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Abstract For the vanishing deformation parameter λ, the
full structure of the (anti)commutator relations in the N = 4
supersymmetric linear W∞[λ = 0] algebra is obtained for
arbitrary weights h1 and h2 of the currents appearing on the
left hand sides in these (anti)commutators. Thew1+∞ algebra
can be seen from this by taking the vanishing limit of other
deformation parameter q with the proper contractions of the
currents. For the nonzero λ, the complete structure of the
N = 4 supersymmetric linear W∞[λ] algebra is determined
for the arbitrary weight h1 together with the constraint h1 −
3 ≤ h2 ≤ h1 + 1. The additional structures on the right
hand sides in the (anti)commutators, compared to the above
λ = 0 case, arise for the arbitrary weights h1 and h2 where
the weight h2 is outside of above region.
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7
2

and Q̄λ,B̂=1
7
2

. .

C.3.2 The OPE between Qλ, Â=1
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1 Introduction and outlook

In the description of [1,2], the conformal weights of the free
bosonic and fermionic operators in the two dimensional con-
formal field theory do depend on the deformation param-
eter λ. See also the relevant work [3] for the role of this
λ in the similar two dimensional model. The bosonic and
fermionic currents made from the above free fields quadrat-
ically by including the multiple derivatives have integer or
half integer weights. The algebra from these currents has
the λ dependent structure constants on the right hand sides
of the (anti)commutator relations because the relative coeffi-
cients between the free fields in the expression of the currents
reveal the λ dependence in nontrivial way. By construction in
[1,2], it is a new feature, compared to the previous construc-
tion by using free fields (for example, [4–6]), that there exist
the bosonic current of weight-1 and the fermionic current of
weight- 1

2 . The multiple number of free bosonic and fermionic
operators can be introduced. Then it is straightforward to
write down the corresponding algebra because the defining
operator product expansions(OPEs) between these multiple
free fields satisfy independently. See also the relevant work
in [7] without a deformation parameter we mentioned above.

The structure of the N = 2 supersymmetric linear
WK ,K∞ [λ] algebra where K is the number of complex bosons
or the number of complex fermions is found in [8]. The struc-
ture constants for vanishing deformation parameter are gen-
eralized to the ones for nonzero λ. However, it turns out that
there are some constraints in the weights for the currents on
the left hand sides of the algebra according to the result of
this paper. Of course, when we go from the algebra (i) at
λ = 0 to the algebra (ii) at λ �= 0, once the correspond-
ing structure constants in the latter which lead to the ones in
the former when we take λ → 0 are determined, then defi-
nitely we expect to have the generalized structure constants
for nonzero λ in the algebra ii) via above transition. This is
the simplest deformed algebra.
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On the other hand, suppose that there are some “addi-
tional” structure constants having the factor λ in the (new
or known) currents appearing in the latter algebra (ii). Then
after we take the above λ → 0 limit in this algebra (ii),
we still have the same former algebra (i) at λ = 0 because
these “additional” terms vanish in this limit. This is another
deformed algebra. Therefore, it is nontrivial to determine the
“additional” current terms having the λ factor explicitly for
general h1 and h2. They can appear as either the new cur-
rents with the coefficients having the λ factor or previously
known currents with the structure constants having the λ fac-
tor explicitly.

Recently [9], by considering the particular number K =
2 of free fields above, the N = 4 supersymmetric linear
W∞[λ] algebra is studied. For low weights, the explicit OPEs
between the currents ofN = 4 multiplet are obtained. All the
structure constants appearing on the right hand sides of these
OPEs are given in terms of the above deformation parameter
λ explicitly but the general behavior of those on the weights
is not known.

In this paper, we continue to study the structure of the
N = 4 supersymmetric linear W∞[λ] algebra found in [9].
We try to determine the N = 4 multiplet for any weight h in
terms of above free field operators. The corresponding five
components are determined explicitly for arbitrary weight h.
After the explicit form of theN = 4 multiplet is obtained, we
perform their OPEs by using the defining OPEs between the
free fields. In doing this, we should use the previous results
in [8] for the OPEs between the nonsinglet currents, as an
intermediate step. We will observe the appearance of the
extra structures (described before) on the right hand sides
of the (anti)commutators for the particular weights h1 and
h2. Eventually we will determine the (anti)commutator rela-
tions between the currents of the N = 4 multiplet, as in the
abstract. In the various footnotes, we emphasize that the extra
structures on the right hand sides of the (anti)commutators
arise for the specific h1 and h2.

In Sect. 2, we construct the N = 4 multiplet in terms
of free fields for general weight h. In Sect. 3, the explicit
(anti)commutator relations between the nonsinglet currents
for the weights h1 and h2 satisfying some constraints are
obtained. In Sect. 4, the fundamental commutator relations
between the N = 4 multiplets of SO(4) singlets or nonsin-
glets are determined. In Appendices, the details appearing in
Sects. 3 and 4 are described. In particular, the remaining ten
(anti)commutators for the N = 4 multiplet are given here.
We are using the Thielemans package [10] with a mathemat-
ica [11].

We summarize what we have obtained as follows. At the
vanishing deformation parameter λ = 0, the complete struc-
ture of theN = 4 supersymmetric linear W∞[λ = 0] algebra
is given by (4.4), (4.6), (4.8), (4.9) and (4.10) in addition to
Appendices (G.1), (G.2), (G.3), (G.5), (G.6), (G.9), (G.10),

(G.11), (G.13) and (G.14) where all the λ dependence appear-
ing on the right hand sides is gone by putting λ = 0. Com-
pared to the previous work in [12], due to the presence of the
weights 1 and 1

2 currents mentioned before, in general, they
do appear on the right hand sides of above (anti)commutators
at λ = 0. However, in the most of the examples, the structure
constants appearing in these currents are vanishing at λ = 0.
See also the footnotes in Sects. 3 and 4. It is an open prob-
lem whether the present algebra at λ = 0 can be reduced
to the one of [12] by decoupling the above weights 1 and
1
2 currents. For nonzero λ, still the above (anti)commutator
relations between the currents can be used for the weights
h1 and h2 satisfying some constraints. From the analysis in
the footnotes of Sect. 4, this algebra at nonzero λ is differ-
ent from the one in [13]. In other words, they have common
algebra at λ = 0 (their structure constants are the same) and
for nonzero λ, one deformed algebra is given by [13] and
another one is the algebra obtained in this paper.

Then what happens for the generic weights h1 and h2?
First of all, the N = 4 supersymmetric linear W∞[λ] alge-
bra is linear in the sense that the right hand sides of the OPEs
between the currents contain all the possible current terms
which are linear. Furthermore, the N = 4 multiplet is given
by (2.7), (2.8), (2.9), (2.10) and (2.11). Then we can per-
form any OPE inside the Thielemans package [10] using the
explicit forms of the N = 4 multiplet. Of course, from the
beginning we should fix the weights h1 and h2 within the
package. Then the possible poles are given by the highest
singular term which is (h1 + h2)th order pole, the next sin-
gular term which is (h1 + h2 − 1)th order pole, and so on
until the first order pole. Then the next step is to rewrite all
the singular terms in terms of the components of the N = 4
multiplet of SO(4) nonsinglets or singlets. This is straight-
forward because the possible current terms at the particular
singular term are known. The weight h is fixed and the pos-
sible currents can be determined. They consist of the current
having that weight h, the current having the weight (h − 1)

with one derivative, . . ., and the current having the weight 1
with (h − 1) derivative. See also Appendix C for the specific
examples.

Now we introduce the arbitrary coefficients on these pos-
sible current terms and solve the linear equations for these
unknown coefficients by requiring that the algebra is closed
in the sense that the right hand side of the OPE contains the
components of N = 4 multiplet. It will turn out that they can
be determined explicitly in terms of the deformation param-
eter λ. The point is, according to the result of this paper, that
there exists a critical singular term where the possible current
of weight hc is allowed. If h ≤ hc, then we expect to have
the additional structures (either the presence of new currents
or the different λ dependent structure constants in the pre-
viously known currents) on the right hand side of the OPE.
In this case, although the structure constants are known in
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terms of the λ for fixed h1 and h2, their explicit expressions
for generic h1 and h2 are not known so far. On the other hand,
if h ≥ hc, then still we can use the previous (anti)commutator
relations described in the previous paragraph, for nonzero λ

without any modifications. In this case, all the structure con-
stants are known and they are given by those in Appendix
A.

Let us list some future directions along the line of the
present paper.

• The N = 4 superspace OPE.
Although we have found 15 (anti)commutator relations

explicitly, it is nice to observe its N = 4 superspace descrip-
tion. In order to perform theN = 4 superspace approach, we
need to rewrite the above fundamental OPEs in (4.4), (4.6),
(4.8), (4.9) and (4.10) such that the second element with the
coordinate w on the left hand side of the OPE should be the
lowest component of the N = 4 multiplet. That is, they
are given by

[
(�

(h1)
0 )m, (�

(h2)
0 )n

]
,

[
(�

(h1),i
1
2

)r , (�
(h2)
0 )n

]
,

[
(�

(h1),i j
1 )m, (�

(h2)
0 )n

]
,
[
(�

(h1),i
3
2

)r , (�
(h2)
0 )n

]
, and

[
(�

(h1)
2 )m,

(�
(h2)
0 )n

]
in the commutators. After these are obtained, then

it is straightforward to express them in the N = 4 super-
space. For consistency check, it is obvious to extract the
remaining 10 (anti)commutator relations (or its correspond-
ing OPEs) from the above N = 4 superspace description.
In other words, we do not have to calculate the remaining
(anti)commutators separately and this is the power of N = 4
supersymmetry.

• The complete structure constants for any h1 and h2 for
nonzero λ.

One way to determine these is that it is better to consider
the modes of the currents in terms of those in the free fields.
By simplifying the (anti)commutator relations in terms of the
modes of the free fields, we can express them in terms of sev-
eral (anti)commutator relations according to the decomposi-
tion of the (anti)commutator in quantum mechanics. Then
we can use the corresponding (anti)commutator relations for
(2.1). We can try to obtain the general structure by fixing the
weights h1 and h2. It is rather nontrivial to determine the
structure constants for generic h1 and h2 by varying them.

• Realization of the present algebra in the celestial con-
formal field theory.

At the vanishing deformation parameterλ = 0, the algebra
is known completely. In other words, the structure constants
are given in Appendix A by inserting the λ = 0. We are left
with another deformation parameter q. As described before,
we realize that the w1+∞ algebra can be obtained from the
SO(4) singlet currents via proper contractions of the currents
with vanishing q limit at λ = 0. It would be interesting to
observe whether there exists any realization of the present
algebra in the celestial conformal field theory, along the line
of [14–20], or not.

2 The N = 4 multiplet

The N = 4 multiplet for any weight h is described by using
the free bosonic and fermionic fields.

2.1 Review

The β γ and b c systems satisfy the following operator prod-
uct expansions

γ i,ā(z) β j̄,b(w) = 1

(z − w)
δi j̄ δāb + · · · ,

ci,ā(z) b j̄,b(w) = 1

(z − w)
δi j̄ δāb + · · · . (2.1)

The fundamental indices a, b of SU (2) run over a, b = 1, 2
while the antifundamental indices ā, b̄ of SU (2) run over
ā, b̄ = 1, 2. Similarly the fundamental indices i, j of SU (N )

run over i, j = 1, 2, . . . , N and the antifundamental indices
ī, j̄ of SU (N ) run over ī, j̄ = 1, 2, . . . , N . The (β, γ ) fields
are bosonic operators and the (b, c) fields are fermionic oper-
ators.

Then the SU (N ) singlet currents (the generalization of
[1,2]) can be obtained by taking the bilinears of above free
fields with a summation over the (anti)fundamental indices
of SU (N ) as follows:

V (h)+
λ,āb =

h−1∑

i=0

ai (h, λ) ∂h−1−i ((∂ i β l̄b) δll̄ γ
lā)

+
h−1∑

i=0

ai
(
h, λ + 1

2

)
∂h−1−i ((∂ i bl̄b) δll̄ c

lā) ,

V (h)−
λ,āb = − (h − 1 + 2λ)

(2h − 1)

h−1∑

i=0

ai (h, λ) ∂h−1−i ((∂ i β l̄b) δll̄ γ
lā)

+ (h − 2λ)

(2h − 1)

h−1∑

i=0

ai
(
h, λ + 1

2

)
∂h−1−i ((∂ i bl̄b) δll̄ c

lā),

Q(h)+
λ,āb =

h−1∑

i=0

αi (h, λ) ∂h−1−i ((∂ i β l̄b) δll̄ c
lā)

−
h−2∑

i=0

β i (h, λ) ∂h−2−i ((∂ i bl̄b) δll̄ γ
lā),

Q(h)−
λ,āb =

h−1∑

i=0

αi (h, λ) ∂h−1−i ((∂ i β l̄b) δll̄ c
lā)

+
h−2∑

i=0

β i (h, λ) ∂h−2−i ((∂ i bl̄b) δll̄ γ
lā) . (2.2)

Note that the weights of these currents are given by h, h,
(h − 1

2 ) and (h − 1
2 ) respectively. The conformal weights of

(β, γ ) fields are given by (λ, 1−λ) while conformal weights
of (b, c) fields are given by ( 1

2 +λ, 1
2 −λ). The above weights

for the currents do not depend on the deformation parameter
λ due to the particular combinations of the free fields. By
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counting the number of (anti)fundamental indices, there exist
four components labeled by (āb) = (11, 12, 21, 22) in each
current.

The relative coefficients appearing in (2.2) depend on the
conformal weight h and deformation parameter λ explicitly
and they are given by the binomial coefficients and the rising
Pochhammer symbols where (a)n ≡ a(a+1) · · · (a+n−1)

as follows [1,2]:

ai (h, λ) ≡
(
h − 1
i

)

× (−2λ − h + 2)h−1−i

(h + i)h−1−i
, 0 ≤ i ≤ (h − 1),

αi (h, λ) ≡
(
h − 1
i

)

× (−2λ − h + 2)h−1−i

(h + i − 1)h−1−i
, 0 ≤ i ≤ (h − 1),

β i (h, λ) ≡
(
h − 2
i

)

× (−2λ − h + 2)h−2−i

(h + i)h−2−i
, 0 ≤ i ≤ (h − 2).

(2.3)

Let us consider the following currents consisting of (b, c)
fields, (β, γ ) fields, (γ, b) fields and (β, c) fields respectively
by taking the linear combinations of (2.2) with the help of
(2.3)

W λ,āb
F,h (b, c) = 2h−3(h − 1)!

(2h − 3)!!
(−1)h

∑h−1
i=0 ai (h, 1

2 )

×
[
(h − 1 + 2λ)

(2h − 1)
V (h)+

λ,āb + V (h)−
λ,āb

]
,

W λ,āb
B,h (β, γ ) = 2h−3 h!

(2h − 3)!!
(−1)h

∑h−1
i=0 ai (h, 0)

×
[
(h − 2λ)

(2h − 1)
V (h)+

λ,āb − V (h)−
λ,āb

]
,

Qλ,āb
h+ 1

2
(γ, b) = 1

2

2h− 1
2 h!

(2h − 1)!!
(−1)h+1 h

∑h−1
i=0 β i (h + 1, 0)

×
[
Q(h+1)−

λ,āb − Q(h+1)+
λ,āb

]
,

Q̄λ,bā
h+ 1

2
(β, c) = 1

2

2h− 1
2 h!

(2h − 1)!!
(−1)h+1

∑h
i=0 αi (h + 1, 0)

×
[
Q(h+1)−

λ,āb + Q(h+1)+
λ,āb

]
. (2.4)

The overall coefficients do not depend on the deformation
parameter λ. Then we have eight bosonic currents for the
weight h = 1, 2, . . . and eight fermionic currents for the
weight h + 1

2 = 3
2 , 5

2 , . . . as well as four fermionic currents

Q̄λ,bā
1
2

of the weight 1
2 in (2.4). Note that four fermionic cur-

rents Qλ,āb
1
2

of the weight 1
2 are identically zero.

The stress energy tensor of weight 2 is given by

L =
(
W λ,āa

B,2 + W λ,āa
F,2

)
, (2.5)

which can be written as V (2)+
λ,āa . The corresponding central

charge is

ccen = 6 N (1 − 4λ), (2.6)

which depends on the deformation parameter λ explic-
itly. The above bosonic and fermionic currents in (2.4) are
quasiprimary operators under the stress energy tensor (2.5)
by using the defining OPEs in (2.1). The central charge (2.6)
becomes ccen = 6N at λ = 0.

2.2 The N = 4 multiplet

2.2.1 The lowest component

It is known, in [9], that the lowest components �
(h)
0 for the

weights h = 1, 2, 3 and 4 have their explicit λ dependences
(h−2λ) and (h−1+2λ) in their relative coefficients. Then the
question is how we determine these relative coefficients for
arbitrary weight h. We realize that there exists an additional
overall factor −4 from the weight h to the weight (h + 1) in
(2.4). Moreover, the denominator of the overall factor can be
extracted easily and is given by 1

(2h+1)
in terms of the weight

h. We expect to have the factor (−4)h from the above anal-
ysis. The other numerical (h independent) factor can appear
in general. This can be fixed only after we calculate the OPE
between this lowest component and itself and obtain the cen-
tral term. We will compute this central term later. For the
time being we simply write down the following form

�
(h)
0 = (−4)h−2

(2h − 1)

[
− (h − 2λ)W λ,āa

F,h +(h−1+2λ)W λ,āa
B,h

]
.

(2.7)

For the weights h = 1, 2, 3, 4, we can observe that the cor-
responding numerical values appearing in the relative coeffi-
cients of (2.7) can be seen from the ones in [9]. The normal-
ization in (2.7) is different from the one in [9] where there
appear the additional numerical factors 16, 8, 12, 24 for the
weights h = 1, 2, 3, 4 respectively. At the moment, it is not
easy to figure out the exact h dependence from these values.
In other words, we take the h dependence as in (2.7) together
with the additional numerical factor (−4)−2. As explained
before, the overall factor in (2.7) can be determined by the
normalization of the highest order singular term in the OPE
between the �

(h)
0 and itself.
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2.2.2 The second components

From the observation of [9] for the weights h = 1, 2, 3, 4, the
second components contain the various fermionic currents
and their relative coefficients are common for any weights
h = 1, 2, 3, 4. This implies that it is natural to take these
relative coefficients for any h and the question is how we
obtain the overall numerical factor. By taking the normal-
ization of (2.7) we can extract the overall factors for the
weights h = 1, 2, 3, 4 and they are given by − 1

16 ×1 = − 1
16 ,

− 1
8 × (−2) = 1

4 , − 1
12 ×12 = −1 and − 1

24 ×96 = 4 respec-
tively. We can easily see that there exists (−4)h dependence
when we increase the weight by 1. Therefore, the general
expression for the weight h is given by 4(−4)h−4 which cov-
ers the above numerical values for the weights h = 1, 2, 3, 4.
Then we can write down the corresponding second compo-
nents as follows:

�
(h),1
1
2

= 4 (−4)h−4
[

1

2

(
Qλ,11

h+ 1
2

+ i
√

2 Qλ,12
h+ 1

2

+2i
√

2 Qλ,21
h+ 1

2
− 2 Qλ,22

h+ 1
2

+ 2 Q̄λ,11
h+ 1

2

+2i
√

2 Q̄λ,12
h+ 1

2
+i

√
2 Q̄λ,21

h+ 1
2
−Q̄λ,22

h+ 1
2

) ]
,

�
(h),2
1
2

= 4 (−4)h−4
[

− i

2

(
Qλ,11

h+ 1
2

+ 2i
√

2 Qλ,21
h+ 1

2

−2 Qλ,22
3
2

+ 2 Q̄λ,11
h+ 1

2
+ 2i

√
2 Q̄λ,12

h+ 1
2

− Q̄λ,22
h+ 1

2

) ]
,

�
(h),3
1
2

= 4 (−4)h−4
[

− i

2

(
Qλ,11

h+ 1
2

+ i
√

2 Qλ,12
h+ 1

2

−2 Qλ,22
h+ 1

2
+ 2 Q̄λ,11

h+ 1
2

+ i
√

2 Q̄λ,21
h+ 1

2
− Q̄λ,22

h+ 1
2

) ]
,

�
(h),4
1
2

= 4 (−4)h−4
[

− 1

2
Qλ,11

h+ 1
2

− Qλ,22
h+ 1

2
+ Q̄λ,11

h+ 1
2

+1

2
Q̄λ,22

h+ 1
2

]
. (2.8)

Or we can calculate the OPEs between the supersymme-
try generators and the lowest component and read off the
first order pole which will provide the second components
in (2.8). We will calculate the central terms coming from the
highest order pole between the second components and itself
later. As described before, once we fix this central term, then
the overall factor in (2.8) where we use the normalization in
(2.7) can be determined.

2.2.3 The third components

The third components contain the various bosonic currents
and their relative coefficients are equal to each other for any
weights h = 1, 2, 3, 4 in the analysis of [9]. Then we obtain

the following results by replacing them with the correspond-
ing expressions for arbitrary weight h with the above overall
factors in previous section

�
(h),12
1 = 4 (−4)h−4

[
2i W λ,11

B,h+1 − √
2 W λ,12

B,h+1 − 2i W λ,22
B,h+1

+2i W λ,11
F,h+1 − 2

√
2 W λ,12

F,h+1 − 2i W λ,22
F,h+1

]
,

�
(h),13
1 = 4 (−4)h−4

[
−2i W λ,11

B,h+1+4
√

2 W λ,21
B,h+1 + 2i W λ,22

B,h+1

−2i W λ,11
F,h+1 + 2

√
2 W λ,21

F,h+1 + 2i W λ,22
F+h+1

]
,

�
(h),14
1 = 4 (−4)h−4

[
2 W λ,11

B,h+1 + i
√

2 W λ,12
B,h+1

+4i
√

2 W λ,21
B,h+1 − 2 W λ,22

B,h+1 − 2 W λ,11
F,h+1

−2i
√

2 W λ,12
F,h+1−2i

√
2 W λ,21

F,h+1+2 W λ,22
F,h+1

]
,

�
(h),23
1 = 4 (−4)h−4

[
− 2 W λ,11

B,h+1 − i
√

2 W λ,12
B,h+1

−4i
√

2 W λ,21
B,h+1 + 2 W λ,22

B,h+1 − 2 W λ,11
F,h+1

−2i
√

2 W λ,12
F,h+1−2i

√
2 W λ,21

F,h+1+2 W λ,22
F,h+1

]
,

�
(h),24
1 = 4 (−4)h−4

[
− 2i W λ,11

B,h+1 + 4
√

2 W λ,21
B,h+1 + 2i W λ,22

B,h+1

+2i W λ,11
F,h+1 − 2

√
2 W λ,21

F,h+1 − 2i W λ,22
F,h+1

]
,

�
(h),34
1 = 4 (−4)h−4

[
−2i W λ,11

B,h+1+
√

2 W λ,12
B,h+1+2i W λ,22

B,h+1

+2i W λ,11
F,h+1 − 2

√
2 W λ,12

F,h+1 − 2i W λ,22
F,h+1

]
. (2.9)

In principle, the OPEs between the supersymmetry gen-
erators of N = 4 superconformal algebra and the second
components and the first order pole will provide the third
components in (2.9). The central terms coming from the
highest order pole between the third components and itself
will be determined later. Note that we can express the linear
combination of W λ,āb

B,h+1 and another linear combination of

W λ,āb
F,h+1 in terms of �

(h),i j
1 and 1

2 εi jkl �
(h),kl
1 . For example,

the �
(h),12
1 and the �

(h),34
1 look similar to each other in the

sense that the field contents are the same and half of them
have opposite signs. By adding or subtracting these two rela-
tions, the two independent field contents can be written in
terms of the third components of N = 4 multiplet as above.

