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Abstract We present a single holomorphic framework in
which gravity, all Standard Model interactions, and their cou-
plings to charges and currents emerge from one geometric
action on a four-complex dimensional manifold. The Hermi-
tian metric yields, upon restriction to the real slice y* = 0,
areal symmetric metric g(,)(x) satisfying the vacuum Ein-
stein’s equations, while its imaginary, antisymmetric part
8[uv](x) reproduces both the homogeneous and inhomoge-
neous Maxwell identities with explicit coupling to external
four-currents. A single holomorphic gauge connection for
a simple group Ggur such as SU(S5) or SO(10) encodes
all non-Abelian and Abelian sectors, its Bianchi identities
impose the homogeneous Yang—Mills equations, and varia-
tion of the same holomorphic action enforces V, F}" = J}.
Chiral fermions are introduced via a holomorphic Dirac
Lagrangian that, on y = 0, yields exactly the curved-
space Dirac equations with minimal coupling to all gauge
fields, realizing inclusion of fermions with correct Standard
Model charges. Holomorphic gauge invariance automatically
imposes the standard anomaly-cancellation conditions. To
achieve gauge-coupling unification, we add a holomorphic
adjoint Higgs breaking Ggur — SU(3) x SU(2) x U(1),
ensuring g3 = g» = g at the unification scale. A second
holomorphic Higgs doublet then breaks SU (2);, x U (1)y —
U (1)gm, generating W, Z boson, and fermion masses in the
usual way. Below the GUT scale, the three gauge couplings
run independently by standard renormalization-group evolu-
tion. Our construction thus provides a completely geometric,
classical unification of Einstein gravity, non-Abelian Yang—
Mills, Abelian electromagnetism, and chiral fermions, com-
plete with spontaneous symmetry breaking, charge—current
couplings, and anomaly cancellation all from one holomor-
phic action. Quantization of the geometric unified theory is
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obtained by the construction of a holomorphic path integral
that on a real slice reproduces the standard field theory model
Feynman rules.

1 Introduction

One of the great challenges since the creation of general rel-
ativity has been to embed gravity and the other three funda-
mental forces, electromagnetism, the weak interaction, and
the strong interaction all into a single geometric framework.
Early efforts, such as Einstein’s nonsymmetric unified field
theory of 1925 [1] and its later Hermitian extensions by Ein-
stein and Schrodinger [2], fell short as they could not recover
exactly the full Maxwell equations without imposing extra
constraints, nor did they address non-Abelian gauge fields or
chiral fermions.

We build on the Complex Riemannian approach intro-
duced in [3,4]. We regard spacetime as a four-complex
dimensional holomorphic manifold with a Hermitian metric
and with holomorphic gauge and spinor connections. Upon
restriction to the real slice y* = 0, this structure yields
without further assumptions Einstein’s vacuum equations for
the real, symmetric metric recovered from the real part of
the holomorphic Levi-Civita compatibility and action vari-
ation. Both the homogeneous and inhomogeneous Maxwell
and Yang-Mills equations for each gauge factor in the Stan-
dard Model, arise from the imaginary part of the holomor-
phic compatibility condition and from variation of the uni-
fied action. Chiral Dirac or Weyl equations for fermions in
arbitrary representations, with minimal coupling to exactly
those gauge fields, are obtained by a holomorphic spinor
Lagrangian coupled to the same geometry and connections.
Automatic anomaly cancellation is obtained through the
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requirement of full holomorphic gauge invariance, which
enforces the usual cubic, mixed, and gravitational anomaly-
cancellation conditions on the chiral fermion spectrum.

To complete the picture, we show how to implement spon-
taneous symmetry breaking and gauge-coupling unification.
Classically all four forces, gravity plus the full non-Abelian
and Abelian gauge sectors, together with chiral matter, mass
generation, and anomaly cancellation, are packaged into a
single holomorphic action on a complexified spacetime.

The paper is structured as follows. In Sect. 2, we review
early real and Hermitian unified-field theories, Einstein 1925
[5], Schrodinger 1948 [6], Eddington 1921 [7] and their
shortcomings. In Sect. 3, we present the single holomor-
phic action and derive, on the real slice, the vacuum Ein-
stein equations, full Maxwell and Yang—Mills systems with
sources, Dirac—Weyl equations, and anomaly-cancellation
conditions. In Sect. 4, we provide an explicit derivation of
how each field comes out in our theory. In Sect. 5, we incorpo-
rate spontaneous symmetry breaking first at the GUT scale,
then electroweak and show how masses arise. In Sect. 6,
we discuss gauge-coupling unification via embedding into a
simple GUT group and RG running below the GUT scale. In
Sect. 7, we derive a path integral for quantization of the the-
ory. In Sect. 8, we review the holomorphic unified field theory
in its entirety, demonstrating how gravity, gauge interactions,
chiral fermions and Higgs dynamics all descend from a sin-
gle geometric action. We then quantize that action introduc-
ing both a holomorphic gauge-fixing term and its associated
Faddeev—Popov ghost sector, to obtain the full quantum the-
ory. We discuss in Sect. 9, experimental signatures obtained
from the unified theory and proton decay. In Sect. 10, we con-
clude with a summary of the main results of the unified-field
theory.

2 Review of previous unified-field theories

Before presenting our holomorphic construction, we review
the major historical attempts to unify gravity and electro-
magnetism and, later, non-Abelian gauge fields in a single
geometric framework, and explain why they ultimately fell
short of recovering the full Maxwell system without ad hoc
inputs.

In Einstein’s 1925 nonsymmetric Theory, Einstein replaced
the usual symmetric metric g,, = g, by areal nonsymmet-
ric tensor:

Zuv(X) = &(uv) (X) + gLy (X)),
8(uw) = 8ww)>  &luwvl = —8lvuls ey
and introduced a nonsymmetric affine connection I'*, w =

F’(OW) + Fﬁw] satisfying:

Viguv =0, @)

@ Springer

where V, denotes the covariant derivative with respect to
I,y His goal was to identify g(,,,) with gravity and g[,,,) with
the electromagnetic bivector. The outcome showed variation
of his action:

S = / d*x /= detlg(un] 8" R, (D), (3)

yields coupled equations that mix the symmetric and anti-
symmetric parts. The antisymmetric equation contains extra
connection-dependent terms and does not reduce to:

V[aFﬂy] =0, V“FMV =0, “4)

unless additional non-geometric constraints are imposed.
Both Einstein (1945) and Schrodinger (1946—1950) intro-
duced a complex metric on real spacetime:

g;w(x) = &(uv) (x)+1i g[;w](x)a (5)

and imposed the Hermiticity condition g,., = gy,

A complex nonsymmetric affine connection with torsion
re v Was chosen to satisfy the holomorphic compatibility
condition:

vilg,, =0. 6)

Although this split the compatibility condition into real and
imaginary parts, yielding something very close to Einstein’s
equations and something very close to Maxwell’s identities,
the variation of a real action like:

RS =N [ / d*x \/—det g, g’“’RW(F)] , (7)

still produced extra non-Maxwell terms in the antisymmetric
sector. No choice of connection erased these without extra
by-hand constraints.

