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Abstract

In this study, we investigate the non-geodesic behaviour of neutri-
nos propagating in curved space-time. The non-geodesic motion arises
as a consequence of spin-gravity coupling. We begin by reviewing the
essential mathematical prerequisites, which subsequently allow us to
derive the corresponding correction to the geodesic motion up to the
order of h. Specifically, we calculate this deviation using Fermi-normal
coordinates to obtain an analytic estimation. Finally, leveraging this
deviation, we have the potential to establish a lower bound for the
neutrino mass, if the DUNE experiment is in operation.
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1 Introduction

The Glashow-Weinberg-Salam model describes the unification of electromag-
netic and weak interaction through a local SU(2), x U(1) gauge theory. This
theory is only exact for vanishing fermion masses, therefore the leptons need
to lend their mass through the well known Higgs-mechanism [1, 2, 3], while
the neutrinos stay massless. The discrepancy of expectation and measure-
ments of solar neutrinos, is explainable by neutrino oscillation. Unlike being
an eigenstate of the weak Hamiltonian, a neutrino is described as a superpo-
sition of at least two distinct mass states. This superposition results in the
neutrino having a non-zero mass. For further details, refer to the excellent
work by Bellini et al. [4]. By measuring this phase-shift, it is only possible
to gain information about the squared mass-differences, but no information
about the net neutrino masses [5].

Rather than relying solely on neutrino oscillations to infer mass, an alter-
native approach involves studying the motion of a spin-1/2 particle within
a curved gravitational field. While spinless particles follow geodesic paths,
those with spin deviate from geodesics. This deviation also applies to par-
ticles possessing classical spinning angular momentum, such as the Earth
[6]. With this deviation, it is possible to extract information about the par-
ticle’s mass. Although this description is not exclusive to neutrinos, they
are particularly suitable due to their weak interaction with matter, making
them ideal candidates for Long-baseline experiments. Notably, the deviation
d scales inversely with the particle mass d ~ 1/m. Given the finite yet mi-
nuscule mass of neutrinos, we anticipate a non-vanishing deflections when
considering them in this context. See figure (1) for more understanding. In
this work, we will not distinguish between any flavour differences, in princi-
ple flavour differences could easily be described by including the spin-gravity
deviation as a perturbation to neutrino oscillation and measure the different
maximas on the detector. Further, we will only describe neutrinos as Dirac-
fermions and not as Majorana-fermions, by which we construct the classical
equation of motion up to the order of A, without solving the Dirac equation
exactly!. This work is strutted as the following. In section (2), we review the
mathematical prerequisites necessary for understanding the derivation of the
deflection, which is discussed in section (3). Subsequently, in section (4), we
delve into an explicit calculation concerning geodesics within a Schwarzschild
background. Finally, in section (5), we provide a concise summary of the un-
derlying results and offer an outlook on potential research topics.

n some sense this is like the derivation of the Ehrenfest theorem [7], which shows that
in some circumstances a quantum system behaves similar to its classical counter part.
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Figure 1: ~ is the geodesic and «/ is the non-geodesic trajectory which devi-
ates by a deflection d.

2 Mathematical Prerequisites

In this section, the most relevant mathematical tools to study the motion of
fermions in curved space will be reviewed. We assume the reader is familiar
with the concept of quantum mechanics and special relativity, but is not
familiar of quantum mechanics in a curved background. In the realm of
adequate mathematical rigour, we will provide proofs whenever appropriate,
in order to enhance the reader’s understanding of certain concepts. The
following sections, on differential geometry, are mostly based on [8, 9, 10, 11].
In section (2.2) we review the definition of a manifold and their corresponding
tangent spaces. We define the covariant derivative in section (2.3), followed
by a brief introduction to curvature in section (2.4). In section (2.7) we
generalize the Dirac equation to curved space, where we need to study the
vierbein formalism more closely, elaborated in section (2.5). Followed by a
quick derivation of Fermi-normal coordinates (2.6).

2.1 Convention

This work uses Planck units in where h = ¢ = G = 1. h will be later restored
to make an adequate Wentzel-Kramers—Brillouin (WKB) expansion in pow-
ers of /i see section (3). Additionally, we use the mostly plus sign convention,
where the Minkowski metric takes the form n = diag(—1,+1,+1,41), we
follow the signature convention used in [12] and in [13].

2.2 Manifolds

Manifolds are the natural generalization of flat space, where the signature
does not necessary need to be Riemannian?. Without mathematical rigour,
a manifold is a space which looks locally flat, but has curvature if one looks

’Riemannian signature means the metric is positive definite, otherwise it is called
pseudo-Riemannian or in the concept of general relativity Lorentzian.
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from far apart. Imagine a sphere S? which is the easiest concept of a curved
Manifold®. More mathematically speaking:

Definition 2.1. An n-dimensional manifold is a Hausdorff topological space.
which s connected and has the property that each point has a neighbourhood
homeomorphic to some open set in Cartesian n-space. [11, p. 193]

The above definition carries a lot of information, which is analysed in
the following piece by piece. A Topological space is a mathematical space in
which the set X are elements of a topology T'C P(X) 4, with the following
axioms;

0, X eT,
vocT||JoeT, (2.1)
YUVeT|UNVeT.

The first axiom means, the whole set and the empty set are elements of
the topology. The second means, the union of any amount of open sets
is element of the topology and the third means, the intersection of finite
amount of open sets is element of the topology. A topological space provides
a natural notion of continuity, see [10] for some intuitive proofs. A Hausdorff
topological space is roughly speaking a topological space, where for any two
distinct points, there exists a disjoint neighbourhood. Nearly all interesting
spaces in physics are Hausdorff. If this would not be the case, the underlining
structure of the describing physics would be very weird. Connected means,
that it is possible to construct a continuous path everywhere on the manifold
connecting two arbitrary points on M. And finally homeomorphic means,
topological isomorphic, which is essentially what we meant previously of
"looks locally flat” in the beginning of this section. More mathematically,
there exists a map ® € C ® such that ® : O, — R", where R" is an open
subset of R™ and there exists a corresponding inverse function ®~! : ®(0,)
O,, where O, is the open neighbourhood at a point p € M.

To work more efficiently with manifolds, it is mostly necessary to attach
a coordinate system to the manifold. In rare cases it is enough to work with
just one coordinate system, in general one uses a set of coordinate systems.
Those coordinate system are often called charts and the set of all charts is
called an atlas. Let A be an atlas such that A = {(O,, ®,)}, where the O,
is called a covering of M, it is intuitively clear that [, O, = M otherwise
the there is a region which the atlas can not describe.

38™ is the set of all point laying on the boundary of the n-dimensional sphere
4P(X) is the power set, which contains every possible open subset of X
5g-times differential function
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Let O, N Og # B for two open subsets, then the requirement per defini-
tionem states that y; := ®3(0, N Op) C R" and x» := $,(0, N Op) C R
with the map V.5 := ®, 0 CI)E1 : X1 — X2 being differentiable.

Trivia 2.1. It is clear that for a compact manifold, there needs to exist at
least two charts. Otherwise, the chart would be closed and not part of the

topology.

Vectors and Tangent Space

One might be inclined to define a manifold of n dimensions within a higher-
dimensional space, such as R"*! . However, it is generally not feasible to
do so. Hassler Whitney [14] demonstrated that an n-dimensional manifold
can be represented in R?”, but this approach is cumbersome and impractical.
Therefore, it is more common to define manifolds intrinsically, as we have
done above. This formalism offers the advantage of providing a natural
description of a tangent space without the requirement of an embedding
space.

In flat space R™ = M the directional derivative of a function f : R” — R
in the direction of a vector v at a point p € R" is defined as,

d
Dy(f) = a7 (p+tv)| (2.2)
t=0
which is in Cartesian coordinates identical to,
af
Dy(f) =v——| , 2.
()= 5| (23)

here v# are the components of v in Cartesian coordinates, where we have
adopted Einstein sum convention (summation over repeated indices is im-
plied).

