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Abstract.We define a double Chevalley-Eilenberg complex associated with the classical 
Becchi-Rouet-Stora-Tyutin symmetry of a gauge theory in the context of differential ge­
ometry, and describe the use of spectral sequences for the calculation of the corresponding 
cohomology groups. 
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1. Introduction 

As is well know several years ago Bonora and Cotta-Ramusino [1] intro­
duced a geometrical picture of the BRST'[2] symmetry of a gauge theory, 
based on the concept of Lie algebJ:a cohomology first introduced in the fi­
nite dimensional case by Chevalley and Eilenberg (CE) [3]. They considered 
the principal fiber bundle e where the gauge theory in question is defined 
and they generalized to the infinite dimensional case the CE theory. The 
generator of the symmetry could be identified with the coboundary opera­
tor associated with the representation of the Lie algebra of the gauge group 
with coefficients in the zero-forms on the space of connections; thus the sym­
metry (at least its generator) is not a property of a particular gauge theory 
but of the principal fiber bundle (which is a global geometrical concept) 
where the fields are defined. The local version of this cohomology was also 
shown in reference [1] to be related to the quantum anomalies of the theory; 
this point was studied in more detail in reference [4] and more recently by 
Dixon [5] and Dubois-Viollete et al [6]. 
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In this note we extend the original BRST complex of a principal fiber 
bundle to a doble complex which in turn induces a total cochain complex: 
the total ERST complex of a principal fiber bundle. Double complexe11 ap­
pear when one considers representations with coefficients in forms of arbi­
trary order and uses the commutativity of the exterior and Lie derivatives. 
Though we have not made an explicit caiculation of the relevant cohomology 
groups for any particular case, we present general arguments that show how 
spectral sequences [9] can be used to compute these groups. We think that 
the investigation of the meaning of the additional cohomology groups has 
both physical and geometrical interest, and leave it as a subject for further 
research. 

2. Connections on principal bundles 

2.1. PRINCIPAL BUNDLES AND CONNECTIONS 

The starting point is a smooth (C00
) principal fiber bundle principal fiber 

bundle {: G-+ P ~ B and the space of connections on it, C({). 
The gauge group ofe, g({), is the group of vertical automorphisms of {i.e. 

the set of C00 functions P !.+ P such that the following diagram commutes: 

PxG Jxid 
PxG -+ 

1/1 ! ! "' 
p f p -+ 

11" '\. ./ 11" 

B 

where 1/1 is the right free action of G on P. g({) acts on C({) through pull­
backs i.e. if w E f(T* P © g) (g = LieG) is a connection on { then w' = 
f*w gives the gauge transformed connection. This is the action that induces 
the BRST cohomology as we shall see below. We emphasize that gauge 
transformations are global and that it is only when one restricts to local 
trivializations and considers the pull-backs Au = uifwu with local sections 
uu on open subsets U of the base space that one gets the familiar local 
gauge transformations used in physics. One has the quotient (moduli) space 
11 :=Cf<;, however the projection C-+ 11 is not a principal fiber bundle and 
typically one restricts (i to g := g / z, where z is the center of g and C to C', 
the space of irreducible connections (10). 

C({) is an affine space modelled on A1({) = f(T* B © E) where Eis the 
bundle of Lie algebras of { (see below); once an arbitrary but fixed con­
nection Wo is chosen in C({) (base point) C({) = c0({) becomes an infinite 
dimensional real vector space (with origin in wo) and then an infinite dimen­
sional differentiable manifold which is contractible to a point and therefore 
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has vanishing cohomology groups except in dimension zero. We nevertheless 
expect that the double complex to be defined later will contain non-trivial 
information concerning any quantum gauge theory defined one. 

