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Abstract: An analytical exploration of the phase decoherence equation of two qubits in-
teracting with a coherent field with dipole-dipole interaction is introduced. The study
examines the tradeoff relationships between intrinsic concurrence and first-order coherence
in the qubits—cavity system while considering the impacts of decoherence and the inter-
actions among the qubits. We affirm that the relationship between intrinsic concurrence
and first-order coherence is valid. Additionally, we demonstrate that the minimum limit of
intrinsic concurrence is universally applicable, although the upper limit is typically not.
These connections in Heisenberg models can provide a means by which to investigate
how quantum resources are allocated in spins, potentially leading to future applications in
quantum information processing. It is partially but not completely possible to control the
tradeoff relations between intrinsic concurrence and first-order coherence of the two-qubit
cavity system; this control might involve actions that influence the system and are reflected
in intrinsic concurrence and first-order coherence.

Keywords: phase decoherence; concurrence; entanglement; open systems; dipole-dipole
interaction; symmetry and tradeoff

1. Introduction

In quantum mechanics, tradeoffs and symmetry are deeply interconnected. The
preservation of symmetry in a system often constrains its evolution or measurement
outcomes, as symmetry dictates certain conserved quantities such as energy or momentum
and limits how the system can evolve over time. However, new tradeoffs emerge when
symmetry is broken, such as in phase transitions or spontaneous symmetry breaking. These
can involve competing physical properties, where optimizing one aspect of the system,
such as coherence or entanglement, may require compromising others, such as stability or
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precision. Thus, the interplay between symmetry and tradeoffs shapes the behavior and
measurement possibilities of quantum systems.

In quantum information processing and quantum communication, the relationship
between coherence and entanglement plays a pivotal role. Investigating the tradeoff be-
tween intrinsic concurrence and first-order coherence in a two-qubit cavity system that
considers qubit-dipole coupling and decoherence effects can provide valuable insights into
the fundamental limits of quantum information protocols and help in the development of
more robust quantum technologies. In quantum mechanics, entanglement and coherence
are two fundamental features of quantum states that are crucial for quantum information
processing, communication, and computation. Although they are related in some ways,
they represent distinct properties of a quantum system [1,2]. For pure two-qubit systems,
there is indeed a complementary relationship between first-order coherence (FOC ) and
concurrence (C). While high coherence typically indicates a less entangled state, high
entanglement often leads to a reduction in coherence [3,4]. Intrinsic concurrence (IC) is a
critical measure for understanding the relationship between entanglement and coherence
in two-qubit mixed states. Unlike standard concurrence, which is limited to pure states, IC
extends the concept of entanglement to mixed states and shows the same complementary
relationship with first-order coherence (FOC) that we see in pure states [5].

Furthermore, the authors of [6] have endeavored to connect IC and agreement through
an inequality relationship without providing a strict mathematical demonstration. They
assert that this is true for any generic two-qubit quantum system. Spin chains are robust
and adaptable systems, and have gained considerable attention in quantum computing
and quantum simulation because of their integrability, scalability, and diverse physical
behavior. They serve as an ideal platform for studying entanglement, quantum correlations,
and quantum phase transitions, offering great potential for building the next generation of
quantum computers. As experimental techniques continue to improve and as new models
for quantum error correction and fault tolerance are developed, spin chains are expected
to play a central role in the development of scalable and practical quantum computing
systems [7-12]. In [13], the authors studied the dynamics of quantum systems, focusing
on how various Hamiltonians impact entanglement and coherence in multi-qubit states.
They also examined engineering techniques that could enhance the efficiency and reliability
of structural systems by using advanced materials and design principles. Furthermore,
their research explored the statistical mechanics of complex systems, revealing insights
into collective behavior and phase transitions in non-equilibrium environments as well as
the relationship between classical and quantum mechanics in chaotic systems, particularly
with regard to the influence of quantum correlations on information transfer in quantum
cryptography. By discussing specific experimental systems such as superconducting qubits
and trapped ions, their study provides concrete examples of how theoretical concepts such
as coherence and entanglement are realized in practice. These systems demonstrate the
practical challenges and innovations in manipulating quantum states and illustrate the
implications of quantum dynamics in real-world applications. Highlighting such experi-
mental platforms allows for a deeper understanding of the interplay between theory and
experiment, enriching the overall discourse on quantum technologies [14].