And therefore a generalization of f : M — R requires the need of a chart
(0, ®) with ® = (z(p)®, z(p)', ... z(p)" ). Consequently, the derivative of a
function f in the direction of a vector v € T,M at a point p € M is defined
as,

pu(p =20 i), (2.4

In most cases it is not necessary to explicitly chose a mapping ® so one
defines,

of _ 0[fod7]
= e (2.5)
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Since f is arbitrary, the vector v in the equation (2.4) is defined as a
differential operator, at a point p € M. It is clear, with the above definition
the differential 0/0z" |,=: J, |, span a vector space T,M. Given a curve
v : R — M it is also possible to define a tangent vector along ~ as the
directional derivative.

O[fo® 'odoy] J[fon]

v(f) = 5 =5 (2.6)

This needs to hold for arbitrary functions f and so v = 7.

Note: Defining v through equation (2.6) does not produce a vector field,
v is only defined along the curve ~.

Definition 2.2. The vector space T,M at a point p of a manifold is called
a real tangent space, if one has chosen a coordinate system, such that it gets
spanned by basis elements 0,,.

Theorem 2.1. The transformation rule for vector components is,

W
'U'u‘l _ U“afﬂ .
ozt

Proof. Let p = O4 N Op with the two charts (04, ®4) and (Op, Pp) then,

fodl=fodlodpod, ' =fody oW,
———

=

Since W is per definitionem differentiable, the notation of equation. (2.5) is
justified. Therefore, we write

of oxH Of
T b
vif) =v ok v ozt Oxt'’

(2.7)

where the chain rule of differentiation was used. The choice of a basis needs
to be arbitrary, so one can also write

»Of
V(f) = U'u W (28)
leads to,
’ a'E“I
ot =t D (2.9)
O
10
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Note: There exist different conventions on indicating components in dif-
ferent coordinate systems like 2/# and z*', where in the first notation the
prime is on the tensor component and on the second on the index. Both no-
tations are equivalent, and it is clear from the context how to interpret the no-
tation. In this work we chose the second one, since it is the preferred way for
objects which carry indices in different coordinate systems, see section (2.5).

The tangent space T, M at a point p € M is often visualized as a tangent
plane at a point p but this image needs to be taken with care, since 1), M
is not reaching into space where the manifold is not defined. It should be
perceived as an abstract concept that is locally defined at p. The notion
of a vector being a differential operator may initially seem peculiar, but
this definition does not require a basis to be established in the first place.
Although, when doing calculations, we need to define a curtain basis to
extract the necessary information. That is why physicist often speak from
a vector when they actually mean its components. In occasions, where it is
clear from the context, we will adapt this loose vocabulary of calling v* a
vector.

Definition 2.3. The dual space of T,M is T,M* called cotangent space. [9,
p. 40]

The elements of T, M™ are differentials, often called covectors which map
elements from 7, M to the real numbers. For a function f : M +— R the
differentials have the following property,

df ()|, = v(f)l, e RCR, (2.10)

P
with df € T,M* and v € T,M.
Theorem 2.2. The transformation rule for covector components are,

ox#

Vy = Vy—.
K B oxH

Proof.

_of M_af&c“/ y of y
N 8x“d - Ozt Oz dt = ozt du

df

follows,
ozt

Vy = Vy—.
" Hoxr

11
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With the above results, it is possible to construct tensors of higher rank, in
particular a tensor of rank (p,q) is a element of TM®...®@TM

pgN
RTM* ®...®TM", where TM and TM* are vector bundles.
qu
T=T+ 1 ede” @...@de" @0, ®...00,, (2.11)
with the following transformation rule.
71 1P 1 v
W _ Ox* ozH Ox ox R
T VT T G T Vo (2.12)

The most important tensor is the metric tensor ¢ of rank (0,2) which maps

two vectors into R
9 = Gudr" @ dz". (2.13)

In many cases the symbols ® is dropped, and the metric is called ds? instead
of g.
ds® = g, datdx”. (2.14)

Since space-time does not differ in the sequence of how two vectors are com-
pared °, the metric is taken to be symmetric, such that g,, = g,,. Let the
metric act on just one vector u = u*d, gives an element of T,M*.

Proof.
G dr” @ dz¥ (u®0y) = gudatu®sl = g au®da” == u,dat € T,M".
]

So the metric can be used to go from T,M to T,M* or vice versa, or
expressed in components, g,, is used to lower and raise indices.

2.3 Covariant Derivative

A derivative acting on vectors, or more generally on tensors, is a mathemat-
ical operation that measures how a vector changes in spacetime regarding a
specific direction. The covariant derivative maps vectors to vectors, or more
precisely let v € TpM and u : M — TM then Vyu|p € TpM is the direc-
tional derivative of u in the direction of v at a point p € M. The covariant
derivative Vyu fulfils the following axioms;

6In example this is clearly not the case for a complex Hilbert-space.

12
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Linearity in v = avy + vy
Vyu=aVyu+ (V,,u

Additivity in u = u; + uy
V.u=V,u + V,u,

Leibniz-rule
Viu@w=(Vyu) @w+u® (Vyw)

(Metric compatibility)
Vg =0Vv

The metric compatibility is an additional condition, which has practical us-
age, which we will see later in following sections. To write the covariant
derivative in index notation, we can not write V,, = d,, because the ex-
pression d,V” has in general no tensorial behaviour. If a general coordinate
transformation dx®/0x" acts on 0,V terms of the second order derivative
arise, which destroy the tensorial behaviour, which means the result would
not be an element of any tangent space. Per definitionem V,u|, € TpM,
V requires a more complicated structure, which contains a connection I
It is common to apply one additional constrain to make the connection I'
unique. This constrain is essential if we enforce a torsion free manifold, this
means mathematically 7'(u,v) := V,v — Vyu — [u,v] = 0, the latter is the
so-called Lie bracket 7. This connection is known as the Levi-Civita con-
nection. The covariant derivative can easily be rewritten in index notation
by using u = u*(x)d, and v = v?(x)ds. For the derivative on basis vectors
it makes sense to define a connection in components in the following way
V(95)(0a) = " 430, Inserting of u and v into V,ulp gives,

=07 (Opu®(x) + u"(z)1* 15) Ou.  (2.15)

I is obtained, by using linearity of Tp M, II by the Leibniz rule of the deriva-
tion. ITI by substituting I' and using the fact, that a covariant derivation of
scalars reduces to conventional derivations and finally, the last expression is

"The Lie derivative of a vector field u with respect to another vector field v is referred

to as the ”Lie bracket” of u and v. This mathematical concept is often denoted as
2 0 o

(W, v] = 3= 5y — 5v 5q 18 only 0 if u and v form a coordinate basis.

13
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obtained by renaming the indices. This expression is valid for all v#, therefore
it follows for the covariant derivation in index notation

Vgua = 85Ua + I« MBU”. (2.16)

Because of Vg (u®uy) = 0p (u¥u,) follows immediately
Vg = 0gu® — T y5u,. (2.17)

Repeating this for Vgutu” ... one gets the behaviour of the covariant deriva-
tive acting on a general tensor T##2-#t,, . With the above defined ax-
ioms, the Levi-Civita connection can be written in components as (see Caroll
[8] for a detailed proof),

o _ 1 oK agl’/‘i aglm agl“’
Fow = 27 ((995# o T a ) (2.18)

This object is also well known under the name Christoffel-symbol. Based on
the definitions provided earlier, we can now establish a formal definition for
a geodesic. A geodesic represents a generalized straight line within a curved
background. This concept arises from relaxing the third Euclid axiom [15],
which asserts that parallel lines remain parallel. However, in curved space,
this axiom no longer holds true. Consequently, a more refined approach
to defining parallel lines becomes necessary. The physical interpretation of a
geodesic is that it represents the path followed by a freely falling test particle.
This holds true when the acceleration along this path becomes zero.

Definition 2.4. Let uw : M — TM be a vector field, then u is a tangent
vector field to a geodesic if V,u = 0.

Solving 4 = u gives the geodesic v. In index notation, this can be rewrit-

ten as,
L, dut 3
UNV“U = d_ + I+ aguau = 0. (219)
r

The same result could be achieved by extremising® the length L of trajectory
such that 6L = 0 where L is

L] = / ds — / dr\Jurar g (). (2.20)

8Timelike geodesics are curves of maximum proper time 7 since a timelike geodesic can
be approximated picewise by null geodesics, therefore it is clear that a timelike geodesic
can not be a curve of minimum proper time [8, p. 72].

