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Abstract

Quantum steering is the ability that one system affects another one without delay by performing
local measurements, which has garnered significant attention in the field of quantum information
science. Here, we propose a linear network to realize tunable quantum steering with adjustable
measurements. We show that forward steering of the first entangled source can be perfectly
transferred to the state of two endpoints, regardless of measurements in the quantum network.
However, for the backward steering between two endpoints, it displays a four-leaf clovers with rich

L N—1 . N
symmetries with measurement parameters {9]- }j:1 and is dependent on the parameters {ﬁj }j -

of the input state. By tuning the measurements far away from or close to the optimal values,
one-way or two-way steering can be controllably realized. In addition, the error between the actual
and optimal measurements is also taken into account in our proposal. The result indicates that a
smaller error is beneficial for predicting two-way steering involving multiple measurements. Our
proposal offers a promising way to realize the quantum steering transfer within linear networks.

1. Introduction

Quantum steering [1-4], a typical nonlocal correlation, is a crucial quantum resource in quantum
information science [5]. Unlike other correlations such as quantum entanglement [6-9] and Bell
nonlocality [10], it is intrinsic asymmetry [11-14], which leads to the birth of one-way steering [15, 16] and
two-way steering. Due to this asymmetry, quantum steering has been widely investigated in
semi-device-independent entanglement detection [17], one-sided device-independent quantum key
distribution [18-20], randomness certification [21, 22], one-sided randomness generation [23], channel
discrimination [24, 25], semi-device-independent and device-independent quantification of measurement
incompatibility [26, 27], secret sharing [28—30], and secure quantum teleportation [31-33]. To characterize
quantum steering, various steering criteria have been proposed, including linear steering

inequalities [34—40], entropic uncertainty relations [41-43], correlation matrices [44, 45], steerable

weight [46, 47], steering radius [48—50], critical radius [51, 52] and steering robustness [25]. Among these,
the critical radius is an unconditionally sufficient and necessary steering criterion for two-party quantum
states. This is due to the fact that critical radius provides a more stringent boundary between steering and
unsteering, that is, critical radius can be used to detect all one-way and two-way steerable states from
two-party states.

In addition, quantum steering, as well as quantum entanglement and Bell nonlocality, unveils rich
structures in multiparty configurations, particularly within the context of quantum networks [53].
Specifically, the generation of quantum entanglement in initial networks is limited in range, which means
that entangled states are established along the edges between adjacent nodes. This situation can be
significantly improved via entanglement swapping operations, such as quantum repeaters [54], Bell state
measurements [55-57], positive-operator-valued measurements (POVM) [58, 59], and quantum
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channels [60, 61], on intermediate nodes [56]. Bej et al [58] investigated the generation of quantum
correlations of the pair (1,4), encompassing quantum entanglement, three-measurement steering, and Bell
nonlocality. This was achieved through the implementation of a POVM on the pair (2,3), whose process was
starting from two independent Bell pairs (1,2) and (3,4). Similarly, Qi et al [59] conducted analogous
research within a chain-type quantum network. Their results indicate that quantum correlations can be
effectively controlled by manipulating the parameters of the POVM. In addition, the concept of network
quantum steering based on network local hidden state models [62] has been proposed in a linear network
consisting of trusted end points, intermediate untrusted parties, and fixed measurements on untrusted
parties. This network is capable of remotely transmitting quantum entanglement and steering. However,
achieving one-way or two-way steering between two remote qubits, along with the perfect transfer of
steerability, remains a significant challenge within quantum networks, due to the limitations posed by
currently existing sufficient and unnecessary steering criteria.

