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Abstract

One of the most interesting and at the same time complex problems of modern
physics is to determine how does the past and the future of our Universe look like.
Especially, we are interested in the first moments of its history as they are beyond
our experimental reach at present but they influence later stages of the evolution of
the Universe we are able to observe. Generally accepted cosmological scenario starts
with the Big Bang, we speculate that the Universe was homogeneous and isotropic
with very high temperature and pressure at the beginning, after which our Universe
starts to gradually cool down and expand ending up as the Universe we live in. We
assume that very early in the evolution of the Universe the process of exponential
expansion occurred which we call inflation. During this period density fluctuations
were amplified giving the origin to the seeds that would form all the large scale
structure in the Universe — stars, galaxies etc. After inflation we distinguish two
periods important for the presented research — preheating and reheating, during
which out of the inflaton — the field that drives inflation, elementary particles that
fill the Universe now were produced.

The thesis describes the processes of cosmological particle production in the
time-dependent theories and it focuses on three main subjects: gravitational re-
heating with an instant period of particle creation, multi-stages non-perturbative
production in both adiabatic approximation and interacting theory. All of them are
based on the fact that the vacuum state changes in time and that in the parameter
space there exist a region where particle production is energetically favourable and
efficient enough to be observed.

In the chapter concerning gravitational reheating particles are produced solely
due to the change in the evolution of the observed Universe in time, which is de-
scribed by the scale factor that depends on time. In our research we assume this
kind of particle production right after the end of inflation in a very general way.
From our analysis we can draw generic conclusions about available observables in-
volving the features of inflation, observed spectrum of gravitational waves and even
characteristics of dark matter or dark energy.

The main part of the thesis concentrates on the general description of the multi-
phase non-perturbative production of particles, especially in case of inflation. The
essence of my research in this matter lies in the fact that production of particles
can repeat itself until it is energetically possible and the previous stage can affect
the next one. We investigate the role of the masses of particles and values of cou-
plings in various scenarios motivated by the usual cosmological considerations with
and without supersymmetry. In addition, we focus on the role of light states in the
theory proving that in general even massless states not coupled to inflaton can be
efficiently produced due to effects of quantum physics and also that additional light
sector present in the theory can quench the production after inflation completely
due to backreaction.



Streszczenie

Jednym z najciekawszych i jednoczes$nie najbardziej ztozonych probleméw wspot-
czesnej fizyki jest ustalenie, jak wyglada przesztosé i przysztosé Wszechswiata. Szcze-
goélnie interesuje nas jego wezesna ewolucja, poniewaz znajduje si¢ ona obecnie poza
naszym zasiegiem eksperymentalnym, ale wptywa na pdzniejsza historie Wszechswia-
ta, ktérg juz mozemy obserwowac¢. Ogolnie przyjety model kosmologiczny zaczyna
sie od Wielkiego Wybuchu i zaktada, ze Wszech$wiat na poczatku byt jednorodny
i izotropowy z bardzo wysoka temperatura i ci$nieniem, po czym zaczal stopniowo
sie ochladzac i rozszerzac¢, konczac jako Wszechswiat, w ktérym zyjemy. Poza tym
zaktada sie, ze bardzo wczesnie w ewolucji Wszechswiata nastapit proces ekspo-
nencjalnego rozszerzania sie, ktéry nazywamy inflacja i w ktérym fluktuacje ges-
tosci zostaly wzmocnione, dajac poczatek wszystkim strukturom wielkoskalowym
- gwiazdom, galaktykom itp. Po zakonczeniu inflacji mialy miejsce dwa procesy
bardzo istotne dla przedstawionych badan — reheating i preheating, podczas ktérych
z inflatonu, czyli pola napedzajacego inflacje, powstaty czastki elementarne obecnie
wypetniajace Wszechswiat.

Rozprawa opisuje procesy kosmologicznej produkcji czastek w teoriach zaleznych
od czasu i skupia si¢ na trzech gtéwnych tematach: grawitacyjny reheating z btyskaw-
icznym procesem tworzenia czastek oraz wieloetapowa i nieperturbacyjna produkcja
zarowno w przyblizeniu adiabatycznym, jak i w teorii oddziatujacej. Wszystkie
opieraja sie na fakcie, ze stan prézni zmienia si¢ w czasie i ze w przestrzeni parametréw
istnieje obszar, w ktorym wytwarzanie czastek jest energetycznie korzystne i wystar-
czajaco wydajne, aby moglo nastapic.

W rozdziale dotyczacym reheatingu grawitacyjnego czastki sa wytwarzane wy-
tacznie ze wzgledu na zmiane ewolucji obserwowanego Wszech$wiata w czasie opisy-
wang przez zalezacy od czasu czynnik skali. W naszych badaniach rozwazamy
w bardzo ogdlny sposéb tego rodzaju produkcje czastek tuz po zakonczeniu inflacji,
co pozwala wyciggnac¢ ogélne wnioski na temat dostepnych obserwabli dotyczacych
inflacji, obserwowanego spektrum fal grawitacyjnych, a nawet wtasnosci ciemnej ma-
terii lub ciemnej energii.

Gléwna czesé pracy koncentruje sie na ogdlnym opisie wielofazowej nieperturba-
cyjnej produkeji czastek, w szczegdlnosci w przypadku inflacji. Istota tych badan
polega na tym, ze produkcja czastek moze sie¢ powtarza¢, dopoki jest dozwolona
energetycznie, a poprzedni jej etap moze wplynaé¢ na nastepny. Badamy role mas
czastek i wartosci sprzezen w réznych scenariuszach motywowanych standardowymi
rozwazaniami kosmologicznymi z uwzglednieniem i bez supersymetrii. Ponadto kon-
centrujemy sie na roli stanow bezmasowych w teorii, dowodzac, ze nawet bezmasowe
stany niesprzezone bezposrednio z inflatonem mogg by¢ produkowane ze wzgledu
na poprawki kwantowe, a takze, ze dodatkowy bezmasowy sektor moze zatrzymac
catkowicie produkcje po inflacji.
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Chapter 1

Introduction

Quantum field theory can describe creation of particles in presence of an external
perturbation. The perturbation can have various character with the key examples of
Schwinger effect coming from adding an external electric field to the quantum elec-
trodynamics (QED) [1, 2, 3, 4], Hawking radiation from the blackholes originating
in gravitational horizon effects [5, 6, 7] or the Unruh effect involving an accelerating
observer [8, 9].

Particles are created during the transition between the initial and final free
configurations in equilibrium that comes from the perturbing and usually time-
dependent background. Free configuration allows to define positive and negative
energy states unambiguously, respectively particles and antiparticles, which in turn
compared for the asymptotic vacua can be related with the final particle number of
produced states.

Description of the intermediate period entails a severely compound problem,
both analytical and numerical, with a proper definition of the time-dependent par-
ticle number involving the whole non-equilibrium dynamics and the backreaction.
Distinction between particles and antiparticles is not so clear then and one has to
make use of some assumptions about the considered system allowing to approxi-
mate the intermediate basis of states in an useful way, for instance one assumes slow
variation of the perturbation and then uses standard adiabatic expansion. There
are several equivalent approaches to describe the process of particle creation such as
diagonalization of the instantaneous Hamiltonian [10], the Unruh-de Witt method
[11] or the Bogoliubov transformation between two different basis states representing
vacua [12] to name a few and this dissertation is based on the last one. Particular
choice of the method should be insignificant as they should give the same results in
the end!.

Perhaps the most prominent realisation of the process of particle creation in
time-dependent background is post-inflationary particle production. It is a very
complex and multi-stage process that mixes perturbative and non-perturbative pro-
duction, which is schematically depicted in the Figure 1.1.

This dissertation describes cosmological particle production in time-dependent

!These three methods have been compared for the de Sitter space in [13].
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Figure 1.1: Post-inflationary particle production is a very complex process consisting
of several separate phases. Scheme copied from [14].

backgrounds and consists of seven chapters with the current introduction being the
first of them. Based on the classical literature [6, 15] in Chapter 2 we introduce all
the necessary information about the physical foundations of the presented analysis -
features of the curved spacetime (the issue of quantization, definition of the vacuum,
adiabaticity), Bogoliubov transformation and its application to some simple illus-
trative forms of the gravitational background or description of particle production
in a theory with time-dependent mass term. A brief thermal history of the Universe
and the cosmological description of the homogeneous Universe has been included
there. In Chapter 3 we analyse particle production in adiabatic approximation for
massless background for two supersymmetric models including quantum corrections
in detail, partially based on [16], while in Chapter 4 we use the same approximation
to address the production in massive backgrounds and compare it with the classical
post-inflationary production in a form of parametric resonance. Moreover, we pro-
vide the useful description of this classical approach based on [17]. In Chapter 5 we
introduce the interacting theory to capture the intermediate period of production
in a more precise way [18] and then in Chapter 6 we focus on gravitational realisa-
tion of reheating with an instant period of particle creation [19]. Finally, Chapter 7
summarizes the whole dissertation. The details of some chosen calculations, which
we find useful are presented in five appendices.



Chapter 2

Foundations

2.1 Quantization of the scalar field in curved space-
time
Investigating cosmological production of particles one often considers simple

scalar field in a flat or curved spacetime. The simplest action for a massive scalar
field for Minkowski metric is of the form

S = ; / d' (1060”6 — m*6?) . (2.1.1)

which for more general homogeneous and isotropic FRW metric in flat spacetime,
ds? = dt? — a?(t)d7?, changes to:

1
S = §/d4x\/—g (gwa“qsa%p — m2¢2) . (2.1.2)
Euler-Lagrange equation
oL oL
0,— ——=0 2.1.3
14 M¢ 8¢ ( )
for the action above reads:
1 0
9w + ——=7- (9""V=9) ¢ + m*¢ = 0. 2.1.4
wt g ) (2.14)
For Minkowski metric it simplifies to:
9,0 +m?*¢ = 0, (2.1.5)

which is the usual harmonic oscillator equation of motion, while for FRW metric it
reads:

. 2
é+33¢—;¢+m2¢=o (2.1.6)

for comoving coordinates (¢, z*) and:
/
¢ +2% ¢ — Ad+m2a(n)p =0 (2.1.7)
a

dt
for conformal coordinates (1, z"), where dn = —. Both of them are again harmonic

oscillator equations but with additional external force. In order to eliminate the
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first derivative terms in the above equations and simplify them y field defined as
X = a¢ is introduced. Then

"
X' — Ay + <m2a2 — C;) x =0, (2.1.8)

which is the harmonic oscillator equation again but with the time-dependent fre-
quency, which makes the whole analysis much more complicated than in the Min-
kowski case. In particular it is not always possible to find its explicit solution -
unambiguous set of modes. Due to the coupling between the scale factor a and
scalar field ¢ production of particles associated with ¢ is possible as there is energy
transferred between the gravitational background and the field.

Action for the new field reads:

1
S =5 [ dadn (X = (0% = mEm)®) (2.1.9)
2
where m2; = m?a® — —. It is a matter of convention to choose the following mode
a
decomposition:
= 4’k kT, —ik-& t
X(T,n) = / Ok (e vE(n)ap +e v,g(n)ak) , (2.1.10)

where k denotes momentum and vi mode function, which results in the following
equation of motion for the modes

v+ wi(n)vgp = 0 (2.1.11)

with wi(n) = k|* +m2s(n).} Solving it means finding some particular set of modes.
Vacuum state is then defined by the condition: V3 az|0) = 0 with the commutation
relations:

laz, al,] = 5(/5’ K (2.1.15)
[ak,ak,] (2.1.16)

Mode functions vy are orthonormal, which means that:

(vg v ) = 8k = ), (2.1.12)
(Uk’ k) =0 (2.1.13)

with scalar product

(fl, f2) - i/d3z|g|1/2 [ff(f, 1) - Bofa(Z,1) — Do fE(T,1) - fo(T,1)]. (2.1.14)
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2.2 Notion of vacuum in curved spacetime

In Minkowski space vacuum is the unique energy-eigenstate of the Hamiltonian
corresponding to the lowest energy and it is the same for all inertial observers. In
curved spacetime situation is quite different - in a general situation no set of mode
functions is distinguished as the Hamiltonian is explicitly time-dependent and there
are no time-independent eigenvectors that can serve as vacuum. It is a matter of
choice how to define vacuum in such a setup.

In this thesis we shall use two types of vacuum in curved spacetime: instanta-
neous and adiabatic vacuum.

Hamiltonian in curved spacetime reads

Hiy) = ; [ (58 (V) + mgﬁx2> (2.2.1)

and instantaneous vacuum at 7y is just the lowest energy-state of the instantaneous
Hamiltonian H(7y). We can compute the expectation value of the instantaneous
Hamiltonian

Oul )10 = 35°(0) [ @h( 1o + w2l ?) (2.2

and minimize it with respect to some chosen set of modes vi(n). Equivalently we
may minimize the energy density

etm) = 7 [ @k(1u0m) P+ <)o) ). 2:23)

Provided the normalization condition coming from the time-independence of the
Wronskian: Im(v'v*) = 1, we find the initial conditions that determine the set of
modes defining instantaneous vacuum

— 1 vk (n0)
{Ukz(no) Jontm) C (2.2.4)

V(o) =1

iw(1M0) vk (Mo)

with arbitrary phase ., assuming that w; > 0.

The procedure of finding adiabatic vacuum is based on the WKB approximation
for the solution of equation of motion for the modes

ik (1) + W (n)or(n) = 0 (2.2.5)

assuming slowly changing background. Ansatz for the vacuum is of the form

n
1 i Wemdn
vp(n) = ——=e " (2.2.6)

and it determines the equation for W

(W 3 /W/\2
W2 = 2—{ k —(’“) } 2927
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For a slowly changing spacetime: W, /W2, W{' /W) < w?, the 0™ order approxi-
mation states that
0
Wi () = (). (2:28)

while the higher orders can be estimated by iteration. WKB method does not work
for small values of the couplings, therefore it cannot include the particle production
coming entirely from the expansion of the spacetime [20] as in Chapter 6.

For 0" order we can link both kinds of vacuum by the relation

1

4

o 1_.
Ekadlabatlc — ZEukmstantaneous + %62, (229)

W
where € = —]; is the adiabaticity parameter.
Wi

Moreover, for asymptotically flat geometry

(t) ay for t - —o0 (2.2.10)
a(t) ~ 2.
as for t — +o00

vacuum can be described in analogy to the Minkowski case with well defined "in"
and "out" asymptotic states.

2.2.1 Adiabaticity

As the name suggests concept of adiabaticity is connected with the adiabatic
vacuum. Taking the 0*" order of the mode function

1 +i [w(t')dt’
~——e )Y 2.2.11
U \/w_ke ( )

we can see that the equation of motion (2.2.5) can be solved in two regimes:
e for slowly varying background, when uj /w? < 1: adiabatic region,
e for rapidly varying background, when . /wi > 1: non-adiabatic region.

In the first case occupation number reads:

Ho|2 1 - 2
ng(t) ~ LN [9% ~ (\/ weﬂf‘”> A const (2.2.12)

Wi Wk Wk

and therefore there are no states produced there, while in the non-adiabatic region
ng(t) # const, which corresponds to the production of particles.

2.3 Bogoliubov transformation

Particle production occurs when the background of the considered theory changes
e.g. the mass of the background field or the scale factor are not constant. This
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change influences also the vacuum structure as the vacua before and after production
differ, |0m) # |Oout). Moreover, following the procedure of second quantization we
can notice the change of the set of creation and annihilation operators and the mode
functions:

<a}€“,a}€n T) =+ <a2ut,azut T), (2.3.1)
vt # 0, (2.3.2)

keeping: al*|0;,) = 0 and a$"*|0gy;) = 0.

These two sets of operators act in the same Hilbert space so we can express one
by the other

azut — akazl + /Bka}? T7 (233)
azut”[ _ oz}’;a}gnT + Bra, (2.3.4)

where oy, and [, are some coefficients. Commutation relation for the scalar field in
the new basis reads

(a2, 0™ 1] = [apa® + Bral T, agal T + Bral] = <|ozk|2 - |Bk|2> (@ al "], (2.3.5)
which implies the normalization condition for newly introduced coefficients
|ow? = |Bk]* = 1 (2.3.6)

as the commutation relation is fixed?. Transformation (2.3.3)-(2.3.4) is called Bo-
goliubov transformation [15, 21] and parameters oy, and Sj are the Bogoliubov co-
efficients. For the mode functions it translates into the relation

vt = o™+ Brott (2.3.7)

Occupation number of produced particles can be described by only one of the Bo-
goliubov coefficients

ny = <0in|Nk|0in> _ <Oin|a%ut Ta%ut’01n> _ V’ﬁkP (238)

2.3.1 Simple examples of gravitational particle production

There are two classical and very pedagogical examples illustrating the idea of
purely gravitational particle production in terms of the Bogoliubov transformation:
due to the sudden jump of the scale factor and its well shape.

The first case, a sudden jump, can be described by the scale factor of the form

ap n<n =70

(2.3.9)
az N >Mo

a(n) = a1 — azO(n) = {

2For fermions |ag|? + |Bk|> = 1 because of the different form of commutation relation.



2.3 Bogoliubov transformation

11

a(n)

a(mn)

n

n

Figure 2.1: Simple scale factor profiles that are followed by with the particle pro-
duction: sudden jump (left) and well (right).

which leads to the occupation number of the form

5 (\/kz2 +m?(a; — az)? — \/k2 + m2a%>2

(2.3.10)
4\/k‘2 +m?2(ay — ag)Q\/kz + m2a?

relying on the Bogoliubov transformation between the two regions in 7).

The second case, a well, can be described by

ap n<mn =0

a(n)

as Mo <n<m (2.3.11)
as 1n>1m
and, thus, results in the occupation number that reads
162 = D?(wa — w3)? + E* (w2 + wgii)g)_ 2DE (w3 — w3) cos (2won:) (2.3.12)
with D= 24 p_ T

)

and w; = k* + m?a;
2LU2

2(,02 v

ng

ng

k

— smalla; — miday

k
— bigay

k
— smallp; — midn; — bign

— smalla; — mida; — biga;

Figure 2.2: Occupation number of produced particles as a function of momentum

for the two profiles: sudden jump depending on its height (left) and well depending
on its width (middle) and depth (right).

From Figure 2.2 we can infer that the quantity of produced particles relies on the
features of the scale factor profile - it gets bigger as the height of the jump decreases,
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the width of the well increases and the depth of the well increases.

2.4 Particle production in a theory with time-

varying mass terms

Gathering all the information we can describe the procedure of obtaining num-
ber density of produced particles in a theory with time-varying mass terms for both

scalars and fermions.

The simplest Lagrangian describing such theory for a real scalar field reads

S06)° — L (1)

with corresponding Hamiltonian

H= /d?’x (;gz? + ;(qu)2 + ;m2q§2> .
We start the whole procedure with expanding ¢ in plane waves
¢ = / (;ijf;?)eik'x (qbk(:co)ak + (b’,;(:co)aT_k)
with the usual equation of motion for the modes
0 = ¢ + wid,
where wy, = Vk2 + m2. Inner product relation is of the form

1= i(¢pdn — dron) = (bn, dr),

which is equivalent to the following set of the commutation relations

[6(t, %), 6(t,x)] = id(x — '),
[6(t,x), (¢, X)] = [6(t, %), o(t,x')] =
[akv CLL] = (27T>36(k - k/)’

[ak, CLk/] = [CLL, CLL] =0.

Substituting (2.4.3) into the Hamiltonian, we obtain

d3/<: 1
H = / (aLak +a_ya ) + Ap(t)a_gax + AZ(t)aLaT_k] )

where?
Qu(t) = [ox ()] + wi(t)] o (1),
A(t) = i(1) + wi(t) Dk (L)
3These two functions Q4 () and Ay (t) connect via frequency

(1) — A ()] = wi(2)-

(2.4.1)

(2.4.2)

(2.4.3)

(2.4.4)

(2.4.10)

(2.4.11)
(2.4.12)
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Vacuum state |0) defined by the relation ay |0) = 0 turns out not to be the eigenstate
of our Hamiltonian due to the terms proportional to Ag(t). But if we use Bogoliubov
transformation [22]

dk = arak + Bkatk (2413)

in order to diagonalize our Hamiltonian

dkwk

(ahar +asa’ ) . (2.4.14)

we end up with the proper vacuum condition ay ‘(_)> = 0. Comparing (2.4.10) and
(2.4.14) we get two conditions:

. = wilonl* + 1B, (2.4.15)

which combined determine the Bogoliubov coefficients that are explicitly time-
dependent

k
)=(\l77"+3 2.4.17
ault) =[5 + 5 (2.4.17)
Ay Q1
t) = > 3 2.4.18
but they sustain a proper normalization
| (t)* = [B(t)]” = 1. (2.4.19)

Finally, the occupation number of produced scalar states reads

Ni(t) = (0l akaxc 0) = (1) [ d'a (— ) [ @ (2.4.20)

2wk

where d3x is the usual volume of the system.

We can apply this procedure to the time-dependent fermionic case basing on the
simple Lagrangian of the form

L = £1i6" 0,6 + nict0mt — m(t)né —m*()Em! (2.4.21)
with the corresponding Hamiltonian
H= / &z (~€'i5'0:€ — nio' Ot + m(tyne +m* (D' . (2.4.22)

We start again with the expansion into modes

§(x) =

k- X s s s Sk S
SeZk > er (uk(xo)ak + vy (mo)bjk) : (2.4.23)
s=+

dBk 'l X — S S* S
n'(z) = / ke Z e; ( Nag —up (xo)b_Tk) , (2.4.24)
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where ey, is a helicity operator and equations of motion read

0 = uj, — isk|ug, +im* v, (2.4.25)
0 = 0y, + is|k|vp + imuy. (2.4.26)

Wave functions are normalized as usual

lus (8)]* + i (t)]* = 1. (2.4.27)

Side note: Helicity operator

Physical meaning of helicity is that it is the projection of the total angular
momentum on the direction of the linear momentum of the particle. Helicity

operator ej. is defined by -
—k'cle; = slk|a'e (2.4.28)

with s = +.

We choose the following representation of this operator

s I 1+ sk3/|k|

Cka = 507K i 3 ’
V2 sei /1 — sk3 /K| .

where p;. and 6y are two phases. The first one is arbitrary and we choose py. = 0,

while the second reads

(2.4.29)

_ k4 ik? (2.4.30)
o (k)2 + (k2)2 o

and it is completely defined by z- and y-components of the given momentum.

ein

Some useful properties of the helicity operator:

eslglel :veﬁqoefj = 0", (2.4.31)

egel ) = sekePtiPic . 557 (2.4.32)
s 1 so'kt

%%:A&”M>f (2.4.33)

In the last equation there is no summation over s.

Substituting (2.4.23) and (2.4.24) into the Hamiltonian, we obtain

d3k s s s s S S S S S* S S
H = / (27)3 > [Ek(t) <akTak - b_kbjk) + F ()0’ way + F (t)aka_u ., (2.4.34)
s==+
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where*

Ei(t) = —sk(Jui|* — |[vi*) + muivd + m*uivs, (2.4.35)

Fi(t) = —2skujvi — mui? + m*vi?, (2.4.36)

Diagonalizing the Hamiltonian (2.4.34) using the Bogoliubov transformation

ag \_( e B ([ ak Y adai+ 57 (2.437)
bsjk e bsjk —ﬂi*afﬁr&z*bsfk

leads to the Hamiltonian of the form

H= / dr Y wy (@ - 0,0, (2.4.38)
s==+
and two constraints:
E; = willeq]? = 1817, (2.4.39)
F; = 2wrai By (2.4.40)

Combining them we obtain the time-dependent Bogoliubov coefficients

1 E}
(t) =4/= 2.4.41
Fx 1 E}
t) = - — 2.4.42
with a proper normalization
(B> + [ Bi(t)|* = 1. (2.4.43)

Once again we can express the occupation number in terms of the modes

Ei ) [ 2449

B 2wk

e 1
Ni(t) = (0l aila 10) = (O BTbi [0) = 132(0) - [ d = (5

2.5 Brief thermal history of the Universe

Observational data is consistent with the expansion of the Universe as for instance
the light from distant galaxies is redshifted and relic abundance of light elements is
in agreement with the theory of Big Bang Nucleosynthesis (BBN). Moreover, three
independent sources: supernovae la, temperature fluctuations of the Cosmic Mi-
crowave Background (CMB) and the distribution of galaxies suggest that ACDM?®
is a reliable model of our Universe.

“These two functions E?(t) and Fj(t) connect via frequency
ER2(t) + [FR ()] = wii(t)

with wi(t) = /|k|2 + [m(t)|2.
SACDM (Lambda cold dark matter) model is a parametrization of cosmological model with the

Big Bang and the Universe containing a cosmological constant (A) related to dark energy and cold
dark matter (CDM).
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’ \ time \ energy \
Planck epoch? <1078 s 1018 GeV
string scale? > 10748 s < 10" GeV
Grand Unification ? ~ 10730 s 10*° GeV
inflation? >1073s | <10 GeV
SUSY breaking? <107 > 1 TeV
baryogenesis? < 107105 > 1 TeV
electroweak unification 107105 1 TeV
quark-hadron transition 1074 s 100 MeV
nucleon freeze-out 0.01 s 10 MeV
neutrino decoupling 1s 1 MeV
BBN 3 min 0.1 MeV
‘ ‘ ‘ redshift ‘
matter-radiation equality 10* yrs 1eV 10
recombination 10% yrs 0.1 eV 1100
Dark Ages 10° — 108 yrs > 25
reionization 108 yrs 25-6
galaxy formation ~ 6 x 10® yrs ~ 10
dark energy ~ 10° yrs ~ 2
solar system 8 x 10% yrs 0.5
us 14 x 10° yrs 1 meV 0

Table 2.1: Major events in the history of the Universe, the table is taken from
[23]. Question marks denote the events corresponding to the energy scales currently
unavailable in the observations.