14
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Trivia 2.2. This action is a one dimensional version of the Nambu-Goto
action[16] a two-dimensional version with easier mathematical handling is
the Polyakov action[17] which is mostly used in string theory to describe
bosonic strings.

Theorem 2.3. Solutions of the geodesic equation are unique.

Proof. for a detailed proof, see [18§] O

2.4 Curvature and the Schwarzschild Solution

So far, a rigorous metamathematical treatment of curvature remains pend-
ing. However, we can gain insight by considering the behaviour of vectors
on a curved surface. Imagine parallel-transporting a vector along differ-
ent paths on such a surface (for instance, a sphere). As we vary the path,
the vector’s orientation changes. The discrepancy between these parallel-
transported vectors along distinct paths defines what we refer to as curva-
ture. When we take infinitesimal paths, we arrive at the Riemann curvature
tensor R(x,y) : T,M — T,M, where x and y are vector fields [9, p. 244].

R(X, y) = [VX, Vy] — V[x, vl (2.21)

Choosing a coordinate system and switching to index notation the Riemann-
tensor written in components is then ¥,

V., Vv =RF 07 (2.22)

Expending the commutator, leads to the expression
R gy = 01 00 — 0,17y + TP 0T, — TP 0T, (2.23)
Another interesting object is the Ricci-tensor defined by,
R, = R® jaw. (2.24)
Additionally the Ricci scalar is defined by,
R=g¢g"R,,. (2.25)

Note: When the Ricci scalar R or the Ricci tensor R, vanish, it does
not necessarily imply that the underlying space is flat. A notable example
illustrating this concept is the Schwarzschild spacetime.

9When x and y span a coordinate system the Lie bracket vanishes.

15
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To derive the Einstein equations, we construct the simplest possible action
which includes at least second order derivatives of the metric 1.

—1
SEH = % /d4ZL’\/ —gR + Smatter, (226)

also known as the Einstein-Hilbert action, where x is a prefactor defined by
the Newtonian limit, Sp,qer is an additional matter term, d*x/—g¢ is the in-
variant volume form. For simplicity, we have also neglected, the cosmological
constant A. Varying the action dSgy/dg,, = 0 produces the Einstein equa-
tions. (see Appendix (A.1) for a detailed derivation) The Einstein equations
are then,

1
Ruy = 5 Ry = KT (2.27)

A spherical symmetric vacuum solution of (2.27) which solves R, = 0 known
as the Schwarzschild solution is given by [19],

1
f(r)
with the substitution f(r) = 1 —2M/r. dQ? is the S? line element. The

quantity 2M is also called the Schwarzschild radius, which is the event hori-
zon of a Schwarzschild black hole.

ds* = —f(r)dt* + dr® + r2dQ?, (2.28)

Note: At r = 2M, there exists no true singularity; rather, it is a pure
coordinate singularity. A physical singularity arises at r = 0.

2.5 Vierbein Formalism

Since general relativity is defined on a manifold M, it is possible to choose
a coordinate system with Lorentzian signature, that is locally flat. In order
to manifest these circumstances in a mathematical formalism, we define the
vierbein or tetrad [20, 8] by, '

guu(m)eau($)€by($) = Nab- (229)

10Tt is not enough to construct an action, which only includes first order derivatives of
the metric, since those can be set equal to zero, see section (2.6)

1 Alsing et al [21] tried to calculate the deviation of a Dirac particle in curved space,
but made a major mathematical mistake. Although, their introduction to the vierbein
formalism is well-defined. It is worth noting, the mistake which is explained in Appendix
(A.4), such that ongoing researches will not make the same mistake.
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Equation (2.29) is essentially a coordinate transformation of the metric g, ().
Here 74, is the Minkowski metric. e, *(x) are the so-called tetrads. To dis-
tinguish flat from general coordinates, Greek indices p,v,... are used for
general coordinates and Latin indices a,b,c, ... for tetrad coordinates. In
order to not overload the notation, z dependencies are suppressed, and we
write ¢, = gu(z) and e, * = e, *(z). A relation for the inverse metric can
be defined analogously,

gﬂuéu aéyb — nab. (230)

e and € are generally different objects, but since the index position of the

%~

Greek or Latin index clearly defines whether it is either e or € the is
omitted, but care must be taken, when expressions are explicitly written in
components; since e.g. o2 # &, 2. Further, due to

9" Gua = O (2.31)
it follows immediately,

eate,t =0 e le,t = oy (2.32)

A general tensor T*#2#  , can be written in flat coordinates by the
following,

al ap vy

a1az...a;
T 123 ebl eb2

a2

e

..e ey, PR

biba...bp — eul Viv2...Vp

(2.33)

p2

and vice versa.

Since the Minkowski metric is Lorentz invariant, there are infinite tetrads
distinguishable only by Lorentz transformations, it is therefore possible to
transform a tensor like,

Il

Ty = Ny Ty 2Ny, Mg P Ny P Ny TR
(2.34)
where A is a Lorentz-transformation.
A very interesting tetrad is the Fermi-tetrad, defined by setting ey# = u#
where u* is a tangent vector along a geodesic. Additionally, we require
that all tetrads are parallel transported along v*, which means, u*V  e,” =
0. We will follow along Marck’s construction [22], by using the simpler
Schwarzschild geometry (2.28) instead of a Kerr geometry used in the original
paper. Although, this construction is only valid along the geodesic, it will
still play a crucial role by constructing Fermi-normal coordinates, see section
(2.6). But first we need a timelike geodesic solution for the Schwarzschild
geometry. This is achieved by using (2.28) deriving the Christoffel-Symbols
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with (2.18) and solving equation (2.19) with the constraint u/u, = —1 gives
then for the equatorial plane at § = 7/2

. rv2FE +1

o dr oM L® 2ML?
do L
u’ = =% (2.37)
do
u’ = =0 (2.38)

For a detailed derivation, see [23], here M is the constant black hole mass
in our case the Earth mass, F is the constant particle energy and L is the
constant scalar valued angular momentum.

Definition 2.5. The antisymmetric tensor f,, = — f,, which fulfils V , f,., +
Vo fup = 0 is called Killing-Yano tensor.

Theorem 2.4. The vector defined by N = f* ,u” is orthogonal to the tangent
vector u* defined along a geodesic, and parallel transported along u* where
Juw is a Killing-Yano tensor [24)].

Proof. w, f* v = v*u” f,,,, u'u” is symmetric and f,, per derfinitionem an-
tisymmetric, follows u*u” f,, = 0. 'V, A" = u*V, (f" u®) =
utV,, (foau®) = vV, (foa) + foa W'V, u® = —u#u®V, f,, follows immedi-
——
=0

ately u*V, A" = 0. O]

One possible solution for the Killing-Yano tensor for the Schwarzschild

geometry is
f=rsin(0)do A de. (2.39)

Here, the wedge product is defined as dx A dy = —dy A dx. This gives for the
equatorial plane 6 = 7/2

1
€9 H = ;(55, (240)

where ey # is already normalized to unity. This solution could be found by
simply guessing, since we are interested in equatorial solutions, but it is
always worth noting a more rigorous derivation.

A third vector can be found by swapping the first two components of u*
and adding a proper factor such that ufe;, vanishes.

18



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

o>

1 U
» r5“—|—ufr5“}, 2.41
uirQ +1 {ﬂ?") ’ )% (24D)
~—
:L2/7"2

where we used uy = L/r* and finally for é3*,

X ! o ot T g (2.42)
3= —oou" |u Uy — . .
’ V14 7r2/L? o ! r2 3

¢y and €3 are per constructionem orthogonal to each other, but not prop-
erly parallel transported along u. Therefore, Marck suggested, creating a
superposition, by the following

@ - (2?5383 }3@“&@?)4 (Zg) : (2.43)

=e =A

Where we have introduced a spacetime dependent rotation angle w. For a
visualisation of @ , see figure (2).

Figure 2: @ describes the rotation of e; and ez along wu.