Motivated by this, we propose a linear quantum network involving adjustable projection measurements
on intermediate parties, which is used to achieving steerability between two endpoints. Here, we use the
sufficient and necessary steering criterion i.e. critical radius [51], to quantify the steerability. In our setup,
forward steering, that is, the steerability of the first entangled source can be perfectly transferred to the
steerability from the first qubit to the last one in a linear quantum network, which is independent of the
number of the intermediate parties and the measurements. But for the backward steering, that is, the
steerability from the last qubit to the first one in the network, its pattern versus measurement parameters
displays a four-leaf clovers with aboundant symmetries, which can be tuned by the parameters { 3; }j\;z of
the input state. With increasing the measurements, we find that the translation symmetry is broken and
tunable quantum steering, i.e. one-way or two-way steering, can be realized by adjusting the measurement
parameters {0; }JN:_ll close to or far away from the optimal points {prt } L By taking further into account
the measurement error, we show that the network with multiple measuréments tolerates small errors for
non-vanishing backward steering. This indicates that tunable steerability can be engineered by controlling
measurement errors. Our study provides a potential path to achieve tunable quantum steering and
manipulate its direction in linear networks.

2. Model and critical radius

A quantum network, as shown in figure 1, comprises entangled sources of N pairs. Initially, we prepare the
input state of the quantum network into a product state of all individual entangled sources, i.e.

Pin = ®]N:1 pa;s;- Then, we perform a sequence of joint measurements on all intermediate qubits. By tracing
out all the intermediate qubits, the output state of the quantum network can be written as

1

N—1
Pout = ZSTI'BV'BN—lAZ”'AN [pin '®l M(GJ):| ’ (1)
j=

where P = Tr[pi, ®;\;1 M (6;)] is the normalized factor and M(6;) = |0;) g, (0] is jth joint measurement
operator. The state |0;)pa,,, = c0s0;|00)pa,,, +sint;|11)pa,, , with §; # kn /2 (k=0,1,2,...), is actually a
Bell-like state. But when we set ¢; = (2k + 1)7 /4, [0;) s, becomes the Bell state, and the corresponding
joint measurement M(6;) reduces to the Bell state measurement.

Since our goal is to realize a one-way or two-way steering between two remote qubits (A; and By) in the
proposed network, a critical radius [51] is introduced to quantify it. Specifically, for an arbitrary two-qubit

state pxy, the critical radius describing the steering from X to Y is defined as

Jyes, () [Te (On)]

’ 2
0 V2| Try[pxy(I® O)]| Y

Ry_.y = max
“w

where O = % (0oI+0-7), with & = (O’x, ay, crz), is a single-qubit observable, p is a distribution over states
n= % (I+¥- &) in the Bloch ball By, and pxy = pxy — % ® py. Equation (2) indicates that the state pxy is
steerable from X to Y only when Rx_,y < 1. To further establish the region of the critical radius, we take a
generized Bell diagonal state, i.e. ppas = 3 (I® [+ tx0, ® 0 + 1,0, ® 0, + 1,0, ® 7), as an example, but



10P Publishing New J. Phys. 27 (2025) 064508 X-G Fan et al

,_/ m ‘F-"_—@

=0 Output State

A . g g iy R

( v 1

>0 o9 5
1 I

Input State \ Entangled source,' { M () | Trace i

Figure 1. Schematic of the proposed quantum network. It consists of N-pair entangled sources, as the input state. The dial in gray
denotes the joint measurement on all intermediate qubits, characterized by M(6;) = |0;)5a,, (0j| withj = 1,2,...,N—1. The
dial in brown denotes the trace operation. The red (blue) arrow between two remote qubits (A; and By) means that A; (By) can
steer the state of By (A1), namely, forward (backward) steering.

without loss of generality to calculate it. By choosing the optimal observable and distribution,

27 [ty

=
Ik (t;znfc + t;2n§ + t{zng) ds

Rx—v (poas) = (3)

is obtained, where n, = sinacos, n, = sinasinp, n, = cos, and dS = sinadady . Equation (3) directly
gives Rx_,y = 1/2 for the Bell state (t, = —t, = t, = 1) and Ry_,y — oo for the maximally mixed

state(t, = t, = t, = 0), corresponding to the lower and upper limits of the critical radius. Therefore, the
critical radius Rx—,y is limited to the region of [1/2,00). This steerable zone can be in the region of [0, 1] by
redefining the critical radius,