The Universe was homogeneous and isotropic right after Big Bang filled with
the energy of tremendous density, temperature and pressure. Due to expansion it
cooled down going through the phase transitions related to the breaking of symme-
tries restored at high energies. Table 2.1 presents the most important events in the
history of the Universe - its thermal history, with some speculative processes and
ideas marked with question marks. This table has been excerpted from [23], which
may result in some discrepancies between the energies contained there and currently
valid ones.

Based on our understanding and experimental observations of particle physics,
nuclear physics and gravity we can have some credible picture of the evolution of
the Universe from 107! seconds to today. We assume that before this time it went
through the processes important for this dissertation, namely inflation.

Inflation is a period of exponential expansion of the Universe, so far hypothetical
but being consistent with observations for some of its scenarios. Particular particle
physics realization of inflation is not set yet but its paradigm helps with solving a lot
of cosmological problems - isotropy and homogeneity of the Universe, its flatness,
lack of magnetic monopoles and the origin of the large-scale structure. For the de-
tailed description of inflation and associated particle production see Section 4.1.



2.6 The Homogeneous Universe 17

2.6 The Homogeneous Universe

The main goal of cosmology is to describe the structure and evolution of the
Universe at the largest scales, which is usually limited by the conditions of its ho-
mogeneity and isotropy. Homogeneous space is translationally invariant - there is no
special point in it, while isotropic one is rotationally invariant - there is no special
direction there. The most common metric describing the Universe that fulfils both
these conditions is the Friedmann-Robertson-Walker (FRW) metric of the form

dr?
1 — kr?

ds? = —dt* 4+ a*(t) ( + 72(d#* + sin® 9d¢2)> , (2.6.1)

where a(t) is the scale factor and the curvature parameter k is +1 for positively
curved space, 0 for flat one and -1 for negatively curved space. For the FRW metric
all the information about the evolution of the Universe is encoded exactly in the
scale factor, which is determined by the Einstein equations and the matter content
of the Universe. It characterizes the FRW spacetime expansion rate through the
Hubble parameter

a
H=- 2.6.2
: 26.2)

which is positive for an expanding universe and negative for a collapsing one. Its
importance lies also in the fact that it defines two important cosmological scales -
Hubble time t ~ H~!, which is the scale of the age of the Universe, and Hubble
length d ~ H~!, which corresponds to the size of the observable Universe.

The dynamics of the universe is described by the Einstein equations®

G = 87GT),, (2.6.3)

which determines the time evolution of the scale factor. Einstein tensor

1
G/.Ll/ = R#V — EguyR (264)

is defined by the Ricci tensor, I, and the Ricci scalar, R, which are of the form

Ry, =T%, . —T%, , +T5, 0, — T4,

Hr,o po,v pa
R=¢"R,,,
where .
Lap = 59" [9avs + Gova = Gaps] (2.6.7)

are the Christoffel symbols.

Right hand side of the Einstein equation includes the energy-momentum tensor
of the universe, 7),,. To describe it, it is essential to introduce a set of observers
with worldlines tangent to the timelike velocity

dxt

b= 2.6.
U T (2.6.8)

SThere are various conventions of their form, setting 87G = 1 is one of them.
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where 7 is the proper time (g, u'u” = —1). We can also define the metric of the
3-dimensional spatial sections orthogonal to w,: the tensor v,, = g, + u,u,. Then,
for some general fluid 7},, is of the form

Ty, = puyty + DY + 2q0) + 2, (2.6.9)

1
where p = T,,u"u” is the matter energy density, p = 3 w7 is the pressure,
G = —ngaguB is the energy-flux vector and ¥,, = ﬁ;vng op is the anisotropic

stress tensor.” For a perfect fluid it simplifies to
1 = ¢""To = (p + p)u'uw, — pd;, (2.6.10)

as there exists some special velocity for which ¢, = X, = 0 and then p and p are the
proper energy density and pressure in the fluid rest frame, while u* is its 4-velocity.

Energy-momentum tensor can simplify even more if we choose a frame comoving
with the fluid (v* = (1,0,0,0))

p 0 0 0
T — 8 7 _Op 8 , (2.6.11)
00 0 —p

which also simplifies the Einstein equations called the Friedmann equations then

a\? 8rG k
H? = <) =—p(t) — —, 2.6.12
T - 8 (2612)
: a e
H+ H? =2 = —% (p(t) + 3p(t)) . (2.6.13)
They can be combined resulting in the continuity equation of the form
d
L +3H(p+p) =0 (2.6.14)
or il
np
= -3(1 2.6.1
Tna 3(1 4 w), (2.6.15)
where w is the equation of state (or barotropic) parameter
p
w=-. (2.6.16)
p

Continuity equation can be integrated into
p o< a 30, (2.6.17)

which combined with the Friedmann equation determines the evolution of the uni-

Verse
t2/3(1+w) -1
a(t) { w# (2.6.18)

et w=—1

Solutions for different values of w are presented in the Table 2.2.

. 1 1
"We use the notation Lty = v&'yf)tag — gﬁyaﬁtaﬁvw and t(,,) = 5“’“’ +tupu)
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L Jwlpla)]a®) ] ar) [ = |

MD |0 | a? | ¢t?3 72 0
RD |+ |a* [t2] 7 0
AD | -1 ] a® | et | =771 | —0

Table 2.2: FRW solutions for a flat universe dominated by relativistic matter (MD),
radiation (RD) or a cosmological constant (AD).

Side note: Conformal time

Conformal time 7, which simplifies the study of the null geodesics, is con-
nected with the cosmic time ¢ through the relation:

a(n)dn = dt. (2.6.19)

For conformal time for flat case (k = 0) the Friedmann and continuity equations
change their form to:

a(t) a(n) 3
W)+ 1200 = W = T st (2021
p'(n) = =3a(m)H(n)(p(n) + p(n)), (2.6.22)
where H(n) = Z;.

Pressure and energy density for homogeneous scalar field ¢(t¢) are equal to

p(t) = ;ciﬁQ +V(9), (2.6.23)
p(t) = ;¢52 - V(9), (2.6.24)
which means that these equations transform into
H?(n) = 87T3G (222@5’)2 + V(qb)) a?, (2.6.25)
H' (n) +H(n) = (Z,((?;])) = MBG(ZLaQV(@ — (¢)?), (2.6.26)
p'(n) = =3a(n)H3(n)(p(n) + p(n)). (2.6.27)

From the continuity equation we can also derive the equation of motion for the
field ¢ in terms of conformal time:

a’ dv
"2 +a?— = 0. 2.6.28
¢"+2—¢ +a i ( )




Chapter 3

Non-adiabatic particle production
for massless background field

In a free quantum field theory the total number of particles is conserved, which
is no longer true as soon as interactions, which induce dynamical production of par-
ticles, come into play. Another source of new states can be the coupling between
the quantum theory and a classical source, which breaks the invariance under space
and time translations and violates the energy conservation.

Following the method developed in [24, 25] we want to analyse non-perturbative
production of particles in the time-dependent background, namely with the vev of
the background field linear in time, in a more general way including backreaction and
said quantum corrections. Our approach is based on the asymptotic approximation
of the wave functions and analytical continuation of the time variable, which makes
the calculation of the number density simpler and well-grounded in the theory of
penetration through an inverted parabolic potential.

Our starting potential is the supersymmetric version of the potential considered
in [24], which allows us to introduce the method including the influence of quan-
tum corrections based on the Yang-Feldman formalism. Such a potential has been
investigated thoroughly before, for instance analytically in the context of massless
preheating in [26] and numerically with lattice calculations for the production dur-
ing inflation in [27].

3.1 Method

The bases of the method describing the process of particle production in time-
dependent backgrounds, generalizing the reasoning from [24, 25] to the case of a com-
plex field and including backreaction, can be introduced based on the simple La-
grangian [24]:

1 -1 1
L= 5 PO + §3ux<9“x — 592]¢\2X2, (3.1.1)
where a complex scalar field ¢ = ¢; + i¢, interacts with a real scalar field x via the

coupling ¢g. For simplicity we neglect expansion of the universe now, leaving it for
the Section 3.6. The above Lagrangian is invariant under phase rotations ¢ — ¢e
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and thus the angular momentum is conserved - it is important for constraining the
amplitude of ¢’s oscillations that are described further in this section.

In this model point ¢ = 0 in the phase space is distinguished as the other field x
becomes massless there. It is called an enhanced symmetry point (ESP). We aim to
consider time-dependent background and its influence on particle creation. It can be
realized in this framework keeping (x) = 0 and (¢) = vt + ip asymptotically, when
quantum effects are negligible - it is a pure classical solution. Both parameters,
v and u, are real and they represent a velocity in the ¢-space and an impact pa-
rameter, respectively, see Figure 3.1. In consequence, y acquires a time-dependent
mass m2 (t) = ¢°|¢(t)]?, which leads to its production.

Im ¢ A
\%
K -
Re ¢
Imt A
Re t
>
n out

Figure 3.1: Illustration of the parameters v and p in the phase space (top) and
contour of integration for a complex ¢ (bottom).

At first we investigate the production of y particles without the effects of back-
reaction on the trajectory of ¢ field. Particular modes of y field with time-varying

frequency w(t) = \/k% + ¢?|¢(t)|*> and momentum fixed by

2 2,2
gv

(3.1.2)

become excited, when they enter the non-adiabatic region |¢| < A¢ with

A¢ = \/j (3.1.3)
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This condition is fulfilled only for a time

v
At ~ ﬁ ~ (gv)_l/Qa
v

(3.1.4)
which agrees with the condition (3.1.2) due to the uncertainty principle - produced
states carry the energy of the order E ~ (At)~!. In this region mass of x field
becomes tiny, which makes it energetically favourable to transfer kinetic energy of
¢ to x initiating x’s particle production.

Side note: Vacuum expectation value and Lorentz invariance

Assuming that only a scalar field carries a vacuum expectation value is
encouraged by the fact that if anything else than a Lorentz scalar has a vev,
Lorentz invariance is spontaneously broken.

If a fermion carries a vev: ¥ — v + 1), its mass term
L D ma) (3.1.5)

changes to - B
L D m|v|* + mu + muy + mapa (3.1.6)

with the 2°¢ and 3™ terms breaking Lorentz invariance.
If a gauge boson carries a vev: A, — v+ A, its mass term
LD m*A, A (3.1.7)

changes to
L D mPu(A, + A*) + m*v? + m*A, A" (3.1.8)

with the 1" term breaking Lorentz invariance.

First, we have to find the equation of motion for the modes x; that couples the
classical evolution of ¢ with the time-dependent quantum field y, which in this case
reads

(92 + K + g’6(t)]*) u = 0. (3.1.9)

For each k there are two linearly-independent solution to this equation: u}" with
vacuum state with no particles in the far past and u(** with no particles in the far
future, connected with each other through a Bogoliubov transformation. We want
to start with the state ui" and see what is the number density of particles in the far
future, which is given by nj, = |Bx|* for the ™" mode. We can choose modes ui® of

the quite simple form in the far past using the WKB approximation

i = 1 e RV I NN, (3.1.10)

2\/k? + g*[of?
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which defines our adiabatic vacuum |in) with no particles in the far past.

We can find the solution for u; solving equation (3.1.9) respecting the bound-
ary conditions in terms of hypergeometric functions but there exist a more gen-
eral method using some physical arguments. We can treat (3.1.9) as a one dimen-
sional Schrodinger equation for particle scattering/penetration through an inverted
parabolic potential. A wave sent from the far right of the potential partially pene-

out

trates to the far left with an asymptotic amplitude T;yp"* and is partially reflected
back to the right with an asymptotic amplitude Rj1i"*. Parameters Ty and R} are
the transmission and reflection amplitudes, respectively. These two sets of modes
are linked by the relation u}"(t — —o0) = Ty1py"™* and the Bogoliubov coefficient

B can be expressed in terms of these amplitudes as

_ B

Br = T (3.1.11)

Using WKB method we can find R and T introducing a simple trick - analyti-
cal continuation for . When we move along the real time coordinate the solution
(3.1.10) is spoiled for small ¢ as we enter the non-adiabatic region. But if we assume
t to be complex we can move from ¢ = —oo to ¢t = 400 along a complex contour in
such a way that the WKB approximation is not destroyed whatsoever, see Figure

t
3.1. Integral [ dt’' becomes then a contour integral along a semicircle of large radius
in the lower complex ¢ plane.

For large values of |t| we can expand the integral in (3.1.10) to obtain

k2+92 2
JE2 + @22 ~ gut + 2gvt“, (3.1.12)

which induces a factor

as we go around half of the circle in the phase space. This factor corresponds
precisely to the ratio R* and 7™ and thus

ny = |G| = eI 9, (3.1.14)

This result is nonperturbative in coupling g since there is a factor g in the denomi-
nator of the exponent not g.

Interaction terms in our potential generate radiative corrections to the effective
potential, which results in the Coleman-Weinberg effective potential and three UV-
divergent terms:

Vert(8) = At + °mlgd” + g Aerrd”, (3.1.15)

which can be eliminated by the proper counterterms!. To obtain an appropriate

picture of particle production at the considered order of these corrections we remove

In the supersymmetric models these divergences do not exist.
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the whole Coleman-Weinberg effective potential for ¢ induced by loops of x parti-
cles by hand. It means substituting x mass-squared with ¢*|¢(¢)|? to delete loop
contributions from y in (x?), which reads

() = a0l = [ sl 0 (3116

at time ¢t. Thus, subtracted correction §,;, which should be included in the classical
equation of motion for ¢

(0 + g*((x*) = dm)) 6 =0, (3.1.17)

is of the form -, |
Sy = . 3.1.18
v = i g R

It can be now explicitly seen that large values of i correspond to negligible ({(x?) — &)
term and the trajectory of the background cannot be affected by the presence of the
non-adiabatic region, therefore avoiding particle creation completely then.

All above equations of motion can be translated into the energy transfer between
the two systems: y and ¢. Energy conservation in this time-dependent scenario reads

d

d . .
£H¢ = —%(1n|HX|1n>, (3.1.19)

where the left hand side describes the classical energy of the rolling ¢(t) field, while
the right hand side concerns the vacuum expectation value of the time-dependent y
Hamiltonian.

Once y particles are produced and trajectory of (@) leaves the non-adiabatic re-
gion, we can observe the effects of backreaction of the created states on the evolution
of the background. In general, description of the backreaction is very complicated
but in this approach a simple one is accessible. The crucial fact is that we can treat
the initial production of y states as instant, since it takes place in the vicinity of
¢ = 0, and that the induced potential V' ~ |¢| is linear making the evolution of ¢
under its impact quite simple.

Newly produced x particles are nonrelativistic since k < (/gv < g|¢| and their
total density is given by

3

) = [ eI+ IO ~ alo(B)lny (31.20)

where n, is defined by (3.1.14). It looks like a new linear potential inducing an
attractive force acting in the field space on the trajectory of (¢).

As ¢ evolves in the phase space some of its energy is inherited by x field, re-
sulting in some new excitations. When ¢ moves away from the point ¢ = 0, the
mass of excited y states grows increasing the energy cumulated in this sector and
backreacting on the evolution of the background via the potential (3.1.20). Induced
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attractive force slows it down and at some point ¢,, where the initial kinetic energy

% is comparable to the energy density py contained in x sector,

1. 1
density §¢2 = 3V
turns it back towards the non-adiabatic region inducing another production of y
particles. We can estimate this bending point as?

43 2
_ /2 mwgp? /v
G = —ngv emInIY, (3.1.21)

Then again linear potential is established, which is steeper this time as it corresponds
to the stronger attractive force, and the process repeats itself again and again until it
is energetically favourable, see Figure 3.2. The oscillating nature of the evolution of
the background is sustained with the trajectory agreeing with the effective potential
and the angular momentum conservation. In some cases, for example when taking
into account the evolution of the scale factor, the amplitude of these oscillation may
significantly drop, see Section 3.6.

Im¢/A 0.2 ¢

Figure 3.2: Oscillating nature of the background. Figure from [25].

Apart from that we must take under control all other quantum effects to build
a full picture of particle production process here. These are loop corrections to
the effective action including kinetic corrections, which can be expressed as a series
expanded in v?/¢*, and Coleman-Weinberg potential energy, which is removed by
hand, but also interaction effects, which are the subject of the next section, all of
them being important in the regime of dominating kinetic energy. The first two ef-
fects are governed by the parameters, nonadiabaticity and kinetic factor, diverging
near the origin. Nevertheless, for a weak coupling the nonadiabaticity parameter
gets enhanced in comparison to the kinetic corrections, v*/g?¢* > v*/¢?, and it is
justified to pay attention only to the first effect and accompanying particle produc-
tion. In particular, sufficiently large impact parameter u prevents kinetic correction
from domination at all.

2We can notice that for a very weak coupling g the length of the first pass through the non-
adiabatic region is much greater than the impact parameter p, which in consequence makes the
evolution of the background one-dimensional after the first pass.
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So far in our analysis we also neglected the impact of scattering and decay of the
X particles, which is the subject of Section 3.4.4.

Note that this method is much more general than only applying to the precise
¢ = i+ vt evolution of the background. We can also use it each time the trajectory
of the background can be approximately linear near the origin of the phase space,
no matter what is its behaviour away from the origin.

3.2 Production of fermions

In the case of fermionic production we have to differentiate between various
representations of the fermionic field. Again, we are interested in the theories with
time-dependent backgrounds, which drive particle production.

3.2.1 Weyl fermions
The simplest Lagrangian for the Weyl representation of the fermionic field reads:
£ =£4id¢ +ntipn —m (&n+ €Mt), (3.2.1)
where m = m(t) € R. Equations of motions for these four fields are of the form:
0 = ip**, —mry'™, (3.2.2)
0= i?ozo’nga — M, ( )
0 = i@ N, — me™, (3.2.4)
0= ifaan’® — méa, (3.2.5)

which can be translated into two second order differential equations

0 = (0% +m?) & + innob,n™, (3.2.6)
0= (0% +m?) n'* + imna"g, (3.2.7)

and then diagonalized to
0= (0% +m? % i) o, (3.2.8)

introducing the notation ¢, = &, £ aganm. It can be decomposed into mode
functions

d3k ik-x
b (t,%) = / e e 1) (3.2.9)
with the equation of motion of the form
0 = thes + (W} £ i) Vics, (3.2.10)

where wp = vVk?+ m?2. In the adiabatic region,
independent solutions

Uies ~ |1+ Ze—iftdt’mt’), J1T Zlie“ft dt'n(t'). (3.2.11)

wk/Zwﬁ‘ < 1, it possesses two
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which for our choice of the eigenspinor of the helicity operators turns into

3
Do ~ / d°k kazeka (aii\/je—iﬁdt'm(t/) + 5lii\/1:[:7me+iftdt’wk(t’)> .
Wg Wk

(3.2.12)

where oy, and i, are some constants. Combining (3.2.2) and (3.2.5) we can
represent one set of these coefficients with the other as:

ap_ = +soy ., (3.2.13)
Br. = —sBk,. (3.2.14)

Side note: Helicity operator, Weyl fermions

Eigenspinor of the helicity operator ej, satisfies the relation

ki —1 B S s
|k|<000 )a €is = Sehn (3.2.15)

with s = +.
We choose the following representation of this spinor

3 —k ik ok /1 _ o3
@Ska — e x |1 + i ( s|k[+k3 ) — ek x settieyl — sk /|k| , (3,2'16)
k| 1 1+ sk3/|K|

where 0}, is some indefinite phase and

) —kl 'k2
eion = R (3.2.17)

(kl)Z + (k2)2

Some useful properties of the helicity operator:

eilgler = erolell = 26°", (3.2.18)
eaﬁef(ﬂ ei(Oit02,) 5 geia kel g0 (3.2.19)
e’y = (02 ) 25e" k55" (3.2.20)

sotkt ~ soiki\ ™
e el = <00— K ) E eflfese = <O‘0— K] ) . (3.2.21)

In the last line there is no summation over s.
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Finally, wave functions of £ and n are of the form:

1
§a =5 (Vha +¥-0) (3.2.22)
P
~ [ G ek [oii e
™ S
3 1 —0cax
N’ = 50" (Yo = Yoa) (3.2.23)

d3k ik-x —0ca s
~ /We ZO' €ka

where
11 /
E[ 1:|:—:|:s 1ZF— (3.2.24)
2 Wi Wi

Quantization can be performed by replacing

'Lf dt’wy (t + ﬁk+uk) +i ft dt’o.Jk(t’)] :

s -
Qp Upie

s —ift dt' wi (') + Bli+u1;s€+ift dt’wk(t’)]
— Y

1

1
b, 3.2.26
\/5 -k ( )

which comes from the canonical anti-commutation relation.

Oy —

3.2.2 Dirac fermions

The simplest Lagrangian for the Dirac representation of the fermionic field reads
L = Y(in"0, — m)y, (3.2.27)
where again we assume m = m(t). Corresponding equation of motion is of the form
0= (i"0, — m)1, (3.2.28)

which for the mode functions, 1 (¢,x) ~ 1 (t)e’®*, becomes
0= i7"y — (k- v + m)y. (3.2.29)

For Dirac representation v matrices are equal to

N ( (1) Y ) 7 ( ) (3.2.30)

while mode functions create a doublet 1, = ( i ), which put together leads to

the following equations of motion:

0= il/'JkT —k- O-wki — mwkT, (3231)
0= Wu —k- U¢kT + mwki. (3232)
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Note that also *1/44( 1) satisfies the same set of the equations of motion. Thus, we
can choose the basis of the wave functions 14y as the eigenstates of the helicity
operator denoted as 1y, ) (s = ) satistying

kkawﬁm) = $%k()- (3.2.33)

Second order equations of motion for them read
0 = Uiy + (wf + i) Uiy, (3.2.34)
0=y, + (wf —im) v, (3.2.35)

where w;, = vk? + m? denotes the frequency.

WKB solutions for this set of equations read

Uiy = ogg 1+ et atan) o goe 1 i [Catat) (3.9 36)
Wi wk
¢ls<¢ = Saiflsq/ Ee_’f dt'wi (t — 5By |1+ e” I dt/“”“(t/), (3.2.37)

where of and ; correspond to the Bogoliubov coefficients with the normalization
condition |aj| + | 55| = 1, while & and i are the normalized eigenspinors for the
helicity operator.

Side note: Helicity operator, Dirac fermions

Eigenspinor ¢&; for the helicity operator kT" with the momentum
k = {k' k? K3} is given by

sk~
s 1 g k| (k| —sk?)
&= 3¢ i W | (3.2.38)

k|

where 6 € R, k* = k! & ik? and s = £ corresponds to the eigenvalue. It is
orthogonal in a sense that

1
fles = 50 (3.2.39)

C-transformed state
Ny = —se€* (3.2.40)

possesses the same properties and its explicit form reads

sk~
1 e k+ VK| (k| —sk?)
S _geft = e . 3.2.41
/’7k SEg_k 26 k2 — (k:3)2 ‘kllI{Tkg ( )

The difference between & and 7; is just a phase because |kT|? = k? — (k3)2.
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Finally, we can obtain the WKDB solution for vy as

wls{ . ak gk\/]. + o 7@] dt'wi(t + ﬂk ’r]]s(q/l — eJrift/ dt/wk(t/).
sfk,/l—— —STey/1+ 37

(3.2.42)

As in the bosonic case we want to extend this solution to the complex values of
t assuming that mass is linear in time

m(t) = gut. (3.2.43)
Even for complex ¢ WKB solution is valid for large |t| and then
Wy ~ gut. (3.2.44)

It means that for the far past the positive frequency is equal to —wy(t), while for
the far future +wy(¢) and therefore the initial and final WKB solutions read?

up, ~ fkﬁ eti [ o), (3.2.45)
U st TH 2
us gk\/ 71‘/\ dt’ wi(t + ﬁ nk\/ 1 - ;k e+iftdt,Wk(tl).
kout ™ s&a /1 — 2 k —5Meq /1 + L'ik

(3.2.46)

The asymptotic form of the integral appearing in the exponential functions above
reads

t k2
/ —
dt'w(t / dt' gut’ (1 + =55 YT +. ) = (3.2.47)
]_ k2 t|9:—7r
o+ o [ ar' L / ) 4. = 3.2.48
2gv - 2gv ( t/ * o=—n 1t/ * ( )
= Lgu[tPe*® + £ ([t +i(0 + 7)) + ..., (3.2.49)
where we assume t = |t|e? and § — —7 corresponds to the in-state frequency

t — —o0). Therefore, we can express uj . on the complex t-plane as
kin

m(t)
ui N ék wk(t) €+%gv\t|2(icos29—sin26) 2gv(zln\ﬂ 0—m)+... (325())

and going to # — 0 through the lower half plane we obtain

(i)
Sky/ 1 = Lo
t

B (i)
Sgk\/ 1+ S

s +z’lgv|t|2+—(zln|t\—7r)+...
Uinlg_so ~ e 290 : (3.2.51)

3We choose & not n; for the helicity basis but the difference between them is just a phase, see
(3.2.38) and (3.2.41).
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This expression should be consistent with the second term of (3.2.46), which means
that

2

B = phase x ¢ "2 (3.2.52)

and finally number density of produced fermions is proportional to

_pi?
|BE|? = e Tov. (3.2.53)

3.2.3 Majorana fermions

For the Majorana representation of fermions the simplest Lagrangian is of the
form

£ = ghiPe — Smet — Tmele, (3.2.54)

where we assume m = m(t) € C and m = m*, with the equations of motion that
read

0 = i, — m €T, (3.2.55)
0 = iPaal’™ — mé&,. (3.2.56)

As in the Dirac case we can obtain second order differential equations
0= (0% + [m|?) & + i 05,8, (3.2.57)
0= (0% + [m|?) €1 + i, (3.2.58)

that can be diagonalized. It is difficult to obtain a general solution of these equations
so in our analysis we consider two cases:

e Case A: Arg(m) is constant
Diagonalized equation of motion is given by

0= (0 +|mf* +ilm| ) =, (3.2.59)

where m = |m|e?, § € R and 2%, = (f + €_i9005T)a-

e Case B: m is constant
Time-dependent mass can be written in the form: m(t) = mt + mg, where
mg = const € C. Choosing the notation . = |rm|e” (p € R) it can be further
rewritten as

m(t) = W <t+

Re(mge )

|7

where tg, p € R. Diagonalized equation of motion is given by

> + ilm(moe_ip)] e = [|m| (t — to) + iu) e,
(3.2.60)

0= (0% + [m|*(t — to)? + u? & ifrn| ) 2. (3.2.61)
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Case A is similar to the theory of Dirac fermions with one difference: m should
be replaced with |m|. Equation governing Ei and =7,

== +ilm|=% + 0%5'0,2", (3.2.62)

is also similar to the corresponding Dirac one (3.2.31), which provides with the
solutions of the form

dSk | ’ ’ | c (o /
—0 1kx§ : | —z dt'w +i | dt'w
'_'-‘rOé ~ / (271') ko (ak 1 —|— o f ¢ k + /Bk . —e f 1 k(t) )

(3.2.63)
—_ d3k, ik-x s s |m| —i [Yat et s |m| i [ atwn (¢
=0~ / (27T)36k ;eka (Sozkﬂl = w—ke J" (@) — 5P| 1+ w—keJr Jdtten@) |
(3.2.64)
where of and 3 are some constants. For & and & it means that
_ 2 =9 3.2.65
fa_§<‘_‘+a+‘—‘—a) ( L. )
dgkix s s s —i[tatep s,.8 i [*dt oyt
. 1 .. .
I A (3.2.66)
A3k / /
N/ zkxze+19 Oaaels(a akkareilf dt' wi (t +ﬁ fs +zf dt' wy (t' ):| ’
where
[, Im] [, Im]
=1t —Esy/1F—]. 3.2.67
Ukt = 5 oL S\ L+ oL ( )

Considering the consistency between ¢ and &' we are provided with the relation
linking o5, and S

Br = L B a™y, (3.2.68)
where both phases are coming from the definition of the helicity operator.