We introduce the operator £ so we can write the expression, u*V ,e,” = 0
as Le = 0.

0=Le=L(Aé)=(LA) e+ A(Lé), (2.44)
= (LA)e=—A(Le), (2.45)
LA =u!'V,A=u"d,A = Bu'd,w = Bu. (2.46)
Which leads to,
we = — B 1A Le. (2.47)
—

Where we have defined,
0 1
N = (_1 O) . (2.48)

This gives,
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. —LV2E+1 510

N (2.49)
Note: Only @ respectively d/dr = @ /u, is defined by equation (2.49). With-
out any starting conditions, a solution ¥ is not unique, since it is always pos-
sible to add a constant and still arrive at (2.49). In order to determine the
value of the integration constant, we consider the radial case where the angu-
lar momentum, denoted by L, is zero. In this specific scenario, the derivative
of the rotation angel @ vanishes.

Radial motion corresponds to a scenario where the particle remains sta-
tionary with respect to the coordinates ¢ and 6. Therefore, we know that
et = 1/rdf this comes from taking the square of the metric. But this is
only satisfied if # = 0. By continuous variation of a radial geodesic, ¥ needs
to stay continuous. Therefore, we claim that the integration constant is fixed
to 0 for arbitrary geodesics.

2.6 Fermi-Normal Coordinates

In Riemann-normal coordinates, the Levi-Civita connection I' vanishes at a
specific point, p € M . Fermi generalized this concept in his dissertation,
where he showed that is in principle possible to make a coordinate trans-
formation along a curve, v : R — M such that the connection vanishes.
O’Raifeartaigh [25] proved that this concept does not generalize to surfaces
or even higher dimensional surfaces. Therefore, we keep an eye on curves.
Fermi coordinates have a compelling physical interpretation, which describe
a free-falling observer, where in a sufficient small region space looks flat, this
aligns seamlessly with the definition of a manifold. Manasse et al. [26] de-
rived the metric in Fermi coordinates in the neighbourhood of a geodesic up
to the order of 2. This expansion is valid if |[2?|] < 7. In our context, if
the deviation d < Ry, where R, is the Earth’s radius. Fermi coordinates
expressed by an expansion in the neighbourhood around a geodesic are of-
ten called Fermi-normal coordinates. In this section, we will give a brief
summary of those results.

Let 7 : R — M be a geodesic such that v(0) := Fy is the starting point.
Further let

Y] := eo(T = 0), (2.50)
be a unit tangent vector along the geodesic. On the geodesic, at 7 = 2° we
define a new orthogonal unit vector to eg(z") as,

s =a'e(2"), a'a;=1. (2.51)

20



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

This gives a new space like geodesic in the parameter A. For a visualisation,
see figure (3).
dy

0 i oY _
y(z®, a',\) € M st T (2.52)

Figure 3: O is defined as 7(0,0,0), @ = v(7,0,0) and P = y(xq, a’, \).

Theorem 2.5. v(7,ca’, \) = y(1,a%,c)) forc € R

Proof. Since 7 is a space like geodesic in the parameter A starting at the cen-
tral geodesic, it must satisfy the equation V7' = 0 with v' = dv(7, o', \) /O
Rescaling A — ¢ gives, Vi, ,1/c ' =1/¢*V., = 0 therefore the rescaled
trajectory is also a geodesic. The starting condition satisfies
V(1 cat, M)y = es(1) = (1,0, N,y = V(1,0 eN)|,_,- Where on
the last step we used the inverse chain rule. Finally, with the uniqueness
theorem for geodesics (T.2.3) this proof is complete. O

With the above results, and given a coordinate system ¢, it is now possible
to construct a coordinate transformation from Fermi-coordinates to non-
Fermi-coordinates y* (z®) = ®(y(z° 2%, 1))*. It needs to be shown that
the inverse transformation exists. This is easily done by showing that the
Jacobian is regular. Which essentially means, that we need to show, that

8y“'

J = det
eaxo‘

(2.53)

is different from 0. Since per constructionem the vectors e,(7) form an or-
thogonal vierbein, they are linearly independent and so J # 0. By continuity
around the neighbourhood the inverse transformation exists. The orthogo-
nality of the vierbein essentially says, that along the geodesic G the metric
reduces to the Minkowski metric.
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(’3@;“/ 83/”'

ng|G — gul,}/%w . = < e;mel/ >|G — nMV7 (254)

where <, >is the inner product of two vectors. By writing v(7, a‘, \) in Fermi

coordinates as, .
= Op(y(r,a’, N)). (2.55)

The geodesic equation (2.19) needs to hold.

d?zt da® dxP
Hoag———— = 2.56
PN A (2:36)
gives with equation (2.51),
I o'l = 0. (2.57)
This needs to hold for every A so
r# Z»j|7 = 0. (2.58)

Additionally the vector v respectively vectors e; are parallel transported
along 4* = u* and using u* = ¢ in Fermi coordinates

u'V,e;” = 0. (2.59)
uto,e; “|, + u' T e ’B|G =0, (2.60)
—_——
doe; =0
v ania|G == O, (261)

again this need to hold for A = 0 and due to symmetries follows,
I osle =0, (2.62)

which implies 0g,,,/02*|c = 0. To derive a Taylor expansion for the metric,
gy around G we need to evaluate second order derivatives. But instead of
calculating 030,49, we evaluate 0,I'* ,5. By using (2.23) we get,

RPU;J,I/|G = apruU|G - aurpucr|g . (263)

It is clear that Oyl 44| o = 0 by construction, because the vierbein is defined
along the geodesic and should not change, follows immediately

R 0lg = 0,100 - (2.64)
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v(1,at, 1) describes a family of geodesics. For (7, 0) we arrive at the central
timelike geodesic, a nearby geodesic could be described by (7, 8") where
is fixed. Likewise, v(xq,a’) for fixed g, describing spacelike geodesics. We
want a measure of how a nearby geodesic diverges from the central geodesic,
which indirectly is a measure of curvature. An interesting observation is done
in flat space, where geodesics may diverge from another (imagine two non-
parallel straight lines). Therefore, we are only interested of the acceleration
of this divergence.

DQS(i)

d\?

where u = 9y(zo, ', \)/OX with fixed o and sy = dy(xo, ', \)/da’ with
fixed A. Since u and s are both generated from the same function =, their
Lie bracket vanishes. With equation (2.21) we can rewrite equation (2.65)
as,

= VuVausy), (2.65)

DZS(i)
d\?
In index notation, the geodesic deviation equation then reads,

= R(u,s;))u. (2.66)

D?st
d)\?

=R", su"u’sy, (2.67)

expanding the left term gives,

d? st ds?
S’L +2 S’L

@ a, B .0 T T
72 o uT¥ 5o + uu’sy (01 oo + 7 gl 15 — T 5217 4p)

(2.68)

= R* aags;’uo‘uﬁ.

In Fermi coordinates, u* = ¢/'a’ and s = \d!'. Evaluating equation (2.68)
along the geodesic and Taylor expending I'* ,, up to linear order gives,

(3(9]{Fu ij + R* jik) OéiOék =0. (269)

This needs to hold even for a’ = 0 and by exploiting the symmetries of the
Reimann tensor one gets,

1
By using the definition of the Christoffel connection (2.18) we obtain,

aagw/ = QWFU va T gayFU ez (271)
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taking one more derivative and insert the above results gives finally,

goo = —1+ R0i0j|G r'x (2.72a)
goi = —3 Rojirl g v/2%, (2.72Db)
gij = 0ij — % Rz’k;kl|(} zFal, (2.72¢)

To evaluate the Riemann tensor along the geodesic G in Fermi coordinates,
we use the tetrads defined in section (2.5) and write,

!

Raﬁ’y(5|G = ea 0/65 5/677,656 Ra/6,7/5/|G' (273)
This expression is most easily evaluated with the help of a computer algebra
system.