2.2.4 The fourth components

The fourth components contain the various fermionic cur-
rents and their relative coefficients are equal to each other for
any weights h = 1, 2, 3, 4 in the analysis of [9]. By replac-
ing them with the corresponding expressions for arbitrary
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weight h with the above overall factors in previous section
we determine the following results as follows:

�̃
(h),1
3
2

≡ �
(h),1
3
2

− 1

(2h + 1)
(1 − 4λ) ∂ �

(h),1
1
2

= 4 (−4)h−4
[

− 1

2

(
Qλ,11

h+ 3
2

+ i
√

2 Qλ,12
h+ 3

2

+2i
√

2 Qλ,21
h+ 3

2
− 2 Qλ,22

h+ 3
2

− 2 Q̄λ,11
h+ 3

2

−2i
√

2 Q̄λ,12
h+ 3

2
− i

√
2 Q̄λ,21

h+ 3
2

+ Q̄λ,22
h+ 3

2

) ]
,

�̃
(h),2
3
2

≡ �
(h),2
3
2

− 1

(2h + 1)
(1 − 4λ) ∂ �

(h),2
1
2

= 4 (−4)h−4
[
i

2

(
Qλ,11

h+ 3
2

+ 2i
√

2 Qλ,21
h+ 3

2
− 2 Qλ,22

h+ 3
2

−2 Q̄λ,11
h+ 3

2
− 2i

√
2 Q̄λ,12

h+ 3
2

+ Q̄λ,22
h+ 3

2

) ]
,

�̃
(h),3
3
2

≡ �
(h),3
3
2

− 1

(2h + 1)
(1 − 4λ) ∂ �

(h),3
1
2

= 4 (−4)h−4
[
i

2

(
Qλ,11

h+ 3
2

+ i
√

2 Qλ,12
h+ 3

2
− 2 Qλ,22

h+ 3
2

−2 Q̄λ,11
h+ 3

2
− i

√
2 Q̄λ,21

h+ 3
2

+ Q̄λ,22
h+ 3

2

) ]
,

�̃
(h),4
3
2

≡ �
(h),4
3
2

− 1

(2h + 1)
(1 − 4λ) ∂ �

(h),4
1
2

= 4 (−4)h−4
[

1

2

(
Qλ,11

h+ 3
2
+2 Qλ,22

h+ 3
2
+2 Q̄λ,11

h+ 3
2
+Q̄λ,22

h+ 3
2

) ]
.

(2.10)

Compared to the �
(h),i
3
2

which belongs to the components

of the N = 4 multiplet, the �̃
(h),i
3
2

in (2.10) are quasiprimary

fields under the stress energy tensor (2.5). The �
(h),i
3
2

and the

�
(h+1),i
1
2

by considering that the weight h in (2.8) is replaced

with the weight (h+1) look similar to each other in the sense
that the field contents are the same and half of them have
opposite signs. By adding or subtracting these two relations
as before, the two independent field contents can be written
in terms of the second components of the (h + 1)th N = 4
multiplet and the fourth components of the h-th N = 4 mul-
tiplet. We expect that the OPEs between the supersymmetry
generators of N = 4 superconformal algebra and the third
components will provide the fourth components in (2.10).

2.2.5 The last component

Finally we describe the last component for arbitrary weight
h as follows:

�̃
(h)
2 ≡ �

(h)
2 − 1

(2h + 1)
(1 − 4λ) ∂2 �

(h)
0

= 4 (−4)h−4
[

− 2
(
W λ,āa

B,h+2 + W λ,āa
F,h+2

)]
. (2.11)

Under the stress energy tensor (2.5), this is a quasiprimary
operator. The OPEs between the supersymmetry generators
ofN = 4 superconformal algebra and the fourth components
will provide the last component in (2.11). By replacing h with
(h+2) in (2.7), we can express W λ,āa

B,h+2 and W λ,āa
F,h+2 in terms

of �
(h+2)
0 and �̃

(h)
2 by simple linear combinations as before.

Therefore, the N = 4 multiplet is summarized by (2.7),
(2.8), (2.9), (2.10) and (2.11) together with (2.2), (2.3) and
(2.4). Their algebra will be obtained explicitly by using the
defining relations in (2.1).

3 The N = 4 supersymmetric linear W2,2∞ algebra
between the adjoints and the bifundamentals under
the U(2) × U(2) symmetry

In order to obtain the algebra between (2.7), (2.8), (2.9),
(2.10) and (2.11), it is necessary to determine the alge-
bra between the currents in (2.4). In the footnotes, we
present some examples where there are extra structures
(described in the introduction) on the right hand sides of the
(anti)commutator relations for the specific weights h1 and
h2.

3.1 The (anti)commutator relations between the nonsinglet
currents

Let us consider the algebra between the currents consisting
of (b, c) fields in (2.4). By multiplying the Pauli matrix of
SU (2) with the additional factor 1

2 properly and summing
over the indices ā and b as in [9], we can construct the three
fundamentals of SU (2). By multiplying the Kronecker delta
(or 2×2 identity matrix) with the contractions of the indices,
we obtain the singlet of SU (2). First of all, in SU (2), there

is no symmetric d ÂB̂Ĉ symbols.

3.1.1 The commutator relation with h1 = h2, h2 ± 1 for
nonzero λ

Then we can associate (W λ,12
F,h +W λ,21

F,h ), i (W λ,12
F,h −W λ,21

F,h )

and (W λ,11
F,h −W λ,22

F,h ) with the triplets W λ, Â=1
F,h , W λ, Â=2

F,h , and

W λ, Â=3
F,h of SU (2) respectively. Moreover, the (W λ,11

F,h +
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W λ,22
F,h ) = W λ,āa

F,h plays the role of the singlet W λ, Â=0
F,h ≡

W λ
F,h of SU (2). One of the commutator relations in [9] can

be written as the following commutator relation1

[
(W λ, Â

F,h1
)m, (W λ,B̂

F,h2
)n

]

= −
h1+h2−3∑

h=−1, odd
qh ph1,h2,h

F (m, n, λ)

×i f Â B̂Ĉ (W λ,Ĉ
F,h1+h2−2−h)m+n

+
(
m + h1 − 1
h1 + h2 − 1

)
cF (h1, h2, λ) δ Â B̂ qh1+h2−4 δm+n

+
h1+h2−3∑

h=0,even

qh ph1,h2,h
F (m, n, λ)

×δ Â B̂ (W λ
F,h1+h2−2−h)m+n . (3.1)

The structure constant is given by (A.4).
Let us calculate the central term in (3.1) explicitly. One of

the reasons why we are doing this is that we have not seen any
literatures which provides all the details in the calculation and
it is useful to observe the general structure of the computation
of any OPEs including the free fields. In order to calculate
the highest singular term in the OPE V (h1)+

λ,āb (z) V (h2)+
λ,c̄d (w),

we need to calculate the central term in the OPE between
V (h1)+

λ,āb (z) and δll̄ γ
lc̄ ∂ i β l̄d(w) coming from V (h2)+

λ,c̄d (w). It
is known that the following OPE satisfies

V (h1)+
λ,āb (z) γ j c̄(x) = δbc̄

h1−1∑

j=0

a j (h1, λ) (−1)h1 j !

×
j+1∑

t=0

( j + 1 − t)h1−1− j
1

t !
1

(z − x)h1−t
∂ t γ lā(x) + · · · .

(3.2)

The next step is to calculate the OPE between ∂ tx γ lā(x)

appearing in the last factor in (3.2) and ∂ iw β l̄d(w). We have
the defining OPE relation in (2.1). The multiple derivative

1 We can calculate the OPE between W λ, Â=1
F,h1=6(z) and W λ,B̂=1

F,h2=4(w)

where h1 = h2 +2 and read off the ninth order pole which has the struc-
ture constant 131072

5 (λ − 1)λ(λ + 1)(2λ − 3)(2λ − 1)(2λ + 1)(2λ + 3)

appearing in the current W λ
F,h1+h2−2−h=1(w). In this case, the weight

h is given by odd number h = 7. We do not see this term from the
commutator (3.1) because the even h appears in the last term of (3.1).
This implies that if the weights h1 and h2 do not satisfy the above con-
straint (h1 = h2 or h1 = h2 ± 1) for nonzero λ, then we cannot use
the formula in (3.1) fully and there appear the extra terms on the right
hand sides of the corresponding OPE. Because the above extra factor
contains λ, there will be no problem for vanishing λ when we use (3.1).
It would be interesting to obtain the above commutator for generic h1
and h2. It seems that there is a critical singular term in the sense that
we still have the structure of (3.1) for the poles less than this critical
singular term. Of course, for the poles greater than the critical singular
term there exist other extra terms in general.

with respect to x acting on 1
(x−w)

can be obtained explicitly
and the similar multiple derivative with respect to w acting on

1
(x−w)

can be rewritten as the corresponding multiple deriva-

tive with respect to x acting on 1
(x−w)

with the number of
minus signs. Then we obtain the following result

∂ tx γ lā(x) ∂ iw β l̄d(w) = 1

(x − w)t+i+1 (−1)t (t+i)! δll̄ δdā

+ · · · . (3.3)

Now we expand 1
(z−x)h1−t appearing in the second factor from

the last in (3.2) around x = w by using the Taylor expansion.
Then we obtain that the coefficient of (x − w)t+i+1 in the

1
(z−x)h1+i+1 evaluated at x = w is given by 1

(t+i+1)! (h1 −
t)t+i+1. We are left, by collecting the contributions from
(3.2) and (3.3), with

[
δbc̄

h1−1∑

j=0

a j (h1, λ) (−1)h1 j !
j+1∑

t=0

( j + 1 − t)h1−1− j
1

t !
]

×
[
(−1)t (t + i)! δll̄ δdā

]

×
[

1

(t + i + 1)! (h1 − t)t+i+1

]
, (3.4)

in the 1
(z−w)h1+i+1 term. After acting the derivative ∂

h2−1−i
w

from the remaining factor in the first part of V (h2)+
λ,c̄d (w) on the

1
(z−w)h1+i+1 term, we obtain (h1+i+1)h2−1−i . By combining
with (3.4), the final contribution from the central terms in the
OPE between V (h1)+

λ,āb (z) and the first part of V (h2)+
λ,c̄d (w) can

be written as

N δbc̄ δdā

h1−1∑

j=0

h2−1∑

i=0

j+1∑

t=0

a j (h1, λ) ai (h2, λ)

× j ! (t + i)!
t ! (t + i + 1)! (−1)h1+t ( j + 1 − t)h1−1− j

×(h1 − t)t+1+i (h1 + 1 + i)h2−1−i . (3.5)

We can do the similar calculation for the contribution from
the second part of V (h2)+

λ,c̄d (w). In this case, we should use the
following intermediate result in [9]

V (h1)+
λ,āb (z) c j c̄(x) = δbc̄

h1−1∑

j=0

a j
(
h1, λ + 1

2

)
(−1)h1 j !

×
j+1∑

t=0

( j + 1 − t)h1−1− j

× 1

t !
1

(z − x)h1−t
∂ t clc̄(w) + · · · .

(3.6)

By starting with (3.6) and following the procedures in
(3.3), (3.4) and (3.5) we have described above, we obtain the
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following contribution

−N δbc̄ δdā

h1−1∑

j=0

h2−1∑

i=0

j+1∑

t=0

a j
(
h1, λ+1

2

)
ai

(
h2, λ+1

2

)

× j ! (t + i)!
t ! (t + i + 1)! (−1)h1+t ( j + 1 − t)h1−1− j

×(h1 − t)t+1+i (h1 + 1 + i)h2−1−i . (3.7)

Therefore, we obtain the final central term, by adding (3.5)
and (3.7), as follows:

V (h1)+
λ,āb (z) V (h2)+

λ,c̄d (w)

∣
∣∣∣

1
(z−w)h1+h2

= N δbc̄ δdā

h1−1∑

j=0

h2−1∑

i=0

j+1∑

t=0

×
(
a j (h1, λ) ai (h2, λ) − a j

(
h1, λ + 1

2

)
ai

(
h2, λ + 1

2

))

× j ! (t + i)!
t ! (t + i + 1)! (−1)h1+t ( j + 1 − t)h1−1− j

×(h1 − t)t+1+i (h1 + 1 + i)h2−1−i . (3.8)

Due to the behavior of two Kronecker deltas, the central term
is nonzero only for the case where the second index of the
first operator should equal to the first index of the second
operator and the first index of the first operator should equal
to the second index of the second operator on the left hand
side. In Appendix B, we present other central terms.

By realizing that the overall factor appearing in the first
current of (2.4) is given by (−4)h−2, we can write down the
central terms

cF (h1, h2, λ) ≡ (−4)h1+h2−4 δbā δdc̄

[
(h1 − 1 + 2λ)

(2h1 − 1)

× (h2 − 1 + 2λ)

(2h2 − 1)
V (h1)+

λ,āb (z) V (h2)+
λ,c̄d (w)

+V (h1)−
λ,āb (z) V (h2)−

λ,c̄d (w)

+ (h1 − 1 + 2λ)

(2h1 − 1)
V (h1)+

λ,āb (z) V (h2)−
λ,c̄d (w)

+ (h2 − 1 + 2λ)

(2h2 − 1)
V (h1)−

λ,āb (z)

×V (h2)+
λ,c̄d (w)

]

1
(z−w)h1+h2

, (3.9)

where the relation (3.8) and the relations in Appendix (B.1)
are used. In the last term of (3.9), we can use the central term
of V (h2)+

λ,c̄d (z) V (h1)−
λ,āb (w) with the extra factor (−1)h1+h2 .

In Appendices (C.1) and (C.2), we present the correspond-
ing OPEs for h1 = h2 = 4 where the indices Â and B̂ are
equal to each other for the former while they are different
from each other for the latter. Compared to the commutator
relation in (3.1), there exists (−1)h−1 factor. Due to the Kro-
necker delta, the former corresponds to the last two terms in
(3.1) while the latter corresponds to the first term in (3.1). The
other four cases between the nonsinglet currents are checked

explicitly and we do not present them in this paper. The com-
mutator relations between the nonsinglet currents are given
in [8]. The corresponding commutator relations between the
nonsinglet currents and the singlet currents can be determined
similarly.

3.1.2 The second commutator relation with
h1 = h2, h2 ± 1 for nonzero λ

Similarly, we obtain the following commutator relation for
the currents consisting of (β, γ ) fields2

[
(W λ, Â

B,h1
)m, (W λ,B̂

B,h2
)n

]

= −
h1+h2−3∑

h=−1,odd

qh ph1,h2,h
B (m, n, λ)

×i f Â B̂Ĉ (W λ,Ĉ
B,h1+h2−2−h)m+n

+
(
m + h1 − 1
h1 + h2 − 1

)
cB(h1, h2, λ) δ Â B̂ qh1+h2−4

×δm+n

+
h1+h2−3∑

h=0,even

qh ph1,h2,h
B (m, n, λ)

×δ Â B̂ (W λ
B,h1+h2−2−h)m+n . (3.10)

The central term appearing in (3.10), by recalling the def-
inition of the second relation of (2.4), can be described by

cB(h1, h2, λ) ≡ (−4)h1+h2−4 δbā δdc̄

[
(h1 − 2λ)

(2h1 − 1)

(h2 − 2λ)

(2h2 − 1)

×V (h1)+
λ,āb (z) V (h2)+

λ,c̄d (w)

+V (h1)−
λ,āb (z) V (h2)−

λ,c̄d (w) − (h1 − 2λ)

(2h1 − 1)

×V (h1)+
λ,āb (z) V (h2)−

λ,c̄d (w)

2 As in the footnote 1, the OPE between W λ, Â=1
B,h1=7(z) and W λ,B̂=1

B,h2=3(w)

whereh1 = h2+4 can be calculated and the ninth order pole contains the
structure constant − 524288

11 (λ−1)λ(2λ−3)(2λ−1)(2λ+1)(λ2 −λ+5)

appearing in the current W λ
B,h1+h2−2−h=1(w) and the seventh order pole

contains the structure constant −6144(λ−1)λ(2λ−3)(2λ−1)(2λ+1)

appearing in the current W λ
B,h1+h2−2−h=3(w). In this case, the weight

h is given by odd number h = 7 or h = 5 while the corresponding
dummy variable h is given by even number in (3.10). If the weights h1
and h2 do not satisfy the above constraint (h1 = h2 or h1 = h2 ± 1)
for nonzero λ, then we cannot use the formula in (3.10) exactly because
the extra terms on the right hand sides of the corresponding OPE occur,
compared to the λ = 0 case. We observe that for the poles less than the
critical singular term mentioned in the footnote 1, the above commutator
can be used precisely and for the poles greater than that singular term
there exist extra terms on the right hand side of the OPE. Although these
extra terms can be obtained for fixed h1 and h2, at the moment, those for
general h1 and h2 are not known. It seems that as the difference between
h1 and h2 increases, the pole corresponding to the critical singular term
decreases.
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− (h2 − 2λ)

(2h2 − 1)
V (h1)−

λ,āb (z) V (h2)+
λ,c̄d (w)

]

1
(z−w)h1+h2

.

(3.11)

The previous relation (3.8) and the previous relations in
Appendix (B.1) can be used. As before, in the last term of
(3.11), the central term ofV (h2)+

λ,c̄d (z) V (h1)−
λ,āb (w) with the extra

factor (−1)h1+h2 can be used. The relevant OPEs are given in
Appendices (C.3) and (C.4). The additional (−1)h−1 factor
appears in the OPEs.

3.1.3 Other commutator relations with h1 = h2, h2 + 1 for
nonzero λ

The remaining commutator relations between the bosonic
currents and the fermionic currents can be described as

[
(W λ, Â

F,h1
)m , (Qλ,B̂

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
F (m, r, λ)

×
(
i f ÂB̂Ĉ (Qλ,Ĉ

h1+h2− 3
2 −h

)m+r

+ δ Â B̂ (Qλ

h1+h2− 3
2 −h

)m+r

)
,

[
(W λ, Â

B,h1
)m , (Qλ,B̂

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
B (m, r, λ)

×
(

− i f ÂB̂Ĉ (Qλ,Ĉ
h1+h2− 3

2 −h
)m+r

+δ Â B̂ (Qλ

h1+h2− 3
2 −h

)m+r

)
,

[
(W λ, Â

F,h1
)m , (Q̄λ,B̂

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
F (m, r, λ)

×
(

− i f ÂB̂Ĉ (Q̄λ,Ĉ
h1+h2− 3

2 −h
)m+r

+ δ Â B̂ (Q̄λ

h1+h2− 3
2 −h

)m+r

)
,

[
(W λ, Â

B,h1
)m , (Q̄λ,B̂

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
B (m, r, λ)

×
(
i f ÂB̂Ĉ (Q̄λ,Ĉ

h1+h2− 3
2 −h

)m+r

+ δ Â B̂ (Q̄λ

h1+h2− 3
2 −h

)m+r

)
.

(3.12)

The corresponding OPEs for fixed h1 and h2 can be found
in Appendices (C.5), (C.6), (C.7), (C.8),(C.9), (C.10), (C.11)
and (C.12). In the last two commutator relations of (3.12), the
upper limit of h is given by h = h1 + h2 − 2 due to the pres-
ence of the lowest fermionic current Q̄λ,bā

1
2

. The additional

(−1)h−1 factor appears when we change the commutator
relations into the corresponding OPEs.3

3.1.4 The final anticommutator relation with h1 = h2 for
nonzero λ

The final anticommutator relation between the fermionic cur-
rents is summarized by

{
(Qλ, Â

h1+ 1
2
)r , (Q̄

λ,B̂
h2+ 1

2
)s

}
=

h1+h2−1∑

h=0

qh o
h1+ 1

2 ,h2+ 1
2 ,h

F (r, s, λ)

×
(
i f ÂB̂Ĉ (W λ,Ĉ

F,h1+h2−h)r+s

+ δ Â B̂ (W λ
F,h1+h2−h)r+s

)

+
h1+h2−1∑

h=0

qh o
h1+ 1

2 ,h2+ 1
2 ,h

B (r, s, λ)

×
(

− i f ÂB̂Ĉ (W λ,Ĉ
B,h1+h2−h)r+s

3 As in two previous examples, the OPE between W λ, Â=1
F,h1=5(z) and

Qλ,B̂=1
B,h2+ 1

2 = 7
2
(w) where h1 = h2 + 2 can be obtained and the seventh

order pole contains the structure constant − 6144
35 (λ − 1)(λ + 1)(λ +

2)(2λ−3)(2λ+1)(2λ+3) appearing in the current Qλ

h1+h2− 3
2 −h= 3

2
(w).