Indeed, spin chains have become a crucial element in quantum mechanics, particu-
larly for exploring quantum coherence and correlations. The Heisenberg model, which
describes the interaction between spins in a quantum system, plays a significant role in this
context [15-26]. Spin chain models provide fertile ground for studying quantum resources
such as entanglement and coherence. The spin correlations within the chain can lead to
powerful quantum phenomena that are central to advancing quantum technologies. These
systems are also crucial for understanding the interplay between quantum mechanical
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effects, many-body physics, and computational resources in quantum information science
[27-30]. The two-qubit Heisenberg XYZ model represents one of the simplest yet most
versatile spin chains, and has recently inspired the research community to quickly embrace
the Heisenberg XYZ example [13-24]. The dissipative two-qubit Heisenberg XYZ model
under the Dzyaloshinsky—Moriya interaction is a rich system for studying the effects of
anisotropic spin interactions, relativistic corrections, and environmental dissipation on
quantum correlations. All of this earlier research has motivated us to examine the tradeoff
relationships for this model. Additionally, we investigate whether the suggested inequality
relation is valid for this system and evaluate the tradeoff relationship to gain insights into
the shared behavior of entanglement and coherence over time for different system parame-
ters, such as the purity of the initially formed state, dipole—dipole interaction, quantity of
photons, and attenuation parameter.

We organize the rest of this research paper in the following manner: in Section 2, we
discuss the physical framework and its resolution, then provide a brief introduction to
C, FOC, and IC; in Section 3, we examine the tradeoff relationships between FOC and
IC along with the inequality relationship between IC and C; in Section 4, we employ the
Heisenberg XYZ model to explore the tradeoff relationships between C and IC; finally, in
Section 5, we showcase our results and findings before ultimately concluding the paper.

2. The Physical Model and Its Solution

We consider a model consisting of two qubits interacting resonantly with a coherent
field, with dipole—dipole interaction taking place through via two-photon transitions.
This model highlights the implications of photon interactions with two-level systems,
emphasizing the differences between one-photon and two-photon cases. While one-photon
processes allow for straightforward excitations and generation of entanglement, two-photon
interactions lead to more complex dynamics that can be leveraged for enhanced control,
nonlinearity, and robustness in quantum information applications. In the rotating-wave
approximation, the Hamiltonian of the system is provided by

2
H = witi+w(o7+03)+AY (%0 +a"0)
i=1
+Q(of 0y + o7 03), 1)

where 4(4") denotes the annihilation (creation) operator of the resonant single-mode field,
w is atomic transition frequency and cavity frequency, A is the coupling constant between
qubits and cavity, the raising and lowering operators of the qubit i are & and ¢°. (i = A, B),
respectively, and () is the qubit dipole—dipole coupling constant. Here, only the pure phase
decoherence mechanism is considered. In this situation, the master equation governing the
time evolution for the system is provided by [31,32]

do(t . 0%
WO impe) - I8 H ()], @
where 7 is the phase decoherence parameter. The formal solution of the Equation (2) is

provided by [33,34]

00 k
o) = ¥ T o0 M) ®)
k=0 :

. t
where Mk(t) = Hke~iHte= T H* and where 0(0) is the density operator of the initial system.
Analysis is confined to a four-dimensional subspace characterized by the most pertinent
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states. We believe that this approach provides a meaningful representation of the system’s
behavior under the studied conditions. In the space states { |1) = |eaep, 1), |2) = |eagp, 1 +
2),13) = |gaep, n+2),]4) = [gagp, n +4) }, the used eigenstates [¥7') of the Hamiltonian
(1) are provided by

