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Abstract We investigate the strong gravitational lensing
effects of various supermassive compact objects for the static
and spherically symmetric hairy black hole by gravitational
decoupling. To do this purpose, we first numerically calculate
the strong deflection limit coefficients and strong deflection
angle with the decoupling modified black hole parameter «
and g. It is observed that for the lowest value of the parameter
o, the strong deflection angle «p reaches its maximum value
with the parameter 8 and for the lowest value of the parame-
ter B, strong deflection angle «p reaches its minimum value
with the parameter «/; and also the strong deflection angle for
ap for the decoupling modified black hole is smaller than
standard Schwarzschild black hole (¢ = 0). We investigate
the various astrophysical consequences via strong gravita-
tional lensing by considering the example of various super-
massive BHs in the centre nearby galaxies and observe that
the decoupling modified black hole could be quantitatively
distinguished from the standard Schwarzschild black hole
(o = 0). Findings in our observation suggest that the obser-
vational test for a decoupling-modified black hole is indeed
feasible.

1 Introduction

The study of black hole (BH) spacetimes represents a crucial
area of investigation within the realm of general relativity and
other gravitational theories [ 1—-4]. BHs offer a unique window
into our understanding of gravitation, thermodynamics, and
quantum effects in curved spacetime. Recent years have wit-
nessed significant progress in both theoretical and observa-
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tional explorations of BHs. Notably, the LIGO and Virgo col-
laborations detected gravitational wave signals arising from
the merger of binary BHs [5—11]. Furthermore, there have
been groundbreaking observations of high-resolution images
of BHs at the center of our Milky Way galaxy, known as
Sagittarius A* (Sgr A*), which has indeed been a significant
focus of study and observation by the Event Horizon Tele-
scope (EHT). The EHT captures high-resolution images of
BHs. They also released the first-ever image of a BH, which
is the supermassive BH in the center of the M87 galaxy [12].

The minimal geometric deformation was established in
[13,14] to examine the outer configuration of a spherically
symmetric line element with a fluid source that is ideal in the
background of Randall gravity. The gravitational decoupling
method aims to maintain spherical symmetry while simpli-
fying matter configurations. Later, many researchers [15—-19]
used this method to develop and evaluate physically reliable
solutions of compact objects. The decoupling approach has
been investigated as a unique strategy for expanding the dis-
torted solutions of the GR related to the most fundamental
gravitational source in Refs. [20,21]. This strategy has led
to the finding of exact and physically viable solutions for
internal star configurations. The decoupling approach has
been examined for cosmic applications in GR [22]. Numer-
ous studies have been reported on compact objects in the
background of decoupling approach [23-29]. In [30] authors
developed a new technique to convert non-spinning BH met-
rics into rotating ones, while calculated unique hairy BH
solution.

Gravitational lensing, a result of Einstein’s general rela-
tivity, is a fundamental and prominent concept in astronomy,
providing a reliable approach to investigating the strong-field
nature of gravity. This phenomenon is a powerful instrument
for magnifying and studying distant celestial objects, allow-

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-024-13057-1&domain=pdf
http://orcid.org/0000-0003-4089-3651
mailto:gmustafa3828@gmail.com
mailto:sunil@unizwa.edu.om

686 Page?2of 18

Eur. Phys. J. C (2024) 84:686

ing astronomers to make more detailed views of galaxies and
quasars, as well as identify elusive substances like dark mat-
ter, dark energy, and gravitational waves. It also contributes
to a comprehensive understanding of numerous astronomical
phenomena [31,32]. The distortion of the image of BHs with
a gridding accretion fragment is a result of the strong grav-
itational lensing effect. During that era, astronomers mea-
sured the deflection angle caused by the sun during a solar
eclipse [33]. However, such observations were realistically
only feasible with the sun. The foundational work by [34]
played a crucial role in establishing the groundwork for a
precise lens equation. Subsequent numerical investigations,
as discussed in [35,36], focused on the lensing phenomenon
induced by static, spherically symmetric naked singularities.
These studies provided a comprehensive examination of var-
ious lensing observables. Building on these contributions,
later in [37] explored gravitational lensing within spherically
symmetric and static spacetime. Numerous methods [38—
49] encompassing weak and strong field limits have been
put forth to study gravitational lensing around BHs. When
the gravitational field is strong enough to cause substantial
gravitational lensing, light approaches the source closely,
resulting in large bending angles. As a result, light can travel
along a variety of routes before reaching the observer, which
could produce a number of pictures, arcs, and rings of the
source. Besides the above methods and interesting work has
been done by Ghosh and his coauthors [50-59] on deflection
angle and other astrophysical relevant aspects of BH solu-
tions.

Avestruz and his coauthors [60] presented a strong lens-
ing identification approach that utilizes a feature extraction
method from computer vision. Zitrin and Tom [61] calcu-
lated a light-traces-mass strong-lensing model of the mas-
sive lensing cluster MACS J2135.2-0102 (z = 0.33; here-
after MACS2135), known in part for hosting the cosmic eye
galaxy lens. The weak deflection angle and shadow phenom-
ena discussed by Ali and his collaborators [62—-64] for dif-
ferent black hole solutions in the background of different
theories of gravity. Recently, Niyaz and Ujjal [65-68] cal-
culated the strong lensing of interesting newly developed
solutions of BHs. In these conditions, phenomena including
relativistic pictures, photon rings, and shadows could appear
[69,70]

The organization of this paper is as follows: Sect.2
presents a quick summary of the structure of BH spacetime
using the decoupling approach. In Sect.3, we discuss how
BHs cause gravitational lensing, including the lens equation,
deflection angle, and strong lensing coefficients. This section
focuses on two supermassive BHs, M87* and Sgr A*, in the
framework of decoupled BHs. The Einstein ring is also dis-
cussed in the same Sect. 3. Section 5 summarizes significant
findings and draws study conclusions.
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2 New BH solution via gravitational decoupling
approach

This section deals with the newly calculated BH solution
by Avalos and his coauthors [71] by using the Einstein field
equations with the gravitational decoupling framework:

1 -
Geg = Ree — zRges = ICQTG& (1)
where K2 = 8’;—4G and 718 describes the total amount of

energy-momentum tensor, which is contributed by two dif-
ferent matter sectors as

Tes = Tee + Oc;. (2)

In the above-mentioned Eq. (2), T, corresponds to a usual
energy-momentum tensor, while ®., provides the gravita-
tional sector of matter distribution. It is important to mention
that the usual energy-momentum tensor satisfies the Bianchi
identity, which leads us to the following covariantly con-
served:

