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Abstract We consider baryons in a nonrelativistic quark
model, find the wave function and masses of the baryons
with two heavy quarks including Ep.(bcu), E.c(ccu),
Epp(bbu), Qpp(bbs), QLpe(bes) and Q.. (ccs). We calculate
magnetic moments of these baryons. Using transition mag-
netic moments, we obtain the radiative decay widths for dou-
ble heavy baryons. Then we calculate some of the semilep-
tonic decay widths of these baryons. Our results are compared
with other theoretical predictions.

1 Introduction

The semileptonic decays of heavy baryons are a useful tool
to extract the Cabibbo—Kobayashi—-Maskawa (CKM) matrix
elements. An interesting study that has been attracting for a
long time is the double heavy baryons with two heavy quarks
consisting of charm or bottom. QCD spectrum includes
doubly and triply charmed baryons. SELEX Collaboration
announced a signal for the doubly charmed baryon E7. in

cc

the charged decay mode E}, — AFK m™' . It was the
first observation of doubly charmed baryon reported by the
SELEX Collaboration at Fermilab [1,2]. The SELEX Col-
laboration later observed a signal for the doubly charmed
baryon E[, in the decay modes AT K =" and pDT K~
and they reported Msjj = (3518.7 = 1.7)MeV [3]. In
2017, the LHCD collaboration observed a highly significant
structure in the AT K ~7 "7+ mass spectrum in the proton-
proton collisions. They reported that the structure is consis-
tent with the doubly charmed baryon E} with the mass:
Mg+ = (3621.40£0.72+£0.27 £0.14)MeV [4]. As there
are more doubly heavy baryons may be confirmed and dis-
covered experimentally in the future, the theoretical studies
about them are essential. They need to study from the the-
oretical investigation based on quark models [5—13], Heavy

Quark Spin Symmetry [14,15], QCD Sum Rules [16—-18], lat-
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tice QCD [19], Light-cone sum rules [20] and Bethe—Salpeter
equation approach [21]. Brodsky et al. found that the large
SELEX value of the isospin splitting of the E. states implies
that double charm baryons are very compact [22]. Faessler
et al. calculated form factors and decay rates of the semilep-
tonic decays of the lowest-lying double heavy baryons in
the relativistic three-quark model [12]. The consequences
of the heavy diquark symmetry are used to find the mass
spectra and the decay widths of double heavy baryons [23].
Martynenko calculated ground state triply and doubly heavy
baryons in a relativistic three-quark model [6]. Guberina et
al. considered doubly charmed baryons as a system contain-
ing a heavy cc-diquark and a light quark, similarly as in a
heavy-light meson [24]. Masses, P-wave excitations, decay
modes, lifetimes, and prospects for detection of the doubly
heavy baryons have been studied by Karliner and Rosner
[7]. Transition form factors between double-heavy baryons
have been calculated using a manifestly Lorentz covariant
constituent three-quark model [25]. In other recent studies,
Mehen and Mohapatra computed the leading correction to
the hyperfine splitting of the double heavy baryons in the
framework of nonrelativistic QCD [26]. One of the most
important references on the exclusive weak decays is [27],
which pointed out the discovery channel of the observation of
EXF — ATK ntxt and Ef 7. The theoretical studies
of weak decays of doubly heavy baryons in the latest three
years started from [27] and [28]. According to the factoriza-
tion theorem, Gerasimov and Luchinsky studied exclusive
weak decays of doubly heavy baryons [29]. Masses and mag-
netic moments of double heavy baryons were studied in the
hyper central description of the three-body system [30,31].
Albertus et al calculated static properties and semileptonic
decays for the ground state of double heavy baryons by varia-
tional ansatz wave functions [32]. Recently Li et al. computed
mass spectra and wave functions of double heavy baryons
using Bethe—Salpeter equations [33].
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Table1 Doubly heavy baryons with their quantum numbers considered
in this study (S, denotes the spin of the two heavy quarks.)