Ry =max{0,Ry,y — 1}, (4)
which indicates that the state pxy from X to Y is steerable when Ryx_,y > 0, or equivalently Rx_,y < 1.
3. Tunable steerability in quantum network

Next, we assume that parties A; and B; share an entangled Werner state (p > 1/3)

1 I
pais, = p[Bell),p, (Bell| + (1 —p) % ® %7 (5)
and other parties A; and B are in an entangled pure state
ijBj = |B]>A]BJ</8]| with ] :23377N7 (6)

where [3;) 4.5, = c0s 3;|00) a5, + sin 3j|11) o 5, and |Bell) 4, , = |7 /4) 4, 5, From equation (3), one can see that
the critical radii of the state p,, 5, from A, — By and B, — A are equal, that is, R4, 5, = Rp, 4, = (2p) .
As a result, the state p4,p, is two-way (no-way) steerable for p > 1/2 (p < 1/2). The term ‘no-way steerable’
here refers to the quantum state being unsteerable in both directions. But for an entangled pure state p4;5,
given by equation (6), it is obviously two-way steerable [37, 51]. This indicates that there is no steering
between remote parties A; and By without additional operations. In other words, a set of joint
measurements is required to establish the steerability between these two parities. Taking advantage of the
critical radius, we demonstrate that the steering direction between two remote parties (A; and By) can be
changed by adjusting the measurement parameters { 6; }]1\:11 For further clarity, we include a detailed
investigation of the following examples.
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Figure 2. Backward steering (Rp,—4, ) in a 2-pair entangled sources network versus the measurement parameter ; and the
parameter (3, of the second entangled source. (a) p=0.7, (b) 3, = w/6 and (c) 3, = 7 /3. And in (b) and (c), p=0.5and p=0.7
are considered.

3.1. Two entangled sources

We first show how to realize one-way and two-way steering between two parites (A; and B,) in the simplest
network, consisting of two entangled sources, i.e. N = 2. In this case, only one joint measurement M(6, ) is
imposed. For a given input state (see equations (5) and (6)), the output state is (see details in appendix A)

1
P, = PYas, + (1 —P)%Q’@?ZJBZ, (7)

where ¥ 4,5, = |£2)A,B, (g2| is an entangled pure state, and 1) g, = Tra, (¢ a,5,) is the reduced density matrix.
In the above expressions, |g2) 4,5, = €05£2|00) 4,5, + sings|11)4,5,, with the g-function

1 ] 2 (8)
= ~arccos [ 1— —————— .
82 2 1 + cot?3,cot?6;

For the output state pj’\‘f%z, its critical radius from A, to B, is R4, 5, = (2p)_1 (see details in appendix B),

which is the same as the critical radius of the input state p4,p, from A, to B;. This means that the steerability
of the state p4,p, from A, to B; can be perfectly transferred to the steerability of the state pg‘fﬁz from A, to B,.
For the critical radius Rp, 4, of the state 3"} , it can not be given analytically. Fortunately, it can be
numerically investigated with equation (2) (see details in appendix B). To show the numerical result, we plot
the redefining critical radius Rp,—,, as functions of parameters 6; and 3, in figure 2(a) with p=0.7.
Intuitively, the pattern resembles four-leaf clovers having central-, aximal-, rotational and translation-
symmetry (see the dashed box), which can be attributed to the periodic nature of the cotangent function in
equation (8). The leaf denotes the steerability from B, to A; of the output state, and the non-leaf part denotes
no steerability from B, to A;. Obviously, an optimal steering exists (see the pattern in red) and we can tune
parameters 6; and (3, to achieve it. For clarity, we further plot Rg,_,4, versus the parameter ¢, € (0,7/2)
with fixed 3, = w/6 and 7/3 in figures 2(b) and (c), respectively. The unsteerable input state p4, 5, with