2.2. ASSOCIATED BUNDLES 

Associated withe, there exist two canonically associated bundles: fo : G-+ 
P Xa G = F ~ B : the bundle of Lie groups of e and eg: g-+ P XG g = 
E ~ B: the bundle of Lie algebras of e, where one has the left adjoint 
action of G on G and on g respectively. It can be shown that Q(e) E!! r(F) 
and then Lie9(e) E!! f(E). We are interested in the Chevalley- Eilenberg 
[3] cohomology of LieQ(e) with coefficients in the differential forms on C(e), 
however it should be remarked here that the original definition of Lie algebra 
cohomology in reference [3] was for finite dimensional Lie algebras, while 
LieQ( e) is infinite dimensional. 

2.3. VECTOR, SPACES OF SECTIONS,COVARIANT DERIVATIVE AND EXTE· 

RIOR COVARIANT DERIVATIVE 

For p = 0, 1, ... , dimB one defines the vector spaces AP = !lP(E) := 
f(APT* B@E) of p-differential forms on B with values in E i.e. if X1, ••• ,Xp 
E Vect(B) ands E AP, then s(X1,. .. ,Xp) E f(E) (so !lP(E) ~ !}P(B) 
0coo(B,R) f(E)); in particular A0 = f(E). There is a bijection between 
f(E) and the set of equivariant maps 'Y : P -+ g, i.e., smooth maps such 
that "f(pg) = g-1"f(p), defined as follows. Ifs E f(E) then 'Ya : P-+ g is 
given by 'Ys(P) = v, where s(b) = (p,v]; if 'Y : P-+ g, then s'Y E f{E) is 
given by s,(b) = (p,"f(p)), where p E 11'-1(b). Ifs E f(E), X E Vect(B), 
and X E Vect(P) is the lifting of X by a connection w, then the co­
variant derivative, of s with respect to w in the direction of X, is defined 
by \7'.Xs := sx('Y.)• where X('Y.) := d"f8 (X). In general if f : P -+ g is 
equivariant, Y E Vect(P) and w E C(e) then the covariant derivative of 
f with :espect to w in_ the direction Y is defined as D J(Y) := df(horY), 
hence X('Ya) = D1.(X). We define d.u' : A0 -+ A1 by d.u's(X) := Vxs 
and vw : Vect(B) x f(E) -+ f(E) by vw(X,s) := \7'Xs. The operator 
vw is a linear connection on E, i.e., vw is C00(B, R)- linear with respect 
to X but satisfies the Leibnitz rule \7w(X,fs) = f\7w(X,s) + X(J)s with 
respect to s. The covariant differential (linear) operator d.u' : A0 -+ A1, ex­
tends to the exterior covariant derivative (linear) operator {~};~B in the 
same way as the De Rham exterior derivative extends the ordinary differ­
ential, namely 'Wo = d.u' and for 1 :::; p :::; dimB, ~(a)(Xi. .. .,X,,+t) = 

p+l i+l w • 
L:i=l (-1) \7 X;(a(X1, ... ,xj, ... ,Xp+t))+ 

L:1<i<j<p+1(-l)'+ia([Xi, X;],Xi. ... , .. t, ... ,X;, ... ,Xp+t)· In general 
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Ao~ A1 ~ A2 ~ ... 1""~1 An--+ 0 fails to be a complex i.e. v;+i av;: -:f. 0, 
unless w is flat i.e. nw = 0 where nw: Vect(B) x Vect(B)--+ End(f(E)), 
nw(X,Y)(s) := (V'x o V'y -V'y o Y'x -Y'(i\v])(s) is the curvature of V'w; so 
nw E r( A 2T* B ® Hom( E, E)) = 112( Hom( E, E)) is an obstruction to have 
such a complex. 

Assuming a compact, connected and 1-connected Lie group G and a com­
pact and orientable base space B, we can define a positive definite non degen­
erate inner product on each of the AP' s, namely < o:, (3 >v:= - f 8 tr( o: /\ •(3) 
(11], thus the AP's become pre-Hilbert spaces; however they are not in gen­
eral complete and to have Hilbert spaces one needs to specify a completion. 
Notice that the inner products induce norms II o: 11;:=< o:, o: >v, so that the 
AP' s are normed vector spaces in a natural way. 