Early nonsymmetric proposals suffer from fatal instabil-
ities such as linearisation about a Riemannian background
yields a wrong-sign kinetic term for the antisymmetric sec-
tor [10, 15], leading to negative-energy excitations, and small
antisymmetric perturbations can evolve singularly unless ad
hoc Cauchy constraints are imposed [8], and one cannot
impose simultaneous proper fall-off at past and future null
infinity without advanced fields.
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3 Unified holomorphic action and field equations

We start with the standard real action on a four-dimensional
Lorentzian manifold:

1
Sreal = /d4x \/_det 8(uv) [ﬂg(’”)R(M)
1
— ZKABF?)JFB/M

+yyiel (Vu - igGUTAﬁTA) v
+A*J, 1. ®)
Here, g(,) is the real metric, F, /fu the non-Abelian field
strengths, v the Dirac spinor, and A, J# the minimal cou-

pling to an Abelian current.! By promoting all fields to holo-
morphic functions of z* = x* 4 iy", this gives:

() (X) = g (2),
F\(x) > FJ\(2),
Y(x) > Y (2),
Ju(x) = Ju(2).

We assume that a complex contour C is homologically
equivalent to the real slice y*, with no singularities pinching
C. A g[uv1-expansion then shows:

g"(z) = g™ —i g + O(gf,,. ©)
V= det g (@) = /= det gy [1 4+ O] (10)

It follows that

% / 4/~ detg £(2)
C
_ / d*x /= dets Llyuo + O(ghy), (11)
ylﬁ

and all unwanted O(g[zlw]) corrections to the real action can
be absorbed or shown to vanish. In a weak-field Minkowski
background we write:

v (x + 1Y) = Ny + hyy (%) + i gLy (¥) + O(8,,)). (12)

! The factor ,/— det &(uv)(2) is understood on a single holomorphic
branch along the complex integration contour C. We choose C in the
homology class of the real slice to avoid zeros of det g(,..) (z) and branch
points, so the domain is simply connected and the branch is single-
valued. After performing the contour integral we take the real part,
which projects the action to the physical real slice y* = 0 with the
standard measure ,/— det g(,.v) d*x. Thus no global holomorphy of /-
on the entire complexified manifold is required. For comparison, we
could enforce global holomorphy by introducing a constrained or mod-
ified measure whose square equals — det g [18], but this is unnecessary
in our contour-based construction. Equivalently, using a holomorphic
vierbein g = eTn e, the top form Q2 (z) = dete(z) d*z is holomorphic
on C and reduces on the real slice to ,/— det g¢,v) d*x.

where n,, = diag(—1,1,1,1) and |h,,| < 1. Expanding
the determinant and inverse metric to second order in gy,
gives:

J—detg = 1/—det17|:1 + % " hy + %g[leg[““] + O(gﬁw])],
(13)
g = = i g O ). a4

We find that every occurrence of g[zw] in the Lagrangian
density can be absorbed by the field redefinition

h;w - h;w + %g[ua]guav (15)

which shifts all (’)(g[zlw]) contributions into higher orders.

Alternatively, we add a local counterterm:
4 1 ]
AS = | d'x/—detgg gg[;w]g R(g(uv)), (16)

whose variation precisely cancels the residual O(g[zw])
pieces. In either approach, no genuine new dynamics appear
at second order in g[,y], and the physical field equations
remain unchanged to that order.

We work on the complexified coordinate space z* =
x*+iy* € C*, and choose the integration contour C to lie in
the same homology class as the real slice y* = 0. We begin
with a cycle Cy obtained by deforming the real hyperplane
in such a way that it avoids all zeros of det g(z) and branch
cuts of the holomorphic curvature components R, (z). The
allowed deformations are those along steepest-descent direc-
tions determined by the Morse function R(i Spo]), ensur-
ing convergence of the path integral. A standard Picard-
Lefschetz analysis [9] then shows that, because no critical
points of Sy pinch off from the real slice, the only con-
tributing saddle remains y#* = 0. Thus, the contour integral
reduces exactly to the real-slice action plus exponentially
suppressed corrections from higher saddles, which vanish in
the classical limit.

The metric becomes a Hermitian metric

8uv(2) = gun (@) +1i gruv(2), 17

and we introduce the unique torsion-free connection I f ) (2)
satisfying

Vg, =0. (18)

On the real slice y* = 0, the symmetric part g,y becomes
the spacetime metric, while we define

Fuy(x) = g (x), 19)

to be the electromagnetic field strength two-form. We write
the holomorphic action over a complex contour C that

@ Springer
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projects onto the real slice:

1
Shol = / d4z,/—det[gw>(z>][2—g<’“>(z) R (2)
C K

—Ykap FA )0 (2) FBP7(2)
+W(2) I e, (2)(Vu(2) — i gouT Afy(2) Ta) ¥ (2)
+ A" (2) 1@ ] (20)

We choose the contour C homologically equivalent to
y#* = 0 so as to avoid branch cuts in det g(,,)(z) and sin-
gularities of R, (z). Throughout, ,/— det g, (z) denotes
a single holomorphic branch along the chosen contour C
which avoids zeros and branch points, and taking ) projects
the action to ,/— det g(,.) d*x on the real slice. Standard
Picard—Lefschetz arguments then show the only contribut-
ing saddle is the real slice, ensuring no unwanted complex
saddles appear [9,11].

Let us take the real part, to ensure the action is real when
restricted to y = 0. This exactly reproduces Siea plus con-
trolled O(g[zw]) corrections, while also giving us the holo-
morphic splitting that gives both the symmetric Einstein
and antisymmetric Maxwell and Yang—Mills field equations
without extra constraints. Substituting and taking the real part
yields, up to O(glzlw]):

d*x /—det 8(uv)

1
x[ 58" Rauwy = " S(Runy @) g+ |-

2K
(2D

Sreal =

To first orderin gy}, the inverse metric and volume factor
expand as

g’ (x) = g™ (x) — i g (x) + O(gi,, - (22)
— det g(x) = — det g () [ 1 + Ol (23)

Substituting into the action and taking the real part gives, up
to O(g[zw]):

1
Sreal = /d4x y — det[gqun ] [58(“” Ru)

— g S[R(MV)(Z)]})%:O - zlt"AB FAW FEro

+U v ed (Vi —i gour Aj Ta) ¥ + A* Jﬂ},
(24

@ Springer

A _ A :
where Fw(x) = Fuv(z)|yﬂzo, and we have written ¥ —

Y on the real slice. Varying S with respect to g(,,), while
holding g1, Aft, ¥, and J, fixed, yields:

1
88 ) Sreal = / d*x [ det g 554 [Rum = 58 R

1 _ g i
. 5Tl%]cjuge-Q-fermlon(x)i| + O(g[zlw])- (25)

Setting § Sreal = 0 recovers the Einstein field equations in
the presence of gauge and matter sources:

1

1 fermi
R(,uv) _ Eg(;w)R _ ETl%guge+ ermlon(x)’ (26)
where TESUgeHﬂmion is the sum of the Maxwell and Yang—

Mills and Dirac stress—energy tensors and where R =
g(’”)R(W). In vacuum, with vanishing gauge and fermion
fields this reduces to

1
Ry — Eg(’”)R =0. 27

To prove this we start from the real-slice action and then vary
with respect to the symmetric metric g(,y), holding all other
fields fixed. To first order in the small antisymmetric part we
find

8 Sreal = / d*x /= det ) 8g(u) [Rum — 3 8um R

1 Tgauge+fermion
— > Ty

+O(81p01)- (28)

Requiring §S = 0 gives the full Einstein equations with
sources,

le _ %g(;w)R _ % Tisuge+fermion(x)' (29)

T gauge-+fermion
ny

In true vacuum = 0, so this immediately

reduces to

Ry — %g(/w) R(guvy) = 0. (30)

By contracting with the inverse metric g“"), we obtain the
Einstein vacuum equation:

R(,uv)(x) =0. 31
We start from the holomorphic compatibility condition
V) guu(2) =0, (32)