V. T = 0. (3)

Now, by considering a static system under the effect of spher-
ically symmetric property, which is given as

ds?* = e*Vdr* — < Vdr? — r2dQ?, 4)
where both the gravitational functions, i.e., ¢ = &(r) and
€ = €(r) dependent on the radial coordinate r, and d Q2 =

d®? + sin> ©d$>. The Einstein field equations under the
effect of the decoupling framework are calculated as follows:

1 1 (1 e\
IR R R A

| A B A
l2 ¢ 277
2¢’ — 26’

r

=T/ +0}, (©

676
_ 28" + 8/2 — e +
4K2 [
Now, we are introducing the concept of an effective matter
sector by using the following relations

=77 +0% (7

p=T)+ 6, ®)
pr=—T — 0y, ©)
p=—T5 — 03. (10)

One can consider a suitable realistic solution for Eq. (1) by
using the seed source through 7., on neglecting the contri-
bution of ®.,. Now, We can rewrite the revised metric form
as follows:

ds? = £ Ddr? — 2 gr? — 2dQ?, (1D
where

K2 2
e =1 — —/ szoo(x)dx =1- m(r).
r Jo

12)
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In the above relation, m = m(r) defines the mass function.
One can modify the system by using the extended geometric
deformation (EGD) on the seed metric within the source ®,
as

E—>e=£&+4g, (13)
et > e =t f, (14)

where f and g reveal the geometric deformations compo-
nents. One can separate the Einstein field equations by con-
sidering Eqs. (13-14) through Egs. (5-7) into two different
proposals. The first proposal of field equations is separated

as:
171 (1 ¥ 0
IC2 |:}3 — e <r_2 — 7):| = TO . (15)
1 1 1 & 1
El:r—z—e (r—2+7>:|=T1, (16)
e_}L 4 2 /st 5/ - 2
—w(zg +&° Vg2 . >=T2. (17)

For ®, sector, new developed filed equations are provided
as:

Lrr fr 0
E‘TZ‘T}:@’ (1%)
I Y 1
x5+ =6l (19)
1T f " 2 ¢
E _—Xz— Z<28 +¢ +27
¢ 2
—4;;2 <€/+ ;) = @3, (20)
where
e—)» 1
X ===, 1)
e_)» " 2 g/ /7 /7

From the above two proposals of field equations, the first
part is linked with the usual energy-momentum tensor, i.e.,
Tcs. The second proposal, under the control of some physical
realistic condition, helps us to discuss the ®-sector, O, (€, f
and g). The energy exchange between these two proposals of
matter T, and O, [15] provides the successfully decoupled
system. After the confirmation of energy exchange, one can
carry the construction of a hairy BH within the scope of
deformations to the Schwarzschild metric, which serves as
the initial seed. The Schwarzschild metric is given by:
2M _

- =ef=¢
r

(23)

Within the framework of deformation functions { f, g} under
the suitable choice, an event horizon from the deformed solu-
tion is defined as:

eEUH) — o2 rH) — 0, (24)

where r g provides the relation for the horizon radius. Within
the Schwarzschild coordinates, we have the following rela-
tion

e =e (25)
with the following constraint
Pr=—p. (26)

Now, one can define the geometric deformation function f
as

2M

f:(l——)(eg—l), (27)

r

which leads to

~1
ds? = (1 - Z_M) Hydr? — (1 _ 2—M> H™ (r)dr?
r r

_r2de?. (28)

We will add one more constraint to solve for the auxiliary
function H. One can observe other conditions, such as strong
energy conditions and dominant energy conditions, on and
outside the horizon, according to groundbreaking research in
Ref. [72]. It’s interesting to note that BHs that are physically
significant also have to meet a less stringent requirement,
called the weak energy condition [73]. The main approach
that needs to be taken into account in this study is the phe-
nomenon pertaining to weak energy conditions.

0=<p,

0=<p+pr.

0<p+pi (29)
Interestingly, Eq. (26), reproduces as

0 < @, (30)
03 < 6). (31)

Now, by using Egs. (18) and (20) the above inequalities can
be revised as
0<1—-H-@F-2MH, (32)
0<2-2H+4MH +r(r—2M)H". (33)
Now, we are able to find some 4 satisfying (32) whenever
Gr)y=1—H—(r —2M)H’, (34)
for G > 0. The generic solution for the above equation reads
as

r —C1
r—2M
In the above equation, ¢ represents the constant with dimen-

sions of length. Further, there exist an extra condition on G ()
as a consequence of constraint (33) expressed as

- —]ZM / G(x)dx = H(r). (35)
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0<2G-rG". (36)

We can say G is an arbitrary positive function, which is sat-
isfying (36); in the current analysis, we shall consider it as

M r
Gr)=a— ln( ), 37
B
now
, M r
1-H—(r—2M)H =ot—21n<—>20, (38)
r B

where « and § are considered constants with dimensions of
a length and having the following constraint

0<a. 39)
The exact solution of Eq. (38) is
r—-cy aM

.
r—2M°%mw—mo(l+m<E>>' (40)

Now, we can put ¢; = 2M in order to recover the
Schwarzschild original solution when o« — 0. Note that the
inequality (33) is satisfied whenever

m(7) =1 41
“(E>—Z‘ @D

Now, replacing Eq. (40) in (28) we arrive at the following
final form of solution

2M oM aM r
—l——+—+ I(B) 42)

r

H(r) =

for)=e =e

The lapse function of the recently obtained solution under
the influence of gravitational decoupling is represented by
f(r) in the equation above. Here are a few things we want
to draw attention to. While maintaining the fundamental the-
ory unchanged, the gravitational decoupling generalizes the
Schwarzschild BH solution via an extra source ®., on the
seed solution will be examined in this work. The solution dis-
played over a range of @ and 8 parameter values exhibits the
emergence of this phenomenon. The Schwarzschild BH solu-
tion is reached in the limit when o approaches zero. More-
over, further explanations in this context can be referred to
Ref. [71].

3 Strong gravitational lensing and it’s observable

Here, we study the strong gravitational lensing by decou-
pling modified BH. We intend to investigate how the decou-
pling modified BH parameters, ¢, and 8 influence the various
astrophysical consequences due to strong gravitational lens-
ing and compare it to the other astrophysical BH such as
Schwarzschild BH (a = 0).

