conserved charge is associated to the number of charged particles
N. At finite temperature the theory will experience thermal and quantum fluctuations
and to study it we need to use statistical physics. If the charge density or, equivalently,
the number of charged particles, is kept fixed the statistical ensemble representing the
possible configurations of the theory is the canonical ensemble in which, in addition to
the charge density, the temperature and volume are kept fixed. The expectation values
of operators are obtained as a statistical average over the ensemble. More precisely, one
defines the partition function Z and thermal density matrix p of the theory,

7 = Tr (efﬁﬂ) (13.2)
and .
e PH

p= ~ (1.3.3)

where the trace is over the Hilbert space of the field theory and 3 = 1/72. Then, the
expectation values of various operators are given by

(O) = Tr (0p). (1.3.4)

The partition function also provides a definition for the thermodynamic potential of the

theory which, for the canonical ensemble, is the Helmholtz free energy F,
F=FT,V,N)=-TlhZ. (1.3.5)
Moreover, defining the entropy of the system as
S = —(lnp) (1.3.6)
and identifying £ = (H) as its energy, we can write

F(T,V,N) =& —TS. (13.7)

Partial variations of the free energy with respect to 7',V and N give the entropy S, pres-

sure P and chemical potential i of the theory,

oOF oF oF
_ __9 =9 : 138
s oT V,N:const., P 150% T,N:const, a ON V,T'=const. ( )
The exact differential of the free energy is thus given by
dF = -SdT — PdV + pdN. (1.3.9)

“We have set the Boltzmann constant equal to 1
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Alternatively one may wish to consider setups where the number of particles N in the

system is not fixed in which case the appropriate ensemble describing the Hilbert space

of the theory is the grand canonical ensemble where 7" and V are kept fixed but NV can

fluctuate. The corresponding partition function and thermal density matrix are given by
o BH-uQ)

Z = Tr (e—mff-“@) and p=—"0— (1.3.10)

respectively. The thermodynamic potential associated with the grand canonical ensem-
bleis W = W(T, V, u) given by

W=E-TS—uN=-TlnZ (1.3.11)

where £ and N and S are obtained by averaging over the grand canonical ensemble. The
potential is related to the free energy of the system through a Legendre transform,

F(T,V,N)=W(T,V, ) + uN. 1.3.12)

As can be seen from the above relations, knowing the thermodynamic potential of a sys-
tem allows us to compute its physical properties. However, within statistical physics and
thermal field theory, computing the potential is often a formidable task. The AdS/CFT
correspondence provides an alternative method for computing both the thermody-
namic potential and the expectation values of the operators of the field theory. In the
next section we introduce the necessary bulk ingredients to describe thermal field the-
ories with finite charge densities. Using these ingredients we build a toy model and use
it to develop the elements of the AdS/CFT dictionary that are used in the main part of
the thesis.

1.3.2 Gauge/Gravity Duality for Einstein-Maxwell Theories

We begin this section by examining the bulk ingredients that are needed to describe a
field theory at finite temperature and charge density. Any field theory has an energy mo-
mentum tensor which is sourced in the bulk by a metric, thus we must introduce gravity.
Moreover, the bulk spacetime must be asymptotically AdS and therefore we require a
negative cosmological constant. The finite temperature of the field theory is achieved
by considering black hole and black brane gravity solutions. Then the Hawking temper-
ature and entropy of the black hole or black brane are identified with the temperature
and entropy of the field theory. Finally, in the field theory the finite charge density is
realised by a conserved current J¢. According to the AdS/CFT dictionary, such currents
are sourced by bulk gauge fields. It follows that the minimal bulk action which has so-
lutions dual to a thermal field theory with finite charge density is the Einstein-Maxwell
action with negative cosmological constant. The thermodynamic potential of the field
theory is associated with the renormalised on-shell action. The expectation values of
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the field theory operators such as the energy momentum tensor T, the current .J* and

the charge ) are obtained by functional differentiation of the on-shell bulk action.

In addition to the above ingredients, one may wish to include other field theory op-
erators or symmetry currents by turning on the corresponding dual bulk fields. The
fields can be charged under the U(1) symmetry. For example, in applications of the
gauge/gravity duality for the study of superconductors one must introduce a charged
field in the bulk and search for solutions with both vanishing and non-vanishing val-
ues for the field. When the field vanishes the U(1) symmetry is present but for solutions
with non-vanishing field the symmetry is spontaneously broken. In the dual theory the
charged field corresponds to a charged operator that acquires a vacuum expectation
value and spontaneously breaks the U(1) symmetry, in analogy with what one observes

in superconductors.
Here we consider the simplest bulk setup dual to to a thermal field theory with finite
charge density, namely the Einstein-Maxwell theory with negative cosmological con-

stant. For concreteness we work in 4 dimensions. The action is given by
1
S = / d*z V-G <R —2A — 4F’“’FW> (1.3.13)
M

where we use units in which 167Gy = 1. M is the bulk manifold and A = —6/¢% is
the cosmological constant. The Greek indices u, v, ... label bulk coordinates and range
from O to 4 and the Latin indices i, j, ... label the transverse coordinates, including the
boundary coordinates, and range from O to 3.

Asymptotic Solutions to the Equations of Motion

The equations of motion are

R 6 1
RMV - §GMV - EGMV - FuprV - ZGMVF2

D, F" =0 (1.3.14)

where D, is the covariant derivative with respect to GG,,,,. To solve the equations of mo-
tion we gauge fix both fields. The appropriate gauge for the metric is the Fefferman-

Graham gauge given by

52 . .
ds? = = (d2? + gij(x, z)dz’da?)

95 (2, 2) = g(0)i; (@) + 29(1)ij (%) + 2292y (x) + - .. (1.3.15)

For the gauge field we choose the radial gauge in which A, = 0. The remaining compo-

nents admit the following asymptotic expansion

Ai(z,2) = A @) + 24 (@) + 24P () + .. (1.3.16)

7



1.3. Applied AdS/CFT: Statistical Field Theories 27

To facilitate our analysis we split the Einstein equations into three sets which we treat
separately. The first set consists of the transverse components, i.e. © = i, = j and
we refer to these as the tensorial Einstein equations. The second, which we refer to as
the vector Einstein equations, corresponds to setting u = z, v = 4. This leaves only the
u = z,v = z component of the equations and we refer to this as the scalar Einstein

equation.

In terms of ¢, the scalar Einstein equation is given by

2 ~
L (9719 = i < ALAL — F2) (1.3.17)

1 _ _ _
7§Tr( 1//)+ Tr(g lg/g lgl)+22

4
where / implies differentiation with respect to the holographic direction z and F? =

g gk Ey Fyy = 4gzj 09 51)6[ A,(;])) 8[jAl(}0) +.... Similarly, the tensorial Einstein equations are

1

1 _
2 zggj Tr (9 19/) =

-2 52 (A’A’ 19 (2A’2 n F2) n glesz-l) (1.3.18)

1 1 1
R - —gi; Tr (g’lg’) +3 (9’9’19')” + g5~

9+ 5

where the Ricci tensor admits the asymptotic expansion

@Ry = WRY + - ORY) + ... (1.3.19)

Finally, the vector Einstein equations are

2
1 j z

59 " (Digh; — Digly) = 229 ik AL (1.3.20)

These equations give the Ward identities associated with the invariance up to anomalies

of the renormalised bulk action under boundary diffeomorphisms.

The equations of motion for the gauge field expressed in terms of g are
D' (A}) =0, (1.3.21)
for the z component, and
Al + %Tr (g_lg') Al — (g_lg')ji A;- + DijZ- =0 (1.3.22)

for the remaining components. Equation (1.3.21) gives the Ward identity associated with

the U(1) symmetry.

Solving the equations of motion for the components of the asymptotic expansions of
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the metric and gauge field, we find
9yi; =0,
_ 0 _1
9@)ij =~ <(Q)Rij ~ 190 (g)Rw))
1
—1
Tr (9(0)9@)) = YR

Tr (g(_o;g(g)) =0

AW _1pi p

i 2 (0)" g
@ _ 1y py Lo 1 N 40 1 . ©
A7 = éDgﬂ)Fiﬂ' + 6 (g(o)g(2)> z’Aj 6 o (9(0)9(2)) A

as well as the divergence identities,

Dl A =0, Dl AV =0 (1.3.23)
and
D (@R 1 @R -0 D’ =0 (1.3.24)
(0) )i — 59(0)ij (0) ; (0)9(3)ij -

Déo) is the covariant derivative associated with g(gy;;.

We have obtained the asymptotic solutions for the bulk fields which are needed to com-
pute the on-shell action. However, this is not sufficient. If one proceeds to compute the
on-shell action, performing first the necessary holographic regularisation, varying the
result with respect to the sources, as was described in the previous sections, the pro-
cess will not produce the correct stress-energy tensor. The reason for this is that we
must first add additional surface terms which impose the correct boundary conditions
for the metric. It is then this augmented version of the action that one renormalises and

subsequently perturbs to obtain the expectation values of the dual operators.

In particular, when we perform the functional differentiation with respect to the metric,
we obtain a surface term proportional to 9,0G,,,. Imposing Dirichlet boundary condi-
tions at fixed z is not sufficient to eliminate this term, one must add a boundary term
to the action. This is the well-known Gibbons-Hawking (or Gibbons-Hawking-York)

term. We proceed by reviewing this term and demonstrate why it is necessary.

Extrinsic curvature and Gibbons-Hawking term

Consider the timelike hypersurface B = {z = ¢}. This will be the cutoff surface we
will use to regularise the action, and we will take the ¢ — 0 limit after adding the coun-
terterms needed to cancel the divergences. Let n be the unit normal to B, pointing
outwards. For the metric in the Fefferman-Graham gauge we have

nt = —=(9,)", or equivalently n, = —g(dz)u. (1.3.25)

z

Z
¢
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The first fundamental form of the embedding of B, in the spacetime is defined as the

projector h,, on B,

52
hl“/ = Guu — NyuNy, = hij = :29’7" h,, =0, h, =0, (1.3.26)
and the induced metric 7;; on B, is®
52
Vij = 39 (1.3.27)

To avoid confusion, we will still use greek indices p, v,... for raising/lowering indices
using the induced metric ~, and reserve latin indices 1, j,... for raising/lowering indices
using the metric g;;. We define the extrinsic curvature of the embedding of B, in the
spacetime as*

Ky = —hy’hy? Diyng). (1.3.28)

For our geometry, we find that D,n, = D,n, = 0, and the only non-vanishing terms of
the covariant derivative of the normal vector are

e, v
Dinj = —5_9i + 59 (1.3.29)
yielding the extrinsic curvature tensor
1 1
Kij = 5-9i — =9 (1.3.30)

Its trace K = Y K;;, or mean curvature, is then given by

€ 3
= - —14 - . I
K 2Elr(g g) 7 (1.3.31)

Let us see now why we need the Gibbons-Hawking term. When varying the action with
respect to the metric, we can use the relation

G" 6 Ryu = D" (G*Dp0Gre — G D,u6G ) . (1.3.32)

3Using the coordinates {z'} on B, the embedding X*(z*) of B. in the spacetime is given by X* = ¢,
X* = z'. Then the induced metric is given by vi;; = 0;X"9;X"G,.., and the first fundamental form is
obtained as h** = 9; X*0; X" ~".

*Notice that we have conventionally a minus sign in our definition. Equivalently, it can be calculated as
Kuy = —3Lnhu = £50ch,,. For codimension higher than one, the extrinsic curvature tensor is defined
as K,,,” = —h,*h,” D,h,”, and the mean curvature vector by K? = h*" K ,,,°.
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This is a total derivative; after an integration by parts the variation of Sy, gives,

3G Shulk =/ d*'2v/~G [bulk e.o.m.],, 6GH
Z>€

+ / d*z/=y " (G*" D,0G e — G DG y) - (1.3.33)
Substituting G*? = h*? + nfn?, the boundary term becomes
/ d%z/=yn* (W7 D oG e — h*° D,3G ) - (1.3.34)

If we impose Dirichlet boundary conditions, 6G . |5, = 0, the first term in the integrand
vanishes, since it is the derivative of §G ., along some boundary direction. On the other
hand, the second term does not vanish, as it is the change of 6G,,, moving away from
the boundary. The variational principle with Dirichlet boundary conditions 6G,, = 0
on B, is thus not well-posed. To make the action functionally differentiable, we need to
add the Gibbons-Hawking term

Scy = —2 / de/—7 K. (1.3.35)
Indeed, using the expression
5610, = %GW (DGl + DydGloy — DodCn), (13.36)
we find that )
G"oa K, = §hp"n“ (Dp6G o + Ds6Gp — D6G ,g) (1.3.37)

and the variation of the Gibbons-Hawking term gives

§c:Scn = / d*a/=y [(Kyij — 2Kij) G — 20717V 16 G o + nhP7V 160G o] . (1.3.38)

Combining all contributions

56 (Sbulk + Sch) = / d*z/=7 [(Kvij — 2K;5) 6GY — nFh*° D 0G0 ] - (1.3.39)

z=

To deal with the last term, we write it as

_thPUDp(;GHU = _hﬂUDp (nué‘GuU) _ hpUDp’I’L“(slw (1.3‘40)
=D; (v/n"8G ;) — W7 G" (Dyny) 6Guo (1.3.41)

with D; the covariant derivative associated to the induced metric v;;. The total derivative

yields zero when integrated, and the remaining term becomes K, 6G*”. Finally, the
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metric variation of Sy is

86 (Sbulk + Sch) = /

z>€

A" e/ =G B, 6G" — / . A%/ (Kij — Kvij) 07", (1.3.42)

where we took 6% = §G%. Hence, the addition of the Gibbons-Hawking term renders
the action functional differentiable when imposing Dirichlet boundary conditions on
B., leading to a well-defined variational problem. The resulting equations of motion are
B, = 0.

As a final remark we point out that the above discussion is not quite correct since the
bulk fields, including the metric, do not induce boundary fields on the conformal bound-
ary but instead a conformal class of boundary fields. As a consequence, although one
can impose Dirichlet boundary conditions on the cut-off surface B, in the limit where
B, — 0 such boundary conditions need to be replaced by a weaker set of boundary con-
ditions where the boundary fields are kept fixed up to Weyl transformations [30]. For
the metric this implies the relationship

5’}’,']' = 2’)@7’(50(%) (1.3.43)

where do(z) an arbitrary infinitesimal function of the boundary coordinates. Once the
covariant counterterm necessary for the finiteness of the on-shell action are also taken
into account, the variational problem of the resulting action is well-posed. However,
there is an important subtlety associated with a non-zero conformal anomaly, since one
can no longer impose (1.3.43). In this case one has to choose a specific representative
of the boundary conformal structure to impose the boundary conditions which means
that the bulk diffeomorphisms are partly broken. However, when both the Gibbons-
Hawking and the counterterms are added, the on-shell action has a well defined trans-
formation under the broken diffeomorphisms. In particular, in this case the violation
of the variational problem depends on the conformal class 7;; only and therefore, im-
posing Dirichlet boundary conditions leads to a well-posed variational problem. For
a detailed discussion of boundary terms, counterterms and the well-posedness of the

variational problem in the presence of conformal anomalies see [30].

Holographic Renormalisation

The next step in our analysis is the computation of the regularised on-shell action. Start-

ing with the action (1.3.13) and using the equations of motion we find
1
Son-shell = / d*zv/-G <2A — 4F2> + Scu (1.3.44)
M
where we have included the Gibbons-Hawking term,

Scr = —2 / d3zv/— K. (1.3.45)
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The on-shell action suffers from infinite volume IR divergences and has to be renor-
malised. As we saw in section 1.2.4, we must first regulate the action by introducing a
cut-offat z = ¢,

Sreg = / d*zv/-G <2A — 1F2> —2 / d*zv/ 7 K. (1.3.46)
zZ>€ Z=€

We wish to identify terms which, after we integrate the on-shell action with respect
to z for z > ¢, are divergent in the limit e — 0. These will provide the counter-term
action necessary to make the on-shell action finite. Using the asymptotic form of the
fields, (1.3.15) and (1.3.16), and the corresponding solutions, we find that the divergent
terms are

Sreg = Bz /— ae ﬁ(«ﬂR O (1.3.47)
g = [ dzy/=g90) | 5 + 5, Ry | +O(). 3.

More details on the derivation of this result can be extracted from the discussion in
section 6.3.4 by turning off any fields that are not present here. The expression (1.3.47)
provides the counterterm action that one must add to (1.3.44) to render the on-shell
action finite. However, the above expression is not covariant so it does not respect bulk
diffeomorphisms. To obtain a covariant expression we must invert the field expansions
to obtain the expressions for the boundary values of the fields in terms of covariant
bulk fields that live on the cut-off surface B.. In terms of these fields, the covariant
counterterm action is

Set = — / d3zy/—~ ( +NR>, (1.3.48)

and the renormalised on-shell action is

Sren = lg% (Sreg + Sct) . (1.3.49)

Varying this expression with respect to the sources of the fields, i.e. g();; and A(O)

obtain the one point functions of the dual operators,

8Sren = | dz\/~g(0) ( <TJ>5g0),]+<J1>5A<O>> (1.3.50)

where
(TV) = 3e2gzg), (J") = Al@. (1.3.51)

Moreover, using the divergence equations (1.3.23) and (1.3.24) we obtain the Ward iden-
tities associated with boundary Weyl and U(1) transformations

7o) (T} + <JZ> F =0,
D(O)Z (J) = (1.3.52)
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So far we have only studied the asymptotic behaviour of the bulk fields but the vacuum
expectation values of the operators remain undetermined. In order to find the explicit
expressions for the vevs we must solve the field equations everywhere in the bulk, pro-
viding initial and final data for the fields to obtain unique solutions. We do not carry out
this analysis here and instead we study a known solutions of the action (1.3.13), namely

the 4 dimensional AdS Reissner-Nordstrom black hole or black brane.

1.3.3 AdS Reissner-Nordstrém Black Brane

The simplest solution to the equations of motion (1.3.14) is obtained by setting the gauge
field equal to zero. In this case the spacetime is empty AdS and its metric is

62
ds® = = (—dt? + dz* + d7?) . (1.3.53)

This is already in the Fefferman-Graham gauge with g;;(x, z) = 7;;. Moreover, A;(z, z) =
0. It follows that the dual field theory has vanishing stress-energy tensor and U(1) cur-
rent, as one would expect.

A more interesting solution is the static planar AdS Reissner-Nordstrom black hole or
black brane for which the metric and gauge field are given by

0 dz?
2 _ Y ([ 2 =2
ds > ( f(z)dt” + ) + dz )
3 4 2,2
1 _asc 2% _ 2 2 _ *pt
A(2) = (1 - Z) . (13.54)
zh,

The parameters M and () are related to the ADM mass and the charge of the black brane
and zj, is the position of the horizon. For the dual field theory to be at finite charge
density, the time component of the gauge field must have a non-trivial profile. Here we
are interested in dual theories that preserve rotational symmetry in the spatial directions
and therefore A, = A, = 0 and A; = A;(z). Moreover, A; vanishes at the horizon in
order for A;dt to have finite norm. As we will see below, the parameter x corresponds to
the chemical potential of the dual theory and /2, the coefficient of term proportional
to z, to its density.

We proceed with the computation of the temperature and entropy density of the black
brane which are identified with the corresponding quantities of the field theory. We
then study the asymptotic behaviour of the bulk solution by expressing the fields in the
Fefferman-Graham gauge and identify the one point functions of the dual operators.

Finally, we review the thermodynamics of the dual field theory.
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Temperature and Entropy

The temperature of the black brane can be computed by Wick rotating the metric and
then studying the near horizon limit of the resulting Euclidean metric. The Euclidean
metric has a conical singularity at the horizon unless the Euclidean metric is period. Its

period is identified with the inverse temperature.

The four dimensional Euclidean AdS Reissner-Nordstrém black brane, obtained by Wick

rotating the metric (1.3.54), is

d 2
ﬁi) 1 22472 (1.3.55)

To study the near horizon region we introduce the radial coordinate p given by

ds? = f(z)dr? +

2
2=z, (1 . &(3 - QQ)) . plzn) = pn = 0. (1.3.56)

To lowest order in p the metric is given by

3 _ 232 €2
ds® = #;ﬂd# +dp? + —dz. (1.3.57)

4z zj,
This has a conical singularity at p = 0 unless 7 is periodic. Its period is identified with
the inverse temperature 3 = 1/T. To find the period we rescale 7 to ¢ = 7(3 — Q?)/2z},.

Then the (7, p) surface becomes
ds? = dp? + p?de?. (1.3.58)

Upon imposing periodicity, ¢ ~ ¢ + 2, this is a plane in polar coordinates. In terms of
7 this implies that A7 = 2 (225, /(3 — Q?)) = 8 and hence

1
 Adwz,

(3-0Q7%). (1.3.59)

Having found the temperature of the black brane we proceed with the calculation of its

entropy which is given by the Bekenstein-Hawking formula,
S =4rAy (1.3.60)

where A, is the area of the horizon. Recall that we are using units in which 167G = 1.
For a planar black holes the area of the horizon is infinite and therefore we compute the
entropy density instead, given by S/V;_1, where V;_; is the area of the transverse space.
Then, from (1.3.54) it follows that p

5 =4n—. (1.3.61)

Zh

According to the AdS/CFT dictionary the temperature (1.3.59) and entropy density (1.3.61)
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are identified with the temperature and entropy density of the dual field theory.

Field Theory Expectation Values

Next we holographically compute the expectation values of the stress-energy tensor and
U(1) current of the dual field theory. We do this by making use of the general expres-
sions derived previously relating the one point functions of the field theory operators
to asymptotic expansions of the bulk fields. In particular, we found that

(T9) =3Cgh,  (J) =4 (1.3.62)
where gg) and A’C) are obtained from the asymptotic expansion of the bulk fields written
in the Fefferman-Graham gauge. To express the metric in the Fefferman-Graham gauge

we need to perform a coordinate transformation z = z(r) satisfying

£2
g22d2* = —dr? (1.3.63)
T

under which the original metric takes the form

Y2 o
ds? = = (dr? + gij(z, r)da’da?) . (1.3.64)

To derive this transformation we consider a series expansion for z(r)>,

2(r) =7 (1 + arr + agr® + agr® + asr* + O(r?)) (1.3.65)

and solve order by order in r. Note that the boundary is located at » = 0. From the z(r)
expansion we compute dz? and g,.dz? in terms of r and dr,

dz® = (1+4ra; + 2r® (2af + 3az) + 4r° (3a1az + 2a3) + O(r')) dr?, (1.3.66)

2 M
g-.dz? = 3 <1 +2ra; + 12 (—a% + 4a2) + 73 <z3 — 2a1a9 + 6a3) + O(T4)> . (1.3.67)
h

Requiring that the right hand side of this expression agrees with the g,, component of
the Fefferman-Graham metric (1.3.64) a; = 0, a3 = 0 and a3 = —M /62,?;. To determine
more coefficients in the z(r) expansion we need to go to higher orders in r. In particular,
to order O(r%) we obtain

M Q7

Z(T) =T <1 — 7’3@ +r % + O(TE))) ) (1368)

°z(r) is independent of the transverse coordinates z since the original metric has no = dependence.
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2M 3Q2
2
gi=| 0 10|+ 0 g0 [t 0 = 0 400,
M _Q?
0 01 0 0 323 0 0 4z}
(1.3.69)
and .
M
At:,u,<1—r—|—r4+0(r5)). (1.3.70)
zn 2z, 6

Comparing these expressions to the definitions of the one point functions of the dual
operators (1.3.62) we obtain (7%) and (J*),

2M
2 00
(T9)=31 0 3% 0
M
in _ [ M
(J') = (,0,0,0) ) (1.3.71)
Zh

The (T%) component of the stress-energy tensor is related to the energy density of the
field theory,

M
z
h

and the time component of the U(1) current is the charge density of the field theory,

o=H. (1.3.73)

Zh
From the discussion of the grand canonical ensemble and in particular from equa-
tion (1.3.10) we know that in the field theory Lagrangian the charge operator is coupled
with the chemical potential. Moreover, from the AdS/CFT dictionary we know that the
source that couples to J* and p is given by the leading asymptotic term of the gauge field,
namely AZ(O). Hence, we conclude that AEO) is indeed the chemical potential of the dual
field theory.

Another way of computing the charge density is to vary the thermodynamic potential
of the theory with respect to . In terms of bulk quantities, the potential is given by the
Euclidean renormalised on-shell action. Using the general results obtain above for the
counterterms and including the Gibbons-Hawking term, the thermodynamic potential
of the dual theory is

£2 MQ
Zp 4Zh

where the inverse temperature § comes from integrating over one Euclidean time cycle
and V, = [ dazdy which is formally divergent. This can be resolved by compactifying
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these directions or by working with local densities obtained by dividing by V,. Accord-

ingly, the corresponding density w is defined as YW/Vs and the charge density is
ow 7

=__— = 1.3.75

P 8M T'=const. Zh ( )

in agreement with our previous result. Similarly, the entropy density can be computed

by varying w with respect to the temperature while keeping the chemical potential fixed.

The result obtained using this method is identical to the expression for the Bekenstein-

Hawking entropy computed in the previous section. Using all the above expressions it

is easy to verify that
w=¢e¢—Ts— up. (1.3.76)

Moreover, we can compute the pressure of the system by varying the total energy £ =
eV with respect to the volume Vs, keeping the total entropy S = sV, and total charge
Q) = pV» fixed. From the expression from ¢ we have

g_i S3/2 N €Q2\/7T.
RRTEETEN  RN

where we inverted the expressions for S and @ to obtain (.S, @) and z(.5, @). Then the

1.3.77)

pressure is

oE 1 832 0Q? 2 2
p_9%| _= L evr S+ (1.3.78)
V2 15,Q 8¢ 7r3/2V2\/ Vo 2\/§V2\/V2 z;, 4z,
Note that w = —P and, furthermore,

e+ P =Ts+ pp. (1.3.79)

This last expression is the Gibbs-Duhem relation.

This concludes our introduction of the AdS/condensed matter theory (CMT) dictionary.
To summarise, we studied the Einstein-Maxwell action with negative cosmological con-
stant which provides the necessary building blocks for the dual field theory to be at finite
temperature and charge density. In terms of statistical field theory, this dual theory can
be studied using the grand-canonical potential. We demonstrated how this can be ob-
tained from a bulk calculation; it is simply the renormalised Euclidean on-shell action.
Moreover, we computed the expectations values of the stress-energy tensor and U(1)
current of the quantum field theory and deduced the charge and energy densities of the
theory. Finally, we studied some of the thermodynamic properties and relations of the
dual theory by combining all the results from the bulk calculations.

This example is a warm-up exercise for chapter 6 where we repeat this analysis for a
more complicated setup that includes, in addition to gravity and the gauge field, massive
and massless scalar fields with non-trivial couplings to the gauge field. In analogy to
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what was done here, we first study the theory in full generality by expressing the fields
as asymptotic expansions with undetermined coefficients. The results obtained are then
applicable to any specific solution. In chapters 7 and 8 we apply the general results to

three analytic solutions of the general theory.

1.4 Concluding Remarks

In this chapter we reviewed the basic elements of the AdS/CFT dictionary and then ap-
plied them to the holographic study of a simple condensed matter system. More specif-
ically, in section 1.2 we established the relation between fields in AdS and operators in
the dual field theory and demonstrated how one finds the expectation values of the field
theory operators from semiclassical supergravity calculations in the bulk (1.2.3). This in-
volves holographically renormalising the bulk on-shell action in order to treat infinite
volume IR divergences which are related to UV divergences of the field theory (1.2.4). The
one-point functions of the dual operators are then obtained through functional differ-
entiation of the renormalised on-shell action with respect the respective sources. This
calculation was carried out explicitly for a scalar field in the Poincaré patch of AdS;41
which is dual to a scalar operator in a flat background. Although the calculation did not
rely explicitly on the signature of the metric, we saw that Lorentzian AdS requires spe-
cial treatment due to its causal structure. In particular, the unique determination of bulk
fields requires that, in addition to the usual boundary conditions, we specify initial and
/or final conditions for the Lorentzian fields. The procedure for obtaining these initial
and final conditions was the subject of section 1.2.5 which concluded our introduction
to the AdS/CFT dictionary.

The remaining of the chapter was dedicated to the application of AdS/CFT to condensed
matter systems with particular focus on the derivation of the thermodynamics of the
field theory from bulk calculations. In section 1.3.1 we briefly reviewed the thermody-
namics of field theories at finite temperature and charge density. This review revealed
the power of the thermodynamic potential and motivated the use of gauge/gravity du-
alities for the study thermal field theories since they provide a straightforward way to
compute the thermodynamic potential. In section 1.3.2 we studied the Einstein-Maxwell
theory in 3+1 dimensions which admits solutions dual to field theories at finite charge
density and temperature. We first solve the equations of motion for the gauge field and
metric near the conformal boundary and computed the renormalised on-shell action
and one-point functions of the dual operators, namely the stress energy tensor and the
conserved U(1) current. This calculation was performed in full generality. In particu-
lar, we did not specify the boundary and initial and final conditions for the fields and
therefore the solutions obtained were in terms of arbitrary coefficients that appear in
the asymptotic expansion of the fields. These coefficients are determined in the next
section, 1.3.3, where we considered a known solution to this theory, namely the AdS

Reissner-Nordstrom black brane. Having an analytic solution allowed us to compute
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the temperature, entropy density, energy density and charge density of the dual theory
as well as the expectation values of its stress energy tensor and conserved U(1) current.
Moreover, the renormalised on-shell action evaluated on this solution provided us with
the grand canonical potential for the field theory. As a final exercise we used all the field
theory quantities we computed to study the thermodynamics of the dual field theory.

The rest of the thesis is dedicated to the further development and application these con-
cepts. It consists of two distinct parts. The first part addresses the question of how one
can holographically construct excited field theory states and it follows [1]. The construc-
tion of such states is only possible in Lorentzian AdS/CFT and it requires the use of the
real time gauge/gravity dictionary introduced in section 1.2.5. In this thesis we focus on
a simple example: a field theory state that to leading order in the large N limit can be
described by a scalar field in a fixed AdS background. For our construction we make use
of the in-in field theory contour which corresponds to an AdS manifold consisting of
two half Euclidean balls and two Lorentzian cylinders sandwiched between them. Our
analysis demonstrates that the excited field theory state O |0), where O is the scalar op-
erator dual to the bulk scalar field, is created by turning on sources for the bulk scalar in
the two Euclidean caps. We show this explicitly for global AdS3 in chapter 3 and for the
Poincaré patch of AdS3 in chapter 4.

The second part of the thesis is an application of the correspondence to a class of the-
ories that admit planar black brane solutions that can carry electric and/or magnetic
charges and can be supported by two types of scalar fields. The scalars are a set of axion
fields and a scalar with a running profile. Both types of scalars are neutral in the theories
we study. The axion fields admit a linear profile in the spatial boundary directions and
are constant along the radial direction. As we will see in chapter 6 these are O-forms
that carry magnetic-like charges. As such, they are primary hair and their charge enters
in the first law of the dual field theory. Moreover, it was shown in [31, 32] that fields
with this profile break translation invariance in the dual theory and lead to momentum
dissipation and finite DC conductivity when the scalar fields are charged. In contrast,
the scalar with the running profile corresponds to secondary hair and there are no con-
served charges associated with it. However, as we will see, its mass is in the window
that allows for mixed and Neumann boundary conditions (see section 1.2.4). In chap-
ters 7 and 8 we study solutions for which the scalar satisfies mixed boundary conditions
and we find that they modify bulk the on-shell action and therefore the holographic
stress tensor, conserved charges and free energy of the field theory. By correctly im-
plementing these modifications in the first law we confirm that there are no charges
associated to this scalar field, as should be the case for secondary hair. From the field
theory perspective, mixed boundary conditions are associate to multi-trace deforma-
tions. This type of deformations introduce a new parameter in the field theory that can
be tuned to control the condensate of the corresponding scalar operator. We will see

that the phases of the theory are governed by this operator and therefore, this new tun-
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ing parameter can be dialled to move across different phases and change the theory.
For this reason we will refer to this field as the dialton. The main objective and outcome
of this part of the thesis is the development of the holographic dictionary for this class
of theories and the correct identification and derivation of the conserved charges and
thermodynamic properties and it follows [2]. The theory is first solved in full generality
in chapter 6 and the results are then applied to specific solutions whose analytic form

is known in chapters 7 and 8.

The remaining of the thesis is organised as follows. We begin by discussing the holo-
graphic construction of excited field theory states in part I. In chapter 2 we formally
introduce the question that we set out to answer, namely how can we holographically
construct CFT states of the form O |0) where O is a scalar operator. We then proceed
to answer this question for global AdS3 in chapter 3 and for the Poincaré patch of AdS;
in chapter 4. We conclude this part of the thesis with the summary of the results in
chapter 5. The second part of the thesis focuses on the a class of four dimensional
Einstein-Maxwell theories which carry axionic and magnetic charges and can support
an additional running scalar field satisfying mixed boundary conditions. In chapter 6
we introduce this class of theories and discuss the features of the solutions we are in-
terested in. We then proceed to perform the holographic analysis of a generic solution
possessing these features and develop the holographic dictionary as well as the ther-
modynamic properties of the dual theory. These results are used to study solutions to
two theories that explicit realisations of the class of theories we are interested in. In
particular, we discuss the thermodynamics properties and dynamical stability of both
bold and hairy solutions to these theories, as well as phase transitions between them.
This is done is chapters 7 and 8.
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Holographic Construction of Excited
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Chapter 2

General Discussion

2.1 Real time holography

A central question in holography is how the bulk is reconstructed from QFT data. The
first part of this thesis will address a simpler question:“what is the bulk dual of a CFT
state?” While it has been clear since the early days of AdS/CFT that normalisable bulk
solutions are related to states [33], a precise construction of a bulk solution given a state

has not been available prior to [1] on which this part of the thesis is based'.

The construction is an application of the real-time gauge/gravity dictionary [28, 29] dis-
cussed in section 1.2.5 and it can be applied to any state that has a (super)gravity descrip-
tion. We will however focus on a simple example: a state that to leading order in a large
N limit can be described by a scalar field in a fixed AdS background. An additional mo-
tivation for studying this example is that the bulk solution appeared also in related work
[40]. That paper was part of a bigger program where an attempt is made to reconstruct
bulk operators from boundary data [41, 42, 43, 44, 45, 46] (see also related work [47, 48, 49]).
We will return to this in the next section where we give a brief overview the general for-
malism used in these works. Once we have performed the reconstruction for specific
cases, we shall return again to this matter and discuss similarities and differences with
that work.

In chapter 1 section 1.2.4 we studied the asymptotic behaviour of a massive scalar in
AdS. Let us briefly revisit the subject and use it as a stepping stone to review what is
known about bulk reconstruction starting with a scalar field in a fixed background and
in Euclidean signature. It is well known that a field ® of mass m? = A(A — d) in AdSz,1

is dual to an operator Ox of dimension A. The bulk field has an asymptotic expansion

! A related question that received more attention over the years is the converse: given a bulk solution
with normalisable asymptotics what is the dual state? For such solutions, the leading order asymptotic be-
haviour of the solution is related with the 1-point function of the gauge invariant operators in a state and
from the 1-point functions one may extract information about the dual states. Examples of such computa-
tions include the computation of 1-point functions for the solutions corresponding to the Coulomb branch
of N'= 4 SYM [34], the 1-point functions for the LLM solutions [35] in [36] and 1-point functions for fuzzball
solutions [37, 38, 39].