Taking the imaginary part and then restricting to the real slice
y#* =0 gives
7y 8lup) =0. (33)

Since the Christoffel symbols are symmetric in their lower
indices, Fﬁ u = 0, antisymmetrizing over {«, 8, y} imme-
diately gives

e 818y = 0. (34)

Vi 8luv) = .81 — Ty, 81ov) —
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Anidentical argument applies to the unified gauge curvature.
From

VPFA =0 = Dy

w Fi Fi,) =0 (y*=0), 35

antisymmetrization over {«, 8, y} gives the non-Abelian
Bianchi identity

Dy Ffy =0. (36)

The imaginary part of the holomorphic compatibility con-
dition Vf) guwv = 0, when evaluated on the real slice y = 0,
enforces the homogeneous Bianchi identities:

dagipy =0 = DiFfy, =0, (37

where D), is the gauge-covariant derivative in the unified
gauge group ggurt.- Variation of § withrespect to g,y yields:

88[;4\;] Sreal = _/d X y/—det gy 88[# [R(MV)(Z)] yit
+ O (g, (38)

while variation with respect to the unified gauge field Aﬁ
gives:

54 Sreal = —/d4x,/— det g SAMY [D“Flfv - J;‘].

(39)

Requiring both variations to vanish leads to these equa-
tions and varying gj,,) gives:

8 Sreal = —/d4x V—det g sglml %[R(,w)(z)] ”

+O@gu)- (40)

while varying the gauge field gives

84 Sreal = — / d*x \/—det g(uy) 8AYY [D“Flfv A
(41)

We then show via the small-g[,,) expansion of the holomor-
phic curvature that

s[R[MV](Z)]‘y#: Vpg[pv](x), 42)

so that the inhomogeneous Maxwell equation Vg, = J
and the inhomogeneous Yang-Mills equation D# F ;fv = JVA
follow directly. Together with the homogeneous identities,
this reproduces the full Maxwell and Yang—Mills system.
Similarly,

A A
D'FA = I, (43)

is the inhomogeneous Yang—Mills equation in curved space-
time. Because gj,,,] appears exactly as the Maxwell field,

Sent = —1 / d*x /=g FunF*", (44)

its kinetic term has the correct sign, and gauge invariance
protects against any ghost excitations [8, 10].

The spinor variation is carried out by treating ¥ and v/
independently. From the equation:

512/5 = /d4x /—det g(uv) S [iyaeaM <Vﬂ —i gGUTAﬁTA>
—mly, 45)

we obtain the curved-space, gauge-covariant Dirac equation:

[iy“ea“ (vﬂ —i gGUTAﬁTA) - m] W =0. (46)

For Weyl fermions, we impose a chirality projector % (1£y2),
yielding the standard left- and right-handed equations with
the same minimal coupling.

Under a holomorphic gauge transformation W — ¢! a7y v,
the fermion measure acquires a Jacobian:

J = exp{—fd“z Tr[a(z)A(z)]}, (47)

where A(z) is the standard 6-form anomaly polynomial on
Mé. Restricting to y* recovers the usual 4D anomaly

A

o < Te(Ta{Ts, Tc}) FA A FB A FC. (48)

Requiring J = 1 forces exactly:

> Trg, (TalTp. Tc}) =0, Y g} =0. Y qi=0,
i i i
(49)
plus all mixed gauge—gravitational conditions. Specializing
to three generations of (3, 2) 1 ® 3, 1 2 @ ... and one

Higgs doublet, we verify (39) reproducmg the standard
Standard-Model cancellation. The variation of the fermion
measure produces a Jacobian proportional to the anomaly
polynomial:

A x Z Trr, (Ta{Tg, Tc)) FA A FB A FC. (50)
i
Requiring A = 0 for each simple factor and for mixed gauge—

gravitational traces yields the familiar anomaly-cancellation
conditions:

D Trr (Ta{Ts, Teh =0, Y g} =0, Y g;=0,
1 1 1 (51)

and all related constraints on the chiral spectrum.

To strengthen the argument that only the real slice y* = 0
contributes classically, we perform a more detailed Picard—
Lefschetz analysis [9]. Let us define the holomorphic action:

Shot(2) = /C d*z /=&t g @ L), (52)

@ Springer
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and consider its critical points z.¢ satisfying §Sho = 0.
Following [11], we identify downward flow lines of J(Sho1)
Lefschetz thimbles [9] emanating from each z.rj;. On a back-
ground near g = n + i 0, the only non-degenerate critical
point in the homology class of the real hyperplane is y* = 0,
since any putative complex saddle would require dy Sho1 = 0
at nonzero y, which in turn would demand I(R ;) |y 40 = 0,
a condition not met for generic holomorphic curvature.

All other critical points lie on thimbles whose steepest-
descent manifolds do not intersect the original real contour,
due to the Morse—Smale [12] transversality conditions. Upon
linearizing around a would-be off-real saddle z,, we find
negative-mode directions in the Hessian 812 Shol that push the
thimble away from the real plane. Thus, no Stokes phenom-
ena arise at finite coupling that could bring extra saddles into
the integration. Consequently, in the classical large-action
limit, the real slice dominates the path integral with expo-
nentially small corrections from all other thimbles.

The original integration real slice domain is deformed into
a sum of steepest-descent Lefschetz thimble contours labeled
by critical points. Each thimble is a submanifold of field
space thimble along which the imaginary part of the action
is constant and the real part increases fastest away from the
saddle. By explicit calculation and Morse theory arguments,
in the absence of singularities or zeros of the determinant
crossing the integration domain, the only relevant critical
point in the homology class of the real slice is at y* = 0.
Other complex saddles’ thimbles do not intersect the original
cycle due to transversality and the Morse-Smale property.
The physical action and equations are fully recovered by
integrating over the real slice with exponentially suppressed
corrections from all other complex saddles:

/ ISP ~ giSmali] 37 ¢ piStat] (53)
C
k20

with the phase action at the complex saddle generically lead-
ing to a suppressed exponential.

4 Full derivations of the unified fields

In this section, we demonstrate how we obtain a unified field
theory by explicitly deriving all fields. We recall the full holo-
morphic action

1
Shol = / d*z ./ — det[g () (2)] [z—g(ﬂv)(Z) R (2)
C K

— 3B FA 5 (2) FPP7(2)
+ W (@) I e (2)(Vu(2) — i gour Ajy(2) Ta) W (2)
+ AR (@) Ju(@) ] (54)

@ Springer

We will first derive Maxwell’s equations from the vari-
ation of the action. We introduced the unique torsion-free
connection I'?(,,,)(z) satisfying
VP80 (2) = 0. (55)

Restricting to the real slice y* = 0 and splitting into real and
imaginary parts gives

Vi g(;w)(x) =0, V, g[uv](x) =0,

where V is the Levi-Civita derivative for g, (x).
We identify the electromagnetic field strength with the
antisymmetric metric part:

F/w(x) = g[;w](x)- (56)

From V,g[uv = 0 we obtain the homogeneous Maxwell
equations:

Viugvpo(x) =0 <= 9 Fyp =0, 57

which encode Faraday’s law and the absence of magnetic
monopoles.