V2

Quantization can be again performed by substituting a5, with ay, again.

Case B demands WKB solution for =’ of the form

=r

k.
5 e XN e, ¥ (3.2.69)

n|(t—1 It o (¢ n|(t—1t T dt o (¢
x (Oéii\/l_'_ ’m| (wk 0)671‘[ dtwk(t)‘i‘ﬁi\/l— |m’( O)eJrzf dtw;dt)))

Wk

p

where again o and 5§ are some coefficients. Relation between Zf an =7,

= =0 4|t — to)Z4 + 05 0= — u=", (3.2.70)



3.3 Influence of interactions 33

coming from (3.2.55) and (3.2.56) determines the WKB solution for =_

'ka S|k|
2. kam 8

. (aa Vl Jml (- to>6_i ft o) _ g w Il —t) g <)> |
Wk Wi

For ¢ and & it means that

—_
p
:_a ~Y

(3.2.71)

1

§a = 5 (Eia Ep—a) (3272)
Bk . et . . et
~ [ Gt o ) om0
A
g = Set5% (Fa - 2L0) (3.2.73)

d3k zkx +29 Odax s —ift dt'wy (¢') —io ip . —s* +zf dt’'wy (t')
~ Ze Cra |QRWLTE RE) — se ke o w, ® JCU

where

S
Wit

i\/1+|m|(t_t0) S‘k‘q”“\/ |m|t_t°)]. (3.2.74)

Considering the consistency between ¢ and £ we are once again provided with the
relation linking oy, and S;:

By = ¢ i(0iH0%) ¢ i pip K| + sy ~a]

k W —k> (3275)

where the indefinite phases ¢~ (%+9°) can be included in ay coefficient by redefini-

tion.

s

1
—ay, .
V2 K

Quantization can be performed by substituting oy, with

3.3 Influence of interactions

We can extend our method to include quantum corrections, what enables us to
investigate the influence of the interactions on the particle production process.

To obtain the proper occupation number of the produced states we follow the
Bogoliubov transformation method described in Section 2.3, which in the theories
with large interaction terms becomes complicated since the out-state gets affected
by all other fields through the interaction terms. Thus, operator ap* should differ
then from the non-interacting case.
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Side note: Production of gauge bosons

Method presented in this Chapter can be also applied to the production of
gauge bosons easily. Starting from the Lagrangian [28]

L= —iF’“’FW +(D"¢) Dy — A (16— v)° (3.3.1)
with D,¢ = 0, + ieA,¢, we can expand the kinetic term for the scalar field ¢
(DH¢)* D, = 090, — i€ A"¢* 0, + ie A, g0 " + > A, A" B> (3.3.2)
obtaining the mass of our gauge boson
m?% = 2¢%|¢)?. (3.3.3)
Its equation of motion is given by [17]
Al + wi Ay, = —opad), ~ 0 (3.3.4)

with wi = k* + 2¢*(v*#* 4+ p?), when we assume linear time evolution of the
background: (¢) = vt + ipu.

Let us consider some general real scalar field U satisfying the following commu-
tation relation

W(t,x), ¥(ty)| =id*(x - y) (3.3.5)

with the equation of motion that reads
0= (0% + M*(2)) U(z) + J(x). (3.3.6)

Here M denotes a mass of ¥, which in general can be coordinate-dependent and we
focus on its time-dependence, and .J a source term, which is an operator consisting
of the fields present in the model.

The solution to (3.3.6) is known as the Yang-Feldman equation [29]

Z‘O
W(a) = VZU () —iZ [ dy [ dy[e(e), v ()] I () (33.7)
tas
with U® being the free asymptotic field fulfilling
0= (0 + M) w™ (3.3.8)

and Z the field renormalization constant. For the details of the derivation of the
Yang-Feldman equation see Appendix A.

For 2% = t* (3.3.7) transforms into

U1, x) = VZU™ (1, x), (3.3.9)
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so it corresponds to the time, when our interacting field ¥ behaves like a free field.
Thus, we can relate the in-state defined at t* = —oo = t* with the out-state defined
at t* = +00 = t°" through the expression

WO (O x) = (0 ) — /7 / dhy [Un (%), U ()] T(y). (33.10)

As asymptotic fields are free, they can be expanded into modes

as dSk 1k-x as as as* as
v (:U)Z/(Zﬁ)gek (W3 (2%) e + Wi ()™ (3.3.11)

with the equation of motion that reads
0=U%+ (kK* + M?)T (3.3.12)
and the commutation relations of the form
[ais, aiﬂ = (27m)*0*(k — K'), (other relations) = 0. (3.3.13)
Moreover, mode functions satisfy time-independent inner product relation
Yo gas — s s — /7 (3.3.14)
which allows to derive af® in terms of W®°
@ = —iZ / dhwe M (G ws — ) (3.3.15)

The above relation for out-states reads

ai‘)(ut — akaﬁl + Bkaifk + (3.3.16)
202 [ e [ty [ )W () — W (@) 8 @), W ()] () =
— ona® + Bra™l + (3.3.17)

—iﬁ/d%e‘ik'x (—Bklll}c“(xo) + U (xo)) J(x),
where
o = —iZ (UPw — W) (3.3.18)
B = —iZ (W — W) (3.3.19)
are some time-independent coefficients. They satisfy the relations
YO = Wit — BEgr (3.3.20)
WP = W™ + Brug (3.3.21)
and have a proper normalization

o |? = 1B* = 1, (3.3.22)

so we can identify them as the Bogoliubov coefficients including quantum corrections.
So relations (3.3.16) and (3.3.17) describe the generalized Bogoliubov transforma-
tion law with the first two terms reproducing the usual transformation connected
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with the time-dependence of the mass term and the third one purely describing the
effect of interactions.

Finally, the occupation number of produced states including quantum corrections
is of the form

ny, = <Oin aiuti‘ai){ut Oin> _
. . . . . 2
= Kma‘“l ~ V7 [ dae e (< gu + o) J) 0"y = (33.23)
VBl + e (B #0)
= . . . 2 9
0+ Z|[dwe xwg(om) (8 =0)

where V' denotes the volume of the system. Although at the leading order occupa-
tion number can vanish here for g, = 0, we can see that the particle production
process can be also initiated due to quantum corrections then.

For the fermionic case, the results are analogous with one difference: proper
commutation relation.

3.4 SUSY model with a single coupling

It is interesting to investigate the details of our method describing particle pro-
duction in some supersymmetric model. This way we introduce fermions in a very
natural way also cancelling the possible divergences. We can choose a simple but
non-trivial superpotential

1
W = 5ch>X2, (3.4.1)
where ® and X are chiral superfields which interact via the coupling g. For simplicity
we assume the supersymmetry is unbroken for now. Interactions in this system are
described by the Lagrangian

1 1
Lin = 16PN = 398" = (G900 + oxtiotn + he) . (34

where ¢/14 and x/1, are the scalar/fermion components of ® and X supermulti-
plets, respectively. Again, we assume that ¢ carries a vev (¢) = (0™ |¢| 0™), which
induces a mass g (¢) for y and 1, keeping 1, and $ = ¢ — (@) massless. ESP is
placed in the phase space at x = 1y = 1, = 0.

Important feature of this system is the fact that it is the minimal supersymmetric
model containing not only the fields with masses varying in time but also massless
fields. It allows us to compare cases with 3, = 0 (¢, Yy) and By # 0 (x, v, ) within
a single model.
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3.4.1 One-loop corrections

Potential corresponding to the considered superpotential reads

1 1 1,
V= gloPIX]" + 10°|X P + S9duxtox + 598" 0Ruk + (3.4.3)
+gXYstox + gX YUK +mEIX [
The particle content of our theory is: one massive fermion ¢y (my), one massive

scalar X (mx), one massles fermion 14 and one massless scalar ¢, and both fermions
are Weyl spinors. Two-component notation follows [30].

We are interested in one-loop corrections to x’s and ¢’s propagators at low
energies, so we can use on-shell renormalization scheme:

I1?(p* = m%) =0, (3.4.4)
d
dT)QH (p* =m3%) =0, (3.4.5)

where mp denotes the renormalized mass and II? - one-loop correction. In this
scheme?

mﬁhys =m% =m? — dm?, (3.4.7)
where
d
5m2 = Z<m26WL1132m LIQ, R) (348)

and L' stands for all the diagrams contributing to the one-loop mass correction,
while m? is the bare mass. We use dimensional regularization with D =4 — e.

If the background field carries the vacuum expectation value:

¢ — () + ¢ (3.4.9)

our potential changes its form to

V = PI6PIXPE + FHAPIXP + g2(6)6" X + g6} 6| X + 17| XT? +
Fagbintx +so(hnx + oo URUE + ool UkvE + (3410)

Wﬂmwwxww+mWﬁ

where mg denotes possible soft mass.

4This relation follows the expression

% (p?) = —p?0Z + dm?> +iL*. (3.4.6)
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One-loop corrections for x and ¢ read then

24 2 m2 m2 m2 m2—m2 1
Hi<p2): 9*l{9)] <(mia_p2)[ w+ d)( b —1>10g P . XR ]—i—

(4m)? mi, i, \ng, mi 2w,
m2 — m2 m2 m2 — p? m2 m2 — m?2 1 22
) X ¥ ¥ ¥ ¥ X p 2
+ log ﬁ + — 10g m2 — m2 10g m2 B _ §m4 [—mXR—l-
v P p v XR P XR
2 2 2 2 2 2
m2 +m 1 1m2 +m m2 +m
+(m3 +mg)log ——2— 5 2] — ot % log s & 2), (3.4.11)
my —my, +mg 2 2 p my — p* +mg

29*()|? (/1 1 4m3
I1 (pz) — I ReL [9)] —p® —m} - ¥ arctan _ Mér +
¢ (4r)2 2 PR ) | 2 2 [AmZ — m2 Am2 — m2
or  Mgpy/ 3Ny = Mgy ATy = Mg
4m?2, — p? \/Am2, —m? 2

o |V T arctan P + v °F arctan Tér - p2 +

p 4m3, — p? Mgp JAmZ, —m3 mg .

4p*(m?2 + m? 3
. p_(my = s) = arctan m¢§ >t 3 + log(m? + mg) +
m¢R\/4m§< —mg, +4mg \/4m§< —mg, +4mg
2 2 2
L 2mg — Mg, — my arctan Mén -
Mg \/4mf< —m3 —mg \/mi —m} —mg
a4m2 —m?2  —m?
+\/ > o X arctan m¢§ 2) : (3.4.12)
p \/4m§< —mg,. +4mg
while the physical masses are given by these implicit expressions
2¢° m2  m3 m2 —m2 1
2 _ 2 2 2 2 Y (4 2 2 (U X
my, =9 (&) +mg — (47)2 [md) <szR + E(mw - mXR)lOngpR 3 +
m?2 m?2 —m? 1
(P +m) o (0 + ) i, (2 hog e 1 2) 4 S|
XR
(3.4.13)

2
m¢m¢R m¢R i
2 2 2 2
,/4mw —my, ,/4mw —my,

1
gl (@) [log(m3 + m3)+

arctan

2 2
m; . = J (mfp + (m2 + m@) log(m? + m3) +

1
—2m3, log(m3,) + 59{"|<¢>|2 —

2
2 2m%—mi —m?
+ 5 on X_ arctan Tér (3.4.14)
Mo \/4m§< —mj_ 4 4mg \/4m3< —mj_ +4mg

and are presented in the Figures 3.3 and 3.4. There can exist several solutions for
a physical mass for a given set of parameters but some of them can be excluded due

to its real value: m2, - > 0.
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M pree
solutionno1l ----- solution no 2
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MY tree
solutionno 1 ----- solution no 2

Figure 3.3: Physical mass of x as a function of a tree-level mass with non-zero (top)

and vanishing (bottom) soft mass.

3.4.2 Influence of interactions
Equations of motion for all the fields are given by
0=0%+J],
0= (2 + g (&) x + J1,
0= ig" Dby — J),,,
0 = ig" by — g (o) vl — JJ,
with source terms of the form
1
T} = g IxPe + Soulvl,
1
i =g (1017 = [(0)7) x + 5% Ix*x + gl
T, = ox'vl,
Jho=g(e = (o) vl + gx'vl.

3.4.15
3.4.16
3.4.17
3.4.18

~~ —~ —~
— ~— ~— ~—

(3.4.19)

(3.4.20)

(3.4.21)
(3.4.22)
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MO phys
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m¢trcc
solutionnol ----- solution no 2
rrrrrrr solutionno3 -------- solution no 4
solutionno5 ----- solution no 6
6 _{ ‘ T T T T I_—
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&0 -
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ok T S ]
—4F .- o . ]
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M¢tree
solutionno1l ----- solution no 2
————— -- solutionno3 -------- solution no 4

Figure 3.4: Physical mass of ¢ as a function of a tree-level mass with non-zero (top)
and vanishing (bottom) soft mass.

Yang-Feldman equations for all the fields read

0@) =/ Zot™(@) — iZs [ dy® [ Eyl6(@) 6= W) Tjw),  (3:423)
@) = 2o (@)~ iz, [ dy? [yl ) ). (3420

o) = 2ot ()~ iZ, [ g [ @y a0} T ). (3.4.25)
Ura(@) = [ Zp 050 (0) + (3.4.26)
=iZo [ dy® [y ({um @) e} W) + (@) e )} Jasw)
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Asymptotic fields can be expanded into modes

as as as| nas d3k tk-x as ,as as* ,as

¢ = (0°[¢*] 0 >+/(27r)3€k (dfafi™ + oias ) (3.4.27)

as dgk ’L X as ,as a,s* —,as

as d k zkx as +,as asx —,ast

v = ( K UBkauk T it ay, ) (3.4.29)

(2m)3 $ o=

as d3k ik-x s (+)s,as _s,as —z@k )s,as% sasT
¢x = / (27()36 Z €x (¢X’€ oy x — ¢ ,k) , (3.4.30)
s==+

satisfying the equations of motion

0 =g} + K20y, (3.4.31)

0=xr+ (K + g [(0)) X, (3.4.32)

0= + z'ykwgz, (3.4.33)

0 = )" + is[k|pl "™ + g (o) i), (3.4.34)
0 = ¢ —is|k|yl)"™ +ig (@) ", (3.4.35)

where the helicity of fermions is taken into account. In all the expression + distin-
guishes between the particle and antiparticle for scalars and different helicities for
fermions.

Commutation relations given by

[ases, anst] = [asie, aist] = (27)6% (k — K)o, (3.4.36)
{aife aishh = {ai apsh} = (2m)°0% (k — K)o™ (3.4.37)

entail the following inner product relations

3.4.38
3.4.39

3.4.40

Z — Z¢ ( ask ¢as*¢as>
zz@@ﬁﬁ—ﬁ%ﬁ
1= 2y,

1= Zy, (WH o

)

+ ‘wi;)s,as

~~ o~ —~
~— ~— ~— ~—

3.4.41

9



42 Non-adiabatic particle production for massless background field

which in turn enable us to formulate all the out-state annihilation operators
(—;—kout iz / Bre—ikx [ out ( o — <Oout o Oout>>
_gont ( gt <Oout gout Oout>)] (3.4.42)
0 o — iz / Bre—ikx [ gout ( GO <00ut ot Oout>)

ot (¢out _ <Oout pout Oout>)] : (3.4.43)

a;}(-l;out - iz, /d3l,€—ik-x (Xiut*xout _ qut*xout> ’ (3.4.44)
a, Of{m +iZy, /d3x€ ex (XOUtxout XOUtXOHt) (3.4.45)
agﬁ(‘m _ Z%/d?,xe—zk-x outs L g et g, (3.4.46)
a2 = T, [ dPre gt - lahug (3447

afbmlit — Zq%/d?)xefik-x (w)(:l;)s,om* . Owout + se” szw )s,out woutTo.Oe k)
(3.4.48)

using proper Yang-Feldman equations.

Moreover, the relation between in and out-states constituting the Bogoliubov
transformation can be obtained

U, %) = B %) — iy [Z [ dy [0, %), 67 (9)] Ti(y), (3.4.49)
N ) = x) = iy Z [ty [ x) 0 ()] L), (34.50)
PO x) = U (47, %) = iy Zu, [ty {00, 0l w)} I ()B.451)

(0 x) = i (%) — iy Zy [ty ({0 %), 0 )} I )+
+{oln (%), 02 (1)} Ty s(v)) (3.4.52)

corresponding to the Bogoliubov transformation for creation/annihilation operators
given by

a:;-kout _ <(1,+ out> + a;fkm _ 'L.\/Z>¢/d4$€_ik'x¢zut* (J; _ <J;>) , (3453)

a, W = <a¢ 012”>+a;,j;1*+z' Zy / d* e X pont (J;—<J;>), (3.4.54)

G = el + BB = iyZ, [ dise gl (3.455)
a5 = Bait + ol + iy 7, / d'ze ™Yl (3.4.56)
ay e = agh — @/&xe texyoute ottt (3.4.57)
a%outT a%li Zw¢/d4xe dxyont - e;TJJ%, (3.4.58)
Ay = angall + Baal™ + (3.4.59)

—ikx s,0out* s —i —)s,outsx* s
—i\) Ly, /d4:ce k (1/1;:) ~ekTJbe + se 9“1/1)((,2 -ekawX) )
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Finally, Bogoliubov coefficients for massive fields are of the form
o = —iZy (XX — X (3.4.60)
Bk = —iZy (XPXI = XN (3.4.61)
o5, 1 = o, (¢(+ sout*¢(+)81n " ¢xk)8 out*¢)(<;)s,in> , (3.4.62)
B = —Z,, se” it (w)((-};)s,out*w)(k sink w}({;)s,out*wi—};)s,in*) ‘ (3.4.63)

For massless fields ¢ and 14 the usual Bogoliubov coefficients vanish as their mass
does not depend on time and thus their in-states equal to the out-states, ¢i(t) = ¢ (¢)

and ¢g;(t) = ¥gi'(t).

In the interacting theories it is difficult to obtain precise analytical results in an
easy way, usually it is even impossible, and we are left with the numerical analysis.
In order to find the evolution of number density we need to solve equations of motion
for (¢) and all the in-modes.

For massive particles occupation number at the leading order is given by

— §<om 0") = V-2[Bul +---, (3.4.64)

Ny ke = ; <Oin Oi“> =

where factor 2 counts degrees of freedom of a complex scalar field. For the linear
evolution of the background, (¢) = vt + iu, it translates into

s outT s out

s outT s,out

., (3.4.65)

+g2u2

N (3.4.66)

ka|2 =

Quasi-classically number densities of produced massive scalars and fermions are
equal and read

P g o G
= = _ Y 2 —_— —TgH /|’U‘ 4
Ny = Moy, /(27r)3 % X )7 e (3.4.67)

For the massless fields, ¢ and 14, occupation number at the lowest order in g is

given by
( s,outt < 2](()ut1‘>) ( (sbl(()ut _< (sbl(()ut>)

Nk = Z <01n

S=

0in> ~

<vegt [ o |2 faoriang o) + 22| oo a0 +
+iz¢zjx Zq (1 + rql;ﬁi{) ’ / dt gy i 2] , (3.4.68)
Ny = Z: <01n fpoﬁﬁ sout 01n> ~
NV G2 2L, D, / (;‘ljf)g Z; (1 - srkkpp> X / dt B Y (3.4.60)
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These expressions simplify when we investigate their physical meaning looking at
the corresponding diagrams, which are presented in the Figure 3.5. It seems like
they violate the energy and momentum conservation laws but nothing more wrong -
time-dependence of the background balances their amount in the system. These di-
agrams correspond to the "inverse decay" processes in varying external background,
which turns out to be the main channel in the production of massless states.

X2 2 L 2
Y Y
Nl ™~ <¢> % < J\ + ' + (anti-particle diagrams)
r A
“X X ° (e Uy
Vo 2
Nk~ + (anti-particle diagram)
4 1 ’
X ¥x

Figure 3.5: Diagrams corresponding to the production of massless states.

Analytical calculation of the equations (3.4.68) and (3.4.69) is highly limited in
case of the time-dependent theories. Although, it is possible to simplify them to the
form

d3p 1 2 _ a2 /alv
ner/V N92/ (27)3 /dtm‘ eI o g? - (9|U|)3/2|t’2/k7 (3.4.70)
& 1
moV ~ 6" [ s | [t e o g fglulll, (3.47)
@2m? |1 faglullt

using some crude approximations for small momentum or equivalently large value
of the background’s vev:

. 1 k2
m = -7 /2g|v| 3.4.72
Xk \/me ’ ( )
w}((sk)r,in ~ e—ﬂk2/29|v|7 (3473)
wi, ~ glv|t]. (3.4.74)

These approximate results correspond to the exponential suppression of (3.4.66).

We can find analytical expressions for the in-modes for the massless states:
VZsPi(t) = \lﬁe“"t, (3.4.75)
2y, U (t) = eI (3.4.76)
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while for the massive ones it is only possible to presume WKB approximation. In
our model

=i [ () (3.4.77)

VB W ,

(t)
\/Zizb (Dsinggy o L \JW —i [ dteoy (1) (3.4.78)
W \/_ (t)e , -

(Dsing,y _ (9(F)) s|k| i [ ()
\/ZTXW (t) NCRIZON 1— 0 : (3.4.79)

where wy, = \/k2 + g2 |(¢)|>. This approximation is valid as long as |(¢)| > 1/v/g,
which means that if we start with (¢) big enough, it is safe to choose initial conditions
given by

(3.4.80)

(3.4.81)

V20 ,/zwk(())’
)7
_l’_

- in oW 0
(o) = iy
/ (+)s,in B 1 sk

(f)s,in . ¢(0) 8‘k|
V200 = 5 GIN Gor (3483)

For the out-modes we are again deep outside the non-adiabatic region and thus we
can utilize the WKB-type solutions of the form

/ Xout —_
s,0u ]- k _ ’
2y t_T 1/ B =i [ dten(t) (3.4.85)

)s out _ ¢> Sk —i ft dt' wy (t')
A 1= — LA 3.4.86
T 6 (3450

Wk

—lf dtu(t), (3.4.84)

Taking into account the asymptotic field expansion we can also describe the
impact of backreaction on the evolution of ¢’s vev. At the 1-loop level in momentum
integration equation governing (¢) reads

0= <0in ( ¢+ g% |xI* o + ;gwiwD Oi“> ~
~(6)+9 / (;ij)?, (Zx X g () - ;wa ng”’iwgps’m) . (3.4.87)
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Finally, combining all the information we can end up with the number densities
for massive fields

Zy (1P + @ IXEF) 1

|5xk|2 ~ 2wk - 5, (3488)
s |2 1 s,in (+)s,in 2
szxk ~ 5 + iwa (‘¢xk o ‘ka ) + (3‘4'89>

1 .
(=)s,in* , (4)s,in
= ZuRe (g40) v U

Equations needed for determining number densities of produced states, namely
(3.4.68), (3.4.69), (3.4.88) and (3.4.89), are quite difficult to solve analytically but of
course there are numerical solutions available. Figure 3.6 shows our results for some
specific choice of the parameters - our first conclusion is that all the species are pro-
duced, not only the massive ones. Moreover, numerical results for massive states are
in good agreement with the analytical ones, which claim n, ~ ny ~ 2.81 x 1073,
For this choice of parameters the ratios of final densities equal approximately to
ng/ny ~ 28% for bosons and ny, /ny, ~ 1.5% for fermions. To see some general
picture there is a comparison between the number densities of all the species for
different values of coupling g presented in the Table 3.1.