43
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of the form [19]
O(r,z) = 112y (@) + - + 1 logr*Pa_a) (x) + T2 dpa—g(@) + ... (2.11)

where r is the holographic (radial) direction and = denotes the collective set of boundary
coordinates. ¢g)(z) is the source for the dual operator and ¢a_q)(7) is related to the
1-point function,

(Oa) = 2A —d)poa—q)(7) + X (90)), (21.2)

where X () is a local function of the source ¢y (whose exact form depends on the
bulk theory under discussion). ¢ (z) and ¢2a_q)(x) are the only two arbitrary coef-
ficient functions in the above expansion. All subleading terms down to r® (including
Y2a—q) but not ¢ua_qy(z)) are locally related to ¢g)(z) and similarly all terms that ap-
pear at higher orders can be determined in terms of ¢(g) and ¢2a_q)(z). Thus, given the
pair (¢()(z), d2a—a)(x)) one can iteratively construct a unique bulk solution. A differ-
ent (non-perturbative) argument for uniqueness is to note that the 1-point function is
the canonical momentum 7 in a radial Hamiltonian formalism [23] and by a standard
Hamiltonian argument, specifying a conjugate pair (¢(g), 7a) uniquely picks a solution
of the theory. This argument however does not tell us whether the solution is regular in
the interior. Indeed in quantum field theory, the vacuum structure is a dynamical ques-
tion: in general one cannot tune the value of (Oa). The counterpart of this statement is
that a generic pair (¢(g), 7a) leads to a singular solution? and it is regularity in the interior
that selects (Oa).

In Lorentzian signature new complications arise as we discussed in section 1.2.5. As
we saw, in the bulk boundary conditions alone do not determine a unique solution:
Lorentzian AdS is a non-hyperbolic manifold. Indeed, there exist normalisable modes
which are regular in the interior and vanish at the boundary, leaving the boundary data
unaffected.

On the QFT side, there are related issues. While in Euclidean signature there is only one
type of correlator, in Lorentzian signature, there are multiple types of correlators (time-
ordered, Wightman functions, advanced, retarded, etc.). In addition, one may wish to
consider these correlators on non-trivial states (such as thermal states, states that spon-
taneously break some symmetries, general non-equilibrium states). All of this data may
be nicely encoded by providing a contour in the complex time plane and considering
the path integral defined along this contour. Different types of correlators and different
initial/final states are encoded by operator insertions along this contour. This is known
as the Schwinger-Keldysh formalism [26, 50, 51, 27].

In section 1.2.5 we saw how this formalism can be extended to AdS/CFT. In particular,

the bulk version of this formalism dictates the gauge/gravity duality acts in a piece-wise

“Some of these pairs do not correspond to QFT data at all while others are singular in supergravity but
they would be regular in string theory. It is not currently known how to distinguish between the two cases.
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Figure 2.1.1: In-in time contour (left) and corresponding AdS manifold (right). The man-
ifolds labelled by L are empty Lorentzian AdS and those labelled by E are empty, Eu-
clidean AdS.

fashion on the various parts of the time contour and appropriate matching condition are
imposed at the corners. More specifically, real time pieces of the contour are associated
with Lorentzian AdS manifolds, imaginary time pieces with Euclidean AdS manifolds
and the matching conditions require that the fields and their conjugate momenta are
continuous across the different manifolds. In this way, the initial conditions are traded
for boundary condition in the Euclidean parts of the spacetime. In this formalism, im-
posing boundary conditions on the entire bulk manifold, uniquely specifies the bulk

solution, as in the Euclidean case.

This is a general method that may be used to study correlation functions in general non-
equilibrium states. In this paper we will use it to construct a bulk solution that corre-
sponds to an excited CFT state. By the operator-state correspondence any such state

may be obtained by acting with scalar primary operators O on the CFT vacuum,
|A) = Oal0). (2.1.3)

In the Schwinger-Keldysh formalism, in-in correlators in this state may be obtained by
considering the in-in contour C on the left panel of Fig. 2.1.1. On the gravity side we
consider the manifold corresponding to the in-in field theory time contour shown in
the right panel of figure 2.1.1. The operator O corresponds to a massive bulk scalar
field and we will solve the scalar field equation in all four parts of the bulk spacetime.
The boundary conditions we use are sources turned on in the two Euclidean manifolds
,ie ¢)(z) # 0for x € OF where JF the boundary of the Euclidean manifolds. In
the Lorentzian manifolds we want purely normalisable solutions so we set the sources
equal to zero, i.e. ¢(r) = 0 for x € OL where JL is the boundary of the Lorentzian
manifolds.
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Figure 2.2.1: In-in complex time contour with operator insertions at t = 0 = ie.

2.2 Quantum field theory considerations

In this section we setup the problem using the Schwinger-Keldysh formalism. Let us
denote by ¢g) the source that couples to Oa. We would like to compute expectation
values in the state |A) = Oa|0), inserted at ¥ = ¢ = 0. To realise this set up we consider
the contour shown in Fig. 2.2.1. We insert the operator Oa at small imaginary distance
9 = —catt = 0and at 3 = e at to = 27T, where 7y, t1,t2 and 73 are contour times
in the four segments. In complexified time the insertions are at ¢ = 0 + ie and t =
0 — de. Performing the Euclidean path integral over the imaginary part of the contour
provides the initial and final conditions for the Lorentzian path integral. Altogether the

path integral under consideration is

Z [¢(0);C] = / [D¢] exp [i/cdtdd_ll“\/g(o) (Lorr + ¢0)(2)Oa(x)) (2.2.1)

If we compute this path integral for general ¢g)(z) and then differentiate w.r.t. (;SZB) and
qﬁ(_o), where q%) = ¢(0) (04, 6) and 0+ = 0 =% i¢, and then set to zero the sources in the
imaginary part of the contour, the resulting expression will be the desired generating

functional of in-in correlators in the state |A).

In later sections we will construct the gauge/gravity analogue of (2.2.1). Corresponding
to ¢ (o) there is bulk scalar field ® and the best we can currently do holographically is
to construct (2.2.1) perturbatively in the bulk fields (or perturbatively in a large N limit,
see below). Correspondingly we will consider the source ¢(g) () in the imaginary part
as being infinitesimal, with the product of the two sources at the same point set to zero,
(¢0)(x))* = 0, so that we generate a single insertion. If we relax this condition we will
generate states that are superpositions of the states associated with “single trace” and
‘multi-trace” operators. The path integral (2.2.1) with ¢)(z) infinitesimal also contains
terms linear in the sources which would not contribute if we were to differentiate w.r.t.
both gbz{)) and gb(’o). However, these linear terms still provide a non-trivial check that we
are constructing holographically the correct path integral and as such we will consider
them in detail.
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Let O; be gauge invariant operators. Their 1-point function is given by

(O4(t, 7)) = / [D¢] O;(t, ¥) exp [— i/dtldd_lf/\/—g(m (Lorr
c
+ %) (ajl)(')A(x’)> } : (2.2.2)
Expanding in the sources we obtain

(O;(t, @) :Q%) (0|OA (04, 6)O¢(t, 7)]0) + ¢&)) (0|05 (t, B)Oa(0_, ()’)’0>
+ 80)9(0) 00104 (04, D) Oi(t, ) O (0, 0)|0). (2.2.3)
=05 (BI0i(t, )[0) + &g (0|Oi(t, T)|A) + &) b (AlOi(E, T)|A)

Note that the correlators that appear here are all Wightman functions, as can be seen
from the time contour. The expectation value of O; in the state |A) appears in the terms
quadratic in the sources. As mentioned above, we kept the terms linear in the sources
because these terms may be used as a non-trivial check that we construct the correct
path integral.

If we linearise in the sources then only the contribution of the first line of (2.2.3) survives.
This corresponds in gauge/gravity duality to linearising the bulk field equations. In this
case the 1-point function is related to the 2-point function at the conformal point. Since
2-point functions in CFT are diagonal then the only operator that has a non-zero 1-point
function is precisely the operator associated with the excited state

(Oa) #0, (0;)=0 (linear approximation). (2.2.4)

This implies that if we want to work out the linearised bulk solution dual to the state |A),
it suffices to only consider the bulk field that is dual to the operator O, in a fixed AdS
background.?

This is no longer the case if we consider the full field equations, as now the second line
in (2.2.3) is also relevant and

(Oa) # 0, (0;) #0, (2.2.5)

for all operators O; that appear in the OPE of O with itself (so that the 3-point function
in (2.2.3) is non-zero). This implies that the bulk solution will now include all bulk fields

that are dual to these operators. In particular, the energy momentum tensor 7;; appears

3Note that if we set ¢Z)) = d)(_o) = ¢(0) (With ¢(o infinitesimal) and the bulk action is quadratic in ® so
that the linear approximation is exact, the bulk solution would have the interpretation as being dual to the
state |0) + ¢(0)|A). In this paper we are taking the view that the bulk action contains interaction terms and
the linear approximation is the first step towards constructing the full solution perturbatively. From the
full solution one may extract the in-in correlators in the state |A) by computing the renormalised on-shell
action and keeping the terms proportional to ¢?6>¢(_0>.
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in the OPE so one can no longer ignore the back-reaction to the metric.

The CFTs that appear in gauge/gravity duality admit a 't Hooft large N limit and one may
also use the large N limit to organise the bulk reconstruction. In particular, if we nor-
malise the operators such that their 2-point function is independent of N, then 3- and
higher-point functions go to zero as N — oo. With this normalisation, the first line in
(2.2.3)is the leading order term in the large N limit. We would like to emphasise however
that with this normalisation not all 1/N? terms correspond to non-planar corrections

(quantum corrections in the bulk).

An alternative normalisation is to normalise the operators such that all connected n-
point functions scale as N2 to leading order (i.e. computed using planar diagrams). With
this normalisation all 1/N? corrections are associated with non-planar diagrams. In
AdS/CFT this normalisation is known as the “supergravity normalisation”: all leading or-
der factors of N come from Newton's constant and 1/N? corrections are due to quantum

corrections (loop diagrams).

Either way the leading order construction of the bulk solution dual to a state is universal
while the higher order terms depend on the CFT under consideration. In this paper we
will discuss in detail the universal part of the construction. The method can be readily

extended to higher order once the CFT input is given.
To keep the technicalities at the minimum we will discuss the case of 2d CFT either on

R x S! (with coordinates (¢, ¢)) or on R'! (with coordinates (¢, r)) and we set the source
equal to one, qb(io) = 1. For a CFT on R x S! the 1-point function in the first line in (2.2.3)

then gives,
C C
(Oalt: $))exc = (cos(t — i€) — cos )2 + (cos(t + i€) — cos @)A’ (2.2.6)
while for a CFT on R!'! we obtain
C C
(Oa(t, d))exc = (2.2.7)

=P+ 28 T Clti+ 28

where we have used the subscript “exc” to emphasise that these are the 1-point functions
in the excited state. C' and C' are the normalisations of the 2-point functions in the two
cases?. The bulk solution dual to this state in global AdS should reproduce (2.2.6) while
the bulk solution in Poincaré AdS should yield (2.2.7).

2.3 Bulk Reconstruction from Boundary Data: A Brief Overview
of the Existing Work

As was mentioned already, there exists a series of papers on the reconstruction of bulk

fields in Lorentzian AdS from their boundary values. These papers have a different fo-

% Actually, since R x " and R"' are conformally related one may relate (2.2.6) and (2.2.7) and then
C =2%C[29].
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cus from the work presented here. Their results and claims are, however, tangentially
related to our work, and therefore, we dedicate this section to reviewing the formalism
and language used there. Once again we will consider the simplest case of the free mas-
sive scalar field ®(r, ), propagating in AdS,;; without backreaction. The field is now
in Lorentzian AdS and there are no Euclidean segments in the manifold. Immediately
one should worry that this does not lead to a well posed problem since, as we have
mentioned, Lorentzian AdS is a non-hyperbolic manifold and one needs to provide ad-

ditional boundary conditions to uniquely determine any field.

Near the asymptotic boundary the field admits the series expansion given in equation (2.1.1)

O(r,z) = 112 (@) + - + 12 log r*Ya_a) (@) + 1 Pra_a) (@) + .. (2.3.)

d=A s the source for the dual

We already mentioned that ¢y (), the coefficient of r
operator Oa. If it is non-zero, the bulk field has a non-normalisable drop-off near the
boundary. However, the authors of the bulk reconstruction papers want to interpret the
bulk field as a bulk excitation. As such, it must be normalisable and, therefore, ¢ () is set
to zero. Then, the reconstruction camp postulates a relation between the operator in

the field theory and a local bulk operator ®(r, z) in the bulk,
é)(r, x) ~ r2O0A + ... (2.3.2)

This resembles the relation (2.1.2) which relates the bulk field with the same boundary
conditions imposed to the one point function of the dual operator. However, this is a
fundamentally very different statement. Note that the proportionality coefficient here
is not necessarily the one given in equation (2.1.2) as now we are not imposing the stan-
dard normalisation used when deriving it. Equation (2.3.2) can be inverted to get an
expression for Oa (z) in terms of &(r, z:),

Oa = lim r=2d(r, z). (2.3.3)

r—0

The main objective of the bulk reconstruction papers is to obtain an expression for

&(r,z) in terms of O (x), of the form
b(r,z) = / ' K (r, 2la')Oa(2). (234)

K(r,z|z') is referred to as the smearing function. According to their claim this is to be
interpreted as a one-to-one correspondence between local bulk operators, encoded
in ®(r, z), and non-local boundary operators, obtained by smearing the dual operators,
here O, over a subregion of the boundary. We postpone discussing this claim and
focus for now on the procedure by which one obtains a relation of the form of (2.3.4).
The first step is to solve the equation of motion for the bulk field. For a free scalar field
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the relevant equation is the massive Klein-Gordon equation,

1

Vial

where G, the AdS; 1 metric, G = det(G ). This can be solved in terms of a complete

(D) = m2) O(r,2) = 9, (\/|G\G“”6,,<I>(r, x)) —m2®(r,x) = 0, (2.3.5)

set of orthonormal modes Fj(r, z), each of which satisfies equation (2.3.5),
&(r,z) = /dk‘ arFy(r,x) + c.c. (2.3.6)

k is the set of eigenvalues labelling each mode and a,, are constant coefficients®. Equa-

tion (2.3.3) implies a corresponding expansion for Ox,
Op = / dk ay. fr(z) + c.c. (2.3.7)

where fi(z) = lim, o r®Fy(r,z). If the boundary modes fi(z) are orthogonal, it is
possible to extract the coefficients a;, from expansion for O (),

g (k) = / dz f ()Oa (), (2:398)

where g(k) accounts for the fact that the boundary modes are not, in general, nor-

malised. Substituting this expression for aj, into the ®(r, z) expansion one finds,

b(rz) = / dk [ / da’ f;((]f)) <0A(x’)>] Fi(r, )

/ da’ { / dk F k(r x)} Oa(2)). (2.3.9)

The first line implies the second only if the integral over z’ is convergent and one must

be careful in swapping the order of integration. Assuming the exchange is allowed and,

by comparing with equation (2.3.4), we read off the smearing function,

1

K(r,x|2) = /dk —— (2" Fy(r, x). (2.3.10)
g(k)

The integral in equation (2.3.10) is not always convergent and it requires appropriate ie

insertions or an analytic continuation in the boundary coordinates in order to converge.

In the first part of this thesis we shall perform a similar construction of bulk fields. Our
main objective in doing this is to find the bulk dual to an excited field theory state. How-
ever, as a bi-product, we obtain a method for performing the reconstruction outlined
here. The main difference is that, in addition to the boundary data encoded in the one
point function of the dual operator, namely (Oa), we also provide initial and final con-

ditions, as was explained above. The latter are necessary for the uniqueness of the bulk

*If the eigenvalues k are discrete, as is the case for global AdS, the integral is replaced by a sum.
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solutions, something that is not addressed in by the bulk reconstruction camp. Further-
more, since the initial and final conditions are imposed by complexifying the manifold,
one expects that the ie insertions and the analytic continuations necessary to make the
integral in equation (2.3.10) convergent, should arise in a natural way, rather than being
added by hand. We return to this when we perform explicit reconstructions for global

AdSsg41 in chapter 3, and for the Poincaré patch of AdSs4; in chapter 4.

This first part of the thesis is organised as follows. We begin by solving the bulk equa-
tions of motion for the scalar field in AdS, both for the Lorentzian and Euclidean sig-
nature, and impose the boundary conditions discussed above. We then use the result
to confirm that the bulk solution obtained represents the field theory state discussed in
section 2.2. In particular, the asymptotic behaviour of the bulk field is related to the one-
point function of the dual operator, as we discussed above. By obtaining this expression
and comparing it with the expected field theory expression, we conclude that the bulk
solution indeed represents the state it should. In chapter 3 we discuss the construction
of the solution dual to a state of a two dimensional CFT on R x S!, while in chapter 4
we solve the same problem for a CFT on R, We conclude in chapter 5, where we also

discuss further the relation with the work of the bulk reconstruction camp.
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Chapter 3

Global AdS

This chapter is dedicated to the construction of bulk scalar field solutions that are dual
to the state |A) = Oa|0) of a CFT on R x S! (see chapter 2). In order to perform the
construction to linear order in the sources, it suffices to consider a free scalar ® of mass
m? = A(A—2) in global AdS - this field is dual to the operator Oa. We will take A = 1+1
withl=0,1,2,..., as this is the case in most models embedded in string theory, though
the results hold for any A > 1 with minimal changes. We will also set 1/167Gn = 1,¢ =
1, where G is the three dimensional Newton constant and ¢ is the AdS radius.

The appropriate spacetime shown in the right panel of Fig. 3.0.1, with the Lorentzian
pieces, labelled by L, being global Lorenzian AdS spacetimes and the Euclidean ones,
labelled by E, their Wick rotated version. The left panel shows the corresponding quan-
tum field theory time contour. It is an in-in time contour with operator insertions along
the imaginary time axis.

The real-time gauge/gravity prescription instructs us to solve the field equations of the
scalar @ in the four different parts of the spacetime and then match them. Since we are
only aiming at constructing the leading order universal part, it suffices to solve the free

field equations.

3.1 Lorentzian Solution

The metric for global AdS,; and for Lorentzian signature can be written as

dr?
1472

ds? = —(1 4+ rH)dt* + + r2d¢?. (3.1.1)
In these coordinates the conformal boundary of AdS is at  — oo. The field equation
describing a massive scalar field propagating in this background without back-reaction
is given by

1+ 3r 1

1
<(1 +1r%)02 + 0, - 7 n rzaf + 728; — m2> d(t,r,¢) = 0. (3.1.2)

53
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Figure 3.0.1: In-in time contour (left) and corresponding AdS manifold (right). The man-
ifolds labelled by L are empty Lorentzian AdS and those labelled by E are empty, Eu-
clidean AdS.

Substituting the solution ansatz
e Wk £ ko) (3.1.3)

one finds that f(w, k, ) satisfies

2 2
0=(1+7)f"+ El 1f - <k — r;jr Cm )f (3.14)

where the prime denotes a derivative w.r.t. r. The solution of this ODE is given in terms
of a hypergeometric function,

f(w, k, 7“) = kal(l + T2)w/2r|k| 2F1 (d)kl,wkl — l; ’k‘ + 1; —7“2) (3.1.5)

wherel = A -1 ={0,1,2,...}, A = 1 +V14+m2 Oy = (w+ k| +1+1)/2, k €
Z,w € Rand Cypr; = (I'(wp)T' (01 — w))/((I — 1)!|E|!). The normalisation constant has
been chosen to make the coefficient of the leading order term in the near boundary
expansion of f(w,k,r) equal to 1. Note that f(w,k,r) = f(w,—k,r) = f(w,|k|r) and
flw,k,r) = f(—w, k7).

Near the conformal boundary the solution admits the following series expansion in r,
flw,kl,r) =rt e a(w, K] D) [In(r?) + B(w, B[, D] + ... (3.1.6)
where

a(w, |kl,1) = (3.1.7a)

(@1 — D@ — [k = D
I (—1)

Bw, [k],1) = =Y(wr) — (@ — 1 — w). (3.1.7b)

From this expression we see that the modes have simple poles in the w plane which
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-1

appear at normalisable order, i.e. at 7/~ = r=2. Thus, by integrating over w, in the

absence of sources, we obtain the normalisable modes.

The poles of f(w, k,r)areatw = wi[k = +(2n+|k|+1+1), n € N. This is not immediately
obvious. Based on the digamma functions alone one expects the poles to occur at w =
—(2n+|k|+1+1) (poles of ¢(wy;)) and w = 2n+ |k| + 1 — I (poles of ¥ (wy; — I — w)) for n =
0,1,2,.... However, a(w, |k|,1) has simple zerosatw = 2n+ |k|+1—1,n =0,1,...,1—1
which cancel some of the simple poles of 1(iy; — | — w) leaving only the ones at w>;. It

follows that near the conformal boundary the normalisable modes are given by

g(wnkvlk‘vr) ! % dwf(wv‘kLT)

T4 "
-t ot — Ui (W — |k| =1
:ilwi?i ﬁn;jw {non—norm. term + G )ll!((lwfll)!‘ ) (ln(TZ)

—Y(@Op) — YO —w —1)) + ...

1 (At [k 1)(n 1)
—7_[_7‘ A — 1)) + ... (3.1.8)

where the contours are defined clockwise for the poles atw’, and counterclockwise for
poles at w_, such that g(w,, |k|,r) = g(w,,|k|,r). Combining this result with equation
(3.1.5) allows us to extend the normalisable modes to finite r,

SCESES (n+1)(n+|k|+ 1)
-1t

1
g(wnk, |k|,r) =— r'kl(l + r2)
T

1

Details of how this result is obtained are presented in appendix 3.A

Then, a normalisable Lorentzian solution has the form

o
Qp(t,r,0) = Z Z (bnk ekt iko 4 blk e_iw;kt_ik(b) g(wnk, |k|,7), (3.1.10)
kEZn=0

where b, and bILk are arbitrary coefficients, to be determined from the matching con-
ditions.
3.1.1 Euclidean Solution

The metric for global AdSsy; and for Euclidean signature can be obtained from the
Lorentzian one, (3.1.1), by Wick rotation, ¢ = —ir. Similarly, one may obtain the Eu-

clidean solutions by analytically continuing the Lorentzian modes,

e_wT+ik¢f(w, k, ’I”) =C ki e—wr—f—ikqﬁ(l + r2)w/2r|k|

o Fy (Wpy, g — U | k| + 1, —7"2). (3.1.11)
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In accordance with our choice of boundary conditions, the general solution in the Eu-
clidean caps requires that we turn on a source ¢g)(7, ¢) on the boundary. Since we are
working with momentum modes, we need to express the source in momentum space.
For a general source P 0) (7, ¢) with support on the boundary of the past Euclidean cap
and away from the matching surface at 7 = 0 we have

2T 0
Doy (W, k) = / do [ dr ew—”%(—o) (1, 0) (3.1.12)
0 —00
Since the range of 7 is over the half real line only, it is natural to use Laplace rather than
Fourier transforms. For the past Euclidean cap, 7 runs from —oo to zero. When we treat
the future Euclidean cap, the range of integration for 7 is over the positive half line, from

zZero to +oo.

Using the momentum space expression for the source, the most general solution in the
past Euclidean cap is

Dy(rr6) =1 222 [ o b o

—100

+> Z d e kTR0 g w e k) (3.1.13)

keZ n=0

where g(wnk, |k|,7) is defined in (3.1.9). Notice that integration over w is along the imagi-
nary axis, as it should be for the inverse Laplace transform. The 1/472%i factor is required

for agreement with the definition of g(wy, |k, 7).

The second term in equation (3.1.13) is included to make the solution as general as pos-

sible. It behaves as r 1

near the boundary and it decays exponentially as 7 — —oo so
it does not affect the asymptotic behaviour of the solution and, therefore, it can not be

excluded.

To explicitly see that the solution has a source term, recall that for large r, f has the
expansion in (3.1.6) and thus the Euclidean solution asymptotes to!

QL(r,r0) = 47r ; 2/ dwe™ WT+ik¢¢(_0)(w,k‘) +0(r'7?)

keZ
=g (1, ¢) + O(r'?) (3.1.14)

In our analysis we choose the source profile to be a é-function localised at (7, ¢) =
(—€,0),e>0,ie.
b0y (T:¢) = 0(7 + €)d(), (3.1.15)

which implies 9 0) (w, k) = exp(—we).

'Here we assume that the source admits a Laplace transform. This is true in particular if ¢ o) (w, k) can
be extended to a meromorphic function with no singularities for Re(w) > ¢, for some finite c¢. Here for
simplicity we take ¢ = 0.
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Figure 3.1.1: The integration contour for w for the past Euclidean cap.

The integral over w can be done explicitly close to the matching surface using contour
integration. Let the time in the past Euclidean cap be denoted by 7y and let —e < 79 < 0.
The latter ensures that we are close to the matching surface, located at 79 = 0. The
integrant contains the exponential factor e~“(7+¢) " Since 75 + € < 0, we close the w-
contour to the right, as shown in figure 3.1.1, such that Re(w) > 0. This ensures that the
integral around the semi-circular part of the contour vanishes when its radius is send
to infinity. According to the Cauchy residue theorem, we then pick up the contributions

from the poles at w = w, of the subleading terms of the expansion of f, obtaining

+ .
- +ik
(70,7, ) = ZZ( W, k)e wmTotike

keZ n=0
"’d;kefw;’“mﬂkq&) 9(wnk, k], ), (3.1.16)

where recall that the contour of integration around the w, poles was defined clockwise
which explains the sign of ®.

The analysis for the future Euclidean cap follows along the same lines. In particular,
denoting Euclidean time in the future Euclidean cap by 73, 0 < 73 < o0, and using a 6-
function source localised at (73, ¢) = (€,0) where € is the same as for the past Euclidean
cap, gbzg) (13,0) = 0(13 — €)d(), (15?6) (w, k) = exp(we) and considering the solution close
to the matching surface, 0 < 73 < ¢, we obtain

i 7,0) = 3 3 (6 o e

keZ n=0
+Ciike*“’:”3”k¢) 9(Wnk, ||, 7). (3.1.17)

3.1.2 Matching Conditions

The time contour considered here is the in-in contour shown on the left of figure 3.1.2,
with the corresponding AdS manifold shown on the right. It runs from ico to 0, then to
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Figure 3.1.2: In-in time contour (left) and corresponding AdS manifold (right).

T, then back to 0 and then to —ico. Accordingly, the contour-integrated action is

0 T 2T
S:—/ dro LE(<I>;3)+Z'/ dt; LL(@lL)—i/ dty Ly (%)
0

o .
- / drs Lp(®F). (3.1.18)
0
where
Lp=3 / d*z\/g (9" 0,20, P + m* %) (3.1.19)
and
Lp=-3 / /=g (9" 0,200, L — m*P]) . (3.1.20)

The matching conditions are

‘I’E‘TO:O = q)lL‘tl:m %‘Pé}mzo = _iath)lL}tl:o
é}/‘tlzT = (b%‘tQ:T’ atl @i}tlzT = _atQ(P%’t2:T (3121)
(b%|t2:2T = (PE‘Tg:O’ atQ(b%’tQZQT = _iaqu)E‘T[g:O'
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From the previous section we have that the solutions in the four manifolds are

—e<1<0:
+ . _ _ — .
p(10,7,0) = Z Z <¢(0 Wi ke kTR g e w"’“TOJ”M)) 9(wni, [k, 7)
k€Z n=0
(3.1.22a)
0<3<e:
S d) = Z (65 (o )T b0 G =380 g (1] 1)
kE€Z n=0
(3.1.22b)
0 S tl < T:
Ol (1, ¢) = > Z (b e tmtr 0 bl o=t =ik0) (0o, K], 1),
k€eZ n=0
(3.1.22¢)
T <ty <2T:
© ~ . + . ~ . — .
(I)QL(tQ7 T, qﬁ) = Z Z (bnk e—zwnktz-i-zk(i) + bjlk e—zwnktz—zk¢> g(wnka ’k", 7«>'
k€Z n=0
(3.1.22d)

Applying to these the matching conditions we obtain the following relations: from the

matching conditions at 7p = 0,¢; =0

- _OJ+ €
bnk :(b(o)(w:k’ k) =e Tnk (3.1.23a)
bl =t (3.1.23b)

From the matching conditions at t; = T, to =T

b =boge2mT (3.1.24a)
b =b e~ 2T (3.1.24b)

Finally, from the matching conditions at to = 27,73 =0

bk :g%) (W, K)o~ 2T = oy (2T i) (3.1.25a)
b =dt e enT, (3.1.25b)

Note that had we chosen the position in complex time where we insert the sources to

be different for the two caps, say 79 source = —€ and 73 source = €, Where € > 0, then the
* - - *

relationships by, = (bLk> and b, = <bLk> would have implied that € = €.
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t (e¥n” for Euclidean) as the

In what follows we refer to terms proportional to ek
positive frequency modes and e~ *nk! (e"“nt" for Euclidean) as the negative frequency
modes. From the matching conditions we observe that the positive frequency exponen-
tial source modes from the past Euclidean cap source the positive frequency oscillatory
normalisable modes in the first Lorentzian manifold. As these modes evolve into the
second Lorentzian manifold they give rise to the negative frequency oscillatory normal-
isable modes. Finally, they become positive frequency normalisable modes in the future
Euclidean cap. The negative frequency source modes from the past Euclidean manifold
decay and do not enter the Lorentzian manifolds. In addition to source modes, there are
negative frequency normalisable modes in the past Euclidean manifold. These modes
come from negative frequency source modes in the future Euclidean cap which become
positive frequency normalisable modes in the second Lorentzian manifold, then evolve
into negative frequency normalisable modes in the first Lorentzian manifold and finally
they give rise to negative normalisable modes in the past Euclidean cap. The absence of
positive frequency normalisable modes in the past Euclidean manifold is due to the fact
that these grow exponentially as ) — —oo. Schematically, the different modes evolved
as shown below: Starting from the past Euclidean modes,

—(, F } It 2w T 7+
¢0 (wnk7 k) bnk bnke nk dnk

90y (@p» k) — decay (3.1.26)

o+
—2iw T —

Ao — bl — bage — ¢y (W F),

and, similarly, starting from the future Euclidean cap,

0oy (W k) — buge ™2 — bl — d

0y (W, k) — decay (3.1.27)
dfy — blie 2T — b — ) (Wl ).

Figure 3.1.3 shows plots of the time evolution of individual modes from exponentially
decaying source modes in the Euclidean manifolds to oscillatory, normalisable modes
in the Lorentzian manifolds. These plots were obtained by fixing r and ¢ to be 1 and
0 respectively, and with the source insertions located at € = 0.1. The vertical axis cor-
responds to the amplitude of the scalar mode and the horizontal axis to contour time.
Then these plots show two individual modes as they evolve from imaginary time in the
past Euclidean manifold, to real time in the two Lorentzian manifolds and then back to

imaginary time in the future Euclidean manifolds.

Combining all three sets of relationships between the coefficients of the different modes
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Past Euclidean Lorentzian Lorentzian Future Euclidean
1 1
1 1
To \ ' T3
— L0 T oT —
—€ tl tg-) €

(@) Mode parameters:n =2, k=1,1=1,r=1, ¢ =0, e =0.1

Past Euclidean Lorentzian Lorentzian Future Euclidean

(b) Mode parameters:n =4, k=2,1=3,r=1, ¢ =0, e=0.1

Figure 3.1.3: Tracing individual modes through the four segments of the manifold.

we find
bl =60 (Wpper k), (3.1.28a)
bl =00y (@i ke 2T (3.1.28b)

Returning to the Lorentzian fields, we can now replace the original, arbitrary coefficients

bfk and Efk with the above results to obtain expressions in terms of the Euclidean source



62 Chapter 3. Global AdS

modes.
010055 [
n=0 keZ
+00) (W k)e’i“;kt’““ﬂ 9(Wnk, k|, 7) (3.1.29a)
D2 (t,7, ) = ZZ[ W, ket ko
n=0k€eZ
8oy (i R)E 0 g, [, 7). (3.1.29b)

where we used the relation between physical and contour time, t; =t and 27" — ty = t.

3.1.3 1-point function

Having constructed normalisable Lorentzian solutions, we will now extract the 1-point
function to verify that this solution is indeed dual to the state |A). For this we need to

obtain the asymptotic expansion of the bulk field near the conformal infinity as in (2.1.1),
O(r,z) = rdiA(j)(O) () + - +7r2log r2¢(2A,d)(x) + rAqﬁ(zA,d) () + ... (3.1.30)

and use [19],

(Oa(t, 9)) = —(2A = 2)pa—a)(t, @) (3.1.31)
We can choose to consider the insertion either in the upper part of the contour or in
the lower. In the former case the 1-point function can be extracted from the asymptotic

expansion of ®} while in the latter case from the asymptotic expansion of ®2. In both

cases, the answer should be the same.

For concreteness, we consider the case the operator is in the upper part of the contour
so the relevant field is ®1. Since this a normalisable mode, P(2a—2) is the coefficient of
the leading order term as r — oo,

1 — 4 . o
ba-2) = — 3 o~ Wnke (eﬂkatﬂkaﬁ + efwnkH’w) a(wn, [],1), (3.1.32)
n=0kecZ

where we have used
1
9wk, |k],7) = =17 2w, K], 1) + O(r=271) (3.1.33)
i

Performing the sums over n and k and inserting in (3.1.31) we finally get
l2

1 1
(Oalt #))exe = 2lr ((Cos(t —i€) —cos ¢)A + (cos(t + i€) — cos ¢)A> (3..34)

where we have used the subscript “exc” to emphasise that this is the 1-point function of
Ox in the excited state. This is indeed equal to value we got via a QFT computation in



3.2. Reconstruction of bulk fields from boundary data 63

(2.2.6). In our case, C' = 12/(2!7), which is the standard supergravity normalisation of the

2-point function.

3.2 Reconstruction of bulk fields from boundary data

In this section we demonstrate how one can reconstruct the Lorentzian fields from their

asymptotic value which is given by

U(t,¢) = lim rT1o(t,r, ¢). (3.2.)

r—00

The motivation for this construction comes from the work of several groups which try
to extend the holographic dictionary to the interior of AdS (see for example [40, 41, 42,
43,44, 45, 46,47,48,49,52, 53, 54, 55, 56, 57, 58, 59]), a work motivated by the “extrapolate”
dictionary of Banks, Douglas, Horowitz and Martinec [60]. Here we follow the formalism
of Hamilton et. al. and express the normalisable, Lorentzian solutions, in terms of their

asymptotic value,

®(t,r,¢) = /8 ) di do K (t,r, ¢|t, d)U (L, ). (3.2.2)

ds
K(t,r, ¢|t', ¢') which we refer to as the smearing function, is a type of Green’s function
satisfying special boundary conditions. When such an expression exists the claim is that
one can use the standard AdS/CFT dictionary (often referred to as the “differentiate”
dictionary), which relates the boundary field, ¥ (¢, ¢), to the one point function of the
dual operator,
U(t, p) x (Oalt, d)), (3.2.3)

to write a relation between local bulk operators and field theory operators. This requires
quantisation of ®(¢,r, ¢) and the replacement of the expectation value in (3.2.3) by the
operator itself. Then, the claim is that equation (3.2.2) gives a representation of a bulk
operator ®(t, 7, ¢) in terms of a field theory operator O (¢, ¢), smeared over some region
of spacetime. However, there are some subtleties and issues that arise in doing this
which will be address in chapter 5.

Here we construct the smearing function and obtain relation (3.2.2) for the bulk Lorentzian
fields for global AdS.