We consider the holomorphic Einstein—Hilbert action over
a contour C projecting onto the real slice:

Shm:z)’t[ /C d*z/—det g () g4 (2) R(w)(z)} (58)

where R(;,,)(z) is the Ricci tensor of I'(z). Expand to first
order in gr,,) and restrict to y#* = 0:

—g SRy )]y | + O 8- (59)

Varying with respect to g[,y] gives the inhomogeneous
Maxwell equations:

58 = — / dx [ = det[gu) ] 881 Vg1 (x)

= VP F,,(x) = Jy(x). (60)
Putting these together, the full Maxwell system on the real
slice y* = 01is
V FF =77, (61)
ViuFup) = 0. (62)

In 3 + 1 form, with signature (— + ++), these become
JE
VoEzp,VxB—WzJ,
VB=0,VxE+2 =0, (63)
where FO = Ei, FlJ = —eijkBk, JO = p, and Ji=Ji
[14].

We will now show how we obtain the Yang—Mills system.
On the real slice y* = 0 the gauge kinetic term depends only
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on the symmetric part g,,)(x), whose inverse we denote
g™ (x). We define the gauge field Aﬁ(x) and its curvature

F = 0,A) —0,A) + g fAPC AR AC. (64)

The real-slice Yang—Mills action in curved spacetime is

Sym = _'/d4 —det gu) kap 817 gV FL Fp,
(65)

where k 4 p is the Killing form of the gauge algebra.
Varying A2 gives

—}‘/d‘lx —det g(uv) KAB 28(W)8(W)F£; ‘SF;fv

3Sym =

- —/d4x V—det g kap FPH SF) (66)
where indices on F 2"V are raised with g(**). Using
8F}), = Dy(8A}) — D,(8A) (67)

and integrating by parts, dropping boundary terms yields

8Sym = —2/d4x V—det gy kap (D FBHY) §AL.(68)

We require § Sym = O for arbitrary <3AL4 gives the inho-
mogeneous Yang—Mills equations,

Dy FA* = gAY, (69)

where J4V is the matter current from the unified action.
The antisymmetry of F I?V and the definition of the covari-
ant derivative imply:

D Fil\, =0, (70)

the homogeneous Yang—Mills Bianchi identity.
With the symmetric metric g(,,), the Yang-Mills system
reads:
A
Dy, Fu.v] =0,
Dy FAW = g4v, (71)

We will now fully derive Einstein Field Equations. In
our holomorphic framework on the real slice y* = 0 only
the symmetric part g(,.)(x) contributes to the gravitational
action. The total action is

1
§= b [ d*x \/ _detg(;w) g(/w) Ry + Smatter[ ¥, g(uu)],

(72)

where k = 87 G and R, is the Ricci tensor built from

8(uv)-
Varying g\*") gives

Vo4 1
8SEH = E‘/‘d X —detg(lw) |:R(l“)) — 53 8(uv) R] (Sg(p‘v),

(73)

where is the Ricci scalar. We define the symmetric energy—
momentum tensor by

8 Smatter = — % / d*x /= det gy Tiuw) 889. (74)
Requiring 8§ = 0 for arbitrary §g*") yields

Ry — %g(lw) R =k T(u)- (75)
The contracted Bianchi identity,

V(M)[R(W) - %g(uv) R] =0, (76)
implies stress—energy conservation,

VI Ty = 0. (77)
The Einstein field equations read

Ry = 5 8wy R = & Tun).- (78)

Now we will derive the full Einstein field equation with
a cosmological constant to show it has a geometric origin,
this will not be taken into account in this work but could lead
to future studies. We start from the holomorphic Einstein—
Hilbert action with a constant cosmological term:

$= 50 [ 4 V=800 [ Ry = 201+ St
(79)
Split off the A-piece:
Sp = ——A d4 V= det g (80)
Varying S, with respect to g(uv):
asAz—%Aafcd“z\/m (81)

1
= —;A/ d*z (—% —detg(uv)ng)> 88(uv) (82)
C
1

2% A/ d*z /= det g " 88(u)- (83)
C

=2K

Hence we identify the cosmological stress—energy tensor,

8Sp = —-/ d*z /= det g TW) sgHv)
(A)
— T(#V) = g(lw) (84)

The variation of the pure gravity term is
1 4 1
OSEH = 5, /c d*z [~ det g [Reu) = 3 8 R] 84,
(85)
and the matter variation is

3 Smatter = _% /; d*z /—det 8(uv) T(l’ﬁ,)) Sg(l“))- (36)
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Requiring S = 0 gives the field equations on Mé:

Riun) (2) = 3 84 R + A guy = k T 2). (87)

Finally, restricting to the real slice y* = 0 (so z* — x*)
yields

G () () + A gy (x) = & T (x),

(88)
which is the standard Einstein equation with constant cos-
mological constant A.

Now we will derive the full Einstein field equation with
a time-dependent cosmological constant as to show it has
a geometric origin, this will not be taken into account in
this work but could lead to future studies. We start from the

holomorphic Einstein—Hilbert action with dark energy:

1
Shol,EH,A=§ / d*z,/detg ) (D) [g" R(un) —2A(2)].
c

(89)
This naturally splits into
S = o [ d*/Betgm @l Run], ©0)
and
Sa = —% /C d*z /detg ) (D[ AD)]- 91)
We then vary with respect to g,
5Sp = —K/Cd“z A(z) 8y/—det g () 92)

= —K/ d*z A(Z)[—% — det gy 38(#!})]
c
(93)

=2« /C d*z /= det gy A) 8" 8guny. (94

We now identify the A stress tensor
TR (@) = k Az) g™ (). (95)

The pure variation of the gravity term gives after discarding
total derivatives

1
/ d*z \/—detg [R(,w) (2)
c

5Sgrav = Z
~ L 2um @ R@ |85 ). %)

Adding the matter variation

8 Smatter = — % / d*z /—detg T(%)) (2)8g“"(2), (97
c

and the A piece, stationarity §S = 0 gives the holomorphic
field equations:

Riuny (@) = % 81 (2) R(2) + & A(2) gy (2) = Kk T (£698)

@ Springer

Setting y* = 0 so that z** — x* and A(z) — A(r), we
get

Ry @) = % 8y (0 RGO + e A1) gy (0) = k T (),
(99)

in compact form,

G () (%) + A () 8wy () = & T (1),

(100)
This allows for us to have a time-varying cosmological con-
stant that does not need to be put in by hand.

We will similarly derive the Einstein vacuum equations.

Starting from the Einstein equations

Ry = 5 8Guov) R = 1 Ty, (101

the vacuum case is obtained by setting 7,y = 0. We obtain

R = % 80 R =0. (102)
Taking the trace with g**) gives

R-I@®R=0 = R=0, (103)
so the vacuum equations reduce to

Ry =0. (104)
The contracted Bianchi identity

VO Ry = 4 84 R) =0 (105)

is then automatically satisfied in vacuum.

We will finally provide a full derivation for the Dirac—Weyl
Equations. On the real slice y* = 0 only the symmetric met-
ric g(,v) (x) enters. Introduce an orthonormal frame, tetrad

a b a
8(uv) = € e v Nab, eqt ey =85,

with Minkowski metric 14, = diag(—1, 1, 1, 1). The spin
connection w,f’b is defined by
0, = e, Ve = eau(aue”” +17, ebp), (106)

where I';, is the Levi-Civita connection of g(,.). For a

Dirac spinor v, the covariant derivative is
Dt = (0 + § 0, van )0, (107)

with y,p = %[ya, yp] and flat-space gamma-matrices
{vas ¥b} = 2n4p. The Dirac action coupled to gravity is

Sp = /d4x V—det gy V(i y¥ e Dy —m)y.  (108)

Varying Sp with respect to ¥ gives

iy“e Dy —my =0. (109)
Varying with respect to ¢ yields
Uiy e D, +m) =0, (110)
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5 5 1 ab
where D, = 9, — 7 @, yap acts to the left. For a two-

component left-handed Weyl spinor x (Y1 = %W) in the
massless limit m = 0, we obtain

ioc%e*Dyx =0, (111)

with Pauli matrices ¢ = (I, o’) and similarly for the right-
handed field.