On the other hand, the structure constant q
5, 7

2 ,5
F (m, r, λ) contains the λ

dependent factor 4
1575 (λ−1)(λ+1)(2λ−3)(2λ+1)(4λ2−14λ−9). By

subtracting the contribution 2
225 (λ−1)λ(λ+1)(2λ−3)(2λ−1)(2λ+1)

coming from the structure constant q
4, 7

2 ,5
F (m, r, λ), where 4 is realized

by (h1 −1), from the above, we obtain − 2
525 (λ−1)(λ+1)(λ+2)(2λ−

3)(2λ+ 1)(2λ+ 3). Note that the additional term in the q
4, 7

2 ,5
F (m, r, λ)

contains the factor λ. By considering the numerical factor 46080 when
we move from the modes in the commutator to the differential operators
in the OPE and multiplying this into the above factor, we obtain the pre-
vious structure constant in the current Qλ

h1+h2− 3
2 −h= 3

2
(w). This implies

that if the weights h1 and h2 do not satisfy the above constraint (h1 = h2
or h1 = h2 + 1) for nonzero λ, then the formula in the first equation of
(3.12) cannot be used fully because the extra contribution from the struc-
ture constant on the right hand sides of the corresponding OPE occur.
As before, for the poles less than the critical singular term, still we can
use some of terms in the corresponding expression of the first relation
of (3.12). Similarly, let us consider the last equation of (3.12). Then

the OPE between W λ, Â=1
B,h1=5(z) and Q̄λ,B̂=1

B,h2+ 1
2 = 7

2
(w) provides the seventh

order pole with − 2048
35 (λ−1)(λ+1)(2λ−3)(2λ+1)(2λ+3)(11λ−10)

appearing in the current Q̄λ
3
2
(w). This can be obtained by adding the

extra contribution from q
4, 7

2 ,5
B (m, r, λ) in addition to the one from

q
5, 7

2 ,5
B (m, r, λ) as in previous paragraph. Note that the Q̄λ

1
2
(w) term

on the right hand side of the OPE can be determined by the contribu-

tion from the structure constant q
5, 7

2 ,6
B (m, r, λ) only. Therefore, the last

equation of (3.12) should be modified for nonzero λ with more gen-
eral h1 and h2 where the weight h2 is outside of the above allowed
region. The similar behaviors corresponding to the second and the third
equations of (3.12) we do not present in this paper can appear.
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+ δ Â B̂ (W λ
B,h1+h2−h)r+s

)

+
(
r + h1 − 1

2
h1 + h2

)
cQ(h1, h2, λ)

×δ Â B̂ qh1+h2−2δr+s .

(3.13)

The corresponding OPEs for fixed h1 and h2 can be found in
Appendices (C.13) and (C.14).4 The additional (−1)h factor
appears when we change the anticommutator relations into
the corresponding OPEs. Because the lowest weight ofW λ,āb

B,h
is given by 1, the upper limit of the second summation is also
given by h = h1 +h2 −1 which is the same as the one in the
first summation of (3.13). Here the central term appearing in
(3.13) can be described by

cQ(h1, h2, λ) ≡ 8(−4)h1+h2−4δbāδdc̄

×
[

− Q(h1+1)+
λ,āb (z)Q(h2+1)+

λ,c̄d (w)

+Q(h1+1)−
λ,āb (z)Q(h2+1)−

λ,c̄d (w)

−Q(h1+1)+
λ,āb (z) Q(h2+1)−

λ,c̄d (w)

+Q(h1+1)−
λ,āb (z) Q(h2+1)+

λ,c̄d (w)

−(−1)h1+h2 Q(h2+1)+
λ,c̄d (z) Q(h1+1)+

λ,āb (w)

+(−1)h1+h2 Q(h2+1)−
λ,c̄d (z) Q(h1+1)−

λ,āb (w)

4 As in the examples appearing in the previous footnotes, the OPE

between Qλ, Â=1
h1+ 1

2 = 3
2
(z) and Q̄λ,B̂=1

h2+ 1
2 = 7

2
(w) where h1 = h2 − 2 can be

determined and the fourth order pole contains the structure constant
128

5 (λ−1)(2λ−3)(2λ−1) appearing in the current W λ
F,h1+h2−h=1(w).

On the other hand, the structure constant o
3
2 , 7

2 ,3
F (r, s, λ) contains the λ

dependent factor 8
15 (2λ − 1)(4λ2 + 2λ + 3). We can take the sum (due

to the odd h) of these with proper numerical value −48 for the latter and
obtain − 128

5 λ(2λ−1)(2λ+7) which vanishes at λ = 0 and this implies
that this extra contribution should appear. Furthermore, the fourth order
pole contains the structure constant 256

5 λ(λ + 1)(2λ + 1) appearing in
the current W λ

B,h1+h2−h=1(w). On the other hand, the structure con-

stant o
3
2 , 7

2 ,3
B (r, s, λ) contains 16

15 λ(4λ2 − 6λ + 5). Obviously they are

different from each other and the extra term − 256
5 (λ − 4)λ(2λ − 1)

should appear from similar analysis. Similarly, the third order pole con-
tains the structure constant 96

5 (λ − 1)(2λ − 3) appearing in the cur-

rent W λ
F,h1+h2−h=2(w). Moreover, the structure constant o

3
2 , 7

2 ,2
F (r, s, λ)

contains − 4
5 (4λ2+10λ−9). By taking the difference (due to the even h)

between the latter with an additional numerical value 8 and the former,
we obtain −32λ(2λ−1) which vanishes at λ = 0 and should appear. The
third order pole also contains the structure constant 96

5 (λ + 1)(2λ + 1)

appearing in the currentW λ
B,h1+h2−h=2(w). On the other hand, the struc-

ture constant o
3
2 , 7

2 ,2
B (r, s, λ) contains − 4

5 (4λ2 − 14λ − 3). We obtain
−32λ(2λ − 1) from the difference between the latter and the former as
before and this λ dependent contribution should appear. If the weights
h1 and h2 are not equal to each other for nonzero λ, then the formula
in the first equation of (3.13) cannot be used fully because the extra
contribution from the structure constant on the right hand sides of the
corresponding OPE arises.

−(−1)h1+h2 Q(h2+1)+
λ,c̄d (z) Q(h1+1)−

λ,āb (w)

+(−1)h1+h2 Q(h2+1)−
λ,c̄d (z) Q(h1+1)+

λ,āb (w)

]

1
(z−w)h1+h2+1

,

(3.14)

where we can use Appendix (D.1).
Therefore, the seven (anti)commutator relations between

the nonsinglet currents are given by (3.1), (3.10), (3.12) and
(3.13).

3.2 The (anti)commutator relations between the nonsinglet
currents in explicit forms with h1 = h2, h2 ± 1 for
nonzero λ

In order to construct the algebra from the N = 4 multiplets,
we should rewrite the previous (anti)commutator relations
in the basis of four components of (āb) = (11, 12, 21, 22)

in each current. For example, from (3.1), the commutator
relation between Â = 1 (sum of (12) and (21)) and B̂ = 1 is
known. Moreover, the commutator relation between Â = 1
and B̂ = 2 (difference of (12) and (21) up to an overall factor)
is known. Then we obtain the commutator relation between
Â = 1 and the element (12) current by adding the above two
commutator relations. By realizing that there is no singular
term in the commutator relation between the element (12)

current and itself, the above analysis leads to the commutator
relation between the element (21) and the element (12) as
follows:

[
(W λ,21

F,h1
)m, (W λ,12

F,h2
)n

] = 1

2

h1+h2−3∑

h=0,even

qh ph1,h2,h
F (m, n, λ)

×(W λ,11
F,h1+h2−2−h + W λ,22

F,h1+h2−2−h)m+n

+1

2

(
m + h1 − 1
h1 + h2 − 1

)
cF (h1, h2, λ) qh1+h2−4 δm+n

−1

2

h1+h2−3∑

h=−1,odd

qh ph1,h2,h
F (m, n, λ) (W λ,11

F,h1+h2−2−h

−W λ,22
F,h1+h2−2−h)m+n . (3.15)

On the other hand, by subtracting the previous two com-
mutator relations and by using the fact that there is no sin-
gular term in the commutator relation between the element
(21) current and itself, we obtain the following commutator
relation between the element (12) and the element (21) as
follows:

[
(W λ,12

F,h1
)m, (W λ,21

F,h2
)n

] = 1

2

h1+h2−3∑

h=0,even

qh ph1,h2,h
F (m, n, λ)

×(W λ,11
F,h1+h2−2−h + W λ,22

F,h1+h2−2−h)m+n

+1

2

(
m + h1 − 1
h1 + h2 − 1

)
cF (h1, h2, λ) qh1+h2−4 δm+n
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−1

2

h1+h2−3∑

h=−1,odd

qh ph1,h2,h
F (m, n, λ)

×(W λ,11
F,h1+h2−2−h − W λ,22

F,h1+h2−2−h)m+n . (3.16)

Similarly, the commutator relation having both Â = 1 and
B̂ = 3 and the commutator relation having Â = 2 and B̂ = 3
provide the commutator relation between the element (12)

and the current having B̂ = 3 and the commutator relation
between the element (21) and the current having B̂ = 3.
Furthermore, the commutator relation having both Â = 1 and
B̂ = 0 and the commutator relation having Â = 2 and B̂ = 0
provide the commutator relation between the element (12)

and the current having B̂ = 0 and the commutator relation
between the element (21) and the current having B̂ = 0.
Then we obtain the following commutator relations by linear
combination of previous four commutators

[
(W λ,12

F,h1
)m, (W λ,11

F,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

−
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
F (m, n, λ)

×(W λ,12
F,h1+h2−2−h)m+n,

[
(W λ,12

F,h1
)m, (W λ,22

F,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

+
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
F (m, n, λ)

×(W λ,12
F,h1+h2−2−h)m+n,

[
(W λ,21

F,h1
)m, (W λ,11

F,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

+
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
F (m, n, λ)

×(W λ,21
F,h1+h2−2−h)m+n,

[
(W λ,21

F,h1
)m, (W λ,22

F,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

−
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
F (m, n, λ)

×(W λ,21
F,h1+h2−2−h)m+n . (3.17)

From the results of the commutator relation between the
current having the index Â = 0 and the current having B̂ = 1
and the commutator relation between the current having the
index Â = 0 and the current having B̂ = 2, the commutator
relation between the current having the index Â = 0 and
the element (12) and the one between the current having
the index Â = 0 and the element (21) can be determined.
Moreover, from the commutator relation having the index
Â = 3 and B̂ = 1 and the commutator relation having the
index Â = 3 and B̂ = 2, the commutator relation between
the current having the index Â = 3 and the element (12) and

the one between the current having the index Â = 3 and the
element (21) can be fixed. Therefore, by linear combinations
of these results, we can determine the following commutator
relations

[
(W λ,11

F,h1
)m, (W λ,12

F,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

+
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
F (m, n, λ)

×(W λ,12
F,h1+h2−2−h)m+n,

[
(W λ,22

F,h1
)m, (W λ,12

F,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

−
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
F (m, n, λ)

×(W λ,12
F,h1+h2−2−h)m+n,

[
(W λ,11

F,h1
)m, (W λ,21

F,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

−
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
F (m, n, λ)

×(W λ,21
F,h1+h2−2−h)m+n,

[
(W λ,22

F,h1
)m, (W λ,21

F,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

+
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
F (m, n, λ)

×(W λ,21
F,h1+h2−2−h)m+n . (3.18)

Finally, from the results of the commutator relation
between the current having the index Â = 0 and the cur-
rent having the index B̂ = 3 and the commutator relation
between the current having the index Â = 0 and the current
having the index B̂ = 0, we can determine the following
commutator relations by realizing that there is no nontriv-
ial commutator relation between the element (11) and the
element (22)

[
(W λ,11

F,h1
)m , (W λ,11

F,h2
)n

] =
h1+h2−3∑

h=0,even

qh ph1,h2,h
F (m, n, λ)

×(W λ,11
F,h1+h2−2−h)m+n

+1

2

(
m + h1 − 1
h1 + h2 − 1

)
cF (h1, h2, λ)

×qh1+h2−4 δm+n,

[
(W λ,22

F,h1
)m , (W λ,22

F,h2
)n

] =
h1+h2−3∑

h=0,even

qh ph1,h2,h
F (m, n, λ)

×(W λ,22
F,h1+h2−2−h)m+n

+1

2

(
m + h1 − 1
h1 + h2 − 1

)
cF (h1, h2, λ)

×qh1+h2−4 δm+n . (3.19)
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Therefore, there are (3.15), (3.16), (3.17), (3.18) and
(3.19). Other complete relations are summarized by Appen-
dices (E.1), (E.2), (E.3), (E.4), (E.5) and (E.6). By adding the
two equations of (3.19), we obtain the commutator between
the singlet currents and by taking the contractions of the cur-
rents with the vanishing q limit for λ = 0 we obtain the
w1+∞ algebra [7,21,22].

4 The N = 4 supersymmetric linear W2,2∞ algebra
between theN = 4 multiplets

Based on the results in previous sections, we present the first
five commutator relations between the N = 4 multiplets.
In the footnotes, some particular examples for the specific
weights h1 and h2 show that there are extra terms on the
right hand sides of the commutators for the nonzero λ we
explained in the introduction.

4.1 The commutator relation between the lowest
components with h1 = h2, h2 ± 1 for nonzero λ

Let us consider the commutator relation between the low-
est components �

(h1)
0 (z) and �

(h2)
0 (w) of the N = 4 mul-

tiplet. Because there are no singular terms in the OPE of

W λ,āa
F,h1

(z) and W λ,b̄b
B,h2

(w) according to (2.1), the commuta-
tor relation consists of two parts. That is, they are given

by
[
(W λ,āa

F,h1
)m, (W λ,b̄b

F,h2
)n

]
and

[
(W λ,āa

B,h1
)m, (W λ,b̄b

B,h2
)n

]
. Then

we can use the relation (3.19) and the last two relations of
Appendix (E.1). We need to express the right hand sides of
these commutator relations in terms of the components of
the N = 4 multiplet in order to present the complete alge-
bra between them. The two relations in (3.19) and the last
two relations of Appendix (E.1) can be added respectively
because the structure constants are common at each expres-
sion.

As described before, from the relations (2.7) and (2.11),
we obtain the following relations

W λ,āa
F,h = − 1

(−4)h−2 �
(h)
0 − (h − 1 + 2λ)

8(2h − 1)(−4)h−6 �̃
(h−2)
2 ,

W λ,āa
B,h = 1

(−4)h−2 �
(h)
0 − (h − 2λ)

8(2h − 1)(−4)h−6 �̃
(h−2)
2 .

(4.1)

Once we observe the currents on the left hand sides, then we
should rewrite them in terms of the components of N = 4
multiplet according to (4.1).

On the other hand, there exist the following relations
between the lowest bosonic currents and the lowest com-
ponent �

(1)
0 of the first N = 4 multiplet from (2.7) and the

weight-1 currentU = 2(W λ,āa
F,1 +W λ,āa

B,1 ) of theN = 4 stress

energy tensor

W λ,āa
F,1 = 4 �

(1)
0 + λU,

W λ,āa
B,1 = −4 �

(1)
0 + 1

2
(1 − 2λ)U. (4.2)

This implies that by comparing (4.1) with (4.2), we can iden-
tify the previous weight-1 current as �̃

(−1)
2 ≡ 256U .

Furthermore, there are relations between the lowest com-
ponent �

(2)
0 of the second N = 4 multiplet and the weight-2

stress energy tensor L of the N = 4 stress energy tensor
together with (2.7) and (2.5) as follows:

W λ,āa
F,2 = −�

(2)
0 + 1

3
(1 + 2λ) L ,

W λ,āa
B,2 = �

(2)
0 + 2

3
(1 − λ) L . (4.3)

Again, from the relations (4.1) and (4.3), we identify the
stress energy tensor in terms of the component of N = 4
multiplet as �̃

(0)
2 ≡ −32 L .

Therefore, the commutator relation between the lowest
component of the h1-th N = 4 multiplet and the lowest
component of the h2-th N = 4 multiplet can be described
as, by substituting the relation (4.1) into the above right hand
sides of the relevant commutator relations described before,

[
(�

(h1)
0 )m , (�

(h2)
0 )n

] = (−4)h1−2

(2h1 − 1)

(−4)h2−2

(2h2 − 1)

×
[ (

m + h1 − 1
h1 + h2 − 1

)
qh1+h2−4

×
(

(h1 − 2λ)(h2 − 2λ) cF (h1, h2, λ) + (h1 − 1 + 2λ)

×(h2 − 1 + 2λ) cB(h1, h2, λ)

)
δm+n

+
h1+h2−3∑

h=0,even

(
− (h1 − 2λ)(h2 − 2λ) qh ph1,h2,h

F (m, n, λ)

+(h1 − 1 + 2λ)(h2 − 1 + 2λ) qh ph1,h2,h
B (m, n, λ)

)

× 1

(−4)h1+h2−h−4 (�
(h1+h2−2−h)
0 )m+n

−
h1+h2−3∑

h=0,even

(
(h1 − 2λ)(h2 − 2λ)(h1 + h2 − h − 3 + 2λ)

×qh ph1,h2,h
F (m, n, λ)

+(h1 − 1 + 2λ)(h2 − 1 + 2λ)(h1 + h2 − h − 2 − 2λ)

×qh ph1,h2,h
B (m, n, λ)

)

× 1

8(2h1+2h2−2h−5)(−4)h1+h2−h−8

×(�̃
(h1+h2−h−4)
2 )m+n

]
. (4.4)
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Each central term is given by (3.9) and (3.11). Due to the
even weight h in the summation, the currents of even (or
odd) weights can occur depending on the weights h1 and h2.
When we change the above commutator relation (4.4) into
the corresponding OPE, due to the factor (−1)h−1 for even h,
then there exists an extra minus sign on the right hand side of
the OPE. We can easily observe that for the maximum value
of dummy variable h, h = h1 + h2 − 3 with odd (h1 + h2),
on the right hand side of (4.4), there appear the currents �

(1)
0

and �̃−1
2 which is related to the previous currentU of N = 4

stress energy tensor. Note that we have vanishing structure
constant ph1,h2,h1+h2−3

B at λ = 0 [8]. On the other hand, for
even (h1 + h2), the maximum value of the weight h is given
by h = h1 +h2 −4 because the weight h should be even. For
this value, there appear the currents �

(2)
0 and �̃

(0)
2 , which is

related to the previous current L , with proper λ dependent
structure constants on the right hand side of (4.4). Let us
emphasize that for nonzero λ, the above commutator holds
for the arbitrary weight h1 under the condition h1 = h2 or
h1 = h2 ± 1. We take the particular example which shows
that if the weights h1 and h2 do not satisfy this condition,
then there exist other terms on the right hand of the above
commutator.5

4.2 The commutator relation between the lowest
component and the second component with
h1 = h2, h2 + 1 for nonzero λ

Let us consider the commutator relation between the lowest
component �(h1)

0 (z) of the h1-thN = 4 multiplet in (2.7) and

the second component �
(h2),i
1
2

(w) of h2-th N = 4 multiplet

in (2.8).
We expect to have the fermionic currents Qλ,āb

h+ 1
2

and Q̄λ,bā
h+ 1

2
on the right hand side of the commutator relation because
the product of bosonic and fermionic operators produce the
fermionic ones. As before, we need to rewrite them in terms of
the components of the N = 4 multiplet in order to complete

5 Let us take the OPE between �
(h1=1)
0 (z) and �

(h2=3)
0 (w) where

the weights satisfy h1 = h2 − 2. The third order pole of this OPE
provides the structure constant 2048λ(2λ − 1) appearing in the current
�

(1)
0 (w) and the structure constant 4

5 λ(2λ − 1)(4λ − 1) appearing in
the current U (w). According to (4.4), the exponent of the first current
implies h1 +h2 −2−h = 2−h. Moreover, h is given by h = 0 from the
summation and the exponent is 2. Therefore, the current �(1)

0 (w) cannot
appear from the (4.4). Furthermore, the exponent in the second current
implies h1 +h2 −4−h = −h = −1 from the presence ofU . Moreover,
h is given by h = 0 from the summation and there is a contradiction. In
this case also, the current U (w) cannot appear from the corresponding
term in (4.4). Note that the two structure constants contain the λ factor
and they become zero at λ = 0. From the above analysis, there exist
extra terms on the right hand side of the commutator (or corresponding
OPE) for the weights which do not satisfy the constraint h1 = h2 or
h1 = h2 ± 1 we mentioned before. As in previous footnotes in Sect. 3,
this feature also arises for the singlet currents.

the algebra we are considering. For the index i = 1 of these
components of the N = 4 multiplets, the following relations
are satisfied

1

2

(
Qλ,11

h+ 1
2

+ i
√

2 Qλ,12
h+ 1

2
+ 2i

√
2 Qλ,21

h+ 1
2

− 2 Qλ,22
h+ 1

2

)

= 1

2

[
1

4(−4)h−4 �
(h),1
1
2

− 1

4(−4)h−5
�̃

(h−1),1
3
2

]
,

1

2

(
2 Q̄λ,11

h+ 1
2

+ 2i
√

2Q̄λ,12
h+ 1

2
+ i

√
2Q̄λ,21

h+ 1
2

− Q̄λ,22
h+ 1

2

)

= 1

2

[
1

4(−4)h−4 �
(h),1
1
2

+ 1

4(−4)h−5
�̃

(h−1),1
3
2

]
. (4.5)

Note that the weight on both sides is given by (h + 1
2 ). On

the right hand side, the (h − 1)-th component of N = 4
multiplet appears also. Other relations for i = 2, 3, 4 appear
in Appendix (F.1). For h = 0, the above relation (4.5) with
others in Appendix (F.1) implies that there exists the relation

between the currents �̃
(−1),i
3
2

= − 1
4 �

(0),i
1
2

together with

(2.8) and (2.10) because the left hand side of the first relation
of (4.5) is identically zero and moreover, the weight- 1

2 current
of the N = 4 stress energy tensor has the following relation
−i 
i = 64 �

(0),i
1
2

with (2.8). For h = 1, the corresponding

weight- 3
2 currents of N = 4 stress energy tensor can be

written as Gi = 64 �̃
(0),i
3
2

with (2.10) by subtracting the two

relation of (4.5). Therefore, the components,U, 
i ,Gi and L
of N = 4 stress energy tensor, except the weight-1 currents
T i j which will appear in next subsection, are given by the
components of the N = 4 multiplet, �̃

(−1)
2 ,�

(0),i
1
2

, �̃
(0),i
3
2

and �̃
(0)
2 up to normalization respectively.