p = 1/2 (see discussions after equation (6)) leads to the output state p}"; unsteerable (no-way steering), as
demonstrated by the blue curves. When we take p > 1/2 such as p = 0.7, the input state p4, 5, becomes
steerable, giving rise to one-way or two-way steering for the output state p3'; (see the red curves). This
suggests that both one-way and two-way steering can be obtained by tuning the measurement parameter 6,
for a definite steerable input state p,, 5, Moreover, we find that the optimal steerability of the output state

pj;‘l“Bz can be achieved under an optimal measurement M (6" t) (see green stars in figures 2(b) and (c)), where

opt _ T
0, =3 Ba. 9)
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The optimal measurement yields the same output state as the input state py4, g,. This implies that the steerable
input state can be perfectly transferred to the output state with the optimal measurement. From figure 2(a),
one can see that one-way and two-way steering for the output state can also be attained by tuning the
parameter (3, with the fixed 6, which is consistent with g, given by equation (8).

3.2. Three entangled sources

In the following, we expand the network to the case of N = 3. In this scenario, the input state can be
considered not only as the product of three individual entangled sources but also as the product state of the
third entangled source and the output state of the first two entangled sources. Clearly, these two perspectives
are equivalent. However, from the latter perspective, the scenario for N = 3 can be directly reduced to that of
N =2, except for the inclusion of an additional measurement M(6,) on parties B, and A3 and the
introduction of a variable parameter 5. This results in a network comprising three entangled sources that are
more adjustable. Following the procedure in appendix A, the output state of the network can be expressed as

I
Pitb, = Pas, +(1=p) - U, (10)

where ¥ 4,5, = |83) 4,8, (g3| and ¥ g, = Tra, (¢ 4,5,)- The g-function is

1 2
g3=5arccos 1-— > . (11)
1+ [ cot?fjcot? B
j=1

out

Apparently, the steerability of the output state p3', from A, to Bs is Ra, 5, = (2p) ~!, which is the same as
R4, B, because of their similar forms. This indicates that the steerability from A; to B; of the input state
pa,, can be perfectly transferred to the steerability from A, to Bs of the output state p§"} . For the backward
steering from Bs to A;, we find that its pattern, as functions of #; and 6, in figure 3, dispfays four-leaf clovers
with adjustable symmetry (see the dashed box) by tuning the parameter 3 (3, = 3 = § are assumed) for
fixed p, which is different from the case of N = 2. Specifically, when § = 7/4, the second and third entangled
sources are in an symmetric state, i.e. Bell state, giving rise to symmetric pattern similar to the case of N =2
(see figures 3(b) and (e)). But when 8 = 7/6 or 7/3, the steeribility of the output state from B; to A; only
keeps axial-, rotational-, and central-symmetry, while the translation-symmetry is broken (see figures 3
(a)—(f)). This is because that the second and third entangled sources are in the unsymmetric Bell-like state in
the cases of 5 # (2k+ 1)7/4 (k=0,1,2,...). In addition, we find that neighboring leafs for a four-leaf
clover along 6,-(6:-) direction exhibit repulsion (attraction) from each other for 5 = /6 (see figures 3(a)
and (d)). But when 8 = 7/3, the situation is fully reversed (see figures 3(c) and (f)). It is evident that a larger
value of p results in both a larger steering zone and a larger optimal value by comparing the first and second
panels. This is because the input state described by equation (5) approaches the Bell state more closely as p
increases. From figure 3, we further confirm that optimal backward steering can be periodically predicted at

O =7/2— B, and 05" =7/2 — fs. (12)

The periodicity can also be roughly predicted from g-function given by equation (11). As the backward
steering can be tuned from zero to its optimal value, so one-way and two-way steering of the output state can
be achieved in a controlled manner.