2.7 Dirac Equation in Curved Space

In 1928 Dirac [27] derived a relativistic wave equation which not only solved
the negative probability problem, but also naturally embeds the concept of
spin, by considering ¥ (x) not as a scalar valued field, but rather as a complex
vector valued field. Which is nowadays called spinor valued field, to highlight
the different transformation properties of a vector used in special relativity.
To generalize the Dirac equation to curved space, we can not naively replace
partial derivatives by covariant derivatives V. Since the action of V is only
well-define on vectors and not on spinors. To study the concept of covariant
derivatives acting on spinors, we need to develop the vierbein formalism from
section (2.5) more closely[20].

Since the Levi-Civita connection is not a tensor, we can not simply trans-
form it by just transforming every index by going into a specific coordinate
system, therefore we make the ansatz,

Vau® = dgu’ + wg, "u, (2.74)

where u is an arbitrary vector field and w the so called spin-connection. We
know by construction that (2.74) transforms like a tensor, so we can rewrite
it as,

VQUG = €y “VBUO‘ (275)
expanding the covariant derivative on both sides gives,
Opu + wep “u’ = e, * (Fpu® + T ,5ut). (2.76)
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The right side becomes,

= Og(u®en®) —u0s(eq ) + eq ‘T zur. 2.77
s(ues ) —u"s(ea ) +e npl (2.77)
And therefore,

—uley *0p(ea ) + eq ‘T ugubeb“ = wgp “ul. (2.78)

This needs to hold for all u*, so the spin-connection reads
Wyab = nbcra vu€a Vea ‘- Mbc€a aa,u(ea C)a (279)

or more compact,
Wyab = eagvuebﬁ. (2.80)

Theorem 2.6. w, transforms like a two-form.

Proof. Using the metric compatibility and the definition of the tetrads, we
write 0 = V0w = g,V uea e ¥, and use the Leibniz rule of derivates, follows
0= guwey Ve + gueqa "V ey and therefore wyq, = —wppa- O]

Finally, the covariant derivative on a spinor ¥(z) is as follows,

1
DV = 030 — 5w;‘)r(j)(Mﬂ,)\p, (2.81)

where I';) is the spin-j representation of the Lorentz algebra su(3,1) with
My, € s5u(3,1) satisfying the commutator relation'?,

[Mab’ Mcd] — —MadT]bC + Mbdnac o Mbcnad + MaCT]bd. (282)

If the spinor ¥ would have spin-1, it would transform like a Lorentz vector
v® and the corresponding representation would look like,

Lay(M®) = (M®)oq = 6" — 6%8"4. (2.83)

By plugging equation (2.83) into to the definition (2.81) one would get back
(2.74).

If ¥ is a spin-1/2 spinor, the corresponding Lorentz representation is

a 1 a 1 a.
Tjay(M®) = ~[y*,~") == 50 g

: (2.84)

12The overall minus sign comes from the 42 signature.
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It is worth introducing the so called spinor-connection, which reads

1

= —wua[7% 7, (2.85)

F“S

or due to the antisymmetry of w, we can write

1
r, = Zwuab’YQWb- (2.86)

With those definitions, the Dirac equation in curved space finally reads

(Y*Dy +m) ¥ = 0], (2.87)

To act on objects which carry Lorentz and two Dirac indices, let say M €
Y ® C* @ C* 13 the covariant derivate generalizes to,

DM =V ,M — [T, M]. (2.88)

Using the metric compatibility and the Clifford algebra {y*,77} = 2¢*
follows, D, ({fyo‘, 7B }) = 0. A sufficient condition is D,y* = 0 and since the
commutator vanishes, follows V,v* = 0. This result is later used in section
(3).

By using the Fermi-normal coordinates from section (2.6) and using the
shorthand notation g,, = 1, + h,, we can derive tetrads in Fermi-normal
coordinates by inserting the ansatz e, = 05 + kh, ® in

N = €, “e, B (naﬁ + haﬂ) (289)

gives,
1
Nuw = Ny + Ty + 260 + O(|hw|*) = k = -5 (2.90)

So, we get for the tetrads,
€0 =05 — 3R tom|, 22, (2.91a)
€% =0 — tR* |, wla™. (2.91b)
This was first derived by Parker [13]. Inserting the results (2.72) into the
definition of the Christoffel connection (2.18) and using this result together

with (2.91) and the definition of the spin-connection (2.80) and the spinor-
connection (2.86) one finds by neglecting terms higher than z?

13C4 is a complex fiber-bundle
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I'y= %'70’7]‘ R 0m|G "+ Zi’)/k’yj RFI Om‘G xm, (292&)
L = 1707 BY imlg 2™ + gy RY im|me' (2.92b)

Like the identity (2.22), there is an equivalent relation with covariant deriva-
tives acting on a spinor ()

Dy D] () = R (). (2.09)

3 From Dirac to
Mathisson—Papapetrou—Dixon

In this section, we will derive the classical Mathisson—Papapetrou—Dixon
(MPD) [6, 28, 29] equations by doing a Wentzel-Kramers—Brillouin (WKB)
[30, 31, 32] expansion of the Dirac equation followed by a Gordon decom-
position [33]. The WKB expansion systematically expands 1 in powers of &
up to the desired order. However, caution is necessary when applying MPD
equations to calculate observables for spin-1/2 particles. Spin, being a pure
quantum effect, vanishes entirely in the classical limit. Consequently, the
use of MPD equations requires justification a priori. This justification holds
only when we can assume the particle to be point-like and quantum effects
treated as small corrections [34]. This derivation goes back to Lawrence [35],
but he made the assumption 1) = 1, which is in general not true, as we will
show. Audretsch [36] dropped this assumption, and derived the MPD equa-
tions from a WKB expansion by doing this in an unusual coordinate frame.
He later generalized this derivation to gravitational fields with torsion [37],
which do not come into play for our studies. At the same time, Riidiger [38§]
derived the same results, in a slightly more comprehensive way. A modern
derivation is given by Marius et al. [39], they generalized their derivation
for charged fermions and fermions with no mass, which behave in particular
differently. It still should be said, there exist multiple different ways to de-
rive the MPD equations, for example Catenacci [40] and Cianfrani et al. [41]
derived the MPD equations by iterating the Dirac equation twice. Restoring
h, the Dirac equation in curved space reads

(A" D,, +m) (x) = 0. (3.1)
Inserting the WKB-ansatz
V() = exp (iS(x)/h) Y (ih)" Yu() (3-2)
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into (3.1) gives,

N

> @S (ih)" by + b (ih)" Py, + (ih)" map, = 0, (3.3)

n=0
where we have used [)S = @S. Expanding up to O(h?) leads to,
(i@Stpo + hDipo + maby) + (—@Shaby + ihmapy) + O(B*) =0 (3.4)
and therefore,

R (idS +m) o =0, (3.5a)
Rt (idS 4+ m) = iDay. (3.5b)

It should be said, that the function S(x) has dimensions of an action, but it
is not the action, since the action is a functional C? — R and S(x) is just an
arbitrary real function which needs to be defined later on.

Using the conserved current j* = itpy*1) (for a proof, see Appendix (A.2))
and inserting the WKB-ansatz from equation (3.2) with ¢ = ti7® . We
obtain

3" = oy o — R [y 1 — Y1y o] + O(R?), (3.6)

where we define it)yy"1by = jl, multiplying j5' with m once from the left and
once from the right and using (3.5a) gives the equations,

Jhm = ioy* (mabo) = Yoy " 0,0,

o = | T (3.7)
Jom =1 (mwo) Ybo = 0, Sy v 4bo.
By using the Clifford-Algebra {+*,~"} = 2¢g"” we obtain,
bty
Jop = m 8#‘9 (38)

We define the quantities gty = Z, and 0,S = k,, so we can rewrite equation
(3.8) as,
o Lok

Jo = m (3.9)

Because of equation (3.5a), we are allowed to write

0= 4o (1S +m) ¥ = ky, Wb Yo +miboi), (3.10)

76
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with equation (3.9) one gets,
7 ! E'k, + 0 (3.11)
0 m I
and therefore
k'k, = —m?. (3.12)
To get a non-trivial solution for equation (3.5a), we demand

det (1S +m) = 0. (3.13)

This condition is equal with the already derived condition k*k, = —m?.