The result of the commutator relation we are consider-
ing, by replacing all the fermionic currents with the N = 4
components appearing in (4.5) and Appendix (F.1), can be
summarized by

[
(�

(h1)
0 )m , (�

(h2),i
1
2

)r
] = 5

(−4)h1−2

(2h1 − 1)
4(−4)h2−4

×
[(

− (h1 − 2λ)

h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
F (m, r, λ)

−(h1 − 2λ)

h1+h2−2∑

h=−1

qh (−1)hq
h1,h2+ 1

2 ,h
F (m, r, λ)

+(h1 − 1 + 2λ)

h1+h2−3∑

h=−1

qhq
h1,h2+ 1

2 ,h
B (m, r, λ)

+(h1 − 1 + 2λ)

h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
B (m, r, λ)

)

× 1

8(−4)h1+h2−h−6 (�
(h1+h2−2−h)
1
2

)m+r
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+
( h1+h2−3∑

h=−1

(h1 − 2λ) qh q
h1,h2+ 1

2 ,h
F (m, r, λ)

−
h1+h2−2∑

h=−1

(h1 − 2λ) qh (−1)h q
h1,h2+ 1

2 ,h
F (m, r, λ)

−
h1+h2−3∑

h=−1

(h1 − 1 + 2λ) qh q
h1,h2+ 1

2 ,h
B (m, r, λ)

+
h1+h2−2∑

h=−1

(h1 − 1 + 2λ) qh (−1)h q
h1,h2+ 1

2 ,h
B (m, r, λ)

)

× 1

8(−4)h1+h2−h−7 (�̃
(h1+h2−3−h)
3
2

)m+r

]
. (4.6)

Note that the upper limit of h having the term with the factor
(−1)h is given by h = h1 + h2 − 2. Except these four terms,
the range of h in all the other terms is the same. Then these
four terms occur if their structure constants are nonvanishing.
Depending on the odd h or even h, some of terms in (4.6)
can cancel each other because four kinds of each two terms
have the same structure except the factor (−1)h . At h =
h1 + h2 − 2, there appear the current �

(0),i
1
2

and the current

�̃
(−1),i
3
2

which are related to the previous weight- 1
2 current


i as above, with the relevant structure constants. Moreover,

we have vanishing structure constants q
h1,h2+ 1

2 ,h1+h2−2
F =

0 = q
h1,h2+ 1

2 ,h1+h2−2
B at λ = 0 [8]. For the h ≤ h1 + h2 − 3

with odd h in (4.6), there appear the current �̃
(h1+h2−3−h),i
3
2

terms because the coefficients of the current �
(h1+h2−2−h),i
1
2

terms are identically vanishing. Note that there are relative
signs in (4.6). On the other hand, for the h ≤ h1 + h2 − 3
with even h, there appear the current �

(h1+h2−2−h),i
1
2

terms

because the coefficients of the current �̃
(h1+h2−3−h),i
3
2

terms

are identically zero. We also present some example where
the weights h1 and h2 do not satisfy the condition h1 = h2

or h1 = h2 + 1.6

6 Along the line of the footnote 5, we consider the OPE between
�

(h1=4)
0 (z) and �

(h2=2),i
1
2

(w) where h1 = h2 + 2. The sixth order

pole of this OPE gives us the structure constant 2048
7 (λ − 1)λ(2λ −

1)(2λ + 1)(4λ − 1) appearing in the current �
(h1+h2−2−h=0),i
1
2

(w)

with the weight h = 4. By substituting the various expressions in
the corresponding terms of (4.6), we can check that we obtain the

above structure constant correctly where q
4, 5

2 ,4
F term corresponds to

256
3 (λ−1)λ(2λ−3)(2λ−1)(2λ+1) while q

4, 5
2 ,4

B term corresponds to

− 512
3 (λ − 1)λ(λ + 1)(2λ − 1)(2λ + 1). There is no current �̃

(−1),i
3
2

(w)

term in the sixth order pole from our calculation and this is consistent
with (4.6) because all the coefficients vanish for the even h = 4.
Now we can move to the fifth order pole of this OPE. The current
Gi (w) term of N = 4 stress energy tensor has the structure constant
− 512

7 (λ − 1)(2λ + 1)(6λ2 − 3λ − 4) which can be identified with

4.3 The commutator relation between the lowest
component and the third component with
h1 = h2, h2 + 1, h2 + 2 for nonzero λ

Let us consider the commutator relation between the low-
est component �

(h1)
0 (z) of the h1-th N = 4 multiplet and

the third component �
(h2),i j
1 (w) of the h2-th N = 4 mul-

tiplet. Because there are no singular terms in the OPE of
W λ,āb

F,h1
(z) and W λ,c̄d

B,h2
(w), the commutator relation consists

of two parts. That is, there are
[
(W λ,āa

F,h1
)m, (W λ,c̄d

F,h2
)n

]
and

[
(W λ,āa

B,h1
)m, (W λ,c̄d

B,h2
)n

]
. Then we can use the previous rela-

tions, (3.15), (3.16), (3.17), (3.18) and (3.19) and Appendix
(E.1). We need to express the right hand sides of these com-
mutator relations in terms of the components of the N = 4
multiplet as before.

We obtain the following relations

2i W λ,11
B,h+1 − √

2 W λ,12
B,h+1 − 2i W λ,22

B,h+1

= 1

8(−4)h−4

[
�

(h),12
1 − �

(h),34
1

]
,

2i W λ,11
F,h+1 − 2

√
2 W λ,12

F,h+1 − 2i W λ,22
F,h+1

= 1

8(−4)h−4

[
�

(h),12
1 + �

(h),34
1

]
. (4.7)

For other relations, we present them in Appendix (F.2). By
using (4.7) and Appendix (F.2), we can express the weight-1
current T i j of the N = 4 stress energy tensor as i T i j =
64 �

(0),i j
1 with (2.9). On the right hand sides of (4.7), there

are only the components of hth N = 4 multiplet. By linear
combinations, any component of the hth N = 4 multiplet
can be written in terms of W λ,āb

F,h+1 and W λ,c̄d
B,h+1 explicitly.

It turns out that the corresponding commutator relation,
after substituting all the bosonic currents in terms of the com-
ponents of the N = 4 multiplet described above, can be
written as

[
(�

(h1)
0 )m, (�

(h2),i j
1 )n

] = (−4)h1−2

(2h1 − 1)
4(−4)h2−4

Footnote 6 continued
the coefficient appearing in the second current �̃

(h1+h2−3−h=0),i
3
2

(w)

of (4.6) by substituting q
4, 5

2 ,3
F and q

4, 5
2 ,3

B correctly as before. On the

other hand, there exists the current �
(h1+h2−2−h=1),i
1
2

(w) term with the

structure constant 8192
3 (λ − 1)λ(2λ − 1)(2λ + 1) having the λ factor.

We can check that this structure constant is equal to the one in the first

current terms in (4.6) where the previous q
4, 5

2 ,3
F and q

4, 5
2 ,3

B are replaced

by q
3, 5

2 ,3
F and q

3, 5
2 ,3

B respectively. That is, the h1 is replaced by (h1 −1).
Therefore, we cannot use the Eq. (4.6) for this particular pole fully. We
can check that the remaining lower order poles can be described by
(4.6) without any extra terms precisely.
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×
[

− (h1 − 2λ)

h1+h2−2∑

h=−1,even

qh ph1,h2+1,h
F (m, n, λ)

× 1

8(−4)h1+h2−h−6

(
�

(h1+h2−2−h),i j
1

+1

2
εi jkl �

(h1+h2−2−h),kl
1

)

m+n

+(h1 − 1 + 2λ)

h1+h2−2∑

h=−1,even

qh ph1,h2+1,h
B (m, n, λ)

× 1

8(−4)h1+h2−h−6

(
�

(h1+h2−2−h),i j
1

−1

2
εi jkl �

(h1+h2−2−h),kl
1

)

m+n

]
. (4.8)

Due to the even weight h, on the right hand side of (4.8), the
currents of odd (or even) weights can appear depending on the
weights h1 and h2. Due to the SO(4) index i j appearing on
the left hand side of (4.8), the field contents on the right hand
side are different from the ones in (4.4). At the maximum
value of h, h = h1 + h2 − 2, the current �

(0),i j
1 term and the

current εi jkl �
(0),kl
1 term, which are related to the previous

weight-1 current of the N = 4 stress energy tensor, occur
on the right hand side of (4.8). Note that as before we have
vanishing structure constant ph1,h2+1,h1+h2−2

B at λ = 0 [8].
In this case also, there some constraints on the weight h2 for
nonzero λ.7

4.4 The commutator relation between the lowest
component and the fourth component with
h1 = h2 + 1, h2 + 2 for nonzero λ

In this case, we can use the previous relation (4.5) and
Appendix (F.1) by simply substituting h with (h+1) in order
to rewrite the right hand side of this commutator relation in
terms of the components of the N = 4 multiplet.

Then we can determine the following result for the com-
mutator relation between the lowest component �

(h1)
0 (z) of

the h1-th N = 4 multiplet and the fourth component (and
derivative term) �̃

(h2),i
3
2

(w) of the h2-th N = 4 multiplet

[
(�

(h1)
0 )m , (�̃

(h2),i
3
2

)r
] = (−4)h1−2

(2h1 − 1)
4(−4)h2−4

7 For the OPE between �
(h1=4)
0 (z) and �

(h2=1),i j
1 (w) where the weights

satisfy h1 = h2+3, the fifth order pole of this OPE has the structure con-
stant− 8192

7 λ(2λ−1)(4λ2−2λ−5) in the current�(0),i j
1 (w) term and the

structure constant 8192
7 λ(2λ−1)(4λ−1) in the current 1

2 εi jkl �
(0),kl
1 (w)

term from our calculation. However, the corresponding structure con-
stants ph1=4,h2+1=2,h=2

F and ph1=4,h2+1=2,h=2
B do not produce these λ

dependent structure constants respectively. This implies that there are
extra contributions in the structure constants for the weights which do
not satisfy the condition h1 = h2, h1 = h2 + 1, or h1 = h2 + 2.

×
[(

(h1 − 2λ)

h1+h2−2∑

h=−1

qh q
h1,h2+ 3

2 ,h
F (m, r, λ)

−(h1 − 2λ)

h1+h2−1∑

h=−1

qh (−1)hq
h1,h2+ 3

2 ,h
F (m, r, λ)

−(h1 − 1 + 2λ)

h1+h2−2∑

h=−1

qhq
h1,h2+ 3

2 ,h
B (m, r, λ)

+(h1 − 1 + 2λ)

h1+h2−1∑

h=−1

qh (−1)h q
h1,h2+ 3

2 ,h
B (m, r, λ)

)

× 1

8(−4)h1+h2−h−5
(�

(h1+h2−1−h),i
1
2

)m+r

+
(

− (h1 − 2λ)

h1+h2−2∑

h=−1

qh q
h1,h2+ 3

2 ,h
F (m, r, λ)

−(h1 − 2λ)

h1+h2−1∑

h=−1

qh (−1)hq
h1,h2+ 3

2 ,h
F (m, r, λ)

+(h1 − 1 + 2λ)

h1+h2−2∑

h=−1

qhq
h1,h2+ 3

2 ,h
B (m, r, λ)

+(h1−1+2λ)

h1+h2−1∑

h=−1

qh (−1)h q
h1,h2+ 3

2 ,h
B (m, r, λ)

)

× 1

8(−4)h1+h2−h−6 (�̃
(h1+h2−2−h),i
3
2

)m+r

]
. (4.9)

The form of this (4.9) looks similar to the previous one in
(4.6) because the field contents are the same. The relative
signs are different from each other and we observe that after
replacing h2 with (h2 + 1) appearing in (4.6), the corre-
sponding expressions occur in (4.9). At h = h1 + h2 − 1,
there appear the �

(0),i
1
2

and the �̃
(−1),i
3
2

which are related to

the weight- 1
2 current 
i . Except four terms having the fac-

tor (−1)h with h = h1 + h2 − 1, there some cancellation
between the currents. Furthermore, we have vanishing struc-

ture constants q
h1,h2+ 3

2 ,h1+h2−1
F = 0 = q

h1,h2+ 3
2 ,h1+h2−1

B at
λ = 0 [8]. For the h ≤ h1 + h2 − 2 with odd h in (4.9),
there appear the current �

(h1+h2−1−h),i
1
2

terms because the

coefficients of the current �̃
(h1+h2−2−h),i
3
2

terms are identi-

cally vanishing. On the other hand, for the h ≤ h1 + h2 − 2
with even h, there appear the current �̃

(h1+h2−2−h),i
3
2

terms

because the coefficients of the current �
(h1+h2−2−h),i
1
2

terms

are identically zero. This behavior is different from the one
in (4.6) because the appearance of signs behaves differently.
We also comment on the possible ranges for the weight h2

as described before.8

8 Similar to the previous examples, we consider the OPE between
�

(h1=4)
0 (z) and �

(h2=1),i
3
2

(w) where the weights satisfy h1 = h2 + 3.

The sixth order pole of this OPE provides the structure constant
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4.5 The commutator relation between the lowest
component and the last component with
h1 = h2 + 1, h2 + 2, h2 + 3 for nonzero λ

Finally, the commutator relation between the lowest com-
ponent �

(h1)
0 (z) of the h1-th N = 4 multiplet and the last

component (and derivative term) �̃
(h2)
2 (w) of the h2thN = 4

multiplet can be determined by using (4.1)

[
(�

(h1)
0 )m , (�̃

(h2)
2 )n

] = (−4)h1−2

(2h1 − 1)
4(−4)h2−4

×
[ (

m + h1 − 1
h1 + h2 − 1

)
qh1+h2−2

(
2(h1 − 2λ) cF

−2(h1 − 1 + 2λ) cB

)
δm+n

+
h1+h2−1∑

h=0,even

2 qh

(−4)h1+h2−h−2

(
−(h1 − 2λ) ph1,h2+2,h

F (m, n, λ)

−(h1 − 1 + 2λ) ph1,h2+2,h
B (m, n, λ)

)
(�

(h1+h2−h)
0 )m+n

+
h1+h2−1∑

h=0,even

qh

4(2h1 + 2h2 − 2h − 1)(−4)h1+h2−h−6

×
(

− (h1 − 2λ)(h1 + h2 − h − 1 + 2λ) ph1,h2+2,h
F (m, n, λ)

+(h1−1+2λ)(h1+h2−h−2λ) ph1,h2+2,h
B (m, n, λ)

)

×(�̃
(h1+h2−h−2)
2 )m+n

]
. (4.10)

Footnote 8 continued
32768

7 (λ − 1)λ(2λ − 1)(2λ + 1)(4λ − 1) appearing in the current

�̃
(h1+h2−2−h=−1),i
3
2

(w) with the weight h = 4. By substituting the var-

ious expressions in the corresponding terms of (4.9), we can check that

we obtain the above structure constant correctly where q
4, 5

2 ,4
F term cor-

responds to the λ dependent factor 256
3 (λ−1)λ(2λ−3)(2λ−1)(2λ+1)

while q
4, 5

2 ,4
B term corresponds to the λ dependent factor − 512

3 (λ −
1)λ(λ + 1)(2λ − 1)(2λ + 1). There is no �

(1),i
1
2

(w) term in the sixth

order pole from our calculation and this is consistent with (4.9) because
all the coefficients vanish for the even weight h = 4.
Now we can move to the fifth order pole of above OPE. The
�

(h1+h2−2−h=1),i
1
2

(w) term has the structure constant − 2048
7 (λ−1)(2λ+

1)(6λ2 − 3λ − 4) which can be identified with the coefficient appear-
ing in the second current �

(h1+h2−2−h=1),i
1
2

(w) of (4.9) by substituting

q
4, 5

2 ,3
F and q

4, 5
2 ,3

B correctly. On the other hand, there exists the current
Gi (w) term of N = 4 stress energy tensor with the structure constant
128

3 (λ−1)λ(2λ−1)(2λ+1) having the λ factor. We can check that this
structure constant is equal to the one in the first current terms in (4.9)

where the previous q
4, 5

2 ,3
F and q

4, 5
2 ,3

B are replaced by q
3, 5

2 ,3
F and q

3, 5
2 ,3

B
respectively. The weight h1 is replaced by the weight (h1 − 1) and this
reflects the fact that the weight h1 is increased by 1 from h1 = h2 + 2
to h1 = h2 +3. Now we have seen the extra structures on the right hand
side of this particular pole for the weights we are considering.

The field contents appearing in (4.10) are the same as the one
in (4.4). As before, we observe that for the maximum value
of dummy variable h, h = h1 +h2 −1 with odd (h1 +h2), on
the right hand side of (4.10), there appear the currents �

(1)
0

and �̃−1
2 which is related to the previous currentU of N = 4

stress energy tensor. On the other hand, for even (h1+h2), the
maximum value of the weight h is given by h = h1 + h2 − 2
because the weight h should be even. For this value, there
appear the currents �

(2)
0 and �̃

(0)
2 , which is related to the

previous current L , with proper λ dependent structure con-
stants on the right hand side of (4.10). Note that as before we
have vanishing structure constant ph1,h2+2,h1+h2−1

B at λ = 0
[8]. We comment on the other possible cases for the weights.9

In Appendix G, the remaining (anti) commutator relations
are given. Therefore, the (anti)commutator relations between
the N = 4 multiplets are summarized by (4.4), (4.6), (4.8),
(4.9) and (4.10) in addition to Appendices (G.1), (G.2),
(G.3), (G.5), (G.6), (G.9), (G.10), (G.11), (G.13) and (G.14).
Among these, the more fundamental (anti)commutator rela-
tions are given by (4.4), (4.6), (4.8), Appendices (G.1), and
(G.6) in the sense that the field contents on the right hand
sides of the remaining ones can be seen from the ones of
these fundamental relations up to signs. As mentioned at the
end of previous Sect. 3, by using (4.4), (4.10) and Appendix
(G.14) together with (4.1), the w1+∞ algebra can be obtained
by taking the proper limit on the parameter q at λ = 0 with
the contractions of the currents.
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(h1=4)
0 (z) and �
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2 (w) where the

weights satisfy h1 = h2 + 4, the fifth order pole of this OPE provides
the structure constant 8192

7 λ(2λ − 1)(4λ − 1) appearing in the cur-

rent �
(1)
0 (w) and the structure constant 256

7 λ(2λ − 1)(10λ2 − 5λ − 2)

appearing in the current U (w). In (4.10), the exponent of the first cur-
rent implies the weight h1 + h2 − h = 4 − h. Moreover, the weight h
is given by h = 0 or h = 2 from the summation. Therefore, the current
�

(1)
0 (w) cannot appear from the (4.10). Furthermore, the exponent of
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currents having the weights we are considering which do not satisfy the
above constraints.
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Appendix A: The structure constants

By introducing the generalized hypergeometric function

φh1,h2
r (�, a) ≡ 4F3

[ 1
2 + � 1

2 − � 1+a−r
2

a−r
2

3
2 − h1

3
2 − h2

1
2 + h1 + h2 − r

1

]
,

(A.1)

and mode dependent function

Nh1,h2
h (m, n) ≡

h+1∑

l=0

(−1)l
(
h + 1
l

)

×[h1 − 1 + m]h+1−l [h1 − 1 − m]l
×[h2 − 1 + n]l [h2 − 1 − n]h+1−l , (A.2)

the three kinds of structure constants in [13] can be summa-
rized, together with (A.1) and (A.2), by

BBh1,h2
r,± (m, n; μ) ≡ − 1

(r − 1)!N
h1,h2
r−2 (m, n)

×
[
φh1,h2
r (μ, 1)±φh1,h2

r (1−μ, 1)

]
,

BF
h1,h2+ 1

2
r, ± (m, ρ; μ) ≡ − 1

(r − 1)!N
h1,h2+ 1

2
r−2 (m, ρ)

×
[
φ
h1,h2+1
r+1

(
μ,

3 ± 1

2

)

± φ
h1,h2+1
r+1

(
1 − μ,

3 ± 1

2

)]
,

FF
h1+ 1

2 ,h2+ 1
2

r,± (ρ, ω; μ) ≡ − 1

(r − 1)!N
h1+ 1

2 ,h2+ 1
2

r−2 (ρ, ω)

×
[
φ
h1+1,h2+1
r+1

(
μ,

3 ± 1

2

)

± φ
h1+1,h2+1
r+1

(
1 − μ,

3 ± 1

2

)]
.

(A.3)

Then the structure constants in Sect. 3, from (A.3), are
given by

ph1,h2
F,h (m, n, λ) = −1

4

[
BBh1,h2

h+2, + + BBh1,h2
h+2, −

]

μ=2λ

,

ph1,h2
B,h (m, n, λ) = −1

4

[
BBh1,h2

h+2, + − BBh1,h2
h+2, −

]

μ=2λ

,

q
h1,h2+ 1

2
F,2h (m, n, λ) =

[
− 1

8
BF

h1,h2+ 1
2

2h+2, +

+ (2h1 − 2h − 3)

16(h + 1)
BF

h1,h2+ 1
2

2h+2, −
]

μ=2λ

,

q
h1,h2+ 1

2
F,2h+1 (m, n, λ) =

[
1

8
BF

h1,h2+ 1
2

2h+3, +

− (h1 − h − 2)

4(2h + 3)
BF

h1,h2+ 1
2

2h+3, −
]

μ=2λ

,

q
h1,h2+ 1

2
B,2h (m, n, λ) =

[
− 1

8
BF

h1,h2+ 1
2

2h+2, +

− (2h1 − 2h − 3)

16(h + 1)
BF

h1,h2+ 1
2

2h+2, −
]

μ=2λ

,

q
h1,h2+ 1

2
B,2h+1 (m, n, λ) =

[
− 1

8
BF

h1,h2+ 1
2

2h+3, +

− (h1 − h − 2)

4(2h + 3)
BF

h1,h2+ 1
2

2h+3, −
]

μ=2λ

,

o
h1+ 1

2 ,h2+ 1
2

F,2h (m, n, λ) =
[

− FF
h1+ 1

2 ,h2+ 1
2

2h+1, +

−2(h1 + h2 − h)

(2h + 1)
FF

h1+ 1
2 ,h2+ 1

2
2h+1, −

]

μ=2λ

,

o
h1+ 1

2 ,h2+ 1
2

F,2h+1 (m, n, λ) =
[

FF
h1+ 1

2 ,h2+ 1
2

2h+2, +

+2(h1+h2−h)−1

2(h+1)
FF

h1+ 1
2 ,h2+ 1

2
2h+2, −

]

μ=2λ

,

o
h1+ 1

2 ,h2+ 1
2

B,2h (m, n, λ) =
[

− FF
h1+ 1

2 ,h2+ 1
2

2h+1, +

+2(h1+h2−h)

(2h+1)
FF

h1+ 1
2 ,h2+ 1

2
2h+1, −

]

μ=2λ

,

o
h1+ 1

2 ,h2+ 1
2

B,2h+1 (m, n, λ) =
[
−FF

h1+ 1
2 ,h2+ 1

2
2h+2, +

+2(h1+h2−h)−1

(2h+2)
FF

h1+ 1
2 ,h2+ 1

2
2h+2, −

]

μ=2λ

.