1.0E-02
1.0E-03 _ .
Fy 4
e
ey -_—n
S 1.0E-04 s X
2 - Mg
E —
5 1.0E-05 Ny,
— (@)
1.0E-06

Figure 3.6: Time evolution of [(¢)| (right axis) and number densities for all the
species (left azis) for ¢(t = 0) = 5.0 + 0.05i, ¢(t = 0) = —0.5 and g = 1. Approxi-
mate final values of number densities are equal to: ng = 7.82x107%, n, = 2.77x1073,
Ny, = 4.26 X 1075, Ny, = 2.78 X 1073,

We can see in the Table 3.1 that for the bigger values of g number densities of
produced massless states rise significantly, which is illustrated by the Figure 3.7.
Crucial difference lies in the fact that for stronger coupling we can observe the trap-
ping effect leading to the oscillations of the background, which is absent in the case
of the weak ¢g. For stronger coupling massless bosons ¢ can be produced as abun-
dantly as massive bosons y and it seems that their number density exceeds the latter
in the end. We believe it is an artificial effect coming from the limited accuracy of
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g | ne | ne [ o [y, |
0.1 | 45.85 | 50.66 | 1.83 | 1.66
05 | 47.33 | 47.74 | 4.26 | 0.66
0.8 | 45.26 | 45.36 | 8.72 | 0.66
15| 368 | 37.04 | 25.03 | 1.13
1.6 | 35.67 | 35.94 | 27.16 | 1.24
1.8 | 32.85 | 33.14 | 3259 | 1.41
2 | 13.45 | 43.61 | 12.27 | 0.67

Table 3.1: Number densities of produced species as a part of the whole production

(in %).

our numerical calculations - only up to terms of the order of g2, that can be solved
using interacting field theory as in Chapter 5. Nonetheless, the main conclusion
that the massless species can be produced as efficiently as the massive ones holds.

1.0E-01

1.0E-02
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Number density

1.0E-05

1.0E-06

60

80

=
o

o B NW R Uy N 0 W

)

—n(b
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Figure 3.7: Time evolution of |(¢)| (right azis) and all number densities (left axis)
for the stronger coupling g = 2. Other parameters are the same as in the Figure

3.6.

Moreover, we are able to find some functions reproducing time-evolution of the
number densities for the massless species with good accuracy, which is helpful with
no analytical results available. Fitted functions are presented in the Figure 3.8.

Our approximate functions are given by

n¢k/V ~ 0.16 -

n%k/V ~ 0.40 -

g° 1
A7 o\/7k? [glvl _ q
g° 1

Ee\/ﬂk2/9|v| + '

1

bl - e |

(e |

sin 0.52k(t — t,

0.52k(t — t.)
sin 0.59k(t — ¢

0.59k(t — L)

)] 2 , (3.4.90)

*)1 2 (3.4.91)
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Figure 3.8: Numerically found distribution functions for massless species ngg, 1y,
(thick lines) and corresponding approximate functions for various couplings
g =10.5,1,2 (thin lines). The values of all the parameters are consistent with the
previous plots with numerical results: ¢(t = 0) = 5.0 + 0.057, ¢(t = 0) = —0.5 and
|v| = 0.5,t, = 10 for these functions.
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where ¢, denotes the time when ¢’s trajectory is closest to the point ¢ = 0. They
possess a very interesting structure as they consist of four factors with some numeri-
cal constant - perturbative suppression g2 /4m, usual bosonic/fermionic distribution,
time-dependent factor identified as (3.4.70) or (3.4.71) and oscillating part (sine).
For low momentum they mimic the behaviour of (3.4.70) and (3.4.71), but they are
not only limited to this case - they fit numerical results over the whole range of
momenta very well due to the oscillating factor.

3.4.3 SUSY-breaking

We can include SUSY-breaking in our model in two ways:

a) SUSY can be broken from the beginning, before the non-perturbative produc-
tion occurs,

b) SUSY can be broken after the non-perturbative production and before rescat-
tering.

In both cases SUSY is broken during rescattering and decays of the products and it
should be taken into account to have a complete analysis.

We consider two possible soft SUSY-breaking terms:
a) 5£soft = m%lXPa
b) 0Lsose = mE|x[* + Apx* + h.c.,

where mg denotes the soft mass. Second possibility is crucial in gravity-mediation
scenarios of SUSY-breaking, when A ~ m, while in other scenarios it just comes
down to the first one (A < m).

For the scenario with soft mass term distribution of produced states after one

"oscillation" reads
(o) sttt

nt = o7 e 70 (3.4.92)
for SUSY broken before the production and
(gv)3/2 (02,2112
= (3.4.99

for SUSY broken after the production. In the Figure 3.9 there is the ratio of number
distributions of produced states for broken and unbroken SUSY as a function of v
for different values of soft mass depicted. Soft mass does not depend on the coupling
so in general lighter particles are produced more efficiently.

3.4.4 Comparison between different sources of production

Time-varying vacuum expectation value of the background field induces the pro-
cess of particle production that may have a very miscellaneous origin. We have
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Ny / Dynbr

0 AR I 1 1
0 0.1 0.2 0.3 0.4 0.5

A%

Figure 3.9: Ratio of number distributions of produced states for broken and unbro-
ken SUSY as a function of v for different values of soft mass (mg = 0.1,0.04, 0.002).
Solid lines correspond to the smaller values of the coupling g than for the dashed
lines.

already investigated the ones deriving from the vacuum change and quantum cor-
rections, but apart from that it is also important to explore the influence of the
rescattering, the perturbative production or the possible rotation of the basis dur-
ing the whole process.

In our analysis we consider (x) to vanish all the time but it may not be generally
true. Vev of x can be affected by the production in the non-adiabatic area, keeping
the condition (x) = 0 only asymptotic. When () # 0 we can observe rotation of
the basis for fermionic mass eigenstates, which we can now describe in more details.

For the considered superpotential Lagrangian of interactions for fermions can be
written as

1 — 1 _
Ly, = —9Xxthy — §9¢¢X¢X — g X Vxg — §g¢*¢X¢X =

= UMY + UM, (3.4.94)
where
Yx\ 5 Ux
U = U =" 4.
()0 = (). (3.4.95)
1 —_Llgx
M = <_fgg§§ 209 ) . (3.4.96)

Matrix M is explicitly not diagonal, so in order to obtain mass eigenstates we need
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to diagonalize it using the formula
M =UTMU, (3.4.97)

where U is some unitary matrix (U~' = U') and M is diagonal. In our case these
two matrices are given by

o (4P T AXT - 9) 0
M = ( 0 —ime»)’ (3.4.98)

— 2X
\/4X2+(¢+\/¢>2+4X2)2 \/4X2+(\/W—¢)2
U= pty/FHAXE JPIX— : (3.4.99)
\/4X2+(¢+\/¢2+4X2)2 \/4X2+(\/M—¢)2

Mass eigenstates, denoted with a tilde, are simply the product of the following
rotation

U0 =0V
U — U =UT 54100
‘IJT - \I’T ‘IJTUT ( s )
T = Tyt
and their masses read
- 1 2
i = 59 (VO + 402 - () (34.101)
- 1 2
= 1o ( (6% + 4(X)? + <¢>) . (3.4.102)
Kinetic part of the Lagrangian for fermions reads
1- - 1 - 1- - 1 o
Ly, = 51%@(?% + 51/%@3% + ii/fxlfiwx + 5%(%&9%( =
_ %\I;T@M\IJ n %\IJT&%M@, (3.4.103)

which after the rotation (3.4.100) transforms into

~ - ~ ~T . =~ ~ 1= ~ ) ~T _ - ~
Ly =TTNT+ 0 M+ %\If U9, U0 + %xp U U, +
+%@TUT*1§94I4U*—1\1/ n %@TUT*IU*—%M@. (3.4.104)

We recover canonically normalized kinetic terms as the matrix U is unitary and
together with introducing the matrix V' defined as

V - UT_IE?4;E4U_17 (34105)
V' = (UT) Pyua (U (3.4.106)

the whole Lagrangian simplifies to

T

~ ~ o~ ~T . ~ ~ ~ )~ ~ ) .= ~
Ly=V"MI+0 MT+-0 VI @4x4\1;+%\1ﬁv*\11+%\1ﬁa4x4\1f. (3.4.107)

=1k

+

N | .
l\D\N-



52 Non-adiabatic particle production for massless background field

For our time-dependent theory interaction Lagrangian becomes
~ ) =T ~ )~ ~
Loy, = %\11 UoUT + %\IITU*GOUT\I!. (3.4.108)

It means that rotation of the basis introduces some new interactions to the theory
given by

Zd)mt = iAgxUx¥x + iA@QLQﬂZ(p + l'AJ)X@Z)X?Lgb + Z'A)—(%Z)MZJX, (3.4.109)
where
Agy =20 [ ox & X0 =
VIR HAXE | axe (g + \/m)

(0" + yor A AXT) - (3.4.110)
\/4X*2 (62 + V/§2 + AX2)2
(VFTTIXZ — ¢
e m 0 JAX*2 + (VT T AXE — g2 )

P <2X*<X*¢ ~Xgy [ et VETIX
oo 2 *2
Vo2 +4X \/4x2+(¢_|_ /3% + 4X72)?
P+ AXT (3.4.111)
\/4X*2 (¢ + V62 + 4X72)?2
VT IXT - JFTTIXE — ¢
\/4X2 \/m $)2 \JAX*2 4 (VFT T AXT — ¢2) ])
Asx = A%y, (3.4.112)
AX¢:<X¢—X¢>( ¢ + /57 FAX (0+ VP Taxn?
VETIXE \ fixe s (gb +\/W VAX? + (2 + V@ T AX2)?
VT AX7 — (V& T IX2 — ¢)’ )+
\/4)(*2 \/W 2\ AX2 + (VT T AXT — ¢2)?
_4|X|2(X*¢*_ *¢) ( 1 O+ \/HT T AX2
VT +AX2 \/4X2 (¢ + V@ T AX)2 \J4X2 4 ¢*2+\/W)

o AXT — (3.4.113)
e m )2 \/4X72 4 m — $2)2 -
and we use notation that (X) := X and (¢) := ¢. All the As are complex or even

purely imaginary but it is acceptable as fermions can carry phases. If we assume
linear dependence on time for both vevs:

szxt—i-’iux, (34114)
¢ = vgt +ipg, (3.4.115)

there is no additional interactions when all the parameters have similar values
(vx = pux =~ vy = py) and when both vevs are real or purely imaginary at the
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same time (X € R, ¢ € R or X € iR, ¢ € iR).

For the choice of parameters we use throughout the whole Section, ¢ = 1,
v = —0.5, ¢ = 0.05, number densities of produced states due to vacuum change
combined with quantum effects are of the order ng, ny,ny ~ 1072 and ny, o ™ 1075,
For the rotation of the basis we face more parameters and we cannot choose all of
them in a symmetric way for both fields because there is no new effect left then
(Ly,., = 0). Instead, we can choose them to be just of the same order, for example:
g=1 v, =05, v, = 0.3, pn, = 0.01, py = 0.02, and then, if we approximate
number densities using the numerical factors from the Lagrangian, final number
densities coming from the rotation of the basis are of the order of 1078+ 1079, It is
the mixed term that gives the strongest effect. For the opposite choice of parame-
ters we get approximately the same result, which has been also checked for different
combinations of these parameters’ values. It turns out that the overall effect is a few
orders of magnitude smaller than the production connected with the change of the
vacuum combined with quantum corrections.
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Figure 3.10: Time-dependence of the real part, imaginary part and absolute value
of 1A;_x for two different choices of free parameters.

Figure 3.10 presents the time-dependence of one of the new A terms for different
choices of our free parameters. Crucial for our analysis is the fact that their influ-
ence on the overall production is localized only in the vicinity of the bottom of the
potential - all of them possess a symmetric or asymmetric § shape, which means
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they do not influence the asymptotic states determining the final number density of
produced states in this approximation.

To decide whether scatterings of particles during the process of non-perturbative

production is important one needs to compare the mean path T with the time spent

v 1

in the non-adiabatic area At = ——; when T < At their effect is sizeable. For the
gny

supersymmetric model with a single coupling possible processes of such scatterings

are

a) Uy = Ve, XX = Vole, Uy — 0@, XX — ¢¢ (in both SUSY-breaking
scenarios, see Section 3.4.3),

b) xx — ¥\, (additional process in gravity-mediation scenario).
Their affect is negligible since

’U4 (Y

r,! X — > —, (3.4.116)
v? v
r;! X — > —, (3.4.117)
XX—VpPe ng&( gn,
vt v
;! X — > —, (3.4.118)
¢x¢’x—>¢¢ ni gnx
4
1 v v
X X
8
-1 v v
FXXH"/’xwx X ——= > — (3.4.120)

and n, is exponential.

Another possible channel of creating particles is perturbative production outside
the non-adiabatic region in the phase space. Direct decays could in principle spoil
the non-perturbative production as too many y decays could decrease the energy
stored in their sector so much that the trajectory of (¢) does not bend and just roll
away to infinity.

Usually we investigate perturbative production using Boltzmann equation [31]
but for our purpose it is enough to discuss some simple qualitative estimation with-
out it. If we choose t = 0 to correspond to the beginning of some stage of the
non-perturbative production, it finishes at ¢ ~ 1/,/gv and momentum of produced
¢s and ys is of the order

k| < V9V = Emax- (3.4.121)
At the same time x’s mass is then of the form

my = go ~ gut 2 \/gv, (3.4.122)

which means that the scattering xx — ¢¢ (2 massive to 2 massless) is allowed,
while ¢ — xx (2 massless to 2 massive) is not in the perturbative limit. The
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cross-section of this allowed process is given by

o(X1X2 = P304) =
_ 1 / Pk dPky IM(xax2 = ¢304)]?
4’012E1E2 (27’(’)3 (27T)3 4E3E4

(271')4(54(]{71 + k?g - 1{33 — ]{Z4> =

1 gt 1

1
_ dQIM|* ~ :
12871'2 32 — 4mis / | ‘ 32 82 — 4m?<3

where s = (ky +k2)? = (B + E2)? — (k; +ko)?. Then, the actual number of particles
produced perturbatively between the two subsequent non-perturbative productions
can be estimated as

(3.4.123)

/2v/nx—1/,/gv gt g4 /2v/nx—1/‘/gv gt 1
n,ov = —N 5
1//go XX 6 X g k2o +m2
4 2v/ny—1/,/gv 1 3
g / X d g nX nX
~ t— ~ —— 1+ 0 ~ (3.4.124
6an X 1/,/gv m2 32w +/gv3 < * <\/9v3>> ( )

- (“O ((2%3)3)) b

assuming that k; = —ka, [ki| ~ kmax and n, ~ (gv)3?/(27)%. As the above value
is much smaller than 1, we can conclude that perturbative effects can be safely ne-
glected in our analysis provided that the parameters of the theory are not chosen in
a very peculiar way, which agrees with [24]. The notation used in this paragraph is
presented in the Figure 3.11.

Figure 3.11: Ilustration of the parameters used to describe the perturbative pro-
duction. The gray circle represents the non-perturbative region in the phase space.

3.5 SUSY model with two couplings

In the model with a single coupling only ¢ determines both the strength of
the interactions and the mass of produced states. Therefore it is difficult to settle,
which effect influences the final production in what way. We can extend it by adding
another term with the second coupling h and the third supermultiplet ¥, which reads

W= gcpx2 + hOX T2, (3.5.1)



56 Non-adiabatic particle production for massless background field

Even though there is some correction to the previous case added our vacuum choice
is still the same: (¢) # 0 ((¢)* = vt +ip)) and (x) = (¥) = 0, since the scalar
potential reads:

g
Vicaar = lgx + BP0 + [Sx+ hop| IxI? + R2Jof7 (3.5.2)

;

Equations of motion for this model are given by:
0=00+ |(¢° + %) [XI” + W*[0” + gh ("¢ + x0") | & + gx*x*,
0= 0+ [(9+ ) 6 + S0P + 1210 + Sh (Cwr+ xw*>] Xt
w167 + 7 )+ 081!+ Bt
0= 0%+ gh (S + 1o ) x + 1 (1P +16P) o+ T, (353)

0 =145"9,0 — (gx* + h*) X" — hx*{T,
0 =10, — hx*¢' — he"{!
0=1i"0,X — (gx" + h*)¢' — go*x' — he* Y1,
where we can observe explicit mixing of the states x and . In order to analyse

particle production here we need to diagonalize the mass matrix and to construct
the basis of mass eigenstates.

Introducing new notation in the above formulae:

1 1 . . 1 o Tt
TL= |39 P+ P2 + Sgh (0 + x7) | x + 59bIxI*Y + go'x" + hoToT,

2
1 1~
T} = SohIxx + Wx*Y + Shé'X, (3:54)
JL = (gx" + ")t
JL = hxo!

and diagonalizing the mass matrix, we obtain equations of motion for mass eigen-
states (bosons: X', %', fermions: ', v’) of the form:

Fx +mix + Jj(, =0,

%Y +miX + T, =0, (3.5.5)
0=1ic"9, ¥ — mg¥ — JL,
0 =io"9, 0" — my) — ij

Rotation matrices defined as

)-+() (i;%) v@)



3.5 SUSY model with two couplings 57

are of the form:

_ 2h g% +4h?—g
Vi a—JPTaR? i [7 a2
v=| 2h R (3.5.7)
\/ 4h?+(g++/ g% +4h?)? \/ h2+(g++/ g% +4h?)?
2h g>+4h%—g
v \/4h2+(g7\/g2+m)2 \/4h2+(gf\/gm)2 158
- o Ty | (3:58)

\/ Ah?+(g++/ g2 +4h?)? \/ Ah?+(g++/ g +4h?)?

Mass eigenstates are free since there are no interaction terms coming from the
derivative of diagonalizing matrices which are constant, with masses

1

m2, = m, = (o) <2h2 i+ + 4h2>, (3.5.9)
1

mi, =my = 2|(gb)|2<2h2 +g* —g\/g? + 4h2). (3.5.10)

After one "oscillation" number densities of produced species are then given by

(Gue)*? a2

Ny = g = 2 (er)g ey, (3.5.11)
(hvg)® _hi2 e

Ny = ng —27(2@3 e /v (3.5.12)

where

1
Jg= 2(g +1/9%+ 4h2>, (3.5.13)

(3.5.14)
(3.5.15)

Details of their evolution are presented in the Figures 3.12 and3.13. We can infer
that the influence of ¢ is stronger than h as it changes the behaviour of ny for differ-
ent species more significantly. Moreover, impact parameter p differentiates between
the two states only for its small values staying indistinguishable asymptotically.
Apart from that we can see that heavier states are produced more abundantly no
matter what is the choice of the parameters g and h.

3.5.1 Influence of interactions

Again, we are interested in investigating the role of quantum corrections in the
particle production in the extended model. Equations of motion for asymptotic
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fields read now
O: "as_i_kZ as ( )
0= ¥+ (k2+m/)Xk7 ( )
0=+ (K +m2, ) v, (3.5.18)
0 = 68 + il k| 2, (3.5.19)
0 = =) +zs\kws+>$+zm P, (3.5.20)
0= — iSIk‘Iwkas O im0 (3.5.21)
0 = X" sk g + im0, (3.5.22)
0= " — sl +zm*/>~<;‘“ . (3.5.23)

Having analogous Yang-Feldman equations and inner product relations as for
the case with a single coupling in Section 3.4, we obtain the following occupation
numbers for massive fields

nY =2V|BY 12, (3.5.24)
g =V Z 18X, (3.5.25)
nk = 2V|5}f 2, (3.5.26)
n =v Z 185Y 12, (3.5.27)
where
/6;; — —iZX/ < out*ka* Xkout*x m*)’ (3528)
]‘?ZI _ —Z;(/se*wi( ()Z;C(+)s,out*>~<;€()s,in* . )Z;C()s,out*x;C(Jr)s,in*)’ (3529)
5;/1 _ —ZZW( "out* kin* - w;out*zl};;n*)? (3530>
k Z se z‘ <¢k s, out*w '(=)s,inx zzk(—)s,out* ~k(+)s,in*> . (3531)

For massless fields it reads
nz _ Z<01n’ ( Z)/out‘f < Z)/out T)) ( ;Iout B < sout >) ‘01n> ~
'in Tay |2

+ hZ”QZ”% epp" + Uikpg") 6)
+| At (Zo(g? + R (P + B Zubilt+ (3532)

2
+gh21/221/2( |if+p‘wm+¢|k+p\xp ) (&)

|

1, o o +p| ou~( Tin ~ in
WS <1+ |k '/dw Kptp X

S7q,”"

~ Z¢/

/ At (X' (9 + W)X pp o + B Zurd o+

_|_

+
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for boson and

n%l _ Z<0m’a5 outT Z)/out ‘Om> ~

1 P
~ 7 §j1— 5.
~ 3 ¢V/“2W3 ( rkp> (3.5.33)

2
“ou 1/2 1/2 12~sr1n 1/2 12 'in ~sr1n
’/dt¢ 92X e + W2 PO o) 230 + 22 2P )

for fermion, where we can explicitly see the presence of the new diagrams introduced
by adding a term "h®X U2 to the superpotential.

Side note: Scale factor in the universe filled with perfect fluid
in terms of cosmic time

Perfect fluid can be described unambiguously by the barotropic parameter w
combining its pressure p and energy density p defined as:

w=", (3.5.34)

p

We can derive the evolution of the scale factor in the universe filled with some
perfect fluid depending solely on this parameter and initial conditions using
continuity and Friedmann equations. For general w # —1 we get

—3(14w)
“) (3.5.35)

p(t) = po (

Qg

and thus the scale factor in terms of cosmic time reads

t 12 w
qﬂ_%()“+ﬂ (3.5.36)

Lo

which for a flat space, H? = transforms into

3M1%Lp7
3 D
a:a«1+2WHJﬂ%@—m0 | (3.5.37)

If ¢ > to: a oc $3007 .

Value of w determines the way the universe evolves
e w=—1/3: a=agHy = const, expansion at a constant rate,
e w> —1/3: ax t accelerating expansion,

o w< —1/3: o1/t decelerating expansion.
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3.6 Expanding universe

Due to the lack of energy conservation in curved spacetime, not the one connected
with the explicit time-dependence of the background field but with the expansion
of the universe, transformation of our analysis from the flat to curved spacetimes
needs to be done very carefully. It may even introduce some new processes such
as decays that are forbidden in the flat spacetime because the energy is conserved
there [32].

3.6.1 Production without quantum corrections

Equations of motion for the scalar sector in our model in curved spacetime
without quantum corrections are given by

0=¢+3Hg, (3.6.1)
1
0=xX+3Hy— gafx + ¢?|o*x. (3.6.2)

The first one corresponds to the conservation of ¢ in the comoving volume

d M 3
0=~ (4a®) (3.6.3)
and thus the time evolution of ¢ is given by
2 3 s
—pg=—"-—-— |1+ =(1 Hy(t —t —11. 6.4
¢ — o Sw—1) Ho ( + 5 (14 w)Ho( 0)) ] (3.6.4)

For different values of the barotropic parameter it means that

e w =0 (matter domination): ¢ = ¢ + do(t — to) (as in the flat case),

1 .
o W= 3 (radiation domination): ¢ = ¢g + ¢o(t — to) (as in the flat case),

e w = —1 (scalar field domination, e.g. inflation): ¢p—py = %o (1 — e’3H0(t’t°)).

3H,

In order to solve (3.6.2) we need to use the plane wave expansion first

0=k +3Hx)+ Xkt 9*101* Xk (3.6.5)

where k£ denotes the momentum not the curvature parameter, and then introduce
some new variable ¢, := a*?y;, depending on the cosmic time. It is defined in such
a way to eliminate the term with a single time derivative in (3.6.5) obtaining a very
simple equation of motion instead

0= Cp + WG, (3.6.6)

where

2
PR 1L S 367)
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In our model this frequency simplifies to

2 2

k Jw 27 k
w2~ ?—I—g JT e 1 H3— H, <4H§w(1+w) +2a2> (t—to)+g* 0 (t—t0)? (3.6.8)
0 0

1
for Ho(t — ty) < 1, where Hy = \/; |v|. This condition assures that the mean

time spent by the (¢)’s trajectory in the non-adiabatic region is smaller than the
Hubble time and it is safe to neglect the expansion of the universe during a single
"oscillation", see Figure 3.14. It can be described by the condition

1 2
<
Vou  3H(w+1)’

(3.6.9)

where H is a Hubble and w a barotropic parameter. Specific conditions valid in the
periods dominated by different components are presented in the Table 3.2.

Almt

Figure 3.14: Mean time spent by the trajectory of the background in the adiabatic
region compared with the Hubble time.

’ main component \ w | condition
matter 0 Vgu > 3H
1
3
1

radiation \/gu > 2H
kinetic term Vgu > 3H

Table 3.2: Conditions allowing for neglecting the expansion of the universe in our
analysis for different dominating components in its energy density budget.
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Figure 3.15: Occupation number ni for different values of barotropic parameter,
w € {—1,0,1} for different ranges on y-axis.

Occupation number presented in the Figure 3.15 is given by

2
n; = exp [_gv (ag +9°u + e HO)] : (3.6.10)

1 7w [ k2 w
= Lo [_gv ( N Hg)] , (3.6.11)
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while the number density reads

3/2
¢ _ (qu)P? 4 _7T<22 9wH2> 3.6.12
n (27T)3 aO €Xp qu g /’l’ + 4 0 ) ( . )

3/2 3
L)) (ao> exp [_; (gzuuﬁv%)] . (3.6.13)
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Figure 3.16: The dependence of number density n¢ on w, g and v from top to
bottom.