We begin by extending the past and future Euclidean fields to the past and future of
the source insertions, respectively. Recall that when the integral over w was perform in
section 3.1.1, we restricted to a neighbourhood near the matching surface, in the future
of the past Euclidean source and in the past of the future one. The solutions can be ex-

tended to any point in Euclidean time, except the exact location of the source insertion,
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as follows,

e(T0,m,0) = Z Z ( 70 = €)% 0y (Wpp> k)e nkTo RO

k€Z n=0
(0 + 07 (i K0 e Y g k) (3240

5 0) = 325 (007 — o s Ko

keZn=0
— . ~ + .
(=75 + )y (g k)™ TR 4 B &R Y g [k, 7)

(3.2.4b)

Combining these expressions, as well as the corresponding ones for the bulk Lorentzian
fields given by equations (3.1.29a) and (3.1.29b), with the definition of the boundary field,
(3.2.1), we find the expressions for the boundary fields,

T(), Z Z Akl ( )¢(0)( ;k, ]{;)e*"-’;k7'0+i ko

k€Z n=0
+0(10 + €)d(, (wiik ke wnkmotike o d, e “n kT‘)“kd’)

(3.2.5a)
\I/+ 7'37 Z Z A ( (Z)(O)( k> k)e*w;kTer’ik(ﬁ
keZ n=0
+0(=73 + €)d ) (W ke WnrTs kO 4 J:ere—w,fkmﬂw)
(3.2.5b)
—iw ], t1+i
ol (1, 6 Z ZA"M( Wi, k)e i Fike
n=0keZ
+ %) (Woks k)e‘i‘”gk“‘““b) (3.2.50)
.+ _ i
U2 (19, Z ZAnkl( W, k)eiwnn (t2=2T)+ike
n=0 kEZ
+ g (i, ket ik ) (3.2.5d)
where we have defined for compactness
1 (TL + 1)l(n + ’k‘| + 1)l
Apkl = — 3.2.6
e o i —1)! (3.26)

We proceed by using the expressions for the Euclidean boundary fields to obtain ex-
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pressions for ¢, ©) (w,. k) and gb ( W, p k),

27 d+ioco
Ani® o) (@Wps k) = 5 / do / N dro “nk™ 0 G (70, ) (3.2.7a)
1 5+ico B "
A (o) (@i k) = 5 /0 dg | dry e ® (73, 0) (3.2.7b)

where 6,5 > 0, are needed to make the step functions appearing in the expressions for
the Euclidean fields well defined.

By comparing the expressions for the Lorentzian and Euclidean boundary fields and
performing the appropriate coordinate transformations we obtain expressions for the
source modes in terms of the Lorentzian boundary fields,

—+o00
Ankid g (nk, k)= L / do dt ¢nr (t+10) =ik g1 Lt +16,9) (3.2.8a)

2
a7 oo

1 27 400

A9y (Wi k) = 75 / dp [ dte™n=9=keyl (4 35 4y (3.2.8b)
4m 0 —0o0

The final step is to substitute these expressions for the source modes in the expres-

sions for bulk Lorentzian fields, (3.1.29a) and (3.1.29b), combined with the expression

for g(wnk, |k|, ) which can be found in appendix 3.A, and perform the summation over

modes.

For @} (t1,r, ¢) we find

IR oy )
O (t1,7,¢)= ZZAnkl 1+7%)" 2 [Qb(o)( Wiy K)o Wnkf ke
n=0 keZ

. —_ . 1
+¢?E))(w;k,k‘)e_’w"kt1_2k¢:| o FY <n + |]€’ +Ii+1,—nl+1; g >

(3.2.9

Substituting the expressions for the source modes, (3.2.8a) and (3.2.8Db),

(I)lL(t177’a¢):/2ﬂd¢/+oodt[ lim ZZ( —iwh (1 —E—id)

65—>0 —0keZ
+e*i‘“n7k(t1*t+i5)) ¢k(#=0) plK (1+ rz)iw%

1 A A
2F1<n—|—|k‘|—|—l—|—1 —n;l+1; 1+T> Ul(t, ) (3.2.10)

where we set 6,0 = 0 in U}, The expression in the square brackets is the smearing
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function, as defined by equation (3.2.2),

. 1 - (i R T
K(t1,r, dlt, lim efzwnk(tlftfzzg) + efzwnk(tlftJr'LJ) ezk(¢>f¢>)
(11,7 91f, ) = 3 5 lim }_:2:[( )

JLIESESY

1
PRl 4+ 72" 2 2F1(n+|k|—|—l—|—1 nl—|—11+ >

(3.2.11)

The isometries of AdS enable us to compute the smearing function at » = 0 since we
can always translate any point in the bulk to the origin, perform the reconstruction, and
then map back to the original point. By setting » = 0 only the s-wave remains non zero,
eliminating the sum over k. Thus, (using the w3, = £(2n + |k + 1 + 1))

K(t1,0, 6[f, (5) i 5§IH(I)+ Z [( —i(2nA1H1) (1 ~Ei8) 4 gi(2n+H+1)(t— t+15))
N

2Fi(n 4L+ 1,—n;l+ 1;1>}

lim Z [(ei(2n+l+l)(t1fié) +ei(2n+l+1)(t17£+1'8))

TS 5,30+ “=
rori+1)
T(—n)C(n+ 1+ 1) (3212
Using the properties of the gamma function and writing  as A — 1 we find
K(t,0,0lf, 3) = — lim Re [ A=t , (1 1;A; —e2i<f*t1+i5>)} (3.2.13)
) ) Y 27T 0+ ) ? )

In [40] the authors give the following expression for the positive frequency part of K,
for t; = r = 0 and for AdS,,

, d d .
Ki=———e® [ (1, ;A — - +1;—e%7 ) . 3.2.14

+ wvol(Sd—l)e 2 1< 1y 2+ ;e > ( )
To make the connection with our result we use d = 2 and identify 7 with ¢ in our ex-
pression. This gives

1 .
Ky = —5e™,R, (1, 1A, —em) (3.2.15)

27

in agreement with our expression, up to a factor of 2. This factor comes about because
the above authors are working with a compact time direction, —7/2 < 7 < 7 /2. Conse-
quently, there is a factor of two difference in the orthogonality relations of our frequency
modes. We have -

/ dt e~ {nk=wmk)t — o5, (3.2.16)

—0o0
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whereas, in the aforementioned paper they have
w/2 ]
/ dr e~ @nk—wmi)T — 75, (3.217)
—7/2

which explains why our result is twice theirs.

3.A Global AdS: Full Bulk Solutions

In section 3.1 we saw that the equation of motion that governs the radial behaviour of a

massive scalar field in AdS is solved in terms of a hypergeometric function,
Fw, k], 7) = Cup (1 + 1) 2r*G By (@, g — 1 1K) + 1, —12). (3.A1)

The bulk scalar field is then the Fourier transform in w and & of this function. In sec-
tion 3.1 we performed the w integral near the asymptotic boundary, by first obtaining
the series expansion of f(w, |k|,r) for large r, and then performing a contour integra-
tion. The result obtained,

1, (n+kl+1)i(n+D)!

ks [kl 1) = = 3.A.2
9w, [kl ) = 2 il —1)! (3.42)

holds only for r > 1. To obtain an expression that holds for » < 0 one must determine

the subleading terms in this expression. The final answer is once this is done is

TSRS (n+1)(n+|kl+1),
-1

1
o F1 <n—|—|k:|—|—l—|—1,—n;l+1;> ) (3.A.3)

1
g(wnkv |]€|,T‘) = 7T|k|(1 + 7”2)
T

1+1r2

Here, we will derive this expression using two independent methods.

Extending to the Bulk: Method A

We begin by transforming the original modes, given by equation (3.A.1), to obtain an
expression for f(w, |k|, ) whichisvalid for 0 < r < oco. This requires using the properties
of the hypergeometric function [61]. Then, since we know from the asymptotic analysis
that the frequency of the modes in the final result is quantised, we set w = w,. Finally,
we determine the normalisation of f(wy, |k|,r) by requiring that its asymptotic value
agrees with (3.A.2).

Using the transformation properties of the hypergeometric function, the radial modes
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of the scalar field (3.A.1) can be rewritten as

I\++1

(14 2)~ 55 p )
L(@p = DN (@ —w = 1)

1 (1 +r2)~ "5 0 ()
1+ 7"2> * F(cbkl)l“(wkl — w)

Flw, |kl,r) = wW'k'[(—l)"

l+1

o Fy (ff%z,@m —wil+1;

1
2F1 <d}k’l —l,d}kl —w—l;l —l; 2) (3.A.4)

1+r

where the normalisation constant C,;; has been replaced by C,;, allowing for the pos-
sibility of a different value than the one found through the asymptotic analysis. Setting

— .t o
w = w,, gives

\+1+z

(=)™ +r?)” k(L + n)!
T(n + k] + 11!
1 (1+r2)~ "5 k()
1+ 7"2) IF(n + k| +1+ 1)F(—n)I

Unless 6’wkl introduces infinities
this is zero due to I'(—n)

|K|

Flwh [kl 7) = Coar

o F (n+\k!+l+1,—n;l+1;

1 ~
In the limit » — oo this reduces to
~ ~ 1 (=D 4+ n)lk! _ E'T(1)
Wk, |k C, -1 =1 . (3A6
flwnk, k], m) = ’“’{r IC(n+ k| +1) " T+ |kl +1+D0(—n) (346

Comparing to the asymptotic expression for g(wpk, |k|,7), we obtain C.ri, and, thus,

f(wnkv k|, 7),

\k|+l+1
Floom [K.7) = Lot | D7 72 (4wl + [k + D)
A Alll(l— 1)!
|k|—1+1
! (L+r3)” 2 T()
E 1, 1; 1
2 1<n+k‘+l+ nH- 1+ >+( ) F(—n)n!(l—l)!

=0 due to I'(—n)

1
o[y <n+ k| +1,—n—1;1—1; ) (3.A7)

1+ r2
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Finally, this yields the desired expression for g(wnk, ||, r), valid in the bulk,

f(wnkv ‘k|,7“) :g(w’nk’ |k‘,7’)

_L (g g g2y (0t il [+ 1),
7T

ni—1)
1
2F1 <n+lk\+l+1,—n,l+1,1+r2> (3A8)

Extending to the Bulk: Method B

The second method for deriving the full bulk solution involves starting with the same
expression for f(w, |k|, ) as the one used in method A, namely (3.A.4). This is normalised
such that the leading term as  — oo is 1 - 7/, The new solution, labelled by f(w, |k|,7),

is integrated over w, to yield the full bulk solution.

As r — oo, the transformed solution, given by equation (3.A.1), behaves like

-~ r = . k!F(—l)
w, k|, T ﬁ)C’w T g— _
f(e, |kl ) ! L(@p — DI (0t — w — 1)
k(1)

+Cprt ! (3.A.9)

T(wp)T (@ — w)

Requiring that, in this limit, f(w, |k|,r) ~ 1-r/~1, allows us to determine the normalisation
constant éwkl,
F((I)kl — l)l“(d)kl — W — l)

Gkt = kIT(—1)

Substituting into f(w, |k|,7), we find

Flw, k],1) =
Normalisable fall-off
_ kg gy LD (@r) (@1 — w) Flon on —wilt1s
rP (14 r%)" 2 P(l)F(obkl—l)F(@kl—w—l)Q 1| Wiy Wkt — Wi+ T2
F11 4+ 225 m (o — Lo —w — 11 — [ —— 3.A10
+rP A +rT) T o (O — Lo —w — T2 ) (3.A.10)

L ]
Non-normalisable fall-off

These modes, once integrated over w, yield g(wnx, |k|, ) (see also (3.1.8),
(wWnies | K|, 7) —1}[ dw f(w, k|, 7) (3.A.11)
g nk’ ) - 471_2/[/ o ) ) * - *

To perform the integral we must identify the singularities of this function in the w plane
and use Cauchy's residue theorem. The term which has normalisable fall-off has simple
poles at wy; = —nand at Wy —w = —n, n € Ny. Notice that the poles of this term coincide
with the poles of the asymptotic expansion of the solution. Furthermore, notice that
after setting Wy, = —n or wy; — w = —n, the singular term I'(—[) cancels with the zeros in

the denominator coming from I'(wy; — {) or I'(wy; — w — ), respectively.
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The term with non-normalisable fall-off is analytic in w and by Cauchy’s integral theo-

rem, it vanishes when integrated in the complex w plane.

Performing the integration, we find

fwnk, [k[,7) = g(wnk, [k],7)

_1 PH (1 4 p2) 5 (n+ )i(n+ [k[+ 1)
7T

i —1)

1
o Fy <n+]k!+l+1,—n;l+1;w>, (3.A.12)
where we used that Res {I'(z); z = —n} = (7;!)77'. This is precisely the answer obtained

using method A, (3.A.8), as expected.
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Poincaré AdS

In this chapter we will address the same problem, namely the construction of bulk scalar
field solutions that are dual to the state |A) = OA|0), but for a CFT on RY!. Then the
relevant bulk problem is to solve the free field equation for a massive scalar field in
Poincaré AdS.

4.1 Lorentzian Solutions

The metric for the Poincaré patch of Lorentzian AdSy4 is given by

1
ds? = - (—dt2 +d2? + da:Q) 411
z

with the asymptotic boundary at z = 0. In this background the Klein-Gordon equation

is given by
o 1 2 o m?
0; — =0, —0; +0; — — | ®(t,2,2) = 0. (4.1.2)
z z
Substituting the ansatz
D (t,z,x) = e WiHikz g o (2) (4.1.3)
we get
1 m?
) = LA + (2 = 1 = T ) ) =, 419

To solve this ODE we need to consider the cases —w? + k% > 0 (spacelike modes) and
—w? + k2 < 0 (timelike modes).

4.11 Timelike Modes

For timelike modes
—w 4k =—¢<0. (4.1.5)

71
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The two linearly independent solutions to the z-ODE are

fi(z) = zJi(q2) (4.1.6a)
fa(z) = 2Yi(qz) (4.1.6b)

where I = V1+m?2 € {0,1,2,...}, ¢> = w? — k?. The boundary behaviour of these

solutions is

!
2Ji(qz) — 21 < a > normalisable (4.1.7a)
z—0 ( )
2T
2Yj(qz) — 2! ( ( )
z—0 q iy
DT (=
+ zgl()qu(l) + > non-normalisable. (4.1.7b)
™
As z — o0,
/2 17'(' 2
zJi(qz) —— z/*sin Z—E—i—qz —
1 412 — 1
+2"Y25in <7T + T qz> g + .. (4.1.8a)
4 2 44/ 273
2Yi(qz) —— —z"?sin E—Flﬂ— z 1/3
i\ 200 4 2 9 mq
2
—z cos|—+—=——qz | ——= + ... (4.1.8b)
(4 2 4\/27g3

From these expressions we observe that there are no individual timelike modes that
remain finite in the bulk. Therefore, any solution that is finite must be constructed by

integrating over infinitely many such modes.

4.1.2 Spacelike Modes

For spacelike modes
—WHE=¢>0. (4.1.9)

The two linearly independent solutions to the z-ODE become

f1(2) = 201 (g52) (4.1.10a)
f2(2) = 2K (gs52) (4.1.10b)

where [ is as defined above and ¢5 = (—w? + k% — 15)1/ ? with § > 0 an infinitesimal

parameter. Looking again at the near boundary behaviour of the solutions we find

. g2H 2 ,
I
2h(ez) 55 = (2lr(1) teasorasy O )>

normalisable (4.1.11a)
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=Kilez) =5

21T 2731(1) 22
zll< — +0 (3 >
ql ql—2(l _ 1) ( )
! 1422
14 (¢T(=1) | ¢=2"D(=1) 3
+2 ( ST T T + 0 (2°)
non-normalisable. (4.112a)

As z — 00,

1/2

le(qz)mZTﬂ_q [eqz (1+0(z71) +e (i(—l)l +0 (2_1))] (4.1.13)

™ 412 — 1 ™
1/2, —qz o 2\ 4114
zkl(qz)—>z z'7e [1 / 2% + 32 28 +0 (z ) ( )

Here one set of modes, namely the non-normalisable zK;(q z) modes, remain finite at
the interior whereas the normalisable ones diverge. Consequently, the only physical
spacelike modes are the non-normalisable ones.

We are now in position to construct the Lorentzian solutions using the physical modes
we have found. Our choice of boundary conditions for the Lorentzian manifolds dictates
that there are no sources present. Accordingly, we construct Lorentzian solutions using
only normalisable modes,

Oy (t,z,2) = /_ (217]{;/_ ;1—: [awk e wttikz g (w2 - k‘?) J; <\/ w2 — k2 z) + C.C.}.

(4.1.15)

4.2 Euclidean Solutions

The metric for Euclidean Poincaré patch of AdSs; can be obtained from the Lorentzian
one, (4.1.1), by Wick rotating t = —ir,

1
ds? = - (de +dz2+ dx2) . 4.2
z

The massive Klein-Gordon in this background is given by

2
(- to. 4ot 02 =" ) o(rsa) =0 2.2

Since we are solving this on half Euclidean manifolds for which 7 > 0 or 7 < 0, it is
possible to have both oscillatory and exponentially decaying modes in our solutions.
We consider both cases separately.
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4.2.1 Exponentially Decaying Modes

Substituting the ansatz!
& (1,2,2) = eFlITHike ¢ (%) (4.2.3)

into equation (4.2.2), we obtain the radial ODE,

2
for(2) = %f:;k(z) - (TZQ —w’+ k2> fur(2) = 0. (4.2.4)

As was the case in Lorentzian signature, we can have both timelike, w? — k2 > 0, and
spacelike, w? — k? < 0, modes. The analysis of the Euclidean case follows along the
same lines of the Lorentzian and therefore we will directly state and use the results from
above.

In particular, from the Lorentzian case we have that the only physical, exponentially
decaying modes are the timelike normalisable modes. These are used to construct the
Euclidean normalisable solution. For 7 < 0 this has the general form

N T e )

2mi
(4.2.5a)
and for7 >0
Ot (1,2,2) = /OO dk/OOdw A e~ FkT 2 g (w? — k%), (\/0)2 — k2 z) .
EADT oo 2m Jy 2mi| ¥
(4.2.5b)

No physical solutions can be constructed using exponentially decaying non-normalisable
modes.

4.2.2 Oscillatory Modes

To study the oscillatory modes of the Euclidean fields we substitute the ansatz
(1, z,2) = WTHRT £ L (2) (4.2.6)

into equation (4.2.2). The resulting radial ODE is

2
fop(z) = % () — (7?2 + w? + k:2> fur(2) = 0. 4.2.7)

'The choice of sign of the exponential modes depends on whether 7 is positive or negative, i.e. whether
we are considering the solution in the past or future Euclidean cap.
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Defining p? = w? + k2 > 0, the solutions to this ODE are

f1(2) = zLi(p =) (4.2.82)
fa(2) = zKi(p 2) (4.2.8b)

where p = (w2 + kz2)1/2.

K;(z) has a branch cut along the negative real axis. However, by restricting to p > 0 we
need not worry about this, although there might be subtleties due to p = 0. From the
asymptotic analysis of I;(pz)and K;(pz) discussed in the previous section we have that
the only physical solution in this case is the one constructed by integrating the modes
proportional to zK;(p z). These are non-normalisable, source modes which we nor-

malise such that, as z — 0,
CowzKi(pz) =1-2""14 . 4.2.9)

The resulting modes are convoluted with the modes of a source with a §-function pro-
file, localised in spacetime on the boundary. We consider a delta function source lo-
calised at 7 = —e,z = 0, where € > 0. Then the corresponding bulk solution is given
by

- Z 2 dk % dw wT+ikx | — /2
q)E(T’Z’x):F(l)zll/_w%/_oo%[e TR o (@, k) (WP 4 K?) Kz(vw2+k2z)}
By (W, k) = . (4.2.10)

Indeed, it is easy to see that in the limit z — 0 this is d-function source localised at
(r,2) = (—¢,0). Similarly, for 7 > 0 and for a source localised at (7,z) = (¢,0), the
solution takes the form

+ _ A [Tk [Fdw| iwrike (2 12\1/2 2 12
QL (1, 2,2) = O /_Oo o /_Oo27T {gf)(o)(w,k)e (w —I—k) Kl(\/w + k z)

¢>(+0) (w, k) = e, 4.2.11)

The final solutions for the two Euclidean caps are linear combinations of normalisable

and non-normalisable pieces.

4.3 Matching Conditions

The field theory time contour and bulk manifold that we will considered here are the
in-in contour and the corresponding manifold used in the case of global AdS, discussed
in the previous chapter and shown in figure 4.3.1. For the sake of completeness we re-

peat the results for the matching conditions but, for more details, we refer the reader to
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EREIN T .- -
) s T
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Figure 4.3.1: In-in time contour (left) and corresponding AdS manifold (right).

section 3.1.2. The matching conditions are

E‘TO -0 (I)L’tl =0’ aTO(bE‘To:O = _iah@i‘tlzo
@pl,_p = P, 0L, _p = —0u®7, _; 4.31)
%thZZT = q)E|T3:O’ atQCD |t Z@TSCI)E’T -0

The solutions in each manifold, which are constructed by appropriate modifications of

the general solutions obtained above, are

0<t1 <T:
O (t1,2,7) = / / aw e Wk, g (W — k%) ) (\/ w? — k2 z)
+c.c} , (4.3.2a)
T S t2 S 2T -
*dk [ d , ,
2 (tg,z,2) = /oo27T /002: {dwk e Whatikr, g (W2 — k%) ) (\/ w? — k2 z)
+c.c.} : (4.3.2b)

for the two Lorentzian segments, and

—0 <19 <0:

i (Tg,z x)

2l 1 / / |: iw To+€)+1k’x(w + k2) /2 K, <\/mz)
+/ / 27m w'ro-‘rilﬂze ((/J2 _ k'Q) Jl (\/m Z>:| ’ (4.3.361)
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0<m3<o0:

@E (7’372 x)

21 1/ / [w} T3—€)+ikx (w +k2)l/2 Kl(\/Wz)
+/ / 27” —ng-HkﬂczH (wQ _ k2) J; (\/m Z):| , (4.3.3b)

for the two Euclidean segments. The Lorentzian solutions are purely normalisable whereas
the Euclidean solutions are linear combinations of a non-normalisable piece and a nor-
malisable piece. In momentum space we saw that the individual modes are either Bessel
functions of the first kind, J;, or modified Bessel functions of the second kind, K. These
functions are not orthogonal to each other. We circumvent this complication by making

use of the following two integrals of Bessel functions [62]

/ dz zJp(za)Jy(2b) = éé(b —a), a,beR (4.3.4a)
0
bl/

ey e >0.b>0 (4.3.4b)

[e.9]
/ dz zK,(za)J,(zb) =
0
To extract individual modes from our solutions we perform the following steps. Given a
field ®(¢, z, z) or its time derivative 0;®(¢, z, ), where t here can be either real or imag-
inary time, we multiply by 6 (w? — k?) J, (\/ w2 — k2 z) e and integrate first over =
from —oo to 400 and then over z from zero to +o0,

o0 o0

2 _ 12 / —ik

/(; dza(w —k )Jl ( w2 - k2 Z) / dxe ! x‘I)(t, va)‘on matching surface’ (4'3'5)
—o0

To perform the z integral one needs to use either equation (4.3.4a) or (4.3.4b). The Heav-

iside step function is to ensure that the conditions associated with these two equations

are satisfied. Some of the details of this calculation are given in appendix 4.A.

Applying the matching conditions to these solutions and using the above prescription
to extract individual modes we finally obtain the following relations which hold for
w? > k2. Note that normalisable modes exist only for w? > k? so the above matching

conditions are sufficient for our purposes.

From the matching conditions at 7p = 0, ¢; = 0, between the past Euclidean cap and the
first Lorentzian manifold, we obtain

(w2 —k:Q)l/Qﬂ' o]
a|w|k+a | —k F(l)2l—1 e lwle
w? — k2 Z/QW
= ()%)(i\wl,k) (4.3.6a)

Al + Ol = i (4.3.6b)
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From the matching conditions at¢; = T, to = T, between the two Lorentzian manifolds,

ol aT—\w\ kT (‘Llwlk + drw\—k) eI (4.3.7a)

O—jwlk + a\Tw|—k = (a\w\k + &T_|w‘_k) e—2i|w|T (4.3.7b)

Finally, the matching conditions at ¢t = 27, 73 = 0, between the second Lorentzian

manifold and the future Euclidean cap give

2 0 1/2
a al I ) R s
Al + A _j = We leo|( )
_\r v )" %wT o+
=T TorT ¢ ColiklE) (4.3.8a)
ol + il g, = —idjpe” > (4.3.8b)

Given the matching relations it is easier to redefine the Lorentzian coefficients by intro-
ducing b, = ), + aiw% and blfk = a_jk + a?wlfk for the first Lorentzian manifold
and by, = |k + Zz!wHC and wak = a_ |k + &\TWI*’C for the second Lorentzian manifold.
In terms of these new coefficients the solutions become

*©dk [*dw ) ) . .
(Itl ¢ _ (b —iwt1+ikz bT zwt1+1k1>
pes = [ o0 A ot e

20 (w? = k) gy (Ve? = k2z) ] , (4.3.9)

with an analogous expression for ®7 (t5, z, z).

Re-expressing the matching conditions in terms of b's and b's,

w? — k2 12 m ~ , -
bk = (F(l)2l)—1¢(0) (iw, k) = bl _, e¥T = —id,y (4.3.10)
~ - w? — k)7
bl = —idyy, = bge 2T = (F(l)zl)_l¢(+())(—iw, k) (4.3.10b)

where the frequency w is greater or equal to zero. Note that had we not chosen the
source insertion points in the past and future Euclidean caps to be the same, reality
conditions for the Lorentzian solutions would dictate that they have to be the same.

Identifying the coefficients of e~™? (e=“") as the positive frequency oscillatory (expo-
nential) modes and the coefficients of et™? as the negative ones, we see that our modes
evolve in an analogous way as we saw in the global case. In particular, the positive fre-
quency normalisable modes in the first Lorentzian manifold are sourced by exponen-
tially decaying positive frequency source modes in the past Euclidean manifold whereas
the positive frequency source modes decay. The positive frequency Lorentzian modes
from the first manifold then evolve across the matching surface at¢; = 7' = t5 to become
negative frequency modes in the second Lorentzian manifold and finally they become
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negative frequency normalisable modes in the future Euclidean manifold. There are no
positive frequency normalisable modes in the future manifold as these grow exponen-
tially as 73 — oc.

The negative frequency normalisable modes in the first Lorentzian manifold are the evo-
lution of positive frequency normalisable modes which we have included in the past Eu-
clidean manifold. As they evolve across the matching surface into the second Lorentzian
manifold they become the positive frequency normalisable modes which are associated

to negative frequency source modes turned on in the future Euclidean manifold.

Returning to the Lorentzian fields, we can now replace the arbitrary coefficients b, and

b, with the above results to obtain

D} (1,2, 2) 21/ / dw[ (iw, k)e~h —I-qbzf))(—iw,k)ei”tl)
gtk (w - kQ)l/Q 0 (w — k‘2) J (\/m z)] , (4.3.11a)

ko[ - —iw - (s iw
2 (tg, 2, ) 21/ 7T/0 dw [(qf)&)(—zw,k)e t2 4 gb(o)(zw,k:)e tQ)
etk (w2 - k:2)l/2 0 (w2 - k2) J (\/ w? — k2 z)] . (4.3.11b)

Equations (4.3.11a) and (4.3.11b) demonstrate explicitly how the Euclidean source modes

generate the purely normalisable solutions in the Lorentzian bulk.

4.3.1 1-point function

We will now extract the 1-point function to verify that the solution indeed describes an
excited state. For this we need to extract the coefficient ¢34 _2), which in our case is the
leading order coefficient of the bulk solution. As in the case of global AdS, we consider

the case where the operator is in the upper part of the contour so the relevant field is
®1. Then

(4.3.12)

_ A
Poa—2)(t,r) = hmz <I>L(z t,x) = 53 1F(Z)F 1)

/ /0 dw [a(oﬂ — ) (w? - k) emvetika COS(wt)}

Eliminating first the Heaviside step function and setting w = rk, we obtain

— 1 *dk 21+1 _ U —kre
Pra—2(t,z) = ST+ 1)/ / k 1) e (4.313)

(cos (k(rt + x)) + cos (k(rt — z))) } .
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Then we perform the & integral,

_1\A [e'S)
bans(t2) = 22A_(17T1F)( AF(_zlA))F( 5 /1 dr [(r(t+ie)—x)_2A—|— (4.3.14)

(r(t +ie) + ) 2 + (r(ty — i€) + 2) 722 + (r(t — ie) — x)_QA] (r2—1)"7",

and finally, we compute the r integral,

{ 1 1
Pea-alte) == ((—(t Tirra?)B (e ritt x2)A> 4818
and thus,
212 1 1
(OaltiZee = ((—(t —ie)2 + 22)® ! (—(t+ie)? + x2)A> 4310

where we used the subscript “exc” to emphasise that this is the 1-point function in the
excited state. This is indeed equal to value we got via a QFT computation in (2.2.7). In
our case, C' = 21%/7, which is the standard supergravity normalisation of the 2-point
function. Note also that the normalisations in (3.1.34) and (4.3.16) are related as in the
footnote 4, as they should.

4.3.2 Reconstruction of Bulk Fields From Boundary Data

In this section we perform the reconstruction of the Lorentzian bulk fields living in the
Poincaré patch of AdS, from their asymptotic value. The procedure follows closely what
was done for global AdS in section 3.2. However, there are some additional complica-
tions and subtleties related to the Poincaré patch which are addressed below.

We begin by extracting the source modes from the boundary Euclidean fields. For
Poincaré coordinates, the definition of the boundary fields used for global AdS in section
3.2, becomes

U(t,z) = lim 277 1d(t, 2, x). (4.3.17)

z—0
However, this definition can not be used for the Euclidean fields in the Poincaré patch

1=l and, hence, with this definition

because the z dependence of the source term is z
it would blow up. To avoid this complication we focus only on the normalisable part
of the Euclidean solution, ignoring the source piece. This is justified by the fact that,
near the boundary, the source term is a delta function, localised in time. Thus, 79 # —¢

and 73 # ¢, the source terms are zero. Applying this to the Euclidean fields, given by
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equations (4.3.3a) and (4.3.3b) we find,

Uy (10,2) = CEN DI E] / ; dw [ewﬁikxgbzg)(—iw,k)
(w —k2) 9( —k;?)}, (4.3.18a)

dk > —wT3+tkx 41— (-
\IIE(TE}J ) 221F + 1 / /O dw |:e ok (;5(0) (Zwa k)
(w — kQ) 0 (w — kQ) J; (\/ w? — k2 z) } (4.3.18b)

where d)?[)) (—iw, k) = e ¥ = 9 0) (iw, k). In deriving these we have used that

ql

Jilaz) — 2 CIN(ESY (4.3.19)
Similarly, the boundary Lorentzian fields are
+¢(+0)(—iw7 k)eiwt1>eikx (w2 - k2)l 9 (w2 _ kQ)} 7
V2 (b, 7) = 22lr(l)1r(l+1) /_ o;gf /0 Oodw[ o (i, K)o~
+ ) (1w, /{:)eim)eikx (w? = k)"0 (w2 - kZ)] : (4.3.20a)

where 0 <t; <TandT <ty <2T.

Next we extract the source modes, ¢i (w, k), from the Euclidean boundary fields. We
will demonstrate in detail how to extract d)+ from W (79, x). This is sufficient for the
reconstruction as ¢, ( k)= ¢(0)( w, k). The first step is to multiply the expression for
(70, 7) by e~k and integrate over z, from —oo to +o0. This yields,

/ dre "W (19, 2) =

o0

1 ~ y wTQ
:m(l—}—l)/o dw (w? ]CQ) (0)( iw, k) ¢ 0 (w? — k?) .

This expression is multiplied by e™*™ and integrated over 7y, from —é — ico to —¢ + ioo,
where 0 < § < e. Some explanation is needed with regards to the range of integra-
tion of 9. This comes from the theory of Laplace transforms. In particular, the Laplace
transform, F'(7), of a function f(w) is defined by the integral

Fr) = /0 o f(w)eT, Re(r) < 0



82 Chapter 4. Poincaré AdS

If f is summable over all finite intervals, and there is a constant ¢ for which
o
/ dw |f(w)]e~* < oo, 4.3.21)
0

then the Laplace transform exists when 7 = ¢ + it is such that ¢ > ¢. For the inversion,
F(7) must be of O(77%), k > 1. Then

flw) = ! /V—HO;T F(r)e 7 (4.3.21)
gl

278 S oo

where v must be to the right of the singularities of F'(7).

Returning to the case we are considering,

(w2 — k%) 6 (w? — K?)

and l
© ((P-1) oW ), -
F(1) :/0 dw{ AT 1) ¢@)(—2w,k) e (4.3.22)

which is well defined for Re(7y) < 0.
Accordingly,

—d+ioco 0o " 1 —d+i0c0 0o ,
dT/ dx e YT Y (19, :/ dT/ dw
/_m ) 2000 = T 1) oy s

(w — k:Q)l ¢(+())(—iw', k) el =@ 0(w? — k?)
im (w? = k2)' oy (—iw, k) 0 (w? — k?)
22-TP()I(1 + 1)

(4.3.23)

This is relation gives q%) (—iw, k) in terms of the past Euclidean boundary field ¥, (7, z).

Similarly, we can extract ¢(70) (iw, k) from WL (73, 2). The final expressions are

(w2 = k2)" B(w? — k?)
2AT(DI(1 + 1)

¢EB)(—Z'CU, k) =

1 —d+ioc0 00 ]
= dTo/ dx e_wTO_ZkI\IIE(TO, x),

B 277” —d—1i00 —00
(4.3.24a)
2 _ 12 l 0(w? — k2
WP 2 B) Ol” ) o i by =
2AT(NT(1 + 1) (0)
1 d+i00 00 )
=3 - drs /_Oodx TR (13 1),

(4.3.24b)
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The above equations give the source modes in terms of the Euclidean boundary fields.
The matching conditions derived in section 4.3, allow us to re-write these relations in
terms of Lorentzian boundary fields. More specifically, starting from equation (4.3.24a)

we can write

(w2 - k2)l 9(w2 o k:Q) 1 —§+ioco
22T (T (1 + 1) O (i, ) = 221r(1)r(l+1) /_5_ioodT°

oo /
/ dz e—wTo—ikJ:/ dk / 27m 2 - k/Q)l G(WIQ o k/Q)

[QSZB)(_W,? k/)ew 'ro+ik’z +¢(_0) (iw', k/)e—w’70+ik’z;|

integrating this over 7o
gives §(w’+w) which vanishes
for w’,w>0= can add them freely

Next perform the following changes of variables:
1. 9 > s=—imp
2. s >t=85—1e

This give,

(w2_k2) 9( k2) ¢+ ( iw, k / / dxe—zw (t+1id)—ikz

92T ()T (z +1)

/ dk// W2 k,/2)l 0(w’2 _ k:’2) oik'w
22lr(z)r(z v/
|: EFO)(_,L-LL)/?kjl)eiw’(t—‘ria) +¢&))(iw/,k/)e_iw/(t+i§)} }

1 oo
/ dr e~ iw(t+1i6)— zkac\:[jl (t + 15 x)
27r oo 00

Hence, the final result is

(w2 = k2)' 0(w? — k2)

+ (_; —
PO 1) (0)(=8 k)
21 / dx e~ WO —tke gl (1 4 35 7). (4.3.25)
7T

Similarly, one finds that

(w2 — k2)" 6(w? — K?)