(A.4)

At λ = 0, the above structure constants reduce to the ones in
[6,12].

Appendix B: The other central terms

As done in (3.8), we obtain the following central terms

V (h1)+
λ,āb (z) V (h2)−

λ,c̄d (w)

∣
∣∣∣

1
(z−w)h1+h2

= N δbc̄ δdā

h1−1∑

j=0

h2−1∑

i=0

j+1∑

t=0

×
(

− (h2 − 1 + 2λ)

(2h2 − 1)
a j (h1, λ) ai (h2, λ)

− (h2 − 2λ)

(2h2 − 1)
a j (h1, λ + 1

2
) ai

(
h2, λ + 1

2

) )
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× j ! (t + i)!
t ! (t + i + 1)! (−1)h1+t ( j + 1 − t)h1−1− j

×(h1 − t)t+1+i (h1 + 1 + i)h2−1−i ,

V (h1)−
λ,āb (z) V (h2)−

λ,c̄d (w)

∣∣
∣∣

1
(z−w)h1+h2

= N δbc̄ δdā

h1−1∑

j=0

h2−1∑

i=0

j+1∑

t=0

×
(

(h1 − 1 + 2λ)

(2h1 − 1)

(h2 − 1 + 2λ)

(2h2 − 1)
a j (h1, λ) ai (h2, λ)

− (h1 − 2λ)

(2h1 − 1)

(h2 − 2λ)

(2h2 − 1)
a j (h1, λ + 1

2
) ai (h2, λ + 1

2
)

)

× j ! (t + i)!
t ! (t + i + 1)! (−1)h1+t ( j + 1 − t)h1−1− j

×(h1 − t)t+1+i (h1 + 1 + i)h2−1−i , (B.1)

where the previous relations in (2.3) are used.

Appendix C: The OPEs between the nonsinglet currents

In this Appendix, the three kinds of OPEs corresponding to
the ones in Sect. 3 are given explicitly.

C.1 The OPE between the bosonic currents

We present the explicit check for (3.1) and (3.10) with the
weights h1 = h2 = 4.

C.1.1 The OPE between W λ, Â=1
F,4 and itself

For the same indices Â = B̂ = 1 in (3.1), we obtain the
following result

(W λ,12
F,4 + W λ,21

F,4 )(z) (W λ,12
F,4 + W λ,21

F,4 )(w)

= 1

(z − w)8

[
− 1536

5
(112λ6 − 280λ4 + 147λ2 − 9)

]

+ 1

(z − w)6

[
2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 3)

]

×(W λ,11
F,2 + W λ,22

F,2 )(w)

+ 1

(z − w)5

1

2

[
2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 3)

]

×∂ (W λ,11
F,2 + W λ,22

F,2 )(w)

+ 1

(z − w)4

[
3

20

2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 3)

×∂2
(
W λ,11

F,2 + W λ,22
F,2

)

−96

5
(4λ2 − 19) (W λ,11

F,4 + W λ,22
F,4 )

]
(w)

+ 1

(z − w)3

[
1

30

2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 3)

×∂3 (W λ,11
F,2 + W λ,22

F,2 )

−1

2

96

5
(4λ2 − 19) ∂ (W λ,11

F,4 + W λ,22
F,4 )

]
(w)

+ 1

(z − w)2

[
1

168

2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 3)

×∂4 (W λ,11
F,2 + W λ,22

F,2 )

− 5

36

96

5
(4λ2 − 19) ∂2 (W λ,11

F,4 + W λ,22
F,4 )

+6 (W λ,11
F,6 + W λ,22

F,6 )

]
(w)

+ 1

(z − w)

[
1

1120

2048

5
(λ − 1)(λ + 1)(2λ − 3)

×(2λ + 3) ∂5 (W λ,11
F,2 + W λ,22

F,2 )

− 1

36

96

5
(4λ2 − 19) ∂3 (W λ,11

F,4 + W λ,22
F,4 )

+1

2
6 ∂ (W λ,11

F,6 + W λ,22
F,6 )

]
(w) + · · ·

= 1

(z − w)8

[
− 1536

5
(112λ6 − 280λ4 + 147λ2 − 9)

]

−p4,4
F,4(∂z, ∂w, λ)

[
(W λ,11

F,2 + W λ,22
F,2 )(w)

(z − w)

]

−p4,4
F,2(∂z, ∂w, λ)

[
(W λ,11

F,4 +W λ,22
F,4 )(w)

(z−w)

]

−p4,4
F,0(∂z, ∂w, λ)

[
(W λ,11

F,6 + W λ,22
F,6 )(w)

(z − w)

]
+ · · · ,

= 1

(z − w)8 cF (4, 4, λ) δ11 q4

+
4∑

h=0,even

qh (−1)h−1 p4,4
F,h(∂z, ∂w, λ)

×
[

(W λ,11
F,6−h + W λ,22

F,6−h)(w)

(z − w)

]
+ · · · . (C.1)

The right hand side of (C.1) can be seen from the last two
terms in (3.1) by changing the commutator to the correspond-
ing OPE. Note that there is an additional factor (−1)h−1 in
the above.

C.1.2 The OPE between W λ, Â=1
F,4 and W λ,B̂=2

F,4

For the different indices Â = 1 and B̂ = 2 in (3.1), the
following result is satisfied

(W λ,12
F,4 + W λ,21

F,4 )(z) i (W λ,12
F,4 − W λ,21

F,4 )(w)

= 1

(z − w)7

[
2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ − 1)

×(2λ + 1)(2λ + 3)

]
i (W λ,11

F,1 − W λ,22
F,1 )(w)

+ 1

(z − w)6

[
1

2

2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ − 1)
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×(2λ + 1)(2λ + 3)

]
i∂(W λ,11

F,1 − W λ,22
F,1 )(w)

+ 1

(z − w)5

[
1

6

2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ − 1)

×(2λ + 1)(2λ + 3) i ∂2 (W λ,11
F,1 − W λ,22

F,1 )

−256

25
(2λ−3)(2λ+3)(2λ2−17) i (W λ,11

F,3 −W λ,22
F,3 )

]
(w)

+ 1

(z − w)4

[
1

24

2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ − 1)

×(2λ + 1)(2λ + 3) i ∂3 (W λ,11
F,1 − W λ,22

F,1 )

−1

2

256

25
(2λ−3)(2λ+3)(2λ2−17) i

∂ (W λ,11
F,3 −W λ,22

F,3 )

]
(w)

+ 1

(z − w)3

[
1

120

2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ − 1)

×(2λ + 1)(2λ + 3)i∂4(W λ,11
F,1 −W λ,22

F,1 )

−1

7

256

25
(2λ − 3)(2λ + 3)(2λ2 − 17)i∂2(W λ,11

F,3 − W λ,22
F,3 )

+4

5
(4λ2 − 69)i(W λ,11

F,5 − W λ,22
F,5 )

]

+ 1

(z − w)2

[
1

720

2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ − 1)

×(2λ + 1)(2λ + 3)i∂5(W λ,11
F,1 − W λ,22

F,1 )

− 5

168

256

25
(2λ − 3)(2λ + 3)(2λ2 − 17)

×i ∂3 (W λ,11
F,3 − W λ,22

F,3 )

+1

2

4

5
(4λ2 − 69) i ∂ (W λ,11

F,5 − W λ,22
F,5 )

]
(w)

+ 1

(z − w)

[
1

5040

2048

5
(λ − 1)(λ + 1)(2λ − 3)(2λ − 1)

×(2λ + 1)(2λ + 3)i∂6(W λ,11
F,1 − W λ,22

F,1 )

− 5

1008

256

25
(2λ − 3)(2λ + 3)(2λ2 − 17) i ∂4

×(W λ,11
F,3 − W λ,22

F,3 )

+ 3

22

4

5
(4λ2 − 69) i ∂2 (W λ,11

F,5 − W λ,22
F,5 )

−1

2
i (W λ,11

F,7 − W λ,22
F,7 )

]
(w) + · · ·

= −p4,4
F,5(∂z, ∂w, λ)

[
i (W λ,11

F,1 − W λ,22
F,1 )(w)

(z − w)

]

−p4,4
F,3(∂z, ∂w, λ)

×
[
i (W λ,11

F,3 − W λ,22
F,3 )(w)

(z − w)

]

−p4,4
F,1(∂z, ∂w, λ)

[
i (W λ,11

F,5 − W λ,22
F,5 )(w)

(z − w)

]

−p4,4
F,−1(∂z, ∂w, λ)

×
[
i (W λ,11

F,7 − W λ,22
F,7 )(w)

(z − w)

]
+ · · ·

= −
5∑

h=−1,odd

qh (−1)h−1 p4,4
F,h(∂z, ∂w, λ)i f 123

×
[
W λ, Â=3

F,6−h (w)

(z − w)

]
+ · · · . (C.2)

Therefore, we observe that this can be seen from the first

term in (3.1). It turns out that the three elements of W λ, Â
F,4 are

normalized correctly. Here the structure constant is given by
f 123 = 1. We can also check other cases of (3.1) by choosing
the different indices and expect to have similar relations to
(C.1) and (C.2). We have checked that the relation (3.1) satis-
fies for the case of the arbitrary weight h1 with the restricted
weight h2 (h1 = h2, h2 ± 1).

4.5.1 C.1.3 The OPE between W λ, Â=1
B,4 and itself

We can consider the second case described by (3.10). It turns
out that we obtain the result

(W λ,12
B,4 + W λ,21

B,4 )(z) (W λ,12
B,4 + W λ,21

B,4 )(w) =

× 1

(z − w)8

[
6144

5
(28λ6 − 84λ5 + 35λ4 + 70λ3

−42λ2 − 7λ + 3)

]

+ 1

(z − w)6

[
2048

5
(λ − 2)(λ + 1)(2λ − 3)(2λ + 1)

]

×(W λ,11
B,2 + W λ,22

B,2 )(w)

+ 1

(z − w)5

1

2

[
2048

5
(λ − 2)(λ + 1)(2λ − 3)(2λ + 1)

]

×∂ (W λ,11
B,2 + W λ,22

B,2 )(w)

+ 1

(z−w)4

[
3

20

2048

5
(λ−2)(λ+1)(2λ−3)(2λ+1)∂2

×(W λ,11
B,2 + W λ,22

B,2 )

−192

5
(2λ2−2λ−9)(W λ,11

B,4 +W λ,22
B,4 )

]
(w)

+ 1

(z−w)3

[
1

30

2048

5
(λ−2)(λ+1)(2λ−3)(2λ+1)∂3

×(W λ,11
B,2 + W λ,22

B,2 )

−1

2

192

5
(2λ2 − 2λ − 9)∂(W λ,11

B,4 + W λ,22
B,4 )

]
(w)

+ 1

(z − w)2

[
1

168

2048

5
(λ − 2)(λ + 1)(2λ − 3)

×(2λ + 1) ∂4 (W λ,11
B,2 + W λ,22

B,2 )

− 5

36

192

5
(2λ2 − 2λ − 9) ∂2 (W λ,11

B,4 + W λ,22
B,4 )
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+ · · · , (C.3)

which looks similar to the previous one in (C.1). The cor-
responding central charge, the structure constants and the
currents occur.

C.1.4 The OPE between W λ, Â=1
B,4 and W λ,B̂=2

B,4

By taking the different indices Â = 1 and B̂ = 2 in (3.10),
the following result is obtained
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= −
5∑

h=−1,odd

qh (−1)h−1 p4,4
B,h(∂z, ∂w, λ)i f 123

×
[
W λ, Â=3

B,6−h (w)

(z − w)

]
+ · · · . (C.4)

Note that there is a λ factor in the structure constants appear-
ing the current (W λ,11

B,1 − W λ,22
B,1 ) and its descendants. It is

obvious that they vanish at λ = 0.

C.2 The OPE between the bosonic currents and the
fermionic currents

We present the explicit check for (3.12) with the weights
h1 = 4 and h2 = 3.

C.2.1 The OPE between W λ, Â=1
F,4 and Qλ,B̂=1

7
2

For the same indices Â = B̂ = 1 in the first equation of
(3.12), the following result holds
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The right hand side of (C.5) can be seen from the last term in
the first relation of (3.12) by changing the commutator to the
corresponding OPE. Note that there is an additional factor
(−1)h−1 in the above.

C.2.2 The OPE between W λ, Â=1
F,4 and Qλ,B̂=2

7
2

The following result is obtained by taking the different
indices Â = 1 and B̂ = 2 in the first equation of (3.12),

(W λ,12
F,4 + W λ,21

F,4 )(z) i (Qλ,12
7
2

− Qλ,21
7
2

)(w)

= 1

(z − w)6

[
256

5
(λ − 1)(λ + 1)(2λ − 3)

×(2λ + 1)(2λ + 3)

]

×i

(
Qλ,11

3
2

− Qλ,22
3
2

)
(w)

+ 1

(z − w)5

[
2

3

256

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 1)

×(2λ + 3) i ∂ (Qλ,11
3
2

− Qλ,22
3
2

)

−256

25
(λ − 4)(λ + 1)(2λ − 3)(2λ + 3) i

×
(
Qλ,11

5
2

− Qλ,22
5
2

) ]
(w)

+ 1

(z − w)4

[
1

4

256

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 1)

×(2λ + 3) i ∂2 (Qλ,11
3
2

− Qλ,22
3
2

)

−3

5

256

25
(λ − 4)(λ + 1)(2λ − 3)(2λ + 3) i ∂

×
(
Qλ,11

5
2

− Qλ,22
5
2

)

−16

25
(2λ + 3)(4λ2 + 18λ − 61) i

×
(
Qλ,11

7
2

− Qλ,22
7
2

) ]
(w)

+ 1

(z − w)3

[
1

15

256

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 1)

×(2λ + 3) i ∂3
(
Qλ,11

3
2

− Qλ,22
3
2

)

−1

5

256

25
(λ − 4)(λ + 1)(2λ − 3)(2λ + 3)

×i ∂2
(
Qλ,11

5
2

− Qλ,22
5
2

)

−4

7

16

25
(2λ + 3)(4λ2 + 18λ − 61) i ∂ (Qλ,11

7
2

− Qλ,22
7
2

)

+4

5
(2λ2 − 5λ − 27) i (Qλ,11

9
2

− Qλ,22
9
2

)

]
(w)

+ 1

(z − w)2

[
1

72

256

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 1)

×(2λ + 3) i ∂4
(
Qλ,11

3
2

− Qλ,22
3
2

)

− 1

21

256

25
(λ − 4)(λ + 1)(2λ − 3)(2λ + 3) i

×∂3 (Qλ,11
5
2

−Qλ,22
5
2

)

− 5

28

16

25
(2λ + 3)(4λ2 + 18λ − 61) i ∂2 (Qλ,11

7
2

− Qλ,22
7
2

)

+5

9

4

5
(2λ2 − 5λ − 27) i ∂ (Qλ,11

9
2

− Qλ,22
9
2

)

+ 1

10
(2λ + 27) i

(
Qλ,11

11
2

− Qλ,22
11
2

) ]
(w)

+ 1

(z − w)

[
1

420

256

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 1)

×(2λ + 3) i ∂5 (Qλ,11
3
2

− Qλ,22
3
2

)

− 1

112

256

25
(λ − 4)(λ + 1)(2λ − 3)(2λ + 3) i

×∂4 (Qλ,11
5
2

− Qλ,22
5
2

)

− 5

126

16

25
(2λ+3)(4λ2+18λ−61) i ∂3 (Qλ,11

7
2

− Qλ,22
7
2

)

+1

6

4

5
(2λ2 − 5λ − 27) i ∂2 (Qλ,11

9
2

− Qλ,22
9
2

)

+ 6

11

1

10
(2λ + 27) i ∂ (Qλ,11

11
2

− Qλ,22
11
2

)

−1

4
i (Qλ,11

13
2

− Qλ,22
13
2

)

]
(w) + · · ·

= −q
4, 7

2
F,4 (∂z, ∂w, λ)

[ i (Qλ,11
3
2

− Qλ,22
3
2

)(w)

(z − w)

]

+q
4, 7

2
F,3 (∂z, ∂w, λ)

[ i (Qλ,11
5
2

− Qλ,22
5
2

)(w)

(z − w)

]

−q
4, 7

2
F,2 (∂z, ∂w, λ)

[ i (Qλ,11
7
2

− Qλ,22
7
2

)(w)

(z − w)

]

+q
4, 7

2
F,1 (∂z, ∂w, λ)

[ i (Qλ,11
9
2

− Qλ,22
9
2

)(w)

(z − w)

]

−q
4, 7

2
F,0 (∂z, ∂w, λ)

[ i (Qλ,11
11
2

− Qλ,22
11
2

)(w)

(z − w)

]

+q
4, 7

2
F,−1(∂z, ∂w, λ)

[ i (Qλ,11
13
2

− Qλ,22
13
2

)(w)

(z − w)

]
+ · · ·

=
4∑

h=−1

qh (−1)h−1 q
4, 7

2
F,h (∂z, ∂w, λ) i f 123

[Qλ, Â=3
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Then we observe the first term of the first equation of
(3.12) and the first relation of (3.12) satisfies for the case
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of the arbitrary weight h1 with the restricted weight h2

(h1 = h2, h2 + 1).

C.2.3 The OPE between W λ, Â=1
B,4 and Qλ,B̂=1

7
2

We obtain the following result for the same indices Â = B̂ =
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7
2

(w)

(z − w)

]

+q
4, 7

2
B,1 (∂z, ∂w, λ)

[Qλ,āa
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11
2

(w)

(z − w)

]
+ q

4, 7
2

B,−1(∂z, ∂w, λ)

[Qλ,āa
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We observe that the second relation of (3.12) can be seen
from (C.7).

C.2.4 The OPE between W λ, Â=1
B,4 and Qλ,B̂=2

7
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Similarly, we can calculate the following OPE for different
indices Â = 1 and B̂ = 2
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11
2 −h

(w)

(z − w)

]
+ · · · . (C.8)

We observe that the first term of second relation of (3.12) can
be seen from (C.8).

C.2.5 The OPE between W λ, Â=1
F,4 and Q̄λ,B̂=1
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We can consider the third equation of (3.12) and the following
result can be determined
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There appears the λ factor in the coefficients appearing in the
current Q̄λ,āa

1
2

(w) and its descendants.

C.2.6 The OPE between W λ, Â=1
F,4 and Q̄λ,B̂=2
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For different indices, we obtain the following result
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The λ factor appears in the structure constant appearing in
the current (Q̄λ,11
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)(w) and its descendants.

C.2.7 The OPE between W λ, Â=1
B,4 and Q̄λ,B̂=1
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By considering the last equation of (3.12), the following
result is obtained for the same indices
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There appears the λ factor in the coefficients of the current
Q̄λ,āa

1
2

(w) and its descendants.

C.2.8 The OPE between W λ, Â=1
B,4 and Q̄λ,B̂=2

7
2

For different indices we obtain the following result
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Similarly, we observe that the last equation of (3.12) can be
seen from the above (C.12).

C.3 The OPE between the fermionic currents

We check (3.13) with the weights h1 = h2 = 3.

C.3.1 The OPE between Qλ, Â=1
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and Q̄λ,B̂=1
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When the indices Â and B̂ ( Â = B̂ = 1) are the same, then
we obtain the following expression
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F,1

+1

2

8192

5
(λ − 1)λ(λ + 1)(2λ − 3)(2λ + 1) ∂ W λ,āa
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B,3

]
(w)

+ 1

(z − w)3

[
1

24

4096

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 1)

×(2λ − 1) ∂3 W λ,āa
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F,2

+ 3

20

1024

25
(λ − 9)(λ + 1)(2λ − 3)(2λ + 1) ∂2 W λ,āa
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F,2

+ 1

30

1024

25
(λ − 9)(λ + 1)(2λ − 3)(2λ + 1) ∂3 W λ,āa
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F,6 + 2 W λ,āa
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B,6−h(w)

(z − w)

]

+ · · · . (C.13)

We can check that the corresponding terms in (3.13) can be
seen from the above (C.13) and note that there is an additional
factor (−1)h coming from the anticommutator to the OPE.