The above formulae hold also for massive fermions as the whole analysis is quasi-
classical, although in this case we observe the cut-off momentum k.

Finax/ @ = % In(2) - g*p* = —-Hg. (3.6.14)
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In this approximation massless states are not produced yet.

70.0

q
1000

Figure 3.17: The dependence of number density nX on w, g and v from top to bottom
as a function of time.
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3.6.2 Production including quantum corrections

In general, commutation relation for some real scalar field ¥ in curved spacetime
changes to

(L, x), (L, y)] = ;53(x _y), (3.6.15)

while the equation of motion reads
1 .
(ag — 0+ 3500+ M2(:L')>\I/(a;) + Ja(z) =0, (3.6.16)

Introducing a new field ¢ = a2V with the commutation relation

[W(t,x), 2 (t,y)] = i6*(x —y), (3.6.17)

once again removes the first derivative term in the above equation transforming it
into ;
(a?-132—3“—3H2+M2<x)>¢(x)+J (z) = 0 (3.6.18)
O a2 2a 4 v o

with the solution in a form of the Yang-Feldman equation

V(@) = VZU(a) = iZ [ V=g [ @y @), et @) ). (3619)

Again ¢* denotes the asymptotic field

Yt x) = VZS (1%, x), (3.6.20)
satisfying the free field equation of motion
1 3a 3
2_72_77_7[_[2 M2 >as =0. 6.21
(08 = 507 = 52 = LH2 4 MP(@) )y (a) = 0 (36.21)

Following the same procedure as for the flat spacetime, we can finally obtain the
expression describing occupation number of produced v states including quantum
corrections

n(0) = | (A0a" = 1VZ [ dtoy=gaul@)| = B ) + o ()] ) 107)

(3.6.22)
which reads
nt(t) = VIB(t)]* + ... (3.6.23)
for By, # 0 and ,
nl(t)=0+2 / d* /=gy () (°)|0™) (3.6.24)

for B, = 0. The presence of the scale factor is encoded in parametrization connecting
U and v, the volume of the system V' and the new definition of the source term Jy.

For comoving coordinates Dirac equation in curved spacetime is given by

i(voﬁo + =70, - szoz)\p — om0, (3.6.25)
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aff 1 a .B15 BN
where X% = 1[7 ,7"]°. For FRW metric it reads
(A0 L 3.0
z<7 O+ —'0; — §H7 )\IJ =mV. (3.6.26)
a

Thus, equations of motion for the considered model with the reparametrization

Gk = GS/QXk
O = a’/¢y,
gk - a3/2,¢)Xk
Gk = CL3/2¢¢,€

are given by

s\ 2
o_rﬁ—&—ga—3fﬁ]9+ﬂ,

2a 4 \a
3a 3 [/a\?
0= [82—812—2a—4 <a> +92\<¢>’21 ¢+ J5,

k|~
0 =3 [0’080 + 011 9k - Jga
a
0=1|3%p+ ~5"| & — g(o") ) — J1
i o + U Ck g<¢ ><k ¢
with the source terms of the form

1 o~
Ty = a1+ Ja2gliC

- 1 s
TE= a7 |g* (SICP +16F + a (@) ) + ga®2

Jh=a"g¢lcl,
Jg =a"%/%g (C,ié,t + 9,1@ — a3/2(¢T>§k) )

Equations of motion for the free asymptotic fields read

K2 34 3 /a\?
—9 77777 - 025
0 [aQ 2a 4 (a) 1 ko

* S .k/i”’ . “(—
ozd””+“ﬁﬁmﬁmww¢”@

Z(—)s,as .k~—sas as
0= G —is— G igloh G

(3.6.27)

(3.6.28)
(3.6.29)
(3.6.30)

(3.6.31)

(3.6.32)

(3.6.33)

(3.6.34)
(3.6.35)

(3.6.36)
(3.6.37)

(3.6.38)
(3.6.39)

(3.6.40)

where + labels distinguish between a particle and antiparticle for scalars and indi-

cate the helicity of fermions.

1 .
520127 0 1.
yieud
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Occupation numbers of massive particles ¢ and ¢ agree with the case of pro-
duction without quantum corrections at the leading order, while for massless states
they are given by

2
+

d3

Mok ~ QQV/

+ZQZ2

[Z922 /dt a7300utqk+p|<‘1n g <6*>

2
+ (3.6.41)

l

) ’/dt 73/290utclk+p C s)r,in

(3.6.42)
for fermion, where we can explicitly observe the destructive influence of the scale
factor on the final occupation number for both states.

/dt a0 (Gt - 9 (0)

1 2 p (k—i—p a3/ out (s)rin %(s)q,in

for boson and

~~gVZCZZC/ 32 (

2
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Summary of the chapter

e We describe the method of calculating number density of the states produced
due to the time-dependence of the background field based on the asymptotic
approximation of the wave functions and analytic continuation of the time
coordinate. We prove that massless states can be produced as abundantly
as the massive ones due to quantum corrections. We extend our method to
include fermions of different types (Weyl, Majorana and Dirac) and obtain
the general formulae needed for calculating their final number densities. We
introduce the influence of interactions (quantum corrections) on the process
of fermionic production based on the Yang-Feldman formalism.

e We apply the whole method to the supersymmetric model with a single cou-
pling, bosonic and fermionic sector containing both massive and massless fields.
We also compare different possible sources of production (quantum corrections,
perturbative production and rotation of the basis), investigate the one-loop
corrections leading to the physical mass and address the issue of the SUSY-
breaking.

o We extend our considerations to the supersymmetric model with two couplings.

e We show how the expansion of the universe changes our analysis.



Chapter 4

Particle production in adiabatic
approximation for massive
background field - parametric
resonance

Cosmic inflation [33, 34, 35] is a well adopted theory assuming a phase of the ac-
celerated expansion of the scale factor in the early evolution of the Universe, which
solves many problems of the classical cosmological model with the Big Bang [36]
and is compatible with the recent experimental data [37, 38|.

Post-inflationary particle production aiming at gaining the radiation dominance
in the Universe is a very complex process that mixes perturbative and non-perturbative
processes [24, 39, 40, 41]. Usually we can distinguish two main stages there:

a) preheating - when exponentially and non-perturbatively produced states typ-
ically correspond to the fields directly interacting with the inflaton, they do
affect the mass term of the inflaton through backreaction effects,

b) reheating (thermalization) [42, 43, 44, 45] - when the inflaton decays perturba-
tively and produced particles end up in thermal equilibrium with a well-defined
temperature.

For recent reviews of post-inflationary particle production see [14] or [43].

This Chapter presents this notion following the classical literature and the Math-
ieu approach, which is in some sense limited to the case when the amplitude of
oscillations is almost constant ® ~ &, - apart from some particular cases it is im-
possible to obtain closed-form formulae for the Floquet exponents [14]. Moreover,
we address the issue of parametric resonance following the method from Section 3.1
used previously for the massless background neglecting the influence of quantum
corrections for now. The case including them is the subject of the next chapter.
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4.1 Inflation and post-inflationary particle pro-
duction

Cosmological inflation is a well-grounded hypothesis proposed in 1981 by A. Guth
[36] during his research on magnetic monopoles. It predicts the existence of a period
of accelerated expansion in the early Universe that must end before the beginning of

nucleosynthesis. Field responsible for inflation is called inflaton and it can realize ac-
2

celerated expansion of the Universe, dTZ > 0, by carrying negative pressure'. There
is a plethora of particle physics inflationary scenarios and, while some of them are
consistent with observations, we are unable to chose the "true" one. Nevertheless,
usually it is assumed that after inflation inflaton decays to radiation and some SM
(Standard Model) fields or mediators, which is followed by the usual thermal history
of the Universe with radiation domination, matter domination etc.

Accelerated exponential expansion associated with inflation means that two in-
ertial observers recede with growing velocity, which corresponds to the metric for
one of them that reads

1
ds* = —(1 — Ar®)dt* + ————dr? + r?dQ?
( ) 1— Ar? ’
which is analogous to the black hole metric and describes the de Sitter spacetime.
It requires cosmological constant, A, domination and the equation of state p = —p,

a
which dictates almost constant Hubble parameter, H = — o« VA, and scale factor
a
exponential in time, eft.
It has been soon realized that inflationary hypothesis copes with several severe
problems of the present cosmological model dynamically without fine-tuning of the
initial conditions:

a) flatness problem - how to explain the flatness of the Universe?

Present energy density of the Universe is very close to the critical value, p,,,
which corresponds to the vanishing curvature of space (Euclidean space). Ac-
k
tual limit reads: |Q9—1| < 0.02, where 2 = L 2772 +1and "0" corresponds
Per a
to the present time. Function "Qy—1" grows in time?, which requires significant

PBE_ _ 99 99%.

fine-tuning. It can be estimated that if right after Big Bang

_Po_
Per,0

Per,BB

it would be observed at present that = 10""%, which corresponds to the

considerable curvature.

Inflationary solution:
During inflation energy density of the inflaton is more or less constant, while for
other components (inhomogeneities, curvature, SM particles etc.) it strongly

Tt follows from the Friedmann equation that ¢% > 0 corresponds to p + 3p < 0

d’a
dt?
2For RD a « t*/? and | — 1] « a2, while for MD a « t2/3 and |Q — 1| x a.
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depends on time making them negligible during inflation. It makes the Uni-
verse flat, symmetric and empty?® after inflation.

b) horizon problem - why the Universe is isotropic and CMB so homogeneous?

It follows from the observations of CMB (Cosmic Microwave Background) that

its temperature fluctuations are of the order —— ~ 107° on large scales. Re-

gions connected causally at the moment of CMB formation include sections
around Af = 2° now. So there were about 10° separated regions at the moment
of recombination in which observed inhomogeneities are ~ 107 at present.

Inflationary solution:

In inflationary theory expansion of the Universe was initially slow enough to
enable communication between the regions within our horizon and equalize
the temperature there as well.

¢) magnetic monopole problem - why no magnetic monopoles are observed?

According to the GUT theory in the early Universe lots of heavy, non-relativistic
and stable magnetic monopoles should be created but they have not been ob-
served so far. They are hypothetically produced before radiation domination,
prp < a~*, and their density behaves like pyono o a%, which means that even
if their initial abundance is very low they should dominate energy density of
the Universe right away. Apart from the monopoles it concerns also moduli
and gravitinos.

Inflationary solution:

It is assumed that inflation occurs after the hypothetical production of the
monopoles. Rapid expansion of the Universe leads to the decrease of the
observed monopoles’ density by many orders of magnitude.

4.1.1 Early models of inflation

Observed problem of magnetic monopoles lead Guth to its solution by the decay
of false vacuum in the early Universe followed by the inflation driven by the scalar
field. At the same time Starobinsky developed his model of inflation from the per-
spective of modified gravity. Both scenarios predict the de Sitter epoch but differ
in details.

Starobinsky noticed that quantum corrections to general relativity should be
significant for the early Universe, which resulted in corrections to Einstein-Hilbert
action quadratic in the Ricci scalar R and f(R) modification of gravity [46]. For
large curvature it leads to the existence of the effective cosmological constant, which
Starobinsky identified with the de Sitter epoch in the early Universe. It dealt with

31t is only filled with quantum fluctuations.
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the problems of the hitherto cosmological model and introduced some specific cor-
rections to the CMB spectrum that can be calculated. Starobinsky used the action

L/, R?
5—2/dx<R+6M2>, (4.1.1)
2
which corresponds to the potential V(¢) = A* (1 — e V2/3¢/Mp L) in the Einstein
2 12

frame. Inflationary observables for this model are equal to: n, = 1— N and r = el

which for 50 < N < 60 are in agreement with the experimental data from PLANCK.

Guth based his inflationary hypothesis on the metastable false vacuum with huge
positive energy in the early Universe that behaves like cosmological constant. Posi-
tive energy corresponds to negative pressure, which causes accelerated expansion of
the Universe with fixed energy density. The fate of this false vacuum is to decay via
quantum tunnelling into the true vacuum. Guth realized that there is a problem
with reheating after inflation in his model - there was no radiation produced during
nucleation of the bubbles. The only possibility of producing radiation there would
be during the collisions of the bubbles but there are too rare, when inflation lasts
long enough to solve cosmological problems.

4.1.2 Slow-roll inflation

Problem with bubble collisions was solved at the same time by Linde [47], Al-
brecht and Steinhardt [48] with so-called new inflation scenario. Their idea was to
drive inflation by the slow roll of the scalar field on the slope of the potential (slow-
roll inflation), which ends with the reheating phase described by the oscillations of
the field around the minimum of the potential, see Figure 4.1.

V(o)
A

L

\/-cb

Gend reheating

Figure 4.1: Scheme of the slow-roll inflation from [23].

Assuming that inflaton ¢ is minimally coupled to gravity and that its interactions
with other fields become significant after inflation, its action reads

L— ; 606 — V(6). (4.1.2)
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Then energy-stress tensor defined as

" = 9*p0d" ¢ — Lg™ (4.1.3)
corresponds to energy density and pressure of the scalar field of the form
1.
po = 38 +V(0), (414
1.
po = 56° = V(0), (4.15)

assuming FRW metric and vanishing spatial derivatives ;¢ — 0. From T%” = 0 we
obtain the equation of motion for the inflaton

G+3Hp+Tyd+V'(¢) =0. (4.1.6)

Slow-roll means that during inflation kinetic energy of inflaton is much smaller than
its potential energy, Ey;, < E,o, which corresponds to the approximate de Sitter:
ps = V(¢) and p, ~ —V(¢). Friedmann equation translates then into

8T
H>=_-——V 4.1.7
sz V@) (117)
and the equation of motion simplifies to
3H)+V'(¢) = 0. (4.1.8)
We can define two slow-roll parameters
ME, (VI
= — 4.1.9
“~ Tor <v> ’ (4.1.9)
M, [V"|
= 4.1.10
N=— ( )

1 1
that are very small during inflation, §€ < 1 and 5]77| < 1, and their growth con-

strains its end. They originate from the need that during slow-roll inflation kinetic
energy has to be much smaller than potential energy (¢) and that second time deriva-
tive of inflaton is much smaller than the first one (n). Inflation ends when one of
these parameters is of the order of one.

Duration of inflation can be characterized by the number of e-folds

N = log (afm> (4.1.11)
Qing
describing exponential growth of the Universe. For the slow-roll inflation it is equal
to
2 d
N = —do = VT —¢ (4.1.12)
¢ Mpy J e

¢ini ini

Depending on the inflationary scenario and the details of reheating we need N ~ 50 + 70.
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4.1.3 Reheating

Temperature of the Universe decreases significantly during inflation but after-
wards the Universe is dominated by inflaton and gets reheated in the reheating
process. Huge potential energy of the inflaton is then transferred onto the SM
particles or the mediators, including electromagnetic radiation, starting radiation
domination epoch this way. Reheating is a very complicated multi-stage process,
which incorporates the end of inflation in a very natural way.

For simplicity we can describe reheating perturbatively as oscillations of the
inflaton around the minimum of the potential ¢y with the amplitude decreasing in
time right after the breakdown of the slow-roll regime. Equation of motion for the
inflaton reads then ) ‘ ‘

G+ 3H+Tyd+ V() =0 (4.1.13)

1
with* V ~ §w2(¢ — ¢0)?. At the beginning of reheating energy density is accumu-

lated in the inflaton but it gets attenuated by two effects - expansion of the Universe
(H) and the decay of the inflaton (I'y).

Averaging over time we obtain the equation of state of dust with p = 0. Asymp-
totically for m¢ > 1 it corresponds to the solution of the form

o(t) — a;f(t) sin(mt) = T;I:fnt sin(mt), (4.1.14)
where a(t) ~ t2/3,
Equation of motion for quadratic potential reads
bd +3H +Tyd” + w(¢ — do)d = (4.1.15)
= (;452) + ;wQ ((qb — gbo)?)‘ + (3H +Ty) ¢* = 0. (4.1.16)
We can rewrite it using
po= 2B HV(O) = (G + (26— 0ol = (@) (@117)
to finally get
po+ (3H +Ty) ps = 0. (4.1.18)

For small coupling I'y is typically smaller than H at the end of inflation, which
means that at the beginning of reheating decays are negligible in comparison with
the expansion of the Universe. As H decreases production of particles becomes more
effective and at time when H = I';, produced states gain thermal distribution with
so-called reheating temperature:

Trir ~ (TyMpr)*?. (4.1.19)

Since I'y is proportional to some power of the coupling, which in general is small,
perturbative reheating is very ineffective and Try can be surprisingly much smaller

4Even if the potential is not quadratic, we can approximate it by this expression around its
minimum.
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that the scale of inflation. Nevertheless, Try is not the maximal temperature
reached during reheating, this one is denoted as Th;ax and is proportional to
Trrax ~ (TrgM)'Y?, where M is the scale of inflation.

4.1.4 Preheating

Perturbative approach is unfortunately incomplete as it ignores the fact that
rapid oscillations of inflaton can take place far beyond the equilibrium and lead to
the parametric resonance (preheating). Apart from that it does not take into consid-
eration the nature of inflaton at the beginning of the oscillation phase - it is rather
a coherent oscillating homogeneous field, not a superposition of asymptotic states.
Large amplitude of oscillations indicates that we can treat inflaton as a classical
background in which x quantum states are produced.

Preheating involves production of particles under extreme conditions - high en-
ergy, instabilities, non-linearities. It concerns the non-adiabatic and non-perturbative
stage of coherent oscillations during which the masses of produced states can change
rapidly in time and even become larger than the mass of inflaton.

The idea of preheating can be illustrated based on very simple model of interac-
tions

1
Eint = _592X2¢27 (4120)

where y is some SM field or the mediator. For simplicity we can neglect expansion
of the Universe as it is reasonable to assume that the period of oscillations is shorter
that the Hubble time H !, see Section 3.6.

Quantum modes of the field ¥

A 1 A ikx AT —ikx
(%) = G / Bliape™ + xuahe ™) (4.1.21)
fulfil equation of motion
X+ (K2 + mi + ¢g?®? sin®(mt))xx = 0, (4.1.22)

where ® is the amplitude of oscillations. This equation is called Mathieu equation

i + (Ar — 2qcos(22))xr =0 (4.1.23)
with
z =mit, (4.1.24)
A= 49, (4.1.25)
m

22

g-®
= 4.1.26
4= (4.1.26)

and prime denoting the derivative over z. We can consider its solutions mode after
mode remembering that exponential growth of the mode corresponds to particle
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production. Mathieu equation is unstable for some values of k£ and leads to expo-
nential growth of y; o< e##* where u; are Floquet exponents.

For small values of ¢ (¢ < 1) resonance occurs in the narrow area around k = m,
thus it is called narrow resonance. It is much more effective for ¢ > 1, when also
modes with & — 0 are produced, and it is called broad resonance then. Production
has to be non-adiabatic, which is equivalent to breaking the WKB approximation
for the evolution of our field x; o eEi [ wndt holding for

dw?
Sk <o, (4.1.27)
where
= /K2 + m2 + g2®2(t) sin®(mt). (4.1.28)

It means that modes with momentum
2
k< —=gm® — m? 4.1.29
3\/§g X ( )

are produced each time ¢ approaches zero.

-
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Figure 4.2: Instability bands of Mathieu equation on the A-¢g plane. Figure copied
from [40].

Values of &
E

4.1.5 Observables

Theory of inflation predicts that all the visible structures of the Universe have
their origin in the quantum fluctuations from the inflationary epoch. If their dis-
tribution is Gaussian, all the statistical information about primordial fluctuation is
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specified by the power spectrum (two-point correlation function). Such a spectrum
depends on two parameters: spectral index ng that measures the deviation of the
spectrum from the exact scale invariance (de Sitter universe) and tensor-to-scalar
ratio r. Hypothetical primordial non-gaussianity may be encoded in higher order
correlation functions - for a single field inflation should be small, while for multifield
inflation or single field with non-trivial kinetic term and broken slow-roll conditions
could be non negligible.

The most important measure of primordial fluctuations is power spectrum for R
(gauge-invariant comoving curvature scalar), Pr(k), that is directly connected with
density fluctuations:

(RaRw) = (2m)°6(k + K ) Pr(k), (4.1.30)
A=A} = ;;PR(I@) (4.1.31)

with the normalization condition for the dimensionless spectrum A% (k):
(RR) = ?A%(k)dln k, where (...) denotes the average over all possible parameters.
Scale depoendence of the spectrum is determined by the spectral index:
- dln AZ

*7 dlnk’
which for ny = 1 corresponds to the exact scale-invariance.

(4.1.32)

We also define power spectrum of both polarizations of tensor metric fluctuations
hiju h € {hx, h+}, as

(hichie) = (27)35(k + K )Py (k), (4.1.33)
A} = ;;Ph(k). (4.1.34)

Sumarically, tensor power spectrum is equal to A? = 2A? and can be normalized in
comparison to the scalar spectrum via tensor-to-scalar ratio

A7 (k)

AR (4.1.35)

r

Since A2%(k) is fixed and A?(k) oc H*> ~ V, r translates into the inflationary energy
scale

13 ro\Y?
H=254x10%Cev () 4.1.36
% ¢ (0.01) (4.1.36)

4.2 Results for scalars

Our analysis based on the method presented in Section 3.1 starts with the sim-
plest scalar model of post-inflationary production with inflaton ¢ and coupled field
X, both real scalars,

L= ; (99)" + ; (0%)* - ;m2¢2 - ;g2¢2><2- (4.2.1)
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Time evolution of the inflaton can be described as

d(t) = docos [m(t — to)] = (—1) ¢y cos [m(t — t;)] = (= 1) ggsin [m(t — t; — t.)],

(4.2.2)
where
t; Etg—l—j%, j=0,1,2,.. (4.2.3)
e
t=g- (4.2.4)

and j stands for the number of oscillations. For ¢; inflaton reaches the maximal am-
plitude and ¢, corresponds to the transition between the minimum and maximum
of the oscillations, see Figure 4.3.

.
b=t 2 g .
= t]'+1 - - Y
1 1
1 1
1 1
1 1
1 1
: . il Yt .:
(=1)"* gy =tit+ bt (=1)d0 ¢

Figure 4.3: Oscillations of the inflaton and our notation.

Effective production of particles occurs when the non-adiabatic condition is sat-

isfied, namely
Welo> g (4.2.5)

k~0

2
W

with wr, = /k? + ¢g2¢%(t). As long as m < g|¢o| it means

6] < m’% ﬁ Ag;, (4.2.6)

where v = |¢(t = t; +t.)|. So each time the production process lasts for
Ad, 1

Vx gvi

Atj ~

(4.2.7)

for ¢ ~ t; £ (t. — At;) we cannot use the usual approximate WKB solution for the
modes of our coupled field x

dewl@%gﬁuww”+BwHFWwwv, (4.2.8)

Zwk(t)
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where A, and By are constants satisfying the normalization condition
|Ar|? — |Bg|> = 1. We label the mode valid around t ~ t; as xj. Mode for the
subsequent oscillation Xf;(t), valid around ¢ ~ t; = t; + 2(j' — j)t., can be con-
nected with xJ(t) via linear combination

-/

X () = a7 (t) — BLd (1), (4.2.9)
where a7 7 and ﬂ " are Bogoliubov coefficients

ailj = (X?;,Xi) , (4.2.10)
1= (o). (42.11)

12 12
satisfying ’aﬁc]‘ - ’B,f:] =
Number density of produced states can be expressed as

nl = |67, (4.2.12)

what establishes the recurrence equation for the occupation number of produced
states

), = \5i’j‘1]2+<1 +2 \57;3"1'2> T2 g1+ B \/ (14+nf ") cos 6},

(4.2.13)
where 677" = Argal? 7' 877" a7 31710 is some phase. According to [40], the last
term can be neglected because the stochastic contribution can be averaged to zero.
Following the method from [49], we can express 3 coefficient between the subsequent
oscillations as

l+1l
15,

k2 k2 ;
~exp|—mT—| =exp |—7 = A, 4.2.14
IR | LS

0 (4.2.13) can be expressed as
nh o~ AT (14200 ) 0l (4.2.15)
which is equivalent to
iyl -1, 1 j-1
w5~ (7 (1+2a77"). (4.2.16)
It indicates that since we can think of Al as

(1 d.o.f.) x (Boltzmann suppression factor), (4.2.17)

the first factor in (4.2.16) means that each time after x field exits the non-adiabatic
area 1 d.o.f. is added. The second term states that 2 d.o.f.s are added per original
1 d.o.f. after the non-adiabatic period, see also Figure 4.4.

5There is no summation over j.
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t A
ts| (#=13) Ex ;X Ex éx éx Ex Ex ;X Ex Ex éx Ex ;X
t| (#=4) ix ix ix ix
S
i S
| #=1) x
(non-adiabatic era)
to| (#=0)

Figure 4.4: The scheme of the resonant production.

For n! > 1 relation (4.2.16) can be approximated as [49]

S 2
nj ~ 3 1exp [—;TUOFJ»] (4.2.18)

277000 2541

with F; =1+ 3 > j ~ , which for late times (j > 1) is proportional to
=1 Vs

3/2
nd ~nt. 301 <3> , (4.2.19)
2]

see Appendix B.

4.3 Results for fermions

It has been already proved that not only bosons but also fermions undergo pre-
heating and one of the main differences between them is the possibility of creating
very heavy fermions from much lighter inflatons, if they are oscillating coherently

50, 51].