3.3. Multiple entangled sources

In this part, we further consider that the network is extended to the case of N-pair entangled sources, where
the first source is in a Werner state and each of the rest is in a Bell-like state. By utilizing the inductive
method based on the cases of N =2 and 3, the output state can be written as

ou IAI
Piiby = PYamy + (1 =p) S- @ Uy, (13)

where 9 4,5, = |gn) 4,8y (gn| With [gn) 4,8, = cosgn|00) 4,5, + singn|11) 4,8y, and ¢ g, = Tra, (¢ 4,8,)- The
g-function here is given by

1 2
N = — arccos — .
=5 1 (14)

N—1
1+ [] cot?ficot? Biyy
j=1
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Figure 3. Backward steering (Rp,— 4, ) in a 3-pair entangled sources network versus the measurement parameters 6; and 6, with

(a), (d) B=m/6, (b), (e) B = m/4,and (c), (f) B = 7/6, where p=0.7 and p = 0.9 are respectively taken in the upper and lower
panels.

According to the results in the cases of N =2 and N = 3, the critical radius of the output state p3"; from A,
to By is R4, 5, = (2p) " = Ra, 5, This indicates that the steerability from A; to B; can always be perfectly
transferred to the steerability from A, to By, regardless of the number of intermediate parties and the
measurement. However, for the backward steering from By to A, its critical radius Rp,_, 4, is severely
affected by the unoptimal measurement number. These two situations are numerically shown in figure 4(a),
respectively, denoted by red circles and squares. The corresponding parameters are p = 0.9,
B=p=...=PBn=m/6,and 0§ =0, =60, = ... = Oy_,. Apparently, the backward steering decreases with
increasing measurement number. With the parameter § = 7/6 adopted in figure 4(a), one can see that
Rpy—a, = 0 when N = 3. This means that the output state p3"}; is two-way (one-way) steering when N < 3
(N > 3). For a more complicated network, more measurements (N > 4) are required for achieving one
(two)-way steering between two remote parties (A; and By). This can be realized by tuning measurement
parameters in proximity to the optimal value, i.e.

9;’Pt:%_ﬂj+1 with j=1,2,....N—1, (15)

as demonstrated by blue (6 = 7/4) and green (6 = 57/17) markers in figures 4(b) and (c), where the
optimal value 6°P* = /3 because of 8 = 7 /6.

In practice, optimal measurements cannot be made accurately. Therefore, the error (§) between actual
measurements (") and the optimal measurements (6°P*) must be taken into account, which can be defined
as

§=0"/0P — 1. (16)

In figure 4(d), we plot the backward steering (R, —,,) versus the measurement error with different
measurement number N, where p =0.7 and 8 = /6. Clearly, Rp, 4, can present with a larger error when
the measurements are fewer, such as N =5 (see the black curve). By gradually adding the number of
measurements, for example, from N = 10 to N = 40, the smaller and smaller error is allowed for
non-vanishing backward steering. These indicate that as the number of measurements increases, the critical
measurement error corresponding to the disappearance of the backward steering becomes smaller. In other
words, the realization of two-way (one-way) steering in a many-body network requires measurements close
to (away from) the optimal points when other parameters are fixed.

6
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Figure 4. Forward (R4, -, ) and backward steering (Rp,— 4, ) in a N-pair entangled sources network versus the measurement
number N with (a) @ = 7/6, (b) /4 and (c) 57/17. In (a)—(c), we take p = 0.9. (d) Backward steering (Rp,—s4,) as a function
of the measurement error ¢ with different measurement number, where p = 0.7. In (a)—(d), 8 = 7/6 is used.