C.3.2 The OPE between Qλ, Â=1
7
2

and Q̄λ,B̂=2
7
2

By considering the different indices as before, we determine
the following result

(Qλ,12
7
2

+ Qλ,21
7
2

)(z) (−i) (Q̄λ,12
7
2

− Q̄λ,21
7
2

)(w)

= 1

(z − w)6

[
− 4096

5
(λ − 1)(λ + 1)(2λ − 3)(2λ + 1)

×(2λ − 1) (−i) (W λ,11
F,1 − W λ,22

F,1 )

+8192

5
(λ − 1)λ(λ + 1)(2λ − 3)(2λ + 1) (−i)

×(W λ,11
B,1 − W λ,22

B,1 )

]
(w)

+ 1

(z−w)5

[
−1

2

4096

5
(λ−1)(λ+1)(2λ−3)(2λ+1)

×(2λ − 1) (−i) ∂ (W λ,11
F,1 − W λ,22

F,1 )

+1

2

8192

5
(λ − 1)λ(λ + 1)(2λ − 3)(2λ + 1) (−i)

×∂ (W λ,11
B,1 − W λ,22

B,1 )

123
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−1024

25
(λ − 1)(λ + 1)(2λ − 3)(2λ + 17) (−i)

×(W λ,11
F,2 − W λ,22

F,2 )

+1024

25
(λ − 9)(λ + 1)(2λ − 3)(2λ + 1) (−i)

×(W λ,11
B,2 − W λ,22

B,2 )

]
(w)

+ 1

(z−w)4

[
−1

6

4096

5
(λ−1)(λ+1)(2λ−3)(2λ+1)

×(2λ − 1) (−i) ∂2 (W λ,11
F,1 − W λ,22

F,1 )

+1

6

8192

5
(λ − 1)λ(λ + 1)(2λ − 3)(2λ + 1) (−i)

×∂2 (W λ,11
B,1 − W λ,22

B,1 )

−1

2

1024

25
(λ − 1)(λ + 1)(2λ − 3)(2λ + 17) (−i)

×∂ (W λ,11
F,2 − W λ,22

F,2 )

+1

2

1024

25
(λ − 9)(λ + 1)(2λ − 3)(2λ + 1) (−i)

×∂ (W λ,11
B,2 − W λ,22

B,2 )

+256

25
(2λ − 3)(4λ2 − 6λ − 25) (−i) (W λ,11

F,3 − W λ,22
F,3 )

−512

25
(λ + 1)(4λ2 + 2λ − 27)

×(−i) (W λ,11
B,3 − W λ,22

B,3 )

]
(w)

+ 1

(z − w)3

[
− 1

24

4096

5
(λ − 1)(λ + 1)(2λ − 3)

×(2λ + 1)(2λ − 1) (−i)

×∂3 (W λ,11
F,1 − W λ,22

F,1 )

+ 1

24

8192

5
(λ − 1)λ(λ + 1)(2λ − 3)(2λ + 1) (−i)

×∂3 (W λ,11
B,1 − W λ,22

B,1 )

− 3

20

1024

25
(λ − 1)(λ + 1)(2λ − 3)(2λ + 17) (−i)

×∂2 (W λ,11
F,2 − W λ,22

F,2 )

+ 3

20

1024

25
(λ − 9)(λ + 1)(2λ − 3)(2λ + 1) (−i)

×∂2 (W λ,11
B,2 − W λ,22

B,2 )

+1

2

256

25
(2λ − 3)(4λ2 − 6λ − 25)

×(−i)∂ (W λ,11
F,3 − W λ,22

F,3 )

−1

2

512

25
(λ + 1)(4λ2 + 2λ − 27)

×(−i) ∂ (W λ,11
B,3 − W λ,22

B,3 )

+64

25
(4λ2 + 18λ − 61) (−i) (W λ,11

F,4 − W λ,22
F,4 )

−64

25
(4λ2 − 22λ − 51) (−i) (W λ,11

B,4 − W λ,22
B,4 )

]
(w)

+ 1

(z − w)2

[
− 1

120

4096

5
(λ − 1)(λ + 1)(2λ − 3)

×(2λ + 1)(2λ − 1) (−i) ∂4 (W λ,11
F,1 − W λ,22

F,1 )

+ 1

120

8192

5
(λ − 1)λ(λ + 1)(2λ − 3)(2λ + 1) (−i)

×∂4 (W λ,11
B,1 − W λ,22

B,1 )

− 1

30

1024

25
(λ − 1)(λ + 1)(2λ − 3)(2λ + 17) (−i)

×∂3 (W λ,11
F,2 − W λ,22

F,2 )

+ 1

30

1024

25
(λ − 9)(λ + 1)(2λ − 3)(2λ + 1) (−i)

×∂3 (W λ,11
B,2 − W λ,22

B,2 )

+1

7

256

25
(2λ − 3)(4λ2 − 6λ − 25)

×(−i) ∂2 (W λ,11
F,3 − W λ,22

F,3 )

−1

7

512

25
(λ + 1)(4λ2 + 2λ − 27)

×(−i) ∂2 (W λ,11
B,3 − W λ,22

B,3 )

+1

2

64

25
(4λ2 + 18λ − 61)(−i)∂(W λ,11

F,4 − W λ,22
F,4 )

−1

2

64

25
(4λ2 − 22λ − 51)(−i)∂(W λ,11

B,4 − W λ,22
B,4 )

−8

5
(2λ − 13) (−i) (W λ,11

F,5 − W λ,22
F,5 )

+16(λ + 6)

5
(−i) (W λ,11

B,5 − W λ,22
B,5 )

]
(w)

+ 1

(z − w)

[
− 1

720

4096

5
(λ − 1)(λ + 1)(2λ − 3)

×(2λ + 1)(2λ − 1) (−i) ∂5 (W λ,11
F,1 − W λ,22

F,1 )

+ 1

720

8192

5
(λ − 1)λ(λ + 1)(2λ − 3)(2λ + 1) (−i)

×∂5 (W λ,11
B,1 − W λ,22

B,1 )

− 1

168

1024

25
(λ − 1)(λ + 1)(2λ − 3)(2λ + 17) (−i)

∂4 (W λ,11
F,2 − W λ,22

F,2 )

+ 1

168

1024

25
(λ − 9)(λ + 1)(2λ − 3)(2λ + 1) (−i)

×∂4 (W λ,11
B,2 − W λ,22

B,2 )

+ 5

168

256

25
(2λ − 3)(4λ2 − 6λ − 25)

×(−i) ∂3 (W λ,11
F,3 − W λ,22

F,3 )

− 5

168

512

25
(λ + 1)(4λ2 + 2λ − 27)

123
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×(−i) ∂3 (W λ,11
B,3 − W λ,22

B,3 )

+ 5

36

64

25
(4λ2 + 18λ − 61) (−i) ∂2 (W λ,11

F,4 − W λ,22
F,4 )

− 5

36

64

25
(4λ2 − 22λ − 51) (−i) ∂2 (W λ,11

B,4 − W λ,22
B,4 )

−1

2

8

5
(2λ − 13) (−i) ∂ (W λ,11

F,5 − W λ,22
F,5 )

+1

2

16(λ + 6)

5
(−i) ∂ (W λ,11

B,5 − W λ,22
B,5 )

−2 (−i) (W λ,11
F,6 − W λ,22

F,6 ) + 2

×(−i) (W λ,11
B,6 − W λ,22

B,6 )

]
(w) + · · ·

= o
7
2 , 7

2
F,5 (∂z, ∂w, λ)

[
(−i)

(W λ,11
F,1 − W λ,22

F,1 )(w)

(z − w)

]

−o
7
2 , 7

2
B,5 (∂z, ∂w, λ)

[
(−i)

(W λ,11
B,1 − W λ,22

B,1 )(w)

(z − w)

]

−o
7
2 , 7

2
F,4 (∂z, ∂w, λ)

[
(−i)

(W λ,11
F,2 − W λ,22

F,2 )(w)

(z − w)

]

+o
7
2 , 7

2
B,4 (∂z, ∂w, λ)

[
(−i)

(W λ,11
B,2 − W λ,22

B,2 )(w)

(z − w)

]

+o
7
2 , 7

2
F,3 (∂z, ∂w, λ)

[
(−i)

(W λ,11
F,3 − W λ,22

F,3 )(w)

(z − w)

]

−o
7
2 , 7

2
B,3 (∂z, ∂w, λ)

[
(−i)

(W λ,11
B,3 − W λ,22

B,3 )(w)

(z − w)

]

−o
7
2 , 7

2
F,2 (∂z, ∂w, λ)

[
(−i)

(W λ,11
F,4 − W λ,22

F,4 )(w)

(z − w)

]

+o
7
2 , 7

2
B,2 (∂z, ∂w, λ)

[
(−i)

(W λ,11
B,4 − W λ,22

B,4 )(w)

(z − w)

]

+o
7
2 , 7

2
F,1 (∂z, ∂w, λ)

[
(−i)

(W λ,11
F,5 − W λ,22

F,5 )(w)

(z − w)

]

−o
7
2 , 7

2
B,1 (∂z, ∂w, λ)

[
(−i)

(W λ,11
B,5 − W λ,22

B,5 )(w)

(z − w)

]

−o
7
2 , 7

2
F,0 (∂z, ∂w, λ)

[
(−i)

(W λ,11
F,6 − W λ,22

F,6 )(w)

(z − w)

]

+o
7
2 , 7

2
B,0 (∂z, ∂w, λ)

[
(−i)

(W λ,11
B,6 − W λ,22

B,6 )(w)

(z − w)

]

+ · · ·

=
5∑

h=0

qh (−1)h o
7
2 , 7

2
F,h (∂z, ∂w, λ) i f 123

[
W λ, Â=3

F,6−h (w)

(z − w)

]

−
5∑

h=0

qh (−1)h o
7
2 , 7

2
B,h (∂z, ∂w, λ) i f 123

×
[
W λ, Â=3

B,6−h (w)

(z − w)

]
+ · · · . (C.14)

As before, the λ factor appears in the structure constants
appearing in the current (W λ,11

B,1 −W λ,22
B,1 ) and its descendants.

Appendix D: The other central terms in the OPEs
between the fermionic currents

As in (3.8) and (B.1), we can calculate the following OPEs
for the highest order poles

Q(h1)+
λ,āb (z) Q(h2)+

λ,c̄d (w)

∣∣∣
∣

1
(z−w)h1+h2−1

= N δbc̄ δdā

( h1−2∑

j=0

h2−1∑

i=0

j+1∑

t=0

β j (h1, λ) αi (h2, λ)

× j ! (t + i)!
t ! (t + i + 1)! (−1)h1−1+t ( j + 1 − t)h1−2− j

×(h1 − 1 − t)t+1+i (h1 + i)h2−1−i

−
h1−1∑

j=0

h2−2∑

i=0

j+1∑

t=0

α j (h1, λ) β i (h2, λ)

× j ! (t + i)!
t ! (t + i + 1)! (−1)h1+t ( j + 1 − t)h1−1− j

×(h1 − t)t+1+i (h1 + 1 + i)h2−2−i

)
,

Q(h1)+
λ,āb (z) Q(h2)−

λ,c̄d (w)

∣
∣∣∣

1
(z−w)h1+h2−1

= N δbc̄ δdā

( h1−2∑

j=0

h2−1∑

i=0

j+1∑

t=0

β j (h1, λ) αi (h2, λ)

× j ! (t + i)!
t ! (t + i + 1)! (−1)h1−1+t ( j + 1 − t)h1−2− j

×(h1 − 1 − t)t+1+i (h1 + i)h2−1−i

+
h1−1∑

j=0

h2−2∑

i=0

j+1∑

t=0

α j (h1, λ) β i (h2, λ)

× j ! (t + i)!
t ! (t + i + 1)! (−1)h1+t ( j + 1 − t)h1−1− j

×(h1 − t)t+1+i (h1 + 1 + i)h2−2−i

)
,

Q(h1)−
λ,āb (z) Q(h2)−

λ,c̄d (w)

∣∣∣∣
1

(z−w)h1+h2−1

123



  615 Page 34 of 47 Eur. Phys. J. C           (2023) 83:615 

= N δbc̄ δdā

(
−

h1−2∑

j=0

h2−1∑

i=0

j+1∑

t=0

β j (h1, λ) αi (h2, λ)

× j ! (t + i)!
t ! (t + i + 1)! (−1)h1−1+t ( j + 1 − t)h1−2− j

×(h1 − 1 − t)t+1+i (h1 + i)h2−1−i

+
h1−1∑

j=0

h2−2∑

i=0

j+1∑

t=0

α j (h1, λ) β i (h2, λ)

× j ! (t + i)!
t ! (t + i + 1)! (−1)h1+t ( j + 1 − t)h1−1− j

(h1 − t)t+1+i (h1 + 1 + i)h2−2−i

)
. (D.1)

These results will be used in (3.13) and (3.14).

Appendix E: The other (anti)commutator relations

We present the remaining (anti)commutator relations dis-
cussed in Sect. 3.

E.1 The commutators between the currents consisting of
β γ system with h1 = h2, h2 ± 1 for nonzero λ

As done in Sect. 3, we present the final result for the com-
mutators between the currents consisting of β γ system as
follows:

[
(W λ,21

B,h1
)m, (W λ,12

B,h2
)n

] = 1

2

h1+h2−3∑

h=0,even

qh ph1,h2,h
B (m, n, λ)

×(W λ,11
B,h1+h2−2−h + W λ,22

B,h1+h2−2−h)m+n

+1

2

(
m + h1 − 1
h1 + h2 − 1

)
cB(h1, h2, λ) qh1+h2−4 δm+n

−1

2

h1+h2−3∑

h=−1,odd

qh ph1,h2,h
B (m, n, λ) (W λ,11

B,h1+h2−2−h

−W λ,22
B,h1+h2−2−h)m+n,

[
(W λ,12

B,h1
)m, (W λ,21

B,h2
)n

] = 1

2

h1+h2−3∑

h=0,even

qh ph1,h2,h
B (m, n, λ)

×(W λ,11
B,h1+h2−2−h + W λ,22

B,h1+h2−2−h)m+n

+1

2

(
m + h1 − 1
h1 + h2 − 1

)
cB(h1, h2, λ) qh1+h2−4 δm+n

+1

2

h1+h2−3∑

h=−1,odd

qh ph1,h2,h
B (m, n, λ)

×(W λ,11
B,h1+h2−2−h − W λ,22

B,h1+h2−2−h)m+n,

[
(W λ,12

B,h1
)m, (W λ,11

B,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

−
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
B

×(m, n, λ) (W λ,12
B,h1+h2−2−h)m+n,

[
(W λ,12

B,h1
)m, (W λ,22

B,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

+
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
B (m, n, λ) (W λ,12

B,h1+h2−2−h)m+n,

[
(W λ,21

B,h1
)m, (W λ,11

B,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

+
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
B (m, n, λ) (W λ,21

B,h1+h2−2−h)m+n,

[
(W λ,21

B,h1
)m, (W λ,22

B,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

−
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
B (m, n, λ) (W λ,21

B,h1+h2−2−h)m+n,

[
(W λ,11

B,h1
)m, (W λ,12

B,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

+
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
B (m, n, λ) (W λ,12

B,h1+h2−2−h)m+n,

[
(W λ,22

B,h1
)m, (W λ,12

B,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

−
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
B (m, n, λ) (W λ,12

B,h1+h2−2−h)m+n,

[
(W λ,11

B,h1
)m, (W λ,21

B,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

−
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
B (m, n, λ) (W λ,21

B,h1+h2−2−h)m+n,

[
(W λ,22

B,h1
)m, (W λ,21

B,h2
)n

] = 1

2

⎛

⎝
h1+h2−3∑

h=0,even

+
h1+h2−3∑

h=−1,odd

⎞

⎠

×qh ph1,h2,h
B (m, n, λ) (W λ,21

B,h1+h2−2−h)m+n,

[
(W λ,11

B,h1
)m, (W λ,11

B,h2
)n

] =
h1+h2−3∑

h=0,even

qh ph1,h2,h
B (m, n, λ)

×(W λ,11
B,h1+h2−2−h)m+n

+1

2

(
m + h1 − 1
h1 + h2 − 1

)
cB(h1, h2, λ) qh1+h2−4 δm+n,

[
(W λ,22

B,h1
)m, (W λ,22

B,h2
)n

] =
h1+h2−3∑

h=0,even

qh ph1,h2,h
B (m, n, λ)

×(W λ,22
B,h1+h2−2−h)m+n

+1

2

(
m + h1 − 1
h1 + h2 − 1

)
cB(h1, h2, λ) qh1+h2−4 δm+n,

123
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(E.1)

where the central term (3.11) can be substituted.

E.2 The commutators between the currents consisting of b c
system and the currents consisting of γ b system with
h1 = h2, h2 + 1 for nonzero λ

By analyzing the first equation of (3.12), we obtain the fol-
lowing commutators between the currents consisting of b c
system and the currents consisting of γ b system

[
(W λ,21

F,h1
)m, (Qλ,12

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Qλ,11
h1+h2− 3

2 −h
)m+r ,

[
(W λ,12

F,h1
)m, (Qλ,21

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Qλ,22
h1+h2− 3

2 −h
)m+r ,

[
(W λ,12

F,h1
)m, (Qλ,11

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Qλ,12
h1+h2− 3

2 −h
)m+r ,

[
(W λ,21

F,h1
)m, (Qλ,22

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Qλ,21
h1+h2− 3

2 −h
)m+r ,

[
(W λ,22

F,h1
)m, (Qλ,12

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Qλ,12
h1+h2− 3

2 −h
)m+r ,

[
(W λ,11

F,h1
)m, (Qλ,21

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
F

(m, r, λ) (Qλ,21
h1+h2− 3

2 −h
)m+r ,

[
(W λ,11

F,h1
)m, (Qλ,11

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
F

(m, r, λ) (Qλ,11
h1+h2− 3

2 −h
)m+r ,

[
(W λ,22

F,h1
)m, (Qλ,22

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
F

(m, r, λ) (Qλ,22
h1+h2− 3

2 −h
)m+r . (E.2)

As in previous footnote 3, the OPE between W λ, Â=1
F,h1=6(z) and

Qλ,B̂=1
B,h2+ 1

2 = 7
2
(w) where the weights satisfy h1 = h2+3 can be

obtained and the seventh order pole of this OPE contains the
structure constant − 2048

105 (λ+1)(λ+2)(2λ−3)(2λ+3)(2λ+
5)(11λ − 17) appearing in the current Qλ

h1+h2− 3
2 −h= 5

2
(w)

with weight h = 5. On the other hand, the structure con-

stant q
6, 7

2 ,5
F (m, r, λ) contains 4

945 (λ + 1)(2λ − 3)(4λ4 −
28λ3 − 13λ2 + 49λ + 51). By subtracting the contribution

2
225 (λ − 1)λ(λ + 1)(2λ − 3)(2λ − 1)(2λ + 1) coming from

the structure constant q
4, 7

2 ,5
F (m, r, λ) from this, we obtain

− 2
4725 (λ+1)(λ+2)(2λ−3)(2λ+3)(2λ+5)(11λ−17). The

weight h1 = 6 is replaced by the weight (h1 − 2) = 4. Note

that the additional term appearing in the q
4, 7

2 ,5
F (m, r, λ) con-

tains the factor λ. By considering the numerical factor 46080
when we move from the modes to the differential operator in
the OPE and multiplying this into the above factor, we obtain
the above structure constant in the current Qλ

5
2
(w).

E.3 The commutators between the currents consisting of
β γ system and the currents consisting of γ b system with
h1 = h2, h2 + 1 for nonzero λ

In this case, by using the second equation of (3.12), we can
write down the following commutators between the currents
consisting of β γ system and the currents consisting of γ b
system

[
(W λ,21

B,h1
)m, (Qλ,12

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Qλ,22
h1+h2− 3

2 −h
)m+r ,

[
(W λ,12

B,h1
)m, (Qλ,21

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Qλ,11
h1+h2− 3

2 −h
)m+r ,

[
(W λ,12

B,h1
)m, (Qλ,22

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Qλ,12
h1+h2− 3

2 −h
)m+r ,

[
(W λ,21

B,h1
)m, (Qλ,11

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Qλ,21
h1+h2− 3

2 −h
)m+r ,
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[
(W λ,11

B,h1
)m, (Qλ,12

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Qλ,12
h1+h2− 3

2 −h
)m+r ,

[
(W λ,22

B,h1
)m, (Qλ,21

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Qλ,21
h1+h2− 3

2 −h
)m+r ,

[
(W λ,11

B,h1
)m, (Qλ,11

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Qλ,11
h1+h2− 3

2 −h
)m+r ,

[
(W λ,22

B,h1
)m, (Qλ,22

h2+ 1
2
)r

] =
h1+h2−3∑

h=−1

qh q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Qλ,22
h1+h2− 3

2 −h
)m+r , (E.3)

which look similar to the previous relations in (E.2).

E.4 The commutators between the currents consisting of b c
system and the currents consisting of β c system with
h1 = h2, h2 + 1 for nonzero λ

Similarly, from the third equation of (3.12), we can write
down the commutators between the currents consisting of
b c system and the currents consisting of β c system

[
(W λ,21

F,h1
)m, (Q̄λ,21

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Q̄λ,22
h1+h2− 3

2 −h
)m+r ,

[
(W λ,12

F,h1
)m, (Q̄λ,12

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Q̄λ,11
h1+h2− 3

2 −h
)m+r ,

[
(W λ,12

F,h1
)m, (Q̄λ,22

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Q̄λ,21
h1+h2− 3

2 −h
)m+r ,

[
(W λ,21

F,h1
)m, (Q̄λ,11

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Q̄λ,12
h1+h2− 3

2 −h
)m+r ,

[
(W λ,11

F,h1
)m, (Q̄λ,21

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Q̄λ,21
h1+h2− 3

2 −h
)m+r ,

[
(W λ,22

F,h1
)m, (Q̄λ,12

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Q̄λ,12
h1+h2− 3

2 −h
)m+r ,

[
(W λ,11

F,h1
)m, (Q̄λ,11

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Q̄λ,11
h1+h2− 3

2 −h
)m+r ,

[
(W λ,22

F,h1
)m, (Q̄λ,22

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
F

×(m, r, λ) (Q̄λ,22
h1+h2− 3

2 −h
)m+r . (E.4)

Note that there exists the factor (−1)h in (E.4) which appears
in the (anti)commutators described in Sect. 4.

E.5 The commutators between the currents consisting of
β γ system and the currents consisting of β c system with
h1 = h2, h2 + 1 for nonzero λ

Finally, from the analysis of the last equation of (3.12), we
obtain the following result for the commutators between the
currents consisting of β γ system and the currents consisting
of β c system

[
(W λ,21

B,h1
)m, (Q̄λ,21

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Q̄λ,11
h1+h2− 3

2 −h
)m+r ,

[
(W λ,12

B,h1
)m, (Q̄λ,12

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Q̄λ,22
h1+h2− 3

2 −h
)m+r ,

[
(W λ,12

B,h1
)m, (Q̄λ,11

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Q̄λ,21
h1+h2− 3

2 −h
)m+r ,

[
(W λ,21

B,h1
)m, (Q̄λ,22

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Q̄λ,12
h1+h2− 3

2 −h
)m+r ,

[
(W λ,22

B,h1
)m, (Q̄λ,21

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Q̄λ,21
h1+h2− 3

2 −h
)m+r ,

[
(W λ,11

B,h1
)m, (Q̄λ,12

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
B
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×(m, r, λ) (Q̄λ,12
h1+h2− 3

2 −h
)m+r ,

[
(W λ,11

B,h1
)m, (Q̄λ,11

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Q̄λ,11
h1+h2− 3

2 −h
)m+r ,

[
(W λ,22

B,h1
)m, (Q̄λ,22

h2+ 1
2
)r

] =
h1+h2−2∑

h=−1

qh (−1)h q
h1,h2+ 1

2 ,h
B

×(m, r, λ) (Q̄λ,22
h1+h2− 3

2 −h
)m+r . (E.5)

Similar to the previous footnote 3, the OPE between

W λ, Â=1
B,h1=7(z) and Q̄λ,B̂=1

B,h2+ 1
2 = 7

2
(w) provides the seventh order

with the structure constant 2048
1155 (λ + 2)(2λ + 3)(2λ +

5)(662λ3−3165λ2+5434λ−3339) appearing in the current
Q̄λ

7
2
(w). This can be obtained by adding the extra contribu-

tion from q
4, 7

2 ,5
B (m, r, λ) where h1 is replaced by (h1 − 3)

in addition to the one from q
7, 7

2 ,5
B (m, r, λ). Note that the

Q̄λ
1
2
(w) term on the right hand side of the tenth order pole

of the OPE can be determined by the contribution from the

structure constant q
5, 7

2 ,8
B (m, r, λ) only.