2AT(INI(I + oN ¢<0>(W’k):
21 / dz ) =tke gl (4 45 ). (4.3.26)
T

Having obtained these expressions, we now have all the necessary tools to express the

bulk Lorentzian fields in terms of their boundary values. Starting from equation (4.3.11a)
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for the Lorentzian bulk field and using the above results, we have
©dk [*°dw —1/2 ;
1 Y “hv e 2 1.2 2 1.2\ tkx
@L(tl,z,x)—QzF(l+1)/oo27r/0 . (W — k) 70 (v — ke
J; ( /w2 — k2 Z) {ezwtl / dt/ dyefzw(tJer)fzky\I,i(t + 46, y)
—i—e“"tl/ dt/ dye’w(t_“s)_’ky\lllL(t—ié, y)}
+oo 00 © Jk  dw
= [ dt [ dy{2eT(1+1 — [ — 0w -
Jon [y [5 [ar o=
(w2 _ kz)fl/z 7 ( /2 — |2 z) (efiw(t+t1+i6)+ik(:rfy)\Iji(t +id,y)

fefwlt=ti=id)tik(z—y)pl (4 _ 45, y)) }

Assuming now that we can take the limit § and ¢ goes to zero in ¥} without any com-

plications?, we can write

+oo 0 *dk [*dw
1 _ ! 2 12
O (t1,2,x) = /Oodt/ dy{2 (1 + 1)/00277/0 o 0(w? — k%)
(w2 - /~62)_l/2 Ji (\/w2 — k2 z)

(e—iw(t+t1+ie)+ik(w—y) + eiw(t—tl—“)“k(ﬂﬁ—y)) }\IJ}J(t, Y).

Then, using the fact that U1 (t,y) = V1 (—t,y),

—+00 0 [e%} dk ood
@}l(tl, Z, a:) = / dt/ dy{2l+1zf(l + 1)/ 27T/ i 9((‘}2 _ kQ)
—00 —00 00 0

(w2 = k2) 2 gy (VR 2) et k(e }\y;(t, ).

Comparing this expression to equation (3.2.2) which defines the smearing function we
have

-1 [e'e) )
K(ty,z,z|t,y) = 2I’7(rl2+1)z/ dk:/o dw 9(w2 — k2) (w2 — ]{:2)4/2 Ji (\/w2 — k2 z) X

% efiw(f& —t+ie)—ik(y—z) 4.3.27)

To perform the integration we follow [40] and set t; = z = y = 0 and define wt =

Hw+k)=refandw™ = L(w—k) =re ¢

“The 4§ insertions are needed for convergence of the integral over frequency. ¥} is a position space
expression which is indeed finite.
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I (1 4+ 1 00 00 ‘ ‘
K(0,0,z[t,0) = (;_)Z/ rdr/ d¢ (27’)4(7[(27’2) o2ir cosh & (t—ic)
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where we used the definition of the modified Bessel function of the second kind,

2T (3)

R )

(o.)
/ dg e Eginh?v ¢ (4.3.28)
0

and the identity

v v—A+pu+1 v—A—pu+1
/Oodxa;)‘K (az)J, (bx):b F( > >F ( . ) X
0 H v AL qu=A+1T (1 + V)

— )\ — 1 2
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Using the isometries of the boundary, the Lorentz invariant generalisation of K (0, 0, z|¢, 0)
is
1 Zl-‘rl 2

z
K ty)=—————-—-F(1,1;l+1, ———— 4.3.29
(0,0,z[t,y) IR 1<7 L+ ,(t_ie)Q_y2> ( )

which is in perfect agreement with the result obtained in [40], including the ie insertions.

4.A Matching conditions for the Poincaré AdS

Here we demonstrate how individual modes can be extracted from the solutions ob-
tained for the Poincaré patch of AdS. We only present the calculations for the matching
surface at 7p = 0,¢; = 0 but the same method can be applied straightforwardly to the
other matching surfaces.

Our analysis makes use of the following two identities of the Bessel functions

/OO dz zJp(za)Jp(2b) = 2(5(6 —a) (4.A1)
0
00 b

Focusing first on the Lorentzian solution, on the hypersurface located at ¢t; = 0 the field
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and its derivative are given by
< dk [ dw ; . i
(I)}: (t1,2,2) ‘t1=0 - / 27T/ o [ (QWkezkx +aye kI) &
—00 —00
0 (w2 - k‘2) J (\/ w? — k2 z) ] (4.A.3a)
% dw tkx * —ikx
—i0y, @ (t1, 2,2) o (—awke +a, e )wz

9(w2 — ) gy (Ve =2 2) } . (4.A.3b)

Multiplying the above expressions by 6 (w? — k?) J; (\/w2 — k2 z) e~k and integrating
first over x from —oo to 400 and then over z from zero to 400, we find

/ dz 9(w2 — k:Q) Jl(\/m,z)/ dx e_ikxq)lL (t1,2,x) ’t1:0 =
0

0(w? — k?) . .
- C orfw| (a‘“‘k Fa—jwlk A+ Ay, 7k> (4.A4a)
/ dz 9(w2 _ k;2) Jl(\/mz)/ da e~k <—i5t1‘I’1L (t1, 2, ) ‘tlzo) -
0 —00
0(w? — k?) i} .
T (_alwlk T ajulk — @y -k T Ay _k> (4.A.4b)

In more details:

/Ooodze (w? = k) (Vw? — k22 )/Oodxe_ikm{)}: (b, 2,2) |,y =
= /0 “dz / e / dr / k) 6(w? — k) [aw,k,euk/fk)x
Lo W] 2 g <\/—k:2 )Jl (Ve =k 2)
= [T a0 1) 0 ) ot
Ji (Mz) Ji (Mz)
6 (Varm =2 = Vu? =

_ > dw’ 2 2 2 * >
_ / So0(w? — k)0 (P — K)ok + ol ) —— (4.A5)

where in the last line we used (4.A.1) to perform the z integral.

To proceed we make use of the relation

g (m — k2= Vuw? - k?) = “w [6 (W +w]) +6 (W —|w])] @“&AB)
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to obtain

/ dz 60 (w2 — k:2) Jl(\/m,z)/ dx efik“q)i (t1,2,x) ‘t1:0 =

0 —00
> dw, * 2 2 2 2 /
:\/0027.‘_’(‘0| (aw/k-i-aw/_k)ﬁ(w —k)@(w —k‘)|:(5(w —|—|w‘)
+ 8 (& — o)
O(w? — k2 . .
N (277|w|) (ot o+ aly g+ 070 ) O  @4A7

The computation for the derivative is very similar.

Focusing now on the Euclidean solution, on the hypersurface located at 7p = 0, the field

and its derivative are given by
_ z dk [ dwT et
@E (7—072717) |‘I‘0=0 = I‘Qll/ / —_— e“" +ikz (W2 + kz)

2 2 )
Kl( Witk / / 27m 'z

0 (w — k2) J (\/w — k2 z) } (4.A.82)

1/2

_ z o0 dk o0 dw . iwetikr /2
6‘f'Oq)E (to,z,l') |7-0:0 = I‘l)Qll/ / 9. Zwe i (w2 + k2) /

Kl( w2+k‘2 / / 2—w wbwkeik””z
0 (w2 — kz) J (\/w — k2 z) } (4.A.8b)

By using the same method we find

/ dz 0 (w? — k) Ji(Vw? — k2 z)/ dz e *® (19, 2, 2) .

0 —0o0
2 2\1/2
_ 2 2 (w —k ) —|wle jo|k
= Q(w k ) <ZZF(l)|w| e + Smilw] (4.A.9a)

/Ooodz 6(w2 — k2) J; (\/ w? — k2 z) /oodx etk (87(,(1);3 (10,2, ) }m:o> =

2 _ ]{72 l/2 dw
= 0(w? - k?) (—weiwie + o). (4.A.9b)

Obtaining these results requires a bit of extra work because our Euclidean solutions
consists of two terms, one of which is in terms of the modified Bessel function of the
second kind and therefore we need to use (4.A.2) and perform a contour integration in

the w plane.



88 Chapter 4. Poincaré AdS

In more detail, this is done as follows,

/ dz 0 (w? — k?) Ji(Vw? — k2 )/ dze * @ (19, 2, 2) \TO:O =
dx’ k‘2) (w/2 + k/2)l/2 eiw’efi(kfk’)z
- [ [ [ [
[e'e] / o0 /
Jl<\/w2—k2z>K( w’2+k’2 /dz/ dx/ dk/ dw'[
0o o 2mi
dw/k/ei(k*k')xG(w2 — k) 0w’ — K?) 2, ( /02 _ |2 z) Ji (‘ /2 _ 12 z) ]

=L +1D

(4.A.10)

where
w —]{?2 w12+k12)l/2 iw'e—i(k—k")x

o0 o0 00de 00de
) e 5 o [ 21I())
J; <\/ w? — k2 z) K; ( w'? + k’2 z ] (4.A11a)
o0 / o
I — / dz/ d:p/ dk / (21::1 el )xe( kz) 9(w’2 B k;’z)
zJ; <\/ w? — k2 z) J; (\/ w'? — k2 z) ] ) (4.A.11b)

The computation of I5 is identical to what we did for the Lorentzian field above,

/ o0
/ dz/ dx/ dk / do’ [zd /k/e k/)xﬁ(wQ — k:2) 9(w’2 — k’2)
2mri
J; (\/ w2 — k2 z) J (\/ w2 — k2 z) ]
oo o !
= / dz/ di [zdw/kQ(w2 - k‘2) 0(w’2 - k2) J; (\/ w? — k2 z)
0 0 271

Ji (mg)]

(5(\/w’2 — k2 —Vw? — k2)

“dw 2 2 .2
/d/kew—k)e( — k?) ——
dw’
—/0 Wd ok (W? — E) 0(w? — k%) (6(w — |o']) + 6(w + [w]))
d
— 2 72\ Ywlk
=0(w - k) 2] (4.A.12)

where we used equations (4.A.1) and (4.A.6).
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The computation of I; goes as follows,

00de OOdw 9 (w/2 + k/2)l/2 zw’e—i(k—k’)z
L = /dz/ da:/ / [29 k) () — e

J; (\/ w? — k2 z) K (\/ w'? + k2 z) ]
0 00 / /2 2 l/2
= / dz/ C;—(; [z 9(w2 — kz) 7(00 Ll ) ei“’/eJl (\/wQ — k2 z)
0 —00

20-11(1)
ro (Vo)
 qow’ (9(0.)2 _ k‘2> e (w2 . kg)l/Z
B /0027r 20-11°(1) ¢ W2 + w2 (4.A.13)

where for the last line we used equation (4.A.2). The integral over «’ is performed using
contour integration. Closing the contour in the upper half plane and picking up the

contribution from the pole at i|w| we obtain,

9(w2 _ k2) (wz . k2)l/2
I =

' olw'e .
i arives | i <
AW =) (@2 - R) P o] 0w k) (k)
=t 2I-17(1) 2ilw| | 2/ (1) || o

Combining the results for I and I,

[t 150 [ 05 -

0 —00
= 0(w® — k) (-Me—me + d“”“) . (4.A15)

211

The computations for the derivative follow along the same lines.
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Chapter 5

Discussion

In this first part of this thesis we presented the construction of a bulk solution dual to a
general excited CFT state, |A), where A is the scaling dimension. By the operator-state
correspondence, the state is generated by an operator Ox acting on the vacuum. The
corresponding bulk solution at linearised level involves only the bulk scalar ® which is
dual to the operator Oa. This partis universal: it is the same for all CFTs whose spectrum
contains an operator with such dimension. To construct the full bulk solution we need
more information about the CFT. In particular, we need to know the OPE of Oa with
itself. All bulk fields that are dual to operators that appear in this OPE are necessarily
turned on in the bulk.

In this thesis we presented in detail the construction of the universal part, for states of
two dimensional CFTs either on Rx S* or R!'!. From the bulk perspective this leads to the
construction of solutions of free scalar field equations either in global AdS3 or Poincaré
AdSs3. The solutions describe normalisable modes and their coefficients are directly re-
lated to the dual state. In more detail, the CFT state is generated by a Euclidean path
integral which contains a source for Oa and the coefficients of the bulk normalisable
modes are given in terms of the source. Normalisable modes describe bulk local excita-
tions and thus our results give a direct relation between CFT states and bulk excitations.
To substantiate the claim that these solutions are dual to the state |A), we computed the
1-point function of local operators both in the CFT and in the bulk and found perfect

agreement!. Our discussion generalizes straightforwardly to higher dimensions.

To go beyond this leading order computation, one needs to be more specific about the
CFT (as mentioned above). In particular, one would need to take into account the back-
reaction to the metric. Given appropriate CFT data (for a CFT with a known bulk dual),
the construction of the bulk solution dual to any given state can proceed along the same
lines. It would be interesting to explicitly carry this out in detail in concrete examples.

'As emphasised in section 2.2, this agreement is a non-trivial check that we are constructing the correct
path integral. To holographically compute expectation values in the state |A) we would need the solution
to quadratic order in the bulk fields.
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In our discussion we explicitly demonstrated how a solution of the bulk field equations
is reconstructed from QFT data: given a Schwinger-Keldysh contour and insertions we
constructed a unique bulk solution. We also demonstrated how one can rewrite the bulk
solution in the Lorentzian part in terms of its boundary value, resulting in expressions

of the following form,

O(t,r, ¢) = / dt"d¢’ K(t,r,6[t',¢')(O(', ¢")) (5.0.0
OAdS

where K (t,r, ¢|t, $), is the smearing function. One must use caution when write such

an expression. For us (5.0.1) is a map between expectation values of the boundary theory

and classical fields in the bulk. In [40] the idea was different. The main point was to look

for CFT operators that behave like bulk local operators. The initial ansatz in [40] was
b(t,r,0) = / dt' d¢ K(t,r, ot 8O, &), (5.02)
dAdS

and the smearing function K (¢,r, ¢|t’, ¢') was fixed by rewriting the bulk normalisable
modes in this form. The hat on the left hand side indicates that this is a quantum oper-
ator. If we quantize canonically the bulk scalar field then the coefficients b,,; and bLk of
the normalisable modes (see (3.1.10)) are promoted to creation and annihilation opera-
tors. However, the matching condition relates these coefficients to a CFT source and the
latter is not a quantum operator. One may still reconcile the two pictures if one consid-
ers the bulk solutions as being associated with a coherent state, as was recently argued
in [63]. Then the eigenvalue of the annihilation operator acting on the coherent state
would be equal to the value of the source. This would give a map from states |A) of the
CFT to coherent states in the bulk and it would be interesting to understand this map in
more detail.

As emphasised, (5.0.1) and (5.0.2) hold at the linearised level in the bulk (free fields)?.
While (5.0.1) and (5.0.2) may be related at this order, it is not clear this will continue to be
the case at non-linear level. There has been work in extending (5.0.2) to higher orders,
see for example [43, 44, 45, 46, 64]. In these papers, the map is modified by including
additional terms on the RHS of (5.0.2), which are double-trace operators. The coeffi-
cients are then fixed by requiring bulk locality. In our case, the full bulk solution will
instead involve many additional bulk fields, which are dual to single-trace operators. It
would be interesting to clarify the relation between the two reconstruction formulae at

non-linear order.

Another application of our construction is in the context of the fuzzball program [65, 66,
67, 68]. As was argued in [69, 37, 38, 67], the fuzzball solutions for black holes with AdS

“This is also the leading term in the 't Hooft large N limit, if we normalise the CFT operators such that
their 2-point function has coefficient 1 in the large N limit. One should keep in mind however that with
this normalisation the subleading terms in NV do not necessarily correspond to quantum loops, see the
discussion in section 2.2.
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throats are the bulk solutions dual to the states that account for black hole entropy. In
all previous works, fuzzball solutions were constructed by solving supergravity equa-
tions and the relation to CFT states was only studied afterwards (for a class of fuzzballs).
The construction here allows one to pursue a direct (iterative) construction of bulk so-
lutions dual to individual states. It would be interesting to carry out such computations.
One may also use the results here to sharpen an old argument [70] that the number of
supergravity solutions dual to the 3-charge BPS black holes cannot exceed that of the
2-charge ones.
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Einstein-Maxwell-Dialton-Axion
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Chapter 6

The Model:

Asymptotic Analysis, Thermodynamics and Stability

6.1 Introduction

A big challenge of modern theoretical physics is the demystification of the underlying
physics governing strongly coupled systems such as the quark gluon plasma (QGP) cre-
ated during heavy ion collisions, cold atom systems and strongly correlated electrons.
The reason why these systems remained for a long time a mystery is because they lie
outside the regime of validity of the conventional tools usually employed by theoretical
physicists. In particular, since they are strongly coupled, perturbation theory does not
apply and, although lattice regularisation of quantum chromodynamics (QCD) is suf-
ficient for the study of static observables, using it for time dependent problems such
as the thermalisation of the QGP poses great difficulties. Gauge/gravity dualities, being
strong/weak coupling dualities, offer a promising candidate for a new framework that
will ultimately fill the gap in the toolset of theoretical physics. Through the AdS/CFT
dictionary one can map questions about the macroscopic properties of strongly cou-
pled gauge theories to tractable problems in supergravity on asymptotically AdS back-
grounds. For example, by performing supergravity calculations, string theorists can de-
rive real-time correlation functions of field theory operators and study them to learn
about non-equilibrium processes such as diffusion and sound wave propagation in
strongly coupled non-conformal plasmas. A notable result obtained through this pro-
gram and relating primarily to the QGP is the calculation of the ratio of the shear viscosity
to entropy density in strongly coupled plasmas [71, 72]. Equally interesting are the results
relating to the phase structure of strongly coupled condensed matter systems which
emerged from the study of the of supergravity solutions with charged asymptotically
AdS black holes supporting additional matter fields. For example, it was shown in [73]
that charged black holes in AdS can develop charged scalar hair which spontaneously
breaks the gauge symmetry, thus providing a holographic description of superconduc-
tivity. Moreover, probing further the phase space of such bulk theories revealed that, in

addition to superconducting phase transitions, the dual theories have phases exhibiting
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emergent quantum criticality, non-relativistic scaling properties as well as hyperscaling
violation.

The second part of this thesis is based on [2] and it focuses on the study of a class of
3+1 dimensional planar AdS black holes that carry electric and/or magnetic charges,
axionic hair and can support additional scalar hair associated with a running scalar.
There are many motivations for studying supergravity solutions with these character-
istics. Firstly, running scalar fields in planar asymptotically AdS backgrounds describe
holographic Renormalisation Group (RG) flows between conformal fixed points and be-
tween UV fixed points and IR theories exhibiting more interesting scaling behaviours
such as hyperscale violation and/or Lifshitz scaling [74, 75, 76, 77, 78, 79]. These RG flows
play a key role in understanding the physics of the QGP in heavy ion collisions and of
condensed matter system which have been observed to display hyperscaling violation.
Secondly, as mentioned above, when coupled to the U(l) gauge field, the scalar field
provides a mechanism for the spontaneous breaking of the U(1) symmetry giving rise
to holographic description of superconductors [73, 80]. In the theories we study the
scalar field is not charged under the U(1) gauge symmetry and therefore the ordered
phase of these theories is not superconducting. Nonetheless, we find that they do ex-
hibit phase transitions which are controlled by the condensate of the operator dual to
the scalar. Inspired by this connection of the scalar to the tuning or dialling of the the-
ory between different phases we have dubbed it the dialton. Another appealing feature
of the theories we study is that the mass of the dialton lies in the range which allows
for mixed and Neumann boundary conditions, in addition to the conventional Dirich-
let. By choosing to impose mixed boundary conditions we introduce in the theory an
additional tuning parameter that can be used tuned to control the condensation of the
operator dual to the scalar and induce new phase transitions in the dual theory. In par-
ticular, from the perspective of the field theory, imposing mixed boundary conditions
corresponds to turning on a multitrace deformation which introduces a new coupling
¥ and which can be tuned to destabilise the theory [81]. However, this is not the only
significance of the mixed boundary conditions. As we will see in section 6.2.2, in or-
der to impose mixed boundary conditions on the dialton one must add extra boundary
terms to the bulk action. These terms ultimately modify the holographic stress tensor
and the on—shell action [82], and, hence, the associated conserved charges and free en-
ergy [30] but they leave the thermodynamic relations unaffected. In particular, we will
see that by correctly accounting for the modifications of the charges we arrive at the
standard thermodynamics relations, including the first law, without any new “charges”
associated with the dialton. This is exactly what one expects since running scalars in

AdS black holes are secondary hair and not primary [83].
Returning to discussion of the motivation for studying this class of theories, the sec-
ond set of scalar hair, namely the axion fields, provide a mechanism for momentum

relaxation in the dual theory, a highly desired featured for holographic condensed mat-
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ter systems. More specifically, the axions admit solutions with a linear profile in the
boundary spatial directions. From the field theory perspective, such bulk solutions cor-
respond to turning on spatially dependent sources for the dual operators which break
translation invariance and lead to the momentum relaxation. Linear axion backgrounds
were first considered in [84] where the authors obtained supergravity solutions that are
dual to theories exhibiting Lifshitz-like fixed points in the IR with anisotropic scale in-
variance. Their results were later generalised to finite temperatures [85, 86] providing
a description for strongly coupled homogeneous and anisotropic plasmas which can
play a key role in understanding the physics of the QGP. More generally, linear axion
backgrounds are a special case of the holographic Q-lattices first discovered in [31] as
solutions to 3+1 dimensional Einstein-Maxwell theory coupled to a gauge neutral com-
plex massive scalar that enjoys a global U(1) symmetry. This global symmetry combined
with a spatially periodic ansatz for the scalar field lead to dual systems that explicitly
break translational invariance leading to states with finite DC conductivity. In a similar
spirit, the authors of [32] studied supergravity solutions with scalar fields that have linear
profiles along the boundary directions which explicitly break translational invariance
but preserve isotropy and they obtained a dual metallic system exhibiting momentum
dissipation and finite DC conductivity.

As was mentioned above, the dialton is secondary hair and therefore there are no con-
served charges associated with it. The axionic hair is fundamentally different in this
sense; the axions with a linear profile along the spatial boundary directions are pri-
mary hair, carrying magnetic-like charges and satisfying global Ward identities. On the
boundary, they correspond to deforming the QFT action by terms of the form [, ,, 21Oy,
where Oy, are the operators dual to the axions. As we will see, the global Ward identi-
ties imply that Oy, are locally exact and thus, one might be tempted to integrate by parts
the deformation term and eliminate explicit z dependence of the field theory action.
However, there is an important subtlety preventing us from doing so. The boundary
terms associated with the integration by parts diverge as #/ — 400 and can not be ig-
nored. It follows that solutions with linear axion profiles in boundary spatial directions
correspond to turning on topological axion charges analogous to turning on magnetic
charges. These charges modify the first law of thermodynamics and they should be
treated on the same footing as conventional magnetic fields turned on on the bound-
ary.

The main focus of this work is the analysis of the thermodynamic properties and phase
structure of theories dual to the bulk configurations described above, namely electric
and/or magnetically charged planar black branes carrying primary axionic charges and
which can support additional secondary scalar hair satisfying mixed boundary condi-
tions. In this chapter we introduce the model and perform the general analysis of the
action. We begin in section 6.2 where we present the action and revisit the properties of

the axions and the dialton in more detail. In section 6.3 we derive the equations which
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we solve asymptotically in section 6.3.2. We then proceed to compute the boundary
terms necessary to impose our choice of boundary conditions and for the variation of
the on-shell action with respect to the sources to be well defined 6.3.3. These terms,
combined with the asymptotic solutions of the equations of motion, allow us to derive
the renormalised on-shell action, 6.3.4, and the one-point functions of the dual oper-
ators 6.3.5. We also obtain the local Ward identities associated with diffeomorphism
invariance and the U(1) gauge symmetry, 6.3.6, as well as global Ward identities for the
axions, 6.3.7. We then go on to derive the field theory thermodynamics in section 6.4 and

discuss the results obtained in [2] for dynamical stability of hairy solutions in section 6.5.

In chapters 7 and 8 we apply the general results of the current chapter to certain analytic
solutions of the theory. In particular we will revisit the exact axionic black holes found in
[87], which do not have a running profile for the dialton, as well as those obtained in [88]
and have a running dialton in addition to the non trivial axion background. A running
dialton is also a feature present in the electrically charged black brane solutions found
analytically in [89], which we also discuss. Finally, in chapter 8, we obtain a new family of
exact magnetically charged axionic black holes, which may be viewed as the magnetic
version of those presented in [89]. Using the results we obtain in this chapter, we derive
the thermodynamic properties of the dual theories and study their phase structure and
dynamical stability.

6.2 The Action

The theories we are interested in are d + 1 dimensional Einstein-Maxwell theories with

d — 1 massless scalar fields ¢y and a single massive scalar field ¢, described by the action

d—1
Souk = [ dt*1av=G (R ~ 500 = V(6) ~ SW(9) S (001)? - izwnﬂ) (621

I=1

where we are using units in which 167Gy = 1. The d — 1 massless scalar fields ¢y are
the axions, the field ¢ is the dialton, F' is the field strength associated to the Maxwell
field A, F = dA and G, is the spacetime metric used to raise and lower Greek indices
i, v, . ... The capital indices I, J, ... denote the flavour of the axions and they run from
1to d — 1. The functions V(¢), W(¢) and Z(¢) define the dialton potential, the coupling
of the dialton to the scalar fields ¢y and the coupling of the dialton to the Maxwell field,
respectively. The dialton potential is chosen such that it generates an effective cosmo-
logical constant A when the dialton vanishes, V' (0) = 2A. Expressed in terms of the

radius of AdS ¢, the cosmological constant is defined by

d(d—1)

A= —
202

(6.2.2)

The coupling of the dialton to the axions has been included for generality but for the
theories we will study W(¢) = 1. Finally, the coupling between the dialton field and the
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Maxwell field is normalised such that, for vanishing dialton, Z(0) = 1.

Before proceeding with the study of the equations of motion it is instructive to examine
more closely the properties of the (d — 1) axions and of the dialton.

6.2.1 The (d — 1) Axions

The (d — 1) scalar fields vy are massless and only enter the action through their deriva-
tives. This implies that they enjoy a global shift symmetry,

Y1 = Y1+ ey, (6.2.3)

where ¢y is a constant translation vector, as well as a global SO(d — 1) flavour rotation
symmetry,
v = Afy, (6.2.4)

where A7/ is an SO(d — 1) constant rotation. These scalars are in fact O-form fields with
field strength F[{] = d¢1, which, as can be seen from (6.2.1) with W (¢) = 1, only enter
the action through their field strength. Consequently, it is possible to construct homo-
geneous solutions whose stress-energy tensor does not depend on the boundary coor-
dinates. These solutions correspond to turning on sources for ¢); which are linear in the
boundary coordinates. Furthermore, by having d — 1 axions, i.e. the same number as
the number of the boundary spatial directions, allows for the possibility to arrange their
sources is such a way so as to preserve the SO(d — 1) rotational symmetry. This means
that their contribution to the stress-energy tensor does not break isotropy. The axion
fields associated with such homogeneous and isotropic bulk solutions have the form

Y1 = pa! (6.2.5)

where p is a constant.

Solutions of the form of (6.2.5) have a number of important features. Firstly, they act
as vacuum energy for the horizon giving rise to topological AdS black holes with a flat
horizon but with a lapse function that resembles the one usually associated with hyper-
bolic AdS black holes [88]. This means that they enjoy both a flat boundary as well as the
additional length scale associated to the hyperbolic radius.

Secondly, they break translation invariance in the transverse z! directions, providing a

mechanism for momentum dissipation in the dual field theory. This can be seen from
the Ward identity associated with boundary diffeomorphisms, namely

IS

-1
Dl (Tig) +(O) Bipoy + 3 (Ouy) 0" + (JY Y =0 (6.2.6)
1

~
Il

where i, j label boundary coordinates z* = (¢, 2), (O,) and (O,;) are the vacuum expec-
tation values (vevs) of the operators dual to ¢ and ¢y, (J*) is the U(1) conserved current
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dual to the bulk gauge field and Jy, d)§0) and Fi(jo) are the sources for Oy, Oy, and J;
respectively. A version of this identity is derived in section 6.3.6. Note that this expres-
sion assumes Dirichlet boundary conditions for the dialton although in our subsequent
analysis this will not be the case. This does not affect the current analysis. This Ward
identity demonstrates that turning on spatially dependent sources for the axions gives
rise to the non-conservation of (P*) = (T") in the presence of non-zero axion vevs.
This mechanism for momentum dissipation was first introduced in [32].

Finally, solutions of the form (6.2.5) have non-zero flux, i.e. F1 = p # 0, and they cor-
respond to turning on topological “magnetic” axion charge densities in the background
dual field theory. The effect of these charges with respect to the thermodynamics of
the dual field theory are completely analogous to that of conventional magnetic back-
grounds. In particular, these charges contribute to the free energy of the theory and
enter the first law, just as a magnetic field. We derive these expressions, including the
axionic “magnetisation” conjugate to the axionic charges in section 6.4 were we discuss
the thermodynamic properties of the theory.

6.2.2 The Dialton Field

In this section we focus on some of the features of the dialton field. Our choice of po-
tential V' (¢) allows us to impose mixed boundary conditions for the dialton where we
keep fixed a particular combination of the two modes of the dialton. The combination
we will choose to keep fixed is motivated by string theory and has the interpretation of a
triple trace deformation of the dual field theory. This in turn has important implications

for the phase diagram of the theories.

To understand the properties of the dialton we first need to study more closely its po-
tential. For our theories it possesses a negative extremum at ¢ = 0. More precisely, near
¢ = 0 our potentials have the form

d(d—1) 1< d? 1

V(¢)=—7+* —@—f—@

2 4
e 5 ) ¢ + O(o%). 6.2.7)

Note that V' (¢) is manifestly an even function and therefore are no odd powers of ¢ (to
all orders). The first term in this expansion corresponds to an effective cosmological
constant whereas the second generates a mass for the dialton,

m2 =Ly =L L L (6.2.8)
D) T4 o -
This mass lies in the window
d? 5 o 2 1
- =< <-—— 4= 2.

which, as we saw in section 1.2.4 implies that in addition to Dirichlet boundary condition

the scalar can admit Neumann and mixed boundary conditions as well. In particular,
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recall that near the asymptotic boundary, located at z = 0, the scalar field admits an

asymptotic expansion of the form
¢(x,2) = 2972 (p0) () + O(2%)) + 2° (pa—a)(z) + O(2%)) (6.2.10)

where for the mass range (6.2.8) A can be either root of A(A — d) = m?¢?, the equa-
tion that defines the relation between the conformal dimension of the dual operator
and the mass of the scalar field. If one chooses to fix () on the bound at the bound-
ary', i.e. impose Dirichlet boundary conditions, then ¢(g) is interpreted in the field the-
ory as the source that couples to the dual operator via a term in the QFT action of the
form [d?z JpO. In this case ¢(2a—q) becomes the “fluctuating field” and it is found to
be proportional to the vevof O in the presence of the source. Moreover, the conformal
dimension of O is given by the larger root of the mass-conformal dimension equation,
namely Ay = d/2 + /d?/4 + m?2(2.

Alternative, for fields satisfying (6.2.9), one may choose to keep (24 _q) fixed at the bound-
ary and allow ¢ g to fluctuate. In this case the source that couples to the dual operator is
I = —L2(2A — d)pa—ay and @) is its vev. This choice corresponds to imposing Neu-
mann boundary conditions and it requires that one adds an additional boundary term

to the bulk action to ensure that the source is indeed kept fixed under variations,

Spulk = Spulk + / Az Jng (o). (6.2.11)

With this choice of boundary conditions the conformal dimension of the dual operator
is given by A_ = d/2 — /d?/4 + m?¢2. Note that the constraint on the mass of the bulk
field implies that A_ satisfies the unitarity bound for a scalar operator, A_ > d/2 — 1.

The final choice, which is the one of interest to us, is to impose mixed boundary condi-
tions on the bulk field in which case the source kept fixed at the boundary is a function
of both ¢(g) and ¢(2a_g) of the form

Jr=—C2A¢ — d)opa,—a — F (#0) (6.2.12)

F(#() is a polynomial of degree n with 2 < n < d/A_ satisfying 7(0) = 0. From
the perspective of the field theory this choice introduces a multi-trace deformation,
[ d%x F(O). For the deformation to be relevant or marginal, the conformal dimension
of O must be chosen to be A_ and its vev ¢(g), i.e. we deform the Neumann theory [90,
91, 92, 82]. Moreover, to ensure that the source kept fixed under variations with respect
to the scalar field is indeed Jr, we must once again add boundary terms to the bulk

'Strictly speaking, since the boundary is actually a conformal boundary, one can only keep (o) fixed up
to conformal transformation. That is to say we can demand that ¢ gy = —(d — Ay)do(x)p (). where do(x)
is an arbitrary infinitesimal scalar function on the boundary. The variation of the action will still vanish
under these generalised Dirichlet boundary conditions by virtue of the trace Ward identity, as long as there
is no conformal anomaly.
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action. These are now given by

Spulk = Sbulk + /ddw (Jre) + Flew)) (6.2.13)

The theories we will be studying have a triple trace deformation. The function f(¢(q))

in this case is .
f (o) = 390 (6.2.14)

where ¥ is a coupling that depends on the particular solution we are considering. This
is discussed in section 6.3.3.

In [81] the authors studied the effect of multitrace deformations in the context of holo-
graphic superconductors and found that they destabilise the vacuum, giving rise to a
new mechanism for constructing holographic superconductors. This new source of in-
stability is present even if the scalar field is neutral under the U(1) gauge field, as is the
case with our theories. However, in this case the ordered phase is no longer super-
conducting since it does not break the U(1) symmetry but instead a Zs symmetry. In
chapter 8 we study a family of solutions in which ¥ is a parameter that we can tune.
In this case we also find that varying ¥ allows us to tune the theory between different
phases.

6.3 Asymptotic Analysis of the Bulk

In this section we compute the bulk renormalised on-shell action by performing a full
asymptotic analysis of the bulk fields. The analysis is done in full generality, i.e. without
specifying the form of the dialton potential and of the coupling between the dialton and
the gauge field. This allows us to apply our results immediately to the specific theories
we will study without needing to do any additional calculations. The theories we will
study are four dimensional and therefore, to simplify the analysis, we set d = 3 from

now on.

The first step in our analysis is to derive the equations of motion from the action (6.2.1)
and solve them near the asymptotic boundary, subject to appropriate boundary condi-
tions. We begin by expanding the bulk fields in the holographic direction. In accordance
with the AdS/CFT dictionary, we write the bulk metric in the Fefferman-Graham gauge
which allows us to directly relate the coefficients in the boundary expansion of the fields
to field theory observables. The equations of motion are solved order by order in the
holographic direction and the result is then substituted back into the bulk action, aug-
mented by boundary terms necessary to enforce our choice of boundary conditions.
The resulting on-shell action is divergent and we need to perform holographic renor-
malisation. Once this is done, the renormalised on-shell action can varied with respect

to the sources to obtain the expectations values of the dual operators.
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6.3.1 The Equations of Motion

Variation of the action (6.2.1) leads to the following equations of motion

VH(Z(¢)Fuw) =0
;=0 I=1,2

06~ V() = 17/(8)F

1 1 1 1
Rl“’ = iG,uz/R + §Z(¢) <F,u>\FI/)\ F2 ,LLU> + 5 Z (6l—ﬂl)fallwl - § (81/)1')2>

=1

+ % (8M¢8V¢ - %GW (06)? — GWV(¢>)> 6.3.1

Tracing the Einstein equation we obtain an expression for the Ricci scalar in terms of

the other fields,

2
Gl = 53 001 + 5 (00) +2V(0) (6.3.2)
=1

[\

which we use to simplify the Einstein equation,

Ruu—%Z(ﬁb) <FMAFM 1 Lp2g W) Zamaywl L 8,00, 6 + V(¢)Gp) = 0 (6.3.3)

We now proceed to solve these equations asymptotically, in the vicinity of the conformal
boundary.