Baryon (quark content) Sh JP
Bee(cet), Qee(ces) 1 ¥
E¥.(ccu), Q. (ccs) 1 %+
- +
g,, (bbu), Q,, (bbs) 1 1

£, (bbu), 27, (bbs) 1 3t
— +
g, (beu), £, (bes) 1 3

E5_(beu), Q7 (bcs) 1 3"

We aim to study the double heavy baryons in a phe-
nomenological potential quark model within QCD-inspired
nonrelativistic formalism. As we deal with heavy baryons,
the nonrelativistic formalism is an appropriate method. In the
next section, we will present the wave function of baryons
in the hyperspherical coordinates and calculate the masses
of the baryons with two heavy quarks. In Table 1, we have
shown the doubly heavy baryons with their quantum numbers
considered in this study. In Sect. 3, the magnetic moments
of some double heavy baryons are obtained. In Sect. 4, we
present the radiative decay width of double heavy baryons.
In Sect. 5, we study the semileptonic decay widths of dou-
ble heavy baryons and calculate branching ratios of Ep., Epp
and Q.. Discussions on the paper are in Sect. 6.

2 Baryonic wave function

We consider baryons as bound states of three quarks. The
internal quark motions are described by two Jacobi vectors,
p and A as [30,34]

2 miry + mory

1
=—(@] —1),A=,/— r3). 1
Iy ﬁ(l 2) 3( pepa— 3) ()
in the center of mass frame (R.,, = 0 ). Instead of the

variables p and A one can use the hyperspherical coordinates
which include the angels Q, = (6,, ¢,,) and Q) = (63, ¢») .
In the hyperspherical coordinates, the hyperradius x and the
hyperangle ¢ are defined as

x=vVp2 42, ¢=tan"! (f) )

The Hamiltonian of the three-body system can be written as

2 2
p
L 4 pi +V(x) (3)
2m,  2my

H =

where the kinetic energy operator takes theform (z = c = 1)

A A
— 7'0_'_7)‘):_

2mp  2my,

14> 54 LZ(Qp,QA,c))
21 dx2  xdx x2

“)
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in terms of the angles of hyperspherical coordinates 2, =
0p, p) and 2, = (0;, ¢;) . We can write the relation of
eigenfunction of L? as [30,34]

L (2. 20, 8) Yiy1,0,(2p, 2. 0)

=y +DY10,142, 20, 0) (5)
Here, the grand-angular momentum y = 2n + [, + [, with
n=0,1,...and l,, [, are the angular momenta associated

with the p and A variables. The terms m,, m;, j are defined
in terms of the constituent quark masses m1 , m» and m3 as

_ 3m3(my +my)
YT 2my +my +m3)

2mimo 2mpmy,

mpy = = .
mp + my,

(6)

We choose the interaction of the system as exponential and
hyper-Coulomb terms plus spin dependent as

9
mi + my

S;.S;

2 g _p
V)= -3 tae T+ Y (7

— mim;
1<j
where ¢ = 0.2GeV, 8 = 1GeV and Vy = 0.01. 2/3 is
the colour factor for the baryon and the exponential term
stands for confinement. Equation (7) expresses the one-gluon
exchange Coulomb-type potential at short distance and a
small range confinement term. The strong running coupling
constant can be obtained using the relation [30]
as (o)

= (8)
B2
1+ =L ag (o) ln(ﬁo

A

where as(ug = 1 GeV) = 0.6 is considered. The use of a
hyperCoulomb interaction in baryon structure dates back to
decades ago due to observations that the low-lying spectrum
of hadrons has a hydrogenlike structure. We also need to add
a confining term to satisfy the confinement concept. Different
types of confinement terms such as linear, harmonic oscillator
and exponential type have been considered by researchers to
study the properties of hadrons [10,34-38]. Patel et al. stud-
ied double heavy baryons using =+ + Bx” [31]. We assume
an exponential term that can be expanded in terms of power
series of x to confine the quarks. For the spin-dependent part,
the third term of Eq. (7), we have used the considered rela-
tions in Refs. [39-42] as Y b; j8;i.sj (wheres; and s; are the
<
spin operators of the ith and] jth quark, respectively and b;; is
related to the (m;m j)’l ) for spin splittings of S-wave baryons
and fitted the potential coefficients with the masses of heavy
baryons by applying our approach. Through a simple varia-
tional approach, which is one of the most popular approaches
to deal with quantum mechanical few-body problems, we
solve the three-body problem. In this method, one can get a
virtual solution with an appropriately chosen function space.
Applying the hyper-Coulomb radial wave function is reason-
ably valid for the lower states since they are confined in the
low x region where the Columbic term is important [34].
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Table 2 Masses of ground states of double heavy baryons (in GeV)