The matrix i@S + m has rank 2, so we are only interested in two eigenvec-
tors {Xg, 3}, both with eigenvalue 0. Due to linearity v is an arbitrary
superposition of those two vectors,

Yo(x) = /T (20(x) S + 21 (2)%1) , (3.14)
where z o are arbitrary complex functions, fulfilling
|20? + 21> = 1. (3.15)
Theorem 3.1. i@S + m has rank 2.

Proof. @S = v%kq = —7k° 4+ ~'k? written in Dirac representation

—ik0 0 0 ok
@S:( 0 +@'k°> * <—iaiki 0 )

since @S is a Lorentz scalar, we switch to a rest frame, where k* = (m,0)

and so,
. m 0
idS +m = <O O> )

]

The eigenvectors are normalized and orthogonal. By defining {3, >} =
{X¥4,Xp} such that A, B = 0,1 the orthogonality condition reads X5 =
04p implying Einstein sum convention, we can write

Yo(z) = VZoza(r)2a, (3.16)

and
Zhza = 1. (3.17)
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Theorem 3.2. Equation (3.5a) and (3.5b) form a linear system. The solv-
ability condition implies that every solution of (3.5a) needs to be orthogonal
to the inhomogeneous part of equation (3.5b). This is known as the Fredholm
alternative [42].

Proof. By defining L = i@S+m, equation (3.5a) can be written as, LY, =0,
adjugate this equation gives, E&lLT = —237170L70 = i%01L7° = 0. Multi-
plying the last expression with i7° to the right leads to $o;L = 0, where we

hf:we_used(fyo)2 = —1. Multiplying o1 from the left on equation (3.5b) leads
tO, EO,lel = ’1,-2071mw0 = (. Therefore Eoyllp’wo =0. ]

Additionally, since ¥4 and ¥ 5 both are solutions of (3.5a), we obtain the
following identity

Theorem 3.3. iX 'Y p = %(5,43]6“.

Proof. Defining ji) = i%7*Y and likewise N{” = EEV”ZL Following along

the procedure in equation (3.7) gives, jj = 7 = j;'. With the orthogonality
condition £ 4X 5 = 945 this proof is complete. O

Using D,7v” = 0 and inserting equation (3.14) into the solvability condi-
tion ZCZZ@DO = 0 gives,

9, ( IOZA> Ser"SA + V/TozaSe DS = 0, (3.18)
and with,
) — _
%Vuk“ = D, (iZc7"S4) = 2507 D,Ta. (3.19)
Therefore equation (3.18) becomes
V k"
k9, ( Iozc) +VToze 1 2 0., (3.20)
With the above equation, we obtain
Vv, kH*
K Datho = — ; Yo + fak®Dala, (3.21)
where we defined f4 = \/Zyza.
Theorem 3.4. kD >4 = 0.
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Proof. This is best shown in a coordinate system where ey# = k* and
E*V e, " = 0 also known as a Fermi-frame, see section (2.5).

ECDoY 4 = k%0,54 — k°ToX 4. Ty X Waapo™. Where woay = €4 ﬁvaew
multiplying with k% gives, e, 6kava€b/3 = 0. Therefore k“T', = 0. Using
equation (3.5a) follows with the Fermi tetrad (17" 4+ m)X4 = 0, therefore X4
is constant in this frame. Since kD, 4 is a tensor expression, follows its
validity is true in every coordinate system. O]

With the above theorem, equation (3.21) can be rewritten as,

vV, k*

’; . (3.22)
Now we define a new function f such that |f > = fifa. Now it is possible to
rewrite the spinor vy = f¢ with ¢¢ = 1, which leads to the more compact
equations

kaDal/JO = -

KOO f = — e f, (3.23a)
k® Dy = 0. (3.23b)

To finally obtain a correction to the geodesic, we need the Gordon-decomposition

[43], which states
Theorem 3.5. Y"1 = £ [(D,h) o — ¢ (Dy)] + LD, (oy)).
Proof. see appendix (A.3). ]

So the Noether current j# can be written as,
I =38+ T (3.24)

where j# is the convection current and j# is the magnetization current, in
the following we are only interested in the convection current, since only the
first term corresponds to the propagation of a Dirac particle. Plunging the
WKB ansatz (3.2) with the solution from equation (3.23) into the convection
current

" - -
Jou = 5= (D) v = & (D,)] (3.25)

gives,
Jeu = % <—2¢ausw + ) (ih)" (=ih)™ [Dythntbm — %D“wmo . (3.26)
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Normalising the convection current by dividing it by 17 and neglecting terms

of h? gives,
e 9,5 ih -
@7);; = % + 5 [D,.é¢ — ¢D,¢) . (3.27)

=0vy,

Defining j.,/ Y1) = v* being the tangent vector field of the trajectory and
0,5 /m = u* being the tangent vector field of the geodesic. We can write

vt = ut 4 St (3.28)

This remarkable result demonstrates, that we have achieved a quantum cor-
rection of the order of A to the classical geodesic. This observation implies
that a fermion moving through curved spacetime does not strictly follow a
geodesic.

To finally derive the MPD-equations, we parallel transport the vector
field v* along itself.

a’ = vV, 0" = (U 4 0v*) V, (u” + 0v") (3.29)
and neglecting terms higher than 7, we get
a’ = u'V ,ov" + vV u” + O(R?), (3.30)

where we have used that u* solves the geodesic equation (2.19).
Since u* ~ k", we can use the following theorem,

Theorem 3.6. V,k, =V, k,.

Proof. Since k,, = 0,5, V,k, =V ,0,S = 0,0,5—1"" ,,0,S likewise, V, k,, =
0,0,8 —1'*,,0,.S, by using the theorem of Schwarz, the partial derivatives
could be interchanged and since the Christoffel symbol is symmetric in the
lower indices, follows V  k, = V k,. O

And therefore, we rewrite equation (3.30) as,
a, = u"'V ,0v, + 0"V ut. (3.31)

Next, we use the fact that the correction dv* is orthogonal to the geodesic u*
this can be easily seen by using equation (3.23b). Therefore V, (dv*u,) = 0,
using the Leibniz rule of derivatives equation (3.31) can be written as,

a, = 'V, 0v, —u'V, v, = 2u"'V,00,). (3.32)

Inserting the second term of (3.27) gives,
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thut

[Dy. (D) 6 — Dy (& (Dyyo))] - (3.33)
With identity (2.93) and equation (3.23b) follows finally

A, =

, hut - 5
by = ma, = _TRMV’yMbU 7¢a (334)
where we have used Dy, D,; = 2[D,,D,]. To derive an equation for the

motion of the intrinsic angular momentum we define the spin tensor as,

gos _ Moy B

— T _ap 2
2 0 2¢0 o+ O(h?). (3.35)
The change of the spin tensor S®° is given by,
SoP = v 8% =0+ O(h?), (3.36)

where again equation (3.23b) was used. Finally, we arrive at the MPD equa-
tions

Py = — 3 RysulS, (3.37a)

SeP =, (3.37b)

It is possible that the reader has encountered the MPD equations expressed
in an alternative notation

Py = —3Ryuys0"S7, (3.38a)
SoB — pagB — phye, (3.38b)

Where v = dx*/dr is the velocity and p# is the momentum of the parti-
cle. The equations (3.38a) and (3.38b) are 10 equations, but we have 13
free parameters, so the set of equations (3.38a) and (3.38b) are undeter-
mined, this is why it is often useful to require additional conditions, called
spin-supplementary conditions. In the literature, there exists five different
conditions [44].

1. Mathisson-Pirani (MP) condition : v,S* =0
2. Tulczykew-Dixon (TD) condition : p,S* =0

3. Corinaldesi-Papapetrou (CP) condition : v}f‘bSW = 0, this condition
sets the reference worldline as being the center of mass measured in
the “laboratory” frame, which is chosen as the congruence of static
observers at rest with respect to the source.
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4. Newton-Wigner (NW) condition V* oc v} + 2 VS =0

5. Ohashi-Kyrian-Semerak (OKS) condition which choses p* parallel to
vH

With the WKB method we are able to derive the spin supplementary condi-
tion

B
058 = 0y 2306 = w7 4 O (339)
With equation (3.5a) follows
055 oc ugu,P (7“00‘5 + 00‘57“) 0, (3.40)

~~

xghBryo—gaByr

and therefore
055" = upS* = 0. (3.41)

By using TD-condition and linearizing (3.38a) and (3.38b) in the sense of ne-
glecting quadratic terms of the spin tensor one arrives at (3.37a) and (3.37b),
therefore (3.37a) and (3.37b) are only MPD-like equations, because we only
consider terms of order h and neglected all higher order terms.