Y1) = Cull) +Cul4),

|3) Cn2[2) + Cx3(3),

|'¥3) Ca11) + Cs2|2) — C33(3) + Caal4), 4)
[¥5) = Call) + Cyp2) + Cy3[3) + Cul4),

where the coefficients C;; satisfy the condition of the following eigenvalue problem:
AY") = E;u|¥7,). Here, E,, are the corresponding eigenvalues:

Ef, = wn+2), E=wh+2)-Q,
Q 1

w(n+2)+E:F§ 02 +8(x2 +12)

where x = Ay/(n+1)(n+2) and y = Ay/(n + 3)(n +4). The explicit expression of the

density matrix is provided by

E34)

plt) = e BB (4, ]0(0)] )
mn
¥u) (¥, ®)

where p(0) = |eaep) (eaep| @ |a) (] is the initial state of the entire system, i.e., the single-
mode cavity field initially prepared in the coherent state,

v P2 &
|zx>—n;0e | Zm\n» 6)

while the two qubits are started in the pure excited state 948(0) = |esep)(eaep|. This
density matrix can be used to perform detailed study on the evolution of some measures of
mixture and entanglement in the partitions of two dipole-coupled qubits interacting with a
coherent cavity under decoherence effect.

3. Quantifiers of Tradeoff Relations of Quantum Information Resource

Here, we briefly review the concepts of first-order coherence (FOC), concurrence (C),
and intrinsic concurrence (IC) in order to explore the dynamics of the tradeoff relations
between the entanglement and coherence of the generated two-spin qubit states under
intrinsic decoherence, spin—orbit interaction, and external magnetic field.

¢ Intrinsic Concurrence
The behaviors of the entanglement between the generated two spin qubit states are
explored using the concurrence [35], provided by

C(t) = max{0, /A1 — VA2 — Az — V/Au}, @)

where A; denotes the roots of the eigenvalues (organized in descending order, A; >
Ait1) of the non-Hermitian matrix R = D(t)D(t) depending on the spin-flipped

density matrix D(t) = [dj;]:

dij = (i|(e¥ @ ¥)D* (1) (e¥ ® o) }).



Symmetry 2025, 17, 400

50f13

The initial pure two-spin qubit state has C(t) = 0, growing to a maximal state if
C(t) = 1 and to a partially two-spin qubit state if 0 < C(t) < 1. With the intrinsic
concurrence [5] defined as above, for a two-qubit state D(t), the intrinsic concurrence

Ci(t) = \/T[D(t) D(1)]. ®)

For a pure two-qubit state, the concurrence and intrinsic concurrence have the fol-
lowing dynamics. Due to Tr[D(t)D(t)] = ¥, Au [5], where A, (n = 1,2,3,4) are the
eigenvalues of the the non-Hermitian matrix R = D(t)D(t), the two-qubit concur-

is defined as

rence is the lower bound of the intrinsic concurrence. This means that the dynamics
of the two-spin Heisenberg qubit concurrence and the intrinsic concurrence allows
the following inequality:

C(t) < Cr(t). ©)

*  First-Order Coherence (FOC)
The first-order coherence can be used to measure the generated coherence of a
spin k-qubit state with the reduced density matrix Dk (t)(k = A,B) =, where
DA(t) = Trp[D(t)] and DB(t) = Trs[D(t)]. The FOC of a k-qubit state is defined as

Fe(t) = /2Tr[o(t)?] — 1. (10)

Hence, considering all k-qubits independently, the first-order coherence measure of
the whole two-qubit system can be provided by [36]

Fa(t) + Fp(t
) = /FA0EBO, a
where the two-qubit first-order coherence satisfies 0 < F4p(t) < 1.
*  For a general two-qubit state such as D(t), the complementary relation between the

intrinsic concurrence and first-order coherence is introduced as follows:
Fip() +Ci(t) = Tr[D(1)]. (12)

This means that for a closed two-qubit system there is a mutual transformation rela-
tionship between its first-order and intrinsic concurrence, while for an open two-qubit
system the tradeoff relations between the two-qubit nonlocal correlation and the first-
order coherence depends on the purity degree P(t) = Tr[D?(t)] of the whole two-qubit
system, which is measured by the whole linear entropy equaling to 1 — Tr[D?(t)].