To investigate the strong deflection angle of photon rays
occurring in the equatorial plane (6 = 7), we rewrite the

@ Springer

metric (42) component by the dimensionless transformation
t r o B
ast — m,r—) m,()l—) mandﬂ—) mas

ds? = —A@r)dt® + B(r)dr® + C(r)d¢>, (43)

where

1 alog (%) o

A(r) = 1——+ +ﬁ’ 44)
alog (%) o
B(r) = |: -t —= 52 r2:| , 45)
and
C(r)=r>. (46)

The strong deflection angle and the lens equation govern the
strong gravitational lensing phenomenon. The null geodesic
equation can be interpreted as follows:

. dr L2
r:—:”E ——A(r) 47
dt

where the energy of test particle £ = — pus[‘ and angular
momentum L = pué(’; of the particle and the function A(r)
is given by the Eq. (44). For the unstable photon circular orbit

of radius 7y, the conditions for the effective potentials are
d ngf

lr,, = 0 and d_2|rph < 0. Thus, the radius of the
photon sphere rp, is the biggest real root of the following
equation

2A(rpn) — ”phA/(”ph) =0. (48)

The photon sphere radius r,, with the decoupling modi-
fied BH parameters « and B is displayed in Fig. la. It is
observed that for the lowest value of g, the photon sphere
radius, 7pj, is maximum with the parameter «. It reaches its
maximum value (rp, = 1.5), corresponds to the case of the
Schwarzschild BH, but for the lowest value of «, the photon
sphere radius rp;, is maximum with the parameter «.

When the particles reach the closest distance r = rq to the
central BH, where 3—; = (0, one can consider the minimum
impact parameter, denoted as uq, in terms of the minimum
distance rq [70].

ro

VAo

The critical impact parameter for the unstable photon orbit
u pj, with the framework of decoupling modified BH is given
by

(49)

uy =

Upp = Toh
1 - —’
P A

and its behavior with the decoupling modified BH parameters
« and B is shown in Fig. 1b.

(50)



Eur. Phys. J. C (2024) 84:686

Page 50f 18 686

rpths

1.49

015

1.48

1.47

1.46

1.45

0.05

1.44

1.43

0.00 -
0.0

1.42

B (a)

Uph/Rs

2.58

0.5

2.56

254

252

2.50

(b)

Fig. 1 The photon sphere radius r,,/R; (left panel a); and the impact parameter u,,/R; (right panel b) as a function of decoupling modified BH

parameters « and

The strong deflection angle in the spacetime of a decou-
pling modified BH expressed as a function of the closest
approach distance denoted as r(, can be expressed as follows
[74]:

o0
aD=1(ro)—n=2/ ”B:f’)dcr dr— .
0 VEr)y A8rS -1
1)

The strong deflection angle, denoted as ap (1), is influenced
by the connection between rg and 7. It demonstrates an
elevation when these two values are roughly equivalent (i.e.,

ro ~ rpp). So, we define a new variable z as [70]
c=1-2 (52)
r
When rg is approximately equal to rpp, the deflection

angle assumes the following form [75-79]

ap(u) = —a log (u”—h - 1) b+ O — upy)
P

x log(u — upp), (53)

where

- 2rph
a= L ,

\/a + 4’"12;}; — 4alog (%’)

and
b="b+Ir(rp), (54)

with
27 pp

b=—-m+
\/Ol +4r§h —4alog (r%’)

a+ 4r12,h — 4o log (%‘)

2r12)h —2rpp — o log (%”)

! B(z) (A(rpn) C(2)
IR(rph) = 2/(; (rph|: C(Z) (C(rph) A(Z) a 1)
S i
(1—2)2 2 Tph

x log

>dz, (55)

which is obtained numerically.

We numerically estimate the strong lensing coefficients,
the critical impact parameter u pj, deflection angle coeffi-
cients @ and b at r = rpn With decoupling modified BH
parameters « = 0.1,0.2,0.3,0.4,0.5 and g = 0.2,0.4,0.6
and which is given in Table 1.The behaviour of the strong
lensing coefficients u pj,, @ and b have been shown in Figs. 1b,
2a, b; and Table 1.

In Table 1 and Fig. 1b, it is seen that for the fixed value
of the parameter §, the critical impact parameter u pj, /R
decreases with the parameter o while for the fixed value
of the parameter « the critical impact parameter u pj /R
increases with the parameter 8. However for the lowest value
of the parameter 8 the critical impact parameter u;/R;
reaches its maximum value (u ),/ Ry = 2.59808) and which
also corresponds to the case of the Schwarzschild BH but
decreases with the parameter o and reaches its maximum
value (upn /Ry = 2.59808) corresponds to the case of the
Schwarzschild BH [70] but for the lowest value of «, the crit-
ical impact parameter u p, / Ry is minimum with the parame-
ter B. In Fig. 2a, b, it is observed that for the lowest value of
the parameter «, deflection angle coefficients @ and b reach
their maximum value with the parameter 8 and S, deflection
angle coefficients @ and b reach their lowest value with the

@ Springer
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Fig. 2 The behaviour of the deflection limit coefficient & (left panel a); and the deflection limit coefficient ¥ (right panel b) as a function of

decoupling modified BH parameters « and

Table 1 Estimation of strong lensing coefficients with decoupling modified BH parameters @ = 0.1, 0.2, 0.3,0.4,0.5 and 8 = 0.2,0.4, 0.6

B Strong lensing coefficients
o a b upn/Rsn
Schwarzschild BH 0 1 — 0.40023 2.59808
0.1 1.05185 — 0.369879 2.31356
0.2 1.16183 —0.330424 1.95377
0.2 0.3 2.22856 — 0.965544 1.29196
04 0.356304 — 1.06028 0.176516
0.5 0.238526 — 1.79452 0.0973293
0.1 1.02752 —0.373254 2.3862
0.2 1.06516 —0.332416 2.14678
0.4 0.3 1.11795 —0.256123 1.86519
04 1.173 — 0.0430559 1.51141
0.5 1.02367 — 0.476603 1.05225
0.1 1.01565 — 0.375937 2.42628
0.2 1.03251 —0.341942 2.24116
0.6 0.3 1.04837 — 0.290884 2.0398
0.4 1.05608 —0.209392 1.81913
0.5 1.03738 — 0.0835361 1.57815

parameter «. The behaviour of deflection angle ap in the
strong field limit decoupling modified BH parameters « and
B are shown in Fig.3a—c. In Fig.3a, it is observed that for
the lowest value of the parameter «, the strong deflection
angle o p reaches its maximum value with the parameter §.
For the lowest value of the parameter 8, strong deflection
angle op reaches its minimum value with the parameter «.
InFig.3a, b, itis also observed that for the lowest value of the
parameter «, deflection angle op decreases with the critical
parameter u with different value of 8 and the fixed value of
the parameter «; and decreases with the critical parameter u

@ Springer

with different value of « and the fixed value of the parameter
B.InFig.3a,b,itis also observed thatarp — oo asu — upy
i.e strong deflection angle ap diverges when u — upy. In
Fig. 3b, further, it is also seen that the strong deflection angle
ap for the decoupling modified BH is smaller compared to
the Schwarzschild BH (o = 0).