If we consider Majorana fermions ¢ coupled to the background scalar field ¢,
Lagrangian changes to

L= 3 (00) +Wlo 0, — SmP¢? — Syoud - Jyovtul. (43.1)
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Figure 4.5: Ratio n? /n' as a function of j for a massive background field according
to (4.2.19).

We can expand the field operator 1) as®

P(t,x) = Z/ &k ekxe; <1p(+)s(t)as — e~ eqp T (1) ) (4.3.4)
’ = (27’(’)3 k k k k k)

+ : . et
where @Z),i ) and ai are wave functions and creation/annihilation operators respec-
tively.

Fermionic character of produced fields changes Bogoliubov coefficients [16] to

az,jj _ wi (+)s*¢i(+)s i %’ (—)s*wi(—)s7 (4.3.5)
6§,j'j — g (¢i’(+)s*¢i(—)s* . ¢i’(—)5*¢i(+)8*) : (4.3.6)

12 2
satisfying normalization condition ‘@Z’j J ’ + (87 ‘ = 1. Bogoliubov transformation
for the wave functions acquires the following form
wi’(-ﬁ-)s _ az,j'j*%&)s _ Se_iekﬁij’j*%(—)s*’ (4.3.7
W (=)s _ 8677/91(/81‘17.7 j*wi(ﬂs* +ad J*wi(*)s’
with ¢ = (k' +ik?)/\/(k1)2 + (k2)2. The wave function satisfies a following equa-

tion of motion _
0 = ) 4 iskyp ™ + iyg . (4.3.9)

5Inner product is defined as
2

2 —)S
)w,(j)s + ‘w,ﬁ 51T =1 (4.3.2)
and we have the following commutation relations
{aioaie} = {aif il } =0, {aial} = @m)*6 a2 (- X), (4.3.3)

where ey, is the helicity eigenspinor.
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In analogy to the scalar case, we can find the recurrence equation
S:jo R szjmj*l 57.7'7170 Smjmj*l S,j*l,o*
B = oy, By + By Qy, (4.3.10)

and represent the distribution of produced 1 particles as

nid =

B 4 (1 —2 \5{;’]"1]2) o (4.3.11)

S,],]—l SJJ_I 37.7_1 37.7_1 57]7]_1

'7'_1 — 7'7'_1 7'7 j—1 74_170 7'_170
where 00777 = Arg o7 BT e BT

mate the distribution as

+2

Once again we finally approxi-

which is consistent with Pauli exclusion principle: 0 < ni’j < 1 for any j, because
0 < Al <1 for any [.
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Summary of the chapter

e We introduce the concept of inflation and post-inflationary particle production
following the classical literature [24, 39, 40, 41]. We describe general advan-
tages of the inflationary models and the idea of slow-roll inflation. Moreover,
we look more carefully at the main stages of post-inflationary production:
reheating and preheating.

e We develop the method used in the case of massless background to include
massive background neglecting quantum corrections (the framework including
them is the subject of Chapter 5). Obtained results are consistent with the
literature.



Chapter 5

Particle production in interacting
theory for massive background

field

Usually preheating is considered to proceed because of the direct coupling be-
tween the inflaton and other fields, whose production affects inflaton’s mass term
but it is not always the case - it is possible to observe successful particle production
even without the direct coupling, see Chapter 3. In our analysis there we prove that
production of such light states can be abundant, even if they are massless, because
of the quantum corrections.

In general, it is important to investigate carefully the role of light fields present
in the model in the course of preheating. It has been proven that their influence on
the process of particle production and energy transfer is of high importance during
[52, 53, 54] and after inflation for instance for multi-field inflation models and for
curvaton scenarios [55, 56, 57].

Our goal in this Chapter is to develop the results from Chapter 3 in the pre-
heating scenarios with additional light sector. There is one fundamental difference
between these two analyses - our previous results possess some artificial infinite
growth coming from the approximation by asymptotic field, which we want to avoid
now using the theory of interacting field.

5.1 Theory of interacting field

Usually defined occupation number operator Ny = aLak assumes that produced
states can be treated as free fields, see Section 2.4, so their equations of motion
are linear. But what is interesting from our point of view happens when this lin-
earity gets spoiled, which corresponds to the interactions between particles, and
non-perturbative effects become important. In such a case we need to define num-
ber operator in a proper way using the theory of interacting fields, which takes into
account all these non-linear effects. In this Section we focus on the case of the scalar
field as it is useful for our further analysis, for the fermionic case see Appendix C.
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5.1.1 Real scalar field

Our starting point is the Lagrangian (2.4.1) with the general potential V' de-
scribing all the interactions

L= ;(&b)z - ;mgqﬁz — Vo, (other fields)], (5.1.1)

where myg is a bare mass of ¢. Equation of motion reads then
oV
9¢

where M denotes the physical mass that in general can be time-dependent! and
should be a complex number, while

0=(?+mdp+ == (*+ M)+ J, (5.1.2)

oV
J = (mj— M* — 5.1.3
(m§ = Mo+ 5 (513)
stands for the source term that could be an operator. Its solution is the Yang-
Feldman equation (see Appendix A)

20

olw) = 6V(x) — [ d'yild(x), 6 ()] (y). (5.14)

t

where ¢()(z) is an asymptotic free field defined at 2° = t. When ¢ does not carry
a vev, (0*| ¢ ]0*) = (¢) = 0, this asymptotic field can be decomposed into modes

Pk ex .
6O (z) = / (%)3@@“ (60a) + 60 (5.1.5)

fulfilling harmonic oscillator equation with w? = k% + M?2.

From (5.1.4) we can infer the relation between two asymptotic fields defined at
times 2 =t and 2% = ™

6O () = ¢ (z) — / d'y o™ (x), 8" (1)) (9), (5.1.6)

where we introduce the notation ¢™(z) = ¢ (z). Its inner product with the mode
function, (gzﬁ(t), gzﬁ,(f)), results in the Bogoliubov transformation that reads [16]

t
o) = auap + B — [ dyilal + B oWIG) (517

tin

with the Bogoliubov coefficients defined as

g, = ap(t, ") = (61, o), (5.1.8)
B = Brlt, ™) = (6, 1) (5.1.9)

'In principle physical mass M can depend both on time and space coordinates but we focus on
its time-dependence as it is a more common case in cosmological considerations and it is simpler
at the same time.
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For the wave function it means that

) = s — Broes. (5.1.10)

Corresponding Hamiltonian
3. [Lio 1 2 1 9
H:/dxbgb +5 (Vo) + mie +V} (5.1.11)

in terms of the field ¢®(z) defined by (5.1.6) gains a very complicated structure,
see Appendix D, which simplifies when the Bogoliubov coefficients are of the form:

QIII

Ock-(t) o + 5 (5.1.12)
A}Cn* Q}gn 1
£ = ok _ = 5.1.13
ﬁkz( ) ‘A}cn’ 2w 92’ ( )
where?
A= m>2 +wz< w- (5.1.15)

Hamiltonian can be diagonalized in the kinetic terms then and reads

d’k ®OF @) 1 3 3 3 m2 2\ 42

Second integral describes the effective potential and the term with Dirac delta cor-
responds to the zero-point energy in our theory, which means that the operator

Ni(t) = a{""al? (5.1.17)

is actually the number operator. Note that these are not the same creation and
annihilation operators as in the free field theory but the ones defined by (5.1.7),
which implies that

Nult) = 5o (Sl + bl + 5 (S — o) = 5 [N (0 + N 0]
(5.1.18)

Here N (t) = al(f) ali):lza(q{T ( L, N, denotes a total and N, a net number of particles
with momentum between k and k and hat denotes the Fourier transformation

hu(t) = / Bre %1, x). (5.1.19)

2Functions Q" and A" are related by the condition:

O~ AP = o,
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Side note: Energy budget in a classical system
Classically the total Hamiltonian of the system, i, can be described as
H=NE+ Vg + Vg, (5.1.20)

where Vg an effective potential, Vy a zero-point energy, F is a one-particle
energy and N number of particles.

Actual expressions for N (t) read

1 AL A e A
MW = - <¢>L¢k - w2¢L¢k) — (27)*8%(k = 0), (5.1.21)
Nic(8) = i (Blon - ol ) + (2m8%(k = 0), (5.1.22)
where the zero point term represents the volume of the system

(27)?8% (k = 0) = / P |y = / &r =V, (5.1.23)

Thus, final occupation numbers are of the form

N 1 /1 2 4 RPN
e = T; = o (V¢L¢k +w V¢1T<¢k> - L (5.1.24)
A I N
Ny = T}{ =1 <V¢1T<¢k - V¢L¢k) + 1, (5.1.25)
1 /1 22 1 s~ T (1 A 1 444
me= g (V¢L¢k + wjp - V¢L¢k> +5 (V¢L¢k - V¢L¢k> . (5.1.26)

Thus far we assumed that ¢ does not have a vev. If it is not a case and
() = (0] ¢ |0™) # 0 the Yang-Feldman equation for a real scalar changes to

20

B(a) = (6™(2)) +6"(2) = [ d'yild™(@), 6" ()] (y) =

tas

20

= (¢(x)) +6™(x) — /d4yi[¢3as($),¢3as(y)] () = {Jw)),  (5.1.27)

taS

where we divide the asymptotic field ¢* into the background (»*) and the quantum
fluctuation ¢* ((¢*) = 0), which in turn can be decomposed into modes

Jas d3k ik-x as _as asx _as
é (x):/(%)gek (daie + g a™)) . (5.1.28)
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Note that (5.1.27) can be rewritten as

+ | 6%(@) = [ dyild™(@). ¢~ w)] () — (T +

= [ dyild=(@), )] ()~ ). (5.1.20)

t

which implies that

(@) = (69()) = §™(a /ﬁwzws»éwmuﬂw—wﬂw» (5.1.30)

and results in the Bogoliubov transformation of the form

af) — (al) = an(t)a + B(t)a™] (5.1.31)

—/d4yz aie + Br(t)a’, 6™ ()] (T (y) — (J(¥))) -

So the overall difference between the cases with and without the vev is the following
shift: ag) — al(f) — (ag) ) and J — J — (J), while the final results are the same. For
details see Appendix D.

5.1.2 Complex scalar field

When ¢ is a complex scalar there are a few changes in the previous reasoning
but the overall result for (5.1.21) and (5.1.22) stays the same. We start with the
Lagrangian

= 00" — m3lo* — Vg, ¢1] (5.1.32)

with the corresponding equation of motion

0= (0" +m3)p+ 2}; (0% + M*)p + JT, (5.1.33)
where again M can depend on time and
ov
T = 1.34
T = (= M0+ 5o (5134
Yang-Feldman equation slightly changes its form
olw) = 0(w) — [ dyilo (), 6V () (v), (5.1.35)
t
where
(b(t)(x) _ / d’k pikx (¢() + ¢ ( ) (5 1 36)
(2m)3 BT o

and b(_tf denotes a creation operator for an anti-state.



90 Particle production in interacting theory for massive background field

Bogoliubov transformation reads now
. : t . : .
0 = ap(t)a + Bp(t)b" — / d*y ifa(t)ai + Br(t)b2L ™ (1)1 (y), (5.1.37)
. : t . : .
D = Bi(t)aid + (" — [ dlyilB(@)a + af(D"L, 6" (u)]T(4)(5.1.38)

where the Bogoliubov coefficients are still defined by (5.1.8) and (5.1.9) and can be
chosen as before, (5.1.12) and (5.1.13), to diagonalize the Hamiltonian

= /d% (I6(t,x)1” + [Vo(t, %) > + mi|(t, x)* + V(t,x)) = (5.1.39)

&k
(2ﬂ)3wk(t (" a) + 6401 + / d*x [(md — M?)é(t,x) + V(t,x)] .

Previous Ni(t) becomes Ni(t) = afj”afj’ + b(_t{:b(_ti{ now but it does not change
the final number of produced states in comparison with the case of real scalar.

5.2 Numerical results for multi-scalar systems

In each particular model we are in the end interested in time-dependence of the
background (inflaton) and evolution of particle number density for all considered

species
B d®k (Ny) B d3k
n(t)—/(%r)g > _/(%)3% (5.2.1)

where V' is the volume of the system and ny the distribution.

In our numerical analysis we follow the procedure described in the previous Sec-
tion - we consider some time range and solve equations of motion for all the states
for the initial time calculating also their number density. We repeat this step for
slightly later time but now taking into account the backreaction of previously pro-
duced states on the evolution of the background and all the species coming from the
induced potential connected with the non-zero energy density. Iteratively we reach
the final time.

However, there is an important subtlety in this calculation, which can be pre-
sented based on the real scalar case. Time evolution of all the distributions there is
determined by time evolution of bilinear products of field operators: <¢L¢k>, <¢L¢k)

and (éi([ﬁk), whose equations of motion read

| (B = (Dhdn) + (B, (5:22)
(Bl = (Ghon) + (B = (Blon) — wRdld) - B, (5:23)
(B = (6hon) + (0hon) = —wE((Bhd) + (Blow)) — (Gl) — (How(5.2.9

Physical mass of ¢ is of the form

0= (dfJ) = (m* — M?) (L) + / dBpe—ikx <$Ld‘2$)> (5.2.5)
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in order to compensate the infinite part of mass correction.

In the following Subsections we present our numerical results for some specific
models.

5.2.1 Two-scalar system
As the first application we consider a simple theory of two scalar fields ¢ and y

1 1 1 1 1
= 5(00)" + 5(0x)° = 5mgd” — gmix” — 29°0°X, (5.2.6)
which is important because it can be compared with other methods present in the
literature. In this system we have the field ¢ being the inflaton with time-varying
vev (0] ¢ |0™) = (¢(t)) and another field y with vanishing vev, for instance some
mediator between the inflaton and the SM. We assume that inflaton is much heavier
than the other field, my > m,.

Asymptotically quantum effects can be neglected and the vacuum solution for
(5.2.6) is linear in time

(@) = vt + ip, (5.2.7)

where v is a velocity in the ¢-space and p an impact parameter. For the description
of particle production in such a case with asymptotic approximation see Chapter 3.

In the two-scalar system number operators are of the form:

VG0 = o (A didln) v 528
N (8) =i (&quék - $L$k> +V (5.2.9)
(5.2.10)
for ¢ and
Nl () = wlxk (o + whixdon) = V. (5.2.11)
NS @) =i (xloac — o) +V (5.2.12)

for x, where ¢ = ¢ — (¢). We can rewrite their form to

‘1/N( (t) = Agk + Box, (5.2.13)
‘1/N¢();)(t) = Cyx + Cly, (5.2.14)
‘1/]\7)((}:)( t) = Ay + By (5.2.15)
VNXk (t) = Chac + Cy, (5.2.16)
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introducing a new set of operators?

1 1 == 1
Ag = —  —dl oy — = 2.21
= o Kk~ 5 (5.2.21)

1 ~+ = 1
B¢k = V : W¢k¢k¢k - 5, (5222)

1 o~ 1

Cox = 17 ibkow + 2 (5.2.23)

1 1 1
A = — . — iy .2.24
we = g0 Nk~ 5 (5.2.24)

1 i 1
Bxk = V *Wyk XkXk — 57 (5225)

1 .. 1
Cac= 17 XX + 5 (5.2.26)
Using the approximation
(GhxXp Xz ) = (D) (o1 xpa) + O(9%) = 0+ O(g°), (5.2.27)
<¢L¢P1XP2XP3 > - <¢L¢p1 > <XP2XP3> + 0(92) (5'2'28)
and momentum conservation*
2~ 1 2y~
(kdps) = 77 (2m)°0°(k = p1) (diuc) (52:32)
1

(Xp2Xps) = 37+ (27)°0°(P2 + Ps) (X Xps ) » (5.2.33)

we can obtain time derivatives of new operators, see Appendix E, and equation of

3Their vevs vanish for WKB type solutions

Sre(2” = 1) = G2 (a” = 1) = gitall + gra™], (5.2.17)
Xie(2® = 1) = X2 (a® = ) = x{Pal + xia™], (5.2.18)
where

1 a’
(1) ~ ———exp —i/ dt'wer(t) ], (5.2.19)

2&)¢k (.’ﬂo) tin

. 1 a’
X2 (2%) ~ ———exp —i/ dt'wy ()] - (5.2.20)

2wy (zV) fin

“Momentum conservation indicates that for instance

(X[ Xpr) = Cp(2m)*0%(p — D), (5.2.29)

where Cp, is some numerical factor. For p’ = p:
Xp) =V -Cp (5.2.30)

and thus
Xp). (5.2.31)
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motion for the background

. . Pp 1 1
0= (6} + M0+ ()~ (6) + (md 4 30 [ 5ot (1Bwd 4 3) ) @
X
(5.2.34)
both up to the order O(g?).
Choosing the physical masses as
1 d’p (Byp)
M2 =m2 4 - 2/ xp 9
=M+ 359 (27r)3 ka , (5.2.35)
1
2 _ 2, - <i>p
M =m; + 2g w¢k (5.2.36)

simplifies the final differential equation we need to solve deleting the source terms,
see Appendix E.

Finally, we obtain the formulas for the physical masses

M2 /( [ i tp) — ] (5.2.37)

2Wyp

d3 ~y A
MQ—mw;g 07+ 36 [ s [P - | G239

and the set of differential equations
0= () + M(e), ( )
(95 o) = (¢>k¢k> + (D), ( )
) = (Gln) — w2, ( )
(Ghn) = ~wBi(0hdne) + (DLon)). (5.2.42)
(i) = (W) + (R, ( )
<>2L>Zk> = <>2Tk)2k> - Wik@?b%k% ( )
(o) = —wip (X + (R, ( )
whose solutions put into (5.2.
duced states.

8)-(5.2.12) allow to compute number densities of pro-

Figure 5.1 presents our numerical results for the two-scalar system for some cho-
sen values of free parameters. We can see that both species, ¢ and Yy, are produced
and abundance of the lighter states is greater as it is easier to produce them. More-
over, for some specific choices of parameters energy transfer between the background
and the particles associated with inflaton, ¢, is that small they can be even neglected
in the general picture.

Our numerical results presented in Figure 5.1 are consistent with the analytical
predictions from [24]. From their estimation of the number density of produced x
particles we can infer

1

o (gmg(6(0)))** ~ 4 x 107° (5.2.46)

n(D ~
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6.%x10%

Figure 5.1: Time evolution of number density of produced states for ¢ = 0.1,
my = 0.001, ¢ (t= 0) =1, ¢(t = 0) = 0 in the system with two scalars. Chosen
values of parameters correspond to mg ~ 5 x 10 GeV and ¢(t = 0) = 0.04Mpy,
where Mp; denotes the Planck mass.

Besides, it is difficult to describe analytically the indirect production of states like ¢.

We are also in agreement with [49] and their expression for the number density
of produced states
B o0 g1 (B)P 1
nG ~n® .3 (2) 7 (5.2.47)
where j denotes the number of oscillations. Based on the Figure 5.1 we can take
j ~ 10, which according to the above formula corresponds to

39
n(0) ”S) o5~ 25.103 (5.2.48)

X
and is consistent with our results. We can also notice that oscillations cease around

1 . ,
the time when §m§>(¢j)2 ~ pgg) ~ g(qﬁj)ngj).

Produced states are not in thermal equilibrium but we can estimate some max-
imal reheating temperature

1/4
30pR> (5.2.49)

under the assumption that all the energy from the background is transferred to the
light sector. These light states interact then with each other, and maybe with some
other particles neglected in our simple Lagrangian, gaining thermal distribution in
the end. In the formula above pr denotes energy density of the relativistic particles
and g. ~ O(10%) the number of relativistic degrees of freedom. The values of the
couplings we consider are big enough to use the relation p = mn for the energy
density, while the mass of x is chosen as in Table 5.1. Thus, our final results for
TR are also presented in Table 5.1.
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’ My ‘ Px ‘ TR ‘
125 1076 1.3-1072
700 | 5.7-1076 ] 2.1072

Table 5.1: Maximal reheating temperature and energy density of produced states
for two reasonable choices of y mass, both in GeV. Number densities correspond to
Figure 5.1: ngy ~ 3.96 - 1072 GeV and n, =~ 8.2-107% GeV, and we assume that
me = 1016 GeV.

5.2.2 System with the additional light sector

It is often in the analysis of preheating that the light fields not coupled directly to
the inflaton are not taken into account. But it turns out that their presence can affect
the features of preheating as they may be produced abundantly via interactions with
some field directly coupled to the background, which is produced through parametric
resonance. We can realize this scenario by adding to (5.2.6) a sector of very light
fields &, (mg > m,,me) not coupled to ¢ and the time-varying background (¢) at
the tree-level

£=1<a¢>2 S(0x7 —3m¢¢2—1m2 P ety

Z (06, — 3 gmiet ~ Y- szx%n. (5.2.50)

n

Other fields, x and &,, do not have a vev and they are produced in two ways - x
resonantly and &, via the interactions with y.

Up to the fourth order in couplings the physical mass of &, reads

1 dp (1
2 _ 2, .2 S et
Mg =myg + 5Y / ok <V<Xpo> > + Oy, v*g%, g%). (5.2.51)

2Wyp

Indeed, we notice that &, can affect the background through the operator <XI)XP> in
their mass term.

Results for only one additional field £ are presented in Figure 5.2. In fact, we
notice that all the states are produced effectively here, even & due to enhanced back-
reaction effects related to the strong coupling. However, parameters are chosen in
this figure in such a way we can observe quenching of the preheating - energy trans-
fer stops when the final number density of £ is comparable to the one for x, nge ~ n,.

Our expectation is that the energy transfer would be the most effective towards
very light £, fields and the more £, we have, the more energy is transferred there.
Nothing could be more wrong. We can infer from the Figure 5.3 that the more light
species are present in the system, the larger the final value of |(¢)| we obtain, which
means smaller energy transfer that could be even terminated. The reason is the
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1078} .

S 108
2 ,
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0. 2.x10% 4.%x10* 6.x10%

0. 2.x10% 4.x10* 6.x 10*
t

Figure 5.2: Behaviour of the number density of produced states (top) and the back-
ground (bottom) in the system with additional light sector for g = 0.1, y =1, n =1,
mg = 0.001, p(t =0) =1, ¢p(t =0) = 0.

form of x’s physical mass

o2y Lon Lo dp (150 1
Mz = w4 507+ 50 [ ot (e - o) +
+= y22< (€l Enp) — >+0(y4,y2g2,g4), (5.2.52)
n &p

which translates into
1 1 d3p 1 1 1 1 1
M2~ m? 4 —o? 272/ 2N 19 ~(N®)
R 590+ 59 (2w)32w¢pv< ORS 2 npv< o) ) T

+0(y", v?9%, %), (5.2.53)

using the approximation Xp ~ —inpo for X = ¢,&,. Once ¢ and &, are pro-
duced they automatically affect x’s effective mass making it bigger and as a result
X particle production area becomes smaller. Production of yx is then suppressed,
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which means that too big production of states not coupled to the background, &,,
damps the production of particles directly coupled to the background, y.

Kl

O.OV L L L L L
0. 1.x10* 2.x10* 3.x10* 4.x10* 5.x10*

Figure 5.3: Envelope function of the time-dependence of the background (¢) for
g=01y=1 my=0.001, ¢(t =0) =1, ¢(t = 0) = 0 for different numbers of
light fields &,: n € {1,2,5,7}.

Above mass corrections correspond to the square of so-called plasma frequency,
which is a critical value settling if the wave of y particles can enter X’s plasma or
not. If X particles possess masses big enough,

43 N(+)
/ p N ) onx (5.2.54)
(271')3 QWXPV MX
Furthermore, for the thermal distribution for massless states®
1 1
(H)y _

it corresponds to the thermal mass that reads

Bp (1 40 4 1 T?
SUXTX Y ) o
/(2#)3 <V< p ) 2wxp> 6

Assuming that x or £ is the Higgs field means that Higgs is the mediator or the
light field in the scenario at hand. Table 5.2 gathers the maximal reheating temper-
ature and energy densities for each state as for the two-scalar system. Comparing
it with the Table 5.1 proves that adding the light sector rises Tp®* lowering the
number density of ¢ particles.

5Factor 2 results from the existence of states with k and —k momenta.
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lmy [me | ne [ pe | pe | TE™ ]
1251100 | 1.21-10°[1.24-103 [ 1.21-102 ] 0.93- 1071
700 [ 125 | 1.21-107° | 6.94-1073 | 1.51-1073 | 1.26 - 10!

Table 5.2: Maximal reheating temperature and energy density of produced states for
two reasonable choices of y and & mass, both in GeV. Number densities correspond
to Figure 5.2: ng ~ 1.82-107? GeV and n, ~ 9.91- 1075 GeV, and we assume that
me = 1016 GeV.

5.3 Discussion

5.3.1 Role of the couplings

Both couplings, g and y, affect the details of particle production in different way,
because their role in the model is different - g couples y to ¢ and the background
(@), while y couples the light sector &, to x.

Figure 5.4 presents what happens with the features of preheating if we change
the coupling y with fixed g. We can see that the initial stage of particle production
of x and ¢ states is not sensitive to the change of y, only the final abundance of
these states responses to its variation - the bigger y is, the smaller abundance we
observe. Behaviour of &,’s production differs as both initial and final stages are
affected by the change of y. In Figure 5.5 we can see that the bigger the value of y
is, the higher abundance of £ we end up with and that the energy transfer is more
effective as the value of y decreases.

’ produced states \ varying g \ varying y ‘
X, @ both initial and final stages does not influence the initial stage
are strongly influenced: of preheating but
gt & ngtin,? influences the final n, and ng:

final final
yt e il gl |

gt & n™]

&n both initial and final stages both initial and final stages
are strongly influenced are strongly influenced
91 & net yT & nf™e

’ energy transfer ‘ g T< energy transfer from (¢) 1 ‘ y 1< energy transfer from (¢) | ‘

Table 5.3: Influence of the value of couplings g and y on the details of the production
of all the species and the energy transfer.