6.3.2 Asymptotic Solutions
Asymptotic Expansions of the Fields

In this section we obtain an asymptotic solution to the equations of motion. We begin
by considering the following expansions for our fields,

ds*=G,, dztdr” = ﬁsz + g i (, 2)da'da?
—uv - 22 ZQQZ] )

where the boundary islocated at z = 0 and g;; is a 3 dimensional metric thus ¢, j = 1,2, 3.
This is the Fefferman-Graham gauge for the metric. From the point of view of g;;, z is just
a parameter. The coefficients in the expansion, g);;, 91)ij, - - - - are to be determined, or
at least constrained, using the equations of motion.
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For the other fields the asymptotic expansion has the form

Az, 2) = A9 (@) + 240 () + 2240 () + .. (6.3.5)
(e, 2) = 90 (@) + 26 (0) + 2260 (0) + ... (6.3.6)
bz, z) = 25 (e(0) (@) + 20y () + 224p(2)(1‘) +...), (6.3.7)

We are interested in theories for which the potential satisfies

1d2V(e)| 2
Consequently, A_ =1 and
o(x,z) = z (o) (@) + 2oy () + 224,0(2)(:3) +...). (6.3.9)

Next we have to substitute these expressions in the equations on motion, (6.3.1) and
(6.3.3), and solve order by order in z. To facilitate this process we rewrite the equations
of motion in terms of g;; and A;. Some useful results associated with the metric and
Christoffel symbols that have been used in the analysis of the equations of motion are
given in appendix 6.A. In what follows we use D to refer to the covariant derivative with

respect to the 3-dimensional metric g and’ = d/dz.
Axion

In terms of ¢, the axion equations of motion are
"o ij 1 1y 2N i L oij -1
Y7 +970;001 + B Tr (g g ) - v+ 0ig” + 59 Tr (g 82-9) ;91 =0. (6.3.10)
Solving these order by order in z we obtain the following results,

M (z) =0 6.3.11)

1
P (@) = 5 W0 ()

> (V=990 @) (6.3.12)

1
2V =90
where (Q)D(O) the D’Alembertian with respect to g(g);; and g(gy the determinant of g(g);;-
As we shall see, the next order term in the expansion, 1/)§3), is the vev of the axion. This
term is unconstrained by the asymptotic equations of motion and thus our analysis of

the axion terminates here.
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Dialton

In terms of ¢, the dialton equation of motion are

¢" + 9" 0:0;6 + (; Tr (g7'9) - z> ¢+ <8¢gij + %gij Tr (g‘laig)) ;¢ =
_rav(e) | 2* dZ(¢)

172 2
e (2A +F)(6.3‘13)

where

B A = g ADA ¢ 631

2 = gUgH By Fy = Agl) gt 0, A 0, AP + (6.3.15)

We also need the expansions for dZ(¢)/d¢ and dV (¢)/d¢. First we define

(n)
Zo = lim L249) (6.3.16)
z—0 dd)(n)
and ®)
Vn = lim Vi) (6.3.17)
z—0 d¢(”)
Using these we obtain the desired expansions,
dZ(¢) 2 2
W ==/71+ ZQD(O)ZQ +z (Zggo(o) + 22280(1)) +... (6.3.18)
dV(¢) 22 2
W =W+ ZSO(())‘/Q + 35 <V3(,0(0) + 2V2<,0(1)>
3
z
+E <V4(,0?0) + 6V3p0)p(1) + 6V2g0(2)> +... (6.3.19)

Turning back to the dialton equation of motion and making use of these expansions we

find the following results,

1=0 (6.3.20)

Vo = —l% (6.3.21)
1 —1

Vap) = ﬁTr (g(o)g(l)) (6.3.22)

1 1/1 1 1 2o,
P2) = —3 W00 - 3 <2 Tr (9(1) 9<1)) + Tr (9(0)9(2)) — 5 V1% | $(0f6:3.23)

Note that the asymptotic analysis did not constraint ¢;). This reflects the fact that ¢y,
is the vev of the dual operator when the theory is subject to Dirichlet boundary condi-
tions in which case ¢/ is the corresponding source, or, if Neumann or mixed boundary
conditions are imposed, it is related to the source for the dual operator and g is the

vev.
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Scalar Einstein Equation

The rr component of the Einstein equations or scalar Einstein equation as we refer to it,

given in terms of g is

_1 —1_n 1 -1 —1/ i —1 1 _LQ (9) ij At /_1~2
2Tr(g g)+4Tr(g qyg g)—l—QZTr(g g)—2£2—2 gIAAG = SFT ) +
1 : 2 1 2 62

+5 D VP + 5 <<;5 + V(o) - 2A) (6.3.24)

=1

where F? is given by equation (6.3.15). The expansions of Z(¢) and V (¢) are given by

2 2 2 3
V(p) = Vo + zp)V1 + > (Vw(o) + 2V190(1)) + G (V:atp(o) + 6Vap(0)p1) + 6V1§0(2)> +...
22 23 3 12
=Vo— ¥t 5 (V%) — mroen |+ (6.3.26)

where we have used the results obtained previously for V; and V». By solving the scalar
Einstein equation order by order in z we obtain the following results.

Vo = 2A (6.3.27)
~1

Tr (g33901)) =0 (6.3.28)
—1 ~1

Tr (g(o)g(l)g(o)g(l)) =0 (6.3.29)

1
-1 -1 -1 -1 2
Tr (g(o)gu)g(o)g@)) —-3Tr (9(0)9(3)) =2¢)pa) + 5 Tr (9(0)9(1)> ¢ (6.3.30)

where we have used that 1/1&1) = 0 to get the last two relations.

At this point one may be tempted to combine relations (6.3.28) and (6.3.22) and erro-
neously conclude that V3 is zero. The reason this would be wrong is that the asymptotic
expansions, and in particular the expansion for ¢ (6.3.7), is not the most general allowed
and one should in general include a logarithmic term 22 log z $(1), where we have set
A_ = 1. Then, one find that V3 is not zero but related to ¢, (see e.g. equations (2.18) and
(2.19) in [93]). A logarithmic term in the ¢ expansion or, equivalently, a non-vanishing
V3, signal the presence of a conformal anomaly. However, for both of the theories we
study in the next two chapters, the potential is such that V3 = 0. As a consequence,
in these cases, the coefficient of the logarithmic term vanishes and it is in anticipation
of this result that we have omitted it, and the additional complications arising from it.
Thus, although this analysis is valid and sufficient for the theories we are interested in,
it should not be applied to V3 since the result we find in this case, namely V3 = 0, has,

essentially, been put in as an assumption when choosing the ¢ expansion.
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Tensorial Einstein Equations

In terms of g the ij components of the Einstein equations or, as we will refer to them,

the tensorial Einstein equations, read

1
(g)sz gzj +

2
1 _ 1 1 1
5,90 Tr (g 1g') + = 5 (g g~ g) + g” z_: 010591 + §3i¢8j¢+

02 22 Z(9) 1 A, y
+2722(V —2A) + ET <A;A9 — 19 (2 (A" +F ) +g Fz’ijl> (6.3.31)

where the Ricci tensor admits the asymptotic expansion

@Ry = WRY + 2 @R + ... (6.3.32)

Using the asymptotic expansions and solving order by order in z we find the following

results,

9y =0 (6.3.33)
1
DR + gy + g0y Tr <9<0>9 ) 2 (Zaﬂﬁz 91" = Ploy90yis ) (6.3.34)

2
-1
Ir (9<o>9<3>) = T30 (6.3.35)

Furthermore, by tracing equation (6.3.34) we obtain

41 (g(_o%g@)) - 2 (O)Zalwl j [ _380 (0)- (6.3.36)

Finally, substituting this expression back into equation (6.3.34) we obtain an expression
for g2)i;.
2 1

0 0
3 <aiw, 90" — 90y 90 O Oy >)

I=1

N | —

_ (0) 1
1 2

Maxwell Equations

The equations of motion for the gauge field expressed in terms of g are
D' (Z(¢)A}) =0, (6.3.38)
for the r component, and

(@A) + 5 Tr (67'd) Z)A ~ (579, 2(6) 45 + DI (Z(@)Fy) =0 (6339)
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for the remaining components. (9) D, is the covariant derivative associated with Gij-

Focusing first on (6.3.38) we find the following result,

A =0 (6.3.40)

1 YA
(O)A( )= 29 (0)71 i )A(l) (6.3.41)

Note that the vev of the dual field theory current that couples to the gauge field is pro-

(1) )

portional to A;”’ and hence, the coefficients AE" for n > 2 do not contain additional

information and it should be possible to obtain expressions for them in terms of the

)

source coefficient AEO) , and the vev coefficient A;’. We have included the expression

for AEZ) as a confirmation.
Repeating for equation (6.3.39) we find the following result,

O (? o ALY +24¢ )) (6.3.42)
0

Vector Einstein Equations

The ri components of the Einstein equations, or vector Einstein equations, are con-
straints which give the Ward identities associated with diffeomorphism. In terms of g

these equations are given by

1 .
*gjk (ngék - Dig}k) =

2

2 4 1S 1
o 2 (D) AjF + 5 > 0 + 50/0i0. (6.343)
=1

Solving again order by order in z we obtain the following relation,

Dioy93)is 352209@)145 oAy +Z¢z oy — Seden) (6.3.44)

Once we derive the one point functions for the dual operators, we will return to this

expression and re-express it in terms of field theory quantities.

This concludes the asymptotic construction of solutions to the equations of motion.

Below we provide a summary of the results, keeping mostly terms up to the vev.

Metric:

_ (0 1 1 2
9(2)ij = — <(g)Rij — 1903 (g)R(o)> ~ 390iiP(0)

2
1 1
T3 >, ( oo - 49(0)1']'9%)31@1#}0)31%0)) (6.3.45)
=1
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2
T (sajow) = =3 o + 5 30 (24”) - Seloy
Tr (g(_oig(g)) = —ggo(o)gom (6.3.46)
Dialton potential:
Th=2M=-p,  Vi=0, Th=-—r (6.3.47)
Dialton: . . 2
2 = =3 Bowo ~ 5 T (sg90) + 15Vl 6349

Note that (2 appears at higher order than the source and vev of the dual operator and,
therefore, it does not contain any useful information for our analysis. We have never-
theless included it as a confirmation that it can be determined in terms of (gp(o), go(l)).

Axions: The coefficients associated with the source and vev of the operator dual to
the axions are wgo) and wgg), respectively, and hence they are not determined by the
asymptotic analysis. Here, we present the results for w?) and 1/1}2) but in fact only 1/1}1)

would be needed in our subsequent calculation of the renormalised on-shell action.
eil@ =0, @) = 900" (@) (6.349)

Divergence identities - Gauge field: The coefﬁcients associated with the source and
the vev of the current dual to the gauge field are A ) and A respectively. Hence,
the only useful relation we obtain for the gauge field from the asymptotic analysis is
the divergence identity for Ag.l) which gives the Ward identity associated with the U(1)
symmetry.

W _
D} A5 = 0. (6.3.50)

Divergence identities - Metric: For the metric we find the following two divergence
identities

1

Dig) <(g)R<0>ij ~ 59(ij w )R(O)> = —9(0)0i%(0)

D{Q)Q(S)ij 3€2Z0 gk ] k] +Z¢(3)6 — *(,0 )az'(p(l). (6.3.51)

The first one is trivially satisfied and it can be used to confirm that our results are cor-
rect. The second one gives rise to the Ward identity associated with diffeomorphism

invariance.
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6.3.3 Boundary Terms

In the previous section we derived the asymptotic solutions to the bulk equations of
motions. In this section we discuss the boundary terms needed to impose our choice
of boundary conditions and to make the variational problem well defined. In particular,
if one proceeds to compute the renormalised on-shell action and attempts to vary the
result with respect to the restrictions of the bulk fields on the conformal boundary, the
process will not produce the correct stress tensor or 1-point function for the dialton.
This is because varying the on-shell action with respect to the metric on the confor-
mal boundary gives rise to a surface term proportional to 9,0G, that does not vanish
when imposing Dirichlet boundary conditions at fixed z. The boundary term neces-
sary to remedy this issue is the well-known Gibbons-Hawking-York term discussed in

section 1.3.2.

In the case of the dialton, the issue arises because we are imposing mixed boundary
conditions as opposed to the standard Dirichlet conditions. As we briefly mentioned
above, in order to keep an arbitrary function of Jx of ¢(g) and pa_q) = ¥(1) we need
to augment the bulk action by boundary terms that ensure that, upon varying the on-
shell action with respect to the boundary value of the scalar, the resulting integrant is
proportional 0Jr (Ogy).

Before we proceed to compute the on-shell action we discuss these two sets of bound-
ary terms in more detail and derive the terms that we must add to the bulk action in
order for obtain the correct one-point functions for the dual operators.

Extrinsic curvature and Gibbons-Hawking term

As we have already mentioned, the term needed to render the variation of the bulk
action with respect to the bulk metric G, subject to Dirichlet boundary conditions
0G,,, = 0 well-posed is the Gibbons-Hawking term,

Seu = —2 / ddz /K (6.3.52)

where we have re-instated d for this discussion. z = e defines the timelike cutoff surface
B used to regularise the action, ;; is the induced metric on B,
€2
Yii = Gij‘z:e = ggij, (6.3.53)
and K is the trace of the extrinsic curvature tensor, K,,,, of the embedding of B, in the
spacetime. In particular, let n be the outward-pointing, unit normal to B, which, for the
metric (6.3.4), reads n* = —%(09;)". Using this we define the first fundamental form of
the embedding as
hyw = Gy — nyn,. (6.3.54)
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Then, the extrinsic curvature tensor is
Ky = —hu"h, "V (yng) (6.3.55)

and the mean curvature, K is
K=G"K,,. (6.3.56)

The only non-vanishing components of %, and K, are

o c A
hij =i = 9 and Ky = ;007 = 50 = 59ij- (6.3.57)

Using these expressions we finally obtain the expression for the Gibbons-Hawking term,
both in terms of v;; and g;;. The latter will be useful when we calculate the counter-
terms needed to remove divergences of the on-shell action.

— d € . d
=2 /Hd z V=9 <% Tr (979) - e) (6.3.58)

Let us see now why we need the Gibbons-Hawking term. Varying the bulk action with
respect to the metric, ignoring the Gibbons-Hawking term for now, we find upon inte-
grating by parts

SaSbulk = / d /=G [bulk eom.],, dGH
z>e
- / ) A%/~ 0" (GP7V 106G e — GPOV 110G o) - (6.3.59)
Substituting G*? = h*? + nn?, the boundary term becomes
/ ) d%z/=y ' (W7 106Gy — BV 160G ys ) . (6.3.60)

If we impose Dirichlet boundary conditions, G ., |5, = 0, the first term in the integrant
vanishes, since it is the derivative of §G,,, along some boundary direction. On the other
hand, the second term does not vanish, as it is the change of 6G/,, moving away from
the boundary. The variational principle with Dirichlet boundary conditions 6G,, = 0
on B, is thus not well-posed.

Turning our attention now to the Gibbons-Hawking term, varying it with respect to the
metric we find

daSon = / d*a/= [(K7ij — 2K;5) G — 207 1PV 16 Glo + 1RV ,0G e ] . (6.3.61)
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Combining all contributions

56 (Sbulk + Sch) = / d*z/=7 [(Kvij — 2K;5) G — nPh*7V 106G 0] - (6.3.62)

z=

To deal with the last term, we write it as

—nthP7V 080G = =RV, (NG ) — K7V 06, (6.3.63)
= D; (Y/n"6G ;) — WG (V,n,) 6G o (6.3.64)

with D; the covariant derivative associated to the induced metric v;;. The total derivative
yields zero when integrated, and the remaining term becomes K, dG**. Finally, the
metric variation of Sy is

0c (Spulk + ScH) = / A le/—G Eo0G" — / dda:\/—’y (Kij — Kij) 6~ (6.3.65)
z>€ z=¢€

where we took 54 = §G%. Hence, the addition of the Gibbons-Hawking term renders
the action functional differentiable when imposing Dirichlet boundary conditions on
B., leading to a well-defined variational problem. The resulting equations of motion are
E,, =0.

Mixed Boundary Conditions for the Dialton

As we have already mentioned, we are interested in theories where the dual field theory
contains a triple trace deformation of the operator dual to the dialton. In the bulk, a
deformation of this form is related to mixed boundary conditions for the dialton. More
precisely, near the asymptotic boundary at z = 0 we saw that the dialton admits the
series expansion

bz, 2) = 25~ ©)(z) + zAﬂp(l)(x) +... (6.3.66)

where A_ = 1and A = 2 and the ellipses correspond to higher order terms in z. Im-
posing Dirichlet boundary conditions corresponds to fixing ¢ ) at the boundary which
is then interpreted as the source that couples to the dual operator. The expectation value
of the dual operator is then proportional to ¢(;) and its conformal dimension is A, = 2.
Alternatively, when the mass of the dialton lies in the range —d/4 < m2(?> < —d?/4 + 1
one can consider a setup where ¢ is the expectation value of the operator whose di-
mension isnow A_ and ¢;), or more precisely a term proportional to ¢ ), is the source
that couples to it. This of course corresponds to imposing Neumann boundary condi-
tions on the bulk field, as we have already discussed. On the field theory side, the A_
theory is obtained from the A theory via a Legendre transform of its generating func-
tional that exchanges the roles of the source and expectation value of the operator.

Finally, the last option which is the one relevant to our analysis, is to impose mixed
boundary conditions in the bulk, thus introducing a multitrace deformation in the dual
theory of the form [ d%z F (O) where F is a polynomial of degree n, 2 <n < d/A_ = 3.
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The source we keep fix in this case is given by
Jr=—loqy—F (o) - (6.3.67)

In order to ensure that the variation with respect to the dialton of the regularised on-
shell bulk action (plus boundary terms) is proportional to §J, i.e.

5¢> (Sreg + Set + Sboundary) - / d’ vV —9(0) <O¢> 0JF, (6.3.68)

Z=€

we have to augment the action by adding a boundary term, Sy, given by

5 = / A%/ (Jree + F (v0) - (6.3.69)

Sreg is the regulated on-shell action and S is the counter-term action necessary to can-
cel the divergences of the on-shell action. For the derivation and complete expressions
of both these terms we refer the reader to section 6.3.4. For now it is sufficient to note
that

0g (Sreg + Sct) = 5290(1)(5(,0(0) + O(e). (6.3.70)

Using this result and combining it with the expression for Sy we confirm (6.3.68) and
find the expectation value of Oy,

84 (Sreg + Sct + Sf):/ A"z, /=g (5290(1)5@(0) + (6J5) ¢(0)

Z=€

+Jpp ) + F' (¢0) 00 + 0(6))

:/_ ddacw/—g(o) (@(0)5Jf+0(6)).

Hence, we have confirmed that the addition of S to the bulk action ensures we obtain
the correct variational problem, subject to the desired boundary condition §J; = 0.
Furthermore, the 1-point function of the dual operator is

(Og) = ¥(0)- (6.3.71)

This is the 1-point function one obtains when imposing Neumann boundary condition
and, hence, the mixed boundary conditions lead to a deformation of the Neumann the-

ory. The dimension of the dual operator in this case is A_.

Next we turn our attention to the function F (cp(o)). We are interested in triple trace

deformations of the boundary theory and therefore we choose F to be of the form

1
F (o0 = 519@?0) (6.3.72)

where the coupling constant ¥ can be a free parameter or it could be constrained by the
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theory we are considering. The boundary term we must add to the bulk action is given

by
2
Sy = / d%\/?(o) <—£2§0(o)80(1) - 3'&0?0)) . (6.3.73)

Finally, note that since d = 3 and A_ = 1 we have d/A_ = 3 and thus this is a marginal
deformation.

6.3.4 Renormalised On-Shell Action
Holographic Renormalisation: A Brief Introduction

We have now identified two surface terms that need to be added to the bulk action to
make the theory described by (6.2.1) a well defined variational problem. Hence, the full
action is

S = Spuk + Scu + Sy (6.3.74)

Next we shall compute the renormalised on-shell action. Let us begin by briefly review-

ing the program of holographic renormalisation [17, 19, 22, 25].

According to the AdS/CFT correspondence, the on-shell bulk action evaluated as a func-
tion of the boundary values of fields, collectively denoted by f ) here, is identified with
the generating functional of the field theory correlation functions,

— Warr[f(0)] = Son-sheil[f(0)]- (6.3.75)

However, both objects suffer from divergences; for the field theory these are short dis-
tance UV divergences which are identified as IR divergences in the bulk. Furthermore,
the IR in the bulk corresponds to the near boundary region. Since in quantum field the-
ory UV divergences do not depend on the IR physics, it follows that dealing with the cor-
responding bulk divergences requires only the near boundary behaviour of the fields.
Therefore, we only need the asymptotic solutions of the fields in order to renormalise
the on-shell bulk action.

The program of holographic renormalisation involves first regularising the on-shell ac-
tion by introducing a cutoff spacetime surface B, near the asymptotic boundary. This
allows us to integrate over the holographic direction and find the terms which diverge
when B, is send to the boundary. There will be a finite number of divergent terms and to
deal with them we introduce counterterms on B,. The counterterms must be covariant
and this entails inverting the asymptotic expansions of the fields to the appropriate or-
der in e. More specifically, let F(z, z) be a bulk field. On B, is admits a series expansion

of the form

Flx,€) = € foy (@) + ™ oy (@) + .+ € ( Fomy () + log(€) fin) (x)) ... (6376

where the logarithmic term is only present if d is even. The on-shell action and countert-

erms are evaluated as a function of the “source” f(j) which is not covariant in the bulk.
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To make the expressions covariant we must invert this expansion to obtain f(7) =
f0) (F(z,€),¢) and this is done order by order in € as we will see later.
Once we have obtained the subtracted on-shell action, Sqy, [F(z, €); €], the 1-point func-

tion of the dual, field theory operator is given by

1 1 5Ssub

We proceed with the renormalisation of the action (6.2.1) using the asymptotic solutions
obtained in section 6.3.2. This will allow us to compute the 1-point functions of the
operators in the dual field theory.

Regularised On-Shell Action

We start with the action (6.2.1) and use the equations of motion to obtain

1
SOH—SheH = / d4fL’ V -G <V(¢) - 4Z(¢)F2> + SGH + Sf (6378)
M
where
S = —2 / dBzy/— K (6.3.79)
and )
Sf = /Z:6 d3z. /=9(0) (—62@(0)90(1) — 319()0“()’0)> (6.3.80)

Using the asymptotic form of the fields, (6.3.4) - (6.3.7), and the corresponding solu-
tions (6.3.45)-(6.3.49), we rewrite the fields as

Y2 2 L
ds? = Gdatda” = ?sz + ?gij(x, z)dz'dz’ (6.3.81)
where
gij(x, z) = g(o)ij(:c) + 22g(2)l-j + z3g( )ij + 0(24), (6.3.82)
99w, 2) = gy (@) = 22 (90920956 ) 0(z), (6.3.83)
2
1 1
9©2yij = — ((g)REJO') - 19(0)2‘ > + 9 Z ( (0)8 Q(O)ijgfé)ak¢§o)8l¢§0)>
I=1
1 2
— 90 (6.3.84)
and

2 . VA
Ai(z,2) = A9 (z) + 24P (2) + % <(9)Dgo) FO _ J@(O)A >> O(z%) (6.3.85)

v

Ui(w,2) = v (@) + 5 W00 () + O() (6.3.86)
P(z, 2) = zp(0)(2) + 2 w(l)(x) +0(z%) (6.3.87)



118 Chapter 6. The Model: Asymptotic Analysis, Thermodynamics and Stability

93)ij» P)(z) and Agl) (x) are related to the vevs of the dual operators and to determine
them we need the full bulk solutions.

In addition to these expansions we have that

6 22 223

V(9) =~ — @¥o ~ mroem +0E (6.3.88)
Z(¢) = ZO +0(2) (6.3.89)
1 2 2
I=1

Focusing first on the bulk action given by the first term in (6.3.78), we are interested in
terms which, after we integrate the on-shell action with respect to z for z > ¢, are diver-
gent in the limit e — 0. To obtain these, we only need to keep terms in the integrant that
are of order O(z71). V=G Z(¢)F? is of order O(z%) and it does not lead to divergences.
Hence, we only need to worry about the contribution due to

/ d*zv/—-GV(9).
zZ>€
Using the above expressions,

o 22 1< 2 3
[ o Svmnli 5 (- SR )

23 4
— 3PPt O(z")

A 6 322 1<
4 2 :
/z>e d v _g(O) ? [ B ﬁ + @ ((Q)R(O) B 5
202 302 1< 2 1
_ 3 }: 0) 2

To this we must add the contribution from Sgy and Sy. To compute Sgy we need to

compute the trace of the extrinsic curvature of the embedding of B, in the spacetime.

From equation (6.3.58) we have

- =, (6.3.92)

K = —Tr (g_lg') .77

20

Using the expansions for g+

and Tr (g(_(ﬁg(z)))) from (6.3.46),

and g, as well as the expressions for the traces Tr (9(_0; 9(2))

2

3 1 2 3 €
K = — - @ ((g)R(O) _ = Z (81#50)) + 2<p%0)> — PP +0(eh) (6.3.93)
23
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Furthermore, using the relation ~;; = f—; gij| . the determinant of v;; is

3 € 1 2 (0) 3 e 4
F:é)’\/%ll_S (g)R Z( > 2@(0) —§¢(0)¢(1)+O(5 )|
I=1
(6.3.94)

Combining these expressions and keeping only terms that do not vanish in the limit

e — 0, we find the following Gibbons-Hawkings term,

2

602 (2 1 (0)
o = /zedgx\/% L3 Tl <9)R 53 (90) + ety ) + 000

I=1

(6.3.95)

The final term we need to evaluate is the boundary term associated with the dialton, S.
Using equations (6.3.67) and (6.3.69) with d = 3 we have

2
Sy = /_ d3:c\/7(0) <—£2tp(o)<ﬂ(1) - §19 go?o)> . (6.3.96)

Combining all three terms, Sk, Scu and Sy, we find the regularised on-shell action,

Sreg =Spulk + Scu + Sf

42 72 1< 2 1
> Y (9 ot 0\ L 2
€3 * 2¢ ( "R 2 Z <8¢1 ) 2@(0))

I=1

2
o)) — 319s0?0)] (6.3.97)

Counterterm Action

From (6.3.97) one immediately identifies the divergent terms which need to be sub-

tracted to render the action finite,

42 2 1< J 1
Sct _ _/ d3$ —9(0) [63 + 276 ((H)R(O) _ 5 ] az¢10)8]w(0) 5 %0))] . (6398)
zZ=€ =1

This action is not covariant so it does not respect the symmetries of the bulk. To obtain
a covariant expression we must invert the expressions for the boundary values of the
fields and expressed them in terms of the covariant fields that live on the the cutoff

surface B..

We begin with the “forward” expansions for the fields, given by equations (6.3.82)-(6.3.87).
We will also need to invert , /—g(g). This admits the expansion

3 2
V=90 = 5V = V90 <1 +5 T (90}9e) + 0 (63)> . (6.3.99)
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These expressions can be inverted order by order in € to obtain expressions for g(gy;;(z),

o) (@), v (2), AV () and | /~go).

Leading order ine:

To lowest order, the inverted expressions for the fields are simply

2 1
905(@) = Hi(@.0) po@) = oe, U @) =vi@e. A @)= Az,e).

(6.3.100)
Furthermore, it is easy to see that '9/[J ) = \/7(0)82 (, /=9(0) g(o)aj) can be rewritten in
terms of 0 as )
00 = % Sla (6.3.101)
€
and similarly for all contracted quantities. For example (g)R(Q) = f—; MR,
Finally, inverting the expression for , /—g(q) to leading order we find
&3
V790 = pv T (6.3.102)

Next to leading order in e

To obtain the inversions to the next order we substitute the leading order expressions (6.3.100)
into the forward expansions keeping the next order terms. That is to say, we substitute
the expressions (6.3.100) into the expressions for g(s);; and 1,/;?). ¢(0)(z) and AZ(-O)(.%) can
not be computed to higher order in € since the next order terms correspond to the vevs
of the dual operators and these can not be determined from the asymptotics of the fields.

Starting from the expression for 1/)?)(3:), 1/)52) (x) = %(Q)D(O)wgo) (), we obtain

@y _ £
Y; (w)—@ Oy (z,€), (6.3.103)
and, ,
OO (@) = pr(x,e) - %(”Dwz(x, €) + O(é%). (6.3.104)

Rewriting g(2);; in terms of the inverted expressions is straightforward, albeit more te-
dious. Using equations (6.3.100) and the fact that (Q)R(D)ij = R;; + O(¢?) we obtain

2
1 1 1 1
92)ij = — (mRij — i (7)R> +3 > <3i¢10j¢1 - 4%'ﬂkl5k¢151¢1) - @%j&

I=1
(6.3.105)
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and

N | =

2
1 1 1
9(0yij = € [gz’m + <<V>Rz~j — 1 (’”R) -3 (aﬂmajzp, — i (a¢,)2>
I=1

1
+@%j¢2 +0 (). (6.3.106)

To compute , /—g o) to the next order in ¢ we make use of the relation

2
~1 ! LS (g - 32

In terms of the covariant fields,

Tr <9(0)9(2)) =12 TR+ 32 Z (0Yr)” — 8?¢ (6.3.108)
I=1
and )
e 2 1 3
=75 |1*3 <(7)R -5 > (0yr)? - %2@1)2)] (6.3.109)
I=1

[tis not possible to compute the boundary fields to higher order as the next terms in both
the metric and axion expansions correspond to vevs of their respective dual operators.
However, the expressions obtained are sufficient to rewrite all terms in the counterterm

action in a covariant form.

Summarising, we have the following covariant expressions

2

1 1 1 1
g(O)z](«T) = 62 [€2sz + <(7)RZ‘] - Z’Yij (’Y)R) — 5 Z (8i1/118j1/1[ — z’yij (8w1)2>

I=1
+$%‘j¢2 +0 (Y. (6.3.110)
P(0)(z) = %qb(w, €) + O(e) (6.3.111)
2
90 (@) = Y, 0) — SO0 (,0) + O() 63112)
A (2) = Ay(z,e) + O(e) (6.3.113)
¢’ I 1 o 2 3
Vo0 = @V [T g | TR =5 D00 - 550 (6.3.114)
=1

The final step is to substitute these expressions in the counterterm action (6.3.98), en-

suring that we keep all terms that do not vanish in the limit ¢ — 0. After some algebra
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we obtain
3 4 ) 1, £
Sa=— | dav/=y| 5+ R+ ;0" = 59700000501 ) (6.3.115)
and,
Sren = ll_% (Sreg + +Sct) ’ (6'3'116)
where Sreg = (SBulk + Sch + Sf)z:e

6.3.5 1-Point Functions of the Dual Operators

In this section we proceed to compute the 1-point functions of the operators dual to the
bulk fields. This involved varying the renormalised action with respect to the boundary
values of the bulk fields, i.e. with respect to g(y;;, AEO), 1,Z)§O) and ¢(g). When Dirichlet
boundary conditions are imposed, these are identified as the sources that couple to the
dual operator. For the theory at hand, this is still true for all fields except the dialton. As
we have already explained, we are imposing mixed boundary fields on the dialton and
®(0) is no longer the source. This is taken care of by the boundary term we have added
to the action Sy. Thus, varying the renormalised action-including Sy-with respect to
the boundary values of the fields, we obtain

2
1, .. .
§Sren = [bulk e.om] + [ d*z\/ g0 ( = 5 (T7) bgioyig + (') SALY + 3 (O,) 607"
I=1

+ <O¢> 5Jf> (6.3.117)

Here T is the energy-momentum tensor of the dual field theory, J; is a conserved U (1)
current associated to a global U (1) symmetry on the boundary and Oy, and O, are field
theory scalar operators dual to the axions and dialton, respectively. Clearly the boundary
term vanishes when g(gy;;. AZ(.O), ¢§0) and J; are kept fixed on the boundary and so, the
variation of the total action implies the bulk equations of motion. Next we will perform
the variation of the renormalised action and from the result we will read off the 1-point

functions, according to equation (6.3.117).

Using the unintegrated form of the bulk action, the renormalised action can be written

as

2
Sren = lim [/> d%@(R - ZEL@FQ -~ %Z (9r)* — % (9¢)* — V(¢)>

e—0
I=1

2
2 / dPay/=y K + / &*z /=90 <—€2<P<o>¢<1) —3Y %Of’m)

2
I=1

4 03
- /z:E Pav=y (f + LR+ %‘?52 -5 (8¢1)2> ] (6.3.118)
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where the first term is the bulk action, Sy, the second is the Gibbons-Hawking term
Sch. the third is the boundary term necessary for the dialton boundary condition, Sy,
and the fourth is the counterterm action, S¢;. Note that all terms in the action have been

expressed in terms of covariant fields except for Sy.

Perturbing each term in Sie, we obtain the following results,

0Spulk = / N d*z E,,0G" — / d*av—G G GP 06 (0, A,)
2>€ >e

— / d*av =G G* 9,410, (5¢1) — / d4x\/—G<G“”6H¢8y (6¢)
Z>€ z>e€
v F?dz
(5T 5¢>
-/ d%\ﬁ( YE8A; + 00120 50w €) + 0.0 €) 9 e>>,
. (6.3.119)
6SGH = —/ dBJI\/ - (Kij - K’yij) s (6.3.120)
3 & L3 ij
65 = Hd TV =90) | | 5 P00 T 590 ) 900090
- (5290(1)5(,0(0) - QO(O)(SJf) (6.3.121)
1 2 1 14 g
65t = — / d*zy/=y (e ORij — 501051 — i (E +5 PR+ 0 - <8wz)2)) o
- / ) d3x\ﬁ—fy%5¢+ / ) dPx/= 4 Oy D001 (6.3.122)
where §Jf = —EQ&p(l) — 29900 (). Combining all terms and using the expansions for

the fields, the renormalised action is

0Sren= lim/ B/ =y ¢
e—=0 ), V4

V7 8. A; 5A; + (%aewf — mm) Sbr + (Zaeqs - f) 5

2 ! 1 12 i
- <Kl] K%] + 6( ) 21/11631/11 Vij (Z + 5 (V)R + @(Z)Z - 1 (81/)])2 ))57 j]

+ 65 (6.3.123)

As was already explained above, comparing this expression with equation (6.3.117) allows
us to read off the expectations values of the dual operators. In particular, let F(z, z) one
of the bulk fields and let its near boundary behaviour be F(x, z) ~ 2™ f)(z) +. ... Then,
the 1-point function of the operator dual to F(z, z) is given by

O™ 1 §Sren|Flx, )€
(OF) = 15%[<6> N v (6.3.124)
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or, in terms of the sources,

1 0Sren [f(O) (SL‘)] ‘

OF) — (6.3.125)
(©7) v/ ~9(0) 5f(0) (z)
Upon applying this prescription we obtain the following results,
{Os) = ¢(0); (Oy,) = 30"
(J') = ZoAly, (T7) =36} — gw?o) 9y (6.3.126)

6.3.6 Local Ward Identities

The 1-point functions combined with the divergence relations for g3);; and Agl), given
by equations (6.3.50) and (6.3.51) respectively, give the local Ward identities,

2
] 0 ; 0
Dy (Tij) = (Og) 0iJs + 121 (Oy,) 0 + (Y EY (6.3.127)
D(gyi (J*) = 0. (6.3.128)

The former is the result of diffeomorphism invariance and the latter of gauge invariance

of the theory. Moreover, starting from (6.3.46) and using the expression for (T we find
<Tii> — (d — A_)QO(O)Jf - d]:((p(o)) + A_tp(o)f/<g0(0)) = 0. (6.3.129)

This is the trace Ward identity associated with the invariance of the theory under Weyl
transformations. One immediately notices that, in addition to the usual (d — A_)y(g)J¢
term one expects in the presence of a scalar field, there are two extra terms. These are
associated with the multi-trace deformation F(O4). Another important feature of the
trace Ward identity is the vanishing of the right hand side. If this symmetry is broken
then the trace is no longer equal to zero but instead it is equal to the conformal anomaly
A(®(0))- In d = 3 the only source for the conformal anomally is the scalar operator dual
to the dialton. From the prespective of the bulk there are two possibilities that can give
rise to a non-zero conformal anomaly. The first, which was already mentioned in sec-
tion 6.3.2 on page 108, is the presence of an effective ¢? term in the bulk action due
to a non-zero V3 in the expansion for the dialton potential [93]. In this case the dial-
ton expansion has an additional logarithmic term whose coefficient contributes to the
conformal anomaly. However, for the theories we are interested in, the potentials have
V3 = 0 and therefore there is no such logarithmic term for the dialton. The second pos-
sibility has to do with the mixed boundary conditions or, equivalently, the multi-trace
deformation of the field theory action. This deformation introduces additional terms in
(T7') which may still break scale invariance, even in the absence of the cubic term in the
bulk action. However, if the multi-trace deformation is marginal i.e. if 7(Oy) Oj)/ A
as is the case here, then it does not break conformal invariance.
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Although these relations have been derived using the explicit expressions for the 1-point
functions, it is also possible to derive them using a Noether procedure, using the invari-
ance of the renormalised bulk action under boundary boundary diffeorphisms and U(1)

gauge transformations.