2.4. SOBOLEV COMPLETIONS 

Given w EC(~) and vw the associated linear connection on ~g, the Sobolev 
k-norm on f!P(E) is defined by [8] II </> 11;,k:=ll </> II; + II D';: </> 11;+1 + · · · + II 
D';:+k-l o ... o D';:</> ll;+k· Different connections are equivalent in the sense 
that they lead to equivalent norms i.e. to topologically isomorphic vector 
spaces. The completion of f!P(E) with respect to this norm i.e. the set of 
formal limits of all Cauchy sequences in f!P(E) is called the Sobolev k-norm 
completion of 0.P(E) and is denoted by n~(E). So in particular (LieQ(e))k = 
ni(E) and CZ(e) ~ nl(E). The Sobolev completion of O(e) is made through 
the following considerations. Let Ei, E2 be smooth K-vector bundles over X 
(K = R or C), then we have an isomorphismµ': Ei®E2--+ H omK(Ei, E2), 

given by µ( o: ® w )( v) = o:( v )w. In particular for E1 = E2 = V, one has 

an isomorphism of vector bundles v• ®K V ~ H omK(V, V) = EndK(V). 
A smooth map h : V --+ V is called bundle map if: i)7r o h = 7r, where 
7r : V --+ X is the projection; ii) hJVx : Vx --+ Vx is linear, where Vx = 
7r-1(x). We denote by Mapx(V) the set of bundle maps. There is'a bijection 
W: Mapx(V)--+ f(EndK(V)), given by W-(h)(x) = hJVx, and with inverse 
w-1(s)(v) = s(7r(v))(v). There is a monoid structure on Mapx(V) given by 
composition of bundle maps and a monoid structure on f(EndK(V)) given 
by (s1 · s2)(x) = s1(x) o s2(x). Clearly Wis a monoid isomorphism. 

Let Kn --+ V = P Xa Kn --+ X be a vector bundle over X associated with 
the principal fiber bundle e: G--+ P ~ X, and a linear representation of G, 
G x Kn --+ Kn, then it can be easily verified that p : O(e) --+ Mapx(V), 
given by p(f)([p, x]) := [/(p), x] is a monoid monomorphism; therefore one 
has the following composition 

O(e) .!!+ Mapx(V) ~ r(EndK(V)). 
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Clearly ifs= iJi" o p(J) i.e. ifs E im(iJi" op) then s has an inverse s-1 = 
iJi" o p(J-1 ), so g(e) is isomorphic (as a group) to its image iJi" o p(g({)) '­
f( EndK(V) ). Let < , >x be an inner product in Vx, then the associated inner 
product in v;, < a,/3 >.x=< .x-1(a),.X-1(/3) >x, where .X: Vx-+ v; is the 
vector space isomorphism .X( v)( v') =< v, v' >x, induces the inner product 
< ' >@x in v; ®K Vx as the linear extension of < a ®K v, a' ®K v' >@x=< 
a, a' >•x< v, v' >x· Thus one has the inner product < , >End,, in EndK(Vx) 
given by< <Pix, <P2x >End,,=< µ; 1(</J1x),µ; 1 (</J2x) >@x· 
Let K = R, V = E and X = B; for each p = 0, 1, ... , dimB the inner product 
infll'(E) defines an inner product in W(EndR(E)) = f(APT* B®EndR(E)) 
for which one defines a Sobolev k-norm analogous to that defined for QP(E); 
in particular the Sobolev k-norm completion of Q({), denoted by g({),., is 
the closure of 9(0 it with respect to the Sobolev k-norm completion of 
f(EndR(P Xa g))[8]. 