3.1 Lensing observables

In this discussion, we explore the examination of various
observable aspects of strong gravitational lensing within the
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Fig. 3 The deflection angle «p (left panel a) as a function of decou-
pling modified BH parameters o and 8 and the deflection angle ap as a
function of critical parameter u with different value of « for the fixed,

framework of a decoupling-modified black hole. To facili-
tate this exploration, we consider a scenario in which both the
observer and the source are situated at a considerable distance
from the BH (the lens), and their alignment is nearly perfect.
Furthermore, we assume the source is positioned behind the
BH (lens). Consequently, we define the lens equation as fol-
lows [80]:

B—Q—DIS

Aoy, (56)
os
where Aw,, = ap(0) — 2nm represents the offset deflection
angle. Here, ap(6) is the primary deflection angle, and n
denotes the number of revolutions or loops that a photon ray
completes around the BH. The angles 8 and 6 correspond to
the angular separations between the BH (lens) and the source
and between the observer and the source, respectively. The
distances D,;, Djs, D,s represent the observer-lens, lens-

8.16

(a)

Strong deflection angle ap for =0.07
8 T T T T

B (panel b) and with different value of B for the fixed, @ (panel c).
The dots in right panels b, ¢ represent the values of the critical impact
parameter u = u p;, where the deflection angle op becomes divergent

source, and observer-source distances, respectively, with the
relationship D,s = Dy + Ds.

Using Eq. (51) and Eq. (56), the angular separation
between the BH (lens) to the n'” relativistic image can be
written as

o Uphen(®; — B)Dos

on =6 aDoDys o7
where
b—2nx
e, —e a
g0 — upn(l +ey)
" Dy ’

Here, 9,? denotes the angular position of the image when a
photon completes a total of 2nm rotations around the BH
(lens).
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In the realm of strong gravitational lensing, where surface
brightness is conserved, the magnification of the relativistic
effect can be defined as the ratio of the solid angle covered
by the n-th image to that covered by the source [36]. To
determine the magnification for the n-th relativistic image,
we can derive it as in [70].

_(BaB\™!
HUn = (5 E)

The above equation strongly implies that the first rela-
tivistic image exhibits the highest brightness level, and the
magnification decreases exponentially with increasing 'n’. In
simpler terms, the brightness of this initial image exceeds that
of the subsequent relativistic images. Noteworthy is that Eq.
(58) becomes unbounded as 8 — 0, indicating that perfect
alignment maximizes the possibility of detecting relativis-
tic images. Here, we examine the case where the brightest
image, specifically the outermost image 6, is resolved as a
single image, while the remaining inner images are packed
together at Ooo. (O |n—00 =: O0). Using the deflection angle
provided in equation (53), one can determine various strong
lensing observables. These include the angular position of the
set of images 0, the angular separation between the outer-
most and innermost images S, and the relative magnification
Tmag between the outermost relativistic image and the other
set of inner relativistic images [58,70].

M%,h(l + en)en Doy
— o (58)
) ,BaDlsDo[

Uph
Ooo = —-, (59)
* Dal
(b—2m)
S =0 — O ~Ospe (60)
M1 5w
fmas = 500 1, alog(10) b

If the strong lensing observables 0w, S, and 7,4 can be mea-
sured from the observations, the strong lensing coefficients
a, b and the critical impact parameter u ph can be obtained
easily by the equations (59), (60) and (61). These obtained
values can then be further compared with theoretically esti-
mated values, thereby providing a robust validation frame-
work for our theoretical predictions in the context of strong
gravitational lensing by decoupling modified BHs. Future
telescopes and observational technologies play a crucial role
in testing theoretical predictions, especially in the context
of strong gravitational lensing by decoupling modified BHs
Future telescopes and observational technologies enable the
precise measurement of strong lensing observables, facilitat-
ing the comparison with theoretical predictions based on the
gravitational decoupling framework. This comparison forms
the basis of a validation framework, allowing for the empir-
ical testing and refinement of theoretical models in the con-
text of strong gravitational lensing by decoupling modified
BHs. Furthermore, Using these findings, one can identify the

@ Springer

nature of the decoupling modified BHs and Schwarzschild
BHs and finally distinguish between them.

Exploring supermassive BHs at the center of neighboring
galaxies, namely M 87*, Sgr A*, and N G C4649, we perform
numerical assessments of strong lensing observables 6, S,
and 7,4 within the framework of a decoupling modified
BH (see in Table 2). Their mass and distance from the earth
for M87* are approximately as M ~ 6.5 x 10°Mg and
d, ~ 16.8 Mpc [81]; for Sgr A* the corresponding values
are approximately as M ~ 4.28 x 10° Mg and d,; ~ 8.32kpc
[82] and for N GC4649,the mass and distance are approxi-
mately as M ~ 4.72 x 10° M, and d,; ~ 16.46M pc as doc-
umented in [83]. We numerically estimate the strong lens-
ing observables 0, S, and ry,4g in the context of M87*
and SgrA* supermassive BHs with decoupling modified
BH parameters « = 0.01, 0.02,0.03,0.04,0.05 and 8 =
0.02, 0.04, 0.06 and which is given in Table 2. The behaviour
of the strong lensing observables 0, S, and 7,4, have been
shown in Figs. 4, 5 and 6; and Table 2. In Table 2 and Fig. 4a,
b, it is seen that for the fixed value of the parameter, 8 the
observable quantity angular position of the relativistic image
0~ decreases with the parameter o while for the fixed value
of the parameter « the observable quantity 6, increases with
the parameter 8. However for the lowest value of the param-
eter B, the observable quantity 6, reaches its maximum
value with the parameter « and for the lowest value of «,
the observable quantity 6, is minimum with the parame-
ter 8. In Fig.5a, b, it is observed that for the fixed value of
the parameter, §, the observable quantity angular separation
of the relativistic images S increases with the parameter o
while for the fixed value of the parameter « the observable
quantity 6, decreases with the parameter 8. However, for
the lowest value of the parameter, «, the observable quan-
tity S reaches its maximum value with the parameter 8, but
the lowest value of the parameter 8, the observable quan-
tity S, is the minimum with the parameter «. In Table 2 and
Fig. 6, Further, it is observed that for the fixed value of the
parameter, §, the observable quantity relative magnification
of the relativistic image 7,44 decreases with the parameter o
while for the fixed value of the parameter « the observable
quantity 7,4, increases with the parameter 8. However, for
the lowest value of the parameter, 3, the observable quantity
Tmag Teaches its maximum value with the parameter o and
for the lowest value of «, the observable quantity 8, is min-
imum with the parameter §. It is observed that the relative
magnification of the relativistic images 7,,4¢ for decoupling
modified BH is smaller than corresponds to the case of the
Schwarzschild BH (7,4 = 6.82188 magnitude) [70]. Addi-
tionally, it is observed that the relative magnification 7,4,
for the relativistic images remains independent of the mass
or distance of the BHs.