Greater g corresponds to the bigger production of y and ¢ on both stages, which
is in agreement with intuition - ¢ controls ¢’s mass term and thus influence the
production of x via parametric resonance. In the case of £ initial growth of number
density is stronger when g is bigger, but the final value of its number density, ngnal,

behaves in an opposite way. Also the energy transfer from the background is more
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effective as g gets bigger.

Particular values of these two parameters also play significant role in obtaining
n?nal ~ ninal, which states the condition for quenching preheating.

1073

A AR o
’vgV,q.l\A.\\\,\’v1AW\\fﬂ{‘ﬂﬂ‘gﬁ?ﬂ.ﬂ&\y};}w#;‘w«v}:
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nX(t)

10—8,

10—9,

n?(t)

10—]0,
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10—7,

né(t)

10—9,

10—11,

10—13

Figure 5.4: Number density of produced states x, ¢ and ¢ for g = 0.1, n = 1,
my = 0.001, ¢(t =0) =1, ¢(t = 0) = 0 and different values of y coupling. For the
values y = 0.7 and y = 1 we observe quenching of the energy transfer.
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()]
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Figure 5.5: Envelope of the time evolution of the background (¢) for g = 0.1, n = 1,
my = 0.001, ¢(t =0) =1, ¢(t = 0) = 0 and different values of y coupling. For the
values y = 0.7 and y = 1 we observe quenching of the energy transfer.

old method new method
S. Enomoto, O. Fuksinska, Z. Lalak: 1412.7442 | O. Czerwinska, S. Enomoto, Z. Lalak: 1701.00015
massless background massive background
asymptotic approximation interacting field theory
secularity for massless states no secularity

Table 5.4: Comparison between the old and new methods of describing particle
production used in this dissertation. New denotes the interacting theory described
here and old - asymptotic approximation presented in [16] and Chapter 3.

5.3.2 Secularity - comparison with our previous work

Our results from Chapter 3 show that the production of particles not directly
connected to the source can be abundant due to quantum corrections (secondary
effect). However, it seems to include some artificial behaviour at the late stages of
the resonant particle production as we observe linear or even quadratic growth of
number densities of massless particles resulting in their infinite production. This
effect is known as secular growth and comes from an inappropriate perturbative
expansion, even in presence of weak coupling. In general it is not very difficult to
overcome this minor inaccuracy and there are a lot of ways to improve one’s calcu-
lation as long as the condition of universality is fulfilled - late-time behaviour has
to be insensitive to the chosen initial conditions.

Our previous approach assumed that to obtain number densities of produced
states solutions should be expanded around asymptotic free fields. In order to avoid
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such secularity perturbative expansion has to be applied not to solutions but to
equations of motion [58] and non-linear effects without any significant approxima-
tions have to be included for the sake of universality. This secularity is caused by
time integral of the interaction effects with the Green functions - at the late stages
particle production is overestimated because it complies "inverse decay" processes.
To improve our framework we need to represent the number densities by the original
interacting fields, not by the asymptotic ones, and take into account mass correc-
tions as we do in this chapter. Notwithstanding, the results possessing secularity
are still applicable for the early stages of particle production.

n(t)

2.x10% 3.x10%

t
¥ (new) n¥(old)
rrrrrrrr nf(new) - n?(old)
1.0p
0.8
_ 0.6]
s i
0.4r
0.2t
0.0k ! : \
0. 1.x10% 2.x10% 3.x10%
t
— new —— old

Figure 5.6: Time evolution of number density of produced states (top) and the back-
ground (¢) (bottom) for a new and old methods for g = 1, my, = 0.001, ¢(t = 0) = 1,
é(t = 0) = 0. New denotes the interacting theory described here and old - asymp-
totic approximation presented in [16] and Chapter 3.
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In the Figure 5.6 we compare these two methods for the Lagrangian (5.2.6).

5.3.3 Instant preheating

On first sight it seems that our considerations may be similar to the process of
instant preheating [42] but it is not the case. In the instant preheating scenario the
system consists of three fields - background ¢, y interacting with the background
and some other field ¢ not coupled to ¢. It is based on the assumption that y
particles produced within one-time oscillation of ¢ field decay instantly to v before
the next oscillation of ¢ begins. So as in our case v particles can be also produced
even though there is no direct interaction between ¢ and v, but the mechanism of
production is different - decay instead of quantum corrections, and quenching of
preheating originates in the rapid decay not in a plasma gas effect.

Table 5.5 compares our work with instant preheating in a very general way.

’ \ our work \ instant preheating
inflaton’s behaviour oscillations no oscillations
mechanism of production | quantum corrections decay
origin of the quenching backreaction rapid decay

Table 5.5: Brief comparison between instant preheating and our considerations.
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Summary of the chapter

e We develop the results from Chapter 3 in two preheating scenarios with fields
coupled indirectly to the background, two-scalar system and system with ad-
ditional light sector, using the theory of interacting field.

e We investigate the role of the couplings in these models discussing the con-
ditions for obtaining successful quenching of the energy transfer between the
background and the dynamical sector.

e We discuss the profits of using theory of interacting field, which allows to avoid
artificial infinite growth coming from the approximation by asymptotic field
seen before.

e We compare our analysis with instant preheating, which artificially seems to
be related.



Chapter 6

Gravitational reheating and its
cosmological consequences

Cosmological inflation is usually realized by assuming some couplings between
the inflaton and matter fields to obtain a proper reheating scenario. However, when
these couplings are strong, it may lead to non-trivial loop corrections to inflationary
potential, which in principle may spoil its flatness ruining the very basis of the in-
flationary concept. In consequence, this could even spoil the predictions of inflation
[59].

This motivates the studies of alternative models of reheating with gravitational
reheating, which is another example of particle production in the time-dependent
background, as a prime example. In this scenario post-inflationary production of
particles proceeds only due to gravitational interactions [6, 60, 61, 62, 63, 64].

In particular it is interesting to consider instant transition between de-Sitter evo-
lution and a decelerating universe, which produces quantum modes of scalar fields
capable of dominating the Universe and increasing its temperature sufficiently at
some point. Moreover, in this scenario the inflaton does not need to be coupled to
any Standard Model degree of freedom and therefore it may be a part of a dark
sector, which can combine several cosmological open questions - inflation, dark mat-
ter (DM) and dark energy (DE) - at once. In our study we exploit this scenario to
investigate its possible phenomenological consequences regardless of the particular
structure of the dark and inflationary sector. We introduce a dark inflaton as it
couples to SM only gravitationally and is a component of the dark sector. Our dark
inflation is followed by the domination of a perfect fluid with a barotropic parameter
w and then by the usual radiation and matter domination.

There is one other important reason to study gravitational particle production
- the uncertainty in the thermal history of the Universe excludes the precise calcu-
lation of the exact moment of the horizon crossing of the pivot scale [65, 66]. The
number of e-folds before the end of inflation at the pivot scale horizon crossing, N,
depends on the energy scale at which radiation starts to dominate, p;,, which can
vary from py, ~ penq (an instant reheating scenario) to py, ~ MeV* (radiation has
to dominate before the Big Bang Nucleosynthesis'). This ambiguity significantly

IThis condition is the most stringent current experimental constraint on the temperature of
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affects N, and therefore also the predictions of inflationary models. In the dark
inflationary scenario reheating temperature is a precise function of inflationary pa-
rameters, such as scale of inflation and the post-inflationary equation of state, which
makes the results more precise.

Moreover, an attractive feature of the dark inflationary scenario is its simplicity.
Most reheating mechanisms require the existence of additional couplings between
the inflaton and matter fields, while gravitational particle production always occurs,
with or without them, at the end of inflation, regardless of the form of the infla-
tionary potential. Therefore dark inflation can decrease the amount of new physics
needed in order to explain the matter content of the present Universe.

In this chapter we use the convention 87G = MP_Q, where M, = 2.435 x 10'®
GeV is the reduced Planck mass.

6.1 Dark inflation with gravitational reheating

In order to investigate the gravitational particle production during the transition
era between the de-Sitter expansion, which is a good approximation of the cosmic
inflation era, and a decelerating universe we consider the evolution of the inflaton
and a scale factor as a function of a conformal time 7.

As shown in [6], the energy density of radiation generated by gravitational par-
ticle production for the inflaton minimally coupled to gravity is equal to

H'4f Aend 4
= i I, 6.1.1
P 1287r2< a ) (6.1.1)

where Hi,¢ is the value of the Hubble parameter at the plateau and a.,q is the value
of the scale factor at the and of inflation. Integral [ is defined by

T

I= / dxy / dxslog(|zy — 33'2’) (xl) d‘c/l(x?) : (6.1.2)
Vi) = Lol 2l (6.13)
f(Hingn) = a*(n), (6.1.4)

d
df' The upper limit for the
x

integration of I corresponds to the moment when V < 1 and the notion of particle
is well-defined at all times.

where V' is a rescaled Ricci scalar, x = Hia and f, =

Gravitational particle production rate can be estimated analytically by investi-
gating the instant transition between de-Sitter universe and a decelerating solution,
for instance radiation domination [6] or domination of the kinetic energy of a free

reheating. BBN occurs at the MeV scale [67] and the exact temperature varies from 0.7MeV to
5MeV[68, 69].
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scalar field [60]. Our analysis is more general as we assume that the decelerating
universe is filled with any perfect fluid with a constant barotropic parameter w and
thus we can describe the evolution of f(x) in the following way

x—lg r < —1, de Sitter
f(x) =< ag+ a1z + asx® + azz’ —1 <2z < xy— 1, transition (6.1.5)
bo(bl%—x)ﬁ xo — 1 < x, general w # —1/3

where z( is the transition time between the de-Sitter and decelerating solutions.

Side note: Scale factor in the universe filled with perfect fluid
in terms of conformal time

The scale factor in terms of conformal time reads:

2
a(1) = ao (1 + 3:251:) (7% — 1)) S for w # —% | (6.0.6)
a(n) = agexp %—1 forw:—%

with ag, to and 7y describing chosen initial conditions.

For the de Sitter phase w is equal to —1 and the Hubble parameter is constant
H = H;y,y, so the evolution of the scale factor in terms of cosmic and conformal
time can be expressed as:

a(t) = ageflnt(t=t0), (6.1.7)

Qo
— 6.1.8
1 — aoHine(n — 10) ( )

a(n)

with o, 79 and ag being the constants of integration again.

Our a; and b; coefficients can be calculated using continuity conditions for f(z),
f'(x) and f"(z) at © = —1 and x = z¢ — 1, which makes the Ricci scalar continuous
throughout the whole period. We assume that the transition under consideration
occurs within the Hubble time, which means zy < 1 and it follows that:

1+w

ap = i (29 — 8w+ 3u?) — Tt (6.1.9)

a = i (437 — 8w+ 3w2> _ 312;“’ , (6.1.10)

ay = Z (9 - 8w+ 3u?) —3121:”, (6.1.11)

as = le (5 — 8w + 3w2) - 12—;:) ; (6.1.12)
__4

by = (1 +23w> - (6.1.13)

b= 2w (6.1.14)

143w
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For the w = —1/3 case after the transition (z > xy — 1) f(x) = bpexp(byz — 1) for
and the continuity conditions imply that by = 1/2 and by = 2 up to O(zy) terms,
while a; coefficients stay the same as for w # —1/3.

The biggest contribution to I comes from integration around the transition time,
for x € (zg — 1, —1), so it can be estimated by

I ~9(w+1)*log (1) : (6.1.15)

Zo

The hitherto results are fully consistent with [6, 60].

Interesting is also to consider the transition between two de Sitter space-times
with different values of Hiy¢ (two subsequent inflationary events at different energy
scales) for which f = by/(z +b1)? for & > o — 1. It turns out that the a; coefficients
satisfy (6.1.9)-(6.1.12), which means there is no x5 ' term corresponding to I oc 2
for such a case resulting in a strong suppression of particle production, since we
assume g << 1.

Following (6.1.1) the energy density of radiation produced at the end of the dark
inflation can be estimated as

Nug(1+w)? [aona\* . /1
gy o gt ONer(1F) <“ d) log <> (6.1.16)

! 12872 a T

where N.g denotes number of scalar species produced gravitationall for an infla-
ton minimally coupled to gravity?. Non-minimal coupling results in an additional
numerical coefficient in (6.1.16) that is absorbed into Neg. We want to keep our
considerations as model-independent as possible so we simply include a wide range
of possible values of Nog and show the consequences of each choice. For example,
in a specific case of a scalar-tensor theory with a non-minimal coupling of the form
£¢*R we would have Nog = N(1 — 6£)?. Thus, the gravitational particle produc-
tion can be strongly suppressed by the non-minimal coupling close to the conformal
value. The log(1/x¢) term should be of order of unity [6] and it is neglected in the
further part of this analysis.

As gravitational particle production is highly inefficient in comparison with most
of the other mechanisms of reheating [60], dark inflation leads to the universe ini-
tially dominated by the inflaton field which needs to be taken care of in order to
end up with the viable thermal history of the Universe. In such a case to obtain
a proper radiation-domination (RD), which is necessary at least during the BBN
era, we need the energy density of the inflaton redshifting faster than radiation after
inflation. This means that dark inflation changes the thermal history of the Universe
by introducing a long period of inflaton domination in the post-inflationary era but
before RD. We assume that the inflaton field may be treated as a perfect fluid with
constant barotropic parameter w and we limit ourselves to w €]1/3,1] due to the
presumption about its redshift.

2Both fermions and vectors may be also produced during the transition between two gravita-
tional vacua but energy densities related to them are too small to significantly contribute to the
reheating of the Universe.
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6.1.1 Inflationary parameters

The universe does not reheat at once when radiation is produced but when it
stars to dominate the energy density of the universe, which means that the reheating
temperature T fulfils the condition p, = py. It gives us the expression for the energy
density of inflaton

aend)3(1+w) (6 1 17)

po = SHEM (“2

where acnq is the scale factor at the end of inflation. Combining (6.1.16) and (6.1.17)
we obtain the scale factor at the moment of reheating

- 12872 M2\ T 6.115)

1

and the radiation energy density at that time

3(w+1)
1282 M2 3wl
=), =3H2 M?> b . 6.1.19
PR P (aR) inf+"p (BNeﬁ'(]. +w>2Hi2nf> ( )
Finally it gives us the reheating temperature
_ 3(14w) 3w+1
Tw [ 90 \Y'/ 128 WG (e B 6..20)
Mp N WQQ*(TR) 3Neff(1 +w)2 Mp 7 -

which is presented as a function of the barotropic parameter w for some particular
values of Hi,r and Neg in Figure 6.1. We can infer from it that reheating temperature
grows with the barotropic parameter for fixed values of Hj,s and Ng - it corresponds
to radiation starting to dominate earlier as the inflaton redshifts away faster.

Successful BBN requires that radiation must dominate the Universe before its
beginning around Ty ~ 1MeV [70, 71], which sets a constraint on the values of Tx
and H;,;. However, radiation domination does not mean that there are no inflaton
remnants present at the MeV scale, so the overall and the usual radiation domination
Hubble parameters read

1 1 1 =2 4

H? = . H = = —g.T 6.1.21
3302 P TP T VLY VX Tk (6.1.21)
Then the upper bound on H from BBN can be expressed as [72, 73]
H\? 7
() <1+ -—AN,, =a~1.038, (6.1.22)
H) |y 437
—<LBBN

where AN, , = 3.28 — 3.046 denotes the difference between the measured value and
SM prediction for the effective number of neutrinos. In terms of the scale factor it
means that

a—lz@

Pr

_ P

T=TgBN Pr

<aBBN>4—3(1+w) _ (aBBN)l—sw (6 . 23)
—GR ar . 1.

T=Tg
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Figure 6.1: Temperature of reheating, Tk, as a function of w for some fixed values
of inflationary scale Hi,¢ with Neg € {1072, 1,100} from top to bottom. Neg = 1072
corresponds to the nearly conformal non-minimal coupling to gravity (§ ~ 1/6),
Neg = 1 to & = 0and N = 1 (SM scenario), while N = 100 matches to the
supersymmetric models with £ = 0.
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We can approximate the energy density of the universe at the moment of BBN by

2

T
%Q* (Tsew) Tipy - (6.1.24)

which combined with (6.1.16) specifies the value of the scale factor then

PBBN ~ pr<aBBN) =

Hit (9Nu(1+w)?)
ABBN = Gend 1/4f < flfég 5 ) > (6.1.25)
PBBN T
All of the above finally results in the limit on the scale of inflation
H (boman)"" (3Nu(1 4+ w)2) o
inf -1 _\3 eff vt
> — 1) 3w-I 6.1.26
i, = @ M, ( 12872 ) » (6126)

preserving the proper BBN, which translates into the analogous constraint on the
temperature of reheating

1

30 1/4 )
TR > | ——= —1)73 T phon - 6.1.27
R Z (WQg*(TR)> (a—1) PBBN ( )

The above limit turns out to be N.g-independent.

Our lower limit on the scale of inflation corresponds to the usual radiation dom-
ination starting slightly above the BBN temperature, see Figure 6.2. In this figure
we can also see that the minimal reheating temperature is a decreasing function of
w as expected - inflaton remaining after the end of inflation needs more time to
redshift away enough for small w. Moreover, there are two constraints included in
this figure. The first one is that the minimal H;,¢ allowed is already higher than the
upper bound from the CMB polarization (Hiyy < HOME = 8.5 x 103 [74]) for lower
values of w, which automatically excludes them. The second one Hi, < Hﬁ?N ,
also present in Figure 6.3, arises from the necessity not to overproduce gravitational
waves (see Section 6.2) as it would contribute to radiation and eventually spoil BBN
predictions.

We can make an interesting observation in the context of the Higgs instabil-
ity [75, 76] analyzing Figure 6.3. For some part of the parameter space obtained
scales of inflation can be smaller than the GUT scale but if they are greater than
the barrier between the electroweak vacuum and the true high energy minimum of
the Higgs potential (Hi,; = 1010 — 102 GeV), the field would be pushed into the
deeper minimum during inflation [77, 78]. This is true assuming that SM is valid
at least up to the instability scale because any physics beyond SM below it would
allow a higher scale of inflation.

Another parameter characterizing the inflationary scenarios that we can limit in
our considerations about the dark inflation is the number of e-folds before the end
of inflation at the pivot scale horizon crossing [65, 66|

k* 1 Vhar 1 Vhor 1 —3w Pth
N, ~ 67 —1 - ~1 1 :
o (aOH(J) N 4 o (M;il> i 4 o8 (pend> " 12<1 + w) o8 (pend

(6.1.28)
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Figure 6.2: The minimal reheating temperature Tk not spoiling the proper BBN
(solid green line) together with Tg corresponding to maximal inflationary scale al-
lowed by CMB polarization data for different values of Nog (Neg = 1072 dot-dashed,
N.g = 1 dashed and N.g = 10? dotted blue lines) and maximal Tk not spoiling the
BBN with overproduction of GWs (N.g = 1072 dot-dashed, Nog = 1 dashed and

Ngg = 10? dotted red lines). The allowed range of reheating temperatures lies
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where k, denotes the pivot scale, agHj is the inverse of the comoving Hubble radius
at present, V. is the value of the inflaton potential at the horizon crossing, penq
is the energy density (energy scale) at the end of inflation, p;, describes the energy
scale at which radiation starts to dominate, while w defines the equation of state
after inflation but before the radiation domination era.

For the dark inflation scenario Vie, ~ pena ~ 3H2; and py, = pgr, which together
with k, = 0.002Mpc~" and p, defined by (6.1.19) results in

1 12872
N, ~ 64.82 + 1 In (Neﬁ‘(l n w)2> : (6.1.29)
This value does not directly depend on Hi,, which reduces its uncertainty as Hi,¢
varies from the GUT scale to the MeV scale in different models of inflation. For
dark inflation N, depends only on two free parameters of the model, namely w and
Neg, and this dependence is logarithmic so it does not influence the change of N,
much, see Figure 6.4. As for the range of these two - w has to be larger than 1/3
in order to provide sufficient redshift of the inflaton after inflation, while N.g may
vary from Neg = 1 for SM minimally coupled gravity to N.g ~ 100 for MSSM. In
the case of non-minimal coupling for the inflaton Neg can acquire even greater values.

There is one subtlety in the reasoning above as the scale of inflation does not
necessarily need to be of the same order of magnitude as pe,q, for example for the
big field models. In case of m2¢? inflation the value of Vj,,, may be two orders of
magnitude bigger than pehq. Even though the large field models are disfavoured by
the data it is interesting to investigate the influence of the hierarchy between V.
and pepg on (6.1.29) and assume the relation penq = (Vior. Then

1 12872 11
N, ~ 6482+ - In (M) + 611%“ log(C) . (6.1.30)
Logarithmic dependence on ¢ means that the deviation from (6.1.29) is not very
strong - for the extreme case with w = 1 and ¢ = 1072 the difference is equal to
—2/3, which is not a very altering correction. Apart from that it seems that ¢ <1
is a grounded assumption for a huge class of inflationary models consistent with
observations, for example Starobinsky inflation, a-attractors or &-attractors.

Another parameter testing the viability of the inflationary model is the tensor-
to-scalar ratio r characterizing the ratio between tensor and scalar power spectrum,
see Section 4.1, which according to the data should be rather small with the present
upper bound r < 0.09 [38]. There is a correspondence between r and the inflationary
scale described by the power spectrum normalization condition

r Hinf 2
= 6.1.31
0.01 (ACOBE) ( )

with Acopg = 2.54 x 1013GeV. Therefore, we can translate our bound on inflationary
scale (6.1.26) to the one on the tensor-to-scalar ratio

r M, 2 1 (lpBBN) v 3N (1 4+ w)?\ 7301
> ( P > (a —1) 301 22 of (6.1.32)
0.01 ~ \Acose M, 12872

p
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Figure 6.4 presents the values of r;, as a function of N and w and shows that dark
inflation is compatible with the experimental data as long as the value of w is not
very small.
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Figure 6.4: The values of N, (left) and 7y, (right) as a function of w for several
values on Ngg listed in the right panel. We can infer from the behaviour of tensor-to-
scalar ratio that most of specific realizations of the inflationary sector can be made
consistent with these constraints as it is natural to obtain r < 0.1 here.

6.2 Gravitational waves

Inflationary scenarios predict also the features of produced background of primor-
dial gravitational waves (GW) represented by the tensor fluctuations of the metric
tensor. They could be observed in the polarization of the CMB and could exclude
or confirm different inflationary models.

For simplicity we assume a scale invariant primordial power spectrum that can
be approximated as in [79] for the dark inflation scenario

2H?
PGV\/(k) — inf

2072’
7TMp

(6.2.1)

but we need its present shape in order to compare it with observations. The present
GW spectrum can be described by [80]
9 mprgw(k),r%(k’,ﬁ)) fOI‘ k’ S k‘R
Qawh(k, ) = 2 , o\ St ,  (6.2.2)
oz Paw ()T (k. 70) () for kg < k < keng

where T#(k, 7o) is the transfer function [81, 82|, kenq is the highest reachable scale
and kg = agrH(ag), which during radiation domination era can be computed us-
ing (6.1.18)-(6.1.21). Behaviour for kg < k < kepg comes from the period of
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w-domination after inflation.

The role of the transfer function is to describe the evolution of GWs in the late
history of the Universe starting from matter domination era. These waves reenter
the horizon at late times and very small scale which corresponds to a very low
frequency f ~ 107'7 — 107!¥ Hz. This sets an upper limit on the inflationary scale
with the current value Hy,y < 8.5 x 10713, However, we are focused in GWs that
reeenter the horizon much earlier - during the domination of inflaton after inflation,
because GWs redshift much slower than the background then, which results in an

enhanced abundance at present. The transfer function reads

301 (k k kO’
T2(k, 1) = Zif)w 1+1.36 (k ) +2.5 <k> , (6.2.3)
eq eq

where €2, is the present matter abundance, ko, corresponds to matter-radiation
equality and ji(z) ~ (v/2z)~! is the spherical Bessel function. Scale k.,g may be
obtained using (6.1.18)-(6.1.21) again

kend a’endH(aend) 1 Pend %_m 1 1287T2M5 %
- N =3 . (6.24)

kJR N CLRH(CLR) N 5 PR 3Neﬂ‘(]_ + ’w)QHian

For dark inflation we observe the increase of GW density Qqwh? for high fre-
quencies, which may have observational consequences in the future. Unfortunately, if
inflaton is minimally coupled to gravity (Neg > 1), it would be impossible to observe
this additional increase in the near future, see Figure 6.5. However, in the case of
non-minimal coupling close to its conformal value (Nqg < 1) this new feature can be
reached by LIGO or future spaced based experiments in coming years, see Figure 6.6.

In our analysis for illustrative purpose we focus on the case with w = 1 as the
effect of the amplification of Qgw due to w-domination period is the strongest here.

As N.g < 1 can be realized by inflaton non-minimally coupled to gravity é¢*R
for £ very close to the conformal value features of GWs signal can not only probe
thermal history of the Universe but also the presence of non-minimal coupling.

In Figures 6.2 and 6.3 we include additional upper bound preserving standard
BBN from the overproduction of GWs. It could be caused by the smaller redshift of
GWs during inflaton dominated period than during radiation domination [61], which
ends up with GWs effectively contributing as extra radiation at BBN. Its present
abundance is limited by observations and, as we can see n Figure 6.2 and 6.3, for big
values of w it constraints the parameter space even more than the usual CMB bound.