4 Analytic Estimation in Long-Baseline Ex-
periments

In this section, we present an analytical estimation for the deviation. We
achieve this by employing Fermi-normal coordinates. Initially, we apply this
method to general geodesics in proximity. Subsequently, we explicitly address
its application to Long-baseline experiments. Finally, we summarize relevant
findings from existing literature.

An explicit solution of equation (3.5a) is

k3 k! —ik?
B | o e
+m | kiR 4+m |k
So) = | —5— | (41) Sin) =g | TR (42)
0 1

Note, we are only interested in the deviation of real particles, so we ne-
glect the negative energy states, which describe anti particles. By using the
vierbein (2.91) from section (2.5), it is now possible to extend the definition
of vectors, which would only be defined along a worldline GG, which is in our
case the geodesic, in the neighbourhood of G.
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1
—ko(.]f) = k’o = k:ue“o = ]{Ja <5a0 - éRa loml‘ll’m) s (43)

and

: 1
kz(l') =k'= kue“i = ka <5ai — gRa lim.fl)'l.il?m) . (44)

We know that k% along the geodesic G is (m,0,0,0), since in Fermi-normal
coordinates a particle is at rest

1 i _@ a  l,.m
F=—-m(1- §R“ om&la™ |, (4.5) k 6 B tima ™ (4.6)
Expanding the spinors around the geodesic G gives,
72
Yalx) = 2a(x)|g+ 0.2a(x)|oz"+ O (ﬁ) : (4.7)
0

With equations (4.3) and (4.4), one finds that 9,k"(x)| o = 0. Therefore, we
are allowed to write

, (4.8) Si(z) = (4.9)

From section (3) we know, we may write ) = f® such that ¢¢ = 1. We claim
now, that it is possible for arbitrary spin polarization to rewrite ¢ as,

0
0
A0 =1 cos(ef2)
exp(ix) sin(£/2)

Where ¢ and x are the azimuthal and polar angels of the Bloch sphere. With
the right-hand side of (3.27) we find for the deviation term

(4.10)

-
v = 0. (4.11)
m
Inserting the spinor-connection (2.92) gives,
; 17 0j m 12 kj m
v, = D [20907%0 B omlg ™ + 50750 B om | 7™ (4.12)
m | 1070759 RY im|g ™ + §017;0 R im| , @

The expression in square brackets is purely imaginary, this is most easily
shown by using the Clifford-Algebra and exploiting the symmetries of the
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Riemann tensor. Equation (4.12) is a very interesting result, since it im-
mediately tells us that along the geodesic G' the correction velocity due to
spin-gravity coupling vanishes. Since 7(0) = +/(0) the only way to get a
non-vanishing deviation is by a non-zero acceleration at v(0). Additionally,
equation (4.12) tells us, that there is no deviation to be expected in flat
space, where the Riemann tensor would be identically 0.

4.1 General Case

To derive a symbolic expression, we need to evaluate the acceleration a,|, =
—1/2m ROQbCSbC‘ o n Fermi-normal coordinates along the geodesic G. With
the help of a computer algebra system, we obtain

0
Gl = SLM~/L? + 1?2 sin (x) sin (§) cos (2(r))
G 2mrd sin (&) cos (x) cos (@(r)) + sin (&(r)) cos (€)
sin (x) sin () sin (@(r))

(4.13)
The variable @ (see equation (2.49)) represents a highly intricate quantity
within the context of Earth’s mass, denoted by M. The dependence of r(t)
on M arises from the underlying curvature of spacetime. Consequently, ob-
taining a closed-form expression for ¥ becomes a formidable task. To address
this, we employ an analytic approach by expanding a,|, in terms of the mass
M, while neglecting quadratic terms that would only contribute to @. This
expansion remains valid when 2M < r. We introduce the expansion param-
eter € = 2M /r and proceed to expand the product,

F(9@(0) = FO9@0) + | Lo + f0FL]|  c+0) (414

e=0

gives,

f(e)g(w(e)) = f(e)g(w(0)) + Ofe), (4.15)
because f(0) = 0. By using the above result, the expansion of a,|, up to €
leads to,

0
ol = VLA sin (x)sin (€) cos (2(r, 0))
“e 2mrd sin (&) cos (x) cos (¥(r,0)) + sin (W( ,0))cos (&) |’

sin () sin (§) sin (@(r, 0))
(4.16)

36



Die approbierte gedruckte Originalversion dieser Diplomarbeit ist an der TU Wien Bibliothek verfligbar

The approved original version of this thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

where @(r,0) = @(r)|co-

Given that @ is solely defined by its derivative, it remains possible to in-
troduce an arbitrary constant. However, based on our justification in section
(2.5), we set this constant to zero. Considering the relatively small change
in r, we can further simplify by allowing @ to take any constant value, which
turns out to be zero, even in the non-radial case where L = 0 and thus
dw/dr = 0.

Proof. To show that @ can be considered to be constant, we have a look at
tangential motion such that, L. ~ Ry, where Ry is in our case the Earth’s
radius. Since ¥ is evaluated at ¢ = 0 which essentially means evaluated at
flat space, we are allowed to write r*(t) ~ R3 + t?, follows with equation

(2.49) & = ”23%]”;*1 1+t21/2Rg =0 = 7_3215)71 arctan %, since £ ~ 10 and

Ry ~ 3.712 % 10*! the prefactor is almost 0 and by justification of section
Y )

(2.5) & ~ 0. O

Having a deeper look at equation (4.16) it becomes evident that a spe-
cific polarization exists where the deviation vanishes. This particular scenario
arises when the geodesic motion is in alignment with the direction of the po-
larization. To illustrate this concept, consider a metaphorical analogy where
the particle is described by a screw ”drilled” into in spacetime. It becomes
apparent that no deviation can occur if the screw’s direction coincides with
the direction of motion. This metaphor serves to clarify the dynamics in this
context.

Consider, for this justification, a circular geodesic where du”/dr = 0, and
in Schwarzschild coordinates, u has only a time and ¢ component. Likewise,
e, " has only temporal and ¢ components, meaning by considering only the
three-dimensional part, the z—direction aligns with the motion of the parti-
cle. Choosing a z-polarization meaning £ = 0 or 7 equation (4.16) vanishes.

From equation (4.16) we see, that the acceleration vanishes for L = 0,
this means there is no deviation to be expected for the radial case.

4.2 An Explicit Formula for the Deviation

Since our spinor ¢(x) from equation (4.10) is only determined up to the linear
term by its spacial expansion, and so is the spin tensor S**. In this case,
we do not need to expand a, in the neighbourhood of the geodesic, and so
only the prefactors of (4.16) change, additionally the term I'vv occurring by
writing out the covariant derivative, is already of order z® and of order h?
see equation (4.12). So we obtain
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doév®
dr

Because ¥ is approximately a constant, the direction of the deviation will
not change in a sufficient small neighbourhood around the geodesic. There-
fore, the vectorial differential equation reduces to a scalar valued differential
equation, by defining @ = /L2 4+ r2/r°. For the radial coordinate, we make
the approximation r(t) = \/t? + R% since t < Ry = 3 < R3 and get,

=a“. (4.17)

P:U 2 3
Lo =2 - U+ O), (4.18a)
= 7= %—gﬁ + O(;—%), (4.18b)

where we have used the starting conditions 6v =0 and 7 = 0. The constant
angular momentum was chosen to be L = Ry. Since we can not control the
spin polarization, because it is not measurable, we average over all directions.