4, Conclusion

In summary, we propose a promising way to realize one-way and two-way steering between two remote
-1

parties (A; and By) in a linear quantum network by performing the joint measurements {M(6;) }]Nz on all

1
intermediate parties. In our scheme, the reason for choosing the Werner state as the first entangled source is

that: (1) the forward steering is the same as the backward steering; (2) after performing the joint
measurements, the output state of the quantum network has a certain regularity, which can be obtained for
the case of N > 4 through mathematical induction. By using the necessary and sufficient criterion (i.e. the
critical radius), we find that the forward steering can always be perfectly transferred from the first entangled
source to two endpoints, regardless of the number of the intermediate parties and the measurements. For the
backward steering, its pattern behaves like a four-leaf clovers with rich symmetries, which is dependence of
the input state of the network. With increasing the number of measurements, this means that the quantum
network is formed by N (N > 4) entangled sources and N — 1 joint measurements. We can show that not
only the translation-symmetry of the pattern is broken, but also one-way and two-way steering can be
obtained by tuning measurement parameters. We also consider the impact of the measurement error on the
backward steering. Our work paves the way for a potential way to build the one-way and two-way steering
with multiple measurements within the directional network.
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Appendix A. The derivation of the output state in equation (7)

For the case of N = 2, we take the product of an entangled Werner state p4,p, and an entangled pure state
Pa,B, as the input state. By performing the measurement M (6, ) and tracing out the untrusted parties B, and
A,, the unnormalized output state can be expressed as

oats, = Trs,a, (045, @ pa,s,M (61)]
:p¢Ale+(l_P)%®0'Bz> (A1)
where
a8, = Trp,a, [|Bell) 4,5, (Bell| @ pa,p,M (61)],

I
0'32 = TI‘BIA2 |:;l ® pAszM(el):| . (AZ)

As the measurement M (6, ) is performed on the untrusted parties By and Aj, so o5, = Tra, [P a,5,] = @B,-

Thus, 02‘11}32 in equation (A.1) reduces to

1,
UX?EZZP¢AIBZ+(17P)%®¢32' (A3)

We then go to establish the specific form of the state ¢ 4,5, in equation (A.3). For this, the following four
measurement basis for parties By and A, are employed,

"L/Jl BiA, :C0891|00>BIA2 +Sll’191‘11

)
|2) )
|%3),4, =cos6,]01)
[t)4)p,a, =sin6;|01)p 4, — cosB;|10

B1Ay»
B4, — COsHq|11
BiA, +Sll’191‘10

B1A; :sin91|00 BiA, >

B1Ay»
BiAys (A.4)

= = ~—

or equivalently,

|00) 5,4, =cos 0|1 1)p,a, +sin01]12)p,4,,
[11)p, 4, =sin61]t)1) 4, — cosO1]102) B4,
|01)p,4, =cos01 1 3)p,4, +sin01]14)p,a,,
[10) 5,4, =sinb; |1 3)p,a, — c0s01|1)4)p, A, (A.5)

With these basis, we have

Bell)a,5, @ |B2) 4,8, = [@1)4,8, @ [ 1) B4, +[02)a,8, @ |[¥2)B14,

103048 @Y 3)5a, +[Da)ain, ® [Ya)iays (A.6)
where
|91)a8, = % (cos B2 c0s0,]00) +sin By sin 6, [11)) 4 5
|$2)aB, = % (cos By sin61]00) — sin 3, cos0:[11)) 4 3 »
|$3)am, = % (sin 32 c0s0,]01) + cos B, sin6,[10)) 4 p
|pa)aB, = L (sin By sin,|01) — cos 3, c0s6,[10)) , -

S

When M (61) = |0)5,4,{0] = |1 1) 5,4, {1 1] is applied to parties B; and A,, the state in equation (A.6)
collapses to |¢1) 4,8, ® |101)5,4,. By tracing out By and A,, we have

¢A132 = ‘¢1>A132 <¢1| (A7)
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Once equation (A.7) is obtained, the output state 3" can be calculated following the normalization

procedure, i.e.

out

out OB, IA]
= Ak +(1-p) 2 @y, A8
pA]Bz Tr (Ug?}gz) prlBZ ( p) 2 wBZ ( )

with

Y = LBZ) = |g2)a,8, (&,

Tr(¢Ale
Yp, = b, =Tra, (Y a,8,),
Tr(¢3,) e
|82)4,8, = €08£2{00) 4,8, +sings|11)4,5,, (A9)

is the g-function.