We also compare the observable quantities in between
Schwarzschild and decoupling modified BHs (see Tables
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Table 2 Estimation of lensing observable quantities for supermas-
sive BHs M87*, SgrA*, NGC7457as a function of decoupling mod-
ified BH parameters « = 0.01,0.02,0.03,0.04,0.05 and B8 =

0.02, 0.04, 0.06.The relative magnification r,,,; does not depend on
the BH mass or BH distance from the observer

B Parameters M8T* SgrA* NGC4649 MS8T*, SgrA* , NGC4649
o oo (lLas) S (pas) 000 (Ras) S (pas) 000 (Ras) S (pas) T'mag
0 19.8216 0.0248067 26.3826 0.0330177 14.6906 0.0183856 6.82188
0.01 19.4644 0.0260429 25.907 0.0346631 14.4261 0.0193018 6.75735
0.02 19.0943 0.0274816 25.4144 0.036578 14.1518 0.0203681 6.6864
0.02 0.03 18.7097 0.0291779 24.9026 0.0388358 13.8668 0.0216253 6.60778
0.04 18.3088 0.0312086 24.369 0.0415387 13.5697 0.0231304 6.51982
0.05 17.8891 0.0336851 23.8104 0.0448348 13.2585 0.0249658 6.42032
0.01 19.5118 0.0258091 25.9702 0.0343519 14.4612 0.0191285 6.76875
0.02 19.1928 0.0269454 25.5456 0.0358643 14.2248 0.0199706 6.71129
0.04 0.03 18.8638 0.0282447 25.1077 0.0375936 13.9809 0.0209336 6.64881
0.04 18.5235 0.0297453 24.6548 0.039591 13.7288 0.0220458 6.58047
0.05 18.1708 0.0314986 24.1853 0.0419246 13.4674 0.0233453 6.50517
0.01 19.5394 0.0256749 26.007 0.0341732 14.4817 0.019029 6.77535
0.02 19.2499 0.0266442 25.6216 0.0354634 14.2671 0.0197474 6.72549
0.06 0.03 18.9524 0.0277336 25.2257 0.0369134 14.0467 0.0205548 6.67186
0.04 18.6463 0.0289672 24.8182 0.0385553 13.8197 0.0214691 6.61392
0.05 18.3305 0.0303761 24.3979 0.0404306 13.5857 0.0225133 6.55098
m87* 6.:(Has) 0..(uas)
0.20 - o — 0.20 -
19.90
-26.2
0451 19.80 o5
19.70 26.0
Qa o0 19.60 @ o.a0f
258
19.50
0051 19.40 0.05 25.6
19.30
254
ooof A 19.20 000l
0.0 . . 0.0
B (a) (b)

Fig. 4 The angular image position 6, as a function of decoupling modified BH parameters « and S for M87* (left panel a and for SgrA™* (right

panel b)

1, 2). In Table 2, by considering the supermassive BH
M87 at the centre of the galaxy, it is observed in our Esti-
mation that the angular position of innermost images 6
in the context of decoupling modified BH is significantly
smaller than corresponds to the case of the Schwarzschild
BH (6 = 19.8216 pas [70]. Also, the decoupling modified
BH has larger image separation S and smaller relative mag-
nification 7,4 compared to the case of the Schwarzschild
BH (S = 0.0248067 pas, rpuqe = 6.82188 magnitude) [70].

The difference value of the strong lensing observables 6,
S, and 7,44 for the decoupling modified BH (8 = 0.02, o =
0.05) from the Schwarzschild BH (¢ = 0) respective as
~ 1.9325pas ~ 0.0088784 pas and ~ 0.40156 magni-
tude. It suggests that the outermost relativistic images for the
decoupling modified BH are very close to the innermost rela-
tivistic images, which may be separated from the other astro-
physical BH images. In addition, if the outermost relativistic
image can be resolved, we will distinguish the decoupling

@ Springer
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Fig. 5 The angular image separation S as a function of decoupling modified BH parameters « and 8 for M 87* (left panel a) and for Sgr A* (right

panel b)

I'mag

- 6.82

015

6.80

-6.78

6.76

6.74

0.05

6.72

6.70

6.68

0.0 0.1

Fig. 6 The relative magnification 7,4z as a function of decoupling
modified BH parameters o and B.Note that the relative magnification
Tmag does notdepend on the mass or distance of the BH from the observer

of modified BHs from a Schwarzschild BH is using the new
existing technology. However, the difference of S from the
Schwarzschild is not more than 0.009 jas, which makes the
task of discriminating decoupling modified BHs via strong
gravitational lensing observation much more difficult.

In mapping out the future trajectory of this study, we could
propose specific experiments that leverage current or forth-
coming telescopes to validate the predictions of the gravita-
tional decoupling framework in strong gravitational lensing
scenarios. Additionally, suggesting theoretical refinements,
conducting numerical simulations, performing comparative

@ Springer

analyses with alternative theories, and fostering interdisci-
plinary collaborations could deepen our understanding and
refine the framework’s applicability. By delineating these
approaches, we can offer a clear roadmap for future research
aimed at advancing the comprehension and testing of the
gravitational decoupling framework within the context of
strong gravitational lensing.

However, the decoupling modified BHs could be quanti-
tatively distinguished from other astrophysical BHs, such as
Schwarzschild BHs.

3.2 Einstein ring

In the scenario where the source, BH (lens), and observer are
perfectly aligned, denoted by B = 0, the BH deflects light
rays in all directions. This deflection results in the formation
of a ring-shaped image, commonly referred to as an Einstein
ring [84-89].