Baryon a Our, JP = %Jr Others, JP = %+ Our, J¥ = %+ Others, J¥ = %Jr

Qb 0.127 10.364 10.359 [9]; 10.320 [52]; 10.273 [19]; 10.372 10.308 [19]; 10.467 [53]; 10.500 [57]; 10.486 [5]
9.97 [16]; 10.447 [53]; 10.230 [11]

Qpe 0.117 6.958 6.75 [16] 6.975 6.80 [16]; 7.130 [49]

Ece 0.094 3.396 3.519 [54]; 3.547 [55]; 3.676 [5]; 3.581 [56] 3.434 3.690 [7]; 3.675 [11]; 3.753 [5]

Ebb 0.106 10.215 10.197 [14]; 10.060 [56]; 10.314 [53]; 10.227 10.236 [14]; 10.169 [11]; 10.367 [5];
10.138 [11]

Ebe 0.101 6.805 6.919 [14]; 6.72 [16] 6.830 6.986 [14]

Qee 0.107 3.552 3.71 [33] 3.578 3.814 [33]; 3.724 [58]

Table 3 Magnetic moments of double heavy baryons (in py )

Baryon Our JP = %Jr Others J ¥ = {r Our JP = %+ Others J ¥ = %+

Qb 0.522 0.16 [59] —0.775 —0.662 [32]; —0.703 [42]; —0.73 [63]

Qpe 0.991 0.49 [59]; 0.396 [31]; 0.399 [42,60] —0.307 —0.111 [48]; —0.274 [42]

Qee 1.467 0.74 [59]; 0.783 [31]; 0.635 [61] 0.160 0.12 [42,60]

Eec —1.067 —0.208 [61] 2.670 1.24 [48]; 1.06 [60]

Ebb —1.992 —0.742 [32] 1.737 0.82 [48]

Ebe —1.528 —0.76 [62]; —0.52 [59] 2.204 2.011 [42,60]; 1.414 [63]

The trial hyper radial wave function is taken as the hyper-
Coulomb radial wave function given by [30,31,43-45]

Yy (@, x) = Npor(ax)” e Ly T (ax) )

where a is the variation parameter. N,,, denotes the nor-
malization constant and Lﬁy+4(ax) represents the Laguerre
polynomial. We can find the variation parameter a for double
heavy baryons as we have shown in Table 2. Then, hyperra-
dial eigenfunctions and eigenvalues can be calculated. We
can calculate masses of double heavy baryons as [10,43]

Mbaryon =my +my+m3+ (H) (10
We report the masses of double heavy baryons in Table 2.
In the numerical evaluation we get my; = 0.483 GeV, m, =

mg = 0.336 GeV, mp = 4.950 GeV and m, = 1.550 GeV
[34,43].

3 Magnetic moments of double heavy baryons

We use the wave functions of the previous section to study
magnetic moments of doubly heavy baryons. The magnetic
moment of a baryon can be calculated as [31,35,46]

e =Y (Usrlwioi|r)

i

Y

where the quark composition constituting the baryonic state
[31,46] is

ej
ni = —— (12)
C o
in terms of the effective mass [31,46],
. H
m = mi(1+ A5 (13)

>
1

which may have different values in baryonic systems due
to the incorporating the kinetic and binding energies in the
constituent quark mass. It takes care of the bound state effects
including its internal motions and interactions. In Eq. (11), ¢;
and o; stand for charge and spin of the respective constituent
quark corresponding to the spin flavor wave function v
of the baryonic system [31,46]. The magnetic moments of
double heavy baryons are computed using Eqgs. (11)—(13) in
terms of the nuclear magnetons of J = % and J = % states
of the considered baryons in Table 3.