1 -2
where g, = 5 arccos (1 Tl Bl 91)

Appendix B. The calculation of the critical radii for the output state in equation (13)
For the critical radius Ry, , of the state p{"} , it has the analytical solution. In order to obtain of the
analytical solution, we first introduce one property of the critical radius [51].

Property—For an arbitrary two-qubit state p, consider a local reversible operation Vg, and apply this
operation Vj to the original state to obtain a new state

, (L@ Ve)p(la® V)

— : (B.1)
Tr |:(IA ® VB) p(IA X VB)Ti|
For these two states, their critical radii satisfy the relation Ry, 5 (p’) = Ra—5 (p)-
_1
By using the property, we consider a local reversible operation Vg, = [Try, (pg‘f%l\,)] ?, apply this
operation to the output state p3"; to obtain a new state
I ® V out I ® V ) T
p[ngN _ ( Ay BN)pAIBN( Ay BI\) ) (B.2)

Tr | (Is, ® Vi) pip, (I, @ VBN)T}

Through rigorous mathematical calculations, we find that this new state p th By is a Werner state, and the same
as for the first entangled source, which shows that the critical radius of the output state can be given by
Ra, -y (02%,) = (2p)~". Thus, the forward steering R4, 5, = max {o,R; 1,5 —1} =max{0,2p—1}is

— BN
not affected by the performed joint-measurements M(0;) = |0;)pa,,, (0;| withj =1,2,...,.N—1.

For the critical radius Rp, 4, of the state p"} , it has no analytical solution and can only be calculated

numerically using the definition of the critical radius in equation (2). Due to the large amount of
computation, we only consider three cases p= 0.5, p=0.7, p = 0.9 and use the Taylor series fitting method to
obtain the approximate expression of the negative power of the critical radius.

When p = 0.5, its fitting function is

Ryl =0.000524371 +6.93072x + 3.00345x” — 134.205x°
+467.93x* — 800.941x° + 533.961x°, (B.3)

when p = 0.7, its fitting function is

Ry, =—0.00424723 + 12.0541x — 10.55x" — 215.743x’
+1023.3x* — 1938.13x° 4 1292.08x°, (B.4)

when p = 0.9, its fitting function is

Ryl 4 =—0.0414525+ 29.5148x — 206.512x + 821.949x°
—1982.05x* +2784.23x° — 1856.15x°, (B.5)

where x = gy /. The fitting results are shown in following figure B1.

9
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2.0 2.0 2.0
(a) p =0.5 (b) p=0.7 (c) p=
_ L5 1.5 ) 1.5
3

T & 10 mmmeeeaag oo L0 fmmmmm e 1.0 f---fmmmmmmmmm oo ]

0.5 0.5 ‘ 0.5

0.0 0.0 0.0
0.0 0.1 02 03 04 05 00 01 02 03 04 05 00 01 02 03 04 05

gyl gy/m gv/m

Figure B1. The results of the critical radius Rp,— A, varying with the function gy are shown. The vertical axis represents
1/Rpy—s4,, and the horizontal axis represents gn /7 . Figures (a), (b) and (c) respectively represent these three cases p = 0.5,
p=0.7, p=0.9. In each subplot, uniformly choose 100 quantum states, and their critical radii are calculated using the definition
of the critical radius. The 100 points in the figure reflect the variation of the critical radius with the function gy . The solid lines
represent the fitting results of these data points using the Taylor series fitting method. The upper part of the dashed line indicates
that the quantum state is steerable from By to A, and the dashed line and its lower part indicate that the quantum state is
unsteerable from By to Aj.
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