4. Two-Spin Heisenberg XYZ-Qubits Dynamics

Figure 1 shows the generation of the concurrence (C) and intrinsic concurrence (IC) un-
der the intrinsic decoherence effect along with the degradation of the first-order coherence
(FOC) in two-qubit states due to atom—cavity interactions without atom-atom interac-
tions. For this, the two atoms are initially considered in the pure upper states |14) ® |15),
where the initial density matrix has no entanglement, i.e., the concurrence and intrinsic
concurrence start with zero values (C(0) = C;(0) = 0) and the considered quantifiers have
maximal coherence (F45(0) = 1) and purity (P(0) = 1). Below, we show the FOC, C, and
IC dynamics and total mixedness of two non-interacting qubits starting with pure state
|14) ® |1p) inside a coherent field cavity with « = 2 photons under different decoherence
effects v/ A: (a) shows v = 0, (b) shows v = 0.001A, and (c) shows v = 0.015A.
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Figure 1. Dynamics of FOC, C, IC, and total mixedness of two non-interacting qubits starting with
pure state |e4) ® |ep) inside a coherent field cavity with « = 2 photons under different decoherence
effects y/A: (@) y =0, (b) v = 0.001A, and (c) v = 0.015A.

By comparing Figures 1 and 2a it can be seen that the evolution of FOC, C, IC, and
total mixedness follows roughly the same quantitative behavior, with different amplitude
values for each. Based on the context, these terms might refer to measures of concentration,
distribution, or diversity in a system. To better clarify this, we can expand on the potential
interpretation. In Figure 2a, there is doubling of the oscillation periods in the interval
[0,271] with momentum and interference from oscillations, whereas the total mixedness
(indicated by the red line) represents the upper bound of IC. It can be observed that for
the most part the total mixedness and FOC are above the IC; however, in some places
the green plot outperforms the red plot, indicating that mixedness, FOC < CI instead of
CI < mixedness, FOC. Therefore, we can conclude that while the lower bound of IC stated
in Equation (9) is universally true, the upper bound is generally not (see Figures 1 and
2a). Next, we can investigate the effect of the phase decoherence for this bound. Figures
1 and 2b show the plots for these functions when v = 0.001A. Again, we can see that
mixedness, FOC < CI for some specific intervals. Therefore, it can be confirmed that the
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hypothesized upper bound of IC is not always met. Here, we notice that the maximum
values of mixedness and C decrease with the entry of gamma, while the values of FOC and
IC remain unchanged. Figures 1 and 2c show the coherent and evenly coherent states with
the development of time and increase in the value of the gamma decay. It can be noticed
that the amplitude values of IC, FOC and mixedness are confined between 0.6 < CI < 0.7,
0.4 < mixedness < 0.5, and 0.2 < FOC < 0.3, while C turns to zero when t > 7. Thus, it
can be concluded that the gamma decay effect leads to mixedness < FOC < CI < C — 0.
After a certain v is reached, the concurrence vanishes; however, the FOC, IC, and total
mixedness still exist.

() -—-.c

Foc

I
Mixedness

P -~
-
. RS
< N . -~
o oz o4 o6 o8

1 1.2 1.4 1.6 1.8 2
At/7T

Figure 2. Same as Figure 1 except that the two non-interacting qubits are inside a cavity filled by an
evenly coherent field.