3. Cohomology of Lie algebras 

3.1. CHEVALLEY-EILENBERG COHOMOLOGY 

Let g and V be a finite dimensional Lie algebra and a finite dimensional 
vector space respectively, both over the field K (K = R or C), and let 
<P : g -+ EndK(V) be a representation of g on V. Define c0 := V and 
CP := {a : g x ... x g(p times) -+ V, a multilinear alternating} for p = 
1, 2, .... Define K-linear operators {JP : CP -+ CP+1, by fJP(o:)(a1,. .. , ap+i) := 
L:f~{ ( -1 )i+l<fa( a;)( a( ai, ... , a;, ... , ap+l) )+ 
L:i~i<j~p+l(-l)i+ia([a;,aj], ... ,a;, ... ,aj, ... ,ap+i)· One can show [3] that 

fJP+l 0 {JP = 0, therefore one has a cochain complex 0 -+ CO ~ C1 ~ 
C2 ! ... with p-cocycles ZP = kerfJP and p-coboundaries BP = imfJP-1 c 
zP. One defines the Che valley-Eilenberg cohomology of g with respect to 
the representation <fa of g on V ("with coefficients in V") as the graded 
group HcE(g,</J, V;K) := {HbE(g,</J, V;K)}~O• where HbE(g,</J, V;K) := 
zP I BP. 

3.2. DOUBLE COMPLEXES AND TOTAL COHOMOLOGY 

A double cochain complex is a triple (C,8,d), where C = {CM},p,q = 
0, 1, 2, .. .is a set of abelian groups, and d = { dM : CM -+ cp,q+l} and 
8 = {lJM : CM -+ CP+l,q} are differentials i.e. group homomorphisms 
satisfying d2 = 82 = 0, such that the following diagrams are commutative: 
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A double cochain complex ( C, 8, d) naturally induces a (simple) cochain 
complex ( K*, D) as follows: for n = 0, 1, 2, ... one defines the abelian groups 
Kn:= E!ip+q=nCp,q and the operators Dn := E!ip+q=n(8M EB (-l)P 
dM). (K*,D) is usually called the total (cochain) complex associated with 
the double (cochain) complex (C,8,d) [7]. The cohomology of (K*,D), 
namely H*(K*, D) := {Hn(K*, D)}~0 with nn(K*, D) := ker Dn /imDn-l 
is called the total cohomology of the double (cochain) complex (C,8,d). 

3.3. GROUP ACTIONS AND DOUBLE COMPLEXES 

Proposition: Let G be a Lie group, M a C00 manifold and M x G ~ M, 
,,P(x, g) = xg a smooth action of G on M. Then there exists a double cochain 
complex involving g = LieG and fl( M), the differential forms on M. 

Proof: 
i) A E g induces the fundamental field of A in M, A* E V ect( M) defined 

by A;(!):= d/dt(f(xexptA)) lt=O· 

ii) The Lie derivative of a tensor r on ¥ with respect to A* is given 
by CA•T := d/dt(q,;r) lt=O where q,t is the ffpw of A* and q,;r is the pull­
back of r by q,t. in particular this is valid for forms of arbitrary order and 
CA•a E flPM ifa E flPM. 

iii) Fix p in the set {O, 1, ... , n = dimM} and define the infinite set 
of vector spaces c~ := {}PM and c~ := {g x ... x g( v times) ~ flP M' a 
alternating}, for v = 1,2, .... 

iv) Since C[A,B]• = [CA·,CB•],</>p: g-+ EndR(flPM), given by </>p(A) := 
~ 51 ~ 

CA· is a representation of g on {}PM, and then c~ -!'. c~ -!'. c; -!'. ... is a 
cochain complex with coboundary {<5~}~0 , defined by 6~(a)(A0 , ••• ,A11 ) = 

II . A 

L':(-l)'CA~(a(Ao, ... ,A,, ... ,A11 
i=O ' 