Simplifying Eq. (57) for 8 = 0, we derive the angular
radius of the nth relativistic image as follows:

U phen Dos
0, =091 — 217 62
" "( aD,st) 62)

Considering the case when the BH (lens) is positioned at
the halfway point between the source and receiver, specifi-
cally D,y = 2D,;, and with the assumption of Dy; > upp,
the angular radius of the n’" relativistic Einstein ring in the
context of decoupling modified BHs is expressed as follows:

gF — uph(l +en).

n (63)
Dy

The radius of the outermost Einstein ring QIE is shown in
Fig. 7 for the supermassive BHs M 87* (Fig.7a,b) and Sgr A*
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Outermost Einstein's ring ¢£(uas) for f=0.02
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Fig. 7 The outermost Einstein’s ring 915 as decoupling modified BH parameter « for the fixed value of f in the context of M87* (panel a, b) and
SgrA* (panel ¢, d) for SgrA* respectively.The solid red circular ring corresponds to the case of Schwarzschild’s BH

(Fig.7c, d). From these figures, it is observed that for the fixed
value of the parameter, 8, the radius of the outermost Einstein
ring GIE decreases with the parameter « and also for the fixed
value of the parameter « the radius of the outermost Einstein
ring 91E decreases with the parameter 8. The angular radius
QlE of the outermost Einstein ring in the context of decoupling
modified BH is smaller than the corresponding case of the
standard Schwarzschild BH o = 0.

3.3 Time delay in strong field limit

Time delay is another most important observable in the con-
text of the strong gravitational lensing phenomenon. It is

derived from the temporal gap between the formation of two
relativistic images, stemming from the distinct paths the pho-
tons traverse around the BH. The diverse photon trajectories
for different relativistic images lead to varying time travels,
resulting in time differences between them. By discerning the
time signals of these relativistic images during observations,
it becomes possible to calculate the time delay between the
two signals [90]. The time taken by a photon to complete a
revolution around the BH is detailed in [90].

T =dlog<L - l) +I;+O(u—uph). (64)
Uph

Utilizing the expression provided in Eq. (64), one can cal-
culate the time difference between two relativistic images.

@ Springer
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Table 3 Estimation of time delay for various supermassive BHs in the context of Schwarzschild, decoupling modified BH respectively are taken

in solar mass and Mpc units, time delays A7 | are estimated in minutes

Galaxy M(Mg) Dy (Mpc) AT, Schwarzschild AT, decoupling modified
BH (¢ = 0) BH (8 =0.3,a0a =0.4)
Milkyway 43 % 106 0.0083 11.4968 4.83754
M7 6.5 x 10° 16.68 17378.9 7312.56
NGC 4026 1.80 x 108 13.35 481.261 202.502
NGC 7457 8.95 x 10° 12.53 23.9294 10.0688
NGC 4395 3.6 x 10° 43 0.962522 0.405003
NGC 2778 1.45 x 107 23.44 38.7682 16.3126
NGC 3379 4.16 x 103 10.70 1112.25 468.004
NGC 3607 1.37 x 108 22.65 366.293 154.126
NGC 3842 9.09 x 10° 92.2 24303.7 10226.3
NGC 4261 5.29 x 108 32.36 1414.37 595.13
NGC 4486A 1.44 x 107 18.36 38.5009 16.2001
NGC 4649 472 x 10° 16.46 12619.7 5310.04
NGC 4751 2.44 x 10° 32.81 6523.76 2745.02
NGC 5077 8.55 x 108 38.7 2285.99 961.883
NGC 5516 3.69 x 10° 553 9865.85 4151.28
NGC 5576 2.73 x 108 25.68 729912 307.127
NGC 6251 6.14 x 108 108.4 1641.63 690.755
NGC 6861 2.10 x 10° 28.71 5614.71 2362.52
NGC 7052 3.96 x 108 70.4 1058.77 445.504
NGC 7768 1.34 x 10° 116.0 3582.72 1507.51
Cygnus A 2.66 x 10° 242.7 7111.95 2992.52

In the context of a spherically static symmetric BH space-
time, the time delay between two relativistic images, partic-
ularly when these images reside on the same side of the BH,
is determined as follows:

ATy 1 =2mupp = 27 DoiBso. (65)

Using the above Eq. (65), if we estimated the time delay
and critical impact parameter with some negligible error, we
can obtain the distance of the decoupling modified BH with
some negligible error. In this paper, we estimate the time
delay between images generated by strong field lensing due
to decoupling modified BH in the context of various super-
massive BHs in the centre nearby the galaxies (see Table 3).

Furthermore, the deviation of time delays ATy =
ATiS:?hwarzschlld BH _ ATZL{L;CWplmg modified BH for decou-
pling modified BH from the Schwarzschild BH has been
shown in Fig. 8a, b. From these two figures, it is observed
that for the lowest value of the parameter «, the deviation
of time delays § AT» | reaches its maximum value with the
parameter B and for the lowest value of the parameter g, the
deviation of time delays § AT» | reaches its minimum value
with the parameter «.

@ Springer

4 Results and discussions

The Event Horizon Telescope (EHT) Collaboration recently
captured groundbreaking images of the supermassive BHs
MS87* and Sgr A* at a wavelength of 1.3 mm, achieving
an unprecedented angular resolution of 20 pas [81]. While
these images confirm the alignment of the observed shadow
with the predictions of general relativity (GR), they also
highlight the limited insight they offer into alternative grav-
ity theories. This opens avenues for exploring alternative
possibilities or modifications to GR. In this context, the
concept of decoupling modified BHs, defined by a metric
that encompasses a broader range of solutions compared to
Schwarzschild BHs (which represent a specific case when
a = 0), becomes particularly pertinent. The decoupling mod-
ified BH is a new type hairy BH [71], which treated by the
parameters « and . Because of the decoupling of modified
BH parameter « and 8, can impact gravitational lensing and
offer a way to distinguish a decoupling of modified BH from
Schwarzschild’s BH. This distinction is crucial for verifying
if astrophysical BH candidates align with Einstein’s predic-
tions in GR or decoupling theory. The astrophysical BHs like
Schwarzschild BHs are the special solution of decoupling



Eur. Phys. J. C (2024) 84:686

Page 130f 18 686

OAT;1(minutes)

Deviation of Time delays from Schwarzschild BH for M87*
0.20F T T T T =
~700

~ 600

500

100

0.0 0.1 0.2 0.3 0.4 0.5

B (a)

OAT;,1(minutes)