We now examine the impact of the qubit dipole—-dipole coupling constant interaction
on the previously discussed quantifiers as well as the accompanying complementary
tradeoff relationship. Figures 3 and 4 demonstrate the collective decoherence-free dynamics
for each of FOC, C, IC, and total mixedness as functions of t for different fixed values
of 7 and with interacting qubits (3 = 30. In Figures 3 and 4a, where v = 0, It can
be concluded that the evolution of the initial state for FOC, C, IC, and total mixedness
retains separability at t = O for all ensuing instances of t > 0. As a result, dipole-dipole
interaction takes place. Furthermore, our findings show that increasing the strength of the ()
interaction results in the creation of entanglement. Additionally, it has been demonstrated
that the behaviors of entanglement (captured by C), coherence (captured by FOC), intrinsic
concurrence (captured by IC), and total mixedness are constant at any moment regardless
of the intensity of the () interaction. This suggests that the () interaction cannot induce
or enhance either coherence or entanglement in this scenario. In Figures 3 and 4b, where
v = 0.0014, it is evident that the () interaction creates an additional wiggling or ripple effect,
influencing not only C but also IC, FOC, and mixedness. We also note that, as expected,
increasing <y leads to a decrease in the maximum values for all measures. A similar pattern
is evident for y = 0.015A in Figures 3 and 4c, except that now entanglement (represented
by C) and coherence (represented by FOC) are mostly zero. Although the () interaction
cannot increase the maximum value of entanglement, it decreases the minimum value
of concurrence. Therefore, it can be said that the presence of dipole-dipole interactions
can be used to entangle qubits. By controlling the dipole-dipole coupling strength and
phase decoherence parameter 7, it is possible to generate entangled states, which are the
foundation of many quantum algorithms and protocols. We anticipate that as the value
of the () interaction increases, C will attempt to replicate the changes observed in C as
the value of 1 rises, albeit not perfectly. Furthermore, an increase in the () interaction
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leads to a rise in the average oscillation frequency of FOC, C, C, and overall mixedness.
In order to study this system more deeply and incorporate the concept of tradeoffs, we
now investigate the effect of increasing the number of photons « = 5 with the absence
in the decoherence effect v = 0.0, as shown in Figure 5a,b. It can be observed that C and
FOC behave identically and that increasing the value of the # = 5 interaction significantly
increases the oscillation frequency. Generally speaking, given that the initial state is an
entangled one, we can assert that an increase in the number of photon interactions leads to
a rise in the oscillation frequencies of FOC, C, and IC. Furthermore, it is evident that the
lower bound of IC, as outlined in Equation (9), is upheld effectively. Figure 6a,b shows the
result of increasing the dipole—dipole coupling in a two-qubit cavity system to (2 = 60. As
can be seen, this increase causes a significant change in the maximum values of all measures
(FOC, C, IC, and total mixedness), resulting in a significant decrease. Additionally, even
in the case of non-zero decoherence, when including the lower bound of IC as provided
in Equation (9), the tradeoff relation is preserved entirely strictly. Att = 0, the IC and C
have the same values because the initialized state is maximally entangled (as shown in
Figure 7a,b with y = 0.01A). On the other hand, decoherence alters and gradually lowers
their values. Likewise, with greater values of v, the entanglement survival time before the
full entanglement death is reduced. Lastly, Equation (12), which is a recently proposed
conservation relation, represents the tradeoff relation between FOC and IC. There is an
inherent tradeoff between entanglement (concurrence) and coherence in the system; in this
case, while strong coupling to the cavity field can enhance entanglement (concurrence), this
can lead to increased decoherence due to coupling with the environment (see Figure 7a,b).
As decoherence increases, the system loses both its coherence and entanglement. Thus,
the system may experience a reduction in concurrence as decoherence rates increase.
Conversely, in a system with low coupling to the field (or low decoherence), the qubits can
maintain higher coherence and entanglement. However, without sufficient coupling, the
entanglement between the qubits may be weak, leading to lower concurrence.