))+ L: (-l)'+ia([A1,A;], Ao, ... , A.,, ... ,A;, ... ,A11 ). Therefore one has 
O<i<j<v 

the Chevaney- Eilenberg cohomology of g with coefficients in 
flPM, HaE(g,</>p,flPM;R) = {HcE(g,</>p,flPM;R)}~o· 

v) Let d~ : C~ -+ C~+i be defined by d~(a)(A1, ... , A11 ) = d( a 
(A1, ... , Av)), where dis the exterior derivative operator on M. Since dC = 
Cd, we have a double cochain complex ( C, 6, d) given by the following lattice 
of commuting diagrams: 

cg .1 cf 1 cg -1 
og ! o~ ! og ! 

d1 "1 d1 
CJ :S Cf 4 C~ ~ 

o& ! of ! o~ ! 

~-2 -+ ~-1 
6~-1 ! 

~-1 -+ 
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Therefore, the action M x G :!:+ M has a naturally associated cohomology 
H*(K*,D), namely that of the total (cochain) complex (K*,D) associated 
with the double cochain complex ( C, '5, d) as specified in the previous sub­
section. q.e.d. 

4. BRST cohomology 

4.1. TOTAL BRST COHOMOLOGY OF A PRINCIPAL FIBER BUNDLE 

Using the results of the previous section and taking into account suitable 
Sobolev completions in the infinite dimensional case, one considers the case 
where G = g(e) and M = C(e); so for each p = 0,1,2, ... one has the 
representation of the Lie algebra of the gauge group on the differential p­
forms on C(e), </>p : A 0 - EndR(!lPC(e)), </>p(s) := Ca•· It is usual to give 
to C(e) and A0 respectively Sobolev k- and (k + 1)- norm completions with 
k ~ (dimB/2) + 1 which guarantee that the action C x g - C extends to 
a smooth action Ck x gk - Ck (8]. Notice however that this condition does 
not fix the value of k and so the results of the BRST cohomology might 
depend on it.' For v = 1, 2, ... one defines the spaces C~(e) := {alternating 
continuous functions A0 x ... x A0(v times) ~ !}PC(e)}, and ~(e) := 
!lPC(e); the continuity of a is defined as follows: if a E C~(e) then for all 
w E Ck and all 6, ... ,ep E Vect(Ck) the maps aw,{1 ,. .• ,{p: A0 x ... x A0(v 
times)- R, where aw,{l, .... eP(si, ... ,s.,) := a(si. ... ,s.,)(6, ... ,ep)(w), are 
continuous. 

The first column in the double cochain complex 

C8(e) .1 cr(e) ,1 
'58! C~! 

cJ(e) .1 cl(e) 1 
ct ! ct ! 

i.e. the one corresponding to 0-forms on C(e) leads to the usual BRST coho­
mologyof the principal fiber bundle e (1] HJmsr(e) = {Hfmsr(e)}~0 where 
Hfmsr(e) = kerc0/imc~-t (c01 = 0). vis identified with the ghost number 
and the coboundary {c0}~0 with the BRST nilpotent operator ofany quan­
tum field theory defined one. The remaining columns for p=l,2, ... have been 
here formally defined and lead to a total complex ( K*, D) with cohomology 
H*(K*, D) which we call the total BRST cohomology of the principal fiber 
bundle e, and denote by 1i'i:msr(e). We do not yet know the possible phys­
ical meaning of these additional cohomology groups; however the fact that 
for the case p = 0 the local version of this cohomology has an interpretation 
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in terms of anomalies and since these groups are in principle computable 
with the technique of spectral sequences, their definition is of interest for 
further investigation. 