Deviation of Time delays from Schwarzschild BH for SgrA*
o.20F T T T T in

-0.45

0.0 0.1 0.2 0.3 0.4 0.5

B (b)

Fig. 8 The deviation of time delays for decoupling modified BH from Schwarzschild BH AT> ; = TZSflh - T%”B minutes for the case of M87*
(panel a) and for SgrA* (panel b) with the decoupling modified BH parameters « and 8

of modified BH. Numerous studies have explored gravita-
tional lensing effects within the context of various types of
BHs, as discussed previously [58,65-67,91-98]. In a related
study, Kumar et al. [55] explored the strong gravitational
lensing effects generated by “hairy” BHs within the Horn-
deski theory of gravity. They examined the astrophysical con-
sequences across various supermassive BH scenarios influ-
enced by the presence of “hair” in the BH solutions, contrast-
ing them with the standard Schwarzschild BHs in general rel-
ativity. Additionally, Islam et al. [96] investigated the strong
gravitational lensing effects caused by Bardeen BHs within
the framework of four-dimensional Einstein-Gauss Bonnet
gravity (EGB). They analyzed the astrophysical implica-
tions of these lensing effects using various supermassive
BH examples with 4D EGB Bardeen BHs, comparing them
with both Schwarzschild and Bardeen BH scenarios. Fur-
thermore, Kumar et al. [58] explored gravitational lensing
effects by regular electrically charged (REC) BH space-
times, including those with and without horizons, within
the strong field regime. They investigated the astrophysi-
cal consequences of these regular spacetimes across various
supermassive BH scenarios, comparing them with standard
Schwarzschild BHs. Recently, Vachher et al. [99] studied the
strong gravitational lensing phenomena by a static spheri-
cally symmetric charged BH immersed in the perfect fluid
dark matter. In this work, we investigate the strong gravita-
tional phenomena in the context of a new type of spherically
symmetric hairy BH developed by gravitational decoupling
by utilizing the Bozza’s [70] method. We investigate the var-
ious astrophysical consequences by taking some supermas-
sive BHs in the centre nearby galaxies in the context of decou-
pling modified BH and compared it with the Schwarzschild
BHs. We can see that the decoupling of modified BH param-
eters « and B have a significant effect on the strong gravita-
tional observation.

(a) Strong deflection angle o p . It is observed that for a spe-
cific value of the parameter «, the strong deflection angle «p
due to the decoupling of modified BHs (BH) increases with
the parameter § (as shown in Fig. 3a, c¢). Thus, the presence
of the parameter § greatly intensifies the gravitational bend-
ing effect compared to other BHs such as Schwarzschild BHs
(as depicted in Fig. 3a). This result indicates that the gravita-
tional lensing effect due to the decoupling of modified BHs is
significantly enhanced compared to other astrophysical BHs
like Schwarzschild BHs. Consequently, the decoupling of
modified BHs in the presence of moving fluid and sound
waves can be more easily detected and distinguished from
other astrophysical BHs.

(b) Angular position 0, for the set of images. We have
numerically obtained the angular positions of the relativis-
tic images for three supermassive BHs for the decoupling
modified BH. The results obtained for the supermassive BHs
MS8T*, Sgr A* and NGC4649 are presented in Table 2. As
shown in Table 2, the innermost angular position 6, is depen-
dent on the values of the parameters « and g for decoupling
modified BHs. An increase in the value of « from 0.01 to
0.05 results in a decrease in 6 for BHs M87*, SgrA*,
and NGC4649, while keeping B fixed. Conversely, when
B increases from 0.02 to 0.06, 6, increases for a fixed value
of «. Notably, it is observed that for the lowest value of 8,
the observable quantity 6 reaches its maximum value with
respect to «. Furthermore, under the same mass and distance
conditions for the BH, it is noted that the angular position of
the innermost images, 6., for decoupling modified BHs is
smaller than that for Schwarzschild BHs. This implies a sig-
nificant effect of decoupling modified BHs on strong lensing
observables, particularly the angular position of the inner-
most image 6, enabling the distinction of these images from
those associated with Schwarzschild BHs.
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(c) The angular separation. The angular separation S val-
ues between outermost and innermost relativistic images are
presented for the three supermassive BHs M87*, Sgr A* and
NGC4649 in Table 2. As shown in Table 2, the image sepa-
ration S is dependent on the values of the parameters o and
for decoupling modified BHs. An increase in the value of «
from 0.01 to 0.05 results in a inecrease in O, for BHs M 87*,
SgrA*, and NGC4649, while keeping 8 fixed. Conversely,
when B increases from 0.02 to 0.06, S increases for a fixed
value of «. Notably, it is observed that for the lowest value of
o, the observable quantity S reaches its maximum value with
respect to 8. Furthermore, under the same mass and distance
conditions for the BH, it is noted that the angular image sepa-
ration S, for decoupling modified BHs is greater than that for
Schwarzschild BHs. The difference in separation S from the
Schwarzschild BH is approximately 0.01 pas, which is very
small. This indicates that the outermost images for the decou-
pling modified BH are very close to the innermost images,
making them distinguishable from images associated with
other BHs.

(d) Relative magnification. As depicted in Table 2, the rela-
tive magnification r,,,¢ depends on the values of the parame-
ters « and B for decoupling modified BHs. Increasing o from
0.01 to 0.05 results in a decrease in 7,4 for the supermas-
sive BHs, with $ held constant. Conversely, an increase in
B from 0.02 to 0.06 leads to an increase in ry,e for a fixed
value of «. Notably, for the lowest value of 8, the observ-
able quantity 7,4, reaches its maximum value with respect
to «. Furthermore, it’s observed that the relative magnifi-
cation 7,4 for decoupling modified BHs is smaller than
that for Schwarzschild BHs. This highlights the significant
effect of decoupling modified BHs on strong lensing observ-
ables, particularly the relative magnification 7,4, allowing
for the distinction of these images from those associated with
Schwarzschild BHs. Hence, the presence of decoupling mod-
ified BHs influences the observable relative magnification
Tmag 1n strong lensing, aiding in distinguishing the images
from those associated with Schwarzschild BHs.