6.3.7 Global Ward Identities

In addition to the local Ward identities derived above, there are global Ward identites
associated with the invariance of the bulk action, including the counterterms, under
the global ISO(d — 1) symmetry of the axions, ¥y — A{; + c7, and hence, so is the
renormalised action Sren. In particular, substituting the infinitesimal form of this trans-
formation in equation (6.3.117), we obtain the integral constraints,

/ d?z /=9(0) (Oy;) =0,
oM
/6 y 'z /=g ) (Oy,)) =0 (6.3.130)

where the axion indices are antisymmetrised in the second identity. The first identity
is derived using the invariance of the theory under global shifts of the axions. From
the perspective of O-forms, global shifts correspond to gauge transformations and this
identity is thus the analogue of the local current conservation for O-forms. The second
identity is a special feature of the theories we are studying and it associated with the

flavour rotation symmetry of axions.

6.4 Field Theory Thermodynamics

We now have the tools needed to study the thermodynamic properties of our model.
In particular, the renormalised Euclidean on-shell action gives the Gibbs free energy, or
grand canonical potential, of the field theory [94],

BW(T,V, u, B,IT) = SE_ = —Sien. (6.4.1)

Since we are interested in solutions satisfying mixed boundary conditions, the appro-
priate action to use in the above expression is the one augmented by the appropriate
boundary actions, Sren = Spuik + Scu + S given in equation (6.3.118). In the grand
canonical ensemble, described by the Gibbs free energy, the control variables are the
temperature 7' = 1/, the spatial volume V, the chemical potential x, the magnetic field
B (if present) and the axionic strength IT which, for the isotropic configuration of axionic

fields that we are interested is defined as

N | =

2
(1) = % > (ovr)*. (6.4.2)

I=1 I=1
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Varying the free energy with respect to these control variables provides the expres-
sions for their conjugate variables, namely the entropy S, the pressure of the system
P, the electric charge Qe, the magnetisation M and the axionic magnetisation w which
are conjugate to the temperature, volume, chemical potential, magnetic field and axion
strength respectively. These calculations simplify significantly by noting that for spa-
tially homogeneous systems, such as the solutions we are interested in, the volume V
factorises in the expression for the on-shell action allowing us to define the free energy

density w which is independent of the volume
w(T, p, B, 1) = W(T,V, u, B,11) /V. (6.4.3)

Using this we obtain the following expressions

<8w) . <8w> ) <8w> M <8w>
am = 79, a = P a1 = - ) arr = —w.
or ,B,11 o T,B,11 oB 7,11 ol 1,8

(6.4.4)
where s = §/V is the entropy density of the system and p = Qe its charge density. Note
that the spatial volume of the system is formally infinite and therefore it is more ap-
propriate to talk densities. The above quantities can be independently derived from the
holographic analysis of the conserved black hole charges. This is a straight forward task
when it comes to the chemical potential, charge density, temperature, entropy density
and magnetic and axionic charge densities for which we have, in addition to the defini-
tion (6.4.2),

T = Tgn, s = SgH, p=lim Ay, p="0{J", B= glgg%Fw, (6.4.5)
where we have assumed that the gauge potential vanishes at the horizon. However, this
task is a lot more involve when it comes to the thermodynamic potentials conjugate
to the magnetic and axionic charges, i.e. the magnetization and axionic magnetization.
We circumvent this complication by using general thermodynamic relations such as
the ones given in equation (6.4.4) to define these quantities. This however, implies that
our analysis does not provide an independent confirmation of thermodynamic relations
such as the first law. A first principles definition of all thermodynamic variables for
planar black holes with axionic charge, and correspondingly a general derivation of the
first law, will appear in [95].

Returning to the discussion of the free energy, we see from the above expressions that
the exact differential of the free energy density is

dw = —sdT — pdy — M dB — wdIl, (6.4.6)

Another important quantities characterising a system is its internal energy-or in this

case energy density €. It can be derived from the free energy density by performing a
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Legendre transformation with respect to the temperature and the chemical potential,
e(s,p, B,II) = w+ Ts + up. (6.4.7)
Alternatively, it can be read off from the holographic stress energy tensor,
e=0(T"). (6.4.8)

The exact differential of the internal energy density gives the first law of thermodynam-
ics for an infinitesimal volume,

de =Tds+ pdp — wdll — MdB. (6.4.9)

Moreover, re-instating the volume dependence, one obtains the total energy £ which
depends on the total entropy S = sV, charge Q. = pV, and volume V of the system,

E(S,V,Qe, B,1I) = Ve (i %,B, H) . (6.4.10)

The exact differential of this expression gives the first law of thermodynamics in its usual
form, i.e.
dé=TdS —PdV + pdQe — (wV)dIl — (MV)dB, (6.4.11)

where the pressure of the system is given by

po_ (ag> . (6412)
oy S,Qe,B,I1

Combining (6.4.11) with (6.4.6) and (6.4.7), we find that the pressure is related to the free
energy as
w=—P, (6.4.13)

and satisfies the Gibbs-Duhem relation

e+ P =Ts+ pp. (6.4.14)

Finally, since the Gibbs free energy density w is a function of the variable T, i, B and
I, in order to compare solutions with the same charge densities we need to use the
Helmbholtz free energy density f, which is a function of T', p, B,II. This is related to the
Gibbs free energy via a Legendre transform with respect to the chemical potential g,

f=w+pup=ec—"Ts. (6.4.15)
The thermodynamic identity (6.4.6) implies that

df = —sdT + pdp — M dB — wdIl, (6.4.16)
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and so f is indeed a function of the variables T, p, B, 11, as desired.

The analysis up to now has been independent of any particular features of the theory
under consideration and it is therefore valid for any black hole. To apply it to specific
systems one needs in addition an equation of state, relating the thermodynamic vari-
ables. This is strongly constrained by symmetries, such as conformal invariance. For
the theories we are interested in, we saw in section 6.3.6 that the dialton does not ex-
plicitly break conformal invariance which is only broken explicitly by the background
magnetic field and axion charge. A simple scaling argument allows us to generalise the
equation of state for conformal theories to theories where conformal symmetry is ex-

plicitly broken by magnetic and axionic charges.

6.4.1 Equation of State in the Presence of Magnetic and Axionic Charges

In a d-dimensional theory with no explicit breaking of conformal symmetry, the trace-
lessness of the stress tensor the vacuum implies that in a state of thermal equilibrium
the system is governed by the equation of state P = ¢/(d — 1). To see how this relation
is modified for the theories we are interested in, which (can) have a magnetic field, a
chemical potential and an isotropic distribution of axionic charges, we first notice that

the Gibbs free energy W can be re-written as
W(T,V,u, B,1I) = (¢ — T's — up)V. (6.4.17)

where we have used (6.4.7). Conformal invariance and extensivity restrict thus the form

of the state function W to

(6.4.18)

I
W(T, V, i, B,TI) = —VT?h (” 5 )

T T2 T

where the function h depends only on the dimensionless ratios 1/T, B/T? and I1/T. We
should stress that in writing this relation we assume that there are no dimensionfull cou-
plings, either single- or multi-trace, for the scalar operator dual to ¢. This assumption is
justified for the planar black holes we consider here, but in general dimensionfull scalar
couplings must be included in the scaling argument (see e.g. [96]). As a consequence of

(6.4.18), W possesses the scaling property
WO, NV A, \2B, D) = MWV(T, V, p, B, ID). (6.4.19)
Differentiating this relation with respect to A and setting A = 1 we obtain

—sT—(1=d)P — pu—2MB —wll = W/V, (6.4.20)
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where we have used the conjugate variables introduced in (6.4.4) and (6.4.12). Equiva-

lently,
ow ow ow ow ow
V7 sV, 57 P, on pV, 5B MV, 310 wV (6.4.21)

Combining equation (6.4.20) with the defining relation (6.4.17) finally gives the equation
of state
e=(d—1)P —2MB — wll. (6.4.22)

In chapters 7 and 8 we explicitly confirm this relation for the explicit solutions we study.

6.5 Dynamical Stability and the Energy Density

In this section we discuss the holographic effective potential for the vev of the scalar
operator dual to the dialton, which tell us whether a particular solution corresponds to
stable (thermal) vacuum of the dual theory. The quantum effective action for the scalar
vevo = (o) is given by the Legendre transform of the generating function of the theory,
given by the renormalised on-shell action S\, (6.3.116), with respect to the scalar source,
keeping all other sources to their values in the solutions,

Llo] = Sren — 12 / Brodp =12 / A3z (vQFT(a) + derivatives), (6.5.1)

where we used the fact that the QFT is on Minkowski (with metric g(g) = diag(—1, ¢2, (%))
and Vqrr(0) is the quantum effective potential for o. Since we are only interested in
homogeneous solutions, we can neglect the derivative terms. From (6.3.117) and (6.5.1) it
follows that the source of Oa is then given by

ol [o]
Jp=— 6.5.2
i 5o (6.5.2)
and, hence, vacua of the theory are extrema of the effective action:
ool _y (6.5.3)
Yo

To compute the effective action we observe that from (6.3.69) and (6.3.116) it follows that
[82]
F[U] = SD,ren + 62/d3$-/_"(0'), (6.5.4)

where Sp ren is the generating function of the Dirichlet theory or equivalently the effec-
tive action of the Neumann theory, given by

SD,ren = lg% (SBulk + SCH + Sct) y (6-5-5)

where Sp, is the regularised on-shell bulk action. As for Poincaré domain walls [97, 21,
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98, 24], for the homogeneous solutions we are interested in here 5., can be expressed

in terms of a fake superpotential that governs non-relativistic flows [99].

We do not present the details of the calculation here and we refer the reader to appendix
B of [2]. We would like to mention however, that the result of this calculation was shown
to take a rather universal form, that applies to all hairy black holes solutions we will be

studying. In particular, the effective potential for the scalar vev o in all cases takes the

form
_ Hge € 3 2
Vorr(o)=VYo+ 5 + 57253 (63 — 3020)
Hqe 3 2 3
=V + 2 + 323 (—20* +30x(0 —0x)* + (00— 04) ) , (6.5.6)

where V) is a constant and o, is the value of the vev at the extremum, i.e. the value
corresponding to the specific background solution, and ¢ is the corresponding energy
density. Dynamical stability is now determined by the sign of the effective mass term,
i.e. the coefficient of the quadratic term, and we see that it is equivalent to the positivity
of the energy density, as one may have expected. This result also provides an alternative
method for computing the energy density. Using the specific expressions for the energy
density in each of the solutions, therefore, determines the range of parameters for which
they are dynamically stable.

6.6 Concluding Remarks

In this chapter we performed a detailed analysis of a class of supergravity theories that
admit planar black brane solutions carrying electromagnetic and axionic charges and
can support an additional running scalar which we named the dialton. We focused on
solutions satisfying mixed boundary conditions for the dialton field and which have ax-
ions that are linear in the boundary spatial directions. We discussed the implications of
these features in length, stressing their implications for the dual field theory. We then
went on to solve the bulk equations of motion near the conformal boundary and used
the results to compute the renormalised on-shell action and, subsequently, the one-
point functions of the dual operators. Combining our results of the holographic analysis
with general thermodynamic relations, we then derived the thermodynamic properties
of the dual theory. Finally, we briefly discussed the results obtained in [2] regarding
the dynamic stability of the solutions which have non-trivial dialtons by deriving holo-

graphic effective potential for the vev of the scalar operator dual to the dialton.

In the next two chapters we will employ the results of this chapter to analyse two the-
ories that are explicit realisations of the model discussed here. The first theory, studied
in chapter 7, corresponds to the choice Z(¢) = 1 and

V(p) =2A [cosh4 <2i¢/§> — asinh? <2i¢/§>} ) 0<a<l (6.6.1)
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This theory was discussed in [87] where the authors found exact axionic black hole so-
lutions which do not have a running profile for the dialton, as well as in [88] where they
found solutions that have both a non trivial axion background and also a running dialton.
The second theory we will analyse is defined by

_ —1)82—
V(p) = 016%¢ + 0265(127?'1) + o3eld2)99 Z(¢) = e~ (@729 (6.6.2)
where
_d(d—-1) _ 8(d —2)(d — 1)25?
o0=——— =2 TR ([d-2)(d—1)5%)2’
—_9\2( ] _ 2 _ 2 _ o0N2( 2
vy A2 DPEE -1 —2) - ([d=2PA- DR

d(2 + (d— 2)(d — 1)02)2 A2+ (d—2)(d — 1)6%)2’

and ¢ is a free parameter in the potential. This action, and a corresponding family of
analytic electrically charged black brane solutions with axion charges and a running di-
alton, were presented in appendix C of [89]. In chapter 8 we examine this family of
solutions and we also derive and study a new family of exact magnetically charged ax-
ionic black holes. Finally, using our results for the thermodynamics of these exact black
branes, we study their thermodynamic and dynamic stability, and the corresponding
phase structure. Moreover, since we have analytical expressions for our solutions, we
are also able to compute analytically the off-shell holographic quantum effective poten-
tial of the scalar operator dual to the dialton field by employing the formalism developed
in section 6.5. This computation allows us to show that dynamical stability of hairy pla-
nar AdS black holes with respect to scalar fluctuations is equivalent to positivity of the
energy density.

6.A Fefferman-Graham Gauge: Useful Identities
In the Fefferman-Graham gauge the metric has the form

ds?*=G ,dztdz” = gdz2 + ﬁ i (, 2)da'da?
M uv - 22 ZQQ’L] )

9i5(x, 2)=g(0yi; (x) + 2901y () + 22 g2y (x) + . .. (6.A.1)

where the boundary is located at z = 0. We consider a 4 dimensional spacetime thus g;;
is a 3 dimensional and 7, j = 1,2, 3.

Below we give expressions for the coefficients of the inverse metric asymptotic expan-
sion and for the Christoffel symbols.

1. Inverse metric:

Using the relationship
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where,
9" (x,2) = gy (x) + 29 (@) + 2293, (2) + ... (6.A.3)
we find
ij - _1\Y
9@ = = (96)9090)) (6.A4)
ij —1 -1 ~1\¥ -1 —1\¥
98 (@) = (3590900909%;) " — (9019296;) - (6.A.5)
2. Christoffel Symbols:
Z 1 % 7 1 -1 i 1 i
B =y L =T =30079) ;= 2%
.11, Z.
IZ=IL=0 TI.=0 (6.A.6)
Useful identities for the Christoffel symbols:
4 1 _ 1 .
He=—;+3Trlod) L= 3 Tr (97'99)
GH'TZ = 2 2 Tr (g~ ¢ GHTE — i _ L g Tr (¢ 10
w =@ op ) w = —0i9" — 59" Tr (¢ 9,A7)



Chapter 7

Theory I

The first model we study is obtained from the general action (6.2.1) by setting Z(¢) = 1
and choosing V' (¢) to be

&)~ (578)
V(¢) = 2A |cosh* [ — ) — Wt — )1, 0<ac<l. 7.0.)
(9) [cos (2\/§ asin Wi <a< (
This model was originally studied in [87] where the authors found analytic expessions for
bald charged black branes carrying axionic charges but which did not have without the
additional dialton scalar and subsequently in [88] where they obtained hairy solutions
which have a running scalar field in addition to the axions.

The above potential can be obtained through field redefinition from AdS gravity with
cosmological constant A = —3/¢2, conformally coupled to a scalar field with a conformal
selfinteraction coupling « [100, 82]. For « = 1 this potential was discussed earlier in [101],
where a black hole solution with a horizon of constant negative curvature was obtained,
and in [102], where this potential was embedded in the U(1)* truncation of maximally
supersymmetric gauge supergravity in four dimensions. In fact, for a = 1, taking Z(¢)
to be a specific exponential function of the scalar ¢ and setting the axions v; to zero,
the full action (6.2.1) can be embedded in the U(1)* truncation of gauged supergravity.
No embedding is known for a # 1, or for Z(¢) = 1. Our analysis will focus on solutions
with non-trivial axion profiles, and so the corresponding action should be treated as a
bottom up model.

In this chapter we revisit the above solutions in light of the analysis performed in the pre-
vious chapter. We begin with the study of the bald solutions in section 7.1. We review
the properties of these black branes in section 7.1.3. In particularly we find the location
of their horizon and compute their temperature and their entropy density. These solu-
tions admit an extremal limit which we obtain in section 7.1.4. We obtain these extremal
solutions and derive their near horizon geometry. Next, by rewriting the metric in the
Fefferman-Graham gauge and using the results of the previous chapter we obtain the

one-point functions of the dual operators, 7.1.5. Finally, we conclude our discussion of

133
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the bald solutions with the discussion of their thermodynamic properties in section 7.1.6,
which also relies on the results of the previous chapter. In section 7.2 we turn our atten-
tion to the hairy solutions of the theory and repeat the analysis. In particular, we discuss
their horizon properties, temperature and entropy density is section 7.2.1. Unlike their
bald version, these solutions do not have a regular extremal limit. The one-point func-
tions of the dual operators are discussed in section 7.2.2 and the thermodynamic prop-
erties in section 7.2.3. We conclude the chapter in section 7.3 were we discuss phase
transitions of the theory between the bald and hairy phases, as well as the stability of
these phases.

7.1 Bald Solution

7.1.1 Electric Solution

When the dialton field vanishes the potential (7.0.1) reduces to a constant V(0) = —6/¢? =
2A, and the theory to AdS gravity coupled to a gauge field and two free scalars ;. The
bald solutions to this theory, endowed with the properties discussed in the previous
chapter, namely, electrically charged planar black holes solutions with axions that are

linear in the boundary directions are given by

ds? = —f(r)dt® + LTQ + 7% (d2? + dy?)
f(r)
fry=-L T

Y1 = pz, o = py

A=y (1 - 7"7?) dt, F=dA= —T%dt A dr, (7.11)

where rq is the position of the horizon and m, p and ¢ are related to the mass, axion
charge and U(1) charge densities respectively. Since the gauge potential A vanishes at
the horizon it follows that 4 is the chemical potential in the dual field theory and ¢ = puro
is the U(1) charge density.

We would like to draw the reader’s attention to the form of the metric. In particular, note
that the form of f(r) is the one commonly associated with a hyperbolic black hole. Nev-
ertheless, this black hole has a flat horizon. As was explained in chapter 6, section 6.2.1,
this particular feature of the metric is attributed to the axions which modify the vacuum

energy at the horizon, making it flat.

7.1.2 Dyonic Solution

The electric solution presented above can easily be extended to include the presence of
a magnetic field by letting ¢* = ¢2 + ¢, in the expression for the metric. The gauge field
is also modified to

A= pe (1 - T—O) dt + gmady, F=dA= —q—gdt Adr 4+ gmdz A dy, (71.2)
r r
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where the previous relation ¢ = urg is replaced by ge = pero.

7.1.3 Black Brane Properties: Horizon and Extremality

In this section we investigate the properties associated with the horizon of these bald
solutions. We focus on the dyonic solution only. The corresponding results for the
purely electric solution can be retrieved by taking the ¢, — 0 limit.

The horizon, rg, of the black brane is located at the largest root of f(r). By solving the
equation f(rg) = 0 for m, we obtain an expressions for the mass parameter in terms of
the horizon rg, axion charge p and chemical potential f,

18 1+—€2 (n2 —2 2)+—€2 2 (7.1.3)
0 4rk He = D 4r} dm
This expression will be used to eliminate m in subsequent results.

Temperature

The temperature of the black branes can derived by requiring that the Euclidean metric
does not have a conical singularity,

f'(ro) _ 3ro ez 2 )
T = = — 2?) — — 2 ). 714
ir 4l 1272 (te +2v7) 1273 m 714)

Entropy
The entropy density of the black hole is

an

Tee

= 473 (7.1.5)

where qay, is the area of the horizon and we have used our convention, 167Gy = 1.

Symmetry enhancement

As shown by Davison and Goutéraux [103], the bald solution becomes conformal to
AdS, x R? for particular values of the parameters, and enjoys in that case an enhanced
SL(2,R) x SL(2,R) symmetry. In this case, one can solve the linearized perturbation
equations exactly in terms of hypergeometric functions.! This happens precisely when
the form of the lapse function simplifies to

2 2
p T

f(T) = _5 + ﬁ?

! Notice that such a symmetry is also enjoyed by the scalar wave equation in the nonextremal Kerr

black hole background, in the low frequency limit [104] (see [105] for the Schwarschild black hole case).

This hidden conformal symmetry is not derived from an underlying symmetry of the spacetime itself, but

is rather related to the fact that black hole scattering amplitudes are given in terms of hypergeometric

functions, which are well-known to form representations of the conformal group SL(2, R). What is notable

in the bald black hole case is that this symmetry becomes an exact symmetry of the linearized gravitational
perturbation equations for those values of the parameters.

(7.1.6)
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i.e. when m and ¢ both vanish. The crucial point is that the metric becomes conformal
to a patch of AdSy x R?. In section 7.2 we study the hairy solutions of these theory where
we find that, for a particular range of the parameters, these solutions exhibit the same
symmetry enchancement. It is however unlikely that the coupled linearised perturba-
tion equations for the fields g,,,, A,.. ¢, and 1y remain exactly solvable as a consequence

of the enhanced symmetry. This is left for further exploration.

7.1.4 Extremal Black Branes

The solution becomes extremal when r( is a double root of f(r) or equivalently when
its temperature vanishes. Setting 7', given in equation (7.1.4), equal to zero, and solving

for ro we find

r2 25(2 24 u2) |1+ |4 Mim (717)
0,ext 24 p e 72 (2])2 i M%)Q A
The entropy of these black holes is
2 48 q2
= 2p? Al 1+ — 7.1.8
*= Goay (7 Hhe) +\/ TE @R+ ) 718)

As is usually the case with charged AdS black holes, the entropy does not vanishat 7" = 0,
signalling that the ground state of the dual theory is degenerate.

Note that for black holes which carry only electric charge,

52

rext = 15 (207 + 1) . (71.9)

2 2\ 3/2 2 2

p+2p pwo—2p
=0 — 1+3=——— 7110
. ( 12 ) <+ M2+2p2>’ (7.1.10)

and
it e (1* + 2p%) (7.1.11)
S = T~ = . P
iGN 48Gy TP

Near Horizon Geometry

Next we look at the near horizon geometry of the extremal black branes which teaches
us about the IR of the dual theory. We begin by expanding the lapse function given
in (71.1) near r = rgext given by equation (7.1.7). Using the fact that f(rpext) = f/'(ro.ext)
we find

1
- 4
2r0,ext

f(r)

( (12 + %) 15 ext + Q?n) (r = roext)? + O((r — ro.ext)?). (7.1.12)
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Substituting this result into the metric and performing the following change of coordi-

nates r = g ext + €p, t = 7/€ we find

2 2 2 2 2 2
He +Dp%) 1 +q 2r d
(e ) TBext T p?dr?+ u —’)2 7 ex (A2 + dy?) . (7113)

ds® = ] 2 N .2 2
270 ext (HE+DP?) TG et + 0 P

This metric describes an AdS; x R? geometry in the IR with the radius of AdS, given by

= 2rf ex . (7114)
(12 +p?) 1 o + 44
For purely electric black branes with g, = 0 this expression reduces to
22 2 4 92
[ N e (7.1.15)

6 puZp?

Thus, we find that the full geometry interpolates between AdS, in Poincaré coordinates
in the UV and a near horizon AdS; x R? geometry in the IR.

This near horizon geometry introduces a source of instability for massive fields. In par-
ticular, consider a scalar field in an extremal (or near extremal) charged AdS black hole
background whose mass is above the BF bound for the 4 dimensional spacetime but
below the bound for the 2 dimensional space, i.e. —9/4¢> < m? < —1/¢2. Although this
scalar does not introduce an instability far from the near horizon region, in the vicinity
of the horizon where the geometry is AdS, x R?, its mass violates the corresponding BF
bound, making it unstable. Note that this instability is not associated with superconduc-
tivity or superfluidity a priori since it does not rely on the field being charged under a
U(1) symmetry.

7.1.5 Fefferman-Graham Gauge and 1-point functions

Fefferman-Graham Expansion

In chapter 6 we derived the 1-point functions for any theory whose action has the form (6.2.1).
This was done by rewriting the metric in the Fefferman-Graham gauge and expressing
all the fields in this gauge (see section 6.3.5). We will now use those results to read off
the 1-point functions for the bald solution 7.1.1 by first obtain the asymptotic expansion
for the metric in the Fefferman-Graham gauge. In particular, we want to find the trans-
formation r = r(z) such that
dr?2 2
—— = —dz (71.16)
fir) 22
where r and f(r) are the holographic coordinate and lapse function in (7.1.1) and z is the

Fefferman-Graham holographic coordinate.

To derive this transformation we consider a series expansion for r(z) and solve order by
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order in z,
2

r(z) = % (14 a0z +a12” + a22® + 0(zY)) . (7.117)
The largest power of z in the expansion is found by considering the largest power of r
in f(r), ie 72/ If f(r) = r?/¢? then

52 2 £2

14
—dr —2dz2 = Inr=hz'=r=", (7.1.18)
z

where we used the fact that 7 = oo corresponds to z = 0. From the r(z) expansion we

compute dr?,

1 2
dr? = ¢ <22+a1+2a2z+3a322+...> dz?
4

-~ (1 —2a12% — dag® + .. ) dz22. (71.19)
2z

We also need the series expansion for dr?/f(r) in terms of z. First we compute 1/f(r)
by substituting 7(z) in f(r),

1 22 2
m = (1 — 2apz — 2012 + @z +. ) (7.1.20)
Combining this result with the expression for dr?, (7.1.19), and after some algebra, we find
dr? 2 2 P2\ 9
f(?“) ?dz + ] <—2aoz — <4a1 — 2£2> 24+ .. ) dz=. (7.1.21)

Comparing this to equation (7.1.16) we see that for (7.1.16) to hold we need the second
term on the right hand side of (7.1.21) to be identically zero, i.e.

2
p
-2 — 4 . 7.1.
aoZ (a1 2€2> +--=0 (7.1.22)

This is solved order by order in z to obtain the expansion coefficients a;. We immedi-

ately observe that

ag = 0 and a] = @, (7123)
implying that to O (2?) the coordinate transformation is
22 2
r(z) = . <1 + @z +. > (7.1.24)

Repeating the procedure, one can obtain the transformation to any order. However,
as we go to higher orders, the calculations are much longer and tedious and it is best
to be done using a computer program. Once this relationship has been obtained to the
desired order we find the asymptotic form of the fields by simply substituting » = r(z) in
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our solutions. This was also done using a computer program. The resulting expressions

are

52 2 2 2

for the holographic coordinate,

2 4 2, 2
p g2m 4 [ P 3 (de + am) 5
=—1+27 — 712
git Ny Ry (64€4+ 160 + 0(2?) (7.1.26)
gz =1 (7.1.27)
2 4 2, 2
_ 2, 2P 3 m af P de T4 5
Grz = Gyy ="+ 2 Z+Z3€2+Z (6452_ 616€4m>+0(z )s (7.1.28)
for the metric components and
2
[ 4e ge P"Qe 3 MQe 4 5
A= <r0 —2” + g7i ? + 616 2 + O(z )> dt + gmadz (7.1.29)

for the gauge field. The axions are unchanged since they depend only on the boundary
spatial directions. Moreover, Zy = 1 and Vj = —6/¢? with all other coefficients for Z(¢)
and V(¢) vanishing.

1-point functions

To compute the 1-point functions for the dual theory, we simply substitute the expres-
sions for the coefficients of the asymptotic expansions obtained here in the general ex-
pressions in chapter 6, section 6.3.5, equation (6.3.126). In particular, we find

(Og) =0,  (0y) =0, (Ji)= (T%’Z‘e,o,()) - (%,o,o) :
om/0? 0 0
(T = 0 m/t 0 (71.30)
0 0  m/

7.1.6 Thermodynamics
The final step of the analysis for the bald solution is to study the thermodynamics of the
dual field theory using the definitions and relations discussed in chapter 6, section 6.4.

The temperature and entropy density are equal to the corresponding quantities for the

black hole, given by equations (7.1.4) and (7.1.5), respectively. Namely,

3 1 :+qa
ro <2p2 s q”“) and s = 4mrl. (7.1.31)

Tz 1677 3

The energy density, €, chemical potential x1, charge density p, magnetic charge density B
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and axionic charge density II are

e=1? <Ttt> =2m, p= lim A; = %7 p =1 <Jt> = e,

r—>00 ’I"O
1 dm Ip|

where we have used the relations between bulk fields and boundary charges and poten-
tials, discussed in section 6.4. We have not derived the magnetisation M conjugate to
the magnatic charge B and the axionic magnetisation @ conjugate to the axionic charge
IT holographically. Instead we will obtain these quantities through the standard ther-
modynamic relations, from the Gibbs free energy or grand canonical potential. As we
saw in section 6.4, this is equal to the renormalised Euclidean on-shell action. To com-
pute this we must Wick rotate the Lorentzian renormalised on-shell action given by
equation (6.3.118). Note that this action takes into account the contribution from the
boundary action associated with the dialton, despite the fact that it vanishes in this case.
The reason we must include it is because we want to consider the bald black branes as
solutions to the same theory that admits the hairy solutions and hence we should im-
pose the same boundary conditions on ¢ as those satisfied by the hairy solutions. These

boundary conditions are trivially satisfied for a vanishing dialton.

Returning to the calculation of the renormalised on-shell action, we must first evaluate
Spulk by integrating over the radial coordinate r, from the horizon r, to a UV cutoff 7 =
7(e) in the r coordinate. At the end of this calculation we express 7(¢) in terms of the

cutoff € in the z coordinate using the r(z) expansion (7.1.25). The resulting expression is

7(e) 4 2,2 3 2 2
Sbu|k:/ d4$\/—G<R—iF2>:/d3$ |:—2€—3€p _|_<2T0_m+qeqm>+o(6)

€3 4e 2 21

(7.1.33)
To this we must add the Gibbons-Hawking term Scu, the boundary action associated

o =€

with the dialton Sy and the counterterm action, evaluated on the bald solution. Using
the expressions derived in section 6.3.4 we have

2€
Sy =0, (7.1.34)

and

- 2y 42— am
Sren :lg%(SBulk"i_SGH +Sct+5f) :/dt (_m+£2+ 20 ) Vo (71.35)

where V, = Vol(R?). This is of course infinite but we circumvent this issue by using

densities. Finally, by Wick rotating we can perform the integral over Euclidean time

|
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to obtain the Gibbs free energy, W(T, 1), and the corresponding free energy density

w(T, p),
2rg ¢k —q?
WIT. 1) = ~Sren/B = w¥y = (m = 0 4 e )y, (7.1.36)

Using the expressions for ¢, T', s, u and p one can verify the relation
w=c¢—sT — up, (71.37)

as required. As a consistency check, one can also check that

8w) <8w)
s=— [ = ., p=—(= . (7.1.38)
<8T w,B,II op T,B,I1

This is done by parametrising w = w(ro,qe,T'), T = T(70,qe,p), and u = p(ro, ge, ), in
terms of g, ge and p, and using the implicit function theorem, leading for example to

ou/ o
ow _ Ow M/ "o ge,p,qm
ow 90 | e pigm 9% lr0,p,gm 011/ Ouc .
3T = 0.Pam (71.39)
ou/ o
wm,B or _or M/ "o ge.P,am
0| gepam 9% Iro,pam Op/ 0ge

T0,Pdm

Moreover, given that the total energy, electric charge and entropy are obtained from the
corresponding densities by multiplying by the spatial volume Vs, i.e. € = eVs, Qe = pVa,
and S = sV, the thermodynamic identity (6.4.12) determines the pressure to be

2

P=_ <85) = <Txx> _m —|—p27’0, (7.1.40)
aVQ S,Qe,B,H To
From (7.1.36) and the one point functions (7.1.30) then follows that P = —w, in agreement

with the general result (6.4.13). Finally, (7.1.36) and (7.1.37) give the Gibbs-Duhem relation
(6.4.14),
e+ P =Ts+ up. (71.41)

Next we use the definitions (6.4.4) to compute the conjugate potentials to the magnetic
and axionic charge densities,

M=— <8w> — _£3q7m, o= — <8w) = 207ry. (71.42)
88 T,,LL,H TO a]'—'[ T,/J,,B

Using these results it is straightforward to confirm that both the equation of state (6.4.22),

e=(d—1)P - 2MB — wlI, (7.1.43)
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and the first law (6.4.9),
de =Tds+ pdp — wdll — MdB, (7.1.44)

are satisfied. The extra contribution to the pressure (7.1.40) is thus due to the pressure

BM + illw exerted by the magnetisation. Finally, in order to compare this solution to

the hairy solution with the same charge densities, we need to use the Helmholtz free

energy density f, which is a function of T), p, B,1I. This is obtained from the Gibbs free

energy by Legendre transforming with respect to the chemical potential y,
2y da+dp

f=w+upup=e—-Ts=m——=+

7145
02 270 ( )

This concludes our current discussion of the bald solution of the theory. We return to
it in section 7.3 were we discuss phase transitions of the theory between the bald and
hairy phases, as well as the stability of these phases.

7.2 Hairy Solution

In addition to the bald solution, we have an analytical electrically charged hairy black
brane solution with a non-trivial dialton. This solution is given by

ds? = Q(r) [—f(r)dt2 + }1(7;«2) + 72 (dx2 + dyQ)]
B r2 p2 Vaw 2 B 02
f(r)gz—2<1+ " >, Q(r)fl—m
1 = pz, 2 = py
_ -1 v
#(r) = 2¢/3tanh <r n \/&v>
A=pu (1 - @) dt, F=dA=-Latnar, (7.2.1)
r r

where again 7y is the position of the horizon and p and ¢ are related to the axion and
U(1) charge densities respectively. The parameter v is related to the vacuum expectation
value (vev) of the scalar operator dual to ¢, as we shall see later. Furthermore, the gauge
potential vanishes at the horizon and thus p is the chemical potential in the dual field
theory and ¢ = pry. This solution can be obtained from the corresponding solution
found in [88], by rewriting it in the Einstein frame. An important point to note is that for
these fields to be solutions to the equations of motion, given by (6.3.1) with V' (¢) given
by (7.0.1) and Z(¢) = 1, we need to impose the constraint

¢ = 2p%0*(1 — a). (7.2.2)

This constraint requires we restrict the range of a to 0 < o < 1.
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Dyonic Solution

In analogy to the bald solution, the hairy solution (7.2.1) can be easily extended to include
a magnetic field strength, that is constant everywhere since we are in four dimensions.
The main difference lies in the fact that the constraint relating the parameters now fixes

the electromagnetic duality invariant quantity g2+ ¢?2, instead of the electric charge alone,
62 + g = 2p*0*(1 - ). (72.3)

The metric, dialton, and axion fields are the same as in the purely electric solution (7.2.1),
but the electromagnetic field picks up an extra magnetic contribution, as given in equa-
tion (7.1.2),

A= pe (1—@) dt + gmax dy, F:dA:—q—Zdt/\dr—l—qmdx/\dy, (7.2.4)
r r

with ¢ = pero. The resulting planar black hole is dyonic, and carries both an elec-
tric charge density ¢e and a magnetic charge density ¢gm. When the magnetic field is
turned on, the parameter space changes slightly, however the blackening function f(r),
the conformal factor (), and the dialton profile remain unchanged and, therefore, the
geometric and thermodynamic properties of these dyonic branes can be related in a
straightforward way to those of the electrically charged branes. The analysis here will
be performed for the dyonic case. By setting gm equal to zero, one retrieves the electric
case.