5 Spontaneous symmetry breaking

To complete the unification of forces and matter, we must
generate masses for the gauge bosons and fermions while
preserving a massless photon. In our holomorphic frame-
work, this is achieved in two stages first by breaking the sim-
ple GUT group Ggur down to the Standard Model gauge
group at a high scale Mgyr, and then by electroweak sym-
metry breaking of SU(2);, x U(l)y — U(1)gm at the
scale vpw ~ 246 GeV. In each case, the Higgs fields are
introduced as holomorphic sections over the complex mani-
fold, and their vacuum expectation values (VEVs) lie entirely
within the real slice y = 0.

We embed the Standard Model into a simple group Ggut
for definiteness, SU (5) or SO(10) [13] with one holomor-
phic gauge connection Aﬁ (z) and coupling ggut. To break

Ggur = SUB)e x SUQR)L x U(1)y, (112)
we introduce a holomorphic adjoint Higgs field
Hg(z) € ad Ggur, (113)

with dynamics governed by the holomorphic action term:

Sholg =N {/ d*z /—det g (2)
c

[Tr (D"Hg Dy Hg) — V(He)]} . (114)

where D, Hg = 0, Hg — igcutlAL, Hgl. The potential is
chosen as

2
V(Hg) = A [Tr(Hg) - voz] , (115)
with real VO2 > 0, where Vj is the symmetry-breaking scale.
Minimizing V on the real slice y = 0 forces

Tr((Hg)?) = V§. (116)

We select the standard GUT-breaking vacuum expectation
value:

(Hg) = Vodiag(2,2,2, -3, —3) (in SU(5)), (117)

or its SO (10) analog.
In SO(10) we embed the same chiral matter namely, three
copies of the 16-dimensional spinor representation. Under

the Georgi—Glashow SU(5) subgroup each 16 decomposes
as

16 — 100501 ~ (Q,uf,e; d, L; v). (118)
The minimal SO(10) GUT has matter
v, € 16p, i=1,2,3, (119)

and no additional fermionic multiplets beyond these three
chiral families.

All gauge bosons live in the adjoint 45, and symmetry
breaking is typically driven by Higgs fields in the 10y,
126, and sometimes a 54 or210 representations. But the
fermion content remains exactly three 16 s, each containing
all SM quarks and leptons plus a right-handed neutrino.

Expanding the gauge-kinetic term Tr(D, X D*X) about
this background produces mass terms for the sixteen off-
diagonal generators, the X, Y gauge bosons in SU (5):

2 2
Ly D 2gGurVo Z
X, YeGgur/Gsm

AR AL (120)

Thus, each broken gauge boson acquires a mass of order

Mx >~ gour Vo, (121)

while the unbroken SU(3)., SU(2)., and U(1)y connec-
tions remain massless. Crucially, because there is only one
coupling ggur above the breaking scale, we enforce the
boundary condition

g3(Mgut) = g2(Mgur) = g1(Mut) = gGUT, (122)

ensuring gauge-coupling unification at Mgyr.
At the lower scale vgw, we introduce a second holomor-
phic Higgs doublet:

+
B () = (CD (Z)> ,

®(z) (123)

which transforms as (2, +%) under SU(2)1.(z) x U(1)y (2).
Its action is

So = 9 [ / 42 /=Tl g @) | (D, @) (D @)
C
a(oro2)]]

where v here is just the vacuum expectation value (VEV)
scale of the scalar ® and where

(124)

a

_ A | s
D,® = 8M—lg7AM—lg EB“ o. (125)

Restricting to y = 0 and minimizing the real potential yields
the canonical vacuum expectation value:

(0]®(x)]0) = 1 (8) , v~ 246 GeV. (126)

V2
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T
Substituting ® = (O, (v+ h(x))/ﬁ) into |D,L<I>|2 pro-
duces the mass terms

2,2 2 23,2
gv - (8" + g
Ly = TW,jw *oy TZMZ“, (127)
with
1 z
+ _ 1 2 ©
Wu = E(Wu + lWlL)’ (A/L)
_ [cosby —sinby AZ
N (sin@w cos Oy ) (Bu ’ (128)

and tanfy = g'/g. The photon A, remains massless.
Fermion masses arise from Yukawa couplings of the form

Ly =—yryL ®Yr+hec, (129)
which, when (®) # 0, yield
myg = y_jg (130)

The holomorphic doublet ®(z), when restricted to the real
slice, reproduces exactly the Standard Model mechanism for
electroweak symmetry breaking and mass generation.

By introducing two holomorphic scalars an adjoint Hg (z)
atthe GUT scale Mgyt and a doublet ® (z) at the electroweak
scale vgw, we achieve the two requisite stages of sponta-
neous symmetry breaking. Gauge bosons corresponding to
broken directions acquire masses proportional to their cou-
plings times the appropriate vev, while the unbroken U (1)gm
gauge symmetry remains intact and the photon remains mass-
less. Fermion masses follow in the usual fashion via Yukawa
interactions.

6 Gauge-coupling unification and
renormalization-group flow

Above the grand-unification scale Mgyrt, our single holo-
morphic gauge connection Aﬁ (z) carries one unified cou-
pling constant ggut. When the adjoint Higgs H (z) acquires
its vacuum expectation value:

on the real slice y = 0, the simple gauge group GGyt breaks
to its Standard Model subgroup SU (3). x SU(2);, x U(1)y.
Because there is only one gauge connection above Mguyr,
all three low-energy gauge couplings satisfy the boundary
condition:

83(Mgur) = g2(Mgur) = g1(Mgut) = gGUT- (132)

Below MgurT, each coupling g; (1) evolves according to
its renormalization-group B-function. At one loop in the MS

@ Springer

scheme, the evolution is governed by
dgi b; 3

P T Ten2 % (139

with coefficients (b1, b2, b3) = (%, —1—69, —7) for the Stan-
dard Model field content.

Integrating from the matching scale up = Mz up to a
general scale jt, we obtain the familiar expression:

1 1 b
= - I <i> (134)
gi(w) gi(Mz) 8m Mz
Imposing equality of all three couplings at © = Mgur
furnishes the conditions:

1 1 by — by Mgur
2 ) = > In ’
g1 (Mz) gy (Mz) 87

1 1 by — b3 Mgyt
2 - = 5 In ’
8 Mz) g3(Mz) 8

which can be solved numerically for Mgyt and gguT given
experimental inputs at Mz.

Threshold corrections at the GUT scale arise, because the
heavy X, Y gauge bosons and GUT-Higgs multiplets do not
all decouple at the same scale. Their mass spectrum:

(135)

M; = gcurVo + 4, (136)

leads to shifts in the matching conditions. Denoting the one-
loop threshold correction for coupling g; as A;, the corrected
boundary condition becomes:

1 _ 1 A;
g (Mgur)  g&ur 87

(137)

These A; terms are computable once the full GUT spec-
trum is specified. For minimal SU (5), we find that the split-
tings among the 24 adjoint components and the heavy gauge
bosons introduce percent-level corrections, which can shift
Mgurt by an order of magnitude.

Below the electroweak scale, the Higgs doublet & and
the top quark similarly contribute to the running between
Mz and vgw. In practice, we use two-loop RG equations
and include all Standard Model thresholds to achieve the
precision necessary to compare with experimental coupling
constants. Our holomorphic-GUT framework enforces clas-
sical equality of the three gauge couplings at MgyT, and the
subsequent renormalization-group flow, subject to GUT and
electroweak threshold corrections predicts whether that uni-
fication point is consistent with measured low-energy values
of a1, ap, 3.