Figure 3. Same as Figure 1 except for two interacting qubits (2 = 30A. (a) ¥ = 0, (b) v = 0.001A, and
(c) v = 0.015A.
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Figure 4. Same as Figure 2, except for two non-interacting qubits () = 30A.

Figure 5. Dynamics of FOC, C, IC, and total mixedness for two non-interacting qubits starting with
pure state [e4) ® |eg), # = 5 photons, and absence of the decoherence effect v = 0.0 inside (a) a
coherent field cavity and (b) an evenly coherent field cavity.

The damped oscillatory behavior in the dynamics of concurrence and first-order
coherence arises from the interplay between coherent quantum interactions and weak
decoherence when the phase decoherence parameter - is small. In a system of coupled two-
level atoms interacting with a cavity field, coherence from atomic state superpositions leads
to Rabi-like oscillations. Despite small 7 indicating weak decoherence, which typically
suggests monotonic damping, the strong coupling allows significant oscillations to persist,
resulting in a damped oscillatory pattern instead of simple exponential decay. This behavior
reflects the interplay of preserved coherence and the gradual influence of decoherence,
resulting in a complex dynamic that illustrates the resilience of quantum correlations amid
environmental interactions.
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Figure 6. Same as Figure 5, except for two interacting qubits () = 60A.
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Figure 7. Same as Figures 5a and 6a, except with the decoherence effect y = 0.01A.

5. Conclusions

In this paper, we have investigated the situation of two dipole-coupled qubits interact-
ing with a coherent cavity field in the presence of phase decoherence. The inherent relations
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between FOC, C, IC, and total mixedness can help us to better understand how quantum
resources are distributed and how entanglement and coherence affect each other. The
universal tradeoff between these measures underlines a fundamental aspect of quantum
systems, making the study of their relations essential for advancing both theoretical and
practical applications in quantum technology. This provides strong motivation to study
and analytically explore the master equation for this physical model. In particular, one of
our strongest interests in this paper has been to study the dynamics of FOC, C, IC, and
total mixedness for two interacting qubits starting in a pure state inside a coherent field
cavity and under decoherence effects. The tradeoff relation, which is universal for any
arbitrary two-qubit states, indicates that mixedness and FOC decrease as the level of IC
increases (and vice versa) when the coherence effect is absent or weak. However, this
does not occur with increasing decay or when dipole-dipole interaction occurs, as the
amplitude of IC becomes higher than those of mixedness and FOC with the development
of time. By controlling the dipole-dipole coupling strength and the phase decoherence
parameter 7, it is possible to generate entangled states, which are the foundation of many
quantum algorithms and protocols. The increase in the number of interacting photons
is responsible for increasing the oscillation frequency of FOC, C, and IC, provided that
the initially established state is the entangled state. There is an inherent tradeoff between
entanglement (concurrence) and coherence in the system; in this case, strong coupling to
the cavity field can enhance entanglement (concurrence), but this can also lead to increased
decoherence due to coupling with the environment. By studying the measures of FOC, C,
IC, and total mixedness as well as the effects of dipole-dipole interaction, decoherence,
and the number of photons, it is possible to partially but not completely control the tradeoff
relations between intrinsic concurrence and first-order coherence of a two-qubit cavity
system. Understanding these phenomena requires rigorous analysis of specific quantum
states and their dynamics, challenging existing models and prompting the need for more
robust frameworks in real-world applications of quantum mechanics. This control might
involve actions that influence the system and that are reflected in the measures of FOC, C,
IC, and total mixedness. We checked the validity of the tradeoff relation between IC and
FOC and the inequality relation between IC and C, confirming that the tradeoff relation
between IC and FOC holds tightly in the given model, that is, F45(t) + C2(t) = Tr[D*(t)).
However, the upper bound of the inequality between IC and C, i.e., C(t) < Cj(t), generally
does not hold. Therefore, the dynamics exhibit damped oscillations, revealing the intricate
balance between coherence and decoherence in quantum systems.
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