7.2.1 Black Brane Properties: Horizon and Extremality
Horizon analysis

As usual, the event horizon of the black hole is located at the largest root of the lapse
function, f(r9) = 0. However, the presence of the conformal factor Q(r) in our metric
introduces an additional constraint on our solutions. For a regular geometry, free of
naked singularities, we require that ©2(r) does not vanish outside the horizon. Solving
Q(rq) = 0 for rq we find

rq = |v| — vVaw. (7.2.5)

For any genuine black hole solutions, o > rq. Without loss of generality let p > 0. Then
the largest root of f(rg) = 0 is

/ {p

- ( 1+4 6) forv > — Vo (Case A)

ro = p . . (7.2.6)
( 1 2a> forv < — Wor (Case B).

Imposing the constraint ry > rq, we see that all Case B geometries suffer from naked sin-

gularities and are therefore rejected. The only regular solutions correspond to a subset
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of Case A for which the mass parameter satisfies

B ‘p ; lp
—\/Q(l T Ja? <v< —\/5(1 — P (7.2.7)

From this we can obtain the condition for ry by first solving f(rg) = 0 for v,

2 T% 70
=4/ - — — 7.2.8
v Vafltp o’ ( )

and substituting into equation (7.2.7),

Ip Ip

N <1< \/5(17—\/54)' (7.2.9)

The lower bound is in fact more restricted. We will see in section 7.3 that, for stability,

v > 0 and hence
lp

tp
— <rg< —=———. (7.2.10)
Vo V2(1 — /@)
Temperature and absence of extremal solutions
The temperature of the black brane is
_fl(ro) 1 pt
T=r =\ 575) (7.2.11)

Solving for ry and substituting in (7.2.10) we find that the temperature of the hairy black
brane solutions is bounded by

p IL+ya p
<T< . (7.2.12)
2/2 7l 1—Va2v2nr/l

An important thing to observe is that the temperature can never vanish for regular hairy
solutions, implying there are no regular extremal hairy black brane solutions for this
theory. In particular, the largest zero of f(r) becomes a double zero located at rp =
lp/ 2v2whenv = —fp / 4+/2c, and so extremal solutions would be dynamically unstable,
if they existed. However, when v = —¢p/4+y/2a the conformal factor Q(r) vanishes at

Ip > 19, (7.2.13)

and, hence, extremal solutions are singular.?

“When a = 1 we have rq = ro and so 2 vanishes on the horizon. However, the entropy vanishes too in
that case.
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Entropy density

The entropy density of these solutions is given by

s = 4w Q(ro)re = 4w <(1-|—a)— i >T§ (7.2.14)
= 0 0— Toﬂ a . .

where we made use of the fact that we are using units in which 167Gy = 1.

Symmetry enhancement

We saw in the previous section that the bald solution to this theory becomes conformal
to AdS; x R? and its symmetry is enhanced to SL(2, R) x SL(2, R). Furthermore, we said
that this symmetry enhancement should also be a feature of the hairy solution. Indeed,

when its lapse function takes the form shown in equation (7.1.6), namely,

2 2
p* T

f(r) = 5 + 7 (7.2.15)

the hairy solution enjoys the same symmetry enhancement, irrespective of the presence

of the conformal factor Q(r). There are two instances where this occurs,

1. a=0and ¢+ ¢2, = 2p*v?,

2. v=0and ¢ge = gm = 0.

The second case coincides with the bald solution since ¢ = 0 when v = 0 and therefore
only the first is of relevance here. However, it is unlikely that the enhanced symmetry
will lead to exactly solvable coupled linearised perturbation equations for the fields g,,..,
A, ¢, and 9y, as is the case for the bald solutions. This is left for further exploration.

7.2.2 Fefferman-Graham gauge and 1-point functions
Fefferman-Graham Expansion

In this section we give the asymptotic expansions of the fields. These are obtained by
applying the procedure outlined in section 7.1.5 to the hairy solution (7.2.1). The trans-
formation of the holographic coordinate is,

2 1 202 v/ 20?2
T(Z):Z+8<p2—£2>2+ g£<p2+€2>z2

v2 1+ 3a 202
— (1 2 = )3 4) . 7.2.16
T 1ot +O‘)<p l+a £2>Z +0 () (7216
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Using this, the metric components are

1 /p* 3v 8vy/a 02
2 3 4
gt = 1+z€2(+2£2)+ 2/ <4—€2 + 0 (2%), (7.2.17)
gr =1 (7.2.18)
2 2
_ _ 2 2 (P 3L sdvy/a Q 4
g:t::):—gyy—g +z <4 2€2>+Z 372 f2 +4 JrO(Z) (7219)
the gauge field is
2
Az) = (g; — e RS+ e 40 (z5)) dt + gmada, (7.2.20)
the dialton is
2. /34
o(z) = 220Y3 _ 220V3a (%), (72.21)

02 04

and the dialton potential is,

2 3
V(¢):—E—22120 n 324v° /o

7z 5t 0. (7.2.22)

The axion solutions remain unchanged since they do not depend on the holographic
direction and, similarly, Zy = 1 with all other coefficients for Z(¢) vanishing.
Dialton boundary conditions

As we discussed in 6, section 6.2.2, the theories we study satisfy mixed boundary con-

ditions for the dialton, imposed by requiring that the function

Jf = —€2(p(1) - f/ (90(0)) = —€2(p(1) - 19(,0%0) (7.2.23)

is kept fixed. Accordingly, 0.J; = —Ezégo(l) — 29¢(0)dp(0) = 0. Here we confirm that the
dialton field for this solution satisfy a boundary condition of this form and we derive the
coupling ¥.

From equation (7.2.21) we have

2v/3v 2v/3a v?
Yo = and o) = 55— (7.2.24)
from which it follows that ¢ — (Va/2v/3) go(o Hence, dp1) = —v/a/3 00000

and
0Jf = (EQ\/ a3 — 219) ©(0)0%(0)- It follows that the solution (7.2.1) satisfies mixed bound-
ary conditions for the dialton field with

2\/3a

V) = 5

(7.2.25)
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Note that when a = 0, ¥ = 0 and we have Neumann boundary conditions. In all other
cases however, ¥ # 0 and we are in the presence of a triple-trace deformation of the
Neumann theory. Moreover, we have already seen that the vev of the dual operator is

{(Og) = ¥(0) and its conformal dimension is 1.

1-point functions

The 1-point functions for the dual theory can be read-off from the asymptotic expan-
sions of the bulk fields, using the holographic relations in equation (6.3.126). In particular,
we find

(Og) =2V3—,  (Oy,)=0, (Ji)= (’"O“e o,o) - (qe o,o),

2’ 2 2
2p?v/a /12 0 0
(T = 0 pPu/a /0t 0
0 0 p?uy/a )/t

7.2.3 Thermodynamics

In this section we use the definitions and relations discussed in section 6.4 to study the
thermodynamic properties of the field theory dual to the hairy solution (7.2.1) of theory
[(7.0.1). The analysis is identical to the analysis performed for the bald solutions in 7.1.6
and therefore we omit some of the details and refer the reader to the afformationed

section if additional information is required.

The temperature and entropy density are equal to the corresponding quantities for the
black hole, given by equations (7.2.11) and (7.2.14), respectively.

1 pl Ip 3
T=— - =4 1 — —. 722
w(vmam) me(aeo-T)S 229

The energy density, ¢, chemical potential 11, charge density p, magnetic charge density B

and axionic charge density II are

e = 02(T") = 2p*vy/a, = le Ay = %, p="0{J" = q,
T—>00 ’I”O
1 dm Ip|

An important property of the hairy solutions of Theory I is that, as a direct consequence

of the condition (7.2.3), the variables (T, u, B, IT) are notindependent and satisfy the con-

2 2 2
4 (vt ) [ - - (- )] <0 w2

Since all the variables T, i, B, II are a priori external tunable parameters, we conclude

straint

that these black holes exist only when these external parameters lie on the constraint
submanifold defined by (7.2.28).
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Next we compute the Gibbs free energy and free energy density of the field theory. For
this we need the Euclidean renormalised on-shell action which is computed by follow-
ing the same steps as those performed for the bald solutions in section 7.1.6. After some

algebra, the Euclidean renormalised on-shell action for these black branes is

23 @2 — ¢ 203 ria
Sten=-B 2+ =" —poa— " —0— |V, 7.2.29

ren B ( £2 + 27‘0 p Uf £2 (7"0 + ’U\/a)3 2 ( )
Note that the integral over the holographic direction has a contribution both from the
asymptotic boundary and also from the horizon. This expression is in terms of the pa-
rameters of the solution whereas the Gibbs free energy is a function of (T, u, B, IT). Thus,

to obtain the Gibbs free energy, one must first invert the expressions 7.2.27 and then sub-

E

stitute the result in the expression for S¢,

(7.2.29). This gives the following expression
for the Gibbs free energy and free energy density,

2 2 7T —o (7T + 1L
Wl B = =200 <”T+ 2\H/§> am ey | T ( M)z,
s »
(1-a) (WTJF 2\/5)

(7.2.30)
where again all the variables T, 1, B,1I lie on the constraint submanifold (7.2.28). Us-
ing the above expressions for the energy density, temperature, entropy, electric charge
density and chemical potential, one can verify that the free energy density satisfies the
thermodynamic relation (7.1.37), provided the constraint (7.2.28) is taken into account.

For zero magnetic field (7.2.30) simplifies to

e 2, 1 - 2 p °
=——|(=+1 —(=—1 — 7.2.31
w=-y|E+vreiE-17| (L) 723)
where Z = 2v/2 7/T/p, in complete agreement with the free energy obtained in eqn. (5.6)
of [88] using a (real time) Hamiltonian approach to the thermodynamics. This means
that we can use the thermodynamic analysis of [88] and, in particular, the results on the

phase structure of the system obtained there.

If the variables T', i, B, IT were all independent, the expression (7.2.30) for the free en-
ergy density could be used to determine the thermodynamic potentials conjugate to the
magnetic and axion charge densities through the relations (6.4.4). However, these vari-
ables are not independent, due to the constraint (7.2.28). Nevertheless, since we know
already the values for the entropy and electric charge densities, we can use a Lagrange
multiplier for the constraint (7.2.28) to obtain the potentials conjugate to the magnetic
and axion charge densities. Considering the variation of w + AC, where X is a Lagrange

multiplier and C is the constraint (7.2.28), and identifying the coefficient of dT" with —s
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fixes the value of the Lagrange multiplier to

_ AP(VE Pl - 21— a)ge)

(7.2.32)
(1 — @)p(4rT + /2 T1)2
This allows us to read off the potentials
3 Qm U2
= — _— = 2 —— . L.
M I4 o w = 2pl <T0+r0+v\/&> (7.2.33)

Using these results one can verify that the first law (6.4.9) and the equation of state (6.4.22)
hold.

Finally, in preparation for the discussion of the phase structure of the theory, we com-
pute the Helmholz free energy density by Legendre transforming the Gibbs free energy
with respect to the chemical potential 1,

v g Lfﬁ+q§+q%

iy B R T (7.2.34)

f=w4pp = pvar

The Helmholz free energy density is a function of T, p, B and II which means that it
allows us to compare solutions with the same charge densities.

BPS-like structure

Intriguingly, all thermodynamic variables of these solutions, including the temperature,
are completely fixed by the charges. In particular, the energy density is given by

1

2 2 -

e(p, B,1I) = (1 a > (TI\/p? + B246 (7.2.35)
—

Similarly the entropy density is also completely determined in terms of p, B and II, but

the corresponding expression is too complicated to usefully reproduce it here.

This evokes the analogous property of extremal black holes, and despite having a non-
vanishing temperature, the hairy black holes of Theory I behave along the constraint
(7.2.3) as extremal black holes. The energy density itself is linear in the charges, and
we can think of the black hole as composed of elementary blocks carrying unit axionic
and electric charges, (II, p, B) = (1, 1,0), and magnetic elementary blocks with charges
(1,0,1) (in suitable units). We can thus investigate the stability of such black holes to-
wards fragmentation of the charges by comparing the entropies of the system before

and after fragmentation. We find

s(IL, p1,0) + s(IL, p2,0) = s(IL, p1 + p2,0),
s(I1,0, B) + (11,0, By) > s(I1, 0, B1 + Ba),
s(Il1, p,0) + s(Ila, p,0) < s(II; +1Ig, p, 0),
s(IL, 0, B) + s(I1y, 0, B) < s(IL; + Iy, 0, B). (7.2.36)
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It is thus entropically favorable for these black holes to decay to a bound state of smaller
black holes carrying a smaller electric charge/magnetic field. On the other hand, the
axionic charge is stable against fragmentation.

Quantum Effective Potential

In this section we present the quantum effective potential for these solutions, derived
in [2],

HGe 4 €

2t amg (=202 +30.(0 —0.)? + (0 —0.)?),  (7.2.37)

VQFT(O')Z Vo +

where V) is a constant, ¢ is the energy density given in (7.2.27), o is the vevand o, is its
value at the extrema of the effective action of the theory, i.e. at the vacua. It follows that

o = o, is a stable local extremum of the effective potential provided ¢ > 0, i.e. v > 0.

7.3 Phase Transitions and Dynamical Stability

The final part of our analysis focuses on the phase structure of the theory. For the so-
lutions discussed in this chapter, this analysis was already performed in previous pub-
lications. We therefore do not go into great detail and instead summarise and restate
the existing results, putting more focus on the elements that we consider more rele-
vant and important for our analysis. In particular, we need to compare solutions that
have the same asymptotic charges and satisfy the same boundary conditions, includ-
ing the boundary conditions of the dialton ¢. Since bald solutions are compatible with
any boundary condition for the scalar ¢, they can potentially compete with any hairy
solutions with the same asymptotic charges.

As was stressed when discussing the thermodynamic properties of each solutions, the
appropriate thermodynamic potential to use when comparing competing solutions with
the same asymptotic charges is the Helmholtz free energy density. For the bald solution
this is given by equation (7.1.45)

2y 42+

f=m— 0+

7.3.1
52 27“0 ( )

Notice that the magnetic and electric charges enter the same way in the Helmholtz free
energy and so the thermodynamic stability properties of the dyonic solutions are quali-
tatively equivalent to those of the corresponding purely electric solutions. Moreover, as
it was pointed out in [88], planar black holes with axion charge are equivalent to black
holes with horizons of constant negative curvature and no axion charge. As a result,
the stability properties of the planar bald solutions of this theory are analogous to those
of bald black holes with hyperbolic horizons, which have been studied for example in
[106, 107, 108, 109] and we refer the interested reader to these publications for more
details.
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For the hairy solutions, the Helmholtz free energy density is given in equations 7.2.34,

20°  rva 2ry a2 +qn
2 0 0 e m
= — : 7.3.2
F=povadt T (ro + vy/@)3 2 2rg 732

14

As for the bald solutions, the dependence of the Helmholtz free energy on the magnetic
and electric charges is identical and so the thermodynamic stability properties of the
hairy dyonic solutions of this theory are identical to those of the purely electric solutions
studied in [88]. However, the constraint (7.2.3) implies that the temperature is not an
independent thermodynamic variable for the hairy solutions, but rather a fixed function

of the charge densities, namely

2 2 )6
T(p, B,1T) = 1 \/1+4,/1(_1an + B (7.3.3)

271_\/5 H2£3

This means that, for given charge densities, one can only compare the free energy of
the hairy solutions with that of the bald ones at a fixed temperature, which considerably
restricts the useful information one can extract from such an analysis. Nevertheless,
this analysis was performed in [88] and reveals that at large temperatures the unbroken
phase of bald black holes dominates, and as we lower the temperature (together with the
charge densities according to (7.3.3)), the system undergoes a second order phase transi-
tion towards a phase of hairy black holes. As the temperature is lowered further, below
the lower bound in (7.2.12), the hairy solution becomes dynamically unstable, while at

an even lower temperature it ceases to exist.

The constraint (7.2.3) does not have a physical significance which makes us believe that
there exist more general hairy solutions of this theory whose temperature is not deter-
mined by the charge densities. Such solutions would allow one to explore the full phase
diagram of the theory. However, we have been unable to find this more general class
analytically. It would be interesting to see if this more general class of hairy solutions

can be found numerically.
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Chapter 8

Theory II

The second theory we will study is described by the action (6.2.1) with the dialton po-

tential and dialton-gauge field coupling given, respectively, by

(d—2)(d—1)62—2¢

V(¢) = o01e 2(d—1)8
Z(¢) = e~ (@=2)0¢ W(¢) =1, (8.0.1)

2¢
+ 0'265(17‘1) + J3e(d_2)6¢,

where,

_ 8(d —2)(d —1)25?  (d—2)*(d—1)6%(d(d — 1)6% — 2)
=902+ (d - 2)(d—1)82)2 72T 0T (d— 2)(d — 1)02)2
(d—2)%(d—1)6% —2d o d(d-1)
A2+ (d-2)d-1)2 °7T T p

03 = —20’0 = 2A. (8.0.2)

and ¢ is a free parameter. This action, and an analytic family of electrically charged black
brane solutions were presented in appendix C of [89]. The expressions for the poten-

tial and dialton-gauge field coupling simplify if one restricts to d = 3 and trades the

parameter § for a new parameter ¢ defined by

§=4]"—=, 0<&<2 (8.0.3)

In this case, the expressions for the potential and couplings become

Vo) = - g VI (22903 - 20) + 452 - eV 426 - eV ).
Z@)=eVEr W) =1, (8.0.4)

Comparing the above potential, (8.0.4), to the potential of theory I, (7.0.1), we observe that
the two coincide when £ = 1/2 (or equivalently ¢ = 3/2) and a = 1. In all other cases
they do not match. However, using the language defined in section 6.3.2 and, in par-

ticular, in equation (6.3.17), the V5 coefficient which gives the mass of the dialton, is the

153
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same for both potentials, irrespective of the values of £ and a. Thus, the AdS masses of
the scalar and conformal dimensions of the dual operators, are the same for the two the-
ories. Moreover, the discussion in chapter 6, section 6.2.2, about the dialton boundary

conditions, applies to this theory as well.

An interesting feature of the potential (8.0.4) is that it can be written globally in terms of

a superpotential as
U?(¢) — %U%) =2V (¢), (8.0.5)

where

9 o €/2 P (1-¢/2) b
U(d)) — _Z ((2 _ {)e NAER) + é“e\/ﬁ(%&) > . (8.0.6)

Moreover, for ¢ = 1/2 (or equivalently with £ = 3/2) and £ = 1, this potential can be
embedded in the U(1)* truncation of maximally supersymmetric gauge supergravity,
including the gauge field with Z(¢) as given in (8.0.4).

8.1.1 The¢ — 0and ¢ — 2 limits

The limits £ — 0 and £ — 2 require separate treatment and correspond to special cases
of Theory L. In order to consider these limiting cases one must first rescale the fields
appropriately to ensure that the potential and couplings remain finite. In particular, to
study the ¢ — 0 limit we set £ = € and redefine the dialton and the gauge field as

¢—>¢~>:£ A—>fl=A

Ve’ Ve
In the limit ¢ — 0, the potential V' (¢) becomes —6/¢*> = 2A and the coupling of the
dialton to the Maxwell field Z(¢) — e~2%. Rewriting the action (6.2.1) in terms of the
rescaled fields and noting that the kinetic terms for the dialton and gauge field acquire

(8.1.7)

a factor of ¢, in the limit e — 0, we obtain

2
Sbulk = /Md4x\/—G <R —2A — ;Z(awf) . (8.1.8)

I=1

This is a consistent truncation of Theory I, obtained by setting the dialton, ¢, and the
gauge field, A, to zero.

Similarly, the limit £ — 2 is obtained by setting £ = 2 — € and redefining the dialton as
above. In this case one need not rescale the gauge field, which therefore survives the
limit. Letting e — 0 we have V(¢) — 2A and Z(¢) — 1 and the action becomes

2
Spulk = /Md4xv -G (R —2A - % > (0ur)? - iF2> : (8.1.9)

I=1

Once again, this is a consistent truncation of Theory I corresponding to setting ¢ = 0,
but keeping the gauge field. Since both limits ¢ — 0 and £ — 2 result in truncations
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of Theory I, we will not consider these cases further, except in a brief discussion about
the bald solutions of theory II. Most of our subsequent analysis will instead focus on the
cases 0 < & < 2.

8.2 Bald Solutions

We begin our analysis of theory Il with the discussion of bald solutions, i.e. solutions for
which the dialton vanishes. The Z(¢)F? term in the action means that the gauge field
sources the dialton, as can be seen from the equation of motion for the dialton 6.3.1,

1
O¢ — V'(¢) = ZZ’(qs)F?. (8.2
It follows that there are two possible ways to turn off the dialton. Since the gauge field
sources the dialton, one possibility is for neutral bald solutions, i.e. A = 0. In this case
the solution is

d 2
st = [ (r)a? 4+ 5+ S
?”2 7"8 p2 T0
f=5%-5-% <1 - 7) , $=0, A=0. (8.2.2)

This solution is the same as the bald solution of Theory I, (7.1.1), with appropriate identifi-
cations of the parameters. Moreover, we will see later that it corresponds to the ve , & — 0
limit of the hairy solution of theory II.

In addition to the neutral bald solutions, it is possible to have charged ones as well, pro-
vided that the dialton and gauge field decouple. This means that Z(¢) must be constant.
The only was this can be achieved is if { = 2. As we saw in the previous section, in this
the theory is described by the action (8.1.9) and it is the consistent truncation of The-
ory I corresponding to setting ¢ = 0. As such, it shares its bald solutions which were

presented in chapter 7, section 7.1.

Thus, we find that the bald solutions of theory II are special cases of the bald solutions
of theory I and, for this reason, we do not repeat the analysis and refer the reader to the

relevant sections of the previous chapter.
8.3 Hairy Solution

8.3.1 Electric Solutions

In [89] the author obtained an analytic expression for a family of electrically charged

hairy black hole solutions for theory II, generalised to any dimension d. In terms of the
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original parameter § these are given by!

_ 2
ds®> = —f(r)h(r) @D dt> + h(r) DT @ D@D (;Z(T) + r2df§_1> ,
T

2 4(d—1) 7461 4(d—1) p2 7“61_2
r) = — [ h(r) @-2@+@-2)(d-1)s2) — Y} (p,)@d—2)2+d-2)d-1)52) | — — = ] —
1) =7 (100 "8 h(ro) ) s (175 ).

 —2d-1)s
o) = - -1

logh(r),  h(r)=1+ Tfj—g

d+2 2(2—(d—2)2(d—1)§2) 2..d
To

\/(d _ 2) > h(?”o) (d—2)(2+(d—1)(d—2)62) _ _P 7;0 d—2
A(r) =24/(d — 1)ve Zd - 2hro) (11 To dt,
(d—2)r§'h(r)y/2 + (d — 2)(d — 1)5?

Y = pxl, (8.3.1)

where the parameter v, is identified with @ in [89]. This solution has a twofold advantage
over the hairy solution of theory I: it is a solution for any dimension d, and there is no
constraint among its parameters, i.e. it solves the equations of motion for any values of
the parameters rg, p and ve. However, this parameterisation of the solution treats the
electric charge density as a dependent parameter, expressed in terms of the radius of
the horizon, 7y, the axion charge density p and the parameter v. which, as we will see
later, is proportional to the vev of the scalar operator dual to the dialton. This not only
obscures the limiting process of taking the charge density to zero, but also it does not
reflect the change of the sign of the gauge potential when the charge density changes
sign.

Focusing on the four-dimensional case, i.e. d = 3, from now on, we will therefore in-
troduce an alternative parameterisation of the solution (8.3.1), by introducing explicitly
the charge density ¢e as an independent parameter, in addition to replacing § with ¢ as
in (8.0.3). With these modifications the solution takes the form

ds®= —f(r)h”$(r)dt* + h¥(r) (£ (r)dr? +1%da?)

2 2 2 2 3 2
0= 0 ) - - 1),
o= —VE@-logh(r),  h(r)=1+"",
— 1 _ 1 _ 1
A= e (T‘Oh(ro) 'I“h(r)> dtv @51 =px, (832)

where v can be expressed in terms of ¢e, p and ry through the relation

_ Ca
~ &roh(ro) (2rgh(ro)% 1 — £2p2)

(8.3.3)

Ve

This identity should be viewed as an expression for ve(rg, ge, p) or conversely ro(ve, ge, D),
but not qe(ro, ve, p), as in the original parameterisation (8.3.1). Note, in particular, that it

'This fixes a typo in equation C.5 of [89].
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is clear from the form (8.3.2) of the solution that we can set g = 0, while keeping v. # 0.
In the parameterization in terms of ry this corresponds to a non-trivial scaling limit.
Moreover, notice that the first expression for the blackening factor f(r) in (8.3.2) implies
that as long as ge # 0 we must necessarily have ve # 0, and hence the scalar field must
have a non-trivial profile. In summary, ge # 0 implies that ve # 0, but the converse is

not true.

8.3.2 Magnetic Solutions

We have been able to find in addition an analytical black brane solution that is purely
magnetically charged and takes the form

ds? = —f(r)h= @O (r)dt? + K> (r) (’f + ergz2> :
$(r) = =2 =€) logh(r),  h(r)=1+-",
1 =) (p + B0 (14 (Lthm) B2y o),

A = g zdy, or = pal. (8.3.4)

In addition to the axion charge density p, this solution is parameterised by the magnetic
charge density ¢gm as well as the independent parameter vy, which as we will see later,
is again related to the vev of the scalar operator dual to ¢.

8.3.3 Black Brane Properties: Horizon and Extremality
Electric Solutions

Starting with the electric solution (8.3.2), we first need to know the range of parameters
for which these solutions describe regular black branes, and to find the location of their
event horizon. The solution has singularities at both » = 0 and r = —ve (where h(r)
vanishes). To be regular, the solution must thus have an event horizon at a location g
such that 79 > 0 and ry > —v.. Horizons correspond to the zeros of the function f(r)
and can be determined in terms of the electric and axion charge densities, respectively

pand g, as well as the parameter v, by solving the (generically transcendental) equation

ﬁh%(r)—ih(m— € _ h(ro) =1+ - (8.3.5)
02 0 g V0 2verg 0/ ro o

For ¢ = 1, 1/2, 3/2, this equation is cubic in 7y and the roots can be found explicitly,
although they are still highly involved expressions.

The temperature of these black branes can be computed as usual by requiring that there
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is no conical singularity in the Euclidean section of the metric, giving

_ 1 d f(T;QeaUeap)
r= 47rdr< RE(r) )

1
47‘(’62 hf (T'())

r=ro

<2T0h2£(7“0) — Uefhzg_l(ro) + p2£2ve<1 - §> + 52 7“ + 1 — st)} 6

2r3 2§Uer3h(ro) e
Moreover, the entropy density is given by the area density of the event horizon,

2 hf
S:W%XQ:M%Mmy (8.3.7)
In contrast to the hairy solutions of Theory I, these solutions admit extremal limits, cor-
responding to the cases where the temperature (8.3.6) vanishes. Combining this condi-
tion with the defining equation f(r) = 0 for the horizon determines the location of the

extremal horizon to be

Lox _ S(26=5)p*vg —3ge + sgn(ve)y/9qd + £2(2€ — 1)%ptol + 26(2¢ + 3)p?q203
ox —

= . (8.3.8)

Requiring in addition that f(r§*) = 0 gives the extremality condition, which can be ex-
pressed in the form v¢*(ge, p). It is not possible to obtain this extremality condition an-

alytically for generic &, but it can be done for specific values.? The simplest case is

/¢ (95}?2(]2 _ £3p6 + (52]94 _ 6q2)3/2)
£=1, 1@=—¢ < P~ 82 = (8.3.9)
Ca
= . 8.3.10
Ve Eroh(ro) (2rgh(ro)%—1 — (2p?) ( )
in which case the extremal horizon simplifies to (see (8.5.5))
2 _ 2,4
g = v, 4 O~ LD Jve (8.3.11)

9¢2 + pv3
However, as we shall see, the energy density for this solution, given in equation (8.4.2),

is negative which implies that it is dynamically unstable (see section 8.5).

Magnetic Solutions

The magnetically charged solutions (8.3.4) can be studied similarly. The location 7y of

the horizon is determined by the equation

2 2&vmTo

2 _ — 2 2
o, B=20varo (1 (I=Qom) ", 4 _ (8.3.12)
02 /2 T

0

“The extremality condition can also be determined by requiring that the discriminant of the polynomial
f(r) vanishes, in which case the horizon becomes a multiple root.
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which in this case is cubic for arbitrary £&. The generic expression for 9, however, is
still too lengthy to usefully reproduce here. The same applies to the temperature and
entropy density, which are given by

1 d (f(r;gm,vm,p) W' (ro) o s 2,2 2
7= & ([dm Um: D) 0y h2(ro) — 8vm 22 £(26 — 5))
47 dr < h2=¢(r) r—ro 8ml%r (=" + 6r5h7(r0) — 8umro + 20 (26 = 5))
2 h2—§
g— 10 (ro) _ Arr2 B2 (7). (8.3.13)
4Gy

As for the electrically charged solutions, extremal solutions can be found, even analyti-

cally for specific values of the parameters. The simplest case is again

0 (90p2g2. — 3pb + (2p% — 6g2.)3/2
§=1, vm:\/(pqm P+ (Cp! — 6an)*) (8.3.14)

?pt — 8qp, ’
with the extremal horizon given by (see (8.5.13))

o _ Can + CpPup,
re* = P (8.3.15)
20 (302p? + 202)

Again, the energy density (8.4.17) is negative for this solution, and so it is also dynamically
unstable.

Scaling symmetry Finally, all the families of solutions presented above enjoy a scaling
symmetry: they are left invariant by the scaling (t,%,7) — (M, A%, A~!r) of the coor-
dinates, when accompanied by the rescaling (p, ve/m, @e/m) — (A71P, A 0e/ms A™2Ge/m)
of the parameters. Under such a rescaling, the temperature and entropy transform ac-
cordingto T — A~'T and s — A~2s. This invariance will simplify the study of the phases
of these black branes, since it allows us to scale away one of the parameters such as the
axion charge density p, as long as it is non vanishing.

8.3.4 Fefferman-Graham Gauge and One-Point Functions

In this section we give the asymptotic expansions of the fields and use them to read
off the one-point functions of the dual operators. These are obtained by repeating the
procedure outlined in section 7.2.2 (see also 6.3 for the complete discussion) to the hairy
solutions (8.3.2) and (8.3.4).
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Electric Solutions

Fefferman-Graham expansion For the electrically charged black branes of equation (8.3.2)
the transformation of the holographic coordinate is,

2t e
)= <p2+2ve25(2‘5)>z
+@ <2r§h(ro)2£ — €2p2(ro + &ve) — %5(1 -&(2 - f)”2> 2
§ve

~ 166 <T8’h(ro)25 - %€2p2roh(ro) - %(1 —€)2(2— g)u§> 2+ 0(24).(8.3.16)

Using this, the metric components are

2 2
o[ P°  E(2—=&v
gtt:_1+z <4£2+ /A £

2rg 2 L= &)2— &)
+2° (;;ﬁh%(ro) - %(TO + &ve) — £ 52);6 §v > +0 (z4) ’ (8.3.17)
g2 = 1 (8.3.18)

2 2
2 2 (D §2—&v
oz = Gyy = + 2 <4_ E

3 2 _ _ 3
+ 2 <;£04h25 (r0) = 275 (ro + §ve) + dt fgﬁ 5)%) +0 ()(8.3.19)

and the remaining fields,

2

0= —VER -5+ (1 - OVER- g2 + O(), 8320
Qe Qe 2
Ay = roh(ra) 27 + O(z7), (8.3.21)

with the axions the same as in the original coordinate system.

The dialton potential is,

6 a%2-g  p¥E-901-9

V(o) =—5 76 I +0 (). (8.3.22)

and the dialton-gauge field coupling is

(2-8) , e 2-6)  ve(2=8) (6% — g (10-9)) Lo,

2(0)=1+2—45 204 4806
(8.3.23)

Dilaton boundary conditions As we discussed in section 6.3.3, the theories we study
satisfy mixed boundary conditions for the dialton. These are given by the function J; =
—Coay— [ (e0)) = —Ceoa) — 19(;3%0) which is kept fixed. Accordingly, §.J; = —(20¢p(1) —

Here we confirm that the dialton field of the electrically charged black branes satisfies a
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boundary condition of this form and we derive the coupling 9.

From equation (8.3.20) we have ¢(g) = —/£(2 — &)ve/f? and @1y = (1—-€)\/€(2 — §)vZ /20"
and, thus,

N el SR (8.3.24)

Varying this expression we find

(1-¢)

Y= oo

fo)dP0), 05 = (—@2(2(_5)) - 2@3) P00 (8325
It follows that the solution (8.3.2) satisfies mixed boundary conditions for the dialton
field with Y
Pe = —— (8.3.26)
2y€(2-9)
Moreover, we have already seen that the vev of the dual operator is (Oy) = ¢(g) and its
conformal dimension is 1.

One-point functions The one-point functions for the field theory dual to the electri-
cally charged black branes can be read off from the asymptotic expansions of the bulk
fields, using the holographic relations in equation (6.3.126). In particular, we find

(0g) = —VER =05, (Oy,) =0,

() = (%0.0).
;4 2r8h% (1) — Eizp (ro + Eve) 0 0

(Tiyj) =1 0 612 ah%(ro) — %p (ro+&ve) 0 |- (8.3.27)
00 Srdh¥00) — 5o + €ue

Notice that, in the limit ve, ge — 0, the above stress energy tensor coincides with the
stress energy tensor of the bald solution of theory I, given in equation (7.1.30), with the
identification m = 13 /(* — p*ro/2 of their parameters. This is in perfect agreement with
the discussion in section 8.2 of bald black branes of theory II.

Magnetic Solutions

Fefferman-Graham expansion For the magnetic solutions (8.3.4) the transformation

of the holographic coordinate is,

2 2-¢ 1
T:z_2”m+8< 2@2“2 @)
1
12026,

1
~ 5o ( Gm %25(1 —£)*(2 f)) 2+ 0. (8.3.28)

(qmp%?n (1-¢) - 3L2£<1—£><6—145+752>) 2
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Using this, the metric components are

2 2
_ 2 P §2—-&v
gtt——1+Z <4€2+8€4m

s ((L=9O6-146+7)vy,  am (1= Ep’vm 4
+z < o7 Sticun 2/ + O(2%), (8.3.29)
922 = 1, (8.3.30)
2 2
p 5(2 — g)vm
Gz :gyy :€2+22 <4 — ST
s(1-B-106+58%) v gn (1= &p°om 4
+z o/ 6o o2 + O0(z%)(8.3.31)
and the remaining fields,
2
6= —VER— O+ (1 - OVER -85 + O, (8.3.32)
with the axions the same as in the original coordinate system.
The dialton potential is,
6 2e(2—- 3e(2-¢6)(1—
V(Qb) — _672 _ ZQUmé. ;6 6) _ Z3Um§( gg) ( 6) + O (24) ) (8334)
and the dialton-gauge field coupling is
— 2 — —
2(0) =14 2mE =8 L 2 2= B =29 o5 (8.3.35)

02 204

Dilaton boundary conditions Once more, the asymptotic expansion for the scalar ¢
determines the boundary conditions these black holes are compatible with. Compar-

. . _ 1_£ 2 . ey
ing the relation ¢y = N340 between the two scalar modes with the condition

that the single trace source for the dual scalar operator vanishes, i.e. J; = —%p() —
F'((0)) = 0, determines that the multitrace deformation function F(¢q)) is of the form
(6.3.72) with

g (19 (8.3.36)

NP

Notice that this is the same as the boundary condition (8.3.26) for the electrically charged

solutions, except for the sign.