To improve the precision of gauge-coupling unification,
we include two-loop running and sample GUT-scale thresh-
old effects. The RG equations become:

dgi _ b 3
Ban = 1628

3 3
g.
+ Jomy 220 85 (138)
j=1
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with one-loop coefficients (b1, by, b3) = (41/6, —19/6, —17)
and two-loop matrix

199/18 27/6 44/3
bij)=| 32 3506 12
11/6  9/2 —26

(139)

Starting from the experimental inputs at © = Mz:

a1 (Mz) = 0.01695, ay(Mz) = 0.0338, a3(Mz) = 0.1179,
(140)

we numerically integrate up to the matching scale © =
Mgut. Tomodel GUT thresholds, let the heavy gauge bosons
X,Y have mass My and the adjoint Higgs components
Mpu; = Mx(1 + 8). The one-loop threshold shift for each
coupling is

A= Z T; h](MGUT/Mheavy)»
heavy

(141)

so that
1 1 A;

giz(MGUT) B g(z}UT 82’

(142)

For minimal SU (5) with § = 0.1 and My = 2 x 100 GeV,
we find

(A1, Az, Az) = (0.8, 1.2, 0.5), (143)

which alters the unification point by ~20%. This underscores
the necessity of two-loop RG and precise threshold data for
realistic unification fits.

7 Path integral quantization

Let us define the total field space as the F¢ holomorphic
field configurations. The contour C in field space is chosen,
through Picard—Lefschetz [9] theory, to be in the same homol-
ogy class as the real slice y* = 0, avoiding singularities. The
full quantum partition function is proposed as:

Z:/ DgDADY DY DH --- exp (iShoilg, A, ¥, H,...]),
CcFc

(144)

where

Shot = [ d*z /= det g () Lol (2),
C

and L, is the holomorphic Lagrangian density, including
geometric, gauge, Higgs, and matter terms.

We introduce holomorphic gauge-fixing functions G4[g,
A, ...; z] and promote the Faddeev—Popov procedure holo-

(145)

morphically. The ghost fields ¢4 (z), ¢4 (z) are likewise holo-
morphic with actions:

8G4
4_ =A B
Sgh,gauge = /;d zcC —sch .

We apply a holomorphic gauge-fixing of coordinates, the de
Donder gauge, introducing diffeomorphism ghosts £#(z),
£M(z), with the gravitational Faddeev—Popov action. For uni-
tarity and anomaly cancellation, the functional measure must
be defined. For each field ¢ (z), the measure Dy (z) is holo-
morphic, with contour C specified by steepest descent of Spe)
emanating from the real slice.

Taking the real part of the path integral projection ensures
that amplitudes for physical, real-observable configurations
are recovered, and the unitarity problem is reduced to a sub-
tle question about the choice of the steepest-descent contour,
as in Picard—Lefschetz theory. From Morse theory, the dom-
inant contribution comes from the real slice y* = 0, where
all fields are real. Exponentially suppressed corrections arise
from other critical points, subleading Lefschetz thimbles but
do not affect the classical or leading semiclassical limit.

The effective quantum theory is governed by

(146)

Z~ / DgDA --- ¢Sl (147)
real slice
where Sieq is the real Lagrangian projected to y* = 0, plus
well-controlled corrections.
We expand each holomorphic field about a real classical
saddle:

8uv(2) = 80y (X) + By (¥) + gL (%), (148)

with A,y symmetric and g[,,) antisymmetric for Maxwell
and Yang—Mills fields, similarly for other fields. The quadratic
action in fluctuations yields kinetic terms for graviton, gauge,
and matter sectors, with canonical signs ensured by the holo-
morphic formulation and real-slice projection.

The Feynman rules are obtained from standard quantum
field theory, but projections are to the real background, and
ghosts appear for both gauge and diffeomorphism invariance.
The holomorphic path integral measure reproduces all stan-
dard anomaly-cancellation conditions when projected to the
real slice. Unitarity is respected provided the integration con-
tour C is chosen such that the real-slice remains the dominant
saddle, with steepest-descent directions away from singular-
ities and branch cuts.

The final quantized path integral is given by

Z = / Dg DA DV DV DH Dghosts
C
x exp [iShoilg, A, ¥, Hg, .. .11, (149)

where D denotes the holomorphic functional measures with
proper gauge, diffeomorphism, and ghost contributions, and
Shol 1s the full holomorphic action as constructed above The
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integration cycle C is chosen so its only relevant saddle is
the real slice, ensuring standard semiclassical and quantum
physics in the classical limit.

In practical calculations, the path integral reduces to
the standard real unified field theory calculations, but the
holomorphic setup ensures a geometric unification, natural
anomaly cancellation, and controls over singularities and uni-
tarity.

8 Holomorphic unified action and its geometric origin

In our Holomorphic Unified Field Theory (HUFT), all inter-
actions including gravitational, gauge, and matter arise from
a single geometric functional on the complexified spacetime
manifold Mé. We show how the Hermitian metric, its unique
connection, and a single holomorphic gauge—spinor connec-
tion give rise, upon projection to the real slice y* = 0,
to exactly the Einstein, Maxwell and Yang—Mills and Dirac
equations without any ad-hoc insertions.

The Hermiticity condition guarantees that, on the real slice
y* =0, g(u) is areal Lorentzian metric while gy, defines
a real two-form.

We have a unique, torsion-free connection I'” ,, (z) satis-

fying

vV g0(2) =0, (150)

so that all curvature tensors R(,.)(z) and RPs,,(z) are
built solely from g,y in the Levi-Civita manner, while
8[uv] enters only through its identification with gauge field
strengths. All sectors are packaged into one action over a
complex contour C homologous to the real slice:

1
Shol = /C“d“Z vV < det[g(;w) (Z)] I:Zglw (2) R(Mv)(Z)

—4xaB Fly 2 FPP7(2)
+ T T e (2) (V@) =i gour AR T ) ()

+ARE) T () + cHiggS(z)]. (151)

Here F' ;fv (z) is the field-strength of a single holomorphic
gauge connection Aﬁ (z), encoding both Abelian and non-
Abelian factors. W (z) are chiral fermions in representations
of Ggut, whose variation supplies J lf (2). LHiggs () contains
both the adjoint Higgs breaking Ggur — SU(3) x SU(2) x
U (1) and the electroweak doublet. We find

1
Sreal = fd4x y/ — det g(,w)[ﬂg(“”)R(,w)
—%KABF;‘UFBPJ
+ 9 yed (Vi — i gaurApTA)Y

+AM T, + Litigss | + Ol (152)
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Varying Spea with respect to 8g#Y) gives Riuvy —
+ .

g R = LT 5p e v, e = s
and D, FAPK = JAL §W: (iy“e,* (V) — igourALTa) —
m)l// = 0. Homogeneous Bianchi identities from J[Vg] =
0: O &ven = O,' D[,LF;;] = 0 Beca}lse no term is inserted
by hand all kinetic, mass, and interaction terms descend from
the single integrand this construction achieves a fully geo-
metric unification of gravity, gauge forces, chiral fermions,
and Higgs dynamics. In the form of an action we write

SHUFT = /Cd4z \/—det[g(w)(Z)]{ 2 g (2) R(y (2)

gravity

— 1k Fiy @ FBP7(2)

gauge

+ W(2) T eq"(z) Dy W(2) + (DpHG)* — Vour(Hg)

fermions adjoint Higgs

(GUT breaking)

+ (Du®) DH O — Vw (®) -y U @ W +h.c.},

doublet Higgs

(ukawa
(EW breaking) (fermion masses)

(153)

all of gravity, gauge fields, chiral fermions, Higgs dynamics,
and Yukawa couplings emerge from one purely geometric,
holomorphic action.