Note that there exists the factor (−1)h in (E.5) which
appears in the (anti)commutators described in Sect. 4 and
Appendix G.

E.6 The anticommutators between the currents consisting
of γ b system and the currents consisting of β c system with
h1 = h2 for nonzero λ

By analyzing the equation of (3.13), the following result sat-
isfies

{(Qλ,21
h1+ 1

2
)r , (Q̄

λ,21
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh
(
o
h1+ 1

2 ,h2+ 1
2 ,h

F

×(r, s, λ) (W λ,11
F,h1+h2−h)r+s

+o
h1+ 1

2 ,h2+ 1
2 ,h

B

×(r, s, λ) (W λ,22
B,h1+h2−h)r+s

)

+1

2

(
r + h1 − 1

2
h1 + h2

)
cQ(h1, h2, λ) qh1+h2−2δr+s,

{(Qλ,12
h1+ 1

2
)r , (Q̄

λ,12
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh
(
o
h1+ 1

2 ,h2+ 1
2 ,h

F

×(r, s, λ) (W λ,22
F,h1+h2−h)r+s

+o
h1+ 1

2 ,h2+ 1
2 ,h

B

×(r, s, λ) (W λ,11
B,h1+h2−h)r+s

)

+1

2

(
r + h1 − 1

2
h1 + h2

)
cQ(h1, h2, λ) qh1+h2−2δr+s,

{(Qλ,12
h1+ 1

2
)r , (Q̄

λ,11
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh o
h1+ 1

2 ,h2+ 1
2 ,h

F

×(r, s, λ) (W λ,12
F,h1+h2−h)r+s,

{(Qλ,12
h1+ 1

2
)r , (Q̄

λ,22
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh o
h1+ 1

2 ,h2+ 1
2 ,h

B

×(r, s, λ) (W λ,12
B,h1+h2−h)r+s,

{(Qλ,21
h1+ 1

2
)r , (Q̄

λ,11
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh o
h1+ 1

2 ,h2+ 1
2 ,h

B

×(r, s, λ) (W λ,21
B,h1+h2−h)r+s,

{(Qλ,21
h1+ 1

2
)r , (Q̄

λ,22
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh o
h1+ 1

2 ,h2+ 1
2 ,h

F

×(r, s, λ) (W λ,21
F,h1+h2−h)r+s,

{(Qλ,11
h1+ 1

2
)r , (Q̄

λ,21
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh o
h1+ 1

2 ,h2+ 1
2 ,h

B

×(r, s, λ) (W λ,12
B,h1+h2−h)r+s,

{(Qλ,22
h1+ 1

2
)r , (Q̄

λ,21
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh o
h1+ 1

2 ,h2+ 1
2 ,h

F

×(r, s, λ) (W λ,12
F,h1+h2−h)r+s,

{(Qλ,11
h1+ 1

2
)r , (Q̄

λ,12
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh o
h1+ 1

2 ,h2+ 1
2 ,h

F

×(r, s, λ) (W λ,21
F,h1+h2−h)r+s,

{(Qλ,22
h1+ 1

2
)r , (Q̄

λ,12
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh o
h1+ 1

2 ,h2+ 1
2 ,h

B

×(r, s, λ) (W λ,21
B,h1+h2−h)r+s,

{(Qλ,11
h1+ 1

2
)r , (Q̄

λ,11
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh
(
o
h1+ 1

2 ,h2+ 1
2 ,h

F

×(r, s, λ) (W λ,11
F,h1+h2−h)r+s

+o
h1+ 1

2 ,h2+ 1
2 ,h

B (r, s, λ) (W λ,11
B,h1+h2−h)r+s

)

+1

2

(
r + h1 − 1

2
h1 + h2

)
cQ(h1, h2, λ) qh1+h2−2δr+s,

{(Qλ,22
h1+ 1

2
)r , (Q̄

λ,22
h2+ 1

2
)s} =

h1+h2−1∑

h=0

qh
(
o
h1+ 1

2 ,h2+ 1
2 ,h

F

×(r, s, λ) (W λ,22
F,h1+h2−h)r+s

+o
h1+ 1

2 ,h2+ 1
2 ,h

B (r, s, λ) (W λ,22
B,h1+h2−h)r+s

)
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+1

2

(
r + h1 − 1

2
h1 + h2

)
cQ(h1, h2, λ) qh1+h2−2δr+s .

(E.6)

There are the relations when we interchange h1 and h2 as

o
h2+ 1

2 ,h1+ 1
2 ,h

F = (−1)h o
h1+ 1

2 ,h2+ 1
2 ,h

F and o
h2+ 1

2 ,h1+ 1
2 ,h

B =
(−1)h o

h1+ 1
2 ,h2+ 1

2 ,h
B . These will be used in Appendix G.

Appendix F: Some relations which can be used in Sect. 4

Other component result related to (4.5) can be summarized
by

− i

2

(
Qλ,11

h+ 1
2

+ 2i
√

2 Qλ,21
h+ 1

2
− 2 Qλ,22

h+ 1
2

)
= 1

2

×
[

1

4(−4)h−4 �
(h),2
1
2

− 1

4(−4)h−5
�̃

(h−1),2
3
2

]
,

− i

2

(
2 Q̄λ,11

h+ 1
2

+ 2i
√

2 Q̄λ,12
h+ 1

2
− Q̄λ,22

h+ 1
2

)
= 1

2

×
[

1

4(−4)h−4 �
(h),2
1
2

+ 1

4(−4)h−5
�̃

(h−1),2
3
2

]
,

− i

2

(
Qλ,11

h+ 1
2

+ i
√

2 Qλ,12
h+ 1

2
− 2 Qλ,22

h+ 1
2

)
= 1

2

×
[

1

4(−4)h−4 �
(h),3
1
2

− 1

4(−4)h−5
�̃

(h−1),3
3
2

]
,

− i

2

(
2 Q̄λ,11

h+ 1
2

+ i
√

2 Q̄λ,21
h+ 1

2
− Q̄λ,22

h+ 1
2

)
= 1

2

×
[

1

4(−4)h−4 �
(h),3
1
2

+ 1

4(−4)h−5
�̃

(h−1),3
3
2

]
,

−1

2
Qλ,11

h+ 1
2

− Qλ,22
h+ 1

2
= 1

2

×
[

1

4(−4)h−4 �
(h),4
1
2

− 1

4(−4)h−5
�̃

(h−1),4
3
2

]
,

Q̄λ,11
h+ 1

2
+ 1

2
Q̄λ,22

h+ 1
2

= 1

2

×
[

1

4(−4)h−4 �
(h),4
1
2

+ 1

4(−4)h−5
�̃

(h−1),4
3
2

]
. (F.1)

Similarly, other relations associated with (4.7) can be
described as

−2i W λ,11
B,h+1 + 4

√
2 W λ,21

B,h+1 + 2i W λ,22
B,h+1

= 1

8(−4)h−4

[
�

(h),13
1 + �

(h),24
1

]
,

−2i W λ,11
F,h+1 + 2

√
2 W λ,21

F,h+1 + 2i W λ,22
F+h+1

= 1

8(−4)h−4

[
�

(h),13
1 − �

(h),24
1

]
,

2 W λ,11
B,h+1 + i

√
2 W λ,12

B,h+1 + 4i
√

2 W λ,21
B,h+1 − 2 W λ,22

B,h+1

= 1

8(−4)h−4

[
�

(h),14
1 − �

(h),23
1

]
,

−2W λ,11
F,h+1 − 2i

√
2W λ,12

F,h+1 − 2i
√

2W λ,21
F,h+1 + 2W λ,22

F,h+1

= 1

8(−4)h−4

[
�

(h),14
1 + �

(h),23
1

]
. (F.2)

Both relations in (F.1) and (F.2) are used in Sect. 4 and
Appendix G.

Appendix G: The remaining (anti)commutator relations
between theN = 4 multiplets

In this Appendix, the remaining ten (anti)commutators with
the particular examples for the specific weights h1 and h2

showing that the extra structures on the right hand sides of
these (anti)commutators are given explicitly.

G.1 The anticommutator relation between the second
components with h1 = h2 for nonzero λ

By using the expressions in (2.8) and (E.6) together with
(4.1), (4.7) and (F.2), the following anticommutator can be
obtained

{
(�

(h1),i
1
2

)r , (�
(h2), j
1
2

)s
} = 16(−4)h1−4 (−4)h2−4

×
[ (

r + h1 − 1
2

h1 + h2

)
qh1+h2−2 cQ δi j δr+s

+δi j
h1+h2−1∑

h=0

qh (1 + (−1)h)

(
o
h1+ 1

2 ,h2+ 1
2 ,h

F (r, s, λ)

−o
h1+ 1

2 ,h2+ 1
2 ,h

B (r, s, λ)

)

× 1

2(−4)h1+h2−h−2 (�
(h1+h2−h)
0 )r+s + δi j

×
h1+h2−1∑

h=0

(
(h1 + h2 − h − 1 + 2λ) qh (1 + (−1)h)

×o
h1+ 1

2 ,h2+ 1
2 ,h

F (r, s, λ) + (h1 + h2 − h − 2λ)

×qh (1 + (−1)h) o
h1+ 1

2 ,h2+ 1
2 ,h

B (r, s, λ)

)

× 1

16(2h1 + 2h2 − 2h − 1)(−4)h1+h2−h−6

×(�̃
(h1+h2−h−2)
2 )r+s

× −
h1+h2−1∑

h=0

qh (1 − (−1)h) o
h1+ 1

2 ,h2+ 1
2 ,h

F

×(r, s, λ)
1

32(−4)h1+h2−h−5

(
�

(h1+h2−h−1),i j
1
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+1

2
εi jkl �

(h1+h2−h−1),kl
1

)

r+s

+
h1+h2−1∑

h=0

qh (1 − (−1)h) o
h1+ 1

2 ,h2+ 1
2 ,h

B (r, s, λ)

× 1

32(−4)h1+h2−h−5

(
�

(h1+h2−h−1),i j
1

−1

2
εi jkl �

(h1+h2−h−1),kl
1

)

r+s

]
. (G.1)

The central term is given by (3.14). Due to the factor (1 ±
(−1)h) in the above, the two kinds of the currents, the SO(4)

singlets and the SO(4) adjoints appear alternatively. When
the weight h is equal to its maximum value h = h1 +h2 −1,
then the currents �

(1)
0 and �̃

(−1)
2 terms in the SO(4) singlets

appear on the right hand side while the currents �
(0),i j
1 and

1
2 εi jkl �

(0),kl
1 appear similarly.

G.2 The commutator relation between the second
component and the third component with h1 = h2, h2 + 1
for nonzero λ

By using the relation (2.8), (2.9) together with (E.2), (E.3),
(E.4), (E.5), (4.5), and (F.1), It turns out that we obtain
[
(�

(h1),i
1
2

)r , (�
(h2), jk
1 )m

] = 4(−4)h1−4 4(−4)h2−4

×
[
δi j

(
−

h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

−
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−5

(
�

(h1+h2−1−h),k
1
2

)

m+r

+δi j
( h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

−
h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

−
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−6 (�̃
(h1+h2−2−h),k
3
2

)m+r

−δik
(

−
h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

−
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−5
(�

(h1+h2−1−h), j
1
2

)m+r

−δik
( h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

−
h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

−
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−6 (�̃
(h1+h2−2−h), j
3
2

)m+r

+εi jkl
(

−
h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

−
h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

+
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−5
(�

(h1+h2−1−h),l
1
2

)m+r

+εi jkl
( h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−2∑

h=−1

qh q
h2+1,h1+ 1

2 ,h
B (m, r, λ)
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+
h1+h2−1∑

h=−1

qh (−1)h q
h2+1,h1+ 1

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−6 (�̃
(h1+h2−2−h),l
3
2

)m+r

]
.

(G.2)

Due to the antisymmetric property in the indices j and k on
the left hand side, we observe that there exists antisymmetric
property for the interchange of those indices on the right
hand side. The field contents in (G.2) look like as the ones
in (4.6). Note that the ordering of first two upper elements in
the structure constants in the above is opposite to the one in
(4.6). As before, in the summation over the dummy variable
of the weight h, there are current terms for the case of h =
h1 + h2 − 2 where we see the presence of the current �

(1),k
1
2

and �̃
(0),k
3
2

terms with Kronecker delta or epsilon tensor of

SO(4) and for the weights h ≤ h1 + h2 − 3, there are some
cancellations in the current terms due to the factor (−1)h

depending on the even or odd property of the weight h.

Let us consider the OPE between �
(h1=3),i
1
2

(z) and

�
(h2=4), jk
1 (w) with i = j where h1 = h2 − 1 as in

the footnotes of Sect. 4. The seventh order pole of this
OPE gives us the structure constant 131072

35 (λ − 2)(λ −
1)(λ + 1)(2λ − 3)(2λ + 1)(2λ + 3) appearing in the cur-
rent �

(h1+h2−1−h=1),k
1
2

(w) with weight h = 5. By substi-

tuting the various expressions in the corresponding terms
of (G.2), we can check that we obtain the above struc-

ture constant correctly where q
5, 7

2 ,5
F term corresponds to

4096
35 (λ − 1)(λ + 1)(2λ − 3)(2λ + 1)(4λ2 − 14λ − 9) while

q
5, 7

2 ,5
B term corresponds to − 4096

35 (λ−1)(λ+1)(2λ−3)(2λ+
1)(4λ2+10λ−15). There appears the current �̃(0),i

3
2

(w) term

with nonzero structure constant having the λ factor in the sev-
enth order pole of this OPE and this is not consistent with
(G.2) because all the coefficients vanish for the odd weight
h = 5. This implies that there is additional term on the right
hand side of the OPE for the weights h1 = 3 and h2 = 4.

G.3 The anticommutator relation between the second
component and the fourth component with h1 = h2 + 1 for
nonzero λ

By using the relations (2.8) and (2.10), we can rewrite it
in terms of the corresponding anticommutators in (E.6) and
using the relations (4.1), (4.7) and (F.2), the following result
can be obtained
{
(�

(h1),i
1
2

)r , (�̃
(h2), j
3
2

)s
} = 16(−4)h1−4 (−4)h2−4

×
[

−
(

r + h1 − 1
2

h1 + h2 + 1

)
qh1+h2−1 c′

Q δi j δr+s

+δi j
h1+h2∑

h=0

qh (1 − (−1)h)

(
o
h1+ 1

2 ,h2+ 3
2 ,h

F (r, s, λ)

−o
h1+ 1

2 ,h2+ 3
2 ,h

B (r, s, λ)

)

× 1

2(−4)h1+h2−h−1 (�
(h1+h2+1−h)
0 )r+s

+δi j
h1+h2∑

h=0

(
(h1 + h2 − h + 2λ) qh (1 − (−1)h)

×o
h1+ 1

2 ,h2+ 3
2 ,h

F (r, s, λ)

+(h1 + h2 + 1 − h − 2λ) qh (1 − (−1)h)

×o
h1+ 1

2 ,h2+ 3
2 ,h

B (r, s, λ)

)

× 1

16(2h1 + 2h2 − 2h + 1)(−4)h1+h2−h−5

×(�̃
(h1+h2−h−1)
2 )r+s

−
h1+h2∑

h=0

qh (1 + (−1)h) o
h1+ 1

2 ,h2+ 3
2 ,h

F (r, s, λ)

× 1

32(−4)h1+h2−h−4

(
�

(h1+h2−h),i j
1

+1

2
εi jkl �

(h1+h2−h),kl
1

)

r+s

+
h1+h2∑

h=0

qh (1 + (−1)h) o
h1+ 1

2 ,h2+ 3
2 ,h

B (r, s, λ)

× 1

32(−4)h1+h2−h−4

(
�

(h1+h2−h),i j
1

−1

2
εi jkl �

(h1+h2−h),kl
1

)

r+s

]
. (G.3)

The central charge will be given later soon. The right hand
side of (G.3) is similar to the one in (G.1) in the sense that the
field contents are the same and the relative signs are different
from each other. It is obvious to see that some expressions
having h2 in (G.1) are replaced by (h2 + 1). As mentioned
before, the two kinds of currents occur alternatively depend-
ing on the even or odd property of the weight h.

The OPE between �
(h1=4),i
1
2

(z) and �
(h2=1), j
3
2

(w) with i =
j where the weights satisfy h1 = h2 + 3 can be calculated.
The fifth order pole of this OPE gives us the vanishing struc-
ture constant appearing in the current �

(h1+h2+1−h=2)
0 (w)

with weight h = 4 from our calculation. There appears
the current �̃

(0)
2 (w) term with nonzero structure constant

256
3 (λ − 1)λ(2λ − 1)(2λ + 1) in the fifth order pole of this

OPE and this is not consistent with (G.3) because all the
coefficients vanish for the even weight h = 4. This implies
that there is additional term on the right hand side of the OPE
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for the weights h1 = 4 and h2 = 1 which are outside of the
allowed region we consider.

Here the central term is given by

c′
Q = 8(−4)h1+h2−4 δbā δdc̄

[
− Q(h1+1)+

λ,āb (z) Q(h2+2)+
λ,c̄d (w)

+Q(h1+1)−
λ,āb (z) Q(h2+2)−

λ,c̄d (w)

−Q(h1+1)+
λ,āb (z) Q(h2+2)−

λ,c̄d (w)

+Q(h1+1)−
λ,āb (z) Q(h2+2)+

λ,c̄d (w)

+(−1)h1+h2 Q(h2+2)+
λ,c̄d (z) Q(h1+1)+

λ,āb (w)

−(−1)h1+h2 Q(h2+2)−
λ,c̄d (z) Q(h1+1)−

λ,āb (w)

+(−1)h1+h2 Q(h2+2)+
λ,c̄d (z) Q(h1+1)−

λ,āb (w)

−(−1)h1+h2 Q(h2+2)−
λ,c̄d (z) Q(h1+1)+

λ,āb (w)

]

1
(z−w)h1+h2+2

.

(G.4)

Note that from the inside of the bracket in (3.14), after the h2

is replaced with (h2 + 1), we obtain the above result (G.4).

G.4 The commutator relation between the second
component and the last component with
h1 = h2 + 1, h2 + 2 for nonzero λ

By using the relations (2.8) and (2.11), we can rewrite it
in terms of the corresponding commutators in (E.2), (E.3),
(E.4), and (E.5) and using the relations (4.5) and (F.1), the
following result can be obtained

[
(�

(h1),i
1
2

)r , (�̃
(h2)
2 )m

] = 4(−4)h1−4 4(−4)h2−4

×
[( h1+h2−1∑

h=−1

qh q
h2+2,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h2+2,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−1∑

h=−1

qh q
h2+2,h1+ 1

2 ,h
B (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h2+2,h1+ 1

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−4 (�
(h1+h2−h),i
1
2

)m+r

+
(

−
h1+h2−1∑

h=−1

qh q
h2+2,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h2+2,h1+ 1

2 ,h
F (m, r, λ)

−
h1+h2−1∑

h=−1

qh q
h2+2,h1+ 1

2 ,h
B (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h2+2,h1+ 1

2 ,h
B (m, r, λ)

)

1

4(−4)h1+h2−h−5
(�̃

(h1+h2−1−h),i
3
2

)m+r

]
. (G.5)

The field contents on the right hand side in (G.5) look similar
to the ones in (4.6). Except the four terms having (−1)h factor
for the weight h = h1 + h2, there are some cancellation
between the currents due to the factor (−1)h . In other words,
the two kinds of currents appear alternatively depending on
the even or odd property of the weight h. Note the presence of
different ordering in the elements of the structure constants.

Let us consider the OPE between �
(h1=5),i
1
2

(z) and

�
(h2=1)
2 (w) where the weights satisfy h1 = h2 + 4. The

seventh order pole of this OPE gives us the structure con-
stant 16384

21 (λ−1)(2λ+1)(4λ−1)(6λ2 −3λ+5) appearing
in the current Gi (w) with weight h = 5. By substituting the
various expressions in the corresponding terms of (G.5), we
can check that we obtain the above structure constant cor-

rectly where q
3, 7

2 ,5
F term corresponds to − 4096

21 (λ − 1)(λ +
1)(2λ + 1)(8λ3 + 8λ2 + 24λ − 25) while q

3, 7
2 ,5

B term corre-
sponds to 4096

21 (λ−1)(2λ−3)(2λ+1)(4λ3−10λ2+19λ+5).

There appears the current �(1),i
1
2

(w) term with nonzero struc-

ture constant having the λ factor in the seventh order pole of
the OPE and this is not consistent with (G.5) because all the
coefficients vanish for the odd weight h = 5. There is addi-
tional term on the right hand side of the OPE for the weights
h1 = 5 and h2 = 1 which are outside of the above allowed
region.