4 Radiative transitions of double heavy baryons

In recent years the radiative transitions of double heavy
baryons have been computed in some approaches such as
nonrelativistic constituent quark model [47], Bag model [48],
relativistic three-quark model [8], diquark picture in a rela-
tivized quark model [11]. However there exist large dispari-
ties between the predicted values, so it is important to study

@ Springer
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Table 4 Radiative decay width for double heavy baryons (in keV)

Decay Our Others

I'(8f — Becy) 1.649

See

2.08 [48];3.90 [11]; 14.6 [47]

(85, > 8wy) 0022 0.022[48];0.059 [8]
T (85, — Epy) 0316 0.612[48]; 0209 [64]
U (QF, — Qpy) 0001 0.04[11]

T(Q, — Qey) 0002 00031 [64]

D(Qf > Quey) 0326 0.949 [48]

the decay behaviors such as radiative transitions of double
heavy baryons besides the mass spectra. In terms of transition
magnetic moments i (B* <> B) (in nuclear magnetons), the
radiative decay width of double heavy baryons has the from
[48]

1 & 2 Mg

(

2/ p*
- Y < B* & B 14
137 M2 2J + 1 g B B) 14

where Mp is the proton mass. J and Mg+ are the spin and
the mass of decaying baryon [48]. Mp is the mass of the
baryon in its final state. The masses, magnetic moments and
wave functions of doubly heavy baryons are adopted from
our calculated values. In Eq. (14), the photon momentum is
(48]
2 2
o= M. — My (15)
2Mp
Transition magnetic moments can be obtained in terms of the
constituting quarks (u; ) of the initial and final states of the
baryon. ;(B* <> B) can be computed using the spin flavor
wave functions of initial and final states [35]

wp—py =y (Uhlwoilv) (16)

1

Here the effective mass of quarks is [35]

eff _ [ eff  eff
m; = Mig=Mip) an

By considering Eqgs. (12), (13), (16) and (17), we calculate
the radiative transition for double heavy baryons in Table 4.

5 Semileptonic decays of double heavy baryons

Weak decay rates of doubly heavy baryons are one of the
significant subjects in studying properties of these heavy
baryons [27,28]. Semileptonic decay rates of doubly heavy
baryons were studied using the relativistic quark model
[12,25], in the quark—diquark approximation [49], heavy
quark spin symmetry relations [14,32] and many other useful
approaches. We need to have form factors. To study semilep-

@ Springer

tonic decay width of doubly heavy baryons, we use the fol-
lowing relations according to Ref. [25]:

Wmax

G% | Ve M r
Py = 2 [ e 10 )
272 127
1
+HIT () (w)),
(18)
G2 Ve P M3rt U
Flﬁgz% / duvw? — 1, (w)n*(w), (19)
2172 127
1
G VpePMrt 5
F%%% =3 / dwvw? — Lz (w)n“(w), (20)

1

which are related to semileptonic decay widths of doubly
heavy baryons with states 1/2 to 1/2, 1/2 to 3/2 and also

. 24 M2
3/2to 1/2 where r = ];l/[/,—l/_, Wmax = % and we have
I (w) = (wF DGwmax £ 1 = 2w), 1)
w?—1
Lh(w) =2(w+1) | wmax —w + & ; (22)
w? — Dr
LB(w)=2(w+1) (wmax —w+ %) (23)

Vpe denotes the Cabibbo—Kobayashi—-Maskawa matrix
element. We have taken V). = 0.0422 [50]. G r is the Fermi
Coupling constant. Its value is G = 1.166 x 107°GeV 2.
We have calculated the semileptonic decay widths in the
heavy quark limit using the Isgur—Wise function n(w). HQS
limit is valid at and close to zero recoil and the expressions
for the rates simplify [25]. In the near zero recoil limit all
weak transition form factors between double heavy baryons
can be expressed by a single universal function n(w)which is
a function of kinematic parameter w , the dot product of the
four-velocities of the initial and final double-heavy baryon
[25]. We have used a simple form for the IW function as [25]

m2
n(w) = exp (—3(w -D AC{) (24)
B
with m.. = 2m, = 3.1 GeV for the bc — cc transitions,
mpp = 2mp = 9.9GeV for the bb — bc transitions. We
have calculated the rates using two values of A p as 2.5 and
3.5 GeV [25]. By using of our calculated masses in Table 2
and Eqgs. (18)—(24), we can obtain the semileptonic decay
widths of double heavy baryons. Table 5 shows the values of

the semileptonic decay widths. Using the relation
Br(Bpc) = I'(Epe) X T(Epe) (25)

and lifetimes 7(8,,) = 370 x 1075, 7(E,,) = 244 x
10715 [7] and 7(R,,) = 220 x 107135 [51], we can find
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Table 5 Semeileptonic decay width of double heavy baryons (in 10~4 GeV )