(e) The Einstein rings. For the supermassive BHs M87*
and SgrA*, we present the outermost Einstein rings GIE for
various cases: @ = 0,0.02,0.04,0.06,0.08, 0.1 for 8 =
0.02, and 8 = 0, 0.01, 0.03, 0.05, 0.07, 0.0.9 for « = 0.07.
These results are illustrated in Fig. 7. The radius of the outer-
most Einstein ring 6 IE decreases with increasing values of the
decoupling modified BH parameter «, for fixed §, and con-
versely decreases with increasing values of the decoupling
modified BH parameter g, for fixed «. Our results indicate
that the outermost Einstein ring GIE for the decoupling modi-
fied BH is significantly smaller than that for a Schwarzschild
BH. Consequently, a notable effect of the decoupling modi-
fied BH is evident on the strong lensing observable, the angu-
lar position of the images 6, enabling the distinction of these
images from those associated with other Schwarzschild BHs.
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(f) Relativistic time delay. We have estimated the time-
delays AT, ;| between the first and second-order relativistic
images for various supermassive BHs located near the cen-
ters of galaxies, considering decoupling modified BHs with
parameters « = 0.4 and 8 = 0.3, as well as a Schwarzschild
BH with @« = 0 (see Table 3). It is observed that the time
delays for the decoupling modified BH with « = 0.4 and
B = 0.3 (e.g., NGC 7768, 1507.51 minutes) are shorter
than those for the Schwarzschild BH (3582.72 minutes).
Furthermore, the deviation of the time delays for a decou-
pling modified BH, denoted as §AT> 1, from those for the
Schwarzschild BH is illustrated in Fig. 8 for the parame-
ters o and B for the supermassive BHs M87* and Sgr A*.
From Fig. 8, itis observed that the deviation § AT | increases
with the increasing value of the parameter 8 for a specific
fixed value of the parameter . Given that the time delays for
the decoupling modified BH with « = 0.4 and 8 = 0.3 are
shorter than those for the Schwarzschild BH, there is a signif-
icant effect of the decoupling modified BH parameters on the
strong lensing observable time delays between the first and
second relativistic images, § AT3 1, enabling the distinction
of these images from those associated with Schwarzschild
BHs. This suggests that separating the first and second rel-
ativistic images and analyzing their time delay could pro-
vide a promising method to distinguish a decoupling mod-
ified BH from a Schwarzschild BH. Thus the findings in
our observation, it is suggested that the decoupling modified
BH is quantitatively distinguished from other astrophysical
BHs like Schwarzschild BHs.Therefore, future observations
aimed at discerning decoupling modified BHs from other
astrophysical BHs, such as Schwarzschild BHs, hold signif-
icant importance. These observations could provide invalu-
able insights into the unique characteristics and behaviors of
decoupling modified BHs, further enriching our understand-
ing of gravitational lensing phenomena and the fundamental
nature of BHs in the universe.

5 Summary and conclusions

In this paper, we have studied the strong gravitational lensing
phenomena by the decoupling of modified BH in the context
of various supermassive BHs in the center of nearby galaxies.
For this purpose, we apply the methodology introduced by
Bozza [70], which can be used to distinguish between various
types of astrophysical spherically symmetric BHs and also
discuss their various astrophysical consequences via strong
gravitational lensing. Firstly, we calculate the lensing coeffi-
cients @, b, u./Rs. Subsequently, utilizing these coefficients,
we determine the strong deflection angle ap and various
observable quantities-0, S, rmqg, Einstein’s ring and time
delays for several supermassive BHs located at the centers
of nearby galaxies.
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We numerically evaluated the strong lensing observables
quantities for the relativistic images for the three supermas-
sive BHs M87*, Sgr A* and N GC4649 in the context of the
decoupling of modified BHs.

It is obtained that for the case when 8 = 0.02 and
0.01 < <0.05,00 € (17.88, 19.47) pas for M87*, 6 €
(23.81,25.91 pas for SgrAx, 65 € (13.25, 14.43) pas for
NGC 4649; for the case where B = 0.04 and 0.01 <
o < 0.05, 6 € (18.17,19.512) pwas for M8T7*, O €
(24.18,25.971) pas for SgrAx, 05 € (13.46, 14.462) pas
for NGC 4649; and the case where = 0.06 and 0.01 <
a < 0.05, 0 € (18.33,19.54) pas for M8T*, 05 €
(24.39,26.01) pas for SgrA+, 0 € (13.58, 14.482) pas
for NGC 4649.

Another observable quantity, the angular separation S €
(0.026, 0.034)pLas for M87*, S € (0.034,0.045) pas for
SgrA*, S € (0.0193,0.025) pas for NGC 4649 for the
case when 8 = 0.02 and 0.01 < o < 0.05; S €
(0.025,0.032)pas for M87*, S € (0.034,0.042) pas for
SgrA*, § € (0.019,0.0234) juas for NGC 4649 for the
case when 8 = 0.04 and 0.01 < o < 0.05; and § €
(0.0256, 0.0304)pas for M87*, S € (0.034, 0.040431) pas
for SgrA*, S € (0.019,0.023) pas for NGC 4649 for
the case whenf = 0.06 and 0.01 < o < 0.05. In
other observable quantities, the relative magnification of
the relativistic images 7,,4¢ is decreasing with the param-
eter o for the fixed value of B(= 0.02,0.04,0.06); and
is increasing with the parameter B for the fixed value of
a(=0.01, 0.02, 0.03, 0.04, 0.05);and for 0.01 < o < 0.05,
Fmag € (6.42,6.75), rpqg € (6.505,6.769) and 1,4, €
(6.55, 6.78) order of magnitude respectively for the cases of
B =0.02, 8 =0.04 and g = 0.06. By taking the supermas-
sive BHs SgrA* and M87*, the outermost Einstein ring OlE
with the different value of decoupling modified BH parame-
ters o and B are depicted in Fig.7. It has been observed that
for the fixed value of the parameter, 8 the radius of the out-
ermost Einstein ring 01E decreases with the parameter o and
also for the fixed value of the parameter « the radius of the
outermost Einstein ring QIE decreases with the parameter S.
The angular radius GIE of the outermost Einstein ring in the
context of decoupling modified BH is smaller than the cor-
responding case of the standard Schwarzschild BH o = 0.
We have also obtained the time-delays AT | between first
and second-order relativistic images for various supermas-
sive BHs in the context of standard Schwarzschild (¢ = 0)
and decoupling modified BH (¢ = 0.4, 8 = 0.3) BH. It is
observed that the time delay AT ; for the case of decou-
pling modified BH (o« = 0.4, 8 = 0.3) BH (e.g.~ 202.502
min for NGC 7457) significantly smaller than the case stan-
dard Schwarzschild (« = 0) BH. The findings in our strong
gravitational lensing observations suggest that decoupling
modified BH is distinguishable from the other astrophysical
BHs, such as standard Schwarzschild (@« = 0) BH.
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