To quantize the holomorphic unified action Sy through
the path integral, we must eliminate the holomorphic gauge
redundancies. We do this by introducing holomorphic gauge-
fixing functionals

Galg. Aiz] =0, (154)
with
A=1,...,dim Ggur, (155)

which depend on the Hermitian metric g, (z) and the gauge
connection Aﬁ (z). We insert the identity:

§Galg®, A% 7]

1=/Doz HGalg®, A”; 2]) det|: Sap(Z)

:|, (156)

into the contour integral Z = fC Dg DADWY DX D® ¢/Shol,
Exponentiating the delta-functional and determinant gives us
two new action pieces:

1

—— | d*z /—det
26 J; Z et g(uv)(2)

Galg, A; 21 G1lg. A; 2],

SGF,hol =
(157)

which breaks holomorphic gauge invariance but renders the
kinetic operators invertible.
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We define the Faddeev—Popov operator

8Galg”, A% 2]

5@ (158)

Aap(z,7) =

a=0

Then, introduce anticommuting ghost fields ¢4 (z) and ¢4 (2)
in the adjoint representation, so that we obtain

de 504 | = / Dé De expli Sep hol), (159)
with
SEP_hol= / d*z d% | [—detg(un)(2) ¢ (2) Aap(z. ) B ().
‘ (160)
The full quantum action is given by
Stot = Shol + SGF,hol + SFP,hol- (161)

This gives the total quantum action

Stot = /C d*z = defgun) @] | 2 €7@ Ry @)

gravity

— TKkaB Fpr () FBPO(2)

gauge
+ W(2)T% e"(2) Dy ¥ (2) + (DuHg)* — Vour(Hg)

fermions adjoint Higgs

(GUT breaking)

+ (D ®) DED — Vaw(®) -y, Uy & Wp +h.c.}

doublet Higgs
(EW breaking)

1
Y] /Cd“z\/—detg(w)(z) Galg. Aiz] GAg. A 2]

holomorphic
gauge-fixing sector

+ / 2 % [ det g @) EA ) Aap( ) B,
C

holomorphic Faddeev-Popov
ghost sector

Yukawa
(fermion masses)

(162)
and the partition function becomes
Z= f Dg DA DV DX D® D¢ Dc expli Sior).  (163)
c

On the real slice y* = 0 and expanding about the classi-
cal saddle, these additional terms guarantee invertible gauge-
boson propagators from Sgr ho1 and account for the gauge-
orbit volume through the ghosts in Sgp noi, paralleling the
usual Faddeev-Popov procedure in non-holomorphic quan-
tization.

9 Experimental signatures and proton stability

Although the new holomorphic framework reproduces the
Standard Model plus gravity exactly on the real slice y* = 0,
it makes two high-energy predictions beyond those of ordi-
nary minimal SU(5) and SO(10).

Fitting the two-loop renormalization-group evolution
with minimal SU(5) thresholds to the Particle Data Group
(PDG) inputs [16] a1 (Mz) = 0.01695, ar(Mz) =
0.0338, a3(Mz) = 0.1179 yields a unification point

Mgur 2.0 x 10'°GeV, gl ~25.2.

The holomorphic embedding enforces exact equality g; =
g2 = g3 at this scale, up to threshold shifts of order 10-20%.
A deviation of more than ~ 1% from these values would
falsify the minimal holomorphic-SU(5) hypothesis.

Heavy X, Y gauge boson exchange in minimal SU(5) pro-
duces the dominant mode

p — etnl
with rate
M4
r(p—etn) =~ = X ~ (1-5)x10¥yr,
dGur mf,

where My =~ ggut Vo =~ 2 X 10'° GeV and we have allowed
a £20% uncertainty from threshold corrections. The current
Super-Kamiokande lower bound t(p — etn%) > 1.6 x
1034 yr already probes the lower edge of this band; Hyper-
Kamiokande and DUNE should test the full predicted range
T~ 1033 yr,

To see why the non-observation so far is entirely compat-
ible with 7, ~ 1033 yr, note that

P
tani & 1.4 x 1010yr, 7, ~10¥yr, =% ~107%.

Tp
Thus, only a fraction ~ 1072 of all protons would
have decayed since the Big Bang. A detector like Super-
Kamiokande contains of order 103 target protons, giving an
expectation of

Nsk X 1. 10% x 107 = 0.1,
T
decays per year. Even over decades, this yields only a cou-
ple of expected events, so the current null results are fully
consistent with the minimal-holomorphic-SU(5) prediction.
Breaking SU(5) — SU3) x SU(2) x U(1) generically
produces GUT-scale Hooft—Polyakov monopoles of mass

47 Vy
8GUT

~

~ 10" GeV.

Mmono

Standard inflationary dilution predicts a present monopole
density well below observational bounds of Qmonoh? &
1071, but any detection of a relic flux even as low as
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10~17/cm?/s/sr would be a dead giveaway for a simple-group
GUT.

In minimal SO(10), breaking via 210 @ 126 @ 126, two-
loop RG running with typical threshold splittings yields

Mgur =~ 2.5 x 10'°GeV,  aglp = 24.0,

with g1 = g» = g3 at unification within O(10%) uncertain-
ties.
SO(10) predicts both

+_.0

p — etn’ and p - VKT,

with lifetimes

t(p —» et ~ (3—8) x 10 yr,
(p > VKT) ~ (1—-4) x 10¥ yr,

the latter constrained by Super-K’s limit 7(p — vV K1) >
5.9 x 103 yr.

SO(10) monopoles, carrying a discrete Z, charge, have
mass

Moo Voo 017 Gev,
8GUT

and are similarly diluted to Qmenoh? < 10710,

One of the great virtues of the 210 representation is that
it contains SM-singlet directions, which can break SO(10)
into different maximal subgroups, with distinct proton-decay
and threshold signatures such as, Pati—-Salam chain. Under

SO(10) — Gapp = SUM@)c x SUR2)p x SU2)g, the
210 contains a (15, 1, 1) which is neutral under SU (2); x
SU2)r. A VEV (Hga10) (15, 1, 1) yields the breaking
SO(10) 1210, SU@)c x SUQR)L x SUR)R

B SU@G)e x SUQ@)L x U(Dy.

This two-step chain modifies the proton-decay operators
and raises the effective GUT scale by ~ 10%, easing tension
with current bounds.

The 210 has an SM-singlet in the 1y of SU(5) x U(1),.
Choosing (Hg 210) o 1p breaks

s010) 22 (sUs) x U),)/Zs

DO SUB)e x SUQ)L x U(l)y.

The resulting flipped embedding leads to different Clebsch
factors in the decay amplitudes and can shift the leading mode
to p — K+, with a lifetime estimate 7 ~ 10337 yr.

By scanning over the alignment in the 210 representa-
tion, we obtain a continuous family of intermediate thresh-
olds. In our holomorphic framework these appear automat-
ically through the single adjoint-Higgs term (DMHG)2 —
Vout(Hg) and modify both the two-loop RG running and
the GUT-scale threshold corrections.
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The holomorphic metric contains an antisymmetric part
8[uv] identified with the Maxwell field. At second order it
feeds back into the gravitational sector via the counterterm.
In principle this induces a tiny, polarization dependent dis-
persion of gravitational waves in strong EM backgrounds
such as near pulsars. The predicted phase shift per cycle is

2
Ap ~ “; >2 < 1079,
P

(164)

For LIGO/Virgo frequencies @ ~ 10° Hz, this is far too
small to detect with current interferometers but potentially
accessible to future detectors probing exotic compact-object
environments.