Decay Our (Ap = 2.5GeV) Our (Ap =3.5GeV) Others

Epe —> Beclvy 3.01 5.07 8.87 [65]; 2.30 [49]

Epp —> Bpcliy 0.49 1.37 28.5 [66]; 1.63 [49]; 0.86 [25]
Ejp —> Ebclhy 0.28 0.66 0.52 [66]; 0.28 [49]

Epe = Beclby 0.74 1.16 0.43 [14]; 27.5 [66]

By —> Epthp 0.60 1.45 0.25 [25]

Epe = Biclby 1.98 3.32 1.39, 2.13, 0.64 [25]

Qpp —> Qpelig 0.99 2.48 3.69 [67]

Qpe = Qecliyg 3.28 5.39 3.94 [67]; 2.48 [49]; 1.88 [25]
Q= Qpcliy 0.30 0.69 0.26 [25]

Q. — Qecliy 0.80 1.23 0.59 [25]

Qpe — Q. Llvg 2.15 3.52 2.19, 1.78, 0.62 [25]

Qpp — Qp LDy 0.63 1.53 1.32,0.57 [25]

Table 6 Branching fractions of semileptonic decay widths for double heavy baryons

Process Our (A =2.5GeV) Our (A = 3.5GeV) Ref. [67]

Epe — Beclby 1.11 x 1072 1.88x 1072 1.67 x 1072
Epp — Epcliy 0.28 x 1072 0.77 x 1072 1.86 x 1072
Qpe = Qeclip 1.10 x 1072 1.80 x 1072 1.32 x 1072

the branching fractions of double heavy baryons reported in
Table 6.

6 Results and discussion

In summary, we have calculated some of the properties such
as masses, magnetic moments, radiative transitions, semilep-
tonic decay widths and branching fractions of double heavy
baryons in the hyperspherical coordinates. We have used
this coordinates due to its simplicity for studying the dou-
ble heavy baryons. We have obtained the masses of double
heavy baryons in the third and fifth columns of Table 2.
Second column of Table 2 shows the variation parameter
of the wave functions. We have compared our calculated
masses with Refs. [5,7,9,12,14,16,19,49,52-57] in the
fourth and sixth columns of Table 2. In Table 3, we have com-
pared our obtained values for magnetic moments with Refs.
[31,32,42,48,59-63]. In the third column of Table 4 we have
listed our predicted values with Refs. [8,12,47,48,64] for
radiative transitions between the J ¥ = (%)+ and J¥ = (%)+
ground doubly charmed and bottom baryons. In the cases
JP = (%)+ ground states, only weak decays can happen.
Our values for semileptonic decay widths are reported in in
second and third columns of Table 5 comparing with other
theoretical predictions [14,25,49,65-67].

Ourresultin the case of Ep¢ 1S ' (Epe (bcu) — Eee(ccu)+
Iv) = 5.07x 10~ * GeV which is in agreement with (8.57) x

10~ GeV [25]. Also our result (1.37x1071% GeV) is in
agreement with (1.63x 1074 GeV [49]) reported for decay
width of Epp — Epclvy

In our results there are three adjustable parameter «,
and V. These parameters shall be determined in the fitting
procedure. Since we only access to experimental data of E..
with J = 1/2 configuration, these parameters are determined
such that mass of this baryon was reproduced by 0.225 abso-
lute error considering « = 0.2, 8 = 1 and Vp = 0.01. It
should be noted that during the fitting procedure we have
used i = ¢ = 1. It is interesting to be pointed put mass
splittings in MeV for doubly heavy E.. baryon have been
reported as M g, — Mg, = 94J_r? 1 [32]. Our calculations
show Mg+ — Mg, = 38 MeV. We have obtained other mass
splittings as Mg, — Mg, = 12 MeV, Mg; — Mg, = 25
MeV, Mg — Mg, = 8 MeV, Mg: — Mg, = 17 MeV
which are close to the Mgzh — Mgbb = 20 £ 7 MeV [68],
Mg: —Mg, =43+£11MeV [68], Mgr — Mg, =1945
MeV [68] and MQZC —MQbE = 39+8 MeV [68] respectively.

Our results for quantities masses, magnetic moments,
radiative decay widths, semileptonic decay widths and
branching ratios are in compatible with other predictions
from reported references. The study of the double heavy
quarks provides a new window for understanding the struc-
ture of these new baryons.
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