Our assumption in this section is that the spectrum of primordial gravitational
waves is completely scale-independent, which seems to be consistent with observa-
tions. Scale dependence is described by the spectral index ny and strongly depends
on the considered inflationary scenario. For the small field models currently favored
by the data ng is small, which corresponds to quasiscale independence. In fact,
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Figure 6.5: Gravitational wave energy density, Qqwh?, for w = N.g = 1 and several
values of Hi,s. The reach of current experiments using BBN data [83, 84], present
and planned LIGO capabilities [85, 86, 87] and European Pulsar Timing Array [88]
is marked. Also planned reach of future experiments LISA (with the most optimistic

configuration A5M5) [82], BBO and DECIGO [89], SKA [90] and CMB polarization
[91, 92] is shown.
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Figure 6.6: Gravitational wave energy density, Qqwh?, for fixed w = 1, several
values of N.g and maximal Hj,r allowed.

non-zero index would not influence the above results much and our analysis stays
as model-independent as it can be.
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Gravitational reheating and its cosmological consequences

Summary of chapter

We introduce the concept of dark inflation driven by a field coupled to the SM
only gravitationally and investigate its cosmological consequences. Such a field
does not fully decay after inflation and can dominate the energy density of the
universe for some time after inflation resulting in the presence of additional
era before RD in the thermal history of the Universe.

We discuss gravitational reheating in this scenario in a very general way re-
gardless of the precise dynamics of the inflationary sector. It is realized by
purely gravitational particle production during the transition between a de-
Sitter inflationary era and a post-inflationary era dominated by a perfect fluid
with some barotropic parameter w. In order to obtain the standard thermal
history at later times energy density of the remaining inflaton has to redshift
faster than radiation, which results in w > 1/3.

We calculate several inflationary parameters - scale of inflation, temperature
of reheating, tensor-to-scalar ratio and number of e-folds - for our model and
describe their meaning for the cosmological predictions. For example, we argue
that N, does not depend strongly on H;,¢ and w being almost constant for all
considered examples, which defines the thermal history of the Universe more
accurately.

We also present experimental bounds on the inflationary scale. There are
two competing upper bounds - the usual one originating in the upper limit on
tensor-to-scalar ratio and the one coming from the demand not to overproduce
gravitational waves during inflaton domination. As for the lower limit on H;,s,

it corresponds to the remaining inflaton redshifting fast enough in order not
to spoil BBN.

We obtain the evolution of the primordial gravitational waves generated during
inflation with an amplification of the signal during the w-domination period.
We discuss the possibility of measuring this effect by the present and forth-
coming experiments focusing on the w = 1 case as it produces the strongest
signal - only in the case of Ngg < 1 their reach includes the region of amplifi-
cation, otherwise signal is strengthened for too high frequencies. N.g < 1 can
be realized by nearly conformal non-minimal coupling to gravity.



Chapter 7

Summary

The aim of this dissertation is to study cosmological particle production in time-
dependent backgrounds. We consider various realisations of this problem starting
from the adiabatic approximation for massless and then massive backgrounds, fol-
lowed by the interacting theory describing the intermediate period of production in
a more accurate way and gravitational reheating with an instant period of particle
creation in the end.

In Chapter 3 we describe the method of calculating number density of the states
produced due to the time-dependence of the background field based on the asymp-
totic approximation of the wave functions and analytic continuation of the time coor-
dinate. We prove that massless states can be produced as abundantly as the massive
ones due to quantum corrections. We extend our method to include fermions of dif-
ferent types (Weyl, Majorana and Dirac) and obtain the general formulae needed for
calculating their final number densities. We introduce the influence of interactions
(quantum corrections) on the process of fermionic production based on the Yang-
Feldman formalism. We apply the whole method to the supersymmetric model with
a single coupling, bosonic and fermionic sector containing both massive and massless
fields. We also compare different possible sources of production (quantum correc-
tions, perturbative production and rotation of the basis), investigate the one-loop
corrections leading to the physical mass and address the issue of the supersymmetry-
breaking terms. We extend our considerations to the supersymmetric model with
two couplings. We show how the expansion of the universe changes our analysis.

In Chapter 4 we introduce the concept of inflation and post-inflationary particle
production following the classical literature [24, 39, 40, 41]. We describe general
advantages of the inflationary models and the idea of slow-roll inflation. Moreover,
we look more carefully at the main stages of post-inflationary production: reheating
and preheating. We develop the method used in the case of massless background to
include massive background neglecting quantum corrections. Obtained results are
consistent with the literature.

In Chapter 5 we develop the results from Chapter 3 in two preheating scenarios
with fields coupled indirectly to the background, two-scalar system and system with
additional light sector, using the theory of interacting fields. We investigate the role
of the couplings in these models discussing the conditions for obtaining successful
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quenching of the energy transfer between the background and the dynamical sector.
We discuss the profits of using theory of interacting field, which allows to avoid
artificial infinite growth coming from the approximation by asymptotic field seen
before. Moreover, we compare our analysis with instant preheating, which turns out
to be related in a sense.

In Chapter 6 we introduce the concept of dark inflation driven by a field coupled
to the SM only gravitationally and investigate its cosmological consequences. Such
a field does not fully decay after inflation and can dominate the energy density of
the universe for some time after inflation resulting in the presence of an additional
era before RD in the thermal history of the Universe. We discuss gravitational re-
heating in this scenario in a very general way regardless of the precise dynamics
of the inflationary sector. It is realized by purely gravitational particle production
during the transition between a de-Sitter inflationary era and a post-inflationary
era dominated by a perfect fluid with certain barotropic parameter w. In order
to obtain the standard thermal history at later times the energy density of the re-
maining inflaton has to redshift faster than radiation, which results in w > 1/3.
We calculate several inflationary parameters - scale of inflation, temperature of re-
heating, tensor-to-scalar ratio and number of e-folds - in our model and describe
their meaning for the cosmological predictions. For example, we argue that N, does
not depend strongly on Hi, and w being almost constant for all considered exam-
ples, which defines the thermal history of the Universe more accurately. We also
present experimental bounds on the inflationary scale. There are two competing
upper bounds - the usual one originating in the upper limit on tensor-to-scalar ratio
and the one coming from the demand not to overproduce gravitational waves during
inflaton domination. As for the lower limit on H,,, it corresponds to the remaining
inflaton redshifting fast enough in order not to spoil BBN. Moreover, we obtain the
evolution of the primordial gravitational waves generated during inflation with an
amplification of the signal during the w-domination period. We discuss the possi-
bility of measuring this effect by the present and forthcoming experiments focusing
on the w =1 case as it produces the strongest signal - only in the case of Nog < 1
their reach includes the region of amplification, otherwise signal is strengthened for
too high frequencies. N,z < 1 can be realized by nearly conformal non-minimal
coupling to gravity.

There are several ways of completing our analysis in the future. One idea we con-
sider is to add the non-minimal coupling between the scalar field and Ricci scalar and
analyse the production of particles accompanying Higgs inflation using our method.
Apart from that one could investigate for instance higher order corrections and tem-
perature corrections in the considered models.

What seems to be the most interesting future prospect at the moment is to
compare our strictly time-dependent analysis with position-dependent one, such as
1D scattering, which has been investigated in [93] using Bogoliubov transformation.
Both [93] and [94] present general upper and lower limits on the Bogoliubov co-
efficients in such a case. Particular cosmological realisation of the simple position
dependent system could be given by a cosmic string interacting with the Higgs field,
which is the subject of our ongoing investigation.
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To conclude, the main novel results of the dissertation are:

L

IL.

IIT.

We prove that the massless states, for which the standard Bogoliubov coeffi-
cient 3 is equal to zero, can be produced as abundantly as the massive ones
with 8 # 0 due to quantum corrections [Chapter 3.

We discuss the conditions for obtaining successful quenching of the energy
transfer between the background and the dynamical sector in the theories
including some light sector in the framework of the theory of interacting field
[Chapter 5].

We investigate instant gravitational reheating in the dark inflation scenario in
a very general way regardless of the precise dynamics of the inflationary sector
obtaining the inflationary observables and gravitational waves signals that can

fit the experimental data for the reasonable choice of the parameters [Chapter
6].



Appendix A

Yang-Feldman equation

We can express any function f(z) as

= [ @'y (@ - y)f (), (A1)
where d-function is a product of two other d-functions:
3(2” —y°) = Dpo [0 — y°) — 9(¢°)] = O ("), (A.2)

0@ — ) =1 [o" ). 9% D) ,_,

with g(y") being some general function - without loss of generality we can choose
g(y°) = 0(t* — ¢°). After integrating by parts f(z) reads

f(z) = 05 [ dyO (y)il+l[d(x), o(W)]l*) f(y) — | dyOfei(x][d(2), ()] f (y).

(A.4)
Following ¢’s equation of motion:
¢ — V3 + M¢+J=0, (A.5)
we get
F(@) = (@) [ d'y@i ()it 0(x), (u)]l) S () + (A6)
+ [ dyORiI(- V2 + M2)(@) + (@), 6] 19) f(y).
Finally:

flw) = (@ + M2) [ ayG 6,0y f () + [ dyG I 0Lt (y), (AT)
where (x[x) = 1 and GU[X, dl., = 02 (1)i (+[X (), 6()]|).
On the other hand equation of motion can be expressed as
0= (0% +M?) ¢(z) + J(z) = (0" + M?) ¢(x) + J () + f(2) — f(z),  (A8)
which using (A.7) turns into:
0= (@ + %) ( )+ [ a0, 0l ) +
[ G 6Ly f ) + T (@) — f (), (A.9)
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where [A, Bl,, = [A(z), B(y)]. In order to keep it identically zero, we should choose:

f@) = [dy(1-G"6) ) = (A.10)
= J(@)+ [ dYG N, 0y T ) + [ d'yd 2GOI, 6y GOV, 6y (2) 4

and ¢(z) in the form of Yang-Feldman equation:

olw) = VZ§* — [ dyd':G (6,6, (1- GUI[T0]) TG (AL
¢*(x) is an asymptotic free field,
(0% + M?) () = 0, (A.12)
defined by the relation
Bz’ = 1*) = VZ¢*(a° = t*). (A.13)

Keeping only the terms with up to one commutator under the integral, we get
a simplified version of Yang-Feldman equation:

o) = VZ6=(@) ~iZ [y [ dyl6*,6*],, I (). (A14)

Commutation relation for the field:

(6(t,2), 6(t,37)| = =i (% — §) (A.15)

for t = ¢ translates into:

L5 (7 — g). (A.16)

[#(@), ()] = 5
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Number density for the j-th
resonant particle production using
the saddle point method

Equation (4.2.16) for the distribution of produced particles can be expressed as
o1 1\
R O 1
nk+ (nk—l— 2) H}(l—FQAk), (B.1)
which for n? = 0 and AL ~ A9 = e=™*/9ml%ol transforms into

1Y 2
F2A0) =~ 2y ol R gmidol, (B.2)
) ( ) ) = 1(j —l

Thus, the number density is of the form

Pk 1 ' >
N/’ 5}: j—z Qe imk? gmigol — (B.3)
_ (gmlgol)*? zj: gt — (gmlgol)*? ‘R,
@r)?  ZUG-Dter o (2n) g

Factor multiplying R; is just n', so we can interpret R; as the deviation from the
first production.

For j > 1 we can use the following approximations

iN]@ (B.4)
I~ V2rl(l/e), (B.5)

which results in

J 1 jiH1/2 jit1/2 g
R ~/ di = /dl e
J \/ﬂllﬂ/z(j _ l)] 1+1/2 l3/2 \/ﬁ

41/ _ _ _
_J /ﬂem{ fUU—D+;ﬂ@U—D%%~} (B.6)
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_2i—1 _
If we choose [ = jT +0O1/7): f'(I) ~0 and

jg+1/2 / [ , — } ]3+1/2 . o
dl ) + D24~ Lo _
exp f ( )( ) \/% € _f//(l)
3 jit/2 9l-1 1 30 ( 3 )3/ ? (B.7)
ARG = D2 B\ = f 4+ 55— e 2 |

we finally obtain



Appendix C

Fermions in the theory of
interacting field

Apart from bosons we can also consider the production of fermions in the frame-
work of interacting fields. The simplest Lagrangian for Dirac fermion useful in this
case reads

L= 5%‘5“8“5 + m’a“@mﬂ — moné — m(’;{T t_ VI, §T,77, nT]. (C.1)

Corresponding equations of motion are of the form

0=i6"9,& —mimt — 8(;1/ = ig"9,6 — M*n' — JI, (C.2)
0= ioc"dn" —meé — ;;V =ioct Ot — ME — J,, (C.3)

where M = M (t) is a time-dependent physical mass and

)
Jg = (mj — M*)n" + ; (C.4)
ov

are the source terms.

Yang-Feldman equation for the fermionic sector can be written in a condensed
way

(%})) (5:* ) /W( ! {{5:*@)’,52:;(@);} ) < jg%)
(

with the following decomposition of the asymptotic fields into modes

§°(x) =

k. N
3€zk.x Z ek (uzs sais ,8 as s bas ST) (C?)
s==

() =

k.
- elk.x Z 5’06 <UZS sais ,5 as s*bas 51') (CS)
s=%+
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Equations of motion for the modes read

0=aup”® —is|klup™ + iM*v.>, (C.9)
0=10.""+is|k|og”® +iMuy* (C.10)

and they are normalized by
u O + [ @OF = 1. (C.11)

Bogoliubov transformation for creation/annihilation operators becomes'

( i I ) - ( B ) K o )

oy d4y< {GT )} {ar, & (y)} ) ( Iy(y) )] , (C.13)

)y ety )\ T
where
Ozz(t) _ul(gt)s* ass+ ](C)S* 2537 (C14)
Bit) = w " — o (C.15)

with normalization condition changing its sign to

o (O +18e()]* = 1. (C.16)

Relation (C.13) can be again transformed to
(; ““) Joweses (20 A0 Y (70 70 ),
Gt =67 () (@) )\ v (1)~ (@)

.<ei;(70 gT ) < 7% >;)) ) (C.17)

which is useful for evaluating the number of produced states.
Corresponding Hamiltonian
_ / &’z (—€i6' 0,6 — nic'Om' + mon€ +migin! + V) = (C.18)
= [ s St (a2~ QL) + [ @ [lmo = A + o — et +V]

2m)? =
(C.19)

IThis is equivalent to the following Bogoliubov transformation for the wave functions

(t),s sx s% as,s
Uy, _ [ o) BRr(t) ) ( uy, )
( Ul(ct)’s* ) < —B3(t)  ai(t) UZ&S* . (C.12)
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can be diagonalized provided the Bogoliubov coefficients are of the form

1 B
sy = | L C.20
AL =\ 5+ 5 (C.20)
EM 1 B
=k |2 _ 2k C.21
ﬁk( ) |F]::n,5| 2 2wy, ( )
where
B () = —sk(juf[2 = [0} ) + ma o mrul e, (C.22)
EMS(t) = —2skul™ o — muy™*? + m o2, (C.23)

Finally, total and net numbers of particles with helicity s in terms of the inter-
acting fields read

NEO(1) = a® a0 4 pOep@t —
1 ST = S S
= /d%ddyelk (x=y) o [ sket(x)a%; - ef 7% (y) + skn(x)ey - ey n' (y) +
+Mn(x)es, - exl5°¢(y) + M*E (2)8%;, - eiln' (y)] = (C.24)

7 1)

_ ike(x—y) L | aetey (50 _ Sk i sk i\ i
= /d3:cd3yek y oo [ sk&(x) (00 |k]0 ) E(y) + skn(x) (00 + |k|0 ) n'(y)+

)

#ta(o) (1= 50 )6 + 3 0) (14 5% ) )

N—(s)( t) = a(t)vsTa(t)vs _ b(f%{asb(f%éST _

= / Prd®ye™ ) (¢ (2)6%;, - 615°¢(y) + n()er - eiin' (v)| = (C.25)
= [y i) (00 - 550t e+ ate) (o0 S0t )]

which summed over helicities become

NE®) =Y (a4 600 T) = (C.26)

s==+

= / d3xd3yeik'("‘”; @)K TE(y) + n(@)k o' (y) + Mn()E@y) + M (2)n'(y)]

Ne () = X ("l — G0 0T) = [ @adiye™ ) [¢h(@)5%(y) + n(x)a"n' (y)]
s=%
(C.27)

1
and Ni(t) = 5 (N () + Nig (1)) still holds.
In the case of Majorana fermion ¢ Lagrangian simplifies to

£ = €lig 0, — Jmogt — migle! — Ve € (C.28)
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with the equation of motion

ozuwmg—mgﬁ—;;v_uﬂag Mer - Jf, (C.29)

where M = M (t) denotes a physical mass and

ov

T = (my = MOE + 5

(C.30)

Yang-Feldman equation reads now

(§0)-(£6))-Jow( Shen femenon ) (1)

(C.31)
where
as d3k ik-x as,s _as,s —i0y , as,s* _as,st
£%(z) = /(277)36 ;ek (uk ay” + se” ko oty ) (C.32)
and
0=aup”® —is|klup™ + iM* 0>, (C.33)
0=0" +as|k|vp”® + iMu;™”. (C.34)

Finally, total and net numbers of particles with helicity s in terms of the inter-
acting fields read

Nﬂww:aoﬂ<>+¢i¢>
:/d?’xd?’yeik'(x_y)- ! [ Sk’fT( ) esTU%(y)
Wk
1 1
3 ME@)e - W) + 5 M%wwfka<} (C.35)

. 1 sk:’
— | BrdBye™EY) .~ | _gket =
/)x ve Sop | K@ T g

§(y)+
Fyte(o) (1 G0 )+ prel) (1 + oot} )]

N = ol — aa = [ dedye e - €l (@)5°%; - el () =
— [ dhadyer ). 5%)(0 ﬁ%ﬂaw, (C.36)
which summed over helicities become
Nf(t) = 2 (al(() a4 a(_tz{’sa(_tz(’sT) = (C.37)

_/d%fmzxy> e a>+1Ma>a>+1M%wm€w>,
Ne() =3 (affmafj — W) = [ dadye ) ¢ @)5% ).

s==%
(C.38)



128 Fermions in the theory of interacting field

So the transformation that links Dirac and Majorana cases is of the form:

n—E&, (C.39)
LSS — se gl (C.40



Appendix D

Diagonalized Hamiltonian in the
theory of interacting field

The actual form of the Hamiltonian (5.1.11) for a real scalar field in the inter-
acting field theory reads:

H(t)

_ /ﬁ[ vmt@)+;ﬁﬁ@m+vu¢ﬂ: (D.1)

/ &Pz [; (qz'ﬁi“(t,x) —i / d'y[o™ (t, x), ™ ()] (y)) +

+; (ngﬁin(t,x) - z’/d‘*y[vcbm(t,X),dfn(y)]J(y)) +
1 2 in . / 4 in in :
502 (9 (t,x)—zld ylo™(t, %), ™ (W) I (v) | +

5 md = MGt %) + V(E,%)| = (D.2)

d*k 1 in inf _in in _int in in _in inx inf _inf
= [ Gz (O @a ) + AR @alall + AP (el ot

2m)? 2
+i / dye™ { (6ol (") — AR (B (1)) ait+
- (AP (e — @ () a"L} T(y) +
+i / d'ye™ J(y) { (Ao (1°) — AR (")) i+
o (AP (") — QP (")) aL ) +
- / diyd*ze™ 072 1 (y) {O (1) (G (W00 (2°) + ol (1) e (")) +
—AP (O (W) er (") = AR (W) ()} T(2)] +
+/f[ Aﬂ&@@+V@@] (D.3)
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For a real scalar with non-vanishing vev it is convenient to formulate this calcu-
lation in terms of "vectors"

as (t)
as __ ay @t _ Ay
w0 ) w-(y) .
and
w_ [ OF )
O = . |- D.5
k ( ¢zs ( )
Bogoliubov transformation can be simplified then to
t
AP = (ALY = By | A — [ d'yildg, 6™ (y) <J<y>—<J<y>>>], (D.6)
tas
where
ar B
B, = A D.7
g <5k ak) (D7)

is a matrix composed of the Bogoliubov coefficients.

Relation between the interacting field defined at time ¢ and #® can be expressed
as

60030 = 100.30) + | eyt ag [ yilag, o] ) - )| =
— (0lt.30) + [ e @B [ - (D)) (D.5)
while its derivative reads
6o, = (3030} + [ S @B (4D - (a0)]. (09

Therefore the Hamiltonian
1 1
/ P { Gt %) + S(Vo(t, x))* + SmEo*(t %) + V(¢ x)} (D.10)

in the framework of interacting fields reads

)= [ @ (500 + 5M (0 + S — M)+ V) +
v/ (§;§3<2w>363<> [((6) @7 +wz<¢><cpi,;>T)B,;l (A9~ (A0)) + (he)] +
+/ (g% ;(Ali) — (A BB (A - (AD)). (D.11)
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It is useful to rewrite it as

/43( BY + SMH () + Sk — M+ V) +
>§[(<¢><<i>z“>T+wz<¢><<bm>)Bk (AD) + (he)] +
+/ dgk LAty Bl e Bt (AL Jr/(d/ZC LAOTB e B ALY ¢

+/ ; )5 (0) ((6) (@) +wi (0) (@)T) (D.12)
— (A Bl]:;_lgk} B AV + (h.c.)} ,

where
5 — (i)in * (i)in T 2 (I)in * (I)in T Q}gn A}ﬁn* D.13
k= (Pp) (@) + wi(Pp) (@) = Am Qi | (D.13)
k k
ap = g +wRlopl (D.14)
AP = (o) + wi(d)* (D.15)

In order to diagonalize the Hamiltonian (D.12) these two conditions need to be
fulfilled

(27)*8% (k) ((&) (D) +wi (o) (@)T) — (AYT) Bi'& =0,  (D.16)
20 B — APBE — Az = 0. (D.17)

The second one means that the off-diagonal part of the term B} '&.B;* needs to be
zero. Combining these two conditions with proper normalization |ax|* — |Bi]? = 1,
we obtain the Bogoliubov coefficients of the form

B2 = Q‘“ ; (D.18)
o — M 5 (D.19)
k — A}fn* k ’
and . . .
(AY) = (2m)*6% (k) - Busy ! ((9)" (&) + (®)'wf (¢)) . (D-20)

Diagonalized Hamiltonian reads then

H(t):/(gj:;";’“ (el + ahal?) + [ @' ( mi = MG+ V), (D21)

which suggests that as in the non-vev case number of produced particles is of the
form
Ni(t) = aPTal?. (D.22)

Note that all terms with the vev disappear here due to the condition (D.16).

Using the inner product relation for the wave function

(@) ()7 — (&) (o)) = ( - ) , (D.23)
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(D.8) transforms into
A = () + By ( b ) [ Ere i (@) (= () = (@1) (0= (6))]

= [ o B, ( " ) (@)% - (@)°9]. (D.24)

Final expressions for total and net numbers of particles are of the form
N (1) = A(tTAk o 4 ¢ 0
= [ @ty L o (90200, y) + <ol x)o(1.)) (D.25)

N;<t>=Aff”<1 —1>A£)—a¥> af) — aalll =

= [ e ti (ot x)d(t.y) - d(t.x)(1.¥)) (D.26)

which are the same as in the non-vev case.
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Details of the calculation for the
two-scalar system in the theory of
interacting field

Time derivatives of the operators introduced to describe number operator for all
the species read

(Ag) = —ii’; (<A¢k> + ;) + w;k (wl +m2 — MZ + (E.1)
v39” [ oo (1B + 1)) (10 = (Ch))
(B = 2 (B + 5 ) — i ((C) = (). (5.2
(Con) = i (A = (Bac) = - (m§ = Mi+
S RS S R
(Au) = —% (<Axk> + ;) + w; (wik +my = M+ 392 (6)" +
430 / L (B g)) ((w) - (Cl). m
(Ba) = ¢ (<Bxk> +3) — e ({Cae) = (C)). (8.5)

(Cyie)” = iwgr ((Axa) — (Byx)) — - (

ka

2= M+
2 g / d3p 1 <B¢p ;)) (<Bxk>+;>' (E.6)

Choosing physical masses of ¢ and x as (5.2.35) and (5.2.36) we can obtain the



Details of the calculation for the two-scalar system in the theory of
134 interacting field

set of simplified equations of motion
(¢) = =M (d) + O(g"), (E.7)
. A 1 ,
(Ao = =2 (a5 ) +iwar ((Cac) = (Ch)) + 0", (ES)

(Bgx) = ZZ: <<B¢k> + ;) —iwgr ((Ca) — (Cli) ) +0O(g"), (E.9)

{Ci)” = iwsr ((Agi) — (Box)) + O(g"), (E.10)
<Axk>. = _(:j; <<Axk> + ;) + ika ((ka> - <O>T<k>) + 0(94)7 (E-H)
(B = 2% ((Bad + 3) ~ iwna ((Ca) — (L) + 06", (B2
(Cre)” = iwgr ((Ayie) — (By)) + O(g"), (E.13)

where

Sy &p (g ﬁig@ _i(<cxp>_<0;p>)>+o(g4>7

(E.14)
i ({Cap) — <c;:p>)] L0,
(E.15)

B 0 ) - g [

Putting it together an evaluating up to the fourth order in coupling results in the
final form of differential equations we need to solve (5.2.39)-(5.2.45).

In the above analysis we neglect the divergent terms

E.16
2 27T 3 2wk ( )

due to the chosen convention. Usually these terms are regularized and included in
the bare masses that are constant in time. However, in this case the divergent part
is time-dependent, so our regularization corresponds to the time-dependent bare
masses. If we take my =m, =0,

PM? x g E.17
2 27r 32wk x5 (E.17)

so we may also justify neglecting these terms by perturbation theory and our order
of approximation.
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