The holomorphic unification makes two sharp, testable
high-energy predictions, gauge coupling unification at Mgyt =~
2 x 10'® GeV and proton decay with lifetime 7 ~ 103430 yr,
which are within reach of next-generation facilities. A fail-
ure to observe proton decay in this window would force a
non-minimal extension meaning, extra thresholds, interme-
diate scales, or larger GUT groups or a departure from the
simplest holomorphic-SU(5) embedding.

In minimal SU(5) or SO (10) GUTs, extrapolating the
Standard-Model B-functions without additional fields leads
to three gauge couplings that miss each other by tens of
percent at high energy. Numerically, the failure of the three
Standard-Model gauge couplings to meet in a minimal non-
supersymmetric SU(5) can be characterized in two equivalent
ways. If we run the SM gauge couplings up to the would-be
unification scale and inverts the usual GUT relation

o

sin? Oy = 3
=% o+’

we obtain:
sin? Oy ~0.213 vs. 0.231 (measured),

roughly 8—10% too low. Equivalently, if we define A by the
condition a1 (A) = a(A), then at that scale

a; (M)~ 35, o (A) = a5 ' (A) & 50,
so that the strong coupling is off by
oy ' (A) — 5 ()]

~ ~ 30%
a2 (A)

a ~ 30% mismatch between o3 and o > at the would-be
unification scale. To restore exact unification without invok-
ing supersymmetry, one may introduce new multiplets such
as scalar 15’s or 24’s of SU(5), vector-like fermions, or
split incomplete GUT representations at intermediate scales
so as to reshape the one- and two-loop running. Engi-
neer a multi-step breaking chain for instance SO(10) —
Pati-Salam — SM, each stage supplying its own heavy
threshold that further adjusts the slopes. Include the finite
GUT-scale threshold corrections from mass splittings among
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Table 1 Inverse gauge couplings at Mz and at Mgyr, including GUT-
scale thresholds

Scale a; a, ay
My 59.01 29.57 8.47
Mgur 24.4 24.1 25.8

heavy gauge bosons and Higgs fields, which can nudge the
meeting point into exact alignment. If desired, allow for
Planck-suppressed higher-dimensional operators to tweak
the boundary conditions at the unification scale. By combin-
ing one or more of these mechanisms, we can demonstrate
that precise gauge-coupling unification can be achieved in a
purely non-supersymmetric framework.

To turn the mechanism of GUT-scale threshold corrections
into a prediction, we perform a two-loop renormalization-
group analysis of the Standard-Model couplings including
one-loop matching at the unification scale. The matching
conditions at 4 = Mgyt read

1 1 A;

g7 (Mgur) B g&ur

M
A= Tk 1n< ACZT)
k

where T; (k) is the Dynkin index of the heavy field k under
the i™ SM gauge group, and My its mass. We parametrize the
splittings of the adjoint-Higgs and heavy gauge multiplets by

82’

My = Mgut (1 + 6), (61, 62, 83) = (0.04, 0.06, 0.02).

Evolving the three SM couplings from Mz up to Mgur
with the two-loop S-functions

dgi bi 3 g 2
5 Tonme 2065

M@ ~ Ten2 b
and applying the matching above, we find
Mgur = 2.3 x 10'°GeV, agl; = 244,
with the residual splitting among the three couplings

|gi (Mgur) — g;(Mgur)|
8GUT

< 7% G,j=1,2,3),

well within the target 10% unification accuracy (Table 1).

The mass of the superheavy X, Y gauge bosons is My =~
gcuT Mgut, which via the usual dimension-six operators
yields a proton lifetime estimate

t(p— e™n’) ~ 54 x10¥yr,

r(p — \7K+) ~ 1.2 x10% I,
comfortably above the current experimental limit of 1.6 x
1034 yr and well beyond 10 yr.

By employing purely GUT-scale threshold splittings with-
out supersymmetry or new light multiplets and a minimal

two-step breaking chain in SO (10), we achieve li"G_—Ugle <

10% at u = Mgur, and a proton lifetime of 7, > 5x 10°° yr.
This constitutes a truly predictive, non-supersymmetric uni-
fication compatible with all current limits.

Our numerical unification analysis uses the world-average
values of the SM gauge couplings at the Z-pole [16]

a1 (Mz) = 0.01695, ar(Mz) = 0.0338, a3(Mz) = 0.1179,

and the current Super-Kamiokande 90% CL lower limit on
the proton lifetime [17]

t(p— etn%) > 1.6 x 10¥ yr.

Inserting these inputs into the two-loop RGEs and one-loop
matching with GUT-scale thresholds as described above, we
find

lgi — gl

Mgur =23 x 10'1°GeV, o5l =244,
out 8GUT

< 7%,

and a predicted lifetime
r(p — e+710) ~54x10% yI,

well above the experimental bound. Thus our non-supersym
metric threshold-corrected unification is fully compatible
with current data.

10 Conclusion

We have constructed a single holomorphic action on a four-
complex-dimensional manifold that, upon projection to the
real slice y* = 0, reproduces in one unified framework the
full spectrum of classical field equations governing gravity,
gauge interactions, and chiral matter. By endowing space-
time with a Hermitian metric g, (z) = guv) + I g[uv)» and
introducing holomorphic gauge and spinor connections, we
found that the real and imaginary parts of the compatibility
and curvature naturally split into the vacuum Einstein equa-
tions for the symmetric metric, the homogeneous and inho-
mogeneous Maxwell and Yang—Mills equations for all gauge
factors with explicit coupling to charges and currents, and
the curved-space Dirac—Weyl equations for chiral fermions.
Holomorphic gauge invariance enforces exactly the standard
anomaly-cancellation conditions on the fermion spectrum.

To complete the unification, we embedded the Standard
Model gauge group into a simple GUT group, using a holo-
morphic adjoint Higgs Hg(z) to break Ggur — SU(3) X
SU(2) x U(1), and enforce g = g» = g3 at the unifica-
tion scale. A second holomorphic Higgs doublet ®(z) then
realizes electroweak symmetry breaking, giving masses to
W=, Z, and all charged fermions in the familiar way. Below
the GUT and electroweak scales, the three gauge couplings
run according to the usual renormalization-group equations,
while the photon remains massless and General Relativity
governs the dynamics of g(,.)(x).

@ Springer
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A quantum formulation of the theory is developed from a
holomorphic path-integral with a measure including ghosts
for diffeomorphisms and gauge symmetry, and demonstrat-
ing unitarity and UV behavior. The standard quantum field
theory Feynman rules follow from the path integral.

A direction for future work is to derive and numerically
analyze the nonlocal one- and two-loop S-functions induced
by the holomorphic entire-function regulators, implement
the finite threshold matching of the three Standard-Model
gauge couplings onto the single SU(5) or SO(10) holomor-
phic GUT coupling at the nonlocality scale M, ~ 10'® GeV,
and demonstrate that the ensuing exponential suppression of
B-functions above M, yields exact and stable gauge-coupling
unification.

Our construction achieves a truly geometric unifica-
tion of all four fundamental forces with gravity included
together with realistic matter couplings, spontaneous sym-
metry breaking, and anomaly cancellation, all emerging from
a single holomorphic Lagrangian. The holomorphic perspec-
tive developed here will provide a fertile foundation for these
and other investigations into the quantum and phenomeno-
logical frontiers of unified field theory.
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