One-point functions Once again, the one-point functions of the operators dual to the
bulk fields of the magnetic solution, can be read off from the asymptotic expansions of
the bulk fields, using the holographic relations given in equation 6.3.126. In particular,
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we find
(Oa ) =g = —VEZ- G/’ ()=(0,0.0),  (04)=0,
(1=~ 206~ 200~ G~ L -Gt 0 0
T =| 0 -0~ 20620k - o Lm0

2
(1= €)1 = 26)(3 — 260}, — 5 — L1~ E)pPuiy

0 0 —
2lv, 2

(8.3.37)

8.4 Thermodynamics

In this section we use the definitions and relations discussed in section 6.4 to study the
thermodynamic properties of the field theory dual to the hairy solutions (8.3.2) and (8.3.4),
of theory II.

8.4.1 Electric Solutions

We begin with the discussion of the electrically charged black brane solutions given in
equation (8.3.2). The temperature and entropy density of the field theory are equal to
the corresponding quantities for the black hole, given by equations (8.3.6) and (8.3.7),
respectively. Namely,

_ 1 2%/ N\ 21 pPlPue(1—86) | qal*(r+ (1 —&)ve)
T = 1 (rg) <2roh (ro) —velh™""(ro) + 212 2Everh(ro)
r2 hf(r )
s = O4TNO = d7r2 hE (rq). (8.4.1)

The energy density, ¢, chemical potential y, charge density p and axionic charge density

II are
¢
e= (2 <Ttt> =(1- f)p2ve + ==,
§ve

p="0{J" =g, =" (8.4.2)

p=Jlim A = roh(ro)’
where we have used the relations between bulk fields and boundary charges and poten-
tials, discussed in section 6.4. We have not derived the axionic magnetisation @ conju-
gate to the axionic charge IT holographically. Instead we will derive it from the Gibbs free
energy or grand canonical potential, through the standard thermodynamic relations. To
obtain the Gibbs free energy we must compute the renormalised Euclidean on-shell
action. The general expression for the Lorentzian on-shell action for the class of theo-
ries we are studying was derived in chapter 6 (equation (6.3.118)). In particular, there are
four terms to consider, Spx obtained by integrating the on-shell bulk action between

the horizon and the UV cutoff 7(¢) (corresponding to z = ¢), the Gibbons-Hawking term
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ScH. the boundary action associated with the dialton boundary conditions Sy and the
counterterm action S¢;. The expressions for all these terms can be found in section 6.3.4.
The only thing left for us to do is evaluate them for the electrically charged solution
studied. This is a trivial exercise for all but Sp,x which we must still integrate along the
holographic direction, from the horizon 7y, to a UV cutoff 7 = 7(¢). At the end of this
calculation we express 7(¢) in terms of the cutoff € in the z coordinate using the r(z)

expansion (7.1.25) The resulting expression is

7(e) 1
Spulk = / dr/d% V-G (V — 4F2>
ro

4 2.2 L e,2 2 2
_ /di”x {_253 _ 60 g? % 4y (792 + Zgh%(ro)) + (’)(e)} (8.4.3)

Combining this result with the S¢, Scn and S we finally obtain

(8.4.4)

r3h2(r, rop?
Srlgn:_sren:_ﬁv2<0 (0)+ Op>-

02 2

where V, = Vol(R?). This is of course infinite but we circumvent this issue by using
densities. Finally, by Wick rotating we can perform the integral over Euclidean time

to obtain the Gibbs free energy, W(T, 1), and the corresponding free energy density
w(T, ),

3 (r rop?
W(Ta H) = _Sren/ﬂ =wly = ( 0 62( 0) + 02]? > Vs. (8.4.5)
Using the expressions for ¢, T', s, 4 and p one can verify the relation

w=c¢—sT — pup, (8.4.6)

as required. As a consistency check, one can also check that

6w> <8w>
s=—| — ) p=—|— ) (8.4.7)
<8T wll ou 71

Moreover, by varying the free energy density with respect to axion charge density II,

keeping 7" and u fixed, we obtain the thermodynamic potential conjugate to the axion

B ow B ﬁ
w=— <8H)T,u_ 2pl <T‘0 + 5 > . (8.4.8)

Combining this with our previous results allows us to confirm the density first law (6.4.9),

charge density,

de =Tds+ pdp — wdll. (8.4.9)
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The pressure of the system, defined in equation (6.4.12), is given by

o€ 1

P=—|=+ = (Tye) + p* (70 + veb ) _ (Tyy) + =Ilto, (8.4.10)
aVQ S,Qe,II 2 2

where we have introduced the total energy £ = €)%, electric charge Qe = p)s, entropy

S = sVy. Itis easy to verify that this is equal to —w, as required. Furthermore, combining

the above result, one can check that they satisfy both the Gibbs-Duhem relation,

e+P=Ts+ up (8.4.11)
and the first law (6.4.11)
A& =TdS — PdVs + pdQe — (wV)dIl — (MVy) dB, (8.4.12)

As an additional check, one can verify that the equation of state derived in section 6.4.1
holds, provided we set B = 0 in equation (6.4.22). In particular, for the current solutions,
one finds

e =2P — wll (8.4.13)

Finally, in order to be able to compare solutions with the same charge densities, we need
to derive an expression for the Helmholtz free energy density §, which is a function of
T, p,I1. This is related to the Gibbs free energy by a Legendre transform with respect to

the chemical potential y,

ge  1gh*(ro)  rop?

8.4.14
Toh(ro) 62 2 ( )

f=w+pp=
This concludes our current discussion of the electrically charged black branes of theory
I[I. We will return to them in section 8.5 where we discuss the phase structure of the
theory.

8.4.2 Magnetic Solutions

We now turn to the magnetically charged black brane solutions, given by equation (8.3.4),
and repeat the analysis performed above. The temperature and entropy density of the
field theory are equal to the corresponding quantities for the black hole, given in equa-
tion (8.3.13),

h&—1
= # (—62])2 + 6T(2]h2 (TO) - SUmrof + 2U2m£(2§ - 5)) ) (8'4'15)
8ml4rg
272-¢
S G FE S T (8.4.16)

4G
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Moreover, the energy density, ¢, axionic charge density II and magnetic charge density

B are
2 v 2 I
1 q p|
B = e Floyey = gri?’ I = R (8.4.18)

where we have used the relations between bulk fields and boundary charges and po-
tentials, discussed in section 6.4. Once more, the axionic magnetisation w conjugate to
the axionic charge II, as well as the magnetisation M conjugate to the magnetic charge,
will be derived from the Gibbs free energy through the standard thermodynamic rela-
tions. We therefore proceed to compute the Gibbs free energy by computing the renor-
malised on-shell action, as we did for the electrically charged black branes. Using equa-

tion (6.3.118) as our reference, we begin by integrating the bulk on-shell action,

7(€) 4 29 B )
Sbulk = / d’f’/d35€ -G <V — 1F2) = /d3x|:_ % _ 6/ 5(2 f)Um
0 4 € e

(32 (p*02r0€(1 — €) + 2 (10 — Vmé&)) + 20mTo& (615 + Jvmrd (2 — €)

+6€2§Umm

+3v2,m0(6 — 7€+ 26%) + 03 (3 — 26 — 387 + 2¢%))) + O(e)] ) (8.4.19)

where we have used the UV cutoff 7(e) to regularise the integral, as explained above. Add

to Spuk Sf. ScH and S¢; and performing the remaining integrations, we finally obtain

Srlgn = _Sren = - 6V2 |:£12 <27‘8 + 3Um7‘(2)(2 — 6) + SU?nTO(2 - f)(l - %5) + Ui(l _ 52)(1 o §€)>

2
4 Im <1 - 5”’“) + %(1 _‘S)pQUm:| :

26um To

(8.4.20)

Hence, the Gibbs free energy, W(T, 1), and the corresponding free energy density w(7, p),

are

W(T, M) = *Sren/ﬁ =ws

Ve (284 3umrd2 = 9+ 322 - 91 - 30+ B -1 - 26))

qﬁ? §Vm 1 9
+2§Um <1 - ro) +50=8p vm] . (84.21)

Now that we have derived w, the magnetisation M and axionic magnetisation @ can also

be computed,

B ow  qml? B ow B (2—¢&)vm
M = (85>T,H— o w= <8H>T,M_ 2pl <ro t— (8.4.22)
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Combining these results with the expressions for ¢, T', s, B and w, it is straight forward
to confirm that the energy density is equal to the Legendre transform of the free energy
density with respect to T' (the chemical potential is zero in this case),

e(s,B,II) = w+ T, (8.4.23)

as well as the density first law (6.4.9),

de = T'ds — wdll — MdB. (8.4.24)
The pressure in this case is
1
P=- <85> = (Tyz) + z1lew + MB, (8.4.25)
aVQ S,B,H 2

where £ and S are defined as in the discussion of the electically charged branes. Once
more it is related to the transverse components of the stress tensor. Using this result one
can check that the Gibbs-Duhem relation (6.4.14), and the first law (6.4.11) both hold, and
that the equation of state of the system is of the form discussed in 6.4.1, as anticipated.
Finally, we note that the Helmholtz free energy coincides with the Gibbs free energy in
this case since there is no chemical potential.

8.5 Thermodynamic Stability and Phase Transitions

In this section we address the question of the phase structure of the theory. We want to
compare solutions with the same charge densities and which satisfy the same bound-
ary conditions. The first requirement implies that if we want to compare bald and hairy
solutions, we must restrict to neutral solutions only since, as we saw in section 8.2, in or-
der to set the dialton equal to zero consistently, we must also have vanishing gauge field.
However, for a given temperature and finite charge density, there are up to three hairy
solutions with different radii and scalar vevs, which compete thermodynamically, giv-
ing rise to an intricate phase diagram. We will focus on these solutions and, moreover,
we will restrict our analysis to £ = 1 for which we are able to obtain analytic solutions.
The discussion is straightforwardly applicable to £ # 1 but in those case one has to solve
transcedental equations numerically. An important thing to note regarding the £ = 1 so-
lutions is that the multitrace deformation coupling ﬂﬁ/ " vanishes and thus, the resulting

theory satisfies Neumann boundary conditions.

We begin our analysis by deriving analytic expressions that will help us understand the
phase structure of the theory. We then proceed to study the scalar vev, energy den-
sity, radius and Helmholtz free energy of the solutions as functions of the temperature,
at fixed charge densities. The Helmholtz free energy tells us which solution is ther-
modynamically preferred whereas the energy density determines whether a solution is

dynamically stable; it was shown in [2] that, for these solutions, dynamical stability is
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equivalent to positivity of the energy density.

We begin by looking at the electric solutions. The analysis of the magnetic solutions
follows after.

8.5.1 Phases of Electric Solutions

For the hairy solutions of our theory, the temperature is an independent variable and
it can be used to explore the full phase diagram. To do this, we begin by deriving an
analytic expression that can be used to determine the solutions of the theory in terms of
physical parameters. In particular, using the defining equation for the horizon, f(rg) = 0,

2

2 2
0,2 p de
—h ——h - = 851
02 (TO) 2 (TO) 2070 0) ( )

we obtain two different expressions for the temperature. The two different expressions
for T correspond to using the equation f(r¢) = 0 in two different ways. The first expres-
sion is obtained by solving (8.5.1) for 21?57”0

for the temperature (8.3.6), with £ = 1,

and substituting the result in the expression

r= L (o pver 20 (85.2)
T gmz \T0T e 20er3h2(ro) )’ o
This yields
p2€2

=310 + ve — (8.5.3)

2("”0 + Ue)7

where we have defined 7 = 47/?T. Alternatively, we can solve (8.5.1) for Z—§h2(r0) and
substitute in (8.5.2), finding

q%ro
G2 + p2ve(ro + ve)

T =279 + ve + (8.5.4)
Eliminating the quadratic terms in ry we obtain an explicit formula for the radius of
the horizon as a function of the charge densities, the temperature and the scalar vev

parameter ve, namely

(6q2 — (*p*)ve + 3¢2T

855
9¢2 + p2ve(ve — T) ( )

rg = —Ve +

Finally, inserting this result in either (8.5.3) or (8.5.4) we obtain the characteristic curve
(2p* — 8¢2) v + (2095 — PPpir? — 180%p% 2 + 64272 + 242 T3ve — 27072 =0, (8.5.6)

which is an equation relating physical observables only.

The expression (8.5.5) for the horizon radius and the characteristic curve are valid every-
where except in the regime where ¢ge — 0 and ve — 0 simultaneously, in which case the
manipulations that lead to (8.5.5) and (8.5.6) starting from (8.5.3) and (8.5.4) break down.
This limit must be taken so that ve/q? is kept fixed and corresponds to the bald solutions
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that only exist at zero charge density. Being a quartic equation in ve, the characteristic
equation admits four roots at fixed temperature and fixed electric and axionic charge
densities. At most three of these roots are real and have ry > 0: we checked numerically
that there is always either a root corresponding to a singular metric with ry < 0, or at

least two complex conjugate roots.

Restricting for now our analysis to small charges and using equations (8.5.3) and (8.5.4),
we find that, in this limit, there are three physical black brane solutions whose scalar vev

parameter and horizon radius are given by

1
Red: ve = —/T2 — T2+ O(g2), ro = 5(7’4— 7'2—7'02) +0(¢?), T > T,

(8.5.7a)
Blue: Ve = ——qg€2 +0(¢), ro= 1(7‘ +/7m2 4 37’2> + O(¢?) T >,
. e ?"0(2’/“(2) _p2£2) e)s 0 6 c el cy
(8.5.7b)
%4_@((]4), %(7-4— T2+3TCQ> +0(¢?), T<Te
Orange: v = "0Zo—P*0) g =
VP24 0(e), Lr-vr=m2)+0@), r>n.
(8.5.7¢)
where we have colour coded each solution. Here
7o = 4wl*T, = V/2pt, (8.5.8)

denotes the critical temperature at zero charge density. As we will see below, the true
critical temperature increases slightly with increasing charge density. Nonetheless, we
find it convenient to use 7. as a reference temperature at arbitrary charge density. An
important observation regarding the above perturbative solutions, (8.5.7), is that, near
the critical temperature 7., both the blue and orange solutions have a pole in ve. To see
this note that as 7 — 7.f, 8% — 7./2 = pf/+/2 and hence 1B — co. The same is ob-
served for the orange solution for 7 — 7,". Moreover, the orange solution is discontinu-
ous at 7.. These, however, are not true features of the solutions but consequences of the
break down of perturbation theory. If one uses instead the characteristic curve (8.5.6) to
find the analytic solutions then he finds that all curves are in fact smooth and the cor-
ners only exist in the strict ge limit. This is demonstrated in figure 8.5.2, which shows
that all curves are in fact smooth.

In order to understand the behaviour of these solutions, we fix p and plot, as a function of
temperature, the energy density and the Helmholtz free energy, given in equations (8.4.2)
and (8.4.14), respectively, by setting £ = 1. We also plot the radius and scalar vev of each
solution. The first two plots allow us to determine the dynamical and thermodynami-
cal stability of the solutions whereas the latter two provide an insight into the physical
characteristics of the dominating solution. Figures 8.5.1, 8.5.3 and 8.5.4 show plots of
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Figure 8.5.1: Plot of the perturbative solutions (8.5.7) for p = 0.003p,, together with the
corresponding energy ¢ and Helmholtz free energy f densities.

these quantities for the three solutions for increasing-but small-charge densities and
figure 8.5.5 shows a plot for large p. Note that the plots in 8.5.1 and 8.5.1 correspond to
the same value of p. Studying these plots, we observe that several features of these so-
lutions persist at higher charge densities, but, there are also qualitative changes as the
charge density is increased. In particular, studying these plots, we observe that below
the critical charge density , )
14 9 p
|p‘<Pc:2ﬁH :2\/§7

there always exists one solution for all temperatures (orange), while two additional so-

(8.5.9)

lutions appear above a (charge density dependent) critical temperature that equals 7. at
zero charge density. For |p| > p. the orange solution disappears, leaving only the other
two branches above the critical temperature. There are no solutions above the critical
charge density and below the critical temperature. This is depicted in the left plot in
figure 8.5.6. The right plot in figure 8.5.6 shows the number of solutions as a function of
temperature and electric chemical potential, instead of charge density. Notice that there
is no critical value for the chemical potential, which reflects the fact that |ge(u, p, T')| for
the orange solution is bounded by p..

The dynamic and thermodynamic stability properties of the solutions can be read off
respectively the energy density and Helmholtz free energy density plots in figures 8.5.1,
8.5.3, 8.5.4 and 8.5.5. From the energy density plots we deduce that the orange solution
is always dynamically unstable, while the blue and red solutions are always dynamically
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stable. Above T¢, however, in the limit of vanishing charge density the red solution be-
comes marginally stable while the orange one becomes marginally unstable. Moreover,
from the free energy plots follows that when they coexist, the blue solution is thermo-
dynamically stable, while both the red and the orange solutions are thermodynamically
unstable. Nevertheless, the orange solution has the largest radius, while the red solu-
tion has the smallest radius. We will see below that this last property is reversed in the

magnetically charged solutions.

Putting everything together, we conclude that the electric solutions describe in general
two distinct phases, as shown in figure 8.5.7. Phase I corresponds to the orange solutions
and is the only possible phase below the critical temperature and critical charge density.
Phase II corresponds to the blue solutions and it dominates above the critical tempera-
ture, for any value of the charge density. There is no regime of parameters where the red
solutions are thermodynamically dominant. At non zero charge density the Helmholtz
free energy jumps at the critical temperature and so this is a zeroth order phase transi-
tion. Zeroth order phase transitions have been predicted in the context of superfluidity
and superconductivity and are related to the presence of metastable states [110, 111], as
well as in higher dimensional black holes [112]. As the charge density approaches zero,
however, the jump of the free energy across the critical temperature goes to zero, but at
the same time its derivative is continuous across 7T, and, hence, the transition becomes
second order. However, since the solutions of phase I are dynamically unstable, this
phase diagram is presumably not the complete picture. There are probably other solu-
tions that are thermodynamically and dynamically stable below the critical temperature,
that also continue to exist above the critical charge density. It would be interesting to
identify these solutions. The general structure of the physical solutions that emerges
from the plots in figures 8.5.1, 8.5.3, 8.5.4 and 8.5.5 is as follows. Below the critical charge

density
& p*l
< = — H2 = —,

there always exists one solution for all temperatures (orange), while two additional so-

(8.5.10)

lutions appear above a (charge density dependent) critical temperature that equals 7 at
zero charge density. For |p| > p. the orange solution disappears, leaving only the other
two branches above the critical temperature. There are no solutions above the critical
charge density and below the critical temperature. This is depicted in the left plot in
figure 8.5.6. The right plot in figure 8.5.6 shows the number of solutions as a function of
temperature and electric chemical potential, instead of charge density. Notice that there
is no critical value for the chemical potential, which reflects the fact that |ge(u, p, T")| for
the orange solution is bounded by p.

The dynamic and thermodynamic stability properties of the solutions can be read off

respectively the energy density and Helmholtz free energy density plots in figures 8.5.1,
8.5.3,8.5.4 and 8.5.5. From the energy density plots we deduce that the orange solution



172 Chapter 8. Theory II
Ve/Te To/Te
0.999 1. 1.0011.002 0999 1. 1.001 1.002
0.05] 0.53f ‘ ‘ ‘
15 1.5
1 0. 05k
-0.05} <
0.5 1. 0.471L
T/Te
025 05 075 1.\ 125 15 175 2.
-05 05
1.
-15 T/
0.25 0.5 0.75 1. 1.25 1.5 1.75 2
oI i/
4. 0999 1. 1.001 1.002 T/Te
‘ : ‘ 025 05 075 1. 125 15 175
0.008f -
0.004
2, 0. -4,
-0.004 F 6.| _a496F
r/r.  -8F 451
025 05 075.-1. 125 15 175 2. -4.504}
100 as08p
0999 1. 1.001 1.002

Figure 8.5.2: Plot of the solutions of (8.5.6) for p = 0.003p,, together with the correspond-
ing energy ¢ and Helmholtz free energy § densities. Notice that the solutions look iden-
tical to the perturbative ones in figure 8.5.2 for the same charge density, but zooming in
near the critical temperature shows that the exact solutions are in fact smooth.
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Figure 8.5.3: Plot of the solutions of (8.5.14) for p = 0.314p,, together with the corre-
sponding energy € and Helmholtz free energy f densities.
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Figure 8.5.4: Plot of the solutions of (8.5.14) for p = 0.786p., together with the corre-
sponding energy € and Helmholtz free energy f densities.
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Figure 8.5.5: Plot of the solutions of (8.5.14) for p = 1.1p,,

energy € and Helmholtz free energy f densities.

together with the corresponding
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is always dynamically unstable, while the blue and red solutions are always dynamically
stable. Above T,, however, in the limit of vanishing charge density the red solution be-
comes marginally stable while the orange one becomes marginally unstable. Moreover,
from the free energy plots follows that when they coexist, the blue solution is thermo-
dynamically stable, while both the red and the orange solutions are thermodynamically
unstable. Nevertheless, the orange solution has the largest radius, while the red solu-
tion has the smallest radius. We will see below that this last property is reversed in the

magnetically charged solutions.

Putting everything together, we conclude that the electric solutions of theory II describe
in general two distinct phases, as shown in figure 8.5.7. Phase I corresponds to the or-
ange solutions and is the only possible phase below the critical temperature and critical
charge density. Phase II corresponds to the blue solutions and it dominates above the
critical temperature, for any value of the charge density. There is no regime of parame-
ters where the red solutions are thermodynamically dominant. At non zero charge den-
sity the Helmholtz free energy jumps at the critical temperature and so this is a zeroth
order phase transition. Zeroth order phase transitions have been predicted in the con-
text of superfluidity and superconductivity and are related to the presence of metastable
states [110, 111], as well as in higher dimensional black holes [112]. As the charge den-
sity approaches zero, however, the jump of the free energy across the critical tempera-
ture goes to zero, but at the same time its derivative is continuous across 7. and, hence,
the transition becomes second order. However, since the solutions of phase I are dy-
namically unstable, this phase diagram is presumably not the complete picture. There
are probably other solutions that are thermodynamically and dynamically stable below
the critical temperature, that also continue to exist above the critical charge density. It

would be interesting to identify these solutions.

8.5.2 Phases of Magnetic Solutions

The structure of the magnetic solutions is very similar to that of the electric ones, except
for a few minor features that we are going to highlight. As for the electric solutions, we
can process the temperature in two different ways leading to

€2p2

™ =3 + 2um — o, (8.5.11)
0

and
3€2q§n + €2p21)m(vm — 2r9)

, (8.5.12)
270Um (Vm + 70)

T =2Um —

for the rescaled temperature 7 = 47/?T. At generic values of the parameters these again
correspond to two quadratic equations for (. Eliminating the quadratic term in r by a
suitable linear combination of these expressions, we obtain the general expression for

the horizon radius
9€2qr2n + 2p%vm (Vm +7)

" 20m (32p% + (2vm — ) (vm + 7))

"o (8.5.13)
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Figure 8.5.6: Number of electric solutions with £ = 1 as a function of charge density
p and temperature 7T (left plot), or chemical potential 1 and temperature 7' (right plot).
The plots apply to any fixed |p| > 0. There are three distinct solutions, indicated respec-
tively by horizontal orange lines, red vertical lines, and blue diagonal lines. We refer to
these solutions as ‘orange, red” and ‘blue; respectively. The orange solution exists for
all temperatures provided the (absolute value of the) charge density is below the critical
value p. = Ip?/2+/2. However, this solution is dynamically unstable since it always has
negative energy density. Moreover, where it coexists with the red and blue solutions it
has the largest radius, but it is thermodynamically unstable. The red and blue solutions
appear simultaneously above a critical temperature T, > |p|/2v/27¢ and are always dy-
namically stable, since they have positive energy density. The blue solutions have larger
radius than the red ones and are thermodynamically preferred.

Inserting this back in either (8.5.11) or (8.5.12) gives the characteristic curve
(02pt —8¢2 vk 4 (204p® — 12p*7? — 180%p? 2, + 642,72 )v2, — 2¢2, T3 vm — 2702 ¢h, = 0. (8.5.14)

Notice that although the expression for the horizon (8.5.13) is different from the cor-
responding expression for the electric solutions in (8.5.5), the characteristic curves are
identical under the map ¢e — ¢m, ve = —vm. It follows that the solutions for the scalar

vev are identical to those for the electric solutions, except for an overall sign change.
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Phase I Phase II

Figure 8.5.7: Phase diagram for the electric solutions with £ = 1 as a function of charge
density p and temperature T'. Below a critical charge density p. and a critical tempera-
ture T, there is only one, dynamically unstable, black hole solution. This solution exists
for arbitrary temperature, but it disappears above p.. Above the critical temperature 7,
there are either two or three solutions depending on whether |p| > p. or |p| < p. re-
spectively. The two solutions that exist only above 7, are both dynamically stable and
the one with larger radius is thermodynamically preferred. At the critical temperature
T., therefore, there is a phase transition from a dynamically stable black hole with neg-
ative scalar vevabove T, to a dynamically unstable solution with positive scalar vev. At
non-zero charge density the Helmholtz free energy jumps at 7. and so this is a zeroth
order transition. At zero charge density the free energy is continuous across T¢, as is its
first derivative, and so the phase transition becomes second order at p = 0.

In particular, for small ¢m the perturbative solutions take the form

1
Red: vm = -2 =12+ 0(¢%), ro = —(T +/72— Tf) + O(q2), T > T,

2
(8.5.15a)
Blue: VUm = B U +0(qh), T0= 1(7’ + 72+ 37'2) +0O(¢%) T>T,
ST T @) T TG ‘ " -
(8.5.15b)
%4_(9((];{')’ %(T—i— 72+3Tc2> +0(¢%), T<Te,
Orange: v, = { "0(2ro—p*) ro=14" )
VT =2+ 0(gk), Lr—-vP=7)+0@) 7>
(8.5.15¢)

where again 7, = 47(?T, = /2pl. As for the electric solutions, perturbation theory
breaks down near 7, as can be seen from the plots in figure 8.5.8. Comparing with the
corresponding plots for the electric solutions in figure 8.5.1 we see that at small charge
densities the electric and magnetic solutions look identical, except that the orange and
red branches of the solution are switched above the critical temperature. At higher
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Figure 8.5.8: Plot of the perturbative solutions (8.5.15) for B = 0.0038,, together with the
corresponding energy ¢ and Helmholtz free energy § densities.

charge densities the corners are again smoothened out as is shown in figures 8.5.9, 8.5.10
and 8.5.11.
As for the electric solutions, the orange branch exists for all temperatures but disappears
above the critical magnetic field

H2 p2

Bl<B.=——== .
5] 2V/2  2v/202

Above the critical temperature again there are two additional branches for any value of

(8.5.16)

the magnetic field, while above the critical magnetic field and below the critical temper-
ature there are no solutions. The number of solutions as a function of the temperature
and the magnetic charge density matches the number of electric solutions as a function
of of the temperature and the electric charge density depicted in figure 8.5.6. Moreover,
the dynamic and thermodynamic stability properties of the three branches of solutions
are identical to those of the electric solutions and hence the phase diagram in figure
8.5.7 applies equally well to the magnetic solutions upon replacing the charge density
p with the magnetic field B. As can be seen from the plots of the solutions, the only
difference between the electric and magnetic ones is that the value of the scalar vev is
opposite, while above the critical temperature the red branch of the electric solutions
has the smallest radius and the orange has the largest, while the reverse holds for the

magnetic solutions.
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Figure 8.5.9: Plot of the solutions of (8.5.14) for B = 0.3148,, together with the corre-
sponding energy € and Helmholtz free energy f densities.
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Figure 8.5.10: Plot of the solutions of (8.5.14) for B = 0.7861,, together with the corre-
sponding energy ¢ and Helmholtz free energy f densities.
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Chapter 9

Discussion

The second part of this thesis was dedicated to the study of a family of theories which
admit electrically and/or magnetically charged black brane solutions with additional ax-

ionic charges and a running scalar that we called the dialton.

We focused on particular solutions for which the axions admit a linear profile in the
boundary directions and, consequently, they explicitly break scale invariance. More-
over, they act as vacuum energy for the horizon, giving rise to topological black holes
with a flat horizon but which also possess the additional length scale usually associated
with the radius of hyperbolic black holes. In the context of black hole charges, the ax-
ions constitute primary hair [83]. In particular, they are zero forms with the operators
dual to them satisfying global Ward identities, and they carry topological charges. These
charges enter the thermodynamic relations and they modify the first law.

The other scalar field supported by the black branes we studied, namely the dialton,
constitutes secondary hair of the branes. As such, contrary to the axions, it does not en-
ter the thermodynamic relations as an independent charge. However, for the solutions
we studied, the dialton satisfies mixed boundary conditions and, consequently, it modi-
fies the bulk on-shell action that one would obtain had the more conventional Dirichlet
boundary conditions been imposed [82]. This modification leads, in turn, to a corre-
sponding modification of the holographic stress tensor and of the associated conserved
charges and free energy [30]. In this part of the thesis we performed the full asymptotic
analysis and derived the holographic dictionary in the presence of such mixed boundary
conditions for the running scalar. In doing so we demonstrated that, when the modifi-
cations associated with the mixed boundary conditions are correctly accounted for, the
theories satisfy the standard thermodynamic relations and, in particular, the first law,
without having to add new charges associated with the scalar.

The holographic dictionary and and thermodynamic relations were first derived for a
general class of solutions for the family of theories under investigation, subject to mixed
boundary conditions for the dialton and axions with linear profiles along the boundary

directions but otherwise unrestricted. In chapter 7 we revisited the exact black holes
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found in [87], which do not have a running profile for the dialton, as well as those ob-
tained in [88] which have a running dialton. We use the general results obtained to de-
rive the thermodynamic properties of the dyonic version of these black holes and verify
that they satisfy the expected relations. A natural next step would have been to study
the thermodynamic stability and dynamic stability of these solutions which do compete.

However, this had already been done in [87, 88] and was therefore not repeated.

In chapter 8 we applied our general results to another family of known analytic solu-
tions, found in [89], as well as a their magnetic analogue which first appeared in [2]. Us-
ing the derived thermodynamic relations we studied the thermodynamic stability and
phase structure of a subfamily of these solution for which the coupling for the mul-
titrace deformation vanishes and the dialton satisfies Neumann boundary conditions.
The reason for focusing on these solutions is the fact that in this case the analysis of
the phase structure can be done analytically. Furthermore, for this theory, the dialton
and the gauge field are coupled, meaning that bald solutions are necessarily electrically
and magnetically neutral. Consequently they do not compete with the hairy solutions at
non zero charge density. Nevertheless, for a given non zero charge density and temper-
ature, there are up to three hairy solutions with different horizon radii and scalar vevs
that compete thermodynamically, giving rise to an intricate phase structure.

Firstly, we observed that at non-zero charge density there exist a critical temperature,
that depends on the charge density, above which there are three hairy black holes, two
with positive energy density-a large and a small black hole-and one with negative. This
result is identical for both the electrically charged black holes as well as their magnetic
analogue, with the only difference being that for the electric solutions the black hole with
negative energy density is the largest of the three, while for magnetically charged solu-
tions it is the smallest. As was demonstrated in [2], where the authors derived the quan-
tum effective potential for the dialton, dynamical stability of the solutions against quan-
tum fluctuations of the dialton is equivalent to having positive energy density. Hence,
the negative energy density solution is not dynamically stable. Returning to the phase
diagram, lowering the temperature such that 7, is approached from above, the two pos-
itive energy black holes converge and cease to exist below 7,. However, at non-zero
charge density the negative energy solution at the critical temperature has a lower en-
ergy density than the other two solutions, which are therefore metastable. Moreover,
the larger of the two black holes with positive energy density has the smallest free en-
ergy and is therefore thermodynamically favored above T.. Accordingly, the free energy
is discontinuous at 7, leading to a zeroth order phase transition. As the charge density is
tuned to zero the negative and positive energy solutions all converge as 7 is approached
from above, with their energy density approaching zero from below and above respec-
tively, which leads to a regular second order phase transition at 7.

Putting everything together, we found that both the electric and magnetic solutions of

this theory describe in general two distinct phases. Below a charge density dependent



183

ol lel

No Solutions Two Solutions
P S — /4 P

1332
1332
EEE { Three Solutions ; Phase I Phase IT

T, T T. T

Figure 9.0.1: Number of solutions with £ = 1 as a function of charge density p and tem-
perature T (left) and corresponding phase diagram (right). These figures are the same
for both the electric and magnetic solutions of the theory for { = 1.

critical temperature and a critical charge density there is only one black hole. This cor-
responds to phase I which has negative energy density, indicating that this phase is dy-
namically unstable with regards to dialton fluctuations. However, this phase has positive
specific heat in this region of the phase space. Above the critical temperature and below
the critical charge density there are three black holes. As the charge density increases,
the negative energy density black hole of phase I disappears and we are left with only
two solutions. In this region of the phase space we found that there are no phase transi-
tions and one solution always dominates. This solution has positive energy density and
specific heat. At non zero charge density the Helmholtz free energy jumps at the critical
temperature and so this is a zeroth order phase transition. Zeroth order phase transi-
tions have been predicted in the context of superfluidity and superconductivity and are
related to the presence of metastable states [110, 111], as well as in higher dimensional
black holes [112]. As the charge density approaches zero, however, the jump of the free
energy across the critical temperature goes to zero, but at the same time its derivative
is continuous across 7. and, hence, the transition becomes second order. Figure 9.0.1
show the number of solutions and phase space of the theory with £ = 1 as a function
of the charge density p and temperature T'. These figures apply for both the electic and

magnetic solutions.

A number of open questions and future directions remain. Firstly, since the solutions of
phase I have negative energy density, we conclude that they are dynamically unstable
and hence this phase diagram is presumably not the complete picture. However, we
also noted that these solutions have positive heat capacity, something that poses an in-
teresting puzzle. Most likely, there are other solutions that are thermodynamically and
dynamically stable below the critical temperature, that also continue to exist above the

critical charge density. It would be interesting to identify these solutions.

Secondly, another potential next step is to seek exact dyonic solutions of this theory.

However, it seems likely that such solutions can only exist for the special case £ = 1,
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since only in that case the scalar boundary conditions for the electric and magnetic so-
lutions coincide. Moreover, we found that the relative size of the radii of two of the three
solutions-when these coexist-are opposite for the electric and magnetic solutions, sug-
gesting that, for a dyonic black brane solution, there will only exist one solution in the
corresponding region of the phase space. Below the critical temperature, however, the
single, negative energy solution should continue to exist even for a dyonic black brane.
For p = 0 dyonic solutions of Theory II have been found in [113]. It would be interesting
to generalise these solutions to non-zero axion charge.

Finally, we have focused only on properties of the background solutions, without dis-
cussing fluctuations around them. It would be very interesting, for example, to compute

the thermoelectric and Hall conductivities for these black branes.
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