5. Spectral sequences 

5.1. SPECTRAL SEQUENCE OF A FILTERED COMPLEX 

We give the basic definitions and results, for more details the reader may 
consult reference [9]. 

a) Let (K*,d) be a cochain complex, (K*,d) = {Kn,dn: Kn-+ 
Kn+l }n>o· Let Bn = imdn-l = n-coboundaries C zn = kerdn = n­
cocycles: then the Cohomology H*(K*) of (K*,d) is given by Hn(K*) := 
zn/Bn. 

b) A Filtration F* K* of ( K*, d) is a sequence of subcomplexes K* = 
F° K* :J P1 K* :J P 2 K* :J ... :J PP K* :J ... so that d : PP K* -+ PP K*. At 
each level in K* one has Kn = F° Kn :J P 1 Kn :J P 2 Kn :J ... :J PP Kn :J ... 
and dn : PP Kn -+ FP Kn+l. ( K*, d) is said to be finitely filtered if for each n 
there exists an m such that pm Kn = 0. We have short exact sequences of 
complexes 0 -+ pP+1 K* -+ PP K* -+ PP K* / pP+l K* -+ 0 which means that 
for each p = 0, 1, 2, ... one has the array 

0 -+ -+ PP K 0 / pP+l K0 -+ 0 

! ~~ 
-+ PP K 1 I pp+l K 1 ..... 0 0-+ 

! ~~ 

where the coboundary ~; : PP Kn/ pP+l Kn -+ FP Kn+l / pP+l Kn+l for n = 
0, 1, 2, 3, ... is induced by dn. Each sequence gives a long exact cohomology 
sequence 

i /' 
H*(PP+l K*) 

H*(PPK*) 
'\. 11" 

!- H*(FP K* I pP+l K*) 

where o is a morphism of degree one. 
Given a subcomplex L* C K* we define a filtration P* K* by F° K* = K*, 

P1 K* = L* and P 2 K* = 0. The idea of the spectral sequences is that they 
play with respect to filtrations a role analogous to that played by the long 
exact cohomology sequence with respect to subcomplexes. 

c) The filtration of K*, P* K*, gives a filtration o1 H*(K*) as follows. 
Since PP K* is a subcomplex of K*, the inclusion induces, for each n 2: 0, a 
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homomorphism i; : Hn(FP K*) -+ nn(K*), then the filtration is defined by 
FPHn(K*) = im i;. 

d) A Spectral sequence consists of the following: 
i) An infinite sequence of bigraded abelian groups Er= {Ef•q}p,q~o, with 

r ~ 0, 
ii) differentials of degree {r, 1-r) i.e. group endomorphisms dr : Er-+ Er, 

dp,q . Ep,q -+ £P+r,q-r+l with dP+r,q-r+l 0 dp,q = 0 
r•r r r r' 

iii) Cohomology relations Er+l ~ H*(Er' i.e. E:::1 ~ HM(Er) where 
HM(Er) = kerdf•q /imdf-r,q-l+r. 

e) One says that a spectral sequence ( Eri dr )~0 converyes finitely to a 
filtered graded group H*, provided: i) for each p and q, there exists an integer 
r Such that EM ex EM for r > r0 • ii) EM cx FP HP+q/FP+l'HP+q where 0 r-ro -• oo- ' 
E~q =: Ef~q· 

f) Proposition: If K* is a complex finitely filtered by F* K*, then there 
exists a spectral sequence (Eri dr )~0 converging finitely to H*(K*) with: 

i) Eg·q = FP KP+q I FP+l KP+q, 
ii) Ef'q = HP+q(FP K* I FP+l K*). 

5.2. APPLICATION TO DOUBLE (COCHAIN) COMPLEXES 

For the total complex (K*, D) associated with a double cochain complex 
(C,8,d) as defined in subsection 3.2 it can be verified the following: 

i) K* has two canonical fiitrations Fi K* and F2 K* with Ff K* = K* 
(Ff K* = K*), ... ,Ff K* (Ff K*): the standard complex associated with 
the doble complex obtained from C after making zero the first l ( m) rows 
(columns) of C, (I, m = 1, 2, ... ) 

ii) The corresponding spectral sequences both converge finitely to 
H*(K*). 

In particular this result holds for the BRST double complex of subsection 
4.1 and hence 1i1msT(e) can be computed. 
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