1 0 0
4—/ dx/ de||ox?||. (4.19)
T Jor ™

The deviation for a three-dimensional detector now reads,

%\/_Eﬁ
4m Ry

d

d= (4.20)
but since the detector in most Long-baseline experiments is considered as
a two-dimensional surface, we need to project the S? to D? * this gives a
correction of a 4/m and so the deviation is,

3M V2
d=""2¢%| 4.21
mm Rg ( )
Restoring SI units, this gives finally
3MAG \/2t2 3¢ M2G?
d= 2 L O, ——— ). 4.22
mme R} N (Rg’ R3¢t ) (4.22)

The expression (4.21) or in SI units (4.22) is a remarkable result, it shows
perfectly that the deviation vanishes for zero curvature, this is essentially the
case for M — 0 or Ry — oo. Additionally, it shows the inverse neutrino mass
behaviour as expected. Finally, it explains that deviation increases approxi-
mately parabolically, which otherwise would lack of physical interpretation.

1Disk of dimension two.
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I_
d
(87
(a) no gravity or no (b) with gravity and
spin spin

Figure 4: The grey area visualises the probability of residence. In a) there
is no deviation from the centre of the beam to be expected. b) shows the
probability of residence like a Stern-Gerlach experiment [45].

4.3 Applying Results to the DUNE Experiment

To accurately measure the deviation angle, it is insufficient to simply measure
the deviation of the maxima observed at the Far-detector. Given that the
opening angle of the neutrino beam is approximately 1°; it significantly en-
compasses the detector area. By calculating the expected number of impact
events in relation to the measured number, one can determine the deviation
angle, which then allows estimating the mass of the lightest neutrinos. Due
to the relatively big opening angle, the minimal measurable angle needs to
be greater or equal to 1/2°.

Considering the distance between the neutrino source and the detector
(approximately 1300km), the tangent of 1° is approximately 0,017. Thus, we
can reasonably consider 1/2° as a small neighbourhood along the geodesic.
See figure (4) for a visualisation of the neutrino beam and its probability of
residence.

Furthermore, let’s examine the expansion parameters: (t3¢3/R3 ~ 0,0018)
and (M?G?/R%c* ~ 1,43 x 107?). Given these values, we can conclude that
the formula (4.22) should hold for the DUNE experiment.

This result is significant because it provides the first opportunity to mea-
sure spin-gravity coupling. Additionally, if the DUNE experiment is in op-
eration, it could be possible to establish a lower bound for the net mass of
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the lightest neutrinos. In neutrino oscillation experiments, only mass dif-
ferences are typically measurable. Further, there is no experimental data,
only en estimation by Stocker et al. [5] based on cosmological and terrestrial
data who determined an upper bound for the lightest neutrinos. For a visual
representation of the mass versus the angle of deviation, refer to figure (5).
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Figure 5: The blue curve illustrates the relationship between neutrino mass
and the expected deviation angle for the DUNE experiment. The red line
represents the minimal measurable angle = 1/2°. Area II is not detectable
by the Far-detector, while area I represents the region where the lightest
neutrinos are most likely to be found.

4.4 Comparison to Other Results

Koch et al. [46] studied the behaviour of a hypothetical massive photon
in gravitational lensing, by using the Schwarzschild solution of the MPD
equation. They get for the lensing angle

AP =20 (1 4" ) , (4.23)
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where 7, is the minimal radius, ry the starting radius and m the hypothetical
mass of the photon. The second term of equation (4.23) corresponds to the
correction due to photon spin. Notably, the second term in equation (4.23)
accounts for the correction due to photon spin. Interestingly, measurements
revealed a disagreement, indicating that the mass of photons is precisely zero.
Besides, they studied a different problem, it shows the #A/m correction to
the geodesic. Rietdijk et al.[47] calculated a correction to the perihelion shift
of a spinning test particle within a Schwarzschild geometry. The rotation in
Planck units reads

3M >
— 14+ == — ... 4.
Ad zw( +— (1+Lm) ) (4.24)

where k € N and ¥ is the scalar valued intrinsic angular momentum. Where
the ¥/Lm term occoured due to the spinning of the test particle.

5 Summary and Conclusion

In section (2), we provided an introductory overview of the essential mathe-
matical prerequisites for studying spin-gravity coupling in Long-baseline ex-
periments. Moving forward, in section (3), we derived the MPD-"like” equa-
tions using a WKB expansion. We expressed the velocity and acceleration
of the deviation in Fermi-normal coordinates. We then used the acceleration
to finally obtain a formula for the deviation’s length. This remarkable result
not only may predict the lower net mass of neutrinos, it also describes the
first ever measurable spin-gravity coupling.

However, it is crucial to recognize that this result holds only in the neigh-
bourhood of the central geodesic. Extrapolating the deviation to arbitrary
length scales would be inappropriate. In section (4.1), we demonstrated
that there is no deviation to be expected for radial motion. This conclu-
sion remains valid up to order A, although higher-order corrections may yield
non-vanishing results.

6 Outlook

While extending the calculations to order hA? and considering additional ex-
pansion terms of the metric in Fermi-normal coordinates could potentially
enhance the result, deriving the necessary quantities in closed form remains a
challenge. An intriguing approach involves utilizing spacetimes where exact
solutions in Fermi coordinates exist (see [48]). These spacetimes could serve
as approximations of Earth’s gravitational field.
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A very interesting idea for open problems would be to consider Einstein-
Cartan theory, which reproduces the Einstein equations but with torsion,
this torsion could be induced by spin-gravity coupling [49].
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A Appendix

A.1 Einstein equations

The action reads )
Slguw] = —2—/ d*zv/—gR.
K Jm

Varying this action with respect to the metric gives,

5S :/ d'z 6/=g R+ +/—g SR = 0.
M NV Ml:
-3 17559 ) (g Rw,)
v ——
5gMV Ry +9gHY SRyy

We can write g as exp T'r( Ing,,) and therefore 6g = g¢g"*dg,,,. We obtain,

1
0S = /M d*z\/—g (RW — EgWR) 09" + g"oR,,.

dR,, is a total derivative term, most easily shown by using the definition of
Riemann tensor (2.23). So we get,
1

R, — §gm,R =0.

If we add a matter field S,,,; and vary it with respect to the metric, we get
the stress energy tensor T#”. Then the Einstein equations are,

1

R“”_2

Rg = KT,

A.2 Current Density
The Dirac action in curved spacetime is,
S[B0] == | dov=g0 ("D, + mv.
This action has a global U(1) symmetry.
0L = L(, %, Dy, D) = LY, 4, D, D') = 0.
Expanding £ and by demanding, 0£ = D, j* we get for j#,

oL _ L
_ Sth— 6 _.
oD, v ¢0DM¢

I
Inserting 6¢ = ierp and 69 = —ier) and since € is arbitrary, we get j* = 1py"1).
Taking the covariant derivative, we see that this quantity is indeed conserved

D,j" = 0.
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A.3 Gordon Decomposition
Lemma +#~¥ = g"" + oM.
Proof.
AR — g = gV
= 2(y"" = o) ={¥",7"}
= 20" = =" +47H

174 1 v
= o =5

Theorem A.l. ") = % [(Dlﬂ)) ) (D,/’(ﬂ)} + %DV (fba‘“’@/}).
Proof. B B
Yy (my) = —hpy*y" Dy

Where we have used the Dirac equation.
(¥m) v*myp = h (D) v"7"4p,

where we have used the adjugate Dirac equation. Adding those equations,
we end up with,

_ I _ _
VY = 5= (DY = 997" D) ]

Inserting y#~" = g"” 4+ 0" this proof is complete. O]

A.4 A Mathematical Mistake

It is worth noting that Alsing et al. [21] demonstrated an incorrect approach,
highlighting a significant mathematical error. Specifically, they computed the
spin connection using the tetrads, which are only defined along the geodesic,
as we discussed in section (2.5). The primary issue with this approach lies in
the fact that V,u” is not well-defined; instead, only the directional derivative
u*V u” holds mathematical validity. To be precise, the covariant derivative
is defined only within an open subset around a point p € M. This is exactly
the reason why the calculated correction terms lack of physical interpreta-
tion. As a well known fact it, is clear that in flat space the correction term
should vanish, this is especially true when the Earth mass M goes to zero.
Therefore, we need to expend the definition of u* to a vector field. This
is most easily done in Fermi-normal coordinates. With this procedure, the
covariant derivative is well-defined. °

15 Also see equation (2.6) for the definition of a vector along a curve.
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