G.5 The commutator between the third components with
h1 = h2 − 1, h2, h2 + 1 for nonzero λ

By using the relations (2.9), we can rewrite them in terms of
the commutators in (3.15), (3.16), (3.17), (3.18), (3.19), and
(E.1). Then we can use (4.1), (4.7) and (F.2), we obtain the
following commutator

[
(�

(h1),i j
1 )m , (�

(h2),kl
1 )n

] = 16(−4)h1−4 (−4)h2−4

×
[ (

m + h1

h1 + h2 + 1

)
qh1+h2−2

(
− 4 (δik δ jl − δ jk δil)

×(c′
F + c′

B) − 4 εi jkl (c′
F − c′

B)

)
δm+n

+(δik δ jl − δil δ jk)

h1+h2−1∑

h=0,even

qh
(
ph1+1,h2+1,h

F (m, n, λ)

−ph1+1,h2+1,h
B (m, n, λ)

)
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× 4

(−4)h1+h2−h−2 (�
(h1+h2−h)
0 )m+n

+(δik δ jl − δil δ jk)

h1+h2−1∑

h=0,even

(
(h1 + h2 − h − 1 + 2λ)

×qh ph1+1,h2+1,h
F (m, n, λ)

+(h1 + h2 − h − 2λ) qh ph1+1,h2+1,h
B (m, n, λ)

)

× 1

2(2h1 + 2h2 − 2h − 1)(−4)h1+h2−h−6

×(�̃
(h1+h2−h−2)
2 )m+n

+εi jkl
h1+h2−1∑

h=0,even

×qh
(
ph1+1,h2+1,h

F (m, n, λ) + ph1+1,h2+1,h
B (m, n, λ)

)

× 4

(−4)h1+h2−h−2 (�
(h1+h2−h)
0 )m+n

+εi jkl
h1+h2−1∑

h=0,even

(
(h1 + h2 − h − 1 + 2λ)

×qh ph1+1,h2+1,h
F (m, n, λ)

−(h1 + h2 − h − 2λ) qh ph1+1,h2+1,h
B (m, n, λ)

)

× 1

2(2h1 + 2h2 − 2h − 1)(−4)h1+h2−h−6

×(�̃
(h1+h2−h−2)
2 )m+n

+δik
h1+h2−1∑

h=−1,odd

qh ph1+1,h2+1,h
F (m, n, λ)

× 1

4(−4)h1+h2−h−5

(
�

(h1+h2−h−1), jl
1

+1

2
ε jlm1n1 �

(h1+h2−h−1),m1n1
1

)

m+n

+δik
h1+h2−1∑

h=−1,odd

qh ph1+1,h2+1,h
B (m, n, λ)

× 1

4(−4)h1+h2−h−5

(
�

(h1+h2−h−1), jl
1

−1

2
ε jlm1n1 �

(h1+h2−h−1),m1n1
1

)

m+n

−δil
h1+h2−1∑

h=−1,odd

qh ph1+1,h2+1,h
F (m, n, λ)

× 1

4(−4)h1+h2−h−5

(
�

(h1+h2−h−1), jk
1

+1

2
ε jkm1n1 �

(h1+h2−h−1),m1n1
1

)

m+n

−δil
h1+h2−1∑

h=−1,odd

qh ph1+1,h2+1,h
B (m, n, λ)

× 1

4(−4)h1+h2−h−5

(
�

(h1+h2−h−1), jk
1

−1

2
ε jkm1n1 �

(h1+h2−h−1),m1n1
1

)

m+n

−δ jk
h1+h2−1∑

h=−1,odd

qh ph1+1,h2+1,h
F (m, n, λ)

× 1

4(−4)h1+h2−h−5

(
�

(h1+h2−h−1),il
1

+1

2
εilm1n1 �

(h1+h2−h−1),m1n1
1

)

m+n

−δ jk
h1+h2−1∑

h=−1,odd

qh ph1+1,h2+1,h
B (m, n, λ)

× 1

4(−4)h1+h2−h−5

(
�

(h1+h2−h−1),il
1

−1

2
εilm1n1 �

(h1+h2−h−1),m1n1
1

)

m+n

+δ jl
h1+h2−1∑

h=−1,odd

qh ph1+1,h2+1,h
F (m, n, λ)

× 1

4(−4)h1+h2−h−5

(
�

(h1+h2−h−1),ik
1

+1

2
εikm1n1 �

(h1+h2−h−1),m1n1
1

)

m+n

+δ jl
h1+h2−1∑

h=−1,odd

qh ph1+1,h2+1,h
B (m, n, λ)

× 1

4(−4)h1+h2−h−5

(
�

(h1+h2−h−1),ik
1

−1

2
εikm1n1 �

(h1+h2−h−1),m1n1
1

)

m+n

]
. (G.6)

The central terms will be given later. There are antisymmetric
properties both in the indices i and j and in the indices k
and l on the left hand side above. This will give us rather
complicated expressions on the right hand side. We do not
use any simplified notations.

Let us consider the OPE between �
(h1=3),i j
1 (z) and

�
(h2=1),kl
1 (w) where the weights satisfy h1 = h2 + 2.

The fifth order pole of this OPE gives us the nonvanish-
ing structure constants in the current �

(h1+h2−h=1)
0 (w) and

�̃
(h1+h2−2−h=−1)
2 (w) with weight h = 3. This is not consis-

tent with (G.6) because the dummy variable h can appear as
even number. There is additional term on the right hand side
of the OPE for the weights h1 = 3 and h2 = 1 which do not
satisfy the above constraint between the weights.

The central term can be written in terms of

c′
F = (−4)h1+h2−4 δbā δdc̄

[
(h1 + 2λ)

(2h1 + 1)

(h2 + 2λ)

(2h2 + 1)

×V (h1+1)+
λ,āb (z) V (h2+1)+

λ,c̄d (w)

123



Eur. Phys. J. C           (2023) 83:615 Page 43 of 47   615 

+V (h1+1)−
λ,āb (z) V (h2+1)−

λ,c̄d (w) + (h1 + 2λ)

(2h1 + 1)

×V (h1+1)+
λ,āb (z) V (h2+1)−

λ,c̄d (w)

+ (h2 + 2λ)

(2h2 + 1)
V (h1+1)−

λ,āb (z) V (h2+1)+
λ,c̄d (w)

]

1
(z−w)h1+h2+2

,

(G.7)

and

c′
B = (−4)h1+h2−4 δbā δdc̄

[
(h1 + 1 − 2λ)

(2h1 + 1)

(h2 + 1 − 2λ)

(2h2 + 1)

×V (h1+1)+
λ,āb (z) V (h2+1)+

λ,c̄d (w)

+V (h1+1)−
λ,āb (z) V (h2+1)−

λ,c̄d (w) − (h1 + 1 − 2λ)

(2h1 + 1)

×V (h1+1)+
λ,āb (z) V (h2+1)−

λ,c̄d (w)

− (h2 + 1 − 2λ)

(2h2 + 1)
V (h1+1)−

λ,āb (z) V (h2+1)+
λ,c̄d (w)

]

1
(z−w)h1+h2+2

.

(G.8)

We can easily see that after h1 inside the bracket of (3.9) and
h2 inside the bracket of (3.11) are replaced by (h1 + 1) and
(h2 + 1) respectively, the central terms in (G.7) and (G.8)
can be obtained.

G.6 The commutator relation between the third component
and the fourth component with h1 = h2, h2 + 1 for nonzero
λ

By using the relations (2.9) and (2.10) we can have the com-
mutators in (E.2), (E.3), (E.4) and (E.5). Then by using (4.5)
and (F.1), the following result can be determined

[
(�

(h1),i j
1 )r , (�̃

(h2),k
3
2

)m
] = 4(−4)h1−4 4(−4)h2−4

×
[
δik

( h1+h2−1∑

h=−1

qh q
h1+1,h2+ 3

2 ,h
F (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h1+1,h2+ 3

2 ,h
F (m, r, λ)

−
h1+h2−1∑

h=−1

qh q
h1+1,h2+ 3

2 ,h
B (m, r, λ)

−
h1+h2∑

h=−1

qh (−1)h q
h1+1,h2+ 3

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−4 (�
(h1+h2−h), j
1
2

)m+r

+δik
(

−
h1+h2−1∑

h=−1

qh q
h1+1,h2+ 3

2 ,h
F (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h1+1,h2+ 3

2 ,h
F (m, r, λ)

+
h1+h2−1∑

h=−1

qh q
h1+1,h2+ 3

2 ,h
B (m, r, λ)

−
h1+h2∑

h=−1

qh (−1)h q
h1+1,h2+ 3

2 ,h
B (m, r, λ)

)

1

4(−4)h1+h2−h−5
(�̃

(h1+h2−1−h), j
3
2

)m+r

−δ jk
( h1+h2−1∑

h=−1

qh q
h1+1,h2+ 3

2 ,h
F (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h1+1,h2+ 3

2 ,h
F (m, r, λ)

−
h1+h2−1∑

h=−1

qh q
h1+1,h2+ 3

2 ,h
B (m, r, λ)

−
h1+h2∑

h=−1

qh (−1)h q
h1+1,h2+ 3

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−4 (�
(h1+h2−h),i
1
2

)m+r

−δ jk
(

−
h1+h2−1∑

h=−1

qh q
h1+1,h2+ 3

2 ,h
F (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h1+1,h2+ 3

2 ,h
F (m, r, λ)

+
h1+h2−1∑

h=−1

qh q
h1+1,h2+ 3

2 ,h
B (m, r, λ)

−
h1+h2∑

h=−1

qh (−1)h q
h1+1,h2+ 3

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−5
(�̃

(h1+h2−1−h),i
3
2

)m+r

+εi jkl
( h1+h2−1∑

h=−1

qh q
h2+2,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h2+2,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2−1∑

h=−1

qh q
h2+2,h1+ 1

2 ,h
B (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h2+2,h1+ 1

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−4 (�
(h1+h2−h),l
1
2

)m+r
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+εi jkl
(

−
h1+h2−1∑

h=−1

qh q
h2+2,h1+ 1

2 ,h
F (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h2+2,h1+ 1

2 ,h
F (m, r, λ)

−
h1+h2−1∑

h=−1

qh q
h2+2,h1+ 1

2 ,h
B (m, r, λ)

+
h1+h2∑

h=−1

qh (−1)h q
h2+2,h1+ 1

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−5
(�̃

(h1+h2−1−h),l
3
2

)m+r

]
. (G.9)

The field contents in (G.9) are similar to the ones in (G.2).
The antisymmetric property in the indices i and j on the
left hand side is seen on the right hand side. Except the case
of h = h1 + h2, due to the (−1)h factor, the two kinds of
currents appear alternatively.

Let us consider the OPE between �
(h1=3),i j
1 (z) and

�̃
(h2=1),k
3
2

(w) where h1 = h2 + 2. The fifth order pole of

this OPE gives us the structure constant 32
5 (λ − 1)(λ +

1)(2λ − 3)(2λ + 1) appearing in the current Gi (w) of
N = 4 stress energy tensor with weight h = 3. By sub-
stituting the various expressions in the corresponding terms
of (G.9), we can check that we obtain the above struc-

ture constant correctly where q
4, 5

2 ,3
F term corresponds to

− 128
5 (λ − 1)(2λ + 1)(2λ2 − 5λ − 2) while q

4, 5
2 ,3

B term cor-
responds to 128

5 (λ − 1)(2λ + 1)(2λ2 + 3λ − 4). On the other

hand, there exists the current �
(h1+h2−h=1),i
1
2

(w) term with

the structure constant − 512
3 (λ − 1)λ(2λ − 1)(2λ + 1) hav-

ing the λ factor. We can check that this structure constant
is equal to the one in the first current terms in (G.9) where

the previous q
4, 5

2 ,3
F and q

4, 5
2 ,3

B are replaced by q
3, 5

2 ,3
F and

q
3, 5

2 ,3
B respectively. Note that there is a replacement of h1 by

(h1 − 1).

G.7 The commutator relation between the third component
and the last component with h1 = h2, h2 + 1, h2 + 2 for
nonzero λ

By using (2.9) and (2.11) together with (3.15), (3.16), (3.17),
(3.18), (3.19), (E.1), (4.1), (4.7), and (F.2), we determine the
following commutator

[
(�

(h1),i j
1 )m, (�̃

(h2)
2 )n

] = 16(−4)h1−4 (−4)h2−4

−
[ h1+h2∑

h=0,even

qh ph1+1,h2+2,h
F (m, n, λ)

× 1

4(−4)h1+h2−h−4

(
�

(h1+h2−h),i j
1

+1

2
εi jkl �

(h1+h2−h),kl
1

)

m+n

−
h1+h2∑

h=0,even

qh ph1+1,h2+2,h
B (m, n, λ)

× 1

4(−4)h1+h2−h−4

(
�

(h1+h2−h),i j
1

−1

2
εi jkl �

(h1+h2−h),kl
1

)

m+n

]
. (G.10)

The field contents on the right hand side of (G.10) are similar
to the ones in (4.8). At the maximum value of the weight
h = h1 + h2, we observe that there exists the current of the
weight-1 current having SO(4) indices of the N = 4 stress
energy tensor.

Let us calculate the OPE between �
(h1=5),i j
1 (z) and

�
(h2=2)
2 (w) where the weights satisfy h1 = h2 + 3. The

ninth order pole of this OPE gives us the nonvanishing
structure constants in the current �

(h1+h2−h=1),i j
1 (w) and

1
2 εi jkl�

(h1+h2−2−h=−1),kl
1 (w) with weight h = 7. They have

the λ factor explicitly. This is not consistent with (G.10)
because the dummy variable h can appear as even number.
This implies that there is additional term on the right hand
side of the OPE for the weights h1 = 5 and h2 = 2 which
are outside of the above allowed region.

G.8 The anticommutator relation between the fourth
components with h1 = h2 for nonzero λ

By using the relations (2.10), we can rewrite in terms of the in
terms of anticommutator in (E.6). The relations (4.1), (4.7),
and (F.2) can be used further. We obtain

{
(�̃

(h1),i
3
2

)r , (�̃
(h2), j
3
2

)s
} = 16(−4)h1−4 (−4)h2−4

×
[ (

r + h1 + 1
2

h1 + h2 + 2

)
qh1+h2−1 c′′

Q δi j δr+s

−δi j
h1+h2+1∑

h=0

qh (1 + (−1)h)

(
o
h1+ 3

2 ,h2+ 3
2 ,h

F (r, s, λ)

−o
h1+ 3

2 ,h2+ 3
2 ,h

B (r, s, λ)

)

× 1

2(−4)h1+h2−h
(�

(h1+h2+2−h)
0 )r+s

−δi j
h1+h2+1∑

h=0

(
(h1 + h2 + 1 − h + 2λ) qh (1 + (−1)h)

×o
h1+ 3

2 ,h2+ 3
2 ,h

F (r, s, λ)

−(h1 + h2 + 2 − h − 2λ) qh (1 + (−1)h)
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×o
h1+ 3

2 ,h2+ 3
2 ,h

B (r, s, λ)

)

× 1

8(2h1 + 2h2 − 2h + 3)(−4)h1+h2−h−4

×(�̃
(h1+h2−h)
2 )r+s

+
h1+h2+1∑

h=0

qh (1 − (−1)h) o
h1+ 3

2 ,h2+ 3
2 ,h

F (r, s, λ)

× 1

32(−4)h1+h2−h−3

(
�

(h1+h2+1−h),i j
1

+1

2
εi jkl �

(h1+h2−h),kl
1

)

r+s

−
h1+h2+1∑

h=0

qh (1 − (−1)h) o
h1+ 3

2 ,h2+ 3
2 ,h

B (r, s, λ)

× 1

32(−4)h1+h2−h−3

(
�

(h1+h2+1−h),i j
1

−1

2
εi jkl �

(h1+h2+1−h),kl
1

)

r+s

]
. (G.11)

The central term will be given later. The structure of (G.11) is
very similar to the one of (G.1). Once we replace the weights
h1 and h2 with (h1 +1) and (h2 +1) in the latter respectively,
then we can see most of the structure of (G.11). Even the
factor (1 ± (−1)h) appears precisely.

Let us calculate the OPE between �
(h1=3),i
3
2

(z) and

�
(h2=1), j
3
2

(w) with i = j where the weights satisfy h1 =
h2 +2. The sixth order pole of this OPE gives us the nonvan-
ishing structure constants in the currents �

(h1+h2+2−h=1)
0 (w)

and �̃
(h1+h2−h=−1),kl
2 (w) with weight h = 5. They have the

λ factor. This is not consistent with (G.11) because all the
coefficients are vanishing for odd number h. There is addi-
tional term on the right hand side of the OPE for the weights
h1 = 3 and h2 = 1 which do not satisfy the above constraint
between the weights.

The central term contains

c′′
Q = 8(−4)h1+h2−4 δbā δdc̄

[
− Q(h1+2)+

λ,āb (z)

×Q(h2+2)+
λ,c̄d (w) + Q(h1+2)−

λ,āb (z) Q(h2+2)−
λ,c̄d (w)

−Q(h1+2)+
λ,āb (z) Q(h2+2)−

λ,c̄d (w)

+Q(h1+2)−
λ,āb (z) Q(h2+2)+

λ,c̄d (w)

−(−1)h1+h2 Q(h2+2)+
λ,c̄d (z) Q(h1+2)+

λ,āb (w)

+(−1)h1+h2 Q(h2+2)−
λ,c̄d (z) Q(h1+2)−

λ,āb (w)

−(−1)h1+h2 Q(h2+2)+
λ,c̄d (z) Q(h1+2)−

λ,āb (w)

+(−1)h1+h2 Q(h2+2)−
λ,c̄d (z) Q(h1+2)+

λ,āb (w)

]

1
(z−w)h1+h2+3

.

(G.12)

Note that from the inside of the bracket in (3.14), after the h1

and the h2 are replaced with (h1+1) and (h2+1) respectively,
we obtain the above result (G.12).

G.9 The commutator relation between the fourth component
and the last component with h1 = h2, h2 + 1 for nonzero λ

By using the relations (2.10) and (2.11), we can reexpress
them in terms of (E.2), (E.3), (E.4) and (E.5). After using
(4.5) and (F.1) the following result can be obtained

[
(�̃

(h1),i
3
2

)r , (�̃
(h2)
2 )m

] = 4(−4)h1−4 4(−4)h2−4

×
[

−
(

−
h1+h2∑

h=−1

qh q
h2+2,h1+ 3

2 ,h
F (m, r, λ)

+
h1+h2+1∑

h=−1

qh (−1)h q
h2+2,h1+ 3

2 ,h
F (m, r, λ)

−
h1+h2∑

h=−1

qh q
h2+2,h1+ 3

2 ,h
B (m, r, λ)

+
h1+h2+1∑

h=−1

qh (−1)h q
h2+2,h1+ 3

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−3 (�
(h1+h2+1−h),i
1
2

)m+r

−
( h1+h2∑

h=−1

qh q
h2+2,h1+ 3

2 ,h
F (m, r, λ)

+
h1+h2+1∑

h=−1

qh (−1)h q
h2+2,h1+ 3

2 ,h
F (m, r, λ)

+
h1+h2∑

h=−1

qh q
h2+2,h1+ 3

2 ,h
B (m, r, λ)

+
h1+h2+1∑

h=−1

qh (−1)h q
h2+2,h1+ 3

2 ,h
B (m, r, λ)

)

× 1

4(−4)h1+h2−h−4 (�̃
(h1+h2−h),i
3
2

)m+r

]
. (G.13)

In this case we can compare the above with the previous result
in (G.5). They look similar to each other. The alternating
feature between the currents depending on the property of
even or odd in the weight h can be observed.

Let us consider the OPE between �̃
(h1=1),i
3
2

(z) and

�̃
(h2=2)
2 (w) where the weights satisfy h1 = h2 − 1. The

sixth order pole of this OPE gives us the nonvanishing struc-
ture constant having the λ factor in the current 
i (w) of the
N = 4 stress energy tensor. This is not consistent with (G.13)
because the minimum value of the exponent (h1 +h2 −h) of
the first current is given by 3 and those of the second current
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is 2. There is additional term on the right hand side of the
OPE for the weights h1 = 1 and h2 = 2 which are outside
of the allowed region between the weights.

G.10 The commutator relation between the last components
with h1 = h2 − 1, h2, h2 + 1 for nonzero λ

Finally, by using (2.11) together with (3.15), (3.16), (3.17),
(3.18), (3.19), (E.1), (4.1), (4.7), and (F.2) the following result
can be determined

[
(�̃

(h1)
2 )m, (�̃

(h2)
2 )n

] = 16(−4)h1−4 (−4)h2−4

×
[ (

m + h1 + 1
h1 + h2 + 3

)
4 qh1+h2 (c′′

F + c′′
B) δi j δr+s

+
h1+h2+1∑

h=0,even

qh
(

− ph1+2,h2+2,h
F (m, n, λ)

+ph1+2,h2+2,h
B (m, n, λ)

)

× 4

(−4)h1+h2−h
(�

(h1+h2+2−h)
0 )m+n

+
h1+h2+1∑

h=0,even

(
− (h1 + h2 + 1 − h + 2λ) qh

×ph1+2,h2+2,h
F (m, n, λ)

−(h1 + h2 + 2 − h − 2λ) qh ph1+2,h2+2,h
B (m, n, λ)

)

× 1

2(2h1 + 2h2 − 2h + 3)(−4)h1+h2−h−4

×(�̃
(h1+h2−h)
2 )m+n

]
. (G.14)

This has the similar structure to the one in (4.4).
Let us calculate the OPE between �̃

(h1=2)
2 (z) and �̃

(h2=0)
2

(w) where the weights satisfy h1 = h2 + 2. The fifth order
pole of this OPE gives us the nonvanishing structure constants
having the λ factor in the currents �

(h1+h2+2−h=1)
0 (w) and

�̃
(h1+h2−h=−1)
2 (w) with weight h = 3. This is not consistent

with (G.14) because the dummy variable h can appear as
even number. This implies that there is additional term on
the right hand side of the OPE for the weights h1 = 2 and
h2 = 0 we are considering.

The central term has

c′′
F = (−4)h1+h2−4 δbā δdc̄

[
(h1 + 1 + 2λ)

(2h1 + 3)

× (h2 + 1 + 2λ)

(2h2 + 3)
V (h1+2)+

λ,āb (z) V (h2+2)+
λ,c̄d (w)

+V (h1+2)−
λ,āb (z) V (h2+2)−

λ,c̄d (w) + (h1 + 1 + 2λ)

(2h1 + 3)

×V (h1+2)+
λ,āb (z) V (h2+2)−

λ,c̄d (w)

+ (h2 + 1 + 2λ)

(2h2 + 3)
V (h1+2)−

λ,āb (z) V (h2+2)+
λ,c̄d (w)

]

1
(z−w)h1+h2+4

,

(G.15)

c′′
B = (−4)h1+h2−4 δbā δdc̄

[
(h1 + 2 − 2λ)

(2h1 + 3)

× (h2 + 2 − 2λ)

(2h2 + 3)
V (h1+2)+

λ,āb (z) V (h2+2)+
λ,c̄d (w)

+V (h1+2)−
λ,āb (z) V (h2+2)−

λ,c̄d (w) − (h1 + 2 − 2λ)

(2h1 + 3)

×V (h1+2)+
λ,āb (z) V (h2+2)−

λ,c̄d (w)

− (h2 + 2 − 2λ)

(2h2 + 3)
V (h1+2)−

λ,āb (z) V (h2+2)+
λ,c̄d (w)

]

1
(z−w)h1+h2+4

.

(G.16)

We can easily see that after h1 inside the bracket of (3.9) and
h2 inside the bracket of (3.11) are replaced by (h1 + 2) and
(h2 + 2) respectively, the central terms in (G.15) and (G.16)
can be obtained.
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